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Abstract The statics and dynamics of catenary cables
are classic matters of theoretical and applied mechan-
ics. The paper systematizes a methodological strategy
to achieve analytical solutions for the nonlinear static
problem and linearized free dynamic problem of inex-
tensible shallow cables. First, the one-dimensional con-
tinuum model of elastically extensible, perfectly flex-
ible cables is revisited to state the nonlinear differen-
tial equations governing the static and dynamic equi-
libria as parametric expressions of the cable shallow-
ness and extensibility. Second, an original hierarchi-
cal generalization of the Force Method is presented as
methodological solution strategy. The key is the sys-
tematic application of perturbation schemes to equilib-
rium equations, indeformability constraints and geo-
metric compatibility conditions. As a principal point of
strength, the proposed strategy allows the unified and
consistent treatment of the static and dynamic prob-
lems, while requiring the sole assumption of cable shal-
lowness as postulate a priori. As major achievements,
fully analytical high-order solutions are obtained for
the asymptotic approximation of (i) the catenary con-
figuration in the static field, and (ii) the natural fre-
quencies and classical modal forms in the linearized
dynamic field. Parametric analyses of the results high-
light that high-order terms determine significant qual-
itative and quantitative effects on the modal solutions,
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including competing softening or hardening effects in
the natural frequencies.

Keywords Cable dynamics - Perturbation methods -
Asymptotic techniques - Force method - Analytical
solutions - Catenary curves - Modal analysis

1 Introduction

Cables are extensively employed in a variety of
mechanical applications owing to their unrivaled per-
formance in efficiently sustaining and transferring
loads, synergically collaborating with other structural
elements, and realizing challenging and appealing
architectures. On the other side, their natural properties
of extreme flexibility and low damping make cables
strongly vulnerable to the development of impor-
tant dynamic phenomena. The scientific and technical
importance of this research topic is continuously fuel-
ing formulations of advanced analytical and compu-
tational models, investigations of static and dynamic
responses, analyses of rich scenarios of regular and
nonregular behaviors [11,35,36].

From the historical viewpoint, the geometrical dif-
ferential problem of determining the equilibrium con-
figuration assumed by a perfectly flexible cable sus-
pended between fixed supports under self-weight was
first presented as a mathematical contest at the end of
the seventeenth century by Jacob Bernoulli. The topic
received significant contributions by several outstand-
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ing mathematicians, including Leibniz, Euler, Huy-
gens, Johann Bernoulli, among the others [2,15,44].

From the mechanical viewpoint, searching the static
equilibrium configuration of suspended cables can be
regarded as a statically indeterminate shape-finding
problem. Under the ideal hypothesis of axial inde-
formability, the static configuration assumed by the
cable is mathematically described by a transcenden-
tal function, mapped in the vertical (gravitational)
plane by the catenary curve. Relaxing the assump-
tion of axial indeformability determines a slight change
in the static configuration, mathematically described
by a pair of transcendental cartesian functions that
parametrically map the elastic catenary curve [13].
Although analytically expressible, both configurational
functions parametrically depend on the horizontal reac-
tion at the supports—playing the role of hyperstatic
unknown—which has to be numerically assessed a pos-
teriori by solving nonlinear compatibility equations,
which impose the indeformability constraint (for the
catenary) or a pair of coupled boundary conditions
(for the elastic catenary). Consequently, the system-
atic need to complete the solution process by recur-
ring to numerical solvers suggests considering cate-
naries and elastic catenaries as quasi-analytical solu-
tions [41]. Recently, perturbation methods based on
the assumption of cable shallowness have been pro-
posed to achieve fully analytical—although asymp-
totically approximate—solutions for the static prob-
lem of elastically extensible cables under general loads
[30,31], as well as for the catenary configuration func-
tions and equivalent stiffness matrix of inclined inex-
tensible cables under self-weight [22].

Determining fully analytical expressions of the
static cable configuration with the highest possible
accuracy is not a mere speculative challenge, consid-
ering that static equilibria are typically adopted as a
reference for dynamic analyses. Indeed, static preten-
sions and curvatures can strongly influence the hard-
ening or softening effects in the linear and nonlin-
ear dynamics of prestressed curved continua [16,29].
Furthermore, numerous studies have shown that accu-
rate analytical solutions of the static problem are the
fundamental background for addressing direct and
inverse problems in cable dynamics, including—for
instance—the assessment of the linearized modal prop-
erties [17,32,46], the description of internal super-
harmonic and subharmonic resonances, occurrence of
nonlinear interactions, onset of bifurcation instabili-
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ties and transition to nonregular oscillation regimes
[9,18,37,42], the investigation of aerodynamic phe-
nomena [28,47], the evaluation of damage and temper-
ature effects [24,25], the performance of active con-
trol strategies [1,8] and the reliability of identification
procedures [26,38]. Focusing in particular on the free
oscillation problem, most of the scientific literature has
been devoted to linear and nonlinear dynamics of exten-
sible cables, starting from the seminal monograph by
Irvine [13]. In contrast, fewer research contributions
have focused on inextensible cables, in which the prop-
erty of perfect inextensibility can be (ideally) attributed
on the base of energetic considerations [29]. Enforcing
the inextensibility as internal constraint, while simpli-
fying kinematics, poses challenging tasks in the for-
mulation and solution of the dynamic equations. The
major conceptual issue concerns the consistent treat-
ment of the internal forces (and geometric stiffness),
since the axial tension has to be considered a reactive
force unrelated to kinematic quantities by constitutive
laws.

Within this stimulating framework, this paper
presents a systematic guideline to achieve fully ana-
lytical solutions for inextensible shallow cables. First,
the traditional formulation of the mechanical model
is revisited to state the nonlinear equations govern-
ing the static and dynamic problems as parametric
expressions of the cable shallowness and extensibil-
ity (Sect.2). Second, an original hierarchical variant
of the Force Method, based on the systematic applica-
tion of asymptotic perturbation theories, is presented
as methodological solution strategy. With respect to
other approaches, the proposed strategy allows a uni-
fied and fully consistent treatment of the static and
dynamic problems, starting from the sole assumption
of cable shallowness (Sect. 3). As major achievement,
high-order fully analytical solutions are provided for
the unsolved eigenproblem (modal problem) govern-
ing the linearized dynamics of horizontal cables in the
small-amplitude oscillation regime (Sect.4). The sat-
isfying agreement of high-order asymptotic solutions
with numerical results is verified. Concluding remarks
are finally pointed out.

2 Mechanical model

The mechanical model describing the static and
dynamic behavior of a suspended cable is a one-
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Fig. 1 Inextensible cable
suspended between fixed
supports

dimensional continuum. The continuum is assumed
homogeneous, elastically extensible in the axial direc-
tion and perfectly flexible in the transversal directions.
Accordingly, the deformed configuration is fully char-
acterized by strictly positive axial strain &(S) and axial
tension N (S§), that depend on the curvilinear abscissa
S spanning the total arc-length Lo of the natural con-
figuration Co. Mechanically, the natural configuration
Co is strainless and tensionless, by definition. Mathe-
matically, its definition a priori is unnecessary (except
for the length L), without insufficiency of information
for the problem statement. In the absence of transver-
sal (flexural and shear) rigidities, the axial tension
is required to be locally collinear to the equilibrium
configuration (collinearity condition). Consequently,
searching the static response of the cable under grav-
ity loads consists in solving a geometric shape-finding
problem in the two-dimensional space, pursuing the
unknown curvilinear configuration Cs satisfying the
static equilibrium in the vertical plane (Fig. 1). There-
fore, studying the free dynamic response of the cable
consists in determining the unknown curvilinear con-
figuration Cq assumed under inertial forces, taking the
static configuration Cg as reference.

In this Section, the partial differential equations gov-
erning the static and dynamic problems for extensible
cables are formulated. As a minor character of origi-
nality, the classic physical-mathematical formulation
is specially adapted to express the variable coefficients
of all equations as explicit parametric functions of the
static and dynamic axial strains. This peculiarity facil-
itates the transition to the mechanical model of (ide-
ally) inextensible cables, characterized by an infinite
axial rigidity that allows null axial strains to coexist
with finite and not-null axial tensions.

2.1 Static problem

The cable is supposed hanging between fixed supports
S and S, under the effect of uniform (S-independent)
self-weight density w per unit natural length. Horizon-
tal cables, characterized by supports placed at the same
level, are considered. The cable span L indicates the
length of the rectilinear horizontal chord between the
supports. The curvilinear abscissa S € [0, Lo], that
identifies the generic particle point P(S), is chosen
as the only independent variable. Solving the static
problem requires to determine the cartesian configu-
rational functions X (S) and Y (S) that parametrically
locate the static equilibrium position of each particle
point P(S)." The positions of all points define the
static configuration Cs in the vertical plane. The full
set of static unknowns includes also the horizontal and
vertical reactions Hs and Ws at support Sy, the axial
strain £5(S), the axial tension Ng(S), and the curvilin-
ear abscissa P(S) spanning the strained configuration
Cs.?

According to differential geometry, the configura-
tional functions X (S) and Y (S) are required to satisfy
the nonlinear differential relation

axX\2 [or)\?
(57) +(55) =1 @

! Here the nomenclature and positive signs of all the variables
preserve the classic conventions adopted in the pivotal mono-
graph by Irvine [13].

2 From the mathematical viewpoint, it is important to note that,
according to physical reasons, the unknowns X (S), Y (S), es(S),
Ns(S) and P (S) can be assumed to be sufficiently continuous and
differentiable functions. Function P(S) can also be considered
monotonically non-decreasing.
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which is an inherent property of curves in a two-
dimensional space and will be referred to as static geo-
metric constraint in the following.

Following the classic formulation and method-
ology providing quasi-analytical solutions [13], the
static equilibrium of the finite-length element of cable
between the support S4 and the generic point P(S) is
governed by a pair of partial differential equations

N, aX—H 2)
SaP = lis
aY
Nsa—PZWS—U)S (3)

expressing the balance of forces acting in the horizon-
tal and vertical directions, respectively. Physically, the
former equation states that the horizontal component
Ts := Ns(0X /9 P) of the axial tension is constant and
equal to the support reaction Hs. The latter equation
states that the vertical component Qg := Ng(3Y /9 P)
of the axial tension differs from the support reaction
Ws, except for S = 0. The two tension components are
coupled by the differential relation Qg = T5(3Y /9 X),
which expresses the static collinearity condition.

Furthermore, the linear elastic law ruling the relation
between the axial tension and the axial strain, intended
as the unit extension e := 0P /0S — 1, reads

Ns = EAeg 4

where E A is the uniform axial rigidity. The variables
X (S) and Y (S) obey to boundary conditions X (0) = 0,
X(Lo)=Land Y(0) =0, Y(Lo) =0.

The problem governed by Egs. (1)—(4) can be solved
quasi-analytically. The map of the quasi-analytical
solution in the vertical plane describes (in parametric
form with § playing the role of parameter) the so-called
elastic catenary curve of the configuration Cs.

In alternative to the classic approach, the static equi-
librium Egs. (2)-(3) can be mathematically treated
by (i) replacing the axial tension Ng with its com-
ponents Tg and Qs at the left hands, (ii) differenti-
ating left and right hands with respect to variable X,
and finally (iii) applying a change of the differenti-
ation variable (from S to X (S§)) with the recursive
chain rule (3/0X) = (3/9S)(dS/dP)(dP/3X) to the
right hands. Finally, the equilibrium equations for the
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generic infinitesimal-length element of cable read

s _ )
X

a aP

Co___» OF (©)
X 14+es0X

within the domain X € [0, L]. The derivative at the
right hand can be expressed in the form

0P _ T, (Y 27172 o
X X

by manipulating the geometric constraint (1). By recall-
ing the static collinearity condition and substituting Eq.

(5) into Eq. (6), the nonlinear differential equation gov-
erning the static problem becomes

2%y w
HS -

gy \271/2

X2~ (I+es) [1+ (a_x> ] ®)
without approximations. The boundary conditions are
Y(0) = 0 and Y(L) = 0. The equation is character-
ized by the unknown coefficient Hg at the left hand
and the variable coefficient affecting the right-hand
term, depending on the axial strain &5, which can be
expressed as explicit function of the derivative dY /0 X.

In summary, the static problem of the extensible
cable is governed by the nonlinear ordinary differential
Eq. (8) with a variable coefficient, to be solved in the
configurational function Y (X) and the horizontal com-
ponent of static tension Hs. A fully analytical solution
of the Eq. (8) is not available.

2.2 Dynamic problem

The extensible cable is supposed to freely oscillate in
the gravitational plane under the action of the inertial
forces generated by the mass density m per unit natural
length. By taking the static equilibrium configuration
Cs as reference, the dynamic equilibrium configura-
tion Cq is determined by the time-dependent functions
U(S,t)and V (S, t), describing the horizontal and ver-
tical displacements of the generic particle point P(S).
The full set of dynamic unknowns includes also the
horizontal and vertical reactions H (t) and W (t) at the
support Sy, the axial strain (S, #) and axial tension
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N (S, t), and the curvilinear abscissa C (S, t) spanning
the strained configuration Cg.>

According to differential geometry, the displace-
ment functions U (S, ) and V (S, t) are required to sat-
isfy the nonlinear differential relation

X AU\’ (Y aVN'_ 0
(%“1‘%)4‘(%“"%) = )
which is an inherent property of curves in a two-
dimensional space and will be referred to as dynamic
geometric constraint in the following.

Following a formulation and methodology similar to
those adopted for the static problem, the dynamic equi-
librium of the finite-length element of cable between

the support S4 and the generic point P(S) is governed
by a pair of partial differential equations

aX oU S 92U(S, 1)
] Iy Ty 10
[ac+ac} +/0m or2 (19)

Yy av s 5 92V(S,1)
Nl—+ —|=Ww—[ wdS+ | m—=24ds
aC aC 0 0 012
(11)

where the left-hand terms can be recognized as the
horizontal component T := N(0@X/dC + U /dC)
and vertical component Q := N(3Y/9C + 0Y/9C)
of the axial tension. It is straightforward to demon-
strate that the two components are internally cou-
pled by the differential relation Q = T(®vy/Dy),
where the auxiliary functions ®y = 1 + dU /90X and
Dy = 0Y/dX + 0V /39X have been introduced. This
differential relation expresses the dynamic collinearity
condition.

The dynamic equilibrium Egs. (10)-(11) can be
mathematically treated by (i) replacing the axial ten-
sion N with its components 7 and Q and applying the
Gauss-Green formulas at the left hands, (ii) applying a
change of integration variable (from S to X (S)) with
the recursive chain rule dS = (9S/0P)(0P/0X)dX
to the right hands, and finally (iii) satisfying integral
equations by equating integrand functions and bound-
ary terms of the right and left hands. Finally, the equi-

3 From the mathematical viewpoint, it is be important to note
that, according to physical reasons, the unknowns U (S), V (S),
£(S), N(S) and C(S) can be assumed to be sufficiently con-
tinuous and differentiable functions. Function C(S) can also be
considered monotonically non-decreasing.

librium equations for the generic infinitesimal-length
element of cable—without approximations—read

T m 9P U

— = —_ (12)
X 14es0X 012

9 w P m 9P 3%V

b0 ___w 0P, —— (13)
X l+es0X 1+e5dX 0t

within the domain X € [0, L]. The geometric boundary
conditions read
U@ =0, U(L) =0,

V(©0) =0, V(L)=0

(14)
while the mechanical boundary conditions

o) =4, 00)=Ww (15)
can be employed to assess the support reactions, once
the tension components have been determined.

By properly separating the static and dynamic parts
of the tension components 7 = Ts + Ty and Q =
Os + Qg, the equilibrium Eqgs. (12)—(13) become

Ty m 9P *U 16)
X  14es0X 012
9 aP 3%v
& - n 17)

X  1+esdX 912

where Eqgs. (5)—(6) have been employed to eliminate
statically equilibrated terms. The mechanical boundary
conditions become T4(0) = Hy, O4(0) = Wy.
Separating the static and dynamic parts of the ten-
sion components allows also to express the dynamic
collinearity condition in the alternative forms Qg =
(Ts+Ty) Dy /Dy)—Qsor Ty = (Qs+0d) (Vv /Dv)—
Ts. By partial differentiation, the relations

3T _ (80s , 900\Dy
X \aXx 09X /Dy
(Qs+0q) 3(DyDy) 0Ts
5 - (18)
oL X X
904 8Ts+8Td Dy
X  \dXx X))oy
(Ts+Ty) 0(DyDy) 00s
5 - (19)
ol X X
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are obtained and can be used to eliminate one of the
two components from the equilibrium Egs. (16)—(17).

In summary, the free dynamic problem of the exten-
sible cable is governed by a coupled pair of nonlin-
ear partial differential equations with variable coeffi-
cients (16)—(17), to be solved in the displacement vari-
ables U (X, t), V(X, t) and the dynamic part of the ten-
sion components T4(X, 1), Qq(X, t). Since the tension
components are related to each other by the dynamic
collinearity condition, the problem can be reformu-
lated in one or the other component (principal unknown
force).

3 Inextensible cables

The assumption of cable inextensibility in the static
response is introduced by zeroing the static axial strain
(es = 0), which is equivalent to impose the relation

or _ 1 (20)
as

and—naturally—entails also that the arc-length of the
static configuration curve

L gy \271/2
Lszfo [”(ﬁ)} dx 1)

is equal to the natural length Lo. The identity Ls =
Lo is crucial in solving the static problem and will
be referred to as static inextensibility condition in the
following.

The assumption of cable inextensibility in the
dynamic response is introduced by zeroing the axial
strain (¢ = es+¢&q = 0). By virtue of the static inexten-
sibility, the dynamic inextensibility reduces to zeroing
the dynamic axial strain (¢q = 0), which is equivalent
to impose the relation

aC
=1

3P = (22)

and—remarkably—implies that the displacement func-
tions are coupled by the nonlinear differential relation

AU AU\
2= 4 (= 2
ax+<ax> +
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aY v <8V
+

2
——+() =0 @
oX ax = \ax

which also entails that the arc-length L of the dynamic
configuration curve is equal to the natural length Lo
(demonstration can be found in the Appendix). Rela-
tion (23) has a crucial role in solving the dynamic prob-
lem and will be referred to as dynamic inextensibility
condition in the following.

In this Section, the static and dynamic inextensi-
bility conditions are enforced into the nondimensional
equations governing the cable response. Therefore, the
linearized equations of motion governing the regime
of small-amplitude oscillations in the neighborhood of
the reference static configuration Cs are formulated.

3.1 Nondimensional equations

The static and dynamic problem can be conveniently
formulated in nondimensional form by defining dimen-
sionless variables and introducing a minimal set of
independent dimensionless parameters, sufficient to
fully characterize the mechanical system. To this end,
the cable span L, the static horizontal reaction Hs and
the circular (square) frequency .{2,2 = wLo/(2mL?)
can be selected as reference length, force and (inverse
of) time, respectively. Therefore, the dimensionless
variables

X Y P
X = L E) y - L £ p - L )
U \%
=—, V=—, 24
u=_ 2 (24)
the dimensionless forces
2H. 2H,
he = —2, hg =2,
U)Lo LULO
Vg = s Vd =
U)Lo U)Lo
Is = ) Iq = ,
wLo 'LULO
20s 204
= 5 = 25
qs wlo qd wlo (25)
and the dimensionless quantities
wlL LQ
§=—, A= — (26)
8Hg L
are introduced. The dimensionless time 7 = ,¢ is

also defined. The relation 4A 6 hs = 1 holds by con-
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struction. The fundamental mechanical parameter &
is strictly positive by definition, and represents (one
eighth of) the ratio between the approximate cable
weight wL and the static horizontal reaction Hs. The
geometric parameter A is known as aspect ratio [14],
and expresses the ratio between the natural length of the
cable and the length of the chord. Clearly, the aspect
ratio of inextensible cables must satisfy the admissibil-
ity inequality A > 1.

By imposing the static inextensibility conditions and
introducing dimensionless variables and parameters,
Eq. (8) governing the static problem of inextensible
cables assumes the classic form known as funicular
equation, reading

y = -85 [1 + (y/)z]l/2 27)

where the apex indicates differentiation with respect to
variable x € [0, 1]. The equation is complemented by
the boundary conditions y(0) = 0 and y(1) = 0.

By imposing the static inextensibility conditions and
introducing dimensionless variables and parameters,
Eqgs. (16)—(17) governing the dynamic problem of inex-
tensible cables have nondimensional form

1/2

ty=ii[1+ ()] (28)

gy ="0[1+ (y’)Q]l/2 (29)

where the overdot indicates differentiation with respect
to dimensionless time 7. The dynamic indeformability
condition reads in nondimensional form

2w+ (W) + 2y + (V) =0 (30)

and provides a nonlinear internal coupling between
the displacement variables. The equations are comple-
mented by geometric boundary conditions #(0) = 0,
u(1) = 0 and v(0) = 0, v(1) = 0. The mechanical
boundary conditions 74(0) = hq, t4(0) = vq can be
employed to relate the reactions to the tension compo-
nents at the left support.

One of the tension component g4 or gq can be elim-
inated by employing the dynamic collinearity con-
ditions (18)—(19), expressed in nondimensional vari-
ables, to replace the derivatives at the left hand of Egs.

(28)—(29) with the expressions

= s+

T (g5 +a0) [(H(;t:l(yv/ ; | (1)
qg = té%

PPN (ol G ) %S

(1+u)?

where the static equilibrium Eq. (5), reading 7; = 0 in
nondimensional form, has been taken into account.

3.2 Linearized equations

Within the limits of the small-amplitude oscillation
regime, the nonlinear equations governing the cable
dynamics can be linearized in the neighborhood of the
reference static configuration Cs. If the horizontal com-
ponent #q of the axial tension is selected as principal
unknown force, Eq. (32) must be used to eliminate
the vertical component gg of the axial tension (sec-
ondary unknown force). After linearization, the gov-
erning equations of motion read

=i [1+ ()] (33)
he [v/ (1 n (y')z)]/+ ('1g) =¥ [1 + (y/)z]% (34)

where the displacement variables are internally coupled
by the linearized form of the dynamic indeformability
condition (30), reading

w +yv =0 35)

while all the static forces in Eq. (34) have been
expressed as function of the horizontal reaction &g only,
by employing the static solution 75 = hg and the static
collinearity condition g5 = (tsy') = hsy”. Alter-
nately, if the vertical component gq of the axial tension
is selected as principal unknown force, Eq. (31) must
be used to eliminate the horizontal component t4 of
the axial tension (secondary unknown force). After lin-
earization, the dynamic equilibrium is governed by Eq.
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(29) and a second Eq. similar to (34), here not reported
for the sake of synthesis.

4 Asymptotic solutions

In the absence of fully-analytical solutions and in
alternative to quasi-analytical (catenary) and numer-
ical solution, the nonlinear static problem and the
linearized undamped free dynamic problem (modal
problem) can be addressed by recurring to perturba-
tion methods. Perturbation techniques are adaptable
and powerful methodological tools that have wide
applications throughout a variety of scientific research
fields, ranging from direct problems concerning lin-
ear and nonlinear dynamics, stability and bifurca-
tion [27,33,34] to inverse problems focused on modal
identification, damping and damage detection, optimal
spectral design [19,21,23]. Perturbation methods are
also well-established strategies to study classical and
emerging problems in cable mechanics, including static
behaviors [3,22,31], linear and nonlinear dynamic phe-
nomena [20,35,43], aerodynamic instabilities [4,47],
responses to traveling forces and masses [5,6], active
vibration control [7,45].

In this Section, as primary character of novelty, two
original perturbation schemes are formulated to pro-
vide a general, consistent and unitary strategy to solve
the static problem and modal problem for inextensible
cables. The leading idea is to adapt classical perturba-
tion schemes to work in the framework of indeformable
(inextensible) but statically and dynamically indeter-
minate (hyperstatic) systems, by following an ordered
solution scheme that resembles or generalizes—at each
perturbation order—the Force Method for deformable
structures. Therefore, the solution algorithm is referred
as generalized Force Method in the following. The pri-
mary objective is to pursue fully analytical static and
modal solutions, expressed as explicit parametric func-
tions of the assigned mechanical data (aspect ratio A).

4.1 Quasi-analytical solutions

The inextensible cable can be classified as a statically
indeterminate system, with unitary degree of hyper-
staticity. The hyperstatic unknown is the horizontal
reaction Hs. Accordingly, the funicular Eq. (27) is
a nonlinear static equilibrium equation in the config-
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uration variable y(x), where the role of hyperstatic
unknown is played by the dimensionless parameter §.

The funicular equation can be solved analytically by
exploiting the properties of hyperbolic functions. The
solution is the well-known catenary function

V= sinh(44x) sizg(%(l —x)) (36)

where the hyperstatic unknown § has to be assessed a
posteriori. The catenary function is symmetric over the
x-domain and attains its maximum at the cable midspan
(x = 1/2), as expected. Having assumed the span as
reference length, the maximum value s = y(1/2) can
be referred to as cable sag-fo-span ratio.

The role of compatibility condition for the assess-
ment of the hyperstatic unknown is played by the
static inextensibility condition Ls = Lo, which reads
Ag = A in nondimensional form, where

sinh(45)

_ [ N2,
As_/o [1+()] dx = —— (37)

is the catenary arc-length, which is a monotonically
increasing function for positive §-values.

In summary, the catenary function (36) must be
considered—as a whole—a quasi-analytical paramet-
ric function, since the parameter § cannot be determined
from the compatibility equation sinh(48) = 4AS,
except numerically. The solution is unique, because the
meaningless negative solution has to be discarded.

By assuming the quasi-analytical catenary config-
uration as known static reference, significant contri-
butions to the modal solutions for inextensible cables
are attributed to Rohrs [39], Saxon and Cahn [40] and
Goodey [10], under different simplifying assumptions.

4.2 Asymptotic static solutions

Founding the perturbation strategy on a solid physical
base requires some preliminary mechanical considera-
tions. The leading idea is that the static equilibrium con-
figuration of structural cables tends to be characterized
by spatial closeness to the rectilinear chord between the
supports. This geometrical property, typically exalted
by the cable lightness (small w) and high levels of static
tension (large Hs) is classically referred to as cable
shallowness in the literature.
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According to the assumption of cable shallowness,
the solution y(x) of the funicular Eq. (27) can be pos-
tulated a priori to be significantly smaller than the
inter-support distance. This postulate is mathemati-
cally equivalent to assume that the solution y(x) can
be expressed as an asymptotically convergent series of
n terms y; (x) with growing orders of smallness. The
ordering of successive terms is provided by increas-
ing integer powers of a small dimensionless ordering
parameter € < 1, acting as addend multipliers. The
series reads

Ym(x) =) € yilx) =

i=l1
= ey + R0+ +
+ €y () + -+ €y (x) (38)

where functions y; (x) serve as independent unknown
configurational variables. Individually, the variable
yi (x) can be denoted as i -th configurational sensitivity.
Coherently with the key assumption of cable shal-
lowness, the setting of the perturbation scheme must be
completed by imposing the smallness of the hyperstatic
unknown 6 = wL/(8Hs). Therefore, the ordering

Sy =€81 + €848+ +€", (39

can be introduced. The scaled quantities §; serve as
independent unknowns. Individually, the quantity §;
can be denoted as i-th hyperstatic sensitivity.

Within the perturbation framework, solving the
static problem consists in assessing all the hyperstatic
sensitivities §; required to determine the configura-
tional sensitivities y;(x) for i = 1,...,n. Subse-
quently, after complete reabsorption of the ordering
parameter €, the solution y,)(x), reconstructed up to
n-th order, is expected to asymptotically tend to the
exact catenary solution y(x) for growing orders n.
From the operational viewpoint, the series yj,](x) must
be necessarily truncated at a non-infinite number n of
terms. Although truncation is inevitable, the achiev-
able accuracy is controllable, since a certain approxi-
mation order n implies residual difference of the order
O(e"*1). As character of originality with respect to
similar perturbation schemes applied to static prob-
lems of shallow cables, it might be remarked that only
unknown physical quantities require to be ordered a
priori, whereas the correct ordering of the mechanical

data (aspectratio A) is discovered only a posteriori, for
consistency reasons.

The variable expression (38) and the parameter
ordering (39) can be introduced in Eq. (27). Then,
expansion and collection of same e-power terms gives
an ordered hierarchical system of nonlinear Perturba-
tion Equilibrium Equations (PPE). By retaining orders
up to the sixth (n = 6), the system reads

el yl = -8 (40)
€2 y) =88 (41)
€1 y) = 883 — 481 (y))? (42)
ety = =884 — 881y} vy — 485,())? (43)
€1yl = —885 — 881y v} — 882y yy+

—481(y)* — 483D + 81 (vD* (44)

€0 ve = —886 — 8815 y5 — 882y v5 — 883y yh+
— 881y} vy — 482(3)% — 484 (y)) >+
+ 8N+ 481,03 (45)

while homogeneous boundary conditions y;(0) = 0
and y; (1) = Omustbe imposed at each order. Naturally,
higher orders (n > 6) can be taken into account to
improve the solution accuracy, if necessary.

The coupled system of PPE can be attacked by ana-
lytically solving the equations in cascade of substitu-
tions. The uncoupled linear equation at the lowest order
provides the generating solution y1 (x). Thereafter (for
i > 1), the i-th perturbation order €’ systematically
establishes a linear non-homogeneous equation stating
that the second derivative of the i-th unknown variable
y!'(x) equates a known term at right hand, consisting in
a polynomial function of the first derivatives of all the
lower-order variables. Since the generating solution is
a second x-degree (quadratic) function, the higher e-
order solutions are polynomials of increasing x-degrees
(cubic, quartic, quintic,...). Specifically, after integra-
tion and imposition of boundary conditions, the solu-
tion of the i -th order (power of the perturbation param-
eter €) is a polynomial function including terms up to
the (i + 1)-th degree (power of the variable x)

i+1
€y =Y cyxl =

Jj=0
:cilx+ci2x2+...+ci(i+l)xi+1 (46)
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where coefficients ¢; j—here not reported for the sake of
synthesis—generally depend on all the unknown hyper-
static sensitivities §; (with k < i).

Remarkably, the lowest order approximation pro-
vided by the generating solution y; = 48;x(1 — x)
describes the so-called parabolic cable, having sag-
to-span ratio s; = yi(1/2) equal to §;. Physically,
this means that § can be interpreted—to a literally
first approximation—as the sag-to-span ratio of the
parabolic inextensible cable characterized by the aspect
ratio A.

Within the perturbation framework, the generalized
Force Method requires to univocally assessed all the
hyperstatic sensitivities §; a posteriori, with the aim of
identifying the unique geometrically compatible solu-
tion among all the statically determinable polynomial
functions yp,(x) satisfying the Perturbation Equilib-
rium Equations. The static inextensibility condition
serving as compatibility equation is imposed in the
form Ap = A. The quantity Ap is the polynomial
arc-length or—rigorously—the length of the polyno-
mial curve mapped by the series function yj,}, which
is determinable as

1 L 2l2
Ap = 1+ d 47
p /0 [ ()’[n]) ] X (47)

where the derivative

n n i+1
o= Yo = 36 Y e -
i=1 i=1 j=0

n
= Zéi(cil +2¢iox + -+ (i + Dejrnx’)
i=1
(48)

is understood. By operating coherently with the pertur-
bation scheme, the integrand term in Eq. (47) can be
expressed as e-power series, and the linearity of inte-
gration can be invoked. Consequently, the arc-length
Ap is asymptotically expressible in form of the e-power
series Appn) = Apo + € Ap1 + 62Ap2 4+ 4 eiApi +
-+ -+ €" Apy, which tends to the catenary length Ag for
growing approximation orders n. Solving analytically
the integrals returns that the lowest-order terms of the
series are Apg = 1 and Ap; = 0, while the high-order
terms read

App =357 (49)
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Ap3=228,5, (50)
Aps=5863 + 188,85 + 326! Q)
Aps=106184+ 108,85 + 12576, (52)
Ape =583+ 28284+ 178185+ 5 5163+

+ 25755 + 33269 (53)

where, from the viewpoint of the perturbation strategy,
it is worth noting that the arc-length Ap[,) depends on
all the hyperstatic sensitivities §; uptoi =n — 1.

Before finalizing the solution of the static problem,
the partial results provided by Eqgs. (49)—-(53) deserve
a brief discussion. In synthesis, the generalized Force
Method for inextensible cables requires (i) assigning
the aspect ratio A as the only data, and (ii) enforc-
ing the compatibility condition to assess the hyper-
static unknown §. Outside the perturbation framework,
satisfying the admissibility inequality A > 1 is suf-
ficient to obtain an admissible solution of the com-
patibility condition As = A. Differently, within the
framework of the perturbation strategy, the data must
satisfy an extra requirement. Indeed, Eqs. (49)—(53)
disclose that the compatibility condition Ap = A can
be satisfied without violating the assumption of cable
shallowness (mathematically § € O(¢)) if and only
if the assigned aspect ratio respects the requirement
A = 1+ O(€?), for the sake of consistency with the
arc-length Ap = 1+ O(€?). Consequently, the require-
ment A = 1 + 0(62) will be denoted as consistency
requirement in the following. This discussion demon-
strates that the aspect ratio A has not to be postulated,
but is mathematically required to be quasi-unitary.
Practically, the consistency is automatically verified
by introducing the new mechanical parameter A, that
describes the small natural extra-length exceeding the
inter-support distance, so that the aspect ratio can be
expressed as A = 1 4 €2 A,. Methodologically, it can
be remarked that the ordering of the natural cable length
(aspectratio A = 1+€%A;)is anecessary consequence
of the cable shallowness (§ = €8] + 284+ €"8,),
so that it does not requires to be assumed or imposed a
priori. Physically, the mathematical findings formally
confirm the intuitive idea that inextensible but shallow
cables must have natural length greater (inextensibility
condition), but not much greater (shallowness postu-
late) than the distance between the supports.

Once the aspect ratio is conveniently ordered in the
form A = 1+€% A, to automatically respect the consis-
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Fig. 2 Configurational sensitivities y; (x) of increasing orders (i =
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Fig. 3 Configurational sensitivities y; (x) of increasing orders (i = 1, 3, 5) for inextensible cables with different aspect ratios A

tency requirement, the inextensibility condition can be
imposed in the asymptotic form Ap,) = 1+ €2 A,. By
employing solutions (49)—(53) at the left hand and col-
lecting terms of the same e-order, an ordered hierarchy
of algebraic linear Perturbation Compatibility Equa-
tions (PCE) in the unknown hyperstatic sensitivities §;
is stated. Low-order PCE (n = 0, 1) are identically
satisfied. High-order PCE (n > 2) are homogeneous
equations. By solving in cascade, the solutions read

81 =14 (54)
83=—g5 A1 s (55)
85 = pabs A1 A3 (56)
where the auxiliary quantity A; = (6A3)'/? has

been introduced. All the even coefficients &>, J4, ...
are systematically null (meaning that the alternative
ordering 8, = €81 + €383 + - - - + €>"*185, 1 could
be adopted for the hyperstatic unknown without loss of
generality).

Once all the hyperstatic sensitivities §; are assessed,
the unique compatible configurational function yy,,)(x)
is determined by substituting solutions (54)—(56) into
the coefficients ¢;; of the solutions (46). After substi-

tutions, the odd i-th configurational sensitivities read

yi(x) = Apx(l —x) (57)
y3(x) = 35 A1 Agx (1 — x)(17 — 40x(1 —x))  (58)
¥5(x) = sggg A1 A3x(1 — x) (560 x c(x) — 519)  (59)

where the cubic function c(x) = (x—1)(4x—3) (4x—1).
All the even sensitivities y2(x), y4(x), ... are system-
atically null (meaning that the alternative ordering of
the configurational function yp,) = €y + Ey3+---
+€2"*1y,. 1 could be adopted without loss of gen-
erality). The configurational function y[,(x) is sym-
metric, as expected, because all the sensitivities y; (x)
are symmetric.

To summarize, the primary physical-mathematical
achievement is that a fully analytical—although asymp-
totically approximate—solution, depending only on the
aspect ratio A, has been determined for the configu-
rational cable function yp,)(x). From the mechanical
viewpoint, it is interesting to recognize that the lowest-
order asymptotic approximation of the configurational
function yj1}(x) describes the well-known and widely
used parabolic configuration. The full set i = 1, 3, 5)
of functions y; (x) is illustrated in Fig.2 for a partic-
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Fig.4 Approximation accuracy of the asymptotic configuration
function yj,) at midspan. Differences ey, at increasing orders
(n =1, 3, 5) for inextensible cables with growing aspect ratios
A, corresponding to increasing sag s

ular shallow cable and in Fig.3 for cables with vary-
ing aspect ratios A in the large range (1, 11/10], that
approximately corresponds to catenary sag s in the
range (0, 1/5]. Qualitatively, it can be observed that
high-order contributions provide either amplification
(positive sensitivity y3(x)) or deamplification (nega-
tive sensitivity ys(x)) of the parabolic configuration.
Quantitatively, the growing smallness of the function
amplitudes for increasing orders can be appreciated.

Parametric analyses focused on the sag of the
exact catenary function s compared with the sag of
the asymptotic approximations s{,] = y[nj(1/2) for
increasing aspect ratios A are illustrated in Fig.4. The
approximation accuracy is measured by the relative dif-
ference es,] = (S[n) — ) /5. Qualitatively, the compar-
ison shows that the lowest order approximation under-
estimates the exact sag (negative eg[1]), whereas the
higher order approximations provide either small over-
estimations (positive es[3]) or very small underestima-
tions (negative eg5)). Quantitatively, the approxima-
tion accuracy achievable at the highest order is excel-
lent, with relative differences |e,(5)| < 0.0025 for large
aspect ratio A = 15/10, corresponding to not-so-
shallow cables with sag s >~ 1/2 or even larger.

Once the hyperstatic unknown § and the configura-
tional function y(x) have been (asymptotically) deter-
mined, the horizontal reaction hg can be determined
according to the (exact) relation ks = 1/(4A$). By
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Fig. 5 Approximation accuracy of the asymptotic horizontal
reaction h[,. Differences e[, at increasing orders (n =1, 3, 5)
for inextensible cables with growing aspectratios A, correspond-
ing to increasing sag s

consistently employing the series expansion of the vari-
ables é and the ordering of the parameter A, the asymp-
totic expression the horizontal reaction can be deter-
mined in the series form Ay, = e "hoy + g +
e'hy +€hy + -+ €hj + -+ + €*h,. It is par-
ticularly important to remark that—consistently with
the perturbation scheme—the lowest-order approxi-
mation hj_1] € O(e~!) and, consequently, the j-th
term of the series belong to the i-th = (j — 2)-th
order O(e'). Methodologically, this finding is a nec-
essary consequence of the assumption of cable shal-
lowness (39), and cannot be introduced as indepen-
dent hypothesis. Physically, this mathematical result
formalizes the mechanical concept that shallow cables
have large horizontal reactions, which—as literally
first approximation—are inversely proportional to the
small midspan sag. Recalling the consistency condi-
tion A = 1+ €2 A, and the asymptotic expression O
after new series expansion and collection of the same
e-power terms, the odd coefficients of the series read

1
hoy = — 60
= (60)
17 Ay
h)y =— 61
1 20 (61)
913 A1 A
= — 62
3 6720 62)
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while even coefficients hj, ha4, ... are systematically
null. Starting from the definitions of the vertical reac-
tion vs = hgy’(0) and axial tension ng(x) = hg[1 +
(y'(x))?1'/2, analogous procedures can be applied to
achieve their asymptotic expressions vj,| = ethoy +
Ovo +elvy +€2vy 4+ -+ €lv; + -+ + €'y, and
) (x) = € 'n_1 () +€%ng(x) +¢€'ni (x) +ena (x) +
st €lni(x) + - - + €"n,(x), not reported here for
the sake of conciseness.

Parametric analyses focused on the exact horizontal
reactions hs compared with the asymptotic approxima-
tions A, for increasing aspect ratios A are illustrated
in Fig. 5. The approximation accuracy is measured by
the relative difference e[, = (hs — hyy))/ hs. Qual-
itatively, the comparison shows that the lowest order
approximation overestimates the exact reaction (pos-
itive ep[1]), whereas the higher order approximations
provide either small underestimations (negative ep[3])
or very small overestimations (positive ep[5]). Quanti-
tatively, the approximation accuracy achievable at the
highest order is satisfying, with relative differences
len| < 0.1 for large aspect ratio A = 15/10, cor-
responding to not-so-shallow cables with sag-to-span
ratios larger than 1/2.

4.3 Asymptotic modal solutions

The linearized dynamic problem governed by partial
differential Eqs. (33)—(34) can be conveniently trans-
ferred in the frequency domain by applying the Fourier
Transform, which applies to the generic dynamic func-
tion f(x, t) : DxR — Rastheintegral [ f (x, )] =
Pr(x,w) = [ f(x, 1) exp(—iwT)dT, where o €
R is the Fourier variable and ¢ ¢ (x, w) : D xR — Ris
the transformed function. After Fourier transformation,
the equations of motion become

o+ o014 =0 (63)
hs[9 (1+ 02) | + o'+

rolof1+07] " =0 (64)
where ¢, (x, @) = Flu(x, 1)1, ¢p(x, w) = Flv(x, )]

and ¢, (x, w) = Fltg(x, 7)] are the transformed vari-
ables. The corresponding boundary conditions read

¢M(07 (,()) = Ov¢u(1v (,()) = O,¢v(0a (X)) = 09¢U(17 Cl)) =
0. If the transformed inertial forces are conveniently

normalized by setting w?> = h,p?, Egs. (63)—(64)
become

&1 + e B2u[ 1+ 7] o (65)
ms[o, (14 092) |+ e+
s Ba1+07?]" =0 (66)

where 8 € R is the normalized dimensionless Fourier
variable and i, = 1/A plays the role of normalization
factor for the inertial forces. Physically, the quantity 4,
corresponds to the lowest order asymptotic approxima-
tion £_ of the static horizontal reaction. Moreover, by
applying the Fourier Transform to the dynamic inde-
formability condition (35), the internal coupling

¢, =—y'o, (67)

is established between the transformed functions ¢, (x, w)
and ¢, (x, w).

In synthesis, the Fourier transformation determines
a new coupled linear problem governed by a pair
of homogeneous ordinary differential equations with
(known and unknown) variable coefficients. From the
mathematical viewpoint, the problem can be clas-
sified as an internally constrained Sturm-Liouville
multi-variable eigenproblem, in which the quantity g
plays the role of unknown eigenvalue, while the S-
dependent variables ¢, (x, 8), ¢, (x, B) and ¢, (x, B)
play the role of unknown eigenfunctions (where the
relation w?> = h,B% is used for the change of
Fourier variable). Infinite eigensolutions, or eigenquar-
tets (B, ¢u(x, B), pu(x, B), ¢;(x, B)) exist. From the
physical viewpoint, the quantities 8 and w can be
interpreted as wavenumber and circular frequency of
free harmonic cable oscillations, spatially shaped by
the mode ¢(x, w) = (Pu(x, w), P (x, ®), P (x, W),
where the eigenfunctions ¢,(x, ®), ¢,(x, ) and
¢;(x, w) can be regarded as modal components related
to the displacements u(x, t) and v(x, t) and the hor-
izontal force tq(x, T), respectively. Therefore, solving
the eigenproblem is equivalent to perform a classical
modal analysis for the inextensible cable.

Coherently with the methodological approach to
the static problem and in the absence of analytically
exact eigensolutions, the eigenproblem governed by
Egs. (65)—(66) and the internal constraint (67) can be
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attacked by employing a perturbation method. For the
sake of asymptotic rigor, the static horizontal force
hs and the catenary function y(x), playing the role
of known coefficients in the problem equations, are
replaced by their asymptotic expressions

hin = e_lh_l +€1h1 +€3h3 + -4

+ehi -+ ehy, (68)
Yin)(x) =y ) +dy3 04+ +
+e Y ()4 - ey (x) (69)

where only the not-null odd e-power terms have been
considered. The lowest horizontal reaction sensitivities
h; (fori = —1, 1, 3) and configurational sensitivities
yi(x) (for i = 1,3,5) have been determined analyt-
ically in Sect.4.2 (see Eqs. (57)—(59) and (60)—(62),
respectively). The last known coefficient is the normal-
ization factor &, which is #, = h[_1] by definition and
can be ordered accordingly i, = €~ 'h_y. Therefore,
following a standard perturbation scheme, the unknown
coefficient f—playing also the role of eigenvalue—is
postulated to be asymptotically expressible in the form

Bini =€ Bo+e' B4+t +
+eBi 4+ +€"By (70)

where the quantities §; must be regarded as inde-
pendent unknowns. The unknown pB-dependent vari-
ables ¢, (x), ¢y (x) and ¢;(x)—playing also the role
of eigenfunctions—are postulated to be asymptotically
expressible in the form

Pupn) () =) _ € Pui(x) =

=2
=)+ P30+ +
+ € Pui () + -+ + € Pun(x) (71)

Pon) ()= _ € ui(x) =

i=1
=€'gu1 () + Do)+ +
+ €y () + - + Py (1) (72)
G ()= € Bri(x) =
i=0
= o)+ €'g )+ -+
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+ €l (X)+ - - + € Ppn (%) (73)

where the functions ¢, (x), ¢,; (x) and ¢;; (x) play the
role of independent unknown B-dependent variables.
The i-th quantity §; is referred to as i-th eigenvalue sen-
sitivity, or i-th B-eigensensitivity, while the i-th quan-
tities ¢y (x), ¢yi(x) and ¢y (x) are referred to as i-th
eigenfunction sensitivities, or i-th ¢-eigensensitivity.

Once all the eigenvalue sensitivities B; and eigen-
function sensitivities ¢,;(x), ¢yi(x) and ¢,;(x) are
determined (for i = 1,...,n), the series B[, and
Guin (). Do) (), Bii)(x) are expected to asymp-
totically tend to the exact eigensolution for growing
n-values (increasing approximation orders). Leaving
aside other mathematical considerations, the different
ordering of smallness postulated for the eigenfunctions
may deserve some mechanical justifications. First, the
order O(e) postulated for the eigenfunction ¢, (x)
complies with the physical requirement that the small
amplitudes of the vertical oscillations in linearized free
dynamics cannot be larger than the catenary sag of the
horizontal inextensible cable (recall that § € O(¢)).
Second, the order 0(62) attributed to the eigenfunction
¢, (x) reflects the physical evidence that the linearized
dynamics of horizontal cables tends to be dominated by
vertical oscillations (recall that ¢, (x) € O(¢)), whose
small amplitudes prevail over the very small ampli-
tudes of horizontal oscillations. Third, the order O (%)
assigned to the eigenfunction ¢, (x) sustains the phys-
ical condition that the dynamic (oscillating) contribu-
tion to the horizontal tension cannot be larger than the
static pretension (recall that iy € O(e~ 1)), in order
to preserve the geometric stiffness of the cable in the
linearized dynamic regime.

The assumed ordering of the constant and variable
coefficients (68)—(69) and the postulated asymptotic
expressions for the eigenvalue (70) and eigenfunc-
tions (71)—(73) can be introduced into the equations
of motions (63)—(64). After expansion and collection
of same e-power terms, an ordered hierarchy of Modal
Perturbation Equations (MPE) is obtained is obtained.
By considering orders up to and including the fourth
(n = 4), the system reads

EOZ

bio=0 (74)
h_1£o¢y1 =0 (75)
61:
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&1 = 0:1(Bo, Pu2) (76)
h_1£0¢v2 = 0y1(Pr0)+
+ Brap(Bo, dv1) (77)
62:
@1, = 02(Bo, B, Pu2, Pu3) (78)
h—1£0¢v3 = DUZ(ﬁO’ ,311 ¢tls ¢v17 ¢v2)+
+ B2a0(Bo, ¢uv1) (79)
63:

¢[/3 :al3(ﬁ0»"'1ﬁ2s ¢u2,-«~v¢u4) (80)
h_1Lo¢va = 0u3(Bo,- - -, B2, P10, P12, v, - . . Pu3)+
+ B3ap(Bo, duv1) (81)

& =04(Bo.- - . B3, Pu2s- - . Pus) (82)
h_1Lo¢vs = 0u4(Bo,- - - B3, Pr1, D13, Duls- - . Pua)+
+ Baao(Bo, dv1) (83)

where the pair of equations at each order (MPE; »)
is equipped by four geometric boundary conditions
$ui(0) = 0, ¢ui (1) = 0, ¢y (0) = 0, ¢yi (1) = 0. The
equilibrium relations ¢;; (0) = ¢y,; at the left support
cannot be imposed directly as mechanical boundary
conditions (because the modal horizontal reactions ¢p;
are unknown), but can be invoked to employ the hor-
izontal reactions ¢j; as hyperstatic unknowns at each
order.

From the methodological viewpoint, it is important
to recognize that the second equation of each €’ -order
is identically characterized by

e the linear differential operator £y = 9%/9x% + Bo,
acting on the eigensensitivity ¢, +1) at the lefthand
e the zeroth order coefficient, ag = —2h_1Bodv1,
multiplying the eigensensitivity f; at the left hand,

while the defects of homogeneity 0;; and 0,; at the i-
th order are reported in the Appendix. It is remarkable
that the i-th pair of defects 9,; and 0,; depend on the
static solution sensitivities up to y_1y and h¢_1).
Similarly, the asymptotic static solutions (68)—(69)
and the postulated asymptotic expressions for the
eigensolutions (70)—(73) can be introduced into the
dynamic indeformability condition (67). After expan-
sion and collection of same e-power terms, an ordered
hierarchy of Perturbation Indeformability Conditions
(PIC) is obtained. The equations not identically satis-

fied read

€ iy = =il (84)

e iy = —¥idln (85)

€ gy = —idy — Yid)3 (86)

€ 1 Pls = —Vidin — VidL (87)
6. ./ _ Y Y Y

€ 16 = —YVsPy1 — V3Py3 — ViPys (88)

where it is worth noting that the Perturbation Inde-
formability Condition governing the order €’ is nec-
essary to assess the unknown ¢,;, contributing to
the Modal Perturbation Equation governing the order
eli=h,

The two hierarchies of MPE and PIC can be solved
in cascade, by formulating a problem-specific strategy
of attack. Methodologically, the solution strategy can
be regarded as a sort of recursive, but hierarchically
delayed, application of the generalized Force Method
ateach order, technically similar to the strategy adopted
for the static problem. According to this general idea,
the lowest zeroth order is solved to determine the gen-
erating eigenquartet (Bo, ¢:0, Pv1, Pu2), While at the
generic higher order €’ all the eigenquartet sensitivi-

ties (Bi, ¢ri» Pu(i+1)> Pu(i+2)) that are

e dynamically balanced, that is, satisfy the MPE
(equilibrium equations in the frequency domain)

e geometrically compatible, that is, satisfy the PIC
(indeformability conditions) and all—except one—
the geometric boundary conditions of the MPE,

are determined as parametric functions of the support
reaction ¢p;, playing the role of hyperstatic unknown.
Finally, the hyperstatic unknown is determined a pos-
teriori, with delay of one perturbation order, by impos-
ing the last unsatisfied geometric boundary condition—
serving as Compatibility Condition CC—at the order
€= The perturbation strategy based on the gener-
alized Force Method is sketched in Fig.6, while the
principal steps of the algorithm work as follows.

4.3.1 Zeroth order

The lowest order (power €°) of the MPE is governed
by an uncoupled pair of homogeneous Eqs. (74)—(75),
having fixed coefficients. The problem unknowns are
the generating eigenvalue By and the generating eigen-
functions ¢y (modal force) and ¢,; (modal vertical
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Zeroth Order First Order Second Order W i-th odd Order (i+1)-th even Order
A\ i }
Eqgs : MPE, e': MPE; e2: MPE; e':  MPE, eitl. MPE,
MPE; + 2bc MPE; +2bc MPE; +2bc MPE; +2bc MPE; +2bc
—>] —>
: PIC+2bc €3: PIC +2bc €*: PIC+2bc €t2: PIC+2bc €T3 PIC+2bc
(1bc=CC) (1bc=CC) (lbc=CC) (lbc=CC) (1bc=CC)
SC Bok Bik B2k Bik Bi+1)k
SEgs Ptok Pu2k Prok Pu(it1)k Pr(i+1)k
duzk Pudk Du(i+3)k
N
SYMMETRIC SYMMETRIC l\\ SYMMETRIC SYMMETRIC
duik i1k D3k Dtik Du(i+2)k
Pusk Pu(it+2)k
ANTISYMMETRIC ANTISYMMETRIC ANTISYMMETRIC ANTISYMMETRIC
cC k even Dhok D1k Dh(i—1)k Dhik

Fig. 6 Perturbation strategy based on the generalized Force
Method for the linear eigenproblem. For each order, the scheme
illustrates the governing Equations (Eqs) with boundary condi-
tion (bc), the eigenvalue sensitivity resulting from the Solvability
Conditions (SC), the symmetric and antisymmetric eigenfunc-
tion sensitivities resulting from the Solvable Equations (SEqs),

displacement). In parallel, the lowest order (power €2)
of the PIC states a non-homogeneous Eq. (84) that
relates the MPE solutions with the generating eigen-
function ¢, (modal horizontal displacement), which
can be counted as extra unknown.

The first MPE (74) is trivially solvable in the gener-
ating eigenfunction ¢, which results to be constant.
By recalling the equilibrium relations ¢:0(0) = ¢po at
the left support, the generating horizontal eigenreaction
¢no can be assigned the role of lowest order hyperstatic
unknown, to be determined at the next order.

The second MPE (75) states the linear eigenprob-
lem ¢, + B3¢y1 = 0, which is analytically solvable.
By imposing the boundary conditions ¢,1(0) = 0 and
@1 (1) = 0, infinite eigenpairs are determined. The k-
th eigenpair is composed by the generating eigenvalues
Bokr and generating eigenfunctions ¢k, reading

Bok =k, (89)
¢vik = c1sin(kmx) (90)

with ¢ playing the role of undetermined amplitude.
Each k-value corresponds to a different eigenquartet
(with k£ € N). Remarkably, the generating eigenso-
lutions can be distinguished into antisymmetric (k =
2,4,6,...)and symmetric (k = 1, 3, 5, ...) functions.
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and the hyperstatic unknown resulting from the Compatibility
Conditions (CC). Arrows indicate solutions used to specify equa-
tions of the next order. Solutions in red are dependent on the
hyperstatic unknown to be determined at the next order. Solu-
tions in black are dependent on the hyperstatic unknown to be
determined at the same order (except for the zeroth order)

Once the MPE solutions have been determined,
the right hand of the PIC (84) is known. Therefore,
the generating eigenfunction ¢,»> can be determined
by integrating and imposing the boundary conditions
¢u2(0) = 0 and ¢,2(1) = 0. Two cases must be distin-
guished

e Even modes (k = 2,4,6,...)—The generating
eigen functions ¢,1; are antisymmetric and the
unknowns ¢, always admit compatible and not
trivial solutions. The k-th solution ¢, is

Puzk = Puok(x) sin(km x)—+
+ Wk (x) cos(kmx) + Lok (x) ©On

where the auxiliary x-dependent polynomial func-
tions @0k, Wyor and Ior are reported in the
Appendix. Generating eigenfunctions ¢, can be
proved to be symmetric functions.

e Odd modes (k = 1,3,5,...)—The generating
functions ¢,1x are symmetric, but the unknowns
@2k do not admit any compatible solution, since
the boundary conditions cannot be satisfied (for

c1 #0).

The impossibility to satisfy the PIC for symmetric gen-
erating eigenfunction ¢,1; imposes to consider only
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even modes generated by values k = 2p (with p € N).
Consequently, all the generating eigensolutions are
characterized by equispaced generating eigenvalues
Boxk, antisymmetric generating eigenfunctions ¢, 1 and
symmetric generating eigenfunctions ¢, in all the
higher orders.

From the mechanical viewpoint, the existence of
only antisymmetric modes in the vertical oscillations
of horizontal inextensible cables, based on the low-
est order approximation of the catenary configuration
(quadratic function y; in Eq. (84)), is coherent with the
null elongation that characterizes antisymmetric modes
in the transversal dynamics of parabolic extensible
cables. As minor remark, it may be worth noting that the
PIC are strong conditions of inextensibility, imposed
locally on each infinitesimal element of the cable.
Therefore, the existence of odd modes (corresponding
to symmetric eigenfunctions ¢,1; and antisymmetric
eigenfunctions ¢,») cannot be excluded if the strong
inextensibility condition is relaxed and replaced by the
weak condition imposing globally the identity between
the dynamic and natural lengths (Ag = Ap) of the
cable.

4.3.2 First order

The first order (power €!) of the MPE is governed by
a coupled pair of non-homogeneous Eqs. (76)—(77),
having variable coefficients. The problem unknowns
are the eigenvalue sensitivity 81 and the eigenfunction
sensitivities ¢;1 (modal force) and ¢, (modal vertical
displacement). In parallel, the first order (power €3) of
the PIC states a non-homogeneous Eq. (85) that relates
the MPE solutions (antisymmetric function ¢,2;) with
the eigenfunction sensitivity ¢, 3 (modal horizontal dis-
placement), countable as extra unknown.

The first MPE (76) must be solved in the first
eigensensitivity ¢, by integrating the defect of homo-
geneity 0;1(Bo, ¢u2). By specifying the integrand func-
tion for the k-th solutions Box and ¢,,2x, known from the
lower order, the solution ¢, for the k-th eigenquartet
is the antisymmetric (minus ¢p1x) function

Dr1k(x) = DPp1i(x) sin(kmwx)+
+ Yk (x) cos(kmrx) + Ik (x) + dpix (92)

where the auxiliary x-dependent polynomial functions
D1k, Yi1k and 71y are reported in the Appendix. By

recalling the equilibrium relations ¢;1(0) = ¢j,1 at the
left support, the first sensitivity ¢ of the horizontal
eigenreaction has been employed as first order hyper-
static unknown, to be determined at the next order.

The second MPE (77) is not immediately solvable,
because the differential operator £ is singular for B,
by construction. By invoking the Fredholm Alterna-
tive theorem, a non trivial solution ¢, exists only if
the defect of homogeneity 0,1 (¢:0) + B100(Bo, Pv1) is
orthogonal to the solution ¢ of the adjoint differential
problem. Since the second MPE (77) can be demon-
strated to state a self-adjoint problem (with self-adjoint
boundary conditions), the solvability condition actu-
ally requires orthogonality between the defect of homo-
geneity and the self-solution ¢ = ¢,. By specifying
the defect of homogeneity for the lower order solu-
tions of the k-th eigenquartet, the solvability condition
requires

1
fo Du1k [0v1 (@r0) + Brao(Box. duik) Jdx =0 93)

which is a linear algebraic equation for the first eigen-
value sensitivity B1. Formally, the k-th solution reads

f01¢v1k 0y1(Pnok)dx

Bik = ——
Jo®vix ao(Bok, puix)dx

(94)

whose numerator can be demonstrated to identically
vanish (because the integrand functions is antisym-
metric), while denominator certainly differs from zero.
Consequently the first eigenvalue sensitivity is identi-
cally null Bj; = 0 for all the eigenquartets. Enforcing
this result into the defect of homogeneity makes Eq.
(77) solvable. Therefore, by integrating and imposing
boundary conditions ¢,2(0) = 0 and ¢,2(1) = 0, the
solution ¢, for the k-th eigenquartet is the symmetric
function

dvok (x) = cp sin(kmx) + Wyok cos(kmrx) + Ik (95)

where the auxiliary ¢po-dependent constants ¥,»; and
I'ypx are reported in the Appendix. The boundary con-
ditions state an algebraic problem of two equations
in the two integration constants. Since the two equa-
tions are linearly dependent, only one unknown can be
assessed, while the other (constant ¢,) remains indeter-
minate. Nonetheless, the constant ¢, can be considered
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null (c; = 0) without loss of generality, since it mul-
tiplies an asymptotically redundant contribution that is
parallel to the generating solution ¢, k.

Once the MPE solutions have been determined, the
right hand of the PIC (85) is known and the equation
can be solved for the unknown ¢,3. By integrating and
imposing one of the two remaining boundary condition
¢,3(0) = 0, the solution ¢,3 for the k-th eigenquartet
is the antisymmetric (minus /7,3) function

Gusk (x) = D3 sin(kmr x) + Wy3i (x) cos(km x)+ I3k
(96)

where the auxiliary ¢y0-dependent constants @3 and
I3 and polynomial function ¥,3;(x) are reported
in the Appendix. To complete the solution strategy
according to the generalized Force Method, the last
boundary condition ¢,3(1) = 0 is used as a sort of
compatibility condition to determine the hyperstatic
unknown ¢y, remained undetermined from the lower
order (delay of one perturbation order). The compat-
ibility condition is satisfied only if the hyperstatic
unknown is identically null ¢o = 0 for all k-values
(all eigenquartets). Once the hyperstatic unknown has
been assessed, the ¢p0-dependent solutions ¢;o (con-
stant), ¢, (symmetric) and ¢3¢ (antisymmetric) are
fully determined a posteriori and, specifically, discov-
ered to be null.

4.3.3 Second order

The second order (power €) of the MPE is governed
by a coupled pair of non-homogeneous Egs. (78)—(79),
with variable coefficients. The problem unknowns are
the eigenvalue sensitivity 8, and the eigenfunction sen-
sitivities ¢, (modal force) and ¢,3 (modal vertical dis-
placement). In parallel, the second order (power %)
of the PIC states a non-homogeneous Eq. (86) that
relates the MPE solutions with the eigenfunction sensi-
tivity ¢,4 (modal horizontal displacement), which can
be counted as extra unknown.

The first MPE (78) must be solved in the second
eigensensitivity ¢, by integrating the defect of homo-
geneity 0,2(Bo, B1, Pu2, du3). By specifying the inte-
grand function for the k-th solutions Box, Bik, Pu2ks
du3k, known from the lower orders, the defect of homo-
geneity results to be null. Accordingly, the second
eigenfunction sensitivity ¢, is constant. By recalling
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the equilibrium relations ¢, (0) = ¢ at the left sup-
port, the second sensitivity ¢y of the horizontal eigen-
reaction has been employed as first order hyperstatic
unknown, to be determined at the next order.

The second MPE (79) is not immediately solvable,
because the differential operator £y is again singu-
lar for Bok, by construction. Similarly to the previ-
ous order, the Fredholm Alternative theorem can be
invoked to find a non trivial solution ¢,3 by satisfying
the solvability condition on the defect of homogeneity
0,2(Bo, B, 11, Pul, $v2) + B2ao(Bo, dv1). By speci-
fying the defect of homogeneity for the lower order
solutions of the k-th eigenquartet, the solvability con-
dition states a linear algebraic equation for the second
eigenvalue sensitivity B,. Formally, the k-th solution
reads

_folfbulk 002(Bok» Biks Priks Guik, Pvor)dx

Bok = ;
Jo®vix ao(Bok, uix)dx

o7

and, after substitution and integration (note that the
integration eliminates the dependence on the hyper-
static unknown ¢y, %), the solution reads

A} (114 4 K*7?) | kah
12km 2h_,

Bok = — (98)

which is the lowest not null eigenvalue sensitivity.
Enforcing this result into the defect of homogene-
ity makes Eq. (79) solvable. Therefore, by integrating
and imposing boundary conditions ¢,3(0) = 0 and
¢y3(1) = 0, the solution ¢, 3 for the k-th eigenquartet
is the antisymmetric (minus ¢p1x) function

Gu3x(x) = c3sin(kmx) + Py3i (x) sin(kwx)+
+ W3k (x) cos(kmx) + y3r(x) (99)

where the auxiliary ¢j,1;-dependent polynomial func-
tions @3 (x), Yy3r(x) and I'y3r(x) are reported in
the Appendix. Similarly to the previous order, the two
algebraic equations provided by the boundary condi-
tions are linearly dependent and allow the assessment
of one integration constant, leaving the other (constant
c3) indeterminate. Nonetheless, the constant ¢3 can be
considered null (c3 = 0) without loss of generality.
Once the MPE solutions have been determined, the
right hand of the PIC (86) is known and the equation
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can be solved for the unknown ¢,4. By integrating and
imposing one of the two remaining boundary condition
¢44(0) = 0, the solution ¢,4 for the k-th eigenquartet
is the symmetric (minus ¢y 1) function

Puak (x) = Pyar(x) sin(kmx)+
+ Wuak (x) cos(kmx) + Lyar(x) (100)

where the auxiliary ¢j,1;-dependent polynomial func-
tions @D,4x (x), Wyax (x) and I,4x (x) are reported in the
Appendix. To complete the solution strategy, the last
boundary condition ¢4 (1) = Oisused as compatibility
condition to determine the hyperstatic unknown ¢y, 1x,
remained undetermined from the lower order. Specif-
ically, the compatibility condition establishes a linear
algebraic equation giving, for the k-th eigenquartet, the
first sensitivity of the horizontal reaction

Gnik = —2cikmh_1 A, (101)

which can be remarked to be directly proportional to
the mode number k. Once the hyperstatic unknown has
been assessed, the ¢y, 1x-dependent solutions ¢, (anti-
symmetric), ¢,ok (antisymmetric) and ¢,3; (symmet-
ric) are fully determined a posteriori.

4.3.4 Third order and higher odd orders

The third order (power €3) of the MPE is governed by
a coupled system of two non-homogeneous Egs. (80)-
(81), with variable coefficients. The problem unknowns
are the eigenvalue sensitivity 3 and the eigenfunction
sensitivities ¢,3 (modal force) and ¢,4 (modal verti-
cal displacement). In parallel, the third order (power
€>) of the PIC states a non-homogeneous Eq. (85) that
relates the MPE solutions with the eigenfunction sensi-
tivity ¢, 5 (modal horizontal displacement), which can
be counted as extra unknown. Third order is the high-
est odd order whose solution deserves to be briefly dis-
cussed, due to some distinctive mathematical and algo-
rithmic peculiarities with respect to lower odd orders.
Higher odd orders (power eS¢, .. .) can be systemat-
ically attacked with the same methodological scheme
and return formally similar solutions.

The first MPE (80) must be solved in the third
eigensensitivity ¢,3 by integrating the defect of homo-
geneity 0,3(Bo, - - -, B2, du2, - - ., Pua). By specifying
the integrand function for the k-th solutions By, . .

. Bk

budks - - - » Puak, known from the lower orders, the solu-
tion ¢,3 for the k-th eigenquartet is the antisymmetric
(minus ¢p3r) function

P13k (x) = Py3x(x) sin(kmx)+

+ W3 (x) cos(kmx) + I3k (x) + dpsk
(102)

where the auxiliary x-dependent polynomial functions
D3k, Y3k and I3 are reported in the Appendix. By
recalling the equilibrium relations ¢;3(0) = ¢;3 at the
left support, the first sensitivity ¢p3x of the horizontal
eigenreaction has been employed as first order hyper-
static unknown, to be determined at the next order.

The second MPE (81) is not immediately solvable,
due to the singularity of the differential operator £y
for Bor. The solvability conditions for the existence of
a non trivial solution ¢,4 is imposed on the defect of
homogeneity 0,3(Bo, - . ., B2, D10, P12, Put, - .., Pu3)+
B3ao(Bo, Pv1), giving rise to in a linear algebraic equa-
tion in the third eigenvalue sensitivity 83. By specifying
the defect of homogeneity for the lower order solutions
of the k-th eigenquartet, the solution indicates that the
third eigenvalue sensitivity is identically null B3; = 0.
Enforcing this result into the defect of homogeneity
makes Eq. (81) solvable. Therefore, by integrating and
imposing the boundary conditions ¢,4(0) = 0 and
¢va(l) = 0, the solution ¢4 for the k-th eigenquar-
tet is the symmetric function

Dvak (x) = cqsin(kmx) + Wyag cos(kmx) + Lyak
(103)

where the auxiliary ¢p2¢-dependent constants ¥4y and
I'y4r are reported in the Appendix. The constant c4,
remained undetermined because the boundary con-
ditions establish two linearly dependent equations if
the two integration constants, can be considered null
(ca = 0) without loss of generality.

Once the MPE solutions have been determined, the
right hand of the PIC (87) is known and the equation
can be solved for the unknown ¢, 5. By integrating and
imposing one of the two remaining boundary condition
¢u5(0) = 0, the solution ¢,5 for the k-th eigenquartet
is the antisymmetric function

Pusk(x) = Pysk(x) sin(kmx)+
+ Wusk (x) cos(kmx) + sk (x) (104)
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where the auxiliary ¢p2x-dependent polynomial func-
tions D,,5k(x), I,5¢(x) and ¥, s; (x) are reported in the
Appendix. The last boundary condition ¢,5(1) = 0 is
used as compatibility condition to determine the hyper-
static unknown ¢k, remained undetermined from the
lower order. The compatibility condition is satisfied
only if the hyperstatic unknown is identically null
¢nok = 0 for all k-values (all eigenquartets). Once
the hyperstatic unknown has been assessed, the ¢p,0-
dependent solutions ¢y (constant), ¢yax (Symmetric)
and ¢, 5; (antisymmetric) are discovered to be null.
The eigensolution sensitivities provided by higher
odd orders present mathematical properties that are for-
mally similar to solutions of the third order. By applying
the same methodological scheme to attack the govern-
ing equations, the generic higher order (power €', with
i odd) provides, as result of the first MPE, the eigen-
function sensitivity ¢;; for the k-th eigenquartet

Grik(x) = Pyix (x) sin(kmx)+
+ Wik (x) cos(kmx) + Ik (x) + ¢pir (105)

which is an antisymmetric function, where the i-th sen-
sitivity ¢pix of the horizontal eigenreaction plays the
role of hyperstatic unknown, to be determined at the
following (i 4+ 1)-th (even) order. As solvability condi-
tion for the second MPE, the generic higher odd order
requires identical nullity of the i-th eigenvalue sensi-
tivity B;x. Finally, the compatibility condition requires
the hyperstatic unknown ¢j(;—1)x, remained undeter-
mined from the previous (i — 1)-th (even) order, to be
null. After substitution, the eigenfunction sensitivities
¢r(i— 1)k (constant), ¢y (symmetric) and ¢y +2)k
(antisymmetric) turn out to be systematically null.

4.3.5 Fourth order and higher even orders

The fourth order (power €*) of the MPE is governed by
a coupled system of two non-homogeneous Egs. (82)-
(83), with variable coefficients. The problem unknowns
are the eigenvalue sensitivity B4 and the eigenfunction
sensitivities ¢4 (modal force) and ¢,5 (modal verti-
cal displacement). In parallel, the fourth order (power
€%) of the PIC states a non-homogeneous Eq. (85) that
relates the MPE solutions with the eigenfunction sensi-
tivity ¢,6 (modal horizontal displacement), which can
be counted as extra unknown. Fourth order is the high-
est even order whose solution deserves to be briefly dis-
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cussed, due to some distinctive mathematical and algo-
rithmic peculiarities with respect to lower even orders.
Higher even orders (power €°, €3, ...) can be system-
atically attacked with the same methodological scheme
and return formally similar solutions.

The first MPE (82) must be solved in the sec-
ond eigensensitivity ¢y4 by integrating the defect of
homogeneity 0:4(Bo, - .., B3, Gu2, - .., dus). By spec-
ifying the integrand function for the k-th solutions
Bok, ---, Bix and @2k, ..., dusk, known from the
lower orders, the defect of homogeneity results to be
null. Accordingly, the fourth eigenfunction sensitivity
¢4 s constant and can be expressed as ¢;4(0) = ¢Pp4,
where the fourth sensitivity ¢pax of the horizontal
eigenreaction is the hyperstatic unknown to be deter-
mined at the next order.

The second MPE (83) is not immediately solv-
able, because the differential operator £y is again
singular for Box, by construction. The solvability
conditions for the existence of a non trivial solu-
tion ¢,5 is imposed on the defect of homogeneity
004(Bos- - - B3, D11, D3, Puls- . - Gva) +Baao(Bo, Pv1)s
giving rise to in a linear algebraic equation in the fourth
eigenvalue sensitivity B4. By specifying the defect of
homogeneity for the lower order solutions of the k-th
eigenquartet, the solution reads

bi' Afh1 b AT —bPATA

i = =y h 1440 kK373
knh% kmhs (106)
8h%, = 2h_

where the auxiliary quantities bil, biz and b;? are
reported in the Appendix. Enforcing this result into the
defect of homogeneity makes Eq. (83) solvable. There-
fore, by integrating and imposing boundary conditions
¢v5(0) = 0 and ¢,5(1) = 0, the solution for the k-th
eigenquartet is the antisymmetric function

Gusk (x) = ¢s sin(kmwx) + Dysp (x) sin(km x)+
+ Wysk(x) cos(kmx) + sk (x) (107)

where the auxiliary ¢;,3;-dependent polynomial func-
tions @ys5r(x), Wysk(x) and Iysi(x) are reported in
the Appendix. The constant c5, remained undetermined
because the boundary conditions establish two linearly
dependent equations in the two integration constants,
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can be considered null (c5 = 0) without loss of gener-
ality.

Once the MPE solutions have been determined, the
right hand of the PIC (88) is known and the equation
can be solved for the unknown ¢,¢. By integrating and
imposing one of the two remaining boundary condition
du6(0) = 0, the solution ¢,¢ for the k-th eigenquartet
is the symmetric function

Dusk (x) = Pyer (x) sin(km x)+
+ Yok (x) cos(kmx) + Iyer (x) (108)

where the auxiliary ¢j,3;-dependent polynomial func-
tions @6 (x), Iyer(x) and W,ex (x) are reported in the
Appendix. The last boundary condition ¢,6(1) = 0 is
used as compatibility condition to determine the hyper-
static unknown ¢y,3x, remained undetermined from the
lower order. Specifically, the compatibility condition
establishes a linear algebraic equation giving, for the
k-th eigenquartet, the third sensitivity of the eigenreac-
tion

cith_y (hilA? — h22A1A2)

= 2c1knhiA| —
Dn3k crkmhy Ay 10k

(109)

where the auxiliary quantities hil and h,? are reported
in the Appendix. Two contributions, one being directly
proportional and the other inversely proportional to
the mode number k, can be recognized. Once the
hyperstatic unknown has been determined, the ¢p3-
dependent eigenfunction sensitivities ¢;3; (antisym-
metric), ¢ys5r (antisymmetric) and ¢yer (antisymmet-
ric) become fully determined a posteriori.

The eigensolution sensitivities provided by higher
even orders present mathematical properties that are
formally similar to solutions of the fourth order. By
applying the same methodological scheme to attack
the governing equations, the generic higher order
(power €+D_ with (i + 1) even) provides, as result
of the first MPE, constant eigenfunction sensitivity
dii+1)k = Pni+1)k for the k-th eigenquartet, where
the (i 4+ 1)-th sensitivity ¢p(;+1)x of the horizontal
eigenreaction plays the role of hyperstatic unknown,
to be determined at the following (i + 2)-th (odd)
order. The solvability condition for the second MPE
returns the (not null) (i 4+ 1)-th eigenvalue sensitivity
B(i+1)k- Finally, the compatibility condition allows the

assessment of the (not null) hyperstatic unknown ¢y,
remained undetermined from the previous i-th (odd)
order. Consequently, not null eigenfunction sensitivi-
ties ¢y (antisymmetric), ¢, ;+2)k (antisymmetric) and
@u(i+3)k (symmetric) are obtained.

4.3.6 Asymptotic reconstructed solutions

Perturbation solutions of the linear eigenproblem up to
the fourth order (corresponding to the highest powers
€* and € for the governing MPE and PIC, respectively)
guarantee fully analytical reconstruction of the asymp-
totic series approximations

e up the fourth order (n = 4) for the eigenvalue

Brak = €®Bok + €2 Bk + €* Bax (110)

e up to the sixth order (n = 6) for the eigenfunctions
of the horizontal and vertical displacements

Duton () = €2 Puar (x) + €*Puar (x) + €puei (x)
(111)

Dok (¥) = €' Pu1r(x) + € Py3r(x) + € Pusi (x)
(112)

e up to the fourth order (n = 4) for the axial force
and horizontal reaction eigenfunctions

Grae(x) = €' P (x) + E P (x) (113)
Pniak = e i + Pk (114)

for all the eigenquartets (even k = 2,4,6,...). Null
contributions have been excluded from the recon-
structed series. Reconstruction of the eigensolutions
is finalized by complete reabsorption of the order-
ing parameter €, by inverting the parameter ordering
Ay = (A — 1)/€>. From the mechanical viewpoint, it
may be interesting to remark that the catenary curve
differs from the parabolic curve for the static config-
urational sensitivity y3 (and highers), which affects
dynamic equations — and consequently dynamic solu-
tions — starting from the second order (eigensensitivi-

ties Bok, vk, Puaks Pr3k).

4.3.7 Numerical Ritz—Rayleigh solutions

In the absence of exact analytical solutions, the asymp-
totic solutions of the modal problem require validation
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by comparison with numerical results. Among the other
methodologies, the Ritz—Rayleigh technique [12] can
be adapted to attack the governing equations. Accord-
ingly, the unknown mode ¢ (x) = (¢, (x), ¢, (x), ¢y (x))
must be expressed as complete and convergent series

)= aiP;(x) =Y a;(Yi (x). Yui (x), Yui (x))
i=1 i=1

(115)

where the Ritz—Rayleigh modes ¥, (x) are composed
by known functions ¥ (x), ¥y (x), ¥yi (x), which are
required to satisfy the geometric boundary conditions.

Eigenfunction ¢, (x) is selected as principal unknown.
For the sake of completeness and convergence, the cor-
responding Ritz—Rayleigh functions are chosen as
Yyi (x) = sin(2imx) (116)
which are automatically (foralli =1, ..., m) compat-
ible with the boundary conditions ¥r,; (0) = ¥, (1) =
0, and also satisfy the symmetry of the problem.

The Ritz—Rayleigh functions of eigenfunction ¢, (x)
can be conveniently selected to systematically respect
the indeformability condition (67). By enforcing inde-
formability and imposing boundary conditions v,,; (0) =
Y, (1) = 0, the known Ritz—Rayleigh functions read

C,;(x) cos2imx) +8);(x) sinRimx) + N7,

Vur () = 272 1 1642

(117)

where the x-dependent auxiliary functions s, (x),
C;,;(x) andn’ ; are determined quasi-analytically by dif-
ferentiating the exact catenary function (36). Indeed,
their expressions can be obtained analytically (as
reported in the Appendix), but depend on the hyper-
static unknown §, which has be to assessed numerically.

Finally, the Ritz—Rayleigh functions of eigenfunc-
tion ¢;(x) can be conveniently selected to systemati-
cally satisfy the first modal Eq. (65). Consequently, the
Ritz—Rayleigh functions can be expressed in the form
Vi (x) = BZx:i(x), where the known sub-functions
read

Cj; (x) cos(2imx) + s}, (x) sin(2imx) + Ny,
(41272 + 64 82)(i%72 + 64.82)

xii(x) =
(118)
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and the x-dependent auxiliary functions s7; (x), Cf; (x)
and n7; (x) are determined quasi-analytically (as reported
in the Appendix) by differentiating the exact catenary
function (36).

Since expressions (117), (118) provide automatic
satisfaction of the indeformability condition and the
first modal equation, the eigenproblem reduces to the
second modal Eq. (66). The algorithm requires to: (i)
replace all the eigenfunctions with their Ritz—Rayleigh
series, (ii) premultiplying the governing equations by
the virtual eigenfunction 8¢, (x) = > 1" 8a; Y (x),
(iii) integrating (analytically or numerically) over the
entire x-domain, (iv) collect and zeroing all the terms
multiplied by the same virtual amplitude 3a;. The pro-
cedure transforms the differential Eq. (66) into a cou-
pled linear system of m algebraic equations reading

(A+B°Ba=0 (119)

where the entries of the m-by-m matrices A and B are

Aij =f01hs1pvj[¢{,i (1+(y/)2>]/dx (120)
Bjj = fol Yo (V' xei)' + hrwvjwvi[l‘F (y/)z]% dx
(121

while the m-by-1 vector of Ritz—Rayleigh amplitudes
isa = (ay,an,...,ay). Therefore, the £-th Ritz—
Rayleigh eigenvalue ,Bf can be assessed by search-
ing numerically the ¢-th root (for ¢ = 1,...,m) of
the characteristic equation det(A + B%B) = 0. The
£-th Ritz—Rayleigh modal functions can be obtained
as ¢y(x) = ¥, - A ¢ (1) = ¥, - A @) =
¥, - ap, where ay is the £-th eigenvector and ¥, =
(vals WUL ceey I/fvm)a '/’u = (wula I/fuZ’ ceey I,/fum)’
¥, = (Y, ¥, ..., Yum) are the vectors of Ritz—
Rayleigh functions. Naturally, growing numbers m of
functions increase the accuracy of the Ritz—Rayleigh
results in approximating the exact eigensolutions.

4.3.8 Asymptotic results and numerical validation

Asymptotic reconstructed solutions for the eigenval-
ues B of the lowest eigenquartets (k = 2,4, 6,8)
are shown in Fig.7 versus increasing aspect ratios in
the range A € (1, 11/10]. Independently of the mode
number k, the major qualitative remarks concerning the
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Fig.9 Eigenfunction sensitivities ¢y3r Pk (Yellow), puak, dusk (red), ¢;3x (green) for the shallow inextensible cable with aspect ratios
A € (1,11/10]: k = 2 (first column), k = 4 (second column), k = 6 (third column), k£ = 8 (fourth column)

different eigensensitivities are that: (i) the second sensi-
tivity B2x determines small softening effects (frequency
decrement versus increasing aspect ratio), while (ii)
the fourth sensitivity B4 causes very small hard-
ening (frequency increment versus increasing aspect
ratio) effects, and finally (iii) extremely small soften-
ing effects are finally caused by the sixth sensitivity
Bek (analytically determined after some cumbersome

@ Springer

algebra that cannot be reported here for the sake of syn-
thesis). These competing high-order (n = 2,3,4,...)
effects correct the A-independent low-order (n = 0, 1)
approximations of the eigenvalue in a non-negligible
manner. Physically, this achievement means that the
natural frequencies of catenary cables (described by
high orders) can be appreciably different from the
natural frequencies of parabolic cables (first order).
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The differences grow for increasing aspect ratios, as
expected. Quantitatively, the comparison with the cor-
responding ¢-th Ritz—Rayleigh eigenvalue ,Bf & =
1,2,3,4) allows to appreciate the growing accuracy
of the asymptotic approximations for increasing orders
n of the reconstructed solutions B, ). The comparison
highlights also that the alternate softening or hardening
behaviors described by the eigensensitivities S;x con-
tributing to the asymptotic solutions B[,k determine
alternate underestimation (n = 2,6, ...) or overesti-
mation (n = 0, 4, ...) of the numerical solutions ﬁf s
respectively.

Reconstructed solutions for all the eigenfunctions
are shown in Fig. 8 for the lowest eigenquartets (k =
2,4, 6, 8) of a shallow cable with the particular aspect
ratio A = 103/100. The geometrical properties of
the eigenfunctions ¢y, (symmetric) and ¢y[n], Pr[n]
(antisymmetric) can be appreciated, regardless of the
approximation order. Comparing the high order (con-
tinuous lines) with the low order (dashed lines) solu-
tions highlights that—for the same amplitude c¢;—Ilow-
order approximations slightly underestimate the eigen-
functions ¢, [,] and ¢y, (modal displacements), while
slightly overestimate the eigenfunctions ¢y, (modal
force). Also, high orders determine slight shifts of all
the eigenfunction nodes. All the eigenfunction sensitiv-
ities are also illustrated in Fig. 9, where their increasing
smallness can be appreciated for growing aspect ratios.

Conclusions

Physical-mathematical problems concerning the stat-
ics and free dynamics of inextensible shallow cables
have been addressed, with the primary objective of
achieving fully analytical solutions, expressible as
parametric functions of the geometrical and inertial
data.

First, the traditional formulation of the mechani-
cal one-dimensional continuum model describing the
static and dynamic responses of elastically extensible,
perfectly flexible cables has been revisited to state the
nonlinear equilibrium equations as parametric expres-
sions of cable shallowness and extensibility. Therefore,
the nonlinear conditions for cable inextensibility in the
static and dynamic fields have been derived as internal
constraints between the configurational variables.

Second, an original hierarchical variant of the Force
Method is presented as methodological solution strat-

egy, based on the systematic application of perturba-
tion schemes to equilibrium equations, indeformability
constraints and compatibility conditions. With respect
to other approaches, the proposed strategy allows a
unified and fully consistent treatment of the static
and dynamic problems, requiring the sole geometric
assumption of cable shallowness as postulate a priori.

Technically, the perturbation scheme for the static
problem consists of a two-step algorithm that requires
stating and recursively solving in closed form: (i) a
linear differential system of Perturbation Equilibrium
Equations (PEE) and, (ii) a linear algebraic system
of perturbation compatibility equations. Subsequently,
taking the asymptotic static solution as a reference, the
perturbation scheme for the linearized free dynamic
problem consists of a three-step algorithm that requires
stating and recursively solving in closed form: (i) a lin-
ear differential system of Modal Equilibrium Equations
(MPE), then (ii) a linear differential system of Perturba-
tion Indeformability Conditions (PIC), and finally, (iii)
the hierarchy of boundary conditions serving as Com-
patibility Conditions (CC) for the perturbation sensi-
tivities of the hyperstatic unknown. The outlined per-
turbation strategy can also be regarded as a general-
izable methodological tool, whose technical principles
can be systematically extended to search for analyti-
cal (asymptotically convergent) solutions of nonlinear
static equilibrium problems and linearized eigenprob-
lems related to statically indeterminate structures.

As a significant achievement in the attack on the
nonlinear static problem, highly accurate fully analyt-
ical solutions have been obtained for the asymptotic
approximation of the catenary configuration assumed
by horizontal inextensible cables hanging between
fixed supports under self-weight. As major achieve-
ment in the attack on the linearized dynamic problem,

fully analytical—although asymptotically approximate—

solutions have been obtained for the unsolved eigen-
problem (modal problem) governing the free undamped
response of horizontal cables in the small-amplitude
oscillation regime. Parametric analyses of the results
have highlighted that high-order terms determine qual-
itative and quantitative effects in the eigensolutions,
including competing softening or hardening effects in
the eigenvalues (natural frequencies). In comparison,
low-order approximations (parabolic cable configura-
tions) have been recognized to determine underestima-
tions or overestimations of the eigenfunctions (modal
displacements and modal forces). The asymptotic solu-
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tions of the modal problem have been successfully
validated by a comparison with the numerical results
obtained by applying a proper discretization technique.
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A Appendix
A.1 Indeformability conditions

The total length Lq of the cable in the dynamic equi-
librium configuration can be expressed in the form

Ld Lac
Ld=/ dczf —dX =
0 0o 90X

L AU \? ay  av\21/?
= 14+ — _—+ — dX
/0 [( +8X) +<ax+aX”

(123)

(122)

where the chain rule and the dynamic geometric con-
straint (9) have been used. By expanding and imposing
the dynamic indeformability condition (22), the rela-
tion

L —/L 1+ 24 1/2dX—L
d—0 9X = Ls

is demonstrated.

(124)
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A.2 Configurational sensitivities

The Az-dependent coefficients d;; of the configura-
tional sensitivities (57)—(59) are

diy = Ay, dip = -4

d31 = 35 A1 A, dzy = —35 A1 A,

d3z =414, dyy = =241 42

dsy = — 25 A1 A3, dsy = —HSL A1 43,

dsy = 24,43, dsy = —5 A1 A3

dss = 24143, dse = —534,43 (125)

where the relation A; = (6A2)'/% can be recalled.

A.3 Defects of homogeneity

The i-th defect of homogeneity 9;; in the first equations
of the Modal Perturbation Equations (74)—(83) is

o1 = —Bydurh—1

02 = —BFdush—1 — 2BoB1urh—1

03 = —Biduah—1 — 2Bo(Baduz + Brouz)h—1+
— Bidurh—1 — A B3O buzh—1

014 = —Bibush—1—2B0(B3buz+Baduz)h—1+
— Bipush—1 — 2B1 Bouah—1 — 2B1dush—1+
— 3B3¢us (YD h—1 — B1Bodu2 () h—1.  (129)

(126)
(127)

(128)

The i-th defect of homogeneity 9,; in the second
equations of the Modal Perturbation Equations (74)-
(83)is

Q1 = —yi¢0 — ¥ 0 (130)
V2 = =y — Y ¢+
—2[fopiduz + 38300 + LBRODP0n | hor+
—2[i3{ 0 + JOD0 | ot — @l (131)

003 = —Y3drg — Vibio — Yidp — Vbt
=2 [Bobatuz + BoBidus + BiBaghur + 1872 o+
- [53Y1 Yadut + BoB1 (V) o1 + %ﬂg(Yi)2¢u2]h—1+
= 2[¥219s + $01 6] hot = gl (132)
Qus = Vi3 — Vidy — Vi3 — Vi +
—2[B1B3bv1 + B1P2dv2 + BoB3du2l h_1+
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—2[fopadua + BoBroa + 1830wt + 1830 [ hor+
- [ﬁoﬁz(yi)%m + BoB1 (3 b2 + ﬁgyiy§¢u1]h71+
= 3[BODWu + BIODW0 — LB i+

= 2[¥219ls + 016l + Ofxi e | e+

= 2301901 + FOD 6 [ 1 = @lsm = ¢lihs.
(133)

A.4 Auxiliary functions

The auxiliary quantities defining the eigenfunction sen-
sitivity ¢,k in Eq. (91) read

Py (x) =1 A1(2x — 1)

v 2A
=] ——
u2k 1 kot
2/

Lok =c1—. (134)
km

The auxiliary quantities defining the eigenfunction sen-
sitivity ¢, 1x in Eq. (92) read

(ptlk = —4C1A1h_1
Ynk(x) = crtkmn Ay (2x — 1)h 4
Tr(x) = crkm A1(2x + Dh_y. (135)

The auxiliary quantities defining the eigenfunction sen-
sitivity ¢y2x in Eq. (95) read

Wy = oy 2A1PRO
2A1¢n0
Ty =Clm~ (136)

The auxiliary quantities defining the eigenfunction sen-
sitivity ¢,3x in Eq. (96) read

4 Ao
_ 1
2 A3 ¢no
W3k (x) = kzanl(l —2x)
2 Ao
Fu3k=—m~ (137)

The auxiliary quantities defining the eigenfunction sen-
sitivity ¢3¢ in Eq. (99) read

31 42
Cc1S kAl
Py3i(x) = W
31 42
caCy AT 2A1¢n1k
Yok = = T
31 42
ciny A 2A1n1k
Mk () = — 22— e (138)

where the variable coefficients can be expressed

31 310 312722
Suk = Suk + Sk k<
31 310 312722

and quantities si}f, Cg }f, nz}c are polynomial functions

of the variable x.
The auxiliary quantities defining the eigenfunction
sensitivity ¢,4x in Eq. (100) read

4143, 42
€1 (SukAl +SukA1A2) 4ATdn1k

Pudr(x) = 60 k272 B3
(A 43 A2
v o (CukAl +CukA1A2) 203 n1x s
4143, pd2
- _a (nukAl + ”ukA1A2) 203 p1x 140
k() = 1043723 “ i, 0

where the variable coefficients can be expressed

41 _ <410 41272 2
Suk = Suk + Suk k=
42 420 42272 2
Suk - suk + Suk k=7

41 _ 410 | 412,22 | 4l4,4_4
Cuk = Cuk +Cy k" +Cy k™

42 420 422,22

Cuk = Cuk + Cuk k*m

41 _ A410 412,22
Ny = Nyk + Ny k=

42 420 42272 2
Ny =Ny N ko (141)

and quantities Sﬁ,lf, Sﬁz, Cﬁ}f Cﬁg, ni,lf, nﬁz are poly-

nomial functions of the variable x.
The auxiliary quantities defining the eigenfunction
sensitivity ¢;3x in Eq. (102) read

o1 (8143 + 241 43) b

¢I3k(-x) = 30k27T2

—4c1Arh
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1 (A3 + 52 A0)

Wiz (x) = Ok
+crhkn(2x — 1)A1hy
31 43 32
cr (N, A7 +nf A1 Ar) hy

60k
+ crkm (2x + 1) Av1hy (142)
where the variable coefficients can be expressed

31 _ G310 | 312,22 (314,44
Sip =Sy + Sy kT sy kT

32 _ <320 32272 2
Stk = Stk +Szk k=

cif = 63l + el
cif =+ o’
R e
nZ = n3’ + nd2k*n? (143)

31 Q320 A314 A320 A318 4320
and quantities S; s Sy s Cip Crp s Ny, N are poly-

nomial functions of the variable x.
The auxiliary quantities defining the eigenfunction
sensitivity ¢y in Eq. (103) read

W — 21Ok
2A19n2k
[y = —21Ph2k 144
vak k27'[2h_1 ( )

The auxiliary quantities defining the eigenfunction sen-
sitivity ¢, s in Eq. (104) read

4A3 P
d)uSk = k37T3h_l
2 A ok
W5k (x) = kzan](l —2x)
2A3 i
Iysie = —m. (145)

The auxiliary quantities defining the eigenvalue sensi-
tivity Bax in Eq. (106) read

b{! = 114 + k*x?

by? = 413820 — 22440k*? — 37k*n*

b¥ = 36 (31200 —1246k272 — 3k4n4) . (146)
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The auxiliary quantities defining the eigenfunction sen-
sitivity ¢,sx in Eq. (107) read

1(S5LA% + s3A3 )

Dysic(x) =
sk (¥) 144 k4
st () cl(CLAT+CIATAY)  deiAlhy
sk(x) = -
' 360 k373 kmh_
_ 2A19n3k
K2m2h_
Fuse() aMlAT+n2A2A5)  dei A2k
sk(xX) =
' 15k373 kh_y
2N Pn3k
ek 2"5 > (147)
k*m h_1
where the variable coefficients can be expressed
sl = s300 + 32K + s34 + s310K00
§32 = 30 4 $242n2 + sk
T L DR e
52 520 | A522722 | 524744
Cok = Cyk TGy k“m™ +Cyik™m
51 510 4 f51272_2
Mye = Mye + Ny ko
52 510 4 n5122_2
e oS1E o520 AS51€ A520 516 1520
and quantities s;,°, S;7°, C) . Cyi , NY", Nyt are poly-

nomial functions of the variable x.
The auxiliary quantities defining the eigenfunction
sensitivity ¢,ex in Eq. (108) read

61 A5 | «62 A3 63 2
c1 (spA] +spr AT A + SukA1A2)+

Pusk (¥) = 50400 k4
40 p3 e Ajhy
k3JT3h_1 k3JT3h_1
61 5 | ~62 43 63 p
Wi (1) _a (e Ay +opAiAr + CukA1A2)+
uokiE) = 25200 k575
2A3Pn3k 41 A3hy
—(1-2 —(1-2
Knth T2 (=20
61 A5 | 62 A3 63 2
Mo (x) = c1 (NS A7 + Nt AT A + nukA1A2)+
uBkiE) = 8400 k575
242 41 A3h
247wk 4 Ajhy (149)
k2n-2h_l k27'[2h_1

where the variable coefficients can be expressed

61 __ ~610 612,22
Suk - Suk +Suk k<

614,44 6167,6__6
+8, kTt s, k0w
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62 620 62272 _2 62474 _4
Suk = Suk +Suk k= +Suk k™

SS% — 8220 4 SgiZanZ + 32i4k47f4
o8l = cB0 + Bl SfHt + cElOKO
082 = ¢80 4 ¢824 4 ¢ 4 G20KOn
o8 = S0 + cSPR2 + ¢Skt
il =l o+ ikt
nf = nf0 4 n0242n2 4 o2t

63 __ 1630 _,’_nSszZnZ 634/(47'[4

nuk — Vuk + nuk (150)

. 610 o620 o63L A61L 620 A63C 61
and quantities S,;°, S;;"> S;7 » Coi'» Cox > oz s Nt

nsi(, ngzZ are polynomial functions of the variable x.
The auxiliary quantities defining the eigenfunction

sensitivity ¢p3x in Eq. (109) read

h¥l = 5(64 — 3k*7?)
hi? = (960 — 37k*7%). (151)

The auxiliary quantities defining the Ritz—Rayleigh
functions v,; (x) and x;; (x) in Egs. (117), (118) read

C;,(x) = 4im § cosh(48(1 — 2x))
s"(x) = —i’7? sinh(48(1 — 2x))
n’ = —4imw § cosh(45)

u

(152)
' (x) = —inh, (iznz — 3252) sinh(85(1 — 2x))
S7(x) = —48h, (i2n2 46452 +

+372i% cosh(85(1 — 2x)))
N (x) = —2inh, (i2n2 + 6482) cosh(48) x

x sinh(48(1 — 2x)). (153)

where § has to assessed by solving numerically the
compatibility equation sinh(46) = 4 A$.
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