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Abstract

This doctoral thesis explores the intersection of Quantum Field Theory and General Rela-
tivity within the framework of Quantum Field Theory in curved spacetimes. The research
is divided into two primary sections: the development of mathematical tools regarding
the effective action and heat kernel methods, and the application of these tools to two-

dimensional black hole models.

In the first part, we address the definition and calculation of the 1-loop effective ac-
tion, a crucial object for studying quantum corrections to classical field theories. While
the standard Gilkey-Seeley-DeWitt expansion provides a method for regularizing diver-
gencies, it is computationally costly and perturbative in nature. This document presents
and expands upon a resummation scheme for the heat kernel that captures some non-
perturbative information and simplifies the calculation of the leading order terms. This
resummation formula is successfully applied to various systems, including scalar fields
with Yukawa couplings, Quantum Electrodynamics, and inhomogeneous field configura-
tions. These methods allow for a more precise analysis of phenomena such as the Schwinger

effect and vacuum polarization.

The second part focuses on the semiclassical evolution of black holes, utilizing 2D
dilaton gravity models (specifically the Callan-Giddings-Harvey-Strominger model) as a
testing ground to address conceptual issues like information loss and spacetime singu-
larities. We examine the Russo-Susskind-Thorlacius model, which solves the backreac-
tion equations but typically predicts the formation of naked singularities, threatening the
unitarity of the theory. To resolve these issues, we propose a modification to the stan-
dard semiclassical approach by incorporating fields with negative central charges (such
as Faddeev-Popov ghosts) coupled to an auxiliary conformally flat metric. The results
demonstrate that, under specific conditions involving sufficiently large negative central
charges, the naked singularity is removed entirely from the spacetime evolution. Instead,
the system evolves with an apparent horizon that hides a regular region of spacetime,
suggesting a pathway for black hole evolution that avoids catastrophic breakdowns of
predictability and offers new perspectives on the role of matter content in gravitational

collapse.



Sommario
Questa tesi di dottorato esplora l'intersezione tra la Teoria Quantistica dei Campi e la

Relativita Generale nel quadro della Teoria Quantistica dei Campi in spaziotempo curvo.
La ricerca e suddivisa in due sezioni principali: lo sviluppo di strumenti matematici
riguardanti I’azione efficace e i metodi del nucleo del calore (heat kernel), e Papplicazione

di questi strumenti a modelli di buchi neri bidimensionali.

Nella prima parte, affrontiamo la definizione e il calcolo dell’azione efficace a 1-loop,
un oggetto cruciale per lo studio delle correzioni quantistiche alle teorie di campo clas-
siche. Sebbene ’espansione standard di Gilkey-Seeley-DeWitt fornisca un metodo per
regolarizzare le divergenze, essa risulta computazionalmente costosa e di natura perturba-
tiva. Questo documento presenta e sviluppa uno schema di risommazione per il nucleo del
calore che cattura alcune informazioni non perturbative e semplifica il calcolo dei termini
di ordine principale. Questa formula di risommazione viene applicata con successo a vari
sistemi, inclusi campi scalari con accoppiamenti di Yukawa, I’Elettrodinamica Quantistica
e configurazioni di campo disomogenee. Tali metodi consentono un’analisi piu precisa di

fenomeni come 'effetto Schwinger e la polarizzazione del vuoto.

La seconda parte si concentra sull’evoluzione semiclassica dei buchi neri, utilizzando
modelli di gravita dilatonica in 2D (in particolare il modello Callan-Giddings-Harvey-
Strominger) come banco di prova per affrontare questioni concettuali come la perdita di
informazione e le singolarita spaziotemporali. Esaminiamo il modello Russo-Susskind-
Thorlacius, che risolve analiticamente le equazioni di retroreazione (backreaction), ma
che tipicamente prevede la formazione di singolarita nude, minacciando 'unitarieta. Per
risolvere tali problemi, proponiamo una modifica all’approccio semiclassico standard in-
corporando campi con cariche centrali negative (come i fantasmi di Faddeev-Popov) ac-
coppiati a una metrica ausiliaria conformemente piatta. I risultati mostrano che, sotto
specifiche condizioni che coinvolgono cariche centrali negative sufficientemente grandi, la
singolarita nuda viene completamente rimossa dall’evoluzione dello spaziotempo. Al suo
posto, il sistema evolve con un orizzonte apparente che nasconde una regione regolare
dello spaziotempo, suggerendo un percorso per ’evoluzione dei buchi neri che evita rot-
ture catastrofiche della predicibilita e offre nuove prospettive sul ruolo del contenuto di

materia nel collasso gravitazionale.
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Sumario

Esta tesis doctoral explora la interseccién de la Teoria Cuantica de Campos y la Rela-
tividad General en el marco de la Teoria Cudntica de Campos en espaciotiempos cur-
vos. La investigacion se divide en dos secciones principales: el desarrollo de herramientas
matemadticas relacionadas con la accién efectiva y el nicleo de calor (heat kernel), y la
aplicacién de estas herramientas a modelos de agujeros negros bidimensionales.

En la primera parte, abordamos la definicién y el calculo de la accién efectiva a 1-bucle,
un objeto crucial para el estudio de las correcciones cuanticas en teorias de campos clasicas.
Si bien la expansién estandar de Gilkey-Seeley-DeWitt proporciona un método para regu-
larizar divergencias, resulta computacionalmente costosa y es de naturaleza perturbativa.
Este documento presenta y desarrolla un esquema de resumacién para el nticleo de calor
que captura cierta informacién no perturbativa y simplifica el cdlculo de los términos
de orden principal. Esta féormula de resumacién se aplica con éxito a diversos sistemas,
incluyendo campos escalares con acoplamientos de Yukawa, Electrodindmica Cudantica, y
configuraciones de campos inhomogéneos. Estos métodos permiten un anélisis més preciso

de fenémenos como el efecto Schwinger y la polarizacién del vacio.

La segunda parte se centra en la evolucién semiclasica de los agujeros negros, utilizando
modelos de gravedad dilaténica en 2D (especificamente el modelo Callan-Giddings-Harvey-
Strominger) como campo de prueba para abordar problemas conceptuales como la pérdida
de informacién y las singularidades espaciotemporales. Examinamos el modelo Russo-
Susskind-Thorlacius, el cual resuelve analiticamente las ecuaciones de reaccién inversa
(backreaction), pero que tipicamente predice la formacién de singularidades desnudas,
amenazando la unitariedad. Para resolver estos problemas, proponemos una modificacién
al enfoque semiclésico estdndar incorporando campos con cargas centrales negativas (como
los fantasmas de Faddeev-Popov) acoplados a una métrica auxiliar conforme plana. Los
resultados muestran que, al considerar la inclusién de cargas centrales negativas suficien-
temente grandes, la singularidad desnuda se elimina por completo de la evolucién del
espaciotiempo. En su lugar, el sistema evoluciona con un horizonte aparente que oculta
una regién regular del espaciotiempo, sugiriendo una via para la evolucién de los agujeros
negros que evita rupturas catastréficas de la predictibilidad y ofrece nuevas perspectivas

sobre el papel del contenido material en el colapso gravitacional.

il



Resumen de la tesis

Durante las ultimas décadas, uno de los campos de estudio mas explorados en el ambito
de la Fisica Tedrica es el comportamiento de la materia a nivel cuantico, especialmente
cuando dicha materia se somete a altos niveles de energia. El estudio de las fuerzas
fundamentales a nivel microscopico ha permitido el desarrollo de teorias tan poderosas
como la Electrodindmica y Cromodindmica Cuédnticas, culminando en la formulacién del
Modelo Estandar de la Fisica de Particulas, que a dia de hoy sigue representando la piedra
angular de nuestro entendimiento de las leyes fisicas en general, y de la Teoria Cuantica

de Campos, en particular.

Sin embargo, el Modelo Estandar no se encuentra libre de imperfecciones. A niveles
bajos de energia todas las interacciones fundamentales se pueden explicar, rudimentaria-
mente, empleando cuatro fuerzas independientes (a saber, electromagnética, nuclear fuerte
y débil, y gravitatoria). Las diferencias de intensidad de estas interacciones permiten crear
una jerarquia mediante la cual los efectos de las interacciones mas débiles en un sistema
pueden ser desestimados en favor de las mas fuertes. En particular, la Teoria Cudntica de
Campos tradicionalmente desestima la interaccion gravitatoria entre las particulas pues,
en situaciones cotidianas o alcanzables por nuestros experimentos actuales, su contribucién

resulta despreciable en comparacién con las demas.

Sin embargo, existen situaciones en las que los niveles de energia se vuelven tan elevados
que resulta imposible seguir ignorando las contribuciones de las interacciones cuanticas
por separado. Es en estos regimenes donde surgen las llamadas teorias de unificacién,
revelando que lo que a priori parecieran construcciones muy diferentes pueden en realidad
englobarse en formalismos tedricos més potentes y de mayor rango de aplicacion. La teoria
electrodébil y las Teorias de Gran Unificacién (GUTSs por sus siglas en inglés) son ejemplos
de este fenémeno, permitiendo englobar tres de las interacciones fundamentales en un solo
marco comun. Es por ello que no es de extranar que la atenciéon de muchos investigadores
se haya dirigido a intentar encontrar una teoria unificada o “Teoria del Todo”, que permita

explicar todas las interacciones de la Fisica mediante un dnico modelo global.

Precisamente la interaccién gravitatoria presenta uno de los mayores escollos en esta
bisqueda. Aunque la descripcidén clésica de la gravedad lleva més de un siglo tedricamente
aflanzada y experimentalmente corroborada, a dia de hoy no podemos decir que hayamos

podido describir la forma en que los sistemas cuanticos interactian gravitacionalmente.
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Son incontables las propuestas que a lo largo de los anos han surgido al respecto, pero por
el momento ninguna parece haberse impuesto definitivamente como la ruta a seguir. En no
poca medida, esto se debe a que la comprobacion experimental de las teorias de gravedad
cudntica no es técnicamente posible en el estado actual de nuestros experimentos. Se
requiere la observacién de sistemas en interaccion a niveles de energia tan elevados que es
simplemente imposible disenar un experimento de laboratorio. Nuestra tnica baza por el
momento es la observacién de sistemas reales en los que estas condiciones se den de forma
natural, lo cual limita sobremanera nuestras posibilidades para realizar comprobaciones.
Los tnicos fenémenos gravitatorios suficientemente energéticos (como para que los efectos
cuénticos sean claramente visibles) de los que tenemos constancia son aquellos asociados
a la presencia de agujeros negros u otro tipo de singularidades espaciotemporales, como
el Big Bang.

Asi pues, en el momento actual resulta imposible determinar si una teoria completa de
gravedad cudntica es correcta, o si es siquiera factible cuantizar las interacciones gravitato-
rias sin introducir nuevos fenémenos que por el momento nos son desconocidos. Muchas de
las teorias més populares que intentan explicar la gravedad a nivel cuantico, como la Teoria
de Cuerdas o la Gravedad Cudntica de Bucles (LQG por sus siglas en inglés) se basan en
la introduccién de nuevos sistemas de particulas fundamentales y/o de la redefinicién del
espaciotiempo en el que nuestro universo se encuentra, anadiendo dimensiones adicionales
o discretizando la propia estructura del mismo. Siendo esta la situacion, es posible que la
presentacién de una teoria completa que involucre la gravedad y las demads interacciones

a nivel cudntico sea un proyecto demasiado ambicioso por el momento.

El planteamiento principal detras de la Teoria Cuéntica de Campos en espaciotiem-
pos curvos (QFTCS por sus siglas en inglés) podria resumirse en la necesidad de dar
un paso atras y enfocarse en modelos “de transicién” que permitan vislumbrar algunas
de las propiedades que una teoria de gravedad cudntica deberia poseer para poder ex-
plicar debidamente fenémenos maés accesibles, de la misma forma que la teoria de la Elec-
trodinamica Cuantica debe ser capaz de explicar los fendémenos clésicos de la electricidad
y el magnetismo que experimentamos cotidianamente. En este sentido, QFTCS propone
un planteamiento semiclasico en el que los sistemas cuanticos se encuentran inmersos en
una interaccién gravitatoria lo suficientemente potente como para que sus efectos afecten
de alguna forma a las interacciones cuanticas, pero no lo suficiente como para que la

aproximacion clasica dada por la Relatividad General de Einstein deje de ser efectiva. Asi



pues, el campo gravitatorio se muestra como un “escenario” de fondo que puede mod-
ificar el comportamiento de los campos cuanticos que se propagan por €él, pero que no
se ve afectado a su vez por estos como si lo harfa en un modelo completo de gravedad

cuintica.

El objetivo de esta tesis es profundizar en una de las herramientas mas potentes en la
formulacién de QFTCS, conocida como la accion efectiva. Para este propdsito, el trabajo
se divide en dos grandes bloques. Mientras que en la primera parte del documento se
explora la definicién y cédlculo de este objeto, la segunda se enfocarda en su aplicacion
a un modelo particular de agujeros negros, obteniendo asi una serie de predicciones y
resultados que no serfan posibles de un tratamiento meramente cldsico del sistema. Asi
pues, deberia quedar demostrada la necesidad de seguir impulsando la investigacion en
modelos de QFTCS como manera de ahondar en la naturaleza cuantica de la gravedad, al
menos mientras seguimos a la espera de un modelo completo que pueda ser comprobado

experimentalmente.

En términos generales, cuando hablamos de “cuantizar” una teoria, solemos verlo como
un proceso activo a través del cual una serie de modelos y variables que conforman una
teoria fisica clasica son sustituidas por sus equivalentes cuanticos. Sin embargo, esta
definicién ignora la naturaleza y peculiaridades de los dos formalismos (clasico y cudntico),
que son muchas y de gran calado incluso si nos centramos exclusivamente en el aspecto
matematico, sin profundizar en las posibles interpretaciones fisicas. Las teorias fisicas
clasicas se construyen sobre una filosofia base de determinismo puro, segin la cual el
unico impedimento a la hora de realizar mediciones y predicciones (hacia el futuro o
hacia el pasado) infinitamente precisas es el error experimental dado, por ejemplo, por
el desconocimiento de algunas variables iniciales o por la imprecision de los detectores
empleados. Los modelos matematicos que describen estas teorias, en cambio, carecen
de esta limitacién al estar formulados en términos de funciones reales y conmutativas,
permitiendo a priori realizar un nimero ilimitado de predicciones de infinita exactitud.
Las teorias cuanticas, por su parte, solo se pueden describir en términos de operadores
cuénticos, objetos que, en general, estan sujetos a reglas de (anti)conmutacién no-triviales;
asi pues, la propia formulacién matematica empleada acarrea inherentemente una incer-
tidumbre asociada a estas reglas. Adicionalmente, el mero hecho de “medir” pasa a ser
una fuente de dudas, puesto que supone el colapso instantineo e irreversible de la funcién

de onda del sistema, el objeto fundamental en teorias cudnticas que describe todas las
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“posibilidades” del mismo, a otra forma completamente distinta (aquella compatible con
el resultado de la medida) a través de un proceso indeterminado. Estas y otras cuestiones
apuntan al hecho de que tender un puente entre la Fisica clasica y la cudntica no puede

ser un proceso sencillo.

Consecuentemente, existen diferentes esquemas de cuantizaciéon que han surgido con
el paso del tiempo, cada uno con sus propias reglas, suposiciones y justificaciones. La
idea implicita detras de esta variedad es que, aunque recorran diferentes caminos, todos
ellos deberian dar lugar a las mismas predicciones y por tanto ser simplemente “diferentes
formas de ver el mismo problema”. Sin embargo, aunque esto es demostrable para sis-
temas con un numero finito de grados de libertad, no esta garantizado en el momento en el
que pasamos a un numero infinito de ellos (por ejemplo, cuando consideramos un campo
definido sobre todo el espaciotiempo). Esta ambigiiedad en los métodos de cuantizacion es
lo que da lugar a fenémenos conocidos, como el efecto Unruh, por el cual dos observadores
distintos pueden llegar a tener dos definiciones no-equivalentes del vacio y de lo que es
una particula. El proceso mas directo de cuantizacién, empleado en sistemas discretos
y generalizable a sistemas continuos, es la llamada cuantizaciéon canodnica, que sustituye
todas las coordenadas y momentos asociados a estas por operadores que conmutan sigu-
iendo una regla equivalente a la de los corchetes de Poisson en dindmica clasica. Existen
otros métodos de cuantizacion que emplean prescripciones diferentes, como la cuantizacion

geométrica o la cuantizacién BRST.

Sin embargo, para sistemas continuos en los que haya varios campos cudnticos inter-
actuando entre si, el método mas cominmente empleado es sin duda el formalismo de la
integral de camino de Feynman. En lugar de intentar describir el sistema en términos
de una funcionalidad de onda que evoluciona en el tiempo, este procedimiento permite el
calculo directo de la probabilidad de transicién entre un estado inicial y uno final mediante
la consideracién simultanea y ponderacion de todas las posibles evoluciones que el sistema
haya podido seguir para llegar del uno al otro; en pocas palabras, representa un analogo
cuantico a las ideas de la mecanica Lagrangiana y el principio de accién estacionaria. El
calculo explicito de la integral de Feynman suele realizarse mediante una expansion en
serie perturbativa, donde cada término se asocia a un diagrama de Feynman cuya estruc-
tura interna determina el peso relativo de dicho término en el resultado final; visualmente,
esto se manifiesta en la presencia de bucles internos dentro del diagrama, distinguiendo el

orden principal (sin bucles) de las correcciones a 1, 2, etc. bucles.
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El formalismo de Feynman representa sin duda uno de los pilares fundamentales en
nuestro entendimiento actual de las interacciones cuanticas, proporcionando una forma
relativamente concisa y directa para su estudio. Sin embargo, aplicar directamente el for-
malismo de Feynman a la teoria gravitatoria resulta en en un modelo no-renormalizable
que se vuelve inutilizable a altas energias. Especificamente, la expansiéon en diagramas de
Feynman presenta un numero infinito de términos divergentes que no pueden ser reab-
sorbidos de ninguna manera empleando un numero finito de contratérminos, por lo que
se vuelve necesario cortar el calculo de manera artificial y solo considerar aproximaciones
hasta cierto punto. Se hace evidente que es necesario explorar alternativas para tratar la

gravedad en este tipo de sistemas.

La accion efectiva se presenta como una de estas alternativas, siendo esencialmente una
adaptacién del concepto clasico de la accién de un sistema al formalismo cuantico, gen-
eralmente a través del principio de Schwinger. Hacer esto representa un salto conceptual
que no puede desestimarse: ser capaz de construir un perfecto andlogo de la accion clasica
en el formalismo cudntico implicaria poder condensar toda la informaciéon de un sistema
cuantico en un unico objeto, y realizar cdlculos y predicciones sin necesidad de recurrir
a expansiones perturbativas infinitas. Por desgracia, encontrar una expresién cerrada y
explicita de la accién efectiva de un sistema solo es posible en situaciones muy concretas y
para sistemas sencillos, por lo que un tratamiento general completamente no-perturbativo

de los campos cudnticos atin queda lejos de ser una realidad.

Sin embargo, es posible encontrar una expresion exacta de la accion efectiva para
cualquier sistema cuya accién clasica sea, como mucho, cuadratica en los campos o, siendo
mas genéricos, para cualquier sistema cuyos campos se puedan considerar “casi clasicos”, es
decir, donde se puedan tomar como la suma de un término clasico y una correccién cudntica
desestimable en una expansién perturbativa de la accién para términos de orden mayor a

2. Haciendo esto, se puede encontrar que la accién efectiva consta de dos términos

I'=5+ilogdet Q

donde el primero es la accién clésica, y el segundo es conocido como la accion efectiva a
1-bucle. En préximos parrafos entraremos en la definicién y calculo de este término, pero
es importante destacar que esta expansion ya resulta de utilidad para explorar efectos

semiclasicos en teorias de campos, como la produccién de particulas en el vacio.
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La expresién anterior puede parecer sorprendentemente sencilla; sin embargo, el objeto
Q descrito en ella no es una simple matriz finita que permita hacer cdlculos explicitos, sino
un operador diferencial asociado a la accién clésica del sistema en cuestién (y que, por
tanto, serd generalmente de dimension infinita). Debido a esto, esta expresién solo puede
tomarse como una definicién formal, y solo podra adquirir un sentido practico al encontrar
un método para regularizar y acotar un valor para “logdet @”. Esto suele realizarse
mediante la definicién de un operador de “nticleo de calor” (heat kernel) K (1) = exp(iTQ).
En términos de este operador, la accion efectiva a 1-bucle puede pasar a redefinirse como
una integral sobre la traza del mismo. La ventaja de este operador radica en que, tal y como
su nombre indica, sus elementos de matriz satisfacen ecuaciones diferenciales de difusion
de segundo orden. Si es posible encontrar una solucién exacta de dichas ecuaciones,
entonces se puede hacer un cédlculo explicito de la accién efectiva del sistema. En este
documento se presentan algunos ejemplos de esto, mostrando resultados ya conocidos,

como el Lagrangiano efectivo de Euler-Heisenberg.

Para aquellos casos en los que sea imposible encontrar una solucién exacta de la
ecuacion de difusién, se vuelve a hacer imperativo emplear una expansiéon perturbativa.
A efectos préacticos, el método mas comtunmente empleado se conoce como expansién de
Gilkey-Seeley-DeWitt (GSDW), donde el orden de los términos viene dictado por el expo-
nente del tiempo propio 7. La justificacién de este método se basa en que solo los primeros
términos de la expansion dardan lugar a divergencias en la expresion de la accion efectiva,
siendo estos los que deberdn regularizarse para que el resultado final no sea divergente.
Dado que los coeficientes de la expansion son calculables iterativamente empezando desde

el primero, esto implica que solo un nimero finito de ellos seran realmente relevantes.

La expansién GSDW resulta ser una herramienta muy poderosa para el cdlculo de las
divergencias en la accion efectiva a 1-bucle, permitiendo determinar correcciones cuanticas
a la accion del sistema con relativa simpleza. Sin embargo, el proceso iterativo de calculo
de los coeficientes de la serie se vuelve complejo rapidamente. Adicionalmente, uno de los
motivos principales para utilizar la accion efectiva en lugar del formalismo de Feynman era
la posibilidad de encontrar un método lo més exacto posible para tratar sistemas cuanticos;
seria por tanto preferible ser capaz de encontrar una formulacién alternativa que permitiera
extraer algo més de informaciéon no-perturbativa del sistema y pudiese simplificar los
célculos en el proceso. A lo largo de los anos ha habido numerosos trabajos en esta linea,

proponiendo diferentes métodos de “resumacion” del heat kernel; sin embargo, hasta el
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momento no se ha podido encontrar un modelo que funcione en todo tipo de sistemas

siendo cada uno restringido a diferentes familias de teorias.

La propuesta principal de la primera parte de la tesis es, precisamente, una de estas
férmulas de resumacién. Basada en trabajos previos de Brown y Duff, en este documento
mostramos que es posible encontrar una resumacién que funciona para cualquier sistema
consistente en un campo cudntico inmerso en un potencial clasico en espaciotiempo plano.
La férmula obtenida permite extraer toda la informacion que depende exclusivamente del
potencial y sus primeras dos derivadas de la expansién perturbativa, colocandola en su
lugar en un prefactor global multiplicativo. En otras palabras, para cualquier sistema
con un potencial cuadratico, la expresién del heat kernel se vuelve exacta, mientras que
para sistemas con un potencial de mayor rango el proceso de calculo iterativo se vuelve
considerablemente mas sencillo. Esta férmula se desarrolla y comprueba para sistemas
escalares con interaccion de Yukawa y electromagnética y, tras algunos ajustes, es posible
generalizarla a un sistema de Electrodindmica Cuantica sencillo. Este iltimo caso permite
resumar las contribuciones que no dependen de las derivadas del campo electromagnético,
simplificando los cédlculos asociados; adicionalmente, el prefactor global obtenido puede
relacionarse directamente con el Lagrangiano de Euler-Heisenberg, presentandose como

una version local expandida del mismo.

De la misma forma, el mismo método empleado para obtener esta férmula parece poder
adaptarse a sistemas donde la ecuacién de difusion del heat kernel presenta un término in-
homogéneo lineal en derivadas. La argumentacién se basa, en primer lugar, en un pequeno
modelo tedrico con un campo vectorial genérico, para luego pasar a discutir el caso de una
interaccion entre un campo espinorial cuantico interactuando con un campo axial clasico;
estos modelos pueden utilizarse para describir la transmisiéon de un campo espinorial en
un espaciotiempo con torsién. Aunque no ha sido posible extraer resultados concluyentes,
existen argumentos para creer que este método es efectivamente utilizable en este caso,
lo cual apunta a posibles generalizaciones a espaciotiempos curvos. Esto es especialmente
emocionante porque, aunque es probable que el caso de un campo gravitatorio genérico
sea demasiado complejo, la aplicacion de este método a campos sencillos podria ser de
utilidad en la construccién de modelos analogos en el campo de Estructura de la Materia.
Estos modelos, hoy en dia, son lo mas cercano a experimentos en QFTCS que se puede
realizar en un laboratorio, por lo que podrian suponer una puerta a nuevas observaciones

en ambos campos.



La segunda parte de este documento se enfoca en las aplicaciones de la accién efec-
tiva en teorias gravitatorias. Tal y como se introdujo anteriormente, la teoria clasica
de la gravitacién méas completa hoy en dia es la Relatividad General de Einstein, cuya
principal caracteristica (y uno de los mayores impedimentos a la hora de intentar cuan-
tizarla) es la forma en que se trata la gravedad. En lugar de interpretar la gravedad
como una fuerza que interactia con los campos de un sistema, esta se entiende como una
caracteristica geométrica del propio espaciotiempo en el que los campos se propagan, rep-
resentado matematicamente en forma de una variedad diferenciable, con un tensor métrico
que define su curvatura. Dado que este espaciotiempo considera las dimensiones espaciales
y temporales al mismo nivel, conceptos como los vectores, las distancias y tamanios o las

velocidades deben asimismo generalizarse adecuadamente.

Uno de los elementos principales de la Relatividad Especial es la nociéon de que la
velocidad de la luz en el vacio es un maximo inalcanzable por ningin sistema material
(al menos, sin introducir nociones exéticas como los taquiones). En Relatividad General
este concepto se vuelve local, por lo que es posible que en ciertos sistemas de referencia
haya objetos que aparenten desplazarse mas rapido que la luz; un ejemplo paradigmatico
de esto es la expansion cosmoldgica. Sin embargo, la estructura de causalidad entre
diferentes eventos en el espaciotiempo siempre debe mantenerse; asi, en cada punto del
espaciotiempo se define un cono de luz que separa aquellos eventos que se encuentren
causalmente conectados con él (es decir, para los que es posible mandar una sefial de uno
a otro sin superar la velocidad de la luz) de aquellos que no. Estas nociones se extienden
en general a trayectorias y superficies sobre todo el espaciotiempo, pudiendo clasificarlas
en tipo tiempo, tipo luz (en el caso extremo en que solo un rayo de luz u otra posible

particula sin masa pueda recorrerla) y tipo espacio.

Si es posible construir una superficie tipo espacio que intersecciona con todas las trayec-
torias tipo luz y tiempo del espaciotiempo una tnica vez (lo que se conoce como superficie
de Cauchy), entonces se dice que el espaciotiempo es globalmente hiperbdlico. La existen-
cia de esta superficie garantiza que la teoria es completamente determinista; conociendo
el estado de un sistema en una superficie de Cauchy, es posible determinar la evolucién
tanto hacia el futuro como el pasado con total precision; algunos ejemplos de espaciotiem-
pos globalmente hiperbdlicos incluyen el espaciotiempo plano de Minkowski, y el modelo
FLRW de expansion cosmoldgica. La hiperbolicidad global de un espactiotiempo implica

necesariamente que ningin objeto puede viajar a su propio pasado.
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Como todas las teorias clasicas de campos, la dindmica de la Relatividad General
puede obtenerse de una accién o un Lagrangiano. El Lagrangiano mas comun utilizado
en este caso es el Einstein-Hilbert, que puede utilizarse para derivar las ecuaciones de
campo de Einstein. Estas ecuaciones relacionan directamente el contenido de materia de
un sistema fisico (parametrizado por el tensor de energia-momento) con la curvatura del
espaciotiempo en el que se encuentra (parametrizada por invariantes como el escalar de
Ricci); popularmente hablando, “la curvatura le indica a la materia cémo moverse, y la
materia le indica al espaciotiempo cémo curvarse”. Esta interconexién presenta una de
las mayores dificultades a la hora de desarrollar un modelo semicldsico o cudntico de la
gravedad; al introducir correcciones cuanticas en la curvatura, estas modifican los valores
del tensor de energia-momento, que a su vez modifican de nuevo la gravedad en un pro-
ceso denominado reaccién inversa (backreaction), entrando en un proceso retroalimentado
infinito. Por otra parte, y aunque existen fuertes indicaciones de lo contrario, no estéd de-
mostrado a dia de hoy que el proceso de cuantizacién no rompa la estructura globalmente
hiperbdlica del espaciotiempo; asi pues, en el proceso de cuantizar una teoria de gravedad

es necesario asegurarse de que la estructura causal no se vea alterada.

Volviendo al formalismo cldsico, un conjunto de soluciones de las ecuaciones de Einstein
de particular interés son las llamadas soluciones de agujero negro. Aunque originalmente
se consideraban un mero artificio matemaético, su existencia ha sido probada en numerosas
ocasiones desde entonces. En términos populares, los agujeros negros son regiones del es-
paciotiempo de las cuales es imposible escapar sin superar la velocidad de la luz. Su
caracteristica mas conocida es la presencia de una singularidad, una regién en la que la
curvatura del espaciotiempo se vuelve infinita, en su interior. Las singularidades son el
indicador més estridente de que la Relatividad General por si misma no puede ser la ex-
plicacion definitiva de la gravedad, puesto que la teoria pierde su capacidad predictiva
en ellas. En otras palabras, para obtener un conocimiento completo de los agujeros ne-
gros, resulta imprescindible extender la teoria de la gravedad, seguramente incluyendo
nuevos fenémenos semicldsicos y cuanticos que surjan al aumentar la curvatura del espa-
ciotiempo.

El agujero negro mas simple, y a la vez més conocido, es el modelo de agujero negro
de Schwarzschild. Representa la curvatura generada por una distribucién esférica de masa
concentrada en un tnico punto (o al menos, en un volumen menor al determinado por el

radio de Schwarzschild, que indica la posicién del horizonte de eventos del agujero negro).
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Se trata de una solucién estatica de las ecuaciones de Einstein, en la que el agujero negro
existe en todo momento desde el pasado infinito hasta el futuro infinito. Es, por tanto,
una solucién que no esperamos encontrar en el mundo real, pero que puede servir para
comprender algunos de los elementos basicos del estudio de agujeros negros. Entre ellos,
quizés la herramienta mas potente sea el desarrollo del diagrama de Penrose asociado al
espaciotiempo. Aunque esta representacion de las coordenadas distorsiona completamente
las distancias que separan los puntos, también otorga una visualizacion clara de la estruc-
tura causal del espaciotiempo, permitiendo distinguir las regiones asociadas al agujero
negro de aquellas libres del mismo, donde las trayectorias de tipo luz pueden escapar a
las conocidas como regiones asintéticamente planas (tan alejadas del agujero negro que la

curvatura es virtualmente indistinguible de la del espaciotiempo plano).

Una idea mas realista de un agujero negro es considerar que su formacién se debe al
colapso gravitacional de un objeto masivo, como una estrella. Desde el punto de vista
puramente clasico, una vez formados los agujeros negros se vuelven elementos estaticos y
eternos, cuya informacion puede determinarse mediante solo tres pardmetros: su masa, su
carga eléctrica y su momento angular. Cualquier otra informacién acerca de la materia
que formo el agujero negro se pierde por completo, lo cual supone un conflicto directo con
las leyes de la Termodindmica pues el simple hecho de arrojar materia al interior de un
agujero negro permitiria disminuir la entropia del universo. Bekenstein propuso que la
entropia del agujero negro debia aumentar para compensar esta pérdida, argumentando
que esta debia ser proporcional a su superficie externa. El hecho de que los agujeros negros
tengan una entropia naturalmente implica que también deben tener una temperatura, que
podria detectarse en forma de radiacion emitida. En efecto, este fenémeno fue descrito
por Hawking poco después; los agujeros negros deberian comportarse como un cuerpo
negro que emite radiaciéon a una temperatura concreta, que depende de su masa. Este
resultado constituye el primer efecto inherentemente semicldsico o cuantico asociado a los
agujeros negros. No debemos asumir que esto resuelve por completo las dudas en torno
a la evolucién de los agujeros negros; presumiblemente, el proceso de radiacién Hawking
continuia indefinidamente hasta que el agujero negro pierda toda su masa y se evapore, pero
la naturaleza exacta de este fenémeno no esta clara, especialmente en lo que concierne a
sus ultimas fases. Por otra parte, sigue habiendo un conflicto en lo que a la informacién de
la materia que formé el agujero negro se refiere; aunque esta pudo haber sido de cualquier

tipo, el agujero negro solo devuelve radiacién de cuerpo negro.
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Entender estas particularidades de los agujeros negros seguramente requiera de la elab-
oracién de un modelo cudntico completo de la gravedad. Sin embargo, a la complejidad
conceptual de estos modelos se suma la dificultad mecédnica de tratar con estos sistemas
en cuatro dimensiones espacio-temporales. Es por ello que en los tltimos anos ha habido
cierto interés por la construccién y estudio de sistemas de agujeros negros en dos di-
mensiones, simplificando enormemente el componente matematico mientras se conserva
la mayor cantidad de elementos esenciales posibles de los modelos en dimensionalidades
superiores. Sin embargo, esta decisién no estd exenta de problemas; uno de los més
alarmantes es que el Lagrangiano de Finstein-Hilbert en dos dimensiones se vuelve un
invariante topolégico, perdiendo su capacidad para generar ecuaciones dinamicas para los
campos. Es por ello que se vuelve imperativo buscar modelos alternativos de gravedad
en dos dimensiones que si puedan generar dichas ecuaciones. Una familia de sistemas de
especial interés en este sentido son los modelos de campos dilaténicos, como el modelo
Callan-Giddings-Harvey-Strominger (CGHS).

Uno de los puntos clave para trabajar en 2D es que, en estas condiciones, cualquier
métrica puede escribirse localmente en una forma conforme plana. Clédsicamente, la
simetria conforme se asocia con una ligadura de traza del tensor energia-momento de
la materia presente en el sistema. Sin embargo, al intentar calcular la accién efectiva aso-
ciada a este, se puede demostrar que uno de los contratérminos necesarios para regularizar
las divergencias de la misma anade una modificacion a la traza del tensor energia-momento,
rompiendo esta ligadura del sistema en un proceso llamado “anomalia de traza”. El valor
de la traza puede relacionarse de forma directa con la carga central del sistema estudiado,

que en cierta forma da cuenta del nimero de grados de libertad del mismo.

Asi pues, podemos considerar el modelo CGHS clésico y tratar de expandirlo para
incluir fenémenos semicldsicos. Al hacerlo, la accién cldsica se ve modificada por un
término extra denominado accién de Polyakov. Desafortunadamente, el sistema formado
por estos dos términos no es analiticamente resoluble, por lo que es necesario introducir
contratérminos adicionales que recuperen la analiticidad sin modificar los resultados fisicos.
Existen diferentes acercamientos a este problema, siendo dos de ellos los modelos de Russo-
Susskind-Thorlacius (RST) y Bose-Parker-Peleg (BPP). Es posible demostrar que estos
dos modelos forman en realidad parte de una familia uniparamétrica de teorias, por lo que
las conclusiones obtenidas por ambos deberian ser equivalentes. Utilizando estas teorias,

es posible construir un modelo de agujeros negros en dos dimensiones que se forma por
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el colapso de materia, empieza a emitir radiacién Hawking mientras se evapora, hasta
el punto en el que la singularidad y el horizonte del agujero negro se encuentran. Es
en este punto donde deja de ser posible estudiar la evolucién del sistema sin introducir
nueva informacién ad hoc; en el caso de RST, una solucién habitual es considerar que
el espaciotiempo vuelve a ser plano tras la desaparicién del agujero negro. Esto, sin
embargo, trae ciertos problemas conceptuales, asociados principalmente a la presencia de
dos fenémenos conocidos como thunderpop (una pequena emisién de energia negativa) y

thunderbolt (una singularidad desnuda que rompe la unitariedad de la teoria).

Hay otro punto importante a destacar en este proceso, que merece atenciéon. El modelo
CGHS, como se ha introducido arriba, tiene un alto grado de simetria en su métrica.
Esta libertad gauge debe ser considerada en el proceso de cuantizacion; habitualmente,
el procedimiento empleado para ello es la introduccién de campos fantasma de Faddev-
Popov. Sin embargo, esto modifica la carga central del sistema; particularmente, este
conjunto de campos presenta una carga central negativa. Si simplemente modificamos
el sistema para incluir estos campos, entonces es necesario incluirlos en el proceso de
radiacion Hawking, lo que harfa visibles estos campos a priori auxiliares. Generalmente,
el modelo RST considera solo casos en los que la cantidad de campos fisicos es tan elevada
que esta contribucion es despreciable en comparacion, pero en sistemas menos poblados es
imposible eludirla. En esta tesis proponemos una alternativa a esta construccién en la que
los campos de carga central negativa no interaccionan con la métrica general del sistema,
sino con su equivalente (a través de transformaciones de simetria) conforme plana. Esto

deberia asegurar que su contribucién a la radiacién Hawking sea nula.

El modelo resultante presenta una serie de elementos clave que inmediatamente llaman
la atencién. En primer lugar, aunque existe una regién que podriamos asociar a un hori-
zonte aparente de agujero negro, el espaciotiempo nunca desarrolla una singularidad en su
interior. En su lugar, se desarrollan tres regiones asintoticamente planas distintas, cuya
radiaciéon Hawking puede ser estudiada. Los resultados parecen indicar que, conforme nos
acercamos a tiempos infinitos, el flujo de energia se vuelve similar al del sistema CGHS
semiclasico en la zona exterior, mientras que la radiacién en el interior parece colapsar en
torno al horizonte y permanecer relativamente nula lejos de este. Se requiere de calculos
mas precisos para completar el dibujo de este modelo, y especialmente se vuelve impre-
scindible comprobar el balance de energia del mismo, puesto que de él depende si este tipo

de construccién es capaz de evitar fendmenos como el del thunderpop/thunderbolt.
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En cualquier caso, resulta evidente que el campo de estudios en los modelos de agu-
jeros negros en particular, y en efectos semiclésicos en sistemas gravitatorios en general,
se encuentra en un momento muy activo. Herramientas como la accién efectiva permiten
indagar en correcciones cuanticas causadas por la interaccién a altas energias, desarrol-

lando aproximaciones que quizas puedan servir para guiar nuestra busqueda de modelos

mas potentes en el futuro.
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Chapter 1

Introduction

Over the past century, there has been an increasing interest in the idea of unification
of Theoretical and Mathematical Physics models. Motivated by successful stories
like the unification of electricity and magnetism back in the 1800s, as well as the
deep connections between symmetries and physics that lie at the heart of fields
like Particle Physics, many physicists have favored the idea of a grand model of
the universe that encompasses every possible phenomena, a so-called “Theory of
Everything”. This aspiration is deeply seeded in a combination of logical necessity
and, most prominently, an idealistic aspiration that nature follows a simple, elegant
blueprint. While the existence of such a theory, at the time of writing, remains
a distant chimera, it is still of great relevance to gain a better understanding of
the possible commonalities and even explicit interconnections between a priori very

different systems.

One such particular connection that lies at the near top of the “priority list”
for modern researchers is the one between gravity and the rest of the fundamental
forces. At the mathematical level, this implies the formulation of a model that

ultimately encompasses both General Relativity and Quantum Field Theory. Many



attempts at a theory of “Quantum Gravity” have been made over the years; to name
a few, String Theory, Loop Quantum Gravity, asymptotic safety, CDTs (Causal
Dynamical Triangulations) or emergent gravity all pose alternative constructions
that could theoretically accomplish the goal [1-5]. However, the energy scales at
which all of these operate make it impossible to experimentally discern which of

them, if any, may be correct.

Taking a step back, we may reason that while a full theory of gravity at the quan-
tum level may be out of reach for now, we can still look for its remnants in slightly
more achievable regimes. Such is the reasoning for constructing a theory of quantum
fields in curved spacetimes (QFTCS), where the gravity is still treated as a classical
background that follows the rules of Einstein’s relativity, while any other field that
interacts with it is taken as a quantum object obeying its particular rules as such.
The energy scales at which QFTCS becomes relevant are still too high for its results
to be determined by a regular experiment; the only “available” places where gravity
becomes strong enough to be comparable to the rest of the forces in order to allow
us to distinguish its effects are the proximities of spacetime singularities, namely
black holes and the Big Bang singularity. Nevertheless, analogue experiments can
be set up in other fields of research; for example, in Condensed Matter models it
is possible to consider the material itself as the generator of a curved background
on which different kinds of excitation (modeled as quasi-particles like phonons or

excitons) move and interact [6, 7].

In any case, it remains painfully clear that we currently lack a good enough
(conceptual and experimental) understanding of both Quantum Physics and grav-
itational interactions in order to build a completely satisfying description of their
connections. The main purpose of this document is to expand upon our current
knowledge of the tools commonly used in QFTCS in order to understand loop-order
corrections due to quantum effects to classical interactions, namely the effective ac-
tion and heat kernel methods, and apply these to the study of gravitational systems,

most prominently black hole evolution.



Broadly speaking, the process of quantizing a classical field theory is taken as
an active procedure in which a set of classical variables is promoted into quantum
operators. In doing so, however, one must be aware of the fundamental differences
between both formalisms, not the least of which being that operators are not, in gen-
eral, (anti)commutative objects, unlike classical functions. While classical theories
can give theoretically infinitely accurate predictions on many relevant observables at
once, only being limited in real life by the precision of our measurements, quantum
theories have an inherent unremovable uncertainty that stems from this noncommu-
tativity of the observables. But even before that, quantum theories find themselves
against a wall when describing the mere act of “measuring” an observable, since our
current understanding implies that the deterministic in nature wave function that
describes the system instantly collapses to another completely different form (that
compatible only with the result of the measurement) through some undetermined
process; classical theories, on the other hand, do not have any of these quirks with
regards to measuring. Thus, it is not unreasonable to conclude that bridging the

gap between the classical and quantum realms is a highly nontrivial endeavor.

Many quantization procedures have been devised over the years, each with differ-
ent reasonings, assumptions and procedures attached to them. The implicit under-
standing is that they should give rise to the same predictions, eventually conflating
to “different views of the same problem”; however, while that is indeed the case for
finite systems, it is not guaranteed for systems with infinitely many degrees of free-
dom [8]. In fact, one can have the vacuum state defined in two unitarily inequivalent

ways, leading to phenomena like the Unruh effect [9, 10].

The most evident and direct quantization method, known as canonical quantiza-
tion, stablishes that we promote all positions and momenta of a system of particles

to operators, while enforcing the commutation relations,

[#,p] = ih, (1.1)



as a quantum equivalent to the classical Poisson brackets. Second quantization
generalizes the idea to fields defined over spacetime, with the understanding that
their excitations can be seen as a process of particle creation and annihilation.
Other proposals like geometric quantization try to turn this process from a nearly
ad hoc imposition into a rigorous geometric process using the symplectic structure

of classical spacetime [11].

When treating complicated systems with different quantum fields interacting in
specific regions of spacetime, the most commonly employed procedure is by far the
Feynman, or path integral formalism. Instead of producing a wavefunction for the
quantum system to follow, this process allows for a direct calculation of transition
amplitudes from one initial state to another, by simultaneously considering all the
possible evolutions in-between, essentially expanding on the ideas of classical La-
grangian mechanics and the principle of stationary action [12]. Nevertheless, trying
to apply Feynman’s formalism directly to gravity theories results in a nonrenormal-
izable model that quickly becomes unusable at higher energies. Specifically, after
expanding the integral using the standard Feynman diagram perturbative expan-
sion, it is possible to see that the energy associated with the diagrams at every loop
level grows larger and larger, needing infinitely many counterterms in order to get
rid of the infinities that arise [13, 14]. It becomes necessary to introduce a specific
cutoff point and consider only quantum corrections up to a specific level. One such
way to study these effects is through the definition of the effective action, which is

the primary object of interest of the first half of this document.

Our best current theory for gravitation comes in the form of General Relativity,
which is a completely classical formalism. Its main claim to fame (and one of
the bigger impediments in trying to quantize it) is the way in which gravity is
interpreted; rather than being a force that acts on the fields that conform any system
we study, gravity is understood as a geometric feature of the spacetime itself in
which the fields live. This spacetime is formalized as a d-dimensional manifold that

encompasses both spatial and temporal directions, with an associated metric tensor



g defining its curvature. The interval that separates two infinitesimally close events

in spacetime, characterized by their coordinates {z"},-¢, . 41, is given by
ds® = g, (v) datda”, (1.2)

where repeated indices, with one as a subscript and one as a superscript, are im-
plicitly summed over. Flat spacetime will be taken to satisfy the specific relation
(9w) = () = diag(—1,+1,...,+1), where the —1 is assigned to the single time co-
ordinate. Throughout this document we will always use this mostly-plus convention,

as well as Einstein’s implicit summation notation, unless otherwise noted.

In General Relativity, the global notion from Special Relativity that the speed of
light is a theoretical maximum that cannot be exceeded without introducing some
strange element like an imaginary mass field becomes a local statement (meaning
there might be some reference frames where objects seem to be moving faster than
light, like with cosmological expansion [15]). Nevertheless, the structure of causality
is always preserved; information can only travel between points whose spacetime
interval (1.2) satisfies ds* < 0, which is referred to as timelike (or, in the edge case
ds?> = 0 where only light and other massless particles can connect them, lightlike
or null) separation. Events with a spacelike separation between them, ds®> > 0, are
causally disconnected and thus independent of each other. At every point in time
one can thus project a future-bound and past-bound light cone that separates all

events that are causally connected to it from those that are not.

If we are able to define a spacelike surface that intersects every inextendible time-
and lightlike trajectory only once (what is known as a Cauchy surface), then the
spacetime is said to be globally hyperbolic. This constitutes the gold standard with
regards to spacetime causality considerations, since the existence of a Cauchy surface
guarantees that the theory is fully deterministic. Given that finding this surface is
usually not a trivial task, the alternative way of determining global hyperbolicity is

by simultaneously satisfying [16]:



i) There are no timelike closed loops; this prevents the possibility of “time travel”

of any object to its own past.

ii) The intersection of the future lightcone of a particular point x; and the past
lightcone of another point x; that lies to its future is a closed and bounded set
of points. This condition prevents the existence of “naked singularities”, which
may introduce information that cannot be derived from General Relativity,

thus breaking the predictive power of the theory.

In a globally hyperbolic spacetime, the information contained in a Cauchy surface is
enough to determine the state of spacetime at any other point in time before or after
it; examples of this include flat spacetime and the FLRW model of cosmological
expansion. Additional information, like boundary conditions, is needed in order
to fully characterize the trajectories in those spacetimes that do not satisfy this

condition; one such case is given by the anti-deSitter spacetime model.

Like other classical field theories, the dynamics of General Relativity can be

/CE—H ~ N\ — det gR, (13)

where R is the Ricci scalar of curvature, built from a specific combination of the

derived from a Lagrangian

metric and its first two derivatives; it is the only nontrivial scalar object that can be
constructed in such a way, which is what allows the resulting equations of motion
to be of second order in derivatives of the metric. Coupling this Lagrangian to
some matter fields and following the usual procedures of variational calculus we
arrive at Einstein’s equations of motion. This set of differential equations show the
deep connection between the curvature of spacetime, parametrized by invariants
like R, and the matter content of the theory, parametrized by its energy-momentum
tensor. As is commonly said in popular terms, “curvature tells matter how to
move, and matter tells spacetime how to curve”. This mutual feedback is one

of the other main difficulties in developing a consistent semiclassical or quantum



model for gravity; when introducing quantum corrections to the gravity sector,
this modifies the expected values of the energy-momentum tensor, which in turn
modify the gravity (a process known as backreaction), and so on in an infinite loop.
Additionally, there is still the question of whether the quantization process may or
may not break the globally hyperbolic structure, since at the quantum level it is
technically possible to have local violations of the weak energy condition, allowing
for negative energy values. These negative energy values could theoretically lead
to closed timelike curves, breaking causality. Fortunately, so far these effects seem
to be heavily subdued for all the semiclassical models that have been studied, to
the point that there seems to be some hidden mechanism that prevents them from
happening [17]. Nevertheless, the “chronology protection conjecture” is by no means
a proven statement, and causality should always be a major concern that needs to be
checked in trying to semiclassically extend gravity theories. A definitive statement
on this matter may only be possible to achieve with a fully realized quantum theory

of gravity [18].

Going back to the classical formalism, a particular set of solutions to these equa-
tions that will be of special interest to us gives rise to what we know as black hole
solutions. Originally thought of as a mere mathematical artifact, their existence
has since then been proven time and time again, both indirectly and directly [19].
In layman’s terms, a black hole is a region of spacetime from which no element is
able to escape without exceeding the speed of light. By far their most characteristic
feature is the existence of a singularity in their interior, a region of spacetime where
curvature becomes infinite and General Relativity loses its predictive value. They
are the most blatant indication that General Relativity as it is cannot fully explain
all gravitational phenomena, and needs some way to deal with these objects. In
other words, a full understanding of singularities and the structure of black holes as
a whole will need a more powerful theory, most likely one that incorporates quan-
tum effects that may arise when curvatures (and thus energies) reach high enough
values. The second part of this document will deal with the definition and study

of black holes in 2 spacetime dimensions, which will allow us to simplify the math-



ematical apparatus of the theory without losing on any of the relevant phenomena
that we need to address, like the process of Hawking radiation (evidently, from this
construction it is not possible to address any of the black hole features that may be

related to its angular momentum).

As stated above, we may think of black holes (and large-curvature systems as a
whole) as a giant “lab” in which we want to study the interplay between gravity
and quantum effects, at least at first order. The “tools” needed for such a project
will be given by the effective action. However, the derivation of effective actions
is a whole field of study in itself; while the original formulation for calculating 1-
loop corrections via heat kernel expansions has been established for decades, its
practical usefulness can get quickly overshadowed by its computational complexity.
It is of great interest to look for alternative derivations that may lead to simplified

calculations.

Therefore, the document will be structured as follows. Chapter 2 will be devoted
to covering everything from the basic definition of the effective action to its relevance
in studying some important phenomena like the Schwinger effect, before delving into
the question of how we can actually compute the 1-loop effective action of a system.
Over the course of this research project, we were able to consider several different
systems of interest, arriving at a fairly general resummation scheme that allows for
some great simplifications in the calculation of their effective actions with respect
to the usual procedure already established in the literature. These simplifications
become really powerful when studying the divergencies of the effective action, which
are usually given by the first few terms in the so-called heat kernel expansion and
help identify semiclassical effects that may appear at the first order in quantum
corrections. In particular, the divergencies of the effective action associated with
the classical Einstein-Hilbert Lagrangian can be closely related to the trace anomaly
of the energy-momentum tensor, which can then in turn be seen as the source of

Hawking radiation.



Chapter 3 will thus present an example of the use of effective actions with po-
tentially important implications for modeling black hole evaporation in simplified
settings. In particular, we will discuss the CGHS model for a 2D black hole solution
and couple it to some conformal matter fields. This model may be viewed as a
slight modification of a 2D model obtained via the spherical reduction of General
Relativity. By introducing specific forms of “exotic” fields with negative central
charge (most prominently, Faddeev-Popov ghosts) in an appropriate and consistent
manner, we were able to see that there exists a possibility for the singularity associ-
ated with this black hole to fully disappear (again, with the caveats of introducing
these extra fields and working on an effective semiclassical framework), hinting at
the idea of black hole evolution being dependent on its matter content (contrary to
previous belief). This opens the door to further considerations with regards to the
structure and dynamical behaviour of black holes, which will be touched upon in

the conclusions.



Chapter 2

Effective actions and heat kernel

resummations

Effective actions come about as an alternative way of dealing with scattering ampli-
tudes, most commonly associated with the path integral formalism [20]. In contrast
to the fundamentally perturbative nature of the latter, the main objective of the
effective action formalism is to look for an exact solution that can then be used in
further calculations. While obviously not achievable in general, we will see that for a
wide variety of systems it is possible to find a good approximation that fully encap-
sulates the first-order effects introduced by quantum corrections to the classical field
theory. Solving this expression will require the introduction of some regularization
schemes to account for the infinite-dimensionality of the relevant operators, which
will lead to the definition of heat kernel operators, as well as some resummation
formulas whose aim will be to expand on the traditional methods employed in their

derivation.
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2.1 The effective action

2.1.1 The Schwinger action principle

Over the following paragraphs we will present a simple derivation of the basic for-
mulation of the Schwinger action principle. In particular, our main object of interest
will be the transition amplitude between two different quantum states of a generic
local field theory. In doing so, we will set up a path to define the effective action of

such a system in later Sections.

Classically, a local field will be denoted as a function ¢*(z) that depends only on
the spacetime point z* at which the field is defined, rather than an extended section
of the manifold. The index k is left completely generic; at this point in time, it could
stand for any spacetime, spinor or internal bundle index that the particular theory
demands (for the time being, though, we will assume the fields are Grassmann-even
variables; the case of spinors will be discussed in Section 2.1.4). In the process of
quantization, as explained before, our aim is to replace all classical fields with their

corresponding field operator equivalents ¢*(z).

Let us define ¥ to be a spacelike hypersurface in spacetime, that is to say, a
(d — 1)-dimensional submanifold embedded in spacetime, in which any two points
have a spacelike separation. By our definition in the previous chapter, this means
that all the points in ¥ are causally disconnected, and therefore the values of ¢* at
different points in > must be independent to each other. Thus their commutator

must satisfy
[¢k(I1), (bkl(IQ)] =0 V.Z’l, To € 2, (21)

since the order in which we measure the values cannot influence the result; this
relation can be extended to any other operator constructed using only the fields and
their associated momenta. The first assumption is that we can construct a complete
set of commuting observables (from here on CSCO) on X by using only these opera-

tors. This lets us fully parametrize and “label” the state of the system at any point

11
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2

Figure 2.1: Possible evolutions between two arbitrary points P, = {z# Fu=0,....d—1
each of them defined on a different spacelike hypersurface ¥;, with 3, to the future
of ¥1. The spacetime region between the surfaces is denoted by €25.

by the eigenvalues of all observables in the CSCO at that point. Consequently, our
states will be denoted by |¢’, X), where ¢’ denotes the eigenvalues of the CSCO ( at

the examined point in X.

Now suppose we have two different spacelike hypersurfaces 3,3, each with
their own different observables, such that all the points in ¥, lie to the future of ;.
Assuming the eigenvalue spectrum o (¢) of both CSCOs remains the same, then the

two of them must be related by a unitary transformation

Co = UG (Una) 7, (2.2)

with their respective eigenvectors related by

|Céa ZQ) = U12 |C17 Z1> . (23)

Notice that the states themselves are kept in a time-independent manner, leaving

all the time evolution dependency on the unitary operator U;s. Figure 2.1 shows a

12



schematic diagram of the construction. Our main object of interest, the transition

amplitude between two states, will then be

(€3, 22|¢L, B1) = (¢4, S| (Un2) 71 ¢, B0) - (2.4)

By construction, the operator Uy will depend on our choices for the hypersurfaces
and the CSCOs defined on them, as well as the particular details of the system con-
sidered for the time evolution between the initial and final states. Any modification
that occurs to any of these will induce a change in the transition amplitude (2.4).

It proves convenient to write U as

Uis = exp (—%512) , (2.5)

where S5 is a self-adjoint operator; using this definition it is possible to write

0 <C§7 22|C{» E1> = % <C§7 Z2| 0512 |Ci> E1> . (2-6)

By introducing the identity operator

I= Y [¢.2)(,3 (2.7)

¢'ea(()

and selecting appropriate start- and endpoints or adding more spacelike hypersur-

faces to extend the time evolution to, it is possible to prove
i) 0512 — 0 as o approaches ;.
11) (5812 = —5321.

iii) 6513 = 0512 + 0523 for any three spacelike hypersurfaces defined as above.

13



Equation (2.6) is the main statement of the Schwinger action principle. As we shall
promptly see, we will identify the S;, operator as a quantum action operator; thus,
all the information needed to understand any corrections to our transition ampli-
tudes due to perturbations in the system is encoded in a single object. Property iii)
stated above shows that it is possible to study the time evolution between an initial
and final state by “bridging the gap” between them in smaller steps and adding them
up; this heavily mirrors the traditional construction of the Feynman path integral
approach to Quantum Field Theory. We will study the connection between both
approaches shortly but, as a hand-wavy comparison, we can think of the Schwinger

action principle as a differential version of the path integral formulation.

Without modifying the chosen hypersurfaces themselves, the most general change
we can perform on the system is one that will affect the operators defined on ¥; and
Yo, as well as those defined over the spacetime region confined between them, which
we will denote €)15. Focusing first on the former, assume the operators undergo
infinitesimal unitary transformations that induce a change in the states given by

the expression
IGH 50) = Ui|G, ) = exp (_%Fz) G, Xi) ~ (1 - %E) G, X)) =
=Sl B = —pRIGSY,  (@8)
where F; are self-adjoint operators. Plugging this into (2.6) leads to
051 = Fy — Fi. (2.9)

The F; operators can be expressed as a surface integral
m:/dmwnw, (2.10)
3

where do; is the element of area in ¥;, nf' is the (outward-pointing) normal vector

to ¥;, and F),(z) is an as of yet undetermined operator. Assuming F, (z) is defined

14



not only on the hypersurfaces but also in the interior region, we make use of Gauss-

Ostrogradski’s theorem to rewrite the variation of S5 as
6812 == / dU:E V‘HF#(.T), (211)
Q12

where dv, is the element of volume defined in the interior region €25, which serves
as the integration measure. Inspired by this result, we may also imagine that for

any perturbation that only affects the interior region we can define
Q2

with 0L(z) encapsulating the infinitesimal perturbations that are introduced at
every point in the region, in the same way the F; encapsulate the perturbations at

the two boundaries. The full variation of the action will then be
51y = / dv, [5L(x) + VF]. (2.13)
Q12

The key assumption needed in order to continue is that 0575 can be obtained from

a variation of

512 = / dvx ,C(l'), (214)
Q12

where L£(z) is a Lagrangian density, and thus Sis can be read as the action of the

system.

In Quantum Field Theory, the transition amplitude between two states of the
same system can only be altered if the initial and final states themselves are. Thus,
for any perturbation that only affects the fields in the region {2;5, but not on the

boundaries X1, Y9, we get the result
0512 = 0, (2.15)

which is the operator version of the principle of stationary action. If we only vary

15



the fields and leave the hypersurfaces and states fixed, and assuming £ depends
only on the fields themselves and their first derivatives, we may find 6575 by taking

functional derivatives on (2.14)

oL . . oL ,
0512 = /Q dv, [%5# + W(S(au(ﬂ)}

oL oL ) oL A
_ g8 _9& i dv,V, [ —2=—5¢° ), (2.
/d [fw Vi (a@m)%“/m UV (a@ml)‘w) (2.16)

where in order to go from the first to the second line we integrate by parts the
second term inside the integral (which requires §(9,¢) = 0,(d¢)). First of all, by

comparison with (2.13), we may set

oL -
Fl(z) = ——=d¢". 2.17
= 50,6 210
If the variation on the fields vanishes on the boundary hypersurfaces ¥, 35, then the

second term vanishes and, by imposing (2.15), we get the equations of motion

oL oL
35~V () = .

which look exactly like the classical Euler-Lagrange equations, with classical fields

substituted by their quantum operator counterparts.

If we now consider that the variation on the fields only happens at the boundary,
then the first term vanishes and only the second remains. Out of convenience, let

us say that the fields only change in one of the hypersurfaces ¥; if we define

oL
9(9,9")

o
T

(2.19)

and undo the change from a volume integral back into a surface integral, then
F = / do n,m §¢'. (2.20)
2
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Given that an infinitesimal transformation of this kind is given by (2.8), and choosing
the states |[¢/,X) to be the eigenstates of ¢' so that the fields transform as (2.2),
then

56 =~ [F, ] = —%/Eda nalr, 456, (2.21)

Finally, if we consider that the spacetime is globally hyperbolic so that the spacelike
hypersurface can be additionally defined to be a Cauchy surface, and thus can be
identified as the surface given by a constant value of 2°, then n* = §!' and we may
conclude

(7920, 27), ¢* (2, 27)] = ih 6%6(z, o), (2.22)
where 0F and §(x,2’) are the Kronecker § and Dirac distribution, respectively. In
other words, the Schwinger action principle can be used to derive the canonical
commutation relations without needing to introduce them explicitly as an extra

element.

Notice that, unlike similar definitions that are used in classical field theory, or
even in the path integral formulation, here the action functional and Lagrangian
density are operator objects. Therefore, we need to tackle the possible issues that
may arise from the ordering of operators inside S15, which have so far been ignored
in the previous expressions (and thus these should only be taken as formal expres-
sions at this point). In particular, any term in the action that takes the form of
a product ¢!(x)(?(x), where ('(x) are noncommuting operators, will be ill-defined
and divergent as both operators are evaluated at the same exact point in spacetime.
In order to solve this, we need to utilize a regularization scheme that allows for
these divergencies to be studied and dealt with. The method originally devised by
Schwinger roughly involves introducing an infinitesimal separation ('(z — €)¢*(z)
(with additional terms needing to be introduced in order to preserve gauge sym-
metries, if the theory had them), performing the derivations that would lead to
the equations of motion, and only at the end taking the limit ¢ — 0. The result-
ing equations of motion will be modified to include new terms which, at the level

of the action, imply the necessity of introducing some counterterms that originate
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them, alongside the breaking of classical symmetries when introducing the quan-
tum formalism [21], a process commonly known as a quantum anomaly. While this
particular formulation lies outside the range of this document, we will revisit the
need of a regularization in future Sections when considering the usual formulation
of the effective action. Anomalies will be further discussed in the next Chapter,
particularly in relation to the energy-momentum trace anomaly. It is important to
note, however, that anomalies are not a simple mathematical artifact that has to be
dealt with; they carry actual physical meaning, particularly in regards to quantum

effects that have no classical analogues.

2.1.2 Connection to the Feynman path integral

As briefly stated in the previous Section and as a consistency check, the following
pages provide a detailed technical derivation of the formal connection between the
Schwinger action principle and the path integral formalism most commonly used in
Quantum Field Theory. Consider now the classical action S[p] and let us modify
it by coupling the system to an external source (meaning, that it is completely
independent of the fields). With no specific theory in mind, the modified action will
take the form

Slp, J] = S[e] + Ji" (2.23)

where, as explained above, k stands for any indices of the fields; in addition, for ease
of notation in the following sections the scalar product of spacetime functions will
be defined such that

Jrpt = /de Je(z) " (), (2.24)

i.e. we will be conflating the spacetime arguments into the fields unless explicitly
stated. The quantum states will now also be abbreviated from here on, in the simple

manner

1Gi> Zi) = 1i) - (2.25)
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The transition amplitude for this system can then be understood as a functional

of Ji, meaning the equivalent of (2.6) will be
1
0 (2[1) [J] = (2[0S, 1)[T], (2.26)

with the operator for the quantum action (S; for convenience) can be obtained
from (2.23) by substituting ©* with their corresponding field operators ¢*. If we
take a variation with respect to the fields that keeps the endpoints unchanged, then
applying (2.15) to S; will lead to

6S[¢]
Sk

= —Jp. (2.27)

If we assume now that the perturbation of the system is only due to changes in

the source .J, then

520 1] = Lo 2o 1] e LA

57, (2(¢")1J]. (2.28)

St |

In order to study this relation, let us consider a new spacelike hypersurface ¥, lying
somewhere between >; and Yy without intersecting either of them. Any change in
the system can be decomposed into the sum of one that is nonvanishing in the past
of ¥, (i.e. between X¥; and ¥,) but vanishes in its future (between ¥, and ),
and one that exhibits the opposite behaviour. Considering first the former case, and

once again introducing the identity operator as defined in (2.7), we can derive

2l¢*1) [7] = (2l¢*|a) [J] {al1) [J] (2.29)

¢
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and operate with the right hand side to get
6 (216" 11) [1] = (216"|a) [J] 6 {al1) []
o
= 20753 (216"1a) 7] {al¢’|1) [J]
o

= L5, (2105 11) 1), (2.30)

where in the first line we note that only the region contained to the past of ¥, is
changed, in the second we apply the Schwinger action principle (notice that, due
to the construction employed, ¢/ must be defined at an earlier time than ¢*), and
in the third we retrieve the identity. Following the same steps for the other case,
we arrive at the same expression with ¢* and ¢’ swapped, as well as their temporal

ordering. Adding both results then gives

5 (216H11) ] = 10T, 2AT (6 )ILLIL (2.31)

where T is the chronological ordering operator. Combining (2.28) with (2.31), it is

straightforward to conclude

T - (7)) e mi), (2:32)

which can further be generalized via induction to

% = (%)n @IT (6" ...¢")[1) [J]. (2.33)

Since (2|1) [J] is effectively a functional of Ji, and our objective at the end of

the day will be to take the limit where this external source current vanishes, let us
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expand (2[1) [J] in terms of its Taylor series about Jj = 0:

1 " (2[1) [J]
@ gﬁ I (Mkl...wkn

)
J=0

=35 (5) et ime ol =0

= (2T (eXp (%Jwﬁk)) ), (2.34)

where the exponential on the last line is taken to be defined by its Taylor expansion

around J = 0.

The action S[¢]| can also be taken as a Taylor expansion around ¢ = 0 (in fact,
for many theories of interest it will already be given in the form of a polynomial in

¢, such as the Klein-Gordon or Dirac actions). Doing so, one can also define

) . (2.35)
¢=0

h o
We can then further replace ¢* with T3 in the previous expression. After ap-
1 k.

08 =L, o Sle
6l = 300 = 3 oo (s g

hé
plying the resulting definition for the operator S [—, ﬁ] on (2.34), we obtain
i

s[5 | e = e (sieew (zae) )b @3

where once again the exponential is defined through its expansion around J = 0.

Given the result in (2.27), we can further simplify

5 [557| @ 11 =~ 2 L (237

which is a differential equation for the transition amplitude. To solve it, we may
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perform a “functional Fourier transform”

e = [ el Flelex () (2.39)

where dulp] is the integration measure that depends on the fields involved and
establishes the domain of integration; the only fields ©* that will contribute to
the integral will be those for which their values at ¥;, ¥, are compatible with the

states |1),2) respectively. The basic path integral derivation for a set of scalar

de*
fields leads to dulp] = ],
= V2inh

unspecified in case more general field theories are considered (such as those with

, but for the most part we will keep the measure

gauge symmetries that would require the inclusion of ghost field terms). By imposing
that (2.38) satisfies (2.37) and after some amount of computation, we arrive at an

equation of the form

0= [l [sutelFiel - 2255 exp (). (2:39)

assuming that the fields vanish sufficiently rapidly at infinity (for the entirety of this
document we will assume we work on a spacetime background with no boundaries;
additional terms and specific considerations are needed in the case of spacetimes with

boundaries [22, 23]). Therefore, up to a multiplicative constant, we see that

Flp] = fexp <%S[¢]) (2.40)

and it immediately follows from (2.38) that
) = £ [ dulid exp (5 (Slel+ aet)). (2.41)
The constant f is usually chosen as ((2|1)[0])~! in order to normalize (2|1)[J] to

be 1 in the absence of .J; for the most part, we will consider the constant implicit.

This is, indeed, the Feynman path integral formulation for the transition amplitude
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between the states |1) and |2). Equation (2.41) serves as a formal, definitive proof
of the vague statement that was given in the last section: that the Schwinger action
principle is intrinsically tied to the path integral formalism, and they both must
give rise to the same results in studying a particular quantum system; one from a

local, differential point of view and the other from a global, integral one.

2.1.3 The 1-loop effective action

Equation (2.41) is, arguably, one of the most important objects in the field of Particle
Physics. Usually denoted by Z[.J], it is used as the generating functional for all n-
point correlation functions if |1) and |2) are both taken to be vacuum states at the
infinite past and future, respectively (this choice is encapsulated in the measure at
the level of the integral on the right hand side of (2.41)). From the diagrammatic
point of view, it encompasses all contributions from connected and disconnected

Feynman diagrams to the transition amplitudes. It proves useful to introduce a

related object W[J], defined via

(2[1) [J] := exp (%W[J]) | (2.42)

which in the Feynman diagram formalism corresponds to the generator of only fully
connected diagrams between the initial and final states. Differentiating with respect

to the source and using the expression (2.28), it is possible to show that

SWI) _ (2l¢*[1) [J]
0Jy (2|11) [J]

(2.43)
The right-hand side of this expression, which corresponds to the expectation value

of the field in the presence of a source .J, will be abbreviated as @* for convenience

from now on.
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The effective action is defined as a Legendre transformation in order to get rid

of the dependency of the external source current .J
[[@] :== W[J] — Jp 7" (2.44)

Once again, by selecting the initial and final states in (2|1) [/] to be vacuum states in
the infinite past and future, the effective action becomes of interest in the Feynman
diagrammatic construction of scattering amplitudes, this time giving the generating

functional for all so-called 1PI (one-particle irreducible) correlation functions.

The focus of this and the following Sections will be to understand the effective
action in a nonperturbative context, instead. Exponentiating both sides of (2.44)

and using (2.41), we can easily see

exp (016 = o) s (107
_ /dﬂ[go] exp (%S[w] + %Jk ("~ 90’“)>
— [ dule) exp (%sm - g% Ca —so’“>) . 2)

where the change in the last line can be seen by differentiating (2.44). Equation
(2.45) gives an implicit, integro-differential equation for I'[@]. It is also, unfortu-
nately, impossible to evaluate I'[¢] from this expression in general, though it is

iteratively solvable.

Nevertheless, it is possible to work out an exact solution of (2.45) if the action is at
most quadratic in the fields ¢ or, more generally [24], by performing a perturbative
expansion on the action functional and dropping all cubic and upwards terms (in
this case the following results would serve as a first order approximation). Let us

consider then that our fields are of the form
oF =" +Vh e+ 08, (2.46)
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where ¢ denotes a small correction of the field that deviates it from the expectation
value ¢ (which may be interpreted as a “background” field) due to quantum effects;
by definition, their expectation value must be (€*) = 0. The classical action can

then be expanded up to second order in £ around ¢ = ¢ to obtain

5%S
0ptdpd

Slgl = Slg] + Vi & ;573

¢, (2.47)

@

h .
+§§l
@

It is simpler to derive an explicit solution for the effective action associated with
(2.47) by looking at (2.42) in conjunction with (2.41):

exp <%W[J]) z/dﬂ[w] exp (% (Slg] + Jrg")

528
dptdpd

+ Jk) & + %5i
?

1 08 :
+ Wi (W @fj) . (2.48)
The first term in the exponential is just a constant with respect to the path integral,
while the term linear in £ will be responsible of the cancellation of all non-1PI contri-
butions that may appear on the cubic or higher order terms (essentially preventing
the expected value of the corrections to deviate from () = 0). It is of no relevance
to the discussion of the following Sections, and as such shall be ignored from this

point forward. As for the quadratic term, after defining

%S
C6pidpl

@

for ease of notation and rescaling de = Vh d¢, we notice that the path integral

becomes a Gaussian-like integral
[t (0.6). (2.50)
In order to solve this, we may formally generalize the equivalent expression where Q
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is replaced by a finite matrix A (we will come back to this topic in a following Section,
in order to properly treat this extension). In the finite case, the expression above
can be solved exactly by diagonalizing A in order to separate the full integral into
a product of one-dimensional Fresnel integrals. Defining an adequate integration

contour in the complex plane, these can be solved explicitly

/ dr exp(iax?) = il (2.51)
. a
The constant a will be given by a different eigenvalue \,, of A for each integration,
meaning that the final result will be proportional to [[ A, ? = (det A)*%. All in all,

the explicit solution of this integral leads us to

exp (%W[J]) = exp (;_i (S[e] + Jkgok)) det "z (I’Q) =
— W[J] = S[g] + e + %hlog det(120), (2.52)

where [ is an arbitrary dimensionful constant introduced to keep the argument of
the determinant dimensionless; as it will not play any relevant role in the following
Sections, we will drop it from here on to maintain ease of notation. Finally, the

effective action takes the form
T3] = S[g] + %hlog det Q. (2.53)

The first order correction in h is called the 1-loop effective action. If the action of
the system is given by (2.47) in its entirety, i.e. if there are no cubic or higher order
terms, then (2.53) becomes the complete effective action, giving us a fully nonper-
turbative expression to be used in further calculations. It should be reiterated that
at this point the expression above is merely a formal definition; following Sections
will be entirely devoted to the study and calculation of the 1-loop effective action for
a handful of different systems of interest, specifically via the use of the heat kernel

operator.
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Before that, though, it should also be pointed out that the above derivation
implicitly assumes that A and by extension Q are invertible and thus have a non-
vanishing determinant. For theories with gauge symmetries that will no longer be
the case since the action will remain invariant under some field redefinitions; given
(2.49), this means Q;; will vanish for variations taken along the orbits of gauge
transformations. One must then consider a gauge-fixed action in order to get rid
of these vanishing terms; in doing so, additional gauge-fixing and ghost field terms
must be considered to account for this redefinition, leading to a slightly modified
expression of the effective action that will include these terms. A review on how we
may tackle these redefinitions is given in [25]. Throughout this part of the document
we will not be quantizing fields that present a gauge symmetry, instead leaving them
as classical background terms; thus we will not need such considerations. We will
postpone our discussion on gauge-fixing and ghost fields for the next Chapter, when

we consider semiclassical gravity models.

2.1.4 The effective action for spinor fields

The preceding paragraphs have presented a full discussion of the effective action of
a quantum field system, and how this effective action can be explicitly derived for
the special case where the action is at most quadratic in the fields. Up until (2.49),
the procedure is completely agnostic to the nature of the fields involved; however,
when performing the integration in (2.52), the previous Section implicitly assumed
that the variables involved (namely, the fields ¢ and specifically the corrections &)
where of bosonic nature. As such, it is immediately self-evident that the operator
in (2.49) is symmetric in its indices, allowing for the path integral to be taken as a

Gaussian.
This is no longer the case for spinor fields. While a full discussion of the math-

ematical formulation of spinor fields and actions (specially in general curved space-

times) is beyond the scope of this work, we may exemplify the situation for the
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well-known Dirac action for a free spinor field ¥ in flat spacetime

S, U] = —/dvx U (y*9, +m)V, (2.54)

where the y-matrices satisfy the Clifford algebra relation {y*,7"} = 29" (we will
always assume an even value of d in order to have a unique representation of the
y-matrices) and VU is the Dirac adjoint of ¥ (in a mostly-plus metric, the matrices
are defined so that 7° is anti-Hermitian while 4% are Hermitian, and ¥ = ¥'(i7°) so
that WV is a real scalar). The components of the Dirac spinor ¥ are Grassmann-odd

variables 1%, meaning they anticommute with each other:
Pt = —gby, (2.55)

We can immediately notice that the operator Q;; in (2.49) is now antisymmetric in
its indices. The Gaussian integration method is not applicable in this case. Instead,
by implementing the rules of Berezin integration of Grassmann-odd variables, we
eventually see

-

exp (%W[J]) = exp (% (S, U]+ JU+ ¥ J)) /d,u[\ll, U] exp <ﬁS[\I/, \I/])

— exp (% (S[W, W] + (J, \1;))) det(1Q), (2.56)
where the terms outside of the integral are all evaluated on the uncorrected fields
and the current J is now understood as a Dirac spinor in itself. Again, we will drop
the dimensionful constant [ from here on for notational convenience. We can then

conclude that the effective action will be

LU, V] = S|V, ¥] — ihlogdet Q, (2.57)

where once again the fields ¥, ¥ should be taken on both sides in their uncorrected

states.
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In following Sections, it will prove to be beneficial to study the cases where Q is
a differential operator of second-order in spacetime derivatives, such as the Klein-

Gordon operator. This is not the case for the Dirac action, given that
Q= —("0,+m). (2.58)

In general, spinors theories will always be accompanied by first-order differential
operators. In even dimensions, however, we can use a different representation of the

v-matrices, namely {v*} — {—7"}, to define a different operator
Q = —(—"9,+m). (2.59)

Since both representations should be equivalent to each other, it is to be expected
that det @ = det Q'. Therefore, we can use the formal properties of the logarithm
to rewrite

logdet Q = %log(det Q) = %log det(QQ), (2.60)

and recover an expression that more closely resembles the one obtained in the pre-
vious Section

I[F, 9] = S[¥, U] — %hlog det(QQ). (2.61)

The sign change ultimately stems from the anticommutative nature of spinor vari-
ables. As a side note, the reasoning behind this particular definition comes from the

fact that for the basic Dirac operator we have been discussing,
QQ = —-0*+m’, (2.62)
reminiscent of the connection between the Klein-Gordon and Dirac equations.

In the following, when studying the 1-loop effective action for spinor fields, it
should always be understood (unless otherwise stated) that there is an extra sign
change with respect to bosonic systems, and that QQ’ is the operator of interest in

these cases, even if the text only explicitly mentions Q for the sake of brevity. How-

29



ever, it should be pointed that this process of “squaring” the operator also erases
some relevant information about the studied fields. Specifically, it gets rid of any
complex phases that Q may carry. These phases become important when studying
discrete symmetries (like those related to charge conjugations, parity transforma-
tions and time reversals), as well as some topological properties like the Chern-
Simons term in 3-dimensional theories. One of the most well-known effects that
cannot be properly studied from this approach is the chiral anomaly of electromag-
netic theories; in order to properly characterize this phenomenon we need to consider
the original operator and effective action [26], although it is possible to find links
between the results obtained by the two approaches [27], specially when considering
heat kernel expansions as the ones in Section 2.2.3 and onward. A different case of

anomalies arising from the effective action will be studied in the next Chapter.

2.1.5 Particle production

As stated in Section 2.1.3, the generating functional for n-point functions is defined
in Quantum Field Theory as
Lo _

213] = (010) 1] = exp ((Xl¢1 + 75 ) (2.63)
where |0) is the vacuum state of the theory. In particular, Z[J] returns the scattering
amplitude for a system that goes from its free vacuum state in the distant past,
interacts with the current J (a process which, realistically, should only last for a
finite amount of time), and returns to the vacuum at the infinite future. Taking
the square of this expression in order to find the probability of this transition, we

obtain

! 2 =exp (—2n" ImT[p]), (2.64)

001 = |exp (016l + 70))

where Jm I'[¢] denotes the imaginary part of I'[@]. Interpreting this result leads us to

the first well-known quantum behaviour that serves as a correction to classical field
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theory. The presence of a current makes it so that the vacuum is not a completely

stable state; instead, with a probability of
P=1—exp(—2n" ImI[p]) ~ 21" ImI[g], (2.65)

there will be an excitation of the vacuum state, meaning that there will necessarily
be a process of particle production. In terms of the 1-loop effective action, this
phenomenon will directly depend on fRe(logdet Q). This same process can be seen
when there is no external current J but the field is not free from the start, and is
instead immersed in a (curved) classical background. We will cover this case in a
following Section, once we discuss the heat kernel methods used in calculating the

1-loop effective action.

It is important to note, however, that at this point the effective action I'[] will
be divergent; this ultimately comes down to the operator ordering issues discussed
in Section 2.1.1. Therefore, the derivations done above will lack any actual physical
meaning until we properly regularize the divergencies in T'[@] and introduce the
necessary counterterms. We will take on this regularization process in the next

Section.

2.2 Heat kernels

2.2.1 The heat kernel operator

In a previous Section we derived the 1-loop effective action expression for a system

whose action is quadratic in the quantum fields
= %hlog det Q, (2.66)

where Q;; is the quadratic form that is coupled to the fields in the action. For most
systems of interest we will want to consider spacetime as an infinite, boundary-less

manifold. Unfortunately, for such cases Q will be an infinite-dimensional differential
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operator with a continuous spectrum (since it will always at least include some
kinetic term), rather than a finite matrix. This implies that, at this point in time,

(2.66) only works as a formal definition.

Nevertheless, let us momentarily suppose that we are working with a matrix A;
in that case, the most simple definition of the determinant is given by the product
of its eigenvalues

det A= ][ M. (2.67)

and then the 1-loop effective action associated with this matrix would become

?

I = Shlogdet A = Silog (1;[ /\n> = éhznzlog Ay = 5h Tr(log ). (2.68)

These expressions can be extended to general operators (assuming that Q is a for-
mally self-adjoint operator, which will be the case for the systems studied in this
document; a general review of operator determinants for more general theories may
be found in [28]). In doing so, the sum over eigenvalues will naturally translate into
an integral. Strictly speaking, when dealing with operators the expression in terms
of the trace should be taken as the starting point in order to define the determinant,
and not the other way around. As we shall momentarily see, this reasoning stems
from the fact that the trace-dependent expression is regularisable into a well-defined

problem.

To better illustrate this, let us consider the simple case of a flat spacetime Klein-
Gordon operator
Q=-0"+m (2.69)

In this setup, we can solve the eigenvalue problem by using periodic conditions
on a spacetime box of volume V = LoL;...L,_;, with L, the “length” of the box
in each spacetime direction. The resulting solutions are plane waves of the form

e*ut” as expected, where the momentum k,, becomes quantized due to the boundary
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conditions. The associated eigenvalues are given by
Mo = k2 4+ m?, (2.70)

and the 1-loop effective action then reads as

th dk
=—V log(k* + m?). 2.71
3V [ g loa(i® ) (271)
The resulting expression has two major sources of divergence. The first one comes
from taking the limit where the box used for the boundary condition, and thus its
volume V' ~ [ dv,, becomes infinite. This can be dealt with by simply defining a
1-loop effective “potential density” through

r— - /dvx 5 (2.72)

and working with v instead (from here on, we will still mostly refer to I' and keep
the treatment of this volume integral implicit). The second one stems from the fact

that the integral itself is divergent, and must be dealt with via regularization.

The best way to define the regularization scheme is to first rewrite the definition

of the 1-loop effective action .
= %hTr log Q (2.73)

by extending to general operators the following integral expression for the logarithm

of a number / matrix [29]

“dr _,
log A = —/ —eim A (2.74)
o T
which is valid up to an (infinitely large) integration constant that for our purposes
could be later reabsorbed in the definition of the fields or interaction constants; the
limits of integration will be omitted from here on. The parameter 7 is oftentimes

called the proper time (not to be confused with the spacetime coordinate). Using
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this expression into (2.73) results in

I = —fh/ ATy im0, (2.75)
2 Jo T

From this, it becomes convenient to define the heat kernel operator
K(71) :=exp(—iTQ), (2.76)
as well as its matrix elements (in position space)
K(r;z,2') == (z|K(1)|x"), (2.77)

which can then be used to expand the trace into

= —zh/dvx/ T e (rin,2). (2.78)
2 o T

The point z’# is a reference point that will be arbitrarily chosen; if the system
is well-behaved, the choice will ultimately not matter given that the trace over
spacetime implies taking a limit z’ — x at a later point. There is still a trace over
internal indices (those associated with the structure of the fields) that will be left

implicit.

The main advantage of the heat kernel operator is that, by definition, its matrix

elements satisfy an equation of the form
(—i0. + Q)K(r;z,2") =0, K(0;z,2") = 6(x, 2'), (2.79)

where §(z, ) is the Dirac delta distribution. For the vast majority of systems of
interest (and all the ones covered in this document), Q is a second-order differ-
ential (in spacetime) operator, meaning (2.79) becomes a diffusion-like differential

equation.
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Before moving on to discussing the solutions of Equation (2.79), it will prove
convenient to redefine all our expressions in a more appropriate form. We do so by
performing a Wick rotation to imaginary proper time which, for our purposes, will
be equivalent to performing a change 7 — i7 (it should be reiterated that 7 is not a
spacetime coordinate, but an auxiliary variable; this allows us to perform this trick
even in curved backgrounds, where true spacetime Wick rotation becomes a very
subtle and often times impossible ordeal [30]). Additionally, from now on we will
continue using units in which A — 1 for convenience. Under this reparametrization,
the 1-loop effective action becomes

1 [>*dr

1 1 *“d
= §TrlogQ = —5/0 7Tr e = —é/dvz/o ?TK(T;QJ,ZE), (2.80)

which motivates the definition of the heat kernel operator as
K(7) :=exp(—71Q). (2.81)
The heat kernel equation will also see some slight modification and read as
(0, + Q)K(r;z,2") =0, K(0;x,2") = 6(x,2), (2.82)

which is now fully equivalent to the heat diffusion equation (hence its name).

2.2.2 Exact solutions of the heat kernel equation

A quick look at the integrand in (2.80) shows that the behaviour at large proper
times (the IR limit) is fully dominated by the exponential, which for a Euclidean
signature tends rapidly to 0 and makes the whole integral regular. On the other
hand, the presence of a 77! term will potentially lead to some divergencies in the
small proper time (or UV) limit, as described in the previous Section. Therefore, in
order to fully characterize and counteract these divergencies, all it matters is that
we gain a better understanding of the behaviour of the (diagonal elements of the)

heat kernel at small proper times.
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Evidently, deriving an explicit solution to (2.82) would be the best case scenario,
and it is indeed possible to do so for some of the more simple systems. For instance,

let us take the case of a free massless scalar field on a flat spacetime, characterized

by @ = —9?. The heat kernel then becomes a simple Gaussian of the form
1 (x —a')?
. / —_— — —_——_—
Ko(t;z,2") = ke exp ( ym . (2.83)
Adding a mass term, @ = —9% +m?, just modifies the above result by a multiplica-

tive term of the form e~™™

. For a more generic curved spacetime, the Euclidean
distance is replaced with the geodesic distance d?(z,z’) or, more commonly, with
the Synge world function
1
o(z,2) := §d2(w,m'), (2.84)
which satisfies the following useful properties (when both derivatives are taken with

respect to x# or z'*):
i) 0,0 Oto =20
ii) 0,0,0 = g, and therefore 6%c = d.

However, when curvature is introduced, it is also necessary to account for the density
of geodesics in every direction, which will affect the diffusion. This is done in the
form of an extra term, called the Van Vleck-Morette determinant, which is related

to the cross-derivatives of the Synge world function via

/2 . 1 o 820
AWM = \/—g(x)\/—g(z’) det <—8as &B’) . (2.85)

All in all, the heat kernel for a free scalar field in a general background is [31]

o(x,x")

(z,2") exp (—m% — —) : (2.86)

2T

1 1
K(riz, ') = ———=A .

(47TT)d/2 VVM
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For the purposes of this chapter, however, the most relevant case for which exact
solutions may be found will be a system consisting of a quantum scalar field inter-
acting with a constant electromagnetic background (meaning, with a constant F),,).

In this case, the operator in question is of the form
Q = — (0, +ieA,) (0" + ieA") + m* = Q + m?, (2.87)

where A" is linearly dependent on F),, (as will be expanded upon in Section 2.2.5),
and we have once again limited ourselves to a flat spacetime. Ignoring the mass
term again as per the argument presented above, we are now interested in finding
the trace of the heat kernel associated with (). Considering even values of d, the

antisymmetry of F' allows us to find a block-diagonal form

0O fi 0 0 0 0
—fi 0 0 0 0 0
0 0 0 f 0 0
F=| 0 0 —f, 0 o o0 |, (2.88)
0 0 0 ... 0 fuo
0 0 0 ... —fyo O

where +if; are the (purely imaginary, therefore making f; real) eigenvalues of F,

via orthogonal transformations. Doing so, we can separate

dj2 dj2
Q=Y _0Q;=> -0 +icAD) (), +icAL,), (2.89)
j=1 j=1

where each @); only acts on the subspace generated by the corresponding eigenvectors
of +if;. Finding the eigenvalues of these (), is equivalent to the Landau level

problem of a particle moving on a plane while subjected to a perpendicular magnetic
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interaction of magnitude B; = f;. They are given by [32]
A = (@2nj+Vef;,  withn; =0,1,2, .. (2.90)

The heat kernel diagonal elements (minus the mass term) will then be

d/2 4/2 oo

K(tiz,x) = (z]e ™%|z) = H z|le T |z) = H Z ef] T’\(J) (2.91)
j=1

J=1n;=

e
where the prefactors i account for the degeneracy of each eigenvalue /\nj. For

every (J;, the sum in (2 91) is a geometric series which converges to

e—Tef]‘ ef]

(wle ) = 52

= . 2.92
2r 1 —e~%¢i  4msinh(ref;) (2.92)
Therefore, the diagonal elements of the heat kernel will be given by
d/2 1
ef; 1 TelF 2
K(t; = J = det | ——— 2.93
(7:z,7) ]1:[1 4rsinh(ref;)  (4wT)d/? [ ¢ <sinh(7'eF))} ’ (2.93)

on account of each 7 f; appearing twice in F'. The 1-loop effective action can be

dr e —rm? Tel 2
d det | ————¢ . 2.94
/ Ux/ (477)d/? [ ¢ (sinh(TeF))} (254)

Notice there is an additional factor of 2 with respect to (2.80); this is due to the

finally written as

D=

scalar field in this derivation being a complex field, instead of a real one like in our

previous derivation.
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If we now restrict ourselves to the specific case d = 4, we may define the electro-

magnetic invariants

1
F = ZF‘“’FW’ (2.95)
1~ 0% 1 PO TV
= 1EwF" = Ceupm PP F, (2.96)

in terms of which the determinant in (2.94) can be rewritten as

[det (SIHITIF—TFGF))} - Jm (cosh (ieri);?g(f n z‘g)>> | 240

To study the divergencies of the effective action, we may look at the first few terms

of the series expansion of this determinant. Roughly speaking, the divergent terms
will be given by .

divp T' ~ —/ f_—z {1 — %(67)2}"] : (2.98)

0

The 773 term will give rise to a divergence that can ultimately be associated with the
vacuum energy; therefore, it may be reabsorbed by simply redefining said constant
value accordingly. The 77! term, on the other hand, gives rise to a logarithmic di-
vergence that is proportional to —JF, which is just the classical Maxwell Lagrangian;
it can therefore be compensated by a renormalization of the electric charge (or the
field strength). All further terms will behave regularly, meaning that the 1-loop

effective action can be regularized as

I = / dv / TR PR T (er)'
“Jo 167273 3 Jm (cosh (eT\/Q(]: + zg))>

(2.99)

We may see this action as the volume integral of an effective Lagrangian density.

Combining this with the classical Lagrangian density, which only consists of the
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pure electromagnetic sector, the result up to first order corrections becomes

0o —1m? 2
L— —F+/ ar 1= Lerpr ()9 - (2.100)
0

167273 3 Jm (cosh (67\/m>>

This is the so-called Euler-Heisenberg effective Lagrangian. If the electromagnetic

field is weak, it reduces to its more familiar expression

64

1
= (E*-B)+ ———
£ 2( )+ 1440m2m4

[(E ‘B)* + ;—i(EQ — Bﬂ , (2.101)

where E and B are the electric and magnetic field vectors, respectively [33].

To conclude the discussion on this Lagrangian, we may study the cases where

either E or B vanish. In the former case, we see that (2.100) reduces to

1 1 < dr 2 etB 1
L(B)=—-—-B% - —eT | — = — 14 —(erB)? 2.102
(B) 2 167r2/0 3¢ Linh(eTB) + 6(67— ) } ’ ( )

while in the latter, we obtain

1 1 * dr 2 et 1
L(E)=-E*— —e T | ——— —1— —(eTE)?|. 2.103
(E) 2 167‘(‘2/0 7€ [sin(eTE) 6(6T ) } ( )

We may see that, while the term inside the integral in £(B) behaves regularly over all

its integration domain, the integral in £(£) runs through infinitely many poles given
™ . . - .

by 7, = ok n=1,2,.... If we rotate back into Minkowski signature, we may view
e

the integral as taken over a contour that surrounds these poles. This deformation

of the integral will result in the Lagrangian gaining an imaginary part

N 62E'2 0 (_1)n+l n7rm2
Im L(E) = 1o > 5 exp (— 5 ) : (2.104)
n=1

and so does the effective action after integration over spacetime. In other words, by

the results obtained in Section 2.1.5, we may see that a constant electric field will
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be able to create particles over time; the stronger its magnitude F, the higher the
probabilities of particle creation and therefore, the final production of them. On
the other hand, a purely magnetic background field will not be able to produce any
particles over time. This effect is widely known as the Schwinger effect [21]; while the
required energies needed to make this effect clearly noticeable are currently outside
of the scope of standard Quantum Electrodynamics experiments, in recent years
there have been several proposals of analogue systems in which similar effects can be
observed [34, 35]. Similar results are obtained for spinor Quantum Electrodynamics,

once the considerations of Section 2.1.4 are taken into account.

2.2.3 The Gilkey-Seeley-DeWitt expansion

Going back to more general discussions, it is hardly ever the case that we can
find a closed-form solution to (2.82) in terms of elementary functions for arbitrary
operators Q = —V? + M(z) (where M(z) is a potential-like term). However, if we
are only interested in the small proper time behaviour of the effective action, and

using (2.86) as a base, it is possible to construct a perturbative expansion [36]

’ 1 1/2 / 0(.T,SL’/> - n ’
K(ryz,2") = WAWM (x,z")exp | — o Z’T ez, 2") (2.105)
n=0

that works in this regime (it is important to notice that the expansion does not
extend all the way to infinite proper times). The so-called Gilkey-Seeley-DeWitt
(GSDW) coefficients ¢, (x, ') are smooth functions that depend solely on the space-
time geometry and the field interactions as encoded in the operator Q. Plugging
this ansatz back into (2.80), we see that the general behaviour of the integrand will

n=1-d/2 meaning the only terms that would give rise to divergencies

be given by 7
are those for which n < g. In d = 4, that means only the ¢y, ¢; and ¢y terms will

need to be addressed.

The explicit calculation of these coefficients can be performed by simply intro-

ducing (2.105) into (2.82) and imposing it to be satisfied at all orders in 7. Doing
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so yields a set of relations between the GSDW coefficients that can be solved recur-
sively starting from co(x,z’). At the coincidence limit, which is the relevant result
on account of (2.80) and will be defined for any function F(z,x’) by
[F] := lim F(z,2), (2.106)
' —x
the first three GSDW coeflicients for the general operator described above are given
by the formulas

[co] = L, (2.107)
1
1] = ER I— M, (2.108)
1 1 1 1
= (=R*~ —R"R,, +—R""R,,,, — —V’R|I
] (72 g0 T TRg s = 35V )
+1M2 1RM+1V2M+ Lo om (2.109)
2 6 6 12 '
where R, s, R, R correspond to the Riemann curvature tensor, Ricci tensor and

Riemann curvature scalar of the spacetime under study, respectively, and we define
Q. = [V, V., ]. To understand this notation, let us first look at a simple case of a

single quantum field on a classical background A,, where roughly
V,=0,+A,; (2.110)
in this case we may find
Q. =0,A, —0,A,+ AL A, (2.111)

which is the expression for the field strength associated with A,; for an Abelian field,
it reduces to the standard formulation of F),, used in electromagnetic models. For a
system with multiple fields (or a single field with internal and/or spacetime indices),
we may see {1, as a collection of matricial objects “indexed” by the (yu,v) pair; for

instance, in a more general Yang-Mills theory the field A* acquires a matrix structure

42



in the Lie algebra space, which we denote by the indices (a,b), implying (,,)%, =
(Fuw)%- In the case of a vector field propagating through a curved spacetime, we may
see that (€2,,)?, = R’, . In both cases, the product €2,2* should be understood

as the result of taking the trace with respect to the matrix indices.

With all the divergencies fully characterized, the only step left in order to reg-
ularize the theory and arrive at a nonsingular expression for the 1-loop effective
action would be to modify the original Lagrangian with the corresponding coun-
terterms needed to compensate the terms generated by (2.107)-(2.109). For higher-
dimensional theories or for more precise calculations of the heat kernel, which would
then translate into more specific derivations of the effective action, we would need
to continue this process term by term until the desired level of accuracy is reached.
However, this process quickly becomes computationally demanding, with the num-
ber and complexity of contributions growing larger and larger at every step. In the
next Section we will review an alternative scheme for expanding the heat kernel that

will allow us to facilitate some of the calculations.

2.2.4 Heat kernel resummation formulas

The result obtained in the previous Section provides a universal and straightforward
method for expanding the heat kernel into a power series in 7, which in turn allows
for a method to identify and characterize all its divergencies needed in order to
regularize the effective action. However, as already pointed out, it is an increasingly
costly method from the computational point of view. There is also an additional
consideration to take into account: the original purpose for defining the effective
action was to find a way to avoid the diagrammatic expansion procedure most
commonly used in Particle Physics in order to understand scattering amplitudes.
Our main objective in this regard would be to avoid performing any perturbative
expansion of I' at all. While that is not possible outside of some trivial cases,
the question of whether it is feasible to find a different procedure that allows us to

preserve some more nonperturbative details of the effective action still remains.

43



One of the ways to tackle this question is through the proposal of resummation
schemes. The basic idea behind a resummation scheme is to present a different
perturbative expansion for the heat kernel to the one given in (2.105) that allows
for some specific features of the system to be extracted as global prefactors to the
infinite series. Over the past few decades, several resummation formulas have been
proposed for different systems [37-44] where the properties of the operator Q allow
for a more specific resolution of (2.82). In this Section and the following ones, we will

present one such resummation formula for a small handful of different systems.

We begin our discussion by presenting the following differential operator
1
Qquad := —0° + a + Bu(xr — /)" + Z(*yz),w(x — 2 (x — "), (2.112)

where «, 3,7 are coefficients independent of the quantum field and a* is chosen
in the same way as in the previous Sections; we will also from now on take the
abbreviated notation z# := (x —a’)* for better readability. This operator appears in
any system consisting of a quantum scalar field interacting with an at most quadratic
potential classical background. The heat kernel equation (2.82) associated with

Qquad can be solved exactly [45], provided some sensible assumptions hold.

The heat kernel operator can be proven to be closely related to the Green function,
or propagator, of the theory described by Qquaq. Indeed, let us recover the integral

expression for the logarithm of a finite matrix A that was presented above:

% g
log A = —/ Ol era, (2.113)
0

T

Taking derivatives on both sides with respect to the matrix A, we find the equivalent

relation

ATl = / dre ™. (2.114)
0

Once again, it is possible to extend both (2.113) and (2.114) to be valid on infinite-

dimensional operators. The left-hand side, ( Qquad)_l, can then be identified with
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the propagator Gguaq associated with Qguaq. In terms of their matrix elements, we

can therefore conclude that
Gz, ) := /OO dr K(r;x,2") (2.115)
0
as a general result for any operator Q with associated heat kernel K (1) = e~ 7<.
For the operator in (2.112), we wish to find a solution to the equation
<—(92 +a+ 3,2 + i(”ﬁ)uyfc*‘fc”) Guaa(z,2") = 6(z,2"). (2.116)

By performing a Fourier transform from spacetime coordinates into momentum

coordinates, this becomes

. 1
(p2 + o+ Zﬁuapu - 1(72);11181)“8];1,) unad(p) =L (2117)

If we were to ignore the derivative terms, the solution would be a straightfor-

ward -
Gauaa(p) = (p° +a) ' = / dr e=oT T, (2.118)
0

where in the last equality we have once again used (2.114). For the complete equa-

tion, we look for a more general ansatz
unad(p> = / dr €xp (—OZT + p,quj(T)py + puB“(T) + C(T)) . (2119)
0

By comparing with (2.115), it becomes obvious that the exponential inside the
integral in (2.119) is precisely Kquaa(7;p). Introducing (2.119) into (2.117) and
following the calculation (with some small nuances described in [45]), we can obtain

an explicit expression for Gquda(p) and in turn Kguad(7;p). Performing once again
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a Fourier transform back into position space, the resulting heat kernel is

e exp (—30"(x,2)A, (1)6" (2, 2") — C(7))

Kawa(mse, ') := 7sam dot 12(r1A(7) - (2120
where we have defined
ou(z,2") =T, + B,(7) (2.121)
and the coefficients become
Au(7) = [y tanh(y7)] (2.122)
B,(r):=28" [y (1 - sech(’w))}yu, (2.123)
C(r) =g [~y 2 +77° tanh(m‘)hy BY + % [log cosh(v7)]", . (2.124)

The hyperbolic functions included in these identities should be understood as defined
by their respective power series expansions around 7 = 0. Doing so ensures that only
even powers of v are present in the heat kernel, as required from its implementation
in (2.112).

Let us now look at a more general system, consisting of a real scalar quantum
field interacting via a Yukawa coupling to a scalar background field. This kind of

system is characterized by its differential operator
Qy == —0* + V(z), (2.125)

where V(z) is an arbitrary potential term that does not depend on the quantum
field. If V'(z) was an at most quadratic potential, it would be straightforward to show
that (2.125) is an operator of the form (2.112) under the simple identification

o — V()
Bu = (0.V)],
(72>HV =2 (aNaVV)Lp/

: (2.126)
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meaning the heat kernel in (2.120) would be equally valid under such a translation.
The main claim for this Section is that, even for a more general potential V' (x), it is

possible to take (2.120) as the leading order in a heat kernel expansion formula

oo

Ky(r;2,2) = Kquaa(T32,0') ) ma;(x,a), (2.127)

=0

in a manner analogous to how (2.86) is expanded to (2.105) [46]. Additionally, as
we shall elaborate on shortly, performing the expansion in this alternative way will
allow us to effectively resum all the contributions of the first two derivatives of V'
out of the perturbative series, once we take the coincidence limit that is needed in

the 1-loop effective action.

Introducing the heat kernel (2.127) into (2.82) and forcing it to be satisfied at

every order in 7 leads to a recursive relation between the coefficients

—(j+ 1+ 2°0,)aj1 (2, 2') = (—0* + &)a;(z,2) (2.128)
Li/2] B,
n 2n o (A2(n—1) 2nza (. 2n 8., /
+ ; 2n) (4(2 1B (v )aﬂ + 272 (v )a,8> 0% aj1-9n(x, 2),

where By is the k-th Bernoulli number, || denotes the floor function, 8 and ~?
are to be replaced as indicated in (2.126), and we employ the shorthand notation
for (v%)* 5 := (v*)* ., (V). (¥*)™ 5, with (%) 3 = 6% 4 (reminder that we are
working on a Euclidean metric, and as such indices are raised and lowered with the

Kronecker §). We also define the “effective potential”

S(z,2') :=V(z) —a—z8, — }li’a(’}/2)a5 . (2.129)

We shall now prove the statement presented above. Specifically, the resummation
scheme here proposed has the special property that none of the coefficients a;(z, 2’),

nor their derivatives, will depend on any of the invariants that can be built by
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using only the potential V' and its first two derivatives, that is to say, none of those

contained in the set

{v, a#v(,ﬁk)wal’v, 5uy('72k)uv}k207 (2.130)

when taken to their coincidence limit 2’ — x. For the sake of brevity we will be

referring to these particular invariants as chains from this point on.

Looking at (2.128), there are only three possible places where these chains might

appear when taking the coincidence limit:

i)

ii)

iii)

Explicitly on the recurrence relation or its derivatives; after a quick inspection
it is evident that all the potentially “problematic” terms will ultimately be
contracted with derivatives of the coefficients a;(x, ') instead, not fully closed

in and of themselves.

In the effective potential &; however, looking at its structure carefully, it be-
comes apparent that its coincidence limit, as well as the coincidence limit of its

first two derivatives, vanish identically. In fact, it becomes apparent that
[0y -01, 6] = (0.0, V)| Vk > 3. (2.131)

Thus, its third and higher order derivatives do not vanish in the coincidence
limit, but they will always depend on at least third derivatives of the potential,

and thus cannot give rise to any of the chains considered.

Implicitly from the expressions of the coefficients a;(z, ") or their derivatives.

This will shortly be proven not to be possible as well.

Indeed, we can self-evidently conclude that there is a well-defined ordering given

by [aol, [a1], [Oua1], [0,0,a1], [a2], ..., where every element on the list requires the

knowledge of all previous ones in order to be determined via (2.128) or derivatives
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of it. The initial condition in (2.82) can be shown to imply that
ap(z,2') =1 (2.132)

identically [47] (we may set j = —1 in the recurrence relation to see that 9,a¢(z, ") =
0; therefore, ay must be a constant, and our choice of normalization ensures it is
precisely 1). Its coincidence limit, [ag], definitely does not depend on any of the
chains in (2.130). On the other hand, by analysing the structure of the recursive
relation and having already ruled out the other possibilities, we see the only way in
which chains might appear in the calculation of any given (derivatives of) a;(x,2’)
is if any of the previous elements in the ordering does, or at least if it depends on
some “half-chain” (say, if some derivative 9,0, ax(x,2’) depends on (v?),, for some
k < j) that could be contracted with other pieces in the recursive equation to give
rise to a full chain. Since we know for a fact that the first element in the sequence,
ao(x,z"), does not present such properties, we can conclude by induction that none

of them will.

In other words, with the resummation scheme here presented, we can prove that
all the information about the system that can be derived using only the potential
and its first two derivatives is fully contained within the global prefactor Kqyaq-
The trace of the heat kernel needed to regularize and eventually derive the 1-loop

effective action will be

e ™V exp (O*V[y~3(y7 — 2 tanh(377))

KY(T; x, :L“) = (47T)d/2 det 1/2 ((')/7')*1 Sinh(’}/T)

])’“’ay‘/) Z’Tj [a;], (2.133)
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where the first few coefficients read

Just from this small sample, it is self-evident that the coefficients take a much
simpler form than their GSDW counterparts, while agreeing with previous results
[48, 49]. The effect is more noticeable as more and more terms are introduced in

the calculation.

The expression in (2.133) is completely regular in 7; it is also a fully real expres-
sion, provided (v?),, ~ 9,0,V is positive definite. If at least one of its eigenvalues
(A_)?%is negative, then the corresponding eigenvalue A_ of  will be purely imaginary,
in exchange turning

sinh(A_7) — ¢ sin(|A_|7). (2.138)

The heat kernel will thus develop an infinite series of poles on the 7-axis, wherever
the sine vanishes. To be able to perform the integral (2.78), we would need to follow
a similar procedure to the one in Section 2.2.2 and modify the integration contour
to circumvent the poles on the 7 axis. In doing so, the effective action acquires an
imaginary part, leading to a process of particle production, which seems to point
at a “Schwinger-like” process for scalar fields under specific conditions (namely, a

strong enough potential whose Hessian is not positive definite).

2.2.5 Electromagnetic backgrounds

The results discussed in the previous Section can actually be generalized to other
systems of interest. A simple step forward in this direction can be taken by studying

the interaction of a massive charged complex quantum scalar field with a purely
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electromagnetic classical background. The Lagrangian for such model in Euclidean

signature takes the form
1
Lo = (D) (D"6) + m6l 6+ { Fu P, (2139)

where m is the mass of the scalar field and F},, the electromagnetic field strength

tensor, while the covariant derivative is defined as
D, =0, +ieA,, (2.140)

where A#(x) is the background electromagnetic field. Expanding the covariant
derivative and dropping the pure electromagnetic term in the Lagrangian, since
it is fully classical and independent of the scalar field, the operator associated with

such a system will be
Qsorp = —0% — 2ieA"9, —ie 0,A" + m* + 2 A%, (2.141)

Ignoring temporarily the term linear in derivatives, we can compare (2.141) and

(2.125) and see that both operators are of the same form after the definition
Vsorp () == m® + e A* — ie §,A". (2.142)

It would be ideal, then, to be able to use the exact same results obtained for the
Yukawa interaction in this new system, the only change being the definition of the

potential term.

It remains to be seen if the term linear in derivatives in (2.141) poses any com-
plication. Let us first consider the case of a constant electromagnetic field strength
F

w- In this particular case, we can rewrite

1
Au(x) = 57°F,, (2.143)
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in order to still satisfy the defining relation F,, = 0,A, — 0,A,,. Substituting this
definition into the operator, we see that Vsgrpp is composed of a constant term,
akin to the coefficient a in (2.112), and a term quadratic in z, akin to 72, but no
term that could be compared to 5. The structure of (2.120) with these coefficients
ensures that only even powers of T may appear in the heat kernel. Therefore, acting
on it with the term that is linear in derivatives, which is proportional to z*F},0",
will always yield terms of the form z#F),,z", vanishing identically on account of
the antisymmetry of F,,. In short, thanks to this property of the electromagnetic
tensor, the same heat kernel that satisfies the equation without a term linear in

derivatives also satisfies the equation with it.

In general, for any system characterized by an operator
QT = Qquad + fuTﬂyaw (2144)

where TH is an antisymmetric tensor, it is possible to show that the same heat kernel
that solves the equation for Quaq also solves it for Q. For a general electromagnetic
field we can ensure this is the case by temporarily choosing the Fock-Schwinger gauge
[50], defined by

#'A,(x) =0, (2.145)

in order to write the potential A* as an infinite series in terms of F),, and its

derivatives [51]

o) 1 . o
A,(z) = ; mx’ L TPTP (D Oy Fop) . - (2.146)

Introducing this definition into (2.141) and keeping only the terms at most quadratic
in Z to draw the comparison to (2.144), we can ensure that, for this truncation, the
heat kernel will once again be given by (2.120) with the appropriate redefinitions of
the coefficients o, 8 and 2.
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In the same way that was discussed for the Yukawa interaction, we propose that
the heat kernel for a fully general electromagnetic background can then be seen as

a series expansion of the form (2.127), with

a =m?

By = te O'Fy, : (2.147)
(V) = —€2(F?), — ie 020, F)a

where F},, and its derivatives are evaluated at 2/, and the idempotent symmetrization
of indices has been denoted by the parenthesis; F),, is treated as a matrix in its
spacetime indices, meaning (£?),, = F,,F*,. Furthermore, in the same way that
this resummation scheme allowed for several contributions of the potential and its
derivatives to be taken out of the perturbative expansion, the heat kernel here
described presents a similar property. It is possible to demonstrate that, after taking
the coincidence limit, none of the coefficients a;(z,2") will depend on any chains

constructed purely from products of F),,, i.e.

{(F5)" Yo (2.148)

(in addition to a trivial resummation of the mass term). The recursive relation
(2.128) gets expanded with some new terms proportional to A* (which naturally
come from the extra term linear in derivatives that was not present before), but none
of them introduce any new complications that would prevent us from constructing
a proof similar to the one presented in Section 2.2.4. A short discussion regarding
these new terms will be carried on shortly in order to tackle both scalar and spinor
QED at the same time.

Let us, then, move on to the case of a single spinor field in an electromagnetic

background. As discussed in the previous chapter, the relevant operator in a spinor
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theory Lagrangian will be of first order in derivatives, namely
QY% = —(4*D,, +m), (2.149)
where the covariant derivative is defined as
D, :=0,+ieA,. (2.150)

However, following the argumentation in Section 2.1.4, we can look at the “squared”

operator instead,
Qorp = QY*(QY2) = —92 —2ie A"D, +m? — 2ie 9, A" — %ea‘“’FMV—i—62A2, (2.151)

where o = 2[y*,7”]. The only new feature that distinguishes (2.151) from its
scalar counterpart (2.141) is given by the o*”F),, term, which modifies the potential
to be matrix-valued. In this situation, time-ordering becomes a concern when trying
to find the heat kernel matrix elements, specially if we were to derive a general
result that preserved gauge invariance. However, due to the specific construction
procedure that we have followed in the previous Section (considering the case where
F,,, is a constant and expanding upon it, choosing a particular gauge, and only being
interested in the series coefficients that explicitly do not depend on the proper time),
our only concern regarding this will be to meticulously work with the terms that
depend on the potential and its derivatives in the recurrence relation, since they
will no longer commute with each other. This does not meaningfully modify any of
the relevant arguments from the previous Section, meaning the heat kernel can once
again be given in the form (2.120), this time with the coefficients

a=m?— Led"F,,
6# = —te (%apFup + %Up/\aquA) ) ) (2'152)
(V) o = —€X(F?)u — i€ (870, F,)p + 0720,0, F )

with all tensor fields evaluated at /. Once again, we state the claim that such a
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heat kernel is able to resum all contributions of the form
{(F*)",, (0" Fu) b0 (2.153)

(as well as the mass term) into the global prefactor and out of the perturbative ex-
pansion. After introducing the heat kernel into (2.79), expanding all the hyperbolic
functions in power series and imposing that the heat kernel equation is satisfied at

all orders of 7, we obtain a recurrence relation

— (j+1+2°0)aj1 (v, 7)) = (=0* + & + 240, )a,(z,2)

(427 = 18 (P0Y) 4 220 (1)) 90501 2n(a, @)

_ Z B2n‘ ( (22n_ )Ba( 2(n—1) )a6+22ni,oc (,VQn)a/B) Aﬁaj+1—2n($,$/). (2154)

Most of the terms in (2.154) are exactly the same as previously discussed for Yukawa
interactions. The main difference comes from the terms that explicitly include A*
in the first and third lines. In order to prove that these new terms do not introduce
any complications that might invalidate the proof as it was delineated in Section
2.2.4, it suffices to know that only the terms contracted with the leading order
of A" (in the expression derived from taking the Fock-Schwinger gauge) and the
first term of (v?),, have the potential for generating any relevant chains, since S,
and all other terms of A* and (v?),, will depend on at least one derivative of F},,

However, the term Z%(y?"),3A4° on the third line vanishes identically in that case
due to the antisymmetry of F),,, and the term A*0,a;(z,2") on the first line can
only generate a chain for a;41(x, 2') if any of the previous coefficients themselves do
at least generate a half-chain, which we know from the induction argument that it

is not the case.

Even though the Fock-Schwinger gauge has been used in order to justify many
of the steps in this procedure, both the global prefactor and the perturbative coef-
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ficients will depend, at least in the coincidence limit, on manifestly gauge invariant
objects (since they will all be geometric quantities built from F},, and its deriva-
tives), meaning the results are ultimately gauge independent. In d = 4 in particular,
it can be shown [52] that all of the chains that we have discussed may be written in
terms of the electromagnetic invariants F and G, meaning the heat kernel here pre-
sented effectively resums all their contributions, leaving only terms with derivatives

of them in the series expansion.

Once again, the heat kernel will present an infinite series of poles if at least
one of the eigenvalues of 72 becomes negative; since in this setup we know that
v? ~ e2F? 4 derivatives of F, then this will happen whenever the eigenvalues of
F? become negative. A simple study of these, which is particularly convenient in
d = 4 because they will also depend only on the electromagnetic invariants, shows
that this is the case when the electric field dominates over the magnetic field. The
resulting divergence affects all the terms in the heat kernel expansion, leading to
an expanded, local version of the effective Euler-Heisenberg Lagrangian derived in
Section 2.2.2.

2.2.6 Inhomogeneous fields

In Section 2.2.5 it was argued that, even though the operators for scalar and spinor
QED presented a linear term in spatial derivatives that distinguished them from
the general formula (2.112), it was still possible to utilize the results from Section
2.2.4 because said term ultimately became inconsequential on account of its specific
structure (2.144). Nevertheless, it is sensible to ask the question of whether it is still

possible to find a resummation scheme for systems where that is not the case.

Consider the following unspecified toy model of a quantum field system for which

the differential operator becomes

Oy = —0° + N*9, + a, (2.155)
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where « is a constant mass-like term and N* is an arbitrary vector field, with no
particular gauge properties that would allow us to rewrite it analogously to (2.144).
This model can serve as a simplified version of some inhomogeneous field theories,
which have garnered some interest in recent years [53]. We can start by considering
the case where N* = N[’ is just a constant (in spacetime, meaning 0,N§ = 0)
vector. In this situation, the exact heat kernel can be obtained once again from the

Green function equation [54] Fourier-transformed into momentum coordinates
. : -1
(P + NG D+ @) Gu(p) = 1 = Gn(p) = (P* +iNgpu + ) (2.156)

which can be rewritten in an integral form as

Gnlp) = /dTe—r(p2+iNﬂpu+a) — /dTKN(p), (2.157)

and finally Fourier-transformed back into

1 1

G exp (—m — E(TNO — @)2) . (2.158)

Ko(riaa') =

For a general vector N*, it is still possible to perform an expansion around the
reference point 2, the leading order of which will just be N#(z'); we may therefore

propose that (2.158) acts as a global prefactor in a perturbative expansion

ﬁ exp (—m - %(TN(@"’) - w)2> Z aj(x,2').  (2.159)

Kn(rinal) = o

The recurrence relation that can be derived this time from introducing (2.159) into

the heat kernel equation is

(5 (0= 50 = N, ) ) sty =
(a? ~ (N = N(@@))* (a + %N(x’))) aj (7). (2.160)
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Given that the proposed system is extremely simple, the only sensible chains that

we may look for and resum are
{(NN")* Y 0. (2.161)

We may once again see that no (half-)chains will appear on the coincidence limit
of the coefficients unless the previous coefficients do which, since [ag] = 1 by con-
struction, completes the proof by induction. It is important to notice, though, that
the coefficient ag(x,z’) is not constant for this system; for instance, we may take
derivatives on (2.160) and find

1
[8#&0] = O, [8M8,,a0] = 58@]\71,) (2162)

This means that the derivatives of ag must be taken into account for the calculations.

The first few coefficients, when taken to the coincidence limit, are given by

ap(x,z) =1, (2.163)
1
ai(xz,x) = §8NN“, (2.164)
1
as(x, ) = % (3(0aN*)? = 20(u Ng)0* NP + 2(0, — No)O*N?), (2.165)
1 4 nTa 1 a 2 78 1 B AT 02
ag(l',.ﬁlf) = 1—20(8a — Na)ﬁ N + ﬁ(?aN (9]36 NP7 — %8 N%O a(aNg)
1 oo 1 . osran 1 5
— — NP’ N, — —=0,0°N®O* Ny — ——030,N,0°0"N“
1410 VO Na = 5550a0" NNy = 155050, Na 070
1 1 1
— —0a0, N0’ N* + | —0% — —N*) 0N, N?
5500y Ns0 0N + <45a o ) 9° N,050,

1 a\3 1 a YN B 1 e! B 52
(0N = 0NN, TN — S N NN,

1
+ ENO‘N/BGWNBWNQ. (2.166)

58



2.3 Conclusions and future directions

Over the last few Sections, we have covered the basic formulation of the effective
action for a quantum field system. On its own, the effective action presents an
alternative, but potentially powerful, procedure for studying scattering amplitudes
and any related properties of the fields, while also connecting to the standard dia-
grammatic procedure if necessary. Particularly, for those systems where the classical
action is quadratic in the fields, it allows for an exact, nonperturbative derivation of
the transition amplitude (2|1) [J]. For more general systems, the 1-loop effective ac-
tion serves as a first-order approximation that helps study the quantum corrections

to a clasical field theory.

In order to actually derive an expression for the 1-loop effective action, we made
use of the heat kernel definition to write I' as an integral, over a single parameter
7, of an operator whose matrix elements satisfy a well-defined differential equation
(at least in Euclidean signature). While the heat kernel equation is solvable in some
specific cases, for a more general system there is a need to perform some kind of

series expansion in 7 and recursively determine its coefficients.

While the GSDW expansion is completely general and applicable to any model,
there is no denying that the computational cost of deriving the coefficients becomes
very high, very fast. Additionally, in no way does it help to the original objective
of finding some nonperturbative information about the system. Thus, resummation
schemes have been proposed over the years to rewrite the GSDW expansion in a
more powerful way. One such resummation formula has been fully discussed and
shown to be applicable to a handful of very different systems. The results agree with
previous observations, while simplifying the calculations and giving a much more

detailed leading order term.

Nevertheless, it remains to be seen if this procedure can be further generalized.

There are several conceptual and computational complications that may arise when
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dealing with heat kernels for more complex systems. As a way of illustrating this,
consider a system consisting of a spinor coupled to an axial vector field S* on a flat
spacetime [55, 56], which may also be seen as the interaction between a spinor field

and the spacetime torsion tensor [57]. The relevant operator

QY* = —(+"(0 + in159,) + m) (2.167)
can be squared into
Qs = —0° + 2iny50*S,0, + m* — n*S* — iny30,5" — %T]J‘WSW, (2.168)

where S, = 0,5, — 0,5, and 7 is the chiral element associated with the v matrices
[58]. Setting S* to be a constant vector (which may be of interest in some models of
Schwinger effect in the pressence of Lorentz-violating background fields [59]) makes
this operator appear to be of the form (2.155) with the appropriate definitions of
a and N*, and therefore should be solvable in terms of the heat kernel (2.159).

However, in this situation the vector
Nt = 2inys S0 (2.169)

is a matrix-valued vector with a nontrivial matrix structure given by the spinor
indices of the o matrices. There is some structure to be found in N# thanks to

the Clifford algebra constraints, namely that its anticommutators satisfy
{N*, N} = 8n*(S*n" — SHSY)I, (2.170)

allowing for the Green equation to be solved exactly in momentum space

p* —iNtp, +a
(p? + @)% + 4n?[p2S? — (pSH)?|

Gs(p) = (P> +iN'p, 4+ )" = (2.171)

However, trying to extract a related heat kernel operator out of this propagator

has proven to be highly nontrivial. If we were to try and get the result directly
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from the integral expression (2.157) and perform the Fourier transform, we likewise
find the complication that the term exp(—i7 p,N*) is the exponential of a matrix
that is not proportional to the identity, meaning it is not possible to just perform
the integral as if it were a Gaussian; a series expansion is needed instead. While
it is possible to prove that N*N, o I, allowing us to separate the exponential
into a cosh(...) and a sinh(...) term, the arguments inside both of them make it
so that the resulting integrals do not seem to accept elementary solutions. While
in the Abelian case we were able to circumnavigate the complication of a matrix-
valued term, that does no longer seem to be the case. Applying the same workflow
as in the Yukawa and electromagnetic cases becomes highly nontrivial due to the
commutation relations present all throughout the calculations. It is possible that
employing techniques from the worldline formalism for heat kernel calculations may
help alleviate the issue; additional comparative studies may be of great interest
in this regard. Alternative approaches have been developed for this problem by
considering specific representations of the y-matrices, thus pointing to a possible

resolution of this problem [60].

Beyond that, there is no shortage of possible avenues to extend these results.
Obvious candidates are finding a generalization of the resummation scheme for non-
Abelian gauge theories like that of the strong interaction [61, 62], and of course
curved spacetimes (both of which would once again require developing a satisfac-
tory way of dealing with matrix-valued elements in the operator). From an ex-
perimental perspective, the resummed version of the proper-time expansion for the
electromagnetic Lagrangian can lead to an enhanced analysis of some accessible phe-
nomena, serving as a better approximation than the locally-constant approximation
frequently used [63]; in particular, it may be associated with testable nonlinear QED

processes such as light-by-light scattering [64] and vacuum birefringence [65].
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Chapter 3

Black holes semiclassical effects

Black holes are some of the most intriguing objects in all of Theoretical and Math-
ematical Physics. In the context of this work, they are one of the very few in-
stances where the strength of gravitational interactions becomes comparable to that
of the other fundamental forces. As such, understanding their behaviour becomes of
paramount importance to the future of Quantum Gravity as a field of research. The
first part of this chapter will be focused on general aspects of black holes, as well as
some of their specific quirks that become fundamental in this line of thinking. In
order to simplify the computational complications and focus only on the (already
abundant) conceptual challenges, we will be following the recent surge of interest
in two-dimensional gravity models that admit black hole solutions and capture, to
some extent, the features of those arising in Einstein’s theory of gravity. One such
model, originally proposed by Callan, Giddings, Harvey and Strominger and later
expanded upon over the years, will be the main focus of the second part of this
Chapter.
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3.1 Black holes

3.1.1 General Relativity basics

The following paragraphs will serve as a quick introduction of the main elements
and notations used in the study of General Relativity, as a whole, and black hole
models, in particular. A more in-depth treatment may be found in [66], while [67]

provides a full deep dive into the mathematical formalism here sketched.

As briefly posed in the Introduction of this document, in the context of General
Relativity, gravity is not understood as an interaction between objects that live in
a spacetime, but rather as an intrinsic property of the spacetime itself. Mathemati-
cally, this manifests in the spacetime being defined as a d-dimensional manifold M
(for the most part, we will be interested in the cases of d = 4 and d = 2), the curva-
ture of which is what we would then experience as a gravitational pull. The manifold
M is additionally endowed with a metric structure that allows us to formally define
distances and angles (or more accurately, spacetime intervals) between the points
in spacetime. The traditional Euclidean space definitions of scalars (including the
coordinate functions themselves), vectors and tensors used in Newtonian mechanics

are then adapted to this new formalism.

Let us solidify the concept of a manifold’s curvature, which for our purposes
should be done intrinsically, as our current understanding of spacetime does not
generally contemplate it as being embedded into a higher-dimensional space. A key
challenge in that regard is understanding how tensor fields change between different
points around the manifold; unlike flat Euclidean space, it is not possible to directly
compare the value of these fields at two different points, even infinitesimally close
ones, given how the metric structure is generally nontrivial. The rate of change of a
vector field is instead given by the covariant derivative, whose coordinate-dependent

representation is given by
V" =g + 1Y, 0”, (3.1)
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with analogous definitions for other types of tensors, assuming that the spacetime is
torsion-free. Here, the ordinary partial derivative 0,0 merely measures the change
in the vector’s components along the different coordinate curves, which would be
sufficient in Euclidean space. The second coefficient, known as the connection (given
in General Relativity by the Christoffel symbols F”up), quantifies how the local
coordinate basis vectors themselves change from point to point. For the class of
manifolds that will be of interest in this document, the Christoffel symbols can be

found to depend only on the metric tensor.

A vector v is said to be parallel-transported along a curve in M whose tangent
vector is t if
"V, 0" = 0. (3.2)

A curve v(7) in M, then, is said to be a geodesic if its own tangent vector v can be

parallel-transported along itself, that is, if
V'V, 0" = 0. (3.3)

Expanding the expression for the vector components and Christoffel symbols, we

arrive at )
d " w
dr? PAdr dr

where {7#(7)} are the coordinate functions of the point 7(7); this last equation

p A
hrd (3.4)

will be of great relevance in following Sections. For any point P in M and vector
v defined in its tangent space, there exists a unique geodesic that passes through
P with tangent vector v. Geodesics are usually presented as the definition of the

“straightest possible lines” in curved spacetime.

Moving on, we may take a moment to analyze the definition in (3.2) and realize
that parallel transport is a path-dependent object; given the same start and end
points, the vectors given by parallel transporting the same original vector along

two different curves may be very different when examined at the endpoint. For

64



infinitesimally close points in M, the difference between the action of two different
paths will be given by the commutator [V, V,| which, even though neither of the
covariant derivatives is a tensor in itself, acts as a tensor of type (1,3), called the

Riemann curvature tensor,
[V, V, vt = R’\vap, (3.5)

with similar relations when acting on other types of tensors. The necessary and suf-
ficient condition for a spacetime to be flat will then be that this mismatch vanishes
identically at every point, RAW , = 0. Given (3.5), it is self-evident that the compo-
nents of the Riemann tensor can be written in terms of the Christoffel symbols and,

in turn, of the metric tensor.

The Riemann tensor can be further mathematically decomposed into three main

contributions
1
R;wp)\ = C;wp)\ + m(RupguA + Ry)\gup - Rupg,uA - R,uAgup)
1
e R(GurGur — GuoGir), (3.6
(d . 1)<d . 2) (gMPg A g pguA) ( )

where C,,, is a totally traceless object known as the Weyl tensor, R, = R’ is
the Ricci tensor, and R = R¥, the Ricci scalar of curvature. This decomposition is
valid in general for any d > 3, and it accounts for different kinds of deformations that
a set of points in M may undergo due to the curvature of it as they are transported
through the manifold. For d = 3, however, the Weyl tensor vanishes identically,
since the Riemann and Ricci tensors have the same number of degrees of freedom.
As we shall briefly see, the fact that the only contributions to the curvature come
from the Ricci tensor implies that gravity can only exist where matter is located; in
other words, gravity cannot propagate through spacetime if d < 4 [68, 69]. As for
d = 2, it is immediate to see that not only will C},,,\ vanish again, but the entire
expression as a whole breaks down on account of the (d —2)~! factors. This mostly

comes down to the entire Riemann tensor being reduced to a single independent
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component, proportional to the Gaussian curvature of the manifold, which is closely
related to its (topologically invariant) Euler characteristic. We will discuss what

this means from a dynamical point of view in Section 3.2.1.

Let us again come back to the general solution with d left unspecified. The sim-
plest possible purely gravitational action that can be built from nontrivial invariants

using the metric tensor is the so-called Einstein-Hilbert action

SEinstein-Hilbert [g] = /ddx vV —4g Ra (37)

up to additional terms that may be needed when considering spacetimes with a
boundary [70]. In order to consider theories of matter interacting with gravity, we
would need to add its corresponding action S,,. Applying the tools of variational

calculus, the principle of stationary action leads to the field equations
1
R, — §Rg,“, = kT, (3.8)
2 0S5,

g

with the matter in the system, and k is a coupling constant (by comparing to

where T, = is the stress-energy or energy-momentum tensor associated

Newtonian gravity we can determine x o< Ge#, where G and ¢ are Newton’s constant
and the vacuum speed of light, respectively). Here we see the close relation between
the Ricci components of the curvature tensor and the matter content of the theory;
note however, that these equations do not impose any constraint on the Weyl tensor
at all. In some applications, specifically those related to cosmological evolution,
an additional term proportional to A is added to the Einstein-Hilbert Lagrangian,
serving as a measure of the energy of spacetime itself [71]. Imposing that the action is
invariant under diffeomorphic transformations leads to the generalized conservation
of energy equation

Vv, = 0. (3.9)
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3.1.2 Black hole solutions

The expression (3.8) presents a system of nonlinear coupled second order partial
differential equations on the metric tensor. Solving these for a completely generic
metric and matter distribution is highly nontrivial; for more complex systems it is
common to resort to numerical methods [72]. However, it is possible (albeit not

simple) to find closed-form solutions for specific relevant cases.

One such solution is the one obtained for the metric tensor outside of a static,
spherically symmetric distribution of mass (which we may for simplicity take as
point-like). Since there is no matter in the whole studied region, we may set 7),, = 0

everywhere. By looking into (3.8), we may see that this implies
R, =0. (3.10)

The most general metric that satisfies these conditions can be written in spherical

coordinates as
ds® = —A(r) dt* + B(r) dr® + r? dQ?, (3.11)

where dQ? = df? +sin? 0 dp? is the angular differential. We can find R,,, in terms of
A(r) and B(r) and impose the vacuum solution condition. By additionally imposing
that the spacetime becomes asymptotically flat as we move to r — oo and that the
gravitational interaction for any nonrelativistic test particle that is sufficiently far
away from the mass distribution reduces to the well-known Newtonian limit, we find

that the solution is given by the Schwarzschild metric [73]

2G'M 2GM\ !
dsQ:—(l— G )Cth2+<1— G ) dr? + % dO2. (3.12)

c2r c2r

For simplicity’s sake, from now on we will work in units where ¢ = 1. The metric
apparently has two locations at which it diverges, namely r = 0 and r = 2GM,

however, we can verify that only one of them is truly a spacetime singularity.
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While R,, and R vanish identically, it is important to notice that the Weyl

tensor part of the Riemann decomposition does not. In fact, we may calculate
48G?M?
—
that the curvature is nonvanishing everywhere in spacetime, and in fact diverges

the Kretschmann curvature invariant 112u1,,0,\}%“l’pA = , which indeed shows
as we approach r = 0. The point » = 2GM, on the other hand, has a well-
defined curvature, so the apparent divergence we see in the metric must be just a
mathematical artifact associated with a poor coordinate choice. To see this, we may

rewrite the metric using the equivalent Kruskal coordinates, giving

3263 M?
n r

ds?

__" g2 2 2 1002
exp( 2GM>( dz? + dz?) + r2dQ*. (3.13)

These coordinates relate to the original ones via

2’ — a2t = <2C§M - 1> exp <ﬁ) . (3.14)

The metric in (3.13) is clearly regular at r = 2G M, showing that the Schwarzschild

spacetime can be defined for all » > 0 or, equivalently, 22 — 2% > —1. Given the

spherical symmetry of the problem, we may drop the angular part of the metric
from here on, and focus solely on radially incoming or outgoing matter; in Kruskal
coordinates, null incoming and outgoing geodesics will be given by the 45°-angle lines
ry+x_ = constant. It is also common practice to further define x, +x_ = tano; in

doing so, the infinite ranges of x4 get compressed to finite (—7%, Z) ranges in 0. The

2772
r = 0 singularity is represented by two straight lines at o, + o_ = 7. While this
procedure produces a metric of the form Q?g,,,, with Q? potentially reaching infinite
values, it is always possible to redefine an unphysical conformal metric § = Q~2g
and use it instead to absorb the infinities [74]. The resulting Penrose diagram is

represented in Figure 3.1.
For future black hole solutions covered in this document we will be presenting

their Penrose diagrams directly; as such, it will prove convenient to get used to

the terminology surrounding them. Roughly speaking, a Penrose diagram warps
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Figure 3.1: Penrose diagram corresponding to the Schwarzschild black hole space-
time. The spacetime is divided into four sectors, with I and II being the exterior
and interior region of the black hole, respectively. Sectors III and IV correspond to
a “parallel universe” and a “white hole” region, respectively; these appear as the
mathematical consequence of maximally extending the coordinates, but are usually
excluded by physically motivated arguments.

the representation of spacetime to “bring the infinities to a finite position”. As
such, it is not a very useful representation of distances between points. Instead, a
Penrose diagram is specially useful in studying relationships of causality between
events (since null lines are still represented by 45°-angle straight lines), as well as
the asymptotic behaviour of fields, the metric included. This is mainly because all
the possible directions in which a field can go into infinity get collapsed into the

points and straight lines that conform the borders of the diagram, namely:
i) Z~, the past null infinity, from which all incoming null geodesics originate.

ii) Z%, the future null infinity, to which all outgoing null geodesics progress.

iii) 4%, similarly to Z*, represent the future and past infinities that mark the “end-

points” of timelike geodesics.
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iv) 1% is the “space infinity” for all spacelike hypersurfaces, like those characterized

by t = constant, as r — oo.

v) The singularity at » = 0. The upper line (future singularity) becomes the end
point of all incoming null and timelike geodesics that cross the event horizon.
Conversely, the lower line (past singularity) would be the origin of all timelike
and null geodesics in the white hole region; as stated in Figure 3.1, it is usually

taken as a mathematical construct rather than a physical object.

The event horizon, given by the line 6~ = 0 (and o™ = 0 if Sectors IIT and
IV are considered), is defined as the boundary of the region obtained by tracing
the entire infinity Z* back to its past. It is clearly a null object that separates
the outside region I (and therefore the future infinities) from the interior region
II. Tt is impossible for an object inside region II to escape to infinity, since that
would require traveling faster than light in order to cross from II to I. Instead,
its inevitable fate is to head towards the singularity, at which point it is currently
not understood what happens; as the curvature of the theory becomes infinitely
large, purely classical theories lose their predictive power, marking the necessity for

a higher energy (possibly semiclassical or fully quantum) model.

Another notion that will be of special interest is that of the apparent horizon.
Roughly speaking, this horizon delimits the boundary of a region of trapped surfaces,
that is, the region for which all non-spacelike geodesic paths converge. For the
Schwarzschild solution it is trivial to see that all ingoing null geodesics start at large
values of r and eventually reach » = 0. On the other hand, the behaviour of outgoing
geodesics changes drastically depending on the region: while those in Sector I1I will
reach higher and higher values of r (which, if we take two different geodesics and
consider the angular part of the metric, would lead to them spreading apart), those
in Sector II will inevitably collapse towards the singularity. Therefore, the trapped
region coincides with Sector II, and the apparent horizon is precisely the boundary

of it. In general, for static black hole solutions the apparent horizon will coincide
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Tt

Star

Figure 3.2: Penrose diagram for the gravitational collapse of a static star. The
spacetime outside the star will be given by the Schwarzschild metric, while the inside
(grey area) metric is left undefined. If the star is massive enough, its collapse will
reach a point where an event horizon and singularity form. The apparent horizon
is not shown in this image, as it would require a precise description of the metric
inside the star.

with the event horizon. The differences between them become more apparent when

considering dynamic black hole models like those in Sections 3.2.2 to 3.2.4.

The Schwarzschild solution presents us with a static and ultimately eternal black
hole. A more realistic model for black holes is that they originate at some point from
the collapse of a massive object [75] into a volume small enough that the horizon
at 7 = 2G'M lies outside of it. The object needs to be massive enough that the
repulsive interactions between the electrons or even neutrons in its atoms are not
enough to counteract the gravitational collapse [76]. The Penrose diagram for a

black hole formed via gravitational collapse is given in Figure 3.2.
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From the strictly classical point of view, once formed black holes are completely
determined by three simple independent parameters: their mass, their electric
charge, and their angular momentum [77-79]. Any other information about the
object(s) that formed the black hole in the first place is lost and irrecoverable. This
so-called “no-hair theorem” poses a big problem when put in the context of the
second law of Thermodynamics, since one could theoretically decrease the entropy
of the universe by simply dropping matter into a black hole. In order to solve this,
and inspired by a previous assertion by Hawking that the area of a black hole event
horizon can never decrease over time [80], Bekenstein proposed that the entropy of

a black hole is proportional to its surface area [81].

The fact that black holes have an associated entropy immediately implies via
thermodynamical arguments that they must also have a temperature, which should
be measurable in terms of radiation emitted from it. Indeed, in another work by
Hawking [82], this process of radiation was eventually characterized; black holes

behave like a black body system, emitting radiation at a temperature

hed

Ty = ——
B SrksGM’

(3.15)
where kp is Boltzmann constant. This result is not possible from a completely
classical point of view; it constitutes the first inherently quantum property of a
black hole. This effect can be visualized in several ways, including the creation
of particle pairs near the horizon where, instead of immediately annihilating each
other, one falls inside the black hole and the other escapes to infinity. Alternatively,
we can define vacuum states in the infinite past and future regions Z* and check
that, since the spacetime is not stationary due to the gravitational collapse of the
star, they are not equivalent quantizations; the vacuum state in the infinite past is
seen as a thermal state from the point of view of an observer at the infinite future
[83]. Yet another interpretation of this phenomenon can be derived from the trace
anomaly of the energy-momentum tensor [84, 85]; we shall follow this point of view

in 2-dimensional theories.
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In any case, the fact that black holes radiate seems to indicate that, as time
goes on, they will start losing mass and eventually evaporate. How this process
ultimately comes to be is still an object of debate, mainly because it is unclear
how the singularity behaves throughout all of it. A major concern is that, even
though the matter that falls in a black hole could be of any kind, the black hole
itself seemingly only radiates in the way a black body does. This is, in essence, the
conflict of the information loss paradox; some relevant references on the matter can
be found in [86-89]. All in all, there is still a lot to be understood with regards to
the evolution of black holes, and the problem only becomes even more obscured by
the great amount of computational complexity that is involved in General Relativity
calculations due to its immense amount of degrees of freedom. That is why, over
the last few decades, there has been an increasing interest in building and studying
appropriate 2D models for black hole solutions that help alleviate the mathematical
ordeal of these calculations, while still keeping most of the relevant information

intact. We shall follow the same path in the following Section.

3.2 Black hole evolution in 2D

3.2.1 Gravity models in d =2

For the following Sections, we will be considering gravity models in 2-dimensional
spacetimes. The main reason behind this choice is the relative simplification that all
the equations undergo in comparison to the usual 4D formulation. An example of
this is that, when examining the Riemann tensor symmetry properties, it becomes
clear that there is only one independent component ,,,,\. The general decomposi-
tion in (3.6) is no longer valid; instead, the entire Riemann tensor can be uniquely

determined from

1
R;wp)\ = §R(g,upgv)\ - g,uAQup)- (316>

This has immediate consequences on the Einstein-Hilbert action (3.7); in 2 dimen-
sions, the left hand side of (3.8) vanishes identically. The Einstein-Hilbert action will

not yield a dynamical local field theory, becoming a topological invariant instead.
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Thus, in order to define gravity in a 2D spacetime we must search for alternatives
that still satisfy all the relevant conditions (namely, diffeomorphism invariance and
dependence on at most second order derivatives of g,, so that the equations of mo-
tion are at most of second order in derivatives). One such model is the so-called

Jackiw-Teitelboim gravity [90]

Syrlg, 8] = / Py =go(R - A), (3.17)

where A is a cosmological constant term and ¢ is scalar field that couples to gravity,
called a dilaton. Dilaton models have been studied in depth over the past years,
eventually spreading out into a big family of models [91]. The CGHS model, which

is the main topic of the remaining part of the text, is one of them.

Additionally, it can be proven [92] that any metric in 2D can be written in a

locally conformally flat form

ds?* = —e2@ 2 ) gyt dp (3.18)

+ are null coordinates like the ones defined in Section 3.1.2 The entire

where x
dynamics of the metric can then be read from the field p(z*,27). On the subject
of conformal transformations, let us briefly consider a simple system of a massless

scalar coupled to d-dimensional gravity through

1

Smle] = )

/ddx\/—_g (g“”(?ucp&,go - HR@Q) (3.19)
4(d —1)
(in the special case d = 2 it is immediate to see that the second term vanishes
and the theory reduces to a minimally coupled model). The classical action S,
is not only invariant under diffeomorphisms, but also under conformal (or Weyl)
transformations
G > (@G, o QT (2)p, (3.20)

In the same way that diffeomorphism invariance constrains the energy-momentum
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tensor to satisfy V, 7" = 0, Weyl invariance introduces yet another constraint

T, =0. (3.21)
However, as discussed in Section 2.2.3, once we consider the quantum theory there
will be some divergent contributions that need to be regularized. Following the
standard GSDW approach, we see that these contributions are associated with the
coincidence limit of the coefficients ¢;(z, z’) for which j < 4. While the divergences
associated with 7 < g simply get rescaled under a Weyl transformation, the loga-
rithmic divergence that comes with Ca gets shifted by a finite amount. This modifies
the trace of the energy-momentum tensor, which will now be proportional to said
coefficient. This is known as the trace anomaly of the energy-momentum tensor; it
is an inevitable conclusion of trying to quantize the theory given by .S,,, as there is
no alternative regularization scheme that preserves both diffeomorphism and Weyl

invariance simultaneously [93, 94].

Given that the coefficients ¢; are written in terms of the invariants of the theory
via (2.107 - 2.109), for our massless scalar 2D theory the trace anomaly will be
proportional to ¢; « R (incidentally, for a 4D theory the relevant coefficient would be
¢2). Additionally, we can further utilize the mathematical formalism of Conformal
Field Theory and, in particular, operator product expansions (OPEs) to closely
relate the trace anomaly, .

(1%,) = ﬁR’ (3.22)

to the central charge of the system ¢ [95], which counts the degrees of freedom of
the system; for a single scalar field, ¢ = 1. For this and the following Section, we
will leave the central charge unspecified but assume ¢ > 0; systems with ¢ < 0 will
come into play in Section 3.2.4. The effective action term that generates the trace

anomaly can be shown to be

C

FPolyakov[g] = _96_7T d2l‘\/ —gR DilR, (323)
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which will be of great relevance when constructing a full model of semiclassical

gravitational interactions.

In the case of a 2-dimensional gravity theory, the trace anomaly (3.22) can be
used in conjunction with energy-momentum conservation (which we must still satisfy
even at the quantum level, V,(T"") = 0) to completely determine (7},,) up to some
integration functions which characterize the quantum states. This will be of major
importance when studying Hawking radiation, since the flux of outgoing radiation
will be given in conformally flat coordinates by (7°__). All in all, we have a powerful
connection between the geometric properties of the theory (represented by R) and
the Hawking radiation emitted by its black hole solutions, through the quantum
corrections obtained from the effective action. We will explore these ideas for the

CGHS model, starting in the following Section.

3.2.2 The CGHS model

As pointed above, the Callan-Giddings-Harvey-Strominger model [96] is a particular
construction of dilatonic gravity; it was originally conceived as a low energy limit
of a higher dimensional string theory, but for the purposes of this document its
main point of interest is that it provides a solvable and renormalizable theory of 2D

gravity [97]. The classical action for this system is given by

Scansly. 6,11 = 5- [ Pav=g [e—w(R FAVO? +4X) — DV VHF| L (324)

where ¢ is the dilaton field, A\? is a cosmological constant and f is a minimally
coupled massless scalar field, which as stated above is automatically conformally
coupled (in general we may take a set of N such fields f;, i = 1,..., N; we will leave
the sum over ¢ implicit in our expressions). From this action we can obtain the

equations of motion:
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i)

ii)

iii)

From the variation with respect to g,
267 [ViVoo + g (V) = V26 = X)) = (T7), =0, (3.25)

where T/ is the energy-momentum tensor of the matter fields

(T = % Opfi O fi — %gw(vfi)2 : (3.26)

As previously discussed, the purely geometric part of the Einstein equations
that would normally arise from this variation vanishes identically in d = 2;
thus, we may identify the entire left-hand side of (3.25) with the full energy-

momentum tensor of the CGHS model.
From the variation with respect to ¢:
e 2[R+ 4\? +4V?%¢ — 4(V¢)?] = 0, (3.27)
which will be referred to as the dilaton equation of motion.
From the variation with respect to f;:
Uf;, =0, (3.28)

which was to be expected since a minimally coupled scalar should satisfy the

Klein-Gordon equation.

In the conformal gauge (3.18), classically we have (TV)¥, o< (T/);_ = 0 due to

conformal symmetry, and these equations get transformed into

e 2Pt 49, 0_¢ + 40,0 0_¢ + 20,0_p + N\2e*] = 0, (3.29)

e 2%[20,0_¢ — 40,0 0_¢ — \?e*] = 0, (3.30)
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0,0_f; =0, (3.31)

together with the constraints that come from fixing g1+ = 0:

e 2202 ¢ — 40:p0+¢] = (T7) 4. (3.32)

The first two of these can be combined to give a free field equation
9,0_(p—¢) =0, (3.33)

which means the fields p and ¢ differ from each other by a sum wy (z) + w_(z7);
however, by diffeomorphism invariance we can rescale and shift the coordinates to
make these wy vanish and set p = ¢; we will refer to this particular choice as the

Kruskal gauge. In this setup, the equations of motion simplify to
0,0_e7 %% = —)\2, (3.34)

92(e?) = —(T7) s, (3.35)

If we momentarily consider that there are no scalar fields f;, then the equations

above have a general solution

M
e = _NaTa + - (3.36)

where M is an (at this point) arbitrary constant of integration. From this we can

read the components of g, and find the Ricci curvature

Oy (e7?)0_(e7*?)

e2¢

4M N
% — N2gtp—

R=28e%0,0_¢ =4 —40,0_(e7*) = (3.37)
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This curvature is clearly divergent along the curve

M
T = L (3.38)

and in general we can perform similar tricks to those in Section 3.1.2 to see that this
solution is yet another static black hole solution, with mass M and event horizon
located at = = 0. Its Penrose diagram is qualitatively the same as Figure 3.1,
the main difference being that, in the same way the Schwarzschild metric becomes
asymptotically flat (i.e. Minkowski) in the infinities of region I, the CGHS solution
approaches the equivalent spacetime in this setup, which is called the linear dilaton

vacuum solution and is characterized by
R=V?%p=0, (Vo)? = N2 (3.39)

This can also be seen to be the global solution in the particular case when M = 0.
In the coordinates x*, the flat spacetime metric is naturally defined in the region
2t > 0 and 2~ < 0. Upon introducing the coordinates o via \z® = :l:eﬂ"i, the

solution assumes the simple form

ds* = —dotdo, (3.40)

+

where now o= cover the entire spacetime. As for the dilaton field, if we were to

define the coordinates o= = t + ¢ so that the metric takes the well-known form

—dt? + do?, then we would see
p=—-=(c"—07)=—-N\o. (3.41)

This linear dependence of the dilaton on the spacetime coordinates motivates the

designation of the spacetime as the “linear dilaton vacuum?”.
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Let us now take a look at the case of an infalling null shell of matter; this can be

represented by the energy-momentum tensor

m
(T7) 4y = M—+5($+ - zq), (3.42)
0

where m is the energy of the shell. The solution to the constraints and equations of

motion becomes
020 — 2yt _ ﬁ(fr — D) ezt — ), (3.43)

where we have introduced the Heaviside © function. For a more general setup,

we can imagine a continuous drip of incoming null mass throughout some interval

[#;", 23] The solution in this case becomes
Plrt +
e — )2t (x_ + (; )) + m(f ), (3.44)
where we have defined .
Ly
Pty = [y Testy®) (3.45)
.
*f
miat) =x [ Lyt T, (3.46)
zi
In this model we will have an event horizon at = = —A~'P(z}) (requiring a global

knowledge of the spacetime), which denotes the entire region of points that will be
unable to reach the infinity at Z,;. On the other hand, we have a separate apparent
horizon that follows the curve given by

P(z™)

27 = =g (3.47)

This describes the frontier of all trapped surfaces, i.e. the boundary of the region for
which, locally, both ingoing and outgoing geodesics converge. We can visualize this

by momentarily imagining that our 2D spacetime comes from dropping the angular
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Figure 3.3: Penrose diagram for the formation of a black hole by a continuous flow
of infalling null energy. The apparent horizon does no longer coincide with the event
horizon, since the mass of the black hole grows over time.

contribution of a spherically symmetric 4D one; the area of the 2-spheres that would
be located at each point in our 2D spacetime will be proportional to e~2%, so the
trapped region corresponds to the set of points for which the area always decreases,
meaning d1(e~2?) < 0 or, equivalently, d+¢ > 0. The apparent horizon will lie on
the boundary of this region where either d,¢ or 0_¢ changes sign; looking at our
construction, 0_¢ = )‘;62¢$+ > (0 everywhere, but d,¢ does change signs when the
line described by 9, ¢ = 0 is crossed, which is the one described above. While the
one in this model increases in size until meeting with the event horizon, it is possible
to have mechanisms that generate shrinking apparent horizons, making previously
trapped surfaces become free again; we shall see one such case in the following

Section. The full process for the black hole formation is shown in Figure 3.3.

From this information we could go ahead and find the Hawking radiation emitted

by this system. Given (3.22), we know that in conformal gauge and for a set of N
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scalars f; (c = N) we have
N
(T7)4-) = —E&ra—ﬂ- (3.48)

Using the conservation of energy-momentum and with our knowledge of the metric,

we have N
(1)) = 1 (02pOep — Oip+1ts), (3.49)

where t. are some integration functions. We can fix these by imposing that the
energy-momentum tensor vanishes in the infinite past of the vacuum region. In
order to define this region, as well as the infinite future we need to study Hawking
radiation, it is best to work in asymptotically flat coordinates, i.e. those for which
the metric locally becomes that of flat spacetime in the regions studied. Before the
gravitational collapse it is trivial to see that the solution becomes the linear dilaton

vacuum once again. The conformal factor in terms of o7& is

1

2p
S (3:50)
which can be plugged back into the conformal gauge definition to get
dx™ dx~
2 _ = —dotdo™ .5l
ds gy do"do™, (3.51)

where the sign is attached to the defined-negative x=. We can integrate each asymp-

totically flat coordinate o* to arrive at the simple relation
e = £t (3.52)

As for the region after the collapse, in the limit ™ — oo the term that goes with

m(z™) can be dropped from (3.44). Following the same procedure as above, we may
define

5+
er =\t

G B P(x+) . (353)
e =\ <£E + = )
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In the infinite past, imposing that (3.49) vanishes leads to the identification
t£¥(0*) = 0. We may then make use of the transformation law of the energy-
momentum tensor to bring ¢+ to the ¥ coordinates before the f-shell collapses,
resulting in

to(a®) = ﬁ (3.54)

The same coordinates extend to the region above the shell, meaning that as we

approach ™ — 0o we may approximate the outgoing flux by

-2
N P(z7) 1
T == |2 ! - . 3.55
() )py = 35 ( + 25 ot (3.59)
Finally, if we perform a change of coordinates into 6%, we arrive at the desired
expression
s N2 1
(T _)pr = — |1 — 5| - (3.56)
R 48 Pat) .
1+ —Ler

We can easily see that this flux vanishes as 6 — —oo and tends to a constant
as 0~ — oo. The Hawking temperature associated with this radiation flow can be
obtained by comparing the expression above with the general law for the energy flux
emitted by a black body in d = 2, which satisfies ® oc NT?. The resulting tempera-
ture T' = % is independent of the mass of the black hole; unlike black hole solutions
in 4D, where the temperature diverges as the mass of the black hole decreases, the
temperature at which the CGHS solution radiates tends to a constant at late times,
after a transition period. Additionally, we may notice that the only information that
survives from the continuous flow of mass that formed the black hole, no matter how

simple or complicated it was, is the final momentum P(x;{)
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3.2.3 The RST correction

If we were to integrate (3.56) over all Z};, we would find that the total Hawking radi-
ation emitted is infinite. However, this should come as no surprise, since the model
in the previous Section essentially describes a black hole that emits indefinitely with-
out ever losing its own energy, which is of course not a physically reasonable object.
We need to consider the backreaction that the emission of radiation exerts on the
black hole itself; while at early times this will not make a big difference, as the black

hole evolves its contribution will become more and more notable.

The CGHS action (3.24) describes a fully classical spacetime, while Hawking ra-
diation comes as a first order quantum effect due to the trace anomaly; as previously
discussed, its contribution can be derived from an effective action, whose explicit
form is given by the Polyakov term (3.23). If we considered an action of the form
Scaus + I'polyakov, We would obtain a 1-loop corrected system that could be used to
study the backreaction; however, the resulting equations of motion are not solvable
in terms of simple functions, having to rely on numerical methods [98, 99]. The
RST (Russo-Susskind-Thorlacius) model provides an alternative redefinition of the

action that solves this problem [100].

Before that, though, let us take a deeper look at the Polyakov term. As it
is currently written, the operator [J-! makes it so the action becomes nonlocal,
since it involves finding the Green’s function associated with the d’Alembertian,
which requires knowledge of the entire spacetime. This nonlocality may lead to
several complications down the line, but we may recover a local formulation by

rewriting
c

Ipotyakov |9, V] = T d*z\/—g <%(V¢)2 + ¢R) ; (3.57)

where 1 is an auxiliary, massless scalar field; on the solution to its own equation
of motion, we can recover the original formulation (3.23). The nonlocality of the
Polyakov term will effectively be hidden behind the field v, since its value can only

be fully determined by the boundary conditions of the model, which will be nonlocal
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in nature. Therefore, while not in the original formulation of the RST model, it will

be of use to keep this auxiliary field.

The RST model proposes the addition of yet another extra term to the action,
which takes the form

C

&mﬂ%¢p=—&;- d*z/=g ¢R. (3.58)
T

The main reasoning behind this term is to preserve our ability to impose the Kruskal
gauge on the (p, ¢) fields, which will allow us to simplify and solve the equations
of motion. The equations of motion for the full system will differ slightly from
those obtained in the classical CGHS model. There will be a new equation for the

auxiliary field ¢ (which will just be ¢ = R), while the dilaton equation (3.27)
ce?
receives a correction R — R <1 + TS

(3.25) is modified to include the energy-momentum tensors of the Polyakov and RST

), and the equation derived from the metric

terms; the matter sector equation will obviously see no changes. Combining the
dilaton equation and the tracelessness condition for 7),,, we arrive at an equivalent
relation

R+20¢ =0, (3.59)

which can then be plugged into the equation of motion for ¢) to obtain
Oy + 2¢) = 0. (3.60)

This allows us to write ¢y = —2¢ + w, where w is an arbitrary free field, that is, one
that satisfies Jw = 0.

In the same way that we did for the classical CGHS model, we may start the

analysis of RST by finding its static solutions first. We could expect to once again

find a configuration that reminds us of the Schwarzschild solution; in terms of the
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dilaton field, we may sketch this generic metric as [101]

h?(¢)

ds* = —g(o) dt* + —=L d¢?, 3.61
(@) 9(o) (3.61)
which can in turn be written in the more familiar form
dz?
ds* = —g(x)dt* + , 3.62
(@) + 555 (362

provided that x is defined such that g—z = h(¢). The condition (3.59) can be seen

to imply
A% g\
9\ _y (_> s g = 29— \h, (3.63)
h h
where the ’ denotes differentiation with respect to ¢, and x is an integration constant
that can be fixed to x = —2\ by imposing that the metric becomes asymptotically

flat at infinity (in particular, that it reduces to the linear dilaton vacuum) and using

the dilaton equation of motion. We may integrate the expression above to get

9(¢) = G(¢)e*, (3.64)

where the function G(¢) satisfies G'(¢) = 2M\h(¢)e 2?. The dilaton equation can
then be solved in terms of this G(¢) function to give

£ 920 _ AN
o 2e (1 + G) G (3.65)

and, integrating once more,

M
Og) == e + 6= G+ Alog G +

< (3.66)

where A and M are integration constants. Similarly to the case of the CGHS model,
M will be identified as the mass of the black hole solution.
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The free field equation for w can be expressed in terms of g and h as w' = C'—.
After introducing all the pieces into the energy-momentum tensor equation and
performing some algebraic manipulations, we see that the integration constants A
and C' must be related by

- WCAZO((J +4N). (3.67)
Therefore, the most general static solution to the complete RST model equations of
motion is given by the “Schwarzschild-like” metric defined by g(¢) and h(¢), where
both of them depend on the function G(¢), in turn implicitly fixed by (3.66) up to
a constant C' (or equivalently A). In order to study what this constant C' entails,
let us first write the explicit expressions for the energy-momentum tensor associated

with the quantum corrections introduced by the Polyakov effective action

c |1

(T,uz/)Polyakov - ﬂ Evud)vuw - v,uvzﬂvz) + g;w <D¢ - ivuﬂ)vﬂl/’)] ) (368)

and the RST term
c
24

since those are the new pieces whose asymptotic behaviour we need to determine.

(T )rst = 57 (guwld = VY, 9), (3.69)

Using (¢, ¢) coordinates, we may see that in the limit ¢t — oo (and therefore g(¢) — 1
due to the metric being asymptotically flat) we get

C
(Et)Polyakov + (nt)RST — %(C + 2>\)2 (37())

<
48

whose energy density at infinity vanishes. This corresponds to a so-called Boulware

Therefore, by setting C' = —2\ (or equivalently A = ), we arrive at a solution

vacuum state. By imposing instead that the energy density is that of a thermal

state given by a black body which, as we saw in the previous Section, for a CGHS

A
2m?

type of solution. This state is found when A = 0, which corresponds to two possible

background has an associated temperature T = we obtain a Hartle-Hawking

values of C', namely C' = 0 and C' = —4\. These two choices give rise to different
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definitions of w and 1 that may lead to different conclusions regarding the entropy
of the black hole solution [102]. Nevertheless, these differences between the two
possible Hartle-Hawking states lay outside the scope of this work, and so will not

be discussed.

Allin all, we may regard the parameter C' (or A) as a way to “select” the quantum
state of the system from which we observe the solutions of the equations of motion.
From our static solution we can reach the Boulware and Hartle-Hawking states, as
well as infinitely many others given by the values these constants can take. As we
shall promptly see, it is not possible to reach the other most famous quantum state,
the Unruh state, by merely changing the value of A. This is to be expected since

the Unruh state cannot correspond to a fully static solution of the model.

Let us now write the metric in a conformally flat way. This can be done if we

define the coordinates

rt = :I:; exp (:I:)\ [t + % log G(gb)}) : (3.71)

in terms of which the metric becomes (3.18) with p = ¢, that is, in the Kruskal

gauge. In terms of these coordinates, the solution (3.66) is given by

M
Q) == e 2 + 2£4¢ = -NaTr™ + Alog(—\aT27) + 5% (3.72)

which differs from (3.36) by the new A-dependent term. The coordinates z* have

the same domain as before, that being —co < 27 < 0 < 27 < 0.

In the Kruskal gauge, the free field equation for w may be solved as
wzt,z7) =wy(zh) +w_(z7), (3.73)

where the functions w. will be fixed by the boundary conditions (i.e. by the choice

of quantum state). Using this, we can write the equation of motion associated with
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Scans + Ipolyakoy + Srsr (now with the matter term that depends on f;), as well as

the conformally flat metric constraints, as

Ty =0=2e[2(0:0)* — 02] + - (03¢ — 2ts) + %(aifi)Q

<

24
. (374)

T, —0= (26—2¢—£)a O ¢ — 46200, 6O — N2

+- 1) 9= +P0-

where we have introduced the functions (each prime now representing a derivative

of the function with respect to its respective argument)

1 1
ty = 5“4 - é—l(w;)Q, (3.75)

in analogy with the ¢L functions of the previous Section.

Inspired by the static case, we may look for a solution of these equations in
terms of Q(¢) := e 2? + iqﬁ. Plugging this definition back into (3.74) we obtain
the equations

Tew=0=02Q — —t. + %(aifif

12 (3.76)
T, =0=—-0,0_-Q— )2,
the second of which can be solved as
Q=-Naotz +uy (o) +u_(z7) (3.77)
and introduced into the first one to obtain
Wl = o~ Yo g (3.78)
=12 PR
A quick comparison with (3.72) lets us see that, for a static solution,
+ - 2,4+ ,.— M
uy (") +u_(z7) = Alog(— 272" ) + — (3.79)

)\ Y
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which immediately implies that the functions ¢ are given by

A

oo (3.80)

tL =
The fact that they both take the same form is a property exclusive to static solutions;
it will not be the case in general, when we have a dynamic solution. To see this, let
us once again consider the value of the energy-momentum tensor as we approach the
asymptotically flat regions. The asymptotically flat coordinates are once again given
by (3.52); using these coordinates, we may find that in I;% the energy-momentum

tensor components become

N 48A
(Tes)z = 18 (1 + T) : (3.81)

while the (+—) component vanishes identically. We can immediately see that, as
c
expected, the expression above vanishes for the Boulware state A = Ty while

for the Hartle-Hawking states A = 0 we obtain the energy density expected of a

thermal gas at temperature T" = i (specifically, we get only half of it, since each
component accounts for left- or righzcr—moving particles, which contribute in the same
way to the total radiation). However, the Unruh state corresponds to a state for
which there is no incoming radiation at Z, and an outgoing thermal flux at Z;;. In
other words, we would need A to take on each of these values at each infinity, which

leads to the result

1
) = (x7) = .82
t+($ ) (2.’17+)2’ t (ZL’ ) O’ (38 )
and the (no longer static) solution
M
O(p) = —Nata — % log(Aa") + - (3.83)

To conclude this Section, we shall now briefly study how the solutions behave
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after we once again introduce a shell of incoming null matter,

s c m
Qp) = e + ﬂﬁb = Qo() — E(fr —24)0(z" —a7), (3.84)
where Qg will refer to either (3.72) or (3.83) for different states. The curvature of
spacetime associated with these solutions will be
2 86—2¢ Q”
R =8e 8+8_¢ = T (8+0_Q — W8+Q 8_9) s (385)
meaning the singularity will be found wherever 2 = 0. As for the apparent horizon,

it will still lie on the curve where 0, ¢ = 0.

The Hartle-Hawking solution becomes relatively similar to that of the classical

CGHS model
Q6) = + 6= —Nrtam 4o — @t et ), (380

the only difference being the term linear in ¢. Before the f-shell comes into play,

there is a singularity along the curve

M c c
=2 ¢ (1 —> 3.87

o = 55~ g (L7 B g7 ) (3.87)
which is displaced from its original position in the CGHS model by the corrections
introduced through the term that is dependent on ¢. Since the event horizon (which

for a static black hole coincides with the apparent horizon) is still located at the

null lines 72~ = 0, the singularity becomes naked if the mass M is smaller than
the critical value \
c c
e = < (1= 1og - ). 3.88
T ( 8 48n (3.88)

The existence of a naked singularity goes against the cosmic censorship hypothesis
in its original form, but might be allowed in more modern interpretations under

some conditions [103]. Note that if ¢ grows sufficiently large then M. < 0 and any
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value of M > 0 will give a singularity that is hidden behind the horizon. For a set
of N massless scalar fields this would happen at ¢ = N > 131; this is one of the
reasons why, in its original formulation, the RST formalism is studied in the large N

limit. We will discuss another reason behind this choice in the next Section.

In any case, after the shell of null energy collapses into the black hole, we may

notice that (3.86) can be rewritten as

M
Q(p) =e 2 + iqﬁ =Nzt <£L‘ +— ) m

)\%ar A

(3.89)

This is the exact same black hole solution, with the mass increased to M=M+m
and the value of £~ shifted by a constant. The singularity and apparent horizon get
shifted accordingly, but no other relevant new behaviours appear; even the Hawking
radiation at the infinite future remains unchanged, since we know it is independent

of the mass of the black hole in this formalism.

Moving on to the Boulware state solution, we have

e G ve gy o Mo m L - -
Qo) = —NzTx 48log( AN zTxT) + y /\xar(x )0z —xg). (3.90)

Once again, let us see the spacetime before the null shell collapses first. Briefly
commenting on the M = 0 case, the solution to this particular case is once again a
simple dilaton vacuum (or, as discussed in Section 3.2.2, the quadrant of it that the

+

coordinates x™ cover, which may be brought into the entire spacetime by defining

the coordinates o*). For M > 0, the singularity of this solution will be found along

the curve

48 M
cA

B et g (i) =1 o

C C

This curve actually lies outside of the range of x* if the central charge is positive;
incidentally, for fields that satisfy ¢ < 0, such as the ones we will discuss in the

next Section, we may express this curve in terms of the Lambert W function, which
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satisfies W (2)e(*) = 2. The resulting expression is

48 M
T = ﬁ Wi (— exp (T — 1)) , k=0,-1, (3.92)

with Wy(z), W_1(z) being the two real branches of the Lambert function when z < 0.
We will see the significance of these branches momentarily, but for the time being

let us come back to the usual ¢ > 0 case.

In the limit ztz~ — 0, which corresponds to ¢ — —oo0, we may approxi-
mate

Q¢) ~ e ~ — log(—%)\%*a:’) (3.93)

and find that the curvature diverges to R — —oo as we approach the limit. Thus,
we conclude that there is a null singularity that follows the axes 2% = 0. Trying to

find the apparent horizon by setting 0.2 = 0 gives a curve

C

Nt = ——
r T 48’

(3.94)
which does lie in the spacetime region covered by z*. However, upon closer in-
spection we may see that the sign of 0.+() does not actually change when we move
away from this curve in each direction, meaning we cannot classify this curve as
an apparent horizon. Instead, the line describes the throat of a wormhole; going
back to the idea of the CGHS model as a 2D section of a spherically symmetric
4D spacetime, we may see that the throat would represent a local minimum for the
radius of the 2-spheres located at each point in the CGHS spacetime. As the fields
are defined to be in the Boulware state, there is no Hawking radiation to be found
in the asymptotic region of spacetime. From outside the throat of the wormhole,
there is no fundamental difference between the metric described by this solution and

that of a static star of the same size.

Let us now look at the region after the massless matter shell collapses. For

simplicity sake, we will focus on the case where M = 0; the addition of M will not
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change the dynamics of the spacetime after the collapse in any way, beyond the
singularity at 2 = 0 and the redefinition of the mass and shift of the coordinates
by a constant factor that was already seen in the Hartle-Hawking case. As discussed

above, the singularity will be found along the curve given by

48 48 48m [zt
—(=NzTz7) =1 —(=NaTr) ) =14+ — (= -1 3.95
Satra) —tog (D-xate) ) =14 5 (L -1) . ey
where the only change when compared to (3.91) is the mass-related term. This time,
the solution exists entirely within the range of *. The two branches of the curve

will once again be given by the Lambert function

48m xt
Nate™ = Z Wy (—exp | —— |1 - | —1 k=0,-1. 3.96
T T 13 k exXp 5 -TS_ ’ ) ( )
If we consider this as the definition of two different curves = (z7), we may in turn
see those as two solutions that branch out to each side of the curve \2aztz~ = —%,

which is the only solution of (3.96) at the point ™ = z§ and also coincides with
the “innermost” of the two apparent horizons that can also be found. This horizon
would be the continuation of the wormhole throat in the M > 0 case, showing that
the wormhole destabilizes after the matter shell falls in. The upper branch (k = 0)
of the singularity is always timelike and it rapidly approaches = = 0, while the

lower branch (k = —1) starts as a spacelike object as it expands outwards, until
m c

it eventually crosses the outermost horizon given by A\2z* (g: + )\—+> == in
Lo

a finite proper time [104]. It is at this point that the singularity becomes timelike
and naked, implying that our semiclassical prescription will most likely break down
in some way. Figure 3.4 shows the Penrose diagram for the spacetime accessible to
an outside observer, as well as the region causally connected to the lower branch of
the singularity; for the remainder of this document we will focus on this region of

spacetime.
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Singularity

Linear dilaton vacuum

Figure 3.4: Evolution of the RST black hole, from its original formation up to the
creation of a naked singularity. The greyed out area at the top is determined by
the boundary conditions after the collision; some possible constructions force the
emission of a “thunderpop” of energy from the point of merging to the null future
infinity. In the original formulation, after the thunderpop is emitted the apparent
horizon curve is extended as the (timelike) reflective boundary line ¢ = ¢...

The exact behaviour of the system after the merging of the singularity and the
apparent horizon cannot be derived from the RST system alone. First of all, the
energies reached in the proximities of the singularity way surpass those where semi-
classical approximations are thought to remain applicable. As such, the RST model
can only be taken as-is up until the point where the singularity becomes naked.
Beyond that point (and arguably, even before that), until we have a more accurate
description of singularities and Quantum Gravity as a whole, the best we can do is
resort to some sensible phenomenological boundary conditions in order to patch the
rest of spacetime up to the future infinities. One such particularly interesting pro-

posal is considering that, after the singularity merges with the apparent horizon, it
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immediately disappears, leaving behind only the linear dilaton vacuum again. This
is actually compatible with the solution (3.90) because ¢ takes a vacuum value along
the = line that passes through the merging point. The derivatives of ¢, however,
are not continuous on the boundary between the black hole and vacuum sections.
This translates into a breaking of energy-momentum conservation when crossing

from a region to another.

We can also see this by finding out the radiated flux of the black hole at the future
infinity and integrating (only up to the value of the asymptotically flat coordinate
o~ that corresponds to the merging point) in order to find the total energy emitted
by the black hole until the singularity becomes timelike. In order to match the
total initial energy given by m to the final energy after the singularity disappears,
the black hole has to emit a finite amount of null negative energy from the point
of merging into the future null infinity. This phenomenon is commonly know as a
thunderpop, in contrast to the thunderbolt event proposed by Hawking [105], which
consists of an infinitely large burst of null negative energy that a naked singularity

emits when it forms, breaking the unitarity of the theory altogether.

A similar (qualitatively speaking) result is found when studying the fields in an
Unruh state. Given the form of (3.83), we find that the singularity at ¥ = 0 and the
apparent horizon at \2zTz~ = —é from the Boulware solution remain, while the
x~ = 0 singularity becomes a new apparent horizon (given that the Unruh solution
does not have an x~ dependence in the logarithm, there is nothing that prevents us
from performing an extension of this coordinate into positive values and studying
the behavior of €2 in this region in order to confirm this is the case). The other
singularity may be found once again from imposing '(¢) = 0; the resulting curve
crosses both horizons at specific points and, while it remains spacelike in the region
x~ > 0, after colliding with the “outer” horizon it once again becomes timelike and
naked. The results obtained in this Section can be further generalized to include

more realistic infalling energy flows like we did in Section 3.2.2.
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3.2.4 Negative central charges

The RST model is perhaps the most well-known solvable semiclassical model for
black hole evolution. It is, however, not free of concerns; while the thunderpop
event can be attributed to the intrinsic limitations of semiclassical theories (since
its energy is comparable to the Planck scale in dilaton gravity, it may well be that
the thunderpop disappears when a more complex quantum gravity model is applied),
there is also the inevitable thunderbolt that ultimately breaks the unitarity of the
theory, as well as energy conservation [106]. This phenomenon is intrinsically tied
with the existence of naked singularities and is model-independent; therefore, as
long as we do not fully understand singularities we will have no way of dealing with

the later stages of black hole evolution.

Before that, though, there are a couple other more immediate concerns that need
to be addressed. As it stands, the term (3.58) has been introduced as a way to
eliminate the nonlinearities of the equations of motion and obtain a solvable model.
It does so by preserving the Kruskal gauge that allows us to set p = ¢ in the
conformal gauge for the metric. But this setup feels somewhat ad hoc in that there
is no specific reason behind the choice beyond mathematical solvability. One could
argue that there are other equally valid ways to reformulate the equations; a well-
known alternative to the RST formulation is given by the Bose-Parker-Peleg (BPP)

construction [107], in which the chosen counterterm is instead

C

SBPP[9>¢] = o4

/ =g (V6)? — 6R). (3.97)

in order to maintain the explicit conformal symmetry of CGHS. Solving the equa-
tions of motion of Scans +1'polyakov +SBPP, We arrive at solutions that do not develop
a permanent naked singularity once the initial thunderpop is emitted, leaving be-
hind a so-called “remnant” instead (which somehow stores all the information of
the matter that formed the black hole that was not emitted by Hawking radiation,

“solving” the information paradox). Later results show that these two models are
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part of a larger one-parameter family of possible counterterms [108]

C

Stocallg, ¢] = By / Pry/=g[(1 = 2a)(Ve)* + (a — 1)¢R]. (3.98)
We may quickly check that a = 0 corresponds to the BPP model, while a = % leads
to the RST one. All of these models can be solved without recurring to numerical
methods; in the case of a single shell of infalling null matter, the solution reads (with
M and m being the masses / energies associated with the original static solution

and the shell, respectively)

—2¢, 9, 2 4 - € o 4. M +_ o+ +_ o+
e+ —p=-NaoTxT ——log(—\Nzr"x ) +————("—x75)O(x" —xy). (3.99
s £ log( Py g )0 ). (3.99)
The general construction of a singularity and an apparent horizon that eventually
meet due to the backreaction of Hawking radiation is the same. Coupling the “end-
point” of this dynamical solution to a new static one, whose mass M # M in general,
gives rise to the thunderpop phenomenon in order to preserve energy conservation.
1

The particular models with @ = 0 and a = 3 are usually preferred because they

allow to set M = M while still being compatible with energy conservation.

There is yet another wrinkle in these constructions that needs to be ironed. As
already pointed out, the classical CGHS model has two main symmetries that allow
us to work out the solutions to the equations of motion (namely, diffeomorphism
and conformal invariance). In constructing these models, we should account for
these symmetries during the quantization process; for example, the path integral of
Sccus is integrating over many different metrics that should be considered the same
due to symmetries. This is usually enforced through the introduction of a Faddev-
Popov b — ¢ system of ghost fields [109] that gets rid of the redundancy. However,
introducing new fields will of course inevitably modify the central charge of the
system; the ghost fields, in particular, have an assigned ¢ = —26. Additionally, we
may include the ¢ and p fields, as they are additional degrees of freedom of the

theory; each one of them contributes with ¢ = 1.
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The most straightforward way of introducing these fields into the RST (or any
equivalent) model is through a direct modification ¢ — ¢ — 24. However, doing so
would imply that ¢, p and the ghost fields somehow are also included in the Hawking
radiation and become observable at the future infinity. In most relevant applications
of the RST model, the limit N — oo is taken so that this contribution can be safely
neglected. We propose instead an alternative process that will allow us to work for
arbitrary NN, which is to consider that the reparametrization fields are not coupled
to the metric g,,, but to the conformally-equivalent, on-shell flat auxiliary metric
G = e‘wgwj [110]. In other words, the effective action term associated with these

fields will once again be given by a Polyakov action, this time of the form

c~

Croyakold) = = 5o [ *v/=9 R(9)T; ' R(9), (3.100)
where ¢~ < 0 (we will also rename I'pglyakoy — F;Olyakov and ¢ — ¢t > 0 for the

regular fields from here on for ease of distinction). All in all, we may consider that
the full effective action for the CGHS model is given by

Ftotal [97 g7 ¢; f] = SCGHS [97 gb’ f] + I1;()]}/a,l{ov [g] + FEolyakov [g] + Slocal [97 ¢]7 (3101)

which we can write in terms of g, as

L
Liotat[g, @, f] = Scans — ¢ 9;: /de\/—_g RO'R
+
5 [ Pav=gl1 —20)(V)’ + (a — 1R
+ % d*z/=g (Vo) — ¢R)]. (3.102)

We can work out the equations of motion in Kruskal gauge and find solutions in a
similar manner as the previous Sections. The static solution obtained considering

that the matter fields are in the Boulware state will be

+ oy
Q)= e+ 20 g = Nty - C T

M
2+, -
73 18 log(—A\z"x )+—)\. (3.103)
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The parameter a can be fixed with some physically motivated conditions. In par-
ticular, if we enforce that the linear dilaton vacuum remains a solution at both the
classical and 1-loop corrected level, we need to impose, in addition to M = 0, the
specific value .
ct+c
a=— (3.104)
We can quickly check that the case ¢ > ¢~ (or simply ¢~ = 0) reduces to RST as

it was formulated above.

There are now two new scenarios to study; first of all and as consistency check,
if ¢t = 0 (we still may assume that there is a nonvanishing classical stress-energy
tensor, but there is no trace anomaly associated with it), then the equations of
motion can be written in terms of the more relevant metric g, which in conformal
gauge reads as g, = —%62(9_¢). In Kruskal gauge, this translates into ¢ taking
once again the form of the linear dilaton vacuum spacetime. Hence, there is no
singularity, no apparent horizon and no Hawking radiation process at all. This falls

in line with our previous conditions with regards to the ghost fields.

As for the more general case ¢t + ¢~ < 0, we may see that the solution for a

single shell of infalling matter will be

Q=e?+ ko
2 +,.—_ N 2+ .~ m o+ o+ + -
=-XNar"r — slog(=A2"27) - —¢ (2" —xq)O(x" —xy), (3.105)
2 Az
e . .
where we have defined Kk = ———— < 0 for future convenience. This is where we

present the main result for this model: once again, the singularity, which would lie
K

on the curve €' = 0, is absent since the dilaton would need to satisfy e=2¢ = 5 < 0.

However, there is still an apparent horizon on the area past zj that follows the

curve
Y m

Mg
v 2zt Az

(3.106)
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Figure 3.5: Evolution of the system for ¢t + ¢~ < 0; after the null shell of infalling
matter passes, there is an apparent horizon that expands up to a constant value. In
order to parametrize the flux in the future asymptotic regions, we may work on an
arbitrary null reference geodesic x¥ and take the appropriate limit.

Notice that, due to the sign of x, the horizon originates at

1 m &
Ty = —+—} 3.107
0 A2z [)\ 2 (8.107)
and then expands as x* — oo to z, = T In order for z, to lie inside the
Lo
. m |k . .
range of 7, it is necessary that — > —; the Penrose diagram for this situation

is sketched in Figure 3.5, and for the purposes of this document that will be the
only case we will consider. The question of what exactly happens when the opposite
is true remains still open. One possibility is that the apparent horizon simply
appears whenever the curve defined by (3.106) reaches values of x~ that do lie in
the established domain; it might be of interest for future studies to see what this

“retarded” horizon formation physically implies.
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There are three asymptotic regions of interest in this system, denoted in the
Penrose diagram. All of them are located above the matter collapse at zg, since
the Zy, region before the collapse will just be the linear dilaton vacuum once again.

Therefore, we may take the solution to be given by

Q=24 rp=—-Na" (2~ + EJF _ = log(— Mzt a™) + n (3.108)
Az 2 A

for the remaining of this Section. We may try to utilize the same arguments as
for the CGHS and RST models in order to describe the energy flux in the outside
region Zr by defining appropriate asympotically flat coordinates, which before the
collapse will be & associated with the linear dilaton vacuum we covered in Section
3.2.2 and after the collapse will be given by

dxtdr~ dx~

= —dot—— = _dotds, (3.109)

Nt (z —ag) Az~ =)

ds® ~

and evolving the energy-momentum tensor from before the matter collapse to the
future asymptotic region. In doing so, we find that the region is complete (meaning,
the asymptotically flat coordinate 6~ covers the entire (—o0, 00) range), unlike the
RST model. The resulting energy flux is once again that of a Hawking radiation pro-
cess of the form (3.56), with IV being replaced by ¢t (as a reminder, by construction

we should not see ¢~ in the Hawking radiation process).

The interior region Ip is undoubtedly more complicated to treat. At the time of
writing this document, no suitable set of asymptotically flat coordinates has been
found. The main complication seems to be that, while it is possible to approximate
Q) ~ kp for = — 0 and find a set of asymptotically flat coordinates in this way, this
approximation does not hold as satisfactorily as we approach = = z_ . As such, the
results obtained in this way are not to be taken as an accurate representation of the
real system. In order to get a more illustrative representation of the behavior of the
interior regions, we will follow a slightly different approach. We will first illustrate

this for the Zj, region, since it will prove to be more approachable.
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The main idea behind this process is to find the (ingoing) flux (7', ) that reaches
an arbitrary reference null geodesic x, . This can be done comfortably in terms of
the (x™,27) coordinates by using the equations of motion of the system as done in
previous Sections; the result of said calculation is given by
ct [ A2

0 ?(:cr —a )+ ——(z; —2)|. (3.110)

TCE x +7 - =
(T (o 27)

Then, in order to study the asymptotic region, we will be taking the limit where
x, — 0. However, in order to determine the actual physical flux we need to con-
nect with the asymptotically flat coordinates of Z; when performing this limit; this
can most straightforwardly be done by reevaluating the above flux in terms of the

appropriate affine parameter, along the z, geodesic:

(T, r) = (T ) (o) (jg) . (3.111)

TT=x,

In the above expression we have kept the ¢ notation to avoid further confusion. The
dx™
value of (

do+t
which in this context takes the simple form

) can be explicitly derived from the geodesic equation (3.4),

d?xt L dotdx’t
goz T ey =0 (3.112)

Making contact with the expected solution before the null shell of matter collapses,

i.e. imposing that

dz* dzt N
x+:x0 x+:m3_
+
it is possible to find a unique solution for yrS which allows us to finally derive
o
ctdmat mat 4m xt
T/ )= — ——(1-= 3.114
< "+"+> 12K2 xa’ (H—i_ Axé’)eXp{ KA < xJ)} ’ ( )
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Figure 3.6: Energy-momentum flux that reaches Zr,, as a function of —-. For k < %
x
0

there is both a negative as well as a negative contribution. When integrating over the

entire asymptotic region, these contributions may cancel each other in the specific
m

case Kk = —2—.
A

where 21 should be understood as x*(6%), for the region above the collapsing shell.
+

The sign of the flux depends on the combination x + %m—Jr, Figure 3.6 shows the
Lo

m
behavior of <Tzf+&+> when x < - It gains a negative value at ™ = x{, which then
m
turns positive and exponentially decays as xt — oco. For a system with x > 0
the flux remains nonnegative for all values of . We may furthermore calculate the

total energy radiated across Z;, to obtain

ct 2m
B =S (a4 ™). 3.115
. 48(”) (3.115)

Once again, the sign will be governed by the specific values of x, m and \; it will for
the case where the apparent horizon is formed directly over the null infalling shell.
Incidentally, the case where £, = 0 corresponds to that where the apparent horizon

forms exactly at z, = 0.

104



(Ts5) (T35
N = x*=05
xt=1
151
— x*=10
- x*=20
1.0-
— x*=10 |
0.5 0.5f
— x*=20 \
?‘
L 1 L L L X | A 1 I L x
-2.0 -1.8 -1.6 -1.4 -1.2 -0.98 =0.96 =094 -0.92

Figure 3.7: Energy-momentum flux that reaches Zp (on the left) and Zg (on the
right) as a function of x~, parametrized so that z, = —1, for several values of ;.

As for the Zp region, it is not possible to find a satisfactory solution in terms of
elementary functions. As stated above, there is no simple approximation that lets
us simplify the expression of 2 in a meaningful way. The exact solution for p needed

in order to derive the Christoffel symbols and the energy-momentum tensor is given

by
Q 1 2 2Q)
p=—+=W (——exp (—)) : (3.116)
Kk 2 K K

where once again W (z) stands for the Lambert W function; since this time z > 0 on
account of k < 0, there is a unique solution for every value of €2, which will be given
by (3.108). We may use this exact expression for the entire R region, including both
the interior Zp and the exterior Zr. We can perform the same kinds of computations

in order to find the flux on a reference null geodesic

ct 1-W 020 1
0 2 +
3(8:|: ) /43(1—|—W) + 4($i)2 )

6oy T
(Treas) 12 [K2(1L+W)

(3.117)

where we have omitted the argument of W (z) for ease of notation. The change into
affine parameters can once again be performed by deriving the geodesic equation and
matching the solutions to previously known information (in this case, the properties

of the asymptotically flat coordinates in the exterior region and near x~ = 0).
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Figure 3.7 shows the resulting flux across the entire R region of the Penrose
diagram. On the outside region, the flux develops a peak slightly outside the hori-
zon, dropping to a strictly positive value when = = z_ . Inside the horizon, a
region of negative flux develops before exponentially decaying towards x= = 0. As
x} — 00, both the negative and positive peak conflate towards the horizon; even-
tually, the profile collapses onto a step-like configuration. The flux in the exterior
region reproduces the thermal plateau that was obtained previously, while vanish-
ing completely exactly at the horizon. This behavior is compatible with the results
obtained separately for the exterior region and the interior (strictly near z— = 0),
while additionally providing some needed clarification for the region near the ap-

parent horizon.

3.3 Conclusions and future directions

General Relativity is the most advanced description of classical gravity that we have
at the current time. Its main characteristic is that it intimately ties the nature of
gravitational interactions to the geometry of spacetime itself. The principle of equiv-
alence then allows us to see objects “interacting with gravity” merely as following
the geodesics of a curved background. This curvature becomes intrinsically linked
to the energy content of the system (represented by its energy-momentum tensor
T,,) via the famous Einstein field equations, which can be derived from a classical
action in the same way other field theories do. The symmetry of General Relativity,
which stems from the simple coordinate map redefinition freedom on a manifold,

imposes the conservation of energy-momentum.

Black holes are then a particular set of solutions of the Einstein equations with
some specific properties. They correspond to solutions where a region of spacetime
becomes trapped by an event horizon, from which no object can escape to infinity.
Black holes formed by the collapse of a massive object develop a singularity in their
interior, where the curvature of spacetime diverges. These singularities constitute

one of the greater puzzles in Theoretical and Mathematical Physics, as they very
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explicitly point towards a breakdown of the classical formulation of gravity at the
high energy limit. The existence of a completely trapped region that does not
connect causally to any outside future observer presents itself with yet another set of
questions, specifically with regards to entropy and the conservation of information.
Once matter falls inside a black hole, it seems that all its structural information
disappears except for its mass, charge and angular momentum, which are simply
added to the black hole’s.

When we introduce semiclassical effects in the mix we get some answers (and even
more questions) about the actual evolution of a black hole. The process of Hawking
radiation seemingly points to black holes slowly losing their energy via thermal
radiation, reducing its size until their eventual complete evaporation. However,
the actual final stages of the process will most likely require some greater theory
to be fully understood, since the currently running assumption is that black hole
evaporation eventually leads to a catastrophic thunderbolt event that breaks all

unitarity of our theories.

Over the past few decades, two-dimensional black hole models have become an in-
valuable asset in order to gain a better understanding of black hole evolution without
the additional mathematical complexity of higher-dimensional models. Even though
the Einstein-Hilbert action becomes a topological invariant and therefore does not
give rise to any equations of motion, losing any predictive power, it is possible to
construct alternative gravity models that do not suffer from the same problem. One
such family of models is given by dilaton gravity theories, of which the CGHS model
is one of them. Its popularity comes originally from its appearance as a low energy
limit of some string theories, but also from its closeness to the result of ignoring
the angular parts in a spherically symmetric 4D gravity theory. It is also a fully
analytically solvable model for gravity in 2D.

Taking advantage of conformal symmetry, we are able to solve the CGHS equation

of motion with ease, reproducing results similar to those of a Schwarzschild black
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hole. When one considers semiclassical corrections, though, it is important to notice
that the tracelessness of T}, imposed by this symmetry is no longer satisfied. This
can be seen using effective action methods like the ones described in the previous
Chapter. This anomaly is ultimately the source of a quantum correction to the
action in the form of the Polyakov term. Additional counterterms may be imposed
if we want to maintain the ability to solve this model without the need of numerical
methods at the semiclassical level (like the RST or BPP models).

In constructing these models, it becomes apparent that the multitude symmetries
of the theory give rise to a great amount of redundancy in our definition of the
path integral / effective action. Ghost fields need to be introduced to account
for this, modifying yet again our models with terms that have a negative central
charge. Since we do not expect these fields to radiate at infinity like the physical
ones, we impose that these fields stay in the Boulware state by coupling them to
the auxiliary metric g, which is strictly flat on the Kruskal gauge. Surprisingly,
by considering negative charge fields we seem to be able to get rid of the classical
singularity altogether thanks to the quantum effects. Instead, after the gravitational
collapse of a null shell of matter, this model develops an apparent horizon that
envelops another asymptotically flat region, for a total of three different future null
infinities. The radiated flux that reaches these regions has been computed, taking
a limit approximation approach for those regions for which the asymptotically flat
coordinates cannot be found straightforwardly. Hawking radiation can be observed
on the region outside the horizon, while more complex flux profiles can be seen in

the interior regions.

One of the main concerns when developing a semiclassical model for gravity is
the preservation of unitarity. As discussed in Section 3.2.3, the RST model cannot
fully predict the entire evolution of spacetime on account of the existence of a naked
singularity that breaks unitarity past the point of merging between the singularity
and the apparent horizon. While the geometry of spacetime is still “patched up”

by introducing physically motivated boundary conditions, the fact remains that
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correlations between points at the future infinity can be lost when traced back to
the past. For our model with negative central charges, the question of unitarity
becomes extremely subtle, specially on the R regions since the exterior region is
complete, meaning it becomes unclear if it is even possible to study correlations
between a point inside the horizon and another outside. All in all, it becomes
clear that a better understanding of the entire R side of the Penrose diagram is

needed.

Another concern that may arise with regards to this model is that of energy
conservation. At this point in time, a full computation of the total energy radiated
has not been completed, on account of the complexities regarding the exact flux
profile of the R regions. If energy is to be conserved, then the total energy radiated
through Z;, Zr and T should equal the initial mass m of the collapsing shell that
formed the black hole. Given that both flux profiles acquire positive and negative
values, it is indeed possible that their contributions cancel each other identically.
The case where k = oM becomes particularly interesting since the energy radiated
through Z; vanishes identically, leaving only the two remaining regions to consider.
It appears as though, at least in this case, it is not possible to ensure energy con-
servation, on account of the flux profile becoming akin to a step distribution when
2T — oo; additional considerations may need to be taken into account. One such
possibility is the introduction of reflective boundary conditions at a specific value
of ¢, in the same way that previous models have considered before in regards to the

CGHS model semiclassical corrections.

In any case, the model here presented shows a very interesting pattern in which,
by introducing a sufficiently large negative central charge in the theory, it is possible
to make the singularity of the RST black hole (or equivalent models) disappear
altogether. This of course trivially solves the issue of the naked singularity and
the thunderbolt, but also presents a possibility with regards to black hole evolution
being determined by the precise nature of the matter content inside it, contrary to
the standard treatment of black holes.

109



Chapter 4

Closing remarks

The search for Quantum Gravity is one of the most exciting, but also nebulous,
endeavors in current Theoretical and Mathematical Physics. Without going into the
most ambitious models for fully-realized theories of gravity as a quantum system,
semiclassical approaches alone already give rise to new ideas and results that can

help us get a better view of the subject matter.

Effective actions serve as a gateway into 1-loop quantum corrections to our clas-
sical field theories. They are one of the more powerful tools we currently have
in understanding how interaction processes work at high energies. More specifi-
cally, they serve as an alternative approach to the usual diagrammatic expansion:
where the Feynman diagram approach presents an infinite series of increasingly more
complex integrals that define each loop level contribution, the effective action can
theoretically take care of the entire calculation in a nonperturbative way. Even if
that ends up not being possible for many applications, we may still be able to define

a first-order approximation given by the 1-loop effective action.
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Heat kernel methods are then used in order to study and regularize the diver-
gencies of the effective action. These divergencies dictate the relevant counterterms
that need to be introduced in the classical action in order to tackle the semiclas-
sical corrections. While some of them will amount to simple redefinitions of the
constants of the theory, like the energy of the vacuum or the interaction constants,
others will give rise to completely new effects that result in the breaking of classical
symmetries at the quantum level. Examples of the latter include the chiral anomaly
for an electromagnetic theory, or the trace anomaly of the energy-momentum tensor

associated with the matter content in a curved spacetime.

While the direct calculation of the divergencies of the effective action may not
be possible except for the simpler systems, the Gilkey-Seeley-DeWitt prescription
allows us to define a short proper time expansion of the heat kernel, whose coef-
ficients can be found from the invariants of the theory studied. The divergencies
are then directly tied to the GSDW coefficients, which can be explicitly calculated
recursively by imposing the heat kernel equation at every order in 7. Nevertheless,
the GSDW expansion suffers from computational limitations as the number of terms
grows ever larger and larger. In Sections 2.2.4-2.2.6 of this document, we presented
an alternative resummation scheme that can build a slightly longer bridge into the
perturbative expansion, extracting as much nonperturbative information as possi-
ble. This formalism was applied to several systems of interest, and we speculated

over the possibility of more involved generalizations.

One such generalization that would be of great interest is in the study of quan-
tum fields on classical gravitational curved backgrounds. Black holes, in particular,
present themselves as one of the more enticing “laboratories” in which to apply and
test the tools provided by the effective action. Their most prominent feature is
the existence of a trapped region from which no information can reach an outside
observer. Most black hole models contain a special region at which the curvature of
spacetime becomes infinite, called the singularity, where our classical theory loses

its predictive value, pointing at the need of a quantum or semiclassical model.
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One of the first results one can derive from a semiclassical approach to gravity is
the so-called trace anomaly, which is linked to the breaking of conformal symmetry.
In d = 2 specifically, we can make use of the GSDW expansion to find the relevant
counterterm that needs to be added to the classical theory, which is given by the
Polyakov action; additionally, the trace anomaly directly links the values of the
energy-momentum tensor to the curvature scalar R. More broadly speaking, the
mathematical simplicity of 2-dimensional black hole models gives us a relatively
accessible framework in which to study semiclassical models of gravity, with most of
the relevant features (such as the existence of Hawking radiation) still intact. The
Callan-Giddings-Harvey-Strominger model stands out as an analytically solvable
system for which a black hole solution can be found. Introducing the Polyakov term
we obtain a fully functional semiclassical black hole model, but one that can only
be solved via numerical methods. It is convenient to reinstate exact solvability by
introducing extra terms such as the Russo-Susskind-Thorlacius term. The resulting
model provides a systematic way of categorizing and studying the different states
(among them the famous Boulware, Hartle-Hawking and Unruh states) in which
the matter fields may be defined, presenting a rich variety of solutions with varying

degrees of complexity.

One such solution leads to a model in which a naked singularity emerges after a
finite amount of proper time. The existence of this singularity leads to the emission
of an infinitely large (negative) energy burst known as the thunderbolt, as well as a
finite one that serves as a way to maintain energy-momentum conservation (up to
this infinite emission that may be treatable in some other way) after its appearance,
called a thunderpop. While the latter may be an artifact of the semiclassical RST
model still not being powerful enough to understand the behaviour of spacetime near
singularities, in our current formulation the thunderbolt is an inherent property of

naked singularities that breaks the unitarity and predictability of our theories.

In Section 3.2.4 we present an alternative construction that generalizes the RST

and other equivalent frameworks to include matter fields with negative central
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charge, such as the ghost fields associated with the symmetries of the CGHS model.
Imposing that they couple not to the metric of the system, but to a conformally
equivalent, on-shell flat one, we ensure that no Hawking radiation is emitted and
observed coming from these fields. The resulting system develops no singularity
whatsoever, trivially solving the issue of the thunderbolt, but it does present an
apparent horizon. Ongoing work is being done in understanding the full nature of
this system; so far, the outside region of this spacetime behaves in the same way as
the CGHS black hole solution, while the interior regions seem to include both posi-
tive and negative flux contributions. It remains to be seen whether or not the total
energy balance is preserved without the need of considering additional elements in

the model, like the imposition of specific boundary conditions.

There are many different directions in which we may continue expanding the
frameworks here discussed. Effective actions, in particular, constitute a “multi-
purpose” tool with which to study the properties of any high energy system. More
powerful resummation schemes may allow us to cover broader ground into non-
perturbative quantum effects and first-order corrections to classical field theories.
Applying this knowledge to the study of black holes and, more generally, to any
gravitational interaction could potentially point us in the future to the development
of a quantum theory of gravity. While direct experimental confirmation of any of
the results presented in this document may be far away as of now, recent advances
in fields like Condensed Matter Physics could lead to the construction of analogue
models which could be used to get a better insight into the phenomena that we
have covered. In summary, while our current insights into a possible “Theory of
Everything” may be limited at best, there is no shortage of avenues through which

we may be able to face the challenge.
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