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The capability of hydrodynamics to accurately describe slow and long-wavelength fluctuations around
nonequilibrium steady states (NESS), characterized by a stationary flow of energy or matter in the presence
of a driving force, remains an open question. In this study, we explicitly construct a hydrodynamic description
of electrically driven nonequilibrium charged steady states in the limit in which the relaxation of the first
nonhydrodynamic excitation is parametrically slow. Our approach involves introducing gapped modes and
extending the effective description into a relaxed hydrodynamic theory (RHT). Leveraging the gauge-gravity
duality as a tool for controlled computations within nonequilibrium systems, we establish an ultraviolet complete
model for these NESS that confirms the validity of our RHT. In summary, our findings provide a concrete
realization of the validity of hydrodynamics beyond thermal equilibrium, offering valuable insights into the

dynamics of nonequilibrium systems.
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I. INTRODUCTION

Hydrodynamics, in its broadest sense, offers a frame-
work for understanding the long-wavelength and late-time
dynamics of systems near thermal equilibrium, which extends
beyond the realm of fluids to encompass diverse phenom-
ena like electron flow in materials [1], spin-wave dynamics
in magnets [2], and vibrations in solids [3,4]. To apply hy-
drodynamics to nonequilibrium steady states (NESS), which
emerge as an external force propels a system, requires sub-
stantial generalizations (e.g., Refs. [5-9]).

This issue is part of a bigger problem, namely, the devel-
opment of a statistical mechanic description for systems out
of equilibrium. In fact, nonequilibrium steady states violate
some of the axiomatic principles of statistical physics, e.g.,
detailed balance, and their fluctuations and large deviation
functions cannot be rationalized using the physical concepts
valid for equilibrium states. Several methods have been de-
veloped in recent years to tackle this problem, such as the
matrix ansatz, the additivity principle, or macroscopic fluc-
tuation theory [10]. In particular, for driven diffusive systems,
macroscopic fluctuation theory (MFT) [11,12] (see Ref. [13]
for a review) provides a unified macroscopic treatment of
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such states. Nevertheless, a macroscopic and hydrodynamic
description of general NESS is still a subject of active in-
vestigation and several open questions remain. In our work,
we will contribute to this program by constructing a concrete
hydrodynamic theory for certain (to be defined in detail later
on) NESS.

To illustrate the emergence of a NESS and subsequently the
need to modify standard hydrodynamics in such a situation, let
us delve into the theory of heat conduction. Historically, this
is described by the Cattaneo equation [14,15], (1 + 79;) @ =
—K%T, which links the thermal flux @ to temperature gradi-
ents by means of the thermal conductivity . We notice that
the “thermal inertia” parameter t plays a fundamental role in
this description since it makes the Cattaneo equation compat-
ible with causality [16], providing an early example of what
is now defined as a quasi-hydrodynamic theory [17,18]. The
new parameter T signifies the time delay required to establish
a consistent heat conduction state within a volume element
once a temperature gradient is applied. Its introduction solves
the paradox of heat conduction, namely, the fact that Fourier’s
law predicts that thermal signals propagate with infinite speed.
Intriguingly, in the case of most metals, T is remarkably
brief, of the order of picoseconds. This is the rationale for
its common omission. Nevertheless, it is worth noting, with
a hint of curiosity, that in sand, t extends to approximately
21s[19].

Despite its wide applicability, the Cattaneo heat equa-
tion faced challenges in describing systems in motion with
a constant background velocity ¥ [20]. This issue was
resolved by the Cattaneo-Christov model [21-23], by incor-
porating a material derivative that restores Galilean invari-

ance, [1 + 7(0; + U - @)] Q = —«VT. This model now finds
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applications in very diverse systems, from turbulent flows [24]
to chemotaxis [25] and traffic flow [26].

Upon these modifications, the equation for heat conduction
takes a more general form,

2T dT _ VT
R PR P
with D being the thermal diffusivity and R covering possible
external forces. Setting T = ¥ = 0, one recovers the standard
heat diffusion equation.

In recent years, the ability of hydrodynamics to eluci-
date the intricate flows of electrons and charge conduction
in solids [1] has acquired particular significance owing to
the engineering of ultraclean two-dimensional (2D) materials,
like graphene [27], and the proliferation of strongly coupled
materials, exemplified by high-temperature superconductors
[28], for which a comprehensive microscopic theory remains
elusive.

Within solid materials, a steady state can be intuitively
achieved through the application of an external electric field.
As illustrated by the conventional Drude model [29], conduc-
tion electrons subjected to a constant external electric field
exhibit a constant drift velocity, wherein the accelerating force
is counteracted by the scattering mechanisms that deterio-
rate the average electronic momentum. The dynamics of the
fluctuations surrounding this steady state becomes of crucial
importance, not only for our comprehension of fundamental
conduction properties [30] but also to establish a model of
transport in strongly coupled materials where charge is not
carried by well-defined quasiparticles [31].

Constructing a robust hydrodynamic theory for a charged
fluid under a constant background electric field poses
formidable challenges. Early attempts at seamlessly integrat-
ing an electric field into hydrodynamic theory presuppose
complete compensation by the variation of the chemical po-
tential, resulting in an unphysical equilibrium configuration
with a null drift velocity [32] (see, nevertheless, MFT [13] for
an alternative approach).

In particular, working with systems of infinite spatial ex-
tent, it is a result of translational symmetry that such systems
will have an infinite dc conductivity; thus, we must break this
symmetry to have a finite dc conductivity. Consequently, in
our case, dissipation effects must necessarily be incorporated
into the theory to counterbalance the external driving electric
field. Notably, both the electric field and the dissipation rates
will become “thermodynamic variables” within the system,
treated on equal footing. Furthermore, the persistence of a
constant background drift velocity unavoidably breaks boost
invariance, necessitating the application of a boost-agnostic
hydrodynamic formalism [33] to achieve a comprehensive
understanding [34,35].

In what follows we develop the quasihydrodynamic theory
around such a NESS in the limit in which the relaxation
rate of the spatial electric current is parametrically slow. To
assess the reliability of our hydrodynamic theory, we com-
pare our predictions against a strongly coupled microscopic
UV complete model, the probe brane setup [36], achieved
by means of the gauge-gravity duality. We emphasize that
the computations performed in the microscopic model do not
rely on any hydrodynamic approximation. In fact, one of the
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FIG. 1. Static charge response (pp)r (0, k) for different values
of the angle ¢ with p = 10° and E = 0.1. (a) The real part and (b)
imaginary part. All lines are the predictions of RHT, while points
are holographic data from the microscopic model. The inset shows
the renormalized lengthscale A as a function of the dimensionless
electric field E.

advantages of using the gauge-gravity duality is the possibil-
ity of describing the complete out-of-equilibrium dynamics,
beyond the late-time and large-distance regime and beyond
the approximation of considering only conserved (or almost
conserved) quantities.

II. RELAXED HYDRODYNAMIC THEORY

We consider a three-dimensional system with uniform
charge density p and a stationary charge current satisfying
J= oqc(p, E 2)E , where oy is the nonlinear dc charge con-
ductivity. For simplicity, we will work in the probe limit
in which the stress tensor and its fluctuations decouple and
we will ignore them in what follows. This approximation is
valid when the number of degrees of freedom of the bath is
parametrically larger than the number of degrees of freedom
of the system coupled to it. Consequently, we are interested
in fluctuations about this background governed by the charge
conservation equation,

348p+ V-8 =0, )

where 6p is a linearized fluctuation of the charge density
and 87 is a fluctuation of the corresponding spatial charge
current. Crucially, this charge conservation equation (2) is
also coupled to a second dynamical equation for the evolution
of the spatial charge current 8T, , which is assumed to be an
almost conserved quantity. Unlike standard hydrodynamics,
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the spatial charge current 8.7 is not expressed as a constitutive
relation in terms of §p but it is an independent thermody-
namic variable. The rationale for retaining the nonconserved
current in the quasi-hydrodynamic description is based on the
assumption of a parametric separation of scales between the
almost conserved current 8J and the other nonconserved mi-
croscopic excitations. In particular, we assume that the current
87 relaxes with a rate A that is parametrically smaller than the
relaxation rate of the other microscopic modes A, i.e., A < A
(see Fig. 1 in Ref. [37] and related discussion). We notice
that without this assumption, the theory would either reduce
to only Eq. (2) or become intractable due to the proliferation
of an infinite number of microscopic modes. As we will see
later, the microscopic probe brane model will fit in this regime
only in the limit of large charge density.

J

; EiE ij J
8:8J' + 9; UH 3/0+v 1 89+(771+772)

E'sp+ B 5, + — I"I/(SJ E'E
—wESp 4 — 5] 4 — —x
T E? it I—=5" 2

+ ¢, 1178,

05
8E; + 0, TIVE*§,8E; + 05 E'TI* 9,8 E; + 0,TTVE* 3,8 E; +

It is also important to note here that the existence of ther-
modynamics in systems with flowing current is nontrivial. We
will not concern ourselves overly with this issue here as we
have a UV-complete model that displays the necessary behav-
ior. Moreover, we will not make use of an entropy current (or
its relatives) to constrain transport coefficients in our effective
quasihydrodynamics.

Given this, in the spirit of effective field theory, we
write down all possible terms in a derivative expansion that
respect the relevant symmetries of the system (namely, spa-
tial rotation invariance about the background electric field
vector). Up to but not including order two in derivatives
and fluctuations, the most generic expression for the relax-
ation of a spatial charge current one can write down takes
the form

EIE, .y .y .
k81k + (2 + n3)EMISTE 4 (ny — 3 EVWIs g 4 n41'I’]<SJ"Ek]

i

EE
——0E; —XLHJ(SE —I—XBH'EJ EkSB]—I—CH BISE

n' LeM ECE™ 0,0,

+ ebE"e-f“Ekn;"amaB i+ 05 FE TILEX 98B, = 0+ O(3%, 8%), 3)

where all the unknown transport coefficients are functions
of chemical potential and the modulus of the electric field.
Here, O(32, §%) stands for the neglected corrections which
are higher order in derivatives (d) or fluctuations (§). We
notice that this equation is all orders in the electric field £
since all the transport coefficients are arbitrary functions of its
amplitude. Moreover,

8B; = €/*0;8ay, 4)
with a; a background gauge field and IV = §%/ — % In
our derivative counting, 8J is order zero in derivatives (sim-
ilarly to J). Also, E¢ I"Ii) and EM'! indicate, respectively, the
symmetric and antisymmetric parts of the tensor £ il'l',i with
respect to the indices i, j.

Imposing the Onsager relations (that are a posteriori val-
idated numerically) upon this expression constrains many
of the background field terms but does not constrain the

transport coefficients [38], leaving the following quantities
undetermined:

2 2
U”v vy, o, T, Ti, X|» XL,

O, g, Ob, M M2 M3, M4 %)

Consistency in the E — 0 limit [39] requires that
”ﬂ” 6 ="Vileg=0" (6a)
=t =1 (6b)

a, N1, N2, N3, Na E20 O(E") or higher powers. (6¢)

The complete equation given in Eq. (3) is too complex for an
initial study. Consequently, we will first take E to be small

(

in amplitude (although not in derivatives). In other words, we
will assume that the amplitude of E is small (compared to
the other scales in the system, such as the charge density p).
By working up to order one in the amplitude of the electric
field, the resultant simplified version of Eq. (3), making use of
Eq. (6), is

, . ) 1 .
08J' + 0,7 —aE'Sp + =6J' =0, @)
T
where

i, y E'E'E;
T =v28"8p 4+ (1) + 1) ——=—8J% + (12 + 13)

n3)EVWIsTE 4, 1 SJXE,.
(8)

Equation (7) is similar to the Drude equation for electron
transport. Importantly, it contains a driving term proportional
to the electric field E and a dissipation term controlled by the
relaxation time 7.

By simple manipulations, we find

x ECTI)87% + (s —

3%8p  dsp 2
—— 4+ Vgt - VOp —DVSp =R, (9
T ¥ + o + Vadrife o L (%92)
where
Vasiee = —atE, D = 102, (9b)

ym w (E-VY?. -
R=tmVi(E- -8J)+t(m+ Uz)TE -8J

+ 1@+ m3)(E - V)V, -8]) (9c)
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and (V. )" = ITVV;. If we allow for the fact that the electric
field couples directly to the charge density in the drift term,
as compared to the temperature which couples through a time
derivative, then Eq. (9a) is formally similar to Eq. (1) with R
given in Eq. (9¢) and such that the velocity of the material
derivative is replaced by the drift velocity. Regardless of these
technical subtleties, the roles of Dgis and D for the charge
density are physically the same as those for the temperature
in Eq. (1), implying a certain degree of universality in the
hydrodynamic description of NESS.

In the presence of fluctuations of the background fields,
(8157? , 53), the associated retarded charge and current correla-
tors can be obtained up to contact terms from the following
expressions:

(o). F) = lim. 5;‘2‘”‘, (10a)
U@, B) = lim 5<Q‘*A, (10b)
(o2 et By = Jim Z20 (100)
(T Yr(w, k) = lim 8/ )s (10d)

8A—0  8A; ’

where §(p)s4 and 8(J');4 indicate the fluctuations of the one-
point functions in the presence of the linearized perturbation
of the gauge field. Consider in particular the static solutions of
Egs. (2)—(7). By turning on a static electric field fluctuation,
SE = iksA,, with A, the time component of the external gauge
field A, [40], one finds the retarded charge density correlator
(0PI O.F) = ———X____
v?|k| + ix|E| cos ¢
where g is the angle between the wave vector and the electric
field and we have ignored terms that are subleading in the
k,E — O limit.

This result is peculiar from the perspective of standard hy-
drodynamics. For ¢ = /2, in the limit of small wave vector,
we do obtain the standard hydrodynamic result x,, = x/ v?
[39] with x,, the charge susceptibility in the absence of the
electric field. However, for other angles, the charge response
is “screened” at small wave vectors, with the effect becom-
ing maximal in the collinear limit ¢ = 0. The upshot is that
(pp)r vanishes, rather than attains the charge susceptibility
as expected, in the hydrodynamic limit of k — 0 forall angles
apart from ¢ = 7 /2.

With this stated, we can define the following length scale
A = D/|gsig|, which is formally the inverse of the wave vector
at which the denominator of (0p)g(0, ié) vanishes. A deter-
mines the scale at which the charge response (pp)r decays to
zero and quantifies the relative weight between the diffusive
and advective terms in the dynamics of the NESS.

For k parallel to E, the longest-living excitations are char-
acterized by the following dispersion relations:

Wgapless = & T ]_é -E + O(Ezv Ez)s

Y

(12a)

i N oy o
Ogapped = —— + (1 + 12 —a k- E + O(k* E?)
(12b)

in the longitudinal sector, while there is a multiplicity two-
gapped mode with
w, = -~ 43k E+0®, E?) (12¢)
T
in the transverse sector.
We have also derived the dispersion relations of the lowest

excitations at arbitrary order in E?. To avoid clutter, those
formulas are presented in Appendix A.

III. MICROSCOPIC NESS MODEL

Within the the holographic correspondence (or gauge-
gravity duality) [41], probe brane solutions [36] provide a
class of microscopic models that realize electrically driven
NESS in the regime in which the thermal bath is much larger
than the system of interest, and consequently dissipation is
very efficient. Applying an external electric field to drive
the charged particles on the probe brane, one can realize an
electrically driven NESS with a stationary current owing to
dissipation into the gravitational thermal bath [42].

Holographically, the degrees of freedom of the thermal
bath are described by a black brane in an asymptotically
ten-dimensional anti-de Sitter (AdS) spacetime,

0 [ 2, g, 40 } 23102
ds* = — | —f(u)dt” +dx" + —— | + £7d€2s, (13)
u f(u)

where € is the AdS radius, f(u) = 1 — u*/uj;, and dQ2 is the
metric on the 5-sphere. The radial coordinate u ranges from
the AdS boundary (¥ = 0) to the black brane horizon (u =
uy), and the dual field theory spacetime coordinates are taken
as (¢t,X) = (¢, x, v, z). The temperature of the thermal bath is
given by T = 1/(ruy).

We insert the D7 brane as a probe of the spacetime in (13),
meaning we ignore its backreaction [36]. The dynamics of the
U(1) gauge field on the D7 brane is governed by the Dirac—
Born-Infeld (DBI) action,

So7 = —Tiy / a3 /= det (g + 20 F).  (14)

where Tp7 is the D7-brane tension, £¢ are the worldvolume
coordinates, g, is the induced metric, and F;, = 9,4, — 0pA4
is the field strength of the U(1) gauge field.

For our purposes, we introduce a nontrivial background
gauge field: A, = A,;(u) and A, = —Et + h(u), where E cor-
responds to the external electric field along the x direction at
the AdS boundary. This background gauge field describes a
dual theory [43] with a charge density p and current density
J, whose explicit forms are given in Appendix A. In this setup,
an effective horizon u, (T, E') emerges outside the black hole
horizon as a consequence of the existence of a nonequilibrium
state. Evaluating p and J at the effective horizon, we can
derive the conductivity as a nonlinear function of E in closed
form,

Odc j Cz/bz NC4 / 1 C2E2 2 (15)
nT_E_<]+C252+ * ) ’

where N = Tp7(2n2)08 = 20'N,/(27)* and C = 2o’ /€2, in
terms of the number of colors N,, the t"Hooft coupling A’, and
the string coupling «’. Each quantity is scaled by temperature:
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J.E,p)= [J/(JTT)3, E/(nT)z, p/(nT)3]. In the following
analysis, we set N = 1 and C = 1 for simplicity.

On top of this nonequilibrium steady-state background,
we now consider the fluctuations A, — A, + §A, (¢, x,y, u),
where we have chosen to make the fluctuations independent of
the z coordinate owing to the rotational symmetry in the (y, z)
plane. We also use a gauge in which A, = 0 so that the fluctu-
ation of A, decouples. We then Fourier transform all the fluc-
tuations, 8A,,(t, ¥, u) = 7)™ [ dod’k e % 3q, (w, k, u),
and we write k - X = |l§|(x cos @ + ysin @), where ¢ corre-
sponds to the angle between the momentum and back-
ground electric field [as in Eq. (11)]. Finally, we rescale
the frequency and momentum by temperature as (&, k) =
lw/(xT), |k|/(xT)].

Subsequently, following the holographic dictionary [44],
we impose ingoing wave boundary conditions [45] and
compute the Green’s functions [46] in the standard man-
ner (more details in Appendix B). These models, beside
having a consistent low-energy NESS, are known to have
some remarkable properties, including an emergent form the
fluctuation-dissipation theorem [47]. In this work, however,
we shall not have need to consider statistical forces; hydrody-
namics on its own is enough for a steady state.

IV. PUSHING HYDRODYNAMICS OUT OF EQUILIBRIUM

In the large charge-density limit p >> 1, in which our re-
laxed hydrodynamic theory (RHT) applies, the values of 7, y,
and v? are known analytically [39],

p2/3 5 1

1 (4nT)?
= Xop = —— U =73

=7 16
T 16cpl/3’ c 3’ (16)

with ¢ = T'($)I'(2)/(64/7). Thus, in Eq. (11) the only re-
maining quantity to determine is «. This can be done in two
ways: by extracting the complex—l_é position of the pole or by
fitting our hydrodynamic correlator to the holographic data as
in Fig. 1. Both methods agree to within numerical precision.

In Fig. 1 we have chosen a relatively large value of the
electric field, £ = 0.1, to emphasise that our effective de-
scription applies also in the large electric field limit, on the
condition that the charge density is sufficiently big. The reason
for this is that, as long as p is sufficiently large compared
to E, the gapped modes are very long-lived and the quasi-
hydrodynamic (or relaxed approximation) holds.

This suggests that the validity of the relaxed hydrodynamic
theory around the NESS does not depend on the strength of the
driving nor on the value of the background flow, but it is rather
controlled by the relaxation time t that corresponds to the
lifetime of the first nonhydrodynamic mode, or nonconserved
quantity.

We remark that the curves in Fig. 1 are not independent fits.
On the contrary, we use one curve at a specific angle ¢ to set
« and then all the other curves are parameter-free predictions
of the RHT.

The inset of Fig. 1(a) presents the numerical results for the
screening length A. The prediction of RHT is in good agree-
ment with the numerical data and the lengthscale A decreases
monotonically with the value of the electric field. This is a
direct manifestation of the fact that increasing the electric field

—0.015- - o ereseraeras 05T

0.000 0.005 0015

FIG. 2. The dispersion @(k) of the lowest excitations in the
NESS in the collinear limit ¢ = 0. (a) The real part and (b) imagi-
nary part of the frequency. Different colors correspond to different
strengths of the dimensionless electric field E. The symbols are
the data from the microscopic model and the dashed lines are the
predictions of RHT.

leads to dynamics that are more and more dominated by the
drift term rather than thermal diffusive motion.

We then move to consider the dynamical behavior of the
system by studying the dispersion relation of the low-energy
collective excitations around the NESS. The theoretical pre-
dictions are presented in Egs. (12a) and (12b) and involve four
parameters: T, «, 11, 172. In the limit of large charge density, T
is known analytically, Eq. (16), while « is already determined
from the static charged correlator mentioned above. There-
fore, only n; and 71, are unknown. Unfortunately, because of
the structure of the dispersion relation in Eq. (12b), without
further information, one can determine only the combination
N2 = N1+ M.

As shown in Fig. 2, the theoretical predictions fit the nu-
merical data in the hydrodynamic limit, i.e., k < 1. Our fits
allow us to determine the combination 7,4, and yield an
interesting relation, 7,4, = 4/3at that appears robust in the
limit considered. To provide a more convincing test, Fig. 3
shows the real and imaginary parts of the dispersion relations
for several angles with £ = 0.1 and p = 10 fixed. The black
dashed lines correspond to Re[@] = Vasifek COS @ with vgip =
atE. The agreement between the theoretical prediction and
the numerical data are good independent of the value of the
angle ¢, proving the validity of the hydrodynamic theory.

We have also compared the theoretical predictions for the
transverse excitation, Eq. (12c), and obtained good agreement
as well. By following the same procedure and matching the
data to the RHT formula Eq. (12¢), we find that 3, the other
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FIG. 3. The real and imaginary parts of the dispersion relations for

dashed lines correspond to Re[®] = Varirek COS @.

unknown parameter appearing in the dispersion relation of the
low-energy excitations, is given by n3 = ot in the limit of
small electric field.

The relations above may be a consequence of some un-
derlying thermodynamic-like identities; however, because it
is currently not known what the effective free energy is—nor
if it exists—we cannot check this. Normally, the free energy
would fix certain transport coefficients in terms of derivatives
of said free energy, which is also the reason why our model
contains more free parameters than would otherwise be ex-
pected. For example, we notice that the analysis of the static
charge correlator and the low-energy excitations at leading
order in E leaves us with two undetermined parameters in the
hydrodynamic equation, Eq. (7). Firstly, we are only able to
determine the sum of n; + 1,; second, 14 does not appear in
the dispersion of the collective excitations in the limit £ < 1.
This would not be the case if the thermodynamics was known.

In order to fully validate the previously derived RHT
and all the undetermined “transport coefficients” appearing
therein, we need to push the analysis to higher order in the
electric field and consider the dynamics at order O(E?). In
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FIG. 4. The charge-charge correlators at finite @ as a function
of k in the collinear limit ¢ = 0 with @ = 1075, p = 10%, and E =
0.005. The inset shows the imaginary part of the correlator. The
points are the data from the microscopic model and the dashed lines
denote the predictions of RHT.
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such a limit, Eq. (7) needs to be generalized to include ad-
ditional terms that are subleading at order E, as done in the
most general Eq. (3). At order E2, the NESS is manifestly
anisotropic and all the already discussed quantities split into
a parallel contribution and a transverse contribution with re-
spect to the electric field direction. More precisely, both the
relaxation time and the velocity split into 7, 7, and vy, v, .

We then consider the complete set of retarded cor-
relators (pp)r(@, k), (Jip)r(w, k), (J'J)r(w, k), that can
be extracted numerically from the microscopic model and
derived theoretically within RHT using the background field
method. We emphasize that all these quantities are complex
functions and are considered up to O(£?). Using the hydro-
dynamic formulas, we can successfully fit all the correlators
and uniquely determine all the transport coefficients appearing
in the hydrodynamic theory up to order £2.

In Fig. 4, we provide an example of a comparison between
the hydrodynamic formulas and the frequency and wave-
vector-dependent retarded correlator (pp). The agreement in
the hydrodynamic limit is good, confirming the validity of
our RHT. In Appendix A, we show that all the correlators are
successfully reproduced by the RHT formulas.

V. OUTLOOK

We constructed a relaxed hydrodynamic theory describing
the late-time and long-wavelength dynamics of charge and
current fluctuations about electrically driven nonequilibrium
charge steady states valid in the limit in which the spatial
current has a parametrically small relaxation rate. Our hy-
drodynamic theory is accompanied by a UV complete model
of these NESS, which is built using a holographic probe
brane setup within the gauge-gravity duality, and utilized
to corroborate our theoretical predictions. This hydrody-
namic description necessitates the incorporation of relaxation
effects—quasi-hydrodynamics—and applies to strongly cou-
pled charged systems as well.

Besides the theoretical extension of hydrodynamics to
NESS, our model might have an important impact in the study
of charge response in strongly correlated systems or materials
without quasiparticles driven by an external electric field [1],
for which we provide clear predictions. The charge screening
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mechanism induced by the NESS drift velocity, and revealed
by our analysis, could in principle be verified using locally
resolved probe measurements (e.g., scanning single-electron
transistors [48] and nitrogen vacancy center magnetometry
[49]). At the same time, the time-dependent dynamics could
be within reach in pump-probe experiments (e.g., Ref. [50]). It
also provides the basis for searching for NESS in the presence
of other quasihydrodynamic theories; for example, those with
an external magnetic field [51], with anomalous currents [52]
or exotic matter [53-55].

Our work provides a significant step toward the applica-
bility of hydrodynamics to nonequilibrium steady states, and
it confirms once more its “unreasonable effectiveness.” In the
future, it would be interesting to expand our analysis and use
the microscopic holographic model to learn more about the
thermodynamics of NESS presented here and its relation to
those described by macroscopic fluctuation theory [13].
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APPENDIX A: ESTIMATING THE TRANSPORT
COEFFICIENTS

To obtain our transport coefficients from the holographic
model, we compute the collective excitations and Green’s
functions coming from Eq. (3) and linearized charge conser-
vation. To avoid clutter, we will show concrete results for the
following choice of parameters: £ = 5/1000 and p = 10°.
Other choices of parameters lead to similar results. We be-
gin considering the collective excitations with k parallel to
E = (E, 0, 0) which allow us to estimate 7, T, &, 11 + 12,
and 3,

Ogpless = aT|E -k + OF), (Ala)
i 5 - N
Weap = = + (m +n —at)E -k + OK*), (Alb)
Il
i N -
oL =——+mk-k+ 00, (Alc)
L

in the longitudinal and transverse fluctuation sectors, respec-
tively. We find

aty &y~ 1000+ O(E%, p73),  (A2a)
m+m A~ 1333+ O(E2 p3), (A2b)
17! A~ (0713 +0.358E%)p '3, (A2¢)
7 & (0713 + 0.119E2)p1/3, (A2d)

where E and p are the temperature-normalized electric field
magnitude and charge density, respectively (defined in the

p=10°, E =0.005

~0.0156031
Y3 -0.0156031
E
~0.0156031
-0.0156032 )
6.00000 0.00001 0.00002 0.00003 0.00004 0.00005 0.00006 0.00007

k

FIG. 5. The dispersion relation of two nonhydro modes for small
% transverse to the electric field with p =10 and £ = 0.005. The
blue solid line is the prediction from the hydrodynamic theory as
explained in the text.

main text). Subsequently, using the hydrodynamic relation
0 = T = TLXL, We obtain

X1 =0t ~(0.713+0.001E%)p*">, (A3a)

XL =0t ~(0.713 — 0.237E*)p*>. (A3b)
In the limit of small electric field, the O(E?) corrections to the
displayed expressions are below the numerical precision of the
leading term and will not be relevant to our initial analysis.

In addition to the above, we can obtain a relation between
n, and n4 from the expression for the modes when k is
transverse to E. In particular, choosing the wave vector per-
pendicular to the electric field breaks the remnant rotational
invariance of the system and yields four distinct collective
excitations:

Wgapless = —i(vi + OlT}4‘L'||E_:2)]_€3_ + O(l_éj_)a
i n ingT (T — n2)
T T —TL

(Ada)

E* + Ok,

Weap,1 =
(A4b)
w _ +il? + o
gap,2 — Z l (vj_ an4T )

_774‘E||'EL(0£'E|| — 772)E~2:|I-<'i + O(/;i), (Adc)
T —TL

i .
Ogap3 =~ + Ok?). (A4d)

The imaginary part of one of the gapped modes, displayed
in Fig. 5 with orange color, is independent of k for small k in
the range of £ and p considered. Using this and our previously
obtained values for the transport coefficients, Eqs. (A2) and
(A3), we find the following relation:

(1 —mn)ns = —0.112. (AS)

Substituting this relation into the expression for the second
gapless mode, displayed as the solid blue line in Fig. 5, we
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find consistency. We have checked this result for various large
values of p and small £ and obtained the same positive result.

To extract the remaining transport coefficients we compare
holographic data against our Green’s functions. We obtain
the Green’s functions through the background field method
where one turns on a perturbation of the background gauge
field which acts as a force in the equations of motion. In
practice, for our situation, this amounts to nothing more than
solving for the Fourier modes of Eq. (3) plus charge con-
servation with the fluctuation of the gauge fields acting as
a source.

1. The parameters v} and 0

At zero frequency, the retarded correlator of the charge
density for k parallel to E takes the form

k|G + E11K16y)

(pp)(0,k) = - &
vilk| + ia|E|

(A6)

We fit the real part of this function, which turns out to be the
most sensitive to the value of 6, to the numerical data and
extract v? and ). The subsequent fit is displayed in the top
left panel of Fig. 6. To produce the top right panel of Fig. 6
we introduce a large k cutoff and then extract vﬁ and ) only

for data with |l€| < keutoft- Plotting the change in the transport
coefficients as the cutoff is reduced illustrates the stability in
their values.

2. The parameter 6

The 6g transport coefficient is readily extracted from
(J2J?)(0, k) with k perpendicular to E as

(J3IN0, k) = =0T E*k> + O(K>). (A7)
We find (for £ = 5/1000) that
05 ~ 5.75 x 10°. (A8)

3. The parameter v

At the value of E we are examining, in the stated range
of k, the correlator (JyJy) at zero frequency with k par-
allel to E is approximately quadratic in the real part and
linear in the imaginary part. The numerical correlator is
approximately

(Jy)(0, k) ~ —499.987ik — 169.411k> + O(k>), (A9)

which is displayed in the middle panels of Fig. 6.

In our hydrodynamic expressions, the linear piece is
already fixed by the coefficients we have already deter-
mined and we find Im[({J,J,)] ~ —499.994, which represents
a good agreement. The real part of the correlator can be
used to fix an expression for vi in terms of n; and 6,
namely,

v} 2 0.338 +2.500 x 10™°n; +2.500 x 107'%,. (A10)

Consequently, we expect the leading term to dominate v} for
reasonable values of n; and 6. This will be confirmed shortly.

4. The parameters 6, and 1,

The leading term in small & for (J,J;) (0, E) with k perpen-
dicular to E is

XL

—_—— + O(E4z2)-
v} 4+ aE%r

(i )0, k) = (A11)

We expect the subleading term to be strongly affected by
precision errors, which bears out if we use it to fix some
of our remaining transport coefficients and compare against
other correlators. From Eq. (All) we can determine an
expression for 6, in terms of ;. Subsequently, we minimize
the least-square difference between our expression for the
finite frequency correlator (J),Jy)(10’6, k) with k parallel to E
for 1, as this seems to be the most sensitive to these values.
We find

m A~ 1.27, 6, ~ —7.99 x 10°. (A12)

The stability of these transport coefficients is shown in the
bottom panel of Fig. 6, where we plot them against varying
the cutoff wave vector.

5. Summary

The values for the transport coefficients and background
field couplings with £ = 5/1000 are approximately

7. 7L A 641, a ~0.0156, v}, v ~0.338, x|,
XL~ 1.56 x 10°, 6 ~ —1.66 x 10,

Oy ~ —7.99 x 10%, 65 ~5.75 x 10°, n; ~ 1.27,
m ~ 0.0485, 3~ 1.000, ns~ —0.117.  (Al3)

A more detailed technical analysis is necessary to fix our
transport coefficients precisely. We summarize our fits in
Fig. 7 for the zero-frequency correlators and Fig. 8 for the
nonzero-frequency (w = 10~°) correlators.

APPENDIX B: LINEAR PERTURBATIONS
IN THE HOLOGRAPHIC PROBE BRANE MODEL

In this section, we present more details about the micro-
scopic holographic model.

Given the ansatz for the background gauge fields, A, =
A;(u) and A, = —Et + h(u), the charge density and current
density are explicitly written as [43]

2A/
p= NCA, ; (Bla)
u /1 C2ut (A2 + f-1E2 — fI?)
2w
J NCT . (Blb)

i chut (AP 4 B - )

where N = Tp7 (22 )03 = 20'N,/(2m)* and C = 2o’ /2. In
this setup, an effective horizon u, (T, E) emerges outside the
black hole horizon as a consequence of the existence of a
nonequilibrium state. Evaluating Eqgs. (Bla) and (B1b) at the
effective horizon, we can derive the conductivity o4, as a
nonlinear function of E as shown in the main text.
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FIG. 6. Various plots related to matching parameters between the holographic model and the effective quasihydrodynamic theory. Top left:
A plot of the charge-charge correlator at zero frequency against wave vector for wave vector parallel to the electric field and E = 5/1000. The
solid lines are fits given by matching our quasihydrodynamic correlator, given in (A6), against the data (represented by dots) and extracting vﬁ
and 6 from the real part of the Green’s function. Middle: Plots of the real and imaginary parts of the zero-frequency current-current correlator
in the y direction with wave vector transverse to the electric field. The blue dots are numerical data from the holographic model and the red lines
represent quadratic (real part) and linear (imaginary part) fits, respectively. Top rlght Our data consists of 20 points in the range k € [0, 0.002].
We can check the stability of our fitted coefficients by reducing the largest k = kewosr that we include in the data set that we fit to. We see that
vj is stable for all choices of k. Meanwhile, 6, deviates at ultralow k where the relevant term only makes small contributions to the correlator
[c.f. Eq. (A6)]. Bottom: As in the top right panel, we plot the flow of the fitted coefficient n; against keyofr. In this case there are 41 points. 65,
also displayed, is given by an analytic expression deriving from Eq. (A11).

In the main text, we consider the following gauge field fluctuations on the steady-state background:

At — A[(u)+6At(t7x1 yy M), (Bza)
A, — —Et 4+ h(u) 4+ 8A,(¢, x, y, u), (B2b)
Ay, — 0+ 68A,(t, x, y, u). (B2c¢)
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FIG. 7. Nontrivial zero-frequency correlators against wave vector for various angles at £ = 5/1000. Solid lines represent the quasihydro-
dynamic correlators and dots are numerical data.

Choosing the gauge A, = 0, we obtain the constraint for the other fluctuations {§A;, A, A, }:
1 /. / X Ul X UU A/ ’
— o[~ &1+ UE + g W)(0,6A)) — ¢ (1 + ¢"¢VE + "¢ A7) (0.84))
+ 18" AN (8.8a; + 8,6K) — g1 (g% g EN (3 fix) — ()8 8" EA (8 fix)]
+ &gV gV g ER B, fiy) — §'87 €7 EA[(B,fy) + 878" (1 + ¢ ¢ E?)(9,84)) = 0, (B3)
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where R = 1 + g'¢"E* + ¢'g"A* + ¢*g"W* and f,, = 0,8A, — 3,84, with i, v = ¢, x, y. The prime denotes the derivative
with respect to the u coordinate. Note that ga_b' =g" and g, = 8yy = &z in our setup. Then, the quadratic action for the
fluctuations can be written as

Soy=N f du L), (B4)
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4 (1 + gttg)erZ + gxxguuh/Z)grtguu(SA;Z
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+2(¢)°¢ g EASA, fix + 28" (8™ g ENSA [
+ 28787 (g")? AW 8A5A] ]

l@ t XX 2N\ VY SUUS A2
+3 o [(1 4 ¢'g™E?)g” g"sA;
+ (L+¢'g"AR)g™g" i, + (L + g5g" )¢ " [,

— 24" g7 g ¢ (EA|SA fry — EW'SALf

+ AH fiy )] (BS)
Here, we denote L) as the background Lagrangian density:
Loy =—v=gR'", (B6)

where —g = —det(guw) = —&i gixgm,. We omit the vol-
ume element, f dtd3x, then Sy precisely denotes the
action density. After performing the Fourier transforma-
tion, A, = (271)‘4fdwd3Ee_iw’+ik'3aﬂ(w, k,u), where k -
X =k(xcosep + ysing) with k = |l§|, we obtain a set of or-
dinary differential equations for the fields (a, ay, a,) from
the quadratic action above. Introducing gauge-invariant quan-
tities, & = ka; cos ¢ + wa, and &t = ka; sin ¢ + wa,, and
using the constraint, we can rewrite the equations of motion
for & and &t. As their explicit forms are not illuminating, we
do not write them here.

To compute the retarded Green’s function, we impose the
ingoing wave boundary conditions at the horizon [44]. In equi-
librium (E = 0), the ingoing field at the black hole horizon
corresponds to

E=(u—uy) = E, (B7)

where £ is a regular function at u = uy. Note that in equi-
librium & and &t are identical since the system is isotropic,
therefore we just wrote it as £. In the steady state, on the other
hand, we have the effective horizon outside of the black hole
horizon as mentioned in the main text. Then, we consider the

Frobenius expansion at # = u,:

Eur = (u—u)Eyr, (B38)

where &7 is regular at u = u,. Substituting this expression
into the equations of motion, we obtain the characteristic
equation for ¢. In the case of ¢ = 0, for instance, we find two
roots:

B 2T AL + )
=0, &= A —uf

where the functions in 7, are evaluated at the effective horizon
u = u,. Here, { = 0 corresponds to the ingoing wave bound-
ary condition at the effective horizon [45,56].

The method for computing the retarded correlators follows
Ref. [46]. In addition to the ingoing wave boundary condi-
tion, we require to determine the normalization factors at the
horizon. Solving the equations of motion with two linearly
independent normalization factors, we obtain a set of linearly
independent solutions, defining the solution matrix as

(B9)

I A
M(w, k,u) = , (B10)
]

where 55}7 (i=1,2) are a set of linearly independent solu-
tions by 1mposing two normalization factors at the horizon.
Using these solutions, the correlator matrix is expressed as

- 1 1
o 1B _ 1
Vele ). by = lim =y

([w2 — k?sin? @
X 2 .
k= sin ¢ cos ¢

- 5 af
x M'(w, k. )M(w. k, u)*l) ,

k? sin ¢ cos ¢
w? —k*cos? ¢

(B11)

where Jg denotes the dual operator of &, with o =L, T. We
then obtain the aforementioned correlators,

_ &, &8
- da, da,

J*IVY(w, k) (J2IE ), k). (B12)
The dispersion relations can be obtained by computing poles
in correlators, corresponding to quasi-normal modes in the
bulk. To do so, we numerically determine the frequency w(k)
such that lim,,_, o det M (w, I?, u) = 0 is satisfied with a given k

and background parameters.
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