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This work presents a machine-learning (ML) strategy for the identification of the design region that guarantees 
minimum losses for Low Pressure Turbine (LPT) blades, allowing the definition of the optimal blade shape. 
The data-driven procedure is twofold. Firstly, an advanced loss-correlation model (M1) that describes the 
LPT efficiency as a function of the main flow and geometrical parameters, also accounting for unsteady 
effects, has been trained from a numerical database. Then, a second model (M2) has been tuned to interpret 
the corresponding blade geometries. Proper Orthogonal Decomposition (POD) has been applied to formally 
decompose the blade shape into modes and coefficients. The modes provide basis functions, while the coefficients 
give the weights that, depending on the combination of the design parameters, define the blade shape. Gaussian 
Process (GP) and Cross-Validation techniques have been used for tuning both M1 and M2. Once properly tuned, 
the overall procedure provides the loss-correlation model (M1) for the identification of the design region that 
is expected to minimize losses, and the geometrical model (M2) for a quick definition of the corresponding 
optimal blade shape. The procedure can be extended to other engineering applications where own efficiency and 
geometrical data are available.
1. Introduction

Machine-Learning (ML) techniques offer new potential opportuni-

ties for the analysis of complex systems, providing the unique advan-

tage to learn the system response directly from data/experiments. The 
field of ML covers several relevant applications, from regression and 
dimensionality-reduction, which are of primary interest for the present 
work, to classification and clustering [1].

For what concerns regression, i.e., the problem of learning from data 
an input-output relationship in a continuous space, a large variety of ML 
tools are available today. Linear models are suitable for low-complexity 
applications, where it is easy to define a priori the structure of the 
model (e.g., linear, polynomial, exponential, etc.). Regularization meth-

ods, like Lasso [2], Ridge [3] and Elastic Net [4], can be considered for 
more complex systems. Here, sparsity promotion and automatic predic-

tor selection help the identification of the right compromise between 
model accuracy and generalizability. Lengani et al. [5] used Elastic Net 
to tune the Reynolds stresses into a Laminar Kinetic Energy model, with 
the aim of improving closure schemes for RANS simulations. Brunton 
[6] instead proposed sparsity methods for the description of generic 
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dynamical systems, discovering the governing equations directly from 
data.

However, non-linear models of various shapes and sizes should be 
considered when the complexity of the problem increases. Gaussian Pro-

cesses [7], Artificial Neural Networks (ANN) [8], Genetic Programming 
algorithms [9] are advanced tools able to learn complex functions, also 
accomplishing with big databases and with high-dimensional spaces. 
An example is provided in Dominique et al. [10] where a network 
for the prediction of the aeroacustic noise in turbulent boundary lay-

ers was tuned. The main challenge here is to balance model complexity 
versus available data. Several criteria have been proposed for this pur-

pose. While Bayesian approaches are often used to this end [11,12], the 
Cross-Validation (CV) methods are probably the most popular strate-

gies for model selection [8]. They are based on the idea of splitting the 
available cloud of data in training and validation sets, providing differ-

ent possibilities to directly estimate accuracy and generalizability and 
to balance them. Picard and Cook [13] and Dreyfus [8] report a de-

tailed description of CV methods. Dellacasagrande et al. [14] recently 
proposed a model selection strategy that integrates the Leave-One-Out 
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Cross-Validation (LOO-CV) criteria and the data variance for promoting 
generalizable models.

Dimensionality-reduction constitutes another important field of ap-

plication of ML algorithms. Here, the aim is to find compressed data 
representation, allowing the identification of the main features em-

bedded in the data and defining low order spaces where data can be 
conveniently observed. Among different techniques, the Proper Orthog-

onal Decomposition (POD), or Principal Component Analysis (PCA), is 
probably the most widely used data-driven tool for dimensionality re-

duction. It is usually applied in the fluid dynamic community thanks to 
its capability to separate spatial from temporal information, providing 
the main flow structures as POD modes and the related dynamics by 
the POD eigenvectors (or coefficients). Many works related to POD can 
be found in the fluid dynamic community (e.g., [15,16]), and also in 
other applications (e.g., [17,18]). Indeed, independently from the spe-

cific case, POD can be generally applied to high-dimensional data, of 
whatever nature they are, to optimally identify low order representa-

tions of the cloud of data, as compact as possible with respect to the 
variance of the system. For example, POD can be used to decompose 
geometrical surfaces, as shown in [19], where orthogonal basis func-

tions describing a series of supercritical airfoils have been identified. 
Toal et al. [20] instead used POD to filter out badly performing geome-

tries from an optimization process. Indeed, as stated by Li et al. [21], 
POD can be effectively used both for modal parameterization and fil-

tering of surfaces. Duan et al. [22] used the POD-based approach for 
optimizing a compressor rotor blade (the NASA Rotor 37), while Luo et 
al. [23] proposed a Gappy-POD method for improving the performance 
of both turbine and compressor blades. The aim is to reduce the dimen-

sionality of the design space with respect to the conventional geometric 
methods (e.g., Bezier and B-spline [24] curves, Free-Form Deformation 
[25]), also excluding abnormal solutions. In this context, a lot of works 
adopted the UIUC (University of Illinois at Urbana-Champaign) open 
database (e.g., [26]).

In the turbomachinery field, modern ML routines offer great pos-

sibilities. For example, new accurate efficiency correlations can be 
learned from experimental and numerical data, and they can drive the 
design of turbomachinery components towards optimized solutions. The 
advantages are twofold. On one hand, the capability to handle large 
databases allows the definition of new correlations over wider design 
spaces, learning the effects of several parameters at the same time. For 
example, the unsteady effects due to the aerodynamic interaction be-

tween stationary and rotating blade rows may be accurately described 
(see [27] for example), improving previous correlations (e.g., [28–30]). 
On the other hand, the dynamic nature of the ML tools provides the 
possibility to update and re-calibrate the models every time new data 
are available.

In the present work, a ML strategy has been developed to identify 
the optimal LPT design region and the corresponding blade shape. The 
procedure, applied to a numerical database (see Acknowledgment) that 
provides a great amount of LPT cascade efficiency data, consists of two 
fundamental steps. Initially, an advanced loss-correlation model (M1) 
has been tuned by means of GP following the learning strategy proposed 
in [14]. The new loss-correlation describes the LPT cascade efficiency 
as a function of two sets of parameters: a set of flow parameters defin-

ing the unsteady operating conditions of the cascade (i.e., the Reynolds 
number, the flow coefficient, the reduced frequency and the axial gap 
between stator and rotor), and a set of geometrical parameters which 
essentially define the cascade geometries (i.e., the Zweifel number, the 
velocity ratio, the diffusion rate and the maximum thickness with re-

spect to the chord). Subsequently, a POD-based model (M2) has been 
tuned to interpret the blade geometry (camber and thickness) as a func-

tion of the aforementioned parameters. The blade geometries have been 
decomposed into POD modes (numerically derived basis shape func-

tions) and POD coefficients, also offering the opportunity to reduce 
data-dimensionality. POD coefficients have then been related to the 
2

set of geometrical parameters entering in the loss-correlation, adopt-
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ing again GP. Once properly tuned, the overall procedure involves the 
loss-correlation model (M1) for the identification of the design region 
that is expected to minimize losses, and the POD-based model (M2) 
for a quick definition of the corresponding optimal blade shape. The 
procedure can be generally extended to other engineering applications, 
where own data and geometries are available.

2. Training database

A numerical database constitutes the foundation for applying the ML 
tools for the dual purpose of this work: the definition of an advanced 
loss-correlation model (M1), also accounting for the unsteady effects, 
aimed at identifying the optimal LPT cascade design region, and the 
definition of a POD-based model (M2) for identifying the corresponding 
optimal blade shape. The database consists of an ensemble of 𝑁 = 500
two-dimensional URANS simulations, computed on 𝑀 = 25 different 
LPT cascades for different inflow conditions. Each cascade has been 
simulated for meanly 20 different combinations of the main influencing 
parameters like the Reynolds number, the reduced frequency and the 
flow coefficient. The simulations indeed reproduce the aerodynamic in-

teraction between the stator and the rotor by means of moving bars 
passing in front of the tested cascade, as for the sketch of Fig. 1. This 
configuration is usually adopted in the experiments for simulating the 
unsteady flow characterizing the real engine operation (see [31,32] for 
instance). To obtain an accurate resolution of the flow field, and consid-

ering the global computational time, unstructured meshes constituted 
of about 100k polyhedral cells have been used. For all the calculations, 
prismatic refined layers have been adopted in the boundary layer and 
in the wake regions to guarantee an 𝑦+ value smaller than one. The 
direction of the refinement in the wake region has been automatically 
determined by a procedure that estimates the flow exit angle from liter-

ature available correlations. The automatic generation of the mesh has 
been implemented in STAR-CCM+ by a dedicated Java script. URANS 
equations are solved adopting a second-order scheme for both the con-

vective and the diffusive terms. The SST 𝑘-𝜔 turbulence model coupled 
with the 𝛾 -𝑅𝑒𝜃 transition model has been used to capture the transition 
process into the blade boundary layers. The (profile) losses, calculated 
as for Eq. (1), have been considered as the objective function describing 
the cascade aerodynamic performances.

𝜔 =
𝑝𝑡1 − 𝑝𝑡2
𝑝𝑡1 − 𝑝2

(1)

The performances of each cascade have been evaluated for different 
inflow conditions, varying the inlet flow velocity, the bar pitch, the 
peripheral velocity and the axial distance of the bars with respect to 
the cascade leading edge plane. The different cascades instead differ 
for their geometry. The main parameters changing among the cascades 
are the blade inlet and outlet geometrical angles, the chord, the pitch, 
the maximum thickness and the curvature of the blade. The main vari-

ables are indicated in Fig. 1. A SOBOL sequence has been adopted 
to efficiently sample the design space around the main characteristics 
defining the T106A cascade, that is a typical LPT cascade available in 
the literature (see [31,33]). Fig. 2 reports, on the left, the main T106A 
parameters and shows, on the right, the distribution of the different 
samples of the present database into the subspace identified by the in-

let angle 𝛼1, the outlet angle 𝛼2 and the cascade solidity 𝜎𝑥 = 𝐶𝑥∕𝑆 . It 
is worth noticing that the axes in this plot, as for all the plots in the 
following figures, are centered and normalized, for confidentiality rea-

son. Fig. 3 instead presents four different normalized blades (B1, B2, 
B3, B4, subplots 𝑎-𝑑), that will be used as reference for the discus-

sion of the procedure proposed in this work. The camber and thickness 
distributions are reported in the subplots (𝑒) and (𝑓 ). The B1 is rep-

resentative of a standard-loaded LPT blade. The B2 is instead a thick 
blade designed for supporting high mechanical stresses. The B3 and B4 
are highly-deflected profiles, characterized by different loading distri-
butions, with the B3 more aft-loaded with respect to the B4 (see [34]
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Fig. 1. Sketch of the numerical setup and main variables of the LPT cascade.

for details on the effect due to the loading distribution on the profile 
losses).

3. Data analysis

Fig. 4 presents the workflow here proposed. The loss-correlation 
model (M1) is educated by means of two sets of non-dimensional pa-

rameters: a set of flow parameters defining the unsteady operating 
conditions (highlighted in blue) and a set of geometrical parameters 
describing the cascade geometries (highlighted in red). The flow pa-

rameters are those that characterize the unsteady operating conditions 
of the cascade: the Reynolds number 𝑅𝑒, the reduced frequency 𝑓+, 
the flow coefficient 𝜑 and the axial gap 𝐴𝐺. The geometrical ones (in 
red) instead condense the variations induced on the blade loading by 
the different geometries characterizing the tested cascades. Specifically, 
the velocity ratio 𝑉 𝑅, the Zweifel number 𝑍𝑤, the diffusion rate 𝐷𝑠′

and the maximum thickness with respect to the chord 𝑡𝑚𝑎𝑥∕𝐶 have been 
used. The definition of the parameters is reported in Table 1. As high-

lighted in the sketch of Fig. 4, they define the main features of the 
blade loading distributions, being the 𝑉 𝑅 and 𝑍𝑤 number related to 
the loading (dashed area on the plot), and the 𝐷𝑠′ strictly linked to 
the adverse pressure gradient on the blade suction side. Both these pa-

rameters are well known to affect the boundary layer evolution, thus 
the cascade performance (see [35] for instance). The 𝑡𝑚𝑎𝑥∕𝐶 has in-

stead been chosen to condense different blade thicknesses. On the other 
hand, the POD-based model (M2) for blade shape reconstruction takes 
as inputs the subset of geometrical parameters only, and learns the rela-

tion between them and the POD coefficients. They, once combined with 
the modes, provide the blade geometry. For the sake of clarity, the in-

let and outlet flow angles (𝛼1 and 𝛼2) have been here used in place of 
the Zweifel number and the Velocity Ratio (𝑍𝑤 and 𝑉 𝑅) in order to 
separate the effect due to the pitch to chord ratio from the definition 
of the blade shape, thus increasing the M2 accuracy. It is worth notic-

ing that the library of influencing parameters can be modified and/or 
augmented by others, depending on availability of data.

3.1. M1: loss-correlation model

M1 is aimed at defining the loss-correlation model, thus a generic 
function 𝜔 = 𝑓 (𝑥) that relates the loss coefficient to the flow and geo-

metrical parameters:

𝜔𝑀1 = 𝑓 (𝑥) = 𝑓

(
𝑅𝑒, 𝑓+, 𝜑, 𝐴𝐺, 𝑍𝑤, 𝐷𝑠′, 𝑉 𝑅, 𝑡𝑚𝑎𝑥∕𝐶

)
(2)

Different regression methods (Least-Square Method LSM, Lasso, Ridge 
and Elastic Net regressions, Gaussian Process, Neural Networks) may 
3

be considered to build the model. For example, the Lasso regression [2]
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Table 1

Definition of the flow and geometrical parameters.

Parameter Definition

Reynolds number 𝑅𝑒 = 𝑐2𝐶𝑥

𝜈

Reduced frequency 𝑓+ =
(

𝑢𝑏𝑎𝑟

𝑆𝑏𝑎𝑟

)(
𝐶

𝑐2

)
Flow coefficient 𝜑 = 𝑐𝑥

𝑢𝑏𝑎𝑟

Velocity ratio 𝑉 𝑅 = 𝑀2
𝑀1

Zweifel number 𝑍𝑤 = 2𝑐𝑜𝑠2 (𝛼2)
𝜎𝑥

Diffusion rate 𝐷𝑠′ =
(𝑀𝑚𝑎𝑥−𝑀2

𝑀2

)/( 𝑠𝑑𝑒𝑐𝑒𝑙

𝑠𝑡𝑜𝑡

)
Axial gap 𝐴𝐺 = 𝑑𝑏𝑎𝑟

𝐶𝑥

Max thickness vs. chord 𝑡𝑚𝑎𝑥∕𝐶

provides a linear relation between some predictors 𝜙(𝑥) and some coef-

ficients 𝛽, where the coefficients are selected solving the minimization 
problem of the residuals constrained by the 𝓁1-norm of the coefficients 
(Eq. (3)).

𝑓 (𝑥) = Φ(𝑥) ⋅ 𝛽 , 𝛽 =min
𝛽

(||𝑦−Φ(𝑋)𝛽||+ 𝜆1|𝛽|) (3)

For clarity, Φ(𝑋) is the matrix collecting the predictors evaluated for 
the input parameters 𝑋, while 𝑦 is the calculated profile loss coefficient 
for available data. Instead, when a Gaussian Process is used, 𝑓 (𝑥) takes 
the structural form of Eq. (4), where the key element is the kernel func-

tion 𝑘(𝑥, 𝑥′) expressing the non-linear relation between the inputs, and 
𝜎2
𝑛

is a free parameter (noise variance).

𝑓 (𝑥) = [𝑘(𝑥,𝑋)]
[
𝑘(𝑋,𝑋) + 𝜎2

𝑛
𝐼

]−1
[𝑦] (4)

In this work, for what concerns M1, a GP with an ard-squared expo-

nential (SE) kernel and two additive physical-informed predictors able 
to mimic the Reynolds number effects for both the laminar (𝑅𝑒−0.5) 
and the turbulent (𝑅𝑒−0.2) boundary layer growth (see also [27] for 
instance) has been considered. Here, the form of 𝑓 (𝑥) is like Eq. (5), 
while the SE kernel is reported in Eq. (6). The model has different free 
(hyper)-parameters: the length scales 𝑙, the signal variance 𝜎2

𝑓
, the noise 

variance 𝜎2
𝑛

and the coefficients 𝛽. The combination of these parameters 
leads the tuning of the model toward the optimal compromise between 
accuracy and generalizability.

𝑓 (𝑥) = [𝑘(𝑥,𝑋)]
[
𝑘(𝑋,𝑋) + 𝜎2

𝑛
𝐼

]−1
[𝜔] + [𝛽]

[
𝑅𝑒−0.2, 𝑅𝑒−0.5

]
(5)

𝑘(𝑥,𝑥′) = 𝜎2
𝑓
exp

(
− 1

2
[
(]𝑥− 𝑥′

]𝑇 [𝑙] [𝑥− 𝑥′
])

(6)

The learning strategy described in [14] has been used to obtain the 
best relationship 𝑓 (𝑥), among different regression methods and among 
different definition of the (hyper) parameters, by optimizing three indi-

cators of the model performance:

• The leave-one-out mean error 𝐸𝐿𝑂𝑂 ;

• The uniformity of the leverage distribution 𝜇;

• The variance ratio between extrapolation and interpolation 𝜖.

The leave-one-out mean error 𝐸𝐿𝑂𝑂 is defined as the mean of the (ab-

solute) errors computed in predicting the 𝑘𝑡ℎ observation when the 𝑘𝑡ℎ
observation does not participate at the training of the model (Eq. (7)). 
It is representative of the expected accuracy of the model in making 
predictions. Lower values are explicative of higher model performance.

The indicator 𝜇 is instead indicative of the uniformity of the lever-

ages ℎ𝑘𝑘, which describe the influence of each 𝑘𝑡ℎ observation on the 
model, being defined as the orthogonal projection of the Jacobian ma-

trix 𝑍 of the model (see [8,14] for details). Values of 𝜇 tending to 1
should be preferred being representative of a more homogeneous influ-

ence of the different observations.

The variance ratio 𝜖 is defined as the mean variance predicted in a 

set of 𝑄 test points outside of the training set domain and the noise-
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Fig. 2. Main characteristics of the T106A cascade, on the left, and distribution of the different samples of the present database in the subspace {𝛼1,𝑛, 𝛼2,𝑛, 𝜎𝑥,𝑛}, on 
the right.

Fig. 3. Four blades from the database (upper subplots: 𝑎-𝑑) and their decomposition into camber and thickness distributions (bottom subplots: 𝑒-𝑓 ).
variance, practically giving a measure of the ratio between the variance 
(i.e., uncertainty) in extrapolation (outside of the dataset domain) and 
the variance in interpolation (inside the dataset domain). High values 
of 𝜖 indicate models that are prone to overfitting, thus contained values 
further enhance the selection of parsimonious models. For clarity, in 
this work the 𝑄 test points are selected varying each input parameter 
from the center to the 20% outside of the hypercube comprising the 
dataset matrix.

𝐸𝐿𝑂𝑂 = 1
𝑁

𝑁∑
𝑘=1

|||||
𝑦𝑘 − 𝑓−𝑘(𝑥

𝑘
)

𝑦𝑘

||||| (7)

1
𝑁∑√

𝑁 (
𝑇 −1 𝑇

)

4

𝜇 =
𝑁

𝑘=1 𝑃
ℎ𝑘𝑘 , ℎ𝑘𝑘 = 𝑑𝑖𝑎𝑔 𝑍(𝑍 𝑍) 𝑍 (8)
𝜖 = 1
𝑄

𝑄∑
𝑞=1

𝜎2
𝑓 (𝑥

𝑞
)

𝜎2
𝑛

(9)

3.2. M2: POD-based model for blade geometry

For the definition of M2 the different blade geometries have been 
parametrized with their camber and thickness distributions, as usual in 
the blade design practice. Then, two snapshot matrices, [𝐶] for cambers 
(Eq. (10)) and [𝑇 ] for thicknesses (Eq. (11)), have been created. Each 
column vector collects the 𝑦∕𝐶𝑥 values identifying both the camber and 
the thickness lines of the 𝐵𝑡ℎ blade. Distributions are sampled with 𝑛
points along the 𝑥∕𝐶𝑥 axis (thus, for the sake of clarity, 𝑛 here indicates 

the number of points discretizing the blade camber and thickness).
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Fig. 4. Sketch of the workflow with the loss-correlation (M1) and the POD-based geometry model (M2). (For interpretation of the colors in the figure(s), the reader 

is referred to the web version of this article.)
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(10)

[𝑇 ] =

⎡⎢⎢⎢⎢⎢⎣

𝑡
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(11)

POD has been applied to decompose both the snapshot matrices into 
POD modes and POD coefficients. For clarity, the mean (baseline) cam-

ber and thickness have been subtracted from the dataset, and the two 
snapshot matrices have been factorized into related modes 𝜑, eigenval-

ues 𝜆 and coefficients 𝜒 , as for Eqs. (12) and (13). The decomposition 
can be equivalently computed either by economy-sized Singular Value 
Decomposition [36] or by obtaining 𝜆 and 𝜒 as eigenvalues and eigen-

vectors of the cross-correlation matrix of the snapshot matrices and 𝜑
by projection (see [37] for further details).

[𝐶] − [𝑐𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒] = [𝜙]𝑐[𝜆]
1∕2
𝑐 [𝜒]𝑇

𝑐
(12)

[𝑇 ] − [𝑡𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒] = [𝜙]𝑡[𝜆]
1∕2
𝑡

[𝜒]𝑇
𝑡

(13)

The modes [𝜙]𝑐 and [𝜙]𝑡 are spatial basis function, i.e., numerically 
derived blade shape functions depending on 𝑥∕𝐶𝑥. The eigenvalues 𝜆
directly rank the different modes, while the coefficients 𝜒 are scaling 
factors weighting each mode across the design space. According to the 
POD properties, a data dimensionality reduction can also be obtained 
truncating the matrices at order 𝑟 < 𝑚𝑖𝑛(𝑛, 𝑀) (see [37] for instance). 
For each 𝑟, the low order representation is the most compact linear 
representation of the dataset. The reduced order 𝑟 is chosen separately 
for cambers and thicknesses (𝑟𝑐 and 𝑟𝑡).

Then, to allow the reconstruction of the optimal blade shape adopt-

ing the set of flow and geometrical parameters identified by the loss-

correlation model (M1), the POD coefficients have to be related to the 
set of geometrical parameters. Here, for clarity, the camber lines have 
been assumed independent of the maximum thickness, while thickness 
distributions independent of the flow angles (see Eqs. (14) and (15)). 
The learning strategy [14] has again been used for tuning the functions 
𝑓𝑖. 𝑓𝑗 : ( )
5

𝜒𝑖,𝐶 = 𝑓𝑖 𝛼1, 𝛼2,𝐷𝑠′,𝐶∕𝐶𝑥 , 𝑖 = 1,2,… , 𝑟𝑐 (14)
𝜒𝑗,𝑇 = 𝑓𝑗

(
𝐷𝑠′, 𝑡𝑚𝑎𝑥∕𝐶𝑥

)
, 𝑗 = 1,2,… , 𝑟𝑡 (15)

Different regression methods have been tested again in terms of the 
triplet (𝐸𝐿𝑂𝑂 , 𝜇 and 𝜖). Here, differently from M1, GPs with dot-

product kernel (Eq. (16)) have also been considered.

𝐾(𝑥,𝑥′) = 𝜙(𝑥)𝑇 ⋅ 𝜙(𝑥) (16)

Moreover, the functions to be tuned here are more than one (𝑟𝑐 and 𝑟𝑡), 
and the output is multidimensional (i.e., the camber and the thickness 
distribution, and finally the blade shape). Thus, the triplet of indicators 
for model selection has been used as follows:

• The leave-one-out mean error 𝐸𝐿𝑂𝑂 , as the mean between the er-

rors on the 𝑦∕𝐶𝑥 coordinates of the blade shape predicted by the 
model, when the blade itself does not participate to the tuning of 
the model.

• The uniformity of the leverage distribution 𝜇, as the mean of the 𝜇
values of each 𝜒𝑐,𝑖, 𝜒𝑡,𝑗 weighted on the relative eigenvalues.

• The variance ratio between extrapolation and interpolation 𝜖, as 
the mean of the single variance ratios calculated on the different 
𝑦∕𝐶𝑥 coordinates of the blade shape.

4. Results

Results here reported are aimed to show the capabilities of the in-

troduced ML strategy. In the defined workflow: M1 is able to identify 
the design region that guarantees minimum losses, in terms of best 
combinations of the design parameters, and successively M2 can be in-

terrogated in this region to generate the optimal blade shape. For what 
concern M1, the results of the model selection are shown in terms of the 
triplet of indicators used for tuning to discuss the obtained model per-

formance, while for confidentiality the tuned correlation and the related 
response surface cannot be shown. Instead, for M2, the capabilities of 
the POD-based model in providing LPT blade shapes are presented in 
more details.

4.1. M1: model selection

In order to discuss the performance of the loss-correlation model, 
Fig. 5 reports the triplet {𝐸𝐿𝑂𝑂 , 𝜇 and 𝜖} for different candidates. The 
plot in the background presents the 𝐸𝐿𝑂𝑂-𝜇 chart. The blue squares rep-

resent the performance of linear models tuned by Least-Square Method 
(LSM), while the orange ones represent models tuned with the Lasso al-

gorithm. The green points are different GPs, the yellow ones GPs with 

squared-exponential (SE) kernel and different values of data-variance 
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Fig. 5. 𝐸 -𝜇 chart (background) and 𝜖 histogram (foreground) for the selection of the loss-correlation model.
𝐿𝑂𝑂

(𝜎2
𝑛
), and the violet points are GPs with matern32 (SE) kernel. A Quasi-

Newton gradient-based optimization algorithm has been used to learn 
the GP length scales and hyperparameters. Different initial values have 
been tested to verify the convergence of the optimization process to a 
global minima. In addition, the red crosses represent the performance 
obtained with various sizes feed-forward neural-networks (ANN). Par-

ticularly, networks with 1 hidden layer and different number of neu-

rons (from 5 to 15) have been tested, considering both hyperbolic and 
radial-basis activation functions. The plot allows the identification of 
the most-promising candidate models (i.e., lower 𝐸𝐿𝑂𝑂 and high 𝜇, 
green area), that are further evaluated by means of the variance ratio 
𝜖. The box in the foreground reports the 𝜖 histogram for the models ly-

ing inside the green area. The most generalizable model characterized 
by the minimum variance in extrapolation (i.e., lowest 𝜖) is selected at 
the end of the procedure. Therefore, the present procedure identifies 
the best loss-correlation model as a GP with ard-SE kernel, physical-

informed predictors and noise-variance set to 3.60% with respect to 
the mean efficiency (see Eq. (5)). It has a leave-one-out mean error 
of 𝐸𝐿𝑂𝑂 = 2.35% (expected error in making predictions), a uniformity 
coefficient 𝜇 = 0.89 and a variance ratio of 𝜖 = 3.75.

4.2. M2: POD modes for blade camber and thickness

Fig. 6 presents the cumulative sum of the eigenvalues of the snapshot 
matrices defining the camber (on the left plot) and the thickness (on the 
right plot) distributions. The plots make evident that a reduced number 
of modes contains the most of the variance related to both the snapshot 
matrices. Particularly, 3 modes for the camber and 2 for the thickness 
account for the 98% of the total variance. Therefore, only 5 modes and 
related coefficients provide an accurate compressed representation of 
all the blades in the database (i.e., the blade geometry is defined by 5 
degrees of freedom). Thus, in terms of degrees of freedom, the POD low-

order representation is comparable to the analytical methods usually 
used for the preliminary design (e.g., parabolic camber, NACA distri-

butions, Lemniscate functions). It is instead more compact with respect 
to the parametrization used for CFD-based optimization (e.g., Bezier, 
B-splines, Free-Form Deformation), since in these cases a larger number 
of parameters is involved. The capability of the POD low-order repre-

sentation in reconstructing the blade shapes is shown in Fig. 7, where 
the low-order representation of the 𝐵1-𝐵4 blades (red lines) is com-

pared with the original profiles (black lines). The legend also reports 
6

the mean absolute error in the reconstruction of the blade points 𝑦∕𝐶𝑥
for the different 𝑥∕𝐶𝑥 positions. For clarity, a value of 𝐸𝑦∕𝐶𝑥
= 0.22% 

means that for a blade with an axial chord of 𝐶𝑥 = 100 mm, the lo-

calization of the blade points is subjected to a mean error of 0.22 mm 
in the 𝑦 direction. The differences between the original and the recon-

structed profiles are very low for all the four blades here presented, 
highlighting an almost perfect low-order reconstruction with 3 modes 
for the cambers and 2 for the thickness distributions.

The baseline camber and thickness distributions, the 3 leading 
modes for the camber and the 2 for the thickness are presented in their 
normalized form in Fig. 8. The subplots (𝑎-𝑑) are related to the cam-

ber, while (𝑒-𝑔) are representative of the thickness distributions. The 
baseline camber distribution, reported in the subplot (𝑎) as the black 
line, represents the mean of the cambers of all the blades included in 
the database. It is a typical camber line of LPT profiles with mean in-

let and outlet angles in the surround of −35◦ and 65◦, respectively, and 
a mean deflection of about 100◦. Indeed, its distribution is very simi-

lar to a classical parabolic distribution with the same inlet and outlet 
angles (shown in red line in the plot), which is often used during tur-

bine blade preliminary design practice (see [38,39] for instance). The 
first POD mode (𝑏) is instead close to a straight line passing from zero. 
Thus, when added to the baseline, it acts modifying the baseline cam-

ber line in the fore and the aft part of the blade profile only (and only 
marginally in the middle), mostly influencing the blade inlet and outlet 
angles. Once properly weighted with the corresponding POD coefficient 
(depending on the geometrical parameters), it acts providing the proper 
stagger, inlet and outlet angles. The second mode (𝑐) is a convex curve, 
almost symmetric with an almost constant curvature as well. It is ex-

pected to affect the blade deflection along its entire length. The third 
mode (𝑑) finally captures an higher-order oscillation, that is able to dif-

ferentiate the curvature of the camber between the front and the aft 
parts of the profile. On the other hand, the baseline thickness distri-

bution (𝑒) shows the mean thickness of all the blades of the database 
(black line). It is compared with two NACA distributions with 13% and 
15% thick with respect to the chord (red and blue lines, respectively). 
As it can be seen from the plot, the mean thickness distribution char-

acterizing the present database is more shifted toward the central part 
of the profile with respect to the NACA distributions. The first thick-

ness POD mode (𝑓 ) is instead a curve of almost constant curvature, 
except for the rear part of the blade where it approaches to zero close 
to the trailing edge. When added to the baseline, it increase/decrease 
the overall blade thickness with respect to the mean thickness distribu-
tion, except for the trailing edge region, being all the blades designed 
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Fig. 6. Cumulative sum of the eigenvalues for the camber (on the left) and thickness (on the right) snapshot matrices.

Fig. 7. POD reconstruction of the four blades 𝐵1-𝐵4.
with a similar trailing edge. The second mode (𝑔) provides an oscilla-

tion that redistribute the thickness between the front and the aft portion 
of the blade.

4.3. POD coefficients and relation with the geometrical parameters

With the aim of tuning Eqs. (14) and (15), Fig. 9 presents the varia-

tion of the POD coefficients with the geometrical parameters, reporting 
as examples the first (camber) POD coefficient 𝜒1𝐶 with respect to 𝛼2
(on the left) and the first (thickness) POD coefficient 𝜒1𝑇 with respect to 
𝑡𝑚𝑎𝑥∕𝐶𝑥 (on the right). For what concerns the plot on the left, the POD 
coefficient 𝜒1𝐶 acts increasing/decreasing the outlet angle when it mul-

tiplies the mode if it is positive/negative, respectively (see also Fig. 8𝑏). 
The POD coefficient 𝜒1𝑇 is instead responsible for thickening the profile 
when it is negative, and for thinning it when positive (see also Fig. 8𝑓 ). 
It is worth pointing out for the sake of clarity that, although an overall 
trend can be observed (and highlighted in red in the plots), some scat-

ter is present, and some points are with the same abscissa, because the 
blades differ for more than one parameter at a time.

For a complete description of the blade geometry, the 5 POD co-

efficients weighting the leading modes should be tuned according to 
Eqs. (14) and (15). The learning strategy proposed in [14] is again 
employed. Fig. 10 provides the 𝐸𝐿𝑂𝑂-𝜇 chart obtained in this case. Dif-
7

ferent order LSM models (blue points) and different kernel GPs with SE 
(yellow points), matern32 (violet), and dot kernels (brown points) have 
been tested. As before, the most promising models (low 𝐸𝐿𝑂𝑂 and high 
𝜇) are further inspected in terms of the variance ratio 𝜖 (showed in the 
box in the foreground). Although linear LSM models provide a good so-

lution, probably because of the limited complexity of the geometrical 
database, slightly better performance can be reached using dot-kernel 
of the 3𝑟𝑑 order. It is characterized by a mean error 𝐸𝐿𝑂𝑂 = 1.24%, 
during the prediction of the blades when they are withdrawn from the 
model tuning, a leverage uniformity coefficient 𝜇 = 0.95%, and a vari-

ance ratio 𝜖 = 1.27.

Fig. 11 shows the capability of the proposed POD-based geometry 
model in predicting the blade shapes. Here, the four blades B1-B4 are 
predicted when they do not participate to the model education (i.e., 
when the model coefficients are tuned using only the other blades of 
the database). For the sake of clarity, a leave-one-out cycle has been im-

plemented (e.g., B1 is predicted when B1 is withdrawn from the model 
education, etc.). Predicted blade shapes are reported as the red profiles, 
while the original blades are the black ones. The legends report the 
mean percentage error 𝐸𝑦∕𝐶𝑥

. The accuracy of the predictions is high 
for all the four blades here considered, as evidenced by the low val-

ues of the errors. The B1 shows an almost perfect superposition in the 
central part of the blade, with a slightly more curved nose as main dif-

ference with respect to the original profile. The B2 is well predicted, 

highlighting the capability of the model in reproducing blades of sig-
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Fig. 8. Baseline and POD modes for camber (subplots 𝑎-𝑑) and for thickness (subplots 𝑒-𝑔) distributions.

Fig. 9. First camber POD coefficient vs. outlet flow angle (on the left) and first thickness POD coefficient vs. maximum thickness with respect to the chord (on the 
right).
nificant different thickness distribution. The B3 and B4 are also well 
reproduced, although the errors are slightly higher (however limited 
to < 1.63%). This reveals high accuracy also in the prediction of blade 
shapes that are characterized by different loading distributions (the B3 
8

is more aft-loaded than the B4).
The workflow reported in Fig. 12 provides a direct view of the pro-

posed procedure. Given a target flow condition identifying the LPT 
operation {𝑅𝑒, 𝑓+, 𝜑, 𝐴𝐺}𝑡𝑔 , a request deflection 𝑉 𝑅𝑡𝑔 and a thickness 
constrain (𝑡𝑚𝑎𝑥∕𝐶)𝑡𝑔 , M1 can be interrogated to provide the optimal 

values of the blade loading parameters {𝑍𝑤, 𝐷𝑠′}𝑜𝑝𝑡 minimizing losses. 
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Fig. 10. 𝐸𝐿𝑂𝑂 -𝜇 chart (background) and 𝜖 histogram (foreground) for the selection of the POD-based geometry model.

Fig. 11. Prediction of the four blades 𝐵1-𝐵4 from the POD-based geometry model, when they are withdrawn from the model tuning.
Then, M2 can be used for the prediction of the coefficients that, once 
combined with the modes extracted from the database, provide the op-

timal blade shape.

In order to directly quantify the improvement in the aerodynamic 
performance that can be obtained by means of the proposed procedure, 
Fig. 13 shows the (normalized) loss coefficient characterizing the un-

steady operation of the T106A cascade (baseline) for different Reynolds 
numbers, compared with the optimal cascade suggested by the pro-

cedure, when it is interrogated for a (normalized) targeting Reynolds 
number 𝑅𝑒𝑡𝑔 = 0.8. The lapse rates predicted by the M1 model are re-

ported with continuous lines. Dots instead represent new simulations 
carried out for three Reynolds numbers and with the other parameters 
frozen to the same values for both cascades. A 6% performance improve-

ment has been obtained at the targeting Reynolds number. This is due 
to the improved values {𝑍𝑤, 𝐷𝑠′}𝑜𝑝𝑡 that optimize the flow diffusion 
over the blade suction side for that specific flow condition. The price to 
be paid is a lower performance at low Reynolds number due to higher 
sensitivity to flow separation. This is also confirmed by the simulations 
carried out at the lowest Reynolds number, where the baseline T106A 
9

cascade shows lower losses than the optimized one. Importantly, the 
reduced performance of the optimized cascade observed at the small-

est Reynolds number here inspected is also properly predicted by the 
model M1. Thus, the proposed workflow will be able to define a differ-

ent blade shape for each targeting Reynolds number.

5. Conclusions

This work presented a ML strategy for the identification of optimal 
LPT design region and related blade shape. The workflow involves a 
loss-correlation model that can be used to identify the combination of 
the design parameters minimizing the expected losses, and a POD-based 
geometry model able to generate the corresponding blade shape. The 
loss-correlation model has been shown to be able to predict losses with 
an expected error of 2.35% (leave-one-out mean error) with respect to 
the mean value numerically computed. The uncertainty in interpolation 
was found about the 3.60% of the loss coefficient, which grows to 3.75
times the one in interpolation when moving to the 20% outside of the 
data domain. The POD-based geometry model has instead been defined 
by 5 shape functions. Indeed, POD has been shown able to provide a 

compressed representation of the blade geometry, with five modes able 
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Fig. 12. Proposed workflow for the identification of the optimal design region and the related blade shape.
Fig. 13. Performance comparison between baseline (T106A cascade) and ML 
optimal cascade for different Reynolds numbers.

to describe all the blades in the database. The relation between the POD 
coefficients and the geometrical parameters allows the accurate gener-

ation of different blade profiles, reproducing their main geometrical 
characteristics. The workflow is self-adaptive, i.e., the models can be 
updated and re-calibrated whenever new data are available. Moreover, 
the set of parameters used to condense the cascade performance can be 
extended when larger databases are considered, to further improve the 
accuracy of the procedure. The strategy here proposed may generally 
be of inspiration for other engineering applications where efficiency 
and geometrical data are available and/or can be easily produced.

Nomenclature

𝛼1 Flow inlet angle

𝛼2 Flow outlet angle

𝜒 POD coefficients

𝜖 Variance ratio

𝜆 POD eigenvalues

𝜇 Uniformity of the leverage distribution

𝜔 Profile loss coefficient

𝜙 POD modes

𝜑 Flow coefficient

𝐴𝐺 Axial Gap

𝐶 Blade chord, Camber

𝐶𝑥 Blade axial chord
10

𝐷𝑠′ Diffusion rate
𝐸𝐿𝑂𝑂 Leave-one-out mean absolute error

𝑓+ Reduced frequency

𝑀1 Loss-correlation model

𝑀2 POD-based geometry model

𝑀 Mach number

𝑅𝑒𝑥 Reynolds number

𝑠 Coordinate on the suction side

𝑆𝑏𝑎𝑟 Pitch between the bars

𝑠𝑑𝑒𝑐𝑒𝑙 Decelerating part of the suction side

𝑠𝑡𝑜𝑡 Suction side length

𝑡𝑚𝑎𝑥 Maximum thickness

𝑢𝑏𝑎𝑟 Velocity of the bars

𝑉 𝑅 Velocity Ratio

𝑍𝑤 Zweifel number
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