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Abstract

This thesis investigates the role of robustness in machine learning for

high-dimensional and safety-critical data, focusing on both covariate-

shifted regression and anomaly detection. We study robustness to

distributional changes in supervised learning, addressing covariate shift

in nonparametric regression within reproducing kernel Hilbert spaces

(RKHSs). By leveraging random projection techniques, including

Nyström approximations, to restrict the hypothesis space, we achieve

substantial computational savings while preserving predictive accuracy

under changing input distributions. We also examine robustness in

anomaly detection for satellite telemetry. We employ a Controlled La-

tent Space Model (CLSM), a semi-supervised autoencoder that learns

normal operational patterns and enables the detection of anomalies

through reconstruction errors. The robustness of the model is evalu-

ated under environmental perturbations and adversarial attacks. The

results provide both practical and theoretical insights for monitoring

and fault diagnosis, as well as for the development of trustworthy AI

systems in operational environments such as satellite telemetry.
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Chapter 1

Introduction

1.1 Motivation

Classical supervised learning assumes that training and test data are drawn from

the same underlying distribution [Vapnik, 1998]. In practice, this assumption often

does not hold due to changes in measurement devices, environmental conditions, or

operational contexts [Cortes et al., 2010a; Shimodaira, 2000]. Covariate shift arises

when the marginal distribution of inputs changes between training and testing,

while the conditional distribution of outputs given inputs remains unchanged

[Gizewski et al., 2020; Shimodaira, 2000]. Addressing covariate shift requires

models that are robust to such distributional changes. A standard solution

is importance weighting, which reweights the training loss to match the test

distribution [Cortes et al., 2010a; Shimodaira, 2000]. However, when combined

with kernel methods, importance weighting can become computationally expensive

due to the need to solve large linear systems.

Satellite telemetry provides multivariate time-series measurements of space-

craft subsystems. Telemetry is typically temporally correlated and noisy, and

the physical quantity measured by each channel is often unknown, making au-

tomated anomaly detection challenging [Kotowski et al., 2024; Ruszczak et al.,

2024]. Traditional rule-based methods rely on expert thresholds and scale poorly
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1.2 Research Focus

as telemetry complexity increases [Hawkins, 1980; Kotowski et al., 2024; Ruszczak

et al., 2024]. Data-driven approaches, especially unsupervised methods, learn

normal operational patterns from telemetry without requiring labeled anomalies

[Chandola et al., 2009; Sakurada and Yairi, 2014]. The European Space Agency

Anomaly Benchmark (ESA-ADB) provides real spacecraft telemetry with expert

annotations, enabling systematic evaluation [Kotowski et al., 2024]. A key chal-

lenge in anomaly detection for telemetry is robustness, defined as the ability of a

model to maintain reliable detection performance under noise, sensor errors, and

adversarial perturbations [Finlayson et al., 2019; Song et al., 2018].

The two problems are usually studied separately, yet they share a deeper structural

link beyond the generic notion of robustness. In both cases, the model is trained

on a distribution (the training input distribution for covariate shift, the normal

operating condition for telemetry) and then applied to test data that may not

follow that same distribution. Under covariate shift, the input distribution changes,

and an importance weighting function provides a correction. In anomaly detection,

anomalies are points that do not follow the nominal distribution, and no such

weighting function is available. Instead, the model computes a reconstruction error

from an autoencoder trained on nominal data to quantify how much a test sample

differs from the nominal training data. Thus, both settings require methods that

are robust to distributional mismatch, but they differ in the information available.

Covariate shift uses an importance weighting function, while anomaly detection

uses reconstruction error.

1.2 Research Focus

This thesis pursues two main research directions. The first concerns efficient kernel

methods under covariate shift, where we study the trade-off between statistical ro-

bustness and computational efficiency. The second concerns robust semi-supervised

2



1.2 Research Focus

anomaly detection in satellite telemetry, where we provide a systematic empirical

analysis of autoencoder based methods under various perturbations.

• Efficient kernel methods under covariate shift.

Importance weighted kernel ridge regression (KRR) is a standard approach

for covariate shift, with well established statistical guarantees [Gogolashvili

et al., 2023; Ma et al., 2023]. However, the exact solution requires solving a

linear system of size n, where n is the training sample size, which requires

O(n3) time and O(n2) memory. This becomes impractical for large n.

Approximation methods such as Nyström subsampling reduce these costs

[Rudi et al., 2015]. Prior work by Myleiko and Solodky [2024] analyzes

regularized Nyström subsampling under covariate shift and obtains optimal

learning rates, but their analysis applies only to bounded importance weights

and relies on a specific iterated Tikhonov regularization scheme. The main

novelty of this thesis relative to prior art is as follows. First, we prove

that a Nyström projection based on leverage score sampling preserves the

full weighted KRR learning rate when the importance weighting function is

bounded. This provides a complementary analysis to Myleiko and Solodky

[2024], using a different sampling strategy. Second, we extend the analysis

to unbounded importance weighting functions. Under stronger moment

conditions, the same Nyström projection still achieves the optimal rate.

This setting is not covered by prior analyses (including Myleiko and Solodky

[2024]), which explicitly assume bounded importance weights. Our result

thus provides the first guarantee for scalable kernel approximations under

covariate shift with unbounded importance weighting.

• Robust semi-supervised anomaly detection.

Recent work has introduced the European Space Agency Anomaly Bench-

3
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mark (ESA ADB) and OPS SAT telemetry for anomaly detection research

[Kotowski et al., 2024; Ruszczak et al., 2024]. Autoencoder based meth-

ods, synthetic anomaly injection, per channel thresholding, and event wise

evaluation are now established practices. In this thesis, we adopt a 1D con-

volutional autoencoder with a controlled bottleneck dimension referred to as

the Controlled Latent Space Model (CLSM) as a representative architecture.

Our contribution is a systematic empirical analysis of robustness on the

ESA ADB benchmark.

1.3 Publications

The main contributions of this thesis have been published and presented as:

• Della Vecchia, A., Watusadisi, A. M., De Vito, E., & Rosasco, L. (2025).

Computational Efficiency under Covariate Shift in Kernel Ridge

Regression. Spotlight at NeurIPS 2025 [Della Vecchia et al., 2025],

• A., Watusadisi, Giulia Denevi, Rosasco, L., & Roberto Morelli, Detecting

and Localizing Anomalies in Satellite Telemetry Using Semi-Supervised

Autoencoder Ensembles, Poster at ICAIR 2025.

1.4 Thesis Organization

The remainder of this thesis is structured as follows:

• Chapter 2 – Kernel-Based Learning and Approximation Meth-

ods: This chapter provides a comprehensive review of supervised learning

frameworks, with a focus on kernel methods and their theoretical properties.

Key concepts such as reproducing kernel Hilbert spaces (RKHS), kernel

ridge regression (KRR), and regularization techniques are introduced. The

4
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chapter also surveys approximation strategies, including random projections,

Nyström methods, and other dimensionality reduction techniques, which

form the foundation for scalable kernel learning in high-dimensional settings.

• Chapter 3 – Kernel Ridge Regression under Covariate Shift: Build-

ing on Chapter 2, this chapter investigates KRR when the training and

test distributions differ. We discuss importance-weighted risk minimization,

the impact of covariate shift on statistical guarantees, and computational

challenges. We prove that ALS-based Nyström projections retain the full

weighted-KRR learning rate for bounded importance weights, and extend

the result to unbounded weights under stronger moment assumptions. Sim-

ulations and real-data experiments illustrate these theoretical findings and

characterize the trade-off between accuracy, computational cost, and sensi-

tivity to weight misspecification.

• Chapter 4 – Robust Anomaly Detection in Satellite Telemetry:

This chapter focuses on the design and evaluation of semi-supervised models

for multivariate time series anomaly detection. We present the Controlled

Latent Space Model, a 1D convolutional autoencoder with latent compres-

sion, and describe methods for segmenting telemetry windows, modeling

normal operational patterns, and injecting synthetic anomalies. Extensive

experiments quantify robustness under environmental perturbations and

adversarial attacks, while channel-wise detection and thresholding strategies

enhance interpretability and reliability in operational settings.

• Chapter 5 – Conclusions: This chapter synthesizes the main contributions

of the thesis, highlighting the role of robustness in both covariate-shifted

regression and anomaly detection, and the importance of computational

efficiency in kernel-based methods. It discusses limitations and outlines

5
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future research directions, including analysis of source-target misalignment

and adaptive kernel approximations for KRR, as well as advanced adversarial

defenses and FDIR integration for anomaly detection in satellite telemetry.

6
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KRR under Covariate Shift:
Algorithms & Theory
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Chapter 2

Learning with Kernels

Kernel methods map data into a high-dimensional feature space where linear

methods can be applied. A positive definite kernel function computes inner prod-

ucts in that space without ever forming the feature vectors explicitly. This makes

it possible to handle non-linear relationships while keeping the computational

benefits of linear algebra. However, kernel methods become expensive when the

sample size is large. Approximation techniques such as Nyström subsampling

reduce these costs while preserving statistical performance. In this chapter, we

first recall the standard supervised learning framework, then introduce kernel

ridge regression, and finally discuss kernel approximation strategies that form the

basis for the scalable algorithms studied later.

2.1 Supervised Learning Framework

In supervised learning, the training set consists of n examples, each represented

as a pair

(x1, y1), . . . , (xn, yn),

where xi denotes the input and yi the corresponding output (or label in classi-

fication problems). The inputs belong to a space X, typically a subset of Rd,

while the outputs take values in a space Y . The dimension d of the input space

8



2.1 Supervised Learning Framework

corresponds to the number of features describing each example. Depending on the

nature of the output space, we distinguish several classical settings: if Y ⊆ R, the

problem is a regression task; if Y = {−1, 1}, it is a binary classification problem;

and if Y = {1, 2, . . . , K}, it corresponds to a multiclass classification problem.

The data space is denoted by Z = X × Y . The goal of learning is to understand

the relationship between inputs x and outputs y. From the training examples, we

learn an approximate function, denoted by f̂ . To evaluate the quality of f̂ , we

consider its generalization error: given a new, previously unseen input-output pair

(xnew, ynew) ∈ X × Y,

we measure how far the prediction f̂(xnew) is from the true value ynew, i.e., the

error on this new example. Measuring the error only on the training set would

favor models that reproduce the training data exactly, including the unavoidable

noise. Such models suffer from overfitting, failing to capture the true target

function f ∗. In contrast, models that generalize well achieve better performance

in approximating the real function f on new data, which become available only

after training.

Formally, supervised learning can be studied from the perspective of statistical

learning theory. This framework introduces a data sampling mechanism, loss

functions to evaluate the quality of approximation, and the notion of a hypothesis

space, within which the optimal function f̂ is identified. Before defining the

distributions underlying the learning process, we first formalize the probabilistic

setting in which observations and outputs are generated.

2.1.1 Data Distribution

We consider the space X × Y as a probability space with a distribution ρ. The

marginal distribution of ρ on X is denoted by ρX , and the conditional distribution

9



2.1 Supervised Learning Framework

of Y given an observation x ∈ X is denoted by ρ(· | x). For a pair of random

variables (X, Y ) ∈ X × Y , the probability that the output takes the value y given

the input x is:

ρ(y | x) = P(Y = y | X = x). (2.1)

The distribution ρ generating the input-output examples is unknown and cannot

be observed directly. We only have access to a training set, assumed to consist of

examples drawn independently and identically distributed (i.i.d.) according to ρ.

In some contexts, however, the examples may have dependencies, as in time series

data. Whether the data are independent or dependent, we still need a principled

way to measure how well a model performs. This is the role of loss functions and

the empirical risk.

2.1.2 Loss Functions and Empirical Risk

To learn from data, we need to evaluate the quality of predictions made by a

model f : X → R on data points (x, y) ∈ X × Y. This evaluation is performed

using a loss function l : Y× R→ [0,∞), which quantifies the discrepancy between

the predicted value f(x) and the true target y. The loss function serves two main

purposes: it adapts to the type of learning task (e.g., regression or classification)

and specifies how prediction errors are penalized. For example, in regression, the

squared loss increases quadratically with the size of the error, so large deviations

are penalized more severely than small ones. This choice of loss is therefore

fundamental, as it shapes the behavior of the learning algorithm and determines

what types of errors are considered more costly.

• For continuous-value regression (Y ⊂ R), the most commonly used loss is

the squared loss:

l(y, a) = (y − a)2, y, a ∈ R, (2.1)

10



2.1 Supervised Learning Framework

which is differentiable and strongly convex, making it suitable for gradient-

based optimization. Another alternative is the absolute loss:

l(y, a) = |y − a|, (2.2)

which is less sensitive to outliers and promotes sparse solutions in linear

models [Tibshirani, 1996].

3 2 1 0 1 2 3
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0
Squared Loss
Absolute Loss

Figure 2.1: The regression losses as presented in Equation (2.1) and Equation
(2.2)

• For binary classification (Y = {−1, 1}), the natural choice is the 0-1 loss:

l(y, a) =

1, if y ̸= sgn(a),

0, otherwise,

a ∈ R. (2.3)

While this loss directly measures misclassification, it is discontinuous and

non-convex, which makes gradient-based optimization infeasible [Feldman

et al., 2012]. Therefore, convex surrogates are commonly used, such as:

– Logistic loss:

l(y, a) = log(1 + e−ya), (2.4)

which corresponds to a probabilistic interpretation of classification.

11



2.1 Supervised Learning Framework

– Hinge loss:

l(y, a) = |1− ya|+, (2.5)

which is widely used in support vector machines and encourages a

margin between classes.

3 2 1 0 1 2 3
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0
0 1 Loss
Hinge Loss
Logistic Loss

Figure 2.2: The classification losses as presented in Equation (2.3), Equation (2.4)
and Equation (2.5)

• For multi-class classification, where Y consists of T discrete classes, each class

is encoded as a one-hot vector in RT . Continuous losses such as cross-entropy

are then used:

l(y, p) = −
T∑
i=1

yi log pi, (2.6)

where y is the one-hot encoding of the true label, and p is the predicted

probability distribution over the classes. This formulation penalizes pre-

dictions that assign low probability to the correct class and is particularly

suitable for neural networks and probabilistic models.

Given a probability distribution ρ over the data and a loss function, the ideal

metric for evaluating a function f is the expected risk:

E(f) =
∫
X×Y

l(y, f(x)) dρ(x, y). (2.7)

12



2.1 Supervised Learning Framework

Minimizing the expected risk over all measurable functions corresponds to finding

the optimal prediction function, which cannot be computed exactly because the

true distribution ρ is unknown. In practice, we observe a finite training set

Z = {(x1, y1), . . . , (xn, yn)}, which induces the empirical risk:

Ê(f) =
1

n

n∑
i=1

l(yi, f(xi)). (2.8)

The Empirical Risk Minimization (ERM) principle consists of finding

f̂ = argmin
f∈F

Ê(f), (2.9)

where F is the chosen hypothesis space. The size and complexity of F govern the

trade-off between underfitting and overfitting:

• If F is too large, f̂ may perfectly fit the training data, including noise, but

generalize poorly to unseen samples.

• If F is too small, f̂ may generalize well, but the best function within F could

be far from the true target function f ∗, resulting in systematic bias.

Balancing these effects is central to learning theory and motivates the use of regu-

larization, structural constraints, and careful design of the hypothesis space. This

balance between underfitting and overfitting requires a quantitative criterion to

compare different candidate functions. That criterion is the risk, and its empirical

evaluation provides a basis for choosing the hypothesis space. Regularization

offers a practical way to control this tradeoff directly.

2.1.3 Risk Evaluation and Regularization

For regression, the excess risk of an estimator f measures how much worse f

performs compared to the optimal predictor given by the regression function:

fρ(x) = E[Y | X = x]. (2.10)
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Formally, the excess risk is defined as

Rρ(f) := E(f)− E(fρ) = ∥f − fρ∥2ρX , (2.11)

where the second equality holds for the squared loss [Cucker and Smale, 2002].

Intuitively, the regression function fρ represents the conditional mean of Y given

X, and minimizing the expected squared loss corresponds to approximating this

conditional expectation as closely as possible. Therefore, the excess risk quantifies

the deviation of an estimator from the theoretically optimal predictor. In the

context of binary classification, the classifier that minimizes the misclassification

probability is known as the Bayes classifier:

c∗(x) = sgn(fρ(x)) = argmax
y∈Y

ρ(y | x),

which assigns each input x to the class with the highest conditional probability.

The Bayes classifier is the theoretical gold standard, achieving the lowest possible

classification error given the true data distribution. In practice, however, we only

have a finite training set, and unrestricted optimization over a large hypothesis

space can lead to overfitting, where the model fits the training data closely but

generalizes poorly to unseen samples. Two common strategies are used to mitigate

this:

1. Restrict the hypothesis space F, for example by considering only linear or

low-degree polynomial functions. This reduces model flexibility and prevents

it from fitting noise in the training data.

2. Regularization, which introduces a penalty term on the complexity of the

function:

f̂ = argmin
f∈F

Ê(f) + λ∥f∥2, (2.12)

where λ ≥ 0 is a hyperparameter controlling the trade-off between fitting
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the data and keeping the function smooth or simple. A larger λ discourages

overly complex models, reducing overfitting, while a smaller λ allows more

flexibility to fit the data closely.

Regularization therefore enables the use of a larger hypothesis space (e.g., all

smooth functions) while controlling the complexity of the solution. It provides a

principled way to balance bias and variance, improving generalization performance

on unseen data. Together with empirical risk minimization, regularization is one

of the foundational tools in statistical learning theory. A natural mathematical

framework for analyzing such regularized estimators is provided by reproducing

kernel Hilbert spaces. These spaces allow us to define function complexity in

terms of a norm and to apply the representer theorem, which connects infinite

dimensional optimization to finite dimensional computation.

2.2 Reproducing Kernel Hilbert Spaces (RKHS)

In this thesis, we assume H to be a Hilbert space [Bach, 2024; Mohri et al., 2018],

which provides a structured mathematical framework for studying functions with

a well-defined notion of inner product and norm. One of the simplest examples of

a Hilbert space is the space of linear functions:

H =
{
f : X → R

∣∣ f(x) = ⟨w, x⟩, w ∈ Rd
}
,

associated with the standard Euclidean inner product ⟨f, g⟩H = ⟨wf , wg⟩Rd when

f(x) = ⟨wf , x⟩ and g(x) = ⟨wg, x⟩. This space allows linear modeling of rela-

tionships between inputs and outputs. However, its expressive power is limited

to linear relationships, which is often insufficient for capturing the complexity

of real-world phenomena. For instance, predicting human height based on age

requires modeling a non-linear growth pattern: linear functions fail to capture the

initial rapid growth and subsequent stabilization occurring in later years.
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To address this limitation and allow for learning more flexible, non-linear

functions, we introduce Reproducing Kernel Hilbert Spaces (RKHS). RKHS

provide a rigorous mathematical framework to extend linear models to infinite-

dimensional spaces while preserving the geometric structure provided by the inner

product. This allows us to exploit linear techniques in a transformed feature space

that captures non-linear relationships in the original input space.

Definition 1 (Reproducing Kernel Hilbert Space (RKHS)). A Hilbert space H
of functions f : X → R is called a Reproducing Kernel Hilbert Space if:

1. H is a Hilbert space with an inner product ⟨·, ·⟩H and associated norm ∥ · ∥H .

2. For every x ∈ X, there exists a function kx ∈ H such that the reproducing
property holds:

f(x) = ⟨f, kx⟩H , ∀f ∈ H.

The function k : X ×X → R defined as

k(x, x′) = ⟨kx, kx′⟩H

is called the reproducing kernel of the RKHS. It is symmetric and positive semi-

definite, meaning that for any finite set of points {x1, . . . , xn} ⊂ X and coefficients

a1, . . . , an ∈ R,
n∑

i,j=1

aiajk(xi, xj) =
∥∥∥ n∑

i=1

aikxi

∥∥∥2
H
≥ 0.

The Moore-Aronszajn theorem ensures the reciprocal statement: for every sym-

metric positive semi-definite function k, there exists a unique RKHS H in which

k is the reproducing kernel. This establishes a one-to-one correspondence between

kernels and RKHSs, forming the foundation for kernel-based learning methods

that leverage inner products in high-dimensional feature spaces without explicitly

computing them.
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2.2.1 Feature Maps and the Kernel Trick

A Reproducing Kernel Hilbert Space (RKHS) can equivalently be characterized

via a feature map ϕ : X → W into a (possibly infinite-dimensional) Hilbert space

W , such that the reproducing kernel k can be expressed as

k(x, x′) = ⟨ϕ(x), ϕ(x′)⟩W , ∀x, x′ ∈ X.

Intuitively, the feature map ϕ embeds input points into a higher-dimensional

space, where linear relationships in W correspond to potentially highly non-

linear relationships in the original input space X. This lifting allows classical

linear methods, such as linear regression or classification, to model complex

non-linear dependencies without explicitly constructing complicated non-linear

transformations in the input space.

Illustrative Example: Consider approximating the function y = 0.5x2 − 1

from data:

• Using standard linear functions f(x) = ⟨w, x⟩ in R is insufficient and leads

to severe underfitting.

• Introducing a feature map ϕ(x) = [x2, x, 1]⊤ transforms the problem into

a linear one in R3, allowing f(x) = ⟨w, ϕ(x)⟩ to perfectly represent the

quadratic relationship.

The kernel trick provides a computationally efficient mechanism to work with

these high- or infinite-dimensional feature spaces. Instead of explicitly computing

ϕ(x), one can directly evaluate the inner product k(x, x′) = ⟨ϕ(x), ϕ(x′)⟩W . This is

particularly crucial when W is infinite-dimensional, as it avoids explicitly handling

infinitely many coordinates while still exploiting the expressive capacity of the

space. Common kernels for X ⊆ Rd include:
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Figure 2.3: Illustrative Example.

• Linear kernel:

k(x, x′) = x⊤x′,

which corresponds to the original linear function space.

• Polynomial kernel:

k(x, x′) = (1 + x⊤x′)b, b ∈ N,

allowing the learning of polynomial relationships of degree b.

• Gaussian (RBF) kernel:

k(x, x′) = exp
(
− γ

2
∥x− x′∥2

)
, γ > 0,

which induces an infinite-dimensional feature space with smooth, localized

functions.

• Laplacian kernel:

k(x, x′) = exp
(
− γ∥x− x′∥

)
, γ > 0,

which is also shift-invariant and emphasizes sparse interactions in the feature

space.
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By selecting an appropriate kernel, one can integrate prior knowledge about the

data, such as smoothness, periodicity, or invariance properties, into the learning

algorithm. The combination of feature maps and the kernel trick forms the

cornerstone of many modern machine learning methods, enabling efficient and

flexible learning in complex, high-dimensional settings. A concrete and widely

used instance of this kernel based framework is Kernel Ridge Regression.

2.3 Kernel Ridge Regression (KRR)

Kernel Ridge Regression (KRR) is a fundamental supervised learning method

that leverages the theory of Reproducing Kernel Hilbert Spaces (RKHS) to learn

non-linear functions while remaining computationally manageable. Specifically,

KRR combines three key components:

1. A hypothesis space H given by a RKHS with reproducing kernel k.

2. The squared loss function, measuring the discrepancy between predicted

and observed outputs.

3. Tikhonov regularization to control model complexity and prevent overfitting.

The resulting optimization problem is

min
f∈H

1

n

n∑
i=1

(f(xi)− yi)
2 + λ∥f∥2H , (2.13)

where λ > 0 is the regularization parameter controlling the trade-off between data

fidelity and smoothness of the solution.

2.3.1 Representer Theorem

A crucial principle that enables practical computation in potentially infinite-

dimensional RKHS is the Representer Theorem [Kimeldorf and Wahba, 1971;
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2.3 Kernel Ridge Regression (KRR)

Schölkopf et al., 2001], which states:

Theorem 1 (Representer Theorem). For any strictly monotone increasing regu-
larizer Ω(∥f∥H) and arbitrary loss function L(f(x1), . . . , f(xn)), the minimizer
f ∗ ∈ H of the regularized risk can be expressed as a finite linear combination of
kernel evaluations on the training points:

f ∗(x) =
n∑

i=1

αik(xi, x), αi ∈ R.

This theorem reduces the infinite-dimensional optimization over H to a finite-

dimensional problem over the coefficients α = (α1, . . . , αn)
⊤ ∈ Rn. The RKHS

norm can be expressed as

∥f∥2H =
n∑

i,j=1

αiαjk(xi, xj) = α⊤Kα,

where K ∈ Rn×n is the kernel matrix with entries Kij = k(xi, xj). Similarly, the

predictions on the training set are

f(xi) = (Kα)i.

Substituting the Representer Theorem into (2.13), the KRR problem reduces to a

standard convex quadratic problem:

α̂λ = arg min
α∈Rn

1

n
∥Kα− y∥2 + λα⊤Kα, (2.14)

with the closed-form solution:

α̂λ = (K + nλI)−1y. (2.15)

Thus, KRR allows learning a function in an infinite-dimensional RKHS without

ever explicitly computing the feature map ϕ(x); all computations are expressed in

terms of kernel evaluations k(xi, xj). This is the essence of the kernel trick, which

makes KRR both flexible and computationally efficient.

20



2.3 Kernel Ridge Regression (KRR)

2.3.2 Statistical Properties of KRR

The statistical performance of Kernel Ridge Regression can be rigorously analyzed

under a set of standard assumptions:

Assumption 1 (Bounded Kernel). There exists a constant κ > 0 such that

k(x, x) ≤ κ2, ∀x ∈ X.

Assumption 2 (Existence of Optimal Function in RKHS). There exists fH ∈ H
such that it minimizes the expected risk

fH = argmin
f∈H

E[(f(X)− Y )2].

Assumption 3 (Output Regularity). The outputs y are either bounded or satisfy
a sub-Gaussian condition, ensuring that higher moments are controlled.

Under these assumptions [Caponnetto and De Vito, 2007], the excess risk of

the KRR estimator f̂λ can be bounded with high probability (at least 1− δ) by

RH(f̂λ) := E[(f̂λ(X)− Y )2]− E[(fH(X)− Y )2] ≲ λ+
1

n
log

1

δ
. (2.16)

This inequality emphasizes the classical bias-variance trade-off :

• A larger regularization parameter λ increases bias but reduces variance.

• A smaller λ decreases bias but may amplify variance due to overfitting.

Selecting λ appropriately as a function of the sample size n and the desired

certainty level δ ensures minimization of the excess risk.

2.3.3 Computational Aspects of KRR

From a computational perspective, KRR involves two main steps: computing the

kernel matrix and solving the resulting linear system.

• Kernel matrix computation: For n data points in d dimensions, com-

puting Kij = k(xi, xj) requires O(dn2) operations and O(n2) memory.
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• Linear system solution: Solving (K + nλI)α = y using direct methods

(e.g., Cholesky or LU decomposition) requires O(n3) operations.

• Iterative methods: For large datasets, conjugate gradient or other iterative

solvers provide efficient alternatives that avoid storing or inverting the full

kernel matrix.

Regularization and Stability

Tikhonov regularization not only controls overfitting but also improves numerical

stability by reducing the condition number of the system:

κ(K + nλI) ≤ κ(K),

where κ(·) denotes the ratio of the largest to smallest eigenvalue. From a spectral

perspective, the regularization term effectively filters out the influence of small

eigenvalues, which correspond to directions in the feature space that are poorly

constrained by the data. This enhances robustness to noise and ensures that

the solution is well-conditioned even when the kernel matrix is nearly singular.

Despite these theoretical advantages, classical Kernel Ridge Regression becomes

computationally impractical for large datasets. This limitation motivates the

development of approximation methods.

2.4 Approximation Methods for KRR

Classical KRR becomes computationally impractical for large datasets because it

requires inverting an n×n matrix (n being the number of data points), which has

a time complexity of O(n3) and memory complexity of O(n2). To address these

challenges, several approximation approaches have been developed to reduce the

dimensionality of the problem or approximate the kernel matrix while maintaining

good predictive accuracy. The three most commonly used methods are Principal
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Component Analysis (PCA) [Sterge et al., 2019], Random Fourier Features (RFF)

[Rudi and Rosasco, 2017], and the Nyström method.

2.4.1 Principal Component Analysis (PCA)

Principal Component Analysis (PCA) is a classical method for reducing the dimen-

sionality of the data or kernel matrix by identifying the directions of maximum

variance. In the context of kernel ridge regression, PCA can be applied to the

data matrix Xb ∈ Rn×d (for a linear kernel) or to the kernel matrix K ∈ Rn×n

(for a general kernel) to approximate the key subspace of the RKHS in which the

solution lies [Sterge et al., 2019]. The core idea is to perform a singular value

decomposition (SVD) of the data or kernel matrix:

K = UΣ2U⊤, Xb = UΣV ⊤,

where U ∈ Rn×n and V ∈ Rd×d are orthogonal matrices containing the left and

right singular vectors, and Σ ∈ Rn×d contains the singular values. The directions

associated with the largest singular values capture the most significant variance

in the data. To reduce dimensionality, only the top m ≪ min(n, d) singular

values and corresponding vectors are kept. The data are then projected into this

lower-dimensional space:

x ∈ Rd 7→ x̃ = S⊤x ∈ Rm, S = Vm = X⊤
b UmΣ

−1
m ,

where Um and Σm contain the first m columns of U and the largest m singular

values, respectively. This projection preserves the directions with the most variance

and discards components contributing less to the overall data variability. Once

the data are projected, kernel ridge regression reduces to a standard linear ridge

regression problem in the m-dimensional space:

cm = (X⊤
b,mXb,m + λnI)−1X⊤

b,mYb, fλ,m(x) = c⊤mx̃, Xb,m = XbS.
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This approach provides several benefits. By focusing on the principal directions,

PCA can reduce the computational cost from O(n3) for the full KRR solution

to O(nm2), and the memory requirement from O(n2) to O(nm). It also ensures

that the main structure in the data is captured accurately within the reduced

subspace.

However, there are limitations. Computing the full SVD of Xb or K remains

expensive for very large datasets, making PCA less practical when n or d is

very large. Additionally, PCA is inherently linear: it can only capture linear

relationships between features. Nonlinear dependencies, which could be modeled

by a nonlinear kernel in KRR, are not represented in the PCA subspace. As

a result, PCA provides a good approximation primarily when the data exhibit

mostly linear structure or when a linear kernel can capture the key patterns.

2.4.2 Random Fourier Features (RFF)

Random Fourier Features (RFF) provide a practical way to approximate kernels

that depend only on the difference between inputs, such as Gaussian or Laplacian

kernels [Rudi and Rosasco, 2017]. Recall that for a reproducing kernel Hilbert

space (RKHS) with kernel K, there exists a feature map ϕ : X→ H such that

k(x, x′) = ⟨ϕ(x), ϕ(x′)⟩H.

For shift-invariant kernels, this inner product can be approximated using a ran-

domized finite-dimensional feature map z : X→ RR:

⟨ϕ(x), ϕ(x′)⟩H ≈ z(x)⊤z(x′).
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Specifically, using Bochner’s theorem, we define

z(x) =
1√
R


√
2 cos(ω⊤

1 x+ b1)
...

√
2 cos(ω⊤

Rx+ bR)

 ,

where ωi are sampled according to the Fourier transform of the kernel and

bi ∼ U[0, 2π]. Using this approximation, the KRR solution, which in the RKHS is

f(x) =
n∑

i=1

αik(xi, x) =
n∑

i=1

αi⟨ϕ(xi), ϕ(x)⟩H,

can now be expressed as a finite-dimensional linear model:

f(x) ≈
n∑

i=1

αiz(xi)
⊤z(x) = β⊤z(x), with β =

n∑
i=1

αiz(xi).

The KRR problem then reduces to standard ridge regression in RR:

β = (Z⊤Z + nλI)−1Z⊤ŷ, Z =


z(x1)

⊤

...

z(xn)
⊤

 .

This approximation dramatically reduces computational cost when R≪ n, replac-

ing the inversion of an n× n matrix with an R × R matrix. The quality of the

approximation depends on the number of random features R: small R may reduce

accuracy, while large R reduces computational advantage. Additionally, since

the random features are chosen independently of the data, RFF may not capture

certain dataset-specific structures. Nonetheless, it allows kernel methods to scale

efficiently to large datasets while preserving the approximate RKHS structure.
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2.4.3 Nyström Method

The Nyström method is a data-dependent approximation technique designed to

reduce the computational cost of kernel ridge regression (KRR) Rudi et al. [2015].

By the representer theorem, the empirical risk minimization (ERM) solution of

KRR can be written as

f(x) =
n∑

i=1

ciK(xi, x),

where the coefficients c ∈ Rn are obtained by solving the linear system

(K + λnI)c = y.

This solution belongs to the finite-dimensional subspace

Hn = span{ϕ(x1), . . . , ϕ(xn)} ⊂ H,

and requires the full kernel matrix K ∈ Rn×n, leading to a computational cost of

O(n3) and a memory requirement of O(n2). The Nyström method reduces this

cost by restricting the hypothesis space to a smaller subspace generated by m≪ n

selected points, called Nyström centers or inducing points,

{x̃j}mj=1 ⊂ {x1, . . . , xn}.

The corresponding approximation space is

Hm = span{ϕ(x̃1), . . . , ϕ(x̃m)} ⊂ Hn.

Restricting the solution to Hm gives an approximate predictor of the form

f(x) =
m∑
j=1

cjK(x̃j, x),

which involves only m kernel evaluations instead of n. From an RKHS perspective,

the approximation error comes from projecting the exact KRR solution in Hn
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onto the smaller subspace Hm.

The Nyström-regularized KRR problem is defined as

fλ,m = arg min
f∈Hm

1

n

n∑
i=1

(f(xi)− yi)
2 + λ∥f∥2H.

Writing fλ,m in terms of the Nyström centers gives

fλ,m(x) =
m∑
j=1

cjK(x̃j, x), ∥fλ,m∥2H = c⊤Kmmc,

where Kmm ∈ Rm×m is the kernel matrix among the centers, and Knm ∈ Rn×m is

the cross-kernel matrix between training points and centers. The optimization

problem reduces to

c = arg min
c∈Rm

1

n
∥Knmc− y∥22 + λc⊤Kmmc,

with the explicit solution

c = (K⊤
nmKnm + λnKmm)

†K⊤
nmy.

Another way to view the Nyström method is as an approximation of the full kernel

matrix by a low-rank factorization

K ≈ KnmK
−1
mmK

⊤
nm.

This replaces the inversion of an n × n matrix with operations on matrices of

size at most m×m, giving a computational cost of O(nm2 +m3) and a memory
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cost of O(nm). The quality of the Nyström approximation depends on both the

number of centers m and how they are chosen. While uniform random selection

is commonly used and often effective, more advanced strategies such as leverage

score sampling or determinantal point process sampling can better capture the

structure of the RKHS. Importantly, the Nyström method preserves the RKHS

structure of KRR: the resulting predictor is still a linear combination of kernel

evaluations, ensuring that regularization properties and theoretical guarantees

remain valid.
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Chapter 3

KRR under Covariate Shift

3.1 Introduction

Classical supervised learning assumes that the training and test data distributions

are identical [Vapnik, 1999]. However, in practice, it is often the case that there is

a significant mismatch between the two [Quiñonero-Candela et al., 2022]. This

discrepancy can arise from various factors, such as inconsistencies in measurement

equipment, differences in data collection domains, or variations in subject pop-

ulations [Koh et al., 2021]. Among these scenarios, one particularly interesting

and common case is known as covariate shift [Sugiyama and Kawanabe, 2012].

Covariate shift occurs when the marginal distributions of the input covariates

differ between the training and test data, while the conditional distribution of the

output label given the input covariates remains unchanged [Cortes et al., 2008;

Shimodaira, 2000]. This phenomenon is observed in a variety of well-studied

learning problems, including in domain adaptation settings [Ben-David et al.,

2006; Cortes and Mohri, 2014; Mansour et al., 2009; Zhang et al., 2012], active

learning [Kanamori and Shimodaira, 2003; Sugiyama and Ridgeway, 2006; Wiens,

2000], natural language processing [Jiang and Zhai, 2007], and medical image

analysis [Guan and Liu, 2021].

Despite its practical significance, covariate shift remains relatively under-

29



3.1 Introduction

explored in theoretical frameworks compared to the classical setting where no

distribution mismatch is assumed. Recently, several studies have attempted to

bridge this gap. A widely adopted approach to addressing covariate shift involves

correcting the learning objective by reweighting the loss function using the so-

called importance weighting (IW) function. This function corresponds to the

Radon-Nikodym derivative of the test marginal distribution with respect to the

training marginal distribution [Fang et al., 2020; Huang et al., 2006; Sugiyama

et al., 2012]. Shimodaira [2000] was the first to demonstrate the consistency of

the importance-weighted maximum likelihood estimator, while in Cortes et al.

[2010a] the authors derived suboptimal finite-sample bounds for restricted function

classes with finite pseudodimension. In the context of nonparametric regression in

reproducing kernel Hilbert spaces (RKHSs) and under the assumption that the re-

gression function belongs to the RKHS (well-specified case), Gizewski et al. [2022]

provided optimal excess risk convergence results for the minimizer of the reweighted

empirical risk when the weight function is known and uniformly bounded. In

Ma et al. [2023], authors recently showed that the standard unweighted kernel

ridge regression estimator is still minimax optimal under an appropriate choice of

the regularization parameter, provided the IW function is uniformly bounded or

its second moment is bounded. Similar results for nonparametric classification

were obtained in Kpotufe and Martinet [2021]. We also mention Pathak et al.

[2022]; Schmidt-Hieber and Zamolodtchikov [2024] in the context of nonparametric

regression for classes of functions different from RKHSs, and Lei et al. [2021];

Wen et al. [2014]; Yamazaki et al. [2007] for parametric models. Building on Ma

et al. [2023], in Gogolashvili et al. [2023] the authors extended the analysis to

(simplified) misspecified case, where the regression function is not assumed to lie

in the RKHS itself, but its projection is. In this setting, the authors showed that,

under covariate shift, the unweighted classic KRR predictor is not a consistent
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estimator of the projection of the regression function. In such cases, IW correction

is necessary.

Kernel methods provide a robust framework for nonparametric learning, but

their scalability is limited by high computational and memory costs—challenges

that clearly do not disappear under covariate shift. To address this, researchers

have developed more efficient strategies, ranging from improved optimization

[Johnson and Zhang, 2013; Schmidt et al., 2017] to randomized linear algebra

techniques [Calandriello et al., 2017; Drineas and Mahoney, 2005b; Mahoney,

2011; Woodruff, 2014]. These aim to reduce costs, raising a key question: do such

shortcuts compromise statistical accuracy? Recent work suggests they often do

not [Bach, 2017; Bottou and Bousquet, 2008; Della Vecchia et al., 2021; Rudi

and Rosasco, 2017; Rudi et al., 2015; Sun et al., 2018]. A promising approach is

to restrict the hypothesis space to a lower-dimensional (random) subspace, as in

sketching [Kpotufe and Sriperumbudur, 2019] and random projection methods

[Woodruff, 2014], including Nyström methods for kernels [Smola and Schökopf,

2000; Williams and Seeger, 2000]. Recent results confirm that these methods can

achieve both computational efficiency and statistical accuracy, for both smooth

and general convex losses [Bach, 2013; Della Vecchia et al., 2024; Marteau-Ferey

et al., 2019b; Rudi et al., 2015].

Although random projection techniques, such as the Nyström method have

been widely studied in standard learning settings, their use under covariate shift

remains largely unexamined. A recent step in this direction was taken by Myleiko

and Solodky [2024], building on the framework of Gizewski et al. [2022]. The

authors consider Nyström subsampling in a setting where weights are known and

uniformly bounded, and derive optimal risk bounds that, in the case of Tikhonov

regularization, can be recovered as a special case of our results.

In this chapter, we study importance-weighted kernel ridge regression (KRR)
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under the covariate shift setting. Previous work in this area typically focuses either

on optimal statistical guarantees without addressing computational complexity

[Gogolashvili et al., 2023], or on Nyström-type approximations in the i.i.d. setting

without distribution shift [Rudi et al., 2015]. In contrast, we combine covariate

shift, and Nyström-based low-rank approximation to obtain scalable algorithms

[Della Vecchia et al., 2025]. Our main contribution is to show that an ALS-

based Nyström projection preserves the optimal learning rates of importance-

weighted KRR in the regime of bounded importance weights. This result is

significant because it establishes that optimal statistical guarantees are maintained

despite both (i) distribution mismatch between training and test data and (ii) the

approximation error induced by the Nyström projection. In particular, it clarifies

what is new relative to prior work: while existing results on covariate shift in

RKHSs derive optimal rates for exact importance-weighted KRR, and classical

Nyström or random subspace methods achieve efficient kernel approximation only

in the standard i.i.d. setting, we show that these two lines of work can be unified

without loss of statistical optimality. More precisely, the novelty lies in proving

that ALS-based Nyström approximation preserves the full weighted-KRR learning

rate under bounded importance weights, something not established in previous

work combining kernel approximation and covariate shift. We further extend the

analysis to unbounded importance weights under stronger moment assumptions,

showing that comparable learning rates can still be achieved in this more general

setting. From a computational perspective, our method achieves state-of-the-art

efficiency by significantly reducing the cost of solving the kernel system while

retaining optimal statistical performance. The theoretical analysis requires new

arguments to handle the interaction between covariate shift, importance weighting,

and Nyström approximation, going beyond standard random projection techniques.

Full technical details are provided in Appendix A.2. We validate our theoretical

32



3.2 Background

findings through experiments on synthetic and real-world datasets.

As remarked in Section 3.4.1, Assumption 6 requires boundedness of all mo-

ments of the weight function. While stronger than the second-moment assumption

in Ma et al. [2023], it is needed here to control the ALS-based Nyström approx-

imation in the unbounded regime. Assumption 3.6 ensures that the regression

function projected onto H is well-defined and lies in H, rather than only on its

boundary, which is slightly more general than the standard well-specified setting

but conceptually aligned. We do not treat the fully misspecified case, which would

require tools such as interpolation spaces (see Steinwart and Christmann [2008]).

Finally, as discussed in Section 3.7, a more refined analysis of constants in the

learning bounds could help explain why distributional misalignment is sometimes

benign and sometimes highly detrimental in practice, depending on its interaction

with the source condition. These directions are left for future work.

3.2 Background

We start defining some key quantities we will need in the rest of this part, see e.g.

Caponnetto and De Vito [2007]; Smale and Zhou [2007]. Given a measurable space

X, a probability distribution µ on X, a space of squared-integrable functions L2
µ

with respect to measure µ and an RKHS H of (bounded) kernel K : X× X→ R,

with Kx(·) = K(x, ·) ∈ H, define

Sµ : H→ L2
µ, (Sµf) (x) = ⟨f,Kx⟩H = f(x) µ−a.s. and S∗

µg =

∫
Kxg(x)dµ.

for f ∈ H, g ∈ L2
µ. Covariance operator Σµ : H→ H is defined as Σµ := S∗

µSµ =

Eµ[Kx ⊗Kx].

Define the sampling operator Ŝ : H→ Rn associated with set {x1, . . . , xn} ∈ Xn,
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3.3 Learning under Covariate Shift

for f ∈ H, as

(Ŝf)i := f(xi) = ⟨f,Kxi
⟩H , i ∈ [n], and Ŝ∗(ŷ) :=

1

n

n∑
i=1

yiKxi
, ŷ ∈ Rn.

3.3 Learning under Covariate Shift

The covariate shift setting introduces an additional complexity: training and test

distributions may differ, but only through their marginals, while sharing the same

conditional distribution:

ρte(x, y) = ρ(y|x)ρteX(x), ρtr(x, y) = ρ(y|x)ρtrX(x).

Since the regression function g∗ only depends on the conditional distribution,

which is identical for both ρte and ρtr, it is unique. As in the standard setting, we

are provided with n input-output pairs (xi, yi)
n
i=1 ∈ (X× R) sampled i.i.d. from

ρtr, i.e. (x1, y1), . . . , (xn, yn) ∼ ρtr(x, y).

The challenge consists in the fact that we train our model using samples from

the ρtr, but we aim to evaluate its performance on new data drawn from ρte. Then,

we want to upper bound the excess risk

E(f̂λ) = ∥f̂λ − g∗∥2ρteX . (3.1)

Note that the empirical risk computed from ρtr samples is a biased estimate of

the expected risk under ρte. As a result, minimizing it may not yield a predictor

that performs well on the test distribution.

3.3.1 Importance-Weighted Risk Minimization

The goal of importance weighting correction is to construct an unbiased estimator

of the risk with respect to the test distribution ρte while using data sampled

from the training distribution ρtr. The idea is to reweight empirical risk minimi-
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3.3 Learning under Covariate Shift

sation samples based on their relevance to the test distribution, ensuring good

performance under ρte.

Under the assumption that ρteX ≪ ρtrX , the test distribution is absolutely

continuous with respect to the training distribution. In other words, any region

of the input space X that has never been observed in the training set will also not

appear in the test set. This assumption ensures that the importance weighting

function w, which assigns a weight to each point x ∈ X, is well defined and given

by the Radon-Nikodym derivative of ρteX with respect to ρtrX :

w(x) :=
dρteX
dρtrX

(x). (3.2)

Points that are likely to be encountered during testing (ρteX is large) but are rare

at training time (ρtrX is small) receive higher weights. This reweighting corrects for

the discrepancy between the two distributions and reflects the relative importance

of samples at test time.

In practice, this assumption is reasonable when the test distribution is similar

to the training distribution and when all regions likely to be present in the

test data are well represented in the training data. However, it does not cover

situations where certain parts of X are absent from the training data or where

the differences between ρteX and ρtrX are significant. In such cases, importance

weights can become highly extreme, leading to unstable estimators and degraded

predictive performance. Therefore, the assumption ρteX ≪ ρtrX explicitly excludes

scenarios in which the test distribution introduces new regions or behaviours that

are not represented in the training distribution.

In the rest of this chapter, we will focus on applying importance weighting,

based on the Radon–Nikodym derivative, in the context of kernel methods.

Assumption 4. H is an RKHS with scalar product ⟨·, ·⟩H and associated kernel
K : X× X→ R.
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3.3 Learning under Covariate Shift

We define the regularized importance-weighted empirical risk, for all f ∈ H,

as

R̂w
λ (f) :=

1

n

n∑
i=1

w(xi)(yi − ⟨Kxi
, f⟩)2 + λ∥f∥2H, (3.3)

where H ∋ Kx(·) = K(x, ·). For the square loss, the minimizer f̂w
λ of eq. (3.3) is

given by:

f̂w
λ (x) = (Ŝ∗M̂wŜ + λI)−1Ŝ∗M̂wŷ, (3.4)

where M̂w is the diagonal matrix with i-th entry w(xi). In case weights are all

positive, we have

f̂w
λ (x) =

n∑
i=1

cwi Kxi
(x) ∈ span{Kx1 , . . . , Kxn}, cw = (K̂ + nλM̂1/w)

−1ŷ ∈ Rn,

(3.5)

where K̂ is the kernel Gram matrix, and M̂1/w is the diagonal matrix with i-th

entry 1/w(xi).

Since the regression function g∗ may not generally belong to H (i.e., the model

may be misspecified), we introduce the best approximation fH ∈ H of g∗ with

respect to the L2
ρteX

distance.

Assumption 5. There exists an fH ∈ H such that

E(fH) = min
f∈H

E(f) = min
f∈H
∥f − g∗∥2ρteX . (3.6)

Note that, while the minimizer might not be unique, we select fH as the unique

minimizer with minimal norm [De Vito et al., 2021]. In the following, we will

evaluate the performance of our estimator relative to the best estimator in H, i.e.

fH.

Computations A significant limitation of the procedure outlined above is the

computational cost associated with the n×n matrix inversion required to compute
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3.4 ERM on Random Subspaces and the Nyström Method

the estimator, see (3.5). This operation has a complexity of O(n3) in time and

O(n2) in memory, making it impractical when n > 105.

3.4 ERM on Random Subspaces and the Nyström

Method

We consider an efficient approximation of the above procedure based on considering

a subspace B ⊂ H and solving the corresponding importance-weighted regularized

ERM problem

min
β∈B

R̂w
λ (β), (3.7)

with β̂w
λ the unique minimizer. As clear from (3.5), choosing B = Hn =

span{Kx1 , . . . , Kxn} is equivalent to considering the full space H and yields the

same solution as in (3.4). However, a natural alternative is to consider a smaller

subspace:

B = Hm = span{Kx̃1 , . . . , Kx̃m}, (3.8)

where {x̃1, . . . , x̃m} ⊂ {x1, . . . , xn} is a random subset of the input points and

m ≤ n. This is equivalent to Nyström approximation [Williams and Seeger, 2000].

A basic approach is to select these points uniformly at random from the training

dataset. Alternatively, we can employ more refined sampling techniques, such as

using leverage scores [Drineas et al., 2012]

li(α) = (K̂(K̂ + αnI)−1)ii, i = 1, . . . , n. (3.9)

Since in practice computing leverage scores directly can be computationally

expensive, approximations (l̂i(α))
n
i=1 have been considered [Alaoui and Mahoney,

2015; Cohen et al., 2015; Drineas et al., 2012]. In particular, we consider the

following one.

Definition 2 (T -approximate leverage scores). Let (li(α))
n
i=1 be the leverage scores

associated to the training set for a given α. Let δ > 0, t0 > 0 and T ⩾ 1. We
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3.4 ERM on Random Subspaces and the Nyström Method

say that (l̂i(α))
n
i=1 are T -approximate leverage scores with confidence δ, when with

probability at least 1− δ,

1

T
li(α) ⩽ l̂i(α) ⩽ T li(α), ∀i ∈ {1, . . . , n}, α ⩾ t0. (3.10)

Given the T -approximate leverage scores for α ⩾ t0, ALS sampling proceeds by

independently drawing samples x̃1, . . . , x̃m from the training set with replacement,

where each point xi is selected with probability Qα(i) = l̂i(α)/
∑

j l̂j(α). All the

results in the next sections are obtained under ALS sampling.

We can now define the Nyström W-KRR problem as follows:

f̂w
λ,m := argmin

β∈Hm

1

n

∥∥∥M̂1/2
w (ŷ − Ŝβ)

∥∥∥2
2
+ λ ∥β∥2H (3.11)

= argmin
f∈H

1

n

∥∥∥M̂1/2
w (ŷ − ŜPmf)

∥∥∥2
2
+ λ ∥f∥2H , (3.12)

where Pm is the orthogonal projection operator onto Hm, given by Pm = V V ∗,

see Appendix A.1. Taking the derivative and using the first order condition (see

Appendix A.1), the Nyström estimator can be expressed as:

f̂w
λ,m = V (V ∗Ŝ∗M̂wŜV + λI)−1V ∗Ŝ∗M̂wŷ. (3.13)

Alternatively, using some linear algebra, it can also be written as:

f̂w
λ (x) =

m∑
i=1

c̃wi Kx̃i
(x), c̃w = (K̂T

nmM̂wK̂nm + nλK̂mm)
−1K̂T

nmM̂wŷ, (3.14)

where f̂w
λ (x) ∈ span{Kx̃1 , . . . , Kx̃m}, c̃w ∈ Rm, K̂nm ∈ Rn×m, (K̂nm)ij = K(xi, x̃j)

and K̂mm ∈ Rm×m, (K̂mm)ij = K(x̃i, x̃j) (see derivation in Appendix A.1).

Computations From eq. (3.14), it is clear that the Nyström method can offer

significant computational benefits. Unlike in eq. (3.13), computing our projected

estimator only requires O(m3 +m2n) time and O(mn) memory, compared to the

previous O(n3) and O(n2). When m≪ n the difference between the two can be
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3.4 ERM on Random Subspaces and the Nyström Method

big and efficient implementations such as in Meanti et al. [2020]; Rudi et al. [2017]

can drastically reduce computational requirements.

3.4.1 Further Assumptions

In this section, we aim to derive excess risk bounds for the Nyström estimator

presented in eq. (3.13). We begin by introducing the technical assumptions

required for the subsequent analysis.

The following assumption, inspired by Gogolashvili et al. [2023], ensures the

boundedness of the importance-weighting (IW) function or of its moments.

Assumption 6. Let w = dρteX/dρ
tr
X be the IW function. There exist constants

q ∈ [0, 1],W > 0 and σ > 0 such that ∀p ∈ N, p ⩾ 2(∫
X

w(x)
p−1
q dρteX

)q

⩽
1

2
p!W p−2σ2, (3.15)

where the left-hand side for q = 0 is defined as ∥wp−1∥∞,ρteX
, the ess sup with respect

to ρteX .

Considering the uniformly bounded case ∥w∥∞ <∞, Assumption 6 is satisfied

for q = 0. When w is not uniformly bounded, Assumption 6 can still be satisfied

for q ∈ (0, 1] if the moments of w are bounded. For example, it is satisfied for

q ∈ (0, 1] if W ⩾ 1, σ2 ⩾ 1 and

2ρteX

({
x ∈ X :

dρteX
dρtrX

(x) ⩾ t

})
⩽ σ2 exp

(
−W−1t1/q

)
for all t > 0

(see Appendix A in Gogolashvili et al. [2023] for the detailed result). Equivalently,

Assumption 6 can be stated as a condition on the Rényi divergence between ρteX

and ρtrX [Cortes et al., 2010a; Mansour et al., 2009]. It follows that this assumption

can be interpreted as a requirement for the test distribution ρteX not to deviate

too strongly from the training distribution ρtrX , with the parameter q ∈ [0, 1]

quantifying the severity of the deviation. Smaller q allows heavier tails (more
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extreme weights), while larger q imposes faster moment decay. Introducing q is

useful for presenting results such as Theorem 2 in a unified form, which can then

be specialized to the two cases considered in Corollary 1: uniformly bounded

weights (q = 0) and possibly unbounded weights (q ≠ 0). Note that in Ma et al.

[2023], a weaker assumption requiring only the second moment to be bounded is

considered. The stronger condition in eq. (3.15) is crucial in our case to apply the

Nyström method in the unbounded setting (see Appendix A.2 and how the proof

differs from Rudi et al. [2015]).

This assumption provides a formal way to control the effect of very large im-

portance weights in the theoretical analysis. It allows risk bounds and Nyström

approximations to hold even when weights are unbounded, by ensuring that

extreme values do not dominate the empirical processes. The parameter q offers a

unified framework to handle both bounded and unbounded cases, and the connec-

tion to Rényi divergence gives a quantitative measure of the deviation between

training and test distributions that is relevant for the analysis.

We further assume the output variable to be bounded.

Assumption 7. The range of the output Y ∈ R is upper bounded, i.e. Y ∈
[−B,B], B <∞.

Furthermore, we make the following regularity assumption, usually known as

source condition.

Assumption 8 (Source condition). There exist 1/2 ⩽ r ⩽ 1 and g ∈ L2 (X, ρteX)
with ∥g∥ρte ⩽ R for some R > 0 such that fH = Lrg, where L := SρteS

∗
ρte is the

integral operator.

Assumption 8 and its equivalent formulations (e.g., Assumption 4 in Rudi

et al. [2015]) are common in literature [Caponnetto and De Vito, 2007; Smale

and Zhou, 2007]. r quantifies the smoothness of the target function fH and the

extent to which it can be well approximated by functions in H. For r = 1/2, the

assumption is always satisfied. Intuitively, a larger r implies fH being smoother.
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Finally, we impose an assumption on the capacity of our RKHS, which roughly

measures the number of eigenvalues of Σ greater than λ [Caponnetto and De Vito,

2007; Zhang, 2005].

Definition 3 (Effective dimension). For λ > 0, define the random variable
Nx(λ) = ⟨Kx, (Σ + λI)−1Kx⟩H with x ∈ X distributed according to ρ, then Nρ(λ) =
EρNx(λ) is called effective dimension.

Assumption 9 (Capacity condition). ∀λ > 0, there exists 0 ⩽ γ ⩽ 1, Q > 0 s.t.
NρteX

(λ) < Qλ−γ.

It is known that the condition in Assumption 9 is ensured if the eigenvalues (ηi)i

of the covariance operator Σ satisfy a polynomial decaying condition ηi ∼ i−1/γ

(see Appendix A.3).

3.4.2 Excess Risk Bounds

In this section, we present our main theoretical results. We will derive excess

risk bounds for the Nyström predictor defined in eq. (3.13) and we will show that

Nyström approximation does not affect the state-of-art rates of convergence while

instead reducing both time and memory requirements. We present now the main

result .

Theorem 2. Under assumptions 4,5,6,7,8,9, for ALS sampling, let δ > 0,(
256(W+σ2) log2(4/δ)

n

) 1
γ(1−q)+1+q

⩽ λ ⩽ ∥Σ∥op, and m ⩾ 144T 2Qλ−γ log 8n
δ
, with

probability greater or equal than 1− δ

∣∣∣R(f̂w
λ,m)− R(fH)

∣∣∣1/2 ⩽ 64B

(
W

n
√
λ
+

√
σ2

nλγ(1−q)+q

)
log

(
8

δ

)
+ 43Rλr.
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proof. We need two propositions in Appendix A.2. We split the excess risk as∣∣∣R(f̂w
λ,m)− R(fH)

∣∣∣1/2 = ∥∥∥f̂w
λ,m − fH

∥∥∥
ρteX

=
∥∥∥Σ1/2(f̂w

λ,m − fH)
∥∥∥
H

=
∥∥∥Σ1/2(V (V ∗Σ̂wV + λI)−1V ∗Ŝ∗Mwy − fH)

∥∥∥
H

⩽
∥∥∥Σ1/2V (V ∗Σ̂wV + λI)−1V ∗Ŝ∗Mw(y − ŜfH)

∥∥∥
H︸ ︷︷ ︸

A

+

+
∥∥∥Σ1/2(I− V (V ∗Σ̂wV + λI)−1V ∗Σ̂w)fH

∥∥∥
H︸ ︷︷ ︸

B

Term A

A ⩽
∥∥∥Σ1/2Σ̂

−1/2
wλ

∥∥∥︸ ︷︷ ︸
A1

∥∥∥Σ̂1/2
wλV (V ∗Σ̂wλV )−1V ∗Σ̂

1/2
wλ

∥∥∥︸ ︷︷ ︸
A2

∥∥∥Σ̂−1/2
wλ Σ

1/2
λ

∥∥∥︸ ︷︷ ︸
A3=β

∥∥∥Σ−1/2
λ Ŝ∗Mw(y − ŜfH)

∥∥∥
H︸ ︷︷ ︸

A4

• A1:

A1 ⩽
∥∥∥Σ1/2Σ

−1/2
λ

∥∥∥︸ ︷︷ ︸
⩽1

∥∥∥Σ1/2
λ Σ̂

−1/2
wλ

∥∥∥︸ ︷︷ ︸
β

⩽ β

• A2: using lemma 8 in Rudi et al. [2015] it’s easy to show that
∥∥∥Σ̂1/2

wλV (V ∗Σ̂wλV )−1V ∗Σ̂
1/2
wλ

∥∥∥2 =∥∥∥Σ̂1/2
wλV (V ∗Σ̂wλV )−1V ∗Σ̂

1/2
wλ

∥∥∥, and therefore the only possible values for A2

are 0 and 1. Then

A2 ⩽ 1

• A3 = β: using proposition 7 in Rudi et al. [2015] we have

β ⩽
1

1− b

if b = λmax

[
Σ

−1/2
λ (Σ− Σ̂w)Σ

−1/2
λ

]
< 1.

Applying Lemma 18 in Gogolashvili et al. [2023] we get, with probability
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greater than 1− δ

λmax

[
Σ

−1/2
λ (Σ− Σ̂w)Σ

−1/2
λ

]
⩽
∥∥∥Σ− 1

2
λ

(
Σ− Σ̂w

)
Σ

− 1
2

λ

∥∥∥
HS

⩽ 4

W

λn
+

√
σ2NρteX

(λ)1−q

λ1+qn

 log

(
2

δ

) (3.16)

and for nλ1+q ⩾ 64 (W + σ2)NρteX
(λ)1−q log2

(
2
δ

)
, with probability greater

than 1− δ the above quantity is less or equal than 3/4.

• A4:

To control this term we use lemma 19 in Gogolashvili et al. [2023], where

ξi = Σ
−1/2
λ w(xi)Kxi

yi. We obtain that, with probability greater or equal
than 1− δ∥∥∥∥∥ 1n

n∑
ξi − E[ξ]

∥∥∥∥∥
H

=
∥∥∥Σ−1/2

λ Ŝ∗Mw(y − ŜfH)
∥∥∥
H
⩽ 4B

 W

n
√
λ
+

√
σ2NρteX

(λ)1−q

nλq

 log

(
2

δ

)
.

Term B
As regards B, following Rudi et al. [2015] we proceed as follows. Noting that

V (V ∗Σ̂wλV )−1V ∗Σ̂wλV V ∗ = V V ∗, we have

I−V (V ∗Σ̂wλV )−1V ∗Σ̂w = I − V (V ∗Σ̂wλV )−1V ∗Σ̂wλ + λV (V ∗Σ̂wλV )−1V ∗

= I − V (V ∗Σ̂wλV )−1V ∗Σ̂wλV V ∗ − V (V ∗Σ̂wλV )−1V ∗Σ̂wλ (I − V V ∗) + λV (V ∗Σ̂wλV )−1V ∗

= (I − V V ∗) + λV (V ∗Σ̂wλV )−1V ∗ − V (V ∗Σ̂wλV )−1V ∗Σ̂wλ (I − V V ∗) .

By assumption 8, we have
∥∥∥Σ−(r−1/2)

wλ fH

∥∥∥
H
⩽
∥∥Σ−r

wλfH
∥∥
H
⩽ ∥Σ−r

w fH∥H ⩽ R.

Define r′ := r − 1/2 to simplify the notation. Using the above decomposition, we
can rewrite term B as

B ⩽
∥∥∥Σ1/2

(
I − V (V ∗Σ̂wλV )−1V ∗Σ̂w

)
Σr′

wλ

∥∥∥∥∥∥Σ−r′

wλ fH

∥∥∥
H

⩽R
∥∥∥Σ1/2Σ

−1/2
λ

∥∥∥∥∥∥Σ1/2
λ (I − V V ∗) Σr′

λ

∥∥∥+Rλ
∥∥∥Σ1/2Σ̂

−1/2
wλ

∥∥∥∥∥∥Σ̂1/2
wλV (V ∗Σ̂wλV )−1V ∗Σr′

λ

∥∥∥
+R

∥∥∥Σ1/2Σ̂
−1/2
wλ

∥∥∥∥∥∥Σ̂1/2
wλV (V ∗Σ̂wλV )−1V ∗Σ̂

1/2
wλ

∥∥∥∥∥∥Σ̂1/2
wλΣ

−1/2
λ

∥∥∥∥∥∥Σ1/2
λ (I − V V ∗) Σr′

λ

∥∥∥
⩽R(1 + βθ)

∥∥∥Σ1/2
λ (I − V V ∗) Σr′

λ

∥∥∥︸ ︷︷ ︸
B.1

+Rβ λ
∥∥∥Σ̂1/2

wλV (V ∗Σ̂wλV )−1V ∗Σr′

λ

∥∥∥︸ ︷︷ ︸
B.2

,
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with θ =
∥∥∥Σ̂1/2

wλΣ
−1/2
λ

∥∥∥.
• B.1:

B.1 =
∥∥∥Σ1/2

λ (I − V V ∗)2Σr′

λ

∥∥∥ ⩽
∥∥∥Σ1/2

λ (I − V V ∗)
∥∥∥∥∥∥(I − V V ∗) Σr′

λ

∥∥∥ .
Since V V ∗ is a projection operator, we have that (I − V V ∗) = (I− V V ∗)s,
for any s > 0, therefore, by applying Cordes inequality (see proposition 6 in
Appendix A.3) to

∥∥(I − V V ∗) Σr′

λ

∥∥, we have∥∥∥(I− V V ∗) Σr′

λ

∥∥∥ =
∥∥∥(I− V V ∗)2r Σ

1
2
2r′

λ

∥∥∥ ⩽
∥∥∥(I− V V ∗) Σ

1/2
λ

∥∥∥2r′ .
This term can be controlled using Proposition 2 in Appendix A.2.

• B.2:
B.2 ⩽ λ

∥∥∥Σ̂1/2
wλV (V ∗Σ̂wλV )−1V ∗Σ̂r′

wλ

∥∥∥∥∥∥Σ̂−r′

wλ Σ
r′

λ

∥∥∥
⩽ λ

∥∥∥Σ̂1/2
wλV (V ∗Σ̂wλV )−1V ∗Σ̂r′

wλ

∥∥∥∥∥∥Σ̂−1/2
wλ Σ

1/2
λ

∥∥∥2r′
⩽ β2r′λ

∥∥∥∥(V ∗Σ̂wλV
)1/2 (

V ∗Σ̂wλV
)−1 (

V ∗Σ̂wλV
)r′∥∥∥∥

= β2r′λ

∥∥∥∥(V ∗Σ̂wV + λI
)−(1/2−r′)

∥∥∥∥ ⩽ βλ1/2+r′ = βλr,

where the first step is obtained multiplying and dividing by Σ̂r′

wλ, the second
step by applying Cordes inequality, the third step by Prop. 6 in Rudi et al.
[2015].

Putting all together, for
(

256(W+σ2) log2(4/δ)
n

) 1
γ(1−q)+1+q

⩽ λ ⩽ ∥Σ∥, and m ⩾

144T 2Qλ−γ log 8n
δ
, with probability greater or equal than 1− δ

∣∣∣R(f̂w
λ,m)− R(fH)

∣∣∣1/2 ⩽ 4Bβ2

(
W

n
√
λ
+

√
σ2

nλγ(1−q)+q

)
log

(
8

δ

)
+ 3R(1 + βθ)λr +Rβ2λr.

Under the above conditions on λ we have that β ⩽ 4 and θ ⩽ 2 and then

for
(

256(W+σ2) log2(4/δ)
n

) 1
γ(1−q)+1+q

⩽ λ ⩽ ∥Σ∥, and m ⩾ 144T 2Qλ−γ log 8n
δ
, with

probability greater or equal than 1− δ

∣∣∣R(f̂w
λ,m)− R(fH)

∣∣∣1/2 ⩽ 64B

(
W

n
√
λ
+

√
σ2

nλγ(1−q)+q

)
log

(
8

δ

)
+ 43Rλr.
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3.4 ERM on Random Subspaces and the Nyström Method

The constraint on the regularization parameter involves quantities that are

unknown in practice. While this is standard in theoretical analyses, it should not

be interpreted as a practical tuning rule. Instead, it characterizes a regime in

which the analysis of Theorem 2 holds and specifies the scaling of λ with respect to

the sample size n. In practice, λ is selected empirically (e.g. by cross-validation),

while the theoretical condition ensures that the assumptions required in Theorem 2

are satisfied. The analysis of Theorem 2 is based on a decomposition of the excess

risk into bias and variance terms. The bias is controlled by the source condition

and leads to a term of order λr. The variance arises from the estimation error

under importance weighting. Assumption 6 controls the effect of large importance

weights and determines the dependence on W , σ2, and the exponent γ(1− q) + q.

The Nyström approximation with approximate leverage score sampling ensures

that the kernel operator is well approximated when m ≳ λ−γ. This allows the

same type of bounds as in the full kernel setting. Finally, the choice of λ balances

the bias and variance terms within the bound, and the parameter q determines

how importance weighting affects the variance term.

Corollary 1. Under the assumptions and conditions as in Theorem 2,

(a) with Assumption 6 satisfied by q = 0 and choosing λ ≍ (∥w∥∞/n)
1

2r+γ , with

m ≳ (n/∥w∥∞)
γ

2r+γ log n, with high probability

E(fw
λ,m) = ∥f̂w

λ,m − fH∥2ρteX ≲

(
∥w∥∞
n

) 2r
2r+γ

, (3.17)

(b) with Assumption 6 satisfied by q = 1 and choosing λ ≍ (n/(W + σ2))
− 1

2r+1 ,

with m ≳ (n/(W + σ2))
γ

2r+1 log n, with high probability

E(fw
λ,m) = ∥f̂w

λ,m − fH∥2ρteX ≲

(
1

n

) 2r
2r+1

. (3.18)
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The rate in eq. (3.17) matches the optimal convergence rate of standard

kernel ridge regression (KRR) established in Caponnetto and De Vito [2007].

However, it explicitly depends on ∥w∥∞, which can become arbitrarily large as

the training and test distributions diverge. This result also recovers Theorem 2.1

from Myleiko and Solodky [2024] for Tikhonov regularization in the special case

γ = 1. Compared to their work, we consider ALS sampling, which enables fast

rates under a suitable capacity condition. Furthermore, we extend the analysis

to the case of unbounded importance weights. Specifically, eq. (3.18) shows that

when the weighting function is unbounded (i.e., q = 1 in Assumption 6), the

convergence rate deteriorates to O(n− 2r
2r+1 ). This slower rate, which does not

depend on the capacity assumption 9), is always worse than the rate in eq. (3.17).

These findings are consistent with the results reported in Gogolashvili et al. [2023]

for the full (non-projected) model.

Note that the rate in eq. (3.18) can possibly be improved, even under our Nyström

approximation, by clipping the unbounded IW function w at a threshold that

depends on n (see Section 5.2.2 in Gogolashvili et al. [2023]). This idea follows

Corollary 2 of Ma et al. [2023], although the result is not directly comparable due

to differing assumptions.

Example 1. To illustrate the benefits of the Nyström approach, consider for
example the common setting q = 0, r = 1/2 and γ = 1. From eq. (3.17), we
achieve the optimal rate of O(n−1/2) [Caponnetto and De Vito, 2007], with m =
O(
√
n log(n)). This results in computational costs of O(m3+m2n) = O(n

√
n+n2)

in time and O(mn) = O(n
√
n) in memory. These are significantly lower than the

costs of the non-approximated method, respectively O(n3) and O(n2).

3.5 Unknown Weights

Clearly, when dealing with real data, assuming knowledge of the exact weighting

function w is unrealistic. Instead, if we have access to some samples from both

distributions, we can attempt to estimate an approximate weighting function
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3.5 Unknown Weights

v ≈ w and control the error resulting from this approximation. Let us choose a

function v such that there exists a probability distribution ρvX with

v(x) =
dρvX(x)

dρtrX(x)
, (3.19)

i.e. v(x) is the Radon-Nikodym derivative of ρvX with respect to ρtrX . Note that,

in general, ρvX ̸= ρteX . Similarly to eq. (3.6) in Assumption 5, we assume that

f v
H = argmin

f∈H
Ev(f) = ∥f − g∗∥2ρvX (3.20)

exists (again we consider the unique with minimal norm in case of multiple

minimizers). Furthermore, we assume that v satisfies Assumptions 6, 8, 9 with

constants V, η, r, γ,Q, respectively. Since v is chosen, weights v(x) are known for

all x ∈ X, allowing us to compute the estimator

f̂ v
λ,m = V (V ∗Ŝ∗M̂vŜV + λI)−1V ∗Ŝ∗M̂vŷ, (3.21)

where M̂v is the diagonal matrix with diagonal entries v(x1), . . . , v(xn). Still, we

are interested in the excess risk of this estimator with respect to the original ρte

distribution.

Denoting Σ = ΣρteX
and Σv = ΣρvX

, we decompose the excess risk of f̂ v
λ,m as:

E(f v
λ,m) = ∥f̂ v

λ,m − fH∥2ρteX ⩽ ∥ΣΣ−1
λv ∥op∥f̂

v
λ,m − f v

H∥2ρvX + ∥f v
H − fH∥2ρteX . (3.22)

Well Specified Case If g∗ ∈ H, then clearly g∗ = fH = f v
H and eq. (3.22)

simplifies to:

∥f̂ v
λ,m − fH∥2ρteX ⩽ ∥ΣΣ−1

λv ∥op∥f̂
v
λ,m − fH∥2ρvX . (3.23)

The second term corresponds to what we have already analyzed in Theorem 2,

with the distribution ρteX and its associated weighting function w replaced by ρvX

and v. The first term quantifies the additional cost incurred due to the mismatch
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3.5 Unknown Weights

between ρteX and ρvX . Using Proposition 5 from Appendix A.3, we can show that if

we set v(x) ≡ 1, i.e. ρvX ≡ ρtrX , then ∥ΣΣ−1
λv ∥op ⩽ ∥w∥∞. This indicates that, when

w is bounded, we have a finite control on the appearing term involving the two

covariance operators. By setting λ ≍ (∥w∥∞n)
1

2r+γ , and ensuring m ≳ n
γ

2r+γ log n,

then, with high probability

∥f̂ v≡1
λ,m − fH∥2ρteX ≲ ∥w∥∞

(
1

n

) 2r
2r+γ

, (3.24)

where we used the fact that ∥v∥∞ = 1. It is important to note that, when

compared with the bound in eq. (3.17), which assumes knowledge of the true

(typically unknown) weights, we achieve the same rate in n. This means that,

when the model is well-specified, the classical Nyström-ERM algorithm gives the

same rate as the importance-weighted variant, despite the covariate shift between

train and test distributions. This result agrees with findings in Gogolashvili et al.

[2023]; Ma et al. [2023], where anyway random projection approximations are not

involved. More than that, we emphasize that although the rate remains the same,

the dependence on ∥w∥∞, which is assumed finite but can be arbitrarily large, is

worse than in eq. (3.17), where the true w is employed.

Misspecified Case In the misspecified case, the situation is more complex since

in general g∗ ̸= fH ̸= f v
H. In particular, the term ∥f v

H − fH∥2ρteX in eq. (3.22) is not

zero, and its magnitude can become arbitrarily large, depending on the severity

of the mismatch between ρteX and ρvX .

In Theorem 2, when the exact importance weights w are replaced by an approxi-

mate weighting function v, the guarantees of the theorem remain robust in the

well-specified case, provided v satisfies the same assumptions as w. In this setting,

the replacement of w by v only affects the analysis through the best approximation

in H, which changes from fH to f v
H. This induces an additional term in the excess

48



3.5 Unknown Weights

risk decomposition of the form ∥f v
H − fH∥2ρteX . Consequently, the convergence rate

in n of the excess risk ∥f̂ v
λ,m− fH∥2ρteX is preserved and remains effectively the same

as in Theorem 2 for any such v (even if v ≠ w). In contrast, in the misspecified

case, the discrepancy between best approximations can be of non-negligible order

and does not decay with n, thereby degrading the excess risk bound. Therefore,

the robustness of the guarantees depends on both the choice of v and the model

being well-specified.

Robustness of Theorem 2 under approximate weights. If the approximate weighting

function v satisfies the same assumptions as w and is treated as a fixed function,

then the bound of Theorem 2 holds with w replaced by v, up to an extra term

∥f v
H − fH∥2ρteX . In the well-specified case (g∗ ∈ H), this extra term is zero, so the

guarantee is exactly the same as with the exact w, regardless of how different v

is from w. In the misspecified case, the extra term does not decay with n and

may degrade the bound. Hence, the guarantees are fully robust to the choice

of v in the well-specified setting, but not in the misspecified setting. When v

is estimated from data (rather than fixed), the analysis does not apply; see the

limitation below.

The analysis above assumes that the approximate weighting function v is known

without error. In practice, v is estimated from samples of the training and test

distributions using a density ratio estimation method. This creates a fundamental

gap. The theoretical guarantees do not cover the additional randomness and error

introduced by weight estimation. While one might expect that if the estimation

error is small in a suitable norm then the rates would be preserved, a rigorous

analysis that combines weight estimation error with Nyström approximation under

covariate shift remains open, especially in the misspecified case.
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3.6 Simulations and real data experiments

3.6 Simulations and real data experiments

As emphasized in the introduction, the main goal of this study is to show that the

Nyström method can deliver significant computational savings under covariate

shift without compromising accuracy.

3.6.1 Simulations
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Figure 3.1: On the left: MSE for the different models varying the number of train
samples n. The result for Nyström W-KRR model is obtained for optimal m. On
the right: n = 3000, optimal m is selected as the smallest for which Nyström
W-KRR matches the full W-KRR model (m = 1000 here).

We start by reproducing the experimental setting in Gogolashvili et al. [2023].

We want to solve a regression problem using KRR with RBF kernel in the context

of distribution shift, assuming ρtrX ∼ N(µtr,Σtr), ρ
te
X ∼ N(µte,Σte) and µtr ̸= µte,

Σtr ̸= Σte. The regression function is

g∗(x) := c1e
− c2

∥x∥2k2 , k ∈ N, c ∈ N,

where the parameter k controls the level of misspecification. Note that, in fact,

when k increases, the regression function becomes essentially piece-wise constant,

and neither constant nor discontinuous functions belong to the RKHS of the
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3.6 Simulations and real data experiments

Gaussian kernel. Data samples are generated following

ytri = g∗(xtr
i ) + ξi, ytei = g∗(xte

i ),

with xtr
i ∼ ρtrX , x

te
i ∼ ρteX and ξi ∼ N(0, ε2). Figure 3.1 shows the results in this

setting for k = 50. In the plot on the left, we observe that the two weighted models,

namely KRR with IW correction (W-KRR) and its Nyström-approximated version

(Nyström W-KRR), perform similarly. As expected, the simple (unweighted) KRR

model shows a performance gap. On the right, despite reaching the same error

of the weighted KRR model, Nyström approximation can lead to important

computational savings allowing for choosing a number of Nyström centers m≪ n.

3.6.2 Experiments on Benchmark Datasets

As regards real-world applications, we conduct experiments on commonly used

benchmark datasets in the domain adaptation field [Dinu et al., 2023; He et al.,

2023; Wang and Sun, 2024; Wilson et al., 2020]. The size of the original datasets

is reduced in case of memory issues with KRR and W-KRR when building the full

Gram matrix K̂ (see memory bottlenecks in Section 3.4). In these experiments,

weights are estimated using RuLSIF method [Liu et al., 2013; Yamada et al.,

2013]. We consider 4 real-world datasets: HHAR [Stisen et al., 2015], WISDM

[Kwapisz et al., 2011], HAR70+ [Ustad et al., 2023] and HARChildren [Tørring

et al., 2024]. These datasets consist of data collected from multiple users using

wearable sensors, such as accelerometers and gyroscopes. To simulate covariate

shift, we train each model on data collected from one user and evaluate it on data

from a different user. This cross-user evaluation protocol is commonly regarded

as an approximate covariate shift setting, where different users induce different

feature distributions while sharing the same activity label space. In practice, this

relies on the assumption that the conditional distribution remains approximately
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unchanged across users, although this assumption is not strictly verified and may

not hold exactly due to user-specific variability in sensor signals and behavior.

We employ an RBF kernel with length-scale parameter γ and regularization

parameter λ, both selected via cross-validation. The results reported in Table 3.1

are obtained using ALS sampling (see Definition 2), specifically through the BLESS

fast implementation described in Rudi et al. [2018]. For comparison, Table A.1 in

Appendix A.4 presents analogous results obtained with uniform sampling of the

Nyström centers. Additional details on the datasets and experimental setup are

provided in Appendix A.4.

Table 3.1: Performances of the various methods, both in terms of MSE and
training/prediction time.

HAR70+ (n = 20000) HARChildren (n = 15000) HHAR (n = 15500) WISDM (n = 25000)

MSE t train (s) t pred (s) MSE t train (s) t pred (s) MSE t train (s) t pred (s) MSE t train (s) t pred (s)

KRR 10± 1 1694± 2 15.0± 0.5 26.6± 0.9 762± 12 10.2± 0.4 3.7± 0.3 876± 6 10.5± 0.9 7.8± 0.1 3280± 48 38± 5

W-KRR 5.0± 0.2 1785± 2 15.1± 0.3 13.5± 0.8 809± 26 9.0± 0.1 1.8± 0.3 1034± 93 9.9± 0.1 4.8± 0.2 3364± 30 33± 2

Ny W-KRR 5.1± 0.2 89± 19 1.0± 0.1 13.2± 0.6 8.0± 0.2 1.6± 0.1 1.8± 0.1 6.5± 0.4 1.1± 0.1 4.7± 0.3 9.9± 0.4 1.4± 0.1

The above Table 3.1 shows that the two methods using IW correction achieve

the best and essentially equal performance. However, in terms of computational

efficiency, our Nyström W-KRR method, offers significant time and memory

savings. The number of Nyström points m required by Nyström W-KRR is

1100, 1800, 1400, and 1550, for HAR70+, HARChildren, HHAR, and WISDM,

respectively.

3.7 Conclusions

In this part, we showed that even under covariate shift, random projection

techniques — particularly the Nyström method — can significantly enhance
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computational efficiency without any loss in learning performance. We provide

new statistical bounds for our compressed Nyström algorithm, showing that it

matches the optimal statistical guarantees of the full W-KRR model. Leveraging

results from random projection theory, we developed novel technical proofs to

account for the mismatch between training and test distributions and the potential

unboundedness of the IW function. We evaluated the effectiveness of our approach

through simulations and experiments on real-world datasets.

However, several questions remain open for future investigation. Although

optimal rates are achieved in the well-specified case, the misalignment between

the training and test distributions relative to the target function (see the source

condition in Assumption 8) appears to play a critical role empirically, as it can

make covariate shift either benign or severely adversarial. This effect helps explain

why some shifts are easier than others. The impact of a distribution shift depends

on how the two data sets are related in the space used by the model. When

this relation is strong, learning remains stable (benign case). When it is weak,

learning becomes more difficult and less stable (adversarial case). Recent works

in domain adaptation and transfer learning try to make this idea more precise by

quantifying how difficult a covariate shift is. This is done by defining measures that

compare the training and test distributions, for example through divergence-based

distances, or by studying how well they align in the representation space of the

model. In particular, some approaches use operator-based or spectral quantities

to measure this alignment, which allows one to distinguish between easier and

harder shifts in a more formal way. In this perspective, the interaction between

source and target covariance operators provides a natural RKHS-based way to

formalize such difficulty notions. A deeper understanding of this phenomenon

may come from a more detailed analysis of the constants in the learning bounds

and their influence on the overall rate (see eq. (3.22) and the interaction between
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the covariance operators of source and target distributions).
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Part II

Robustness under Anomaly
Detection
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Chapter 4

Robust Anomaly Detection

4.1 Introduction

Satellite telemetry provides multivariate time-series measurements of spacecraft

subsystems, capturing both operational states and environmental conditions.

These data are essential for mission monitoring, fault diagnosis, and autonomous

decision-making, as early anomaly detection can prevent failures and extend

mission duration. Telemetry is typically multivariate, temporally correlated, and

noisy, and the physical quantity measured by each channel is often unknown,

which makes automated and reliable anomaly detection particularly challenging

[Kotowski et al., 2024; Ruszczak et al., 2024]. Traditional rule-based meth-

ods rely on expert-defined thresholds to identify unusual system behavior, but

they scale poorly as telemetry complexity increases and cannot capture complex

inter-parameter dependencies [Hawkins, 1980; Kotowski et al., 2024; Ruszczak

et al., 2024]. To address these limitations, data-driven approaches, particularly

unsupervised machine learning methods, have been increasingly adopted. These

techniques learn normal operational patterns directly from telemetry, allowing the

detection of atypical or unexpected behavior without requiring labeled anomalies

[Chandola et al., 2009; Sakurada and Yairi, 2014]. Evaluation of anomaly detection

methods has historically been limited by the lack of standardized benchmarks.
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The European Space Agency Anomaly Benchmark (ESA-ADB) provides real

spacecraft telemetry along with expert annotations. This allows researchers to

systematically evaluate anomaly detection methods, reflecting the complexity and

variability of real spacecraft operations [Kotowski et al., 2024].

A key challenge in anomaly detection for telemetry is robustness, defined as

the ability of a model to maintain reliable detection performance in the presence

of noise, perturbations, or variability in the input data. Telemetry signals are

often affected by sensor noise, communication errors, or environmental effects. In

addition, neural networks, including autoencoders, can be vulnerable to adversarial

attacks, where small changes in the input are designed to mislead the model,

potentially causing an anomaly to be misclassified as normal or a normal sample

to be detected as an anomaly [Finlayson et al., 2019; Goodfellow et al., 2015; Song

et al., 2018]. Studying adversarial attacks is important because they represent

a worst-case scenario that could be exploited to hide an anomaly or cause false

alarms. Ensuring robustness to such attacks is therefore essential for operational

reliability.

In this chapter, we adopt a 1D convolutional autoencoder with a controlled bot-

tleneck dimension referred to as the Controlled Latent Space Model (CLSM) as a

representative architecture. The CLSM builds on well-known autoencoder designs.

Our contribution is not a new model. Instead, we provide a comprehensive empir-

ical characterization of robustness on the ESA-ADB benchmark. Specifically, we

first apply different anomaly injection strategies to the input [Enttsel et al., 2024],

and then subject the perturbed data to adversarial attacks [Goodge et al., 2021].

Compared to earlier spacecraft anomaly detection baselines (e.g., threshold-based

methods or simple autoencoders without controlled bottleneck), our work provides

practical guidelines for deploying autoencoder-based detectors under realistic

operational conditions where both environmental perturbations and adversarial
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attacks are present. The results offer clear insights into the factors that influence

autoencoder performance and highlight trade-offs between detection accuracy and

robustness.

4.1.1 Data Description

The ESA-ADB [Kotowski et al., 2024] dataset consists of 14 years of real sensor

measurements collected from a large spacecraft operated by the European Space

Agency. These data were made publicly available as part of the ESA Spacecraft

Anomaly Detection Challenge on Kaggle [Kaggle, 2026], providing a standardized

benchmark for developing and evaluating anomaly detection algorithms on real-

world spacecraft telemetry. The dataset captures a long, continuous multivariate

time series, including sensor readings, subsystem states, health indicators, and

operator telecommands, reflecting the operational behavior of the spacecraft

over extended periods. Formally, the telemetry data can be represented as a

multivariate time series. At each time step t, the spacecraft state is described by

a vector of measurements from a subset of channels:

xt =
[
x
(1)
t , x

(2)
t , . . . , x

(d)
t

]⊤ ∈ Rd, d ⊂ C,

where C denotes the full set of 76 available channels, d is the subset of channels

selected at time t, and each x
(i)
t ∈ R is the real-valued measurement of the i-th

channel. Over a temporal horizon of length T , the complete telemetry sequence

can be written in matrix form as

X =


x⊤
1

x⊤
2

...

x⊤
T

 ∈ RT×d,
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which preserves both the temporal evolution of each channel and the dependencies

between channels. The training set contains measurements, among which some

points are labeled as anomalies. These numbers highlight the rare and anomalous

events, a characteristic that closely mirrors real operational environments. The

Description Count
Total measurements in the training dataset 14,728,321
Labeled anomalies in training dataset 1,544,104
Test set 521,280

Table 4.1: Overview of the ESA-ADB in Kaggle [Kaggle, 2026].

dataset is highly imbalanced, with normal operational data dominating, while

rare and potentially critical events appear infrequently. This imbalance creates

a challenging scenario for anomaly detection, where models must effectively

distinguish true anomalous behavior from normal variability while minimizing

false alarms. The test set in Table 4.1 is provided through the ESA ADB Kaggle

competition and does not include reference labels. In Kaggle-style challenges, the

test data are intentionally released without labels so that participants cannot tune

or overfit their models to the specific test responses; instead, model predictions are

submitted to the platform and evaluated against hidden labels to determine the

leaderboard scores [Kaggle, 2026]. In the training, we have a single is anomaly

label, where a time point is marked as anomalous if at least one monitored channel

is affected. As suggested in Kaggle [2026], a subset of six channels (and so

d = 6) was chosen to focus on the most relevant variables for the mission. This

selection reduces computational complexity while maintaining a representative

set for developing and evaluating anomaly detection algorithms. The correlation

heatmap (Fig-4.1) illustrates the relationships among all channels. The observed

correlation structure shows that, unlike other channels, the selected subset of

six channels (41–46) exhibits little correlation among themselves. This justifies
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Figure 4.1: Correlation heatmap of a selected subset of telemetry channels.

focusing on this subset as a representative subset for anomaly detection.

4.1.2 Data Preprocessing

Given the high temporal resolution of spacecraft telemetry, several preprocessing

steps are applied to prepare the data for anomaly detection models. These

steps aim to reduce high-frequency fluctuations, preserve temporal dependencies,

and structure the data in a form suitable for learning temporal patterns while

preventing information leakage between training and validation sets. In this

context, high-frequency fluctuations refer to rapid variations in the signal relative

to the nominal sampling frequency of each telemetry channel, which ranges from

approximately 0.03 Hz to 0.07 Hz across the ESA missions considered [Kaggle,
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2026]. Therefore, fluctuations are considered high-frequency if they occur over

time intervals shorter than the typical sampling period, i.e., on the order of tens

of seconds. The following data preprocessing steps were applied in this chapter:

• Temporal Segmentation : To ensure a realistic evaluation and prevent

data leakage, we used the labeled training data from the Kaggle ESA dataset

to perform temporal segmentation. The training dataset was divided into

S = 12 chronological segments, with 10 segments randomly assigned for

training, 1 for validation, and 1 for testing (Fig-4.2). This segmentation

preserves the chronological order within each segment, ensuring that valida-

tion windows always follow the corresponding training windows. Using only

the labeled training data guarantees that the random segment allocation is

meaningful, as these are the only sequences for which ground-truth labels

are available.

Training dataset

New Training set (10 segments) Validation set (1 segment)

Test set (1 segment)
Time

Figure 4.2: Temporal segmentation of the training dataset into S = 12 chronologi-
cal segments, with 10 segments randomly assigned to the new training set (blue),
1 to the validation set (orange), and 1 to the test set (red).

• Temporal Smoothing : To reduce high-frequency fluctuations representing

irrelevant or non-informative dynamics, temporal smoothing will be applied

independently to each telemetry channel. Formally, for each channel x
(j)
t ,
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the smoothed value at time t is:

x̃
(j)
t =

1

w

w−1∑
k=0

x
(j)
t−k,

where w is the window size. This operation attenuates noise while preserving

underlying trends and dynamic behaviors that are critical for anomaly detec-

tion. Temporal smoothing is particularly important in spacecraft telemetry,

where minor oscillations frequently occur during nominal operation.

• Temporal Windowing : Each segment is divided into fixed-length tempo-

ral windows to enable learning over local temporal contexts. Let Xi ∈ Rw×d

denote the i-th temporal window within a segment (Fig. 4.3), defined as

Xi =


x⊤
(i−1)s+1

x⊤
(i−1)s+2

...

x⊤
(i−1)s+w

 ,

where s is the step size between consecutive windows, and i = 1, 2, . . . , N

indexes the windows within the segment. The first sample of window i is at

position (i− 1)s+ 1, which means each window starts s samples after the

previous one. If s < w, consecutive windows overlap, allowing the model

to capture detailed temporal transitions, whereas if s = w, windows are

non-overlapping. This approach allows the model to learn local temporal

patterns while maintaining the chronological order of the data within each

segment. At the same time, the step size s determines how many windows

are generated from each segment, effectively controlling the total number of

windows.

• Data Normalization : The time-series data are divided into fixed-length

segments and are processed using a robust preprocessing pipeline to reduce
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Figure 4.3: Graphical illustration of sliding window data partitioning.

noise and standardize the input features. First, each channel is normalized

using a robust scaling method to limit the influence of outliers and extreme

values. Second, high-frequency noise is reduced through a smoothing proce-

dure, such as a Savitzky–Golay filter or a uniform moving average, allowing

the underlying temporal patterns to become more apparent. Finally, a sec-

ond normalization step is applied to the smoothed data to ensure consistent

scaling across all channels. This two-step normalization process ensures that

the model focuses on meaningful temporal dynamics rather than noise or

scaling inconsistencies.

This preprocessing pipeline transforms the original telemetry measurements into a

structured, temporally consistent representation suitable for multivariate anomaly

detection. By combining temporal smoothing, overlapping time windows, and

strict temporal splitting, the data is prepared to support model learning while

accurately reflecting the operational constraints of real spacecraft telemetry.
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4.1.3 Anomaly Injection Strategy

In this work, we use the ESA-ADB [Kotowski et al., 2024] dataset, which con-

tains telemetry data with originally annotated real anomalies. We also generate

synthetic anomalies following the methodology described in Enttsel et al. [2024].

Experiments are conducted separately on the ESA data with its real anoma-

lies and on synthetic datasets containing only synthetic anomalies, allowing a

systematic evaluation of model performance on both types of anomalies. For

both datasets, time series were processed using separate procedures for normal

and anomalous sequences before creating the final datasets. Normal sequences

were first segmented into temporal windows (see Section 4.1.2), and any windows

containing anomalies were removed so that the model would learn exclusively

normal behavior. Each window was then smoothed using a moving average filter

and standardized with a smoothed scaler computed solely on normal training

windows, ensuring stable and comparable windows suitable for training. Anoma-

lous sequences were processed differently. Raw windows were standardized using

a scaler fitted only on normal training data, after which synthetic anomalies

were injected at controlled locations and amplitudes in the synthetic dataset,

allowing precise control over anomaly properties for systematic evaluation. The

windows were then denormalized to restore their original value range, smoothed

to reduce artificial noise, and standardized again with the smoothed scaler to

ensure consistent scaling between normal and anomalous windows. Finally, nor-

mal windows and synthetically altered windows were concatenated to form the

final synthetic dataset, with each window assigned a binary label indicating the

absence (0) or presence (1) of an anomaly. This strategy, in which the model is

trained exclusively on normal data and evaluated on synthetic datasets containing

controlled injected anomalies, provides a principled and reproducible framework

for assessing unsupervised anomaly detection models.
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Types of perturbations (Fig-4.4). Let X
(i)
nom ∈ Rd×w denote the i-th normal

input window. A perturbation applied to specific points within this window is

represented as η(i) ∈ Rd×w. The resulting anomalous window is defined by

X̃(i) = X(i)
nom + η(i) ⊙M(i),

where M(i) ∈ {0, 1}d×w is a binary mask indicating the locations of anomalous

points, and ⊙ denotes the Hadamard product (element-wise multiplication). Each

type of anomaly is characterized by a base amplitude a, derived from a control

parameter δ that regulates anomaly intensity, and a temporal pattern specifying

which points are affected.

Figure 4.4: Types of perturbations applied to a temporal window.

M
(i)
c,t =

1, if the point (c, t) in window i is anomalous,

0, otherwise.
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The mask allows perturbations to be applied only at anomalous locations, preserv-

ing nominal dynamics elsewhere. The amplitude of injected anomalies is controlled

by the parameter δ > 0, and ϵc,t ∼ N(0, 1) represents standard Gaussian noise for

stochastic perturbations.

1. Constant Anomaly: a uniform shift applied to all anomalous points in

window i:

X̃
(i)
c,t = X

(i)
nom,c,t + a · s ·M (i)

c,t , a =
√
δ, s ∈ {−1,+1}.

where X
(i)
nom ∈ Rd×w denotes the i-th normal input window, and its elements

are written as X
(i)
nom,c,t, representing the value of channel c at time step t

in window i. This perturbation applies the same offset to every anomalous

point while leaving nominal points unchanged due to the mask. It simulates

persistent drifts or sensor biases and allows the autoencoder to be evaluated

on its ability to detect sustained deviations.

2. Step Anomaly: a sudden change starting at the midpoint of window i:

X̃
(i)
c,t =

X
(i)
nom,c,t, t < w/2,

X
(i)
nom,c,t + a · s ·M (i)

c,t , t ≥ w/2,

a = α
√
2δ, 0 < α ≤ 1, s ∈ {−1,+1}.

This perturbation applies a constant offset to anomalous points only in the

second half of the window, leaving nominal points unchanged due to the

mask. It evaluates the autoencoder’s ability to detect abrupt regime shifts

and sudden changes in signal trends.

3. Impulse Anomaly: a single-point spike at the center of window i:

X̃
(i)
c,t =

X
(i)
nom,c,t + a ·M (i)

c,t , t = w/2,

X
(i)
nom,c,t, otherwise,

a = α

√
δ

w
.
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This perturbation applies an offset to a single anomalous point at the center

of the sequence, leaving all other points unchanged due to the mask. It

evaluates the autoencoder’s sensitivity to short-lived transient events.

4. Gaussian White Noise (GWN): continuous stochastic perturbation in

window i:

X̃
(i)
c,t = X

(i)
nom,c,t + a · ϵc,t ·M (i)

c,t , ϵc,t ∼ N(0, 1), a =
√
δ, t = 1, . . . , w.

This perturbation applies stochastic noise to anomalous points only, as

indicated by the mask M (i), affecting the sequence while preserving the

dynamics of nominal points. It evaluates the autoencoder’s robustness to

random fluctuations.

Using these perturbation patterns, we can systematically analyze reconstruction

errors and sensitivity of autoencoder models across different anomaly types,

durations, and amplitudes. Each anomaly type can be applied independently or

simultaneously across multiple channels. The injection process consists of the

following steps:

1. Target channel selection: One or more channels are selected for pertur-

bation, either randomly to simulate unexpected failures or deterministically

to study specific sensor or subsystem vulnerabilities.

2. Anomaly localization and duration: For localized anomalies, such as

step changes or impulse spikes, both the position within the temporal window

and the duration of the anomaly are explicitly specified, allowing precise

control over its temporal extent.

3. Anomaly amplitude scaling: The perturbation magnitude δ is selected

based on domain knowledge or experimental design. Multiple amplitude
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levels can be considered to evaluate detection sensitivity under varying

anomaly severities.

4. Preprocessing consistency enforcement: To ensure compatibility with

the model’s input distribution, the anomalous window is first denormalized,

optionally smoothed, and then re-normalized using the same two-scaler

preprocessing pipeline applied during training.

5. Label generation: Binary labels are assigned at the time-step level, with

injected samples marked as anomalous and all remaining points labeled as

normal, enabling detailed evaluation of detection performance.

This injection strategy ensures controlled, realistic, and reproducible anomaly

generation.

4.2 Semi-Supervised Approaches

Detecting anomalies in multivariate time series is challenging because anomalous

events are rare, diverse, and context-dependent. Semi-supervised approaches

address this by modeling normal behavior, so that any observation deviating from

the learned patterns is identified as potentially anomalous, even in the absence

of labeled anomalous data. This approach ensures that the model captures the

essential characteristics of the system under normal operation, enabling reliable

detection of anomalous events when labeled anomalies are limited or unavailable.

4.2.1 Learning from normal behavior

Let xt ∈ Rd denote the multivariate observation at time t, where d is the number

of channels and t = 1, . . . , T indexes the full set of observations in the dataset.
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Our goal is to estimate the distribution of normal system behavior,

ρnormal(x),

using only the subset of observations assumed to be nominal, i.e., corresponding

to normal operation:

{xt}Ttrain
t=1 ∼ ρnormal(x),

where Ttrain ≤ T denotes the number of time steps in this training set of normal

observations. An anomaly score s(x) is then defined such that:

s(x) =

low, if x ∼ ρnormal

high, if x ̸∼ ρnormal

.

In reconstruction-based approaches, such as autoencoders, s(x) is commonly

defined as the reconstruction error:

s(x) = ∥x− x̂∥22,

where x̂ is the model’s reconstruction of x.

4.3 Model Architectures

This section presents the architectures of one-dimensional convolutional autoen-

coders (Fig-4.5) used in this study. We introduce the fundamental components

of 1D CAEs, including convolutional layers, activation functions, and encod-

ing–decoding mechanisms. We then describe the internal hierarchical structure of

the models, highlighting how features are progressively extracted and compressed.

Finally, we focus on a CAE with controlled latent compression, explaining how the

latent dimensionality is regulated to retain essential information while removing

unnecessary information.
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4.3.1 1D Convolutional Autoencoders

One-dimensional convolutional autoencoders (1D CAEs) are designed to learn

compact and informative representations of multivariate temporal signals while

preserving the underlying temporal dependencies and inter-channel correlations.

Let X ∈ Rd×w denote an input signal with d channels and temporal length w. A 1D

convolutional autoencoder (CAE) consists of an encoder fθ : X ∈ Rd×w 7→ z ∈ Rdz

and a decoder gϕ : z ∈ Rdz 7→ X̂ ∈ Rd×w, such that

X̂ = gϕ(fθ(X)), (4.1)

where z is the latent representation and θ and ϕ denote the trainable parameters

of the encoder and decoder, respectively. The 1D CAEs achieve a hierarchical

abstraction of temporal signals, condensing information into a latent space while

maintaining the ability to accurately reconstruct complex multivariate sequences.

Encoder. The encoder fθ transforms the raw input signal into progressively

abstract feature maps. Each layer applies a set of learned operations:

H(ℓ)
enc = σ

(
W(ℓ)

enc ∗H(ℓ−1)
enc + b(ℓ)

enc

)
, ℓ = 1, . . . , L, (4.2)

where H
(0)
enc = X, ∗ denotes 1D convolution along the temporal dimension, and σ(·)

is a non-linear activation function. In the first layer, ℓ = 1, W
(1)
enc contains learned

weight vectors that slide along the input signal to detect patterns over time and

across channels. Each weight vector learns which combinations of input values

are important for representing the signal. The bias term b
(1)
enc is added to the

output of each weight vector before applying the non-linear activation function.

Optionally, a pooling operation P (·) reduces the temporal resolution:

H
(ℓ)
pooled = P

(
H(ℓ)

enc

)
, (4.3)
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Input
1D Multi-channel Signal

Encoder 1D
Conv1D + BN + ELU or RELU + MaxPool1D

Flatten + Linear
Latent Space

Decoder 1D
ConvTranspose1D + BN + ELU or RELU + Conv1D

Output
Reconstructed Signal

Figure 4.5: 1D Convolutional Autoencoder.

which introduces a structural bottleneck and makes the representation more robust

to small shifts in time. Each layer of the encoder progressively abstracts the input:

• Lower layers (ℓ≪ L): Capture fine-grained temporal structures such as

peaks, rapid oscillations, and local inter-channel correlations.

• Intermediate layers: Integrate information over larger temporal win-

dows, capturing medium-range dependencies and emergent patterns across

channels.

• Higher layers (ℓ ≈ L): Encode global temporal structures, long-term

trends, and high-level correlations, effectively condensing information for

the latent space.
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Latent Space. The latent space z ∈ Rdz provides a compact representation of

the input signal:

z = W(L)
enc vec(H

(L)
enc) + b(L)

enc, (4.4)

where vec(·) flattens the encoder’s feature maps into a one-dimensional vector.

The latent vector z consolidates the hierarchical features extracted by the encoder

into a single vector, retaining the most relevant information for reconstruction.

This compact representation facilitates both efficient signal reconstruction and

learning of the essential structure of the input.

Decoder. The decoder gϕ reconstructs the input signal from the latent vector

z ∈ Rdz . To begin, the latent vector is transformed and reshaped into a tensor

suitable for the decoder’s convolutional layers:

H
(L+1)
dec = reshape(W

(L+1)
dec z+ b

(L+1)
dec ), (4.5)

where W
(L+1)
dec ∈ RdL+1×dz and b

(L+1)
dec ∈ RdL+1 are the weights and biases of the

first decoder layer. The dimension dL+1 is chosen so that the reshaped tensor

matches the input size expected by the first convolutional layer of the decoder.

The intermediate decoder layers, indexed from ℓ = L+ 2 to ℓ = L+D, apply 1D

convolutions along the temporal dimension to progressively reconstruct the signal:

H
(ℓ)
dec = σ

(
W

(ℓ)
dec ∗H

(ℓ−1)
dec + b

(ℓ)
dec

)
, (4.6)

where W
(ℓ)
dec are the learned weight vectors and b

(ℓ)
dec are the corresponding bias

vectors. Finally, the output layer, indexed as L+D + 1, maps the last decoder

feature map to the reconstructed signal:

X̂ = W
(L+D+1)
dec ∗H(L+D)

dec + b
(L+D+1)
dec , (4.7)
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where W
(L+D+1)
dec and b

(L+D+1)
dec are the weights and biases that produce the

final reconstruction with the same dimensions as the original input X. This

indexing ensures that the decoder layers directly follow the encoder layers, with

L+ 1 corresponding to the initial reshape, L+ 2 to L+D to the intermediate

convolutional layers, and L+D + 1 to the output layer. Each weight vector and

bias in the decoder is learned during training to progressively expand the latent

representation while preserving the essential features captured by the encoder.

1D Convolutional Autoencoder with Controlled Latent Compression.

As introduced in Section 4.3.1, the encoder and decoder define the basic 1D

convolutional autoencoder architecture. In this section, we focus exclusively on

the controlled latent compression. The latent dimension is defined through a

compression factor α ⩾ 1:

dz =
d · w
α

.

When α = 1, the latent space has the same dimension as the input. For α > 1, a

bottleneck is created, ensuring that the model retains only the most important

features and discards redundancy. This controlled latent compression ensures that

the autoencoder focuses on the most relevant features, enhancing generalization

while still allowing for efficient reconstruction.

Baseline Model without Latent Space. As a baseline, we consider a 1D con-

volutional autoencoder without a latent space. In this setup, the encoder outputs

a representation that has the same size as the input, without any dimensionality

reduction or bottleneck. All features, including redundant information, are pre-

served and passed directly to the decoder. This baseline provides a reference point

to evaluate how introducing a compressed latent space affects feature selection

and reconstruction quality.
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Hyperparameters. The performance and hierarchical feature extraction capa-

bilities of 1D CAEs are influenced by several hyperparameters such as :

• Window size w: Determines the temporal context captured by each

convolution.

• Number of layers L and D: Defines the depth of the encoder and decoder,

controlling the degree of abstraction.

• Kernel size (k): Influences the receptive field of each convolution. Larger

kernels capture longer temporal patterns at the expense of local resolution,

while smaller kernels emphasize fine-grained structures.

• Pooling strategy and stride: Pooling (e.g., max-pooling) reduces tem-

poral resolution and enforces a structural bottleneck. The pooling size

determines how many elements are summarized at each step, while the

stride controls the step of the operation, affecting downsampling rate and

the overlap between consecutive windows.

• Latent dimension dz and compression factor α: Govern the trade-off

between information retention and model generalization.

• Activation functions and normalization: Influence stability, gradient

flow, and the ability to model non-linear temporal dependencies.

4.4 Adversarial attacks of Anomalous Points

In this section, we study adversarial perturbations that specifically target anoma-

lous points within a signal segment with the intention of leaving nominal points

unchanged [Goodge et al., 2021]. This allows controlled experimentation on how

anomalies influence the model’s predictions. Each temporal window extracted
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from the multivariate time series is represented as a matrix X(i) ∈ Rd×w. The

index i denotes the position of the window in the sequence. When a window

contains only nominal (non-anomalous) observations, it is denoted X
(i)
nom, where

the subscript nom indicates that the window follows the distribution of normal

system behavior. Thus, X(i) is the general notation for any window, while X
(i)
nom

specifically refers to windows assumed to be normal. To indicate the temporal

location of anomalies within a window, we define a binary vector y(i) ∈ {0, 1}w,

where y
(i)
t = 1 if time step t in window i is anomalous, and y

(i)
t = 0 if it is nominal.

Let

A(i) = { t ∈ {1, . . . , w} | y(i)t = 1 }

denote the set of anomalous time indices within window i. For each anomalous

window X(i) with i ∈ Wa (the set of anomalous window indices), we define a

binary mask M(i) ∈ {0, 1}d×w specifying the locations of points to perturb:

M
(i)
c,t =

1, if t ∈ A(i) (anomalous),

0, otherwise,

∀c = 1, . . . , d.

Let η(i) ∈ Rd×w denote the perturbation tensor. The effective perturbation is

obtained via element-wise multiplication with the mask:

η̃(i) = M(i) ⊙ η(i), η̃
(i)
c,t = M

(i)
c,t η

(i)
c,t .

The perturbed window is then

X̃(i) = X(i) + η̃(i),

so that only the anomalous points in the window are modified, while the nominal

points remain unchanged.

1. Random Attack: Small stochastic perturbations are applied exclusively
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to the anomalous points within each window. For each anomalous window

X(i) with i ∈Wa, a random tensor η(i) ∈ Rd×w is drawn from a zero-mean

Gaussian distribution:

η(i) ∼ N(0, σ2I),

where σ controls the perturbation magnitude and I is the identity matrix.

The effective perturbation is then masked to affect only anomalous points:

η̃(i) = M(i) ⊙ η(i),

and the perturbed window is obtained as

X̃(i) = X(i) + η̃(i).

2. Gradient-Based ℓ2 Attack: This attack uses the gradient of the autoen-

coder’s reconstruction loss to iteratively perturb only the anomalous points.

Let fθ denote the autoencoder parameterized by θ, and Wa the set of indices

of anomalous windows. For each anomalous window X(i) with i ∈Wa, the

objective function is

L(θ) =
∑
i∈Wa

∥∥fθ(X(i))−X(i)
∥∥2
2
,

where L(θ) explicitly depends on the autoencoder parameters θ. The gradient

with respect to the input is masked to affect only anomalous points:

∇X(i) ←M(i) ⊙∇X(i), i ∈Wa.

The adversarial update rule is then

X̃(i) ← X(i) − α∇X(i), i ∈Wa,
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where α is the step size. A relative perturbation budget β can be enforced

for each window: ∑
|X̃(i) −X(i)|∑
|X(i)|

⩽ β, i ∈Wa.

This framework allows a systematic study of how controlled perturbations on

anomalous points affect the autoencoder’s robustness.

4.5 Evaluations

The evaluation of semi-supervised anomaly detection models is critical for assessing

their reliability and sensitivity in industrial time series. Due to the rarity and

heterogeneity of anomalies, a comprehensive evaluation strategy must carefully

consider reconstruction errors and the model’s ability to detect deviations from

normal patterns.

4.5.1 Error Computation

During training and validation, the network is optimized using a reconstruction

loss computed over each input window. Let X(i) ∈ Rd×w denote the i-th window

extracted from the time series, and X̂(i) its reconstruction. Here, i = 1, . . . , N

indexes the temporal windows, c = 1, . . . , d indexes the channels, and t = 1, . . . , w

indexes the points within each window. The reconstruction loss for a window is

computed as

1

d · w

d∑
c=1

w∑
t=1

ℓ
(
X

(i)
c,t , X̂

(i)
c,t

)
,

where ℓ(x, x̂) is the squared error during training and the absolute error during

validation. This provides a consistent reconstruction error metric across all

windows and phases. Because overlapping windows are used during inference, each

time point in the original series may belong to multiple windows. Reconstruction

errors are aggregated across all windows that contain a given time point to produce
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a single anomaly score per point in the time series.

4.5.2 Metrics for Quantitative Evaluation

To rigorously assess the performance of anomaly detection models, a set of comple-

mentary metrics is computed both per anomaly type and across channels. These

metrics quantify the model’s ability to correctly identify anomalous time points

while minimizing false alarms, which is critical in industrial applications where

undetected failures and false alerts can have significant operational consequences.

Let TP, FP, and FN denote the number of true positives, false positives, and false

negatives, respectively, computed at the sample level.

• Precision (P): Measures the proportion of correctly detected anomalies

among all predicted anomalies.

P =
TP

TP + FP
.

• Recall (R): Measures the proportion of true anomalies that are correctly

detected.

R =
TP

TP + FN
.

• F1-score: The harmonic mean of Precision and Recall, providing a balanced

measure of detection performance.

F1 = 2 · P ·R
P +R

.

• F0.5-score: A weighted harmonic mean of precision (P ) and recall (R),

giving more weight to precision. In time-series anomaly detection, it is

usually computed per timestamp, so longer anomalies contribute more since
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each point is counted individually:

F0.5 = (1 + 0.52) · P ·R
0.52 · P +R

.

This is the standard F0.5 definition without event-based adjustments.

• Area Under the ROC Curve (AUC-ROC): The AUC-ROC is the area

under the Receiver Operating Characteristic (ROC) curve, which plots the

true positive rate (TPR) against the false positive rate (FPR) as the decision

threshold τ varies. Formally, it can be expressed as the probability that

a randomly chosen anomalous point x+ has a higher anomaly score s(x+)

than a randomly chosen normal point x−:

AUC-ROC = Pr
(
s(x+) > s(x−)

)
, x+ ∼ anomalous, x− ∼ normal.

This metric is threshold-independent and evaluates the model’s ability to

separate normal and anomalous points across all possible thresholds.

These metrics together provide a comprehensive evaluation framework, enabling

analysis of both overall detection capability and the trade-offs between sensitivity

and specificity. They are particularly useful for comparing model performance

across different anomaly types, channels, and severity levels.

4.5.3 Channel-wise Detection and Thresholding

Anomaly detection is performed independently for each channel. Let s
(c)
t ∈ R

denote the anomaly score at time t for channel c. For each channel, a percentile-

based threshold τc is computed from the distribution of training scores:

τc = Percentilep

(
{s(c)t | t ∈ training set}

)
,
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where p is selected to maximize the F1-score on the validation set. A time point t

is classified as anomalous for channel c if:

ŷ
(c)
t =

1, s
(c)
t > τc,

0, otherwise.

The final prediction at time t is obtained by aggregating channel-wise decisions

using a logical OR operation:

ŷt =
d∨

c=1

ŷ
(c)
t .

Thus, an anomaly detected in any individual channel is sufficient to trigger an

alert at the corresponding time step.

4.5.4 Evaluation Using Synthetic and Real Anomalies

Model evaluation is conducted by treating synthetic anomalies and real anomalies

as two distinct and independent cases, each serving a specific purpose within the

assessment process.

1. Synthetic anomalies: Controlled perturbations, including constant shifts,

step changes, impulse spikes, and stochastic noise are injected into the

validation and test windows (see Section 4.1.3). These artificially generated

anomalies enable a systematic and detailed analysis of model behavior,

allowing threshold calibration, evaluation of sensitivity to different anomaly

types and amplitudes, and channel-wise performance assessment under fully

controlled conditions.

2. Real anomalies: The original anomalous events in the ESA-ADB dataset

are kept intact, without any synthetic anomalies, and used exclusively in the

validation and test sets. They represent actual anomalous behaviors observed

in real industrial operations. Evaluating on these original anomalies ensures
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that performance improvements observed under controlled experiments

generalize to complex and unpredictable real-world conditions.

For each anomaly type, performance metrics are computed independently per

channel and then aggregated to provide an overall assessment.

4.6 Experimental Results

As described in Section 4.1, the experiments conducted in this thesis are based on

real multivariate temporal data from the European Space Agency (ESA). These

data originate from critical space systems, with heterogeneous sensor dynamics

and rare but significant anomalies. The detailed dataset description, including

anomaly proportions and temporal structure, is provided in Section 4.1.1. Two

configurations of one-dimensional convolutional autoencoders (1D CAEs) are

evaluated:

• A baseline model without a dedicated latent space.

• A model with a controlled latent space, where the dimensionality dz is

explicitly constrained using a compression factor α.

All experiments are performed on an Intel Xeon Gold 6248R CPU with NVIDIA

Tesla V100 GPU and 128 GB RAM. Random seeds are fixed to ensure repro-

ducibility, and model weights are initialized identically across runs.

4.6.1 The baseline model

For the baseline model without latent space, each temporal window contains

w = 64 time steps and d = 6 input channels (features). Consecutive windows have

a 50% overlap, and each sequence is divided into S = 12 segments, of which 10

are randomly assigned to the training set, 1 to the validation set, and 1 to the test
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set. The model is trained in batches of size B = 64 over MAX EPOCHS = 10

epochs with a learning rate η = 3 × 10−4. To smooth reconstruction errors, a

smoothing window of 5 is applied. The encoder consists of L = 3 convolutional

layers with kernel size k = 3, each followed by ReLU activations and max-pooling.

The decoder mirrors this structure with D = 3 transposed convolutional layers

and a final convolution to reconstruct the input.

Table 4.2: Summary of temporal window creation, segment selection, and filtering
of anomalous windows for the new training set, derived from the ESA Kaggle
training data (Table 4.1). The naturally occurring anomalies are retained in the
validation and test sets, and no synthetic anomalies are injected.

Description Count

Temporal windows created from Kaggle training data
Windows shape (460,260, 6, 64)
Total windows 460.260

Segment selection
Training windows 383.550
Validation set 38.355
Test set 38.355

Filtering anomalous windows from training only
Total training windows 383.550
Normal windows for training 345.026
Anomalous windows excluded from training 38.524

Channel-Wise Threshold Optimization. A key feature of the proposed ap-

proach is the use of channel-wise detection thresholds (Sections 4.5.3). Each sensor

channel has an independently optimized threshold τ to account for channel-specific

variations in noise, sensitivity, and signal dynamics. The threshold optimization

was performed on an independent validation segment by maximizing the F0.5-

score, which emphasizes precision over recall. This is particularly relevant for ESA

systems, where false positives can have significant operational consequences. The
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optimal average threshold was found to be τ = 6.0, providing a robust balance

between anomaly detection sensitivity and false alarm limitation. The channel-

wise approach is advantageous in multivariate settings, as certain sensors may

have higher noise levels or different dynamic ranges, making a global threshold

suboptimal.

Evaluation on a Test Segment Derived from Kaggle Training Data.

The model was evaluated on a test segment obtained by splitting the ESA

Kaggle training data (Table 4.2), which provides labeled samples for performance

assessment. A simplified preprocessing pipeline was applied, including temporal

smoothing, robust normalization, and sliding-window segmentation. Channel-

wise performance metrics on this split test segment are summarized in Table 4.3.

The confusion matrix for this evaluation is shown in Fig-4.6, providing a visual

F0.5-score F1-score Precision Recall AUC ROC
0.7544 0.5516 0.9993 0.3810 0.6886

Table 4.3: Performance of the model on the test segment derived from the ESA
Kaggle training data.

overview of model predictions on the labeled segment. These results in Table 4.3

indicate that the model achieves extremely high precision, meaning that nearly

all detected anomalies correspond to true abnormal events, a crucial property for

ESA operational systems. The recall is moderate, suggesting that some subtle

anomalies may remain undetected. This reflects the model’s conservative detection

strategy optimized for the F0.5-score. Overall, the AUC ROC demonstrates that

the model effectively differentiates between normal and anomalous behavior across

multiple sensor channels.

Generalization to Kaggle Test Data. The autoencoder model was applied

to the Kaggle ESA test set, which contains 521.280 observations and is completely
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Figure 4.6: Confusion matrix showing the model’s performance on the test segment
derived from the ESA Kaggle training data.

unlabeled, meaning that the true anomaly locations are not provided (Table 4.1).

Of these observations, 6.528 points (≈ 1.25%) were detected as anomalous by the

model. The resulting submission achieved a public leaderboard score of 83% using

the Corrected event-wise F0.5-score, the official evaluation metric. The Corrected

event-wise F0.5-score, introduced by Sehili & Zhang [El Amine Sehili and Zhang,

2023] and adopted as a primary metric in the ESA-ADB benchmark [Kotowski

et al., 2024], is a harmonic mean of corrected event-wise precision and event-wise

recall, giving precision twice the weight of recall. Event-wise precision and recall

treat each continuous anomalous segment as a single event, regardless of its size.

The result demonstrates strong performance on the publicly evaluated portion

of unseen data. On the private leaderboard, which evaluates the model on a

separate, non-public portion of the test set and provides a more reliable estimate

of generalization, the model obtained a score of 67.5%. This evaluation highlights

both the strengths and limitations of the proposed approach. While the high
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public score confirms the model’s ability to capture dominant anomaly patterns,

the lower private score underscores the challenge of generalizing to fully unseen

signal distributions.

Evaluation Results on Injected Anomalies. We evaluated the model’s

performance on the validation and test sets obtained by splitting the ESA Kaggle

training data, applying synthetic anomalies to both sets. The validation and

test segments were chosen to be relatively close in distribution to each other,

avoiding large discrepancies that could artificially degrade performance. The types

of injected anomalies include Constant, Step, Impulse, and Gaussian White Noise

(GWN), as described in Section 4.1.3. Each anomaly is applied to a randomly

selected channel within the input window, enabling controlled and localized

perturbations. Using the strategies described in Section 4.1.3, Table 4.5 and Table

4.6 summarize the performance metrics on the validation and test sets (Table 4.4),

respectively. The metrics include F0.5, F1, Precision, Recall, and AUC.

Table 4.5: Performance on the validation set obtained from the ESA Kaggle
training data for different anomaly injection strategies.

Perturbation F0.5 F1 Precision Recall AUC

Constant 0.7128 0.7971 0.6659 0.9926 0.9221
Step 0.3882 0.4356 0.3619 0.5470 0.8638
Impulse 0.0147 0.0229 0.0119 0.3081 0.8197
GWN 0.7144 0.7992 0.6672 0.9964 0.9477

The results on the validation set (Table 4.5) show that the model performs

best on Constant and GWN anomalies, achieving the highest F1 and F0.5 scores.

Detection behavior differs between these two types. Constant anomalies are

identified with very high precision but lower recall, indicating a conservative

strategy that flags fewer points with high confidence. GWN anomalies, in contrast,

exhibit extremely high recall but lower precision, meaning most anomalous points
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Table 4.4: Summary of temporal window creation, segment selection, and normal
windows after filtering anomalies for the new training set, as well as windows after
anomaly injection for the validation and test sets derived from the ESA Kaggle
training data.

Description Count

Temporal windows created
Windows shape (460,260, 6, 64)
Total windows 460.260

Segment selection
Training windows 383.550
Validation set 38.355
Test set 38.355

Normal windows after filtering anomalies
Training set 345.026
Validation set 33.336
Test set 33.336

Windows after anomaly injection
Validation set 66,672
Test set 66,672

are detected at the cost of more false positives. Step anomalies show moderate

recall and relatively low precision, leading to modest overall scores. Impulse

anomalies remain the most challenging, with very low F1 and F0.5 scores despite

moderate recall, reflecting the difficulty of detecting brief, transient events where

false positives dominate.

Table 4.6: Performance on the test set obtained from the ESA Kaggle training
data for different anomaly injection strategies.

Perturbation F0.5 F1 Precision Recall AUC

Constant 0.7133 0.7977 0.6662 0.9939 0.9385
Step 0.3884 0.4402 0.3602 0.5660 0.8892
Impulse 0.0145 0.0226 0.0117 0.3230 0.8501
GWN 0.7144 0.7992 0.6672 0.9963 0.9577
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The test set results (Table 4.6) largely confirm the validation trends. Per-

formance remains strong for Constant and GWN anomalies, maintaining the

complementary precision and recall profiles observed in validation. Step anomalies

continue to show moderate detectability, while Impulse anomalies remain difficult

to detect, producing very low precision and overall scores despite non-negligible

recall. The similarity between validation and test outcomes suggests stable model

behavior across datasets. These results provide a detailed understanding of the

model’s behavior on injected anomalies, emphasizing its strengths and limitations

across different anomaly types. Building on this analysis, we now explore a con-

trolled latent space approach, which aims to further enhance anomaly detection by

structuring the representation space for more robust and interpretable detection.

4.6.2 Controlled Latent Space Model

For the enhanced model with latent compression, each temporal window X ∈ Rd×w

is projected into a latent vector z ∈ Rdz , enforcing a bottleneck that retains

only the most informative features. The architecture extends the baseline 1D

convolutional autoencoder with a bottleneck between the encoder and decoder.

The encoder compresses the input through L convolutional layers (kernel size

k = 5) with ELU activations, batch normalization, and max-pooling (stride

equal to pooling size). Each sequence is split into S = 12 segments. Using the

labeled Kaggle training data, 10 segments are randomly assigned to training, 1 to

validation, and 1 to testing. Consecutive windows have a 50% overlap. Synthetic

anomalies are injected on a randomly selected channel within each window,

allowing controlled, localized perturbations. Training uses batch size B = 64 over

MAX EPOCHS = 10 with learning rate η = 3× 10−4, and a Savitzky-Golay filter

(smoothing window is 3, polyorder 2) is applied to smooth reconstruction errors.

We systematically vary the compression factor α ∈ {1, 2, 4, 16, 32, 64, 128, 192, 384}
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as well as the number of layers in the encoder and decoder, L,D ∈ {2, 3}, to

study the trade-off between reconstruction fidelity and compactness of the latent

representation. The model is trained fully unsupervised using only nominal

windows. Over 10 epochs, the 3-layer CONV AE1D shows a rapid decrease in

training loss for low compression factors (1–4), reaching 0.006–0.008. Medium

compression (8–32) increases the final loss to 0.0096–0.0145, indicating that the

bottleneck begins to limit reconstruction. High compression (64–384) further

increases the loss (0.016–0.090) and slows convergence. The 2-layer model exhibits

a similar trend, with slightly lower loss at low compression (1 = 0.004875, 2 =

0.003914, 4 = 0.006174). Medium compression results in 0.00918–0.01456, and

high compression reaches 0.016–0.09957, comparable to the 3-layer model. Overall,

final loss increases with compression, particularly beyond factor 16. Factors 1–4

provide the best reconstruction, while factor 8 offers a good compromise between

compression and reconstruction quality. Loss decreases quickly in early epochs

before stabilizing. These reconstruction errors are then used for anomaly detection

on a per-sample and per-channel basis (Sections 4.5.1 and 4.5.3).

Table 4.7: Validation AUC for different compression factors and injection types
using the 2-layer 1D convolutional autoencoder.

Compression Factor Constant GWN Step Impulse

1 0.9710 0.9462 0.8886 0.8196
2 0.9259 0.9439 0.8651 0.8197
4 0.9547 0.9448 0.8788 0.8197
8 0.9597 0.9427 0.8820 0.8197
16 0.9457 0.9349 0.8738 0.8195
32 0.9420 0.9341 0.8730 0.8195
64 0.9399 0.9324 0.8727 0.8193
128 0.9386 0.9282 0.8705 0.8187
192 0.9338 0.9255 0.8683 0.8187
384 0.9221 0.9191 0.8621 0.8177
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Table 4.8: Test AUC for different compression factors and injection types using
the 2-layer 1D convolutional autoencoder.

Compression Factor Constant GWN Step Impulse

1 0.9764 0.9571 0.9088 0.8500
2 0.9414 0.9558 0.8903 0.8502
4 0.9632 0.9561 0.9010 0.8501
8 0.9674 0.9544 0.9036 0.8502
16 0.9575 0.9489 0.8976 0.8501
32 0.9546 0.9482 0.8969 0.8501
64 0.9524 0.9467 0.8965 0.8499
128 0.9510 0.9434 0.8945 0.8493
192 0.9463 0.9408 0.8923 0.8493
384 0.9390 0.9361 0.8879 0.8482

Tables 4.7 and 4.8 show AUC scores for the 2-layer CONV AE1D model. Con-

stant and GWN achieve high AUC values (validation: Constant 0.971, GWN

0.946; test: Constant 0.976, GWN 0.957), while Step and Impulse are lower, espe-

cially at extreme compressions (validation: Step 0.889–0.871, Impulse 0.820–0.818;

test: Step 0.909–0.895, Impulse 0.850–0.849). A compression factor of 8 bal-

ances performance, maintaining high AUC for Constant (validation 0.960, test

0.967) and GWN (validation 0.943, test 0.954), while improving Step (validation

0.882, test 0.904) and Impulse (validation 0.820, test 0.850), supporting accurate

reconstruction and anomaly detection.

Tables 4.9 and 4.10 show that a compression factor of 2 provides the best overall

balance across injection types. For Constant and GWN signals, AUC is highest

(Validation: 0.9678 and 0.9465; Test: 0.9743 and 0.9576). Step and Impulse also

improve compared with lower factors. Higher compression factors reduce AUC

for Constant and GWN without significant gains for Step or Impulse, confirming

that factor 2 is the optimal choice for 3-layer models.
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Table 4.9: Validation AUC for different compression factors and injection types
using the 3-layer 1D convolutional autoencoder.

Compression Factor Constant GWN Step Impulse

1 0.9459 0.9441 0.8745 0.8197
2 0.9678 0.9465 0.8863 0.8197
4 0.9632 0.9432 0.8834 0.8198
8 0.9476 0.9405 0.8751 0.8197
16 0.9439 0.9351 0.8735 0.8196
32 0.9432 0.9344 0.8735 0.8195
64 0.9390 0.9326 0.8725 0.8193
128 0.9389 0.9283 0.8706 0.8187
192 0.9343 0.9254 0.8683 0.8185
384 0.9197 0.9162 0.8598 0.8153

Table 4.10: Test AUC for different compression factors and injection types using
the 3-layer 1D convolutional autoencoder.

Compression Factor Constant GWN Step Impulse

1 0.9568 0.9555 0.8976 0.8501
2 0.9743 0.9576 0.9073 0.8501
4 0.9712 0.9550 0.9050 0.8502
8 0.9580 0.9527 0.8982 0.8502
16 0.9559 0.9488 0.8973 0.8501
32 0.9554 0.9484 0.8973 0.8501
64 0.9517 0.9468 0.8963 0.8499
128 0.9511 0.9435 0.8945 0.8493
192 0.9471 0.9410 0.8926 0.8493
384 0.9367 0.9342 0.8862 0.8468

4.6.3 Robustness evaluation.

We evaluated the robustness of the best-performing 2-layer and 3-layer 1D convo-

lutional autoencoders against adversarial attacks on the injections. Tables 4.11

and 4.12 report the main performance metrics on the validation and test sets,

both derived from the Kaggle ESA training data.

For the 2-layer autoencoder with a compression factor of 8 (Tables 4.11

90



4.6 Experimental Results

Table 4.11: AUC for Validation set obtained from the ESA Kaggle training
data with a 2-layer autoencoder (compression factor 8) under different anomaly
injections and adversarial attack settings.

Injection Injection only Random Attack
L2 Attack
(β = 20%)

Constant 0.9597 0.9594 0.9097
Step 0.8820 0.8817 0.8578
Impulse 0.8197 0.8197 0.8193
GWN 0.9427 0.9424 0.8941

Table 4.12: AUC for Test set obtained from the ESA Kaggle training data with a
2-layer autoencoder (compression factor 8) under different anomaly injections and
adversarial attack settings.

Injection Injection only Random Attack
L2 Attack
(β = 20%)

Constant 0.9674 0.9672 0.9285
Step 0.9036 0.9034 0.8844
Impulse 0.8502 0.8502 0.8498
GWN 0.9544 0.9541 0.9167

and 4.12), the model achieves high AUC across both validation and test sets,

demonstrating strong robustness in detecting injected anomalies. Constant and

GWN injections achieve the highest AUC (0.959–0.967), indicating that sustained

or stochastic anomalies are reliably detected, while Step and Impulse injections

have lower AUC (0.819–0.904), showing that abrupt or localized anomalies are

more challenging. Adversarial attacks moderately reduce performance. Random

attacks result in minimal drops across all injection types, whereas L2 attacks re-

duce AUC more noticeably for Constant, Step, and GWN injections, while Impulse

injections remain largely unaffected. Despite these reductions, the autoencoder

continues to detect the majority of anomalies correctly, confirming its robustness

under both normal anomaly injections and adversarially perturbed injections.

The 3-layer CONV AE1D model with a compression factor of 2 (Tables 4.13
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Table 4.13: AUC for Validation set obtained from the ESA Kaggle training data
for the CONV AE1D model with 3 layers and compression factor 2 under different
anomaly injections and adversarial attack settings

Injection Injection only Random Attack
L2 Attack
(β = 20%)

Constant 0.9678 0.9674 0.9017
Step 0.8863 0.8860 0.8540
Impulse 0.8197 0.8197 0.8191
GWN 0.9465 0.9459 0.8775

Table 4.14: AUC for Test set obtained from the ESA Kaggle training data for
the CONV AE1D model with 3 layers and compression factor 2 under different
anomaly injections and adversarial attack settings

Injection Injection only Random Attack
L2 Attack
(β = 20%)

Constant 0.9743 0.9740 0.9221
Step 0.9073 0.9070 0.8812
Impulse 0.8501 0.8501 0.8496
GWN 0.9576 0.9572 0.9035

and 4.14) achieves high AUC across both validation and test sets, indicating

effective detection of injected anomalies. For the ”Injection only” scenario, AUC

is highest for Constant and GWN injections (0.946–0.974) and lower for Step

and Impulse injections (0.819–0.907), suggesting that sustained or stochastic

anomalies are reliably detected, while abrupt or localized anomalies are more

challenging. Random adversarial attacks have a negligible impact on performance,

with only minimal drops in AUC across all injection types. L2 attacks, at β = 20%,

reduce AUC notably for Constant, Step, and GWN injections, while Impulse

injections remain largely unaffected. Despite these reductions, the autoencoder

still detects the majority of anomalies correctly, demonstrating robustness to ad-

versarial perturbations applied to injected anomalies. Comparing the 2-layer and

3-layer CONV AE1D models reveals a trade-off between reconstruction quality
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and robustness. The 3-layer model with compression factor 2 achieves higher AUC

under Injection only conditions (0.946–0.974) than the 2-layer model with higher

compression (0.819–0.967), indicating better reconstruction of normal patterns

and stronger detection of injected anomalies. However, when adversarial attacks

are applied to the injected anomalies, the 2-layer model shows slightly smaller

decreases in AUC, especially under strong L2 attacks (β = 20%), suggesting it

is more stable under perturbations. The 3-layer model, while achieving higher

baseline AUC, experiences larger drops for abrupt or localized anomalies (Step

and Impulse) under adversarial perturbations. Overall, the 3-layer model is more

accurate on clean injected anomalies, whereas the 2-layer model is relatively more

robust to adversarial and injection-type perturbations, highlighting a trade-off

between detection performance and robustness

Summary The experiments in this chapter cover three distinct evaluation

settings. Table 4.15 separates the conclusions supported by each setting and

indicates which rely on real ESA anomalies and which are based only on synthetic

injections.

All experiments reported above use a six channel subset extracted from one of the

three ESA ADB subsystems, specifically the subsystem that contains the highest

number of labeled anomalies. As reported by Kotowski et al. [2024], performance

on the full set of channels is substantially worse than on reduced channel subsets.

The authors attribute this to the higher dimensionality, the presence of many

subtle events, and an increased chance of false detections. Consequently, the

quantitative results obtained on our six channel subset (e.g., AUC and optimal

compression factors) do not necessarily transfer to the full benchmark. However,

the qualitative conclusions, that autoencoders with a controlled latent space

can detect Constant and GWN anomalies effectively, that Impulse anomalies
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Table 4.15: Summary of conclusions per evaluation setting.

Evaluation setting Supported conclusions

Real ESA anomalies A 1D convolutional autoencoder with channel-wise
thresholding can detect real spacecraft anomalies on
a six-channel subsystem. The resulting conservative
strategy achieves very high precision (0.999) and a
public leaderboard score of 83% (67.5% on the private
test set). This conclusion is supported by real anno-
tated anomalies in ESA telemetry data.

Synthetic injected
anomalies

Detection performance depends strongly on anomaly
type. It is high for Constant and GWN (AUC 0.94–
0.97), moderate for Step (0.88–0.91), and lower for
Impulse (0.82–0.85). Introducing a controlled latent
space (compression factor 2 or 8) improves perfor-
mance for Constant and GWN compared to a model
without bottleneck. These results are obtained from
synthetic anomaly injections.

Adversarially perturbed
injections

Adversarial perturbations moderately reduce AUC
for Constant, Step, and GWN anomalies, while Im-
pulse anomalies remain largely unaffected. The 2-layer
autoencoder with compression factor 8 shows higher
robustness than the 3-layer model with compression
factor 2, indicating a trade-off between baseline accu-
racy and adversarial robustness. These conclusions
are based on adversarially perturbed synthetic data.

remain difficult, and that adversarial attacks cause moderate degradation, are

expected to hold in other settings as well, as they reflect fundamental properties

of reconstruction based detectors. Future work should validate these findings

directly on the full benchmark and across all three subsystems.

4.7 Conclusions

We evaluated 2-layer and 3-layer 1D convolutional autoencoders for anomaly detec-

tion on ESA sensor data, considering various anomaly injections and adversarial
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attacks applied to these injections. The 3-layer model with a lower compression

factor achieves the highest AUC for Constant and GWN injections, demonstrating

strong reconstruction capabilities and reliable detection of sustained or stochastic

anomalies. However, its performance decreases more under L2 adversarial attacks,

particularly for Constant, Step, and GWN injections, indicating higher sensitivity

to perturbations. The 2-layer model with a higher compression factor achieves

slightly lower AUC on clean injected anomalies but maintains more consistent

detection under L2 adversarial attacks, reflecting greater robustness. Both models

reliably detect Constant and GWN injections, while Step and Impulse produce

moderate reductions in detection performance. These results show that deeper

models improve anomaly reconstruction and detection confidence but are more

affected by adversarial perturbations, whereas shallower models are more stable

under attacks but may miss subtle or localized anomalies. Future work will

explore adversarial defenses, hybrid temporal or graph-based architectures, online

adaptation strategies, and integration with FDIR techniques to further improve

operational anomaly detection.
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Chapter 5

Conclusions

This thesis investigated two complementary challenges related to robustness in

machine learning. In the first part, we studied kernel ridge regression (KRR)

when the training and test distributions differ, a situation commonly known as

covariate shift. By leveraging random projection techniques, particularly the

Nyström method, we showed that computational cost can be drastically reduced

while maintaining predictive accuracy. New statistical bounds for the compressed

Nyström estimator were derived, demonstrating that it preserves the optimal

guarantees of the full weighted KRR solution even in the presence of distribu-

tional mismatches and potentially unbounded importance weights. Empirical

evaluations on synthetic and real-world datasets confirmed that KRR can achieve

both efficiency and robustness. In the second part, we focused on robust anomaly

detection for multivariate time series in satellite telemetry. We used the Controlled

Latent Space Model (CLSM), a semi-supervised 1D convolutional autoencoder

that compresses temporal windows into a structured latent space. The CLSM

learns normal operational patterns and detects anomalies without requiring la-

beled data. Its performance was evaluated on naturally occurring anomalies and

under adversarial attacks applied on injected anomalies. The 3-layer CLSM with

a compression factor of 2 achieves the highest AUC on injected anomalies, demon-
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strating strong reconstruction and reliable detection of sustained or stochastic

anomalies. Its performance decreases under adversarial attacks, particularly for

abrupt or localized anomalies, indicating sensitivity to perturbations on injected

anomalies. The 2-layer CLSM with a compression factor of 8 achieves slightly

lower AUC on clean injected anomalies but maintains more consistent performance

under adversarial attacks, reflecting moderate robustness. These results highlight

a trade-off between model depth, compression factor, and robustness. Deeper

models improve anomaly reconstruction and detection confidence but are more

affected by perturbations, whereas shallower models are more stable under attacks

on injected anomalies but may miss subtle or localized anomalies. The unifying

theme of this work is robustness: in KRR, robustness ensures reliable predic-

tions despite shifts in input distributions, while in anomaly detection, robustness

guarantees stable detection under adversarial or challenging conditions. Future

research directions include the integration of advanced adversarial defenses, hybrid

temporal or graph-based models, online learning for evolving telemetry streams,

and incorporation of FDIR (Fault Detection, Isolation, and Recovery) strategies

to enhance operational resilience.
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Appendix A

Appendix

A.1 Derivation of the estimators

We define some quantities we will need when deriving our estimators. Following

Section 3.2, we define the sampling operator Ẑm : H→ Rm associated with the

subset {x̃1, . . . , x̃m} ⊂ {x1, . . . , xn} as

Ẑm : Hm → Rm, (Ẑmf) = ⟨f,Kx̃i
⟩Hm , (A.1)

with its adjoint

Ẑ∗
m : Rm → Hm, Ẑ∗

mc̃ =
m∑
i=1

c̃iKx̃i
, ∀c̃ ∈ Rm. (A.2)

Moreover, consider the singular value decomposition (SVD) of Ẑm and Ẑ∗
m

Ẑm = UDV ∗, Ẑ∗
m = V DU∗

with U : Rk → Rm, D : Rk → Rk the diagonal matrix of singular values sorted in

non-decreasing order D = diag(σ1, ..., σt) with σ1 ⩾ ... ⩾ σk > 0, V : Rk → H̃m,

k ⩽ m such that U∗U = Ik and V ∗V = Ik. The projection operator with range

Hm is given by Pm = V V ∗. We used this fact in Section 3.4. We derive an

expression for the KRR minimizer when considering IW correction and Nyström
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A.1 Derivation of the estimators

approximation.

Lemma 1 (NyströmW-KRR estimator). Given the minimization problem in (3.12),
the unique minimizer can be written as

f̂w
λ,m = V (V ∗Ŝ∗M̂wŜV + λI)−1V ∗Ŝ∗M̂wŷ (A.3)

where λ > 0, ŷ = (y1, ..., yn)
T and the matrix M̂w = diag(w(x1), ..., w(xn)).

Proof. Eq. (3.12) can be rewritten as∥∥∥M̂ 1
2
w (ŜPmf − ŷ)

∥∥∥2 = (M̂ 1
2
w (ŜPmf − ŷ)

)T (
M̂

1
2
w (ŜPmf − ŷ)

)
. (A.4)

Using first-order condition we have that

2

n
PmŜ

∗M̂wŜPmf̂
w
λ,m −

2

n
PmŜ

∗M̂wŷ + 2λf̂w
λ,m = 0, (A.5)

that is
(PmŜ

∗M̂wŜPm + λnI)f̂w
λ,m = PmŜ

∗M̂wŷ. (A.6)

Replacing Pm = V V ∗ we obtain

V (V ∗Ŝ∗M̂wŜV + λnI)V ∗f̂w
λ,m = V V ∗Ŝ∗M̂wŷ. (A.7)

Multiplying both sides by V ∗ and using that (V ∗Ŝ∗M̂wŜV + λnI) is invertible,
we obtain

V ∗f̂w
λ,m = (V ∗Ŝ∗M̂wŜV + λnI)−1V ∗Ŝ∗M̂wŷ. (A.8)

The result is obtained multiplying both side by V and remembering that f̂w
λ,m ∈

Hm.

We can express our estimator in an alternative form which will be useful in

the actual implementation of the algorithm.

Lemma 2 (Nyström W-KRR estimator, representer theorem form). The above

minimizer f̂w
λ,m can be also written as

f̂w
λ,m(x) =

m∑
i=1

c̃wi K(x̃i, x), c̃w = (K̂T
nmM̂wK̂nm + nλK̂mm)

−1K̂T
nmM̂wŷ (A.9)

where K̂nm = ŜẐ∗
m ∈ Rn×m, (K̂nm)ij = K(xi, x̃j) and K̂mm = ẐmẐ

∗
m ∈ Rm×m,

(K̂mm)ij = K(x̃i, x̃j).
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A.2 Propositions and Proofs

Proof. Eq. (A.3) can be rewritten as

f̂w
λ,m = V (V ∗Ŝ∗M̂wŜV + λnI)−1V ∗Ŝ∗M̂wŷ

= V DU∗UD−1(V ∗Ŝ∗M̂wŜV + λnI)−1D−1U∗UDV ∗Ŝ∗M̂wŷ

= Ẑ∗
m(ẐmŜ

∗M̂wŜẐ
∗
m + λẐmẐ

∗
m)

†ẐmŜ
∗M̂wŷ (A.10)

where we used (FGH)† = H†G−1F † (see the full-rank factorization of the pseudo-

inverse [Ben-Israel and Greville, 2006]) with F = UD, G = V ∗Ŝ∗M̂wŜV + λnI
and H = DUT .
Using the definitions of K̂mm and K̂nm we have

(K̂T
nmM̂wK̂nm + λnK̂mm)

†K̂T
nmM̂wy = (ẐmŜ

∗M̂wŜẐ
∗
m + λẐmẐ

∗
m)

†ẐmŜ
∗M̂wŷ
(A.11)

and substituting this expression above we get the result.

A.2 Propositions and Proofs

To prove Theorem 2, we will need the following two propositions.

Proposition 1 (Empirical Effective Dimension). Let N̂w(λ) = Tr Σ̂wΣ̂
−1
λ,w. Under

assumption 6 for any δ > 0 and
(

128(W+σ2) log2(4/δ)
n

) 1
1+q

⩽ λ ⩽ ∥Σ∥, then the

following holds with probability 1− δ,

|N̂w(λ)−NρteX
(λ)|

NρteX

⩽ 2.

Proof. Let’s call NρteX
(λ) = N(λ) to simplify the notation. The proof partially

follows the structure of Proposition 1 in Rudi et al. [2015], with some complications

deriving from the presence of the (possibly unbounded) weights. Define B̂w =

Σ
−1/2
λ (Σ− Σ̂w)Σ

−1/2
λ . Using Lemma 18 in Gogolashvili et al. [2023] we have that

∥B̂w∥HS ⩽ 3/4, when nλ1+q ⩾ 64 (W + σ2)NρteX
(λ)1−q log2

(
2
δ

)
. We can rewrite

∣∣∣N̂w(λ)−N(λ)
∣∣∣ = ∣∣∣Tr(Σ̂−1

λ,wΣ̂w − ΣΣ−1
λ

)∣∣∣ = ∣∣∣λTr Σ̂−1
λ,w

(
Σ̂w − Σ

)
Σ−1

λ

∣∣∣ (A.12)

=

∣∣∣∣λTrΣ−1/2
λ

(
I− B̂w

)−1

Σ
−1/2
λ

(
Σ̂w − Σ

)
Σ

−1/2
λ Σ

−1/2
λ

∣∣∣∣ (A.13)

=

∣∣∣∣λTrΣ−1/2
λ

(
I− B̂w

)−1

B̂wΣ
−1/2
λ

∣∣∣∣ . (A.14)
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Following Rudi et al. [2015] and using that, for any symmetric linear operator
X : H→ H the following identity holds

(I−X)−1X = X +X(I−X)−1X.

Applying the above identity with X = B̂

λ

∣∣∣∣TrΣ−1/2
λ

(
I− B̂w

)−1

B̂wΣ
−1/2
λ

∣∣∣∣ ⩽λ
∣∣∣TrΣ−1/2

λ B̂wΣ
−1/2
λ

∣∣∣︸ ︷︷ ︸
A

+ λ

∣∣∣∣TrΣ−1/2
λ B̂w

(
I− B̂w

)−1

B̂wΣ
−1/2
λ

∣∣∣∣︸ ︷︷ ︸
B

.

To find an upper bound for A notice that

A =

∣∣∣∣∣µ− 1

n

n∑
i=1

ξi

∣∣∣∣∣
with ξi =

〈
Kxi

, λw(xi)Σ
−2
λ Kxi

〉
∈ R i.i.d. random variables with i ∈ [n] and

µ = E[ξi]. Using Lemma 18 in Gogolashvili et al. [2023] and a general version
of Bernstein inequality requiring, instead of boundedness, only an appropriate
control of moments [Boucheron et al., 2013], we have with probability greater
than 1− δ

A ⩽ 4

W

λn
+ σ

√
NρteX

(λ)1−q

λ1+qn

 log

(
2

δ

)
.

As regards B, write B = ∥Q∥2HS where Q = λ1/2Σ
−1/2
λ B̂w

(
I− B̂w

)−1/2

, more-
over

∥Q∥2HS ⩽
∥∥∥λ1/2Σ

−1/2
λ

∥∥∥2 ∥∥∥B̂w
∥∥∥2
HS

∥∥∥∥(I− B̂w
)−1/2

∥∥∥∥2 ⩽ 4∥B̂w∥2HS,

since

∥∥∥∥(I− B̂w
)−1/2

∥∥∥∥2 ⩽ (1−∥B̂w∥)−1 ⩽ 4, for nλ1+q ⩾ 64 (W + σ2)NρteX
(λ)1−q log2

(
2
δ

)
.

Using again Lemma 18 in Gogolashvili et al. [2023] and a version of the Bernstein
inequality for Hilbert space-valued random variables (see for example Caponnetto
and De Vito [2007]) we obtain with probability greater than 1− δ

B ⩽ 16

W

λn
+ σ

√
NρteX

(λ)1−q

λ1+qn

2

log2
(
2

δ

)
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Putting all together, with probability 1− δ:

∣∣∣N̂w(λ)−N(λ)
∣∣∣ ⩽ 4

W

λn
+ σ

√
NρteX

(λ)1−q

λ1+qn

 log

(
4

δ

)
+ 16

W

λn
+ σ

√
NρteX

(λ)1−q

λ1+qn

2

log2
(
4

δ

)
(A.15)

⩽ 4

(
W

λn
+ σ

√
1

λγ(1−q)+1+qn

)
log

(
4

δ

)
+ 16

(
W

λn
+ σ

√
1

λγ(1−q)+1+qn

)2

log2
(
4

δ

)
(A.16)

Using that N(λ) ⩾ ∥ΣΣ−1
λ ∥ ⩾ 1/2 if λ ⩽ ∥Σ∥ we have∣∣∣N̂w(λ)−N(λ)

∣∣∣ (A.17)

⩽

(
4

(
W

NρteX
(λ)λn

+ σ

√
1

NρteX
(λ)1+qλ1+qn

)
log

(
4

δ

)
+ (A.18)

+ 16

(
W

NρteX
(λ)λn

+ σ

√
1

NρteX
(λ)1+qλ1+qn

)2

log2
(
4

δ

))
NρteX

(λ) (A.19)

⩽

4

(
2W

λn
+ σ

√
4

λ1+qn

)
log

(
4

δ

)
+ 16

(
2W

λn
+ σ

√
4

λ1+qn

)2

log2
(
4

δ

)NρteX
(λ).

(A.20)

Then for
(

256(W+σ2) log2(4/δ)
n

) 1
1+q

⩽ λ ⩽ ∥Σ∥ with probability 1− δ∣∣∣N̂w(λ)−N(λ)
∣∣∣ ⩽ 2N(λ)

Proposition 2 (Nyström approximation with ALS sampling). Let
(
l̂i(t)

)n
i=1

be

the collection of approximate leverage scores. Let λ > 0 and Pλ be defined as
Pλ(i) = l̂i(λ)/

∑
j∈N l̂j(λ) for any i ∈ N with N = {1, . . . , n}. Let I = (i1, . . . , im)

be a collection of indices independently sampled with replacement from N according
to the probability distribution Pλ. Let Pm be the projection operator on the subspace
Hm = span

{
Kxj
| j ∈ J

}
and J be the subcollection of I with all the duplicates

removed. Under Assumption 6 and 9 , for any δ > 0 the following holds with
probability 1− 2δ

∥(I − Pm)Σ
1/2
λ ∥ ⩽ 3λ
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when the following conditions are satisfied:

• there exists T ⩾ 1 and λ0 > 0 such that
(
l̂i(t)

)n
i=1

are T -approximate

leverage scores for any t ⩾ λ0 (see Definition 2),

• λ0 ∨
(

256(W+σ2) log2(4/δ)
n

) 1
γ(1−q)+1+q

⩽ λ ⩽ ∥Σ∥,

• m ⩾ 144T 2NρteX
(λ) log 8n

δ
.

Proof. Let’s call Σ = ΣρteX
to simplify the notation. Define τ = δ/4. Next, define

the diagonal matrix H ∈ Rn×n with (H)ii = 0 when Pλ(i) = 0 and (H)ii =
nq(i)

mPλ(i)

when Pλ(i) > 0, where q(i) is the number of times the index i is present in the
collection I. We have that

Ŝ∗
wHŜw =

1

m

n∑
i=1

w(xi)
q(i)

Pλ(i)
Kxi
⊗Kxi

=
1

m

∑
j∈J

w(xj)
q(j)

Pλ(j)
Kxj
⊗Kxj

.

Now, considering that q(j)
Pλ(j)

> 0 for any j ∈ J , thus ran Ŝ∗
wHŜw = Hm. Therefore,

by using Prop. 3 and 7 in Rudi et al. [2015], we exploit the fact that the range of

Pm is the same of Ŝ∗
wHŜw, to obtain∥∥∥(I − Pm) Σ
1/2
λ

∥∥∥2 ⩽ λ

∥∥∥∥(Ŝ∗
wHŜw + λI

)−1/2

Σ1/2

∥∥∥∥2 ⩽ λ

1− β(λ)
,

with β(λ) = λmax

(
Σ

−1/2
λ

(
Σ− Ŝ∗

wHŜw

)
Σ

−1/2
λ

)
. Considering that the function

(1− x)−1 is increasing on −∞ < x < 1, in order to bound λ/(1− β(λ)) we need
an upperbound for β(λ). Here we split β(λ) in the following way,

β(λ) ⩽ λmax

(
Σ

−1/2
λ

(
Σ− Σ̂w

)
Σ

−1/2
λ

)
︸ ︷︷ ︸

β1(λ)

+λmax

(
Σ

−1/2
λ

(
Σ̂w − Ŝ∗

wHŜw

)
Σ

−1/2
λ

)
︸ ︷︷ ︸

β2(λ)

.

β1 can be bounded as in eq. (3.16).
As regards β2:

β2(λ) ⩽
∥∥∥Σ−1/2

λ

(
Σ̂w − Ŝ∗

wHŜw

)
Σ

−1/2
λ

∥∥∥
⩽
∥∥∥Σ−1/2

λ Σ̂
1/2
wλ

∥∥∥2 ∥∥∥Σ̂−1/2
wλ

(
Σ̂w − Ŝ∗

wHŜw

)
Σ̂

−1/2
wλ

∥∥∥ .
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Let

β3(λ) =
∥∥∥Σ̂−1/2

wλ

(
Σ̂w − Ŝ∗

wHŜw

)
Σ̂

−1/2
wλ

∥∥∥ =
∥∥∥Σ̂−1/2

wλ Ŝ∗
w(I −H)ŜwΣ̂

−1/2
wλ

∥∥∥ .
Note that ŜwΣ̂

−1
wλŜ

∗
w = Ŝw(Ŝ

∗
wŜw + λI)−1Ŝ∗

w =
(
K̂w + λnI

)−1

K̂w since K̂w =

nŜwŜ
∗
w, with (K̂w)ij = w(xi)

1/2w(xj)
1/2K(xi, xj).

Thus, if we let UDU⊤ be the eigendecomposition of K̂w, we have that
(
K̂w + λnI

)−1

K̂w =

U(D + λnI)−1DU⊤ and thus ŜwΣ̂
−1
wλŜ

∗
w = U(D + λnI)−1DU⊤. In particular this

implies that ŜwΣ̂
−1
wλŜ

∗
w = UQ̂1/2Q̂1/2U⊤ with Q̂ = (D + λnI)−1D. Therefore we

have

β3(λ) =
∥∥∥Σ̂−1/2

wλ Ŝ∗
w(I −H)ŜwΣ̂

−1/2
wλ

∥∥∥ =
∥∥∥Q̂1/2U⊤(I −H)UQ̂1/2

∥∥∥ .
Consider the matrix A = Q̂1/2U⊤ and let ai be the i-th column of A, and ei

be the i-th canonical basis vector for each i ∈ N . We prove that ∥ai∥2 = li(λ),
the true leverage score, since

∥ai∥2 =
∥∥∥Q̂1/2U⊤ei

∥∥∥2 = e⊤i UQ̂U⊤ei =

((
K̂w + λnI

)−1

K̂w

)
ii

= li(λ)

Considering that
∑n

k=1
q(k)
Pλ(k)

aka
⊤
k =

∑
i=I

1
Pλ(i)

aia
⊤
i , we have

β3(λ) =

∥∥∥∥∥AA⊤ − 1

m

∑
i∈I

1

Pλ(i)
aia

⊤
i

∥∥∥∥∥ .
Moreover, by the T -approximation property of the approximate leverage scores
(see Def. 1 in Rudi et al. [2015]), we have that for all i ∈ {1, . . . , n}, when λ ⩾ λ0,
the following holds with probability 1− δ

Pλ(i) =
l̂i(λ)∑
j l̂j(λ)

⩾ T−2 li(λ)∑
j lj(λ)

= T−2 ∥ai∥
2

TrAA⊤ .

Then, we can apply Prop. 9 in Rudi et al. [2015], so that, after a union bound,
we obtain the following inequality with probability 1− δ − τ :

β3(λ) ⩽
2∥A∥2 log 2n

τ

3m
+

√
2∥A∥2T 2TrAA⊤ log 2n

τ

m
⩽

2 log 2n
τ

3m
+

√
2T 2N̂w(λ) log

2n
τ

m
,
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where the last step follows from ∥A∥2 =
∥∥∥∥(K̂w + λnI

)−1

K̂w

∥∥∥∥ ⩽ 1 and Tr
(
AA⊤) =

Tr
(
Σ̂−1

wλΣ̂w

)
:= N̂w(λ). Applying proposition 1 we have that N̂w(λ) ⩽ 3NρteX

(λ)

with probability 1− τ , when
(

128(W+σ2) log2(4/δ)
n

) 1
1+q

⩽ λ ⩽ ∥Σ∥. Thus, by taking

a union bound again, we have

β3(λ) ⩽
2 log 2n

τ

3m
+

√
16T 2NρteX

(λ) log 2n
τ

m

with probability 1− 2τ − δ. The last step is to bound
∥∥∥Σ−1/2

λ Σ̂
1/2
wλ

∥∥∥2, as follows∥∥∥Σ−1/2
λ Σ̂

1/2
λw

∥∥∥2 = ∥∥∥Σ−1/2
λ Σ̂λwΣ

−1/2
λ

∥∥∥ =
∥∥∥I + Σ

−1/2
λ

(
Σ̂w − Σ

)
Σ

−1/2
λ

∥∥∥ ⩽ 1 + η,

with η =
∥∥∥Σ−1/2

λ

(
Σ̂w − Σ

)
Σ

−1/2
λ

∥∥∥. We can bound η using Lemma 18 in Gogo-

lashvili et al. [2023] (see eq. (3.16)). Finally, by collecting the above results and
taking a union bound we have

β(λ) ⩽ 4

W

λn
+

√
σ2NρteX

(λ)1−q

λ1+qn

 log

(
2

τ

)
+(1 + η)

2 log 2n
τ

3m
+

√
16T 2NρteX

(λ) log 2n
τ

m

 ,

with probability 1 − 4τ − δ = 1 − 2δ when
(

256(W+σ2) log2(4/δ)
n

) 1
1+q

⩽ λ ⩽ ∥Σ∥.

Note that, if we select
(

256(W+σ2) log2(4/δ)
n

) 1
γ(1−q)+1+q

⩽ λ ⩽ ∥Σ∥, and m ⩾

144T 2NρteX
(λ) log 8n

δ
, we have β(λ) ⩽ 5/6, so that∥∥(I − Pm) Σ

1/2
∥∥2 ⩽ 6λ

with probability 1− 2δ.

A.3 Known results

In this section, we derive tight bounds for the effective dimension Nρ(λ) defined

in Definition 3 when assuming polynomial decay of the eigenvalues σj(Σ) of the

covariance operator Σ.
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Proposition 3 (Polynomial eigenvalues decay, Proposition 3 in Caponnetto and
De Vito [2007]). If for some γ ∈ R+ and 1 < β < +∞

σi ⩽ γi−β

then

Nρ(λ) ⩽ γ
β

β − 1
λ−1/β (A.21)

Proof. Since the function σ/(σ+λ) is increasing in σ and using the spectral theorem
Σ = UDU∗ combined with the fact that Tr(UDU∗) = Tr(U(U∗D)) = TrD

Nρ(λ) = Tr(Σ(Σ + λI)−1) =
∞∑
i=1

σi

σi + λ
⩽

∞∑
i=1

γ

γ + iβλ
(A.22)

The function γ/(γ + xβλ) is positive and decreasing, so

Nρ(λ) ⩽
∫ ∞

0

γ

γ + xβλ
dx

= α−1/β

∫ ∞

0

γ

γ + τβ
dτ

⩽ γ
β

β − 1
λ−1/β (A.23)

since
∫∞
0
(γ + τβ)−1 ⩽ β/(β − 1).

Further improvements can be found assuming exponential decay of the eigen-

values σj(Σ) of Σ.

Proposition 4 (Exponential eigenvalues decay, Proposition 5 in Della Vecchia
et al. [2021]). If for some γ, β ∈ R+σi ⩽ γe−βi then

Nρ(λ) ⩽
log(1 + γ/λ)

β
. (A.24)

Proof.

Nρ(λ) =
∞∑
i=1

σi

σi + λ
=

∞∑
i=1

1

1 + λ/σi

⩽
∞∑
i=1

1

1 + λ′eβi
⩽
∫ +∞

0

1

1 + λ′eβx
dx,

(A.25)
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where λ′ = λ/γ. Using the change of variables t = eβx we get

(A.25) =
1

β

∫ +∞

1

1

1 + λ′t

1

t
dt =

1

β

∫ +∞

1

[1
t
− λ′

1 + λ′t

]
dt =

1

β

[
log t− log(1 + λ′t)

]+∞

1

=
1

β

[
log
( t

1 + λ′t

)]+∞

1
=

1

β

[
log(1/λ′) + log(1 + λ′)

]
. (A.26)

So we finally obtain

Nρ(λ) ⩽
1

β

[
log(γ/λ) + log(1 + λ/γ)

]
=

log(1 + γ/λ)

β
. (A.27)

Next proposition gives some relations between weights and covariance opera-

tors.

Proposition 5. Suppose that ρteX is absolutely continuous with respect to ρvX , and
the Radon-Nikodym derivative dρteX/dρ

v
X is bounded by G ∈ R. Then∥∥ΣΣ−1
vλ

∥∥ ⩽ G,

see Gogolashvili et al. [2023].
Moreover, if w(x) < ∞ and v(x) > 0 for all x ∈ X, with w and v defined as in
eq. (??) and (3.19) respectively, then∥∥ΣΣ−1

vλ

∥∥ ⩽
∥∥∥w
v

∥∥∥
∞
.

Proof. For operators A and B onH, denote by A ⩾ B that A−B is a non-negative
operator. Let G := ∥dρteX/dρvX∥∞. For all f ∈ H, we have

⟨f,Σf⟩H =

〈
f,

∫
Kxf(x)dρ

te
X(x)

〉
H

=

∫
⟨f,Kx⟩H f(x)dρteX(x) =

∫
f 2(x)dρteX(x)

=

∫
f 2(x)

dρteX
dρvX

(x)dρvX(x) ⩽ G

∫
f 2(x)dρvX(x) = G ⟨f,Σvf⟩H .

Therefore, we have

Σ ≼ GΣv ≼ G (Σv + λI) =⇒ Σ (Σv + λI)−1 ≼ GI,

where I : H 7→ H is the identity operator. This implies
∥∥Σ (Σv + λ)−1

∥∥ ⩽ G,
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which proves the first assertion. The second part comes simply from the fact that

⟨f,Σf⟩H =

∫
f 2(x)

dρteX
dρtrX

(x)
dρtrX
dρvX

(x)dρvX(x) =

∫
f 2(x)w(x)

1

v(x)
dρvX(x) ⩽

∥∥∥w
v

∥∥∥
∞
⟨f,Σvf⟩H .

Proposition 6 (Cordes Inequality Fujii et al. [1993]). Let A,B two positive
semidefinite bounded linear operators on a separable Hilbert space. Then

∥AsBs∥ ⩽ ∥AB∥s when 0 ⩽ s ⩽ 1.

A.4 Experimental Details and Datasets

This section includes some additional details on the experimental setting and a

detailed summary of all the datasets presented.

The four datasets consist of data collected from multiple users using wearable

sensors, such as accelerometers and gyroscopes. We allocate 1% of the test dataset

for weight estimation, reserving the remaining 99% for predictions. Weights

are estimated using Relative Unconstrained Least-Squares Importance Fitting

(RuLSIF) method, which minimizes the relative density-ratio divergence between

distributions [Liu et al., 2013; Yamada et al., 2013].The experiments were con-

ducted in Python on a 2018 MacBook Pro with a 2.3 GHz Intel Core i5 Quad-Core

processor, 16GB of RAM, and no GPU.

We give here a brief description of the four datasets.

• The HHAR dataset [Stisen et al., 2015], accessible on DR-NTU (Data),

dataset DOI: https://doi.org/10.21979/N9/OWDFXO, version used: 3.0

(May 27, 2022), license: CC BY-NC 4.0, authors of the dataset version: Mo-

hamed Ragab and Emadeldeen Eldele. It comprises 13,062,475 samples with

10 features for human activity recognition using smartphone and smartwatch

sensors. It explores the effect of sensor heterogeneity on activity recognition

algorithms, aiming to classify physical activities. Data were collected from
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accelerometer and gyroscope sensors during activities like Biking, Sitting,

Standing, Walking, Stair Up, and Stair Down. Nine users participated, using

4 smartwatches (2 LG, 2 Samsung Galaxy) and 8 smartphones (2 each of

Samsung Galaxy S3 mini, Samsung Galaxy S3, LG Nexus 4, and Samsung

Galaxy S+). Features include accelerometer readings (x, y, z), user ID,

device, model, and activity labels. Non-essential columns—index, arrival

time, and creation time—were removed. The categorical columns (device

and model) were converted to numerical values. User A has 1,218,871 sam-

ples designated as training data, from which 15,500 samples were randomly

selected, while user H provides the test data.

• The HAR70+ dataset [Ustad et al., 2023], available from the UCI Machine

Learning Repository, dataset DOI: https://doi.org/10.24432/C5CW3D, ver-

sion used: Latest version available via the Norwegian Centre for Research

Data (NSD), license: CC BY 4.0 (Creative Commons Attribution 4.0 In-

ternational), dataset authors: Aleksej Logacjov, Astrid Ustad. It contains

2,259,597 samples with 6 features for activity classification. Data were

recorded from 18 older adults (ages 70–95) wearing two Axivity AX3 ac-

celerometers at 50 Hz for 40 minutes in a semi-structured, free-living setting.

Five participants used walking aids. Sensors were placed on the right thigh

and lower back. Activities such as walking, shuffling, ascending/descending

stairs, standing, sitting, and lying were annotated frame-by-frame using

chest-mounted camera video. For training and testing, we used data from

two files: 518.csv, containing 141,714 samples with 6 features, and 516.csv,

containing 138,278 samples with 6 features. From 518.csv, 20,000 samples

were randomly selected for training. To introduce covariate shift and study

feature selection, the timestamp and thigh accelerations in the x and z

directions were excluded.
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• The HARChildren dataset [Tørring et al., 2024], available on DR-NTU

(Data), dataset DOI: https://doi.org/10.18710/EPCXCC, version used: pub-

lished on August 30, 2024, license: CC0 1.0, dataset authors: Marte Foss-

flaten Tørring et al. It contains over 5 million samples with 8 features for

activity classification. It includes data from 63 typically developing (TD)

children and 16 children with Cerebral Palsy (CP), classified at levels I

and II of the Gross Motor Function Classification System (GMFCS). These

children wore two accelerometers, on the lower back and thigh. The features

initially included a timestamp and accelerometer readings (x, y, z), but the

timestamp was removed during preprocessing. The recorded activities in-

clude walking, running, shuffling, ascending and descending stairs, standing,

sitting, lying, bending, cycling seated, cycling standing, and jumping. For

training and testing, two files were used: 004.csv, which contains 354,139

samples, and 010.csv, which contains 238,574 samples. From 010.csv, 15,000

samples were randomly selected for training, while 004.csv was used for

testing.

• The WISDM dataset [Kwapisz et al., 2011], available on DR-NTU (Data),

dataset DOI: https://doi.org/10.21979/N9/KJWE5B, version used: 1.0

(May 27, 2022), license: CC BY-NC 4.0, dataset authors: Mohamed Ragab

and Emadeldeen Eldele. It contains 1,098,209 samples with 5 features from

accelerometer and gyroscope data collected at 20 Hz using smartphones and

smartwatches. Data were recorded from 36 users performing 18 activities for

3 minutes each. Features include a user ID, activity code (label), and sensor

readings (x, y, z). User 12 has 32,641 samples designated as training data,

from which 25,000 samples were randomly selected, while user 19 provides

the test data.

A common way to specify the grid of possible values of λ is to consider a
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geometric series.

Remark 1 (Geometric grid). Let λmin and λmax the smallest and largest values
of the regularization parameter we wish to consider and let

b =

(
λmax

λmin

)1/(Q−1)

.

We generate a geometric grid of Q values of the regularization if for q = 1, . . . , Q,
we let

λq = bq−1λmin,

so that λ1 = λmin and λQ = λmax.

We used λ1 = 10−4, λQ = 1 and Q = 10 to generate the geometric grid. We

also propose a method for generating a geometric sequence of γ values, derived

from distinct formulas for even and odd indices.

Remark 2. The following values represent the parameter γ for the Gaussian
kernel:

γk =

{
10−3+ k−1

2 , k odd,

5 · 10−3+ k−2
2 , k even,

k = 1, 2, . . . , 6.

We optimize the hyperparameters using hold-out cross-validation, partitioning

the dataset into 70% for training and 30% for validation. For each combination of

hyperparameters λ and γ, we train the model on Xtrain and ytrain and validate it

on Xval and yval.

As regards the simulations, we report here the parameters used to generate the

results in Figure 3.1: k = 50 (that we can consider misspecified), µtr = (0.7, 0.7),

σ2
tr = diag(0.7, 0.7), µte = (1.8, 1.8), σ2

te = diag(0.5, 0.5), ϵ2 = 0.2, c1 = c2 = 10.

Table A.1 shows that even when using uniform sampling, the two methods

with importance weighting (IW) correction achieve the best and essentially equal

performance. However, the number of Nyström points m required by Nyström

W-KRR is 5500, 6500, 1750, and 4500 for HAR70+, HARChildren, HHAR, and

WISDM respectively, which represents an increase compared to the ALS method.
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Figure A.1: These plots illustrate the results in Table 3.1 for HHAR and HARChil-
dren datasets.

Table A.1: Performances of the various methods, both in terms of MSE and
training/prediction time using uniform sampling.

HAR70+ (n = 20000) HARChildren (n = 15000) HHAR (n = 15500) WISDM (n = 25000)

MSE t train (s) t pred (s) MSE t train (s) t pred (s) MSE t train (s) t pred (s) MSE t train (s) t pred (s)

KRR 10± 1 1694± 2 15.0± 0.5 26.6± 0.9 762± 12 10.2± 0.4 3.7± 0.3 876± 6 10.5± 0.9 7.8± 0.1 3280± 48 38± 5

W-KRR 5.0± 0.2 1785± 2 15.1± 0.3 13.5± 0.8 809± 26 9.0± 0.1 1.8± 0.3 1034± 93 9.9± 0.1 4.8± 0.2 3364± 30 33± 2

Ny W-KRR 5.0± 0.1 67± 0.8 3.8± 0.1 12.9± 0.2 57± 0.2 6.2± 1.0 1.79± 0.01 5.9± 0.1 1.3± 0.2 4.8± 0.1 32± 0.5 7.2± 0.1
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