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Abstract. Selecting the best regularization parameter in inverse problems is a classical and
yet challenging problem. Recently, data-driven approaches based on supervised learning have be-
come popular to tackle this challenge. These approaches are appealing since they do require less a
priori knowledge, but their theoretical analysis is limited. In this paper, we propose and study a
statistical machine learning approach, based on empirical risk minimization. Our main contribution
is a theoretical analysis, showing that, provided with enough data, this approach can reach sharp
rates while being essentially adaptive to the noise and smoothness of the problem. Numerical simu-
lations corroborate and illustrate the theoretical findings. Our results are a step towards grounding
theoretically data-driven approaches based on supervised learning to inverse problems.
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1. Introduction. Let (X , ⟨·, ·⟩X ) and (Y, ⟨·, ·⟩Y) be real separable Hilbert spa-
ces and A : X → Y a forward operator. Given A and a datum y ∈ Y, the corresponding
inverse problem is to find x∗ ∈ X solving

A(x∗) = y.

In practice, only perturbed data are typically available, that is

ŷ = y + ε, ∥ε∥Y ≤ τ,

where we considered a deterministic noise model. The above problem is often ill-posed
and, in particular, solutions might not depend continuously on the data. Regulariza-
tion theory provides a principled approach towards finding stable solutions, see e.g.
[11, 29]. First, a family of regularization operators is defined for every λ ∈ (0,+∞):
fλ : Y → X . A classical choice for such class of operators is to consider solutions of
the following variational problem

min
x

ℓ(Ax, ŷ) + λJ(x),

for some λ ∈ (0,+∞). The term ℓ(A·, ŷ) is known as the data-fidelity term, and con-
straints the solution to remain close to the available measurements. Natural choices
for ℓ are the squared distance, ℓ(x, x′) = ∥x − x′∥22, common in regression tasks; the
hinge loss, ℓ(x, x′) = max{0, 1 − xx′}, typical in classification problems, or the Breg-
man distance with respect to a given function f , ℓ(x, x′) = Df (x, x′), which arises
naturally when considering convex variational problems, see for instance [12, 53]. The
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2 J. CHIRINOS-RODRÍGUEZ ET AL.

function J : X → (0,+∞], referred to as the regularization function, incorporates prior
knowledge about the solution into the problem formulation. We recall that common
choices are J(x) = ∥x∥22, J(x) = ∥x∥1, or J(x) = TV(x). Finally, a choice is spec-
ified for the regularization parameter λ. Ideally, for some given discrepancy ℓ, such
a choice should allow to optimally control the error ℓ(fλ(ŷ), x∗). Classical strategies
for choosing the regularization parameter are divided in a priori, where λ = λ(τ, x∗)
and a posteriori, where λ = λ(τ). A priori choices are primarily of theoretical inter-
est. The reason is that they allow to derive sharp error estimates that can be shown
to match corresponding lower bounds, see e.g. [29]. However, they are usually im-
practical since they depend on the unknown solution x∗ – or rather on its regularity
properties expressed by some smoothness parameters. A posteriori choices, such as
the classic Morozov discrepancy principle [49] are adaptive to the knowledge of the
regularity properties of x∗, but still require the noise level τ . Since in many practical
scenarios this information might not be available, a number of alternative strategies
have been proposed, including generalized cross-validation [34, 64], quasi-optimality
criterion [7, 61], L-curve method [37], and methods based on an estimation of the
mean squared error, see e.g. [24] and references therein.

In recent years, data-driven approaches based on supervised learning to solve
inverse problems have received much attention since they seem to provide improved
results, while circumventing some limitations of classical approaches, see [2] and refer-
ences therein. The starting point of supervised learning approaches is the assumption
that a finite set of pairs of data and exact solutions (ŷ1, x

∗
1), . . . , (ŷn, x

∗
n) is available.

This training set can be used to define, or refine, a regularization strategy to be used
on any future datum ŷ for which an exact solution is not known. This perspective
has been already considered to provably learn a regularization parameter choice. For
example, in [1] a general approach is analyzed to learn a regularizer in Tikhonov-
like regularization schemes for linear inverse problems. Indeed, these results can be
adapted to learn the best regularization parameter in some cases. Another learning
approach was analyzed in [3], where some convergence results where provided in the
case where the forward operator A is unknown. Additionally, an unsupervised learn-
ing approach was studied in [23] and [44]. A bilevel optimization perspective is taken
in [33], where some theoretical results are also given.

In this paper, we consider one of the most classical machine learning approaches,
namely empirical risk minimization (ERM). We study the regularization parameter
choice defined by the following problem,

min
λ∈Λ

1

n

n∑
i=1

ℓ(fλ(ŷi), x
∗
i )

where Λ is a suitable finite set of candidate values for λ. Our main contribution
is characterizing the error performance of the above approach. Towards this end,
we consider a statistical inverse problems framework and tackle the question with
the aid of tools from statistical learning theory [20, 63]. The theory of ERM is
well established, and the class of functions we need to consider is parameterized
by just one parameter– the regularization parameter. However, the dependence on
such a parameter is non linear/nonsmooth and possibly hard to characterize, making
the application of standard ERM results not straightforward. To circumvent this
challenge we borrow ideas from the literature of model selection in statistics and
machine learning [26, 36] and in particular, we adapt ideas from [15]. Our theoretical
analysis shows that the ERM approach for learning the best regularization parameter
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can essentially achieve the same performance of an ideal a-priori choice. As we will
see, this is true up to an error term, which decreases fast with the size of the training
set. General results are illustrated considering several inverse problems scenarios. In
particular, we discuss the case of linear inverse problems with spectral regularization
methods and Tikhonov regularization with general convex regularizers in Sections 3
and 5 respectively. Also, we consider non-linear inverse problems in Hilbert spaces
and the corresponding Tikhonov regularization in Section 4. The theoretical results
are illustrated through numerical experiments in Section 6 for spectral regularization
methods and sparsity promoting norms.

Notation. In the following, given an element x in a Hilbert space (X , ⟨·, ·⟩X ),
∥x∥X denotes the corresponding norm, i.e. ∥x∥X =

√
⟨x, x⟩X . Moreover, if (Y, ⟨·, ·⟩Y)

is also a Hilbert space, given a linear and bounded operator A : X → Y, we denote
by A∗ its adjoint operator and, if A is injective, by A−1 its inverse. With ∥ · ∥op we
denote the operator norm.

We assume that (Ω,A, P ) is a probability space. For classical notions from inte-
gration theory in infinite dimensional space, we refer to [27]; in particular, measura-
bility [27, Chapter 1, Definition 3] (since we consider separable Hilbert spaces, note
that the various notions of measurability are equivalent, see [27, Chapter 1, Propo-
sition 22]), the Bochner integral [27, Chapter 1, Definition 35] and the conditional
expectation [27, Chapter 2, Definition 38]. Random variables will be denoted in cap-
ital letters. Finally, the subdifferential of a proper, convex and lower semicontinuous
function f : X 7→ R ∪ {+∞} is the set-valued operator ∂f : X → 2X defined by

x 7→ {u ∈ X | for every y ∈ X , f(x) + ⟨y − x, u⟩X ≤ f(y)}.

2. Learning one parameter functions. In this section, we derive statistical
learning results to learn functions parameterized by one parameter. In particular, in
the context of learning in inverse problems, this will be the regularization parameter.
For the time being, we consider an abstract learning framework.

Let (Y,X) be a pair of random variables with values in Y×X , with unknown joint
probability distribution µ on Y×X , and let (Yi, Xi)

n
i=1 be n identical and independent

copies of (Y,X). For λ ∈ (0,+∞), let fλ : Y → X be a family of measurable functions
parametrized by λ. Given a measurable loss function ℓ : X × X → [0,+∞), for all
measurable functions f : Y → X consider the expected risk

L(f) := E[ℓ(f(Y ), X)] =

∫
Y×X

ℓ(f(y), x) dµ(y, x).

and the empirical risk

L̂(f) =
1

n

n∑
i=1

ℓ(f(Yi), Xi).

Moreover, for some N ∈ N, define Λ, the finite grid of regularization parameters, as

(2.1) Λ = {λ1, . . . , λN}

with 0 < λ1 ≤ λ2 · · · ≤ λN < ∞. Considering the empirical risk minimization (ERM),
we let

(2.2) λ̂ ∈ arg min
λ∈Λ

L̂(fλ).
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Remark 1. The approach we propose, namely learning a unique parameter λ̂ for
all the data, is natural in the setting of our problem, where the data are generated by
a unique model. Another possible algorithm would be to first transform the dataset
(Yi, Xi) to (Yi, λi), where each λi is the best parameter for the pair (Yi, Xi); and then
to learn the map from the data to the best parameter, namely λ = λ(Y ). In the case
where the Hilbert space Y is a functional space, this may be done by polynomial or
nonlinear functional data regression; see [41, 47, 58]. This study would require a
considerable modification of our analysis, and it is left for future work.

We aim at characterizing L(fλ̂), namely the expected risk corresponding to the
regularization parameter chosen accordingly to the rule in (2.2). An idea would be to
compare it directly to minλ∈(0,+∞) L(fλ). Instead, as discussed next, we assume that
a suitable error bound minλ L(fλ) ≤ U(λ∗) is available, and then we compare L(fλ̂)
to U(λ∗). Next, we list and comment the main assumptions.

assumption 1. The loss function ℓ is bounded by a constant M > 0.

In the following, we will consider loss functions defined by classic discrepancy errors
in inverse problems. In particular, we focus on Hilbertian norms, see Sections 3 and
4, and Bregman divergences associated with convex functionals, see Section 5. While
none one of these examples are bounded, since we will assume X to be almost surely
bounded, a bounded loss will be obtained by composing the discrepancy with suitable
truncation operators.

assumption 2. There exists U : (0,+∞) → (0,+∞) such that, for every λ ∈
(0,+∞),

(2.3) L(fλ) ≤ U(λ).

Moreover, there exists λ∗ > 0 such that

(2.4) λ∗ ∈ arg min
λ∈(0,+∞)

U(λ).

Finally, there exists a non decreasing function C : [1,+∞) → [0,+∞) such that, for
all q ≥ 1,

(2.5) U(qλ∗) ≤ C(q)U(λ∗).

The main reason for the above assumption is to avoid to require the lipschitzianity
of fλ with respect to λ, which is typically assumed in classic studies of ERM, see e.g.
[20]. This assumption might seem unusual for a learning setting but, as shown in
Sections 3, 4 and 5, it is naturally satisfied in the context of inverse problems, where
U is often called profile function, see e.g. [40]. Moreover, this is the usual strategy
to design a priori choices of the regularization parameter, since in this latter setting
it is often possible to derive tight bounds, in the sense that the two quantities, L(fλ)
and U(λ), have the same behavior with respect to λ and the noise level, and therefore
minλ∈(0,+∞) L(fλ) is comparable to U(λ∗) (see e.g. [29, Chapter 4]). To derive such
optimal bounds, it is well-known that U should depend on the degrees of smoothness
of the underlying exact solution. Related to this, note that the minimizer λ∗ of U
is relevant only if the upper bound U in (2.3) is sharp. We refer to the subsequent
Assumption 5 and Theorem 2 for a concrete example.

We make one last assumption on how large is the set of candidate values Λ.
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assumption 3. Let Λ be defined as in (2.1). Assume that

(2.6) λ∗ ∈ [λ1, λN ]

and, for every j = 1, . . . , N , λj = λ1Q
j−1, where

(2.7) Q =

(
λN

λ1

) 1
N−1

.

The above assumption states that we can choose a sufficiently large interval for our
discretization so that the best regularization parameter λ∗ in (2.4) according to the
available upper bound U always falls within the interval. This is an approximation
assumption which is satisfied in practice by taking λ1 sufficiently small (and λN

sufficiently big).

Given the above assumptions, we next show that the choice λ̂ achieves an error
close to that of λ∗.

Theorem 1. Let Assumptions 1, 2 and 3 be satisfied and let η ∈ (0, 1). Then,
with probability at least 1 − η,

L(fλ̂) ≤ 2C(Q)U(λ∗) +
13M

2n
log

2N

η
.

The above result shows that λ̂ achieves an error of the same order of λ∗ up to a
multiplicative factor depending on C(Q) and a corrective term which decreases as
1/n.

From the expression (2.7), once the minimal and maximal elements of the dis-
cretization are fixed, we can see that Q ≈ 1 if N is large enough. At the same time,
taking N large has a minor effect on the bound, since the corrective term depends
logarithmically on N . In the following, we provide concrete examples in the context
of inverse problems that illustrate and instantiate the above results.

We first provide the proof of Theorem 1.

2.1. Proof of Theorem 1. We begin providing a sketch of the main steps in
the proof. The idea is to first compare the behavior of λ̂ to that of

λΛ ∈ arg min
λ∈Λ

L(fλ),

which is the ideal regularization parameter choice when restricting the search to Λ.
Indeed, we prove in Lemma 1 that with high probability

L(fλ̂) ≤ 2L(fλΛ) + c
log(2N)

n
,

for some constant c > 0. Then, in Lemma 2 we show that there exists 1 ≤ q < Q
such that qλ∗ ∈ Λ and so

L(fλΛ
) ≤ L(fqλ∗).

Combining the above results and using condition (2.5), we get with high probability
that

L(fλ̂) ≲ 2L(fqλ∗) +
log(2N)

n
≲ 2C(Q)U(λ∗) +

log(2N)

n
,

which is the desired result. We next provide the detailed proof. First, we introduce
the following probabilistic lemma.
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Lemma 1. Under Assumption 1, for η ∈ (0, 1) we have that, with probability at
least 1 − η,

L(fλ̂) ≤ 2L(fλΛ
) +

13M

2n
log

2N

η
.

The proof is based on a classic union bound argument and the following concentration
inequality, see Proposition 11 in [15], which we report for simplicity.

Proposition 1. Let Z1, . . . Zn be a sequence of i.i.d. real random variables with
mean µ, such that |Zi| ≤ B a.s. and E[|Zi − µ|2] ≤ σ2. Then for all α, ε > 0

(2.8) P

{∣∣∣∣∣ 1n
n∑

i=1

Zi − µ

∣∣∣∣∣ ≥ ε + ασ2

}
≤ 2e−

6nαε
3+4αB .

The idea of the proof is adapted from [15].

Proof. (of Lemma 1). For λ ∈ Λ , let Zi(λ) = ℓ(fλ(Yi), Xi), i = 1, ..., n. Then,

1

n

n∑
i=1

Zi(λ) = L̂(fλ),

and
E[Zi(λ)] = L(fλ).

Moreover, since the loss is bounded by Assumption 1, then Zi(λ) ≤ M and this
implies

E[|Zi(λ)|2] = E[ℓ(fλ(Yi), Xi)ℓ(fλ(Yi), Xi)] ≤ ML(fλ).

Now, we apply (2.8) with B = M and, by recalling that E[|Zi(λ) − E[Zi(λ)]|2] ≤
E[|Zi(λ)|2], we fix σ2 = ML(fλ). We then get, for each λ ∈ Λ and for all α, ε > 0,

P
{
|L̂(fλ) − L(fλ)| ≥ ε + αML(fλ)

}
≤ 2e−

6nαε
3+4αM .

Moreover, since the probability of a union of events is less or equal than the sum of
their probabilities, we have that, for all α, ε > 0,

P

(⋃
λ∈Λ

{
|L̂(fλ) − L(fλ)| ≥ ε + αML(fλ)

})
≤ 2|Λ|e−

6nαε
3+4αM .

Now let η ∈ (0, 1). Since the above is valid for any α > 0, fix α = 1/(3M). With this

choice, let ε = 13M
6n log 2|Λ|

η . Then, with probability at least 1 − η, for all λ ∈ Λ we
have that

L̂(fλ) ≤ 4

3
L(fλ) + ε

and

L(fλ) ≤ 3

2

(
L̂(fλ) + ε

)
.

Using the above inequalities and the definition of λ̂ we have that,

L(fλ̂) ≤ 3

2

(
L̂(fλ̂) + ε

)
≤ 3

2

(
L̂(fλΛ

) + ε
)

≤ 2L(fλΛ
) + 3ε.

The result follows by plugging in the expression of ε and by recalling that |Λ| = N .
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Note that the above result holds under minimal assumptions. Indeed, the structural
assumptions we introduced are used to prove the following lemma.

Lemma 2. Let Assumptions 2 and 3 be satisfied and consider λ∗ as in Assumption
2. Then, there exists 1 ≤ q ≤ Q such that qλ∗ ∈ Λ and so

L(fλΛ) ≤ L(fqλ∗).

Proof. From Assumption 3, since λ∗ ∈ [λ1, λN ], there exists j0 ∈ {2, . . . , N} such
that

λj0−1 ≤ λ∗ ≤ λj0 .

If we let q = λj0/λ∗, then qλ∗ = λj0 ∈ Λ. It is only left to prove that 1 ≤ q ≤ Q.
Given the definition of Q and the construction of Λ, if we divide the above inequalities
by λj0 , then

1

Q
≤ 1

q
≤ 1,

so that
1 ≤ q ≤ Q.

Finally, by the definition of λΛ, we get

L(fλΛ
) ≤ L(fqλ∗),

concluding the proof.

We add one final remark.

Remark 2 (Comparison with union bound combined with Hoeffding). A slightly
different estimate can be obtained using a union bound argument and a different con-
centration result, namely Hoeffiding inequality (2.10). Indeed, if we let η ∈ (0, 1), the
following bound holds with probability at least 1 − η:

(2.9) L(fλ̂) ≤ L(fλΛ) + 2

√
M

n
log

2N

η
.

Compared to the estimate obtained in Lemma 1, the above inequality avoids the factor
2 in front of L(fλΛ

). However, the dependence on the data cardinality n is considerably
worse. By using inequality (2.9) in place of Lemma 1, it is possible to derive a result
analogous to Theorem 1. Again, this allows to improve the bound by a factor of 2 while
achieving a much worse dependence on the number of data points. For completeness,
we report the proof of inequality (2.9), which is based on Hoeffding’s inequality:

(2.10) P

{∣∣∣∣∣ 1n
n∑

i=1

Zi − µ

∣∣∣∣∣ ≥ ε

}
≤ 2e−

nε2

2B ,

where B is an upper bound on the random variables Zi, as in Proposition 1. Indeed,
by adding the subtracting the empirical risks we have that,

L(fλ̂) − L(fλΛ
) = L(fλ̂) − L̂(fλ̂) + L̂(fλ̂) − L̂(fλΛ

) + L̂(fλΛ
) − L(fλΛ

)

≤ L(fλ̂) − L̂(fλ̂) + L̂(fλΛ) − L(fλΛ)

≤ 2 sup
λ∈Λ

|L(fλ) − L̂(fλ)|,
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using the fact that the term L̂(fλ̂) − L̂(fλΛ
) is negative by definition of λ̂. Then,

combining (2.10) and a union bound, we get

P

{
sup
λ∈Λ

|L(fλ) − L̂(fλ)| ≥ ε

}
≤ 2Ne−

nε2

M .

Inequality (2.9) follows by setting η = 2Ne−(nε2)/M and deriving the expression for ε.

3. Spectral regularization for linear inverse problems. In this section, we
illustrate the general results considering spectral regularization methods for a class
of stochastic linear inverse problems, extending the classical deterministic framework.
The key point is to derive a suitable error bound and a corresponding a priori pa-
rameter choice so that Assumption 2 holds. Let X ,Y be real and separable Hilbert
spaces, let A : X → Y be a linear and bounded operator and assume that ∥A∥op ≤ 1.
Then, let X, ε be a pair of random variables with values in X and Y respectively, and

(3.1) Y = AX + ε, a.s.

Here we recall some classical linear inverse problems. A large list of examples can be
found in [56].

Example 3.1 (Denoising). Let X = Y = RN×N , 1 ≤ N < +∞. The image denois-
ing problem consists in recovering a clean image x∗ ∈ RN×N from noisy measurements
Y ∈ RN×N . It writes as

Y = x∗ + ε,

where ε ∼ N(0, τ2Id), τ > 0, is some additive Gaussian noise. In this case, the
forward operator A coincides with the identity map.

Example 3.2 (Deconvolution). Let X = Y = L2(RN ), 1 ≤ N < +∞. Given
f ∈ L1(RN ), we consider A as the linear convolution operator,

x 7→ Ax := f ∗ x; (f ∗ x)(t) :=

∫
RN

f(s− t)x(s) ds.

Then, the general deconvolution problem [29] consists in recovering a ground-truth
term x∗ ∈ L2(RN ), from noisy measurements Y ∈ L2(RN ). It reads as

Y = f ∗ x∗ + ε,

where ε ∈ L2(RN ) models the possible presence of noise.

We make several assumptions. The first is on the conditional expectation of the
noise ε.

assumption 4. We assume that

E[ε|X] = 0

and, moreover, that there exists τ > 0 such that

E[∥ε∥2Y |X] ≤ τ2.

The above condition is a simple and natural stochastic extension of the classical
bounded variance assumption. We also assume that X satisfies the following stochas-
tic extension of the classical Hölder source conditions [29].
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assumption 5. The random variable X is such that ∥X∥X ≤ 1 a.s. and there
exist a random variable Z with values in X , and β, s > 0 such that,

X = (A∗A)sZ,

and
E[∥Z∥2X ] ≤ β2.

In this setting, a corresponding Tikhonov regularized estimator is defined as

(3.2) Xλ = arg min
x∈X

∥Ax− Y ∥2Y + λ∥x∥2X .

Clearly, Xλ = Xλ(Y ), but we omit the dependence for conciseness. A more explicit
expression is given by

(3.3) Xλ = (A∗A + λI)−1A∗Y.

More generally, the class of spectral regularization methods is given by

(3.4) Xλ = gλ(A∗A)A∗Y,

defined by a suitable function gλ : (0, 1] → R using spectral calculus. Note that
the above expression ensures that Xλ is measurable, since it is the image of a linear
operator applied to Y .

The following assumption characterizes the key properties required on gλ.

assumption 6. There exists a constant C1 > 0 such that, for all λ ∈ (0,+∞),

sup
σ∈(0,1]

|gλ(σ)
√
σ| ≤ C1√

λ
.

Moreover, there is a constant C2 > 0 and α > 0 such that, for s > 0 as in Assump-
tion 5,

(3.5) sup
σ∈(0,1]

|(1 − gλ(σ)σ)σs| ≤ C2λ
α.

Assumption 6 is satisfied by a large class of filter functions such as Tikhonov regular-
ization, the Landweber iteration, that is gradient descent on the least squares error,
spectral cut-off, heavy-ball methods and the ν-method [29], or Nesterov acceleration
[51]. We add some remarks regarding this assumption.

Note that the first assumption implies that the norm of the regularization operator
gλ(A∗A)A∗ is always bounded and controlled by λ. The second is an approximation
condition, which characterizes the extent to which the considered spectral regulariza-
tion method can take advantage of the regularity of the problem, expressed by the
source condition. For many spectral regularization methods, there is q > 0 such that

sup
σ∈(0,1]

|(1 − gλ(σ)σ)σν | ≤ C2λ
ν , for every ν ≤ q.

The number q is called qualification parameter and depends on the regularization
method gλ; see [6]. Therefore, Assumption 6 is satisfied for α = min(q, s). Both of
the above assumptions allow us to derive suitable error bounds and corresponding a
priori regularization parameter choice, extending classical results in the deterministic
setting.
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Theorem 2. Under Assumptions 4, 5 and 6, the following bound holds for all
λ ∈ (0,+∞),

(3.6) E[∥Xλ −X∥2X ] ≤ C2
1

τ2

λ
+ C2

2β
2λ2α.

In particular, taking

λ∗ =

(
C2

1

2αC2
2

)1/(2α+1)(
τ

β

)2/(2α+1)

,

the following bound holds

(3.7) E[∥Xλ∗ −X∥2X ] ≤ (2α + 1)

[(
C2

1

2α

)2α

C2
2

]1/(2α+1)(
τ2α

β

)2/(2α+1)

.

Proof. To relate Xλ and X, we observe that

E[Xλ|X] = E[gλ(A∗A)A∗Y |X] = E[gλ(A∗A)A∗AX|X] = gλ(A∗A)A∗AX,

where we used the definition of Y and Assumption 4. Then, we can decompose the
deviation of Xλ to X as

Xλ −X = Xλ − E[Xλ|X] + E[Xλ|X] −X

= gλ(A∗A)A∗(Y −AX) + (gλ(A∗A)A∗A− I)X

= gλ(A∗A)A∗ε + (gλ(A∗A)A∗A− I)(A∗A)sZ.(3.8)

Next, recall that, under Assumption 6, the following operator estimates hold

(3.9) ∥gλ(A∗A)A∗∥op ≤ C1√
λ
, ∥(I − gλ(A∗A)A∗A)(A∗A)s∥op ≤ C2λ

α,

see e.g. [29]. If we take the expectation of the squared norm in (3.8) and develop the
square, we get

E[∥Xλ −X∥2X ] = E[∥gλ(A∗A)A∗ε∥2Y ] + E[∥(gλ(A∗A)A∗A− I)X∥2X ],

since, by Assumption 4, we have

E[⟨gλ(A∗A)A∗ε, (gλ(A∗A)A∗A− I)X⟩X ]

= E[⟨gλ(A∗A)A∗E[ε|X], (gλ(A∗A)A∗A− I)X⟩] = 0.

Then, using again Assumptions 4, 5, and 6 as well as the estimates (3.9), we derive

E[∥Xλ −X∥2X ] ≤ ∥gλ(A∗A)A∗∥2opE[∥ε∥2Y ] + ∥(I − gλ(A∗A)A∗A)(A∗A)s∥2opE[∥Z∥2X ]

≤ C2
1

τ2

λ
+ C2

2β
2λ2α.

Finally, the value of λ minimizing the above bound is

λ∗ =

(
C2

1τ
2

2αC2
2β

2

)1/(2α+1)

,
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and the corresponding error bound is

E[∥Xλ∗ −X∥2X ] ≤ (2α + 1)

[(
C2

1

2α

)2α

C2
2

]1/(2α+1)(
τ2α

β

)2/(2α+1)

,

which is the inequality that we were aiming for.

The expression given in (3.6) provides a bound, for any value of the regularization
parameter, of the distance between the regularized and the exact solutions. This
bound is composed of two terms. The first one is related to τ , the noise level, and
decreases with the regularization parameter as 1/λ. The second one is related to β
in the source condition, and increases with the regularization parameter as λ2α. The
choice of the parameter λ∗ is then obtained by minimizing this upper bound in λ.
Once we plug λ∗ in (3.6), we obtain the bound in (3.7). These results are analogous
to the ones usually obtained in the deterministic setting (see for instance Corollary
4.4 in [29]), and are known to be optimal in the sense of Definition 3.17 in [29].

Next, we show that the regularization parameter on the grid learned from data,
namely λ̂ defined in (2.2), achieves a similar performance to the one of λ∗. Indeed,
with the aid of the previous results, and in combination with Theorem 1, we obtain a
sharp error bound for the regularized solution with λ̂. Toward this end, we consider
the truncation operator T : X → X defined for all x ∈ X as

(3.10) Tx =

 x, ∥x∥X ≤ 1,
x

∥x∥X
, ∥x∥X > 1.

To apply the result in Section 2, we consider the loss function defined, for every
(x, x′) ∈ X 2, as

(3.11) ℓ(x, x′) = ∥Tx− Tx′∥2X .

Then, the corresponding expected risk is, for every measurable function f ,

(3.12) L(f) = E[∥Tf(Y ) − TX∥2X ].

Under Assumption 3, for every λ ∈ (0,+∞) let fλ(Y ) = Xλ, where Xλ is defined as
in (3.4). Now, we next study the error obtained in this context by choosing λ with
ERM.

Consider a finite set of independent and identical copies (Yi, Xi), i = 1, ..., n, of
the pair (Y,X) distributed as in (3.1) and let Xi

λ := fλ(Yi). Then, the corresponding
ERM is given by

(3.13) λ̂ ∈ arg min
λ∈Λ

1

n

n∑
i=1

∥TXi
λ −Xi∥2X ,

where we used that Xi = TXi a.s.. since ∥X∥X ≤ 1 almost surely.
The following corollary provides the desired error estimates.

Corollary 1. Let Assumption 3 be satisfied with λ∗ as in Theorem 2. Suppose
that Assumptions 4, 5 and 6 hold, and choose the loss as in (3.11). Let η ∈ (0, 1).
Then, with probability at least 1 − η,

L(Xλ̂) ≤ 2(2α + Q2α+1)

Q

[(
C2

1

2α

)2α

C2
2

]1/(2α+1)(
τ2α

β

)2/(2α+1)

+
26

n
log

2N

η
.
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12 J. CHIRINOS-RODRÍGUEZ ET AL.

In this setting, Assumption 1 is trivially satisfied. The proof will therefore consist in
verifying that also Assumption 2 holds, so that Theorem 1 can be applied.

Proof. In this case, Assumption 1 is satisfied with M = 4. We just need to show
that Assumption 2 is satisfied for fλ = Xλ and L defined as in (3.12). Since T is a
projection, it is 1-Lipschitz. Then, for all measurable functions f : Y → X ,

L(f) = E[∥Tf(Y ) − TX∥2X ] ≤ E[∥f(Y ) −X∥2X ].

Then, if we define U(λ) as the right hand side of equation (3.6), (2.3) holds. In
addition, λ∗ defined as in Theorem 2 is the minimizer of U . Now, define the function

C : [1,+∞) → [0,+∞); C(q) :=
2α + q2α+1

q(2α + 1)
,

and observe that it is non decreasing. Then, from the error bound (3.7), we derive,
for any q ∈ [1,+∞), that

U(qλ∗) = C(q)U(λ∗) =
2α + q2α+1

q

[(
C2

1

2α

)2α

C2
2

]1/(2α+1)(
τ2α

β

)2/(2α+1)

.

Hence, Assumption 2 is satisfied. The result follows by applying Theorem 1.

Corollary 1 shows that, under a natural generalization of the classical assumptions
in deterministic inverse problems to the stochastic setting, the error obtained with
the optimal parameter on the grid for the empirical risk, namely λ̂, is close to that of
λ∗, up to a logarithmic factor that increases very slowly with N , and decreases with
n. We add one final remark for this section.

Remark 3 (Comparison with Theorem 4.1 in [1]). The paper [1] aims to learn
the optimal Tikhonov regularizer, of the form ∥B(· − h)∥2, for a linear operator B
and a bias vector h ∈ X . The main result of [1] is Theorem 4.1, which establishes an

excess risk bound for parameters (B̂, ĥ) learned by minimizing the empirical risk. The
setting is quite different since, in [1], the authors learn a general Tikhonov regularizer
by demonstrating that the optimal pair (B∗, h∗) consists of the covariance operator
and the mean of X, respectively. In this paper, we only learn the regularization pa-
rameter, but our setting allows for a large class of spectral filters. The assumptions of
theorem 4.1, as seen in (20) and (21) of [1], are quite different from Assumption 5 and
Assumption 6, making a direct comparisong between our Corollary 1 and Theorem 4.1
not meaningful. We only observe that the proof of Theorem 4.1 in [1] relies on learn-
ing techniques that exploit the Lipschitz continuity of the Empirical Risk with respect
to the pair (h,B) and a classic covering argument. In this paper, we use instead a
different approach introduced in [15] for the cross-validation method.

4. Tikhonov regularization for non linear inverse problems. Next, we
consider the problem of selecting the regularization parameter for Tikhonov regu-
larization in the setting of non linear inverse problems [29]. Let X , Y be real and
separable Hilbert spaces, and A : dom(A) ⊆ X → Y be a (non linear) operator whose
domain has nonempty interior. Let X, ε be a pair of random variables with values in
X and Y respectively, and let

(4.1) Y = A(X) + ε, a.s.

with X ∈ int(dom(A)) almost surely. First, we provide some classic examples of non
linear inverse problems.
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Example 4.1 (Phase recovery). Let X = Cp, 1 ≤ p < +∞, Y = Cn, 1 ≤ n < +∞,
and let B ∈ Cp×n be a linear operator. The phase recovery problem [32, 65] consists
in recovering a signal x∗ ∈ X by having access only to noisy measurements of its
amplitude. In this case, the operator A is given by

A(x) = |Bx|2.

Example 4.2 (Electrical Impedance Tomography). The so-called Electrical Im-
pedance Tomography problem [14, 56, 59] is defined as follows. Let Ω ⊂ Rn, 1 ≤ n <
∞, be a bounded domain describing a conducting body. Let γ ∈ L∞(Ω) be a positive
function, typically known as conductivity. Consider the differential operator

Lγx := div(γ∇x).

Now, given g ∈ L2(∂Ω) defined on the boundary of Ω, we aim at finding potentials
x ∈ H1(Ω) solving the Dirichlet problem{

Lγx = 0 in Ω,

x|∂Ω = g.

For every γ, it is possible to consider the Dirichlet-to-Neumann (or current-to-voltage)
map, defined as

Λγ : x ∈ H1/2(∂Ω) 7→ γ
∂x

∂ν
∈ H−1/2(∂Ω),

where ν denotes the outer normal to ∂Ω, and that associates each solution x of the
Dirichlet problem to its trace γ ∂x/∂ν. In this setting, the non linear inverse problem
consists in recovering γ by having access to the Dirichlet-to-Neumann map Λγ .

We make several assumptions. The first one is on the noise ε.

assumption 7. There exists a constant τ > 0 such that

E[∥ε∥2Y |X] ≤ τ2 a.s.

Using Jensen’s inequality for the conditional expectation [66, 9.7 (h)], we derive from
the previous assumption that

(4.2) E[∥ε∥Y |X] ≤ τ a.s.

Next we impose fairly standard conditions on the operator A.

assumption 8. The operator A : dom(A) → Y is a continuous and weakly closed
operator with int(dom(A)) non-empty, and with dom(A) convex. Moreover, A is
Fréchet differentiable in int(dom(A)) with derivative denoted by A′ and there exists a
constant C0 > 0 such that, for all x and x′ ∈ int(dom(A)),

(4.3) ∥A′(x) −A′(x′)∥op ≤ C0∥x− x′∥X .

The previous assumption implies that, for all x ∈ int(dom(A)) and x′ ∈ dom(A),

∥A(x′) −A(x) −A′(x)(x′ − x)∥Y ≤ C0

2
∥x′ − x∥2X ,

so that, by the triangle inequality,

(4.4) ∥A′(x)(x′ − x)∥Y ≤ ∥A(x′) −A(x)∥Y +
C0

2
∥x′ − x∥2X .
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Here, we assume global Lipschitz continuity of the derivative to avoid technicalities,
but the argument could be extended under a local smoothness assumption as in [19].
For non linear inverse problems, the Tikhonov estimator is defined with respect to a
suitable initialization. Here, we assume the initialization to be described by a random
variable X0 with values in X . In addition, the set of minimizers

arg min
x∈dom(A)

∥A(x) − Y (ω)∥2Y + λ∥x−X0(ω)∥2X

is nonempty for every ω ∈ Ω thanks to Assumption 8, see [19, Theorem 10.1]. A
corresponding Tikhonov regularized estimator is a random variable Xλ defined by
setting, for almost all ω ∈ Ω

(4.5) Xλ(ω) ∈ arg min
x∈dom(A)

∥A(x) − Y (ω)∥2Y + λ∥x−X0(ω)∥2X .

Note that Xλ depends on Y and X0, but we will omit this dependence for the sake
of simplicity. The existence of a random variable Xλ taking values in the set of
minimizers is ensured under some additional assumptions, see e.g. Filippov’s Implicit
function Theorem [39, Theorem 7.1]. For that reason, we directly assume that such
measurable selection exists. The following assumption will be needed to derive the
error bounds and extends analogous conditions in the deterministic case.

assumption 9. The random variable X is such that ∥X −X0∥X ≤ 1 and, under
Assumption 8, there exists a random variable Z with values in Y, β > 0 such that
almost surely

X −X0 = A′(X)∗Z,

and
∥Z∥Y ≤ β a.s., with βC0 < 1,

where C0 is the Lipschitz constant introduced in Assumption 8.

The above assumption can be seen as a non linear version of the source condition
considered in Assumption 5 (for s = 1). The next example is taken from [45, Section
4], where the authors show that Assumptions 8 and 9 are satisfied.

Example 4.3. Consider the boundary value problem{
− (γx′)

′
+ cx = f in (0, 1),

x(0) = x(1) = 0,

where f ∈ L2(0, 1), f ̸= 0, and c ∈ L2(0, 1) is nonnegative almost everywhere. The
non linear operator A : domA → L2(0, 1) is the parameter-to-solution map, associat-
ing to γ its corresponding unique solution x. In this case, the ill-posed inverse problem
consists in determining the coefficient γ from noisy measurements of x.

Other examples in which the source condition in Assumption 9 is satisfied can
be found in [30] in a deterministic setting, and in [21, Section 7], where the authors
study parameter identification problems for stochastic PDEs. Further generalizations
of this assumption have also been provided, see [31, 43, 46]. On the other hand, the
second part of Assumption 9 is known as smallness condition, and generally it is hard
to verify in practice [29, 30]. For this reason, several works have tried to either drop
this condition or relax it, see for instance [21, 30, 42].

In the next result, which is analogous to Theorem 2, we derive a bound on the
error of the Tikhonov regularized solution, leading to a priori parameter choices.
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Theorem 3. Suppose that Assumptions 7, 8 and 9 are satisfied. Then the fol-
lowing bound holds: for all λ ∈ (0,+∞),

(4.6) E[∥Xλ −X∥2X ] ≤ (τ + βλ)2

(1 − βC0)λ
.

In particular, setting λ∗ = τ/β,

E[∥Xλ∗ −X∥2X ] ≤ 4(1 − βC0)−1τβ.

The proof is a modification of the one in the deterministic setting, see e.g. [19, 29].

Proof. The expressions below are all intended to hold almost surely. By definition
of Xλ, X and ε, it follows that

∥A(Xλ) − Y ∥2Y + λ∥Xλ −X0∥2X ≤ ∥A(X) − Y ∥2Y + λ∥X −X0∥2X
= ∥ε∥2Y + λ∥X −X0∥2X .(4.7)

Since

(4.8) ∥Xλ −X0∥2X = ∥Xλ −X∥2X + ∥X −X0∥2X + 2⟨Xλ −X,X −X0⟩X ,

inequality (4.7) implies

∥A(Xλ) − Y ∥2Y + λ∥Xλ −X∥2X ≤ ∥ε∥2Y − 2λ⟨Xλ −X,X −X0⟩X .

Then, Assumption 9 and Cauchy-Schwartz inequality yield

(4.9) ∥A(Xλ) − Y ∥2Y + λ∥Xλ −X∥2X ≤ ∥ε∥2Y + 2λ∥A′(X)(Xλ −X)∥Y∥Z∥Y .

Since X ∈ int(dom(A)) and Xλ ∈ dom(A), and dom(A) is convex by assumption,
inequality (4.4) with x = X and x′ = Xλ yields

∥A′(X)(Xλ −X)∥Y ≤ ∥A(Xλ) −A(X)∥Y +
C0

2
∥Xλ −X∥2X ,

so that, by adding and subtracting Y in the first term of the right hand side, we
obtain

∥A′(X)(Xλ −X)∥Y ≤ ∥A(Xλ) − Y ∥Y + ∥ε∥Y +
C0

2
∥Xλ −X∥2X .

Plugging the above inequality into (4.9), we get

∥A(Xλ) − Y ∥2Y + λ∥Xλ −X∥2X ≤ ∥ε∥2Y + 2λ∥Z∥Y(∥A(Xλ) − Y ∥Y

+ ∥ε∥Y +
C0

2
∥Xλ −X∥2X ).

By adding λ2∥Z∥2Y to both sides and rearranging the terms, we get

(∥A(Xλ) − Y ∥Y − λ∥Z∥Y)
2

+ λ∥Xλ −X∥2X ≤ ∥ε∥2Y + 2λ∥Z∥Y
(
∥ε∥Y

+
C0

2
∥Xλ −X∥2X

)
+ λ2∥Z∥2Y .
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Next, we take expectations on both sides. First, recall that Assumption 7 implies
(4.2), i.e. E[∥ε∥Y ] ≤ τ and therefore, with Assumption 9,

E[∥Z∥Y∥ε∥Y ] ≤ βτ.

Assumption 9 implies also that

E[∥Z∥Y∥Xλ −X∥2X ] ≤ βE[∥Xλ −X∥2X ].

We then get that

E[(∥A(Xλ) − Y ∥Y − λ∥Z∥Y)
2
] + λE[∥Xλ −X∥2X ] ≤ τ2 + 2λβτ

+ λ2β2 + λC0βE[∥Xλ −X∥2X ].

In particular,

E[∥Xλ −X∥2X ] ≤ (1 − βC0)−1 (τ + βλ)2

λ
,

where we used the assumption that βC0 < 1. Finally, the value of λ that minimizes
the above bound is

λ∗ =
τ

β
,

and the corresponding error bound is

E[∥Xλ∗ −X∥2X ] ≤ 4(1 − βC0)−1τβ,

which proves the result.

To apply Theorem 1, we consider the problem obtained with a truncated square loss:

(4.10) ℓ(x, x′) = ∥T (x−X0) − T (x′ −X0)∥2X ,

where T is the truncation operator defined in (3.10). The corresponding expected risk
is given by

L(f) = E[∥T (f(Y ) −X0) − T (X −X0)∥2X ].

We focus on Tikhonov regularization, where, for every λ ∈ (0,+∞), fλ(Y ) = Xλ is
given by (4.5), and analyze the error corresponding to the choice of the regularization
parameter with ERM. Consider independent and identical copies (Yi, Xi), i = 1, ..., n,
of the pair of random variables (Y,X) as in (4.1). The ERM problem is given by

(4.11) λ̂ ∈ arg min
λ∈Λ

1

n

n∑
i=1

∥T (Xi
λ −X0) − (Xi −X0)∥2X .

where Xi
λ := fλ(Yi). In the following result we derive an upper bound corresponding

to the expected risk.

Corollary 2. Suppose that Assumptions 7, 8 and 9 hold. Let Assumption 3 be
satisfied with λ∗ = τ/β and choose the loss as in (4.10). Let η ∈ (0, 1). Then, with
probability at least 1 − η,

L(Xλ̂) ≤ (1 + Q)2

2Q(1 − βC0)
τβ +

26

n
log

2N

η
.
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Proof. To prove the result, it is enough to show that Assumptions 1 and 2 are
satisfied. First, note that Assumption 1 is satisfied since the truncated square loss
in (4.10) is bounded by 4. Moreover, since T defined in (3.10) is the projection on a
convex and closed set, it is 1−Lipschitz, so that Theorem 3 implies

L(Xλ) ≤ E[∥Xλ −X∥2X ] ≤ U(λ),

with U(λ) = (1 − βC0)−1(τ + βλ)2λ−1. The minimizer of U is λ∗ = τ/β with
U(λ∗) = 4(1 − βC0)−1τβ and, for every q ≥ 1 we have that

U(qλ∗) =
(1 + q)2

q
(1 − βC0)−1τβ =

(1 + q)2

4q
U(λ∗).

Since the function

C : [1,+∞) → [0,+∞); C(q) :=
(1 + q)2

4q

is non decreasing, Assumption 2 is satisfied. The result then follows from Theorem 1.

Corollary 2 establishes an upper bound on the expected risk of Xλ̂, corresponding
to the choice of the optimal regularization parameter based on ERM in the grid Λ.
Actually, it ensures that the error obtained when considering λ̂ is close to that of λ∗,
except for an additive error term that decreases with n. Notably, the dependence on
the cardinality of the grid N is only logarithmic.

5. Variational regularization with convex regularizers for linear inverse
problems. In this section, we consider the linear inverse problem setting in Section 3,
with Assumption 4 on the noise. We study variational regularization with a general
function J : X → R ∪ {+∞} instead of the squared norm,

(5.1) Xλ(ω) ∈ arg min
x∈X

1

2
∥Ax− Y (ω)∥2Y + λJ(x).

In this section, we assume that the set of minimizers of the function

x 7→ ∥Ax− Y (ω)∥2Y/2 + λJ(x)

is nonempty for almost every ω ∈ Ω, and that ω 7→ Xλ(ω) is a measurable selection
of the set of minimizers. This setting includes various examples of sparsity-inducing
regularizers beyond Hilbertian norms, see e.g. [11] for references. We discuss specific
examples in Sections 5.1 and 5.2. For this class of regularization schemes, a natural
error metric is given by the Bregman divergence, defined for every x, x′ ∈ X as

(5.2) DJ(x, x′) =

{
J(x) − J(x′) − ⟨sJ(x′), x− x′⟩X , if x′ ∈ int(dom J),

+∞, elsewhere,

where sJ(x′) is an element of ∂J(x′), which is nonempty as long as x′ ∈ int(dom J) [9,
Theorem 9.23]. If x and x′ belong to int(dom J), we can consider also the symmetric
Bregman distance, that is

dJ(x, x′) = DJ(x, x′) + DJ(x′, x) = ⟨sJ(x) − sJ(x′), x− x′⟩X .

Of course, if J is not differentiable, both the Bregman divergence and the symmetric
one depend on the choice of the specific subgradient sJ(x) (and sJ(x′)). To derive an
error bound we consider the following assumptions.
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assumption 10. The function J : X → R is proper, convex, lower semicontinu-
ous and satisfies dom(∂J) = int(dom(J)).

The previous assumption is satisfied, in particular, in two settings, which are discussed
in the following: the one where domJ = Rd and the one where J is essentially smooth.

assumption 11. The random variable X takes values in int(dom(J)) a.s.. More-
over, we assume that there exists a random variable Z ∈ Y, is measurable with respect
to the σ-algebra generated by X, such that A∗Z ∈ ∂J(X) a.s.. Finally, we assume
that there exists β > 0 such that

E[∥Z∥2Y ] ≤ β2.

Assumption 11 can be seen as a generalization of the source condition for the squared
norm regularization in Assumption 5, in the case s = 1. In the following, we will
analyze the behavior of dJ(Xλ, X). We first show that this quantity is well-defined.
From the optimality condition for the Tikhonov problem (5.1) we derive that, almost
surely,

(5.3)
1

λ
A∗(Y −AXλ) ∈ ∂J(Xλ).

In particular we know that Xλ ∈ dom ∂J and so, by Assumption 10, that Xλ ∈
int(dom J). Moreover, from Assumption 11 we have that X ∈ int(dom J) almost
surely, and

A∗Z ∈ ∂J(X).

Then, the symmetric Bregman distance is well defined, and can be written as

dJ(Xλ, X) = ⟨ 1

λ
A∗(Y −AXλ) −A∗Z,Xλ −X⟩X .(5.4)

The Bregman divergences we consider (both the symmetric and the standard one) are
based on the specific subdifferentials considered in the latter formula. In the setting
above, we have the following upper bound.

Theorem 4. Under Assumptions 4, 10 and 11 the following bound holds, for all
λ ∈ (0,+∞),

(5.5) E[dJ(Xλ, X)] ≤ τ2

2λ
+

β2λ

2
.

In particular, taking λ∗ = τ/β, we have

(5.6) E[dJ(Xλ∗ , X)] ≤ βτ.

Proof. The identities and inequalities below are intended to hold almost surely.
By Assumption 11,

λdJ(Xλ, X) + ∥A(Xλ −X)∥2Y = ⟨A∗(Y −AXλ) − λA∗Z,Xλ −X⟩X
+ ∥A(Xλ −X)∥2Y

= ⟨Y −AXλ − λZ + AXλ −AX,A(Xλ −X)⟩Y
= ⟨Y −AX − λZ,A(Xλ −X)⟩Y

≤ 1

2
∥Y −AX − λZ∥2Y +

1

2
∥A(Xλ −X)∥2Y .
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Rearranging the terms, we obtain

λdJ(Xλ, X) +
1

2
∥A(Xλ −X)∥2Y ≤ 1

2
∥Y −AX − λZ∥2Y .

Taking the conditional expectation with respect to X, we get

λE[dJ(Xλ, X)|X] +
1

2
E[∥A(Xλ −X)∥2Y |X] ≤ 1

2
E[∥Y −AX∥2Y |X] +

λ2

2
E[∥Z∥2Y |X]

− λE[⟨Y −AX,Z⟩Y |X].

By Assumption 11, Z is a measurable function with respect to X, and therefore the
last term is zero since Y = AX + ε and by Assumption 4. Thus, if we take the full
expectation, the previous inequality implies

λE[dJ(Xλ, X)] +
1

2
E[∥A(Xλ −X)∥2Y ] ≤ 1

2
E[∥Y −AX∥2Y ] +

λ2

2
E[∥Z∥2Y ]

≤ τ2

2
+

β2λ2

2
,

by Assumptions 4 and 11. Therefore,

(5.7) E[dJ(Xλ, X)] ≤ τ2

2λ
+

β2λ

2
.

The value of λ minimizing the above upper bound is

λ∗ =
τ

β
.

and the theorem follows.

Remark 4. Following [13], the above analysis can be extended considering X to
be a Banach space embedded in a Hilbert space. In this case, the inner product in X
needs to be replaced by the corresponding duality pairing.

In the rest of the section, we will apply Theorem 1 to different loss functions, all
based on the Bregman divergence. To perform the analysis, additional assumptions
are needed on J to ensure that the hypotheses of Theorem 1 are satisfied, e.g. the
boundedness of the loss. We focus on two different settings: the case of sparsity
inducing regularizers, of the form J(x) = |Gx|, where G is a general linear and
bounded operator and | · | a general norm (for instance, the ℓ1-norm), and the case of
regularizers J of Legendre type.

5.1. Sparsity inducing regularizers. In this section, we focus on the finite-
dimensional setting, where X = Rd, 1 ≤ d < +∞. We study sparsity-inducing
regularizers such as the ℓ1 norm [4]. Towards this end, we first introduce a generic
norm on Rm (not necessarily the euclidean one), which we denote by | · |, and the
corresponding dual norm | · |∗. We then fix a linear and bounded operator G : (X , ∥ ·
∥) → (Rm, | · |). We will consider the following structural assumption.

assumption 12. The regularizer J : Rd → R is defined by setting, for every x ∈
Rd,

(5.8) J(x) = |Gx|,

and ∥G∥op ≤ R, for some R > 0 (here the operator norm is meant with respect to the
spaces X = Rd and Rm with their norms ∥ · ∥ and | · |, respectively).
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The above condition describes the class of sparsity inducing regularizers we con-
sider, including Lasso [60] (G equal to the identity and | · | the ℓ1 norm), Graph-Lasso
[48], penalties for multitask learning [50], group lasso [55], ℓq penalties [35], and Total
Variation regularization [54], among others (see [38] and references therein). For these
regularization functions J , the subdifferential can be written as

∂J(·) = G∗∂| · |(G·),

which is nonempty at every point x ∈ X . In addition, recall that the subdifferential
of the norm can be computed as [4, Remark 1.1]

∂| · |(x) = {η ∈ Rm : ⟨η, x⟩ = |x|, |η|∗ ≤ 1}.

In this section, we consider the loss function defined by the Bregman divergence for
every x and x′ ∈ Rd:

(5.9) ℓ(x, x′) = DJ(x, x′)

where DJ is defined as in (5.2), for some subgradient sJ(x′) ∈ ∂J(x′). As before, if
we let fλ(Y ) = Xλ, then the corresponding expected risk is given by

(5.10) L(Xλ) = E[DJ(X,Xλ)].

In this case, and as in Section 3, we also assume that the random variable X is such
that ∥X∥ ≤ 1 a.s.. Finally, if we denote Xi

λ := fλ(Yi), then the ERM is given by

(5.11) λ̂ ∈ arg min
λ∈Λ

1

n

n∑
i=1

DJ(Xi, X
i
λ).

The latter approach has been already applied in practice. In particular, in the case of
R being the Total Variation regularizer [18]. We can now state the probabilistic error
estimates for this setting.

Corollary 3. In the setting of this subsection, let Assumptions 4, 11 and 12 be
satisfied, let Assumption 3 be satisfied with λ∗ = τ/β as in Theorem 4 and choose the
loss as in (5.9). Let η ∈ (0, 1). Then, with probability at least 1 − η,

(5.12) L(Xλ̂) ≤ 1 + Q2

Q
βτ +

13R

n
log

2N

η
.

Proof. To apply Theorem 1, we need to check that Assumptions 1 and 2 are
satisfied. For every x ∈ Rd with ∥x∥ ≤ 1 and z ∈ Rd, we have

DJ(x, x′) = |Gx| − |Gx′| − ⟨G∗s|·|(Gx′), x− x′⟩Rm

= |Gx| − |Gx′| − ⟨s|·|(Gx′), Gx−Gx′⟩Rm

= |Gx| − ⟨s|·|(Gx′), Gx⟩Rm

≤ (1 + |s|·|(Gx′)|∗)|Gx|
≤ 2∥G∥op∥x∥
≤ 2R.

Hence, the loss function is bounded on the cylinder {(x, x′) ∈ Rd×d : ∥x∥ ≤ 1} , and
Assumption 1 is therein satisfied with M = 2R. We are left to show that Assumption 2
is satisfied for fλ(Y ) = Xλ and L defined as in (5.12). From the inequality

DJ(X,Xλ) ≤ dJ(X,Xλ)
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and Theorem 4, we derive that

L(Xλ) ≤ U(λ),

where U(λ) = τ2/(2λ) + β2λ/2. The latter is minimized by λ∗ = τ/β and satisfies

U(qλ∗) ≤ 1 + q2

2q
βτ,

where the multiplicative factor depending on q is a nondecreasing function for q ≥ 1.
The statement then follows from Theorem 1.

5.2. Legendre Regularizers. In this section, we consider Legendre regulariz-
ers. We start by recalling some definitions, see [8] for more details. A proper, convex
and lower semicontinuous function J : X → R∪{+∞} is said to be essentially smooth
if ∂J is locally bounded and single valued on its domain. The function J is essentially
strictly convex if (∂J)−1 is locally bounded on its domain and J is strictly convex
on every convex subset of dom ∂J . A function J is Legendre if it is proper, lower
semicontinuous and it is both essentially smooth and essentially strictly convex. In
this section, we will rely on the following assumption.

assumption 13. The function J : X → R ∪ {+∞} is Legendre.

In particular, Assumption 13 implies Assumption 10 by [8, Theorem 5.6].
Now, consider x0 ∈ int(dom J) and r > 0 such that the ball centered at x0

with radius r, B := {x ∈ X : ∥x − x0∥ ≤ r}, is a subset of int(dom J). Again,
by Assumption 13, it is possible to define the projection onto B with respect to the
Bregman divergence for every x ∈ X (see [8, Corollary 7.9]), by setting

(5.13) πB(x) := arg min
z∈B

DJ(z, x).

In this setting, the Bregman projection is univocally defined, meaning that it does not
depend on the choice of the subgradient. Indeed, if x /∈ int(dom J), then DJ(z, x) =
+∞. Otherwise, x ∈ int(dom J) = dom(∂J), where the subdifferential of J is single
valued. Moreover, by definition, πB(x) ∈ B ⊆ int(dom J). Recalling that it always
holds int(dom J) ⊆ dom(∂J), we know that the subdifferential of J is non empty at
each point of B. In particular, under Assumption 13, the subdifferential of J is single
valued on B. Then, for every x ∈ B we denote by ∇J(x) the subdifferential of J at
x ∈ B. We need an additional assumption on the function J on the set B, namely a
uniform upper bound for the norm of its gradient; i.e. of ∇J .

assumption 14. There exists R > 0 such that

sup
x∈B

∥∇J(x)∥ ≤ R.

Note that, since J is Legendre and essentially smooth, then ∇J is locally bounded
on int(domJ). This means that for every x ∈ int(dom J) there exists ε > 0 such that
supz∈Bε(x) ∥∇J(z)∥ < +∞, but this does not imply the validity of Assumption 14. In
this context, we consider the loss function defined for all x, x′ ∈ X as the Bregman
divergence between the projections onto B, namely

(5.14) ℓ(x, x′) = DJ(πB(x), πB(x′)),
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which is univocally defined since πB(x′) ∈ B, and the subdifferential of J is non empty
and single valued on B. We consider also the corresponding expected risk, defined as

L(f) = E[DJ(πB(X), πB(f(Y )))].

In this case, and in opposition with the other sections where we assumed that ∥X∥ ≤ 1,
we assume that X is such that X ∈ B a.s.. As in the previous sections, we want to
bound the expected risk of the regularization method fλ(Y ) = Xλ defined as in (5.1),
when λ is selected by ERM,

λ̂ ∈ arg min
λ∈Λ

1

n

n∑
i=1

DJ(πB(Xi), πB(Xi
λ))),

where Xi
λ := fλ(Yi). The corresponding error bound is given in the following corollary.

Corollary 4. Let Assumptions 4, 11, 13 and 14 be satisfied, let Assumption 3
be satisfied with λ∗ = τ/β as in Theorem 4 and choose the loss as in (5.14). Let
η ∈ (0, 1). Then, with probability at least 1 − η,

L(Xλ̂) ≤ 1 + Q2

Q
βτ +

26Rr

n
log

2N

η
.

Proof. To prove the statement, we will rely again on Theorem 1. Therefore we
just need to show that Assumptions 1 and 2 hold. We first show that Assumption 1 is
satisfied. Since both πB(x) and πB(x′) belong to B, and by Assumption 14, recalling
that ∂J is single valued on B, it follows that

0 ≤ ℓ(x, x′) = DJ(πB(x), πB(x′)) ≤ DJ(πB(x), πB(x′)) + DJ(πB(x′), πB(x))

= ⟨∇J(πB(x)) −∇J(πB(x′)), πB(x) − πB(x′)⟩ ≤ 4Rr.

Then, the considered loss function (5.14) is bounded and Assumption 1 is satisfied
with M = 4Rr. Next, we check that Assumption 2 is satisfied. First, observe that
both X and Xλ belong to dom(∂J) almost surely since X ∈ B by assumption and by
the optimality condition stated in (5.3). Then, the subdifferential of J is not empty
(and so single valued) at X,Xλ and

dJ(X,Xλ) ≥ DJ(X,Xλ) ≥ DJ(X,πB(Xλ)) + DJ(πB(Xλ), Xλ),

by the first order optimality conditions of problem (5.13) and the fact that X ∈ B.
Again, since X ∈ B almost surely, we have that πB(X) = X almost surely. Then,

the previous inequality implies that

L(Xλ) = E[DJ(πB(X), πB(Xλ))] = E[DJ(X,πB(Xλ))] ≤ E[dJ(X,Xλ)].(5.15)

Theorem 4 gives the bound E[dJ(X,Xλ)] ≤ U(λ), where U(λ) = τ2/(2λ) + β2λ/2.
So, together with (5.15), this implies that

L(Xλ) ≤ U(λ).

The minimizer of U(λ) is given by λ∗ = τ/β with U(λ∗) = βτ . We derive directly
from the definition that

U(qλ∗) =
1 + q2

2q
βτ =

1 + q2

2q
U(λ∗)

for any q ≥ 1, where the multiplicative term (1+q2)/(2q) is a non decreasing function
for q ≥ 1. Hence, Assumption 2 is satisfied and we can apply Theorem 1 to obtain
the desired result.
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6. Numerical results. In this section, we provide an empirical validation of the
theoretical results discussed in the previous sections. We consider different numerocal
settings and, for each of them, analyze the behvior of the epected risk for the proposed
data driven parameter choice. First, we consider the setting of linear inverse problems
with squared norm regularization. In this case, we focus on Tikhonov regularization
and the Landweber method. For both of them we compare the proposed supervised
learning procedure with the so-called quasi-optimality criterion [7]. Then, we turn
to more general regularization penalties. More precisely, we consider the problem
of denoising and deblurring sparse signals with the ℓ1-norm, and TV denoising for
images.

In all experiments, the expected risk L is always approximated empirically using
either N = 500 or N = 1000 points, depending on the complexity of the experi-
ment. Similarly, the optimal parameter λ∗ is selected on a sufficiently fine grid to
approximate the interval (0,+∞).

Code details: All of the simulations have been implemented in Python on a
laptop with 32GB of RAM and 2.2 GHz Intel Core I7 CPU. In Section 6.2.2 we
also use the library Numerical Tours by G. Peyré [52]. The code is available at
https://github.com/TraDE-OPT/Learning-the-Regularization-Parameter.

6.1. Spectral regularization methods. In this section, we empirically analyze
the proposed supervised parameter selection strategy for Tikhonov regularization and
the Landweber method to solve an instance of a linear inverse problem as in Section 3.
We consider a problem of the form

Y = AX + ε,

which we describe next. The operator A is a 70 × 70 matrix, with Gaussian entries
ai,j ∼ N(0, 1), 1 ≤ i, j ≤ 70, that will be then normalized by its operator norm, which
in this case coincides with the 2-norm. To ensure that Assumption 5 is satisfied with
a known exponent, we define the random variable X ∈ R70 as

X = (A∗A)sZ,

with s > 0 to be fixed later and Z is sampled uniformly in the unit ball. This,
jointly with ∥A∥2 ≤ 1, ensures that ∥X∥ ≤ 1 almost surely. Note that, in this
setting, Assumption 5 is satisfied with β = 1. Finally, ε ∼ N(0, τ2Id), which satisfies
Assumption 4. The training set is obtained sampling n independent pairs (yi, xi) from
the previous model.

The section is divided into two parts:
• empirical validation of the theoretical results,
• comparison of the studied method with the quasi-optimality criterion [62].

In both cases, every experiment is run 30 times, and we report both the mean (in
solid lines) and the values between the 5th-percentile and 95th-percentile of the data
(in shaded regions).

6.1.1. Illustration of the supervised learning parameter choice. We start
considering the problem described in Section 6.1 with noise level τ = 10−2 and source
condition s = 0.5. Starting from a training set {(yi, xi)}50i=1, for every λ ∈ Λ, we
define the empirical risk for the Tikhonov regularized solution as

(6.1) L̂(Xλ) =
1

50

50∑
i=1

∥TXi
λ − xi∥2,
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where Xi
λ := (A∗A+λI)−1A∗yi (see Section 3). The empirical risk for the Landweber

method is defined analogously, where in this case Xi
λ = (I − γA∗A)⌊1/λ⌋A∗yi with

constant stepsize γ = 0.2. For both Tikhonov regularization and Landweber iteration,
we build a grid of regularization parameters Λ = {λ1, . . . , λN} as in Assumption 3,
namely with λj = λ1Q

j−1 for j = 1, . . . , N and Q = (λN/λ1)1/(N−1). In the case
of Tikhonov, we choose Λ ⊆ [10−4, 100] with N = 500 and so Q ≈ 1.0281. For
Landweber, we choose Λ ⊆ [10−3, 1], while N remains the same and Q ≈ 1.0139.

According to Section 2, the regularization parameter learned by our approach is λ̂, a
minimizer of (6.1) on the grid Λ. In Figure 1, the function λ ∈ Λ 7→ L̂(Xλ) is plotted
for Tikhonov regularization. For Landweber, we plot the function in terms of number
of iterations k.

10 4 10 3 10 2 10 1 100 101 1020.0

0.1

0.2

0.3

0.4

0.5 Tikhonov

100 101 102 103

k

0.05

0.10

0.15

0.20 Landweber

L(
X

)

Fig. 1. Empirical risk trajectories, of the Tikhonov and Landweber regularization methods, with
respect to the regularization parameter λ.

6.1.2. Illustration of Theorem 2. In this section we investigate the depen-
dence on the noise level τ of the error L(Xλ∗), see equation (3.7) in Theorem 2. For
every fixed noise level τ > 0 of ε, let λ∗(τ), or k∗(τ) in the case of Landweber, be a
minimizer of the expected risk,

(6.2) λ∗(τ) ∈ arg min
λ∈(0,+∞)

L(Xλ).

As stated in Theorem 2, L(Xλ∗(τ)) goes to zero when τ vanishes. The parameter α

in Assumption 6 plays an important role in the bound, since L(Xλ∗(τ)) ≲ τ4α/(2α+1).
In particular, we expect L(Xλ∗(τ)) to go to 0 faster when α increases. For Tikhonov,
α = min{1, s} (since 1 is the qualification parameter for Tikhonov regularization). For
Landweber, instead, α = s. The influence of s on the decay rate of the reconstruction
error is shown in Figure 2 for the values s = 0.5 and s = 1. To determine λ∗(τ), we
first consider 30 different values of the noise level τ within the interval [10−4, 10−1].
The selected smoothness parameters allow us to gain insights into the behavior of the
expected risk with respect to the deterministic rate obtained in Theorem 2. In Figure
2, we illustrate the quantity L(Xλ∗(τ))/τ

(4s)/(2s+1), where it can be seen that all the
curves are bounded when τ goes to zero. We can also observe that the quantity of
interest is not going to zero, therefore suggesting that the derived bounds are tight.

In the following experiment, we study the behavior of the best empirical regular-
ization parameters, λ̂(τ) and k̂(τ), with respect to the noise level τ and the smoothness
parameter s for both Tikhonov and Landweber methods. Here, the empirical risk is
computed with 10 training points for smoothness parameters s = 0.5 and 1. We fix
30 different values of the noise level τ in the interval [10−4, 10−1], and we consider the
following grids: Λ ⊆ [10−5, 1] with N = 500 in the case of Tikhonov regularization,
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Fig. 2. Behavior of L(Xλ∗ ) with respect to the rate τT , T = (4s)/(2s + 1), obtained in
Theorem 2, for different smoothness parameters s for Tikhonov and Landweber. It can be seen that
each trajectory is upper bounded, as suggested by the rate in Theorem 2. The horizontal axes are
shown in logarithmic scale.

and Λ ⊆ [10−4, 1] with N = 5000 for Landweber. It can be seen that the empirical

parameters λ̂(τ) and k̂(τ) exhibit a similar behavior to the a priori optimal ones ([29]

and Theorem 2): in the case of Tikhonov regularization, λ̂(τ) increases with the noise,
and in the case of Landweber, the number of iterations decreases with respect to the
noise. The smoothness parameter has also an effect on the optimal regularization
parameter: λ̂ is increasing with respect to s, while the required number of iterations
in Landweber is decreasing. This behavior can be observed in Figure 3.

10 4 10 3 10 2 10 1

10 3

10 2

10 1

100

(
)

Tikhonov
s = 0.5
s = 1

10 4 10 3 10 2 10 1100

101

102

103

k(
)

Landweber
s = 0.5
s = 1

Fig. 3. Value of λ̂, k̂ when varying the noise level for both Tikhonov and Landweber meth-
ods. Both parameters have been selected over a training set of 10 points, constructed with different
smoothness parameters as shown in the plot. Solid lines represent the mean value, while the shaded
regions represent the 5th-percentiles and 95th-percentiles over 30 trials. Both axis are shown in
logarithmic scale.

6.1.3. Illustration of error bounds. In this section, we discuss some numeri-
cal experiments supporting the error bound stated in Corollary 1, both for Tikhonov
and Landweber regularization methods. By Corollary 1, with high probability, there
exist constants c2, c3 > 0 such that

L(Xλ̂) ≤ c2τ
4α/(2α+1) +

c3
n
.

Therefore L(Xλ̂) with fixed noise level, behaves as L(Xλ∗) up to an additive constant.
The same holds for fixed n, and τ → 0.

We consider the same setting as for Figure 1 with noise level τ = 0.01 and
smoothness parameter s = 0.5. We define the empirical risk, L̂(Xλ), for every n ∈
{5, 10, ..., 100}, where we sample training points for every different value of n, and

This manuscript is for review purposes only.



26 J. CHIRINOS-RODRÍGUEZ ET AL.

we denote by λ̂(n) and k̂(n) the parameters corresponding to the minimizers of the
empirical risk with n points. In Figure 4 we show that L(Xλ̂(n)) goes to a certain

constant, that depends on the noise level, when n increases, see Figure 4.

101 1020.02510

0.02515

0.02520

0.02525

0.02530

0.02535 Tikhonov

101 1020.02180
0.02185
0.02190
0.02195
0.02200
0.02205 Landweber

n

L(
X

(n
))

Fig. 4. Behavior of L(X
λ̂(n)

), both for Tikhonov and Landweber regularization, as a function

of n. The solid lines represent the mean value, while the shaded regions represent the 5th-percentiles
and 95th-percentiles over 30 trials. The x-axis is shown in logarithmic scale.

Next, we illustrate the behavior of the expected risk L with respect to the noise
level τ . First, we fix as smoothness parameter s = 0.5 and consider 30 different values
of the noise level τ within the interval [10−4, 10−1]. Next, for every τ , we find λ∗(τ),
k∗(τ) as the minimizers of the expected risk L. Then, we fix the grid Λ ⊆ [10−5, 1]
with N = 500 and Q ≈ 1.0233 in the case of Tikhonov, and Λ ⊆ [10−4, 1] with

N = 3000 and Q ≈ 1.0031 in the case of Landweber. With this, we find λ̂(τ), k̂(τ) as

the minimizers of the empirical risk L̂(Xλ), constructed with n = 5 training points.
In Figure 5 we plot, for every noise level τ , the values L(Xλ∗(τ)) and L(Xλ̂(τ)) in the

cases of Tikhonov and Landweber, showing that their behavior with respect to τ is
comparable.
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Tikhonov
L(X ( ))
L(X * ( ))

10 4 10 3 10 2 10 1

10 4

10 3

10 2
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Landweber

Fig. 5. Comparison between L(Xλ∗(τ)), in orange, and L(X
λ̂(τ)

), in blue, when varying the

noise level τ both for Tikhonov and Landweber regularization. As it can be observed, in such a scale,
the lines almost coincide.

6.1.4. Comparison with the quasi-optimality criterion. In this section we
compare our supervised learning approach to the quasi-optimality criterion [62]. The
latter is one of the most common and simple-to-implement heuristic parameter se-
lection methods and does not require the noise level to be computed. Theoretical
guarantees on its performance are available in the stochastic inverse problems set-
ting [7]. First, note that the computational cost of the two methods can be very
different. The quasi-optimality criterion performs instance-wise as all the usual pa-
rameter selection methods; i.e. given a set of test data {(yi, xi)}ntest

i=1 , ntest ∈ N, and
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a regularization method Xλ, it outputs the best regularization parameter λ̂i for each
yi, i = 1, ..., ntest. This could lead to high computational costs when the number of
test points is big. Indeed, the method needs to be run as many times as the number
of points, and for each test point the computation of the whole regularization path
is required (see below). On the contrary, our algorithm requires to have access to a

training set, but then, on test problems, the learned parameter λ̂ will be the same
for every i = 1, ..., ntest, and only one regularized problem needs to be solved. In the
following we compare the two approaches in terms of average performance on the test
problems for Tikhonov and Landweber methods.

For Tikhonov regularization, we fix a grid of N = 1000 regularization parameters
Λ ⊆ [10−5, 10], with Q ≈ 1.0139 and denote by Xi

λj
the solution of the regularized

problem for the parameter λj and datum yi, i ∈ {1, . . . , ntest}. We fix ntest = 50. For
each pair (yi, xi) in the test set, we select the parameter with the quasi-optimality
criterion, namely we set λqo

i = λj∗(i), where j∗(i) is defined as

j∗(i) ∈ arg min
j∈{1,...,1000}

∥Xi
λj

−Xi
λj+1

∥.

Our method instead provides a unique λ̂, depending on the training set. For this
experiment, we fix a training set of 1000 points. We then compare the average test
error corresponding to the two methods, where, for the quasi-optimality criterion we
consider

Lqo =
1

50

50∑
i=1

∥Xi
λqo
i

− xi∥2.

For the Landweber iteration, we fix a grid of N = 800 regularization parameters
Λ ⊆ [1/1000, 1], with Q ≈ 1.0087 we follow the implementation of the quasi-optimality
criterion proposed in [5], and we define λqo

i = λj∗ , where j∗(i) is defined as

j∗(i) ∈ arg min
j∈{1,...,800}

∥Xi
2⌊1/λj+1⌋ −Xi

⌊1/λj+1⌋∥,

and we compare the average test error as for the Tikhonov method.
We denote the test error corresponding to our method Llearn (for both Tikhonov

and Landweber) and we compute the quantity Llearn−Lqo for 30 different realizations
of the training set. We show in tables 1 and 2 the mean value and standard deviation
of the proposed experiment for both Tikhonov and Landweber with source condition
s = 0.5. As the tables suggest, the supervised learning selection method performs dif-
ferently than the quasi-optimality criterion for both Tikhonov and Landweber meth-
ods. On the one hand, in the case of Tikhonov regularization, the difference between
the two studied methods is small when the noise level is small. Instead, when such
noise level increases, the learned regularization parameter performs considerably bet-
ter. In the case of Landweber, it can be seen in 2 that the learned regularization
parameter performs better for lower values of the noise level.

6.2. Sparsity inducing regularizers. In this section, we explore the theoret-
ical results in Section 5.1 for three different examples: denoising and deblurring of a
sparse signal, and Total Variation regularization for image denoising. In particular,
we will focus on illustrating, experimentally, Corollary 3. To do so, we will perform
the same experiments that we did for the spectral case in Section 6.1.3: first, we show
that the expected risk for λ̂ with fixed noise level τ , converges when the number of
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Llearn − Lqo, Tikhonov
noise lev. τ = 10−3 τ = 10−2 τ = 10−1 τ = 0.5

mean −0.0025 −0.0665 −0.6071 −0.9935
std 4.07 × 10−7 4.27 × 10−6 4.22 × 10−5 0.0

Table 1
Mean value and standard deviation of the error difference between our method and the quasi-

optimality criterion. Above, we compare methods in the case of Tikhonov regularization for different
values of the noise level.

Llearn − Lqo, Landweber
noise lev. τ = 10−3 τ = 10−2 τ = 10−1 τ = 0.5

mean −0.9987 −0.9348 −0.5042 0.5775
std 4.60 × 10−7 1.56 × 10−6 1.11 × 10−16 0.0

Table 2
Mean value and standard deviation of the error difference between our method and the quasi-

optimality criterion with different values of the noise level.

training points goes to infinity. Second, we show that the expected risk, when eval-
uated at the best empirical parameter λ̂ for a fixed number of training points, has a
comparable behavior to the expected risk evaluated at its minimum.

We start with the problem of denoising of a sparse signal.

6.2.1. Denoising of a sparse signal. Let x∗ ∈ Rd be an s-sparse signal; i.e.,
a signal with s nonzero entries, and consider the white noise model ε ∼ N(0, τ2Id),
with noise level τ > 0. We consider the denoising problem,

(6.3) y = x∗ + ε,

where x∗ is such that ∥x∗∥2 ≤ 1 as required. The most classical approach to recover
x∗ having access only to y is to solve the variational problem

(6.4) min
x∈Rd

1

2
∥x− y∥22 + λ∥x∥1.

where the ℓ1 norm promotes sparsity [22]. In this case, it is easy to show that the
solution admits a closed-form expression, that is

Xλ = Sλ(y), λ ∈ (0,+∞),

where Sλ denotes the so-called soft-thresholding operator [28], is defined component-
wise as

(Sλ(y))i :=

{
yi − λsign(yi), if |yi| > λ,

0, if |yi| ≤ λ,

for every i ≤ d.
As an illustrative example, we show in Figure 6 the behavior of the empirical risk

in this setting, where the training set {(yi, xi)}ni=1 is generated according to (6.3) with
d = 1024, s = 64 and noise level τ = 0.25,

L̂(Sλ) =
1

n

n∑
i=1

D∥·∥1
(xi,Sλ(yi)),
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for n = 10 and λ in a grid Λ ⊆ [10−4, 10] with N = 1000 and so Q ≈ 1.0116. It can
be seen that this behavior matches the one predicted by the theoretical results. We
first recall the Bregman divergence for this case, that is

D∥·∥1
(x,Sλ(y)) = ∥x∥1 − ⟨s|·|(y), x⟩ = ∥x∥1 − ⟨sign(y), x⟩,

for every x, y ∈ Rd. On the one hand, observe that, for every i = 1, ..., n, we have
that sign(Sλ(xi)) → sign(yi) as λ → 0. This leads to

L̂(Sλ) → 1

n

n∑
i=1

D∥·∥1
(xi, yi), as λ → 0,

where the right hand side is constant. On the other hand, the for every λ ∈ (0,+∞)
with λ > supi=1,...,n ∥yi∥∞, we have that Sλ(yi) = 0 for every i = 1, ..., n. Therefore,
D∥·∥1

(xi,Sλ(yi)) = ∥xi∥ for every i = 1, ..., n and so

L̂(Sλ) → 1

n

n∑
i=1

∥xi∥1, as λ → +∞,

where the right hand side is again constant in this case.

10 4 10 3 10 2 10 1 100 101

4 × 100

5 × 100

6 × 100

7 × 100

L(
)

Fig. 6. Behavior of L̂(Sλ) with respect to the regularizaton parameter λ for the signal denoising
problem.

Next, we illustrate numerically Corollary 3 for this setting. First, we show that
the expected risk for the learned regularization parameter λ̂, converges as n goes to
infinity. First, we fix as noise level τ = 0.25 and a grid of regularization parameters
of N = 1000 points Λ ⊆ [10−5, 1], with Q ≈ 1.0116 and, for every n ∈ {1, 2, ..., 20} we

define λ̂(n) as a minimizer of the empirical risk,

λ̂(n) ∈ arg min
λ∈Λ

1

n

n∑
i=1

D∥·∥1
(xi,Sλ(yi)).

where, for every n, we consider an independent set of training points {(yi, xi)}ni=1,
generated according to (6.3). In Figure 7, we plot the quantity L(Sλ̂(n)) for different

values of the dimension, d = 512, 1024 and 2048 and fixed sparsity s = 16, show-
ing that it converges when the number of training points goes to infinity, and the
convergence does not depend on the dimension of the problem.
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2.2

2.3

2.4 d = 512

2.2

2.4
d = 1024

100 101

2.2

2.4
d = 2048

n

L(
(n

))

Fig. 7. Behavior of L(S
λ̂(n)

) as a function of n for different values of the dimension. The

solid lines represent the mean value, while the shaded regions represent the values between the 5th-
percentiles and 95th-percentiles over 30 trials. The x-axis is shown in logarithmic scale.

Finally, we show the behavior of the expected risk L with respect to the noise
level τ . First, we fix d = 1024 and sparsity s = 16. Next, we fix 30 different values
of the noise level τ ∈ [0.1, 1]. For every value of the noise level τ , we find λ∗(τ) as
the minimizer of the expected risk L. After, we consider the grid Λ ⊆ [10−5, 1] with

N = 500 and Q ≈ 1.0233. Then, we find λ̂Λ as the minimizer of the empirical risk
L̂, constructed with n = 5 training points. In Figure 8, we show that the behavior of
both L(Sλ∗(τ)) and L(Sλ̂(τ)) with respect to τ is comparable.

10 1 100

100

L( ( ))
L( * ( ))

Fig. 8. Behavior of the expected risk L with respect to the noise level τ . Recall that L(S
λ̂(τ)

)

has been computed 30 times. We therefore report the mean value, in a solid line, and the values
between the 5th-percentile and 95th-percentile, which corresponds to the shaded region. Both axis
are shown in logarithmic scale.

6.2.2. Deblurring of a sparse signal. In this section, we consider the deblur-
ring of a sparse signal1. Our aim is to recover a sparse signal x∗ ∈ R256 that has been

1see https://www.numerical-tours.com/python/
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corrupted via a convolution operator A and additive noise,

(6.5) y = Ax∗ + ε,

where x∗ is an 8-sparse signal such that ∥x∗∥2 ≤ 1 by assumption, and ε ∼ N(0, τ2Id)
as pointed in Assumption 4. Moreover, the forward mapping A is a linear convolution
operator

x ∈ R256 7→ Ax = h ∗ x ∈ R256,

with h the second derivative of a Gaussian. More precisely, let ϕ(x) = e−x2/(2π2),
then h = ϕ′′ − µ(ϕ′′), being µ(ϕ′′) the expectation of ϕ′′. In order to recover x∗, we
solve the Lasso problem [60]:

(6.6) min
x

1

2
∥Ax− y∥22 + λ∥x∥1,

where λ > 0 is the regularization parameter, running FISTA with constant stepsize
[10] until convergence; i.e. until the difference between iterates is smaller than 10−6.

We now aim at illustrating Corollary 3; i.e., showing the error behavior of the
learned regularization parameter when n goes to infinity. For this example, we fix
τ = 0.1 and the grid of admissible regularization parameters to be Λ ⊆ [10−2, 1] with
N = 50 and Q ≈ 1.0985. The ERM in this case can be written as,

λ̂(n) ∈ arg min
λ∈Λ

1

n

n∑
i=1

D∥·∥1
(xi, X

i
λ).

where Xi
λ := Xλ(yi) and, for every n ∈ {5, 10, ..., 50}, we consider independent sets

of training points {(yi, xi)}ni=1, generated according to (6.5). From Corollary 3, the

expected risk evaluated at λ̂(n), L(Xλ̂(n)), should converge to constant when n → ∞.

We plot this behavior in Figure 9.

101

n

0.98
1.00
1.02
1.04
1.06
1.08
1.10
1.12

L(
X

(n
))

Fig. 9. Behavior of L(X
λ̂(n)

) for the signal deblurring problem, showing that it goes to a

certain constant as n increases. The solid line represents the mean value, while the shaded region
represents the value between 5th-percentile and the 95th-percentile over 30 trials. The x-axis is
shown in logarithmic scale.

Next, we show, empirically, that the behavior of the learned regularization pa-
rameter and the optimal one is comparable with respect to the noise level τ . We fix
30 different values of the noise level within the interval [0.1, 1] and define, for every τ ,
λ∗(τ) as the minimizer of the expected risk L. After, we fix a grid of regularization

parameters Λ ⊆ [10−2, 1] with N = 10 and Q ∼ 2.1544. Hence, λ̂Λ will be the mini-

mizer of the empirical risk L̂, constructed with n = 5 training points for every value
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of the noise level τ . In Figure 10, we plot the quantities L(Xλ∗(τ)) and L(Xλ̂(τ)),

showing that their behavior is comparable with respect to the noise level τ .

10 1 100

100

2 × 100

3 × 100 L(X ( ))
L(X * ( ))

Fig. 10. Behavior of the expected risk L, with respect to the noise level τ , for the signal
deblurring problem. Recall that L(X

λ̂(τ)
), in blue has been computed 30 times. We therefore report

the mean value, in a solid line, and the values between the 5th-percentile and 95th-percentile, which
corresponds to the shaded region. Both axis are shown in logarithmic scale.

Finally, we show one example of a reconstructed signal using our regularization
parameter choice. In order to learn the parameter λ̂, we first construct a training
set of ntrain = 100 clean and corrupted signals with the same distribution as the test
element that we want to reconstruct, with noise level τ = 0.1. Then, the learned
regularization parameter minimizing the empirical risk (5.11). We show in the third
row of Figure 11, the resulting regularized solution with the learned regularization
parameter.

0.25
0.00
0.25

Original

0.5

0.0

0.5
Blurred, noisy

0 50 100 150 200 250
0.25
0.00
0.25

Recovered

Fig. 11. Deblurring of a sparse noisy, blurred signal with learned regularization parameter. In
the first row, we show the original signal; in the second, its blurred and noisy version; and in the
third row, the regularized solution with learned regularization parameter.

6.2.3. Total Variation for image denoising. In this section, we use our su-
pervised learning algorithm for choosing the regularization parameter of a Total Vari-
ation regularizer [17, 54]. To do so, we focus on the image denoising problem

(6.7) y = x∗ + ε.
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where x, y ∈ Rd×d, d ∈ N, and ε ∼ N(0, τ2Id) with noise level τ > 0. A classical
approach to solve (6.7) is to rely on the following variational approach [57]

(6.8) min
x

1

2
∥x− y∥22 + λTV(x),

where λ > 0 is the regularization parameter and

TV(x) = ∥Dx∥1,

and Dx = (D1x,D2x) ∈ R2d(d−1) is the discrete derivative, defined as in [16]. Then,
we propose as regularization method Xλ a solution of problem (6.8). Since (6.8)
does not have a closed-form solution, we compute it by running FISTA on the dual
problem of (6.8), until convergence, i.e. until the difference between iterates is smaller
than 10−8. To illustrate Corollary 3, we first show the behavior of the expected risk,
evaluated at the learned regularization parameter λ̂ for this example.

We consider the MNIST dataset [25] of 28 × 28 images of digits from 0 to 9, and
corrupt them as in (6.7). To illustrate Corollary 3, we fix the noise level τ = 0.25.
Then, we fix a grid of N = 50 points Λ ⊆ [10−3, 1], with Q ≈ 1.1514. For every

n ∈ {5, 10, ..., 50}, we let λ̂(n) be a minimizer of the empirical risk,

λ̂(n) ∈ arg min
λ∈Λ

1

n

n∑
i=1

DTV(xi, X
i
λ).

where, for every n, we consider an independent training set of points {(yi, xi)}ni=1

randomly selected from a set of 3000 images. We therefore plot in Figure 12 the
behavior of the expected risk L for λ̂(n), and show it converges as n → ∞.

101

n

30.5

31.0

31.5

32.0

32.5

L(
X

(n
))

Fig. 12. Behavior of L(X
λ̂(n)

) as a function of n for image denoising problem, showing that it

goes to a certain constant as n increases. The solid line represents the mean value, while the shaded
region represents the value between the 5th-percentile and 95th-percentile over 30 trials. The x-axis
is shown in logarithmic scale.

Next, we illustrate the behavior of the expected risk. We consider the same
experimental setting as we did for Figure 10 for the signal deblurring problem, and
we show in Figure 13 that the behavior of both L(Xλ∗(τ)) and L(Xλ̂(τ)) is comparable

with respect to τ .
Finally, as an illustrative example, we explore the performance of our parameter

selection method on test images from the MNIST dataset. We compute four different
supervised learning regularization parameters for four different training sets, each
of 100 training points, and check the reconstruction results of the TV regularized
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10 1 100

2 × 101

3 × 101

4 × 101

6 × 101
L(X ( ))
L(X * ( ))

Fig. 13. Comparison between L(Xλ∗(τ)), in orange, and L(X
λ̂(τ)

), in blue, when varying the

noise level τ for the Total Variation regularization. In the case of L(X
λ̂(τ)

), the solid line represents

the mean value, while the shaded region represents the values between the 5th-percentile and 95th-
percentile. Bot axes are shown in logarithmic scale.

solution for two different digits in the test set. The results are shown in Figure 14.
We observe that the recovery results on single test images may vary depending on
the set of points that was used for training. This is expected, since our parameter
selection method has been designed in order to perform effectively on average.
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Fig. 14. Total Variation denoising algorithm for two digit in the test set. From left to right,
in every row, we plot the original image, its noisy version, and the recovery obtained with different
regularization parameters. We also include, accordingly, the Bregman divergence with respect to the
original image and the value of the regularization parameter that has been used for such recovery.

7. Conclusions. We studied the problem of learning the regularization param-
eter in statistical inverse problems. In particular we consider a data driven approach
that we cast as an instance of empirical risk minimization, common in machine learn-
ing. Borrowing results from statistical learning theory, we derive general error guaran-
tees, that we specialize considering different classes of inverse problems and regulariza-
tion methods. Theoretical results are illustrated by extensive numerical experiments
to illustrate.
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Possible developments include considering a higher dimensional paramterization
of the regularization approaches, as well as possible instance dependent parameter
choices. We believe that our analysis provides useful insights into how to tackle these
questions.
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2346178.
[61] A. N. Tikhonov and V. Y. Arsenin, Solutions of ill-posed problems, Scripta Series in Mathe-

matics, V. H. Winston & Sons, Washington, D.C.; John Wiley & Sons, New York-Toronto,
Ont.-London, 1977.

[62] A. N. Tikhonov, V. B. Glasko, and Y. A. Kriksin, On the question of quasi-optimal choice
of a regularized approximation, in Doklady Akademii Nauk, vol. 248, Russian Academy of
Sciences, 1979, pp. 531–535.

[63] V. Vapnik, The nature of statistical learning theory, Springer science & business media, 1999.
[64] G. Wahba, Practical approximate solutions to linear operator equations when the data are

noisy, SIAM Journal on Numerical Analysis, 14 (1977), pp. 651–667, https://doi.org/10.
1137/0714044.

[65] I. Waldspurger, A. d’Aspremont, and S. Mallat, Phase recovery, maxcut and complex
semidefinite programming, Mathematical Programming, 149 (2012), pp. 47 – 81, https:
//doi.org/10.1007/s10107-013-0738-9.

[66] D. Williams, Probability with Martingales, Cambridge University Press, 1991, https://doi.org/
10.1017/CBO9780511813658.

This manuscript is for review purposes only.

http://www.jstor.org/stable/2346178
http://www.jstor.org/stable/2346178
https://doi.org/10.1137/0714044
https://doi.org/10.1137/0714044
https://doi.org/10.1007/s10107-013-0738-9
https://doi.org/10.1007/s10107-013-0738-9
https://doi.org/10.1017/CBO9780511813658
https://doi.org/10.1017/CBO9780511813658

	Introduction
	Learning one parameter functions
	Proof of Theorem 1

	Spectral regularization for linear inverse problems
	Tikhonov regularization for non linear inverse problems
	Variational regularization with convex regularizers for linear inverse problems
	Sparsity inducing regularizers
	Legendre Regularizers

	Numerical results
	Spectral regularization methods
	Illustration of the supervised learning parameter choice
	Illustration of Theorem 2
	Illustration of error bounds
	Comparison with the quasi-optimality criterion

	Sparsity inducing regularizers
	Denoising of a sparse signal
	Deblurring of a sparse signal
	Total Variation for image denoising


	Conclusions
	Acknowledgements
	References

