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Introduction

The purpose of this thesis is to provide new developments of some aspects of
harmonic analysis on trees. The classical Calderén-Zygmund theory is adapted to
this discrete setting in the doubling case, and a new general Calderén-Zygmund
theory for non-locally doubling trees is introduced. Moreover, sparse domination
techniques are exploited to investigate the Bergman projection, an operator of
great relevance in the study of trees. In general terms, the main themes on which
this work is based can be grouped into three aspects: trees and the Bergman
projection, Calderén-Zygmund theory, and sparse domination.

Trees and Bergman projection

In mathematics, trees are a fundamental class of discrete structures that is
extensively studied from various perspectives, for example in graph theory or set
theory. It is also possible to develop different aspects of analysis on trees, both
for the intrinsic interest of considering a tree as the underlying space and because
they can serve as a natural discrete analogue of continuous spaces. Their discrete
nature provides a framework for applying classical harmonic analysis, leading to
new results and a deeper understanding of the relationship between geometry and
analysis on discrete structures.

A tree is a connected graph without cycles that can be viewed as a discrete
model of a continuous manifold. It is possible to associate to every tree a function
q defined on the tree such that g(x) + 1 is the number of neighbors of a vertex z.
The particular family of homogeneous trees, where ¢ is constant, i.e. all vertices
have the same number of neighbors, is often studied as the discrete counterpart of
symmetric spaces of rank one. Among other reasons, this is also motivated by the
existence of a natural embedding of homogeneous trees into the hyperbolic disk, as
shown in detail in [12]. This analogy has been exploited in both directions in order
to spread concepts and problems from one setting to the other and vice versa. In
this perspective, general trees can be thought of as discrete models of more general
noncompact symmetric spaces. Indeed, the function ¢ can be viewed as the discrete
analogue of the sectional curvature in a Riemannian manifold. We will see that
the assumption that ¢ is bounded, both from below and above, plays a crucial
role in the analysis on trees. This condition actually reflects the requirement on
manifolds that the curvature remains between two negative constants. In this
thesis, the function ¢ will always be assumed to be bounded from below. We will
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say that the tree has bounded geometry if it is also bounded from above, while it
has unbounded geometry otherwise.

A key operator that appears in complex and harmonic analysis on both con-
tinuous and discrete settings is the Bergman projection. In the classical case, the
Bergman projection is an operator that projects the L? space of functions on a do-
main (typically a domain in the complex plane) into the subspace of holomorphic
functions, which is usually referred to as the holomorphic Bergman space. The
underlying measure belongs to the family of the so-called Bergman measures, that
are designed to capture the geometry of the underlying domain. When moving to
the discrete setting of trees, the Bergman projection still serves a similar purpose,
but in this context it is common to consider Bergman spaces of harmonic func-
tions instead of holomorphic ones. Indeed, a definition of holomorphic function on
discrete structures is not clearly stated in the literature, while a natural definition
of laplacian, and then of harmonic function, can be given here by means of a local
mean property. A function defined on a tree is said to be harmonic at a vertex if
its value at the aforementioned vertex is given by the mean of the values of the
function in its neighbors. Just as in the continuous holomorphic case, the har-
monic Bergman space on trees is a reproducing kernel Hilbert space. Its kernel is
called the Bergman kernel and the Bergman projection turns out to be an integral
operator acting by integration against the Bergman kernel.

The boundedness of the extension of the Bergman projection to LP spaces is
broadly studied and well-known in a variety of continuous contexts. The discrete
harmonic Bergman projection and its boundedness properties primarily motivated
the work of this thesis, representing in some sense both the beginning and the
end. In fact, the starting point was the horocyclic harmonic Bergman projection
on homogeneous trees. Initially, we studied it by finding an explicit formula for
the Bergman kernel, and then we obtained the classical bounds by analyzing the
kernel. Then, the idea was to study the validity of our result in more general trees.
The following theorem states the boundedness properties of P on radial trees and
can be obtained as a corollary of the results presented in the next two paragraphs
(with the exception of the H' and BMO results, that are independent). One is
a general boundedness result for operators defined on trees, while the other is a
sparse domination result specific to the radial Bergman projection.

Theorem A (Corollary [3.2.12] Thereom [3.2.13] Theorem [3.2.14)). Let X be a

radial tree. The associated Bergman projection P maps boundedly:
1. LYX) into LM (X);
2. LP(X) into LP(X) for all p € (1,00);
3. HY(X) into H'(X);
4. BMO(X) into BMO(X).
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Calderon-Zygmund theory

The Calderén-Zygmund theory is a core part of modern harmonic analysis and
is primarily concerned with the study of singular integral operators. The founda-
tional work of Calderén and Zygmund in the 1950s, particularly in their papers
[7] and [§], laid the ground for this theory. Their study, along with that of many
other mathematicians such as Stein and Weiss, has had impactful consequences in
modern analysis.

Singular integral operators, which often appear as convolutions with kernels
possessing specific smoothness and decay properties, play a fundamental role in
various areas of mathematical analysis, specifically in the study of function spaces
such as the Lebesgue spaces, Hardy spaces, and bounded mean oscillation spaces,
among others, and have broad applications in partial differential equations, for
example. This theory provides the tools to analyze the boundedness and behavior
of such operators. A key aspect is the development of the so-called Calderén-
Zygmund decomposition, which enables one to break down the functions, and
then the operators acting on them, into simpler, more manageable parts, making
the analysis of their behavior more tractable.

An integral operator T is an operator that acts on a function f by integrating
it against a kernel K, namely

Tf(z) = /X K (2, 9)f(y)do(y). 1)

where (X, o) is a general measure space. The space can be more or less general, it
may be asked to satisfy different properties, or be endowed with a richer structure.
Of course, depending on the properties of (X, o), the results that can be obtained
on integral operators will vary. A singular integral is an integral operator with a
kernel that is not absolutely integrable and may not be defined everywhere on X.
The most famous example is the Hilbert transform, which is a singular integral
operator acting on functions on R and given by

Hf(x) = /R %dy

whenever = ¢ supp(f). The Hilbert transform and its boundedness on Lebesgue
spaces LP(R) were broadly studied at the beginning of the 20th century and they
strongly motivated the investigation of Calderéon and Zygmund and the devel-
opment of their theory. Indeed, the study of the Hilbert transform first led to
considering a more general class of operators whose kernels are singular on the
diagonal

A={(z,y) e X x X 1z =y},

so that (/1)) is meaningful only away from the support of the function f. A wide class
of these operators is that of Calderéon-Zygmund operators, defined on functions
acting on R¢, bounded on L?*(R?) and whose kernel off-diagonal is assumed to
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satisfy the size condition
1
|K(z,y)| < ——— forz #y,
|z —yl¢

and a Lipschitz condition, i.e. there exists § > 0 such that

— oyl \o
K(0,9) — Kl 2] + K (ev) — K] < (E20)
for all |z — y| < |z — 2|/2. Sometimes the Lipschitz condition is replaced by the
weaker Hormander condition

sup sup / |K(z,2) — K(z,y)|dz < 400.
veR r>0 z,yeB(v,r) J R\ B(v,2r)

The integral may generally fail to converge absolutely for f in many nat-
ural function spaces, so that a precise definition requires it to be understood as
the limit of suitable converging integrals. The theory mainly focuses on proving
the boundedness of these operators in various function spaces, usually showing the
weak (1,1) boundedness and exploiting interpolation methods. The most impor-
tant result in Calderén-Zygmund theory asserts that such operators are bounded
on LP(R?) for p € (1,00), meaning that there exists a constant C}, > 0 such that

17 fllp < Cpll flp-

This theorem is a cornerstone of harmonic analysis, as it provides a rigorous un-
derstanding of how singular integrals act on various function spaces, and can be
easily adapted to more general doubling contexts.

The classical Calderén-Zygmund theory was initially developed on RY. How-
ever, the study of integral operators extends beyond the case of Euclidean spaces.
The underlying space can be a general measure space, and many examples of inte-
gral operators arise in a variety of contexts. Significant developments of the theory
have taken place, for instance, in spaces of homogeneous type or in nondoubling
settings. The goal of this thesis is to explore integral operators on trees equipped
with the Gromov metric (parallel to the Euclidean metric), which can give rise
to both doubling and nondoubling situations, depending on the measure. In or-
der to guarantee the desired bounds for an integral operator defined on a tree X,
the associated kernel K : X x X — C will be asked to satisfy a Hormander-type
condition

sup sup 3 [K(2,2) — K(2, ) u(z) < oo @)
QeD z,yeQ 2€X\Q
and, in the nondoubling case, the following analog of the size condition
supsip 37 Kz, 2)|u(z) < oo, ©
QED zeQ 2eQM\Q

where D is a suitable family of subsets of the tree and Q) is a specific superset

of Q.
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Theorem B (Theorem m Theorem m, Theorem . Let (X, 1) be a
general tree equipped with any measure and let T be an integral operator with
symmetric kernel K: X x X — C. If T is bounded on L*(X) and K satisfies
and , then T maps boundedly:

1. LX) into LY>°(X);

2. LP(X) into LP(X) for all p € (1,00);
3. HY(X) into L'(X);

4. L®(X) into BMO(X).

Furthermore, if the space is doubling, the same results hold, requiring only that K
satisfies , since in this context implies (3)).

Sparse domination

Sparse domination is a powerful and elegant technique in harmonic analysis
that has gained significant attention over the past two decades, offering a novel ap-
proach to understanding the boundedness and behavior of operators. It is mainly
employed in the study of singular operators and maximal functions, and it has
further applications in harmonic analysis, such as in weighted inequalities, in the
study of the T'(1) theorem and of the A, conjecture. The sparse domination ap-
proach simplifies the analysis of operators, especially in settings where traditional
methods, such as those based on kernel estimates or direct computation, may be
cumbersome or difficult to apply. This approach has proved to be a key tool in
analyzing the behavior of operators in both classical and more abstract settings,
including spaces with more elaborate geometric structures.

The key concept is that of a sparse collection of sets. A family of sets is
called sparse if for each set there exists a subset that constitutes its core, in the
sense that it contains a fairly large portion of its measure, and the family of all
cores is actually disjoint. Roughly speaking, a collection is sparse if it does not
overlap except in a set of very small measure. A sparse collection S can be used
to dominate the action of a given operator T', providing bounds on its behavior in
terms of a sparse operator, which is defined as a sum of means over sparse sets,
namely

Asf(@) = (folo(x).

QeS

More precisely, the goal is to prove a pointwise bound of the form
Tf(x) S As(z)
or a weaker bound in a bilinear form sense

(Tf1, f2) S (Asfi, fa),
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in order to transfer to 7" the good properties that As enjoys.

The sparse estimates find their historical origin in the seminal work of Andrei
K. Lerner (see [33]), motivated by the search for sharp weighted norm inequalities.
Indeed, sparse domination techniques have proven to be successful also in deriving
weighted estimates, that is in understanding how operators behave when deal-
ing with weight functions and their boundedness properties on the corresponding
weighted spaces. In this context, the goal is to determine how the presence of the
weight influences the operator’s norm and then to find a condition that a weight
w must satisfy to guarantee that

T:LP(X,w) = LP(X,w)

boundedly. Sparse domination provides a powerful method for handling these
estimates by implying them in a clear and straightforward way. This allows for
precise bounds on operators such as maximal functions, singular integrals, or Riesz
transforms in weighted spaces.

The classical theory of sparse domination was originally developed for doubling
measures, but recent advancements have aimed to extend these techniques to dif-
ferent contexts, including higher-dimensional spaces, more general types of integral
operators and in particular to nondoubling settings. In [18] and [48] the authors
provide sparse domination for Calderén-Zygmund operators for some nondoubling
measures that are still assumed to satisfy certain growth properties. On the other
hand, in [I9], they deal with the family of balanced measures, measures satisfying
a weaker condition than doubling, by introducing a significant alteration to the
notion of sparse form. In particular, an additional term is needed to address the
absence of the doubling property. In light of this result, in this work we present
a modified sparse domination result for the Bergman projection on trees, with
respect to a particular class of measures which are not only nondoubling, but also
non-locally doubling. The sparse-like domination theorem makes use of an extra
form, denoted by &g, and tailored to P.

Theorem C (Theorem Corollary 4.1.4). Let X be any radial tree and let
fi, fo € LY(X). There exists a sparse collection S such that

(P f1, f2)] S (Asfr, f2) + Es(f1, fo).

If the tree has bounded geometry, namely the space is doubling, then Es = 0 suffices.

The sparse domination stated in the previous theorem allows for deriving
weighted inequalities for the Bergman projection, and in particular, for finding
an appropriate condition on weights that ensures the boundedness of P on the
corresponding weighted space. Concerning the doubling situation, the right class
of weights is given by the Bekollé-Bonami class B, while in the nondoubling case
the presence of Es forces a stronger condition on the weight. It turns out that the
appropriate class is a Bekollé-Bonami-type class Bp.
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Theorem D (Theorem [4.2.5)). Let X be any radial tree and let p € (1,00). If
w € By, then P : LP(X,z) — LP(X,w) boundedly.

The thesis is structured into several chapters, which we outline as follows.

In Chapter (1, we provide the necessary preliminaries for the subsequent chap-
ters, with a particular focus on the underlying space of trees and the key math-
ematical tools we will use. We discuss important concepts linked with dyadic
analysis and sparse domination, techniques that are particularly useful for analyz-
ing operators in non-standard settings.

Chapter[2]is dedicated to the classical Calderon-Zygmund theory in the context
of homogeneous trees endowed with the natural Bergman measures, which turn
out to be doubling. In this section, we present an in-depth and quite technical
study of the Bergman projection, a specific example that allows us to explore in
detail the shape of the associated kernel.

In Chapter [3, we address the case of general trees with Bergman measures,
that lead to possibly nondoubling settings. Specifically, we focus on the Bergman
projection in the particular case of radial trees, but with a different approach from
that used in the previous chapter. Here, instead of analyzing the kernel directly, we
construct an orthonormal basis for the Bergman space and treat the projection as
a Bergman shift, in analogy with the well known Haar shifts. Nevertheless, we do
not investigate every single shift that composes the kernel as a single product, but
we gather together some tied products in order to exploit some joint cancellations
enjoyed by the orthonormal basis. This approach provides an alternative and
innovative perspective, that proves to be more efficient.

Finally, in Chapter [4, we present a sparse domination result for the Bergman
projection, which is pure for the doubling case, while it requires an additional
term for the nondoubling case. In this part, we provide a proof based on a scheme
that is adaptable to other examples, but that uses specific estimates and features
of this particular operator already found in Chapter [3] As a corollary, we obtain
boundedness results on weighted spaces, allowing us to characterize an appropriate
class of Bekollé-Bonami-type weights.

The work of this thesis is contained in the following papers:

1. Filippo De Mari, Matteo Monti and Elena Rizzo. Horocyclic harmonic
Bergman spaces on homogeneous trees. To appear on Analysis and Ap-
plications, arXiv:2309.15047, 2023.

2. José M. Conde Alonso, Filippo De Mari, Matteo Monti, Elena Rizzo and
Maria Vallarino. Endpoint estimates and sparse domination in nonhomoge-
neous trees. Preprint, arXiv:2410.23047, 2024.



Chapter 1

Preliminaries

1.1 Trees

Analysis on trees has emerged as a powerful tool in the study of operators and
functions, particularly in settings where discrete models of continuous objects pro-
vide new insights. In fact, homogeneous trees can be embedded in a natural way
into the hyperbolic disk and are usually interpreted as discrete counterparts of
symmetric spaces of rank one. Just as the hyperbolic disk offers a rich structure
for the study of functions in complex analysis, discrete structures that mimic the
properties of continuous spaces offer a similar setting that frequently proves to be
more manageable. Many problems and techniques from classical harmonic analysis
can be transferred to the framework of trees, whose discrete nature often provides
a clearer path for generalizing results to more abstract contexts.

This section gives an introduction to trees, with a specific focus on the under-
lying geometric structure that we will need across this work. For more details we
refer to [10), 20] 21, 26].

1.1.1 Basic notions

A graph is a pair (X, £) where X is the set of vertices and £ is the family of edges,
that are two-element subsets of X. The graph is said to be oriented if the edges
are ordered pairs and it is said to be unoriented otherwise. Two vertices x and y
are neighbors if {x,y} € £ and in this case we write x ~ y. A path [xg,z,] in the
graph (X, &) is a finite sequence xg, x1,...,z, such that {z;, z;11} € & for every
1 =0,...,n— 1 and the graph is said to be connected if for every x,y € X there
exists a path joining them, i.e. such that zo = z and z, = y. A chain is a path
where x; # x;,9 for every i = 0,...,n— 2 and a loop is a chain such that xq = z,.

Throughout this thesis we will focus on operators acting on spaces of functions
defined on trees, which are a special family of graphs.

Definition 1.1.1. A tree is an unoriented, connected and loop free graph.

11
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By abuse of notation we will refer to a tree just by the set of its vertices X.
Notice that given any two vertices x,y € X there always exists a unique chain [z, y|
linking them. This fact induces a natural metric on the tree, the edge counting
distance d: X x X — N, such that d(x,y) is given by the number of edges belonging
to the chain [z,y]. Furthermore, we will only be interested in locally finite trees,
namely trees in which every vertex belongs to a finite number of edges. This allows
us to associate to every tree (and more in general to every locally finite connected
graph) the function ¢: X — N such that ¢(z) + 1 is the number of neighbors of z.

Definition 1.1.2. A tree is said to be g-homogeneous if the function ¢ is constant.
In this case, ¢ is called the degree of X.

The g-homogeneous tree will be denoted by X,. The set of vertices of a ho-
mogeneous tree is always infinite if ¢ # 0 and it is just Z when ¢ = 1. We will
consider g-homogeneous trees with ¢ > 2.

— xo :{1

Figure 1.1: The 0-homogeneous tree and portions of the 1-homogeneous
tree and the 2-homogeneous tree.

Every tree holds a natural structure of boundary. An infinite chain is an infinite
sequence (x;);en of vertices of X such that x; # z;,» for every i € N. Denote by
I(X) the set of infinite chains in X and consider the following equivalence relation
on it. Given (z;)en, (y;) en in I(X) we say that they are equivalent if there exists
m € Z such that x; = y;.,,, for every ¢ sufficiently large. In such case we write

() ien ~ (yj>j€N'
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Definition 1.1.3. The boundary of X is the set 2 := I(X)/ ~.

Notice that if we fix a reference point o (as it will be done in Section this
definition is equivalent to defining the boundary just as the set of all infinite chains
starting in 0. The main idea is that a boundary point can be seen as the limit
point of an infinite chain in X. In fact it was shown in [12] that a homogeneous
tree of odd degree ¢ (then such that every vertex has an even number ¢ + 1 of
neighbors) can be isometrically embedded in the unit disk D endowed with the
hyperbolic metric. Through this embedding the boundary of the tree corresponds
almost everywhere with the boundary of the disk, the unit circle.

1.1.2 Rooted vs hanged trees

A tree X is said to be rooted if we fix a reference vertex o, called the origin of the
tree, and define the modulus of a vertex x as its distance from the origin, namely
||, := d(o, x).

For x # o we call the sector of x with respect to o the subset of X given by

17 ={y€X:[zr,0] C[y,0l}

and we say that x is the generator of T?, while we simply define the sector generated

by o as the whole tree, that is 7 := X. Roughly speaking, 7 is the set containing

x and all the vertices lying below z, namely all its descendants with respect to o.
For every x € X the set of its successors is given by

So(z) :={yeX:y~uxlyl,=|z|, + 1},
while its predecessor 2" is the only neighbor of x such that |x£,1)|0 = |z|, — 1.
Observe that the predecessor is actually a function from X \ {o} to X, and for
every n € N we can compose it n times, obtaining a function from X\ By(o,n —1)
to X, which returns the n-th predecessor 2 of a vertex with respect to the origin,
with the convention that 2 is just z, i.e. the O-th composition is the identity on
X.

Given two vertices x,y € X, their confluent with respect to o, denoted by zA,y,
is the only vertex such that [z,0] N [y, 0] = [z A, y,0]. Notice that = A, y is just
the last vertex in common between the paths connecting the origin to x and y,
respectively.

All these notions are represented in Figure [1.2]
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Figure 1.2: Rooted 2-homogeneous tree. On the left, the green area is
the first portion of the sector T generated by z. Then, the neighbors
of x are split in the predecessor and the successors. Next, the confluent
of two vertices u and v. Finally, the blue path is [y, o].

In this work a special class of rooted trees will be considered, the so-called
radial trees.

Definition 1.1.4. A rooted tree X is said to be radial if the function g associated
to X is radial, namely if ¢(z) := ¢(|z],).

As in the homogeneous case, we will ask ¢ to be greater or equal than 2, so
that in this case ¢: N — N\ {0, 1}.

Remark 1.1.5. Once the origin o is fixed, we will always omit the index o from
the notation, namely we will write |z|, T, S(x), p(z), A y.

The hanged version of a tree provides a different visualization, requiring passage
through the boundary. Let us consider a reference boundary point w € €2, which
will play a similar role as that of the origin o in the rooted version. It will be
possible to give notions analogous to the ones already presented for the rooted
tree, here with respect to w instead of o. Before doing that, we introduce the
definitions of horocycles, horoballs and horocyclic index.

Given two vertices z,y € X, their confluent with respect to w, denoted by
x A, Yy, is the only vertex such that [z,w) N [y,w) = [x A, y,w). Now let z,y € X,
they are said to be equivalent if d(z,z A, y) = d(y,x A, y). Every equivalence
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class induced on the tree by this equivalence relation is a horocycle with respect
to w. It is straightforward to see that a horocycle is an infinite subset of X. The
set of horocycles with respect to w is indexed on Z and forms a partition of X.
If we fix a reference horocycle Hy, it is easy to see that for all x € X the map
y = d(z,z Ny y) —d(y,z Ay y) is constant on H§'. Thus, for every k € Z the k-th
horocycle H given by

HY = {:L'G%:d(x,x/\wy) =d(y,z Ny y) + k for some y € Hg’}

is well defined. Roughly speaking, we enumerate the horocycles with negative
integers in the direction of w and with positive integers in the opposite direction
(see Figure [1.3). The horoball with respect to w at level n € N is the set of the
form
HBY = | J H.
j<n

Finally, for all € X, the horocyclic index |x|, is the unique integer such that
x e HY

.
AS| e‘mlready said, the boundary point w is in this context the substitute of the
origin o of the rooted version. In this perspective, the last definitions have a similar
natural interpretation as well. Indeed, the horocyclic index takes the role of the
modulus of a vertex, while horocycles and horoballs are the counterparts of spheres
and balls (with respect to d), respectively.
Now we can state all the analogous definitions to those given in the previous

setting. Let x € X, the sector of x is the subset of X given by
T = {y € X [1,0) C [y, )}

and we say that z is the generator of T). Just as in the rooted case, T is the set
containing x and all the vertices lying below x with respect to w. For every x € X
the set of its successors with respect to w is given by

Su(z) ={yeX y~ua, |yl = |z, + 1},
while its predecessor z{ is the only neighbor of = such that |x§})|w = |z|, — 1.
Notice that in this case the predecessor is a function defined on the whole of X, as
well as all its powers for every n € N.
Again we represent these notions in Figure [1.3]
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Figure 1.3: Hanged 3-homogeneous tree. On the left, the neighbors of
x are split in the predecessor and the successors. Next, the confluent of
two vertices u and v. Then, the blue path is [y,w). Finally, the green
area is the first portion of the sector 77 generated by z.

The horocyclic trees are a special family of hanged trees on which we will focus
here.

Definition 1.1.6. A hanged tree X is said to be horocyclic if the function ¢
associated to X is horocyclic, namely constant on horocycles, that is if ¢(x) :=

q(|zlw)-
Assuming again ¢ > 2, one obtains here ¢ : Z — N\ {0, 1}.

Remark 1.1.7. In this context as well, once we fix a point w € €2, we omit the
index w in the notation. This means that there will be no difference in notation
between the rooted and hanging versions of the tree, so it will be crucial to clarify
the context we are dealing with.

Remark 1.1.8. In [I2] the authors provide an embedding of rooted homogeneous
trees of odd degree (where every vertex has an even number of neighbors) into
the hyperbolic disk. This embedding is such that the automorphisms generated
by rotations and translations may be represented by automorphisms of the disk.
Moreover, it allows to spread the notion of harmonic function from one context to
the other. In this setting the structure of the tree mimics the hyperbolic geometry’s
growth from the origin. On the other hand, the tree hanging from a point on the
boundary has a parallel with the upper half plane U. Just as U is a model of a
non compact and boundary defined space, this visualization of the tree reflects this
same concept, with its structure resembling the discrete analogue of the continuous
upper half plane. The reference point of the boundary to which the tree is hanged
plays the role of the point at infinity in U, while the rest of the boundary represents
the real axis.



CHAPTER 1. PRELIMINARIES 17

aua

o

Figure 1.4: Similarities between the rooted homogeneous tree and the
disk, and between the hanged homogeneous tree and the upper half
plane, respectively.

1.1.3 Gromov metric and Bergman measures

Even if the most natural metric that one can think of on a tree is perhaps the
edge counting distance, from now on the tree will always be endowed with the
Gromov metric. In fact in the case of homogeneous trees, the counting distance is
the discrete version of the hyperbolic metric on the disk, while the Gromov metric
corresponds to the Euclidean one (see [5]). As it will be clear later on, in particular
starting from Section [1.3.2] the Gromov metric plays a key role in the development
of this work, especially thanks to the peculiar shape of its balls. See [30] and [I] for
more details about Gromov metric in general and in discrete settings, respectively.
We present here the rooted and the hanged versions of this metric.

Definition 1.1.9. The rooted Gromov metric p,: X x X — R is defined by

(z,7) 0 if v =,
o\ T, =
P Y e~lwhovlo if 4 £y,

The hanged Gromov metric p,: X x X — R is defined by

(z,9) 0 if v =y,
wlT, =
Pl ¥ e~lBleif £y
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In both versions, when o or w will be fixed, the Gromov metric will be just
denoted by p. We denote by |-| the floor function.

Proposition 1.1.10. For every x € X and r > 0,

{z} if r < el
By, (2,7) = § Tyteloriiontnyy  if e 1%l < <1,
X if r> 1.

Proof. Let z,y € X,z # y and r > 0. If y € B, (x,r) then we have that
el < po(a,y) = eVl <
since x A, y € [x,0], so |z A, ylo < |2]o. Thus

1. if 7 < e l#lo, then there is no y € X\ {x} such that e~*¥le < r and
BPO(I7T) = {x}7

2. if e7l#lo < <1, then |z A, y|, > —log(r) > |—log(r)] gives
|z]o = |2 Ao ylo = | —log(r)] +1 = —[log(r)],

and this means that y must lie in the sector of the predecessor of x which
has modulus equal to —[log(r) ], that is B, (x,7) = Ty(slo+lestr));

x

3. if > 1, then every y € X is such that e”1*"¥le <y and B, (z,r) = X.

Proposition 1.1.11. Let x € X and r > 0,

{z} ifr < e 17l

Tollelwstiosryyy  if 7> e~ 1%,

BPW(LT) = {

Proof. Analogous to Proposition [1.1.10, The only difference being that the horo-
cyclic index can be negative (while the modulus cannot), so that case 3 falls into
case 2. [

We introduce now the measures that will be considered all along this thesis
while dealing with radial or horocyclic trees. It is worth noticing that we will
never endow the tree with the counting measure, which could appear to be the
most straightforward choice in a discrete setting.

The construction of our measures is mainly motivated by the study of the
reference measures introduced in [13] in the context of radial homogeneous trees
and by the particular subclass of reference measures studied in [25]. The measures
considered in [25], given by g%l for o > 1, are a natural counterpart of the
classical family of measures usually considered on the hyperbolic disk, the Bergman
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measures (1 — |z]?)*2dz, a > 1. In particular, in both cases they are radial and
decreasing. Concerning radial trees, the idea is just to generalize this class of
measures. On the other hand, for what concerns horocyclic homogeneous trees,
we are interested in finding the discrete version of the measures Im(2)*2?dz, a > 1,
classically investigated on the upper half plane, and then to generalize them to the
nonhomogeneous case. In this case, the idea is to find measures that are constant
on horocycles and decreasing while moving away from the reference point on the
boundary.
Let X be a radial tree with fixed origin o, consider for every a > 1

|z|o—1

po () = pd(J],) Hq )Y, weX

Now, let X be a horocyclic tree hanged to the boundary point w, for all & > 1 we

define
(1 if |z|, =0,

|z|w—1

IT et it el > 1,
1=0

-1
[T a)° il < 1.

\i=lz|w

pa(e) = pe(lel,) =

Notice that for a homogeneous horocyclic tree this just reads
pa(r) =q e, wex.

Both in the radial and horocyclic cases, we will refer to these families of measures
as Bergman measures.

Proposition 1.1.12. The pair (X, 1) is a finite measure space for every o > 1.

Proof. Tt is just an immediate computation,

00 oo n—1 n—1
=> @)= > w@) =Y J[a@ ]e)*
z€X n=0 z€S4(o,n) n=0 i=0 §=0
co n—1 o0 1 n
= <> (2@—1) < 0.

= n=0
]

Conversely, since every horocycle is infinte, it is straightforward to see that
the total measure of X with respect to p& is not finite. Nevertheless, sectors with
respect to w do have finite ;4 measure, and this feature will play a fundamental
role in what follows.
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Lemma 1.1.13. For every x € X, pS(TY) ~ p2(x) and so it is finite.

Proof. Tt is obvious that p¥(x) < p2(T¥), so we only have to show that p&(7T%) <

pe().
Let x € X be such that |z|, > 0,

PL(TE) =) psy) Z > sy

yeTy k=|z|, yETENHy

~ul(x) < oo.

Now let € X be such that |z, < 0,

PE(TE) =Y ps(y) Z > sy

yeTY k=|z|w yETYNH},
oo k-1 k—1 -1 -1
_ —
S 0T+ 3 1T a0 T[a0r
k=0 i=|z|., Jj=0 k=|z|w i=|z|w j=k
|z|w—1 k—1 -1 -1 k-1

1 — 1 o — 1
o3 sr=il | KORD SN | B

w i=[z]w k=|zlw j=|z|o

Remark 1.1.14. Arguing as in the first case of the previous proof it is seen that
also p8(7T2) ~ ul(x) for every x € X.
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1.1.4 Doubling and nondoubling settings

In the study of metric measure spaces, it is often important to distinguish between
doubling and nondoubling spaces. Broadly speaking, the doubling condition lim-
its how quickly the measure of sets can grow when they are dilated. Indeed, the
balls in spaces satisfying the doubling property have a more regular and controlled
growth, which makes many analytic tools easier to handle. In contrast, nondou-
bling spaces do not satisfy this condition, meaning that the measure of a set can
grow more rapidly when it is scaled. This lack of control over the growth of mea-
sures introduces new complications, as the arguments and techniques that rely on
the doubling condition no longer apply. As a result, analysis in nondoubling spaces
requires novel approaches and methods to overcome the complexities introduced
by the unbounded growth of the measure. The remainder of this work will focus
on exploring these two settings in the context of trees.

Definition 1.1.15. A metric measure space (X, 0d,0) is doubling if there exists
C' > 0 such that
O'(Bg(l’, 27“)) < CO'(B(;(ZE,T’))

for every x € X and r > 0.

Let X be a radial or horocyclic tree endowed with the corresponding Gromov
metric p and a measure p, for some o > 1. The following result describes under
which condition (X, p, 1) is a doubling space.

Proposition 1.1.16. The metric measure space (X, p, o) is doubling if and only
if the function q associated to X is bounded.

Proof. Let x € X and r > 0. By Propositions [1.1.10]and [L.1.11]it is immediate to
see that if B,(z,r) = {«} then either B,(z,2r) = {z} or B,(z,2r) = T,, while if
B,(x,r) = T, then either B,(x,2r) = T, or B,(x,2r) = T,,). By Lemma
and Remark we know that (1) o~ p1(x), meaning that

fo () 7
. (L) _ palple)
Ha\Lp(z Hao(P\T a
gf) ~ = q(lz| = 1)*.
fa (1) fta(T)
Hence, (X, p, j1o) is doubling if and only if ¢ is bounded from above. O]

1.2 Maximal functions and weights

This section is devoted to introducing the theory of weights, for which we need
to briefly recall some concepts related to maximal functions. Roughly speaking, a
weight is a nonnegative function that complies with certain properties. The theory
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of weights is mainly inspired by the study of weighted inequalities in very diverse
subjects within harmonic analysis. In the context of singular integrals a better
understanding of this topic was obtained in the 1970s, especially thanks to the
work of Muckenhoupt. His characterization of the weights for which the Hardy-
Littlewood maximal function is bounded on the weighted L” space motivates the
introduction of the A, classes. We present the theory in the setting of R? with the
Lebesgue measure in analogy with Chapters 2 and 7 of [29], to which we refer for
the proofs.

1.2.1 Maximal functions

From now on integral averages over subsets £ C R? will be denoted in the following

way
1
e =13 /E ;.

Definition 1.2.1. Let f be a locally integrable function on R?. The centered
Hardy-Littlewood maximal function of f is defined as

M[f(z) = sup (|f])s,
B ball

c(B)=z
where ¢(B) denotes the center of the ball B.

It is clear that Mf = M(|f|) and that M is a positive sublinear operator.
Furthermore, || M f]|o < || f]loo so that M is bounded on L>*(R?), while it is easy
to see that it is not bounded on L.

Note that in the definition of M the supremum is taken over centered balls.
Different maximal functions can be defined by taking the supremum over uncen-
tered balls, centered cubes or uncentered cubes. It is easy to see that all these
definitions are pointwise equivalent, up to a constant. Consequently, every bound-
edness result that holds for M, hold for the three other maximal operators as
well.

Theorem 1.2.2 (Theorem 2.1.6, [29]). There exists C' > 0 such that for every
feLYRY) and A > 0

Hx cRY: Mf(z) > )\}‘ < %Hf”h

in other words the Hardy-Littlewood mazimal operator is of weak-type (1,1). By
interpolation it is bounded on LP(R?) for every p € (1,00).

This theorem is a classical result and we omit the proof, that relies on Vitali’s
covering lemma.

Remark 1.2.3. The importance of maximal operators is essential. For instance
the weak-type (1,1) boundedness of M is crucial to prove Lebesgue’s differentia-
tion Theorem.
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1.2.2 Weights and A, classes

Definition 1.2.4. A weight is a function w : R? — [0, 0c0] which is locally inte-
grable and takes values in (0, c0) almost everywhere.

It follows that if 1/w is also locally integrable, then it is a weight. Given a
weight w and a subset £ C R? measurable, we denote by

the w-measure of E. If E is bounded then w(E) < oo since w € Li (R?). The
weighted LP spaces are the spaces of functions such that

» | (@)["w(z)dz < oo

equipped with the obvious norm. They are denoted by LP(R? w) or just LP(w)
(also, in more general contexts, the underlying space is omitted while it is fixed
once and for all).
By Theorem [1.2.2] the maximal function M is bounded on LP(R?) for every
€ (1,00). The issue we address is whether there exists a characterization of all
weights such that M is bounded on LP(w) for every p € (1, 00).

Definition 1.2.5. Let p € (1,00), a weight w belongs to the A, class if
M LP(w) — LP(w).
Now, let p € (1,00) and suppose that
Mi(@Pu(e)ds <G, [ [5@)Pula)ds (1)
Rd Rd

holds for all f € LP(w). Then if we fix a ball B, using that

ﬁ /B F)ldy < M(F1p)(x)

for every x € B and applying ([1.1)) to f1p, we obtain

B)(i [ i) < [ Mmereeis <6, [ 1@ P

Therefore,
i) <6, [ 1o
)51,

holds for every ball B and function f € LP(w). By choosing f = w?/? we have
fPw = w /P = f and so the two integrands are equal. It follows that

o (o [rwi) " <c,
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Given the additional assumption that inf,cpw(y) > 0 for any ball B, one would
obtain that

p—1
su dw - 1dx < C,. 1.2
Bbgll |B|/ |B|/ -7 (1.2)

By taking f = (w+e€)"?/?, replacing w(z) with w(x)+e€ and applying the Lebesgue
monotone convergence theorem for € — 0 it can be seen that also holds when
inf,epw(y) = 0. The previous computation shows that this condition on w is
necessary to belong to the A, class. It can be shown that is actually a
sufficient condition.

Theorem 1.2.6 (Theorem 7.1.9, [29]). Let p € (1,00). A weight w belongs to the
A, class if and only if its A, characteristic constant

w = su dx
[wla, Bbgl |B|/ |B|/

is finite. Furthermore, if w € A,, then

1

M| Loy oy S Twlh

In the following proposition, we outline some fundamental properties of A,
weights.

Proposition 1.2.7 (Proposition 7.1.5, [29]). Let p € (1,00) and w € A,. The
following properties hold:

1) [0Mw)]a, = [w]a,, where *(w)(z) = w(Az), A > 0;
2) [7%(w)]a, = [w]a,, where 7% (w)(z) = w(r — 2), 2 € R?;
3) [)\w]Ap = [w}AP, A > 0,‘

1

4) the function wFT s in the Ay class and [w_fll]Ap/ = [w]f?. Therefore,

w € Ay if and only if w™' € Ay and both weights have the same characteristic
constant.

5) [wla, > 1 and equality holds if and only if w is a constant;

6) for every 1 <p < q < oo, [w]a, < [w]a, and consequently A, C A,.
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1.3 Dyadic analysis

In harmonic analysis, dyadic analysis and martingales provide powerful frame-
works for studying functions at various scales, allowing for their decomposition
and understanding of their structure. Dyadic analysis focuses on the use of dyadic
systems to study the local behavior of functions, while martingales arise naturally
in the study of functions via their connection to filtrations of o-algebras. In this
context, a martingale often reflects the dyadic structure of the function space being
analyzed. In this section, we introduce the basics of dyadic harmonic analysis in
the classical setting of R? equipped with the Lebesgue measure and then we show
how it is possible to equip the tree with a natural dyadic system which carries a
martingale structure. Some useful references for this part are [34] 4T, 50, 40].

1.3.1 Dyadic systems and martingales

A cube in R? is a half open set of the form

Q = [z1, 21+ UQ)) x - - X [za, 74 + UQ)),

where £(Q) is the side lenght of @ and ¢(Q) = (21 + 34(Q), ..., za + 3£(Q)) is the
center of (). Given a cube @, 2(Q) is the dyadic sublattice of subcubes of @,
i.e. the family of subcubes of () obtained by successive dyadic subdivisions. The
family 2(Q) can be written as the following disjoint union

2(Q) = J 2.(Q).

where Z;(Q) is the k-th generation of dyadic subcubes of (). The cubes belonging
to 21(Q) are the children of @), while the parent of a cube R € Z;(Q) is the only
cube R € 2, 1(Q) such that R C RM. The cubes belonging to the dyadic
sublattice 2(Q) satisfy some really good properties:

1. they are nested, meaning that two different cubes are either disjoint or one
is contained into the other;

2. each generation Z(Q) is a partition of Q;
3. the dyadic parent of R € 2(Q) is unique and ¢(RY) = 2/(R).

Instead of considering just a cube, it is also possible to define dyadic lattices over
all of R? by partitioning it with cubes of the same length.

Definition 1.3.1. The standard dyadic system in R? is defined as
7 =] 2.
keZ

Dy, = {Zk[:vl,x1+1)><--- X [xd,xd—l—l):xl,...,xdGZ}.
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In the framework of dyadic analysis another version of the Hardy-Littlewood
maximal function is broadly studied.

Definition 1.3.2. The dyadic mazximal function associated to the standard dyadic
system & is

Mg f(x) = sup{|f])q-
b9

It is clear that |[Mgfllee < [|f]ls, namely Mg is bounded on L*(R?) with

operator norm 1. It is also easy to see that it is of weak-type (1,1), as we show in
the next proposition.

Proposition 1.3.3. Let f € LY(R?). For every A > 0 the following holds
1
{z eR?: My f(z) > A}| < XHfHL

Therefore, by interpolation it follows that Mgy is bounded on LP(RY) for all p €
(1, 00].

Proof. Fix A > 0. Let £ be the collection of dyadic cubes such that

{(fhe>A

and consider the subcollection F C & of cubes that are maximal in £ with respect
to inclusion. The family F is disjoint since if @), Q" € F are such that QN Q" # &,
then Q C Q" or Q" C @ by the nested property of dyadic sets, and then either
@ = @' or one of them is not maximal. Write

E=Jo r={a@

Qe& QEF

It is clear that {Mgf > A} = E, but also E = F because for every Q € £
there exists ' € F such that Q' D Q. For every Q € F C &, we have that
QI < A7 [, |f], therefore

{Maf >N =1F|= Q|

QeF

SO NSy MUES

QEF
which concludes the proof. O

It is important to point out that the boundedness results for the dyadic maximal
function actually follow from those of the classical maximal function, since the
latter trivially pointwise domainates the dyadic one. Nevertheless, these properties
are much easier to prove in the dyadic context. For example no covering lemma is
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required, unlike the usual arguments employed for M. Notice that in the proof of
the weak-type (1, 1) boundedness we only use the nested property of dyadic cubes.

The Euclidean context of R? represents the most natural environment to con-
sider dyadic sets for the first time. Nevertheless, the notion of dyadic sets can be
extended to much more general spaces.

Definition 1.3.4. Let (X, 0) be a measure space. A collection ® of subsets of X
is a dyadic system if
D =|Jo
k

with £ € N if X has finite measure and k € Z otherwise, and

1. for every k, ®; is a partition of X up to a set of measure zero, that is all
sets in ®y, are disjoint and

U<X\ U Q)ZO;

QEDy

2. the dyadic sets are nested, namely two different @), Q' € © are either disjoint
or one of them contains the other;

3. for every Q € ®), there exists a unique Q) € ®,_; such that Q@ C QW
and it is called its dyadic parent (with the convention that if X has finite
measure and Q € Dy, then Q) = Q). Furthermore, ) can be partitioned
into sets belonging to ®y.1, that are its dyadic children.

The definition that we just gave is as general as possible, in particular because
no assumption is made on the space. In more restrictive contexts it is usually
required that dyadic systems satisfy other properties as well. These extra condi-
tions tipically concern the relation between the measure of a set and that of its
parent, or ask for a control on the number of dyadic children. A classical reference
is Theorem 11 in [I1], where the author deals with a doubling space.

It is worth noticing that Definition [1.3.2] can be generalized to any dyadic
system on any measure space, and that the proof of Proposition [1.3.3| works as
well, so that also in this general setting the dyadic maximal function is of weak-type
(1,1) and bounded on L? for every p € (1, 00].

We now turn to some very basic definitions which come from probability. Let
(2,3, 1) a probability space and f € L'(Q). Given a o-subalgebra I' of X, the
conditional expectation of f with respect to I' is the only I'-measurable function

Er f such that
[ san= [ Ecan
A A
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for all A € I'. It is easy to see that when I' is a countable partition of €2, namely
2 = U;A;, the conditional expectation is given by

Erf(r) = Z<f>AjllAj.

Let (€,%, 1) be a o-finite measure space. A filtration of 3 is an increasing
sequence {3, }nen of o-finite o-subalgebras of 3. For p € [1, 00], a martingale in
LP(Q) is a sequence {f,, tnen of functions in LP(2) such that, for every n € N, f,
is ¥,,-measurable and

EZnﬂfn = fn—l-

Given a martingale {f,},, the martingale differences are defined as
Df,.=fn—foo1 forn>1

and Dfo = fo.

1.3.2 A dyadic filtration on general trees

As it was anticipated in Section [1.1.3] the Gromov metric p turns out to be the
right choice as the natural metric on trees. Indeed, the set of all the balls arising
from p induces a natural dyadic filtration on the tree. Recall that, by Proposition

1.1.10} this set of balls is given by
{{x}:xef}U{Tx:xE%}.

Each o-algebra of our martingale filtration is generated by a partition Dy, which
represents the k-th generation of our dyadic system, with £ > 0 on rooted trees,
and k € Z on hanged trees.

In rooted trees, the first generation is trivial, namely Dy = {X}, while for & > 0

we define
Dy = {{az} |zl < k} U {Tx 2]y = k}
Clearly, the entire system is

D= G Dy,.
k=0

In hanged trees, the k-th generation for k& € Z is defined by

Dy = {{x} |zl < k} U {Tx |zl = k}

and the whole system is

D:UDk.

keZ
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In both cases, the system D coincides with the set of all balls with respect to the
Gromov metric. In analogy with the classical setting, we will call cubes the sets
belogning to D, that is all singletons and sectors.

D,

Figure 1.5: Graphic representation of the first generations Dy, Dy, Do
on a general rooted tree.
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D D

D, Dy

D,

Figure 1.6: Graphic representation of the generations D_y, Dy, Dy on
a general hanged tree.

It is straightforward to see that the system D satisfies all the properties of
Definition [1.3.4] so that is represents a dyadic system on X. However, note that
a singleton {x} belonging to Dy for some k will belong to D,, for every m > k.
Therefore, if we follow the definition of dyadic parent given in 3 of Definition
1.3.4] a singleton will have two dyadic parents, namely itself and the sector that
it generates, depending on which generation we are looking at it from. For this
reason, it will be useful for us to think of singletons as point elements in the dyadic
generation Dj with the smallest possible value of k. This signifies that while we
will say that {z} € Dy, we will mean

k=min{m: {z} € D, }.

This convention does not imply that we are excluding {z} from D,, for m > k.
With this notation in mind we consider the dyadic parent Q) of a cube Q € Dy,
as the unique cube containing it and belonging to Dy_;. Remark that, as it is
shown in the following picture, the dyadic parent turns out to always be a sector.
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L, an

Figure 1.7: In both cases the dyadic parent of the red sector is the
orange sector and the dyadic parent of the dark green singleton is the
light green sector.

For every Q € Dy, we denote by Q™ the only cube in Dj_, that contains Q
and call it the n-th predecessor of @ (with 0 < n < k in the rooted tree and n € N
in the hanged one). The other way around we write

Dy(Q) = {R €ED:Q— R“)}

for the subsets of () that partition it and appear in the generation ¢ steps later.
The successors of @) are its dyadic children, i.e. the sets in D;(Q). For every cube
Q) € D we will denote its generator zg = x it Q = {z} or Q = T,. Note that for

every n > 0, zom) = 2 -

In Section we will need the following operators to define the spaces H'(X)
and BMO(X). We consider the filtration {Dy}, on the tree (which is a double-
sided filtration in the horocyclic case), the corresponding conditional expectations

are
Erf = Z (Nale.

QEDy,

Moreover, we take into account the martingale defined by fr := Exf, so that the
martingale differences are

Drf =Erf —Exaf
for every k € Z in the horocyclic setting and for £ > 1 in the rooted setting, where

Dof = Eof = (f)x-
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1.4 Sparse domination

Sparse domination is a powerful technique that provides a means to control op-
erators and functions in terms of sparse collections of sets. Broadly speaking, a
collection of sets is sparse if its elements have controlled overlap. The concept
emerged as a refinement of classical inequalities, such as those involving singular
integrals, and has played a crucial role in understanding the behavior of various
operators in different I” spaces, among others. This approach offers a modern
perspective, enabling the development of new results in harmonic analysis.

This section aims to explore the fundamental concepts of sparse domination,
which were recently developed in the literature in continuous settings such as in
R? or in spaces of homogeneous type. Similarly to the previous subsection we will
present here the results on R? equipped with the Lebesgue measure. Some useful
references for this part are [41], 34, 29].

1.4.1 Sparse families of sets and sparse operators

Definition 1.4.1. Let S be a family of subsets of R? and 1 € (0,1). The family
S is said to be n-sparse if for every () € S there exists a subset Fg C () such that

1. |Eq| =2 nl@Q),
2.1t Q,R e S, then Eg N Er = @ unless ) = R.

Note that a n-sparse family may not be disjoint but is in some sense close to
being so. Indeed, every set of the family has a core, which is a subset that contains
a significant part of its measure and such that the family of these cores actually
is disjoint.

Example 1.4.2. 1. A disjoint family is sparse for every n € (0, 1).

2. 8 ={[0,2%) : k € Z} is L-sparse in R: if Q; = [0,2") then the sets Eg, =
2771, 2%) are such that Eg, C Qy, |Eq,| =28 = 1|Qi| and Eq,NEg,, = @
for k # k.

3. & ={Q}U 2(Q) U %(Q), with @ = [0,1)? is {-sparse in R?, as one can
see in Figure [I.§
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T
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1
= = = =1
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Figure 1.8: In pink @ and Eg, in green 2;(Q) and the sets Eg for
every R € 2:(Q), in blue 2>(Q) and the sets Ep for every P € 2:(Q).

A natural question that arises is whether the union of two different sparse
families, say &; which is n;-sparse and S, which is ne-sparse, is still a sparse
family. In order to answer we need to define Carleson families.

Definition 1.4.3. Let S be a family of subsets of R and C' > 1. The family S is
said to be C-Carleson if for every ) € S,

> IRl <CIQ|

ReS
RCQ

It is straightforward to see that if S is n-sparse, then it is %—Carleson, since

SR < % S |Bal < %|Q|-

ReS ReS
RCQ RCQ

The converse statement, proved in [31], is much more delicate. An easier proof
which only holds for families of dyadic cubes is provided in [34].

Theorem 1.4.4. ([31]) If S is a C-Carleson family, then it is %—sparse.

Now, it is clear that if S; is Cj-Carleson and S; is Cs-Carleson, then S1U S, is
(Cy + Cy)-Carleson. Therefore the next Corollary is immediate.
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Corollary 1.4.5. If & is ny-sparse and Sy is n9-sparse, then § = S U Sy is
—1
(n—ll + n_12> -sparse.

The starting point of sparse domination is to associate to a sparse family the
corresponding sparse operator, that will turn out to satisfy many good proper-
ties, such as L? boundedness, weak-type (1,1) and L*>°-BMO bounds, as well as
weighted inequalities. Then the idea is to study other operators, which seem to
be more complicated, by trying to bound them with a sparse operator in order to
deduce the properties of the latter for the operator under study.

Definition 1.4.6. Let S be an n-sparse family, the sparse operator associated to
S is the averaging operator defined by

Asf(z) =) (fole

QeS

Theorem 1.4.7. If S is an n-sparse family of dyadic cubes in R, then the sparse
operator As is bounded on LP(R?) for every p € (1,00).

Proof. We compute the p-norm of Ag f by duality. Let f € LP(R%) and g € L¥ (R%)
with f, g >0,

(st g) = / Asf@gla)de = 3 (1o [ gle)da

QeS Q

=Y (NHolgalQl < = ; Z<f>Q<g>Q|EQ|.

Qes QesS

Since Eg C @, for each z € Eg we have that

(flo <Mgf(x), (9)q < Magg(x).

Therefore,

(Asf.g) / 9)qdx
FE,

Q QES

S— Z /\/l_@f( JMgg(z)de
" Ges
1
S_
N JRrd

1
SEHMQJCHPHM—%QHP'

1
§5||f||p||9||pu

Mg f(x)Mgg(r)dz
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where we used Holder’s inequality, the disjointness of the family { Eg}oes and the
L? and L boundedness of M. Hence,

[Asfllp = sup (Asf,g) Sy sup [ fllpllglle = [1F1lp-

geL¥' (RY) geL¥ (RY)
llgll,y=1 lgll,=1

]

In the proof of the next theorem we make use of the standard Calderén-
Zygmund decomposition on R, that we decided not to present in the Preliminaries
since we will state it in a similar form in Theorem R.1.1l Classical references are
Theorem 2, Ch. I, [44] or Theorem 5.3.1, Ch. 5, [29].

Theorem 1.4.8. If S is a sparse family of dyadic cubes in R?, then the sparse
operator As is of weak-type (1,1).

Proof. Let A > 0 and f € L'(RY), f > 0, the goal is to show that

{o e R Asf(a) > A} < S

Let Q) := {z € R*: My f(z) > A} and let {Q;}; be a covering of 2, by dyadic
cubes which are maximal with respect to inclusion and perform the Calderén-
Zygmund decomposition to write f = g + b. The following holds

H{z e RY: Asf(z) > A} S|+ [{z € R : Asg(z) > A/2}|
+[{z e R\ Qy 1 Asb(z) > A/2}]
=1+ 11+ 1IL

The weak-type of Mg proven in Proposition |1.3.3| yields

1
[= [ < I

The second term is bounded by using Chebyshev’s inequality, the L?-boundedness
of As proven in Theorem and property 3) of Theorem [2.1.1]

2
11 < 55 1 Asgl3 < 359l S 1711

Finally, we prove that III = 0 by showing that supp(.Asb) C 2. Recall that for

every w,
Asb(z) = (b rlr(x) => (b)s.

ReS ReS
R>x
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Now let z € RY\ Q) and R € S such that z € R, it is clear that R cannot
be contained in any ;. This implies that R and @; are either disjoint or @); is
contained in R. Therefore,

Ash(z /
e |R|
R>x

b

RGSIRI/ 20
R>x
i), 2w
AR

=S 2 /
nes T Gig,cny
=0
by 2) of Theorem [2.1.1] O

1.4.2 Weighted inequalities for sparse operators

The following proposition is a weighted boundedness result for sparse operators,
see [22].

Proposition 1.4.9. Let S be a sparse family and p € (1,00). If w € A,(R?), then
As is bounded on LP(R® w), in particular

max{1 ﬁ}

HASpr,w S [w}Ap(Rd; - ”f”p,w‘

Proof. Let f € LP(R%,w), g € L¥ (R% w) with f,g > 0 and ||g||,s ., = 1. For every
p € (1,00), we consider the dual weight o = w™ 71 and we have

Ushgw) = [ Asf@lg(pu(es
= Z / Jw(x)dz

QEeS
= (foo)olgw)elQ)
QeS
_ = 7(Q)w(Q)

If p € [2,00) we proceed as follows

(Asf, gw) =Y (fo ™) ae{gow(w)elo)y (o)g P VIQ|

QceS
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<[wlaye Y (Fo oo (9)ou(@)g 10

QeS

=[w]a,@) Y (fo 0090w (@(@)*TIQI.

QeS
Notice that since Eg C @ and p € [2,00)
(0(@)"" = (@)™ < (a(EQ)) .

Moreover, by Holder’s inequality

1

|Eql = /E wh (@ (2)dz

< (/EQ w(x)dx) ([EQ w—’i!(x)dx> ’

—w(Eqg)ro(Eq)

Sl

=

and by definition of sparse family

1 @-1?
/

QI S 1Bl < w(Eq)7 o(Eq)

Therefore, by Holder’s inequality again

(Asf,gw) < [w]a, e Y _(fo Doo(9)uw(EQ)7 o

QeS

<[w]a,ra) (Z(fa_lyépd(EQ)) p (Z@)g,ww(%)) p

Qes QeS

JH

o(Eq)

Y e

<[w] 4, (ra (/Rd (Mg,a(fa_l)(x))pa(ﬂf)@ﬂ); (/ (M@,w(g)(ﬂf))p/w(a:)da:)

(W], @) Mo (fo)poll Ma,w(9) | w
Slwla, @l fo lpollgllyw

(W] &)l f 1 pyws

and we have the claim in this case.
Now if p € (1,2),

1

(Ast, gw) =S (fo Vauaw(how)d (w)h 7 11Q)
QEeS

<[l e S0 )00 9o W)y 1@

QeS
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1 - -4 4
=[] ey D ) 00l@aw(w(@) T TTIQIF
Note that Eg C @ and since p € (1,2) implies 1 — p%l <0

1

(w(@))' 777 < (w(Bg)' 7.

\\H

As in the previous case |Eg| < w(EQ)Pa(EQ) so that

QI < |Eol#T < w(Eq) 7 0(Eq) 757,

Finally, proceeding as in the previous case

1
7

(Ast,gw) <l f 3 (F0 00 (9)auuw(Eg) ¥ o( Eg)s

QeS
S

which concludes the proof.



Chapter 2

Classical Calderén-Zygmund
theory and the Bergman
projection on homogeneous trees

The study of the boundedness of operators on standard function spaces, such as
LP spaces, is a central topic in functional and harmonic analysis. A linear operator
T is said to be bounded on a function space if there exists a constant C' > 0 such
that, for all functions f in the space,

IT£I < ClfI-

This concept plays a crucial role in understanding how operators, such as integral
or differential operators, behave and how they transform functions within these
spaces.

This chapter is dedicated to exploring the Calderén-Zygmund theory within
the context of doubling trees. This theory, initially developed for singular in-
tegrals and maximal operators in Euclidean spaces, provides powerful tools for
studying the behavior of various operators on function spaces. In the setting of
trees, it takes on a slightly distinct character, influenced by the discrete nature of
the underlying structure. Indeed, some difficulties inherent to continuous cases,
such as local singularities of kernels, disappear in our situation, while issues at in-
finity persist. In addition, the different geometry of the space sometimes requires
different techniques. However, we will see that this discrete framework allows for
the adaptation of many classical results in harmonic analysis.

As we showed in Proposition we deal with a doubling setting whenever
we assume the function ¢ to be bounded from above, therefore all the results in
this chapter apply to the general context of trees with bounded geometry. Nev-
ertheless, here we will present the extension of Calderén-Zygmund theory only in
the case of horocyclic homogeneous trees. There are three reasons that motivate
this choice. First of all, this part is based on a joint work with Filippo De Mari
and Matteo Monti ([24]), where we started to consider this topic and took into

39
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account exactly this case. Furthermore, if ¢ is constant, then the notation is much
more transparent. Finally, we state the results in the horocyclic version because
the radial one was studied in the former work [25].

In Section we present the Calderéon-Zygmund decomposition and bound-
edness results for integral operators, both on LP spaces and on the endpoints, so
that we also introduce H' and BMO spaces. Then, Section is devoted to the
study of a particular operator, the Bergman projector, that represents the primary
motivation for this work.

2.1 General theory

Consider a homogeneous horocyclic tree X and a measure belonging to the family
of measures i, introduced in Section [1.1.3] namely
fa(T) = q_am'

We fix o > 1 and omit it from the notation, so that we will always write p instead
of po. The LP spaces of functions on X that are p-integrable with respect to p will
be denoted just by LP(X), omitting the fixed measure, and analogously for all the
other function spaces on X.

The goal of this section is to study the boundedness properties of integral
operators whose kernels are defined on X. This means that the kernel is a function

K:XxX—=C

and the action of the operator 1" on a function f is given by

Tf() =Y Ky fy)uy)

yeX

To achieve the main results, we first need to write down how the standard
Calderén-Zygmund decomposition for a function in L'(X) reads here. The key
idea behind this decomposition is to partition the function into two parts: the
good part, which is well-behaved and manageable under the operator, and the
bad part, which represents the irregular or singular components that may cause
difficulties. The good part typically corresponds to a part of the function whose
behavior under the action of the operator can be controlled by its L2-bound, while
the bad part requires more careful treatment, often needing additional estimates.
By decomposing the function in these two summands, we gain insight into the
boundedness properties of the operator and the role each part plays in ensuring
that the operator is well-behaved in the desired function space. The proof follows
the classical proof of the Calderéon-Zygmund decomposition in a doubling space
(see Theorem 5.3.1, Ch. 5, [29]), and makes use of the dyadic structure D on trees
introduced in Section [[L.3.2]
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Theorem 2.1.1 (Calderén-Zygmund decomposition). Let f € L'(X), f>0, and
A > 0. There exists a family of disjoint sets {Q;}; € D such that, if

bj = f]le - <f]1Qj>Qj]le7
b=>;bj and g:= f —b, then
1) f=g+b;

2) the following localization properties and L'-bound for b hold

supp(b;) € Q;, Y by(w)u(x) =0, Z 16511+ < 2[[f]1;

r€Q;

3) the following higher integrability properties for g hold
lgllee < g, gllz < gl

4) if Qo= ;Q;, then () < 511 £l
Proof. Let f € LY(X), f >0 and A > 0, consider

Q) = {x €EX: Mpf(x) > )\},

and cover ), with a family of pairwise disjoint sets {@),}; in D which are maximal
with respect to inclusion.
By the definitions of b and g, 1) trivially holds. Moreover, it is clear that

supp(b;) € @; and

> b)) = > fl@)ma) — (flg,)g,m(@Q;) =0

ZEGQJ' fﬂng

Furthermore,

Z Ioill =~ > 1£1q,(z) = (flo,)q, Lo, () lu()

J weQ;
<Y (fg,(@) + (f1g,)q, g, (@) p(x)
Jj zeQy
<> f@ule) + Z flo;)q;m@Q;)
zeX
= +>0 > le]
J z€Q;

< 2[| 1l
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hence 2) is proved. Concerning g, we have
g=f— <ZfﬂQj - <f:H‘Qj>Qj]]‘Qj> = f]l%\Uij + Z<f:H‘Qj>QjI]'Qj7
J J

which implies that g is positive. For z € X\ U;Q);,
9(z) = f(x) = (flzy < Mpf(z) <A

For every = € U;Q);, since the family {Q),}; is disjoint, there exists exactly one set
Qi € {Q,}; such that z € @);. By the maximality of the sets {Q;}; the dyadic

parent le) satisfies

1
—e / <A
0D ye%:gn (y)u(y)

thus
g(%) :<f]1Qi>Qi

- 1A) S )

#( 7 z€Q;

:EGQEI)

<213 f@

1)
M(Qi ) veQ®

<qA,

<

= O

then g € L*(X) and ||g||cc < g\. Moreover,

lgllz = lg(x)[Pu(x)

<lglloo Y 19(w)|p(x)

<o [ DD f@nl@) +)]) (oo, ()
zEX\U;Q; J zEQj

= | Y f@u@) + )Y fWny)
z€X\U;Q; J yeEQ;

=qAllf]1,

so that we obtain 3). Finally, by Proposition Mop is of weak-type (1, 1) which
means that

Au({x €eX: Mpf(z) > A}) < |[[Mbpllpispie | fl
and 4) holds. O
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As already mentioned, when analyzing the action of the operator on the bad
part of the function, it is necessary to impose integrability conditions on the kernel
to handle its behavior. In particular, the classical requirement is Hormander’s
condition.

In a doubling measure metric space (X, 9, o) the integral Hérmander’s condition
for a kernel K : X x X — C is given by

sup sup / |K(z,2) — K(z,y)|do(z) < 4o0.
X\Bs(v,2r)

veX,r>0 z,y€Bs(v,r)

In our setting we have X = X, § = p, 0 = p and (X, p, ) is doubling. Recall that
by Proposition [L.1.11] the Gromov balls are

{z} if 7 < elol,

T (el+pogm)) if r > eIl

Bp(ZL',T) = {

It easily follows that we can drop the supremum over the radii and that Hérmander’s
condition for a kernel K: X x X — C may be rewritten as

sup sup > |K(z,2) — K(2,y)|p(z) < +oc. (2.1)
veX z,yeTy, ZEX\T,

2.1.1 Weak-type (1,1) estimates

We are ready to state the classical theorem of weak-type (1,1) boundedness for
operators in doubling settings, just rewritten in the discrete context of X.

Theorem 2.1.2. Let T be an integral operator with kernel K: X x X — C. If T
is bounded on L*(X) and K satisfies (2.1), then T is of weak-type (1,1).

Proof. Let f € LY(X), f > 0. The goal is to prove that for every A > 0,
Mi({z € x: 115 @) > A}) S Iflh.

Let A > 0, we apply Theorem to f and to the Calderén-Zygmund cubes
{Q,};, namely the maximal disjoint cubes in D that cover

0y = {x €X: Mpf(z) > /\}.
We can write
u({x €X:|Tf(z)| > A})
A\

<p(fh) +u({x € X:[Ty(x)| > %}) +N<{~T € X\ [Th()] > §}>
= [+ 11+ 111
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The maximal function is of weak-type (1,1), which gives

1
ISENCAE

By Chebyshev’s inequality, the L2-boundedness of T', and 3) of Theorem it
follows that
2 2
11 5 57913 < 5l < 511
Finally, Chebyshev’s inequality again yields

My S IT)iu)

Z‘E%\Q/\

S S @)

J o xeX\Qy

=D SR ANOIME

J xeX\Qj
1
=3 Z I11;.
J
Using the mean zero of b; and Hérmander’s condition ({2.1]), we get

= ) ‘ZK(x,y)bj(y)u(y)‘u(fﬂ)

z€X\Q; VEQ;

= 3 [ K@) - K@ao)b ) |ula)

r€X\Q; YEQ;

<3 Ibiy) |(sup > K (ey) — K. 2)| () ) uly)

yEQ] xE%\Q]
SHbsl-

From 2) of Theorem it follows that
1 1 1
< 3L < Yl < 5
J J

and, as claimed,

p({rex: T > A}) £ 517l
Il

A straightforward consequence of the previous theorem is a result of strong
boundedness on L spaces for p € (1, 00).

Corollary 2.1.3. Let T be an integral operator with kernel K: X x X — C. If
T is bounded on L*(X) and K satisfies , then by interpolation it is bounded
on LP(X) for all p € (1,2). Furthermore, if the dual kernel K*(x,y) = K(y, )
satisfies (2.1), then by duality T is bounded on LP(X) for all p € (2,00).
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2.1.2 H'!' and BMO

To complete our study, we focus on two other endpoints, namely those involving
the atomic Hardy space HY, which is strictly smaller than L', and the BMO space

at»
of functions with bounded mean oscillation, which is larger than L*. We start

by introducing some suitable versions H., (X) and BMO(X) of the classical spaces
and then we prove the required results. For a deeper presentation of these spaces
in more general settings we refer to [9] and [15], while for Hardy and BMO spaces
on homogeneous trees, see [2], [3] and [37].

Definition 2.1.4. Let p € (1,00]. A p-atom is a function a: X — C such that
1. a is supported in @) for some () € D;
1, 1
2. |lall, < (@)~ if p < 00 and lallee < p(Q)7" if p = o0

3. a has vanishing mean on @), that is

Z a(x)u(x) = 0.

z€eQ

Definition 2.1.5. Let p € (1,00]. The atomic Hardy space H."(X) is the space
of functions f € L'(X) such that

= Z i@,

where the a; are p-atoms and ()\;); is a complex summable sequence. The norm of
fin HLP(%) is given by

”fHng’ = inf{z Nl = f = Z)\iai, a; p—atoms}.

Note that by Holder’s inequality a ps-atom is also a p;-atom for all p; < po. It
easily follows that the inclusions

Hy™(X) € Hy™(X) C HyP?(X)

at

hold for every p; < pso.
Let f: X — C and @ € D. Recall that we indicate by (f)g the mean of f on
() with respect to u, that is

1
(e = Q) erQ (@) ().
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Definition 2.1.6. Let r € [1,00). The bounded mean oscillation space BMO"(X)
is the space of functions f: X — C such that

1 "u(x 00
gtelgm%wm)—(f)cﬂ () < oo,

modulo the constant functions. The BMO"(X)-norm is given by

3=

1 T
I lor = sup (m; (@) = (Pal'n(a)) .

Again by Hélder inequality we obtain the following inclusions
BMO™(X) C BMO™(X) C BMO'(X)
for all r; < ry.

Remark 2.1.7. In a doubling setting there are two outstanding results by Coifman
and Weiss, presented in [15], concerning H}, and BMO spaces. Theorem A of
[15] gives that H"(X) = Hy™(X) as vector spaces with equivalent norms for all
p € (1, 00]. Furthermore by Theorem B of [15], the space BMO¥ (X) characterizes
the dual of H.?(X) for all p € (1,00] and p' its conjugate. As a byproduct
of these results we also obtain that BMO"(X) = BMO(X) as vector spaces
with equivalent norms for all r € [1,00). Consequently, we will denote the space
HL®(%) by H (%) and the space BMO'(X) by BMO(X).

at

Remark 2.1.8. We introduced the Hardy spaces in their atomic form, as this
version is the most convenient for proving endpoint estimates for operators failing
to be bounded on L. However, they are usually initially defined using a square
function associated with the martingale differences Dy or through the conditional
expectations E;. The martingale Hardy space H'(X) is the space of functions in
L*(X) such that the norm defined below is finite

HfHHl(%) = H <i ’Dkf‘z)l/z
k=0

while the little Hardy space h'(X) is given by L'(X) functions whose following

norm
° 1/2
sy o= || (32 Eecalur )
k=0

is finite, with the convention that, for k = 0, E;_;|Dyf|* = |Eof]*.

When the filtration is regular, which is the case for us when we consider dou-
bling trees, it turns out that H'(X) ~ h'(X) (see [23] 28]). Moreover, as a combi-
nation of [32] and [49], h!(X) ~ HP(X) for all p € (1, 00].

)
1
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Concerning BMO spaces, it is also possible to give an equivalent definition
that makes use of the martingale structure, just as we did for Hardy spaces. It is
straightforward to see that

1/l Brr0 =~ SupIIEkIf Erefll o

Indeed,
sup [|Ex | f — Exflll —SupsupEklf Ecfl(y)
k>0 X k>0
= sup sup Z ’f— Z <f>R]1R’ 1o(y)
yeX k>0 QeDy, < RED, >Q
—supsup {17 = (Nalole(y)
yeX k>0 QeDy,
= sup sup |f(z) = (Nl n(z)1o(y)
yeX k>0 Q; xGZQ
=sup ——— |f(x Halu(x).
s g @

We will explore this topic further, focusing on the nature and the usefulness of
these equivalences, in Section |3.1.2

Theorem 2.1.9. Let T be an integral operator with kernel K: X x X — C. If T
is bounded on L*(X) and K satisfies (2.1]), then T maps HX(X) into L'(X).

Proof. Let f € HL(X) and let f = . A\ja; be any decomposition of f into oo-
atoms. If we show that ||Tal||; <1 for every oo-atom a, then

ITfIl S D Il Talls 1

and, passing to the infimum of ), |\;| on the possible decompositions of f into
oc-atoms, we get [T S ||l
Let a be an oo-atom and let @ € D be such that supp(a) C @ and ||alle <

1(Q)~", then

|Tally =) |Ta(x)|u(z) + Y |Talx = T+1L (2.2)

TEQ ZEE%\Q

To handle I we use Cauchy-Schwartz inequality, the L?-boundedness of 7" and the
size estimate on a to obtain

1/2
= 3" [Ta(@)|u(z) < u(Q)"” (Z rTa<x>|2u<x>>

z€Q z€Q
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<p(@)'*||Talls £ (@) |lall2 < 1.

Then, Hérmander’s condition ([2.1)) and the mean zero of a yield

=3 [Ta()|u(x)

zeX\Q

- > ‘Z K(fv,y)a(y)u(y)‘u(fﬂ)
zeX\Q yeQ

= > Yo (K (@y) - K@, 20)a)u() | u)
r€X\Q yEQ

<l sup 3 )K r,y) = K (2.20) |n(x)

xEX\Q
Sllall € p(@)u(@Q)™' =1.
O

Theorem 2.1.10. Let T be an integral operator with kernel K: X x X — C. If T
is bounded on L*(X) and K satisfies (2.1)), then T maps L>(X) into BMO(X).

Proof. This result follows by duality from the previous theorem, but we prefer to
give a direct proof. Let f € L>(X) and @ € D,

S OITf (@) = (Helux) <D IT(flg) (@) — (T(flg))qlu(x)

T€Q z€Q

+ ) IT(fIx) (@) — (T(flxg))elu(x)
z€Q
=1+ 1L

To handle I we use Cauchy-Schwartz inequality and the L?-boundedness of T' to
obtain

[=) IT(f1lo)(x) — (T(f1q))qlu()

zEQ

<23 [T(f10)(@)|u(x)

zEQ

Q" (X IT(r1)) Pai)

TEQ
<p(@Q)V2(IT(f1q)ll2
Su(@)V?)(f1o) |2
<p(@Q)| floo-

To deal with II fix first x € Q). Thus,
T(f1x) (@) = (T(f1x\Q))el
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| > K@ s Z > Ky W)uly)uz)]

ye%\Q zEQ yeX\Q
eI (K r.y) ~ K(= ))f(y)u(y)u(2>
ZEQ yeX\Q
<l flloesp 3 [ () = K(,0) (o)
@yex\Q
<l f e

by Hérmander’s condition. It follows that IT < pu(Q)||f|lco. Therefore, for every
QeD

ZI Hali@) S 1 flls

:EEQ
which gives ||Tf||BMO ||f||oo -

2.2 Example: the Bergman projection

As an application of the results presented in the previous section we introduce the
Bergman projection P, which projects the space L?(X) of L*integrable functions
with respect to the horocyclic measure p into the subspace of L*(X) of harmonic
functions, i.e. the Bergman space B?(X). The main motivation for studying this
object comes from complex analysis. Indeed, holomorphic Bergman spaces and
projections are extensively studied in the continuous setting (see, for example,
[27, 43, 51]) and variants thereof have been introduced on homogeneous trees only
in recent developments ([I3], 14]). Since a definition of holomorphic function on
discrete structures is not clearly stated in the literature, in this context the role of
holomorphic functions has been replaced by harmonic functions.

We begin by defining harmonic functions on homogeneous trees, and then we
introduce the Bergman space B%(X), including the explicit computation of its
reproducing kernel. Finally, we use this kernel to investigate the boundedness
properties of the projection operator P.

2.2.1 Harmonic functions

Definition 2.2.1. Let f be a complex valued function on X. The combinatorial
Laplacian of f is defined as

Af(z) : q+1;f zeX. (2.3)

The function f is said to be harmonic in x if Af(z) = 0, namely if it satisfies the
local mean property
q q+1 Z fy

y~z
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We will say that f is harmonic on Y C X if it is harmonic in x for every z € Y
and that it is harmonic if it is harmonic on the whole of X.

Notice that the notion of harmonic function at a point or on a proper subset
of X involves its values on a larger subset of X. Furthermore, it is clear that the
value of a harmonic function at a point x affects the values in the neighbors of =z,
which affect the values in their neighbors and so on, implying a certain stiffness
of the function. Indeed, the next results, which are analogues of Lemma 4.1 in
[13] and Proposition 2 in [25], show that the harmonicity of a function on a sector
implies that certain averages (see (2.5))) of the function depend on the values at
the generator and at its predecessor.

Lemma 2.2.2. Lety € X. If f : X = C is harmonic on T}, then for alln € N

> )= (2"; @) fly) - (Z @) Fly). (2.4)

2€TyNH y1n j=0 J=0

Conversely, if f is constant on T,y N Hy 11 and satisfies (2.4) for all k € N, then
f is harmonic on T,,.

Proof. Let A,, := T,,N Hy 4+, for every n € N. It is clear that A, is the set of points
in T, which have distance n from y and that #A4,, = ¢". We set a_; = f(y")) and

for every n € N,
Z fw (2.5)

TEA,

Since, for every n > 1, f is harmonic on A,, C T, we have that

=Y 0= 3 = (fe)+ 3 1)

€A, €A, z€S(x)

- (T e+ T Y se)
=1

TE€AR z€A, z€S(x)

¢ Y @+ Y )

T€An_1 ZeAn+1

Notice that ap = f(y) and the harmonicity of f in y reads

1
qg+1

ap = (a_1 + qaq).

Thus we obtained that for all n € N,

" an = (¢ +1)q"an — ¢"an1. (2.6)
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Our claim is that for all m € N

q"a, = <i qj>a0 — ( ‘ qj>a,1. (2.7)

We proceed by induction on m. The case m = 0 is trivial and the case m = 1
follows from (2.6)) with n = 0. Now assume m > 1 and that (2.7)) holds for every

i < 'm, then by (2.6

"M = (¢ +1)q"am — q¢™  am—
m m—1 m—1 m—2
= (q+ 1)<Z cﬁ)ao —(¢+ 1)( q])a_l - q( q”)ao + q( qj)a_l
=0 =0 =0 =0
m m m—1 m—1 m—1 m—2
= ag (Z q]+1 + Z ¢ — Z qa+1> _ a_1< qj+1 + ¢ — qJ-H)
=0 =0 =0 =0 =0 =0
m—+1 m
—a(S0) - (50)
=0 §=0

Now if f: X — C satisfies (2.4)) and is constant on Ay, for all k£ € N, say f(z) = f
for all z € Ay, then (2.4) reads

¢“f(x) =" fx = (i qj)f(y) - ( qj)f(y(”)

J=0

e
—

<
Il
o

and proceeding backwards in the first part of the proof gives that f is harmonic
on T,,. O

Now we introduce a technique which exploits the previous Lemma to provide
harmonic extensions of functions that are only harmonic on a horoball centered
at the origin. If a function is harmonic on HB,,, then its harmonicity involves the
values of the function on HB, 1, and there are infinitely many ways to extend it
to a function which coincides with it on HB,,; but that is harmonic on the whole
tree. The next result provides one way to do it, giving rise to functions which are
also horocyclic on T}, for every y € H, 1 (i.e. constant on T,,NH, for all k > n+1).

Proposition 2.2.3. Let g: X — C be harmonic on HB,,. The harmonic extension
of g at level n s

H () = {g(w), if v € HB) 11,
an(z))g(y) — (an(|z]) — 1)g(y™M)), if € X\ HBpyi,
where y = z#1="=1 gnd

|z|—n—1

an(|2|) = Z ¢’
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The function g2 is harmonic, coincides with g on HB,, 1 and is horocyclic on T,
for everyy € Hy 1.

Proof. Tt is clear that g and g coincide on HB, ;. Furthermore, for every y €
H, ., and every z,v € T, such that |z| = |v| we have that z(==1) = y(lvl=n=1)
hence ¢! is radial on T},. Finally, g2 is harmonic on HB,,, and in order to show that
it is harmonic on X we want to show that it satisfies for every T, y € Hy41.
Notice that for every m > n + 1

4 (Ty N Hm) = gml,
Thus we have

> gil@) = ¢ (an(mg(y) = (an(m) = Dg(y™))

zeTy
|z|=m

= ¢ (an(m)gl (1) = (an(m) = Vgl (4))

since y,y") € HB,,,,. Moreover,

m—n—1 m—n—1 m—n—1
qunflan(m) _ qunfl Z g7 = qunfjfl _ ¢
=0 =0 =0
and then )
"N enm) 1) = Y o
=0
so that g7 satisfies (2.4) and by Lemma it is harmonic on Tj,. This holds for
every y € H,.1, then g is harmonic on the whole of X. O

2.2.2 Bergman spaces

In what follows we study harmonic Bergman spaces with respect to the so-called
Bergman measures introduced in Section in analogy with [13], 25]. Notice
that we keep on denoting by i a measure p, for some fixed o > 1.

Definition 2.2.4. Let p € [1, +00), the horocyclic harmonic Bergman space BP(X)
is the space of harmonic functions f : X — C such that

7l = (D 1F@)Pula)” < +oo.

zeX
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Example 2.2.5. We explicitly build a function in BP(X). We will use many times
this kind of construction in the rest of the work. Fix a vertex y € X and let
g : S(y) — C be such that

> glz)=0, g#o.
z€S(y)
Let f be defined by
_Jo, if x e X\ S(y),
Jw) = g(x), ifx e S(y).

It is clear that f is harmonic on HB\,, so that we can consider its harmonic
extension f‘ﬁ Since x(#1=W) = y for every z € T, \ {y} and f(y) = 0, we have

0 it ¢ T,\ {y),
r) — |z —lyl—1
f|y\( ) Z q—z’>g(x(la:|—|y\—1)7 if €T, \{y}.

Thus f‘ﬁ is harmonic and is bounded by

[fis(@)] < max |g(z !Zq = max lg()| 5 < oo,

Furthermore, since supp(fg‘) C T, and p(7T,) < +oo, fg‘ € BP(X) for all p €
[1,400).

The next result is quite technical and will be a useful tool for many computa-
tions.

Lemma 2.2.6. Letn € Z,y € H, and g : X — C be a function harmonic on HB,,
and such that g(x) = 0 for all v € HB, 1 except on S(y). There exist b,, b, > 0
such that, for every f € B*(X),

(foge =Y 9(2) (f(2)ba = F(9)1)

2€5(y)
where in particular
400 l l
b= S () (),
1=0 i=0 5=0
+o00 l -1
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Proof. Let f,n and g be as in the statement. It is worth noticing that g has zero
mean on S(y) since it is harmonic in y and vanishes on HB,,, so that g2 belongs
to B2(X) by Example[2.2.5| Furthermore, it is clearly supported in T}, \ {y}, hence

(fohe =Y f@gl@u) =Y " > fl)gl(x)

z€T,\{y} k>n x€HNTy
k—n—1 k—n—1
=> g Y f(l“)(( > q‘z>g(2) - ( > q‘l>g(y)>
k>n @€ H,NT, i=0 i=1
where z = 2-="=Y for every z € T, N Hy. Now, since g(y) = 0, we have
k—n—1
Gt =S (3 ) ¥ )
k>n s
k—n—1
=Y (X a) X e Y )
k>n 1=0 z€S(y) x€H,NT,
k—n—1 k—n—1 k—nm—2

Il
()
o}
>
VS
')
-
——
=)
—~
I
N—
/N
/N
(=)
<
N—
s
—
N
N~—
|
/N
=)
<
N——
~
—~
W
=
N—
N——

E>n i=0 z€S(y) j=0 j=0
= Y @b - FWY,).
2€5(y)

where we applied Lemma to f. Also, we have

k—n—1 k—n—1 +o0 l !
_ Z q—ak( Z q—i> ( Z qj> _ Z g+ (Z q—i) (Z qj>
k>n i=0 §=0 =0 i=0 §=0
400 l l
:q—cm Zq—a(l—O—l (Zq ) (Z qj)
=0 =0 7=0
and analogously for b/,. ]

By the same proof we can also obtain that for every g € B%(X) that vanishes
in HB,, and every f € B*(X),

(frahm =Y 9() (f(2)ba = F=)0,).

z€Hp41

Here we show that, as we could expect, B*(X) is a Hilbert space. In the
following section we will provide an explicit formula for the reproducing kernel of

B(X).

Proposition 2.2.7. The horocyclic Bergman space B*(X) is a Hilbert space.
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Proof. We only have to show that B?(X) is closed in L*(X). The combinatorial
Laplacian A defined in (2.3) maps L?(X) into L*(X), indeed for f € L*(X)

IAFI5 =D IAf(2)Pplz)

zeX

_Z‘q+ Zf

rzeX Yy~

<Y (A T+l ) ()

reX Yy~x

<> la+2) (5 >+ @) n(a)
= (g+2 (q+1 ZZI,}” () + D1 @) ().

xEX y~x reX

()

where the inequality is given by the equivalence of the norms in C%*2, in particular

by
vl € Vg +2|vll2, veC

The first term of the last equality can be rewritten as

q+1 2> D 1 W)Pu(e

mGXny
q+1 <Z|f +;y§)|f v)a")
~ s (B + 17 1e)
- g
This gives o
1871 < ta+ 2 (T + 1) I13

so that Af € L*(X) and A : L*(X) — L*(X) is continuous. It is clear that
B2(%X) = A71({0}) and so it is closed in L*(X) and it is a Hilbert space. O

2.2.3 The Bergman kernel

In this section we see that B?(X) is a reproducing kernel Hilbert space and find a
formula for the kernel.

Fix y € X and consider the evaluation functional ®, : B*(X) — C given by
®, f := f(y). We have that

1 2
@, ()1 =1 £(y) Z|f =@Hf||2.
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Thus @, is continuous and B*(X) is a reproducing kernel Hilbert space, that is for
all y € X there exists K, € B*(X) such that

fy) = {f,Ky)w, fe€B*X).
The function K : X x X — C defined by K(y, x) := IC,(z) is the reproducing kernel
of B*(X).

In order to compute K, we need a preliminary step, that is we have to find
the reproducing kernels of the following auxiliary spaces. For all v € X, let define
the space

Z, = {(b: Sw) = C: Y ¢z) = o} ~ oL,
zeS(v)
We fix v € X and consider the function

0 if {z,y} T, \{v},

g—1 .
—— if{x,y} C T, for some z € S(v),
Ly = | et C (v)
1
—— otherwise.
q

Given v € X, some observations about I', are in order. First of all, I', is
symmetric, that is I',(z,y) = I',(y, z) for all z,y € X. Moreover, I',(z,-) = 0 for
all z ¢ T, \ {v} and supp(T'y(x,-)) =T, \ {v} for all x € T,,\ {v} and, in this case,
the values of I',(x, ) are completely determined by the values on S(v). Indeed, if
x €T, \ {v} then x € T, for some z € S(v) and

—1
170 ityerT,
Ty =9 |
—— ifyéeT,.
q

A representation is given in Figure 2.1]

Figure 2.1: Realization of T'y(x,-) for z € T,, z € S(v). The function

vanishes on the blue area, while its value is q;1 on the red sector and

—% on the green ones.
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Lemma 2.2.8. The function I', is the reproducing kernel of Z,, that is for every
v € Z, and x € S(v),

@(‘T) - <SO7 FU(IJ .)|S(U) >Z1)'
Proof. Firstly,
g—1 1
Y Ty(zy)=——=(¢g—1)=0
y€S(v) 1 4

and then I'y(x, -)|sw) € Zy. Now, if ¢ € Z,, then

(0, To(, sz = D e)Tu(x,y)

y€S(v)
qg—1 1
= T‘P(l") g v(y)
yesS()\{z}
qg—1 1
= —¢(@) — —(—¢(x)) = ¢(2),
q q
where we used the fact that ¢ has vanishing mean on S(v). O

Note that the function I',(z, ) is harmonic on HB|,|, indeed it vanishes there
and it is sufficient to check the harmonicity at v in the case z € T, \ {v}, which
follows by supp(I'y(z,-)) = T, \ {v} and I'y(z,-)|sw) € Z,. This allows us to
consider, for all v € X, the harmonic extension (I",u) (v, ~))‘Ij(1)|, that is

(0 if y ¢ T, \ {vV},
lyl—lol ¢—1
( > q”)— ity e,
(Pv(l) (U> y))fq{(lﬂ = i=0 q

|yl Il

(

\ =0

™

) (_é) ity e Ty \ (T, U (o)),

It is clear that |(T",u) (v, -))ﬁ(l)l(y)] <1 for all y € T, \ {v} and this easily implies
that (I',q) (v, -))ﬁ(l)l is in B*(X).
From now on, for v € X and n € N, we will denote

Fn,v == Fv(”Jrl) (U(n)v ')?

H
Ffz{,v - (Fv("+1> (U(n)a )>

|U(n+1)|'
Lemma 2.2.9. Let v € X and f € B*(X). For every n € N the following holds

g+l

CFy T Ve = by (F0) = L= p D) + éf@(nﬂ’)).
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Proof. Let v € X and f € B*(X), by Lemmam

(f, F(Ifu )52 = Z Low(y) (f(y)b\v(1)| - f(U(l))bivu)\)

yeSwM)
= Z Lo ()f(y)bjy) — F®) \/v<1>| Z Loo(y).
yeS(vD) yeS(v(D)

We remind that I'y,, € Z,1) and so the second term vanishes. Using that f is
harmonic in v(!), we obtain

<f7 F(IJ—{U >52 = Z FO,v(y)f(y)b|v(1)|

yeS(v)

—h (TR0 Y )

1 ? yeswmn )

= b, (%f(v) - %f{v(l)) + éf(v) + éf(v(z))>

q+1 1
= by (S 0) = =10 + — ().
q q
Upon replacing v with v(® we obtain the claim for every n € N. O

Theorem 2.2.10. For every v € X the function

+o0o
Ko(@) =Y dyul'l(2)
n=0

18 the kernel associated to v, where
dn g = (Z qu) b tnos:
§=0

Before giving the proof of this Theorem we show that /C, belongs to B?(X).
Lemma 2.2.11. K, € B*(X) for every v € X.

Proof. Define d,, ;, as above and consider for every m € N the partial sums given
by

ST () =) dn Ui ().
n=0

It is clear that s € B*(X) for every m € N because it is a finite sum of functions
in B%(X). Our goal is to show that ||IC, — s™||s — 0. Let © € T,m+1),

+o00 400
0, =)@ = | Y duplih@)| € 3 du

I (a)



CHAPTER 2. DOUBLING CALDERON-ZYGMUND THEORY 59

+o0 Yoo
< D do S Y, Y

n=m-+1 n=m-+1
+oo
alv —an a|v|—m
~ gl 3 gren g getilm),
n=m+1

Now let x ¢ T, 1), in this case the first sector of the form 7)) which contains
218 T (jol—jeno)) = Typp. It follows that Fﬁv(a:) =0 foreveryn=m+1,...,|v| —

v
|z Av|+ 1. As in the previous computation we obtain

+oo
(Ko =s@)l =] Y duuliy (@) S g
n=|v|—|zAv|
Then we get
IS, = sl =Y I(K, )’ (=)
zeX
= D> K= s @) Pula) + DY 1Ky = s7) (@) ()
T€T (m+1) TET (m+1)
= D K= s Z: §:| )’ (=)
TE€T (m+1) i=|v(m+2)| |[zAv|=i
s Z q2a(|v|—m)lu(x) + Z Z qQa\x/\v|
€T (m41) =|v|-m—2 |zAv|=i
+00 ‘
ST Tynen) + > 7 u{x: p Ao = —i}).
i=m+2—|v|

Notice that {z : |z Av| = —i} = T o+ \ Tyvi+i-1. By the proof of Lemma|l.1.13
it is easy to see that for all z € X,

—az]
q
T,)=——.
(1) e
Therefore,
. 1 —alo(Iv1+0) _alo(lolHi-)
pl{ s o Aol = —i) = g =g (a0 = gt
—dq
1 . : 1—q© .
_ ai _ oa(i=1)) _ jai ~ g%
1— gl (q q ) q 1— g q
Therefore we obtain
+o00
m a|v —ao(m+1) —2ai i
1€y — 513 S g0 mmgme™ g Y~ g

i=m+2—|v|
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+oo
5 q—a(2m+4—2|v|)q—a(|v|—m—1) + q—2a(1 _ q—a> Z q—2az’qaz’
i=m+2—|v|
a(\v| m) —ai
S + Z —— 0.
i=m+2—|v|
This proves that K, € B*(X) since it is closed in L*(X). O

We are in a position to prove Theorem [2.2.10]

Proof of Theorem[2.2.10} Let f € B*(X), we claim that

fw)=(f, Ko)s.
By Lemma [2.2.9| we have

(f, Zd oD ) g2 = Zd (T,
—j n Q+1 n+1 1 n—+2
=SS () (16 - T e 1 L)

n=0 " j—0
1) = T2 )+ (14 2) 50 )
m m—1 m—2
+Zf N> -1 ! Z:qﬂ%1 a)
m=2 3=0 j=0 155
=f(v)

since

= 0.
Therefore K, has the reproducing property and it is the kernel associated to v. [

Now we give an explicit formula for the kernel IC which exhibits its symmetry.

Theorem 2.2.12. The kernel K(v,-) = K, may be rewritten as

K(v,z) = f b, _ 1(%(1 )(% )Fm+\v|,v(x(m+|z‘))'
m=—JaAv|—1

In particular, IC is real and symmetric.
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Proof. By Theorem [2.2.10)
“+oo
K(v, ) = Ky(x) = dn Tl (2).
n=0

Recall that T'Y (x) # 0 if and only if 2 € T,+n \ {v™™}. The smaller n € N such
that € T)en \ {1} is given by v = 2 A v. It follows that [v| —n —1 =
|z A v|, thus n = |v| — |z A v| — 1. We obtain

—+00

IC(U,J?) = Z dn,\v|r7€{v(x)

n=|v|—|zAv|—1

+o00 || — |+ —1
R SR G S AR
n=|v|—|zAv|—1 =0

+o0 |z|—[v|+n
= Y dau( X a)Dualale),
n=|v|—|zAv|—1 =0

Now we put m = n — |v| and notice that

m+|v

|
Ot ol Jo] = (Z q’j)biinfl-
=0

In particular we have that

n+1) m+1+|zAv|)

v( ::r/\v(

since [0 = [u| = n —1 = —m — 1 = |z Av™+1H2AD| and both v+ and
x A vmHHeA) helong to [v,w). It follows that

oo — metlal
/C(v, I) = Z bjn—l( Z q_j> ( Z q_i>
m=—|zAv|—1 j=0 =0

m+|v m+|x
Fm/\v(m-‘rleAv\)(U( | D,x( | \)).

It is clear that x A pMT1tlzAv) — 4 (m+1+v]) g4 that
Pm+|v‘7v(x(m+\f|)) = 'y (m1+lznel) (U(m+|v|), x(m+|$\))

and the rest of the statement follows. O
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2.2.4 Boundedness of the Bergman projection

By Proposition [2.2.7] the horocyclic harmonic Bergman space B?*(X) is closed in
L?*(X). Hence it is natural to consider the orthogonal projection P of L?*(X) onto
B?(X), that is clearly given by integration against the Bergman kernel, namely

Pf=3 K(.a)f(x)ulz), e LX)
reX

We refer to it as the horocyclic Bergman projection. The aim is to prove that the
extension of P to LP(X) is of weak-type (1, 1), is bounded for all p € (1, 00) and to
obtain limiting results involving H' and BMO. To do that we obviously just want
to apply the results obtained in Section [2.1] exploiting the formula we found for K.

Theorem 2.2.13. The Bergman kernel K of B*(X) satisfies Hormander’s condi-
tion (2.1)) for p.

Proof. We start by proving ([2.1) with y = v. In this case, for every = € T, and

z ¢ T, we have that © A z = v A z. Furthermore,
pmtlzl) — g (mt{o]) (2.8)

for every m > —|v| since they both have horocyclic index —m and lie on [v,w). It
is clear that |v| > |v A z| +1 because z ¢ T, thus (2.8)) holds true in particular for
all m > —|v A z| — 1. Hence for all m > —|v A z| — 1

Fm+|z\,z(x(m+|z‘)) — Fm+|z‘7z(v(m+|”|))
and by Theorem [2.2.12

|IC(Z7I> - IC(Z7U)|

400 mtlel m+|z| '
< X ma(X ) X o) s
m=—|vAz|—1 7=0 i=m+1+|v|
+oo +o00 ' +o0 '
< S G (8 )
m=—|vAz|—1 Jj=0 i=m+1+4|v|
+oo
5 Z q—amq—m—|v|.
m=—|vAz|—1
Then we have
+oo
> IK(zz) = K(z0)|uz) Sq Y g YT ety
ze€X\Ty 2€X\Ty m=—|vAz|—1

gq*\v\ Z q*a\zlq(aﬂ)\wzl
2€X\Ty
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_ q—\v| f Z q—a|z|q—(a+1)z’

i=—|v|+1 |[vAz|=—1i

+00
=q " " g u({z A 2| = —i})
i=—|v|+1
~ qi‘v‘ Z qi(aJ’»l)lqal ~ qi‘vlqh)l — 1,
i=—|v|+1
where the last line follows by the computation in the proof of Lemma [2.2.11] It
follows that
sup sup 3™ 1K (2, 7) — Kz, 0)u() < +oo.
veX z€Ty 2€X\T,

that is (2.1) holds in the case y = v. The general case easily follows by the
triangular inequality,

sup sup 3 [K(z,2) - K(zy)lz)

veX z,yeTy

zE%\Tu
<sup sup D (IK(z2) = K(z0) [+ [K(z0) = K(=,9)] (=)
veX z,yeTy ZEX\T,

=sup sup 37 [K(z, ) — (= 0)|u(2)
veX z€Ty, 2€X\T)

+sup sup Y K(z,y) — K(z,0)|u(z).

veX yeTy 2€X\T,

]

Noticing that I is self-adjoint, the next result is a straightforward consequence
of Theorem [2.2.13| and provides an example of application for Theorems [2.1.2]
2.1.9} 2.1.10| and Corollary [2.1.3]

Corollary 2.2.14. The following results hold for the horocyclic Bergman projec-
tion P:

1) P is of weak-type (1,1);

2) P is bounded on LP(X) for allp € (1,00);
3) P is bounded from H},(X) to L'(X);

4) P is bounded from L>®(X) to BMO(X).

This conclusion is consistent with what one might have expected for P, follow-

ing the analogy with the well-known continuous case, where equivalent behaviors
and outcomes are observed.



Chapter 3

Nondoubling Calderéon-Zygmund
theory on general trees and the
radial Bergman projection

The study of Calderén-Zygmund theory in nondoubling contexts is crucial for
extending classical harmonic analysis results to spaces that do not fulfill the mea-
sure growth condition typical of doubling spaces. Classical methods may not apply
directly in general settings where the measure could be very irregular, and signifi-
cant modifications are required to account for these more complicated structures.
These spaces arise in various areas of mathematics, including geometric analysis,
harmonic analysis on non Fuclidean spaces, and the study of graphs and trees.
Indeed, trees with unbounded geometry are among them.

In the literature, several approaches have been developed to deal with different
nondoubling settings, while usually still imposing some conditions on the mea-
sure, or exploiting the peculiarities of a specific measure. In particular, measures
satisfying a polynomial growth condition are broadly investigated. Some classical
references in this direction are [38], 39, 45, [46], 36], 47].

This chapter relies in part of the results presented in [16], a joint work with José
Conde Alonso, Filippo De Mari, Matteo Monti and Maria Vallarino. It is devoted
to extending Calderén-Zygmund theory to the specific nondoubling setting of gen-
eral trees. We will explore the necessary adjustments to classical results, focusing
on how to handle the lack of a doubling condition. Unlike the previous chapter, we
will adopt a dyadic perspective, which will play a key role in enabling the extension
of important results. In Section we exhibit a nondoubling Calderén-Zygmund
decomposition and sufficient conditions to guarantee usual boundedness proper-
ties for integral operators on any tree equipped with any measure. Concerning the
endpoints, we introduce suitable definitions of H' and BMO spaces adapted to
the dyadic system D defined in Section [I.3.2] The results presented there can be
thought of as a general Calderéon-Zygmund theory for non locally doubling trees.
Afterwards, in Section we show that the Bergman projector is an example of
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application in the case of radial trees.

3.1 General theory

The goal of this section is to extend the results of Section to L?-bounded
integral operators T defined on a generic tree endowed with any measure. Just
as in the doubling context, in order to analyse the action of the operator on a
function f, we need a decomposition of f as a sum of a good and a bad part.
The decomposition proved in Theorem is not useful in this case and must
be adapted to the nondoubling setting by means of the dyadic structure that we
found for general trees. Unfortunately, in this new context the bad part turns out
to be even more problematic than before, since the supports of its components are
no longer disjoint, although we can still recover the other properties on the mean
and the L'-norm. Concerning the good part, we do lose some regularity as well,
since we can no longer control the L>*-norm. However, we can replace it with an
analogous, but weaker, bound on its BMO norm.

The next theorem is inspired by the first nondoubling adjustment of the Calderén-
Zygmund decomposition, stated in [35]. It is an adaptation of Theorem 3.2 in [18]
and Section 1 of [6], while the BMO estimate was first proved in [19]. The BMO
norm considered there is given by

9l Baro =~ SUP

Z l9(x) = (9)qlu(x)
> gla)p(x)

zeX

+sup [{(9)q — (7)o | +
QeD
G2x

for which we will provide more details in Section [3.1.2]

Theorem 3.1.1 (Nondoubling Calderén-Zygmund decomposition). Let @ € D,
fe LY Q), f>0and X > | fllLyo)/u(Q). There exists a family of disjoint sets
{Q;}; €D such that, if

bj = f]le — <f]lQJ'>Q;1)ILQ§1)’
bzzjbj and g := f — b, then
1) f=g+b;

2) the following localization properties and L'-bound for b hold

supp(b;) € Qs D bi@)p(x) =0, ZH%IMSQHle;

xEle)
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3) the following higher integrability properties for g hold
lgllzao S A llallz S Ml
4) if = U;Q;, then () < 311 flh-
Proof. Let Q € D, f € LY(Q), f > 0and X > || f||11(q)/1(Q). Consider
Q= {x eX: Mpf(x) > )\},

and cover )y with a family of pairwise disjoint sets {@),}; in D which are maximal
with respect to inclusion, that is €2, C U;@; and Q;l) Z |, Q¢ for any j.
By the deﬁnitions of b and ¢, 1) trivially holds. Moreover, it is clear that

supp(b;) € Q"

> bi@p@) =) fle f]lQ)Q(l)M(Q( ) =o.
QW 2€Q;
Furthermore
ZHb h=>" > Iflg(x = (Flg;) g Lo (@)lp(z)
7 aeQh
<> (fﬂQJ +(flg;)qulom (@ )) ()
J IEle)
<Y fla)u(x) + Z flg;) ngﬂ(@”)
zeX
=k +>-> fﬂQJ
Jj zeQj
< 2[fll,

hence 2) is proved. Concerning g, we have

(Z flo, — (f1g;) o Ly 1>)

= [lxy,e, + ; f1g;) Q;nﬂ@;m

=0 + 92,

which implies that ¢;, g2 and g are positive. For x € X\ U;Q);,

g1(z) = f(x) = (e S Mpf(z) <A
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50 [|g1]lc < A and HfHBMo <2X\. If Q@ = Q; is a selected cube, we have

<92>Q<1 ]1 = Z Z f1 Qz Q<1 ( )u(m) ]le
(

_] GQ(l) 4

:( o Z Z (flg,) lelQ(l)( z) ()

QM £V QY

Z Z (flg,) Q(l)llQu)( )u(m)) 1o,

(Q(l ) ZGle) ZQ;I)QQ(U
1
- (@) (Flg) o
<,U(Q§'1)) &QE%Q;U f et
1
+— n(@) (1) g ) o,
MQ?))Z:QE%Q;D Q Q§)> Q
Y wen, f(@)u()
- J 1o, + (flg,),m ) 1o;,
(@) P> ")

Qi cqy”

where

4= @

QM el

By the definition and disjointness of the Calderén-Zygmund cubes, we have

g2lg, = (Z<fﬂQe>le>]le>>]le = ( > (fllQDQg))ﬂQj-
L

QP cQft

Hence,
o ) = S @)
2/ M
1
= Z Z f(@)p(z)
(Q] ) ~Q(1)CQ(1) TEQyY
S 3
:CGQ(I)
:<f>Q§1) < A
Now if ) is not a selected interval, we similarly obtain
e F@)n(a)

(920 1q =

N(Q(l)) Lo+ ( Z <f]lQe>Q§1)> Lo,

QWM
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where
A= |J Qo

QM
In this case it is possible that ) = Qél) for some /¢, so that
QMM :Q=QY

Therefore,

Z|92 (g2) o0 ()
Z) Z (Fladow = Q(l) > f@u ‘“ z)

er ¢Q r€AQ

Y weag f(@)p()
< > (Flogw + p(QM)

:Q=Q"

The second summand is bounded by A as in the previous case, while as for the
first

> (flg) oV _—Q D> fau

6Q=Qy" £:Q=Qy") T

1
<——= ) fla)u(z)
n@) m;?

=(flq <A

so that ||g]|zmo < A. The L%-estimate ||g[|3 < A||f||1 follows by interpolation (see
Ch.5, [50]). Finally, by Proposition [1.3.3, Mp is of weak-type (1,1) which means
that

Au({x €X: Mpf(z) > A}) Sk
and 4) holds. s

Remark 3.1.2. The selected family {Q;}; is usually referred to as the Calderdn-
Zygmund cubes. Under the same hypothesis as the previous theorem, for any
disjoint family {R;}; C D such that

{/\/lpf>)\} cUn

and R](l) Z U, R for any j, if we define b;, b and g as in the theorem, then
statements 1), 2) and 3) hold true.
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The operators under study are of the form
Tf(z) =Y K(x,y)fy)uy)

yeX

for some kernel K: X x X — C which satisfies K(z,y) = K(y,z) for all z,y € X.
Analogously to the definition given in Chapter [2] K is said to satisfy Hormander’s
condition if
sup sup Z |K(z,2) — K(z,9)|p(z) < oo. (3.1)
QED z,yeQ 2€X\Q

While in the doubling setting, requiring K to satisfy Hormander’s condition was
sufficient to obtain the usual endpoint bounds, in this case an additional condi-
tion on K is necessary. The following estimate can be viewed as an integral size
condition of the same flavor of that in [I8] and already present in [46]:

sup sup Z | K (z, 2)|p(z) < oo. (3.2)
QED zeQ ZEQ(I)\Q

We will say that K satisfies the size condition if it satisfies (3.2)).

3.1.1 Weak-type (1,1) estimates
We can now state the nondoubling theorem for the weak-type (1,1) boundedness.

Theorem 3.1.3. Let (X, 1) be a general tree equipped with any measure. Let T
be an integral operator with symmetric kernel K: X x X — C. If T is bounded on

L3(X) and K satisfies (3.1]) and (3.2), then T is of weak-type (1,1). By interpo-
lation and duality P is also bounded on LP(X) for all p € (1,00).

Proof. Let f € LY(X), f > 0. If u(X) < oo and 0 < A < || f]]1/n(X), then
M({z € X [Tf(x)] > Ay) < Au(x) < [[f],

and there is nothing to prove. Otherwise, if u(X) = oo fix A > 0 and if u(¥) < 0o
fix A > ||f]l1/w(X). We apply Theorem to the Calderén-Zygmund cubes
{Q,};, that is, to the smallest disjoint cubes in D that cover {Mpf > A}. Denote

2\ = U;Q; and write
u({m ex:|Tf(x) > )\}) < () —i—,u({x €x:|Ty(x) > A})

2
+u({zex\ o T > %D
= I+ +1L

The weak-type of Mp immediately gives

1 £1]s
[ <
~oA
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Chebyshev’s inequality, the L?-boundedness of T, and property (3) of Theorem

yield

11 S 55170l < 55 lol S 171

Finally, by Chebyshev’s inequality again,

1
< 5 > T Z > T

TEX\Q) J x€X\Qa
Z > T AZIH
J zeX\Qj

To estimate each term, we first split into two regions:

;= ‘ > K(x,y)bj(y)u(y)‘u(w)

T€X\Q; yeq(V

S IR D IR CRIDIOI0 MES RS DI S E O] ek

xGX\Qg.l) yEQ;U xGQ;D\QJ y€Q§~1)

For the first one, we use the mean zero of b; and (3.1)):

S| K@@ = 3| (K@) - Klw,wg,)bv)uly) u()
2ex\Q}" yeQlV 2ex\Q}" yeQ!”
< 3 (s S K@y — K| a@)) n) S b
veQ 0" ex@))

For the remaining term, we further use the definition of b;:

SIS Kb

2eQ{\Q; ye!”

< X Kaabwrm|ue + Y [1((1e)g0 1) @)]u@)

erS_D\Qj yEQj JTEQ(l
= O{j + Bj'

We deal with f; using Holder’s inequality and the L*-bound:

B; < u(@Q'V)z

1
T ((fLo)) g lqm ||, £ r@M? |[(Fla)ggn]|, = If10,lh.

For o; we use Fubini’s theorem and (3.2)):

< Y K@ yIlfW)ley)u)

zEQJ(-l)\Qj veQ;
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<D Wkl sw Y K@y |ue) S 11 Lol

veQ; Ve 2€Q5\Q;

Finally, we collect all estimates together and by property (2) of Theorem [3.1.1],
1 1
S 5 37 (150 + 1710,h) < 51711,
J

as desired. O

Remark 3.1.4. Notice that the proof of the weak-type (1,1) boundedness does
not make use of the fact that K is symmetric.

3.1.2 H!' and BMO

The goal of this section is to prove endpoint results for general integral operators
on trees. When the tree has unbounded geometry, and the resulting metric mea-
sure space is nondoubling, new definitions of Hardy and bounded mean oscillation
spaces are necessary to address the lack of regularity of the underlying filtration.
We refer to [45], [17].

Regarding Hardy spaces, we briefly review the definitions provided in Section
2.1.2| which can be stated in exactly the same way as in the nondoubling case.
For p € (1, 00|, a p-atom is a function a: X — C that is supported in @) for some
Q € D, has zero mean and |jall, < u(Q)YP7!if p < 0o and ||l < w(Q)7! if
p = oo. In case the total measure of the tree is finite, then the function a = pu(X)™*
is said to be a p-atom as well. The atomic Hardy space Hal,;p (X) is the space of
functions f € L'(X) that admit an atomic decomposition of the form f =", \;a;,
where the a; are p-atoms and ()\;); is a complex summable sequence, and whose
norm in H.P(%) is

£l = {37 INT: F = 3" A, @i pratoms}.

The martingale Hardy space H'(X) is the space of functions in L'(X) such that
the norm defined below is finite

HfHHl(ag) = H (i |Dkf|2) 1/2
k=0

while the little Hardy space h!'(X) is given by L!'(X) functions whose following

norm
> 1/2
e = || (S EBxalpas?) 7|
k=0

is finite, with the convention that, for k = 0, Ex_1|Di.f|*> = |Eof|>. As noted in
Remark [2.1.8] the equivalence h'(X) ~ H"(¥) holds in general for all p € (1, 00].

9
1
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Nevertheless, in this situation the equivalence H!(X) ~ h'(X) no longer holds, and
the atomic decomposition previously presented does not apply to H'(X). Since
H'(X), rather than h'(X), is the endpoint interpolation space, a new suitable
atomic decomposition is required. It is constructed in [I7], to which we refer for a
comprehensive and exhaustive presentation of the problem.

Definition 3.1.5. Let p € (1, 0], a p-atomic block is a function b: X — C such
that

1. bis supported in QWM for QM € D, for some k > 0;

2. b has vanishing mean on Q) that is

S be)nle) =

QM)

3. b= Zj Aja;, where ();); is a complex summable sequence and a; is a p-
subatom, namely supp(a;) C Q; for Q; € Dy, for some k; > k and

1
< ol —

alloo < H(Q)_1+ if p=oo.

For an atomic block b, define

b 5P = 1nf Z |\l

a; p— subatoms

Definition 3.1.6. Let p € (1, 00], the atomic Hardy space H;P(X) is the space of
functions f € L'(X) such that
fF=> b

where the b; are p-atomic blocks. The norm of f in HL?(X) is given by
HfHHlp :fmf{z |b; \;tp f= sz, b; p-atomic blocks}

—mf{z Nijl o f= Zb” b; = Z)\i,jaj, a; p—subatoms}.
J

1,j=1
By Theorem A in [17], for all p € (1, o]

H'(X) ~ HP(%),
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and we have the desired atomic decomposition. In the following we will use de-
compositions both with oco-atomic blocks and 2-atomic blocks.

As we show in the next lemma, atomic blocks can be assumed to adopt a simpler
form. We say that a function b € L'(X) is an algebraic atom if it is supported
in QW for QM € Dy, for some k > 0 and has vanishing mean. Of course, atomic
blocks are algebraic atoms. An algebraic atom s is said to be a simple algebraic
atom if there exists a function a : X — C such that supp(a) C @ and

S=a— <(Z>Q<1)]1Q<1).

Finally, a simple p-atomic block is a function b : X — C supported in Q) € Dy,
with vanishing mean and such that there exists a supported in ¢ with

llall, < if p < o0,

(@)
2

~1
falloe < M9 i = o,

2
and such that

b=a— <CL>Q(1)I[Q(1).

Basically, a simple atomic block is an atomic block which is also a simple algebraic
atom.

We prove next lemma for p = oo and omit it from the notation, but it holds

true for every p € (1, 00].

Lemma 3.1.7. Every function f € H'(X) can be written as
f = Z )\isi7

where the s; are simple atomic blocks. Moreover, we have

o0

Ifl = inf S =S

s; simple atomic block i=1

HL .

sat

Proof. Clearly, |[f|lm = [[fllm < IIfllzy,, for simple atomic blocks are atomic
blocks. Indeed, if b = a — (a)ga) Lgo) is a simple atomic block, then a; = a and

as = —(a)glg are subatoms satisfying the right size condition, since
@)™
larfloe = llalloe < ==
and
1 < (Hy-1
lazllee = [{@)qu| < —=F7s llallecp(@Q) S (@)

QW)
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Therefore, the infimum defining || - [| 1, ranges over a larger set than that defining
- Mz,
Conversely, let b be an atomic block supported on Q € Dy, with |b[}, = 1. Tt

is enough to show that [[b]| ;1 S 1. Let b=}, A\ja; be a decomposition of b into
subatoms such that ). |\;| ~ 1. For each ¢, denote the support of a; by Q; € Dy,
and write

ki—k—1

a; = a; — (a;) <1>11 oM + ( mﬂ Q® ~ (a i>Q(£+1)1Q(Z+1)> + (ai)glo.
i J
=1

because of the mean 0 of b, we can write
b_Z)\ ( CLz Q(1)1Q(1)>

ki—k—

k—1
1
+ Zl: )\im ; (ki —k+1) <<ai>Q§.“1Q§a — <ai>Q£”1)ﬂQ§“”>’

which we claim is a decomposition of b into simple atomic blocks. Indeed, for each
tand 1 </(<k;—k+1,

Since

o (@) <cz“ )

as required. An entirely similar estimate holds for the terms of the form a; —
(ai>Q<_1)ILQ<_1>. Therefore,

H(k’ —k+ 1)<ai>Ql(_lf)]1Qz(_4)

ki—k—1

Hslac~2|>‘|(1+ ZZ L — k:—f—l) Z|)‘|N1

19]

(2

which concludes the proof. O]

Let us now address the BMO spaces, which, like the Hardy spaces, will require
appropriate modifications to be adapted to the nondoubling case. In a similar
way, though not identical, to the definitions provided in Section [2.1.2 we define
the BMO norm by means of the martingale filtration as follows. If the total
measure of the tree is not finite, we say that f belongs to BMO(X) if

| fllBao == sup ||Ex | f — Ex—1f]||lc < o0
k>0

while when the total measure is finite the BMO-norm is given by

It = sup [Ee f = Eca 1l + [Eof 1 < o0
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Notice that the new term ||Eqf||« is just the absolute value of the mean of f on
X, it only appears in finite measure spaces and it is not concerned with the lack of
the doubling property. Conversely, the real difference with respect to the doubling
case is due to the fact that the conditional expectations are taken in different
generations. This expresses the necessity of taking into account the interactions
between dyadic sets and their dyadic parents. Exactly as in Section [2.1.2| one can
see that in the case of finite total measure

HfHBMO = sup Z ‘f >Q<1) ’ u(x) +

> f@)p)

reX

and it immediately follows that

| fllBao =~ S Q) Z |f(z) = (Nelu(z)
+sup [(f)o = (Howl + | fl@)u(x) (3.3)
8;? zeX

and we just drop the last summand when the total measure is infinite.

Theorem 3.1.8. Let (X, 1) be a general tree equipped with any measure. Let T
be an integral operator with symmetric kernel K: X x X — C. If T is bounded on
L*(X) and K satisfies (3.1) and (3.2), then T maps H:(X) into L'(X).

Proof. By Lemma [3.1.7] and arguing as in Theorem [2.1.9] it is enough to prove
that ||70]|; < 1 for every simple atomic block b. Fix one such b, so that

b=a— (a)onlow,
where supp(a) C Q and ||allo < pu(Q)~!. We write
[Tl < |1 T0] L1y + T[] 1oy
and handle each term in turn. For the first one, we further split
1T0]| 1 oy < | Tallrr@) + 1Tall rung) + Ka)qw 1T Lgw [ 1 qo-

The first term on the right hand side above is dealt with using the L?-bound of T
and the size estimate on a:

1 1
[Tallzy @) < m(@)2[|Tallr2@) S (@) lallr2@) < 1.
Similarly, for the third term on the right hand side above we obtain

M(Q) 1
@) I TLgm L1 gmy < ||6L||<>om||TﬂQ<l>||L2(Q<1>)/~L(Q(l))2 <1,
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using supp(a) C Q. The second term on the right hand side above requires (3.2)):

ITallgong < Y D 1K@ y)llay)lu(y)u(z)

zeQMN\Q yEQ
< [lally sup Z |K (z,y)|p(x)
yeQ 2€Q\Q
S llall < flaflocp(@) < 1.

Finally, using (3.1) and the mean zero of b in @ yields

ITolegwli= Y | > K )iy ()

zex\QW ye™

= > | YK K (z,2)))b(y)u(y)| u()

IE}:\Q(I) yEQ(l)
1
< ||b]|1 sup Z }K(x,y) — K(x :vé)) |;L
veQW ez
< [l < ol <1,

which finishes the proof. n

Theorem 3.1.9. Let (X, 1) be a general tree equipped with any measure. Let T
be an integral operator with symmetric kernel K: X x X — C. If T is bounded on
L3(X) and K satisfies (3.1) and (3.2)), then T maps L>=(X) into BMO(X).

Proof. We use the characterization of the BMO-norm given in (3.3). Let f €
L>(X), we want to bound

1
SUD - 0) Y ITf(x) = (T folu(e)

QeD M 0

+sup (T'fg — (T flow| +
QeD
O7x

> T f(w)p(x)

zeX

by || f|lsc up to a constant. The estimate on the last term is trivial. Consider the
first summand and use the kernel representation to write

1
—v DT (@) = (T fglu(x)
Q) = ¢

5 2 T @) = T ) |ua)

z€Q yeQR

s@ S™ Tf(2) - TF(y)|uly)ua)

z,YeQ
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Z > IK Ky, 2)) f(2)|n(2)u(y) ()
:cyeQ zeX
< sup Z K (x,2) — K(y, 2)|[f(2)| ()
PueQ e%\Q
Z D K (2, 2) f(2) | (z)uly) ()
xyEQzEQ
Z D K (y, 2) f(2) | u(2) ply) )
zyGQzEQ
— sup Z K (2, 2) — K (g, 2)LF (=) + 2T (1) g = 1+ 211
T,YeQ 2€X\Q

The estimate I < || f||o follows directly from (3.1]). Next, by the L?*bound for T

1< Q)72 Tfll 2@ S (@) 21 fllz2@) S N1 flloos

and the first term is bounded. On the other hand, for each ) € D we have

(Te—(Tfew

o QW) Y T @) - (@) Y T

N(Q)M(Q(1)> T€Q 2eQ)
1
R K (z,9) f(y)u(y)m)u(z)
m@)u(@W) %; PRI

ZEQ(I)

<sup Y [K(zy) = K(z9)| [f(0)ln(y)

oot ven\QW
+ (T (L))o + (IT(fLom))qw
+sup > K@yl f@)luy)

6Q<1>\Q
=TI+ II+IIT+1V.

The estimates for I and II are the same as for the first summand, and the estimate
for IIT is similar to that for II. Finally, (3.2) implies IV < || f|l« and completes
the proof. n
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3.2 Example on radial trees: the Bergman pro-
jection

Until the end of this Chapter, and throughout the next one, the tree X is as-
sumed to be radial. Similarly to what was seen in Chapter [2] we can define the
combinatorial Laplacian of a function defined on any tree as

Af(x) HZf

Yy

and the harmonic functions are those for which the Laplacian is identically zero.
The harmonic Bergman spaces with respect to the Bergman measures introduced
in Section [I.1.3] (and that we omit from the notation) are defined, for p € [1, c0)
as

BP(X) = {f eLP(X): fis harmonic}.

We are interested in studying the Hilbert space B*(X) and in particular the be-
havior of the Bergman projection P : L*(X) — B?*(X) in the case of radial trees.
The approach used in this context is different from that employed in the previous
Chapter. Indeed, instead of computing an explicit formula for the kernel, we ex-
hibit an orthonormal basis for the Bergman space B%(X). Then, we exploit it to
achieve many good estimates on the reproducing kernel of B?(X), that coincides
with the kernel of the projection. These estimates allow to prove that Hormander’s
condition and the size condition are satisfied, as well as to prove sharper
endpoint results for P. They will also be particularly useful in Chapter [ that is
entirely dedicated to the Bergman projection.

3.2.1 An orthonormal basis for B*(X)

In order to find an orthonormal basis for B%(X), we start defining a family of
auxiliary functions ¢y, which are in turn characterized by means of some essential
coefficients V]k Concerning harmonic functions on radial trees it is possible to
recover results equivalent to the ones stated in Subsection 1} and that lead to

the construction of the functions ¢y.

Lemma 3.2.1. Lety € X. If f : X — C is harmonic on T,, then for alln € N

S s = (S TTatl om0 70~ (X [Tatwl +n-0) 160 01

|z|= |y|+n

Conwversely, if f is constant on T, N {x : |x| = |y| + k} and satisfies (3.4) for all
k €N, then f is harmonic on T,,.
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Proposition 3.2.2. Let g: X — C be null and harmonic on B(o,n).

monic extension of g at level n is

o () = g(x), if x € B(o,n+ 1),
" an(l2))g(y), if v € X\ Blo,n+1),

where y = z#="=1 gnd
le|-n—1 k
anllz) = > Jlatn+i"
j=0  j=1

79

The har-

The function g is harmonic, coincides with g on B(o,n+ 1) and is radial on T,

for every y € S(o,n+1).

The proofs follow from the proofs of Lemma and Proposition [2.2.3] re-

spectively, just by adapting them to the radial context.

For each &k > 0, we denote by ¢, the only radial function on X such that
op(z) = 0if |z| < k, pr(z) = 1if |x| = k and is harmonic at all points x such that

|z| > k. The values of ¢ for |z| > k are given by the explicit formula

|z|—k+1

o) = ulel) = 3

where the coefficients are given by

71
HTZ

l=k

To see that ¢y, is harmonic for |z| > k, notice that

|z|—k+2 |z|—k+2
. \x| E—l—l |z\ \r| —0+1
ol +1) = D + §
/=1
|x|—k+1

=wlt 2w =l e,

that also implies
|z|—1

or(|x] — 1) = er(]z]) — v
Therefore
or(|z] = 1) + q(|=])er(|z| + 1)
= oi(Jz]) — 7" + g2l ex(lz]) + a(|z])vy
= or(|z))(1 + q(|]))

that is to say that ¢ is harmonic in x.

||

(3.5)
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Remark 3.2.3. It is just a matter of computation to check that ¢y (|z|) = ar_1(|x]).
We chose to rephrase these functions in this way for convenience of notation and to
emphasize the importance of the coefficients V,z involved. Indeed, the function ¢y
encodes, through the quantities I/]Z, the key decay properties of the kernel studied
in the next section. We adopt the convention that 1/,‘1 = 1if £ > j. Many times,

the trivial estimate
vl < 2 Uk

will be enough for our purposes, but the unboundedness of ¢ will often force us
to use the larger decay captured by Vi. We will sometimes use the multiplicative
identity

I/IZ:I/]T-V%_H for k <m <.
Formula immediately implies that 1 < ¢ (x) < 2 for all z € supp(yy), a fact
that we will use repeatedly.

Given a sector ) € Dy_; and a function e : @ N {|z| = k} — R with mean
zero, consider the function

or(z)e(y) if x € T, for some y € S(zg),
0 otherwise,

Eq(e)(x) = {

that is radial and harmonic on X. Indeed, if we look at e as a function on the
whole of X, then Eg(e) coincides with its harmonic extension (as it was defined
in Proposition |3.2.2) at level k£ — 1. For all x € X let denote ) = T, consider the
space

Za:={e: Sr) = C: 3 ) =0}

y€S(z)

:{v ) € C1® ZUJ—O}NC‘”) !

and pick an orthonormal basis {e}9%)™" of Zo. The spaces Zg are clearly the
analogue of the spaces Z, introduced in Section [2.2.3]
Let S(z) ={y; : 7 =1,...,¢(x)} and, for each ¢ = 1,...,¢(x) — 1, define the

function
e S(x) = C, ehy;) = e
Finally, for each x € X, £ =1,...,q(z) — 1 and Q = T, set

Eq(eq)(2)
1Eq(eg)ll2’

When ) € D is a singleton, define by convention hg = 0.

ho(z) = z€X.
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Lemma 3.2.4. For every sector () € Dy_y and every { = 1,...,q(zq) — 1, the
following properties hold

1. Eg(ef,) and h{, have zero mean;
2. [1Eq(eg)llz = llerlell2/a(xq).
Proof. Let @ be a sector and ¢ € {1,...,q(zq) — 1},
Y Eoleg)@n(z) = Y Eqleg)(w)u(x)

zeX zeQ\{zq}

and clearly the same holds for hé. Moreover,

IEa(eo)lz= > > ler®en(@)Puly)

z€S(zq) y€Tx

= Y leb@)P D onw)*uly)

z€S(zq) yeT,

= > leo@Plledr

z€S(zq)
=llrln 3

_(llerlall2?
_< s:(x;z) >

since pi(zg) = 0 and |l@plr, |5 = ||kl ||3 for all z, 2" € S(xq). O
Theorem 3.2.5. The family

U:{hé: QGD,KZ1,.--,Q(QJQ)_1}U{MI(L;)}

is an orthonormal basis of B*(X).

Proof. The functions under consideration are normalized in L?*(X), so that we have
to check orthogonality and completeness. First, if Q) € D,_; is a sector and £ #£ ¢
then

(o hb) = D ) eh@)eb(@)pn(y)uly)

z€S(xg) y€T=

- Z eg(x)eg(x)2¢k(y)2ﬂ(y)

z€S(zq) yeTs
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=: C,?) Z eé(m)eé(m)

zeS(zq)

q(zqQ)

/
265€_7

by the orthogonality of the vectors that generate hé and hg. Second, since

supp(hé) C @ for all @, we have that (hég, h%) # 0 if and only if Q and R are
different and contained one into the other, say ) C R. Therefore, the following
computation for D, 1 5 Q C R € Dy_; deals with all the remaining cases:

(h by = > D e (@)eh(@o)er () (y)uy)

z€S(zq) YT

= erl(z0) D o) Y ery)er(y)n(y)

=: Cr €(x0) Z eg(z) = 0.

zeS(zq)

Above, the point 2o € S(xg) is the only one such that @@ C T,,. Finally, all
functions hg have mean zero by 1 of Lemma so they are orthogonal to
constants.

It remains to show that U generates the whole space. Suppose that f € B?(X)
is orthogonal to every element of U/. In particular, f is orthogonal to constants
and this implies that f(0) = 0. Indeed,

0=(f 1) =) fl@u(x)=) nuln) Y flz)=[(0)) nln)
z€EX n=0 z€S(o,n) n=0

Where we used the fact that }° ., f(z) = f(o), which follows from Lemma
1| for n = 0. We assume by induction that f(z) = 0 if |x| < n and we prove
that f(y) = 0 for all y with |y| = n. Fix x with || = n — 1 and denote Q = T.
Since f(z) = f(zW) = 0 and f is harmonic in z, we have

But then, for all ¢

0="(ho, fY =D > o) f(2)en(z)n(z)
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= 2. <% ZZfson (=)

yesS() = ieT,
| I=lyl+s
= > oW Y enllyl +Dullyl+5) DY [z
|lz=lyl+j

yeS(z) j=1

=K. ) <
yeS(x)
using Lemma This implies that f(y) =0 for all y € S(x). O

The previous result uses a key property of the functions hé, namely that they
are not only orthogonal to constants, but they are orthogonal to all radial functions
and they themselves behave like radial functions in almost all sectors. Moreover,
we strongly use the radiality of the measure and of the functions ¢y.

3.2.2 Kernel estimates

Since pointwise evaluation is a bounded functional, B*(X) is a closed subspace of
L3(X), as in the continuous case and it is actually a reproducing kernel Hilbert
space with kernel K. The Bergman projector P : L?(X) — B*(X) is an integral
operator whose kernel coincides with K. It would be possible to find a formula for
KC, as we did in the homogeneous context, but in this case we rather exploit the
explicit construction of the orthonormal basis. Indeed, because of Theorem [3.2.5]
KC can be written as

q(zq)—1
Ka) = @10 + 3 Y hy@hG

QeD (=1

and P has the explicit expression

q(zg)—1

1
= ho)h (@
Pf(x) M(%) [xlz(x) + C;) ; (f,

The choice to work with I adopting this different point of view not only eases our
notation in the sequel, but it also encodes the right way of manipulating the pieces
of the kernel of P that we introduce in the following definition. For each @) € D
that is not a singleton, we set

q(zq)—1

Dof(x):= Y (f.ho)h(x),

(=1
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while when @) is a singleton we set Dy f = 0. By the definition and the properties
of the functions hf, for any f we have supp(Dof) C Q \ {zq¢} and Dqf has
vanishing mean. We will sometimes work with truncated versions of P, which we
denote

Pf=> Dif,

TeD
TCR

in the case of the localized truncation inside R € D, and for a disjoint family
FCD

p(X)? =
TZRif REF
We next collect two key estimates involving the operators Dg that will be
useful in the following. By definition, Dy is an integral operator with kernel g
described by

q(zr)—1

Kr(z,y) = W () ().

1

<.
I

On the other hand, the space Zg introduced above is a reproducing kernel Hilbert
space, whose kernel is clearly given by

For R € Dy_1, by 2 of Lemma we have

q(zr)—1

Kr(z,y) = Z W ()P (y)

er(@)er(y) R j
— T el (xeI=lerl=0 o7, () (vl=lorl=1))
I1Er(ep)lz =
q(zp)—1
9(r)er(x)pr(y) I (gllel=lerl=1)) g ¢, (lvl-lerl-1)
= el (' FITIERIZ N e, (1Y lwR )
lolnlt 2 "
_ q(xR)sok(w)sgk(y) g (271 12rI= )y (ul=lerl=1)y (3.6)
lorLrll3

Finally, an analogous computation to the one performed in Subsection [2.2.3] shows
that kg is uniquely determined by

n) if w # W',
bn(w,w) = o (w,0') € Zp x Zr.  (3.7)
if w=w'.
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Lemma 3.2.6. Let k > 0. If x,y are such that |x| > |y| = m >k, then

er(®) — eny) S v
Proof. Indeed,

|z|—k+1 lyl—k+1
or(@) =)= D wi = Y
=1 (=1
|z —k-+1 ly|—k+1 || =1yl
_ Z Ifr\ -t _ Z V|y|—4+ Z V]Lwl—f
{=|z|—|y|+1 =1
z]—lyl

_ mE || —¢
=V Vm—i—l SV,

using V' \ < o—lz|+e+m n
Lemma 3.2.7. If ) € Dy is not a single point, the following two estimates hold:

1. For all ¢ > 1 and every z € Q(Z) we have

1 . i
myl]:—f—i-la if z € QU

sup Koo (z,2) — Koo (2,9)| S 1
z,y€Q

k .
——Vi_y, otherwise.
p(@CY)
2. For all z,y € QW \ {IS)},
1 : (1)
Q) fx Ny # g,
IKow (2, )] S 1
D , otherwise.
q(zg )@

Proof. 1. By the triangle inequality, it is enough to prove the assertion for
y = z¢g. From (3.6) we have that

Kow(z,z) = Kgw (2, 10)

¢
o Q(x(Q))SOk—eH(Z)(SOk—eH(I) — pr—e+1(2q)) (J2l—k+e-1) LD
— koo (z To )

lor—er11lgw I3

Note that supp(pr—r4+1) Q(f)\{xg)} and 1 < pr_py1 < 2,50 [|op—rr11g0 13 ~
q(xg)),u(Q“_l)). Therefore, using Lemma [3.2.6{ and (3.7)) yields

(Kow(z,2) — Kgw (2, 70)|
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0@ P01 (2) (Pr—er () — e (20))

_ (|2|—k+0—1) _.(£—1)
— [ kow(z o )
1 2kl -1
5 Vllfc—e—i-lm“{:Q“)(z(' |—k+¢ 1)7:EEQ ))|
1 ) _
WV};—Z-{-D if z € QUY,
= 1

k .
Vi_g41,  Otherwise.

gz p(QU=D)

2. Again by (3.6), (3.7) and the fact that ||¢orLoml3 ~ q(mS))u(Q),

(1)
q(xg)or(z)or(y) ol ~
Kow(z,y) = C|2|90k11 T kQ(l)(x(| =) gy (1w1=F))
Q 2

1 ‘ 0

Q) fx Ay #zy,

= 1

RN otherwise.

Q(IQ Q)

]

We next prove an estimate for truncations of P. Given a family F of disjoint
sets in D contained in a sector @)y, we denote the kernel of the truncation Px° by
IC?_-O, which can be written as

K= > Ko (3.8)
QED,QCQo
QZREF
In the particular case when @)y = X, we slightly abuse notation and exclude Ky
from the sum and will deal with it separately below.

Proposition 3.2.8. Let () € Dy be such that Q C Qo and Q € R for any R € F.
For every z € QW \ Q=Y C Qo, we have

L : ()
——V}_, if 2 =g,
ICQO _ ICQO < M(Q(e)) ?

SUGPQ’ 7 (z,7) (29| S 1 i . ©
Y M(Q(—efl))yk_b ZfZ 7é .Z'Q .
Proof. We have

k—¢

K9 (2, 2) = K& (2,9)| < [Kgusn (2, 2) = Kgusn (2,9)],

J=0
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where the first term of the sum vanishes whenever z = xg). By part (1) of

Lemma [3.2.7], one has

1 k

ko (0
- N(Q(g+j_1)) k—f—j5+1>

1fz:xQ

K% (2,0) =K (2, 9) S

M(Q Vk e+z gﬂ D) Vk —j+1> 1f27é$Q

\

The statement follows from the fact that both sums are geometric and hence
controlled by their first term, and the one appearing in the term below is in turn
controlled by the one on its left. O]

The following notation will sometimes be used in the sequel: if Q € D, Q is
the smallest sector that contains it. Notice that it is only different from @) if the
latter is a singleton. This last estimate is particularly useful when controlling local
terms.

Proposition 3.2.9. Let b be a simple algebraic atom associated to () € Dy,. For

every £ € {1,...,|zql},
) , 1)
LRI (3.9)
'Dé(o(b)(x)g : Uk 0—1)
u(Qk(—)Hle, ife e @\ Q" (3.9D)

Furthermore, if Q) is a single point, then Dgb = 0.

Proof. The case ¢ > 1 follows from the fact that b has null mean and Lemma [3.2.7
. —(1)
applied to ()° °. Indeed,

|'DQ(2) ( )| = Z (]C@(ﬁ) (1379) - IC@(L’) (I7$@(1))>b(y)U(y)

yeQ®
: yzlclﬁ) ek (#.9) - Kgo (x,x@m)‘ 10114
%anh if x € Q(e 1)
%Hbﬂl, if v € @(f) \@(4—1)’

regardless of whether Q = Q or not. For £ = 1, if @ is a single point one can argue
similarly as above. Otherwise, denote by R the element so that z € R € Dy (QW).

By (2) of Lemma [3.2.7 one has
[Dooblx)| < Y 1Kgu (@ )llb)lu(y)

yeQM\{zH))}
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QU\(RU{z{}) | 1) '

1
S =+ (b1l + —5-le1
Q) ' q( Dy
If R = @, then clearly |Dowb(z)| < ||blliu(Q)~". Otherwise, since b = a —
<CL>Q(1)ILQ(1) we have that

Poo(@)| 5 o () a)qu | +

1]];
g(a) >” I ) 9z Q)

Finally, the fact that Dgb = 0 when @ = {v} follows from

Dgb(z) = _ow) Z Koz, y)u(y)

Q) T
a(v) Plof+1()Plo+1(y)
=) S (gl u(y) =0, (3.10)
1(Q) Ze%:(v) ol ; [ epo+11g113
by the definition of kg and the radiality of ¢jy41. O

Remark 3.2.10. The key to obtaining the estimates above is to exploit the joint
cancellation enjoyed by the family {h ¢ for each fixed Q). We do that by study-
ing the operators Dy as a whole 1nstead of considering the individual products
(f, hg)hg, of which there can be arbitrarily many within each cube @, and for
which size estimates are not precise enough. This is a key difference with respect
to the usual point of view that one adopts in classical dyadic harmonic analysis,
in which the action of each function in the Haar basis is dealt with separately. In
a sense, one can interpret this point of view as a way to dealing with the fact that
X may be infinite-dimensional.

3.2.3 H'!' and BMO boundedness via cancellation

We start checking the Hormander and size conditions for the kernel of P. As one
could have expected, they are weaker than the estimates in Subsection and
can be deduced from them.

Proposition 3.2.11. The Bergman kernel KC satisfies both Hormander’s condition

(3.1) and the size condition (3.2)).

Proof. Hérmander’s condition can be checked as follows. First of all, notice that
if ) € D is a singleton, then there is nothing to prove. Hence, fix a sector () € D
and x # y € (). Summing in annuli and using Proposition with Qo = X and
F =10, yields

> 1Kz ) = K(z,9)|u(z)

z€X\Q
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lzql

=> ) K(zz) - K(z,)lu(2)

=1 LeQv\QU-1)

o] |zl lzql ylzel
(O “lzol—¢ (0) (e—1) (0) Plagl-
<Y ni=l) + > n(QUN @I U ) 2o
210wy * 2 D)@
lzql ol lzql © |\$Q|| .
> ovel + > uQ a7 <1
~ lzql—¢ Q ¢ ~
par B a(ag)n(QU~1)
Concerning the size condition a similar computation using Lemma [3.2.7] part (2)
gives (3.2)) for . O

As a consequence, we can apply Theorem to P and obtain the following
result.

Corollary 3.2.12. The Bergman projection P is of weak-type (1,1). By interpo-
lation and duality P is also bounded on LP(X) for all p € (1,00).

We could also apply Theorem and [3.1.8] but all the estimates on K that
we just proved, allow us to finish proving the stronger H! — H' and BMO — BMO
endpoint bounds for the Bergman projector. Even if the H' — H! estimates implies
the BMO — BMO one, we prove it directly without using duality.

Theorem 3.2.13. The Bergman projection P maps BMO(X) into itself.
Proof. Let f € BMO(X). Since Ply = 1x

> Praulx)| =D f2)p

reX zeX

< Ifllmo,

and we just have to bound the two suprema in (3.3). Fix @ € D and split f as
f=F—{ oo+ {flon = f+{f)gm. Since P sends constants to constants, it is
enough estimate the BMO norm of Pf. By the fact that f has mean 0 over QU,
we have

(Dol + sw [(F)el S+ D fllsmo, €>0. (3.11)
ReD(Q)

To estimate the norm of Pf, we study separately the two suprema in . For
the first, we write f = f 1o+ f Iy and we apply triangle inequality as follows

Z|7>f —(Pfalu(z)

zEQ

Z P(fla(z) + flxo() = (P(flg + [1xq))elu(@)
JJEQ
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S PU1QE) - P Laalut
:cEQ
+ M(—QI%'P flxQ)(@) — (P(flx))elu(z)
=14+ 1I.

Concerning the first part, John-Nirenberg inequality and the L?*-boundedness of
P give

ZIP Flo)(x) = (P(f1a))olu(z)

xGQ

1 F 2
S (m erQ P(flo) ()] u(@)

( Z|fﬂcz )
( Z'f Q(1)| p(z ))

xGQ
< || fll Bmo-

For II, if ) is a singleton there is nothing to do. Otherwise, we decompose it into
annuli:

N

Q) Z!P Flag)(@) = (P(fLxo)elu(x)

u( et
=@Z > K(z2)f(2)p ——ZZ’CZ?J u(2)p(y) | p(x)
z€Q |z€xX\Q yGQ z€X\Q
1
Kz )1 (2)ln(2)u(y)u(z)
er yEQ 2€X\Q
< sup Z Kz, 2) = K(z,9)||f(2)|u(2)
TVEQ Lex\Q
lzQl lzQl
< Z sup Z K(z,2) — K(z,9)||f(2) Zﬂg
=1 PYEQ o g1
We now estimate each term using Lemma and (3.11)):
V||IQ|| , ‘|95Q“ ,
~ xo|—4+1 T s
W S |F e e 0w + =26 > @)

p(QW)  p(QEN)

2€QUN\(Q DUz}
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) Y. e

9(2Q) pepy o)

lzql

£ lzQl
- V‘:BQ‘7[+1<’f’>Q(é) + V|x§|7[+1

gl ; ER 1 ; ;
<2 v0 (oo +vm§|g+1m Z ([fDr—(fDow
Q /) ReD1(QW)

lzq] lzq]
<0, o S v 1 s

The resulting quantity is acceptable due to the geometric decay of V“jgﬂ_g. To
bound the second term in (3.3)), we split

(Pl — (Pfowl §|<P(fﬂQ~)>Q| + [(P(fLlom))oom]
+ {P(flgone)al
+ [(P(flaom))e — (P(flagm))oml-

The first two terms above are estimated similarly. Indeed, by the L?-boundedness
of P,

(P(FLgmenl S ((FRew )" = ((1F = (HaoPen ) < Ifllsso,

and a similar computation applies to |[(P(f1))o|. The third term above is esti-
mated using Lemma [3.2.7] part (2), as follows:

[(P(flogang)el < Z > K@ wIf@)ley)

zGQ yeQM\Q

<sup > Kz )| f(m)|n(y)

"9 yeqing
S D Koyl fy)ley)
yeQ\Q

lzql

< > Y Kow (e @)y

yeQUN\Q (=1
lzq

1 1 1
Z m f(‘r(Q))N(xEQ))

(=1

- Q) + ; 00 S W)

yeEQM\(QU{z3)’})
1

e+ —m- > (b

) ReD,(QM)
Sl fllsaro,
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finishing the computation as with II, before. Finally, for the last term we write

(P(flegm)o — (P(flegm))om|

11 . )
= mu(Q(”) a%c;g gg;n [P(flxow)(@) = P(flxon) @)ln{y)n)

ZZ ST @Iz @) — Kz y)lu(2)p(y)n(z)

a:eQ yeQM zex\QW

< sup Z @Kz, ) = K(2,9)ln(2),

z,yeQ® zeX\QM
and we split into annuli as with term I above to conclude. ]
Theorem 3.2.14. The Bergman projection P maps H'(X) into itself.

Proof. Let b € H'(X) be a simple atomic block supported on Q) € D, i.e.
b=a— {a)omlgw, with a supported in @) satisfying the right size condition. It
is enough to check that |Pb||z: < 1, and we do it by finding a decomposition of
it into atomic blocks that need not be simple, by the equivalence in Lemma [3.1.7]
Because of cancellation, we have

Pb=Y Drb= > Dgb+ Y Dgb

ReD ReD ReD
RQQ(I) ROQW
Q| Q|
=¥ Z<a ~ {abgu, hip Yy + ZDQM _ P ZDQ
ReD
RCQM

Clearly, supp(P%a) C @ and has mean zero, so it is an atomic block. By the
L?-boundedness,
1Pl S llallz < w(@)2,

so ||PPal|m S 1.
We next claim that, for each k, Dgw b is an atomic block. It is supported on
Q. where it has zero mean, and we can write it as

Dy = Tgu-1Dgmnb + Z 17D b.

T:TM=Q*)
T#QH—1

We have
_ 1
I Loe-1Dgwbllz < u(@* )2 [ Lgu-1Dow bl
_ lzg|
< p(QF D)2y |x§| k+1
~ p(QH1)

161l
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lzql
Vigol-k+1

T QD)2

by Hélder’s inequality, Proposition and the fact that ||b|l; < [|b|l;n < 1.

Analogously we get
Jlzel
lzq| -k

for every T € D such that 7MW = QW T £ Q*=_ It follows that Db is an
atomic block for every k =1,...,]Q| and

| L7 Do bll2 S

lzq] lzql lzql

v 14
|zq|—k+1 (k) |zql—k

Doublls § —2alkt -1 e r

IDauwbllz 5 W(QU—1)3 (atee) )M(Q(’H))E uQEY)z

Finally, we get
Q|

lzql
IPbllr ST+ VoGl a ST
k=1



Chapter 4

Sparse domination for the radial
Bergman projection

Sparse domination in harmonic analysis is a potent approach to the study of various
operators such as singular integrals and maximal functions. It provides a way to
control the behavior of these operators using sparse sets, which are subsets of the
domain that might not be disjoint but that are not too dense either. The key
idea is that certain operators, which could be difficult to handle directly, can be
dominated by simpler operators acting on these sparse sets, allowing for better
control and estimation of their behavior. More precisely, the goal is to dominate
the operator T" under study by a sparse operator

(Tf1, f2) S (Ashfi, f2), (4.1)

where
Asf(@) = (Nele(x)
QesS

and S is a family of sparse sets. This technique is particularly useful for es-
tablishing bounds and proving inequalities. Indeed, As is an averaging operator
that enjoys nice boundedness properties and the bilinear form domination (4.1 in
turn implies the same bounds for the operator of interest 7. Sparse domination
also plays a crucial role in the study of weighted norm inequalities, by entailing
weighted estimates in a really transparent way. Some basics and references about
sparse domination can be found in Section

The work presented in this chapter appears in [16] and is dedicated to estab-
lishing a sparse-like domination result and weighted inequalities for the Bergman
projection on radial trees. Specifically, we provide a standard sparse domination
in the simpler case of the doubling setting, where the structure of the measure al-
lows for more straightforward control. However, for the more involved nondoubling
case, we encounter additional challenges that require the inclusion of an extra term
to add to the sparse operator to properly account for the behavior of the Bergman
projection. This distinction highlights the increased difficulty in handling the non-
doubling case, where additional nuances must be considered. The idea behind this

94
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result is inspired by the work done in [19], where an extra term first appears that
allows for a sparse-type domination where a pure sparse domination cannot be
achieved.

4.1 Sparse domination

To start, we define the form E£s that represents the extra term needed in the
nondoubling context. If S C D is a sparse family we put

Es(fi, f2) = Z <f1>Q<% Z <f2>R>M(Q)- (4.2)

Q=QecS ( Q) R=ReS
ROZQM

Remark 4.1.1. From the orthogonality and normalization of the operators D, it
follows immediately that the truncations of P are uniformly L?-bounded

s

< 00. (4.3)

S
N L2(X)—L2(X)

Qo€D, FCD

Theorem 4.1.2. Let X be any radial tree and let fy, fo € LY(X). There exists a
sparse collection S such that

(P fr, [2)] S (Asfis f2) + Es(fi, fo)-

Proof. Since we will have X € S for all pairs (f1, f2), it is enough to prove sparse
domination for the operator P — (f)x1x. Let fi, f» € L'(X) be nonnegative, and
set Qo = X. We have

(Phi ) ={ ol ol + (D" Do, f2)

QeD

:<f1>Q0<f2>Q0:u(Q0) + <PQof1> f2>

Since @y € S, the first term in the right hand side above is acceptable, and we
focus on estimating the second for the remainder of the proof. We denote

Q? = {MDfi > 4||MDHL1(X)HL1’°°(%)<fi>Qo}7 i€ {1,2},

and Q° = QY U QY. We cover QY with a disjoint family ! C D, maximal with
respect to inclusion. For ¢ = 1,2, we apply the Calderén-Zygmund decomposition

from Theorem to f; and Remark at height \; = 4[| Mp|| 11 x)— 1100 2) (fi) Qo-

We next estimate the non localizing part of P, namely the truncation

PUf=PYf— > PYU.

QeF!
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We claim

(PR fr f2)] S (o (F2)aui(@o) + D (fi)o{f2)on(Q)

QeF!
b Y e X e)u@. (4a)
Q=QcF! q(z e ) giiizjal)

We split according to the Calderén-Zygmund pieces:

!(ngf1,f2>\ < !<73Q191 g2)| + |< b1, g2)| + ’<77§3191>bz>’ + |<73%)51752>’
T T4 T4 1V,

and we analyze separately the four cases. For term I, Cauchy-Schwarz’s inequality
and (4.3]) yield
1< [P grll2llgall2
S llgullzllgzll

S (ol il (F2)qoll fall)'?
- <f1>Qo <f2>Q0M(Q0).

To analyze the terms involving the bad parts in the Calderén-Zygmund decompo-
sition, we write

le Z Dpbig — Z Z Drbiq

D=DeD R=ReF' T=TcD
DNQM £( RNQW=p TCR
TNQM 0
[zql
_ZDQ(k>b1Q+ > Drbig. (4.5)
T= TeD
TCRMW\QO

For every T C QW \ Q°, we have by g|lr = (f1g)om, and so the last sum in (4.5)
vanishes. Using that Dgb1 g = 0 when @ is a singleton, the above formula reduces

to
lzq]

90 (b1.0) Z Db - (4.6)

Since PQ1 is self-adjoint, it is enough to study II and the estimate for III will
follow. For every k € {1,...,|zg|}, we put gé) = go — (go) gt By (3.3)), we

have (¢ r < |lg2|l B0 for every R € D (@(k)). Then, by the vanishing mean of
Dauc) (b1,¢) and Proposition we have

(D (b1,0), 92) =(Dg (b1,0); g2 = (92)5)
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=D (b1.0) L= llll95” L [

k
+ Y IPgwbie)inllllet 1l
2SS\l
g 1
S alibrall: nguBMo(H(—(k)) >
A\rq 2SS\l
<2l bl gzl saro-

Summing over k yields

lzql

S (PE(bo).92) S Ibalh ngHBMoZvﬂingH

Qer! QeF!
Sl f2ll1.@or(Qo)-
We are left with term IV, that we need to further split as follows:

(PRb1,by) = Y (PRbig. o)

Q,ReF1

<23 S (Pbig, b

QeFl ReF!
u(R)<u(Q)

=2 ) Vg,

QeF!

where

Vo =Y PR(big)z) > byg(x)u(x)

zeX ReF!
n(R)<p(Q)
= Z Pj?f(bl,Q)(CB) Z ba,r(z) ()
ze@® ReF!
n(R)<p(Q)
lzql
+Z Z PR (bro)(x) Z bo,r(z) ()
k=2 zeQM\Q(k—1) ReF!
n(R)<p(Q)
lzql
=: Va1 + Y Vo
k=2

For k > 2 we have b2,R(acg€)) = 0 because u(R) < u(Q). Therefore,

Vol =| Y PEBE) Y ber@u()
zeQFN\QK*-1) ReF!
n(R)<p(Q)

Y

97
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Y Y K - KR mghonl) Y bz

2eQUON\ (QUe—D) {5 (F) QW ReF!
CUINQET e ) v n(R)<u(Q)
< [|b1qlh Sup. > K& (2,y) — KR (@, 20)] Y |bar(@)|pu(z)
YERY o\ (k- 1™ ReFl
SRINQE Vg ) HR)<p(Q)
< nbmul( S Y e K% - K (rag) Y |b2,R<x>m<x>)
Q-1 £S=Fecp z€S yeQ™ ReFY, RCS
SM=qk) w(R)<u(Q)

ﬂmw > (angjz|mwm)

Q-1 £S=SeD r€S REF, RCS
Sk n(R)<p(Q)

< HleH1V|xQ\ k( Z <f2>3) S HleHlV\xQ\ k1 f2) Qo>
Q

(k=1)£5—5eD
S =gk

by Proposition [3.2.8] and the maximality of the Calderén-Zygmund cubes Q). For
IV we use (4.6) to get

Woi= Y P&Xbig)x) > byg(r)u(z)

ze@® ReF!
w(R)<p(Q)
lzq]
= Z Z,Da(k)bl,Q(x) Z ba,r(z)p(z)
zeQ() k=1 ReF!
p(R)<u(Q)
= Z D§<1)51,Q(9C) Z ba, (@) ()
zeQ( ReF1
p(R)<u(Q)
lzq]
+ 3 Y Dgwbiola) Y bar(w)u(a)
2eQ() k=2 ReF!
w(R)<p(Q)

= IVE, +1VY,
We next use Proposition to get

|zq] |IQ|

|z |—k+1
Wil <ol 3 L@ty 0 5 buatoln
zeQM)  ReF!
mR)<(Q)
lzql

|lzq]
<[[brqllx ZV|£Q| k1 (f2) QW
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lzql

|z
Slibvall(f2ae Y vl ki
k=2

Slerelli(f2)q

To estimate IV¢, ; we proceed differently depending on whether @) = Q or not. In
the latter case, we use Proposition and the fact that u(Q) ~ u(QW) to get

IHCQ\

IWJ<MWMMZ S o))

zeQ()  ReF!
wR)<u(Q)

S ||bl,QH1 Z 162,12

ReF!
RCQ<1>

Soelli(f2)om S 0ol (f2)qo

If Q = Q, then we split again as

Vo1 = Dymbie(®) Y bas(@)u()

zeQ ReF!
w(R)<u(Q)

—+ Z D@(l)bLQ(Qf) Z b27R<£L'),u<l')

PEQON@ULzg ) WA
a,l a,2
Hence Proposition yields
VG <D [Dgmbia(@)] Y |bar(@)|p(@)

z€Q ReF!

RD_QM)
S,HbLQHl Z > lbor(@)|p(x)
IGQ ReF!
RM=Q®
s\lbl@\ll( > (felshow + <f2>Q)
SeD1(QM)
S#Q

<lbrelli((f2m + (f2)0) < lbrelli((f2)au + (f2)a)-
Finally, for the last term, agam by applylng Proposition [3.2.9 and using the fact

that if u(R) < pu(Q) and QW ) then R = R,
VEl< Y Dgwbie@)] Y [bas()lu()
2€QM\(QU{z$)’}) ReF!

m(R)<p(Q)
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summ@ﬁ S Y @)@

Q Me@»\(@u{mgm ReF"

w(R)<p(Q)
1 1
<lbrelh—Av—m-
1(Q) q(xg))
( Y Y Yk Y Y |bQ,R<x>|u<x>)
SeD (QW) ReF! z€S R=ReF! zeQ\Q
SgE}'l R(l)gS R(l):Q(l)
< 1 L |lbarll
ool | 3 (X Pasbst X 2
( Q )S€D1(Q(1)) ReF! R=RcF! Q(xQ ) H
SgE.Fl R(Ugs R(l):Q(l)

1 1
§||b1,QHl<f2>Qo<T > 1>+||b1,c;)||1m Y. (fo)r
)

(xQ ) SeD; (QM ( Q ) R=RecF!
Sé]'-l R(1>:Q(1)

§||51,Q||1(<f2>c20+q# > (f2>R>.

1)
(20") p mer
RM—Q)

So, when () is a sector, we control the term IV by

IVaal < Hbl,Q”1<<f2>Qo + (et ——r ) <f2>R)-
o) .=
NTQ ) p—FRer
R—Q

Collecting all the estimates together yields

[zl

Vol < [IVoul+ ) [IVaul
k=2

lzql
z 1
< bl <<f2>Qo (1 +> V||x§||7k+1> + (fa)g + D) > (f2>R)
k=2

( Q ) R=ReF!
RM =@

1
Slbrelli(f2)as + Ibrelli(fa)e + lIbrelh—m Y. (fo)r,
(IQ ) R=ReF!
RD=Q)
whenever Q = @, and
Vol S llb1.qll (f2)q0

in the singleton case. Finally, we obtain

V< ) Vol
QeF!
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<SS bl ((Bdaw + (F)a) + 3 bl ; S (ol

1
QeF! QR=QecF! ( Q ) R=RcF!
RMW =W

<(f)ao{f2)au(@o) + D {fi)olf2)on(@)

QeF?

+ (fi)e ((](ZL';(I) Z <f2>R)M(Q)-

Q=QcF Q ) R=ReF!
RM=Q®)

This concludes the estimate for IV and yields (4.4]), which in turn implies

(P9 f1, fo) §C<<f1>Qo<f2>Qou(Qo) + ) (folfen(@)

QeF?
1
+ Z <f1>Q(m Z <f2>R)M(Q)>
Q=QcF! Q@ / R=ReF!
RO—OM
+ Z R(filg), f21R),
ReF!

because supp(P? f) C R for each R € D. On the other hand,
(%) <p(N) + p(€2)
<Ml —rre @)

( | f1]]1 . 1 f2ll1 )
4[Mopl 1 @)ysrre@ (fi)oe  4IMop|lpr@)—rte@) (f2) Qo
@)

2

We may then declare that Qy € S and choose Eg, = Qo \ ©°, because we have
just proved that pu(Eg,) > $1(Qo). The proof then ends by iteration. Indeed, for
every R € F! we can now estimate

|<73R(f113),f211R)|§C<(f1>R<f2>R,u(R)+ > (A)e(fa)ru(T)

TeFY(R)

+ Z <f1>T(% Z <f2>s)#(T))
T=T€F2(R) q(zy )S=§ef2(R)
(1) =p(1)
+ Z T(filr), folr),

TeF3(R

applying (4.4). We then proclaim that F! C S and construct the corresponding
sets B for each R € F! as before. The procedure can be iterated and yields the
assertion after summing all the estimates for each cube. O]
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Remark 4.1.3. The proof of Theorem [4.1.2] was written down specifically for
P, but the result could be formulated in a much more general way. Clearly, the
iterative scheme of proof and the construction of S do not rely on the specific
definition of P and could have been carried over with any operator. Then, the
core of the proof consists in estimating the action of the truncations 73]% over
the parts of the Calderén-Zygmund decomposition of f; and f;. Those estimates
in turn rely on uniform L?-boundedness of truncations (good-good term), which
can be formulated in a general way, and kernel estimates (good-bad and bad-bad
terms). The kernel estimates and the form Es are what is specific of P and of the
way in which we choose to split our operator into scales. It is conceivable that
the same scheme of proof can be applied to the study of other operators whose
structure is tied to that of a martingale filtration in any filtered space, finding
wider applicability. In the nondoubling situation, however, one should expect that
additional terms like &g play a role in the study of most sparse domination results
to compensate the lack of regularity of the underlying filtration.

In the next corollary we show that Theorem |4.1.2| recovers the standard sparse
domination result for P when ¢ : X — N is bounded.

Corollary 4.1.4. Let X be a radial tree such that q is bounded and let fi, fo €
LY(X). There exists a sparse collection S such that

[(Pf1, f2)l S (Asfr, fa)-

Proof. Assume that g(z) < M for some M > 0 and every x € X. In that case
w(QW) < u(Q) for all Q and so

Es(fi, ) =D (f)e o (1))< > <f2>R>M(Q)

Q€S e R=ReS
RM=QM
< Z fi)a (f2) o (QM)
Qes )
S Z f1) Q(l) f2>Q<1)M(Q(1))-
Qes

But
1(Eg) 2 (@) 2 (W),

which means that if S is sparse, then the family S = {Q®" : Q € S} is also sparse
(with a different sparse constant), and that the bound given by Theorem [1.1.2]
becomes

<Pf17f2> <A5f17f2> <A3f17f2>

This is a sparse estimate, because the union of two sparse families is sparse by

Corollary [1.4.5] ]
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4.2 Weights and the B, condition

Let now move to the study of the weighted inequalities that follow from Theorem
4.1.2] Keeping in mind Definition of weights on R, we define a weight on the
tree as a function w : X — (0,00) and for £ C X denote

zel

In the doubling setting, the natural class of weights is the Muckenhaupt class,
consisting of the weights for which the maximal function is bounded on the cor-
responding weighted space. Notice that in our context the standard Hardy-
Littlewood maximal function and the dyadic one coincide, since the family of
all balls and the family of dyadic sets are the same. Then the dyadic Mucken-
haupt class of weight on X can be defined in analogy with the Fuclidean setting
by means of Theorem [1.2.6] For p € (1, 00), let

1y
By(%, ) = {w: % = (0,00): [wly a0 = sup{w)afw #1)f " < oo}
€
where (w)g = w(Q)/u(Q). In order to lighten the notation, the class B, (X, p) will
be just denoted by B,(u). For w € B,(X, 1) and p € (1, 00), we consider

@ w) = {12 2 = C: fllpw = (X @ Puw@n@) " < oo},

Remark 4.2.1. Exactly as in Proposition [.4.9] it can be shown that Ags satisfies
weighted inequalities for weights belonging to the Muckenhaupt class, regardless
of whether the context is doubling or not. Therefore, for any radial tree X and

w € By(p), As is bounded on LP(X,w) and

max{l,L

HASHLP(}:,w)—wP(}I,w) S [W}Bp(u) o

Corollary 4.2.2. Let X be a radial tree with q bounded and let p € (1,00). If
w € B,(u), then for f € LP(X,w)

max{l,ﬁ}

1P flleecw) S [wlp gy " I llercew-

Remark 4.2.3. Observe that the sufficient condition we identified for the weights
to ensure the weighted boundedness of the Bergman projection can be viewed as
the discrete analogue of the condition found in [4] by Bekollé and Bonami for the
same problem in the context of the hyperbolic disk. Indeed, our supremum is taken
over all dyadic sets, but it is immediate to see that whenever () is a singleton, the
product of the two w-measures equals 1. Thus, we can simply take the supremum
over the sectors, which correspond to the discrete equivalent of the Carleson boxes
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on the disk, over which the supremum is taken in [4]. In addition, our quantitative
results (in particular the linear dependence on [w]p,(,) in the L*-bound) are in
line with their continuous counterpart from [42]. This correspondence justifies the
choice of referring to the class as B, rather than A,,.

Now, let us focus on the more challenging problem of finding a suitable class
of weights for the nondoubling case. The presence of s in the sparse domination
introduces additional complexities, and the Muckenhaupt class B, turns out to be
too large for our purposes there. To address this issue, we introduce a new class
of weights, which is more refined and tailored to handle the extra term &g,

1,
B,(p) == {w: X —(0,00): [wlp = sup (w)glw »1)k ' < oo}
Q,ReD
oW =rM

It is straightforward that [w]p, () < [w]g (). hence B,(1) € By(p).
Before turning to the proof of the weighted estimates, we prove the following
fact satisfied by B,(u) weights.

Lemma 4.2.4. If E C S and p(F) ~ u(S), then
w(S) S [wl,ww(E). (4.7)

Proof. By Hélder’s inequality

p(E) =" w (x)w s (x)u(x)

zel

< (Zw<x>u<x>>p ( w-i'@m(a:))

=w(E)r (w7 (E))”.

By definition of [w]p,(,) we have

Wl 2 ey s ST ey C w(B) (w5 (B))¥
so that
W) o wE)
w E) ~ [ ] p (1) wf%(S))ﬁ = [ ] (1)

O

Theorem 4.2.5. Let X be any radial tree and let p € (1,00). If w € B,(p), then
for f € LP(X,w)
IPAllcr ) Stulg, . 111 @w)-
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Proof. Let p € (1,00), f € LP(X,w) and g € L” (X, w). By Theorem {4.1.2| we have
that there exists a sparse collection S such that
(Pf,gw) < (Asf, gw) + Es(f, guw).

Furthermore, by Remark [4.2.1], we already know that Ags is bounded on LP(X, w)
and we only have to deal with Es(f, gw):

ss<f7gw>:2<f>Q<% ) <gw>R>M<@>

Qes q(zq’) R—ReS

x(zw-’;’@)(% 3 <gw>R) )
Qes 1(7q) p s
RO—Q)

Concerning the first factor, by (4.7) and 4 of Proposition|1.2.7] i.e that [w_%]Bp/(u) =

[w] gp(ﬂ) , we obtain

S[w]i(u) (Z fp(x)wp'_z;/(fﬂ)u(x)> p

=[], I f | o)

For the second one we use Jensen’s inequality to get

(zw’:ﬁ@(% 5 <gw>R> )
Qes 9(7q) phes
RO
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(@ 1 oY
- (; HQ)” <q< &) RZ e <R)> )

g —ResS

RM—0M)
< (el

Q.rep (@
QW=RM

RMH=QM
v s\ 7
5( ap " <)@>w<R> )

>< (Z ¥ <gw>5§,ww<R>>p
Qes 4(Tq)

< ( g, i) (Zootora)
Q=R

<

~

L
[w] IZP(M) [w]]z;’p(u) ||g||LP/(x,w)7

where in the last step we proceeded as we did for the first factor. Finally, gathering
all the estimates together

1 %4-%
gS(f: gw) 5 [w]]p;:p(“) [w}p

B I eecew 19l e x w)
and then

p? P

1 Z4d
(Prgw) S luls Tl |l llal .
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