Mechanism and Machine Theory 210 (2025) 106010

Contents lists available at ScienceDirect F

Mechanism and Machine Theory éA !

journal homepage: www.elsevier.com/locate/mechmt

Research paper

Projective synthesis of planar compliant mechanisms

0. Sorgona @ O. Giannini *™, M. Verotti *®*

2 Department of Engineering, Niccolé Cusano University of Rome, Via Don Carlo Gnocchi 3, 00166 Rome, Italy
b Department of Mechanical, Energy, Management and Transportation Engineering, University of Genova, Via all’Opera Pia
15, 16145 Genoa, Italy

ARTICLE INFO ABSTRACT

Keywords: In this paper, a novel method for the synthesis of planar compliant mechanisms, based on pro-
Compliant mechanisms jective geometry, is presented. The projective synthesis method exploits the antiprojective polarity
Clomphant mechanisms synthesis in the weighted projective plane, enabling the extension of single-point to single-body relations.
Flexures

The method consists of a top-down procedure that, starting from the load-displacement
requirements, defines the elastic suspension as a system of substructures in series and parallel
arrangements, according to the prescribed topology. The geometric decomposition intrinsically
guarantees positive definiteness of the kinetostatic relations at any level. Multiple solutions to
the synthesis problem can be generated. The method has been implemented to the synthesis
of compliant mechanisms with open and closed chains, and numerical simulations have been
performed to validate the theoretical model.
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1. Introduction

In the last years, many investigations focused on the development of analysis and modeling methods for compliant mechanisms,
both at the element level [1-5] and at the mechanism level [6-10]. At the same time, due to the requirements imposed by the
increasing range of applications, the synthesis problem became a scientific topic of fundamental interest. Generally, the synthesis
approaches can focus on the output port of the compliant system or on the whole mechanism.

In the first case, the procedures follow the methods based on the rigid-body kinematics [11-13]. In the single-point synthesis
method, the motion of the end-effector is exploited to find the points on the moving plane that satisfy load-displacement
requirements [14]. In the geometric invariants synthesis, specific motion paths are obtained considering the high-order kinematics
of the system [15].

In the second case, the synthesis procedures work at the mechanism level, defining a compliant structure that meets assigned
functional requirements. The methods belonging to this category are briefly described in the following part.

Topology optimization computes the best pattern of material distribution within the design space, by considering cost functions
and constraints. A variety of methodologies have been developed [16,17], based on different parametrizations, with truss, beam,
bilinear, or quadrilateral elements [18-21]. These methods can lead to effective and innovative designs. However, the obtained
configurations could require additional refinements that may compromise the quality of the solution [22]. Also, the design of
complex mechanisms poses significant challenges [23].

The rigid-body-replacement method consists of transforming a rigid-body mechanism into a compliant one, by replacing the
kinematic pairs with flexure hinges [24,25]. The replacement is performed by resorting to the pseudo-rigid body model, that links
the load-deflection characteristics of the two systems. Various pseudo-rigid body models have been proposed in literature, with one
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or more degrees of freedom [26-32]. This approach makes available to compliant mechanisms the synthesis tools of the rigid-body
kinematics, but the design of the rigid-body mechanism remains an essential prerequisite.

The freedom and constraint topologies approach provides a visual map to find solutions for complex compliant mechanisms [33,
34]. The method, based on a library of vector spaces derived from screw theory and exact-constraint design, has been applied for
mechanisms with series and parallel configurations [35-37].

Other methods focused on the requirement of motion decoupling. The constraint and position identification approach introduced
the concept of position space for the synthesis of decoupled spatial translational compliant parallel manipulators [38]. The constraint-
flow based method was developed for the synthesis of decoupled XY 6 mechanisms [39], whereas decoupling with isotropic property
has been considered in Ref. [23].

According to the building block method, the compliant mechanism is defined as a network of compliant blocks characterized
by load-displacement relations between their input and output ports [40,41]. A compliant building elements approach, based on a
library of compliant elements to be used for generating the required topological designs, has been proposed [42]. Also, the geometry
associated to the linear kinetostatics of an elastic suspension has been described through eigentwists and eigenwrenches relations,
and used for the concatenation of the elements [43]. In the case of planar compliant systems, the geometric framework can be
described by two entities, which are the center of elasticity and two force-compliant axes [44,45]. In this scenario, a building blocks
procedure has been developed to solve a single-point problem, that refers to the relation of input forces and output displacements
considered at the same point [46].

An alternative framework, based on projective geometry, has been introduced for the analysis of compliant systems in Ref.[47].
This framework relies on the antiprojective polarity properties of a unique conic section, that is the ellipse of elasticity. This ellipse
can be associated to any elastic suspension, regardless of the complexity of its underlying topology [48]. The introduction of the
projective plane, associated to the scalar field representing the compliance of the system, leads to a formulation able to capture the
kinetostatics of the suspension, avoiding the limitations of the single-point condition. More specifically, the ellipse of elasticity
embodies the antiprojective polarity transformation between lines of action and poles of displacements, extending single-point
relations to single-body relations.

In this paper, a novel method for the synthesis of planar compliant mechanisms is presented. The projective synthesis method
exploits the projective properties of the ellipses of elasticity for designing compliant systems that meet specific requirements, assigned
in terms of both load-displacement relations and topological structure.

The method is based on a top-down procedure that starts from the design requirements and completes in the definition of the
kinetostatic features of the elastic elements. More specifically, the first step consists of defining a primary ellipse that prescinds from
the physical structure of the elastic suspension, and depends only on the load-displacement requirements. This ellipse is decomposed
into secondary ellipses that represent substructures in series and parallel arrangements. This step can be iterated until the required
topology is obtained. Eventually, the lowest-level ellipses are materialized into elastic elements, connected through a pattern of
rigid links that defines the final compliant mechanism.

With respect to the other approaches presented in Literature, the projective synthesis method:

» relies on a geometric framework described only by one entity, that is the ellipse of elasticity;

does not focus on the compliance of a single point, but allows the designer to define the 3-DoF compliance features of the
output port body of the mechanism, and of all its two-port substructures;

guarantees the fulfillment of all the design requirements;

intrinsically guarantees the positive definiteness of the kinetostatic relations associated to all the substructures, since it is based
on weighted projective geometry;

is able to generate multiple equivalent solutions starting from the same requirements. This feature can be exploited to avoid
mechanical interference and meet secondary or off-design issues, as motion of intermediate links, manufacturing, or footprint
requirements;

does not strictly require the implementation of optimization algorithms or refinement steps, or the design of a corresponding
rigid-body mechanism.

The remainder of the manuscript is organized as follows. In Section 2, the synthesis problem and the synthesis procedure are
introduced. The definition of the primary ellipse and its decomposition according to series and parallel arrangements are described
in Sections 3 and 4, respectively. A possible materialization of the lowest-level ellipses and the definition of the physical structure
of the mechanism are presented in Sections 5 and 6, respectively. Several examples of implementation of the method, and the
corresponding numerical analyses, are presented in Section 7. Conclusions are reported in Section 8.

2. Problem statement

The synthesis at the mechanism level consists of designing an elastic suspension L, able to meet the motion requirements on
the moving body T. Generally, the requirements are assigned as load-displacement relations formulated in terms of compliance
matrices. In case of planar systems, the compliance matrix is symmetric, C € Sym;(R), positive definite, o(C) € R*, and it relates
generalized forces I = {f,m}” to generalized displacements s = {8,60}7. Every applied load can be reduced to a force f, with line
of action p belonging to the projective plane P,. Pure moments can be considered as zero-magnitude forces, with improper line of
action p,, lying at infinity. Analogously, s belongs to a field of displacements defined by the pole P € P, and by the rotation 6. Pure
translations can be considered as zero-magnitude rotations around improper poles P, € p.,. This scenario is depicted in Fig. 1(a).
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Fig. 1. Layout of the design procedure: requirements on the elastic suspension L, (a), definition of the primary ellipse of elasticity &, (b), decomposition into
n—ary ellipses of elasticity (c), and materialization of the flexures and of the rigid connections defining the compliant mechanism M(d).

The load-displacement relations described above, besides the formulation in terms of compliance matrices C, can be described
in terms of projective geometry. In both cases, they can be represented by the ellipse of elasticity &,, as shown in Fig. 1(b). This
model consists of a conic section and an associated elastic weight w, that embody the bijective correspondence between lines p
and points P, and the compliance of the relations, respectively. The ellipse &, represents load-displacement relations through its
projective geometry features. More specifically, the line p is the line of action of the resulting applied load, and the point P is the
pole of the displacements of the body, also defined as center of rotation. Therefore, this model converts the kinetostatic problem
into a geometrical one [47,48]. Additionally, analogously to the ellipse of inertia of a continuum distribution of mass, &, is the
momental ellipse of a continuum distribution of elastic weights.

As a consequence, the ellipse of elasticity can be materialized into an elastic suspension. This step depends on the topological
requirements on the system.

In the simplest case, the ellipse &, is actualized as a single elastic element. However, to meet the required topology, a more
complex arrangement of ellipses can be considered, according to a top-down approach. More specifically, the primary ellipse &, can
be decomposed into a series or into a parallel arrangement of secondary ellipses. This procedure can be systematically iterated, to
obtain secondary, ternary, n-ary ellipses, as depicted in Fig. 1(c).

Eventually, at the lowest levels, the ellipses are materialized into elastic elements that, arranged according to the assigned
topology through rigid connections, define the compliant mechanism M, as shown in Fig. 1(d).

Therefore, the input data of the problem are the load—displacement requirements and, possibly, the system topology, defined as
series and parallel substructures. Then, the synthesis procedure at the mechanism level can be summarized as follows.

1. Definition of the primary ellipse of elasticity &, considering the load—displacement requirements.
2. Decomposition of the primary ellipse into n-ary ellipses, according to the topology.

3. Materialization of the lowest-level ellipses in elastic elements.

4. Rigid connection of the elastic elements.

The synthesis steps are discussed in detail in the next sections. It is worth noting that the execution of steps (2), (3), and (4),
comprises several arbitrary design choices. This fact leads to multiple solutions to the synthesis problem that are equivalent from
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Fig. 2. Ellipse of elasticity &, obtained from a compliance matrix C.

the kinetostatic point of view. This multiplicity can be exploited to meet secondary or off-design issues, as manufacturing, footprint,
or motion of the intermediate links requirements. This point is discussed in the next sections.

3. Definition of the primary ellipse

Generally, the load-displacement relations can be expressed in several ways. In this paper, two different approaches are
considered. The first one, commonly used in Literature, defines the load-displacement relation in terms of compliance matrices.
The second one, based on the direct assignment of force directions and poles of displacements, is formulated in terms of projective
geometry. The steps required to obtain the primary ellipse of elasticity, starting from the two different assignments, are described
in the following subsections.

3.1. Definition of the primary ellipse from the compliance matrix

A load—-displacement relation can be generally formulated in terms of a compliance matrix C defined with respect to a reference
frame R = {O, X, Y}. The ellipse of elasticity &£, can be determined by exploiting one of its fundamental properties, i.e. the
decoupling of forces and moments at its center C = (X, Y¢).

With reference to Fig. 2, the matrix C, in the translated reference frame R={C,% 7}, becomes

C,=T"cCT, @
where
1 0 0
T=| 0 1 of. 2
Yo Xc 1

The entry C(3,3), called elastic weight w, relates the rotation and the pure moment as
w=CG3=C3.3 =1, 3

and it is invariant with respect to the transformation represented by Eq. (1). Since forces with line of action through C produce
pure translations, it follows

Co3.1)=Cy(3,2)=0. 4)
Then, from Egs. (1) and (4), the coordinates of the center of the ellipse are obtained as
C(3,2) C@3, 1)
c=mT T Ye= T ®

Once the center has been determined, another fundamental property of the ellipse can be exploited, i.e. forces with lines of
action overlapping the ellipse semi-axes produce pure translations along the same direction. As a consequence, the reference frame
R’ = {Cxy} can be introduced, where x and y overlap the semi-axes of the ellipse a and b, respectively. The angle y defines the
orientation of R’ with respect to R. Therefore, in R/, the matrix E‘O takes the diagonal form

® 0 0
Co=w|0 o 0]. (6)
0 0 1

Through the relations Egs. (3), (5) and (6), the geometric parameters of the ellipse, X, Y, a, b, and y, and its associated elastic
parameter w, are determined.
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3.2. Definition of the primary ellipse in terms of projective geometry

In terms of projective geometry, the load-displacement relations are formulated by assigning lines of action and corresponding
poles of displacements. However, considering an elastic system in neutral configuration, these assignments cannot be completely
arbitrary. More specifically, the loads must satisfy the Maxwell’s reciprocal theorem [49] (i), and every linear combination of them
must do a positive work (ii). It is worth noting that the mechanical conditions (i) and (ii) correspond to the symmetric form and to
the positive definiteness, respectively, of the compliance matrix discussed in Section 3.1.

A system of lines of action and poles that satisfies the previous conditions is represented in Fig. 3(a). Since the force f; passes
through the poles P; and P, its reciprocal work is always zero, whereas its work on the field of displacements defined by P, is always
positive. In the projective plane P,, the point P; and the line p; can be considered as the antipole and the antipolar, respectively, of
the antiprojective polarity transformation defined by the ellipse &;. A triangle whose each vertex and corresponding opposite side is
a pair of antipole and antipolar, respectively, is defined as a self-polar triangle associated to &,, and it can be exploited to determine
the conic parameters. In fact, when each vertex of the self-polar triangle is associated to an elastic weight, the weighted self-polar
triangle is univocally associated to its momental ellipse, that is the ellipse of elasticity. More specifically, the elastic weights are
defined as

=2 @
w; = M
where
m; :ﬁj;&i X fi (8)

is the moment of f; with respect to the opposite pole. The distribution has total elastic weight

w=w, ©

With reference to Fig. 3(b), the point Q; is the barycenter of the system of the weighted points P; and P,

O,Pjw; = 0, Pw, 10)

J

and
CO(w~w;) = CPuw;. an

The barycenter of the system, that is the ellipse center C, is obtained from Egs. (10) and (11). It can be noted that C is always
located inside the triangle. The particular cases of C belonging to the sides or coincident one vertex are discussed in Section 3.3.
Finally, according to the antiprojective polarity properties, the points E; belonging to the ellipse can be found as

—_ —_—
CE; =CQ,;CP.. (12)

Once the points C and E;, and the elastic weight w are determined, the ellipse &, is completely defined.
3.3. Particular cases

The assigned requirements can lead to the definition of particular ellipses of elasticity.

The first case consists of an ellipse with eccentricity e = 1, that is a circle. In terms of compliance matrix, it means that the
eigenvalues of the upper-left 2 x 2 block of 50 are equal. In terms of projective geometry, the center of the ellipse is coincident to
the orthocenter of the self-polar triangle, as depicted in Fig. 4.

The second case consists of an ellipse with eccentricity e = 0, that is a line segment. The upper-left 2 x 2 block of E‘O has rank
1, since the compliance along the line is zero. In terms of projective geometry, the weight associated to one vertex of the self-polar
triangle is zero, and the ellipse degenerates into a segment lying on the opposite side, as depicted in Fig. 5.

The third case consists of an ellipse degenerated into a point. The upper-left 2 x 2 block of 6‘0 has rank 0 and the compliance
along all directions is zero. The weight associated to two vertices of the self-polar triangle is zero, and the ellipse degenerates into
a point coincident to the third vertex.

4. Decomposition of the primary ellipse into n-ary ellipses

The primary ellipse &, is decomposed into two secondary ellipses connected in series or in parallel arrangements. As described in
the next subsections, the decomposition can be performed by exploiting the relations between ellipses and self-polar triangles. More
specifically, every ellipse can be associated to oo’ triangles, whereas every set of a primary and two secondary ellipses is associated
to a unique triangle [50]. According to a top-down approach, the secondary ellipses can be further decomposed to obtain the final
required topology.

The first step of the decomposition, both in case of series or parallel arrangement, consists of determining one weighted self-polar
triangle associated to &,. If the synthesis requirements are given in terms of projective geometry, the triangle defined in Section 3.2
can be considered. In general, a weighted self-polar triangle 7, with vertices P;, can be defined, with reference to Fig. 6, as follows.
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Fig. 3. Forces and poles defining a self-polar triangle (a) and corresponding ellipse of elasticity.

Py

Fig. 4. Ellipse with eccentricity e = 1: the center is coincident to the orthocenter of the self-polar triangle, and > = CP, CH,.

1. Choose an arbitrary point P, and find its antipolar p, with respect to &,. More specifically, the point E, is first determined by

the intersection between the ellipse and the line d, passing through P, and C. The ¢, is the tangent to the ellipse in E,. Then,

the point O, € d,, that is the elliptic inverse point of P, is determined according to Eq. (12). The line p,, passing through O,

and parallel to 7, is the antipolar of P,.
2. Choose an arbitrary point P, belonging to p,. By following the procedure described in the previous point, find its antipolar p,.
3. Find P as the intersection of p; and p,.
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Fig. 5. Ellipse with eccentricity e =0: w; =0, CE =CP, CP,.
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Fig. 6. Construction of the self-polar triangle 7~ associated to the ellipse &,.

4. Find the elastic weights associated to the points. According to Egs. (11) and (12), the elastic weights are

—_—2
CE;
CE, +CP,

The weighted self-polar triangle P, P, P; can be exploited for the decomposition in series or in parallel arrangements.

4.1. Series decomposition

If the elastic suspension £, must be decomposed in the series arrangement of £, and L, the primary ellipse &, must be
decomposed into the secondary ellipses £, and £, , associated to £, and L, respectively. The weighted self-polar triangle 7 with
vertices P, associated to the primary ellipse, can be exploited to define the secondary ellipses. In fact, with reference to Fig. 7,
the secondary ellipses can be represented by the same self-polar triangle, but with different weights. More specifically, the elastic
weights relative to the secondary ellipses must satisfy the following conditions.

1. Every secondary ellipse must have positive elastic weights associated to the vertices of the triangle.
2. For every vertex, the sum of the compliances of the secondary ellipses must be equal to the compliance of the primary ellipse.

Both conditions are met if, for each pole P,

Wy, = Hii Wi» a4

Wy, = H2,i Wi » (15)
where

i =1l—py, O<py;mp; <1, (16)
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Fig. 8. Series decomposition, w; = w, twg,,i=1,2,3, with {u 1, 15, 13} = {0.064, 0.948, 0.057}.

and wy, , and w,,  are the elastic weights associated to the point P; of £ and &, respectively. In this case, the condition
w=wg +w, a7)

is guaranteed. Once the secondary weighted self-polar triangles are defined, the secondary ellipses can be determined according
to the procedure described in Section 3.2. The decomposition of the primary ellipse, performed the values {u; , u;. p13} =
{0.475, 0.913, 0.065}, is shown in Fig. 7.

From Egs. (14) and (15), different sets of values of y, ;, u,; lead to differently weighted self-polar triangles associated to &, and
&,,- As a consequence, different decompositions of &, can be obtained. For example, the decomposition corresponding to the values
{H115 H12s H13) = {0.064, 0.948, 0.057} is depicted in Fig. 8.

It is worth noting that, in the cases above, a generic self-polar triangle 7 has been considered. This choice leads to a configuration
of secondary ellipses that are, in general, not equal and not symmetrically posed with respect to &,. However, a symmetric
decomposition can be obtained by considering a symmetric weighted self-polar triangle. With reference to Fig. 9, 7j,,, is obtained,
according to the procedure described above, by placing the vertex P, along one of the ellipse axis. By choosing the minor semi-axis,
the triangle is symmetric with respect to b, therefore w, = w;. To achieve symmetric decompositions, the weights of the secondary
ellipses must be set symmetrically, as

w, =w
S11 S2,1°
S12 T wSz,s ’
S13 T s

In other terms, the weight of £ in P, must be equal to the weight of £ in P;, and viceversa.
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Fig. 9. Symmetric series decomposition, w; = w, tw,,i=1,2,3, with {41, py 2, py3} = {0.500, 0.965, 0.035}.

4.2. Parallel decomposition

In case of parallel arrangement, the elastic suspension £, must be decomposed in the suspensions £ ” and £ o Therefore, the
primary ellipse &, must be decomposed into the secondary ellipses &, and Eps associated to £ ” and £ - respectively, as depicted in
Fig. 10. Analogously to the series case, the secondary ellipses are represented by the same self-polar triangle, with different weights,
satisfying the following conditions.

1. Every secondary ellipse must have positive elastic weights associated to the vertices of the triangle.
2. For every vertex, the sum of the stiffnesses of the secondary ellipses must be equal to the stiffness of the primary ellipse.

Both conditions are met if, for each pole P,

£, L, (18)
P T w;
1 1
=v;—, (19)
wﬁz,i Ww;
where
v, =1=v;, O0<vv,; <1, (20)

and w, . and w,  are the elastic weights associated to the point P; of £, and &, , respectively. It is worth noting that, in this case,

the condition on the reciprocal elastic weights results in

3

1,1 .1 (21)
1

w Wp wl’z

Once the secondary weighted self-polar triangles are defined, the secondary ellipses can be determined according to the procedure
described in Section 3.2.

Analogously to Egs. (14) and (15) in the series case, different sets of values of v;;, v,; in Eqgs. (18) and (19) lead to different
decompositions of &,. For example, the decompositions obtained with the values {v;;, vi,.v;3} = {0.999, 0.554, 0.149} and
{vi.1» vi2- vi3) = (0.993, 0.146, 0.679} are depicted in Figs. 10 and 11, respectively.

In case of a symmetry requirement, a symmetric weighted self-polar triangle can be considered, as in the series case. More
specifically,

1
wpl Nt wPZ.l
1 1
= £
Wy, Wpyy
[
wpl 3 wp2.2

In other terms, the reciprocal elastic weight of £, in P, must be equal to the reciprocal elastic weight of £, in P, and viceversa.
The decomposition with {v; 1, vi,, v;3} = {0.500, 0.046, 0.954} is illustrated in Fig. 12.
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Fig. 10. Parallel decomposition, 1/w; = 1/w, +1/w,, ,i=1,2,3, with {vj;, vi5, v;3} = {0.999, 0.554, 0.149}.

Fig. 11. Parallel decomposition, 1/w; = 1/w, +1/w, ,i=1,2,3, with {vi}, vi5, v;3} = {0.993, 0.146, 0.679}.

P2’

Fig. 12. Symmetric parallel decomposition, 1/w; = 1/w, +1/w,, ,i=1,2,3, with {v,;, v),, v;3} = {0.500, 0.046, 0.954}.

5. Materialization of the lowest-level ellipses in elastic elements

Once the lowest-level ellipses have been determined according to the topological requirements, the third step of the procedure
consists of the synthesis at the element level, that is the design of the elastic elements that correspond to the defined ellipses.

10
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Fig. 13. Uniform arc A associated to the ellipse & with eccentricity e = a/b = 0.6.

2r ‘ ‘ ‘ 1
3n/2t 0.75
& = 05
2t 0.25
0 0
0 025 05 075 1 0 025 05 075 1
e e
(a) (b)

Fig. 14. Trends of the angle 2y (a) and of the ratio A/r (b) with respect to the eccentricity.

This step belongs to the general problem of finding or optimizing shape, size, and material properties of a continuum under
a set of constraints. This problem is generally not trivial and has been addressed in several investigations [51-56]. Therefore, a
general and in-depth treatment of the problem is out of the scope of this article. However, focusing on the association of an ellipse
of elasticity to an elastic element, the problem can be solved, in a general way, by resorting to families of flexures with defined
ellipses. For instance, the relations of the geometric parameters of circular and parabolic arcs with the ones of the corresponding
ellipses, determined in closed form in Ref. [48], can be exploited. Therefore, in this investigation, uniform circular arcs are adopted
without loss of generality. With reference to Fig. 13, the problem is formulated as follows:

given an ellipse € with parameters a, b, and w, find the corresponding circular arc defined by radius of curvature r, subtending
angle 2y, and flexural rigidity E1. Find also its pose with respect to the ellipse.

The beam axis of symmetry s overlaps the ellipse minor semi-axis 5, whereas the distance of the arc center O from the ellipse center
C is expressed by

6 =2 = 800’ 22)
= = e
where h = CH = Va2 + b2. Also, r and y are related to the length of the major semi-axis a by the expression
5 .
> r sin(2y)
=L (1-2222). 2
a 5 ( > (23)

Making use of Egs. (22) and (23), the values r, y, and OC can be computed from the ellipse parameters a and b. The trends of the
angle 2y and of the ratio 4 /r with respect to the eccentricity e are shown in Fig. 14(a) and (b), respectively. As it can be noted from
the figures, real solutions exist for every value of a and of b.

Two examples of arcs .A determined from their ellipses £ are shown in Fig. 15(a) and in Fig. 15(b), in case of eccentricity e = 0.3
and e = 0.9, respectively.

11
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(a) (b)

Fig. 15. Arcs A associated to ellipses & with eccentricity e = 0.3 (a) and e = 0.9 (b).

g £ ~ £

(a) (b)

Fig. 16. Equivalent poses: the flexure in Fig. 16(b) is obtained by flipping the flexure in Fig. 16(a) around the major semi-axis of the ellipse.

In the particular case of e = 0, the ellipse degenerates into a line segment, as discussed in Section 3.3. The associated flexure
becomes a straight-axis beam with length / = 2a\/§. For e = 1, the ellipse becomes a circle, and its associated flexure is a full-angle
ring beam with radius aV/2 and center coincident to the center of the ellipse.

Finally, the geometry of the beam cross-sections can be established considering the flexural rigidity, as

El =—, 29

where E is the Young’s modulus and 7 is the second moment of area of the cross-section.

Through Egs. (22) to (24) every ellipse can be materialized into an elastic element, concluding the top-down procedure.

It is worth noting that the elastic element, given the pose on the plane of its ellipse, can be positioned in different ways. In fact,
every ellipse, if reflected around its semi-axes or rotated by = around its center, overlaps itself. The same operations, performed on
the elastic element, result in different poses with equivalent linear kinetostatic behavior. In Fig. 16, the pose of the ellipse is defined
with respect to the reference R = {O, X, Y}. The flexure in Fig. 16(b) is obtained by flipping flexure in Fig. 16(a) around the major
semi-axis. The two systems have equivalent linear behavior, with the same relative center of rotation between the bodies i and j
and the same relative field of displacements. This feature can be exploited to optimize the final layout of the compliant mechanism.

6. Rigid connection of the elastic elements

The last phase of the synthesis procedure consists of defining the rigid-body connections among the elastic elements, according
to the assigned topology. However, once the lowest-level ellipses have been determined and the corresponding flexures have
been positioned, the connections are not uniquely defined. As discussed in the previous section about the flexure positioning, this
feature can be exploited to reduce footprint area, avoid mechanical interference, cope with manufacturing issues or internal motion
requirements.
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Table 1
Geometric and elastic parameters of the open-chain compliant mechanism and of its corresponding ellipses of elasticity. Angles in radians, lengths in millimeters,
flexural rigidities in N mm?. The angle o defines the orientation of the arc bisector with respect to the x-axis.

Self-polar Triangle

PI PZ P3
X y w; [w H X y w; [w My X y w; [w I
14.79 34.03 0.154 0.563 -28.24 -2.19 0.435 0.850 24.38 -10.43 0.411 0.008

Secondary ellipses of elasticity

& &
Xc Yc a b X we/w Xc Ye a b X wg/w
-19.74 4.57 22.07 3.46 0.68 0.46 23.14 —-5.35 14.45 271 -1.35 0.54

Compliant mechanism

A, Ay
Xo Yo r c Y EI Xo Yo T c Y EI
-58.99 52.68 65.99 —-0.89 0.60 367.7 56.02 2.10 26.79 0.22 0.72 286.5

An example of different connection patterns is shown in Fig. 17. The primary ellipse &, is decomposed into the parallel
arrangement &, ; and &) . The ellipse &, represents the flexure 7, ;, connecting the body T to the ground, whereas &, , represents
the series composed by the flexures 7, and 7, ,, and by the rigid body k. In Fig. 17(a), T is connected to the ground through the
patterns of rigid cross-sections s, — s3 — s, for the left limb, and s, — s5 — s — 57 — sg for the right limb. In Fig. 17(b), the patterns
are s; — s, — s3 for the left limb and s, — s — sg — 55 — 56 for the right limb.

Considering the linear kinetostatic behavior of the body T, the two connection patterns are equivalent. However, the patterns
result in a different behavior of the body k. In fact, the ellipse &, represents the relative load—displacement relation of the right
limb, between s, and the ground, regardless of the lower-level topology and connections.

Generally, this feature can be exploited to address secondary requirements in terms of motion of the intermediate bodies.

7. Applications

The proposed procedure has been implemented for the solution of the synthesis problems defined by the following requirements
expressed, equivalently, both in terms of projective geometry and of compliance matrix, according to Sections 3.1 and 3.2.

1. Primary ellipse &, with eccentricity e = 0.6 (@ = 25 mm, b = 15 mm), elastic weight w = 0.4 rad(N mm)~!, and open-chain
topology consisting of two flexures and of two rigid bodies;

90.00 0 0
Cyo=| O 250.00 0 |. (25)
0 0 0.400

2. Primary ellipse &, with eccentricity e = 0.6 (¢ = 25 mm, b = 15 mm), elastic weight w = 0.0157 rad(N mm)~!, and closed-chain
topology consisting of two flexures and of one rigid body.

353 0 0
Co=| 0 98 o |. (26)
0 0 00157

In Egs. (25) and (26), the unit of the entries Cy(1, 1) and C(2,2) is mm(N)~!, whereas the unit of the entry C(3,3) is rad(N mm)~!.
7.1. Open-chain compliant mechanism

Starting from the requirements (1), the synthesis is performed according to the procedure described in Section 4.1, considering an
asymmetric decomposition. The primary ellipse, the common self-polar triangle, and the secondary ellipses are depicted in Fig. 18(a).
The corresponding flexures, materialized as circular arcs, have been obtained as described in Section 5. The compliant mechanism
is shown in Fig. 18(b), whereas the geometric and elastic parameters of the self-polar triangle, of the ellipses, and of the flexures,
are listed in Table 1.

To verify the synthesis procedure, finite element analyses have been conducted with the commercial software Nastran. Three
different load conditions have been considered, consisting of a pure moment m applied on T, and of two forces, f, and f,, with
lines of action parallel to the semi-axes a and b of the primary ellipse, respectively. The forces have been applied to a point O
rigidly connected to T and overlapping, in the unloaded configuration, the center C of the ellipse. Because of the antiprojective
properties of the ellipse of elasticity, forces parallel to the semi-axes and passing through the center C are expected to produce pure
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(b)

Fig. 17. Rigid connection of elastic elements: different connection patterns.

translations along the same axis direction, whereas pure moments are expected to produce pure rotations around C. With reference
to Eq. (6), theoretical displacements and rotations can be calculated as:

5, = wh*f,,
8, =wdf,, (27)
0 =wm.
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(b)

Fig. 18. Open-chain synthesis: primary ellipse, the common self-polar triangle, and the secondary ellipses (a), and materialized compliant mechanism (b).

Table 2

Open-chain compliant mechanism synthesis: generalized displacements obtained with the theoretical approach and with FEA
simulations. Forces in Newton, lengths in millimeters, angles in radians.

Load Theory FEA

Type Magnitude by 8, 0 8, 8, 0

S 0.1 9.00 0.00 0.000 8.99 0.00 0.000
fy 0.1 0.00 25.00 0.000 0.00 24.97 0.000
m 1.0 0.00 0.00 0.400 0.00 0.00 0.400

The theoretical and the numerical results are reported in Table 2. FEA validate the theoretical predictions, since errors are below
0.2%.

7.2. Closed-chain compliant mechanism
Considering the requirements (2), the synthesis follows the steps described in Section 4.2. In this case, a symmetric decomposition
is considered. The primary ellipse, the common self-polar triangle, and the secondary ellipses are depicted in Fig. 19(a). The

corresponding flexures are, also in this case, materialized as circular arcs. The compliant mechanism is shown in Fig. 19(b), whereas
the geometric and elastic parameters of the self-polar triangle, of the ellipses, and of the flexures are listed in Table 3.
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(a)

(b)

Fig. 19. Closed-chain synthesis: primary ellipse, the common self-polar triangle, and the secondary ellipses (a), and materialized compliant mechanism (b).

Table 3
Geometric and elastic parameters of the closed-chain compliant mechanism and of its corresponding ellipses of elasticity. Angles in radians, lengths in millimeters,
flexural rigidities in N mm?. The angle o defines the orientation of the arc bisector with respect to the x-axis.

Self-polar Triangle

P, P, Py
x y w/w v x y w,/w v x y w/w v
0 15.28 0.491 0.500 -35.03 -14.73 0.255 0.021 35.03 -14.73 0.255 0.979

Secondary ellipses of elasticity

& &
Xc Ye a b x wp/w Xc Y a b X wp/w
-31.09 -12.52 14.27 5.32 0.45 13.33 31.09 -12.52 14.27 5.32 0.45 13.33

Compliant mechanism

A Ay
Xo Yo r o b4 El Xo Yo r o b4 EI
—-37.88 1.56 21.85 -1.12 1.37 286.5 37.88 1.56 21.85 1.12 1.37 286.5

Considering the same load conditions of the open-chain case, the theoretical analysis is performed by applying Eq. (27). The
theoretical and the numerical results are reported in Table 4. Also in this case, the numerical results confirm the theoretical
predictions, with errors below 0.7%.

8. Conclusions

In this paper, a novel approach for the synthesis of planar compliant mechanisms, namely the projective synthesis method,
is presented. The method is based on the antiprojective polarity properties of the ellipses of elasticity, defined in the weighted
projective plane. This approach enables the extension of single-point relations to single-body relations.

The procedure consists of defining a primary ellipse of elasticity on the basis of the assigned requirements, regardless of the
physical definition of the elastic suspension. Then, the ellipse is geometrically decomposed into n—ary ellipses, to satisfy the required
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Table 4
Closed-chain compliant mechanism synthesis: generalized displacements obtained with the theoretical approach and with FEA
simulations. Forces in Newton, lengths in millimeters, angles in radians.

Load Theory FEA

Type Magnitude 8y 8, 0 8y 8, 0

fx 1.0 3.53 0.00 0.000 3.52 0.00 0.000
fy 1.0 0.00 9.80 0.000 0.00 9.77 0.000
m 10.0 0.00 0.00 0.157 0.00 0.00 0.156

topology. Any configuration composed of substructures in series and parallel arrangements can be obtained. The top-down procedure
guarantees the positive definiteness of the kinetostatic relations at every level of the decomposition.

The lowest-level ellipses can be materialized into a variety of elastic elements, connected through several patterns of rigid links.
As a result, multiple solutions to the synthesis problem can be achieved, defining compliant mechanisms that are equivalent from a
linear kinetostatics point of view. This feature can be exploited to avoid mechanical interference and meet secondary or off-design
issues, as motion of intermediate links, manufacturing, or footprint requirements. The projective synthesis method does not require
optimization algorithms, post-processing refinements, or the definition of a rigid-body mechanism. However, it could serve as an
effective framework for further optimization steps.

The method has been applied to the synthesis of two compliant mechanisms, characterized by open and closed chains. The results
have been verified through finite element analyses.
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