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1 Introduction

The states of a holographic CFT admit a gravitational description whose qualitative nature
depends on how large the conformal dimension, A, is. In the classical limit of large central
charge, ¢, the simplest and best understood regime is that of a finite conformal dimension
that does not scale with ¢. Such “light” states are dual to supergravity fluctuations around
the AdS vacuum if they are supersymmetric, or, more generally, to string excitations. At the
opposite end! are “heavy” states whose conformal dimension grows like ¢ when ¢ — 0o, which,
in the limit of large 't Hooft coupling, are described by non-linear solutions of supergravity
that are regular, horizonless and asymptote AdS at large distances.

ntermediate regimes include states with A ~ M corresponding to strings in the pp-wave background,

and wrapped D-branes or giant gravitons, which provide the dual description of states with A ~ ¢'/2.



One of the reasons why this class of heavy states is interesting is because they can be
identified with the microstates of black holes, at least in those cases in which their degeneracy
grows sufficiently fast with their charges, which typically happens if they do not preserve too
many supercharges. In more supersymmetric cases, the ensemble of heavy states — but not
the individual pure states — is usually described by a singular supergravity solution which
can be interpreted as a degenerate black hole with vanishing horizon area (examples of such
singular solutions are the two-charge susy black hole [1] and the half-BPS superstar [2]). It is
the interest in black holes that has motivated most of the efforts in constructing the map
between heavy states and regular supergravity solutions, generally quite a difficult task.

In this endeavour, the most developed subfield is the supergravity construction of the
microstates of the Strominger-Vafa black hole [3]. If one restricts to the near-horizon region
dual to a decoupled CFT, these microstates are represented by asymptotically AdS3 x S3 x M
geometries, with M a 4D compact Ricci flat space, which usually plays only a spectator role.
Not surprisingly, the first supergravity solutions to be found have been the ones with the most
supersymmetries: the Lunin-Mathur geometries [4, 5] dual to half-BPS heavy states preserving
16 superconformal charges in the decoupling limit and representing the microstates of the
“small” two-charge black hole. Studying the action on these geometries of the symmetries
generating the CF'T chiral algebra has lead to the construction of some of the quarter-BPS
microstates of the Strominger-Vafa black hole [6-11] (also known as superstrata [12]) and also
of some non-supersymmetric states [13-15]. Despite being associated with the degenerate
limit of a black hole, already the half-BPS solutions have contributed significant insights
to holography. By using as probes the protected expectation values of light chiral primary
operators (CPQO’s) in the heavy half-BPS states, one has formulated an impressively detailed
map between CFT and gravity [16—-19]; moreover, from the study of the linear fluctuations
around the microstate geometries, one has derived the strong coupling limit of the heavy-
heavy-light-light (HHLL) correlator [20, 21], together with its light-light-light-light (LLLL)
limits, including both single and multi-trace operators [22-25].

Some of the progress in this AdSs holographic context has been hampered by the
complexity of the CFT dual to the Strominger-Vafa black hole, the so called D1-D5 CFT.
Already in the free limit, in which the CFT reduces to an orbifold sigma-model, field theory
calculations hinge on some non-trivial technology [26, 27], but the real stumbling block is
the extension to the interacting theory, which is necessary to make contact with the gravity
regime. At a generic point in its moduli space, the D1-D5 CFT does not have a known
lagrangian description and computations can be done only perturbatively close to the free
point by means of conformal perturbation theory (see for example [28]).

In this respect, a more convenient holographic model is represented by N' = 4 SU(N)
Super Yang-Mills (SYM), whose states are dual to asymptotically AdSs x S° geometries.
Despite this being probably the best studied interacting field theory, our supergravity
understanding of its heavy states is surprisingly quite undeveloped and essentially? limited to
the most supersymmetric, i.e. half-BPS, states, whose dual geometries have been known for
quite some time [30]. These solutions, known as LLM geometries, are completely encoded in

2Some results on 1/4 and 1/8 BPS microstate geometries have been obtained; see for example [29], for a
very recent development, and the references therein for earlier attempts.



a droplet configuration drawn on a plane, which determines, via an integral formula, all the
geometric data. Though the general integral expression allows to establish some important
properties of the geometries, like their regularity or their asymptotic behaviour and global
conserved charges, for a more detailed holographic analysis it is often useful to know the
solution explicitly, i.e. to compute the integrals associated to some droplet configuration.
Beside the simplest case of a circular droplet, which corresponds to the pure AdSs x S°
vacuum, this is a difficult, or outright unfeasible, task for more generic droplets. For this
reason most studies of the LLM geometries has focused on configurations with an extra U(1)
symmetry, like a central disk droplet with concentric rings.

In the present article we would like to revisit the supergravity description of half-BPS
states of N = 4 SYM for several reasons. Firstly, the map between LLM geometries and
half-BPS operators is natural in the fermionic description of the latter [31, 32]: the fermions
correspond to the eigenvalues of the N by N matrix that makes up the operators and the
droplet that encodes the geometry describes the phase-space distribution of the fermions.
Some holographic computations are however more naturally expressed in the multi-trace
representations of the supersymmetric operators, where one expresses the heavy operators as
the product of a large number (of order N?) of light multi-trace CPO’s. We focus here on the
simplest such multi-traces formed by p ~ N? copies of identical single-trace constituents, and
in particular we consider as elementary constituent the lightest CPO, that of dimension A = 2.
We might refer to this class of operators as monochromatic multi-traces, as their single-trace
components have a single energy. It would be helpful to know the supergravity duals of
these operators: this question, for example, was recently asked in [33], since the knowledge
of these geometries would allow, among other things, the holographic computation of the
associated HHLL correlators and the comparison with the results obtained by other methods

— we have in mind, for example, the recent progress in the computation of integrated N' = 4
correlators with heavy states [34, 35].

Within the LLM framework, the problem is to identify the droplet configuration dual
to the monochromatic operators. Since the R-charge carried by these operators breaks the
extra U(1) symmetry, it is clear that the relevant geometry does not fall into the class of the
much studied concentric rings. In the regime in which p/N? is small, and thus the multi-trace
approximates a light CPO, the answer to this question was already contained in the original
work of LLM [30], where it was suggested that the relevant phase-space configuration is a
fluctuation of the circular droplet whose wavelength is related with the dimension of the
light operator. This expectation was verified in [36] by showing that at linear order in p/N?
the LLM geometry following from the above deformed droplet is diffeomorphic to the linear
deformation of AdS; x S° dual to the light CPO [37]. Our concern here is the non-linear
extension of this solution. A natural conjecture would be that monochromatic multi-traces
are dual to monochromatic ripple deformations of the disk, i.e. to droplets whose boundary
is described in polar coordinates by a curve of the form

() = 1+ acos(ke), (1.1)

where k is the dimension of the elementary constituent of the heavy operator and a controls
the number of traces, p/N2. The results of the holographic analysis of the latter LLM solution,



which was performed in [38] at finite «, indicate, however, that this conjecture does not pass a
basic consistency check, which has been previously used and tested in the AdS3 context in [15].
It was indeed found in [38] that the single-particle neutral CPO of dimension A =4 has a
non-vanishing expectation value in the LLM geometry associated with the monochromatic
droplet (1.1). This leads to an inconsistency for k = 2 because, as we will explain in more
detail in section 2.2, if the LLM geometry were dual to the monochromatic multi-trace, it
would imply that the extremal 3-point correlator containing the dimension 4 CPO and two
of the dimension 2 constituents of the multi-trace does not vanish, contradicting the general
rule that holographic extremal correlators should vanish. This argument suggests that the
multi-trace dual to the LLM geometry (1.1) for k = 2 contains also single-trace constituents
of dimension 4 and, conversely, that to construct the geometric duals to monochromatic
multi-traces one should add further harmonics to the profile (1.1) at higher orders in a.
Moreover, even if we knew the proper generalisation of (1.1), it would probably be unfeasible
to compute the integrals necessary to express the LLM solution in closed form for finite a.

To get around these difficulties, we have sought inspiration in the AdSs context and
in particular in the constructions based on a consistent truncation of the 6D supergravity
on AdS3 x S% down to a 3D gauged supergravity with asymptotically AdS3 solutions [13—
15, 39-42]. Working in a truncation limits the degrees of freedom to the lowest harmonics
on S? but it has the advantage — crucial for our problem — to restrict the ambiguities
one encounters in constructing a solution of the supergravity equations that extends a given
linearised solution. The intuitive idea is that the non-linear solution that fits the truncation
and reduces at linear order to the perturbation dual to a given CPO describes precisely the
monochromatic multi-trace constructed out of the CPO. We will show in the following that
a 5D consistent truncation can effectively be used also to construct geometries dual to N’ =4
SYM heavy states. The AdSs5 context is even simpler than the AdSsg one because, while in
this latter case the truncation preserves degrees of freedom from both the gravity and the
tensor multiplets and this leaves some ambiguity in the solution of the 3D supersymmetric
equations, the supergravity multiplet exhausts all the content of the AdS5 x S° theory and,
hence, the truncation we will use allows no ambiguity when solving the equations.

After restating in more quantitative terms our problem and goals in section 2, section 3
describes the 5D truncation in which we will construct our solution: it is a subtruncation of
the SO(6) supergravity found in [43] that is tailored to have the symmetries implied by the
monochromatic multi-trace constructed out of the lowest CPO of N'=4 SYM (of dimension
A = 2). In section 4 we start from the linearised solution of the equations of motion dual
to this CPO and we construct in perturbation theory its non-linear extension. In CFT
terms, the perturbation parameter controls the ratio between the number of traces in the
heavy state and the central charge, p/N2. We find that, at all perturbative orders, there is
a unique solution that is regular and normalisable or, more precisely, has the asymptotic
limit appropriate to describe a state of the CFT without any relevant or irrelevant source.
The structure of the perturbative solution is closely analogous to that found in the AdSs
context. For larger values of the perturbation parameter, however, we expect a qualitative
difference. In AdSs the infinite-dimensional 2D chiral algebra implies a “stringy exclusion
principle” [44, 45] which puts an upper bound on the admissible values of p; on the gravity



side, violating this bound causes the emergence of closed time-like curves. No such bound
exist in AdSs, where the superconformal algebra is finite-dimensional, and thus we expect to
find regular solutions for arbitrary, unbounded values of p/N?2. To verify this expectation it
is necessary to go beyond perturbation theory, which we do in section 5 by taking advantage
of the constraints implied by supersymmetry. We construct an exact solution expressed in
terms of one function of one variable which, however, we can only define implicitly as the
solution of a transcendental equation. To gain some intuition on the solution, we study
some of its limits, both as a function of p/N? and of the radial coordinate, in section 6. All
evidence supports the existence of a proper geometry for arbitrarily large p/N2. In section 7
we perform a preliminary holographic study of our solution and compute its energy and
R-charge and the expectation values of the CPO’s of dimension 2 and 4 — for this purpose
we apply the gauge-invariant formalism in [38]. The main outcome of this study is that it
provides a first non-trivial check that our solution is dual to the monochromatic multi-trace
operator we are after. Indeed, contrary to the LLM geometry with profile (1.1), in our
solution the expectation value of the neutral CPO of dimension 4 vanishes, as dictated by
the vanishing of the extremal 3-point coupling. The concluding section 8 contains a summary
of our main results and some comments on possible developments, including the significance
of our geometry for the understanding of the black hole microstates. Some details of the
computations are provided in the appendix: the equations of motion of the 5D truncation are
listed in appendix A and the holographic derivation of the R-charge and the CPO expectation
values are described in appendix B.

2 The problem

In this section we provide some background material that helps to set the problem. We first
review the linear perturbation of AdSs x S° [37] that is dual to a single-trace chiral primary
operator of N'=4 SYM and we recall [36] that this solution can be mapped to the LLM
geometry [30] associated with a ripple deformation of the circular droplet, at first order in
the deformation. We explain why it is not obvious to identify the non-linear completion
of the LLM solution that is dual to the simplest multi-trace operator formed by multiple
copies of identical single-trace constituents.

2.1 Light 1/2 BPS states and linearised deformations

In the N' =4 SU(N) gauge theory, the 1/2 BPS single-trace operators of dimension A = k
sit in the [0, %, 0] R-symmetry multiplet of

O =Trzk, (2.1)

where Z = ®! + i®? is a complex combination of the adjoint scalars ®/ (I =1,...,6). The
gravity duals of these operators® are the linearised deformations of AdSs x S® found in [37]:

3More precisely, the CFT expression (2.1) is only correct at leading order in 1/N: for k > 4 Oy should
include appropriate multi-trace corrections in order to be dual to a single-particle excitation in gravity [46].
These corrections guarantee the orthogonality between single and multi-particle operators. In the following the
operators Oy will always denote the properly defined single-particle operators, even if we will use single-trace
and single-particle interchangeably.



if we denote by gy (4, v =0,...,4) and gas (o, 3 =1,...,5) the undeformed AdSs and S°
metrics and by h,, and hqg the respective deformations, one has*

3

by = —ﬁm

_ 3, _
2V, Vb —k(k —1)gu bi] Yi, hag = —€ Zk Gap bi Yi ; (2.2)

here € is the perturbative parameter, in which we expand at first order in this analysis, V,
is the covariant derivative with respect to the unperturbed AdSs metric, and by and Y} are
eigenfunctions of the AdSs and S° laplacians

Oadssbe = k(k —4)bg, OgsYy = —k(k+4)Y; . (2.3)
If we introduce the following parametrisations for AdS5 and S°:
d3aqs, = dp® — cosh®pdr? +sinh?pdQ3, dsgs = df* + cos? 0 dp* +sin®0d03,  (2.4)
then we can take
by, = cosh™*pe*™ Y}, = cos* 0 eiké (2.5)

We see that the solution only depends on ¢ = ¢+7 and its isometry group is SO(4) x SO(4) xR,
corresponding to rotations on the two $%’s, Q3 and Q3, and to 7 translations at fixed ¢.
Note that with the choice (2.5) the metric perturbation in (2.2) is complex, but when we
will consider the non-linear extension of the solution, we will always implicitly assume to
take the real part of the linearised solution. With this understanding, the solution acquires
a further Zy symmetry that acts on the coordinates introduced above as (7,¢) — —(7, ¢);
this extra symmetry will play a role in the following.

The solution also requires a deformation of the RR 4-form, §Cjy:
3 _ _
(504 = g € [bk *S5dYk — Yk *AdS5dbk] s (2.6)

with *ads,, xg5 the Hodge duals defined with respect to the unperturbed metrics, though
we will mostly focus on the metric deformation in the following.

The most general half-BPS solution of type IIB supergravity with isometry SO(4) x
SO(4) x R was found in [30], and it is uniquely specified by a droplet configuration in a
two-dimensional plane. Hence the linearised solution described here must be a limit of some
LLM solution. One can indeed verify [36] that the LLM geometry associated with a deformed
disk droplet, whose boundary is the wavy curve

r2(¢) = 1 — ecos(ko), (2.7)

is diffeomorphic to the geometry in (2.2) at first order in e.

4The awkward normalisation is chosen for later convenience.



2.2 The search for heavy states
We are interested in 1/2 BPS heavy states in the classical supergravity limit, defined by taking

2

N A

On the CFT side one can construct such states by taking multi-traces of the light CPO’s
introduced above

Orp = (TrZF)P (2.9)

with & finite and p ~ N2. We are thus working in a double-scaling limit of large charge p and
large N, with fixed p/N2. Note that for D = 4 superconformal theories there is no upper
bound on p: this is an important qualitative difference with respect to the D = 2 theories,
where the infinite-dimensional superconformal algebra implies a “stringy exclusion bound” on
p of order ¢ [45]. Moreover, since we are taking N > k, we can discard the trace identities
that would otherwise relate operators with different values of k& and N.

The goal of this article is to find the supergravity description of the states Oy, in
the classical heavy limit (2.8). As explained in [38, 47|, the states that admit a classical
supergravity dual are actually coherent state superpositions of the states Oy, ,, centered over
some average value of p but with a non-vanishing spread over a finite range of p’s. One
should thus consider states of the form

o0

Ore =Y cp(k,€) Opyp, (2.10)

p=0

where € is the continuous parameter characterising the coherent state, that should be identified
with the € appearing in (2.2), and the precise form of the coefficients ¢, (k, €) for the heavy
state we are after is currently unknown to us (for the LLM state with profile (2.7), see
eq. (6.30) of [38]). In the classical heavy limit (2.8), the above sum over p peaks over a central
value p determined by ¢, and one expects that p/N? increases with e. For most purposes in
this article, like the computation of simple observables that do not mix different values of p
(as the energy or the R-charge) we can ignore this complication and assume the simple form
for the heavy operators given in (2.9), with the understanding that it represents only the
leading term in a coherent state superposition. More complicated observables are sensitive to
the p-spread, and we will also consider some such observables in the following.

As a starting point for the construction of the bulk dual of Oy, one could consider the
limit where p/N? is made small and formally taken to zero; then the heavy operator Ok,e
effectively becomes light and it should approximate the single-trace CPO Oj. That this light
limit is continuous is not obvious, but this is what was found in the study of asymptotically
AdS3 heavy states — see for example [25], where the continuity of the light limit was used
to deduce LLLL correlators from HHLL ones — and we will assume the same is true for
AdSs5. Under this hypothesis, the geometry dual to Oy, . should reduce to the deformation of
AdS; x S° given (2.2) in the limit p/N? — 0, which, as explained above, should be equivalent
to sending € — 0. Our problem then reduces to finding a non-linear completion of the
geometry in (2.2) that solves the supergravity equations exactly in e. With only this input



the solution is highly non-unique, since when one solves iteratively the supergravity equations
order by order in € starting from (2.2), one has the freedom to add homogeneous solutions
that are not completely fixed even by requiring the regularity of the geometry. The same
problem is manifest in the LLM picture, where there are clearly infinitely many choices of
droplets that reduce to (2.7) at linear order in e.

One could nevertheless invoke simplicity and argue that the droplet in (2.7) gives the
correct bulk dual to Oy, . even for finite e. With this assumption, one can derive the relation
between € and p/N? by matching the R-charge of Opk.e, kp, with the one extracted from
the asymptotic limit of the LLM geometry defined by the droplet (2.7): this computation
was done in [38] with the result that €2 ~ %. This fact raises a puzzle: as we remarked
above, on the CFT there is no upper bound on p, and thus, according to the previous
identification between p and ¢, there should be no upper bound on € either; on the other
hand it is clear from (2.7) that when ¢ > 2 the droplet degenerates and hence even the
bulk dual should develop some pathology. This is hard to verify explicitly because the
integrals needed to write down the LLM metric are difficult to compute in closed form for

finite € for the profile (2.7).

Further evidence against the holographic identification between (2.7) and Oy,  comes from
the computation [38] of the expectation value in the state dual to (2.7) of the operator Oy,
the descendant of the CPO Oy with vanishing R-charge. Assuming the form (2.10) for the
dual state, the non-trivial part of this expectation value is captured by the 3-point function
(0904003), where Oy (O3) is coming from the ket |Oy. () (the bra (O |). When k = 2 this
is an extremal 3-point function and thus the expectation value should vanish. Note that the
same general criterion has already been tested for asymptotically AdS3 geometries in [15],
where it has provided a consistent interpretation of the so called “special locus” solution
found in [13] by working in a consistent 3D truncation. Using holographic renormalisation
techniques, the authors of [38] have extracted the expectation value of Oy from the LLM
geometry with profile (2.7) and found a non-vanishing result for any k, thus contradicting
this general criterion.

In view of these difficulties, we will follow a different strategy, that has proved to be
useful in the AdSs3 context for both BPS and non-BPS states [13-15, 39-42]. We will work
in an effective 5D theory obtained by truncating the 10D space to the lowest S® harmonics
and we will solve the supergravity equations of the truncated theory exactly in ¢ with the
requirement that the solution reduces to (2.2) at linear order in e. We will see that in this
restricted setting there is a unique regular and normalisable solution and we will assume
that this solution gives the bulk dual of the heavy state O . for k = 2. We will provide
a non-trivial test of this assumption by showing that the expectation values of Oy and its
uncharged descendant Oy, extracted from our geometry with the holographic tools of [38],
are zero, as required by the vanishing of the extremal 3-point functions.

One obvious limitation of this approach is that the truncated theory only captures the
lowest KK harmonics and thus it can only be used to describe the multi-trace operator Os
built with multiple copies of the CPO Os, which is the bottom component of the stress-tensor
multiplet of the 5D gauged supergravity.

We will describe the 5D consistent truncation that fits our purposes in the next section.



3 The 5D truncation

The reduction of type IIB supergravity on S° leads to the A" = 8 5D gauged supergravity that
was first found in [48, 49]. This theory contains a fairly large number of scalars, 42, together
with 15 gauge fields and 12 two-form gauge potentials. Since the elementary constituents,
Os, of our heavy state sit in the 20’ scalar representation of SO(6), and this is the only field
that is excited at order ¢, it is natural to look for a smaller effective theory whose scalar
content is restricted to the 20". It was indeed shown in [43] that such a consistent truncation
exists and it contains, apart from the 20" scalars, also the 15 gauge fields and, of course, the
5D metric. Moreover [43] also provides the 10D uplift of the 5D theory, where only the 10D
metric and the self-dual five-form are excited. Thus this consistent truncation appears to
contain precisely the field content we need. We can actually further simplify the truncation
by using the SO(4) x SO(4) x R x Zz symmetry that we have found in the linear solution
and that should be preserved at all order in e. Of course, imposing a symmetry guarantees
the consistency of this further truncation.

We will now describe the field content of the supergravity theory we will be working
with. We will for the moment concentrate on the 10D metric, but we will also write down
the five-form when discussing the supersymmetry. The general form of the 10D metric for
the truncation of [43] is

dsty = AV2ds? + ATV2 T D Dy (3.1a)

where

A=Ty pyt, Dp=dp'+A%7  (i,j=1,...,6), (3.1b)

ds? is the asymptotically AdS; Einstein metric of the 5D base space, the coordinates p,
subject to the constraint u‘y’ = 1, parametrise the S, T;; = T;; is a symmetric unimodular
(det T = 1) matrix of zero-forms in 5D, that parametrises the 20’ scalars, A% = — A% are the
15 gauge fields, given by one-forms on the 5D space. The SO(4) x SO(4) x R x Zg symmetry
described after (2.5) restricts the form of these geometric data to the following ansatz:

d£2 52 QQ

2 _ 02 2 1 2

dsi = §f [(1 — a7 + e Q| — e dr=, (3.2a)
T = diag [e’\_Z“, e AT el et et e’“‘} , (3.2b)

A2 = A2 — (14 ®)dr, AY =0 for i,j#1,2, (3.2¢)

where all the five unknowns, g, 1, A, u, @, are only functions of the radial coordinate &;
we have traded the coordinate p used in (2.4) for £ = tanh p in such a way that asymptotic
infinity p — oo is mapped to the finite point £ = 1; we have also fixed the reparametrization
invariance related to the radial coordinate by choosing a particular ratio between the (££) and
the Q3 components of the 5D metric ds?. Introducing the following parametrization of S°:

pl4ip? =cosfe®, pl =sin@z! for I=3,...,6 with 227=1, (3.3)



we can make explicit the form of the 10D metric for our truncation:
ds?y=AY2ds2+ A71/? [(6’2“(6>\ sin? p4e cos? @) sin® 0 +eH cos? 9) dp*

+e2H(e* cos? p+e *sin? ) cos? O Dg? — e sinh A sin 2¢) sin 20 ddD¢+e *sin’ 0 dﬂg] ,
(3.4a)
with

A = e 2(e* cos? g+ e M sin® @) cos? 0 + e#sin®0, Do =dp— (1+®)dr. (3.4b)

The AdSs x S® vacuum is obtained by setting Qg = Q; = 1, A = u = ® = 0; note
that the presence of the constant 1 in the gauge field A'? in (3.2c) is due to the fact that
the S° coordinate defining the vacuum is ¢ = ¢ — 7: this is the coordinate that should
be used to read off, for example, the R-charge of the state. However working with the
coordinate ¢ has the advantage of cancelling all the 7 dependence from the geometry, making
the R isometry manifest.

As a first non-trivial test, one should check that the linear perturbation (2.2) fits in the
above truncation for k¥ = 2. This is not manifest in the form (2.2), where the perturbation
contains non-diagonal terms in the AdSs part, while in the metric (3.4a) it is the S° part that
is non-diagonal. This apparent discrepancy is resolved by applying to (2.2) the linearised
diffeomorphism generated by the vector field ¢M (M = {u,a}), with

€
(u 6a) = 1 (Vuba Yo, —ba V,Y5), (3.5)
which transforms (2.2) (with k& = 2) into
, € _ , 3 1 _
h,uu = 5 Guv by Yo, a8 = *5 eby g VQVBYQ + gap Yo . (3'6)
One can now check that the real part of the perturbation (hj,,, i, 5) matches with (3.4) for
Q=0U=1, p=0=0, A=e(1-¢%, (3.7)

at first order in e.

We have thus learnt that the lightest CPO O is described within the truncation (3.4)
by a small perturbation of the field A. Our next task is to complete this linear solution to
an exact non-linear solution of the equations of motion, that is dual to a heavy operator
that we conjecture to be the multi-trace Og .

4 Perturbative solution of the equations of motion

In this section we will solve the equations of motion of our truncation perturbatively in
the parameter € and we will show that there is a unique normalisable solution that reduces
to (3.7) at first order in e.

The equations of motion for the truncation (3.4) can be derived from the lagrangian

1 . 1 v oo
L=\/—g {R—g‘“’ (2 OuA Oy A+30, 110y 142 sinh? )\A}LQA}?) — 164“9“ g° Flﬁ F2_v|,
(4.1a)
V =2e M sinh? \—8e * coshA—4e? (4.1b)
where g,,,, stands for the 5D base metric ds? (3.2a) and F'? = dA'? = 9:® d¢ A dr.

,10,



The equations are written in full in the appendix (see (A.1)). They consist of five second
order ordinary differential equations for the five unknowns, ¥ = (A, u, @, Qo, 1), plus one
first order constraint, (A.1f), that originates from having gauge-fixed the diffeomorphism
invariance of the 5D metric ds?. One can check that the constraint is consistent with the
remaining equations by taking its £-derivative, replacing the second derivatives using the
other equations and verifying that one obtains an identity.

The equations are coupled and non-linear and it is thus hard to envisage a method to
solve them exactly, in general. In the next section, we will eventually construct an exact
solution, though expressed in a somewhat implicit form, by leveraging the constraints implied
by supersymmetry. It is however useful to start from a more direct perturbative approach,
starting from the first order solution (3.7) dual to Oz. We thus assume the following e
expansion for the fields

A= Z )\(Qn+1)62n+1 . pu= Z M(Qn)€2n’ = Z (I)(2n)€2n7 O =1+ Z w§2n)€2n (Z =0, 1) 7
n=1 n=1

n=0 n=1
(4.2)
with the input
AN =1 —¢2, (4.3)
The equation for the generic field ¥ at order €” for n > 1 has the form
vie™ = g, [wm)] (4.4)

where V? is the second order wave operator defined in (A.2) and the source S,[¥(™)] is
a function of the fields and their first derivatives of order m < n — 1. The equations can
thus be solved iteratively® order by order in e by simply inverting the wave operator V2.
The existence and uniqueness of the perturbative solution thus rests on the invertibility of
the operator V? restricted to the space of fields with specific boundary conditions. The
equations of motion have an obvious invariance under the constant rescaling €1 — ¢y,
1+ ® — ¢(1+ @), which corresponds to a rescaling of the time coordinate 7 — c7: we will
fix this arbitrariness by the asymptotic boundary condition (£ = 1) = 1. Moreover, at
every perturbative order one has the freedom to shift ® — ® + ¢/, which is equivalent to
modify the constant 1 that we introduced in A2, One sees, however, that the constant in
®(") determines the existence of a normalisable solution for A(®*t1) and it turns out, quite
non-trivially, that the normalisability and regularity of A requires setting to zero this constant
at every perturbative order, in such a way that the boundary condition ®(§ = 1) = 0 remains
undeformed for generic e. The requirement that the solution asymptotes to AdS5 x S° imposes
that A(( =1) = u(§ =1) =0 and (€ = 1) = 1. We will ask for the more stringent condition
that the asymptotic decay of the fields is normalisable in the AdS/CFT sense, i.e. that their
behaviour at infinity is that associated with a VEV (the expectation value of the field) rather
than with a source. For example a field of dimension two, like A, should decay like 1 — &2

5The source for the field wi") actually depends also on wé") and its first derivative at the same order n, but
this does not represent a problem for the iterative procedure, because one can solve first for wén) and then use
the solution in the source for w§”)4
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but not like (1 — £2)log(1 — £2). And we will require all the fields to be regular in the whole
allowed range of £, 0 < ¢ < 1. One can easily verify that the only field for which there
exist regular and normalisable solutions, in the sense explained above, of the homogeneous
wave equation, V2 WU = 0, is A, whose homogeneous solution is the linear order deformation
A1) =1—¢2. Consider, for example, the field p, which is dual to the R-symmetry descendant
of O with vanishing R-charge, whose associated spherical harmonic is Y2 ~ 3sin? 6 — 2:
the only regular solution of the equation V2 = 0 (A.2b) behaves at infinity like a source,
and we will impose the absence of such terms at every perturbative order. The asymmetry
between A and p is clearly due to the fact that, when reducing from (3.1) to (3.4), we have
broken SO(6) down to SO(4). In other words, in the minimal truncation (3.4) the only field®
for which we can freely turn on a VEV is the one dual to Oz; the VEVs of all other fields are
determined by the non-linear backreaction in terms of this primary VEV. This observation
has the important mathematical consequence that at every order in € the solution of the
equations (4.4) is unique.” The existence of a solution ¥ | fulfilling the regularity and
asymptotic conditions, is instead highly non-obvious, a priori. It is computationally quite
easy to push the iterative solution of the equations to relatively high perturbative order
(we have reached order ¢2!) and we have gathered a convincing empirical evidence that the
solution exists for arbitrary n and it has the form of a polynomial in &.

To summarise, there exists a unique, regular and normalisable perturbative solution of
the equations of motion, that reduces to the solution for the CPO Oa, (4.3), at O(e). At order
e” the field (™ with U™ any of the fields A, 1™, &M ™ defined in (4.2), has the form

v = (1- €)™, (4.5)

where U™ is a polynomial in &2 of degree growing like 2n. We give these polynomials

up to order €
ﬂ<2):é, -1 g@_g, w@:—é(l—f?), X@’):é&‘*, (4.6)
1 ~ 1 1
~(4) _ L (9 _o¢2_ 4 (4) _ L (r_re2 g4\ ~@) _ L 2 2
a0 = (2-28-¢") a0 = L (558 -¢") o = - 5 (1-€)(6+67), -
~(4):L g2 902 _1redy 3 (5) _ 204 _ope2  qpcd 6 '
"N 504(1 £9)(21-20&°—15&%), A 25205 (4—26£°—86£"+129¢&°).

It is interesting to compare the above perturbative solution with the LLM geometry with the
profile (2.7), which can be constructed explicitly by performing the necessary integrals order
by order in €. One can check that the two solutions differ already at order €? and that the

5This is different from the truncation used in the AdSs context [39, 40] where, for supersymmetric solutions,
one could freely choose the VEVs of two fields, dual to operators of dimension one and two. Indeed the
6D supergravity whose reduction gives rise to the AdSs theory contains both a gravity and several tensor
multiplets and the two independent fields that survive the truncation are the lowest dimension members of
a tensor multiplet and of the gravity multiplet. The field content of the AdSs theory is, on the other hand,
fully contained in the gravity multiplet. In this sense, the solution we construct here should be thought as
the analogue of the “purely NS superstratum” of [41, 42], where only the VEV of the dimension two field is
turned on.

"Adding an arbitrary homogeneous solution for A(™ just amounts to redefine the parameter € and we will
arbitrarily fix this freedom.
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LLM droplet needed to reproduce (4.6)—(4.7) at that order is instead

2
r2(¢) = 1 — ecos(2¢) + % cos(4¢) + O(€?). (4.8)

This suggests that the multi-trace operator formed only by powers of Qs is dual to an LLM
geometry generated by a complicated droplet, containing an infinite series of harmonics,
cos(k¢), and that, conversely, the simple profile (2.7) maps to a multi-trace that involves
several CPO’s, O, with k£ > 2.

5 Supersymmetry and the exact solution

The perturbative approach of the previous section gives persuasive evidence of the existence
and uniqueness of a solution with the properties expected for the bulk dual of O, and
provides a constructive way to determine the solution in the limit in which the CFT state
reduces to a light multi-trace operator formed by a finite number, p < N2, of single-trace
constituents; in this regime the geometry describes a deformation around AdSs x S°. To study
the large charge (p > N2 >> 1) limit of the geometry one needs, however, to go beyond the
regime of small e. It is natural to expect that to construct an exact solution the simplifications
implied by supersymmetry might be crucial. In the perturbative approach, supersymmetry
enters only through the first order input, (4.3), which describes the supersymmetric single-trace
Os. If our working assumption that the 1/2-BPS state O is described within the minimal
truncation (3.4) is correct, the uniqueness of the perturbative solution implies, however, that
the geometry we have constructed in the previous section preserves 16 supercharges at all
orders in €. In this section, we will verify this expectation, thus lending further support
to our assumption.

We will not attempt here a systematic analysis of the supersymmetry constraints in the
truncation (3.1), nor in its minimal version (3.4), and, to the best of our knowledge, such an
analysis is not available in the literature. We follow a somewhat brute-force route, which
exploits some result of the appendix A of [30]. For this purpose, we quote their notation
for the 10D metric, ds?,, and the five-form, Fj:

dsly = dsi +e"TC a0} + "9 d03, Fs=F AdQs+ F AdQs, (5.1)

where dQ% and dQ3 are the metrics of the S%’s inside the AdSs and the S° part of the
geometry, d)3 and d{)3 are their volume three-forms, ds? is the metric in the four-dimensional
subspace spanned by &, 7, 6 and ¢, H, G are scalars and F, F are closed two-forms in
this 4D subspace. The values of ds3 and of H, G in our minimal ansatz can be read off
from (3.4) and (3.2a), in particular:

2
H+G - E o Al/2 9[2)’ eH=G _ Gin2p A—1/2 1 (5.2)
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The form of F and F can be extracted from the uplift formulas® in [43]; it is easier to write the
corresponding one-form potentials, B and B (with F' = dB, F= dB) which can be chosen as

Bl €D h0) (140) sin(26) cos?0de— L £ 9.0 cos?0 D
“s-erg SRR TR TR g, T
3012
+ (b— ;5(1905?)1 (OgA cos(2¢) —30¢) cos? 0) dr
- 5.3
IRSEVHO Y
with 85[) = 5 ﬁ (62u+€7u cosh )\) s

- 1
B= -1 At <6_2“ sinh \ sin(2¢) sin® 0 cos§ df+ e/ sin* Dgf)) .
As a check of the above expressions one can verify the self-duality of F5, which translates into
F=—e3%F, (5.4)

with 4 the Hodge dual associated with ds3.
It is shown in [30] (see eq. (A.48)) that supersymmetry implies

demHHONVAF 4 d(e” =N A F =0. (5.5)

Note that the Lh.s. of this equation depends non-trivially on the S° coordinates and, hence,
requiring it to vanish identically in (0, ¢) imposes strong constraints on our five unknown
functions of £, though it requires some effort and a certain amount of guessing to extract
them. Even if there might be a more systematic and efficient way to derive them, it turns
out that these constraints are enough to allow for an exact solution of our problem. We find
that a set of sufficient conditions to satisfy the supersymmetry requirement (5.5), together
with the first order constraint (A.1f), are

1+d=e3, 2R -03)+1-62=0, (5.6a)
£ —2 2 -2 3
OeAN=—-2—>———¢ “Fginh\, Ou=—-——- # hX—e*
3 e e sinhA,  ep =3 ) e “H(cos e’t),
Lo ‘o (5.6b)
Ol = = —— e 2 (cosh A+ 2¢e*) — ¢ le ™ cosh A — ——— .
ey 35(1_§2>e (cosh A+ 2e€°#) — & e ™ cos e

The first set of constraints, (5.6a), are algebraic and allow to eliminate two of the unknowns, say
® and Q; the second set, (5.6b), are three first order differential relations for the remaining
three unknowns. One can check that (5.6a) and (5.6b) imply all the five second order
equations of motion, (A.la)—(A.le), and thus they completely encapsulate our supergravity
problem. We have also checked (up to order €2!) that the perturbative solution constructed

8With respect to the conventions of [43], we have changed the normalisation of F5 by a factor 1/4, so that
F5 — vol(AdSs) + vol(S®) in the AdS limit. We are choosing our orientation in such a way that

3
vol(AdSs) = — i _552)3 dE Ndr ANdQs,  vol(S®) =sin® @ cos0dh A do A dQs,

to conform with the convention of [30].
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in the previous section satisfies (5.6a) and (5.6b), thus verifying the expectation that the
perturbative solution describes a supersymmetric state.

To recap, supersymmetry has significantly simplified the problem from the five second
order equations (A.la)—(A.le) to the three first order equations (5.6b) in the unknowns
A, pand ©p. These equations, however, are still coupled and non-linear and some more
effort is needed to reduce the system to quadrature. A first useful observation is that the
system (5.6b) has an integral of motion:

2

Q
H= _152 e sinh A with 9¢H =0. (5.7)

A priori, the constant value of H should be left arbitrary and determined at the end by the

regularity and normalizability of the solution. We find it more convenient to extrapolate
the proper value from the perturbative solution, which suggests to take:

H =sinhe. (5.8)

Of course we will be able to confirm this guess a posteriori. With the new input, (5.8), the
system further reduces to two coupled first order equations for two unknowns, A and u:

DeX =

sinh e

2¢e 3t ginhe (sinhk)é (sinh)\ 2e 3K (sinh)\
sinh e

1
-3
- —-1], = coshA—e3#).
f1-e)} ame )+ =it Game) ¢ )
(5.9)
One can derive p from the first equation and substitute it in the second to arrive at a

non-linear second order equation for A, which can be recast in the form:
02 =0 with Z=¢(1—€2)2(sinh \) 20\ + 2 (sinh €)2 coth A (5.10)

Thus, we finally arrive at a first order equation for A\: = = const., which can be solved by
quadrature. As before, the value of the constant could be determined a posteriori, but it
is simpler to guess it from the perturbative solution, obtaining:

E= 2(sinhe)_%coshe. (5.11)
Solving the first order equation requires the integral
/)‘ dz
0 (sinh x)% (tanh e cosh x — sinh x)
2 : 317 inh? \
= g COthQE (Sinh A)%Fl (4, 5, 17 Z’ — Sinh2 A, SsllIrllh26> (512)

cosh e <sinh)\>§ <sinh A)é
+ ——— |arctan | | — + arctanh | [ — ,
(sinhe)2 sinh e sinh e

where Fj is the Appell function of the first kind. The function A (with the asymptotic

boundary condition \({ = 1) = 0), is then found by inverting the following equation:

3
1 inhA\z _ (31 7 inh? \
arctanh {(1 —52)%} = gcoshe (sm )2 P ( 1, ~; —sinh? \, el )

sinh e 47274’ sinh? €

‘ i ' i (5.13)
1 sinh A\ 2 1 sinh A\ 2

+ — arctan + — arctanh - .
2 2 sinh e

sinh e
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5.1 Summary of the solution

As the formulas needed to reconstruct the solution are spread throughout this section, we
collect them below. Let A be the function implicitly defined in (5.13). The remaining
geometric functions are

(5.14a)

- 1 (sinhesinhA) 7 o sinh(e—\)

3 sinh(e—\) " sinhe—sinh A
(1—52)% sinh e 2 sinh(e—\) 3 9.1 (sinhe 3 sinh(e—\) 3
Qo= —— 1) (=~ ), h=(1-&)2 (= . . :
13 sinh A sinhe—sinh A sinh A sinhe—sinh A
(5.14b)

6 Limits of the exact solution

Since we cannot write A explicitly, the best we can do to analyse the geometry is to consider
various limits where A admits an expansion in terms of elementary functions. This will allow
us to perform some consistency and regularity checks on the exact solution we have just
constructed. We will use the asymptotic expansion of the geometry that we derive in this
section to carry out a holographic analysis of the solution in the next section.

The Appell function in (5.13) is a generalisation of the ordinary hypergeometric and it can
be expanded in terms of 2 F7 functions when one of its last two arguments, x or y, goes to zero:

- (@)m (b1)m z™
Fl(a7b17b27c;m7y) = Z TQFl(a_‘_maanc_‘_m;y)ﬁ
m=0 m '
(6.1)
> n b n "
= ZMQFl(a—i-n,bl,c—i-n;x)y—,
= (O)n n!

with (a), the rising Pochhammer symbol. Moreover, for the values of a, bs and ¢ appearing
in (5.13) the hypergeometric functions in the first line of (6.1) reduce to elementary functions:

1 1 -1
3 7 4m + 3 |arctanh(y7) — arctan(y1) g yP
Fi-+m1 - +m; ): - 6.2
21(4 1 Y ym 2y% p:04p+3 (6.2)

This observation makes some limits of the solution, as a function of either € or £, accessible to
an explicit and analytical analysis. The variables that appear in the equation for A (5.13) are

sinh? \

. bl
sinh? €

= —sinh?\, y= (6.3)

and their values control the different regimes. The easiest cases are when z or y, or both,
go to zero and, hence, one can use the expansions (6.1) directly. This happens when e — 0,
which is the perturbative regime of section 4, or when & — 1, corresponding to the asymptotic
region of the geometry. One can also access the regimes where x or y tend to the other two
singular points of the hypergeometric function, which are 1 and oco. In these situations one
can first take the limits of the o F functions using the well-known hypergeometric connection
formulas and then perform the sums over m or n in (6.1). This technique allows us to
study the £ — 0 and ¢ — oo limits.
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6.1 ¢e—0

Consider first the perturbative regime of small e. We know that when e — 0 A = O(¢) and thus
x — 0; one can then use the first line of (6.1) together with (6.2) to expand the r.h.s. of (5.12)
to any order in € and reconstruct the perturbative expansion of A\. This provides a check of
the consistency of the exact solution with the one derived by the brute-force iterative solution
of the equations of motion, given in (4.6), (4.7) for the lowest orders. One can also verify that
the perturbative solution satisfies the relations (5.14) for the geometric functions other than .

6.2 &€ —1

The asymptotic expansion of the geometry near the AdS boundary is derived by taking & — 1
keeping e finite. This limit is even simpler to compute, because one expects A = O(1 — £2)
and thus both the variables x and y are going to zero. Apart from confirming that the
geometry has a well-behaved asymptotic limit, this regime is physically interesting because it
contains informations on the conserved charges and other holographic VEV’s that will be
computed in the next section. After expanding the Appell function, the A equation (5.13)
can be solved; this, together with (5.14), yields:

A =sinhe (1 — 52) — g sinh e sinh? (;) (1-— §2)2 +0((1 - 52)3) ,

p= g sinh?(5) (1- ) - g sint? () (1= €2 + 01— €49),

3 2 9 2
=2 sinh2<;> (1-€%)+ %4 sinh4(;> (1— €22+ 0O((1 — €2)%), (6.4)
Q=1- % sinh4(;> (1-)2+0((1-¢€%)%,

Q1 =1- % (5 + cosh €) sinh? (;) (1-)2+0((1 - €%,

where we have kept the terms in the £ — 1 expansion that are needed to extract the VEV’s
of operators up to dimension 4.

One observes that the geometry has the allowed asymptotic limit — i.e. the large distance
behaviour expected for a non-trivial state in a CFT undeformed by external sources — for
any finite value of €, supporting the belief that there is no upper bound on e.

6.3 £€—0

The absence of pathologies in the asymptotic region for any e does not exclude, of course, the
possibility of a singularity appearing somewhere in the bulk for sufficiently large values of €. It
is therefore interesting to have analytical control over the behaviour of the geometry around
the center of space, £ =~ 0, away from the perturbative regime of small €. The perturbative
computation indicates that A(™) vanishes at & = 0 for n > 1 — we have checked that this
true up to n = 21 — and thus suggests the ansatz

A=e—fle)&+0(&Y), (6.5)

for some function f(e) that is determined by (5.13). With this assumption, y = 1 —
2 coth e f(e) €2 4+ O(£*) and thus we are led to study the behaviour of F} around the singular
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point y = 1. This can be done by using the first line of (6.1), taking the y — 1 limit of (6.2)

3 7 1 1. /tanh 1 1
o F) <+m,1,+m;y>~(4m+3) [— Og£+4log( an €>—H(m—>], (6.6)

4 4 2 2f(e)) 4 4
with H(z) = v+ ¢(z + 1) the harmonic number, and then performing the sum over m:
31 7 3 logé 1 tanh e
(2,21, ~ - 1 .
1<4727 74a$7y) COSh€|: 2 +4 Og<2f(€)>+g(€):| ) (67)
where

1 h?™ ¢

coshe m (Z)m (*)m sin
gle) = — b z_:(—l) (7)(4m+3)H<m— 4) —
m=0 1)
is a function that we have been unable to evaluate analytically but we believe it is finite
for all positive values of e. Using the above limit for F} in (5.13), we find that for { — 0
the logarithmically divergent terms cancel, confirming the validity of the ansatz (6.5), and

(6.8)

the finite terms determine f(e)
f(e) = tanhe 13108 2+29(9) (6.9)

The necessary and sufficient condition for the regularity of the metric at £ = 0 is that f(e)
be finite and positive; indeed (5.14) implies that

9 (cosh e)%
2= 2

fle) +0(€?), (6.10)

with all other metric functions finite, and thus if f(e) were to vanish or become negative the

sinh e

metric would be singular. Though we do not have a closed form expression for g(¢) and hence
for f(e), the identity (6.9) shows that f(e) is finite and positive as far as g(e) stays finite; this
is obviously true for € — 0, Wheae (6.8) implies g(e) = —Z + 31log 2 and thus f(e) — €, and
also for € — oo, where f(€) — e2, as we will show in the next subsection. This is a strong
indication that no singularity develops near £ = 0 for any value of e.

6.4 € —> o©

It is interesting to examine also the limit of large € with fixed £. As we have already remarked,
this regime is not present in the AdSs context and thus it has not yet been explored on the
gravity side. The previous analysis, in particular the £ — 0 limit, suggests that A diverges
when € — 0o, and thus we should look at the behaviour of F} for x — —oo, which is another
singular point of the Appell function. We will be able to confirm this working hypothesis a
posteriori by verifying its consistency with (5.13). To derive the 2 — —oo limit one can use
the second line of (6.1) and the known connection formula for the hypergeometric function

S (Wr) (Ff)in) ()i
2
F(f+n)T(d4+n) . /1 1 3 1
r(§+n)r(§+n)<‘”) hh(5-gmgomz) G0
H__)@F(gjtn)r(%n) e
F(%—i—n)l“(%%—n)

NI
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Figure 1. The plot of the function h(€) which satisfies the equation (6.14).

Performing the sum over n in (6.1) gives

\ (i % 1, Z;:U,y> e %(—m)‘% [amtaﬂyi ;r;mtanhyi (6.12)
Using this limit in (5.13), one sees that a consistent ansatz when € — oo is
A~ e+logh(), (6.13)
where the function h(&) is defined implicitly by
arctanh [(1 — §2)%] = arctanh [h(f)%] + arctan [h(ﬁ)%] . (6.14)

In figure 1 we have plotted this implicit function. The limits of h(§) for £ — 0 and £ — 1 are
s 1
h(€)=1-e2+0(&Y), h(E) = it &) +0((1—-&%)?). (6.15)

Comparing the ¢ — 0o, £ — 0 result with (6.5) gives the large € limit of the function f(e)

IE]

fle) = ez, (6.16)

as we have anticipated in the previous subsection.

Note that the € — oo result (6.13) does not lead to an asymptotically AdS geometry.
This is not surprising, because taking e large with fixed ¢ excludes the asymptotically AdS
region, in which e€ (1 — £2) should be taken small, as can be seen by taking e large in (6.4).
It would be interesting to analyse further the physical meaning of this large € regime.
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7 Holographic analysis

The knowledge of the asymptotic limit of the geometry for arbitrary €, (6.4), allows us to
compute the conserved charges and the expectation values of some CPO’s in the dual heavy
state; we will dub, for brevity, these expectation values as VEV’s, even if it should be kept in
mind that they are computed in a non-trivial state and not in the vacuum. These quantities
are independent of the coupling constant and thus provide a tool to infer the map between
the CFT and the gravity parameters — in particular the relation between p/N? and € — and
also to gather the first non-trivial checks of this holographic map. The basic idea behind
these computations is simple and exploits the standard holographic relation between the
VEV of an operator of dimension A and the term of order r—2 in the large r expansion of
the dual supergravity field, where the radial coordinate, r, is related to our coordinate £ as
r=2 ~ 1 — £2. However, constructing the precise map between operators and supergravity
fields in a coordinate independent way requires a careful analysis that, luckily for us, has been
performed in the AdSs context in [38], whose results we will heavily borrow in the following.
We will report some of the most technical details of the computation in appendix B.

7.1 The conserved charges

We start by computing the energy, F, which follows from the holographic formula for the
CFT stress tensor T}, [50]. Since the CFT lives on R x S, T),, has a non-vanishing trace,
proportional to the curvature of S3; the trace of the stress-energy tensor gives rise to the non-
vanishing vacuum (or Casimir) energy. We will not be interested in this vacuum contribution
to the energy, which is independent of the state, and thus we will only focus on the traceless
stress-energy tensor, that we denote by TW. To extract 7, wv from the geometry, one performs
the usual Fefferman-Graham expansion of the 5D metric
2

dsg = dzi2 + % (g/(g) + ng/(ﬁ,) + 249/(;9) + 0(24) , (7.1)
where 1, v denote here coordinates on the 4D boundary of AdSs and gfLOV) = —dr? + dO3.
Then one has’

- N? 9 @
T = 5 [gf;? e ua (7.2)

where indices are raised with g,(f,),). From the asymptotic expansion of the solution, (6.4), one

finds that the Fefferman-Graham coordinate z is related to £ by
2
3 1 €
)
&=z [ 2 77 16 Tt (2
and that

4 1 4 € 5 . € 4 1 5 . € .
ggt) =16 + 3 sinh? <2) + §Slnh4 <2> ; gi(i) =16 §Slnh4 <2> (icS¥, (14

+O(2Y), (7.3)

9In general TW also contains terms that depend on gfﬁ,}. For our solution however g,(fy) is independent

fe o — o _
O € Gy Yii
write formulas at leading order in the 1/N expansion: the exact in N expressions are obtained by replacing

N? 5 N2 —1.

f%, and thus these terms only contribute to the vacuum energy and we omit them. We
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which yields

~ NZ 5 (€
Ttt = 277[_2 sinh (2> . (75)

Then the energy above the vacuum is obtained by integrating T} over S:
FE =272 Ty = N?sinh? (;) . (7.6)

Our state being supersymmetric, the energy E should equal the R-charge J. Verifying this
equality is a first consistency check of our construction.

The R-charge is extracted from the second order term in the Fefferman-Graham expansion
of the gauge field ®:

d =30 4+ :20@ 4+ 0(z4). (7.7)

Fixing the coefficient of proportionality between ®2 and J requires a bit of work, and we
leave the details for the appendix. The general relation is

N2
J=— O (7.8)
which, using (6.4), gives
J = N?sinh? (;) , (7.9)

thus confirming the supersymmetric nature of our solution.
The expression for ¥ = J determines the relation between the supergravity parameter e
and the average number of single-trace components of the heavy state, p:

D . 1 . of €
ﬁ = § sinh (2> N (710)
since every single-trace operator Oy carries £ = J = 2.

7.2 Expectation values of CPO’s

More stringent checks on the identification of the geometry we have constructed with a state
of the form (2.10) can be obtained by looking at the expectation values in that state of the
CPO’s O, or their SO(6) descendants with R-charge I, that we denote by Oy 1 (of course
O = O, and O = Op,—r). Only operators that preserve the SO(4) rotation symmetry
acting on the directions ®°, with i = 3,...,6, can have non-trivial expectation values in our
state, and thus we can use the descent operator

6
S (P =i (I =g, (7.11)
=3
with 9 5
J— (&l Y v _
J = z(q) 557 q)aqﬂ) I,J=1,...,6 (7.12)

— 21 —



the SO(6) generators, to generate Oy ;o from Op 7, up to a normalisation factor. The
normalisation of the single-particle operators O, r is the one used in [38], according to which
(Ok.1O0k1) ~ N?, while the heavy state |Os,) has unit norm. We will denote the VEV
of Oy r in the heavy state as

(Ok,1) = (02| O 1|O2.¢) - (7.13)

The lightest operator with a non-vanishing VEV is Os itself: acting on O3 p, Oy produces
O3 p+1 and since the coherent state Oy  contains a sum over p, O2 has a non-trivial expectation
value which probes the p-dependence of the coefficients ¢, (2, €). The holographic recipe applied
to our gravity solution produces indeed a non-vanishing result
N? 11[
2 92
consistently with the CFT expectation. Note however that finding a non-vanishing (Os) is

(Og) = sinhe, (7.14)

not a meaningful test of the non-linear completion of the supergravity solution: any solution
that reduces at linear order in € to the CPO deformation (2.2), including the LLM geometry
with profile (2.7), produces a result of the form of (7.14).

A more interesting class of observables are the VEVs of the dimension four operators,
(Ou1), with I =0,4. As already explained at the end of section 2.2, the expectation value
of O4p is proportional to the 3-point coupling <(’§2(’)470(’)2), and similarly that of Oy is
proportional to (020204) (where now both the O operators come from the bra (O ).
Both the 3-point couplings above are extremal (the dimension of one of the operators in
the correlator equals the sum of the dimensions of the other two), and hence they should
vanish. One can explain the vanishing of the extremal couplings by the fact that operators,
like O 1, dual to single-particle supergravity states have to be defined to be orthogonal to all
multi-particle states (see for example [46]). This argument then leads to a sharp prediction

(O4) = (O40) =0. (7.15)

We show in appendix B that our supergravity solution fulfils this prediction and, moreover,
the vanishing of (O4 ) is the result of a quite non-trivial cancelation which is sensitive to the
non-linear completion of the geometry. As we already mentioned, the LLM profile (2.7) is,
on the contrary, inconsistent with (7.15). We should mention that a very similar holographic
test has been performed in the AdSs context in [15] (see section 4.4).

For completeness we should mention that also the VEV of Ojq is sensitive to the
non-linear structure of our solution, being proportional to ((’_)2(9270(92>. The latter 3-point
function is not extremal and does not vanish, and indeed the holographic computation
produces a non-trivial output:

)

This result is consistent with the interpretation of the dual state as a coherent state of the

(O29) = (7.16)

general form (2.10), which leads to the prediction

(0205003) _

(020) (7.17)

(O20)crT =
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With our normalisation conventions both (0203 ¢0s) and (Os0s) are proportional to N2
and thus, using (7.10), we see that the CFT prediction (7.17) reproduces both the N and e
dependence of the gravity result (7.16); the comparison of the numerical coefficients requires
a more careful treatment of the operators normalisations, which we do not perform here.

Note that deriving a CFT prediction also for the expectation value (Os), (7.14), re-
quires the knowledge of the coefficients ¢,(2, €) that appear in the definition of the coherent
state (2.10). It would be interesting to gather further inputs to help us formulate a guess
for such coefficients, but we leave this task for future studies.

8 Summary and outlook

The main goal of this article has been to construct the supergravity dual of the half-BPS
multi-trace operator made by many copies of Oz, the CPO in the stress-tensor multiplet
of N'= 4 SYM, in the large charge regime in which the number of copies is of order N?
in the N — oo limit. By working in the 5D consistent truncation singled out by the field
content and the symmetries associated with the half-BPS state, we have found an exact
solution of the supergravity equations, given in (5.14), written in terms of the function A(¢)
defined by the transcendental equation (5.13). We have shown that the geometry is regular,
horizonless and asymptotes AdSs in a normalisable way for arbitrary values of the R-charge.
We have performed the first holographic checks supporting the identification of the state dual
to our geometry with the “monochromatic” multi-trace composed of Os; in particular we
have verified the vanishing of the expectation value of the CPO of dimension 4, as required
by the triviality of extremal 3-point correlators.

Some aspects of our analysis deserve further study. It would be interesting to find a more
precise characterisation of the heavy state dual to our geometry. We have conjectured that the
state should have the form of the coherent superposition given in (2.10), but the expression
for the coefficients ¢, is still unknown to us. The results of the holographic calculation
described in section 7 constrain these coeflicients and, hopefully, they will suggest a natural
ansatz. Some potentially new insights might also come from the study of the large € limit of
our solution, which we have just touched upon in section 6.4. This limit describes the very
large charge regime, p > N2, and it represents a novelty in the microstate literature, since
in AdSs this regime was forbidden by the stringy exclusion principle.

More broadly, our result opens the possibility to extend to the AdSs context the pletora
of holographic studies performed on AdSs microstates, with the added bonus of having a much
better understood CFT dual. A first direction we intend to pursue is the study of the wave
equation describing light supergravity operators in the background provided by our solution.
The asymptotic expansion of the solution of this equation encodes the HHLL correlator
in the supergravity limit, i.e. large N and large ’t Hooft coupling. On the other hand,
given the form (2.10) of our heavy operator, the small e expansion of the HHLL correlator
should yield correlators with multi-trace insertions, of the form (020203 ,0; ;). Recent
developments [33-35] have allowed the computation of integrated versions of such correlators
for arbitrary N and arbitrary 't Hooft coupling and, although our supergravity limit could

110

capture only a small corner of those results, it could still provide a useful'” consistency check.

0We thank R. Russo and C. Wen for preliminary useful discussions on this point.
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Finally, we would like to comment on the relevance of our findings for understanding
the microstates of black holes. To find an asymptotically AdSs supersymmetric black hole
with a finite horizon in supergravity (known as the Gutowski-Reall black [51]) one needs an
ensemble of 1/16 BPS states, and our half-BPS solution is obviously quite far from that class
of states. The development of the microstate construction for the Strominger-Vafa black hole
has, however, shown that the most supersymmetric configurations are a useful, if not essential,
starting point. Drawing inspiration from that body of work, the natural next step would be
to consider the action on our half-BPS geometry of the symmetry generators of the N/ = 4
theory — including Virasoro, R-charge and superconformal generators — embedding the
resulting solution in a more general ansatz and then using some inspired guessing to extend
the solutions of that ansatz to 1/16 BPS states that are not global descendants of half-BPS
ones. The states generated in this way are examples of “multi-graviton” states and represent
the fraction of the black hole ensemble accessible to classical supergravity. The formal analogy
of the asymptotically AdSs microstate we have constructed with the AdS3 ones gives us hope
that this general program could lead to the construction of a superstratum-like family of
microstates for the Gutowski-Reall black hole. It is clear, looking at the symmetries preserved
by 1/16 BPS states, that the restricted truncation used in this article, (3.4), will not be able
to accomodate states with that small amount of supersymmetry, but hopefully the more
general truncation of [43] will be enough to contain at least a subset of the states.

Leaving this program for the future, the best we can do now is to compare the half-BPS
solution we have constructed with the singular geometry representing the ensemble of half-BPS
states. As we have anticipated in the introduction, this is the so called superstar [2], whose
geometry was first found in [52, 53] (see [54] for a nice review of the statistical interpretation
of the superstar). The 10D metric of the superstar can be written as

2 I P
ds* = 7 —I{IdTZer;HWQ% +\ﬁd¢92+\ﬁcos29[d¢>+(H_1—1)dT]2+Sm 0 a2,
(8.1)
with »
H=1+% f=14em, y=1+1200 (8.2)
r T

It is interesting to notice that the geometry above fits in the restricted truncation (3.4) with!!

_ _ 2
>\:07 €3H:H7 q):Hil_l, QQZHg(f]-)f(Qlé)

B 1 VIFq+V1+q+1?
\/1—&2?=tanh (mlog . ) . (8.4)

In spite of this observation, we could not find a regime of parameters, ¢ and &, in which

. W=H5f(1-€), (83)

our microstate geometry reduces to the superstar. This does not contradict the expectation
that the solution we have found represents one of the microstates of the superstar. It is
indeed conceivable that the geometry (8.1) arises from a coarse graining process over an
ensemble of regular geometries, of which the one we have constructed here represents a

1 As a consistency check, one can verify that the geometric data of the superstar given in (8.3) satisfy the
supersymmetry constraints (5.6).
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particular one-dimensional subfamily parametrised by €. The fact that under this coarse
graining the function A, which is odd under ¢ — —e, averages to zero, as implied by (8.3),
seems consistent with this interpretation.

Note added in proof. After the completion of this work, some older references [55, 56]
that are significantly related to our results were brought to our attention.'? In particular it
turns out that the “AdS BPS bubble” solution given in section 2.2 of [56] can be mapped to
our solution by the identification 1+ g; = cosh € and by a complicated coordinate redefinition
from our &,'3 to their r, which has the advantage of re-writing the entire solution simply
in terms of elementary functions. The holographic interpretation of the solution given in
the present article appears to be new.
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A Equations of motion

The equations of motion for the truncation (3.4) are:

1— 2 3QZQ 1— 2
(1-¢°) a§<£ 0 1a§A>+2Qfsinh(zA)(1+<1>)2—2e4ﬂsinh(2A)+8e“smhA:o,

539391 1*52 1 (A 1 )
da
(1_62)3 fSQ(Q)Ql 1(1_62)3 4 2 é —4p o2y 2n\
B0 O¢ ¢z O¢ +3 Q202 e (0 P) +3 (e sinh“X\—e™# cosh A+e )—0,
(A.1b)
3 2
& 9285 <£QQO et <1>> (1922)2 sinh2)\(1+<1)) =0, (A.1lc)
(1-¢£2) -0 1 1
35 8590 —1—272024—*(85)\)24-*(85#)2
3 Qo (1-¢2)* 12 2
. ) ) (A.1d)
Q2% 2 1 1-¢ 4, 2 1 05 _
(1 ey sinh? A (14-®)%+ TR e (0 D) +s (1_52)2(‘/—!—12) =0,
1-¢ €2 Qo (1—52)2 £2Q -0 1 2, 1 2
20,0, (95 (1_52 8591 — 5293 (95 (17§2)% @§Q0+2m+ﬁ(8§)\) +§(a§ﬂ)
5 RV Y 51-€ 4, , 1 Q3 B

12We thank Francesco Aprile and one of the referees for pointing out these works to us.
13The origin of our awkward choice of coordinate can be traced back to the ansatz (3.2a).
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(1_§2) Qo ag(Q()Ql) 85908591 1—9(2) 1 5 1 9
£03 8§<1—§2>8&0 (1= QM 2(1_52)2_5(05/\) =5 ()
1 QQ 1_52 . , 1 Q%

3 (1-¢2)9f IR A e

The equations linearised around AdSs x S° are obtained by keeping only the terms of

e sinh? \ (14-®)2+ (V+12)=0. (A.1f)

first order in A, pu, ®, wg = Qy—1 and w; = O — 1:

v2y=U _5352)385 (1 5352 65)\) FA(1— )N +4r=0, (A.2a)
_ 203 3
v2ME(1 gf) a§<1§§26§u>+4u:0, (A.2D)
V2D =730, (53 35@) =0, (A.2¢)
_ (- 52)% & wo
1— 2 2 2_ 2

B Holographic computations

Here we provide the derivation of the holographic results presented in section 7 for the
R-charge, (7.9), and for the expectation values of the dimension two and four CPO’s, (7.14)-
(7.16). The computations are based on the gauge-invariant formalism developed in [38], which
we summarise below to make the presentation self-consistent.

The holographic data are encoded in the asymptotic (£ — 1) expansion of the solution,
where the geometry tends to AdSs x .S° plus a fluctuation; we denote by hpsn, with M = {u, o},
the components of the metric fluctuation and by f(®) the fluctuation of the five-form. For the
expectation values of the scalar CPO’s we only need the components of the metric and the
5-form along the S°, which can be expanded in spherical harmonics as

I () I o _ (1) /1
hag) = Z¢k(t Yk @)t ¢k v) Ykﬁ) + ¢(s) D@Dg)Yy s he = Zﬂ-k Y,

(B.1)
f<5> Zb (s) *s5 Vil .

The round parenthesis (a/3) denotes the symmetric traceless part and Yk,l , YkIa, Yk]( ab) 1€
scalar, vector and tensor harmonics of degree k with I labelhng the different harmonics in the
same SO(6) multiplet. The coefficients qﬁl(f(i), gb](c , gi) k ,(CI()) are functions on AdSs and
their asymptotics at infinity determine the VEV S We are Seeklng to extract. In particular
they can be taken to depend on the Fefferman-Graham coordinate z and the leading term for
z — 0 goes like z* for the coefficients of spherical harmonics of order k. When we will use
these coefficients in the following we will always imply to have kept only these leading terms.
Since we are interested in VEV’s of chiral primaries up to dimension four, we can rely on the

expansion of our solution (6.4) up the second order in (1 — ¢2), which is related to z by (7.3).
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The most direct way to extract qﬁg)) is to use the trasversality of vector and tensor
spherical harmonics

o Ars) \ () g1
D/BD h(aﬁ) =4 ZAk(s) (1 + 5 (b(s) Yk: , (B.Q)
kI
where Aj) = —k(k + 4) is the eigenvalue of the laplacian for the scalar harmonics. As

explained in [38], in order to find the supergravity fields dual to our CPO’s in a coordinate
independent way we have to work with the following gauge-invariant combinations

NE I I ~(1 I 1
) = m = Ak iy O =Bk — 2 iy (B3)

in term of which chiral primaries are dual to the scalar fields

dD = b O 0k )0 with k> 2 B.4
Sk 20(k+2)[7fk (k+4)b,’] wi =4 (B-4)

The expectation values of CPO’s (as well as those of their descendants with R-charge I) up
to dimension four in terms of these fields are given by [38]

8N? (1)
Oy =—--385",
(Ont) = gz % (B.5)
N24V3 (o), 2 A(J) A(K .
(Our1) = 92 5 <2 80 + 3 G41,202K 557 5 )> ;
where a1 ko7 kK, With I = J 4 K, is the triple overlap between scalar harmonics
Ok Lka TksK = /S . Y Y Y (B.6)

By using the usual parametrisation for S°, (2.4), the relevant scalar spherical harmonics are

3 2
Yy = \/ = (10 cost® —8 cos?O+1), Yy = \ =3 cos?0 —1),
s ™
15 Ad 6 93
Yt = /73 cost 6 149 Yi? = /73 cos? § ¢+i29
T v

which are unit normalized in contrast with the conventions of [38]. The triple overlaps

(B.7)

that we need are

33 B 3 B o
40,20,20 = ﬁ y  040,222-2 = 040,2-2,22 = 57\/7? » 0442222 = A4-42-22-2 = 2\[ -5
(B.8)
By projecting the fluctuations determined by (6.4) into the scalar spherical harmonic basis
and constructing the gauge-invariant quantities, one finds

11 3 11 3
&) = 36 % (—1+ coshe), 5 = 51 % sinhe,
(B.9)
121 3 121 3
30 — s (—5 4+ 8 cosh e — 3 cosh(2e¢)), §[(li4) = T sinh®e.

% = 17980 | 3 “1728 \ 15
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Using (B.5), the expectation values of the neutral and maximally charged components of
the dimension-two CPO are
N244v/2 | ¢

h*-, (O) =

> N2 112
= ——5——7= Sln —
272 94/3 2’

or2

<027() sinh €, (B.10)

while those of the dimension-four CPO vanish (the other R-charge components are trivially
zero, as they do not appear in the expansion of our solution)

(O40) = (O4) =0. (B.11)

Note that this is the result of a non-trivial cancelation between the two terms in the second
line of (B.5).
To extract the R-charge we need the following components of the metric and five-form

fluctuations: 0 o)
hua =Y By Y, + By D.Y{,
kI
(B.12)
p I I
foz,B'yéu = €apBvs Z D,u,bgg(l) DeYkI + (Ak(v) - 4) bggp? Ykzlea
kI
where Ay, = —(k? 44k — 1) is the eigenvalue of the laplacian for the vector harmonics. The

only (unit normalized) vector spherical harmonic relevant for our purposes is

— 3 2 z
Y, = ”ﬁ cos“0dg. (B.13)

From the components along this harmonic one can construct the gauge-invariant vector
combination

alr = Bl(v)r — 16 b17— s (B.14>
and compute the R-charge using

N2

7W alr . (B15)

JI/ Jr with J, =
S3

The leading terms of By(,),, b1 go like 22 for z — 0 so we can use the asymptotic expansion
of our solution (6.4) at the first order in (1 — ¢2). By projecting the fluctuations of our
solution onto the vector harmonic Y; we find

arr = —2v/373 sinh? (;) = J = NZsinh? (;) . (B.16)
Open Access. This article is distributed under the terms of the Creative Commons Attri-

bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

— 28 —


https://creativecommons.org/licenses/by/4.0/

References

1]

[2]

[12]
[13]

[14]

[18]

[19]

[20]

[21]

A. Sen, Extremal black holes and elementary string states, Mod. Phys. Lett. A 10 (1995) 2081
[hep-th/9504147] [INSPIRE].

R.C. Myers and O. Tafjord, Superstars and giant gravitons, JHEP 11 (2001) 009
[hep-th/0109127] [INSPIRE].

A. Strominger and C. Vafa, Microscopic origin of the Bekenstein-Hawking entropy, Phys. Lett. B
379 (1996) 99 [hep-th/9601029] [INSPIRE].

O. Lunin and S.D. Mathur, AdS/CFT duality and the black hole information paradoz, Nucl.
Phys. B 623 (2002) 342 [hep-th/0109154] InSPIRE].

I. Kanitscheider, K. Skenderis and M. Taylor, Fuzzballs with internal excitations, JHEP 06
(2007) 056 [arXiv:0704.0690] [INSPIRE].

I. Bena et al., Habemus Superstratum! A constructive proof of the existence of superstrata, JHEP
05 (2015) 110 [arXiv:1503.01463] [INSPIRE].

I. Bena, E. Martinec, D. Turton and N.P. Warner, Momentum Fractionation on Superstrata,
JHEP 05 (2016) 064 [arXiv:1601.05805] [INSPIRE].

1. Bena et al., Smooth horizonless geometries deep inside the black-hole regime, Phys. Rev. Lett.
117 (2016) 201601 [arXiv:1607.03908] [INSPIRE].

I. Bena et al., Asymptotically-flat supergravity solutions deep inside the black-hole regime, JHEP
02 (2018) 014 [arXiv:1711.10474] [INSPIRE].

N. Ceplak, R. Russo and M. Shigemori, Supercharging Superstrata, JHEP 03 (2019) 095
[arXiv:1812.08761] [INSPIRE].

P. Heidmann, D.R. Mayerson, R. Walker and N.P. Warner, Holomorphic Waves of Black Hole
Microstructure, JHEP 02 (2020) 192 [arXiv:1910.10714] [INnSPIRE].

M. Shigemori, Superstrata, Gen. Rel. Grav. 52 (2020) 51 [arXiv:2002.01592] [INSPIRE].

B. Ganchev, A. Houppe and N.P. Warner, Q-balls meet fuzzballs: non-BPS microstate
geometries, JHEP 11 (2021) 028 [arXiv:2107.09677] [INSPIRE].

B. Ganchev, S. Giusto, A. Houppe and R. Russo, AdSs holography for non-BPS geometries, Fur.
Phys. J. C 82 (2022) 217 [arXiv:2112.03287] [INSPIRE].

B. Ganchev et al., Microstrata, JHEP 10 (2023) 163 [arXiv:2307.13021] [INSPIRE].

I. Kanitscheider, K. Skenderis and M. Taylor, Holographic anatomy of fuzzballs, JHEP 04 (2007)
023 [hep-th/0611171] [INSPIRE].

S. Giusto, E. Moscato and R. Russo, AdSs holography for 1/4 and 1/8 BPS geometries, JHEP
11 (2015) 004 [arXiv:1507.00945] [INSPIRE].

S. Giusto, S. Rawash and D. Turton, Adss holography at dimension two, JHEP 07 (2019) 171
[arXiv:1904.12880] [INSPIRE].

S. Rawash and D. Turton, Supercharged AdSs Holography, JHEP 07 (2021) 178
[arXiv:2105.13046] [INSPIRE].

A. Galliani, S. Giusto and R. Russo, Holographic 4-point correlators with heavy states, JHEP 10
(2017) 040 [arXiv:1705.09250] [INSPIRE].

A. Bombini et al., Unitary 4-point correlators from classical geometries, Fur. Phys. J. C 78
(2018) 8 [arXiv:1710.06820] [INSPIRE].

— 29 —


https://doi.org/10.1142/S0217732395002234
https://doi.org/10.48550/arXiv.hep-th/9504147
https://inspirehep.net/literature/394602
https://doi.org/10.1088/1126-6708/2001/11/009
https://doi.org/10.48550/arXiv.hep-th/0109127
https://inspirehep.net/literature/562908
https://doi.org/10.1016/0370-2693(96)00345-0
https://doi.org/10.1016/0370-2693(96)00345-0
https://doi.org/10.48550/arXiv.hep-th/9601029
https://inspirehep.net/literature/415163
https://doi.org/10.1016/S0550-3213(01)00620-4
https://doi.org/10.1016/S0550-3213(01)00620-4
https://doi.org/10.48550/arXiv.hep-th/0109154
https://inspirehep.net/literature/563077
https://doi.org/10.1088/1126-6708/2007/06/056
https://doi.org/10.1088/1126-6708/2007/06/056
https://doi.org/10.48550/arXiv.0704.0690
https://inspirehep.net/literature/747922
https://doi.org/10.1007/JHEP05(2015)110
https://doi.org/10.1007/JHEP05(2015)110
https://doi.org/10.48550/arXiv.1503.01463
https://inspirehep.net/literature/1347373
https://doi.org/10.1007/JHEP05(2016)064
https://doi.org/10.48550/arXiv.1601.05805
https://inspirehep.net/literature/1416635
https://doi.org/10.1103/PhysRevLett.117.201601
https://doi.org/10.1103/PhysRevLett.117.201601
https://doi.org/10.48550/arXiv.1607.03908
https://inspirehep.net/literature/1475670
https://doi.org/10.1007/JHEP02(2018)014
https://doi.org/10.1007/JHEP02(2018)014
https://doi.org/10.48550/arXiv.1711.10474
https://inspirehep.net/literature/1639255
https://doi.org/10.1007/JHEP03(2019)095
https://doi.org/10.48550/arXiv.1812.08761
https://inspirehep.net/literature/1710428
https://doi.org/10.1007/JHEP02(2020)192
https://doi.org/10.48550/arXiv.1910.10714
https://inspirehep.net/literature/1760731
https://doi.org/10.1007/s10714-020-02698-8
https://doi.org/10.48550/arXiv.2002.01592
https://inspirehep.net/literature/1778761
https://doi.org/10.1007/JHEP11(2021)028
https://doi.org/10.48550/arXiv.2107.09677
https://inspirehep.net/literature/1889499
https://doi.org/10.1140/epjc/s10052-022-10133-2
https://doi.org/10.1140/epjc/s10052-022-10133-2
https://doi.org/10.48550/arXiv.2112.03287
https://inspirehep.net/literature/1985713
https://doi.org/10.1007/JHEP10(2023)163
https://doi.org/10.48550/arXiv.2307.13021
https://inspirehep.net/literature/2673957
https://doi.org/10.1088/1126-6708/2007/04/023
https://doi.org/10.1088/1126-6708/2007/04/023
https://doi.org/10.48550/arXiv.hep-th/0611171
https://inspirehep.net/literature/731897
https://doi.org/10.1007/JHEP11(2015)004
https://doi.org/10.1007/JHEP11(2015)004
https://doi.org/10.48550/arXiv.1507.00945
https://inspirehep.net/literature/1381201
https://doi.org/10.1007/JHEP07(2019)171
https://doi.org/10.48550/arXiv.1904.12880
https://inspirehep.net/literature/1732246
https://doi.org/10.1007/JHEP07(2021)178
https://doi.org/10.48550/arXiv.2105.13046
https://inspirehep.net/literature/1865814
https://doi.org/10.1007/JHEP10(2017)040
https://doi.org/10.1007/JHEP10(2017)040
https://doi.org/10.48550/arXiv.1705.09250
https://inspirehep.net/literature/1601319
https://doi.org/10.1140/epjc/s10052-017-5492-3
https://doi.org/10.1140/epjc/s10052-017-5492-3
https://doi.org/10.48550/arXiv.1710.06820
https://inspirehep.net/literature/1631375

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[38]

[39]

[40]

[41]

S. Giusto, R. Russo and C. Wen, Holographic correlators in AdSs, JHEP 03 (2019) 096
[arXiv:1812.06479] [INSPIRE].

S. Giusto, R. Russo, A. Tyukov and C. Wen, Holographic correlators in AdSs without Witten
diagrams, JHEP 09 (2019) 030 [arXiv:1905.12314] [INSPIRE].

S. Giusto, R. Russo, A. Tyukov and C. Wen, The CFTg origin of all tree-level 4-point correlators
in AdSs x S®, Eur. Phys. J. C 80 (2020) 736 [arXiv:2005.08560] [INSPIRE].

N. Ceplak, S. Giusto, M.R.R. Hughes and R. Russo, Holographic correlators with multi-particle
states, JHEP 09 (2021) 204 [arXiv:2105.04670] [INSPIRE].

O. Lunin and S.D. Mathur, Correlation functions for M~ /Sy orbifolds, Commun. Math. Phys.
219 (2001) 399 [hep-th/0006196] [INSPIRE].

O. Lunin and S.D. Mathur, Three point functions for M~ /Sy orbifolds with N = 4
supersymmetry, Commun. Math. Phys. 227 (2002) 385 [hep-th/0103169] [INSPIRE].

Z. Carson, S. Hampton, S.D. Mathur and D. Turton, Effect of the deformation operator in the
D1D5 CFT, JHEP 01 (2015) 071 [arXiv:1410.4543] [NSPIRE].

Q. Jia and H. Lin, Interior analysis, stretched technique and bubbling geometries, Annals Phys.
462 (2024) 169616 [arXiv:2312.16751] INSPIRE].

H. Lin, O. Lunin and J.M. Maldacena, Bubbling AdS space and 1/2 BPS geometries, JHEP 10
(2004) 025 [hep-th/0409174] INSPIRE].

S. Corley, A. Jevicki and S. Ramgoolam, Fzact correlators of giant gravitons from dual N = 4
SYM theory, Adv. Theor. Math. Phys. 5 (2002) 809 [hep-th/0111222] [INSPIRE].

D. Berenstein, A Toy model for the AdS/CFT correspondence, JHEP 07 (2004) 018
[hep-th/0403110] [NSPIRE].

H. Paul, E. Perlmutter and H. Raj, Fzact large charge in N' =4 SYM and semiclassical string
theory, JHEP 08 (2023) 078 [arXiv:2303.13207] INSPIRE].

S.M. Chester and S.S. Pufu, Far beyond the planar limit in strongly-coupled N' =4 SYM, JHEP
01 (2021) 103 [arXiv:2003.08412] [INSPIRE].

A. Brown, C. Wen and H. Xie, Generating functions and large-charge expansion of integrated
correlators in N' = 4 supersymmetric Yang-Mills theory, JHEP 07 (2023) 129
[arXiv:2303.17570] [INSPIRE].

L. Grant et al., Minisuperspace quantization of ‘Bubbling AdS’ and free fermion droplets, JHEP
08 (2005) 025 [hep-th/0505079] [INSPIRE].

H.J. Kim, L.J. Romans and P. van Nieuwenhuizen, The Mass Spectrum of Chiral N =2 D =10
Supergravity on S®, Phys. Rev. D 32 (1985) 389 [NSPIRE].

K. Skenderis and M. Taylor, Anatomy of bubbling solutions, JHEP 09 (2007) 019
[arXiv:0706.0216] [NSPIRE].

D.R. Mayerson, R.A. Walker and N.P. Warner, Microstate Geometries from Gauged Supergravity
in Three Dimensions, JHEP 10 (2020) 030 [arXiv:2004.13031] InSPIRE].

A. Houppe and N.P. Warner, Supersymmetry and superstrata in three dimensions, JHEP 08
(2021) 133 [arXiv:2012.07850] [INSPIRE].

B. Ganchev, A. Houppe and N.P. Warner, New superstrata from three-dimensional supergravity,
JHEP 04 (2022) 065 [arXiv:2110.02961] [INSPIRE].

— 30 —


https://doi.org/10.1007/JHEP03(2019)096
https://doi.org/10.48550/arXiv.1812.06479
https://inspirehep.net/literature/1709367
https://doi.org/10.1007/JHEP09(2019)030
https://doi.org/10.48550/arXiv.1905.12314
https://inspirehep.net/literature/1737471
https://doi.org/10.1140/epjc/s10052-020-8300-4
https://doi.org/10.48550/arXiv.2005.08560
https://inspirehep.net/literature/1796783
https://doi.org/10.1007/JHEP09(2021)204
https://doi.org/10.48550/arXiv.2105.04670
https://inspirehep.net/literature/1862881
https://doi.org/10.1007/s002200100431
https://doi.org/10.1007/s002200100431
https://doi.org/10.48550/arXiv.hep-th/0006196
https://inspirehep.net/literature/529319
https://doi.org/10.1007/s002200200638
https://doi.org/10.48550/arXiv.hep-th/0103169
https://inspirehep.net/literature/554351
https://doi.org/10.1007/JHEP01(2015)071
https://doi.org/10.48550/arXiv.1410.4543
https://inspirehep.net/literature/1322598
https://doi.org/10.1016/j.aop.2024.169616
https://doi.org/10.1016/j.aop.2024.169616
https://doi.org/10.48550/arXiv.2312.16751
https://inspirehep.net/literature/2741292
https://doi.org/10.1088/1126-6708/2004/10/025
https://doi.org/10.1088/1126-6708/2004/10/025
https://doi.org/10.48550/arXiv.hep-th/0409174
https://inspirehep.net/literature/659502
https://doi.org/10.4310/ATMP.2001.v5.n4.a6
https://doi.org/10.48550/arXiv.hep-th/0111222
https://inspirehep.net/literature/567216
https://doi.org/10.1088/1126-6708/2004/07/018
https://doi.org/10.48550/arXiv.hep-th/0403110
https://inspirehep.net/literature/646057
https://doi.org/10.1007/JHEP08(2023)078
https://doi.org/10.48550/arXiv.2303.13207
https://inspirehep.net/literature/2645228
https://doi.org/10.1007/JHEP01(2021)103
https://doi.org/10.1007/JHEP01(2021)103
https://doi.org/10.48550/arXiv.2003.08412
https://inspirehep.net/literature/1787038
https://doi.org/10.1007/JHEP07(2023)129
https://doi.org/10.48550/arXiv.2303.17570
https://inspirehep.net/literature/2647328
https://doi.org/10.1088/1126-6708/2005/08/025
https://doi.org/10.1088/1126-6708/2005/08/025
https://doi.org/10.48550/arXiv.hep-th/0505079
https://inspirehep.net/literature/682288
https://doi.org/10.1103/PhysRevD.32.389
https://inspirehep.net/literature/16272
https://doi.org/10.1088/1126-6708/2007/09/019
https://doi.org/10.48550/arXiv.0706.0216
https://inspirehep.net/literature/752147
https://doi.org/10.1007/JHEP10(2020)030
https://doi.org/10.48550/arXiv.2004.13031
https://inspirehep.net/literature/1793228
https://doi.org/10.1007/JHEP08(2021)133
https://doi.org/10.1007/JHEP08(2021)133
https://doi.org/10.48550/arXiv.2012.07850
https://inspirehep.net/literature/1836672
https://doi.org/10.1007/JHEP04(2022)065
https://doi.org/10.48550/arXiv.2110.02961
https://inspirehep.net/literature/1940061

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

B. Ganchev, A. Houppe and N.P. Warner, Elliptical and purely NS superstrata, JHEP 09 (2022)
067 [arXiv:2207.04060] [INSPIRE].

M. Cvetic et al., Consistent SO(6) reduction of type IIB supergravity on S°, Nucl. Phys. B 586
(2000) 275 [hep-th/0003103] [INSPIRE].

W. Lerche, C. Vafa and N.P. Warner, Chiral Rings in N = 2 Superconformal Theories, Nucl.
Phys. B 324 (1989) 427 [INSPIRE].

J.M. Maldacena and A. Strominger, AdS3 black holes and a stringy exclusion principle, JHEP
12 (1998) 005 [hep-th/9804085] [INSPIRE].

F. Aprile et al., Single particle operators and their correlators in free N =4 SYM, JHEP 11
(2020) 072 [arXiv:2007.09395] INSPIRE].

K. Skenderis and M. Taylor, Fuzzball solutions and D1-D5 microstates, Phys. Rev. Lett. 98
(2007) 071601 [hep-th/0609154] [INSPIRE].

M. Gunaydin, L.J. Romans and N.P. Warner, Gauged N = 8 Supergravity in Five-Dimensions,
Phys. Lett. B 154 (1985) 268 [INSPIRE].

M. Gunaydin, L.J. Romans and N.P. Warner, Compact and Noncompact Gauged Supergravity
Theories in Five-Dimensions, Nucl. Phys. B 272 (1986) 598 INSPIRE].

S. de Haro, K. Skenderis and S.N. Solodukhin, Gravity in warped compactifications and the
holographic stress tensor, Class. Quant. Grav. 18 (2001) 3171 [hep-th/0011230] INSPIRE].

J.B. Gutowski and H.S. Reall, General supersymmetric AdSs black holes, JHEP 04 (2004) 048
[hep-th/0401129] [INSPIRE].

K. Behrndt, A.H. Chamseddine and W.A. Sabra, BPS black holes in N = 2 five-dimensional
AdS supergravity, Phys. Lett. B 442 (1998) 97 [hep-th/9807187] [INSPIRE].

K. Behrndt, M. Cvetic and W.A. Sabra, Nonextreme black holes of five-dimensional N =2 AdS
supergravity, Nucl. Phys. B 553 (1999) 317 [hep-th/9810227] [INSPIRE].

J. Simon, Extremal black holes, holography and coarse graining, Int. J. Mod. Phys. A 26 (2011)
1903 [arXiv:1106.0116] [INSPIRE].

Z.-W. Chong, H. Lu and C.N. Pope, BPS geometries and AdS bubbles, Phys. Lett. B 614 (2005)
96 [hep-th/0412221] [INSPIRE].

J.T. Liu, H. Lu, C.N. Pope and J.F. Vazquez-Poritz, Bubbling AdS black holes, JHEP 10 (2007)
030 [hep-th/0703184] [INSPIRE].

— 31 —


https://doi.org/10.1007/JHEP09(2022)067
https://doi.org/10.1007/JHEP09(2022)067
https://doi.org/10.48550/arXiv.2207.04060
https://inspirehep.net/literature/2109079
https://doi.org/10.1016/S0550-3213(00)00372-2
https://doi.org/10.1016/S0550-3213(00)00372-2
https://doi.org/10.48550/arXiv.hep-th/0003103
https://inspirehep.net/literature/524878
https://doi.org/10.1016/0550-3213(89)90474-4
https://doi.org/10.1016/0550-3213(89)90474-4
https://inspirehep.net/literature/277213
https://doi.org/10.1088/1126-6708/1998/12/005
https://doi.org/10.1088/1126-6708/1998/12/005
https://doi.org/10.48550/arXiv.hep-th/9804085
https://inspirehep.net/literature/469200
https://doi.org/10.1007/JHEP11(2020)072
https://doi.org/10.1007/JHEP11(2020)072
https://doi.org/10.48550/arXiv.2007.09395
https://inspirehep.net/literature/1807934
https://doi.org/10.1103/PhysRevLett.98.071601
https://doi.org/10.1103/PhysRevLett.98.071601
https://doi.org/10.48550/arXiv.hep-th/0609154
https://inspirehep.net/literature/726785
https://doi.org/10.1016/0370-2693(85)90361-2
https://inspirehep.net/literature/207663
https://doi.org/10.1016/0550-3213(86)90237-3
https://inspirehep.net/literature/219727
https://doi.org/10.1088/0264-9381/18/16/307
https://doi.org/10.48550/arXiv.hep-th/0011230
https://inspirehep.net/literature/537466
https://doi.org/10.1088/1126-6708/2004/04/048
https://doi.org/10.48550/arXiv.hep-th/0401129
https://inspirehep.net/literature/643003
https://doi.org/10.1016/S0370-2693(98)01208-8
https://doi.org/10.48550/arXiv.hep-th/9807187
https://inspirehep.net/literature/473884
https://doi.org/10.1016/S0550-3213(99)00243-6
https://doi.org/10.48550/arXiv.hep-th/9810227
https://inspirehep.net/literature/478502
https://doi.org/10.1142/S0217751X11053341
https://doi.org/10.1142/S0217751X11053341
https://doi.org/10.48550/arXiv.1106.0116
https://inspirehep.net/literature/900772
https://doi.org/10.1016/j.physletb.2005.03.050
https://doi.org/10.1016/j.physletb.2005.03.050
https://doi.org/10.48550/arXiv.hep-th/0412221
https://inspirehep.net/literature/667604
https://doi.org/10.1088/1126-6708/2007/10/030
https://doi.org/10.1088/1126-6708/2007/10/030
https://doi.org/10.48550/arXiv.hep-th/0703184
https://inspirehep.net/literature/746936

	Introduction
	The problem
	Light 1/2 BPS states and linearised deformations
	The search for heavy states

	The 5D truncation
	Perturbative solution of the equations of motion
	Supersymmetry and the exact solution
	Summary of the solution

	Limits of the exact solution
	epsilon –> 0
	xi –> 1
	xi –> 0
	epsilon –> infty

	Holographic analysis
	The conserved charges
	Expectation values of CPO's

	Summary and outlook
	Equations of motion
	Holographic computations

