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Abstract

The present work describes an elasto-plastic constitutive formulation aimed at

simulating the failure behavior of Fiber Reinforced Cementitious Composites

(FRCCs). This proposal, based on the Microplane Theory and Smeared Crack

Approach (SCA), assumes a hyperbolic maximum strength criterion for the

cementitious matrix in terms of normal and shear (micro-)stresses, evaluated

on generally oriented planes (microplanes). A combination of an associated/

non-associated plastic flow rule in conjunction with a fracture energy-based

softening law is defined to complete the modeling approach. The Mixture The-

ory is applied with the aim of characterizing the fiber-to-concrete interactions,

described by considering two fundamental interaction phenomena: bridging

debonding effects and dowel actions. Numerical analysis of FRCC failure

behavior at the constitutive level is performed. Particularly, the soundness and

capabilities of this approach are assessed against experimental data from ten-

sile, shear, and compressive tests on FRCC samples. Simple shear tests are also

evaluated to analyze the influence of the microplanes approximation over the

unit microplane hemisphere. Comparisons against a discontinuous zero-

thickness interface model are proposed. Numerical results also illustrate the

capabilities of the proposed constitutive theory to reproduce brittle or localized

failure modes in limit stress states through discontinuous bifurcation analysis.
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1 | INTRODUCTION

Fiber-Reinforced Cementitious Composites (FRCCs)
encompass a large class of materials whose properties are
strongly dependent on the successful matching between
the matrix and the reinforcing phase.1 In particular, mix-
ing short randomly dispersed fibers (e.g., made of glass,2

steel,3,4 polypropylene,5,6 etc.) in a cementitious matrix is
a well-established technique currently widespread in the

construction sector.7,8 Even printed fibers have been used
as reinforcements for cementitious matrices.9 A clear
example of this type of materials is represented by the
Steel Fiber Reinforced Concrete (SFRC) whose greatest
advantage, compared with plain concretes, is its higher
residual tensile strength accompanied with elevated
toughness in post-cracking regime.10,11 Regarding both
tensile and/or bending behavior, a strain-hardening
response with multiple cracks and large energy
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absorption prior the failure can be achieved.12 Whereas
fiber bridging mechanisms mainly take place under
cracked regime of concrete matrix, the mechanical
behavior of uncracked members is practically not influ-
enced by the addition of fibers beyond the limited
increase of the elastic stiffness.

With the aim to describe and predict FRCC cracking
onset and propagation, traditionally continuous and dis-
crete constitutive theories have been successfully devel-
oped in the last decades. Discrete Crack Approaches
(DCAs), incorporating strains and/or displacement
jumps/discontinuities, describes cracks and the related
evolution mechanisms in a more reliable way. The kine-
matic of cracking is modeled by means of the displace-
ment field in discontinuities or interfaces in the Finite
Element (FE) discretization.13–15 Their main disadvan-
tage reside on the low feasibility to be included in com-
mercial FE codes.

On the other hand, SCA in which the failure and
cracked zone is considered to be distributed along a cer-
tain region of the solid, is characterized by strong FE-
mesh size dependence of the localization band width
(e.g., a finer discretization leads to a decreasing tough-
ness of the analyzed numerical model) and loss of ellip-
ticity of the constitutive differential equations,16 which
requires the use of “ad-hoc” regularization
procedures.17–19 Nevertheless, the main advantages of
employing SCA are due to their lower computational cost
and the easier to be implemented in classical commercial
or open-source codes.

Although SCA consists of a macroscopic approximation,
it can be enriched by incorporating microscale participation
by the Microplane Theory, originally proposed by Bažant
and Oh.20 It consists in the formulation of constitutive laws
at microplane level defining the mechanical behavior of
certain planes (the microplanes) generically orientated.
Then, the macroscopic response shall be achieved through
the consideration of appropriated thermodynamically con-
sistent homogenization process over the responses in all
microplanes.21,22 Regarding cementitiuos materials,
microplane-based constitutive models have been
approached by Huang et al.,23 Indriyantho et al.,24 Kong
et al.25 a. o., whereas elasto-plastic microplane formulation
for fiber reinforced concrete have been developed by Fer-
hun et al.,26 Vrech et al.,27 Xue and Kirane.28

In this framework, a novel elasto-plastic fracture
energy-based microplane model for simulating the failure
behavior of FRCC is formulated at material level. Thus,
the advantage of its easy computational implementation
and the achieved enrichment through the microscale
information are combined. The constitutive formulation
at the microplane level is described by a hyperbolic maxi-
mum strength criterion with an elliptical CAP surface for

the cementitious matrix, relating micro-strains evaluated
on generally orientated planes (microplanes). A plastic
flow rule, combining associated and non-associated sec-
tions, in conjunction with a fracture energy-based soften-
ing law are adopted. Fiber effects on the composite
failure behavior are taken into account through both a
bond–slip formulation and a dowel model. The Mixture
Theory accounts for the compound behavior, following
the original approach proposed by Truesdell and Tou-
pin29 and further applied for concrete analysis by Ortiz
and Popov,30 Oller et al.,31 Rastellini et al.,32 and among
others.

The analysis of the failure modes predicted by the
material theories (localized or diffuse) is also addressed.
Particularly important is the evaluation of brittle or local-
ized failure modes that in the framework of continuous
models are described by means of discontinuous bifurca-
tions or jumps in the velocity gradients.

After this introductory section, the general basis of
the proposed Microplane Theory are described in
Section 2. Section 3 is related to the application of the
well-known Mixture Theory to describe the mechanical
behavior of FRCC, following previous contributions by
Oliver et al.33 and Vrech et al.34 Particularly, Section 3.1
reports the constitutive laws proposed at microplane level
featuring the hyperbolic maximum strength criterion
with the elliptical CAP surface, the plastic flow rules and
the fracture energy-based softening formulation for plain
concrete. The fiber-to-concrete interactions, approxi-
mated throughout debonding mechanisms and dowel
effects of fibers crossing cracks, are highlighted in
Section 3.2. The mathematical critical condition for local-
ized failure and its corresponding indicator for
microplane-based constitutive models is developed in
Section 4. In Section 5, the predictive capabilities and
soundness of the proposal at constitutive level are
addressed and compared against experimental results.
Uniaxial tensile tests regarding variable fiber content, are
evaluated in Section 5.1. A comparison against a discon-
tinuous zero-thickness interface model is described in
Section 5.2. Shear test are analyzed in Section 5.3. The
influence of the considered microplanes number over
the unit hemisphere has been evaluated in Section 5.3.1.
The predictive capacity of the dowel mechanisms is veri-
fied in Section 5.3.2 and the localized failure indicator
performance, in Section 5.3.3. Whereas in Section 5.4, the
advantage of the inclusion of the elliptical CAP as a com-
plement of the hyperbolic yield function is established by
means of the discontinuous bifurcation analysis for uni-
axial compression and combined shear/compression
states. Section 5.5 deals with triaxial tests simulations for
variable fiber content. Finally, some concluding remarks
are outlined in Section 6.
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2 | MICROPLANE THEORY: MAIN
ASSUMPTIONS

The elasto-plastic microplane model developed for sim-
ulating the FRCC macroscopic failure behavior in a
smeared crack mode, as shown Figure 1, follows the
thermodynamically consistent formulation proposed by
Carol et al.21 and Kuhl et al.,22 as summarized in this
section.

Kinematic assumptions are considered based on
Microplane Theory. Thus, micro-normal and shear
strains (εN and εT , respectively) are computed by means
of the following projections

εN ¼N : ε, εT ¼T : ε, ð1Þ

with the projection tensors

N ¼n
O

n, T¼n � Isym�n
O

n
O

n, ð2Þ

being Isym the symmetric part of the fourth-order identity
tensor and ε the macroscopic strain tensor projected on a
microplane characterized by its normal direction n.

Assuming small strains, both macro- and microscopic
strains are computed according to the Prandtl–Reuss
additive decomposition. Thus, normal and tangential
micro-strain rates are obtained as the addition of elastic
and plastic components (denoted by supra-indexes e and
p, respectively).

_εN ¼ _εeN þ _εpN , _εT ¼ _εeT þ _εpT : ð3Þ

A thermodynamically consistent homogenization
between the field variables on the microplanes and the
macroscopic ones is assured by applying the Clausius–
Duhem inequality for isothermal processes, establishing
that the macroscopic dissipation Dmac, computed as the
subtraction between the stress power σ � _ε and the evo-
lution law of the free-energy per unit mass of material
_ψmac, cannot become negative

Dmac ¼ σ � _ε� _ψmac ≥ 0, ð4Þ

being σ the macroscopic stress tensor. Computing the
macro free-energy potential named ψmac as the integral
of the micro free-energy ψmic on a spherical region of unit
volume Ω, the micro–macro free-energy relationship is
computed as

ψmac ¼ 3
4π

Z
Ω
ψmicdΩ: ð5Þ

The free-energy potential at microplane level is a
function of the elastic strain components and the internal
variable κ (scalar for isotropic hardening/softening
behavior). Its evolution law, regarding the kinematic pro-
jection of Equation (1), results

_ψmic ¼ σNNþTT �σT
� �

: _ε�Dmic, ð6Þ

with the microscopic dissipation that satisfies the
condition

Dmic ¼� ∂ψmic

∂κ
_κ≥ 0: ð7Þ

The constitutive stresses at microplane level can be
computed from their derivation as

σN ¼ ∂ψmic

∂εN
, σT ¼ ∂ψmic

∂εT
, ϕ¼ ∂ψmic

∂κ
, ð8Þ

being ϕ the dissipative micro-stresses.
The macroscopic stress tensor in terms of the micro-

scopic stress components can be computed according to
Coleman and Noll35 and Coleman and Gurtin,36 regard-
ing the Clausius–Duhem inequality of Equation (4), as

σ¼ ∂ψmac

∂ε
¼ 3
4π

Z
Ω
σNNþTT �σTdΩ: ð9Þ

Due to the complexity of the analytic solution of this
equation, it is usually solved in numerical form by the
proposal from Bažant and Oh37 as

FIGURE 1 (a) Concrete specimen. (b) Continuum

discretization scale. (c) 4-Node continuum FE. (d) Spherical

microplane region at Gauss-point with a generalized normal

direction.
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σ ≈
Xnmp

I¼1

N IσIN þTT,I �σIT
� �

wI , ð10Þ

where nmp denotes the adopted number of microplanes
and wI the corresponding weight coefficients.

Figure 2 shows the microplane strain εmic and stress
vectors σmic, whose components in correspondence
with the projections on the microplane direction n and
its orthogonal t, are given by εmic ¼ εN εT,1 εT,2½ �T
and σmic ¼ σN σT,1 σT,2½ �T.

3 | COMPOSITE CONSTITUTIVE
FORMULATION FOR FRCC

The proposed microplane constitutive model for FRCC is
formulated by means of the combination of three internal
constitutive laws, whose main features are detailed in the
following sections and are briefly outlined below:

1. Fracture energy-based plasticity formulation for plain
cementitious matrix, relating normal and tangential
microplane stress components with their correspond-
ing micro-strains. Two combined failure criteria are
considered: (i) a maximum strength function defined
in terms of a three-parameter hyperbolic criterion by
Carol et al.38 and (ii) a novel elliptical CAP surface for
high negative values of normal stress (high compres-
sion). Post-cracking behavior is controlled in terms of
plastic work spent. A non-associated flow rule is
adopted to complete the constitutive material model
for the hyperbolic sector, while a fully-associated plas-
tic flow law is considered for the CAP formulation.

2. Bridging effect of fibers loaded in tension, involving the
bond–slip interaction between fibers and matrix.

3. Dowel action of fibers in concrete cracks, based on elas-
tic beam foundation concepts, to characterize the
shear transfer mechanism of fibers crossing cracks.
The dowel strength represents a relevant contribution
in case of steel fibers and can be mainly neglected in
case of plastic reinforcements.

FRCC is modeled as a composite material made of a
cementitious matrix and randomly oriented reinforce-
ments. According to the basis of the Mixture Theory, the
following hypotheses are considered: (i) each infinitesi-
mal volume is simultaneously occupied by all constitu-
ents, (ii) assuming a parallel mechanical system, in every
infinitesimal volume, the kinematic field of the equiva-
lent continuum, and that one of each mixture constitu-
ent, agree, (iii) the corresponding composite stress field is
given by the weighted sum (in terms of the volume frac-
tion) of the constituent stresses, according to

σmic ¼ ρmσ
mþ

Xnf
f¼0

ρf σfN εNð ÞnþσfT εTð Þ � t� �
, ð11Þ

being ρm and ρf the weighting functions depending
on the volume fraction of each constituent, m and f deal
with the mortar and fiber indices, respectively; σfN and σfT
mean the bond–slip and dowel actions of the single con-
sidered fiber which are related to its axial and tangential
strains, εN and εT , respectively. Finally, n and t denote
the fiber direction and its orthogonal, respectively.

The evaluation of the total number of fibers crossing
each microplane, represented by nf , is calculated adopt-
ing the proposals given by Krenchel39 and Dupont and
Vandewalle40 as

nf ¼ αN
ρf
Af

Ai, ð12Þ

where αN the orientation factor (assuming the value of
0.405 according to Soroushian and Lee41), while Af and
Ai are single fiber and interface cross-sectional areas,
respectively.

3.1 | Fracture energy model for
cementitious composite

The inelastic model that describes the failure behavior
for a cementitious composite matrix (as the case of plain
concrete) is outlined in this section.

FIGURE 2 Strain and stress components at the microplane level.
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Fully uncoupled normal/tangential material laws are
defined at the microplane level, that is, the normal and
the tangential stress components are given as the conju-
gate components to the corresponding microplane strains
according to Equation (8) and their evolutions are com-
puted regarding the additive decomposition of
Equation (3), as

_σmN ¼EN _εN � _εpN
� �

, _σmT ¼ET _εT � _εpT
� �

, ð13Þ

where EN and ET are the microscopic elastic stiffnesses,
defined according to Leukart,42 consistently with the
macroscopic elastic constitutive relationship σ¼E : ε,
with the elastic tensor E computed as

E¼ 3KIvolþ2GIdev, ð14Þ

where K and G represents the bulk and shear macro-
scopic modules, respectively, whereas Ivol ¼ 1=3I

N
I and

Idev ¼ Isym� Ivol denote the volumetric and deviatoric
part of the fourth-order unit tensor, respectively.

The elastic material tensor can be specified as a func-
tion of the elastic stiffnesses of the micro level, as

E¼ 3
4π

Z
Ω
ENN

T
O

NþETT
T �TdΩ: ð15Þ

Regarding that projection tensors have useful integra-
tion properties for the homogenization of the microscopic
response on the macro-level, reported by Kanatani43 and
Lubarda and Krajcinovic,44 as

3
4π

Z
Ω
NT
O

NdΩ¼ Ivolþ2
5
Idev,

3
4π

Z
Ω
TT �TdΩ¼ 3

5
Idev,

ð16Þ

and substituting Equations (16) in (15), the normal and
tangential elastic modules result

EN ¼ 3K and ET ¼ 10
3G

�2K: ð17Þ

The stress rate vector _σmic ¼ _σmN _σmT,1 _σmT,2
� �T

and the
rate of the microplane elastic strains _εmic,e ¼ _εm,e

N _εm,
T,1

�
e _εm,e

T,2 �T are connected by means of the following elastic
stiffness operator

Cmic ¼
EN 0 0

0 ET 0

0 0 ET

0
B@

1
CA, ð18Þ

then

_σmic ¼Cmic � _εmic,e, _σmic ¼Cmic � _εmic� _εmic,p� �
: ð19Þ

The evolution laws of the plastic strain components
and the internal variable are computed under consider-
ation of a convex yield function F σmic

� �
and a plastic

potential Q σmic
� �

according to the plasticity flow the-
ory, as

_εm,p
N ¼ _λ

∂Q
∂σmN

, _εm,p
T ¼ _λ

∂Q

∂ σmT
�� �� , _κ¼ _λ

∂Q
∂ϕ

, ð20Þ

where _λ is the evolution of the non-negative plastic multi-
plier derived by means of the classical Kuhn-Tucker and
consistency conditions

_λ≥ 0, F σmic
� �

≤ 0, _λ F σmic
� �¼ 0, _F σmic

� �¼ 0: ð21Þ

The adopted failure criterion, shown in Figure 3, is
given on each microplane stress-space as a function of
three material parameters: that is, the tensile strength
χmic, the cohesion cmic and the internal friction angle
ϕmic. Its expression is represented by the hyperbola by
Carol et al.,38 when σmN ≥ σN ,CAP, as

F σmic
� �¼ σmT

�� ��2� cmic�σmN tan ϕmic
� �� �2þ cmic

h
� χmic tan ϕmic

� �i2
≤ 0:

ð22Þ

On the contrary, if σmN < σN ,CAP, the following ellipti-
cal function is taken into account

F σmic
� �¼ σmT

�� ��2� 1
R2
CAP

σmN �σN ,0
� �2� σN ,CAP�σN ,0ð Þ2
h i

≤ 0,

ð23Þ

where RCAP, σN ,CAP, and σN ,0 are model parameters. Par-
ticularly, σN ,CAP represents the value of σmN situated on
the boundary between the hyperbola and the ellipse. In
this way, the continuity of the tangent at the intersections
of the hyperbola and the ellipse is ensured, see Cag-
giano45 for more explanations.

The plastic flow rule, defining the direction of inelas-
tic strains, is also represented by two parts: (i) a general
non-associated law, corresponding with the hyperbolic
model section and (ii) a full-associated one for the ellipti-
cal CAP formulation.

In zero-thickness interface models for heterogeneous
materials such as concrete or rock, controlling dilatancy
is crucial for accurately reproducing fracture phenomena.
Dilatancy refers to the tendency of two faces of a modeled

CAGGIANO ET AL. 5
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crack, under zero or low normal compression, to dilate
during sliding. This behavior is due to the well-known
“saw tooth” effect caused by the meso-scale material het-
erogeneity of the crack front. As compression increases,
dilatancy gradually decreases and eventually disappears
under very high confinement.46 Furthermore, dilatancy
can reduce as sliding progresses and the crack surface
degrades through the fracture process,47,48 becoming nec-
essary the use of non-associated flow rules to correctly
model mixed fracture modes. In pure compaction
(i.e., inverse direction to mode I), the flow rule for joint
models must be consistently fully associated. For this rea-
son, the same hypothesis is adopted in the CAP zone.

Regarding the rate of the plastic strains of
Equation (20), the components of the derived vectors can
be reached by means of the transformation operator Amic,
applied to the normal flow direction as

∂Q
∂σmN

,
∂Q

∂ σmT
�� ��

" #T
¼Amic ∂F

∂σmN
,

∂F

∂ σmT
�� ��

" #
ð24Þ

being

Hyperbola : A¼

tan βmic
� �

tan ϕmic
� � 0

0 1

0
B@

1
CA if σmN ≥ 0

1� σmN
�� ��
σmic
dil

� 	
tan βmic
� �

tan ϕmic
� � 0

0 1

0
B@

1
CA if �σmic

dil ≤ σmN <0

0 0

0 1

 !
if σN ,CAP ≤ σmN < �σmic

dil

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

ð25Þ

Elliptical formulation : A¼ 1 0

0 1


 �
if σmN < σN ,CAP ð26Þ

In Equation (25), tan βmic
� �

represents the dilation
angle of the plastic potential, as depicted in Figure 3:
0≤ tan βmic

� �
≤ tan ϕmic

� �
. Thereby, the parameter σmic

dil

represents the normal stress at which the dilatancy van-
ishes.38,49 Moreover, Equation (26) deals with the associ-
ated flow direction characterizing the elliptical CAP model.

Three main fracture mechanisms govern the post-
cracking evolution:

1. Mode I type of fracture reached along the horizontal
axis of the failure criterion in the tensile region.

2. Shear fracture modes (the mode II type) with com-
pression stress ranges.

3. Pure compaction mode along the horizontal axis of
the failure criterion in the elliptical CAP negative
region.

The evolution of the model parameters in softening
regime is driven by means of the following expression

pmic
i ¼ 1� 1� rmic

p

� 

S ξpmic

i

� 
� 

pmic
0i , ð27Þ

where pmic
i represents any of these parameters: χmic, cmic,

tan ϕmic
� �

(hyperbolic function) and σN ,CAP (ellipse).
These model parameters vary from their maximum
values pmic

0i to the corresponding residual ones rmic
p pmic

0i .
The ratio between the work spent in fracture wcr and

the corresponding fracture energy parameters, GI
f (defin-

ing the fracture energy released in pure mode I) and GIIa
f

(dealing with the fracture energy for the asymptotic mode
II), defines a unified scaling parameter S ξpmic

i

� 

, as intro-

duced by Carol et al.38

S ξpmic
i

� 

¼

e�αpiξpmic
i

1þ e�αpi �1ð Þξpmic
i

, ð28Þ

where the parameter αpi controls the decay form of the
internal parameter as shown in Figure 4. The non-
dimensional variable ξ# ¼ ξpmic

i
wcr=G#

f

� �
introduces the

influence of the ratio between the current fracture work
spent and the available fracture energy as follows

ξχmic ¼
1
2

1� cos
πwcr

GI
f


 �� 	
if wcr ≤GI

f

1 otherwise

8<
: ð29Þ

ξcmic ¼ ξ tan ϕmicð Þ ¼ ξσN ,CAP
¼

1
2

1� cos
πwcr

GIIa
f


 �� 	
if wcr ≤GIIa

f

1 otherwise

8<
:

ð30Þ

according to the function proposed by Caballero et al.50

Figure 5 shows the typical curves obtained with Equa-
tions (29) or (30).

FIGURE 3 Maximum strength criterion and plastic flow rules.
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In order to illustrate the main features of the pro-
posed yielding surfaces and their evolutions, based on
Equations (28)–(30), various plot examples are reported
in Figure 6. The numerical values considered in these
examples for the relevant mechanical parameters are: the
initial strength values χmic

0 ¼ 1:0MPa, cmic
0 ¼ 1:0MPa,

tan ϕmic
0

� �¼ 0:3 and σN ,CAP0 ¼�1:0MPa; the residual
strengths χmic

r ¼ 0:0MPa, cmic
r ¼ 0:0MPa, tan ϕmic

r

� �¼ 0:1
and σN ,CAPr ¼�0:1 MPa; and all the shape coeffi-
cients αpi ¼ 0:0.

The rate of the plastic work _wcr is given by means of
the following expressions, depending on the σmN value, as

_wcr ¼ σmN � _εpN � lIcsþσmT,k � _εm,p
T,k � lIIcs if σmN < σN ,CAP or σmN ≥ 0

_wcr ¼ σmT,k � _εm,p
T,k � lIIcs 1� σmN

�� �� tan ϕmic
� �

σmT
�� ��

 !
if σN ,CAP ≤ σmN <0

ð31Þ

in which the strain components on each microplane,
εmic ¼ εmN εmT1

εmT2

� �T
, can be easily transformed in terms

of the crack-opening displacement through the following
expressions

εmN ¼ u

lIcs
, εmT1

¼ v1
lIIacs

, εmT2
¼ v2
lIIacs

, ð32Þ

where u, v1, and v2 are the relative crack displacements,
while lIcs and lIIacs are homogenization characteristic
lengths to be calibrated for the considered failure modes.
They mainly represent the crack spacings in direct ten-
sion and under shear stress states with very high confine-
ment, or the damaged zone under compressive
compaction, respectively.

3.2 | Crack-bridging effect and dowel
action of fibers

This section deals with fiber actions deriving from frac-
ture opening processes in cementitious matrix, schemati-
cally showed in Figure 7, that take relevant bridging
effects on the FRCC constitutive response.

On the one hand, the bond mechanism between
fibers and cementitious matrix is taken into account as
an axial (tensile) stress σfN acting at the microplanes. It
can be derived by equilibrium conditions of shear stresses
reacting on the lateral contact surfaces of fibers embed-
ded within the concrete matrix as outlined in Figure 7.
On the other hand, the dowel action Vd as result of the
shear transfer mechanism, represents another important
component on the overall bridging effect of fibers in frac-
ture processes of FRCC.

The constitutive formulations for both bond–slip
and dowel mechanisms are summarized in Table 1.
One-dimensional elasto-plastic constitutive relations
are considered, whereas Rankine-type functions have
been adopted to describe the corresponding yield
functions.

The material mechanical features of the bond–slip
model have been computed by Oliver et al.33 regarding a
serial system whereby the fiber total strain εfN is assumed
as the sum of the proper fiber deformation and the
interface sliding. Whereas the normal fiber stress σfN is
identical on each component. Ef and σfy are the equiva-
lent elastic modulus and yield stress, respectively, and
Hf

N the hardening/softening parameter, whereas κfN is
the internal variable, conjugated to the dissipative
stress ϕf

N .
Besides, the adopted dowel stiffness Gf and the equiv-

alent strength τfy characterizing the dowel mechanism,
are based on the definition of both stiffness and strength

FIGURE 4 S ξ#ð Þ scaling function of the microplane model in

terms of the ξ# parameter, where the # symbol ¼ χmic,cmic,

tan ϕmic
� �

, or σN ,CAP.

FIGURE 5 ξ# functions, with #¼ χmic,cmic, tan αmic
� �

or

σN ,CAP, depending on the work spent-to-fracture energy ratio,

wcr=GI
f or wcr=GIIa

f .

CAGGIANO ET AL. 7
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of a generic fiber embedded in a concrete matrix and sub-
jected to a transverse force.51–54 Moreover, κfN represents
the internal variable conjugated to the dissipative stress
ϕf
T and Hf

T , once again, the hardening/softening
parameter.

For the sake of brevity, many details of the model der-
ivations have been omitted. The complete formulations
for both bond–slip and dowel action has completely been
detailed in Vrech et al.27

4 | ANALYTICAL SOLUTION FOR
LOCALIZED FAILURE IN
MICROPLANE-BASED ELASTO-
PLATICITY

The inhomogeneous or localized deformation field in the
realm of the SCA exhibits a plane of discontinuity charac-
terized by its normal direction Nd, that can be identified
by means of the eigenvalue problem of the acoustic or

FIGURE 6 Yielding criteria at

different ratios between work

spent values and fracture energies:
wcr

GI
f
, wcr

GIIa
f

� 

¼ 0:0, 0:0ð Þ, 0:2, 0:1ð Þ, 0:4, 0:2ð Þ,

0:6, 0:3ð Þ, 0:8, 0:4ð Þ, 1:0, 0:5ð Þ, 1:0, 0:6ð Þ,
1:0, 0:8ð Þ (from the biggest size up to

smallest one).

FIGURE 7 Microplane strain activating the fiber bridging effects.

TABLE 1 Summary of the

constitutive formulation for fibers.
Bond–slip Dowel action

Constitutive relation σfN ¼Ef εfN �εf ,pN

� 

σfT ¼Gf εfT� εf ,pT

� 

Yield function F f

N ¼ σfN � σfyþϕf
N

� 

≤ 0 Ff

T ¼ σfT
�� ��� τfyþϕf

T

� 

≤ 0

Internal variable evolution _κfN ¼ _λ
f
N _κfT ¼ _λ

f
T

Softening law _ϕ
f
N ¼H f

N _κfN _ϕ
f
T ¼H f

T _κ
f
T

8 CAGGIANO ET AL.
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localization tensor, related to discontinuous bifurcations
of the equilibrium path, leading to lost of ellipticity of the
equations that govern the static equilibrium problem. For
further explanations on the deduction of the localized
failure indicator, see Appendix A.

The elasto-plastic acoustic tensor for microplane-
based plasticity, is computed in a similar way to
Equation (10), as

Qep ≈Qe�
Xnmp

I¼1

a�INaI

hI

� 	
wI , ð33Þ

being Qe ¼Nd �Ee �Nd the elastic acoustic tensor, hI the
generalized softening modulus and the traction vectors
computed as

aI ¼ ∂F
∂σN

ENNþET
∂F
∂σT

�T
� 	

�Nd, ð34Þ

a�I ¼Nd � EN
∂Q
∂σN

NþETT
T � ∂Q

∂σT

� 	
: ð35Þ

The localization condition in Equation (33) serves as
a basis for numerical evaluations of the associated locali-
zation directions for any possible stress history.

5 | NUMERICAL ANALYSIS OF
THE FAILURE AT
MATERIAL LEVEL

This section is intended to evaluate the numerical stabil-
ity of the developed formulation as well as to demon-
strate the capabilities of the proposed constitutive

theory at material level, regarding FRCC under typical
loading states and comparing numerical results against
experimental data available in literature. With this pur-
pose, each material point is represented by a single
quadrilateral 4-nodes finite element, consisting of
4 Gauss-points, as shown in Figure 1. A variable number
of microplanes has been considered on each Gauss-
point as indicated in each subsection. The schematized
test cases reported in Figure 8, and by considering cubic
samples of SFRC under plane stress condition, are eval-
uated. Internal parameters have been adjusted via itera-
tive calibration by comparing model predictions against
experimental data (e.g., stress–strain curves and failure
mechanisms).

In the following subsections, basic tests have been
simulated with specific objectives:

• Uniaxial tensile test in Section 5.1. Comparison of
numerical results against experimental data by Li and
Li55 in terms of Tensile stresses versus Strains curves
for both plain concrete and SFRC with uniform distri-
bution of fibers, under plane stress condition by con-
sidering 41 microplanes.

• In Section 5.2, numerical Load versus Displacement
curves regarding variable microplanes number are
compared with those of the zero-thickness interface
model by Caggiano et al.,15 with the aim to demon-
strate the versatility of the proposed method. To this
end, the plane microplane formulation by Park and
Kim56 has been applied.

• Section 5.3 deals with simple shear tests:
� Stating the minimum microplanes number for an

acceptable accuracy in Section 5.3.1.

FIGURE 8 Boundary

conditions of: (a) uniaxial tensile;

(b) compression; (c) shear with

constrained dilatancy tests.

TABLE 2 Fiber types employed in

the experimental campaign by Li

and Li.55

Density [g/cm3] df [mm] lf [mm] σsy GPa½ � Es GPa½ �
Dramix type I 7.8 0.5 30 1.20 200

Dramix type II 7.8 0.5 50 1.20 200

CAGGIANO ET AL. 9
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� Comparing numerical predictions and experimental
results by Soltanzadeh et al.,57 in terms of Shear
load versus Lateral displacement curves in
Section 5.3.2, with the aim to verify the predictive
capacity of the dowel mechanism.

� Analyzing the localized failure indicator in
Section 5.3.3, to determine critical failure directions
under shear loads.

• Uniaxial compression tests in Section 5.4. As largely
accepted in the scientific literature, no significant dif-
ference can be observed in terms of strength and pre-
peak behavior of SFRCs compared to plane concrete
(see a. o.12,58). For this reason, the onset of localized
failure in the plane concrete is evaluated. The advan-
tages of the elliptical CAP inclusion in the yield func-
tion by analyzing the localized failure indicator is
demonstrated.

• Triaxial compression tests in Section 5.5. The ductility
increase for confined compression states, as demonstrated
by the experimental tests by Chern et al.,59 is numerically
verified for variable fiber reinforcement percentages.

5.1 | Tensile tests: Comparison against
experimental data

The regarded experimental campaign for SFRC in tension
by Li and Li55 have been performed on prismatic speci-
mens with the dimensions 500�100�20 mm3, contain-
ing two fiber types, namely Dramix type I and II, whose
fundamental characteristics as density, diameter df ,
length lf , steel yield stress σsy and elastic modulus Es are
given in Table 2. The material properties and model
parameters adjusted according to the experimental

M
Pa

M
Pa

M
Pa

M
Pa

M
Pa

M
Pa

f

f

f
f

f
f

FIGURE 9 Comparison between numerical predictions and experimental results (dotted curves) by Li and Li55 of SFRCs with Dramix

type I and II.
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data are summarized in the first column of
Table 3.

Numerical predictions carried out in both plain con-
crete and SFRC with uniform distribution of fibers for
analyzing tensile test cases, are presented in this section.
The comparisons between model predictions and the
cited experimental data in terms of Stress–Strain dia-
grams are reported in Figure 9.

The response for SFRCs with steel Dramix type II,
characterized by fiber contents ranging between 3.0% and
4.0%, is given in the left side of Figure 9; while on the
right, the corresponding to Dramix type I, with fiber con-
tents of 6.0%, 7.0%, and 8.0%, are reported. In all cases,
very good agreement is obtained. The model predicts in a
very realistic mode the mechanical response of the ana-
lyzed SFRC specimens.

It is worth highlighting that all the other numerical
curves have been obtained by just changing the fiber con-
tents (ρf ) and/or fiber types (e.g., lf ) according to the

properties given by the experimental report. This aspect
is the key advantage of modeling the fiber effects in an
explicit way: it gives the possibility of obtaining the over-
all macroscopic Stress–Strain response by just changing
the fiber type and geometry.

5.2 | Comparison with the zero-
thickness interface model under uniaxial
tension

This section addresses the effect of comparing the
mechanical response of FRCC simulated by the continu-
ous microplane-based model developed in this work with
the zero-thickness interface discontinuous formulation
given by the authors in Caggiano et al.15

The simulations of 1.0 cm-edge cubic samples, as pro-
posed in Figures 8a and 10 and are analyzed. Variable
interfaces and microplanes number are considered,

TABLE 3 Characterization of material properties and model parameters.

Tensile Shear Compression
Tests Li and Li55 Soltanzadeh et al.57 Chern et al.59

Concrete properties

Elasticity modulus—E [GPa] 39.5 36 20

Poisson coefficient—ν 0.2 0.2 0.2

Bulk modulus—K [GPa] 21.9 20.0 11.1

Shear modulus—G [GPa] 16.45 15.0 8.3

Compressive strength—f 0c [MPa] 35.0 67.84 20.65

Tensile strength—χmic
0 [MPa] 3.5 6.7 2.0

Initial cohesion—cmic
0 [MPa] 7.0 12.0 4.0

Internal friction— tan ϕmic
0

� �
0.6 0.6 0.6

Fract. energy mode I—GI
f [N/mm] 0.12 0.16 0.09

Fract. energy mode II—GIIa
f [N/mm] 1.2 1.6 0.9

Steel fibers properties

Elasticity modulus—Es [GPa] 200.0 200.0 200.0

Yield stress—σsy [MPa] 1200.0 1100.0 1100.0

Fiber–concrete interfaces properties

Equivalent elasticity modulus—Ef [GPa] 200.0 200.0 200.0

Equivalent yield stress—σfy [MPa] 216.0 198.0 180.0

Equivalent shear modulus—Gf [GPa] 15.0 15.0 15.0

Equivalent shear strength—τsy [MPa] 332.0 441.70 330.0

Hardening/softening modules—H f
N ¼H f

T 0.0 0.0 0.0

Model parameters

αχ [N/mm] �0.15 �0.15 �0.15

lIcs [mm] 24 24 13

lIIacs [mm] 24 24 13

CAGGIANO ET AL. 11
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FIGURE 10 FE discretization

including the cases of: (a) one, (b) four,

and (c) eight interfaces.

L
L

L

D

D

D

f

f

f

f

FIGURE 11 Interface-based simulations versus microplane ones under tensile load.
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taking into account the plane formulation by Park and
Kim [56] for the latter. Plane stress hypothesis
and displacement-based control are assumed. Then, two
material types are considered: (i) plain concrete and
(ii) SFRC with fiber percentage ρf ¼ 5:0%.

To compare the response of the two mentioned
approaches in terms of Load versus Displacement laws
(result of the structural response achieved by employ-
ing the discontinuous-based formulation with the dis-
cretizations of Figure 10), the load is now measured

by multiplying the vertical stress by the cross
section of the specimen (1�1 cm2 in case of plane
stress), while the vertical displacement is intended as the
tensile strain which multiplies the specimen
height (1 cm).

As schematized on the left of Figure 11, three inter-
faces/microplanes distributions are reported:

• 1 horizontal interface versus 1 microplane over the
unit hemisphere,

L L

L L

L L

D D

D D

D D

f

f

f

f

f

f

f

f

f

f

f

f

f

f

f

f

f

f

FIGURE 12 Lateral shear load versus Displacement predictions with microplanes number varying from 2 to 25 and variable fiber

percentages.
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• 2 horizontal interfaces versus 2 microplanes over the
unit hemisphere and

• 4 horizontal interfaces versus 4 microplanes over the
unit hemisphere.

The comparison of the resulting curves is shown on
the right. Based on such simulations, it can be observed
that at least 2 microplanes over the unit hemisphere must
be considered to achieve an acceptable accuracy of the
numerical integration in case of pure tensile stress.
The numerical responses of the tests involving 4 horizon-
tal interfaces and 4 microplanes highlight that greater
number of interfaces is responsible of a less ductile struc-
tural response in post-cracking regime.

As mentioned in Section 2, the macroscopic stress
tensor can be theoretically evaluated by imposing the
equilibrium between micro- and macroscopic scales,
according Equation (9). However, its integration is trans-
formed into a summation, which is characterized by a
finite number of considered orientations (equal to the
adopted discretizing microplanes), getting Equation (10).

5.3 | Shear tests

Numerical predictions of shear tests have been carried
out for three purposes:

• To verify the accuracy of the numerical response with
respect to variable microplanes number, finding the
minimum that gives the exact solution.

• To evaluate the contribution of the dowel mechanism
of fibers crossing cracks on the overall behavior, com-
paring numerical predictions and experimental results
in terms of Shear load versus Lateral displacement
curves.

• In addition, localized failure indicator performance
has been analyzed to evaluate the orientation of criti-
cal directions for discontinuous bifurcation.

5.3.1 | Accuracy of the numerical response

The accuracy of the numerical response, based on the
number of the considered microplanes at the unit hemi-
sphere, is investigated in the case of simple shear test.
For this purpose, 2, 4, 6, 8, 21, and 25 microplanes
(on the unit hemisphere) are considered. The results can
be found in Figures 12 and 13, where the Lateral load
versus Displacement curves have been plotted. Particu-
larly, Figure 12 emphasizes the comparative response of
three kinds of concretes:

• Plain concrete,

• SFRC with fiber contents of 2.0%, and
• SFRC with 5.0% of steel fibers.

This figure clearly highlights the phenomenological
effect of fibers when are added on a cementitious
matrix. Fiber inclusions mainly enhance the mechanical
property of SFRC in terms of both shear strength and
ductility.

Then, Figure 13 highlights the difference in responses
when a variable number of microplanes are considered.
In each subfigure, the responses for a variable number of
microplanes have been superimposed. It can be stated

L
L

D

D

L

D

f

f

FIGURE 13 Lateral shear load versus Displacement

comparisons with variable microplanes number and fiber contents.
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that an acceptable accuracy involves at least 21 micro-
planes of integration, as also demonstrated in the work
by.60 A poor approximation, which takes place for a
lower number, can be observed around the peak strength
and in the post-peak regime.

5.3.2 | Comparison against
experimental data

In this section, experimental results of the direct shear
test by Soltanzadeh et al.,57 are considered. Specially
designed double shear specimens, that is, rectangular
specimens of 150�146 mm2 cross-section and 47mm
thick, with two notches of 25mm depth and 5mm width
at the top and bottom edges to localize the shear crack
along the predefined shear planes, have been used. High
Performance Fiber Reinforced Concrete (HPFRC) with
4.0% of steel fibers reinforcement has been employed,
characterized by the material properties and model
parameters highlighted in the second column of Table 3.

A total of 42 microplanes with random distribution of
fibers has been considered. Numerical predictions com-
pared against experimental results in terms of Shear load
versus Lateral displacement curves are shown in
Figure 14, where a good approximation can be verified. By
comparing the response of plane and reinforced concrete,
the improvement of the composite mechanical behavior in
terms of toughness and peak strength can be captured by
the proposed microplane-based constitutive theory.

5.3.3 | Onset of strain localization

With the aim to determine critical failure directions
under shear loads, numerical localization analysis at
peak stress state of the shear test has been performed.

Results of the normalized localized failure indicator
det Qepð Þ=det Qeð Þ½ � are shown in Figure 15. The obtained
critical failure directions are oriented at θc1 ¼ 45� and
θc2 ¼ 135�, in agreement with the experimental evidence.
According to Soltanzadeh et al.,57 during the loading pro-
cess of the specimens, several small diagonal cracks devel-
oped along the ligaments of the double shear specimen.

5.4 | Uniaxial compression tests:
Comparison against experimental data and
discontinuous bifurcation analysis

The overall performance of the proposed constitutive
model for the uniaxial compression case is verified by
comparisons of the numerical results against the experi-
mental predictions by Chern et al.,59 in terms of Com-
pressive stresses versus Strains curves (Figure 16).
Considered material properties and model parameters
are displayed in the third column of Table 3. Since the
experiments were performed on cylindrical specimens of
58 mm in diameter and 108 mm in height, the numerical
analyses were done under cylindrical stress conditions.
Plain concrete and SFRC with 1.0% and 2.0% fiber con-
tent have been considered. Very good agreement can be
appreciated for all three cases. Once again, the sensitivity
to fiber reinforcement is demonstrated. With increasing
percentages of fibers, the peak stress and strain increase
as well as the concrete toughness.

From the analysis of discontinuous bifurcation
through the localized failure condition of Section 4, arises
an important advantage of the inclusion of the elliptical
CAP as a complement of the hyperbolic yield function, in
addition to the better mechanical response in case of high
compression load states.

The performance of the normalized localization indi-
cator det Qepð Þ=det Qeð Þ½ � at peak stress states is evaluated
regarding both, the yield function with and without CAP.

FIGURE 14 Predictions of Shear load versus Lateral

displacement of the shear test by Soltanzadeh et al.57 Fibers

content ρf ¼ 4:0%.

FIGURE 15 Numerical localization analysis with the

microplane-based model at peak of the shear test.
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Both, failure modes, that is, localized or diffuse by means
of negative or positive values, respectively, as well as crit-
ical directions are obtained.

First, regarding the uniaxial compression stress state
corresponding to the vertex of the CAP in Figure 6, fail-
ure modes and critical directions are evaluated in
Figure 17. Regarding the constitutive model with CAP,
localization surfaces are characterized by their normal
directions, oriented at θc1 ¼ 60:75� and θc2 ¼ 119:25� with
respect to the principal directions, respectively. Whereas
the constitutive model without CAP predicts localized or
brittle failure modes with critical directions at
θc1 ¼ 29:25� and θc2 ¼ 150:75�. The influence of the
increasing confining pressure in the evolution of failure
modes is shown in Figure 18, representing the peak stres-
ses of the CAP. Regarding the constitutive model with
elliptical CAP, normal directions of localization surfaces
are oriented at θc1 ¼ 45� and θc2 ¼ 135� with respect to
the principal directions. Whereas for a yield function
without CAP, these surfaces are also given at θc1 ¼ 29:25�

and θc2 ¼ 150:75�, as in the previous case. It can be clearly

observed that increasing confinement must lead to more
stable or ductile failure modes, with variable critical direc-
tions, as is the case of the model with elliptical CAP.

Experimental measurements support these findings.
Fujita et al.61 experimentally determined that the angle
between the sliding plane and the direction of the applied
load in uniaxial compression (α, as illustrated in
Figure 19), was 18�. Similarly, in the study by Sfer
et al.,62 α was measured as 16�. In contrast, Fantilli
et al.63 observed strain localization and diagonal cracks
oriented to mostly 45� during triaxial compression tests.
The present formulation demonstrates a similar
tendency.

FIGURE 16 Comparisons between numerical predictions and

experimental results of uniaxial compression tests by Chern et al.59

FIGURE 17 Numerical localization analysis with the

microplane-based model at peak of the simple uniaxial

compression test.

FIGURE 18 Numerical localization analysis with the

microplane-based model at peak of confined compression test.

FIGURE 19 Onset of the strain localization of compressed

concrete.
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5.5 | Triaxial compression tests

The results of the confined compression experimental
campaign by Chern et al.,59 performed on concrete cylin-
ders of 100�200 mm2 with variable content of fibers,
that is, ρf ¼ 0:0%,1:0%, and 2:0%, with a lateral confine-
ment of 70MPa, have been considered. According to
Figure 20, where they are compared against numerical
predictions, the ductility of SFRC increases with the per-
centage of fiber reinforcement.

6 | CONCLUSIONS

This work presents a microplane-based elasto-plasticity
approach aimed at simulating the failure behavior of Fiber
Reinforced Cementitious Composites (FRCC) at the mate-
rial level. The constitutive model incorporates the well-
known Mixture Theory to simulate the combined bridging
interactions of fibers in concrete cracks, which are associ-
ated with bond–slip and dowel mechanisms. At the micro-
plane level, the behavior of the cementitious matrix is
described by a hyperbolic maximum strength criterion
with an elliptical CAP surface. Differentiated plastic flow
rules and fracture energy-based softening laws are applied.
Rankine-type functions are adopted to describe the elasto-
plastic yield of fibers. The main contributions of the pro-
posed model that differentiate it from existing ones are:
(i) normal and tangential stresses at microplane level arise
from thermodynamic principles, (ii) the yield function for
the concrete matrix defines in a single mathematical
expression the entire spectrum of possible stress states,
(iii) the inclusion of the elliptic CAP in the yield function
limits the high confinement zone, and (iv) the inclusion of
the dowel effect of fibers is added to the bond-slip
bridging-mechanism. Numerical simulations demonstrate
that the proposed constitutive model captures the funda-
mental behaviors of FRCC. Excellent agreement was

achieved between the numerical results and experimental
data available in the scientific literature, particularly in
terms of peak strength and post-cracking toughness for
tensile, compression and shear tests. The numerical ana-
lyses of localization in the high confinement regime of the
proposed constitutive model with CAP demonstrate an
increase in the positive definition of the localization ten-
sor, as well as an increase in the related critical localiza-
tion angle with the applied confinement. The microplane-
based constitutive formulation for FRCC is capable of
reproducing the transition of the critical directions from
uniaxial compressive to combined shear/compression
states.
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APPENDIX A: Localized failure indicator

In the framework of the SCA, localized failure modes
involves the occurrence of weak discontinuities in the strains
rate field while the velocity displacements rate field is
assumed to remain continuous. According to the Maxwell's
compatibility theorem,29 the jump in the rate of the displace-
ment gradient may be expressed in terms of a scalar-valued
jump amplitude _γ, the unit jump vector M and the unit
normal vector to the discontinuity surface Nd, as

r _u½ �½ � ¼ _γM
O

Nd: ðA:1Þ

Consequently, the strain rate discontinuity is defined
by the symmetrized dyadic of the unit vectors M and
Nd, by

_ε½ �½ � ¼ rs _u½ �½ � ¼ 1
2
_γ M

O
NdþNd

O
M

� 

¼ _γ M

O
Nd

� 
s
:

ðA:2Þ

In elasto-plasticity, regarding the tangent constitutive
relation σ¼Eep : _ε, the balance of the linear momentum
across the discontinuity surface leads to the localization
condition

_t¼Nd � σ½ �½ � ¼Nd �Eep : _ε½ �½ � ¼ _γNd �Eep : M
O

Nd

� 
s
¼

_γNd �Eep : M
O

Nd

� 
s
¼ _γQep �M ¼: 0,

ðA:3Þ

being Qep the localization (acoustic) tensor, computed as

Qep ¼Nd �Eep �Nd¼Q� 1
hp

am

O
an ðA:4Þ

with

am ¼Nd �E :
∂Q
∂σ

, an ¼ ∂F
∂σ

:E �Nd, ðA:5Þ

and

hp ¼Hþ ∂F
∂σ

:E :
∂Q
∂σ

: ðA:6Þ

Discontinuous bifurcation initiates when the localiza-
tion tensor exhibits a singularity, that is, det Qepð Þ¼ 0, for
some critical directions of M and Nd. In Eqs. A.2 and
A.3, the term “s” denotes the symmetry operation.
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