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Abstract

The locally trivial monodromy group is an important locally trivial deformation in-
variant for irreducible symplectic varieties and plays a fundamental role in their
bimeromorphic classification, by Global Torelli Theorem. While this group has
been determined for all known deformation classes in the smooth case, this prob-
lem has only been partially addressed in the singular setting. This Thesis con-
tributes to completing this picture by explicitly computing the locally trivial mon-
odromy group for a distinguished and rich class of irreducible symplectic varieties,
namely singular moduli spaces of sheaves on Abelian surfaces. We establish a
lattice-theoretic description of this group and provide a clear geometric interpreta-
tion of the latter: we prove that it is isomorphic to the classical monodromy group
of a smooth moduli space of sheaves of the same kind, embedded within the most
singular locus of the singular moduli space. Moreover, its generators are explicitly
described as isometries induced by monodromy operators of the underlying sur-
face and certain Fourier-Mukai equivalences on the derived category of the latter.
Finally, as a main geometric application of the monodromy description, we prove
the SYZ conjecture for this locally trivial deformation class of singular symplectic
varieties, showing that any nef and isotropic line bundle induces a Lagrangian fi-
bration.





Introduction

The classification of complex varieties is a central problem in Algebraic Geometry.
In this context, a role of great relevance is played by varieties with numerically
trivial canonical divisor. Bogomolov decomposition Theorem ([Bog74], [Bea83],
[GKP11], [Dr18], [DG18], [GGK19], [HP19]) allows reducing the problem of their
classification to the study of three classes of varieties: complex tori, irreducible
Calabi-Yau varieties, and irreducible symplectic varieties (Chapter 1). This Thesis fo-
cuses on the study of the latter, and fits into a line of research that has been very
active and in constant evolution over the last forty years.

The first case to be studied and which guided the development of this theory
was the smooth case of irreducible holomorphic symplectic manifolds, also known as
compact hyperkähler manifolds. This study led to the construction of several classes of
examples of these manifolds and to a refined methodological framework for their
classification.

Up to deformation, the currently known examples of irreducible holomorphic
symplectic manifolds are K3 surfaces in dimension two, Hilbert schemes of points
on K3 surfaces and generalized Kummer manifolds on Abelian surfaces in every
even dimension ([Bea83]), and two sporadic examples in dimension six and ten,
obtained as desingularizations of moduli spaces of sheaves on K3 and Abelian sur-
faces ([OG99], [OG03]). These have been the only families of examples known for
several years. The compelling challenge of producing new examples of this type
has animated a huge sector of this research field. However, the difficulty of this
task has also led to an interest in their singular analogs, as removing the smooth-
ness assumption makes it significantly easier to find new examples, and as they are
more natural in view of the Minimal Model Program.

In the singular setting, we encounter various examples of irreducible symplec-
tic varieties, arising from constructions of diverse nature: for instance, contractions
of K3 surfaces and Hilbert schemes of points on these ([GPP24], [LBP25]), orbifolds
obtained as quotients of smooth symplectic varieties by the action of specific auto-
morphism groups (and their partial resolutions - see [BGMM25], [FM21], [MT07],
[Men14], [Men18], [Men18], [Men20], [Men22b], [Mon13]), and moduli spaces of
semistable sheaves on K3 and Abelian surfaces ([Mu84], [Mu87], [OG97], [Yos01a],
[KLS06], [PR23], [PR24]) - the latter being a particularly rich source of examples and
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of central relevance to this work (Chapter 3). In this setting, a rigorous classifica-
tion is currently far from being achieved, yet the methodological approach to this
problem is well prescribed by Torelli Theorems ([Bea83], [Mar11], [Ver13], [BL21],
[BL22]).

For an irreducible symplectic variety - both smooth and singular - Global Torelli
Theorem (Chapter 2) asserts that most of its geometry is encoded in its second inte-
gral cohomology group, specifically in its lattice and weight two Hodge structure,
through a period map. In the case of K3 surfaces, which inspired this construction,
the period completely determines the geometry, leading to the classical formulation
of Global Torelli Theorem: "two K3 surfaces are bimeromorphic (hence isomorphic) if and
only if there exists a Hodge isometry between their respective intersection lattices".

In higher dimensions, a new tool is introduced into this classification framework
to measure how far the period is from fully determining the geometry of an irre-
ducible symplectic variety: the (locally trivial) monodromy group. This special group
of isometries arising from deformations represents the natural constraint that quan-
tifies the distance between the formulation of Global Torelli Theorem for a defor-
mation class of irreducible symplectic varieties and the classical one stated for K3
surfaces.

In the smooth case, the monodromy group has been computed for any known
deformation class ([Mar08], [Mar22], [Mon16], [MR21], [Ono22]), while in the sin-
gular setting this problem has been addressed only partially. Indeed, the locally
trivial monodromy group is only known for some special classes of orbifolds
([BMM24], [Nan25]) and is almost complete in the case of singular moduli spaces of
sheaves. More precisely, after such computation for two sporadic examples in the
case of moduli spaces of sheaves admitting a desingularization ([MR21], [Ono22]),
a systematic computation for all singular moduli spaces of sheaves on K3 surfaces
has recently been achieved ([OPR24]). The missing piece in this framework is a
systematic computation of the locally trivial monodromy group of singular moduli
spaces of sheaves on Abelian surfaces, which is precisely the subject of this work
(Part II).

Main results

The research contribution of this work is presented in Part II and the main results
are listed in the following.

∗ Theorem A.1 (Theorem 5.2.1, Theorem 6.3.4 - second part, Corollary 6.3.6 -
second part): we provide a lattice-theoretic description of the locally trivial
monodromy group Mon2

lt(X) of an irreducible symplectic variety X that is
locally trivial deformation equivalent to a singular moduli space of sheaves
Kv(S, H) on an Abelian surface S.

The outcome is that, up to two exceptions discussed in Section 6.4, the group
Mon2

lt(X) coincides with the group N(X) of orientation preserving isometries
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of H2(X, Z) acting as ±id on its discriminant group and belonging to the ker-
nel of the character det · disc (Appendix B.4). The lattice-theoretic description
coincides with that achieved by [Mar22], [Mon16] in the smooth case. We also
point out that, in all of these cases, all deformations are locally trivial, hence
Mon2(X) = Mon2

lt(X) = N(X).
Moreover, we manage to establish an inclusion Mon2

lt(X) ⊇ N(X), holding
also in the exceptional cases.

∗ Theorem B.1 (Corollary 6.3.3,Theorem 6.3.4 - first part, Corollary 6.3.6 - first
part): we relate the monodromy group of a singular moduli space of sheaves
Kv(S, H) - with v = mw, m > 1 and w a primitive Mukai vector of square
greater than 4 - to the monodromy group of a smooth moduli space of sheaves
Kw(S, H) by means of an isomorphism of groups arising from a geometric con-
struction. We show that, for any irreducible symplectic variety X as above,
each connected component Z of its most singular locus is an irreducible holo-
morphic symplectic manifold deformation of Kw(S, H) and its closed embed-
ding iZ,X : Z ↪→ X induces an isomorphism of groups i♯Z,X : Mon2(X) →
Mon2(Z).

∗ Theorem A.2 (Theorem 7.2.4, Corollary 7.2.14): as a geometric application
of Theorem B.1, we prove the SYZ conjecture for any irreducible symplectic
variety X as above, by showing that, for any nef and isotropic line bundle L
on X, there exists a Lagrangian fibration f : X → B such that L = f ∗OB(1)
and we compute its polarization type.

Structure of the Thesis

The Thesis is organized into two Parts and an Appendix.
Part I provides the essential preliminary material, introducing the theory of ir-

reducible symplectic varieties and outlining their classification problem, along with
the methodological framework developed to address it. Moreover, some examples
are presented, with main focus on the case of moduli spaces of sheaves on K3 and
Abelian surfaces.

In Chapter 1 we present the general theory of irreducible symplectic varieties.
We recall the main definitions, describe their key properties and provide an overview
of known examples. We begin by introducing the smooth case of irreducible holo-
morphic symplectic manifolds, in Section 1.1. We discuss their fundamental proper-
ties and we review the deformation classes known so far. In Section 1.2 we shift our
focus to the singular setting. We introduce the notions of primitive and irreducible
symplectic varieties, as generalizations of the notion of irreducible holomorphic
symplectic manifold, we study their main features and their singularities type, and
we present some key examples.

In Chapter 2 we address the problem of the classification of this kind of varieties
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via Torelli Theorems and we point out the fundamental role played by the locally
trivial monodromy group at this stage. After presenting Local and Global Torelli
Theorems and carefully defining monodromy operators in the smooth setting, in
Section 2.1, we introduce the technical machinery of locally trivial deformations for
singular symplectic varieties, in Section 2.2. In Section 2.3 we state a generaliza-
tion of Global Torelli Theorem for primitive symplectic varieties and we define the
locally trivial monodromy group.

Chapter 3 is devoted to presenting the theory of moduli spaces of sheaves on
K3 and Abelian surfaces. In Section 3.1 we outline their construction - starting from
a triple (S, v, H) made of a K3 or Abelian surface S, a Mukai vector v of type (m, k),
and a v−generic polarization H (see Definition 3.1.15) - and we explain how these
provide examples of irreducible symplectic varieties, both smooth and singular.
Their key properties, needed to approach their classification in light of the previ-
ous discussion, are presented in Section 3.2 and Section 3.3, respectively, which con-
tain some insights on their locally trivial deformations and on their second integral
cohomology group, respectively. A remarkable property is that both these features
only depend on the numerical data (m, k) associated to the Mukai vector. Finally, in
Section 3.4, a description of the locally trivial monodromy group of moduli spaces of
sheaves is provided in all cases where this computation is known in the literature.
This overview brings to our attention that the only missing piece is a systematic
computation of the locally trivial monodromy group of singular moduli spaces of
sheaves on Abelian surfaces.

Part II is entirely dedicated to the original research content of this work, consist-
ing of the computation of the locally trivial monodromy group of singular moduli
spaces of sheaves on Abelian surfaces. Each of the first three Chapters constitutes
a step in the proof of the main result, while the final Chapter is devoted to its con-
sequences.

In Chapter 4 we introduce a groupoid representation designed to encode the
monodromy information of a moduli space in a natural way. In Sections 4.1 and
4.2 we define a groupoid Gm,k of triples (S, v, H) of (m, k)−type, whose morphisms
come from deformations of the triple itself, or from Fourier-Mukai equivalences,
respectively. In Section 4.3 we construct two different representations of Gm,k with
values in groupoids of free Z−modules, formalizing the fact that morphisms in the
above-mentioned groupoid induce locally trivial parallel transport operators. This
is the technical tool that allows us to construct monodromy operators in the next
Chapter.

In Chapter 5 approach a first lattice theoretic description of the locally triv-
ial monodormy group, by exhibiting an important subgroup, namely the group
N(Kv(S, H)) introduced in Appendix B.4 and Section 3.4. In Section 5.1 we show
that monodromy operators of the underlying Abelian surface S induce locally triv-
ial monodromy operators on Kv(S, H) via the groupoid representation defined in
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Section 4.3. In Section 5.2 we include the group N(Kv(S, H)) in Mon2
lt(Kv(S, H)) by

showing that its generators belong to the image of the above-mentioned represen-
tation.

In Chapter 6 we relate the locally trivial monodromy group of a singular mod-
uli space Kv(S, H) with the monodromy group of a smooth moduli space by means
of an isomorphism which arises from an explicit geometric construction. The key
point is the study of the most singular locus of Kv(S, H) and the action on the sec-
ond integral cohomology group of its closed embedding, that will be addressed,
respectively, in Sections 6.1 and 6.2. The latter will be used in Section 6.3 to pro-
duce an injective morphism on the respective locally trivial monodromy groups.
Surjectivity of the latter will be shown building on the lattice theoretic description
achieved in Chapter 5, especially the inclusion of Section 5.2. Finally, in Section 6.4,
we discuss some necessary numerical assumptions on the Mukai vectors v consid-
ered.

In Chapter 7, we discuss some applications of the monodromy description
achieved in Chapter 6. In Section 7.1, we deduce some straightforward applica-
tions of the main Theorem in its lattice-theoretic formulation (Theorem A.1), partic-
ularly in relation to the issue of the classification of irreducible symplectic varieties
belonging to this locally trivial deformation class. In Section 7.2, we present an ex-
plicit geometric application of the main result in its intrinsic formulation (Theorem
B.1), proving the SYZ conjecture for this class of irreducible symplectic varieties.

Finally, we collect in the Appendix further preliminary material and technical
tools that support the main body of the Thesis.

In Appendix A we recall the general theory of moduli spaces of sheaves, as the
solution of the problem of defining a scheme that parametrizes sheaves on a po-
larized varieties, with fixed numerical invariants and satisfying suitable stability
conditions. In Section A.1 we introduce stability conditions for coherent sheaves
and we set a natural way to fix their numerical invariants. In Section A.2 we state
the moduli problem formalizing the question of the existence of such a parametriz-
ing space and in Section A.3 we sketch the construction of the latter via Geometric
Invariant Theory.

In Appendix B we gather technical results on lattice theory that are used through-
out the computations in Chapter 5. In Section B.1 we introduce some special groups
of isometries defined as kernels of natural characters and group morphisms. In Sec-
tion B.2 we study some properties of primitive embeddings of lattices, together with
some classical existence and uniqueness results for lattices, in Section B.3. We con-
clude the Appendix by introducing the special groups of reflections that arise in
the lattice-theoretic description of the locally trivial monodromy groups of moduli
spaces of sheaves and the monodromy group of the underlying surfaces, in Sections
B.4 and B.5, respectively.
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Chapter 1

Irreducible symplectic varieties

Over the past decades, the study of irreducible holomorphic symplectic manifolds - also
known as compact hyperkähler manifolds - has been a popular and steadily evolv-
ing research topic in complex algebraic geometry. Among the main motivations of
this momentum we find foundational classification results such as Bogomolov De-
composition Theorem, which identifies the latter as a distinguished class of mani-
folds with numerically trivial first Chern class, and by the ambitious challenge of
constructing new examples of such manifolds. This class of manifolds has been in-
tensively studied and the theory of their bimeromorphic classification has reached
a good level of refinement. More recently, attention has shifted towards the singu-
lar setting, with the development of a theory of singular symplectic varieties that
generalizes the key features of hyperkähler geometry and its classification theory,
while at the same time bringing a wide range of new examples into the picture.

This Chapter is devoted to introducing the theory of such varieties, collecting
the main definitions, describing the key properties that characterize them and pro-
viding an overview of known examples. We will begin by dealing with the smooth
case of irreducible holomorphic symplectic manifolds, in Section 1.1, and then move to
the singular setting, in Section 1.2, focusing on the notions of primitive and irreducible
symplectic varieties, that will be crucial for the second part of this work.

1.1 Irreducible holomorphic symplectic manifolds

We begin by considering the smooth case of irreducible holomorphic symplectic
manifolds. This choice is motivated both by historical reasons, as these manifolds
were the first to be studied, and by the fact that their theory provides a natural and
technically simpler starting point for the development of the singular case through
suitable generalizations. In Section 1.1.1, we introduce the main definitions and
fundamental properties of irreducible holomorphic symplectic manifolds, together
with the key tools needed to address the study of their geometry, while in Section

3



4 CHAPTER 1 IRREDUCIBLE SYMPLECTIC VARIETIES

1.1.2, we will briefly review the known families of examples of this kind of mani-
folds.

1.1.1 Definition and main properties
In the following, we will work only with smooth manifolds defined over the com-
plex field C, referring to these as complex manifolds.

Definition 1.1.1. Let X be a compact complex Kähler manifold.
(1) A holomorphic symplectic form on X is a closed holomorphic 2−form σX ∈

H0(X, Ω2
X) which is everywhere non-degenerate.

(2) The manifold X is an irreducible holomorphic symplectic (IHS) manifold if it is
simply connected and there exists a holomorphic symplectic form such that
H0(X, Ω2

X) ≃ CσX as complex vector spaces.

Remark 1.1.2. If X is an IHS manifold, then, by definition, the holomorphic sym-
plectic form σX is unique up to scalar multiplication. Furthermore, from the exis-
tence of the latter, we can deduce the following fundamental properties:

(1) The (complex) dimension dim X of X is even. Indeed, the holomorphic sym-
plectic form σX acts point-wisely as an alternating form on the tangent space.
By non-degeneracy, we conclude that there exists a positive integer n ∈ N∗

such that, for any x ∈ X, it holds dim(TxX) = 2n.
(2) The non-degeneracy of the symplectic form also induces an isomorphism be-

tween the tangent bundle TX of X and the cotangent bundle Ω1
X of X.

(3) The canonical bundle KX of X is trivial, as, set dim X = 2n, the closed holo-
morphic n−form σn

X ∈ H0(X, Ωn
X) defines a trivializing section. In particular,

we get c1(X) = 0.

In the more general context of compact complex Kähler manifolds with numer-
ically trivial first Chern class, irreducible holomorphic symplectic manifolds play a
fundamental role. Their classificatory importance stems from Bogomolov Decom-
position Theorem, which identifies IHS manifolds as fundamental building blocks
in this framework:

Theorem 1.1.3. Let M be a compact, complex Kähler manifold such that c1(M)R = 0 ∈
H2(M, R). Then there exists a finite étale covering M̃ → M such that M̃ decomposes as a
finite product

M̃ = T × ∏
i

Yi × ∏
j

Xj,

where T is a complex torus, Yi are irreducible Calabi-Yau manifolds for every i and Xj are
irreducible holomorphic symplectic manifolds for every j.

Proof. See [Bog74] for the original statement, see also [Bea83, Section 5, Théorème
2] for a complete proof.
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Remark 1.1.4. Irreducible holomorphic symplectic manifolds represent the alge-
braic counterpart of compact hyperkähler manifolds. We recall that a Riemannian
manifold (M, g) is called hyperkähler (HK) if there exist three complex structures I, J
and K on M satisfying the quaternionic relations and such that the metric g is Kähler
with respect to I, J and K. Notice that this condition provides a family of complex
structures, parametrized by P1, with respect to which the metric g is Kähler.

According to Berger’s classification of Riemannian holonomy groups ([Ber55]),
hyperkähler manifolds correspond to Riemannian manifolds (M, g) of real dimen-
sion 4n whose holonomy group equals to the symplectic group Sp(n).

If (M, g) is a compact hyperkähler manifold and I, J and K are complex struc-
tures as above, then X = (M, I) is an IHS manifold, with symplectic form σI =
ωJ + iωK, where ωJ and ωK are the Kähler forms associated to J and K, respectively.
Conversely, as a consequence of Yau’s solution of the Calabi conjecture, if X is an
IHS manifold, then any Kähler class ω ∈ H2(X, R) determines a unique Ricci-flat
metric g on the underlying real manifold M such that (M, g) is hyperkähler.

In light of Remark 1.1.4, with a slight abuse of terminology, we will refer to
manifolds satisfying Definition 1.1.1 also as hyperkähler manifolds.

Second integral cohomology

We conclude this preliminary overview of foundational results on IHS manifolds
by focusing on some key properties of the second integral cohomology group of the
latter. Similarly as in the case of K3 surfaces, this object carries significant geometric
information on the manifolds under study and will be used to approach their clas-
sification, as will be explained in the next Sections (1.1.2 and 2.1). In the following,
we will let X be a IHS manifold.
(P1) H2(X, Z) is a free Z−module of rank b2(X).
Indeed, as X is simply connected by definition, Universal Coefficient Theorem for
Cohomology implies that H2(X, Z) is torsion free.

Remark 1.1.5. From simple connectedness we also deduce that H1(X, Z) is triv-
ial, hence the first Chern class provides an isomorphism between the Picard group
Pic(X) and the Néron-Severi group NS(X) of X. Under this identification, we will
consider the Picard group as a subgroup of H2(X, Z).

(P2) H2(X, Z) carries a non-degenerate integral symmetric form qX of signature
(3, b2(X) − 3), called Beauville-Bogomolov-Fujiki (BBF) form. By denoting by
qX(·, ·) the associated bilinear form, we will refer to the lattice (H2(X, Z), qX)
as the Beauville-Bogomolov-Fujiki (BBF) lattice of X.

The existence of the BBF form is due to Beauville, as stated in the following Theo-
rem, together with some key properties of the latter.



6 CHAPTER 1 IRREDUCIBLE SYMPLECTIC VARIETIES

Theorem 1.1.6. Let n be a positive integer, let X be an IHS manifold of dimension 2n and
let σ ∈ H0(X, Ω2

X) such that
∫

X(σσ)n = 1.
(1) The assignation, for any α ∈ H2(X, R),

fX(α) :=
n
2

∫
X
(σσ)n−1α2 + (1 − n)

( ∫
X

σn−1σnα
)
·
( ∫

X
σnσn−1α

)
(1.1)

defines a quadratic form on H2(X, R). Furthermore, there exists a positive constant
c ∈ R such that c · fX =: qX is a primitive integral quadratic form on H2(X, Z) of
signature (3, b2(X)− 3).

(2) For any σ as above, it holds

qX(σ) = 0 and qX(σ + σ) > 0.

(3) For any Kähler class ω ∈ H2(X, R), it holds qX(ω) > 0.
Proof. See [Bea83, Section 8, Théorème 5] or [Huy99, Sections 1.4-1.9].

Another remarkable property of the BBF form was proved by Fujiki in [Fuj87],
showing that there exists a positive rational constant cX ∈ Q, called Fujiki constant
of X, such that, for any α ∈ H2(X, Z),∫

X
α2n = cX · qX(α)

n. (1.2)

Remark 1.1.7. We point out that equality (1.2) implies that the BBF form qX defines
a differential and topological invariant of the manifold X.

Further details concerning the geometric information encoded in the BBF lattice
structure will be addressed in the next Sections. We conclude this part with the
last property of H2(X, Z) that needs to be highlighted for classification purposes
and, in contrast with the above-mentioned ones, strongly depends on the complex
structure of X.
(P3) H2(X, Z) admits a pure weight 2 Hodge structure, given by

H2(X, C) = H2,0(X)⊕ H1,1(X)⊕ H0,2(X),

where H2,0(X) = H0(X, Ω2
X) ≃ CσX, H0,2(X) = H2(X,OX) ≃ CσX and

H1,1(X) = H1(X, Ω1
X).

This is straightforward from Hodge Decomposition Theorem, as X is a compact
Kähler manifold, and from Definition 1.1.1.
Remark 1.1.8. From (1.1), we deduce that H1,1(X) is orthogonal to H2,0(X)⊕H0,2(X)
with respect to the BBF form. Moreover, from (2) and (3) of Theorem 1.1.6, it follows
that, for any Kähler class ω ∈ H1,1(X, R), the real vector space

⟨ω, Re(σ), Im(σ)⟩R

is positive with respect to qX,R and it can be checked that the latter provides the
prescribed signature (3, b2(X)− 3).
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These considerations will be used in the next Chapter to provide a well defined
notion of period for IHS manifolds and discuss their moduli theory.

1.1.2 Examples
We will now present some fundamental examples of IHS manifolds in every even
dimension and briefly discuss their deformation theory, following [Huy99, Section
1.12]. In particular, we will see that deformations of the examples described below
provide many further examples of IHS manifolds. On the other hand, the corre-
sponding deformation types are the only ones known so far: every known example
of an IHS manifold belongs to one of these families. Nonetheless, there is currently
no evidence that these are the only possible deformation types in any fixed dimen-
sion, with the only exception of the case of surfaces.

We recall that a deformation of a compact complex manifold X is a smooth and
proper holomorphic map f : X → T (family) of analytic spaces onto a connected
base T, such that there exists a distinguished point t ∈ T such that the fiber Xt :=
f−1(t) over t is isomorphic to X.

Remark 1.1.9. If X is an IHS manifold, as H0(X, TX) ≃ H0(X, Ω1
X) = 0, there exists

a universal deformation f : X → De f (X) of X, meaning that, for any deformation
fT : XT → T of X, there exists a unique holomorphic map T → De f (X) such that
XT ≃ X ×De f (X) T. Here, the base De f (X) is the germ of an analytic space and
there exists a point 0 ∈ De f (X) such that X0 ≃ X.

Furthermore, by a result of Tian ([Tia87]) and Todorov ([Tod89]), the base De f (X)
is smooth of dimension h1(X, TX) = h1(X, ΩX) = h1,1(X) and in this case the de-
formations of X are said to be unobstructed.

From now on, given an IHS manifold X, up to shrinking the base, we will deal
only with small deformations of X, i.e. families with base an analytic open neigh-
borhood of 0 in De f (X).

Theorem 1.1.10. Let X be an IHS manifold and let f : X → T be a small deformation of
X. Then, for any t ∈ T, the fiber Xt over t is an IHS manifold.

Proof. See [Bea83, Section 8, Proposition 9].

Hence, any small deformation of an IHS manifold is again an IHS manifold and
the notion of deformation of IHS manifolds is well posed.

At this stage, we recall that deformation equivalent complex manifolds already
share significant properties, for instance the underlying differentiable structures.
Indeed, by Ehresman Fibration Theorem, if two such complex manifolds are defor-
mation equivalent, then the underlying differentiable manifolds are diffeomorphic.
In the case of IHS manifolds, this fact has a deeper implication on the respective BBF
lattice structures, which is straightforward from Theorem 1.1.6 and Remark 1.1.7.
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Corollary 1.1.11. The Beauville-Bogomolov-Fujiki lattice is a deformation invariant, i.e.,
for any deformation equivalent IHS manifolds X1 and X2, there exists an isomorphisms of
Z−modules and isometry

φ ∈ O((H2(X1, Z), qX1), (H
2(X2, Z), qX2)).

In light of Theorem 1.1.10, we can provide a variety of examples of IHS mani-
folds as deformations of a selected example X. Any IHS manifold arose in this way
will be called of deformation type X and the BBF lattice will be studied as an invariant
of the whole deformation type, providing an effective way to distinguish different
deformation types in a fixed dimension. In particular, we will see that, for the de-
formation classes known so far, the comparison of the second Betti number b2(X) is
already sufficient for this purpose, whilst the lattice and Hodge structure will come
into play for more refined classification results.

Remark 1.1.12. In fact, there is no evidence for the fact that IHS manifolds with
isometric BBF lattices must be deformation equivalent, but these lattices turn out to
be different for every known deformation class. Additionally, whilst not all of these
lattices are unimodular, they are all even, although, again, there is no general proof
of the fact that the BBF lattice of an IHS manifold must be necessarily even.

1. K3 surfaces

We recall that a K3 surface is a compact, connected, complex surface S with irregu-
larity q(S) := h1(OS) = 0 and with trivial canonical bundle KS ≃ OS. These define
a distinguished class of minimal surfaces of Kodaira dimension 0 in the Enriques-
Kodaira classification of compact complex analytic surfaces and, in particular, Ko-
daira ([Kod64]) showed that all K3 surfaces are deformation equivalent. Examples
of K3 surfaces are given, for instance, by

∗ a generic quartic surface V( f4) in P3, e.g. the Fermat quartic, defined by

f4(x0, . . . , x3) = x4
0 + · · ·+ x4

3;

∗ more generally, complete intersections of k hypersurfaces X1, . . . , Xk of de-
gree, respectively, d1, . . . , dk ≥ 2, in Pk+2, provided that ∑k

i=1 di = k + 3. In
particular, we deduce that k ≥ 3, which yields the following options:

– k = 1 and d1 = 3, which is the previously mentioned case of a generic
quartic surface in P3;

– k = 2, d1 = 2 and d2 = 3, which corresponds to a complete intersection
of a quadric and a cubic hypersurface in P4;

– k = 3 and d1 = d2 = d3 = 2, namely the complete intersection of three
quadric hypersurfaces in P5;
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∗ the Kummer surface Kum(T) associated to a 2−dimensional complex torus T,
defined as the resolution of the singular surface T⧸ι obtained as quotient of T
under the action of the involution ι : p 7→ −p. The resolution is provided by
blowing up the classes of the 16 fixed points.

These examples point out that not all K3 surfaces are projective - actually, the generic
(in moduli) K3 surface is not projective.

All K3 surfaces are IHS manifolds. Indeed, by a result due to Siu ([Siu83]), all
K3 surfaces are Kähler, and, by a deformation argument, we deduce that these are
all simply connected. Finally, triviality of the canonical bundle KS guarantees the
existence of a unique holomorphic symplectic form σS.

Conversely, according to the Enriques-Kodaira classification of surfaces, any
IHS manifold of dimension 2 is a K3 surface.

BBF lattice. For a K3 surface S, it holds b2(S) = 22 and the Beauville-Bogomolov-
Fujiki lattice (H2(S, Z), qS) is isometric to the unimodular lattice

ΛK3 := U⊕3 ⊕ E8(−1)⊕2 (1.3)

of signature (3, 19) (see [Huy16, Chapter 14, Example 1.4]), called the K3 lattice,
where U is the rank 2 unimodular hyperbolic lattice and E8(−1) is the unique even,
unimodular, negative definite lattice of rank 8 (see Theorem B.3.1). The Fujiki con-
stant satisfies cK3 = 1 and the BBF form qS coincides with the intersection form on
S. As will be made clear in the next Chapter, the theory of IHS manifolds builds a
consistent generalization of the theory of K3 surfaces in higher dimension.

2. Hilbert schemes of points on a K3 surface - K3[n]

Let n ≥ 2 be a positive integer and let S be a projective K3 surface. The Hilbert scheme
of n points on S is the scheme parametrizing 0−dimensional closed subschemes Z ⊆
S of length l(OZ) = h0(Z,OZ) = n and will be denoted by Hilbn(S) or by S[n],
interchangeably.

Following [Bea83], in order to achieve a better understanding of the geometry of
Hilbn(S), we relate it to the n−th symmetric product Symn(S) of S, defined as the
quotient Sn

⧸Sn
of the n−th product of S under the action of the symmetric group

Sn. The latter, often denoted also as S(n), is a singular complex variety of dimension
2n, whose singular locus is defined by the classes of n−uples (p1, . . . , pn) ∈ Sn such
that there exists i, j ∈ {1, . . . , n} such that pi = pj. The set of these singular points
defines a closed subvariety ∆n ⊆ S(n), often called the big diagonal.

Mapping each class [(Z,OZ)] ∈ S[n] to the class of the 0−cycle corresponding
to its support Supp(Z), counted with multiplicity, defines a morphism

HCn : S[n] −→ S(n)

called Hilbert-Chow morphism.



10 CHAPTER 1 IRREDUCIBLE SYMPLECTIC VARIETIES

By a result due to Fogarty ([Fog68]), the Hilbert scheme S[n] is a smooth, con-
nected manifold of dimension 2n and the Hilbert-Chow morphism is a resolution
of singularities of S(n) corresponding to its blow-up along the diagonal ∆n with
reduced schematic structure (see [Bea83, Section 6] or [Ber12, Theorem 2.16]).

In [Fuj83], Fujiki showed that the Hilbert square S[2] of S is a IHS manifold of
dimension 4 and Beauville generalized this result to any higher dimension ([Bea83,
Section 6, Théorème 3]): for any n ≥ 2, the Hilbert scheme of n points on S is an
IHS manifold of dimension 2n.

Consequence of the fact that all K3 surfaces are deformation equivalent is that,
for a fixed n ≥ 2, Hilbert schemes of n points on a K3 surface define a distinguished
deformation class, called of K3[n]−type.

Additionally, the fact the surface S is projective implies that the corresponding
member S[n] of the family is projective. Nonetheless, the above-described machin-
ery can also be adapted to non-projective K3 surfaces, by considering the corre-
sponding Douady space of n points.

Notice that, in the case in which n = 1, the Hilbert scheme (or Douady space) of
one point on a K3 surface S is isomorphic to S, and for this reason has been excluded
from the discussion.

BBF lattice. Let us denote by E := HC−1
n (∆n) ∈ Pic(S[n]) the exceptional divisor

of the Hilbert-Chow morphism. By [Bea83, Proposition 6], there exists a primitive
class δ ∈ H2(S[n], Z) of square qS[n](δ) = −2(n − 1) and such that c1(E) = 2δ, and
there is a natural primitive embedding i : H2(S, Z) → H2(S[n], Z) such that

H2(S[n], Z) = i(H2(S, Z))⊕ Zδ

as lattices. In particular, we deduce that b2(S[n]) = 23. More precisely, the BBF
lattice of an IHS manifold of type K3[n] is isometric to the lattice

ΛK3[n] := ΛK3 ⊕ ⟨−2(n − 1)⟩

of signature (3, 20), called the K3[n] lattice. The Fujiki constant for this deformation
type is given by cS[n] =

(2n)!
n!2n .

3. Generalized Kummer manifolds - Kumn

The construction described in the previous Example (2) can be done as well starting
from an Abelian surface A, namely a projective complex torus, which shares with
K3 surfaces key properties such as triviality of the canonical bundle KA and the
existence of a holomorphic symplectic form. For any n ≥ 2, the Hilbert scheme of n
points A[n] on A provides again a connected complex Kähler manifold of dimension
2n, but it fails both to be simply connected and to have a unique symplectic form.

In order to obtain a class of IHS manifolds, we proceed as follows. Let us con-
sider instead the Hilbert scheme A[n+1] of n + 1 points on A and let us compose
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the Hilbert-Chow morphism HCn+1 : A[n+1] → A(n+1) with the natural summation
map Σn+1 : A(n+1) → A. The resulting morphism

an := Σn+1 ◦ HCn+1 : A[n+1] −→ A (1.4)
[(Z,OZ)] 7−→ ∑

p∈A
l(OZ,p)p

is an isotrivial fibration. Again, by the work of Fujiki ([Fuj83]) for n = 2 and of
Beauville ([Bea83, Section 7, Théorème 4]) for any n ≥ 2, the fiber Kumn(A) :=
a−1

n (0) over the 0 point of A is a projective IHS manifold of dimension 2n, called
generalized Kummer manifold on A.

To motivate the terminology, we point out that, for n = 1, the outcome of this
construction is the Kummer surface Kum(A) associated to A, which is a K3 surface.

Analogously as before, this machinery can be adapted to the case of a non-
projective complex torus, providing a non-projective IHS manifold. For any n ≥ 2,
we get a deformation class of IHS manifolds of dimension 2n, exactly as in the pre-
vious case. To distinguish them, we compare the BBF lattices.

BBF lattice. Paralleling the previous case, we consider the restriction F to
Kumn(A) of the exceptional divisor E of the Hilbert-Chow morphism. By [Bea83,
Section 7, Proposition 8], there exists a primitive class δ ∈ H2(Kumn(A), Z) of
square −2(n + 1) and such that c1(F) = 2δ, together with a primitive embedding
i : H2(A, Z) → H2(Kumn(A), Z) realizing the following identification of lattices:

H2(Kumn(A), Z) = i(H2(A, Z))⊕ Zδ,

where H2(A, Z), equipped with the intersection form, is abstractly isometric to
three copies U⊕3 of the unimodular hyperbolic plane U, of signature (3, 3). We
therefore deduce that b2(Kumn(A)) = 7 and that generalized Kummer manifolds
realize a new distinguished deformation class, called of Kummer type. The BBF lat-
tice of this deformation type is isometric to the lattice

ΛKumn := U⊕3 ⊕ ⟨−2(n + 1)⟩

of signature (3, 4) and the Fujiki constant equals to cKumn = (2n)!(n+1)
n!2n .

The deformation classes introduced above provide examples of IHS manifolds
in each possible dimension, and for almost twenty years these have been the only
known deformation classes.

4. O’Grady’s sporadic examples - OG6 and OG10

In [OG99] and [OG03], O’Grady provided two examples of IHS manifolds realized
as desingularizations of moduli spaces of sheaves on K3 and Abelian surfaces, re-
spectively. As the theory of moduli spaces of sheaves will be subject of Chapter 3.1,
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at this stage we provide only a brief outline of the ingredients needed to introduce
these examples, referring to Section 3.1 further details.

Let S be a projective K3 or Abelian surface, respectively, and let us consider the
Mukai vector w = (1, 0,−1) ∈ H̃(S, Z) (Section 3.1). Set v = 2w and let H be
a v−generic polarization on S (Definition 3.1.8). The moduli spaces Mv(S, H) and
Kv(S, H), respectively, of Gieseker H−semistable sheaves on S with Mukai vector v
are normal, compact, Kähler spaces (see Section 1.2.2) admitting a symplectic form,
which are singular. In fact, they turn out to be irreducible symplectic varieties (see
Definition 1.2.9(4)) admitting a symplectic resolution (see Definition 1.2.9 (2)), namely
a resolution of singularities which inherits a holomorphic symplectic form.

∗ If S is a K3 surface, the symplectic resolution OG10 := ˜Mv(S, H) of Mv(S, H)
is an IHS manifold of dimension 10 and b2(OG10) ≥ 24, by [OG99]. Hence,
O’Grady’s 10−dimensional example defines a new deformation class of IHS
manifolds, called of OG10−type.
BBF lattice. In [Rap08], Rapagnetta completed the computation of the second
Betti number and provided a description of the BBF lattice of IHS manifolds
of OG10, showing that b2(OG10) = 24 and that H2(OG10, Z) is isometric to the
lattice

ΛOG10 := ΛK3 ⊕
(

ZB̃ ⊕ ZΣ̃,
(
−2 3
3 −6

))
of signature (3, 21), where B̃ and Σ̃ are two divisors arising in the desingular-
ization process. The Fujiki constant equals to cOG10 = 945.

∗ If S is an Abelian surface, the symplectic resolution OG6 := ˜Kv(S, H) of
Kv(S, H) is an IHS manifold of dimension 6 and b2(OG6) = 8, by [OG03].
Analogously, O’Grady’s 6−dimensional example defines a new deformation
class of IHS manifolds, called of OG6−type.
BBF lattice. By [Rap07], the BBF lattice of an IHS manifold of OG6 type is
isometric to the lattice

ΛOG6 := U⊕3 ⊕
(

ZA ⊕ ZΣ̃,
(
−2 2
2 −4

))
,

where U⊕3 corresponds to the lattice (H2(S, Z), ·) of the Abelian surface and
the divisors A and Σ̃ are again a product of the resolution. The Fujiki constant
is cOG6 = 60.

Remark 1.1.13. These sporadic examples only appear in dimension 6 and 10 and
these are the only IHS manifolds that can be obtained as desingularizations of mod-
uli spaces of sheaves.

In [PR13], Perego and Rapagnetta proved that IHS manifolds of type OG6 and
OG10 can be constructed as symplectic resolutions of moduli spaces as above with
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a different choice of Mukai vector v′ = 2w′, provided that w′ is a primitive Mukai
vector of square (w′)2 = w2 = 2. As will be explained in more details in Sec-
tion 3.2, any other choice of Mukai vector - hence, of the invariants fixed for the
parametrized sheaves - the moduli spaces of sheaves as above, when non-empty,
are either smooth - and of deformation type K3[n] or Kumn - or singular symplectic
varieties which do not admit symplectic resolutions (see Theorem 3.1.24 and Tables
3.1 and 3.2).

Anyway, there are several other constructions, not involving moduli spaces of
sheaves, that realize IHS manifolds belonging to the previous deformation types,
including Examples 2 and 3.

Unfortunately, any example of IHS manifold that has been constructed so far
falls into these deformation classes, but it is not known whether this list is com-
plete, as there is no proof of the fact that these are the only admissible deformation
types for any dimension. For this reason as well, attention has shifted towards the
singular setting, where a vast range of new examples comes into play.

1.2 Singular symplectic varieties

Up to this point, the discussion has been carried out only in the smooth setting.
Nonetheless, even keeping an eye on the classification of smooth complex man-
ifolds of Kodaira dimension zero, singularities become unavoidable. Indeed, for
a projective variety of this kind, the minimal model - whose conjectural existence
is predicted by the Minimal Model Program - is a projective variety, birational to
the latter, with terminal singularities and nef canonical divisor, which is also nu-
merically trivial - assuming the abundance conjecture. In this direction, a general-
ization of Bogomolov Decomposition Theorem to the setting of projective varieties
with klt singularities and trivial canonical bundle was provided by [GKP11], [Dr18],
[DG18], [GGK19] and [HP19], identifying a special class of singular symplectic va-
rieties playing the same role as IHS manifolds.

In the last years, a growing research effort in hyperkähler geometry has been
directed towards the development of a general theory for singular symplectic va-
rieties tailored to provide the most meaningful generalization of the theory of irre-
ducible holomorphic symplectic manifolds to the singular setting. As a product, a
generalization of most of the foundational results presented in the previous Sections
has been achieved, in particular in the case of irreducible and primitive symplectic
varieties, whose theory represents the main focus of this Section.

Before starting, in Section 1.2.1 we give a quick tour of those notions related
to singularities that will come into play when dropping the smoothness assump-
tion, with a view towards singular symplectic varieties. In Section 1.2.2 we will
provide an overview of definitions and main properties of the latter, compared to
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those given in Section 1.1, and we will carry out a first study of their singular locus.
In Section 1.2.3, we will gain a first insight into the fact that allowing singularities
gives rise to several and diverse classes of new examples.

1.2.1 A prelude to singularities
In the following, we will drop the smoothness assumption, and we will work with
normal complex analytic varieties. We recall that a variety X is normal if, for any
point x ∈ X, its local ring OX,x is an integrally closed domain. This ensures, in
particular, that the singular locus Xsing of X is a closed subvariety of codimension at
least 2. Furthermore, any Cartier divisor on X is a Weil divisor, whilst the opposite
inclusion is, without any further assumption, in general, false. In this case, Weil
divisors that are not Cartier provide informations on the singularities of X.

Definition 1.2.1. A normal projective complex variety X is called:
(1) Q−factorial if, for any Weil divisor D on X, there exists m ∈ N such that mD

is Cartier;
(2) Gorenstein if the canonical divisor KX is Cartier;
(3) Q−Gorenstein if there exists m ∈ N such that mKX is Cartier.

The above definitions are then generalized to the non-projective setting by [BL22,
Section 2.12].

The first singularity type we are going to discuss are those naturally arising in
the Minimal Model Program ([BCHM10]).

Definition 1.2.2. Let X be a Q−Gorenstein variety and let ρ : X̃ → X be a resolution
of singularities, so that

KX̃ = ρ∗KX +
l

∑
i=1

aiEi,

where E1, . . . , El are the exceptional divisors of ρ and a1, . . . , al ∈ Q are rational
numbers called discrepancies. Then X is said to be

(1) terminal (or to have terminal singularities) if ai > 0 for all i;
(2) canonical (or to have canonical singularities) if ai ≥ 0 for all i;
(3) klt (or to have klt singularities) if ai > −1 for all i and ρ is a log resolution (see

[BCHM10, Section 3.1]).
The resolution ρ is called crepant if ai = 0 for all i = 1, . . . , l, i.e. ρ∗KX = KX̃.

Remark 1.2.3. The above definitions are clearly ordered from the strongest to the
weakest and are independent on the choice of the resolution.

A singularity type arising in a slightly different context and that will play a role
in the next discussion is the following.
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Definition 1.2.4. A normal projective complex variety X has rational singularities if
there exists a resolution of singularities ρ : X̃ → X such that, for any i > 0, it holds
Riρ∗OX̃ = 0.

Remark 1.2.5. We point out that all singularities introduced in Definition 1.2.2 are
rational, by [Elk78] (see also [KM98, Corollary 5.22]).

Having rational singularities has important implications at the level of coho-
mology, in particular on Hodge structures, in a context in which classical Hodge
Decomposition Theorem fails and the cohomology of varieties of this type usually
carries a mixed Hodge structure, by [Del72] and [Del75].

Proposition 1.2.6. Let X be a normal complex variety with rational singularities and let
ρ : X̃ → X be a resolution of singularities.

(1) The pullback of ρ induces an isomorphism H1(X, Z) ≃ H1(X̃, Z) and an injection
H2(X, Z) ↪→ H2(X̃, Z).

(2) In particular, if X is compact and X̃ is compact and Kähler, then Hk(X, Z) admits a
pure weight k Hodge structure, for k = 1, 2.

Proof. See [BL21, Lemma 2.1].

1.2.2 Definitions and main properties

In this Section we will approach the study of singular symplectic varieties and in-
troduce the notions of irreducible and primitive symplectic variety as generalizations
of that of IHS manifold, following [GKP11], [BL22, Section 2, Section 3] and [OPR24,
Section 1.1], to which we refer for a more detailed discussion.

Definition 1.2.7. Let X be a normal complex analytic variety, let Xreg be its smooth
locus and let j : Xreg → X be the corresponding open embedding.

(1) For any 0 ≤ p ≤ dim(X), we define the sheaf of reflexive p−forms as

Ω[p]
X := j∗Ωp

Xreg
= (∧pΩX)

∗∗

and we call a global section σ ∈ H0(X, Ω[p]
X ) a reflexive p−form on X, which

corresponds naturally to a holomorphic p−form on Xreg.

(2) If f : Y → X is a finite, dominant morphism between two irreducible normal
varieties, the usual pull-back morphism on the smooth loci induces a mor-
phism of reflexive sheaves f ∗ : Ω[p]

X → Ω[p]
Y . The induced morphism

f [∗] : H0(X, Ω[p]
X ) → H0(Y, Ω[p]

Y )

on reflexive p−forms will be called reflexive pull-back morphism.
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In the following, we will also assume that X admits a Kähler form ω and we
will refer to [BL22, Section 2.3] and [Var89, II, Section 2.1, Section 2.2] for its precise
definition and main properties. Any Kähler form ω on X defines an element [ω] ∈
H2(X, R) and the set of all classes obtained in this way forms an open cone KX,
called the Kähler cone of X, in

H1,1(X, R) = F1H2(X, C) ∩ H2(X, R),

by [BL22, Proposition 2.8], where we are using the mixed Hodge structure of
H2(X, C) (see [BL22, (2.4)]). A normal complex analytic variety X admitting a Käh-
ler form will be called a Kähler space. In particular, it satisfies the following proper-
ties:

Proposition 1.2.8. Let X be a Kähler space.
(1) If X is smooth, then it is a Kähler manifold with respect to the usual definition.

(2) Any subspace of X is Kähler.

(3) If X is reduced, then it admits a resolution of singularities by a Kähler manifold.

Proof. See [Var89, II, Proposition 1.3.1].

We are finally in the position to introduce the notions of singular symplectic
varieties that will be the focus of this Section.

Definition 1.2.9. Let X be a compact Kähler space.
(1) A symplectic form on X is a closed reflexive 2−form σ ∈ H0(X, Ω[2]

X ) which is
non-degenerate at each point of Xreg.

(2) A symplectic variety is a pair (X, σ) where σ is a symplectic form on X, such that
for every resolution ρ : X̃ → X, the form ρ∗(σ|Xreg

) extends to a holomorphic
2−form σ̃ on X̃. In particular, if the latter is a holomorphic symplectic form,
the resolution ρ is called a symplectic resolution.

(3) A primitive symplectic variety (PSV) is a symplectic variety (X, σ) such that
H1(X,OX) = 0 and H0(X, Ω[2]

X ) = Cσ.

(4) An irreducible symplectic variety (ISV) is a symplectic variety (X, σ) such that,
for every finite quasi-étale morphism f : Y → X, the exterior algebra of re-
flexive forms on Y is generated by f [∗]σ.

We recall that a quasi-étale morphism is a morphism that is étale in codimension 1,
and that a quasi-étale morphism onto a smooth manifold is étale.

With a slight abuse of notation, in the cases above we will refer to X as a symplec-
tic (respectively, primitive symplectic and irreducible symplectic) variety, omitting
the reference to the symplectic form.
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For later use, we highlight some properties of singularities of symplectic va-
rieties, in relation with the notions introduced in Section 1.2.1, and deduce some
useful consequences.

Remark 1.2.10. If X is a symplectic variety, then X is Gorenstein and with canonical
- hence rational - singularities, by [Bea00].

In particular, by Proposition 1.2.8 and Proposition 1.2.6, the k−th cohomology
cohomology groups Hk(X, Z), for k = 1, 2, carry a pure weight k Hodge structure,
and for any resolution of singularities X̃ → X, it holds H1(X̃, Z) ≃ H1(X, Z).

1. Comparison of definitions

We now compare the different notions of symplectic variety introduced so far.
(PSV) An irreducible symplectic variety is primitive symplectic, whilst the con-

verse is, in general, false.
Indeed, condition (4) of Definition 1.2.9 applied to the identity morphism implies
H0(X, Ω[2]

X ) = Cσ. The vanishing of H1(X,OX) follows - non trivially - from the
fact that, due to [GGK19, Corollary 13.3], irreducible symplectic varieties are simply
connected, combined with the fact that these have rational singularities (see Remark
1.2.10). For a rigorous proof of this fact, we refer to [PR23v1, Proposition 1.10].

Examples of primitive symplectic varieties that are not irreducible symplectic
will be provided in the next Section (Exampls 1.2.17, 1.2.18), see also [PR23, Example
1.5]). For a more detailed discussion on the interplay of different notions of singular
sympletic varieties, we refer to [Per20].
(IHS) An irreducible symplectic variety is smooth if and only if it is an irreducible

holomorphic symplectic manifold.
This is a consequence of Bogomolov Decomposition Theorem and simple connect-
edness of irreducible symplectic varieties.

In fact, the following generalization of Bogomolov Decomposition Theorem to
the setting of projective varieties with klt singularities and trivial canonical bundle
identifies irreducible symplectic varieties as fundamental building blocks, playing
the same role of IHS manifolds in the smooth setting.

Theorem 1.2.11. (Bogomolov Decomposition Theorem, projective klt setting) Let V be a
normal, projective variety with klt singularities and numerically trivial canonical bundle.
Then there exists a finite quasi-étale covering Ṽ → V such that Ṽ decomposes as a finite
product

Ṽ = T × ∏
i

Yi × ∏
j

Xj,

where T is a complex torus, Yi are irreducible Calabi-Yau varieties for every i and Xj are
irreducible symplectic varieties for every j.

Proof. See [GKP11], [Dr18], [DG18], [GGK19] and [HP19].
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2. BBF lattice

If X is an irreducible symplectic varietiy, then, as previously remarked, it is simply
connected and, therefore, the second integral cohomology group H2(X, Z) of X is
a free Z−module of rank b2(X). In the more general case of primitive symplec-
tic varieties, the latter is replaced by its torsion-free part H2(X, Z)tf, for which the
following holds.

Proposition 1.2.12. If X is a primitive symplectic variety, then H2(X, Z)tf admits a non-
degenerate symmetric bilinear form qX of signature (3, b2(X)− 3).

Proof. The existence of qX is proved by Namikawa (in the projective Q−factorial
case, see [Nam01a, Theorem 8]; see [BL22, Section 5.1] for a more general statement)
by defining qXreg on the smooth locus Xreg via (1.1), using the symplectic form σ of
X, as H2(X, Z)tf admits a pure weight 2 Hodge structure, by Remark 1.2.10. For
any resolution ρ : X̃ → X, an analogous quadratic form qX̃ is induced, by the same
expression, involving the extension σ̃ of σ. The latter induces, by restriction (see Re-
mark 1.2.10), a quadratic form qX on H2(X, Z)tf. As in Remark 1.1.8, the prescribed
signature is given by the positive definite real vector space ⟨ω, Re(σ), Im(σ)⟩R, for
any choice of a Kähler class ω ∈ H1,1(X, R) (see [Sch20, Theorem 2], [BL22, Remark
6.3 (1), Theorem 6.8]). For further details, we refer to [BL22, Section 5.1].

Again, we will refer to the quadratic form qX defined in Proposition 1.2.12 as the
Beauville-Bogomolov-Fujiki form of X and to the pair (H2(X, Z)tf, qX) as the Beauville-
Bogomolov-Fujiki lattice of X.

3. Singular locus

We conclude this preliminary discussion on symplectic varieties by highlighting
some properties of their singular loci.

Remark 1.2.13 (On the codimension of Xsing). Let X be a symplectic variety.
(1) By [Nam01c], the singular locus Xsing of X admits no irreducible components

of odd codimension, as the smooth locus is symplectic. Hence, codim(Xsing) =
2n for some n ∈ N∗.

(2) Furthermore, again by [Nam01c, Corollary 1], it holds codim(Xsing) ≥ 4 if and
only if X has terminal singularities. Under the assumption of Q−factoriality,
this notion is related to the existence of a symplectic resolution in the fol-
lowing way: if X is Q−factorial and admits a symplectic resolution ρ : X̃ →
X, then X cannot be terminal, as ρ is a crepant resolution. In particular, a
Q−factorial symplectic variety admits a symplectic resolution only if
codim(Xsing) = 2, namely if and only if it is not terminal.

The last remarkable property of the singular locus of symplectic varieties we
want to discuss concerns its symplectic structure. Indeed, the following result shows
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that not only Xsing admits a symplectic structure, but that it can be can be sliced into
a finite sequence of strata which carry again a symplectic structure. This feature will
be crucial in the second part of this work.

Proposition 1.2.14. Let X be a symplectic variety. Then there exists a finite stratification
by closed subvarieties

X = X0 ⊇ X1 ⊇ · · · ⊇ Xl ,

such that, for every i = 0, . . . m − 1, the stratum Xi+1 is the singular locus with reduced
structure (Xsing

i )red of Xi and the normalisation of each irreducible component of Xi is a
symplectic variety.

Proof. See [Kal06, Theorem 2.3] and [BL22, Theorem 3.4 (2)].

The stratification of Proposition 1.2.14 will be called the stratification of singular-
ities of X and its smaller stratum Xl will be called the most singular locus Xms of X.

Remark 1.2.15. Notice that, by definition, each irreducible component of the most
singular locus must be a smooth manifold, which by Proposition 1.2.14, is symplec-
tic, hence, even dimensional. Furthermore, iterated applications of Remark 1.2.13
(1) imply that each stratum of the stratification must be even dimensional.

1.2.3 Examples

We conclude this section by introducing some examples of singular symplectic va-
rieties, leaving outside the discussion those arising as moduli spaces of sheaves,
which will be the actual focus of this work and to which is devoted Chapter 3.1. We
will sketch the construction of different classes of symplectic varieties, referring to
[Per20] for a more detailed exposition. As the deformation theory for this kind of
varieties will be carefully treated in Section 2.2, we limit ourselves to introducing
the examples, postponing the justification of the fact that deformation of these are
still symplectic varieties. Moreover, for the majority of these examples, it is known
that they define different deformation classes, by a comparison of the second Betti
numbers or of the singularities type, both defining deformation invariants, once
provided a suitable deformation theory.

The first example is an application of the following result.

Proposition 1.2.16. If X is a connected symplectic variety admitting a symplectic reso-
lution of singularities that is an irreducible holomorphic symplectic manifold, then X is a
primitive symplectic variety.

Proof. See [PR23v1, Proposition 1.9].

Example 1.2.17 (Symmetric product of a K3 surface). For any n ≥ 2, the n−th sym-
metric product S(n) of a K3 surface is a primitive symplectic variety, by Proposition
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1.2.16, as the Hilbert-Chow morphism HCn : Hilbn(S) → S(n) is a symplectic res-
olution. Anyway, the quotient by the action of the symmetric group Sn defines a
finite quasi-étale covering Sn → S(n), and h0(Sn, Ω2

Sn) = n, hence X is not an irre-
ducible symplectic variety.

Example 1.2.18 (Singular Kummer varieties). Analogously, let us consider the sym-
metric product A(n+1) of an Abelian surface A and the natural summation map
Σn+1 : A(n+1) → A (see Section 1.1.2, Example 3). Then, the singular Kummer va-
riety given by the fiber Σ−1

n+1(0) ⊆ A(n+1) over 0 of the summation morphism is a
symplectic variety of dimension 2n admitting the generalized Kummer manifold
Kumn(A) as symplectic resolution. Hence, by Proposition 1.2.16, it is a primitive
symplectic variety, but, exactly as in Example 1.2.17, it is not an irreducible sym-
plectic variety.

Example 1.2.19 (Quotients of IHS manifolds by the action of finite symplectic groups
of automorphisms and their terminalizations). These classes of examples are pro-
vided by partial resolutions of quotients of IHS manifolds of dimension 2n ≥ 4
by the action of symplectic automorphisms, i.e. whose pullback action preserves the
holomorphic symplectic form. Indeed, this kind of quotients preserve the symplec-
tic structure, and the blow-up of the (possibly empty) codimension 2 irreducible
components of the singular locus is a symplectic resolution providing a symplectic
variety with at most terminal singularities (see Remark 1.2.13 (2)).

This is a particular case of terminalization of a symplectic variety, namely a
crepant resolution of the latter via a terminal variety, for which the following re-
sult holds.

Proposition 1.2.20. Let X be a symplectic (respectively, irreducible symplectic) variety
and G a symplectic group of automorphisms of X.

(1) Any irreducible component of the fixed locus of G has even codimension.

(2) If G is finite, then X/G is a symplectic (respectively, irreducible symplectic) variety.

(3) Any projective terminalization of X is a symplectic (respectively, irreducible symplec-
tic) variety.

Proof. See [BGMM25, Lemma 3.16, Proposition 3.17], [Per20, Proposition 2.15], or
[Bea00].

As an application of this principle, we obtain several examples of irreducible
symplectic varieties starting from quotients of IHS manifolds. Among these, we
find, for instance:

(1) (terminalizations of) quotients of Hilb2(S), when S is a projective K3 sur-
face, by the action of G = ⟨ϕ⟩, with ϕ an automorphism of order 2, 3, 5, 7, 11
([MT07], [Men14], [Men18], [Mon13]);
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(2) (terminalizations of) quotients of Kum2(S), when S is an Abelian surface, by
the action of G = ⟨ϕ⟩, with ϕ an automorphism of order 2, 3 ([KM18], [Men20],
[FM21]);

(3) more generally, terminalizations of quotients of Hilb2(S) when S is a projec-
tive K3 surface, or of Kumn(S), for n = 2, 3, when S is an Abelian surface,
under the action of a finite group G of symplectic automorphisms induced by
the underlying surface ([BGMM25]).

Moreover, in [BGMM25], is presented a classification of the deformation type of
the varieties obtained, as well as the admissible groups G and the deformation type
- among those known - of the IHS manifolds considered for this construction. In-
deed, the assumptions made in view of an efficient classification of terminalizations
Y → X/G, lead to exclude O’Grady’s examples as candidates for X (see [BGMM25,
Remark 3.19]). Reducing to treat the case of X belonging to the deformation types
K3[n] and Kumn and assuming that G is a group of symplectic automorphism in-
duced by the underlying surface, it turns out that the only candidates for the defor-
mation type of X in this construction are precisely K3[2], Kum2 and Kum3, and the
groups G of induced automorphisms are listed.

Additionally, their smooth terminalizations are fully characterized, showing
that they are all of K3[n]−type, for n = 2, 3.

Example 1.2.21 (Fujiki’s examples). In a similar fashion, Fujiki ([Fuj83]) had already
provided several constructions of symplectic varieties as quotients of the product
S2 of a K3 surface S under special actions induced by symplectic automorphisms of
S. These have been classified and shown to be irreducible symplectic varieties by
Menet ([Men22b]). This construction has been generalized to products Sn, with n ≥
2, and the terminalizations of these quotients, known as Fujiki varieties (see [Men22b,
Definition 1.2]), are irreducible symplectic varieties with simply connected smooth
locus (see [Men22b, Corollary 1.8]).

The above-mentioned constructions in Examples 1.2.19 and 1.2.21 provide irre-
ducible symplectic varieties, some of which belong to a special class, namely the one
of irreducible symplectic orbifolds. This notion, first introduced in [Cam04], provides
another generalization of the notion of IHS manifold in the singular setting.

Definition 1.2.22. A compact Kähler orbifold X is an irreducible symplectic orbifold
(ISO) if its smooth locus Xreg is simply connected and admits a holomorphic sym-
plectic form σ such that H0(Xreg, Ω2

Xreg
) ≃ Cσ.

In fact, it is immediate to notice that an irreducible symplectic orbifold is smooth
if and only if it is an IHS manifold. Furthermore, by [Per20, Proposition 2.14], irre-
ducible symplectic orbifolds are irreducible symplectic varieties.

Example 1.2.23. Terminalizations of quotients of S[2], where S is a K3 surface, un-
der the action of a symplectic automorphism of order 2 and all the above-mentioned
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terminalizations of quotients of generalized Kummer fourfolds and sixfolds are ir-
reducible symplectic orbifolds. By [Men22b], all Fujiki’s examples are all irreducible
symplectic orbifolds.

Example 1.2.24 (Orbifolds of Nikulin type). A remarkable distinguished class of
irreducible symplectic orbifolds is given by orbifolds of Nikulin type, namely irre-
ducible symplectic orbifolds obtained as deformations of terminalizations of S[2]/⟨ι⟩,
where S is a projective K3 surface and ι is a symplectic involution, called Nikulin
orbifolds. The first example of orbifolds of this type, already mentioned in Example
1.2.19 (1), was introduced by in [MT07]. In the last years, the theory of orbifolds of
Nikulin type has been intensively studied, and a complete family of such orbifolds
has been determined and fully described in the work of [CGKK24].

Although we intentionally omitted proper criteria to distinguish the classes of
examples introduced above, by those we get a glimpse of the vastitude and diver-
sity of constructions of symplectic varieties arising when singularities are allowed.
From the above-mentioned constructions we get several examples of fourfolds and
sixfolds, and in Chapter 3.1 examples in every even dimension will complete this
overview. At this stage, a classification of primitive (or irreducible) symplectic vari-
eties is far from being obtained. Nonetheless, analogously as in the smooth setting,
the only case in which the classification is complete is the one of surfaces.

Example 1.2.25 (Singular symplectic surfaces). In [GPP24] it is shown that prim-
itive symplectic surfaces are all and only contractions of ADE configurations of
rational curves on a K3 surface ([GPP24, Corollary 2.3]), where we recall that an
ADE configuration on a K3 surface is a configuration of (−2)−curves whose asso-
ciated intersection lattice is given by the direct sum of some copies of the Dynkin
diagrams An for n ≥ 1, Dn for n ≥ 4 and En for n = 6, 7, 8. As these correspond
to all the possible configurations of smooth rational curves of negative intersection
on a K3 surface, a classification of the ADE configurations provides a classification
of all the possible primitive symplectic surfaces obtained via their contraction. The
outcome of this classification is the following ([GPP24, Theorem 1.8, Theorem 1.9]):

(1) there are exactly 5836 different ADE configurations on K3 surfaces whose con-
traction is a primitive symplectic surface;

(2) there are exactly 5826 different ADE configurations on K3 surfaces whose con-
traction is an irreducible symplectic surface;

(3) there are exactly 4697 different ADE configurations on K3 surfaces whose con-
traction is a irreducible symplectic orbifold of dimension 2.

All the configurations are listed and their geometric properties are described. In
particular, as different ADE configurations provide different singularities, this con-
struction provides 5826 different deformation classes (Section 2.2) of irreducible
symplectic surfaces.
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Example 1.2.26 (Hilbert schemes of points on irreducible symplectic surfaces). Ap-
plying the same philosophy that guided Fujiki’s Examples 2 and 3, Hilbert squares
on singular symplectic surfaces have been studied and shown to provide examples
of singular symplectic fourfolds belonging to the three above-introduced classes.
More precisely:

(1) If X is a primitive symplectic surface, then Hilb2(X) is a primitive symplectic
variety of dimension 4, by [GPP24, Theorem 1.10 (1)].

(2) If X is a projective irreducible symplectic surface, then Hilb2(X) is a projective
irreducible symplectic variety of dimension 4, by [LBP25, Theorem 3.3].

(3) If X is an irreducible symplectic orbifold of dimension 2, then Hilb2(X) is an
irreducible symplectic orbifold of dimension 4, by [GPP24, Theorem 1.10 (2)].

Remark 1.2.27. A result by [FM21] shows that, if X is an irreducible symplectic
orbifold of dimension 4 with terminal singularities, then 3 ≤ b2(X) ≤ 23. Among
the constructions presented in Examples 1.2.19 and 1.2.21 we find examples of such
orbifolds with b2 ∈ {4, 5, 6, 7, 8, 10, 11, 14, 16, 23} (see [BGMM25, Table 1]). These
examples, together with the new constructions in [GPP24], show that, for any in-
teger 3 ≤ b ≤ 23, there exists an irreducible symplectic orbifold X of dimension 4
such that b2(X) = b. Nevertheless, this statement does not answer to the question
about filling the gaps in the list of possible second Betti numbers found in [FM21].
Indeed, the irreducible symplectic orbifolds of Example 1.2.26 (3) have canonical
but not terminal singularities.

We conclude, for now, this overview on examples of singular symplectic vari-
eties. We will return to it and further expand it in Chapter 3.1, devoted to moduli
spaces of sheaves, which will provide a wealth of (new) examples of varieties of
this type, in all dimensions and with non-quotient singularities.
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Chapter 2

Monodromy and Torelli Theorems

One of the central questions in the study of compact complex Kähler manifolds
is whether their geometry can be recovered from Hodge-theoretic data. For some
classes of such manifolds, this principle is formalized by Global Torelli theorem,
which describes to what extent the geometry of a manifold is determined by its in-
tegral Hodge structure. This is the case, for instance, for compact complex curves,
complex tori, and K3 surfaces. The starting point of this discussion is a suitable
higher-dimensional generalization of Torelli Theorem for K3 surfaces, stating that
most of the geometry of IHS manifolds is encoded in the lattice and weight 2 Hodge
structure of their second integral cohomology group, via a period map. This topic
is the focus of Section 2.1. A key tool in decoding this information is provided by
the monodromy group of the manifold under consideration. After introducing an
efficient deformation theory for singular symplectic varieties in Section 2.2, we turn
in Section 2.3 to a generalization of the above-mentioned framework to the singu-
lar setting, culminating in Global Torelli Theorem for primitive symplectic varieties
and the study of their locally trivial monodromy group.

The starting point is the following result:

Theorem 2.0.1 (Global Torelli Theorem for K3 surfaces). Two K3 surfaces S1 and S2 are
isomorphic if and only if there exists an isomorphism of Hodge structures g : H2(S1, Z) →
H2(S2, Z) which is an isometry with respect to the intersection pairing.

Proof. See [PS71] and [BR75].

Building on the latter, it became natural to ask whether an analogous higher-
dimensional statement could hold for IHS manifolds, and in particular whether
their geometry might be determined by their Beauville-Bogomolov-Fujiki lattice
and their weight two Hodge structure. This question led to the following first for-
mulation of Global Torelli Theorem for IHS manifolds.

25
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Conjecture 2.0.2 (Classic Torelli for IHS manifolds). Two IHS manifolds X1 and X2
are isomorphic if and only if there exists an integral Hodge isometry

g ∈ O((H2(X1, Z), qX1), (H
2(X2, Z), qX2)).

Such formulation was early proven false in [Deb84], starting from the Hilbert
scheme of points on a K3 surface. Nonetheless, the two non-isomorphic IHS mani-
folds considered turned out to be bimeromorphic. This consideration, together with
the fact that, by minimality, bimeromorphic K3 surfaces are necessarily isomorphic,
led to the following new formulation.

Conjecture 2.0.3 (Classic bimeromorphic Torelli for IHS manifolds). Two IHS man-
ifolds X1 and X2 are bimeromorphic if and only if there exists an integral Hodge
isometry

g ∈ O((H2(X1, Z), qX1), (H
2(X2, Z), qX2)).

This expectation was eventually dashed by a counterexample constructed by
Namikawa in [Nam02b], in the case of generalized Kummer fourfolds. The rea-
son for these apparent inconsistencies can be understood by studying an important
deformation invariant of IHS manifolds: the monodromy group. In the following,
a generalization of the Global Torelli theorem for irreducible symplectic varieties,
both smooth and singular, is properly stated. We will also clarify that, in simple
terms, the formulation of the Global Torelli theorem is shaped by the monodromy
group of the corresponding deformation class.

2.1 Moduli spaces of IHS manifolds and Torelli Theorems

In the following we will discuss how to codify the geometry of an IHS manifold by
means of lattice and Hodge-theoretic data. As a first step, we will investigate how
these properties vary along deformations of the manifold under study.

2.1.1 Local systems and parallel transports along families

We recall that, if X is an IHS manifold, then it admits a universal deformation
p : X → De f (X) onto a smooth and connected base of dimension h1,1(X) = b2(X)−
2 (see Remark 1.1.9) and that any small deformation of X is again an IHS manifold
(see Theorem 1.1.10). Additionally, the Beauville-Bogomolov-Fujiki lattice is a de-
formation invariant, by Corollary 1.1.11.

In order to formalize the concept of preserving a geometric property along a
deformation, we introduce the following notion.

Definition 2.1.1. Let X be a path-connected topological space, R a unitary commu-
tative ring and M an R−module.
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(1) A local system over X with fiber M is a sheaf of R−modules L over X that is
locally isomorphic to the constant sheaf M, namely, for any x ∈ X there exists
an open neighborhood Ux ⊆ X of X such that L|Ux ≃ M. In particular, for
any x ∈ X, one has Lx ≃ M.

Let γ : [0, 1] → X be a continuous path on X. Then γ−1L is a constant sheaf on [0, 1]
with fiber M. Consequently, Γ([0, 1], γ−1L) ≃ M and the evaluation morphisms
induce an automorphism of M of the form µL(γ) : Lγ(0) → Lγ(1).

(2) Let x1, x2 ∈ X and let γ be a path in X from x1 to x2. An isomorphism
µL(γ) : Lx1 → Lx2 as above is called parallel transport operator along γ in the
local system L.

A parallel transport defined as above does not depend on the homotopy class of
γ. If, additionally, γ is a loop centered at x1 = x2, the associated parallel transport
operator is called monodromy operator and this association defines a group morphism

µL : π1(X) −→ Aut(M) (2.1)
[γ] 7−→ µL(γ)

called monodromy representation of M.

Remark 2.1.2. In the next discussion, we will be particularly interested in the fol-
lowing local systems, arising in the context of smooth deformations of compact
Kähler manifolds. Let X be an IHS manifold and let us consider a deformation
p : X → T, which, up to shrinking the base, is a family of IHS manifolds. By Ehres-
man fibration Theorem, for any t ∈ T, there exists an open neighborhood Vt ⊆ T of
t and a diffeomorphism ht : Xt ×Vt → p−1(Vt) fitting in the following commutative
diagram:

Xt × Vt p−1(Vt)

Vt

π2

ht

p
(2.2)

(1) Let us consider the constant sheaves Z, Q, C on X. Commutativity of diagram
(2.2), together with Leray’s spectral sequence, shows that Ri p∗Z, Ri p∗Q and
Ri p∗C are local systems on T, for any i = 0, . . . , 2 dim X, with fiber, respec-
tively,

(Ri p∗Z)t ≃ Hi(Xt, Z) ≃ Hi(X, Z),

(Ri p∗Q)t ≃ Hi(Xt, Q) ≃ Hi(X, Q),

(Ri p∗C)t ≃ Hi(Xt, C) ≃ Hi(X, C).

In particular, any path γ ∈ Ω(T, t1, t2) in T connecting any two base points
t1, t2 ∈ T defines a parallel transport operator H2(Xt1 , Z) ≃ H2(Xt2 , Z) re-
specting the BBF forms, as the latter is a topological data, by Theorem 1.2.
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Isometries of this type will play a fundamental role in the next discussion,
and we will come back to these in Section 2.1.3.

(2) For any t ∈ T, any fiber Xt of p : X → T is an IHS manifold, hence there ex-
ists a holomorphic symplectic form σt on Xt such that H0(Xt, Ω2

Xt
) ≃ Cσt. For

later use, we point out that this feature deforms together with the manifold
Xt. More precisely, let us consider the relative cotangent sheaf ΩX/T. Up to
shrinking the base, the sheaf p∗Ω2

X/T is a local system with fiber (p∗Ω2
X/T)t ≃

H0(Xt, Ω2
Xt
), for any t ∈ T, and there exists a smooth section σ ∈

H0(T, p∗Ω2
X/T) such that σt ∈ H0(Xt, Ω2

Xt
) is a holomorphic symplectic form

on Xt for any t ∈ T (see [Bea83, Section 8, Proposition 9, Remarque 1]).

2.1.2 Local Torelli Theorem
Following [Bea83, Section 8], we will use the facts collected above to define a period
map tailored to codify the fundamental geometric properties of an IHS manifold and
its deformations. We recall that, for any IHS manifold X, its Beauville-Bogomolov-
Fujiki lattice (H2(X, Z), qX) is a lattice of signature (3, b2(X) − 3), which is a de-
formation invariant (Corollary 1.1.11). We will denote by (Λ, ·) the abstract lattice
of signature (3, b2(X)− 3) representing the BBF lattice of any IHS manifold of the
same deformation type X of X.

Definition 2.1.3. Let X be an IHS manifold and Λ a lattice of signature (3, b2(X)− 3)
as above.

(1) A marking on X is an isometry η ∈ O((H2(X, Z), qX), (Λ, qΛ)).
(2) A marked IHS manifold is a pair (X, η) made of an IHS manifold X, equipped

with a marking η.
(3) Two marked IHS manifolds (X1, η1) and (X2, η2) are isomorphic if there exists

an isomorphism f : X1 → X2 such that η2 = η1 ◦ f ∗.

The (coarse) moduli space of Λ−marked IHS manifolds is defined as

MΛ := {(X, η) marked IHS manifold}/ ≃,

where ≃ is the equivalence relation given by the isomorphism of marked IHS man-
ifolds. The local structure of the latter is described by Local Torelli Theorem.

Let (X, η) be a marked IHS manifold and let p : X → De f (X) be the universal
deformation family, with 0 ∈ De f (X) such that X0 ≃ X.

(1) By Remark 2.1.2 (1) we can extend the marking η, via parallel transport op-
erators in the local system R2 p∗Z, to a family of markings {ηt : H2(Xt, Z) →
Λ}t∈De f (X) such that η0 = η. For any member ηt of the family, we will denote
by

ηt,C : H2(Xt, C) → Λ ⊗Z C =: ΛC
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its C−linear extension, namely the isometry obtained by deforming the mark-
ing ηC via parallel transports in the local system R2 p∗C.

(2) By Remark 2.1.2 (2) there is a holomorphic family of holomorphic symplectic
forms {σt ∈ H0(Xt, Ω2

Xt
)}t∈De f (X). We define the period of Xt as

[ηt,C(σt)] ∈ P(ΛC). (2.3)

By the properties of the BBF lattice (Theorem 1.1.6 (2)) the period of a marked
IHS manifold lies in the period domain

DΛ := {[x] ∈ P(ΛC) : x2 = 0, (x, x) > 0}, (2.4)

which is an open analytic subvariety on a quadric hypersurface in P(ΛC) and
is simply connected (see [Huy12, Proposition 3.1]).

Theorem 2.1.4 (Local Torelli Theorem). The local period map

PX : De f (X) −→ DΛ

t 7−→ [ηt,C(σt)]

is a local biholomorphism.

Proof. See [Bea83, Section 8, Théorème 5 (b)].

Local Torelli Theorem allows us to endow the moduli space MΛ with a complex
structure, by using the local period maps as local charts.

Theorem 2.1.5. Let X be an IHS manifold and let η : H2(X, Z) → Λ be a marking on X.
(1) The moduli space of Λ−marked IHS manifolds MΛ is a non-Hausdorff complex man-

ifold of dimension b2(X)− 2.

(2) The local period map induces a natural holomorphic embedding De f (X) ↪→ MΛ
identifying De f (X) with an open neighborhood of (X, η) in MΛ.

Proof. See [Huy12, Proposition 4.3].

By construction of the complex structure on MΛ, the local period maps
PX : De f (X) → DΛ glue to the global period map

PΛ : MΛ → DΛ, (2.5)

which is a local biholomorphism, by construction ([Huy12, Corollary 4.5]). In order
to study the properties of the fibers of the latter, in relation with the global geometry
ofMΛ - namely, identify its connected components and characterize the inseparable
points - we need to introduce a notion that will be central throughout this work.
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2.1.3 Monodromy and Global Torelli Theorem
As explained in Remark 2.1.2, any deformation of IHS manifolds induces natural
isomorphisms at the level of cohomology, arising as parallel transport operators in
suitable local systems. Among theese, we identify a special class that will play a
fundamental role in the next discussion.

Definition 2.1.6. (1) Let X1 and X2 be two IHS manifolds. An isometry g ∈
O(H2(X1, Z), H2(X2, Z)) is a parallel transport operator from X1 to X2 if there
exists a family of IHS manifolds p : X → T, two points t1, t2 ∈ T such that
Xti ≃ Xi, for i = 1, 2, and a continuous path γ in T from t1 to t2 such that g is
the parallel transport along γ in the local system R2 p∗Z, which we denote by
PTp(γ). We denote by

PT2(X1, X2) ⊆ O(H2(X1, Z), H2(X2, Z))

the set of parallel transport operators from X1 to X2.

(2) Let X be an IHS manifold. An isometry g ∈ O(H2(X, Z)) is a monodromy
operator on X if it is a parallel transport operator from X to itself. We denote
by

Mon2(X) := PT2(X, X) ⊆ O(H2(X, Z)) (2.6)

the set of monodromy operators of X.

Remark 2.1.7. As explained in [Mar11, footnote 3], one can easily prove that the set
Mon2(X) of monodromy operators of an IHS manifold X is actually a subgroup of
O(H2(X, Z)).

Indeed, if f , g ∈ Mon2(X), there exist two families p : X → T and p′ : X ′ → T′

of IHS manifolds, two points t ∈ T and t′ ∈ T′ such that Xt ≃ X ≃ X ′
t′ and

two loops γ in T and γ′ in T′ centered, respectively, in t and t′, such that f is the
monodromy operator in the family p associated to γ and g is the monodromy op-
erator in the family p′ associated to γ′. We can therefore define a new deformation
p′′ : X ′′ → T′′ of X by gluing X and X ′ via the isomorphism Xt ≃ X ≃ X ′

t′ and
by gluing T and T′ by means of the relation t = t′ =: t′′. The loop γ′′ := γ ∗ γ′ in
the new reducible base is centered in t′′, by construction, and we define g ◦ f as the
monodromy operator associated to γ′′ in the family p′′.

Definition 2.1.8. Let X be an IHS manifold. The group Mon2(X) defined in (2.6) is
called the monodromy group of X (see also [Mar11, Definition 1.1]).

Remark 2.1.9. Let X be an IHS manifold and let Λ be an abstract lattice of signature
(3, b2(X)− 3). By [Ver13, Theorem 3.4], the monodromy group Mon2(X) of X is a
subgroup of finite index of O(H2(X, Z)). The index [O(H2(X, Z)) : Mon2(X)] al-
ready carries important information concerning the geometry of the moduli space
MΛ of Λ−marked pairs of IHS manifolds. Indeed, two marked IHS manifolds
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(X1, η1) and (X2, η2) are deformation equivalent if and only if they belong to the
same connected component of MΛ, which, by [Mar11, Lemma 7.5], is equivalent
to requiring that η−1

2 ◦ η1 is a parallel transport operator. Indeed, the orthogonal
group O(Λ) ≃ O(H2(X, Z)) acts on MΛ via composition on the markings, and the
monodromy group Mon2(X) coincides with the stabilizer of any connected com-
ponent under this action. As a consequence, the number of connected components
of MΛ containing marked pairs of IHS manifolds deformation equivalent to X to is
equal to [O(H2(X, Z)) : Mon2(X)].

We can therefore proceed by restricting to a connected component M0
Λ of MΛ,

e.g. the one containing a fixed marked IHS manifold (X, η). Surprisingly, the re-
striction of the global period map to each of these turns out to be surjective.

Theorem 2.1.10 (Surjectivity of the global period map). Let M0
Λ be a connected com-

ponent of the moduli space of Λ−marked IHS manifolds. Then the restriction

P0
Λ : M0

Λ −→ DΛ

of the global period map defined in (2.5) is surjective.

Proof. See [Huy99, Theorem 8.1] and [Huy12, Theorem 5.5].

Remark 2.1.11. For later use, we briefly sketch the two main ingredients on which
the proof of Theorem 2.1.10 relies:

(1) The description of the Kähler cone KX of a generic IHS manifold X, i.e. such
that Pic(X) = 0 (see [Huy12, Section 5.1]). In that case, by [Huy12, Theorem
5.1], it coincides with the positive cone CX of X, namely the connected compo-
nent of the open cone C ′

X = {α ∈ H1,1(X, R) : qX(α) > 0} containing a Kähler
class.

(2) The existence of special global deformations, called twistor spaces, in the pe-
riod domain (see [Huy12, Sections 3.2, 4.3, 4.4]). In simple terms, any Käh-
ler class α = [ωI ] ∈ H1,1(X, R) corresponding to a hyperkähler structure
X = (M, I, g) (see Remark 1.1.4), identifies a positive 3−space (see Remark
1.1.8)

Wα = ⟨[ωI ], Re(σI), Im(σI)⟩R ⊆ H2(X, R)

and a complex line Tα := P(ηC(Wα ⊗ C)) ∩ DΛ in the period domain, called
twistor line, for any choice of a marking η on X. A local surjectivity argument
([Huy12, Proposition 5.4]) provides a lift for a distinguished class of twistor
lines - called generic - whose generic points correspond to periods of marked
generic IHS manifolds. Finally, any two points x, y ∈ DΛ can be connected by
means of a finite chain of generic twistor lines ([Huy12, Proposition 3.7]).

The global period map fails to be injective. Nonetheless, an efficient description
of its fibers, in relation with the non-Hausdorff structure of M0

Λ, is provided by
Global Torelli Theorem.
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Theorem 2.1.12 (Global Torelli Theorem). Let M0
Λ be a connected component of the

moduli space of Λ−marked IHS manifolds.
(1) The restriction P0

Λ : M0
Λ −→ DΛ of the global period map is surjective and generi-

cally injective. For any x ∈ D, the fiber (P0
Λ)

−1(x) consists of pairwise inseparable
points.

(2) For any pair of inseparable points (X1, η1), (X2, η2) ∈ M0
Λ, the IHS manifolds X1

and X2 are bimeromorphic. Conversely, if X1 and X2 are two bimeromorphic IHS
manifolds, there exists two markings η1 and η2 such that (X1, η1) and (X2, η2) are
inseparable points in M0

Λ.

(3) The marked pair (X, η) is a Hausdorff point if and only if CX = KX.

Proof. (1) Surjectivity has been addressed in Theorem 2.1.10. Generic injectivity
is the content of [Ver13] and [Ver20], see [Huy12] for further details. More
precisely, all fibers over points in the countable union of hyperplane sections
DΛ ∩⋃

0 ̸=α∈Λ α⊥ consist of exactly one point.

(2) See [Huy99, Theorem 4.3] or [Huy12, Proposition 4.7] for the first part of the
statement and [Huy99, Theorem 4.6, 4.6’] and [Huy03a, Theorem 2.5] for the
second part.

(3) Follows from (1) and (2), together with Huybrechts’ characterization of the
Kähler cone of a generic IHS manifold (Remark 2.1.11). See [Mar11, Proposi-
tion 5.14] for further details.

The above-described characterization of the fibers of the global period map is
taken further in the following reformulation of Global Torelli Theorem ([Mar11]),
providing an efficient Hodge-theoretic method to approach the bimeromorphic -
and even isomorphic - classification if IHS manifolds in the same deformation class.

Theorem 2.1.13 (Hodge Theoretic Global Torelli Theorem). Let X1 and X2 be two
deformation equivalent irreducible holomorphic symplectic manifolds.

(1) X1 and X2 are bimeromorphic if and only if there exists a parallel transport operator
g : H2(X1, Z) → H2(X2, Z) which is an isomorphism of Hodge structures.

(2) Let g : H2(X1, Z) → H2(X2, Z) be a parallel transport operator which is an iso-
morphism of Hodge structures. There exists an isomorphism f : X1 → X2 such that
g = f∗ if and only if g maps a Kähler class on X1 to a Kähler class on X2.

Proof. This is the content of Theorem 1.3 of [Mar11]. We only sketch the proof of
part (1), as it contains some insights that will be useful in the next discussion.

(1) If f : X1 → X2 is a bimeromorphism, then the existence of a parallel trans-
port which is a Hodge isometry follows from part (2) of Theorem 2.1.12. In-
deed, [Huy03a, Theorem 2.5, Corollary 2.7] shows that the correspondence
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[Γ f ] : H∗(X1, Z) → H∗(X2, Z) induced by the graph Γ f of f is a graded ring
isomorphism respecting the Hodge structures, whose restriction

[Γ f ]2 : H2(X1, Z) → H2(X2, Z)

coincides with f∗ and respects the BBF forms. Moreover, it is shown that there
exists two deformations p1 : X1 → B and p2 : X2 → B of X1 and X2, respec-
tively, over the same one dimensional disk B, with 0 ∈ B such that Xi,0 ≃ Xi

for i = 1, 2, and a relative isomorphism f̃ : X1 \ p−1
1 (0) → X2 \ p−1

2 (0) induced
by f . The latter allows us to glue the two families along any point b ∈ B \ {0},
to define, as in Remark 2.1.7, a parallel transport operator from X1 to X2, in-
duced by [Γ f ], which coincides with f∗, as made explicit in [Mar11, Section
3.2].
Conversely, if g : H2(X1, Z) → H2(X2, Z) is a parallel transport operator
which is an isomorphism of Hodge structures, let η2 : H2(X2, Z) → Λ be a
marking on X2. Then η1 := η2 ◦ g is a marking on X1 and, by Remark 2.1.9,
the marked pairs (X1, η1) and (X2, η2) belong to the same connected compo-
nent M0

Λ of MΛ. As g is a Hodge isometry, they have the same period

P0
Λ(X1) = η1(σX1) = η2(g(σX1)) = η2(σX2) = P0

Λ(X2),

hence, by part (1) of Theorem 2.1.12, they are inseparable points and, by part
(2), they are defined by bimeromorphic IHS manifolds.

(2) See [Mar11, Section 3.2].

Remark 2.1.14 (Back to K3 surfaces). Theorem 2.1.12 and Theorem 2.1.13 provide a
consistent generalization of Global Torelli Theorem for K3 surfaces (Theorem 2.0.1).
The moduli space of marked K3 surfaces MK3 consists of two connected compo-
nents, interchanged by the involution sending a marked pair (S, η) to (S,−η) and,
in particular, the fiber of the global period map over a generic point in DK3 consists
exactly of two points. In fact (see Remark 2.1.9), the monodromy group Mon2(S)
of a K3 surface is an index 2 subgroup of O(H2(S, Z)), by [Bor72] - more precisely,
it coincides with the group O+(H2(S, Z)) of orientation preserving isometries (see Re-
mark 2.1.15 below). Hence, any Hodge isometry between two K3 surfaces is, up to
sign, a parallel transport operator that can be lift to an isomorphism, and Theorem
2.1.13 yields the original formulation of Global Torelli Theorem for K3 surfaces. For
further details, we refer to [Huy12, Section 6.1 and Remark 6.7].

Let X be an IHS manifold and consider de BBF lattice structure on H2(X, Z). In
order to refine the inclusion of groups Mon2(X) ⊆ O(H2(X, Z)) stated in Remark
2.1.7 and to examine in depth the geometric information carried by the monodromy
index (see Remark 2.1.9), we introduce a notion of orientation on H2(X, Z). We refer
to Appendix B.1.2 for general definitions and basic facts, or to [Mar11, Section 4]
and [Mar08, Section 4.1] for a more detailed discussion.
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Remark 2.1.15 (Orientations I). Let X be an IHS manifold, let σX be the holomorphic
symplectic form and let ω ∈ H1,1(X, R) be a Kähler class. As already pointed out
in Remark 1.1.8, by the properties of the BBF lattice (see Theorem 1.1.6 (2) and (3))
these span a positive 3−space

Wω = ⟨ω, Re(σX), Im(σX)⟩R ⊆ H2(X, R)

that defines an orientation on the indefinite lattice H2(X, Z) of signature (3, b2(X)−
3). In particular, if η : H2(X, Z) → Λ is a marking towards a lattice Λ of the same
signature, the orientation Wω induces an orientation on Λ and defines a twistor line
TWω

in the period domain DΛ via the period map (see Remark 2.1.11 (2)). Hence, the
orientation on Λ is preserved along generic twistor lines and, by [Huy12, Proposi-
tion 5.4], the corresponding orientation on H2(X, Z) is constant on marked pairs
(X, η) belonging to the same connected component M0

Λ of MΛ (see also [Mar11,
Section 4]). By [Mar11, Lemma 7.5] (see also Remark 2.1.9), we get that the chosen
orientation is preserved by parallel transport operators. More explicitly, both σX
and ω extend to smooth sections of the respective local systems (see Remark 2.1.2),
defining a family of positive spaces {Wt = ⟨ωt, Re(σt), Im(σt)⟩R}t∈De f (X), whose
orientation is constant along parallel transport operators.

The previous Remark provides a useful lattice-theoretic constraint for the study
of the monodromy group of an IHS manifold.

Corollary 2.1.16. Let X be an irredicible holomorphic symplectic manifold. Then

Mon2(X) ⊆ O+(H2(X, Z)).

Remark 2.1.17. We recall that the group of orientation preserving isometries
O+(H2(X, Z)) is an index 2 subgroup of O(H2(X, Z)). The O+(H2(X, Z))−action
on MΛ provides two isomorphic orbits interchanged by the involution sending a
marked pair (X, η) to (X,−η), as the morphism −idH2(X,Z) is orientation reversing.
If (X, η) is a generic marked IHS manifold, by Remark 2.1.9 and Theorem 2.1.13, the
index [O+(H2(X, Z)) : Mon2(X)] counts the number of IHS manifolds deformation
equivalent to X that are bimeromorphic to X. Equivalently, the monodromy index
counts the number of IHS manifolds bimeromorphic to X in a fixed deformation
class, for any generic weight 2 Hodge isometry class.

In other words, the monodromy group measures how far is the period of an IHS
manifold from determining its bimeromorphic type.

Corollary 2.1.18. If X is an IHS manifold, then the classic formulation of Bimeromorphic
Torelli Theorem (Conjecture 2.0.3) holds if and only if its monodromy group is maximal, i.e.
equality holds in Corollary 2.1.16.

This is the case, for instance, for K3 surfaces. In higher dimensions, we have the
following description.
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Remark 2.1.19 (Monodromy of IHS manifolds - state of the art). The monodromy
group has been completely described for any known deformation class of IHS man-
ifold, as follows:

(1) If X is of K3[n]−type, for n ≥ 2, then Mon2(X) is the group W(X) of orienta-
tion preserving isometries of H2(X, Z) acting as±id on its discriminant group
(see Appendix B.4). The monodromy index [O+(H2(X, Z)) : W(X)] is equal
to 2ρ(n−1)−1, where ρ(k) is the number of primes occurring in the factorization
of any integer k. This result has been proved in [Mar08] and [Mar10].

(2) If X is of Kumn−type, for n ≥ 2, then Mon2(X) is the index 2 subgroup N(X)
of W(X) of isometries in the kernel of the character det · disc (see (B.4)), and
the monodromy index equals to 2ρ(n). This result has been proved by [Mar22]
and [Mon16].

(3) If X is of OG6−type, then Mon2(X) = O+(H2(X, Z)), by [MR21].
(4) If X is of OG10−type, then Mon2(X) = O+(H2(X, Z)), by [Ono22].

Corollary 2.1.20. Classic Bimeromorphic Torelli holds for any IHS manifold X of defor-
mation type OG6, OG10 and K3[n], if and only if n = pr + 1 for some prime number p and
positive integer r ∈ N∗. On the other hand, it never holds for IHS manifolds of Kumn−
type, for any n ≥ 2.

In the next Section, we will discuss a generalization of the theory above intro-
duced to the singular setting, where the monodromy problem has been addressed
only partially, mainly due to the existence of a rich variety of new examples (recall
Section 1.2.3).

2.2 Locally trivial deformations of symplectic varieties
This Section is devoted to introduce an efficient notion of deformation, designed to
preserve the essential properties of a variety, in a context in which we allow sin-
gularities (see Section 1.2.1). For further details, we refer to [BL22, Section 4] and
[OPR24, Section 1.2] (see also [Nam01a], [Nam01b]).

We recall that, a family or deformation of complex analytic spaces is a flat and
proper morphism f : X → T of complex analytic spaces onto a connected base.
Among these, we identify the following special class of deformations.
Definition 2.2.1. (1) A locally trivial family is a proper morphism f : X → T of

complex analytic spaces such that the base T is connected and, for every point
x ∈ X , there exist open neighborhoods Vx ⊆ X of x and Vf (x) ⊆ T of f (x)
and an open subset Ux ⊆ f−1( f (x)) such that

Vx ≃ Ux × Vf (x),

where the isomorphism is an isomorphism of complex analytic spaces com-
muting with the projections over T.
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(2) If X is a complex analytic variety, a locally trivial deformation of X is a locally
trivial family f : X → T for which there is t ∈ T such that Xt := f−1(t) ≃ X.

(3) A locally trivial family of primitive (resp. irreducible) symplectic varieties is a locally
trivial family whose fibers are all primitive (resp. irreducible) symplectic va-
rieties.

(4) Two primitive (resp. irreducible, see Definition 1.2.9) symplectic varieties are
said to be locally trivial deformation equivalent if there exists a locally trivial fam-
ily of primitive (resp. irreducible) symplectic varieties having both of them as
fibers.

Remark 2.2.2. If X is a primitive symplectic variety, then, by [BL22, Lemma 4.6, Sec-
tion 4.4], it holds H0(X, TX) = 0 and there exists a universal deformation f : X →
De flt(X), where De flt(X) is the closed complex subspace of the base De f (X) of a
universal deformation (a priori miniversal, often called Kuranishi family) parametriz-
ing locally trivial deformations of X. By [BL22, Theorem 4.7], the space De flt(X) is
smooth of dimension h1,1(X).

In the following, given a complex analytic space X, we will deal only with small
locally trivial deformations of X, i.e. locally trivial families with base an analytic
open neighborhood U of X in the base De flt(X). In the case of primitive symplectic
varieties, this assumption guarantees that the family under study is a familiy of
primitive symplectic varieties, as stated below.

Proposition 2.2.3. Every small locally trivial deformation of a primitive symplectic vari-
ety X is a primitive symplectic variety. In particular, the locally trivial Kuranishi family
f : X → De flt(X) is universal for all of its fibers.

Proof. See [BL22, Corollary 4.11].

An analogous result, with the same generality, is missing in the case of irre-
ducible symplectic varieties. Nonetheless, the following sufficient criteria are pro-
vided in [OPR24, Section 1.2], which will work in the case of our interest, in the next
discussion.

Proposition 2.2.4. Let X be an irreducible symplectic variety and let f : X → T be a small
locally trivial deformation of X, with 0 ∈ T such that X0 ≃ X.

(1) If the smooth locus Xreg of X is simply connected, then Xt is an irreducible symplectic
variety with simply connected smooth locus for any t ∈ T.

(2) If X has at most terminal singularities, then Xt is an irreducible symplectic variety
with at most terminal singularities for any t ∈ T.

(3) If X is projective, f is projective and T is quasi-projective, then there exists an analytic
open neighborhood U ⊆ T of 0 such that Xt is a projective irreducible symplectic
variety for any t ∈ U.
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Proof. See, respectively, Proposition 1.7, Proposition 1.8 and Proposition 1.9 of
[OPR24].

Hence, when studying the locally trivial deformation class of an irreducible
symplectic variety X satisfying the hypotheses above, up to shrinking the base, we
can deal with locally trivial deformations of irreducible symplectic varieties.

Moreover, locally trivial deformations of primitive symplectic varieties preserve
Q−factoriality as well, by the following result due to [BL22].

Proposition 2.2.5. Let X be a primitive symplectic variety. Then every small locally trivial
deformation of X is Q-factorial if and only if X is Q-factorial.

Proof. See [BL22, Lemma 5.20].

Remark 2.2.6. Working with locally trivial deformations is less restrictive than it
seems. For instance, in the case of Q−factorial and terminal symplectic varieties,
which will be the main focus of this work, all flat deformations are locally trivial,
by [Nam06].

Furthermore, as smooth deformations are locally trivial, the notions introduced
so far define a consistent generalization of the classical deformation theory for irre-
ducible holomorphic symplectic manifolds.

We conclude this Subsection by dealing with the behavior of the singular locus
of a symplectic varieties along a locally trivial deformation, as it will be a crucial
point in Section 6.1.

Remark 2.2.7. (1) We point out that, if f : X → T is a locally trivial family of
symplectic varieties, then there is a natural relative stratification

X = X0 ⊇ X1 ⊇ · · · ⊇ Xl ,

such that, for every t ∈ T, set Xi,t := Xi ∩ Xt for i = 0, . . . , l, the stratification

Xt ⊇ X1,t ⊇ · · · ⊇ Xl,t

is the stratification of singularities of Xt as in Proposition 1.2.14 and the re-
striction fi : Xi → T is again a locally trivial family.

(2) We also remark that, by construction, the restriction fl : Xl → T of f defines a
smooth and proper morphism and, by local triviality, it preserves connected
components of Xl . Hence, the restriction f 0

l := f|X 0
l

: X 0
l → T of fl to any con-

nected component X 0
l of Xl defines a smooth and proper morphism, such that

the connected components of each fiber consist of smooth symplectic mani-
folds.
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(3) Anyway, this does not guarantee, in general, that f 0
l : X 0

l → T is a smooth
deformation of IHS manifolds, as its fiber may be disconnected. Nonetheless,
since f 0

l is smooth and proper, by Stein’s factorization Theorem, there exists a
commutative diagram

X 0
l

T T̃

f 0
l q

h

where q : X 0
l → T̃ is a smooth and proper morphism with connected fibers

and h : T̃ → T is a finite étale morphism, thus T̃ is connected.

2.3 Locally trivial monodromy operators and Torelli Theo-
rems

In this Section we will present a generalization of the framework introduced in Sec-
tion 2.1 to the singular setting, following [BL22]. The outcome of this discussion
is a version of Local and Global Torelli Theorem for primitive symplectic varieties,
with surjectivity of the global period map in the Q−factorial terminal case.

In the following we will quickly collect the main facts on which such generaliza-
tion relies, while keeping the main focus on the definition and the characterization
of the locally trivial monodromy group of a primitive symplectic variety. Indeed, in this
setting, the latter plays the role of the monodromy group, carrying the same geo-
metric interpretation in light of Global Torelli Theorem. Moreover, the second Part
of this work will be devoted to the computation of the locally trivial monodromy
group of a distinguished locally trivial deformation class of irreducible symplectic
varieties.

2.3.1 Torelli Theorems for primitive symplectic varieties

We start by recalling that, by Proposition 1.2.12 (see also part 2 of Section 1.2.2),
if X is a primitive symplectic variety, then its Beauville-Bogomolov-Fujiki lattice
(H2(X, Z)tf, qX) is an indefinite lattice of signature (3, b2(X)− 3). By [BL22, Lemma
5.7], the latter is a locally trivial deformation invariant, meaning that, if X1 and X2
are two locally trivial deformation equivalent primitive symplectic varieties, then
there exists an isometry g ∈ O(H2(X1, Z)tf, H2(X2, Z)tf).

Remark 2.3.1. Let X be a primitive symplectic variety and let p : X → T a small
locally trivial deformation of X.
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(1) Local triviality of p ensures the existence of a commutative diagram as in (2.2),
endowing the locally trivial family with local systems Ri p∗Z, Ri p∗Q, Ri p∗C

with fibers, respectively, Hi(X, Z), Hi(X, Q), Hi(X, C) (see Remark 2.1.2 (1)),
for i = 0, . . . , 2 dim X.

(2) In particular, any path γ ∈ Ω(T, t1, t2) in T connecting any two base points
t1, t2 ∈ T defines a parallel transport operator H2(Xt1 , Z)tf ≃ H2(Xt2 , Z)tf
respecting the BBF forms, as the latter is a topological data, by [BL22, Lemma
5.7].

(3) Arguing similarly as in the smooth case (see Remark 2.1.2 (2), [BL22, Propo-
sition 5.5 and its proof] and [Nam01a, Theorem 7]) and up to shrinking the
base, we get that the symplectic form σX ∈ H0(X, Ω[2]

X ) extends to a flat sec-
tion σ of the local system p∗Ω[2]

X/T, with σt ∈ H0(Xt, Ω[2]
Xt
) a symplectic form

for any t ∈ T.

Analogously as in the smooth case, we can give the following definitions.

Definition 2.3.2. (1) A marked primitive symplectic variety is a pair (X, η) made of
primitive symplectic variety X, equipped with a marking η : H2(X, Z)tf → Λ
onto a lattice Λ of signature (3, b2(X)− 3).

(2) Two marked primitive symplectic varieties (X1, η1) and (X2, η2) are isomorphic
if there exists an isomorphism f : X1 → X2 such that η2 = η1 ◦ f ∗.

We can therefore define the (coarse) moduli space of Λ−marked IHS manifolds is
defined as

MΛ := {(X, η) marked primitive symplectic variety}/ ≃, (2.7)

where ≃ is the equivalence relation given by the isomorphism of marked primitive
symplectic varieties. Again, the local structure of non-Hausdorff complex manifold
on MΛ is defined by using the universal bases De flt(X) as local charts, identifying
points over which the fibers are isomorphic as marked primitive symplectic vari-
eties, by means of a local period map.

Theorem 2.3.3 (Local Torelli Theorem for primitive symplectic varieties). Let X be
a primitive symplectic variety and let Λ be a lattice of signature (3, b2(X)− 3). The local
period map

PX : De flt(X) −→ DΛ

t 7−→ [ηt,C(σt)]

defined as in (2.3) and where DΛ is the period domain defined in (2.4), is a local biholomor-
phism.

Proof. See [BL22, Proposition 5.5].
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Again, the local period map induces a holomorphic embedding De flt(X) ↪→
MΛ identifying De flt(X) with an open neighborhood of (X, η) in MΛ, and the local
period maps PX : De flt(X) → DΛ glue to the global period map

PΛ : MΛ → DΛ, (2.8)

which is a local biholomorphism by construction. The characterization of insepara-
ble points in MΛ works similarly as in the smooth case, as stated below.

Proposition 2.3.4. LetM0
Λ be a connected component of the moduli spaceMΛ of Λ−marked

primitive symplectic varieties and let (X1, η1), (X2, η2) ∈ M0
Λ be two inseparable points.

Then, there exists a bimeromorphic map f : X1 → X2.

Proof. This is the content of [BL22, Theorem 6.14], which is an adaptation to the
singular setting of [Huy99, Theorem 4.3] (see Theorem 2.1.12 (2)).

The converse statement, with the same kind of generality, does not hold any-
more in the singular setting. In fact, two bimeromorphic (or even birational projec-
tive) primitive symplectic varieties are not necessarily locally trivial deformation
equivalent (see [BL21, Theorem 4.9]). A slightly weaker statement, which is suffi-
cient for our purposes, follows from the following non trivial result of [BL22], which
is an adaptation of the strategy of [Huy99, Theorem 4.6, 4.6’] and [Huy03a, Theorem
2.5] (see also the proof of Theorem 2.1.13 (1)) to the projective singular setting.

Lemma 2.3.5. Let X1 and X2 be two projective primitive symplectic varieties and let
f : X1 → X2 be a birational map which is an isomorphism in codimension 1 and such
that f∗ : Pic(X1)Q → Pic(X2)Q is well defined and an isomorphism. Then, there exist two
locally trivial deformations p1 : X1 → B and p2 : X2 → B of X1 and X2, respectively, over
the same one dimensional disk B, with 0 ∈ B such that Xi,0 ≃ Xi for i = 1, 2, such that X1
and X2 are birational over B and p−1

1 (B \ {0}) ≃ p−1
2 (B \ {0}).

Proof. See [BL22, Theorem 6.16].

The statement above generalizes to the non-projective case as well, provided
that the two bimeromorphic primitive symplectic varieties are Q−factorial and ter-
minal.

Lemma 2.3.6. Let X1 and X2 be two Q−factorial and terminal primitive symplectic va-
rieties and let f : X1 → X2 be a bimeromorphism. Then, there exist two locally trivial
deformations p1 : X1 → B and p2 : X2 → B of X1 and X2, respectively, over the same one
dimensional disk B, with 0 ∈ B such that Xi,0 ≃ Xi for i = 1, 2, such that X1 and X2 are
bimeromorphic over B and p−1

1 (B \ {0}) ≃ p−1
2 (B \ {0}).

Proof. If f : X1 → X2 is a bimeromorphic map between Q−factorial and termi-
nal primitive symplectic varieties, then it is an isomorphism in codimension 1 (see
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[MR25, Lemma 3.2,3.4], for instance), inducing an isomorphism on the rational Pi-
card groups. Moreover, f ∗ : H2(X2, C) → H2(X1, C) defines an isomorphism of
Hodge structures, so that X1 and X2 have the same period PX1(0) = PX2(0), and
there exists a one dimensional disk B in DΛ passing through it. Its lift via the lo-
cal period maps defines two one dimensional disks Bi ⊆ De flt(Xi), centered at
0 = Xi, for i = 1, 2. The latter define two locally trivial deformations p1 : X1 → B
and p2 : X2 → B of X1 and X2, respectively, over the same one dimensional disk
B, under the identification B1 ≃ B2 given by the local period maps, as they are
local isomorphisms. Now the proof can be concluded as in [BL21, Theorem 4.9],
replacing the symplectic resolutions Y, Y′ with X1, X2 themselves.

Corollary 2.3.7. Let X1 and X2 be two primitive symplectic varieties satisfying the hy-
potheses of Lemma 2.3.5 or Lemma 2.3.6. Then, for every choice of a marking η1 on X1,
there exists a marking η2 on X2 such that the pairs (X1, η1) and (X2, η2) are inseparable
points in M0

Λ.

Proof. See [BL22, Corollary 6.17].

Surjectivity of the global period map P0
Λ : M0

Λ → DΛ is a more delicate issue in
the singular setting. In [BL21, Theorem 1.3], the authors prove it in the case in which
MΛ parametrizes Λ−marked primitive symplectic varieties admitting a crepant
resolution via an IHS manifold, adapting Verbitsky’s and Huybrecths’ proof, re-
lying on the existence of hyperkähler metrics and twistor deformations. The more
general statement below, obtained replacing resolutions with Q−factorial terminal-
izations, follows instead from a generalization to the Q−factorial terminal case of
a work of Kollár-Laza-Saccà-Voisin ([KLSV18]) on limits of projective families, and
the existence of a Q−factorial terminalization in the projective case, by [BCHM10].

One of the key ingredients is the following projectivity criterion, due to Huy-
brechts in the smooth case of IHS manifolds ([Huy99, Theorem 3.11]).

Theorem 2.3.8. Let X be a primitive symplectic variety and let α ∈ H2(X, Q) be a
(1, 1)−class with qX(α) > 0. Then X is projective.

Proof. See [BL22, Theorem 6.9].

As a consequence, we get the following.

Corollary 2.3.9. Every primitive symplectic variety is locally trivial deformation equiva-
lent to a projective primitive symplectic variety.

This is Corollary 1.3 of [BL22]. More precisely, the authors prove that, for any
primitive symplectic variety X, the set of points of De flt(X) over which the fiber is
projective is dense ([BL22, Corollary 6.10, Corollary 6.11]).

The outcome is the following formulation of Global Torelli Theorem for primi-
tive symplectic varieties, which is the main Theorem of [BL22].
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Theorem 2.3.10 (Global Torelli Theorem for primitive symplectic varieties). Let Λ
be a lattice of signature (3, b − 3), with b ≥ 5 and let M0

Λ be a connected component of the
moduli space MΛ of Λ−marked pairs.

(1) The restriction P0
Λ : M0

Λ → DΛ of the global period map is generically injective.
For any x ∈ D, the fiber (P0

Λ)
−1(x) consists of pairwise inseparable points, whose

underlying primitive symplectic varieties are bimeromorphic.

(2) The image of P0
Λ is contained in the complement of countably many maximal Picard

rank periods.

(3) If one point of M0
Λ corresponds to a Q−factorial and terminal primitive symplectic

variety, then the same is true for any point of M0
Λ and P0

Λ is surjective.

Proof. See [BL22, Theorem 8.2].

Remark 2.3.11 (Global Torelli Theorem for irreducible symplectic orbifolds). A for-
mulation for Global Torelli Theorem for irreducible symplectic orbifolds with sec-
ond Betti number greater or equal than 3 already appeared in a previous work of
Menet [Men20], with the same characterization of fibers of the period map and sur-
jectivity of the latter. In particular, Menet’s proof works regardless the additional
hypothesis b2(X) ≥ 5, as it relies on the existence of twistor deformations, as in the
smooth case and as in [BL21].

2.3.2 Locally trivial monodromy operators and monodromy group

We will now complete the description of the global geometry of the moduli space
of Λ−marked primitive symplectic varieties and of the fibers of the period map by
introducing the natural counter-part of the monodromy group (see Section 2.1.3)
in the singular setting. Aim of this Section is to define the locally trivial monodromy
group of a primitive symplectic variety, following [BL22] and review its fundamen-
tal properties (see [OPR24, Section 1.3]).

As already recalled in Remark 2.3.1, any locally trivial deformation p : X →
T of primitive symplectic varieties endows the base T with local systems carry-
ing important information on the cohomology of the fibers and providing remark-
able classes of isomorphism and isometries between those. Among these, we iden-
tify the following special classes of isometries between the respective Beauville-
Bogomolov-Fujiki lattices (see part 2 of Section 1.2.2).

Definition 2.3.12. Let X, X1 and X2 be three primitive symplectic varieties.
(1) An isometry g ∈ O(H2(X1, Z)tf, H2(X2, Z)tf) is a locally trivial parallel trans-

port operator from X1 to X2 if there exist a locally trivial family of primitive
symplectic varieties p : X → T, two points t1, t2 ∈ T such that Xti ≃ Xi, for
i = 1, 2, and a continuous path γ in T from t1 to t2 such that g is the parallel
transport PTp(γ) along γ in the local system R2 p∗Z.
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(2) An isometry g ∈ O(H2(X, Z)tf) is a locally trivial monodromy operator on X if it
is a locally trivial parallel transport operator from X to itself.

If X1 and X2 are two primitive symplectic varieties, we will denote by

PT2
lt(X1, X2) ⊆ O(H2(X1, Z)tf, H2(X2, Z)tf)

the set of locally trivial parallel transport operators from X1 to X2. If X1 = X2 =: X,
we will denote by

Mon2
lt(X) := PT2

lt(X, X) ⊆ O(H2(X, Z)tf) (2.9)

the set of locally trivial monodromy operators of X.

Remark 2.3.13. As already remarked in [OPR24, Lemma 1.12], arguing as in the
smooth case in Remark 2.1.7 and by using locally trivial families, it can be easily
shown that the set Mon2

lt(X) of locally trivial monodromy operators of a primitive
symplectic variety X is actually a subgroup of O(H2(X, Z)tf).

Definition 2.3.14. Let X be a primitive symplectic variety. The group Mon2
lt(X)

defined in (2.9) is called the locally trivial monodromy group of X.

Remark 2.3.15. If X is smooth, then Mon2
lt(X) = Mon2(X), according to the classi-

cal definition (see Definition 2.1.8), as smooth deformations of X are locally trivial
(see Remark 2.2.6).

As in the smooth case (see Remark 2.1.9), the locally trivial monodromy group
carries important information concerning the geometry of the moduli space MΛ
of Λ−marked primitive symplectic varieties (see (2.7)). For any marked primitive
symplectic variety (X, η : H2(X, Z)tf → Λ), let us set Mon2

lt(Λ) := η ◦ Mon2
lt(X) ◦

η−1 ⊆ O(Λ).

Proposition 2.3.16. Let Λ be a lattice of signature (3, b − 3), with b ≥ 5, let MΛ be
the moduli space of Λ−marked primitive symplectic varieties and let M0

Λ be a connected
component. Then Mon2

lt(Λ) is the stabilizer of M0
Λ under the O(Λ)−action on MΛ given

by composition on the markings. In particular, for any primitive symplectic variety X, the
index [O(H2(X, Z)tf) : Mon2

lt(X)] is finite.

Proof. This is the content of [BL22, Theorem 8.2 (1)]. See also [BL22, Section 8.6, Step
4] and Remark 2.1.9.

Analogously as the smooth case (see Remark 2.1.15), in order to refine the inclu-
sion of groups of Remark 2.3.13, we introduce an orientation on H2(X, Z)tf, when
X is a primitive symplectic variety. For further details, general facts and notations,
we refer to Appendix B.1.2, or to [Mar11, Section 4] and [Mar08, Section 4.1].
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Remark 2.3.17 (Orientations II). We recall that, if X is a primitive symplectic variety,
the Beauville-Bogomolov-Fujiki lattice (H2(X, Z)tf, qX) has signature (3, b2(X)− 3)
(see part 2 of Section 1.2.2). Hence, in order to find an orientation for the big positive
cone

C̃X := {α ∈ H2(X, R) : qX(α) > 0}

of X, we may choose a basis of a 3−dimensional positive space. As explained in the
proof of [OPR24, Lemma 1.13], by the properties of the BBF form (see Proposition
1.2.12 and its proof), if ω ∈ H1(X, Ω[1]

X ) is a Kähler class and σ ∈ H0(X, Ω[2]
X ) is

a reflexive 2−form, then the basis {ω, Re(σ), Im(σ)} determines an orientation of
H2(X, Z)tf. Moreover, such an orientation does not depend on the choice of the
Kähler class and of the symplectic form and it is preserved by locally trivial parallel
transport operators in families of primitive symplectic varieties.

As a consequence of Proposition 2.3.16 and Remark 2.3.17 (see also [OPR24,
Lemma 1.13]), we get the following.

Corollary 2.3.18. Let X be a primitive symplectic variety with b2(X) ≥ 5. Then Mon2
lt(X)

is a subgroup of finite index of O+(H2(X, Z)tf).

For later use, we make few comments that will be helpful in order to give an
efficient characterization of orientation preserving Hodge isometries.

Remark 2.3.19. If X and Y are two primitive symplectic varieties and
g : H2(X, Z)tf → H2(Y, Z)tf is a Hodge isometry, we may choose generators σX ∈
H0(X, Ω[2]

X ) and σY ∈ H0(Y, Ω[2]
Y ) such that g(σX) = σY. If ωX is a Kähler class on

X, as g is an isometry, its image g(ωX) must be orthogonal to σY, namely, g(ωX) ∈
H1(X, Ω[1]

Y ). Hence, we can choose two natural orientations for X and Y, given, re-
spectively, by {ωX, Re(σX), Im(σX)} and {ωY, Re(σY), Im(σY)}, where ωY is a Käh-
ler class on Y, and deduce that g preserves the given orientations if and only if the
orientation of the cone

C ′
X = {α ∈ H1,1(X, R) : α · α > 0}

is preserved. According to Appendix B.1.2 (a) this happens if and only if g maps
the connected component CX of C ′

X containing ωX to the connected component CY
of C ′

Y containing ωY.

In parallel with Section 2.1.3, we conclude the discussion concerning the locally
trivial monodromy group of a primitive symplectic variety and its geometric inter-
pretation in terms of moduli with some considerations on Hodge Theoretic versions
of Global Torelli Theorem (Theorem 2.3.10). In the smooth case of IHS manifolds,
part (1) of Theorem 2.1.13 identified the monodromy group as a fundamental tool
to detect bimeromorphism classes once a deformation class was fixed. In the sin-
gular setting, an analogous statement, with the same kind of generality, cannot be
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deduced from Theorem 2.3.10 (1), essentially due to technicalities needed to ensure
that a bimeromorphism defines inseparable points in the moduli space of marked
primitive symplectic varieties.

In particular, working verbatim as in the smooth case (see [Mar11, Section 3.1]
or the proof of Theorem 2.1.13 (1)), from Lemma 2.3.5 and Corollary 2.3.7, we can
deduce the following.

Proposition 2.3.20. Let X1 and X2 be two projective primitive symplectic varieties, and
let f : X1 → X2 be a birational map. Suppose that f is an isomorphism in codimension
1 and that f∗ : Pic(X1)Q → Pic(X2)Q is well-defined and an isomorphism. Then the
pushforward

f∗ : H2(X1, Z)tf −→ H2(X2, Z)tf

is well defined and a locally trivial parallel transport operator.

Proof. By Lemma 2.3.5, the birational map f : X1 → X2 induces two locally trivial
deformations p1 : X1 → B and p2 : X2 → B of X1 and X2, respectively, over the same
one dimensional disk B, with 0 ∈ B such that Xi,0 ≃ Xi for i = 1, 2, such that X1
and X2 are birational over B and p−1

1 (B \ {0}) ≃ p−1
2 (B \ {0}). Let b ∈ B \ {0} and

let us consider two locally trivial parallel transport operators g1 ∈ PT2
lt(X1,X1,b),

g2 ∈ PT2
lt(X2,X2,b) in the families p1 and p2, respectively. By gluing the families

along b, under the isomorphism X1,b ≃ X2,b (see Remark 2.1.7 and Remark 2.3.13),
we get a locally trivial parallel transport operator g := g−1

2 ◦ g1 ∈ PT2
lt(X1, X2)

that, as in [Mar11, Section 3.1], is a Hodge isometry induced by the correspondence
defined by the graph Γ f of f , coinciding with f∗.

Remark 2.3.21. By Lemma 2.3.6, we get an analogous statement, in the analytic cat-
egory, for any bimeromorphic irreducible symplectic varieties that are Q−factorial
and terminal.

On the other hand, one of the two implications of Theorem 2.1.13 (1) can be
proved in full generality, as a consequence of Proposition 2.3.4.

Corollary 2.3.22. Let X1 and X2 be two locally trivial deformation equivalent primitive
symplectic varieties and assume that b2(X1) ≥ 5. If g : H2(X1, Z)tf → H2(X2, Z)tf
is locally trivial parallel transport operator which is an isomorphism of Hodge structures,
then there exists a bimeromorphism f : X1 → X2.

Proof. The proof works verbatim as in Theorem 2.1.13 (1). If g : H2(X1, Z)tf →
H2(X2, Z)tf is a locally trivial parallel transport as above, let η2 : H2(X2, Z) → Λ
be a marking on X2. Then η1 := η2 ◦ g is a marking on X1 and, by Proposition
2.3.16, the marked pairs (X1, η1) and (X2, η2) belong to the same connected com-
ponent M0

Λ of MΛ and, as g is an isomorphism of Hodge structures, they have
the same period. Consequently, by part (1) of Theorem 2.3.10, they are inseparable
points and, by Proposition 2.3.4, the underlying primitive symplectic varieties are
bimeromorphic.



46 CHAPTER 2 MONODROMY AND TORELLI THEOREMS

Remark 2.3.23. From Corollary 2.3.22 we deduce that, in the singular setting, the
monodromy index [O+(H2(X, Z)tf) : Mon2

lt(X)] provides a lower bound on the
number of bimeromorphism classes for any locally trivial deformation class of prim-
itive symplectic varieties. More precisely, arguing as in Remark 2.1.17, we get that,
for any primitive symplectic variety X with b2(X) ≥ 5, there are at least
[O+(H2(X, Z)tf) : Mon2

lt(X)] primitive symplectic varieties locally trivial deforma-
tion equivalent to X that are Hodge-isometric, but not bimeromorphic to X, for any
generic weight 2 Hodge-isometry class of H2(X, Z)tf.

On the other hand, equality holds only in those cases in which a Hodge Theo-
retic formulation of Global Torelli Theorem can be stated.

For instance, if we restrict to deal with Q−factorial and terminal primitive sym-
plectic varieties - in which case we recall that all deformations are locally trivial,
by Remark 2.2.6 - we can state the following formulation of the Hodge theoretic
Global Torelli Theorem, as a consequence of Proposition 2.3.20, Remark 2.3.21 and
Corollary 2.3.22.

Corollary 2.3.24 (Hodge Theoretic Global Torelli Theorem for Q−factorial and ter-
minal primitive symplectic varieties). Let X1 be a Q−factorial and terminal primitive
symplectic variety, with b2(X1) ≥ 5 and let X2 be a deformation of X1. Then X1 and X2 are
bimeromorphic if and only if there exists a parallel transport operator g : H2(X1, Z)tf →
H2(X2, Z)tf which is an isomorphism of Hodge structures.

Remark 2.3.25. (1) The above formulation applies to Q−factorial and terminal ir-
reducible symplectic varieties as well. Indeed, by Proposition 2.2.4, any small
locally trivial deformation of a terminal irreducible symplectic variety is again
an irreducible symplectic variety, which is terminal. By [BL22, Lemma 5.20],
also Q−factoriality is preserved along locally trivial deformations. Also no-
tice that, by Remark 2.2.6, all deformations of these kind of symplectic vari-
eties are locally trivial. Therefore, we can analogously define a global period
map on the moduli space MΛ of Λ−marked irreducible symplectic varieties
and proceed as above.

(2) In the case of irreducible symplectic orbifolds (see Definition 1.2.22), the same
formulation of Hodge Theoretic Global Torelli Theorem was already been
achieved by [MR25, Theorem 1.1], together with the study of the action of
parallel transport operators on the Kähler cone. Also in this case, by [Men20,
Proposition 3.10], all deformations of irreducible symplectic orbifolds are lo-
cally trivial.

Hence, for primitive or irreducible symplectic varieties as above, the description
of the locally trivial monodromy group becomes a particularly interesting defor-
mation invariant, from a bimeromorphic classification point of view. As previously
discussed in Section 1.2.3, there is a wealth of new and diverse examples of irre-
ducible symplectic varieties and a classification of these is far from being obtained.
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In particular, the description of the locally trivial monodromy group is, in general,
an open problem. To the best of our knowledge, the latter has been solved only for
those locally trivial deformation classes which have been studied and understood
the most in the last years, namely moduli spaces of sheaves on K3 and Abelian surfaces
(Section 3.1) and orbifolds of Nikulin type (Remark 1.2.24).

Example 2.3.26 (Monodromy of orbifolds of Nikulin type). Among irreducible sym-
plectic orbifolds, orbifolds of Nikulin type (Remark 1.2.24) define a distinguished
deformation class. A description of their monodromy group has recently been
achieved by [BMM24] (see also [Nan25]). In particular, for any irreducible sym-
plectic orbifold X of Nikulin type, it holds

Mon2(X) = O+(H2(X, Z)).

This, together with Remark 2.3.25 (2), shows that for this deformation type the clas-
sic formulation of Bimeromorphic Global Torelli Theorem (Conjecture 2.0.3) holds.

The case of moduli spaces of sheaves will be treated in full detail in the next
Chapters. In particular, the case of singular moduli spaces of sheaves on K3 surfaces
will be discussed in Section 3.4, while the second Part of this work will be devoted
to the computation of the remaining case of singular moduli spaces of sheaves on
Abelian surfaces (Section 6.3).
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Chapter 3

Moduli spaces of sheaves on K3
and Abelian surfaces

This Chapter is dedicated to the theory of moduli spaces of sheaves on K3 and
Abelian surfaces, specifically focusing on their construction and their fundamental
geometric and cohomological properties. These objects constitute the main focus of
the present work and belong to a remarkable line of research in modern algebraic
geometry, as they provide a systematic method for constructing and investigating
higher-dimensional varieties. In particular, they play a central role in hyperkähler
geometry, as they provide a rich source of examples of irreducible symplectic va-
rieties, both smooth and singular, building on the general philosophy that moduli
spaces of sheaves inherit crucial geometric properties from the underlying variety.

Section 3.1 is meant to outline the construction and describe the main properties
of such moduli spaces, along with their structure of symplectic variety. Section 3.2
is devoted to the study of locally trivial deformations of moduli spaces of sheaves,
while Section 3.3 addresses the study of their second integral cohomology groups
and their lattice and Hodge structure, with a view towards the classification issues
presented in Chapter 2. Finally, in Section 3.4, a description of the locally trivial
monodromy group of moduli spaces of sheaves is provided in all cases where this
computation is known in the literature, as a prelude to the next Part of this work,
which is meant to complete this framework.

3.1 Definitions and main properties
In this Section we provide an overview of the construction and main properties
of moduli spaces of sheaves on surfaces with trivial canonical bundle - hence, ad-
mitting a holomorphic symplectic form. In order to do so, we apply the theory
developed in Appendix A to the specific case in which the underlying polarized
variety is either a projective K3 or Abelian surface. In this case, the numerical in-

49
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variants of the parametrized sheaves are fixed by the choice of a Mukai vector, which
in turn determines the Hilbert polynomial of the latter. The machinery described in
Appendix A.3 yields projective varieties that turn out to provide examples of irre-
ducible symplectic varieties, both smooth and singular, mainly due to the work of
Mukai, Yoshioka, O’Grady, Kaledin, M. Lehn, Sorger, Perego and Rapagnetta. For a
deeper discussion on this theory, we refer to [HL97, Chapter 6], [PR23] and [PR24].

3.1.1 Fixing numerical invariants: Mukai vectors and Mukai lattice
Let us start by recalling that, given a complex projective variety X and a coherent
sheaf F on X, by Hirzebruch-Riemann-Roch formula

χ(F) =
∫

X
ch(F).td(X), (3.1)

we deduce that, once a polarization H is fixed, the Hilbert polyonimal PH(F) (see
(A.1) of F only depends on the total Chern character ch(F) - and hence, on the Chern
classes - of F. Indeed, the Todd class td(X) := td(TX) of X only depends on the
underlying variety.

Remark 3.1.1. If (S, H) is a polarized surface with c1(H) = h, we can make this
relation more explicit by computing the Hilbert polynomial of a coherent sheaf F of
rank r and Chern classes c1(F) = c1, c2(F) = c2:

PH(F)(m) =
rh2

2
m2 +

(
h · c1 −

rc1(KS) · h
2

)
m+

(
rχ(OS)−

c1 · c1(KS) + c2
1

2
− c2

)
.

If S is either a projective K3 surface - so that χ(OS) = 2 - or an Abelian surface - so
that χ(OS) = 0 - we get, as c1(KS) = 0, the following expression

PH(F)(m) =
rh2

2
m2 + (h · c1)m +

(
2ϵ(S)r +

c2
1

2
− c2

)
, (3.2)

where we set

ϵ(S) :=

{
1 if S is a K3 surface
0 if S is an Abelian surface. (3.3)

Definition 3.1.2. Let X be a complex manifold. For any F ∈ Coh(X), we define its
Mukai vector as

v(F) := ch(F).
√

td(X) ∈ Hev(X, Q) :=
dim X⊕

i=0

H2i(X, Q).

If X = S is either a projective K3 surface, or an Abelian surface, set ϵ(S) as in
(3.3), we get that, for any F ∈ Coh(S),

v(F) = (rk(F), c1(F), ch2(F) + ϵ(S)rk(F)) ∈ Hev(S, Z) :=
2⊕

i=0

H2i(S, Z). (3.4)
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Notice that, if S is an Abelian surface, then td(S) = (1, 0, 0), hence the Mukai vector
of a coherent sheaf on S is nothing but its total Chern character.

The graded Z−module Hev(S, Z) appearing in (3.4) is a free Z−module of rank
24 or 8, respectively, but actually carries a richer structure.

Let us start by recalling that, for any pair (E, F) of coherent sheaves on a complex
projective manifold X, the Euler characteristic of the pair (E, F) is defined as

χ(E, F) :=
dim X

∑
i=0

(−1)iexti(E, F) = χ(E∨ ⊗ F).

The latter is bilinear in E and F and can be expressed in terms of their Mukai vectors
by means of (3.1) as follows:

χ(E, F) =
∫

X
ch(E∨).ch(F).td(X). (3.5)

If we set, for any v = (vi)i=0,...,2 dim X ∈ Hev(X, Q),

v∨ := ((−1)ivi)i=0,...,2 dim X, (3.6)

we get a bilinear form on Hev(X, Q), called Mukai pairing (see [HL97, Definition
6.1.5]), defined, for any v, w ∈ Hev(X, Q), as

v · w := −
∫

X
v∨.w, (3.7)

such that v(E) · v(F) = −χ(E, F) for any E, F ∈ Coh(X), by (3.5).

If S is either a projective K3 or an Abelian surface, the Mukai pairing (3.7) defines
a non-degenerate integral symmetric bilinear form on Hev(S, Z), expressed as

(r1, ξ1, a1) · (r2, ξ2, a2) := ξ1 · ξ2 − r1a2 − r2a1, (3.8)

for any (ri, ξi, ai) ∈ Hev(S, Z), for i = 1, 2, where the operation · on the right hand
side coincides with the intersection pairing on H2(S, Z).

Definition 3.1.3. Let S be a projective K3 or an Abelian surface. We define the Mukai
lattice of S as the lattice H̃(S, Z) given by the pair (Hev(S, Z), ·), where · is the Mukai
pairing defined in (3.8).

Remark 3.1.4. It is immediate to notice that, if ΛS is the lattice given by H2(S, Z)
equipped with the intersection pairing, then H̃(S, Z) ≃ ΛS ⊕ U, where U is the
unimodular hyperbolic lattice of rank 2.

∗ If S is a K3 surface, then H̃(S, Z) ≃ ΛK3 ⊕ U ≃ U⊕4 ⊕ E8(−1)⊕2, as seen in
(1.3), which is an even unimodular rank 24 lattice of signature (4, 20).
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∗ If S is an Abelian surface, as ΛS ≃ U⊕3, we get H̃(S, Z) ≃ U⊕4, which is an
even unimodular rank 8 lattice of signature (4, 4).

Furthermore, the Mukai lattice of S inherits a pure weight two Hodge structure
from the one of S, by setting

H̃2,0(S) := H2,0(S), H̃0,2(S) := H0,2(S), (3.9)
H̃1,1(S) := H0(S, C)⊕ H1,1(S)⊕ H4(S, C).

Among elements of type (1, 1) with respect to the Hodge decomposition (3.9), we
identify the following special class, generalizing Definition 3.1.2.

Definition 3.1.5. Let S be a projective K3 or an Abelian surface. A Mukai vector is
an element v = (r, ξ, a) ∈ H̃(S, Z) such that r ≥ 0 and ξ ∈ NS(S) and, if r = 0 one
of the two following conditions holds:

(a) ξ is the first Chern class of a strictly effective divisor;
(b) ξ = 0 and a > 0.

Remark 3.1.6. The definition above is tailored to ensure that, for any Mukai vector
v ∈ H̃(S, Z), there always exists a coherent sheaf F on S such that v(F) = v, thus
making the choice of a Mukai vector a reasonable way to fix numerical invariants
for sheaves on S to be parametrized. Indeed, if H is a polarization on S and F is a
coherent sheaf on S, then its Hilbert polynomial PH(F) is determined by its Mukai
vector v(F) (see Remark 3.1.1). More explicitly, for any m ∈ N, identity (3.5) yields

PH(F)(m) = χ(F ⊗OS(mH)) = v(F) · v(OS(−mH)) =: Pv,H(m).

Therefore, in the following, once fixed a Mukai vector v ∈ H̃(S, Z), we will turn
our attention to the - possibly empty - subset Mv(S, H) ⊆ MPv,H (S, H) of the moduli
space of H−semistable sheaves with Hilbert polynomial Pv,H (see Definition A.2.1),
parametrizing sheaves F with Mukai vector v(F) = v. In particular, by [HL97,
Theorem 2.1.5], the moduli space MPv,H (S, H) decomposes as a finite disjoint union
of locally closed subschemes, each of which is of the form Mv′(S, H), with v′ a Mukai
vector compatible with the Hilbert polynomial Pv,H, i.e. such that Pv′,H = Pv,H.

Analogously, we can study the subset Ms
v(S, H) ⊆ Ms

Pv,H
(S, H) parametrizing

H−stable sheaves with Mukai vector v.

3.1.2 The moduli spaces Mv(S, H)

Let S be a projective K3 or an Abelian surface. In the following, we will call a polar-
ization on S any primitive ample divisor H on S. Let H be a polarization on S and
let v ∈ H̃(S, Z) a Mukai vector.

Definition 3.1.7. (1) The subset Mv(S, H) ⊆ MP(S, H) parametrizing H−semi-
stable sheaves with Mukai vector v is called moduli space of H−semistable
sheaves on S with Mukai vector v.



CHAPTER 3 MODULI SPACES OF SHEAVES ON SURFACES 53

(2) The subset Ms
v(S, H) ⊆ Ms

P(S, H) parametrizing H−stable sheaves with
Mukai vector v is called moduli space of H−stable sheaves on S with Mukai vector
v.

Of course, the natural inclusion Ms
v(S, H) ⊆ Mv(S, H) holds, but in order to

address the problems of non-emptyness of the latter and of whether these admit
the structure of a variety, we need to restrict the discussion to deal only with po-
larizations guaranteeing a good behavior of the moduli spaces, namely v−generic
polarizations. This definition is not uniform across the literature (compare [HL97,
Appendix 4.C] and [PR23, Section 2.1.2]), and we will postpone the comparison
of different definitions to Section 3.1.4. In this work, we will adopt the notion of
v−genericity introduced in [Yos09], following [PR23], where the notion of v−generic
polarization appears under the name v−general polarization.

Definition 3.1.8 (Generic polarization). Let S be a projective K3 or Abelian surface,
and let v ∈ H̃(S, Z) be a Mukai vector. A polarization H on S is called v−generic if
it satisfies one of the following conditions:

(1) If r > 0, then for every µH−semistable sheaf E such that v(E) = v and for
every 0 ̸= F ⊆ E such that µH(E) = µH(F), the equality c1(F)/rk(F) =
c1(E)/rk(E) holds.

(2) If r = 0, then for every H−semistable sheaf E such that v(E) = v and for
every 0 ̸= F ⊆ E such that χ(E)/(c1(E) · c1(H)) = χ(F)/(c1(F) · c1(H)), it
holds v(F) ∈ Qv.

The definition above guarantees that, if v is a primitive Mukai vector, i.e. indi-
visible in H̃(S, Z), then any H−semistable sheaf with Mukai vector v is actually
H−stable, yielding the equality Ms

v(S, H) = Mv(S, H) (see Remark 2.4 and Section
2.1.2 of [PR23]).

In the following, we will assume that S is a projective K3 or an Abelian surface,
v is a Mukai vector and H is a v−generic polarization on S, and we will denote
by M(s)

v := M(s)
v (S, H). For the moment, we will also assume that v is a primitive

Mukai vector, so that Ms
v = Mv. The starting point is the following result due to

Mukai and Yoshioka.

Theorem 3.1.9. Let S be a projective K3 or Abelian surface, v a primitive Mukai vector
and H a v−generic polarization on S.

(1) If S is a K3 surface, then Mv ̸= ∅ if and only if v2 ≥ −2. If S is Abelian, then
Mv ̸= ∅ if and only if v2 ≥ 0.

(2) If Mv ̸= ∅, then it is a smooth projective manifold of dimension v2 + 2 that admits
a holomorphic symplectic form.

Proof. The non-emptyness statement in part (1) is contained in [Yos99c, Theorem
0.1] and [Yos01a, Theorem 0.1], respectively. Part (2) is the content of [Mu84], to



54 CHAPTER 3 MODULI SPACES OF SHEAVES ON SURFACES

which we refer for the complete proof. Here we only sketch some aspects that can
be deduced by the discussion in Section A.3.

Smoothness and expected dimension. By [Mu84] and Remark 3.1.6, the moduli
space Ms

v is an irreducible component of Ms
P(S, H), hence they have the same di-

mension and the same obstruction theory.
As KS = OS, Serre duality yields exti(F, F)0 = ext2−i(F, F)0 for any coherent

sheaf F on S. Hence for any stable sheaf F ∈ Ms
v, it holds

ext2(F, F)0 = ext0(F, F)0 = 0,

as F is simple. The vanishing of the obstruction space Ext2(F, F)0 implies the smooth-
ness of F, by Theorem A.3.6 (2). Moreover, part (1) of Proposition A.3.5 implies

dimF Ms
v = ext1(F, F) = −χ(F, F) + ext0(F, F) + ext2(F, F) = v(F)2 + 2 = v2 + 2,

by (3.5), Serre duality and the fact that F is simple.

Symplectic form. We will now briefly explain how a holomorphic symplectic
form on S can induce a holomorphic symplectic form on Ms

v, referring to [HL97,
Chapter 10] for further details. Let us set X := S × Ms

v, let ∆ ⊂ X × X be the diag-
onal and let I be its ideal sheaf. If we set O2∆ := OX×X/I2, we get the following
short exact sequence

0 → I/I2 → O2∆ → O∆ → 0.

Let p1, p2 : X × X → X denote the projections onto the two factors and let E• be a
bounded complex of locally free sheaves on X. Since O∆ is p2−flat, p1 is flat and E•

is locally free, the compositions of the functors p∗2E• ⊗ (·) and p1∗ induce an exact
sequence

0 → F• ⊗ ΩX → p1∗(p∗2 F• ⊗O2∆) → F• → 0

defining a class A(F•) ∈ HomDb(X)(F•, F•[1]⊗ ΩX) = Ext1(F•, F• ⊗ ΩX), compat-
ible with the quasi-isomorphism equivalence relation, called the Atiyah class of F•.
If we consider a quasi-universal family E of H−stable sheaves on X, we can define
its Atiyah class A(E) = A(F•) for any locally free resolution F• of E .

The composition A(E)⊗2 of two copies of A(E) induces a class

A2(E) ∈ Ext2(E , E ⊗ Ω2
X)

under the morphism Ext2(E , E ⊗Ω⊗2
X ) → Ext2(E , E ⊗Ω2

X) induced by the canonical
map Ω⊗2

X → Ω2
X. Then the trace map (A.7) induces a morphism

tr2 : Ext2(E , E ⊗ Ω2
X) → H2(X, Ω2

X),

therefore we get a class

tr2(A2(E)) ∈ H2(X, Ω2
X) =

⊕
p+q=2,i+j=2

Hi(S, Ωp
S)⊗ Hj(Ms

v, Ωq
Ms

v
),
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by Künneth decomposition. The component of tr2(A2(E)) lying in H2(S,OS) ⊗
H0(Ms

v, Ω2
Ms

v
) ≃ Hom(H2(S,OS)

∗, H0(Ms
v, Ω2

Ms
v
)) induces a morphism

τE : H0(S, Ω2
S) ≃ H2(S,OS)

∗ → H0(Ms
v, Ω2

Ms
v
)

that maps a holomorphic symplectic form σS on S into a holomorphic symplectic
form τE (σS) =: σMs

v
on Ms

v (see [HL97, Corollary 10.4.2]). For any F ∈ Ms
v, un-

der the canonical identification TF Ms
v ≃ Ext1(F, F), the symplectic form σMs

v
acts

pointwisely as follows:

σMs
v,F : Ext1(F, F)× Ext1(F, F) ◦−→ Ext2(F, F) tr2

−→ H2(S,OS)
σS−→ H2(S, KS) ≃ C,

where ◦ : Ext1(F, F)× Ext1(F, F) → Ext2(F, F) is the Yoneda pairing defined under
the canonical isomorphism Exti(E•, F•) ≃ HomDb(Y)(E•, F•[i]), for any E•, F• ∈
Db(Y), for any smooth projective variety Y and for any i = 0, . . . , dim Y.

In particular, we get the following

Corollary 3.1.10. If S is a projective K3 or Abelian surface, v is a primitive Mukai vector
of square v2 ≥ −2 or v2 ≥ 0, respectively, and H is a v−generic polarization on S, then
Mv(S, H) is smooth.

Moreover, for a primitive Mukai vector v as above, the moduli space Mv(S, H)
is a compact smooth projective manifold, which is even dimensional (see Remark
3.1.4) and carries a holomorphic symplectic form. Therefore, it is natural to ask
whether this construction provides - possibly new - examples of irreducible holo-
morphic symplectic manifolds, as motivated by the following Example.

Example 3.1.11. Let S be a projective K3 surface, let us consider the Mukai vector
v = (1, 0,−n + 1), with n ≥ 2 and H any v−generic polarization. Then the moduli
space Mv(S, H) is isomorphic to the Hilbert scheme Hilbn(S) of n points on S (see
part 2 of Section 1.1.2). Indeed, any 0−dimensional closed subscheme Z of length
n can be identified with its ideal sheaf IZ, which is a H−stable sheaf with Mukai
vector v. Conversely, any sheaf F ∈ Mv(S, H) is a rank 1 coherent sheaf on S fitting
in the following short exact sequence

0 → F → F∨∨ ≃ OS → QF → 0,

where the quotient QF is a rank 0 coherent sheaf supported on a closed subscheme
Z ⊆ X of length n. We can therefore identify F with supp(QF) = Z. For further
details, we refer to [HL97, Example 4.3.6, Example 4.5.10].

Example 3.1.11 generalizes to the following result.

Theorem 3.1.12. Let S be a projective K3 or Abelian surface, v a primitive Mukai vector
of square v2 = 2k > 0 and H a v−generic polarization on S.
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(1) If S is a K3 surface, then Mv(S, H) is an irreducible holomorphic symplectic manifold,
deformation equivalent to Hilbk+1(S).

(2) If S is an Abelian surface, then Mv(S, H) is deformation equivalent to Ŝ× Hilbk(S),
where Ŝ = Pic0(S) is the dual surface of S.

Proof. See [Mu87], [Huy99, Corollary 4.8] for part (1) and [Yos01a, Theorem 0.1] for
part (2).

Thus, in the primitive case, moduli spaces of stable sheaves on projective K3
surfaces provide examples of IHS manifolds, all of K3[n]−type. On the other hand,
if the underlying surface is Abelian, then the moduli space obtained is not simply
connected, by part (2) of Theorem 3.1.12. Therefore, it will involve a further con-
struction, building on the same philosophy of generalized Kummer manifolds (see
part 3 of Section 1.1.2), that will be addressed below.

In order to address the Abelian case with full generality, but also to complete the
description of the moduli spaces Mv(S, H), we provide the following generalization
of Theorem 3.1.9 to the non-primitive case.

Theorem 3.1.13. Let S be a projective K3 or Abelian surface, v a Mukai vector of square
v2 > 0 and H a v−generic polarization on S. Then, the moduli space Mv(S, H) is a
non-empty, irreducible, normal, projective variety of dimension v2 + 2. Its smooth locus is
Ms

v(S, H) and the latter carries a holomorphic symplectic form.

Proof. See [KLS06, Theorem 4.4].

3.1.3 The Abelian case - the moduli spaces Kv(S, H)

Let S be an Abelian surface. We recall that its dual surface Ŝ, defined as

Ŝ := Pic0(S) = ker(c1 : Pic(S) → H2(S, Z)),

is again a 2−dimensional complex torus, as it is isomorphic to H1(S,OS)/H1(S, Z)
via the exponential sequence. Moreover, it can easily be checked (See [Huy06, Sec-
tion 9.1] that the latter coincides with the subgroup

{L ∈ Pic(S) : τ∗
p L ≃ L for all p ∈ S} ⊆ Pic(S)

of translation invariant line bundles on S. Furthermore, we can define the Picard func-
tor P ic0

S of S, sending any variety X to the set

P ic0
S(X) := {M ∈ Pic(S × X) : Mx := M|S×{x} ∈ Pic0(S) for all x ∈ X closed}⧸∼,

where M ∼ M′ if and only if there exists L ∈ Pic(X) such that M ⊗ π∗
X L ≃ M′, and

any morphism f : Y −→ X to its pull-back (idS × f )∗ : P ic0
S(X) −→ P ic0

S(Y).
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By [Huy06, Theorem 9.14], the Picard functor is representable (see Definition
A.2.1) by the dual surface Ŝ, so that there exists an isomorphism of functors

α : Hom(·, Ŝ) ≃ P ic0
S.

In particular, we get that Ŝ is projective, hence it is an Abelian surface, and that
there exists a universal line bundle P ∈ Pic(S × Ŝ), corresponding to idŜ under the
isomorphism αŜ. The line bundle P is called Poincaré line bundle and it satisfies the
following universal property: for any L ∈ Ŝ, it holds P|S×{L} ≃ L, and P|{0}×Ŝ = 0
in Pic0(Ŝ) ≃ S.

Yoshioka’s fibration

We will now review the construction of the moduli space which will be the main
focus of this work, following [PR23, Section 2.2.1], [Yos99a] and [Yos01a].

Let us fix a Mukai vector v ∈ H̃(S, Z) of positive square v2 > 0 and let us fix
a v−generic polarization and a coherent sheaf F0 on S such that v(F0) = v. Let
us consider the Fourier-Mukai transform (see Section 4.2, or [Huy06, Chapter 5] for
further details)

FMP : Db(S) −→ Db(Ŝ), F 7−→ RπŜ∗(π
∗
S(F)

L
⊗P),

with kernel the Poincaré line bundle, which is an equivalence by [Mu81] (see also
[Huy06, Proposition 9.19]). The map

av = (a1
v, a2

v) : Mv(S, H) → S × Ŝ
F 7→ (det(FMP (F))⊗ det(FMP (F0))

∨, det(F)⊗ det(F0)
∨),

often called Yoshioka’s fibration, is well defined under the canonical isomorphism
ˆ̂S ≃ S. It was first defined by Yoshioka in [Yos99a] and [Yos01a] for a primitive
Mukai vector v and then generalized to the non-primitive case in [PR23, Section
2.2.1]. Let us denote by

Kv(S, H) := a−1
v (0S,OS)

the fiber of av over the 0−point of the group S × Ŝ. Then, the map av satisfies the
following properties.

Theorem 3.1.14. Let S be an Abelian surface, v a Mukai vector with v2 > 0 and H a
v−generic polarization.

(1) The Yoshioka fibration av : Mv(S, H) → S× Ŝ is an isotrivial fibration. In particular,
all fibers are isomorphic to Kv(S, H).

(2) The Abelian variety S × Ŝ is the Albanese variety of Mv(S, H) and the Yoshioka
fibration coincides with the Albanese morphism alb : Mv(S, H) → Alb(Mv(S, H)).
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Proof. (1) Isotriviality follows from the fact that the morphism

τv : Kv(S, H)× S × Ŝ −→ Mv(S, H) (3.10)
(F, p, L) 7−→ τ∗

p (F)⊗ L

is a finite étale cover, as shown in [Yos01a, Section 4.2] and [PR23, Section
2.2.1].

(2) This is the content of [Yos01a, Theorem 0.1 (1)] in the primitive case. The
generalization to the non-primitive case is addressed in [PR23, Corollary 3.7],
where the authors use the fact that, for a normal projective variety X with at
most rational singularities, one can set Alb(X) := Alb(X̃) for any desingu-
larization X̃ of X and construct the Albanese morphism alb : X → Alb(X)
descending the usual Albanese morphism of X̃ (see [Rei83, Proposition 2.3],
[Kaw85, Lemma 8.1]).

Hence, if non-empty, we expect the fiber Kv(S, H) to be a variety of dimension

dim(Mv(S, H))− dim(S × Ŝ) = v2 + 2 − 4 = v2 − 2.

As a consequence of isotriviality, the isomorphism class of Kv(S, H) does not de-
pend on the choice of the coherent sheaf F0. With a slight abuse of terminology, we
will refer to Kv(S, H) as the moduli space of H−semistable sheaves on the Abelian surface
S and to Ks

v(S, H) := Ms
v(S, H) ∩ Kv(S, H) as the moduli space of H−stable sheaves on

the Abelian surface S.

We can now complete the picture stating Theorem 3.1.13 and Theorem 3.1.12
for the moduli spaces of sheaves above-introduced in the Abelian case. As it will
be necessary to highlight some numerical invariants of the Mukai vector v, to keep
notation concise, we introduce the following definition.

Definition 3.1.15 ((m, k)−triple). Let m, k ∈ N \ {0} be two strictly positive inte-
gers. A triple (S, v, H) will be called an (m, k)−triple if S is a projective K3 or an
Abelian surface1, v is a Mukai vector on S of the form v = mw, where w is a primi-
tive Mukai vector such that w2 = 2k and H is a v−generic polarization on S. In this
case, we will also refer to v as a Mukai vector of type (m, k).

Remark 3.1.16. Exactly as in [OPR24, Remark 1.22], it can easily be checked that, if
(S, v, H) is an (m, k)−triple with v = mw, then (S, w, H) is a (1, k)−triple.

Theorem 3.1.17. Let (S, v, H) be an (m, k)−triple, with S an Abelian surface.

1In this Chapter, we will deal both with K3 and Abelian surfaces. Throughout Part II we will
work only with Abelian surfaces, hence this Definition will be used only in the Abelian case (see
Assumption 1)



CHAPTER 3 MODULI SPACES OF SHEAVES ON SURFACES 59

(1) If (m, k) ̸= (1, 1), then Kv(S, H) is a non-empty, irreducible, normal projective va-
riety of dimension v2 − 2 = 2m2k − 2. Its smooth locus is Ks

v(S, H), which carries
a holomorphic symplectic form.

(2) If m = 1 and k > 1, then Kv(S, H) = Ks
v(S, H) is smooth and it is an irreducible

holomorphic symplectic manifold, deformation equivalent to Kumk−1(S).

Proof. Both statements follow from [Yos01a, Theorem 0.1, Theorem 0.2] in the prim-
itive case, and from [KLS06, Theorem 4.4] in the non-primitive case.

By part (2) of Theorem 3.1.17, we get that also moduli spaces of stable sheaves
on Abelian surfaces provide examples of irreducible holomorphic symplectic man-
ifolds. Again, those examples fall under a deformation type that we encountered
before - indeed, they provide a modular construction of generalized Kummer man-
ifolds. An explicit example of construction is sketched by the following.

Example 3.1.18. Let S be an Abelian surface, let us consider the Mukai vector v =
(1, 0,−n), with n ≥ 3 and let H be a v−generic polarization. Then Mv(S, H) is iso-
morphic to Hilbn(S)× Ŝ, where the identification on the first component is given,
as in Example 3.1.11, by the morphism h associating to each subsheaf F ∈ Mv(S, H)
the support of its quotient OS/F. Yoshioka’s fibration factorizes through this iso-
morphism

Mv(S, H) S × Ŝ

Hilbn(S)× Ŝ

av=(a1
v,a2

v)

≃
(h,a2

v) (an−1,idŜ)

where an−1 = Σn ◦HCn is the composition of the summation map with the Hilbert-
Chow morphism, defined in (1.4). Under this identification, we get an isomorphism
Kv(S, H) ≃ Kumn−1(S).

If n = 2, the above construction collapses to the construction of the Kummer
surface Kum(S), which is a K3 surface.

Remark 3.1.19 ("Low dimensional" cases). We point out that all the previous state-
ments, including the very definition of (m, k)−triple, were given under the assump-
tion that the Mukai vectors v taken under consideration had strictly positive square,
i.e. if and only if k > 0. This hypothesis has an underlying geometric meaning, not
only related to non-emptyness of the moduli spaces, which we will clarify in the fol-
lowing. Let us consider an (m, k)−triple (S, v, H), so that v = mw, with w primitive
of square w2 = 2k.

v2 < 0 : equivalently, k < 0.

∗ If S is K3, then Mv(S, H) either empty (if k < −1) or a point (if k = −1,
see [Mu87]).
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∗ If S is Abelian, then Mv(S, H) is empty (see [Yos01a]), so it is Kv(S, H).

v2 = 0: equivalently, k = 0.

m = 1 : Mv(S, H) is deformation equivalent to S ([Mu87]). In particular,
∗ If S is K3, then Mv(S, H) is a K3 surface.
∗ If S is Abelian, then Mv(S, H) is an Abelian surface and the ana-

logue of Kv(S, H) is a point.
m > 1 : Mv(S, H) is isomorphic to the symmetric product Mw(S, H)(m) (see

[KLS06, Section 1]).
∗ If S is K3, then Mv(S, H) is the m−th symmetric product of

a K3 surface, which is a primitive symplectic variety admit-
ting a symplectic resolution via Hilbm(Mw(S, H)) (see Example
1.2.17).

∗ If S is Abelian, then Mv(S, H) is the m−th symmetric product of
an Abelian surface. The analogue of Kv(S, H) is the fiber of the
summation map Σm, which is again a primitive symplectic va-
riety - admitting Kumm−1(Mw(S, H)) as symplectic resolution -
which is not irreducible symplectic, analogously as in Example
1.2.17.

For this reasons, we will be only interested in (m, k)−triples with k > 0. We only
point out that, if v = w is primitive, then we have to distinguish the following
situations:

∗ If S is K3, then Mw(S, H) is of K3[k+1]−type for any k > 0.
∗ If S is Abelian, then, according to k, the following cases can occur for Kw(S, H):

k = 1 : Kw(S, H) is a point.
k = 2 : Kw(S, H) is the Kummer surface of S, which is a K3 surface.
k > 2 : Kw(S, H) is of Kumk−1−type.

This low-square jump phenomenon, occurring only in the Abelian case, will turn
crucial in the second part of this work (see Section 6.4).

We observed that, given a (1, k)−triple (S, w, H), with S a projective K3 or
Abelian surface, the smooth moduli spaces Mw(S, H) and Kw(S, H), respectively,
provide examples of irreducible holomorphic symplectic manifolds. On the other
hand, if (S, v, H) is an (m, k)−triple, with v non-primitive, the moduli spaces
Mv(S, H) and Kv(S, H), respectively, are normal projective varieties whose smooth
locus carries a holomorphic symplectic form. Therefore, it is natural to ask whether
the latter yield examples of possibly singular symplectic varieties, or can be used to
provide, via symplectic desingularizations, other examples of IHS manifolds. In-
deed, moduli spaces of semistable sheaves as above fall precisely under this two
cases.
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Theorem 3.1.20. Let (S, v, H) be a (2, 1)−triple, with S either a projective K3 or Abelian
surface.

(1) If S is K3, then Mv(S, H) admits a symplectic resolution ˜Mv(S, H) that is an irre-
ducible holomorphic symplectic manifold of deformation type OG10.

(2) If S is Abelian, then Kv(S, H) admits a symplectic resolution ˜Kv(S, H) that is an
irreducible holomorphic symplectic manifold of deformation type OG6.

Proof. The statement was first proved by O’Grady in [OG99] and [OG03], respec-
tively, for a specific Mukai vector v = (2, 0,−2), giving the very first construction
of these kind of examples (see also part 4 of Section 1.1.2). In [LS06], the existence
of a symplectic resolution, obtained by blowing up the strictly semistable locus -
Mv(S, H) \ Ms

v(S, H) and Kv(S, H) \Ks
v(S, H) respectively - with reduced structure,

is shown for any (2, 1)−triple. Finally, in [PR13], it is shown that such symplectic
resolutions are irreducible holomorphic symplectic manifolds deformation equiv-
alent to OG10 and OG6, respectively.

Before examining the other case, given by (m, k)−triples different from (2, 1),
we discuss factoriality properties of singular moduli spaces as above.

Theorem 3.1.21. Let (S, v, H) be an (m, k)−triple, with m > 1, and S either a projective
K3 or Abelian surface.

(1) If (m, k) = (2, 1), then Mv(S, H) and Kv(S, H), respectively, are 2−factorial.

(2) If (m, k) ̸= (2, 1), then Mv(S, H) and Kv(S, H), respectively, are locally factorial.

Proof. Part (1) is Theorem 1.1 of [Per09], while part (2) is Theorem A of [KLS06].

Remark 3.1.22. In particular, we get that, for any (m, k)−triple (S, v, H), with v
a non-primitive Mukai vector and S either a projective K3 or Abelian surface, the
singular moduli spaces Mv(S, H) and Kv(S, H) are all Q−factorial. Moreover, these
are terminal if and only if (m, k) ̸= (2, 1).

Indeed, both Mv(S, H) and Kv(S, H) are normal, irreducible, projective varieties
admitting a holomorphic symplectic form on their smooth loci, and their singular
loci have codimension equal to 2 if (m, k) = (2, 1), and at least equal to 4 otherwise
(see [KLS06, Proposition 6.1]). By Flenner’s Theorem ([Fle88]), the symplectic form
extends for any resolution of singularities, hence these are symplectic varieties. By
[Nam01c, Corollary 1] (see also Remark 1.2.13), a symplectic variety is terminal if
and only if the codimension of the singular locus is at least equal to 4, which is the
case for (m, k) ̸= (2, 1).

From the previous Remark, we deduce the following (see [KLS06, Theorem B]):

Corollary 3.1.23. Let (S, v, H) be an (m, k)−triple, with m > 1, and S either a projective
K3 or Abelian surface. If (m, k) ̸= (2, 1), then Mv(S, H) and Kv(S, H), respectively, do
not admit any symplectic resolution.
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Although no further constructions of irreducible holomorphic symplectic mani-
folds can be obtained from singular moduli spaces as above, we have the following
foundational result, which is the main Theorem of [PR23].

Theorem 3.1.24. Let m, k ∈ N \ {0} and let (S, v, H) be an (m, k)−triple, with S either
a projective K3 or Abelian surface.

(1) If S is K3, then Mv(S, H) is an irreducible symplectic variety.

(2) If S is Abelian and (m, k) ̸= (1, 1), then Kv(S, H) is an irreducible symplectic vari-
ety.

Proof. See [PR23, Theorem 1.10], where the statement is proved for any (m, k)−triple
as above, with m > 1. For the reader’s convenience, we also include the previ-
ously addressed primitive cases (see Theorem 3.1.12 and Theorem 3.1.17 (2)). The
pair (1, 1) has been excluded in the Abelian case, as the associated moduli space of
sheaves collapses to a point, by Remark 3.1.19.

Therefore, all moduli spaces of semistable sheaves as above define examples
of irreducible symplectic varieties, all Q−factorial, and all terminal with only one
exception. In the next Section (3.2) their locally trivial deformation classes will be
characterized in terms of the chosen Mukai vector, showing that this construction
provides infinitely many new and different examples of irreducible symplectic va-
rieties.

Before proceeding, we address the comparison of the different definitions of
genericity for a polarization, that was postponed at the beginning of the Section.

3.1.4 Generic polarizations: comparison of definitions and congruence
relations

In Section 3.1.2 we introduced the notion of generic polarization (Definition 3.1.8)
with respect to a Mukai vector. Subsequently, we discussed the theory of moduli
spaces of semistable sheaves, constructed starting from an (m, k)−triple (S, v, H)
defined by a projective K3 or Abelian surface S, a Mukai vector v and a v−generic
polarization, according to Definition 3.1.8. On the other hand, most of the above-
mentioned theory was developed for triples using polarizations that are v−generic
according to a different definition (see, for instance, [HL97, Appendix 4.C]), that we
will state and discuss below.

Let S be a projective K3 or Abelian surface, and let v = (v0, v1, v2) ∈ H̃(S, Z)
be a Mukai vector. Then the latter induces a wall and chamber decomposition of the
ample cone Amp(S) of S as follows.

Case 1: v0 > 0. Set

|v| :=
v2

0
4

v · v +
v2ϵ(S)+2

0
2

,
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where · is the Mukai pairing, and we recall that ϵ(S) = 1 if S is K3 and 0 if S is
Abelian. The rational number |v| is always strictly positive, if v is a Mukai vector
of type (m, k), with m, k > 0. In that case, we set

Wv := {D ∈ NS(S) : − |v| ≤ D2 < 0},

while we set Wv := ∅ if |v| = 0.
Case 2: v0 = 0. For every pure sheaf E of Mukai vector v, and for every subsheaf

0 ̸= F ⊆ E of Mukai vector v(F) = (0, u1, u2), we define the divisor associated to the
pair (E, F) as

DE,F := u2v1 − v2u1. (3.11)
We therefore define Wv as the set of non-numerically trivial divisors DE,F as in (3.11),
for any pair (E, F) as above.

For any Mukai vector v either in case 1 or case 2, we give the following definition.

Definition 3.1.25 (Generic polarization - alternative definition). Let S be a projective
K3 or Abelian surface, and let v ∈ H̃(S, Z) be a Mukai vector. A polarization H on
S is v−generic if c1(H) · D ̸= 0 for every D ∈ Wv.

Remark 3.1.26. If S has Picard rank ρ(S) = 1, then the ample generator of Pic(S) is
v−generic with respect to Definition 3.1.25 for every Mukai vector v.

If ρ(S) > 1, we characterize this notion of genericity as follows.

Definition 3.1.27. If D ∈ Wv, we define the v−wall associated to D as the orthogonal
complement D⊥ of D in Amp(S), with respect to the intersection pairing.

For any D ∈ Wv, the associated v−wall D⊥ is an hyperplane in Amp(S) and the
set of such v−walls is locally finite if v0 > 0 (see [HL97, Theorem 4.C.2]), or even
finite if v0 = 0 (see [Yos01a, Section 1.4]).

Definition 3.1.28. Suppose that ρ(S) > 1. Any connected component of Amp(S) \⋃
D∈Wv

D⊥ is called v−chamber.

Remark 3.1.29. Hence, if ρ(S) > 1, a polarization H is v−generic according to
Definition 3.1.25 if and only if c1(H) lies in a v−chamber. We moreover point out
the following important properties, assuming ρ(S) > 1:

(1) As the set of v−walls is locally finite in Amp(S), for any Mukai vector v as
above, a v−generic polarization (Definition 3.1.25) always exists.

(2) Changing polarization inside a v−chamber does not affect the moduli space
Mv(S, H) (and neither Kv(S, H), if S is Abelian). More precisely, if C is a
v−chamber and H1, H2 ∈ C, then, by [PR23, Proposition 2.5], any sheaf of
Mukai vector v is H1−semistable if and only if it is H2 semistable, yielding
identifications

Mv(S, H1) = Mv(S, H2) and Ms
v(S, H1) = Ms

v(S, H2).
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(3) If v ̸= (0, v1, 0), H is a v−generic polarization and E a H−semistable sheaf
with Mukai vector v, then any H−destabilizing subsheaf F of E satisfies v(F) ∈
Qv. We therefore deduce that, if v is primitive and H is v−generic (Definition
3.1.25), then any H−semistable sheaf of Mukai vector v is H−stable.

Remark 3.1.30 (The case v = (0, v1, 0) and ρ(S) > 1). If v = (0, v1, 0) and ρ(S) > 1,
two problems may arise. In that case, any divisor D ∈ Wv must be of the form bv1,
for some b ̸= 0, yielding H · D ̸= 0 for any v−generic polarization, as v1 is the class
of an effective divisor. Hence, any polarization is v−generic according to Definition
3.1.25.

Moreover, the statement in part (3) of Remark 3.1.29 is no longer true, as shown
in [PR23, Example 2.7]. In particular, if ρ(S) > 1 and v1 is primitive, for any polar-
ization H we get

Ms
(0,v1,0)(S, H) ⊊ M(0,v1,0)(S, H),

losing the main motivation for introducing the notion of genericity.

As Definition 3.1.25 is not well adapted for Mukai vectors of the form v =
(0, v1, 0), when ρ(S) > 1, the notion of v−genericity appearing in Definition 3.1.8
was introduced in [Yos01a], and in [PR23, Section 2.1.2] it is explained how the latter
can replace the first one, keeping consistent the theory of moduli spaces of sheaves
discussed in the previous Sections. More precisely, this means that it is always pos-
sible to find isomorphisms, or even identifications, of moduli spaces

Mv(S, H1) ≃ Mv(S, H2) and Ms
v(S, H1) ≃ Ms

v(S, H2),

where H1 is v−generic according to Definition 3.1.8 and H2 is v−generic according
to Definition 3.1.25, as explained below.

Remark 3.1.31. Let S be a projective K3 or Abelian surface and let v = (v0, v1, v2)
be a Mukai vector.

(1) If ρ(S) = 1, then the ample generator of Pic(S) is v−generic with respect to
both Definitions 3.1.8 and 3.1.25, by [PR23, Lemma 2.9 (1)].

(2) If ρ(S) > 1, assume that, if v = (0, v1, v2), then v2 ̸= 0. Then, the following
hold:

(a) Any polarization that is v−generic according to Definition 3.1.25 is v−ge-
neric according to Definition 3.1.8, [PR23, Lemma 2.9 (2)].

(b) If H is a v−generic polarization according to Definition 3.1.8, it is not
necessarily v−generic according to Definition 3.1.25, so it may lie on a
v−wall. In that case, let C be the v−chamber such that c1(H) ∈ C (the
closure of C in Amp(S)) and let H′ ∈ C. Then, by [PR23, Lemma 2.10],
there are identifications of moduli spaces M(s)

v (S, H) = M(s)
v (S, H′), and

K(s)
v (S, H) = K(s)

v (S, H′), if S is Abelian.
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(c) If v = (0, v1, 0), then it may happen that no v−generic polarizations (ac-
cording to Definition 3.1.8) exist at all (see [PR23, Example 2.11]).
Nonetheless, tensorization with H induces isomorphisms (see Section
4.2.1 and [PR23, Lemma 2.24]) M(s)

v (S, H) ≃ M(s)
vH (S, H), and K(s)

v (S, H) ≃
K(s)

vH (S, H) if S is Abelian, where vH := (0, v1, v1 · H). Moreover, H is
v−generic if and only if it is vH−generic (according to Definition 3.1.8).
Thus, case (b) can be applied to vH, providing a vH−generic polarization
H′ (according to Definition 3.1.25) such that M(s)

v (S, H) ≃ M(s)
vH (S, H′).

Remark 3.1.31 implies that Definition 3.1.8 is well suited for dealing with the
theory of moduli spaces of sheaves for any choice of a Mukai vector as in Defini-
tion 3.1.2, thus from now on we will adopt Definition 3.1.8 as the standard one. On
the other hand, Remark 3.1.31 will allow us to restrict to considering polarizations
that are v−generic according to Definition 3.1.25 when proving results for moduli
spaces defined by triples (S, v, H), with H v−generic according to the standard def-
inition.

For later use, we introduce an equivalence relation designed to formalize the
identifications of moduli spaces mentioned in Remark 3.1.31.

Definition 3.1.32. Two (m, k)−triples (S1, v1, H1) and (S2, v2, H2) are said to be con-
gruent if S1 = S2 =: S, v1 = v2 =: v and, for every coherent sheaf F on S such that
v(F) = v, we have that F is H1−semistable if and only if F is H2−semistable.

The last property yields identifications Mv(S, H1) = Mv(S, H2) and Kv(S, H1) =
Kv(S, H2) (see [PR23, Lemma 2.16]) and we denote by

χH1,H2 : Kv(S, H1) −→ Kv(S, H2) (3.12)

the identity morphism.

Remark 3.1.33. It is straightforward from Remark 3.1.31 (2.b) that, if H1 and H2 are
two v−generic polarizations lying in the closure of the same v−chamber, then the
triples (S, v, H1) and (S, v, H2) are congruent.

3.2 Deformations of moduli spaces of sheaves
In Section 3.1 we discussed the construction of moduli spaces of semistable sheaves
on K3 and Abelian surfaces and how the latter yield examples of irreducible sym-
plectic varieties, both smooth and singular. More precisely, Theorem 3.1.24 estab-
lishes that, for any choice of an (m, k)−triple (S, v, H), with S either a projective
K3 or Abelian surface, the moduli spaces Mv(S, H) and Kv(S, H), respectively, are
irreducible symplectic varieties, with the only exception of points and symmetric
products. The following result in [PR23] shows that the locally trivial deformation
class of moduli spaces as above is determined by the choice of the pair (m, k).
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Theorem 3.2.1. Let m, k ∈ N \ {0} and let (S1, v1, H1) and (S2, v2, H2) be two (m, k)−
triples.

(1) If S1 and S2 are both K3 or both Abelian surfaces, then Mv1(S1, H1) and Mv2(S2, H2)
are locally trivial deformation equivalent.

(2) If S1 and S2 are both Abelian surfaces, then Kv1(S1, H1) and Kv2(S2, H2) are locally
trivial deformation equivalent.

Proof. In the primitive case - i.e. for m = 1 - this result is due to [Mu84], [Bea83],
[OG97], [Yos99c], [Yos01a] while the case (m, k) = (2, 1) is dealt in [PR13]. For
(m, k) ̸= (2, 1) and m > 1, it is due to [Yos09] and [PR23]. For a complete proof, see
[PR23, Theorem 1.7].

Remark 3.2.2. A remarkable feature of this result and its proof is that the locally
trivial families defining the above-stated equivalence relation are constructed from
deformations of the underlying surface, together with the Mukai vector and the
polarization, inducing a locally trivial deformation by means of relative moduli
spaces of sheaves (see Appendix A.3.3). This construction will play a fundamental
role in the second Part of this work, and will be discussed in more detail in Section
4.1.

Theorem 3.2.1 states that the locally trivial deformation class of a moduli space
of sheaves constructed from an (m, k)−triple is determined by the pair (m, k). In
the next Section we will see that the correspondence is one to one, i.e. that every
pair determines a different locally trivial deformation class of irreducible symplec-
tic varieties.

In fact, as a consequence of Proposition 2.2.4, we deduce that any locally trivial
deformation of moduli spaces of sheaves built from (m, k)−triples with (m, k) ̸=
(2, 1) are again Q−factorial and terminal irreducible symplectic varieties.

Corollary 3.2.3. Let m and k be two strictly positive integers and let (S, v, H) be an
(m, k)−triple.

(1) If (m, k) ̸= (2, 1), any small locally trivial deformation of Mv(S, H), and of Kv(S, H),
if S is Abelian, is a Q−factorial and terminal irreducible symplectic variety.

(2) If (m, k) = (2, 1) and S is K3, then any small locally trivial deformation of Mv(S, H)
is a Q−factorial irreducible symplectic variety.

(3) If (m, k) = (2, 1) and S is Abelian, any small locally trivial deformation of Kv(S, H)
is a Q−factorial irreducible symplectic variety, provided that the family f : X → T
is projective and T is quasi-projective.

Proof. (1) If (m, k) ̸= (2, 1), then the moduli spaces Mv(S, H), and Kv(S, H), if
S is Abelian, are Q−factorial and terminal, by Theorem 3.1.21 and Remark
3.1.22, hence, by Proposition 2.2.4 (2) any small locally trivial deformation of
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the latter is again a terminal irreducible symplectic variety, and is Q−factorial
by Proposition 2.2.5.

(2) In that case, the moduli spaces Mv(S, H) have all simply connected smooth lo-
cus, so the claim follows from Proposition 2.2.4 (1), together with Proposition
2.2.5.

(3) If S is Abelian and (m, k) = (2, 1), then Kv(S, H) is a Q−factorial irreducible
symplectic variety with canonical singularities that are not terminal (see Re-
mark 3.1.22), and, by [PR23, Theorem 3.6], it holds π1(Ks

v(S, H)) = Z/2Z.
Hence, the only criterion that can be applied in this case is Proposition 2.2.4
(3), for which projectivity is a requirement.

3.3 Second integral cohomology of moduli spaces of sheaves

In this Section we will address the study of the second integral cohomology groups
of moduli spaces of sheaves, describing both its lattice and weight two Hodge struc-
ture, following [PR24].

We recall that, by Proposition 1.2.12, to any irreducible symplectic variety X can
be associated its Beauville-Bogomolov-Fujiki lattice (H2(X, Z), qX), of signature
(3, b2(X) − 3), which is a locally trivial deformation invariant, by [BL22, Lemma
5.7] (see also Section 2.3.1). Its description in the case in which X = Mv(S, H)
or X = Kv(S, H), for any (m, k)−triple (S, v, H), with S either a projective K3 or
Abelian surface, respectively, will allow us to deduce that every pair (m, k) defines
a unique locally trivial deformation class.

Moreover, by Global Torelli Theorem (Theorem 2.3.10), the BBF lattice structure
and the weight two Hodge structure of H2(X, Z) play a fundamental role for the
bimeromorphic classification of such varieties, together with the locally trivial mon-
odromy group, that will be discussed in the next Section (3.4) and in the second Part
of this work.

The first aspect we discuss is the relation between the second integral cohomol-
ogy group of a moduli space of sheaves and that of its smooth locus. Let (S, v, H)
be an (m, k)−triple, with S either a projective K3 or Abelian surface and let

iv : Ms
v(S, H) → Mv(S, H)

be the open embedding of the smooth locus. If S is Abelian, let us denote by

i0
v : Ks

v(S, H) → Kv(S, H)

its restriction to the Yoshioka fibers.

Proposition 3.3.1. Let (S, v, H) be an (m, k)−triple, with m > 1 and S either a projective
K3 or Abelian surface.



68 CHAPTER 3 MODULI SPACES OF SHEAVES ON SURFACES

(1) If (m, k) ̸= (2, 1), then the morphism i∗v : H2(Mv(S, H), Z) → H2(Ms
v(S, H), Z)

is an isomorphism of Z−modules and of weight 2 Hodge structures.

If S is Abelian, then also (i0
v)

∗ : H2(Kv(S, H), Z) → H2(Ks
v(S, H), Z) is an iso-

morphism of Z−modules and of weight 2 Hodge structures.

(2) If (m, k) = (2, 1), then the morphism i∗v : H2(Mv(S, H), Z) → H2(Ms
v(S, H), Z)

is an injective morphism of Z−modules and of weight 2 Hodge structures.

If S is Abelian, then also (i0
v)

∗ : H2(Kv(S, H), Z) → H2(Ks
v(S, H), Z) is an injec-

tive morphism of Z−modules and of weight 2 Hodge structures.

Proof. See [PR24, Proposition 3.5] and [PR13, Lemma 3.6], respectively, and [PR24,
Corollary 3.3].

Now we will relate the integral cohomology of a moduli space to that of the
underlying surface, by means of a quasi-universal family (see Appendix A.3.1) on
its smooth locus and exploiting the isomorphism of Proposition 3.3.1. The follow-
ing construction is originally due to Donaldson and Mukai ([Mu87]) for moduli
spaces of rank 2 vector bundles, then generalized by O’Grady ([OG97]) and Yosh-
ioka ([Yos99c]) to moduli spaces of sheaves with primitive Mukai vector, and by
Perego and Rapagnetta ([PR13], [PR24]) in the non-primitive case. For further de-
tails, we refer to [PR24, Section 4.1].

Let S be a projective K3 or Abelian surface and let K0
top(S) be its topological

Grothendieck group. Let us recall that the Mukai vector induces an isomorphism
v : K0

top(S) → Hev(S, Z), so that, for any class α ∈ Hev(S, Z) there exists a class
Eα ∈ K0

top(S) such that v(Eα) = α. If Y is a complex quasi-projective variety, and F
is a Y−flat family of coherent sheaves on S × Y, we define a group morphism

µF : Hev(S, Z) → H2(Y, Z)

α 7→ c1(pY!,top(p∗S,top(E∨
α )⊗top [F ])), (3.13)

whose fundamental properties are described in [PR24, Lemma 4.3] and
[HL97, Lemma 8.1.2]. We will use the above-defined morphism in the following
two situations:

(1) If Y = Ms
v(S, H) and F is a quasi-universal family on S × Ms

v(S, H) (see Ap-
pendix A.3.1), where (S, v, H) is an (m, k)−triple.

(2) Let Qv be the tautological quotient on S × QuotS(Hv, Pv,H) defined in (A.5),
where QuotS(Hv, Pv,H) is the Quot scheme associated to this moduli problem
(see Step 2 of Appendix A.3 and Remark 3.1.6), let Rs

v ⊆ QuotS(Hv, Pv,H) be
the open subset parametrizing stable sheaves and let Qs

v be the restriction
of Qv to Rs

v. Moreover, let qs
v : Rs

v → Ms
v(S, H) be the classifying morphism

induced by Qs
v (see Remark A.2.2 (2)). Then, we will set Y = Ms

v(S, H) and
F = Qs

v.
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Recall that Hev(S, Z) can be equipped with the Mukai pairing ·, and for any vector
v ∈ Hev(S, Z) we can consider its orthogonal complement v⊥ in the Mukai lattice
H̃(S, Z) = (Hev(S, Z), ·) (see Definition 3.1.3). With the notation above introduced,
we state the following result.

Proposition 3.3.2. Let (S, v, H) be an (m, k)−triple.
(1) There is a unique morphism

λs
v : v⊥ → H2(Ms

v(S, H), Z) (3.14)

such that qs∗
v ◦ λs

v = µQs
v
.

(2) If F is a quasi-universal family on S × Ms
v(S, H) of similitude ρ, then, for any α ∈

v⊥, it holds
ρλs

v(α) = µF (α).

(3) The Q−linear extension λs
v,Q of λs

v can be characterized as

λs
v,Q(α) =

1
ρ
[pMs

v∗(p∗S(α
∨.
√

td(S)).ch(F ))]2.

Proof. See [PR24, Proposition 4.4 (1), (2)] and [PR24, Remark 4.5].

Proposition 3.3.1 and Proposition 3.3.2 allows us to give the following definition.

Definition 3.3.3. Let (S, v, H) be an (m, k)−triple.
(1) We define λv : v⊥ → H2(Mv(S, H), Z) as the unique group morphism such

that i∗v ◦ λv = λs
v.

(2) If S is Abelian, set λs,0
v := (i0

v)
∗ ◦ λs

v : v⊥ → H2(Ks
v(S, H), Z). We define

λ0
v : v⊥ → H2(Kv(S, H), Z) as the unique group morphism such that (i0

v)
∗ ◦

λ0
v = λs,0

v .

The morphisms λv and λ0
v above-defined relate the second integral cohomology

of moduli spaces of sheaves with that of the underlying surface. Such relation is
deeper than just a group morphism, as it turns out to preserve both the lattice and
Hodge structures involved. Recall that, if v2 ̸= 0, then v⊥ ⊆ H̃(S, Z) embeds as
a sublattice and, moreover, it inherits a pure weight two Hodge structure from the
one of H̃(S, Z) (see (3.9)).

Theorem 3.3.4. Let m, k ∈ N \ {0} and let (S, v, H) be an (m, k)−triple.
(1) If S is K3, then the morphism

λv : v⊥ → H2(Mv(S, H), Z)

is an isomorphism of Z−modules and a Hodge isometry.
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(2) If S is Abelian, assume that (m, k) ̸= (1, 1). Then the morphism

λ0
v : v⊥ → H2(Kv(S, H), Z)

is an injective Hodge isometry. If, moreover (m, k) ̸= (1, 2), then it is an isomor-
phism of Z−modules. In that case, there exists an isomorphism of Z−modules and
Hodge isometry

(λv, a∗v) : v⊥ ⊕ H2(S × Ŝ, Z) → H2(Mv(S, H), Z).

Proof. See [PR24, Theorem 1.6, Lemma 5.1 and Proposition 6.2, Corollary 5.13].

Notation 3.3.5. As we will be primarily interested in the morphism λ0
v in the Abelian

case, if no confusion arises, in the following we will denote λv := λ0
v if (S, v, H) is

an (m, k)−triple with S Abelian.

Remark 3.3.6. Theorem 3.3.4 provides a lattice theoretic description of
H2(Mv(S, H), Z) and H2(Kv(S, H), Z) only in terms of the Mukai vector v. More
precisely, if v is of type (m, k) then their isometry class is completely determined
by k. In fact, if v = mw is a Mukai vector of positive square v2 = 2m2k, with w
primitive and m ≥ 1, then v⊥ = w⊥ and its discriminant Av⊥ (see Appendix B.1.3)
is a cyclic group of order 2k. In particular,

(1) if S is K3, then v⊥ is abstractly isometric to the even lattice ΛK3 ⊕ ⟨−2k⟩ =
U⊕3 ⊕ E8(−1)⊕2 ⊕ ⟨−2k⟩ of signature (3, 20),

(2) if S is Abelian, then v⊥ is abstractly isometric to the even lattice ΛAb ⊕⟨−2k⟩ =
U⊕3 ⊕ ⟨−2k⟩ of signature (3, 4).

As a consequence we deduce the following.

Corollary 3.3.7. For i = 1, 2, let (Si, vi, Hi) be two (mi, ki)−triples.
(1) If S1 and S2 are both K3 surfaces, then Mv1(S1, H1) and Mv2(S2, H2) are locally

trivial deformation equivalent if and only if (m1, k1) = (m2, k2).

(2) If S1 and S2 are both Abelian surfaces, then Kv1(S1, H1) and Kv2(S2, H2) are locally
trivial deformation equivalent if and only if (m1, k1) = (m2, k2).

(3) If S1 is K3 and S2 is Abelian, then Mv1(S1, H1) and Kv2(S2, H2) are not locally trivial
deformation equivalent.

Proof. This is the content of [PR24, Corollary 6.4]. The statement easily follows from
Remark 3.3.6, which uniquely determines k, and from the fact that locally trivial
deformation equivalent moduli spaces must have the same dimension 2m2k ± 2,
from which we uniquely determine m.
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Remark 3.3.8 (Fujiki constants). Another fundamental locally trivial deformation
invariant, intrinsecally related to the BBF lattice structure, is the Fujiki constant (see
equation (1.2)) of an irreducible symplectic variety. Consistently with Corollary
3.3.7, we point out that the Fujiki constants of moduli spaces of sheaves only depend
on the pair (m, k). Let (S, v, H) be an (m, k)−triple.

(1) If S is K3, then cMv =
(2mk+2)!

(m2k+1)!2m2k+1
.

The computation is due to [Bea83] in the primitive case, to [Rap08] and [PR13]
for (2, 1)−triples and to [PR24] in the general non-primitive case.

(2) If S is Abelian and (m, k) ̸= (1, 1), (1, 2), then cKv =
(2mk−2)!m2k

(m2k−1)!2m2k−1
.

The computation is due to [Bea83] in the primitive case, to [Rap07] and [PR13]
for (2, 1)−triples and to [PR24] in the general non-primitive case.

Notice that, if m = 1 - and k ̸= 1 in the Abelian case - then the latter are consis-
tent with those of Hilbert schemes of points and generalized Kummer manifolds
introduced in Section 1.1.2.

We conclude this Section with a quick overview of the classification - up to lo-
cally trivial deformation - of the moduli spaces Mv(S, H) and Kv(S, H), according
to the values of the pair (m, k), based on the discussion in Section 3.1.

m k Mv(S, H), with S K3
≥ 1 ≤ −4 empty
≥ 1 −2 point

1 0 S, K3 surface
≥ 2 0 PSV not ISV

1 ≥ 1 IHS manifold, Hilbk+1(S)
2 1 ISV with symplectic resolution OG10, deformation type (2, 1)

≥ 2 ≥ 1; > 1 if m = 2 ISV without symplectic resolution, deformation type (m, k)

Table 3.1: Classification of Mv(S, H) up to (l.t.) deformation, for S K3.

m k Kv(S, H), with S Abelian
≥ 1 ≤ −2 empty

1 0 point
≥ 2 0 PSV not ISV

1 1 point
1 2 Kum(S), K3 surface
1 ≥ 3 IHS manifold, Kumk−1(S)
2 1 ISV with symplectic resolution OG6, deformation type (2, 1)

≥ 2 ≥ 1; > 1 if m = 2 ISV without symplectic resolution, deformation type (m, k)

Table 3.2: Classification of Kv(S, H) up to (l.t.) deformation, for S Abelian.
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3.4 Monodromy of moduli spaces of sheaves: the state of the
art

We conclude the Chapter - and the first Part of this work - by discussing the is-
sue of the computation of the locally trivial monodromy group of moduli spaces of
sheaves. We recall that, by Global Torelli Theorem (Theorem 2.1.12 and Theorem
2.3.10), the description of the (locally trivial) monodromy group is a crucial step in
order to address the bimeromorphic classification of primitive and irreducible sym-
plectic varieties, both smooth and singular. In the smooth and in the Q−factorial
and terminal case - which is mainly the case of moduli spaces of sheaves - this mo-
tivation is made even more explicit by the Hodge-Theoretic formulation of Global
Torelli Theorem (see Theorem 2.1.13 and Corollary 2.3.24). Moreover, in that case,
all deformations turn out to be locally trivial, by Remark 2.2.6.

In the following, we will provide an overview of the computations of locally
trivial monodromy groups of moduli spaces of sheaves achieved so far.

The primitive case

Let (S, v, H) be an (m, k)−triple, with S either a projective K3 or Abelian surface. If
m = 1, or, equivalently v = w is a primitive Mukai vector, then the associated mod-
uli spaces of sheaves are smooth and yield examples of irreducible holomorphic
symplectic manifolds of deformation type K3[k+1] or Kumk−1, respectively. Hence,
their monodromy groups fall under the cases described in Remark 2.1.19, but we
include them for the sake of completeness.

Theorem 3.4.1. Let (S, w, H) be a (1, k)−triple, with S a projective K3 surface, and let X
an irreducible holomorphic symplectic manifold deformation equivalent to Mw(S, H). Then

Mon2(X) = W(X).

Proof. See [Mar08, Corollary 1.8] and [Mar10, Theorem 2.2].

We recall that, for any irreducible symplectic variety X, the group W(X) is the
subgroup of O(H2(X, Z), qX) of orientation preserving isometries acting as ±id on
the discriminant group of H2(X, Z) (see Appendix B.4), often called Weyl group of
reflections.

Remark 3.4.2. If X is as above, namely, of K3[k+1]−type, by [Mar10, Lemma 4.1], the
index of W(X) inside O+(H2(X, Z)) is 2ρ(k)−1, where ρ(k) is the Euler number of k,
counting the number of distinct primes occurring in its factorization. In particular,
we deduce that, for a moduli space Mw(S, H) as above, its monodoromy group is
maximal if and only if k = pr for some prime number p and some positive integer
r.

On the other hand, in the Abelian case, the following description holds.
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Theorem 3.4.3. Let (S, w, H) be a (1, k)−triple, with k > 2 and S an Abelian surface,
and let X be an irreducible holomorphic symplectic manifold deformation equivalent to a
moduli space Kw(S, H). Then

Mon2(X) = N(X).

Proof. See [Mar22, Theorem 1.4], [Mon16, Theorem 2.3].

We recall that, for any irreducible symplectic variety X, the group N(X) is the
index 2 subgroup of W(X) of isometries in the kernel of the character det · disc (see
(B.4)).

Remark 3.4.4. Again by [Mar10, Lemma 4.1], the index ofN(X) inside O+(H2(X, Z))
is 2ρ(k). We deduce that, for moduli spaces as above, or more generally, for irre-
ducible holomorphic symplectic manifolds of Kummer type, the monodromy group
is never maximal.

The non-primitive case

If (S, v, H) is an (m, k)−triple, with S either a projective K3 or Abelian surface, and
m > 1, then the associated moduli spaces of sheaves are singular irreducible sym-
plectic varieties, admitting a symplectic resolution if and only if (m, k) = (2, 1).

The first computation of locally trivial monodromy of singular moduli spaces of
sheaves was achieved precisely in the case of (2, 1)−triples, and their description
is fundamentally related to that of their symplectic resolutions - namely, O’Grady’s
examples.

Theorem 3.4.5. Let (S, v, H) be a (2, 1)−triple.
(1) If S is K3 and X is an irreducible symplectic variety locally trivial deformation equiv-

alent to Mv(S, H), then

Mon2
lt(X) = Õ+(H2(X, Z)),

where the latter is the group of orientation preserving isometries of H2(X, Z) acting
trivially on its discriminant group (see Appendix B.1.3).

(2) If S is Abelian and X is an irreducible symplectic variety locally trivial deformation
equivalent to Kv(S, H), then

Mon2
lt(X) = O+(H2(X, Z)),

Proof. Part (1) is [Ono22, Theorem 6.1], while part (2) is [MR21, Proposition 4.2].

We point out that, in part (1) of Theorem 3.4.5, the group Õ+(H2(X, Z)) coin-
cides with W(X), as the discriminant group of H2(X, Z) is isomorphic to Z/2Z.
Hence, the monodromy description is the same as in Theorem 3.4.1.
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After these two sporadic examples, the locally trivial monodromy group of a
complete distinguished class of singular moduli spaces of sheaves has been de-
scribed by [OPR24], namely for (m, k)−triples (S, v, H), with S a K3 surface and
m > 1.

Theorem 3.4.6. Let (S, v, H) be an (m, k)−triple, with m > 1 and S a projective K3
surface, and let X be an irreducible symplectic variety locally trivial deformation equivalent
to Mv(S, H).

(1) The locally trivial monodromy group of X is

Mon2
lt(X) = W(X).

(2) If Y ⊆ X is the most singular locus of X, then Y is an irreducible holomorphic
symplectic manifold deformation equivalent to Mw(S, H) and its closed embedding
iY,X : Y ↪→ X induces a group isomorphism

i♯Y,X : Mon2
lt(X) → Mon2(Y).

Proof. See [OPR24, Theorem A.1] for part (1) and [OPR24, Theorem B.1] for part
(2).

The analogous case of singular moduli spaces of sheaves on Abelian surfaces,
built from (m, k)−triples (S, v, H) with m > 1 and k > 2, will be treated in the
next Part of this work. Indeed, Chapters 6, 4 and 5 are devoted to computing the
locally trivial monodromy group of moduli spaces Kv(S, H), providing a lattice-
theoretic description as in part (1) of Theorem 3.4.6, along with - and in relation to
- a geometric description analogous to that of part (2).
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Introduction to Part II

Having established the necessary background in Part I, we now turn to the original
research contributions of this work, which consists of the computation of the locally
trivial monodromy group of singular moduli spaces of sheaves on Abelian surfaces.

Indeed, as explained in Section 3.1 moduli spaces of sheaves on projective K3
and Abelian surfaces provide two distinguished and rich classes of irreducible sym-
plectic varieties. By Global Torelli Theorem and the discussion in Chapter 2, the
general approach to their classification problem strongly relies on the study of their
locally trivial deformation theory, the lattice and Hodge structure of their second
integral cohomology groups and, in particular of their locally trivial monodromy
groups. The first two topics have been addressed, respectively, in Sections 3.2 and
3.3. The state of the art of the computation of the locally trivial monodromy group
of moduli spaces of sheaves has been presented in Section 3.4, concluding Part I.

The picture emerging from the previous discussion is the following. The locally
trivial monodromy group of moduli spaces of sheaves has been computed:

(1) in the primitive - hence smooth - case, by Markman and Mongardi (Theorems
3.4.1 and 3.4.3);

(2) for singular O’Grady’s moduli spaces, by Mongardi-Rapagnetta and Onorati
(Theorem 3.4.5);

(3) for all singular moduli spaces of sheaves on projective K3 surfaces, by Onorati-
Perego-Rapagnetta (Theorem 3.4.6).

The aim of this Part is to complete the framework by computing the remaining case
of singular moduli spaces of sheaves on Abelian surfaces. Case (3) will serve as
methodological model: we aim to establish a result analogous to Theorem 3.4.6,
providing both a lattice-theoretic description and a clear geometric interpretation
of the latter. Indeed, we will show that the techniques developed for the K3 setting
can be adapted to the Abelian case.

For this reason, from now on, we will focus only on the theory of this distin-
guished class of moduli spaces, and we will adopt the following notation through-
out Part II.

Assumption 1. From now on, unless otherwise specified, we will use Definition
3.1.15 only in the Abelian case. Hence, in the following, by (m, k)−triple we will

77



78 INTRODUCTION TO PART II

mean a triple (S, v, H), with S an Abelian surface, v = mw ∈ H̃(S, Z) a Mukai
vector, m ≥ 1, w primitive such that w2 = 2k > 0, and H a v−generic polarization
on S.

With the above-introduced notation, we state the first main result of this part,
which provides a lattice-theoretic description of the locally trivial monodromy
group of a moduli space as above. The case that will be the most relevant to us
is that of (m, k)−triples with k > 2, in which all deformations turn out to be locally
trivial (see Remarks 2.2.6, 3.1.22 and 6.3.1).

Theorem A.1 (Theorem 5.2.1, Theorem 6.3.4, Corollary 6.3.6). Let (S, v, H) be an
(m, k)−triple, and let X be an irreducible symplectic variety that is deformation equivalent
to a moduli space Kv(S, H).

(1) If (m, k) ̸= (1, 1), (1, 2), then

Mon2
lt(X) ⊇ N(X).

(2) For any m ≥ 1 and k > 2, it holds

Mon2(X) = Mon2
lt(X) = N(X).

The group N(X) := N(H2(X, Z)) is defined in Appendix B.4 and has been dis-
cussed in Section 3.4. It is characterized as the group of orientation preserving
isometries of H2(X, Z) acting as ±id on its discriminant group and belonging to
the kernel of the character det · disc.

For moduli spaces built from (m, k)−triples with k > 2, the description in The-
orem A.1 coincides with that achieved by Markman and Mongardi in the smooth
case of generalized Kummer manifolds (Theorem 3.4.3). This analogy is not a coin-
cidence and has a clear geometric origin, as explained in the following equivalent
formulation of Theorem A.1 (2).

Theorem B.1 (Corollary 6.3.3, Corollary 6.3.6). Let (S, v, H) be an (m, k)−triple, with
m ≥ 1 and k > 2, let X be an irreducible symplectic variety that is deformation equivalent
to a moduli space Kv(S, H) and let Z be a connected component of the most singular locus
of X. Then Z is an irreducible holomorphic symplectic manifold deformation equivalent to
Kw(S, H) and its closed embedding iZ,X : Z → X induces an isomorphism of groups

i♯Z,X : Mon2(X) −→ Mon2(Z).

In conclusion, we use the monodromy description given by Theorem B.1 to pro-
vide a proof of the SYZ conjecture for any irreducible symplectic variety X deforma-
tion equivalent to a moduli space Kv(S, H) as above. According to this conjecture,
nef isotropic line bundles on symplectic varieties are expected to define Lagrangian
fibrations on the latter. This is precisely the content of the following Theorem.
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Theorem A.2 (Theorem 7.2.4, Corollary 7.2.14). Let X be an irreducible symplectic va-
riety deformation equivalent to a moduli space Kv(S, H) as above. If L is a nef line bundle
on X such that qX(L) = 0, then there exists a Lagrangian fibration f : X → B such that
L = f ∗OB(1) and of polarization type d( f ) = (1, . . . , 1, div(L), m2k

div(L) ).

Also in this case, the outcome is analogous to that of singular moduli spaces of
sheaves on K3 surfaces, which has been recently achieved by Onorati-Ortiz ([OO25]).

Outline of the proof of Theorems A.1 and B.1

As the (locally trivial) monodromy group is a (locally trivial) deformation invariant,
we start by reducing to deal with X = Kv(S, H), with (S, v, H) is an (m, k)−triple,
with m ≥ 1 and k > 2.

As a first step, we construct a rich and important class of monodromy operators,
by showing the inclusion of groups

N(Kv(S, H)) ⊆ Mon2
lt(Kv(S, H)) (I)

for any m, k ∈ N \ {0}, with (m, k) ̸= (1, 1), (1, 2) (Theorem 5.2.1). Paralleling
[Mar22], we prove the inclusion by describing the generators of N(Kv(S, H)) as lo-
cally trivial monodromy operators induced by

∗ monodromy operators of the base surface S (Section 4.1 and Section 5.1)

∗ pushforwards of isomorphisms of moduli spaces induced by some Fourier-
Mukai equivalences on Db(S) (Section 4.2 and Section 5.2).

This procedure applies to the primitive case as well, and differs from the one in
[Mar22] only by a slight different choice of generators (Definition 4.2.7) and the
avoidance of non-projective families (Section 5.1).

The second step consists of the construction of an injective morphism

i♯w,m : Mon2
lt(Kv(S, H)) = Mon2(Kv(S, H)) −→ Mon2(Kw(S, H)), (II)

where the first equality follows from the assumption k > 2 (Remark 6.3.1). The
morphism i♯w,m is induced - via conjugation on isometries - by the pull-back action
on the respective second integral cohomology groups of the closed embedding

iw,m : Kw(S, H) → Kv(S, H)

as one of the finite connected components of the most singular locus of Kv(S, H).
This is the content of Corollary 6.3.3 (see also Theorem 6.3.2). Proposition 6.2.4
and Lemma 6.2.7 guarantee the compatibility of the action of i♯w,m with the lattice-
theoretic descriptions of the second integral cohomology groups of the moduli
spaces involved and of their respective orthogonal groups, provided by Theorem
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3.3.4. According to the latter, there exists a chain of isometries - and obvious iden-
tifications -

H2(Kv(S, H), Z) v⊥ w⊥ H2(Kw(S, H), Z).
λ−1

v λw (III)

Lemma 6.2.7 asserts that the conjugation action of the composition (III) coincides
with i♯w,m.

For k > 2, the inclusion (I) and the compatibility law proven in Lemma 6.2.7
imply the equality

i♯w,m(N(Kv(S, H))) = N(Kw(S, H)),

which, combined with Theorem 3.4.3, forces surjectivity of i♯w,m and simultaneously
concludes the proof of both Theorem A.1 and Theorem B.1, as summarized in the
following commutative diagram.

Mon2(Kv(S, H)) Mon2(Kw(S, H))

N(Kv(S, H)) N(v⊥) N(w⊥) N(Kw(S, H))

i♯w,m

Section 6.3

([Mar22], [Mon16])Theorem 3.4.3Section 5.2⊆

i♯w,m

∼
(λ♯

v)
−1

∼
λ♯

w

Structure of Part II
∗ In Chapter 4 we introduce a groupoid representation designed to encode the

monodromy information of a moduli space in a natural way, extending [Mar22,
Section 9]. This is the technical tool that will allow us to construct locally triv-
ial monodromy operators in the next Chapter.

∗ In Chapter 5, we exhibit an important subgroup of the locally trivial mon-
odromy group under study, which will play a fundamental role in its lattice-
theoretic description.

∗ In Chapter 6 we relate the monodromy group of a singular moduli space with
the monodromy group of a smooth moduli space by means of an isomorphism
which arises from an explicit geometric construction.

∗ In Chapter 7, we discuss some applications of the monodromy description
achieved in Chapter 6. In particular, the SYZ conjecture for singular moduli
spaces of sheaves on Abelian surfaces is proven.



Chapter 4

A Groupoid representation

This Chapter is devoted to the development of the technical tools that will pro-
vide an embedding of the group N(Kv(S, H)) - defined in Appendix B.4 and dis-
cussed in Remark 2.1.19 and Section 3.4 - in the locally trivial monodromy group
Mon2

lt(Kv(S, H)) in a natural way, regardless of the choice of the (m, k)−triple
(S, v, H). In Sections 4.1 and 4.2 we will define a groupoid Gm,k of (m, k)−triples,
whose morphisms arise from deformations of the triple itself, or from Fourier-Mukai
equivalences. In Section 4.3 we will construct two different representations of Gm,k

with values in groupoids of free Z−modules, designed to encode the monodromy
information of the moduli spaces.

We wish to point out that this Chapter parallels Section 2 of [OPR24], to which
we refer for further details. The aim of this part of the work is, indeed, to review
the main results and constructions, check their compatibility with the Abelian case
and replace them with a suitable analogue if any difference occurs.

Let us start with a quick overview of the main definitions and constructions
concerning groupoids that we will use in the following, referring the reader to the
lecture notes [Hig71] for a deeper discussion of this theory.

Definition 4.0.1. A groupoid G is a small category whose morphisms are all isomor-
phisms.

(1) If G is a groupoid and x is an object of G, we define its isotropy group as

AutG(x) := HomG(x, x).

If F : G → H is a functor between two groupoids, for every x ∈ Ob(G) we
will denote its action on the respective isotropy groups as

Fx : AutG(x) → AutH(F(x)).

(2) If G is a groupoid, a representation of G is a functor F : G → A, where A is a
suitable groupoid of Z−modules.
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(3) If G and H are two groupoids having the same objects, we define the free prod-
uct of G and H as the groupoid G ∗ H whose objects are the objects of G (and
H) and whose morphisms are defined in the following way: if x, y ∈ G ∗ H
are two objects, a morphism f ∈ HomG∗H(x, y) is a formal combination (with
usual cancellation properties)

f = f1 ∗ · · · ∗ fl ,

where fi is a morphism from xi ∈ Ob(G ∗ H) to xi+1 ∈ Ob(G ∗ H) either in G
or H for every i = 1, . . . , l and such that x1 = x and xl+1 = y.

4.1 Deformations of (m, k)−triples and their groupoid

We start by recalling that, by the discussion in Chapter 3, the choice of an (m, k)−
triple (S, v, H), as in Definition 3.1.15 and Assumption 1, determines a moduli space
of sheaves Kv(S, H), which is an irreducible symplectic variety, by Theorem 3.1.24,
and whose locally trivial deformation class is uniquely determined by the pair (m, k),
by Corollary 3.3.7. The content of this Section is meant to be a categorical translation
of the main ideas and tools that are involved in Theorem 3.2.1. Indeed, as already
pointed out in Remark 3.2.2, one of the key points of its proof is the construction of
a deformation of a moduli space of sheaves induced by a deformation of the base
surface, together with the Mukai vector and the generic polarization, which we will
recall in the following.

Let (S, v, H) be an (m, k)−triple, with v = (r, ξ, a), and let L ∈ Pic(S) be a line
bundle such that c1(L) = ξ. If f : X → T is a morphism and L ∈ Pic(X ), we will
denote Lt := L|Xt .

Definition 4.1.1. Let (S, v, H) be an (m, k)−triple as above and T a smooth and
connected algebraic variety. A deformation of (S, v, H) along T is a triple ( f : S →
T,L,H), where

(1) f : S → T is a smooth, projective deformation of S, with 0 ∈ T the point such
that S0 ≃ S;

(2) L is a line bundle on S such that L0 ≃ L;

(3) H is a line bundle on S such that Ht is a vt−generic polarization on St for
every t ∈ T and such that H0 ≃ H,

where, for every t ∈ T, we set vt := (r, c1(Lt), a).

Remark 4.1.2. For later use, we remark that v−genericity is an open property in the
Zariski topology, as shown in Proposition 2.14 of [PR23]. In fact, up to replacing the
base T with the complement of the Zariski closed subset

Z := {t ∈ T such that Ht is not vt − generic},
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we can find a deformation as in Definition 4.1.1 such that property (3) is satisfied.
Notice that non-emptiness of T \ Z is a consequence of the assumption that (S, v, H)
is an (m, k)−triple and H0 ≃ H.

Definition 4.1.3. Let (S1, v1, H1) and (S2, v2, H2) be two (m, k)−triples. A deforma-
tion path from (S1, v1, H1) to (S2, v2, H2) is a 6−tuple

α := ( f : S → T,L,H, t1, t2, γ),

where
(1) the triple ( f : S → T,L,H) is a deformation of both (S1, v1, H1) and (S2, v2, H2);
(2) for i = 1, 2, the point ti ∈ T is such that (Sti , vti ,Hti) = (Si, vi, Hi);
(3) γ is a continuous path in T from t1 to t2.

We will now explain, with a few remarks, how deformation paths provide a
tool to produce locally trivial monodromy operators in a natural way. We start by
recalling the following

Definition 4.1.4. Let S1 and S2 be two Abelian surfaces. An isometry g : H̃(St1 , Z) →
H̃(St2 , Z) is a parallel trasport operator if there exists a smooth family f : S → T of
Abelian surfaces, t1, t2 ∈ T such that Sti ≃ Si for i = 1, 2 and a continuous path γ
in T from t1 to t2 such that g is the parallel transport along γ inside the local system
Rev f∗Z =

⊕2
i=0 R2i f∗Z (see Definition 2.1.1 (2)), which we will denote by PT f (γ).

Remark 4.1.5. If (S, v, H) is an (m, k)−triple and ( f : S → T,L,H) is a deformation
of (S, v, H) along T, as explained in Section 2.3 of [PR23], it induces a locally triv-
ial deformation of the moduli space Kv(S, H) as follows: we consider the relative
moduli space of semistable sheaves ϕ : Mv(S/T,H) → T, so that for every t ∈ T
we have Mv(S/T,H)t = Mvt(St,Ht) (see Appendix A.3.3). Let Ŝ → T be the dual
family of S → T, so that Ŝt is the dual surface of St for every t ∈ T, whose existence
and characterization is guaranteed by representability of the relative Picard func-
tor (see Section 3.1.3 and again Appendix A.3.3). By [PR23, Remark 2.19] (see also
condition (⋆) therein), up to shrinking the base T or taking a finite étale cover of the
latter, we can assume that both the families ϕ : Mv(S/T,H) → T and f : S → T
admit a 0−section. Consequently, a relative Yoshioka fibration

a : Mv(S/T,H) → S ×T Ŝ

is defined and its restriction on each fiber Mv(S/T,H)t of ϕ coincides with the
Yoshioka fibration avt : Mvt(St,Ht) → St × Ŝt defined in Section 3.1.3. If we set

Z := {(0St ,OSt) ∈ St ×T Ŝt| t ∈ T} ⊆ St × Ŝt,

the restriction of ϕ to Kv(S/T,H) := a−1(Z) provides us a morphism

p : Kv(S/T,H) → T,
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whose fiber over t ∈ T is Kv(S/T,H)t = Kvt(St,Ht). By Lemma 2.21 of [PR23], the
family p : Kv(S/T,H) → T is a locally trivial deformation of Kv(S, H) along T.

In light of Remark 4.1.5, if α = ( f : S → T,L,H, t1, t2, γ) is a deformation path
between two (m, k)−triples (S1, v1, H1) and (S2, v2, H2) and p : Kv(S/T,H) → T is
the relative moduli space associated to the deformation ( f : S → T,L,H), then α
induces two natural locally trivial parallel transport operators:

(a) the parallel transport operator

pα := PT f (γ) : H̃(S1, Z) −→ H̃(S2, Z) (4.1)

along γ in the local system Rev f∗Z;
(b) the locally trivial parallel transport operator

gα := PTp(γ) : H2(Kv1(S1, H1), Z) −→ H2(Kv2(S2, H2), Z) (4.2)

along γ in the local system R2 p∗Z.

Remark 4.1.6. In order to clarify the relation between the two locally trivial parallel
transport operators pα and gα, we compare the two local systems involved.

(1) Due to condition (2) in Definition 4.1.1, the local system Rev f∗Z admits a
flat section v such that, for every t ∈ T, we have vt = vt = (r, c1(Lt), a) ∈
H̃(St, Z). This allows us to consider the sub-local system

v⊥ ⊆ Rev f∗Z.

(2) If (S, v, H) is an (m, k)−triple with (m, k) ̸= (1, 1), (1, 2), then the isometry

λv : v⊥ → H2(Kv(S, H), Z)

in Theorem 3.3.4 (2) extends to an isometry of local systems

λ : v⊥ −→ R2 p∗Z.

Indeed, the relative moduli space of stable sheaves ps : Ks
v(S/T,H) → T in-

duced by ( f : S → T,L,H) naturally includes in p : Kv(S/T,H) → T via a
relative open embedding, inducing an isomorphism ι : R2 ps

∗Z → R2 p∗Z of
local systems, by Proposition 3.3.1 (1). By Proposition 3.3.2 and Definition
3.3.3, a quasi-universal family of Ms

v(S/T,H) → T induces an isomorphism
λs : v⊥ → R2 ps

∗Z of local systems such that the composition

λ := ι ◦ λs : v⊥ −→ R2 p∗Z

coincides, over every t ∈ T, with λvt . In other words, the isometry λv behaves
well in deformations of (m, k)−triples.
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(3) By definition, the parallel transport operator pα is constant along v, i.e.
pα(vt1) = vt2 for every t1, t2 ∈ T, hence its restriction pα|v⊥t1

defines a parallel
transport operator in the local system v⊥, which is isomorphic, due to point
(2), to R2 p∗Z. Since gα and pα|v⊥ are parallel transport operators over the same
path in isomorphic local systems, we deduce that pα uniquely determines gα.

In light of the last Remark and in order to give a well defined composition law
for deformation paths, we introduce the following

Definition 4.1.7. Let (S1, v1, H1) and (S2, v2, H2) be two (m, k)−triples. Two defor-
mation paths α and α′ from (S1, v1, H1) to (S2, v2, H2) are equivalent if pα = p′α. We
will denote the equivalence class of α by α.

We immediately notice that, by point (3) of Remark 4.1.6, if two deformation
paths α and α′ are equivalent, then also gα = gα′ .

Let (S1, v1, H1), (S2, v2, H2) and (S3, v3, H3) be three (m, k)−triples and let α =
( f : S → T,L,H, t1, t2, γ) be a deformation path from (S1, v1, H1) to (S2, v2, H2)
and α′ = ( f ′ : S ′ → T′,L′,H′, t′1, t′2, γ′) a deformation path from (S2, v2, H2) to
(S3, v3, H3).

Definition 4.1.8. The concatenation of α with α′ is the 6−tuple

α ⋆ α′ := ( f ′′ : S ′′ → T′′,L′′,H′′, t′′1 , t′′2 , γ′′),

where
∗ T′′ is obtained by gluing T and T′ along t2 and t′1;

∗ S ′′ is obtained by gluing S and S ′ along St2 and S ′
t′1

;

∗ f ′′ is obtained by gluing f and f ′ along St2 and S ′
t′1

;

∗ L′′ is obtained by gluing L and L′ along St2 and S ′
t′1

;

∗ H′′ is obtained by gluing H and H′ along St2 and S ′
t′1

;

∗ t′′1 is the image of t1 in T′′;

∗ t′′2 is the image of t3 in T′′;

∗ γ′′ is the concatenation of the image of the path γ in T′′ with the image of the
path γ′ in T′′.

Remark 4.1.9. We remark that, in general, the concatenation α ⋆ α′ does not define
a deformation path in the sense of Definition 4.1.3, since the base T′′ obtained by
gluing might not be smooth. Nonetheless, if we set

pα⋆α′ := pα′ ◦ pα and gα⋆α′ := gα′ ◦ gα,
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we get two well defined locally trivial parallel transport operators, by Remark 2.3.13
and 2.1.7. We can then extend the equivalence relation in Definition 4.1.7 to concate-
nations of (m, k)−triples and notice that, if α is equivalent to β and α′ is equivalent
to β′, then α ⋆ α′ is equivalent to β ⋆ β′. As before, we will denote the equivalence
class of α ⋆ α′ with α ⋆ α′.

Thanks to the previous definitions and remarks, we are now able to introduce
the first of the two groupoids needed to define the groupoid Gm,k

def of deformations
of (m, k)−triples.

Definition 4.1.10. Let m, k ∈ N \ {0}. The groupoid G̃m,k
de f is defined as follows:

∗ the objects of G̃m,k
de f are the (m, k)−triples;

∗ if (S1, v1, H1) and (S2, v2, H2) are two (m, k)−triples, an elementary morphism
between them is an equivalence class of deformation paths from (S1, v1, H1)
to (S2, v2, H2);

∗ if (S1, v1, H1) and (S2, v2, H2) are two (m, k)−triples, a morphism in G̃m,k
de f from

(S1, v1, H1) to (S2, v2, H2) is a formal concatenation

α1 ∗ · · · ∗ αl

of elementary morphisms and their formal inverses, subject to usual cancel-
lation rules, prescribed by

αi ∗ αi+1 := αi ⋆ αi+1, (4.3)

for every i = 1, . . . , l − 1.

Remark 4.1.11. By Remark 4.1.9, we get the good definition of the composition law
(4.3) and an explicit description of

∗ the identity morphism

id(S,v,H) := (S → {p}, L, H, p, p, kp),

where kp is the constant path in p, for any object (S, v, H) in G̃m,k
de f ;

∗ the formal inverse of any elementary morphism α = ( f : S → T,L,H, t1, t2, γ),
defined by α−1 := α−1, where

α−1 := ( f : S → T,L,H, t2, t1, γ−1).

We now complete the setting with the groupoidPm,k of congruent (m, k)−triples,
according to Definition 3.1.32.

Definition 4.1.12. Let m, k ∈ N \ {0}. The groupoid Pm,k is defined as follows:
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∗ the objects of Pm,k are the (m, k)−triples;

∗ if (S1, v1, H1) and (S2, v2, H2) are two (m, k)−triples, we set

HomPm,k((S1, v1, H1), (S2, v2, H2)) := {χH1,H2}

as in (3.12), if (S1, v1, H1) and (S2, v2, H2) are congruent, and otherwise

HomPm,k((S1, v1, H1), (S2, v2, H2)) := ∅.

We have now collected all the material needed to define the groupoid Gm,k
def .

Definition 4.1.13. Let m, k ∈ N \ {0}. We define the groupoid

Gm,k
def := G̃m,k

de f ∗ P
m,k

as the free product of G̃m,k
de f and Pm,k, according to Definition 4.0.1 (3).

4.2 Fourier-Mukai equivalences and their groupoid

In this Section we will introduce the groupoid Gm,k
FM , whose morphisms are defined

by some Fourier-Mukai equivalences on Db(S) inducing isomorphisms on the mod-
uli spaces Kv(S, H), building on foundational results due to [Yos01a] and [PR23].

Let us recall that, given two Abelian surfaces S1 and S2 and an object K ∈
Db(S1 × S2), the Fourier-Mukai transform with kernel K is the derived functor defined
as

FMK : Db(S1) −→ Db(S2), F 7−→ RπS2∗(π
∗
S1
(F)

L
⊗K),

where πSi : S1 × S2 → Si are the two natural projections, for i = 1, 2. For further
details concerning this class of derived functors, we refer to [Huy06, Chapters 5 and
9].

For a Fourier-Mukai transform FMK : Db(S1) → Db(S2) to induce a morphism
between the corresponding moduli spaces Kv1(S1, H1) and Kv2(S2, H2), the follow-
ing properties must reasonably be satisfied: FMK must send sheaves to sheaves,
and it must preserve semistability with respect to the chosen polarizations H1 and
H2. Accordingly, we introduce the following notion (see [Yos01a, Definition 2.1],
see also [PR23, Definition 2.25]), which will be useful in the next discussion.

Definition 4.2.1. Let S1 and S2 be two Abelian surfaces, let ϕ : Db(S1) → Db(S2) a
Fourier-Mukai transform and let i ∈ {0, 1, 2}. A coherent sheaf E ∈ Db(S1) is said
to satisfy the WITi property with respect to ϕ if ϕ(E) = ϕi(E)[−i].
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4.2.1 Tensorization with line bundles

Let S be an Abelian surface, let L ∈ Pic(S) be a line bundle and let us consider the
derived equivalence

L : Db(S) −→ Db(S), F 7−→ F ⊗ L, (4.4)

which is isomorphic to the Fourier-Mukai transform FM∆∗L, where ∆ : S ↪→ S × S
is the diagonal embedding. Any coherent sheaf F on S naturally satisfies the WIT0
property with respect to L. Moreover, if F has Mukai vector v(F) = v, then

v(L(F)) = v(F).ch(L) =: vL (4.5)

and the equivalence (4.4) induces a morphism

L : Kv(S, H) −→ KvL(S, H).

The next result provides a sufficient criterion for the morphism L to be an isomor-
phism.

Lemma 4.2.2. Let S be an Abelian surface, v = (r, ξ, a) a Mukai vector and H an ample
line bundle on S.

(1) For any d ∈ Z, the morphism dH : Kv(S, H) → KvdH (S, H) is an isomorphism.

(2) If r > 0 and H is v−generic, the morphism L : Kv(S, H) → KvL(S, H) is an isomor-
phism.

Proof. See [PR23, Lemma 2.24].

4.2.2 The Poincaré line bundle as kernel

Let S be an Abelian surface, let P ∈ Db(S × Ŝ) be the Poincaré line bundle on S (see
Section 3.1.3). The Fourier-Mukai transform

FMP : Db(S) −→ Db(Ŝ), F 7−→ RπŜ∗(π
∗
S(F)

L
⊗P),

where πS : S × Ŝ → S and πŜ : S × Ŝ → Ŝ are the two natural projections, is known
to be an equivalence ([Mu81], see also [Huy06, Proposition 9.19]). For any L ∈
Pic(S), we set L̂ := det(FMP (L))−1 ∈ Pic(Ŝ) and, if c1(L) = ξ, we set ξ̂ := c1(L̂).
If (r, ξ, a) is a Mukai vector on S, then the cohomological action FMH

P of FMP (see
[Huy06, Lemma 9.23]) provides the equality

FMH
P (r, ξ, a) = (a,−ξ̂, r) =: ṽ, (4.6)

where the latter is a Mukai vector on Ŝ.



CHAPTER 4 A GROUPOID REPRESENTATION 89

We now consider the derived duality operation

DS : Db(S) −→ Db(S), F 7−→ F∨,

which is a contravariant autoequivalence, as S is smooth. Its cohomological action,
restricted to H̃(S, Z), provides an involution and isometry satisfying

DH
S (r, ξ, a) = (r,−ξ, a) = (r, ξ, a)∨, (4.7)

for any Mukai vector v = (r, ξ, a) on S, where the last equality is written according
to notation (3.6). Combining the two previous derived equivalences we can define

FM∨
P := DŜ ◦ FMP : Db(S) −→ Db(Ŝ), F 7−→ (RπŜ∗(π

∗
S(F)

L
⊗P))∨

and get, by (4.6) and (4.7), for any Mukai vector v = (r, ξ, a),

(FM∨
P )

H(r, ξ, a) = (a, ξ̂, r) =: v̂. (4.8)

Again, we turn our attention to the morphisms induced on the corresponding mod-
uli spaces by the previous derived functors. For this purpose, we recall that, if H is
an ample line bundle on S, then Ĥ is an ample line bundle on Ŝ (see [Mu81, Propo-
sition 3.11]).

Lemma 4.2.3. Let S be an Abelian surface, H an ample line bundle on S with c1(H) =: h
and n, a ∈ Z.

(1) Suppose that NS(S) = Zh and v = (r, nh, a), with r > 0. Then there exists an
integer n0 ≫ 0 such that for every n > n0 the Fourier-Mukai equivalence FMP
induces an isomorphism

FMP ,v : Kv(S, H) −→ Kṽ(Ŝ, Ĥ).

(2) Set v = (0, ξ, a) and suppose that H is v−generic and Ĥ is ṽ−generic. Then there
exists an integer a0 ≫ 0 such that for every a > a0 the Fourier-Mukai equivalence
FMP induces an isomorphism

FMP ,v : Kv(S, H) −→ Kṽ(Ŝ, Ĥ).

(3) In any of the two cases above, the Fourier-Mukai equivalence FM∨
P induces an iso-

morphism
FM∨

P ,v : Kv(S, H) −→ Kv̂(Ŝ, Ĥ).

Proof. Exactly as in [OPR24, Lemma 2.15], the claim is a straightforward applica-
tion of Proposition 2.29, Proposition 2.33 and Lemma 2.28 of [PR23]. See [Yos01b],
Theorem 3.18 for a more general statement.
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Remark 4.2.4. For later use, we furthermore point out that, under the hypotheses
of Lemma 4.2.3, any H−semistable sheaf E with Mukai vector v satisfies the WIT0
property with respect to FMP and FMP (E) = FM0

P (E) is a locally free sheaf of
Mukai vector ṽ, by [Yos01b, Theorem 3.18] (see also [PR23, Lemma 2.28]). Conse-
quently, the same holds with respect to FM∨

P , in which case FMP (E) = FM0
P (E)∨ is

a locally free sheaf of Mukai vector v̂.

4.2.3 A relative Poincaré line bundle as kernel in the elliptic case
In the following, we will let S be isomorphic to the product E × F of two ellip-
tic curves E, F. It will be sometimes convenient to look at the latter as an elliptic
Abelian surface p := πE : S → E with fiber F and s : E → S a 0−section, which is
actually equivalent to the first condition. We will denote by f := c1(p∗(OE(1))) ∈
NS(S) the class of a fiber of p and by e := c1(s(E)) ∈ NS(S) the class of the section
s - or, equivalently, e := c1([E]) and f := c1([F]). Then, one can easily check that
e2 = 0 = f 2 and e · f = 1, so that, if we assume that NS(S) = ⟨e, f ⟩, then NS(S) is
isometric to the unimodular rank 2 hyperbolic lattice U.

Let H ∈ Pic(S) such that h := c1(H) = e + t f and we assume t ≫ 0, so that, by
Nakai-Moishezon criterion, the class h is ample. Moreover, it can be checked (see
Lemma 2.12 of [PR23]) that the polarization H is generic with respect to the Mukai
vector (0, f , 0). As explained in [Bri98, Section 4], the moduli space M(0, f ,0)(S, H) is
fine and parametrizes stable sheaves F of pure dimension 1, supported on the fibers
of p, where their restriction has rank 1 and degree c1(F) · f = 0. Furthermore,
it is equipped by a fibration M(0, f ,0)(S, H) → E induced by p, whose fibers are
isomorphic to the fibers of p by [At57, Theorem 7] and, indeed,

M(0, f ,0)(S, H) ≃ S (4.9)

as elliptic surfaces (see [Bri98, Section 4.2]). By Theorem 1.2 of [Bri98], there exist
tautological sheaves P on M(0, f ,0)(S, H)× S - regarded as coherent sheaves on S× S
via the isomorphism (4.9) - such that the Fourier-Mukai transform FMP : Db(S) −→
Db(S) with kernel P is an equivalence. We choose one of such tautological sheaves
- often called relative Poincaré line bundles - and we denote it by E , to avoid confu-
sion with the actual Poincaré line bundle P used in Section 4.2.2. We consider the
Fourier-Mukai equivalence

FME : Db(S) −→ Db(S), F 7−→ (Rπ2∗(π
∗
1(F)

L
⊗ E))[1], (4.10)

where πi : S × S → S is the projection on the i−th factor for i = 1, 2.

Lemma 4.2.5. Let S be an elliptic Abelian surface as above and let H ∈ Pic(S) such that
h := c1(H) = e + t f , with t ≫ 0. Then FME induces an isomorphism

FME : K(m,0,−mk)(S, H) −→ K(0,m(e+k f ),m)(S, H) (4.11)
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for every m, k > 0.

Proof. See [Yos01a, Theorem 3.15, Proposition 4.9].

Remark 4.2.6. The shift [1] in the definition (4.10) of FME is motivated by the fact
that, by [Yos01a, Lemma 3.9], if H is a polarization as in Lemma 4.2.5 and E is a
H−semistable sheaf on S with Mukai vector (m, 0,−mk), then it satisfies the WIT1
property with respect to the Fourier-Mukai transform ϕ with kernel E , in the clas-
sical sense, hence it satisfies the WIT0 property with respect to FME = ϕ[1].

We can now introduce the groupoid Gm,k
FM .

Definition 4.2.7. Let m, k ∈ N \ {0}. We define the groupoid Gm,k
FM as follows:

∗ the objects of Gm,k
FM are the (m, k)−triples;

∗ if (S1, v1, H1) and (S2, v2, H2) are two (m, k)−triples, an elementary morphism
between them is one of the following:

– the equivalence L if (S1, v1, H1) = (S, v, H) and (S2, v2, H2) = (S, vL, H)
are as in Lemma 4.2.2;

– the Fourier-Mukai equivalence FMP if (S1, v1, H1) = (S, v, H) and
(S2, v2, H2) = (Ŝ, ṽ, Ĥ) verify the hypotheses of Lemma 4.2.3 (1) or (2);

– the Fourier-Mukai equivalence FM∨
P if (S1, v1, H1) = (S, v, H) and

(S2, v2, H2) = (Ŝ, v̂, Ĥ) verify the hypotheses of Lemma 4.2.3 (3) ;
– the Fourier-Mukai equivalence FME if (S1, v1, H1) = (S, (m, 0,−mk), H)

and (S2, v2, H2) = (S, (0, m(e + k f ), m), H) verify the hypotheses of
Lemma 4.2.5;

∗ if (S1, v1, H1) and (S2, v2, H2) are two (m, k)−triples, a morphism in Gm,k
FM from

(S1, v1, H1) to (S2, v2, H2) is a formal concatenation of elementary morphisms
and their formal inverses, subject to usual cancellation rules.

4.3 The groupoid Gm,k and its representations
Thanks to the notions introduced in Sections 4.1 and 4.2, we are finally in the posi-
tion to define the groupoid Gm,k of (m, k)−triples.

Definition 4.3.1. Let m, k ∈ N \ {0}. We define the groupoid

Gm,k := Gm,k
def ∗ G

m,k
FM

as the free product of the groupoids Gm,k
def and Gm,k

FM .

Remark 4.3.2. In the proof of Theorem 3.2.1, it is shown that, if (S1, v1, H1) and
(S2, v2, H2) are two (m, k)−triples, then one can always construct a path from
(S1, v1, H1) to (S2, v2, H2) only using the following elementary morphisms in Gm,k:
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∗ equivalence classes of deformation paths of (m, k)−triples, inducing locally
trivial deformations of moduli spaces;

∗ the identity morphism χH1,H2 of Pm,k, inducing identifications of moduli
spaces;

∗ derived equivalences of the form L, where L is a suitable line bundle;

∗ the Fourier-Mukai equivalence FMP ,
where the last two morphisms induce isomorphisms of moduli spaces. Conse-
quently, for any pair of (m, k)−triples as above, we get

HomGm,k((S1, v1, H1), (S2, v2, H2)) ̸= ∅.

4.3.1 The H̃−representation Φ̃m,k of Gm,k

We start by recalling that, if S is an Abelian surface, then its Mukai lattice H̃(S, Z) is
isometric to U⊕4 (see Remark 3.1.4), where U is the unimodular rank 2 hyperbolic
lattice. Motivated by this, in the following we will let Λ̃ be an even unimodular lat-
tice of signature (4, 4), which is isometric, by Milnor’s Theorem (Theorem B.3.1), to
the lattice U⊕4, and we will endow it with an orientation ϵ, as defined in Appendix
B.1.2 (b). We will use this data to define a new groupoid of Z−modules, as follows:

Definition 4.3.3. Let m, k ∈ N \ {0}. We define the groupoid H̃m,k as follows:
∗ the objects are triples (Λ̃, v, ϵ), where Λ̃ is an even unimodular lattice of sig-

nature (4, 4), v ∈ Λ̃ is of the form v = mw, where w ∈ Λ̃ is primitive and
w2 = 2k, and ϵ is an orientation on Λ̃;

∗ if (Λ̃1, v1, ϵ1) and (Λ̃2, v2, ϵ2) are two objects in H̃m,k, then we set

HomH̃m,k((Λ̃1, v1, ϵ1), (Λ̃2, v2, ϵ2)) := {g ∈ O(Λ̃1, Λ̃2) : g(v1) = v2}.

We notice that morphisms in H̃m,k are not necessarily orientation preserving, in
the sense of Appendix B.1.2.

Example 4.3.4. As previously remarked, if S is an Abelian surface, then its Mukai
lattice H̃(S, Z) is an even unimodular lattice of signature (4, 4). We now define an
orientation on H̃(S, Z) starting from an orientation on H2(S, Z), which is an even
unimodular lattice of signature (3, 3).

(1) We point out that, from the description of the period domain and of the pe-
riod map of Abelian surfaces ([Shi78, Theorem II]) we get that any holomor-
phic 2−form σ ∈ H0(S, Ω2

S) satisfies σ2 = 0, σ · σ > 0 and σ ⊥ H1,1(S),
from which we deduce that Re(σ) and Im(σ) span a positive definite real sub-
space of H2(S, R), orthogonal to Rω, where ω is any Kähler form, which is
again positive definite by Hodge Index Theorem. We conclude that the basis
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{ω, Re(σ), Im(σ)} defines an orientation on H2(S, Z), which, as in Remark
2.3.17, does not depend on the choice of the symplectic form and of the Käh-
ler form.

(2) Finally, we recall that H2(S, Z) naturally embeds in H̃(S, Z) and its orthogo-
nal complement, with respect to the Mukai pairing, coincides with H0(S, Z)⊕
H4(S, Z). Hence, we can naturally identify O(H2(S, Z)) with the subgroup of
O(H̃(S, Z)) of isometries acting as the identity on H0(S, Z)⊕ H4(S, Z), and
use this to extend any orientation of H2(S, Z) to an orientation of H̃(S, Z).
Indeed, by adding the 2−vector (1, 0,−1) ∈ H̃(S, Z), orthogonal to H2(S, Z),
to the previous orientation, we get an orientation

{ω, Re(σ), Im(σ), (1, 0,−1)}

of H̃(S, Z), which we will denote by ϵS.

The last Example allows us to define the representation Φ̃m,k
def : Gm,k

def → H̃m,k.

Definition 4.3.5. Let m, k ∈ N \ {0}. We define the representation

Φ̃m,k
def : Gm,k

def −→ H̃m,k

is defined as follows:
∗ if (S, v, H) is an object in Gm,k

def , then we set Φ̃m,k
def ((S, v, H)) := (H̃(S, Z), v, ϵS),

where ϵS is the orientation defined in Example 4.3.4;

∗ if (S1, v1, H1) and (S2, v2, H2) are two objects in Gm,k
def and α = ( f : S → T,L,H,

t1, t2, γ) is a deformation path from (S1, v1, H1) to (S2, v2, H2), then

Φ̃m,k
def (α) := pα

is the parallel transport operator in the local system Rev f∗Z along the path γ
(as in (4.1));

∗ if (S1, v1, H1) and (S2, v2, H2) are congruent, then we set

Φ̃m,k
def (χH1,H2) := idH̃(S,Z).

Remark 4.3.6. Let α = ( f : S → T,L,H, t1, t2, γ) be a deformation path from
(S1, v1, H1) to (S2, v2, H2).

(1) As already noticed in Remark 4.1.6 (1), the Mukai vectors v1 and v2 belong to
the same flat section of the local system Rev f∗Z. Hence, the parallel transport
pα maps v1 to v2 and the representation Φ̃m,k

def is well defined.
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(2) Moreover if ϵSi = {ωi, Re(σi), Im(σi), (1, 0,−1)} are the orientations for
H̃(Si, Z) defined in Example 4.3.4, for i = 1, 2, then pα maps ϵS1 to ϵS2 . In-
deed, the classes ω1 and ω2 extend to flat sections of the same local system
and the same holds for σ1 and σ2. As we will discuss in more detail in Section
5.1.1,

Mon2(S) ⊆ O+(H2(S, Z))

(by [Shi78], see also [MR21]), from which we get that pα is constant along such
local systems. This implies, together with the fact that the vector (1, 0,−1) is
constant along any locally trivial deformation, that morphisms in the image
of Φ̃m,k

def are always orientation preserving.

We shall now proceed to define the representation Φ̃m,k
FM : Gm,k

FM → H̃m,k.

Definition 4.3.7. Let m, k ∈ N \ {0}. We define the representation

Φ̃m,k
FM : Gm,k

FM −→ H̃m,k

is defined as follows:
∗ if (S, v, H) is an object in Gm,k

FM , then we set Φ̃m,k
FM((S, v, H)) := (H̃(S, Z), v, ϵS);

∗ if (S1, v1, H1) and (S2, v2, H2) are two objects in Gm,k
FM and ϕ : Db(S1) → Db(S2)

is a morphism in Gm,k
FM from (S1, v1, H1) to (S2, v2, H2), then

Φ̃m,k
FM(ϕ) := ϕH

is the isometry induced by ϕ on the respective Mukai lattices.

Remark 4.3.8. As recalled in Proposition 5.44 and Corollary 9.43 of [Huy06], any
Fourier-Mukai equivalence between Abelian surfaces induces an isomorphism on
the respective integral cohomologies, isometric with respect to the Mukai pairing,
which is also parity preserving. Hence, if ϕ = L, FMP or FME , then it induces an
isometry ϕH on the respective Mukai lattices, preserving the Mukai vectors by (4.5),
(4.6) and (4.11). The claim follows for ϕ = FM∨

P , as derived duality induces, via the
Chern character, an isomorphism on the even cohomology prescribed by (4.7), and
combining it with (4.8). Hence, the representation Φ̃m,k

FM is again well defined.

Remark 4.3.9. As we will explain in more detail in Section 4.3.3, we remark that
morphisms in the image of Φ̃m,k

FM are not necessarily orientation preserving.

Definition 4.3.10. Let m, k ∈ N \ {0}. We define the representation

Φ̃m,k : Gm,k −→ H̃m,k

as the unique1 representation restricting to Φ̃m,k
def on Gm,k

def and to Φ̃m,k
FM on Gm,k

FM .
1See [OPR24, Remark 2.31].
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4.3.2 The Ak−representation ptm,k of Gm,k

We now turn our attention to lattices of the same isometry class of H2(Kv(S, H), Z),
where (S, v, H) is an (m, k)−triple, with (m, k) ̸= (1, 1), (1, 2). We recall that, by
Theorem 3.3.4 (2), there is an isometry H2(Kv(S, H), Z) ≃ v⊥. The latter, being the
orthogonal complement of the lattice generated by v = mw, with w2 = 2k > 0, in
H̃(S, Z) ≃ U⊕4, is isometric to the even lattice U⊕3 ⊕ ⟨−2k⟩ of rank 7 and signature
(3, 4).

Definition 4.3.11. For any k ∈ N \ {0}, we define the groupoid Ak as follows:
∗ the objects of Ak are even lattices Λ of signature (3, 4), isometric to the lattice

U⊕3 ⊕ ⟨−2k⟩.
∗ if Λ1 and Λ2 are two objects, then we set

HomAk(Λ1, Λ2) := O(Λ1, Λ2).

As in the previous Section, we start by defining the Ak−representation for Gm,k
def .

Definition 4.3.12. Let m, k ∈ N \ {0}, with (m, k) ̸= (1, 1), (1, 2). We define the
representation

ptm,k
def : Gm,k

def −→ Ak

as follows:
∗ if (S, v, H) is an object in Gm,k

def , then we set

ptm,k
def ((S, v, H)) := H2(Kv(S, H), Z);

∗ if (S1, v1, H1) and (S2, v2, H2) are two objects in Gm,k
def and α = ( f : S → T,L,H,

t1, t2, γ) is a deformation path from (S1, v1, H1) to (S2, v2, H2), then

ptm,k
def (α) := gα

is the parallel transport in the local system R2 p∗Z along the path γ (as in (4.2));
∗ if (S1, v1, H1) and (S2, v2, H2) are congruent, then we set

ptm,k
def (χH1,H2) := idH2(Kv(S,H),Z).

We now define the Ak−representation for Gm,k
FM .

Definition 4.3.13. Let m, k ∈ N \ {0}, with (m, k) ̸= (1, 1), (1, 2). We define the
representation

ptm,k
FM : Gm,k

FM −→ Ak

as follows:
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∗ if (S, v, H) is an object in Gm,k
FM , then we set

ptm,k
FM((S, v, H)) := H2(Kv(S, H), Z);

∗ if (S1, v1, H1) and (S2, v2, H2) are two objects in Gm,k
FM and ϕ : Db(S1) → Db(S2)

is an elementary morphism from (S1, v1, H1) to (S2, v2, H2), then, by defini-
tion, it induces an isomorphism

ϕv1 : Kv1(S1, H1) −→ Kv2(S2, H2)

of moduli spaces. We then set

ptm,k
FM(ϕ) := ϕv1∗ : H2(Kv1(S1, H1), Z) −→ H2(Kv2(S2, H2), Z);

∗ if ϕ = ϕ1 ∗ · · · ∗ ϕl ∈ HomGm,k
FM
((S1, v1, H1), (S2, v2, H2)) is a composition of

elementary morphisms, we define ptm,k
FM(ϕ) as the composition

ptm,k
FM(ϕl) ◦ · · · ◦ ptm,k

FM(ϕ1)

of the corresponding isometries.

Combining the two previous Defintions, as in the case of Φ̃m,k, we get the fol-
lowing

Definition 4.3.14. Let m, k ∈ N \ {0}, with (m, k) ̸= (1, 1), (1, 2). We define the
representation

ptm,k : Gm,k −→ Ak

as the unique representation restricting to ptm,k
def on Gm,k

def and to ptm,k
FM on Gm,k

FM .

The first straightforward, but nonetheless crucial, property satisfied by the rep-
resentation just defined is stated in the following

Proposition 4.3.15. Let m, k ∈ N \ {0}, with (m, k) ̸= (1, 1), (1, 2), and let A1 :=
(S1, v1, H1) and A2 := (S2, v2, H2) be two objects in Gm,k. Then there is an inclusion of
sets

ptm,k(HomGm,k(A1, A2)) ⊆ PT2
lt(Kv1(S1, H1), Kv2(S2, H2)).

Proof. First of all, the inclusion

ptm,k
def (HomGm,k

def
(A1, A2)) ⊆ PT2

lt(Kv1(S1, H1), Kv2(S2, H2))

holds by definition. Moreover, since any elementary morphism in Gm,k
FM induces

isomorphisms of moduli spaces, by Proposition 2.3.20,

ptm,k
FM(HomGm,k

FM
(A1, A2)) ⊆ PT2

lt(Kv1(S1, H1), Kv2(S2, H2))

holds, concluding the proof.
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According to the notation introduced in Definition 4.0.1 (1), we can therefore
relate, via the representation ptm,k, the isotropy group of an (m, k)−triple with the
monodromy group of the moduli space associated to the same triple:

Corollary 4.3.16. Let m, k ∈ N \ {0}, with (m, k) ̸= (1, 1), (1, 2), and let (S, v, H) be
an object in Gm,k. Then

Im(ptm,k
(S,v,H)

: AutGm,k((S, v, H)) −→ AutAk(H
2(Kv(S, H), Z))) ⊆ Mon2

lt(Kv(S, H)).

4.3.3 Relation between the two representations Φ̃m,k and ptm,k.

In order to compare the two representations Φ̃m,k : Gm,k → H̃m,k and ptm,k : Gm,k →
Ak, we shall now connect them by means of a functor Ψm,k : H̃m,k → Ak.

Definition 4.3.17. For any m, k ∈ N \ {0}, with (m, k) ̸= (1, 1), (1, 2), we define the
functor

Ψm,k : H̃m,k → Ak

as follows:
∗ if (Λ̃, v, ϵ) is an object in H̃m,k, we set

Ψm,k(Λ̃, v, ϵ) := v⊥;

∗ if (Λ̃1, v1, ϵ1) and (Λ̃2, v2, ϵ2) are two objects in H̃m,k and g : Λ̃1 → Λ̃2 is an
isometry such that g(v1) = v2, then we set

Ψm,k(g) := (−1)or(g)g|v⊥1 : v⊥1 −→ v⊥2 ,

where or : O(Λ̃1, Λ̃2) → Z/2Z is the orientation character (B.1).

We are finally in the position to compare the two Ak−representations

Φm,k := Ψm,k ◦ Φ̃m,k : Gm,k −→ Ak (4.12)

and ptm,k. For this purpose, we will translate naturality of the isometries λv : v⊥ −→
H2(Kv(S, H), Z) of Theorem 3.3.4 (2) into the existence of an isomorphism of func-
tors

λ : Φm,k −→ ptm,k.

The proof of this result, which is the main of the Chapter, will be addressed in two
parts, involving, respectively, the Ak−representations of Gm,k

def and of Gm,k
FM .

Let us start by setting

Φm,k
def := Ψm,k ◦ Φ̃m,k

def : Gm,k
def −→ Ak.
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Proposition 4.3.18. For any m, k ∈ N \ {0}, with (m, k) ̸= (1, 1), (1, 2), there exists an
isomorphism of functors

λdef : Φm,k
def −→ ptm,k

def .

Proof. For i = 1, 2, let Ai := (Si, vi, Hi) be two objects in Gm,k
def . By Theorem 3.3.4 (2),

for i = 1, 2, there exists an isometry

λvi : v⊥i −→ H2(Kvi(Si, Hi), Z).

In order to show that the assignment λ(Ai) := λvi defines an isomorphism of func-
tors Φm,k

def → ptm,k
def , we need to show that the following diagram

v⊥1 H2(Kv1(S1, H1), Z)

v⊥2 H2(Kv1(S2, H2), Z).

Φm,k
def (h)

λv1

ptm,k
def (h)

λv2

(4.13)

is commutative, for any morphism h ∈ HomGm,k
def
(A1, A2).

Case 1. Let h = α be the elementary morphism given by the class of a deforma-
tion path α = ( f : S → T,L,H, t1, t2, γ) from A1 to A2. In this case,

Φm,k
de f (α) = Ψm,k(Φ̃m,k

de f (α)) = (−1)or(pα)pα|v⊥1 = pα|v⊥1 ,

as the parallel transport operator pα in the local system Rev f∗Z (see (4.1) is orien-
tation preserving by Remark 4.3.6 (b). On the other hand, if p : Kv(S/T,H) → T is
the relative moduli space induced by the deformation ( f : S → T,L,H), then

ptm,k
def (h) = gα

is the parallel transport operator in the local system R2 p∗Z (see (4.2)). By Remark
4.1.6 (1), there exists a flat section v of Rev f∗Z such that vti = vi for i = 1, 2 and,
by Remark 4.1.6 (2), the isometries λvi , for i = 1, 2, fit in an isomorphism of local
systems

λv : v⊥ −→ R2 p∗Z.

We deduce then that gα and pα|v⊥1
are parallel transport operators along the same

path inside local systems that are isomorphic via λv, by Remark 4.1.6 (3), from which
commutativity of diagram (4.13) follows.

Case 2. Suppose that A1 and A2 are congruent and that h = χH1,H2 . In this case,
commutativity of diagram (4.13) is automatic, as

Φm,k
de f (χH1,H2) = idv⊥ and ptm,k

de f (χH1,H2) = idH2(Kv(S,H1),Z)

and we have an identification H2(Kv(S, H1), Z) = H2(Kv(S, H2), Z) and an identi-
fication λv1 = λv2 = λv.
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We now set
Φm,k

FM := Ψm,k ◦ Φ̃m,k
FM : Gm,k

FM −→ Ak.

Proposition 4.3.19. For any m, k ∈ N \ {0}, with (m, k) ̸= (1, 1), (1, 2), there exists an
isomorphism of functors

λFM : Φm,k
FM −→ ptm,k

FM.

In order to prove Proposition 4.3.19, we need to show that there exists a com-
mutative diagram as in (4.13), but defined by morphisms in Gm,k

FM . The first step is
given by the following result due to Yoshioka.

Lemma 4.3.20. Let (S1, v1, H1) and (S2, v2, H2) be two (m, k)−triples and let
K ∈ Db(S1 × S2) be an object which is flat over each factor and is strongly simple over
each factor, i.e. such that

(1) Hom(K|{p1}×S2
,K|{p1}×S2

) = Cp1 for any p1 ∈ S1;

(2) Exti(K|{p1}×S2
,K|{q1}×S2

) = 0 for any p1, q1 ∈ S1, p1 ̸= q1 and i = 0, 1, 2
and the analogous condition holds for any p2, q2 ∈ S2 as above. Then,

(a) If every E ∈ Kv1(S1, H1) satisfies the WITi property with respect to ϕ := FMK and
ϕi(E) ∈ Kv2(S2, H2), then there exists the following commutative diagram

v⊥1 H2(Kv1(S1, H1), Z)

v⊥2 H2(Kv1(S2, H2), Z).

(−1)iϕH

λv1

ϕv1∗

λv2

(4.14)

(b) If every E ∈ Kv1(S1, H1) satisfies the WITi property with respect to ϕ := FM∨
K and

ϕi(E) ∈ Kv∨2
(S2, H2), then there exists the following commutative diagram

v⊥1 H2(Kv1(S1, H1), Z)

(v∨2 )
⊥ H2(Kv1(S2, H2), Z).

(−1)i+1ϕH

λv1

ϕv1∗
λv∨2

(4.15)

Proof. See [Yos01a, Proposition 2.4, Proposition 2.5].

Corollary 4.3.21. Let (S1, v1, H1) and (S2, v2, H2) be two objects inGm,k
FM and let ϕ : Db(S1) →

Db(S2) be an elementary morphism.
(1) If ϕ = L, FMP or FME , then ϕ induces a commutative diagram as (4.14) with i = 0;

(2) If ϕ = FM∨
P , then ϕ induces a commutative diagram as (4.15) with i = 0.
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Proof. A straightforward computation shows that the respective kernels ∆∗L, P and
E of ϕ are all flat and strongly simple on both factors. Moreover, condition (a) of
Lemma 4.3.20 holds with respect to ϕ = L, FMP or FME by Remark 4.2.4 and Re-
mark 4.2.6 and, analogously, condition (b) holds with respect to ϕ = FM∨

P . The
claim then follows from Lemma 4.3.20.

The next step consists of showing that the alternating signs in diagrams (4.14)
and (4.15) are compatible with that of Definition 4.3.17, according to whether the
morphisms under study are orientation preserving or reversing.

As already noticed in Remark 4.3.9, morphisms in the image of Φ̃m,k
FM are not nec-

essarily orientation preserving. In order to prove the commutativity of a diagram
as (4.13) for elementary morphisms in Gm,k

FM , we need to introduce some criteria to
decide whether an isometry induced by a Fourier-Mukai equivalence is orientation
preserving. The following is an adaptation of [HS05, Proposition 5.3] to the case in
which the surface S is Abelian.

Lemma 4.3.22. Let S1 and S2 be two Abelian surfaces and let ϕ : H̃(S1, Z) → H̃(S2, Z)
be a Hodge isometry. Let ω ∈ H1,1(S1, R) be a Kähler class on S1 and let CSi ⊆ H1,1(Si, R)
be the connected component of the cone of positive forms containing the Kähler cone of Si,
for i = 1, 2. Set

r := ϕ(0, 0, 1)0, χ := ϕ(1, 0, 0)0, χω := ϕ(0, ω,−ω2/2)0 ∈ H0(S2, Z)

and set u0 := (−r, 0, χ), u1 := (0,−rω, rω2/2 + χω) ∈ H̃(S1, Z).
(a) If r ̸= 0, then ϕ is orientation preserving if and only if(χω

r
+

ω2

2

)
ϕ(u0)2 −

(χ

r
− ω2

2

)
ϕ(u1)2 ∈ CS2 ;

(b) if r = 0, then ϕ is orientation preserving if and only if

χϕ(0, ω,−ω2/2)2 − χωϕ(1, 0, 0)2 −
ω2

2
(ϕ(u0)2 − ϕ(u1)2) ∈ CS2 .

Proof. We refer to [HS05, Section 5] for a detailed proof in the original case in which
the surfaces involved are K3 surfaces and we sketch here the idea of the proof in
the Abelian case, omitting computations. As ϕ is a Hodge isometry, arguing as in
Remark 2.3.19, we get that the orientation of H̃(S1, Z) defined by {ω, Re(σ), Im(σ),
(1, 0,−1)} - where σ is a holomorphic symplectic form on S1 - is preserved by ϕ if
and only if the orientation of the positive real plane ⟨ω, (1, 0,−1)⟩ = ⟨(1, ω,−ω2/2)⟩
is preserved. The latter is completely encoded in the complex line spanned by
exp(iω), whose image via the C−linear extension ϕC of ϕ must be of the form

ϕC(exp(iω)) = λ(exp(b + ia)),
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with λ ∈ C∗ and a, b ∈ H1,1(S2, R). We write ϕC(exp(iω)) as a Z[i]−linear com-
bination of ϕ(1, 0, 0), ϕ(0, 0, 1) and ϕ(0, ω,−ω2/2) and we use it to compute the
scalar

λ = ϕC(exp(iω))0 = χ − ω2

2
r + i(χω +

ω2

2
r)

and the real (1, 1)−form

|λ|2a = Im(λ(exp(b + ia)))2 = Im(λϕC(exp(iω)))2 =

=

{ (
χω

r + ω2

2

)
ϕ(u0)2 −

(
χ
r −

ω2

2

)
ϕ(u1)2 if r ̸= 0

χϕ(0, ω,−ω2/2)2 − χωϕ(1, 0, 0)2 − ω2

2 (ϕ(u0)2 − ϕ(u1)2) if r = 0.

The latter is, up to multiplication with the positive scalar |λ|2, the class
a ∈ H1,1(S2, R), which determines the orientation given by {Re(λ exp(b + ia)),
Im(λ exp(b + ia))}, or, equivalently the orientation defined by the real and imagi-
nary part of exp(ia). If ω′ is a Kähler class on S2, then the real and imaginary part
of exp(ia) induce the same orientation as the natural one given by exp(iω′) if and
only if a and ω′ belong to the same connected component of the cone of positive
classes in H1,1(S2, R), from which the claim follows.

Corollary 4.3.23. Let (S1, v1, H1) and (S2, v2, H2) two objects in Gm,k
FM , let ϕ : Db(S1) →

Db(S2) an elementary morphism and let ϕH : H̃(S1, Z) → H̃(S2, Z) be the induced isom-
etry on the respective Mukai lattices.

(1) If ϕ = L, FMP or FME , then or(ϕH) = 0;

(2) If ϕ = FM∨
P , then or(ϕH) = 1.

Proof. We recall that any Fourier-Mukai equivalence ϕ : Db(S1) → Db(S2) induces
an isomorphism of weight two Hodge structures as defined in (3.9) (see [Huy06,
Proposition 5.39]), so we can apply Lemma 4.3.22.

If ϕ = L, (S1, v1, H1) = (S, v, H) and (S2, v2, H2) = (S, vL, H) then, for any
(r, ξ, a) ∈ H̃(S, Z),

LH(r, ξ, a) = (r, ξ + c1(L), a + ξc1(L) + rc1(L)2/2).

We get LH(0, 0, 1)0 = 0, hence we need to check the condition of case (b) of Lemma
4.3.22, which is shown equivalent to ω ∈ CS, where ω is a Kähler class.

If ϕ = FMP , (S1, v1, H1) = (S, v, H) and (S2, v2, H2) = (Ŝ, ṽ, Ĥ), then by (4.6) we
get FMH

P (0, 0, 1)0 = 1. Condition of case (a) turns out to be (ω2/2)ω̂ ∈ CŜ, which
is satisfied, as ω ∈ CS. Analogously, the Fourier-Mukai equivalence ϕ = FM∨

P falls
into case (a) and produces the opposite class −(ω2/2)ω̂ /∈ CŜ.

Lastly, if ϕ = FME , (S1, v1, H1) = (S, v, H) and (S2, v2, H2) = (S, FMH
E (v), H),

with NS(S) = ⟨e, f ⟩ as in Lemma 4.2.5, by [Bri98, Theorem 5.3] we get
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ϕH(0, 0, 1)0 = 0. We therefore proceed to check condition (b), by using [Bri98, The-
orem 5.3] again and [Yos01a, Section 3.2, (3.14)] for Mukai vectors of positive rank,
which equals to

(ω · f )(e + l
ω2

2
f ) ∈ CS,

for a suitable l > 0, which is satisfied, as ω ∈ CS.

Proof of Proposition 4.3.19. As in the previous case, for i = 1, 2, let Ai := (Si, vi, Hi)

be two objects in Gm,k
def and let us show that the following diagram

v⊥1 H2(Kv1(S1, H1), Z)

v⊥2 H2(Kv1(S2, H2), Z).

Φm,k
FM(ϕ)

λv1

ptm,k
FM(ϕ)

λv2

(4.16)

is commutative, for any elementary morphism ϕ ∈ HomGm,k
def
(A1, A2), i.e. for ϕ =

L, FMP , FM∨
P and FME .

If ϕ = L, FMP or FME , Corollary 4.3.21 (1) produces the equality

λ−1
v2

◦ ϕv1,∗ ◦ λv1 = ϕH
|v⊥1

,

which is exactly the commutativity condition for diagram (4.16), by Corollary 4.3.23
(1). If ϕ = FM∨

P , Corollary 4.3.21 (2) provides the identity

λ−1
v2

◦ ϕv1,∗ ◦ λv1 = −ϕH
|v⊥1

,

which concludes the proof, as ϕH is orientation reversing by Corollary 4.3.23 (2).

By defining
λ : Φm,k −→ ptm,k

as the unique natural transformation of functors restricting to λdef on Gm,k
def and to

λFM on Gm,k
FM , Proposition 4.3.18 and Proposition 4.3.19 yield the following

Corollary 4.3.24. For any m, k ∈ N \ {0}, with (m, k) ̸= (1, 1), (1, 2), there exists an
isomorphism of functors

λ : Φm,k −→ ptm,k.



Chapter 5

Towards a lattice-theoretic
description of Mon2

lt(Kv(S, H))

In this Chapter we apply the machinery developed in the previous Chapter to ap-
proach a first lattice theoretic description of the locally trivial monodormy group
of moduli spaces of the form Kv(S, H), where (S, v, H) is an (m, k)−triple, with
(m, k) ̸= (1, 1), (1, 2). In particular, we will show that the group N(v⊥) introduced
in Appendix B.4 embeds in Mon2

lt(Kv(S, H)), by showing that is generators can
be described as morphisms in the image of the representations defined in Section
4.3. This inclusion will culminate in an equality in the next Chapter, as soon as
k > 2, providing an explicit lattice theoretic description of the monodromy group
Mon2(Kv(S, H)).

In Section 5.1 we describe locally trivial monodromy operators induced by mon-
odromy operators of the Abelian surface S as morphisms in the image of the repre-
sentation Φ̃m,k

def defined in Section 4.3.1. In Section 5.2 we include the group N(v⊥),
already appearing in Theorem 3.4.3, in Mon2

lt(Kv(S, H)) by showing that its gener-
ators belong to the image of the representation Φm,k and using the isomorphism of
functors λ defined in Section 4.3.3, for any m, k ∈ N\ {0}, with (m, k) ̸= (1, 1), (1, 2).

5.1 Locally trivial monodromy operators of surface type
In this Section we show that monodromy operators in projective families of po-
larized Abelian surfaces can be lifted to some moduli spaces of sheaves Kv(S, H)
on the same surface. We will translate the lifting process in terms of action of the
representation Φ̃m,k

def defined in Section 4.3.1, providing an injective morphism

Mon2(S) −→ Mon2
lt(Kv(S, H))

of groups, under the isomorphism of functors λ. The locally trivial monodromy
operators in the image of this map will be called of surface type.

103
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5.1.1 The monodromy group of Abelian surfaces
We start by recalling that, as a consequence of [Shi78, Theorem 1 and 2], if S is an
Abelian surface, then

Mon2(S) = SO+(H2(S, Z)), (5.1)

where the latter is the group of orientation preserving isometries of H2(S, Z) of
determinant 1 (see Appendix B.1.1 and B.1.2). In [MR21, Section 3], a finer result is
proven, showing that the monodromy group of an Abelian surface can be generated
by monodromy operators in a finite number of projective families:

Theorem 5.1.1. Let S be an Abelian surface, with NS(S) ≃ U. There exist four ample
classes h1, . . . , h4 ∈ NS(S) such that

Mon2(S) = ⟨SO+(H2(S, Z))hi : i = 0, . . . , 4⟩. (5.2)

Moreover, for any i = 0, . . . , 4, there exists a projective family fi : : Si → Ti of polarized
Abelian surfaces such that

SO+(H2(S, Z))hi = Mon2
fi
(S), (5.3)

where the latter is the group generated by monodromy operators in the family fi.

Proof. See [MR21, Corollary 3.4, Corollary 3.6].

Theorem 5.1.1 allows us to consider only monodromy operators in projective
families, which is a requirement in order to induce deformations of moduli spaces
of the form Kv(S, H), using the theory introduced in the previous Chapters.

For later use, we give some more details concerning the projective families
fi : Si → Ti and the ample classes hi, for i = 0, . . . , 4, involved in Theorem 5.1.1.
For a more precise discussion, we refer to [MR21, Section 3].

Remark 5.1.2. Let (S, h) be a polarized Abelian surface of degree 2d ∈ N \ {0}, i.e. a
pair made of an Abelian surface S and an indivisible class h ∈ H2(S, Z) ∩ H1,1(S)
represented by an ample line bundle H on S such that H2 = 2d. Any such polar-
ized Abelian surface can be embedded in a fixed projective space PN of dimension
N = 9d − 1 by means of the linear system |3H| associated to the ample line bundle
3H. As a consequence, there exists a Zariski open subset T2d of the Hilbert scheme
parametrizing closed subschemes of PN with Hilbert Polynomial P(x) = 9dx2, such
that, for any t ∈ T2d, the corresponding subscheme St ⊆ PN is an Abelian surface
equipped with an ample line bundle Ht such that (St, c1(Ht)) is a polarized Abelian
surface of degree 2d. Furthermore, for any polarized Abelian surface (S, h) of de-
gree 2d there exists t ∈ T2d such that (S, h) ≃ (St, c1(Ht)). By base change over T2d
of the universal family of the above mentioned Hilbert scheme, we get a smooth
and proper family

f2d : A2d −→ T2d.
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By [MR21, Remark 3.1], the base T2d is a smooth, connected, quasi-projective variety
of dimension (N + 1)2 + 2. Moreover, as the moduli space of polarized Abelian sur-
faces has dimension 3 (see [BL04, Remark 8.10.4]) and by its algebraic construction
(see [BL04, Sections 8.7, 8.10]), we get that the ample line bundles Ht, for t ∈ T2d,
glue together in a relatively ample line bundle H2d on A2d.

In light of Remark 5.1.2, we can explicitly describe the families of identity (5.3)
in Theorem 5.1.1 as

fi := f2di : A2di −→ T2di ,

where H2
i = 2di for i = 0, . . . , 4.

In order to identify the ample classes hi ∈ NS(S), we provide the following
lattice theoretic result, which is precisely [MR21, Lemma 3.5] and differs from the
latter only by a slight different choice of the classes defining the stabilizers involved.

Lemma 5.1.3. Let U1 denote one distinguished copy of the unimodular hyperbolic plane in-
side U⊕3 and let {e1, f1} denote its standard basis. Then, for any positive integers r, s, p >
0, the stabilizers of the classes

h1 = e1 + r f1, h2 = e1 + (r − 1) f1, h3 = se1 + p f1, h4 = (s − 1)e1 + p f1

satisfy the following identity

SO+(U⊕3) = ⟨SO+(U⊕3)hi : i = 0, . . . , 4⟩. (5.4)

Proof. The proof precisely parallels that of [MR21, Lemma 3.5], up to replacing the
classes in identity (6) of that statement with hi, for i = 1, . . . , 4, but we include it for
the sake of completeness.

Let L2 ≃ U⊕2 be the orthogonal complement of U1 in U⊕3 and let us denote by
{e2, f2, e3, f3} its standard basis. Lemma B.5.3 (1) ensures that SO+(U⊕3) is gener-
ated by SO+(L1) and the group EU1(L1) of Eichler’s transvections (see Appendix
B.5) defined in (B.8), hence it suffices to show that the latter are contained in the
four stabilizers in identity (5.4).

The claim is straightforward for SO+(L1), which naturally embeds in SO+(U⊕3)
by extending each isometry by the identity on U1. Hence, it remains to show that,
for any a ∈ L1, the Eichler transvections t(e1, a) and t( f1, a) belong to the group
generated by the four stabilizers above.

By applying Lemma B.5.2 to L1, we get that there exists an isometry g ∈ SO+(L1)
sending a to an element of the second copy of U, spanned by e2, f2, which yields,
by Remark B.5.1 (2),

t(e1, g(a)) = t(g(e1), g(a)) = g ◦ t(e1, a) ◦ g−1

and analogously for t( f1, a). Hence, we can proceed by proving the claim for t(e1, a)
and t( f1, a), assuming that a ∈ ⟨e2, f2⟩. Again by Remark B.5.1, these transvections
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act trivially on ⟨e3, f3⟩, hence can be considered as isometries of ⟨e1, f1, e2, f2⟩. By
Lemma B.5.3 (2), the latter can be written as compositions of the Eichler transvec-
tions t(e2, e1), t(e2, f1), t( f2, e1), t( f2, f1). Let us consider the classes

h′1 := e1 − r f1, h′2 := e1 − (r − 1) f1, h′3 := se1 − p f1, and h′4 := (s − 1)e1 − p f1,

which are orthogonal to h1, h2, h3 and h4, respectively. Hence, by Remark B.5.1, the
respective transvections satisfy t(e, h′i) ∈ SO+(U⊕3)hi , for any e ∈ ⟨e2, f2⟩. More-
over, by Remark B.5.1 (1), we get

t(e2, e1) = t(e2, se1 − p f1 − (s − 1)e1 + p f1) = t(e2, h′3) ◦ t(e2, h′4)
−1

t(e2, f1) = t(e2, e1 − r f1 − e1 + (r − 1) f1) = t(e2, h′1) ◦ t(e2, h′2)
−1

t( f2, e1) = t( f2, h′3) ◦ t( f2, h′4)
−1

t( f2, e2) = t( f2, h′1) ◦ t( f2, h′2)
−1,

proving the claim.

Let us now assume that S ≃ E × F, with E and F two elliptic curves, and
NS(S) = ⟨e, f ⟩ ≃ U, where e and f denote, respectively, the classes of E and F,
as in Section 4.2.3. Let us consider three positive integers r, s, p > 0 and define the
following ample classes

h1 = e + r f , h2 = e + (r − 1) f , h3 = se + p f , h4 = (s − 1)e + p f . (5.5)

Under these assumptions, Lemma 5.1.3 provides the identity

SO+(H2(S, Z)) = ⟨SO+(H2(S, Z))hi : i = 0, . . . , 4⟩. (5.6)

Equalities (5.1) and (5.6) together yield equality (5.2) of Theorem 5.1.1.

Remark 5.1.4. We conclude by pointing out that, by [MR21, Corollary 3.4], equal-
ity (5.3) holds for any projective deformation f : S → T of any polarized Abelian
surface (S, h).

5.1.2 Lift of the monodromy of an Abelian surface to moduli spaces of
sheaves

We will now show that the monodromy operators induced by the projective families
introduced in the previous Subsection can be lifted to locally trivial monodromy
operators on a moduli space Kv(S, H) for a suitable (m, k)−triple (S, v, H). This
will be proven in two special cases, which will be the only two needed in the next
Section.
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Remark 5.1.5. We recall that the monodromy group Mon2(S) of an Abelian surface
S is, by definition, a subgroup of O(H2(S, Z)), and that the latter can be identified
as the subgroup of O(H̃(S, Z)) of isometries acting as the identity on H0(S, Z) ⊕
H4(S, Z). Another remarkable subgroup of O(H̃(S, Z)) is given by the following:
let (S, v, H) be an (m, k)−triple and let us consider the homomorphism of groups

Φ̃m,k
def,(S,v,H)

: AutGm,k
def
(S, v, H) −→ AutH̃m,k(H̃(S, Z), v, ϵS)

induced by the action of the representation Φ̃m,k
def on the respective isotropy groups

(see Definition 4.0.1 (1)). By Definition 4.3.3 we have an inclusion of groups

Im(Φ̃m,k
def,(S,v,H)

) ⊆ O(H̃(S, Z))v,

where the latter is the subgroup of isometries fixing the vector v.
On the other hand, provided that (m, k) ̸= (1, 1), (1, 2), by Corollary 4.3.16, the

representation ptm,k
def,(S,v,H)

provides us an inclusion of groups

Im(ptm,k
def,(S,v,H)

) ⊆ Mon2
lt(Kv(S, H)).

The interplay between the two representations above, studied in Section 4.3.3, will
allow us to compare the groups Mon2(S) and Mon2

lt(Kv(S, H)).

Lemma 5.1.6. Let S be an Abelian surface and let v = (m, 0,−mk) be a Mukai vector,
with m ≥ 1. Let h ∈ NS(S) be the class of a v−generic polarization on S and f : S → T
a projective deformation of the polarized Abelian surface (S, h) as in Remark 5.1.2. Then
there exists a v−generic polarization H on S such that h = c1(H) and

Mon2
f (S) ⊆ Im(Φ̃m,k

def,(S,v,H)
).

Proof. The claim will follow as soon as we show that the smooth and projective
deformation f : S → T can be used to produce a deformation path centered in the
(m, k)−triple (S, v, H), with H a suitable v−generic polarization. Notice that, as v
is of the form (m, 0,−mk), it shall be constant along the deformation.

By Remark 5.1.2, there exists an ample line bundle H on S such that, for every
t ∈ T, its restriction Ht := Ht is an ample line bundle on St such that (St, c1(Ht)) is
a polarized Abelian surface of degree h2. Moreover, there exists a point t0 such that
(St0 , c1(Ht0)) ≃ (S, h). Set H := Ht0 and observe that, as the notion of v−genericity
of a polarization only depends on its first Chern class, the ample line bundle H is
v−generic. Hence, by Remark 4.1.2, the points t ∈ T such that Ht is not v−generic
define a Zariski closed proper subset Z of T. As in the proof of [OPR24, Lemma 3.6],
we get that for any loop γ in T centered in t0, there exists a loop γ′ in T′ := T \ Z
centered in t0 and homotopic to γ. Hence, up to replacing T with T′, we can assume
that Ht is v−generic for every t ∈ T.
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Consequently, if g ∈ Mon2
f (S) is the monodromy operator in the family f along

a path γ centered in t0, then the deformation path

α = ( f : S → T,OS,H, t0, t0, γ)

defines a a morphism α in Gm,k
def such that (id, g, id) = Φ̃m,k

def,(S,v,H)
(α), concluding the

proof.

For later use, we provide an analogue of Lemma 5.1.6 for another special class
of (m, k)−triples.
Lemma 5.1.7. Let (S, h) be a polarized Abelian surface such that NS(S) = Zh, let v =
(r, mh, a) be a Mukai vector, and let f : S → T be a projective deformation of (S, h) as in
Remark 5.1.2. Then there exists a v−generic polarization H on S such that h = c1(H) and

Mon2
f (S) ⊆ Im(Φ̃m,k

def,(S,v,H)
).

Proof. The proof runs exactly as the proof of Lemma 5.1.6, by using the deformation
path α = ( f : S → T,H⊗m,H, γ, t0, t0).

Corollary 5.1.8. Let (S, v, H) be an (m, k)−triple, with (m, k) ̸= (1, 1), (1, 2), and
f : S → T be a projective family as in Lemma 5.1.6 or in Lemma 5.1.7. Then there ex-
ists an injective morphism

Mon2
f (S) ↪→ Im(ptm,k

def,(S,v,H)
) ⊆ Mon2

lt(Kv(S, H)).

Proof. Lemma 5.1.6 and Lemma 5.1.7 provide an inclusion of groups

Mon2
f (S) ⊆ Im(Φ̃m,k

def,(S,v,H)
).

As the latter is made of orientation preserving isometries by Remark 4.3.6 (2), the
morphism Ψm,k defined in 4.3.17 provides an injective morphism

Mon2
f (S) ↪→ Im(Φm,k

def,(S,v,H)
)

g 7→ (id, g, id)|v⊥ .

The claim follows by applying the isomorphism of functors λdef : Φm,k
def → ptm,k

def de-
fined in Proposition 4.3.18.

We conclude the Section by showing that, in the case in which S is the product
of two elliptic curves, the classes h1, . . . , h4 defined in (5.5) and generating Mon2(S)
(see Theorem 5.1.1) can be chosen to belong to the same v−chamber (see Section
3.1.4). As a consequence, we get that only one (m, k)−triple (S, v, H) is needed to
generate the whole monodromy group Mon2(S) using morphisms in the image of
Φ̃m,k

def,(S,v,H)
.

In the following, we will assume that S ≃ E × F, with E and F two elliptic
curves, and NS(S) ≃ ⟨e, f ⟩ = U, where e and f are, respectively, the classes of E
and F in NS(S), as in Section 4.2.3.
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Proposition 5.1.9. Let S ≃ E × F be the product of two elliptic curves E, F and suppose
that NS(S) ≃ ⟨e, f ⟩, with e = c1(E) and f = c1(F), and let v = (m, 0,−mk), with
m, k ≥ 1. Then there exists an integer t ≫ 0 and a v−generic polarization H such that
c1(H) = e + t f and

Mon2(S) ⊆ Im(Φ̃m,k
def,(S,v,H)

).

Proof. By Theorem 5.1.1, there exist four ample classes h1, . . . , h4 on S such that

Mon2(S) = ⟨Mon2
f1
(S), . . . , Mon2

f4
(S)⟩,

where fi := fh2
i

are projective deformations of the polarized Abelian surfaces (S, hi),
for i = 1, . . . , 4, as in Remark 5.1.2, and by Lemma 5.1.6, for any i = 1, . . . , 4, we
have an inclusion of groups

Mon2
fi
(S) ⊆ Im(Φ̃m,k

def,(S,v,Hi)
),

where Hi is a v−generic polarization such that c1(Hi) = hi. As in (5.5), we can
choose three positive integers r, s, p > 0 such that

h1 = e + r f , h2 = e + (r − 1) f , h3 = se + p f , h4 = (s − 1)e + p f .

By Lemma 2.38 (see also Definition 2.37) of [PR23], if we choose those integers such
that r and the quotient p/s are big enough, then all the classes hi belong to the
unique v−chamber whose closure contains the class f . We can then choose a polar-
ization H on S such that its class h := c1(H) lies in that v−chamber. Consequently,
the (m, k)−triple (S, v, H) is congruent to (S, v, Hi) for every i = 1, . . . , 4 and we get
a collection of isomorphisms

χ♯
H,Hi

: AutGm,k
def
(S, v, H) −→ AutGm,k

def
(S, v, Hi)

that induce, via Φ̃m,k
def , the following identifications

Im(Φ̃m,k
def,(S,v,Hi)

) = Φ̃m,k
def (χH,Hi)

♯(Im(Φ̃m,k
def,(S,v,H)

)) = Im(Φ̃m,k
def,(S,v,H)

),

where the last equality follows from the fact that Φ̃m,k
def (χH,Hi) is the identity mor-

phism.

By combining Proposition 5.1.9 and Corollary 5.1.8, we get the following

Corollary 5.1.10. Let S ≃ E × F be the product of two elliptic curves E, F and suppose
that NS(S) ≃ ⟨e, f ⟩, with e = c1(E) and f = c1(F), and let v = (m, 0,−mk), with
m, k ≥ 1, and suppose (m, k) ̸= (1, 1), (1, 2). If H is a v−generic polarization on S whose
class is contained in the unique v−chamber whose closure contains the class f , then there
is an injective morphism of groups

Mon2(S) ↪→ Mon2
lt(Kv(S, H)).
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5.2 The group N(v⊥) as subgroup of Mon2
lt(Kv(S, H))

In this Section we will include the group N(Kv(S, H)), defined in Appendix B.4, in
the locally trivial monodromy group Mon2

lt(Kv(S, H)), by showing that its genera-
tors belong to the image of the groupoid representations defined in Section 4.3.

We start by recalling that, by Theorem 3.4.3, if (S, w, H) is a (1, k)−triple with
k > 2, then

Mon2(Kw(S, H)) = N(Kw(S, H)) ≃ N(w⊥),

where the last isomorphism is given by conjugation via the isometry λw of Theorem
3.3.4. The main result of this section is the following

Theorem 5.2.1. Let (S, v, H) be an (m, k)−triple, with (m, k) ̸= (1, 1), (1, 2). Then

N(Kv(S, H)) ⊆ Mon2
lt(Kv(S, H)).

The proof of Theorem 5.2.1 will be addressed by showing that the generators
of the group N(Kv(S, H)) are isometries belonging to the image of the group mor-
phism ptm,k

(S,v,H)
: AutGm,k(S, v, H) → Mon2

lt(Kv(S, H)) (see Corollary 4.3.16), induced
by the representation ptm,k defined in Section 4.3.2, for a suitable (m, k)−triple
(S, v, H). As the Hodge isometry λv : v⊥ → H2(Kv(S, H), Z) naturally conjugates
N(v⊥) to N(Kv(S, H)), the proof of Theorem 5.2.1 reduces to showing the following
inclusion of groups:

N(v⊥) ⊆ Im(Φm,k
(S,v,H)

). (5.7)

Paralleling Markman’s proof of [Mar22, Theorem 1.4] in the primitive case, up to
conjugation with a morphism Φm,k(η), for any η ∈ HomGm,k((S, v, H), (S1, v1, H1))
and (S1, v1, H1) ∈ Gm,k, we can assume without loss of generality that (S, v, H) ∈
Gm,k is an (m, k)−triple with Mukai vector v = m(1, 0,−k).

Remark 5.2.2. (1) As recalled in Remark B.4.1 (2), if k ≥ 2, the group N(v⊥) is
generated by SO+(H̃(S, Z))v and by the involution Rs ◦ Rs1 : v⊥ → v⊥ given
by the composition of the two reflections around the (−2)−vector s = (1, 0, 1)
and the (+2)−vector s1 = (1, 0,−1), which sends the vector m(1, 0, k) to its
opposite and acts as the identity on λv(H2(S, Z)). More precisely, as its action
on the discriminant Av⊥ is trivial (see Corollary B.2.3), the latter corresponds
to the restriction of the product Rs ◦Rs1 : H̃(S, Z) → H̃(S, Z) of the two above-
defined reflections on H̃(S, Z), whose action is precisely −DH

S , where DH
S is

the cohomological action of duality defined in (4.7), and which belongs to
O(H̃(S, Z))v by definition.

(2) On the other hand, if k = 1, the group N(v⊥) is isomorphic to SO+(H̃(S, Z))v,
by Remark B.4.1 (3).

Inclusion (5.7) will be proven on each of the generators described in Remark
5.2.2. The first and most technical part is given by the following:
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Proposition 5.2.3. Let m, k be two positive integers, with (m, k) ̸= (1, 1), (1, 2), and let
(S, v, H) an (m, k)−triple, with S = E × F the product of two elliptic curves E and F,
NS(S) ≃ ⟨e, f ⟩, with e := c1(E) and f := c1(F), v = m(1, 0,−k) and h := c1(H) =
e + t f , with t ≫ 0, as in Proposition 5.1.9. Then

SO+(H̃(S, Z))v ⊆ Im(Φm,k
(S,v,H)

).

For this purpose, we introduce the following result:

Proposition 5.2.4. Let S = E × F be the product of two elliptic curves E and F, with
NS(S) ≃ ⟨e, f ⟩, where e := c1(E) and f := c1(F). Let v = m(1, 0,−k) ∈ H̃(S, Z) a
Mukai vector, with m and k two positive integers. The stabilizer SO+(H̃(S, Z))v is gen-
erated by SO+(H2(S, Z)) and the products Rt1 ◦ Rt2 of reflections around (−2)−vectors
ti = (1, βi − f , k), with βi ∈ NS(S)⊥ a primitive class, for i = 1, 2.

Let m, k be two positive integers. The starting point for the proof of Proposition
5.2.4 is the following

Lemma 5.2.5. [Mar22, Lemma 5.3 (1), (3), Lemma 5.4] Let S be an Abelian surface and let
v = m(1, 0,−k) ∈ H̃(S, Z) a Mukai vector. The stabilizer SO+(H̃(S, Z))v is generated
by SO+(H2(S, Z)) and the products Ru1 ◦ Ru2 of reflections around (−2)−vectors ui =
(1, ξi, k), with ξi ∈ H2(S, Z) a primitive class, for i = 1, 2.

The first step consists of the following reduction, that allows us to assume that
the primitive elements ξ1, ξ2 ∈ H2(S, Z) in Lemma 5.2.5 span a primitive sublattice
of H2(S, Z).

Lemma 5.2.6. Let ξ1, ξ2 ∈ U⊕3 be two primitive elements and let l ∈ Z. Then there exists
a primitive element ξ ∈ U⊕3 such that ξ2 = 2l and such that ⟨ξ1, ξ⟩ and ⟨ξ2, ξ⟩ are two
primitive sublattices of U⊕3.

Proof. Let S := ⟨ξ1, ξ2⟩ be the saturation of ⟨ξ1, ξ2⟩ in U⊕3 (see Appendix B.2). As
rank(S) = 2, by Proposition B.2.5, it admits a primitive embedding in U⊕3 that is
unique up to isometry of L, and, by Corollary B.2.6, we can assume, up to isometry
of U⊕3, that ξ1, ξ2 ∈ U⊕2. Let us denote by U1 the copy of the hyperbolic plane U
that is orthogonal to S, and let us denote by e1, f1 the standard basis of the hyperbolic
plane U1, so that e2

1 = f 2
1 = 0 and e1 · f1 = 1.

Set ξ := e1 + l f1 and notice that ξ2 = 2l. Moreover, both the lattices ⟨ξ1, ξ⟩ and
⟨ξ2, ξ⟩ are primitive in U⊕3. Indeed, suppose that there exist two rational numbers
λ, µ ∈ Q such that v := λξ + µξ1 ∈ U⊕3. Then, v · f1 = λξ · f1 = λ ∈ Z, so that
µξ1 = v − λξ ∈ U⊕3, from which we deduce that µ ∈ Z, since ξ1 is primitive.
Hence, ⟨ξ1, ξ⟩ is primitive, and the same computation applies to show that ⟨ξ2, ξ⟩
is primitive as well.

As straightforward application of Lemma 5.2.5 and Lemma 5.2.6, we get the
following.
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Corollary 5.2.7. Let S be an Abelian surface and let v = m(1, 0,−k) ∈ H̃(S, Z) a Mukai
vector. The stabilizer SO+(H̃(S, Z))v is generated by SO+(H2(S, Z)) and the products
Ru1 ◦ Ru2 of reflections around (−2)−vectors ui = (1, ξi, k), with ξi ∈ H2(S, Z) a prim-
itive class, for i = 1, 2, such that ⟨ξ1, ξ2⟩ is primitive.

Proof. As R2
u = id for any reflection Ru around any (−2)−vector u, we can write

Ru1 ◦ Ru2 = Ru1 ◦ Ru ◦ Ru ◦ Ru2 .

By Lemma 5.2.6, we can choose u = (1, ξ, k) ∈ H̃(S, Z) such that ξ2 = 2k − 2 and
such that ⟨ξ1, ξ⟩ and ⟨ξ2, ξ⟩ are primitive.

The second technical step refining Lemma 5.2.5 is given by the following result.

Lemma 5.2.8. Let S = E× F be the product of two elliptic curves E and F and assume that
NS(S) ≃ ⟨e, f ⟩, with e := c1(E) and f := c1(F). Let ξ1, ξ2 ∈ H2(S, Z) be two primitive
elements such that ξ2

1 = ξ2
2 = 2k − 2 and such that ⟨ξ1, ξ2⟩ is a primitive sublattice of

H2(S, Z). Then there exist two primitive elements β1, β2 ∈ NS(S)⊥ and an isometry
g ∈ SO+(H2(S, Z)) such that g(ξi) = βi − f , for i = 1, 2.

Proof. Let us denote U1 := NS(S) = ⟨e, f ⟩, L := H2(S, Z) ≃ U⊕3 = U1
⊥
⊕ U⊕2 and

S1 := ⟨ξ1, ξ2⟩. By Corollary B.2.6, there exists a primitive embedding of S1 in L such
that the orthogonal complement S⊥

1 of S1 in L contains U1, and that embedding is
unique up to isometry of L. Hence, there exists an isometry φ1 ∈ O(L) such that
φ1(ξi) ∈ U⊥

1 , for i = 1, 2.
Let us set βi := φ1(ξi), for i = 1, 2, and S2 := ⟨β1 − f , β2 − f ⟩. Then, since S1 is

primitive, S2 is primitive. Indeed, if there exist two rational numbers λ, µ ∈ Q such
that v := λ(β1 − f ) + µ(β2 − f ) ∈ L, then v = λβ1 + µβ2 − (λ + µ) f ∈ L. But β1, β2
and f are Q−linearly independent, hence λβ1 + µβ2 ∈ L. Primitivity of S1 implies
primitivity of ⟨β1, β2⟩, so that λ, µ ∈ Z.

Moreover, S1 and S2 are isometric as abstract lattices, and by Proposition B.2.5
their embedding in L is unique up to isometry of L, so there exists an isometry
φ ∈ O(L) such that φ(ξi) = βi − f for i = 1, 2.

More explicitly, the isometry sending ξi to φ1(ξ)− f = βi, for i = 1, 2, provides
a primitive embedding of S1 in L whose image is S2. Such an embedding is unique
up to isometry of L, so the latter extends to an isometry φ ∈ O(L).

Determinant: Let us denote by K the orthogonal complement of S2 in L, which,
by Corollary B.2.6, contains a copy of the hyperbolic plane U, and let K1 be the
orthogonal complement of U in K.

We consider the isometry η ∈ O(K) interchanging the two isotropic generators
of U and acting as the identity on K1. We notice that det(η) = −1 and disc(η) =
idAK . Hence, by Corollary B.2.3, we can extend η to η̃ := η ⊕ idS2 ∈ O(L) satisfying
det(η̃) = det(η) = −1. Consequently, if det(φ) = −1, we can replace φ with
η̃ ◦ φ ∈ SO(L).
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Orientation: In conclusion, we can work in a similar fashion to make φ ori-
entation preserving. Again by Corollary B.2.6, we can orthogonally decompose
K := S⊥

2 = U ⊕ K1 and we can define an isometry θ := −idU ⊕ idK1 ∈ O(K) such
that or(θ) = 1, as sgn(U) = (1, 1), det(θ) = 1, as rk(U) = 2, and disc(θ) = idAK .
By Corollary B.2.3, we can extend θ to θ̃ := θ ⊕ idS2 such that or(θ̃) = or(θ) = 1
and det(θ̃) = det(θ) = 1. Hence, the claim follows by setting g := θ̃or(φ) ◦ φ ∈
SO+(L).

The proof of Proposition 5.2.4 now reduces to a combined application of Corol-
lary 5.2.7 and Lemma 5.2.8.

Proof of Proposition 5.2.4. In order to prove the claim, we need to show that any
product Ru1 ◦ Ru2 of reflections around (−2)−vectors ui = (1, ξi, k), with ξi ∈
H2(S, Z) a primitive class, for i = 1, 2, generating a primitive lattice ⟨ξ1, ξ2⟩ as
in Corollary 5.2.7 can be conjugated into the product Rt1 ◦ Rt2 of reflections around
(−2)−vectors ti = (1, βi − f , k), with βi ∈ NS(S)⊥ a primitive class, for i = 1, 2, as
in Proposition 5.2.4, via an isometry g̃ ∈ SO+(H̃(S, Z))v defined as g̃ := idH0(S,Z) ⊕
g ⊕ idH4(S,Z), with g ∈ SO+(H2(S, Z)).

Let ui = (1, ξi, k), with ξi ∈ H2(S, Z)primitive, for i = 1, 2, be two (−2)−vectors
as above, so that ξ2

i = 2k − 2, for i = 1, 2, and ⟨ξ1, ξ2⟩ is primitive. By Lemma 5.2.8,
there exist two elements β1, β2 ∈ NS(S)⊥ and an isometry g ∈ SO+(H2(S, Z)) such
that g(ξi) = βi − f . By extending g to g̃ ∈ SO+(H̃(S, Z))v via the identity as above,
we get g̃(ui) = (1, βi − f , k) =: ti for i = 1, 2, and a straightforward application of
the identity

g̃ ◦ Ru ◦ g̃−1 = Rg̃(u) for any u ∈ H̃(S, Z) (5.8)

leads to
g̃ ◦ Ru1 ◦ Ru2 ◦ g̃−1 = Rg̃(u1) ◦ Rg̃(u2) = Rt1 ◦ Rt2 ,

concluding the proof.

The last result allows us to reduce the first part of the proof of Proposition 5.2.3
to the following

Lemma 5.2.9. Let m and k be two positive integers, let (S, v, H) be an (m, k)−triple
as above, with c1(H) = e + t f , with t ≫ 0, and let ti = (1, ξi, k) ∈ H̃(S, Z) be a
(−2)−vector such that ξi = βi − f , with βi ∈ ⟨e, f ⟩⊥ for i = 1, 2. Then

Rt1 ◦ Rt2 ∈ Im(Φ̃m,k
(S,v,H)

).

Proof. Under the current assumptions, Lemma 4.2.5 guarantees that the derived
equivalence FME introduced in Section 4.2.3 induces a morphism

FME ∈ HomGm,k
FM
((S, v, H), (S, v, H)),
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where we set v := (0, m(e + k f ), m). Arguing verbatim as in the proof of [MR21,
Proposition 4.9], we get a description of the cohomological action of FME on the
whole Mukai lattice H̃(S, Z). Consequently, for i = 1, 2, it holds

FMH
E (ti) = FMH

E (1, βi − f , k) = (0, e − k f − βi, 0).

Setting ai := e − k f − βi, for i = 1, 2, by identity (5.8) we get

Rt1 ◦ Rt2 = (FMH
E )

−1 ◦ R(0,a1,0) ◦ R(0,a2,0) ◦ FMH
E .

Hence, we can reduce the proof to showing that

R(0,a1,0) ◦ R(0,a2,0) ∈ Im(Φ̃m,k
(S,v,H)

). (5.9)

Let us consider a deformation path α = ( f : S → T,L,H, t1, t2, γ), where

(St1 ,Lt1 ,Ht1) = (S, m(e + k f ), H) and (St2 ,Lt2 ,Ht2) = (S′, mh′, H′),

with H′ ∈ Pic(S′), h′ = c1(H′) and NS(S′) = Zh′, and set v′ := vt2 . Then, up to
conjugation with Φ̃m,k

def (α), the statement in (5.9) is equivalent to

R(0,b1,0) ◦ R(0,b2,0) ∈ Im(Φ̃m,k
(S′,v′,H′)), (5.10)

where (0, bi, 0) = Φ̃m,k
def (α)(0, ai, 0) - as Φ̃m,k

def (α) is a graded isomorphism of groups
by definition - for i = 1, 2. Moreover, the latter satisfies the following properties:

(1) b2
i = a2

i = t2
i = −2;

(2) bi · h′ = ti · v = 0
for i = 1, 2. Hence, by identifying R(0,bi ,0) = idH0 ⊕ Rbi ⊕ idH4 with the reflection
Rbi in H2(S′, Z) under the natural embedding O(H2(S′, Z)) ↪→ O(H̃(S′, Z)), we
get that Rb1 ◦ Rb2 ∈ SO+(H2(S′, Z)), by point (1) and equality (B.3), and that

Rb1 ◦ Rb2 ∈ SO+(H2(S′, Z))h′ ,

by point (2). Hence, by Remark 5.1.4 and Lemma 5.1.7, we deduce

Rb1 ◦ Rb2 ∈ Im(Φ̃m,k
def,(S′,v′,H′)),

proving claim (5.10) and concluding the proof.

We are finally in the position to quickly address the proof of Proposition 5.2.3.

Proof of Proposition 5.2.3. In order to show that SO+(H̃(S, Z))v ⊆ Im(Φm,k
(S,v,H)

), by
Lemma 5.2.5 and Proposition 5.2.4 it is enough to prove the inclusion SO+(H2(S, Z))

⊆ Im(Φm,k
(S,v,H)

) and that Rt1 ◦ Rt2 ∈ Im(Φm,k
(S,v,H)

) for any ti = (1, βi − f , k), with
βi ∈ ⟨e, f ⟩⊥, as in Proposition 5.2.4. The first assertion follows from Proposition
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5.1.9 and the fact that the representation Ψm,k acts trivially - namely, just as restric-
tion to v⊥ - on orientation preserving isometries. The second part of the claim
follows analogously from Lemma 5.2.9. More precisely, the latter shows that the
product of such reflections can be written as a composition of orientation preserv-
ing isometries (see Corollary 4.3.23 (1)) of the form Φ̃m,k(η) for a suitable morphism
η ∈ HomGm,k((S1, v1, H1), (S2, v2, H2)), so the representation Ψm,k acts trivially on
Rt1 ◦ Rt2 again, providing an element of Im(Φm,k

(S,v,H)
).

By Proposition 5.2.3 and Remark 5.2.2 we immediately deduce the following:

Corollary 5.2.10. If (S, v, H) is an (m, 1)−triple, then inclusion (5.7) holds, namely

N(v⊥) ⊆ Im(Φm,k
(S,v,H)

).

The last ingredient needed to complete the proof of Theorem 5.2.1 is the follow-
ing:

Proposition 5.2.11. Let m and k be two positive integers, with (m, k) ̸= (1, 1), (1, 2), and
let (S, v, H) be an (m, k)−triple, with v = m(1, 0,−k). Then

Rs ◦ Rs1 ∈ Im(Φm,k
(S,v,H)

),

where s = (1, 0, 1), s1 = (1, 0,−1) ∈ v⊥ are as in Remark 5.2.2.

Proof. Let us start by considering the reflections Rs and Rs1 around the vectors
s = (1, 0, 1) and s1 = (1, 0,−1), respectively, defined on the whole Mukai lattice
H̃(S, Z). As recalled in Remark 5.2.2, their composition Rs ◦ Rs1 is an involution
satisfying

Rs ◦ Rs1 = −DH
S . (5.11)

The proof will be easily concluded as soon as we show that DH
S ∈ Im(Φ̃m,k

(S,v,H)
).

Let p ∈ N∗ be a positive integer. We recall that, by Lemma 4.2.2 (2), the Fourier-
Mukai equivalence pH : Db(S) → Db(S) defines a morphism

pH ∈ HomGm,k
FM
((S, v, H), (S, vpH, H)),

where
vpH = (m, mph,

rp2h2

2
+ mk)

and where h := c1(H). More generally, the cohomological action pHH on the whole
Mukai lattice H̃(S, Z) is given by the following: for any (r, ξ, a) ∈ H̃(S, Z),

pHH(r, ξ, a) = (r, ξ, a).ch(pH) = (r, rph + ξ, r
p2h2

2
+ a + pξh). (5.12)
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By Lemma 4.2.3 (1), we can choose p ≫ 0 such that both the Fourier-Mukai equiv-
alences FMP and FM∨

P induce isomorphisms on the corresponding moduli spaces.
The composition FM−1

P ◦ FM∨
P defines a morphism ϕ ∈ AutGm,k

FM
(S, vpH, H) such that,

for any (r, ξ, a) ∈ H̃(S, Z),

Φ̃m,k
FM(ϕ)(r, ξ, a) = (r,−ξ, a) = DH

S (r, ξ, a), (5.13)

by (4.7). Hence, combining (5.12) and (5.13), we get

ψ := pH ∗ ϕ ∗ pH ∈ AutGm,k((S, v, H))

and, for any (r, ξ, a) ∈ H̃(S, Z)),

Φ̃m,k
FM(ψ) = Φ̃m,k

FM(pH) ◦ Φ̃m,k
FM(FM−1

P ) ◦ Φ̃m,k
FM(FM∨

P ) ◦ Φ̃m,k
FM(pH)(r, ξ, a) =

= Φ̃m,k
FM(pH) ◦ DH

S (r, rph + ξ, r
p2h2

2
+ a + pξh) =

= Φ̃m,k
FM(pH)(r,−rph − ξ, r

p2h2

2
+ a + pξh) = (r,−ξ, a) = DH

S (r, ξ, a).

In order to conclude, we observe that

or(Φ̃m,k
FM(ψ)) = or(pHH) + or((FM∨

P )
H)− or(FMH

P ) + or(pHH) = 1,

by Corollary 4.3.23. Consequently,

Φm,k(ψ) = Ψm,k(Φ̃m,k
FM(ψ)) = (−1)or(ψH)ψH

|v⊥ = −DH
S|v⊥ = Rs ◦ Rs1 ,

concluding the proof.

We conclude the Chapter with the proof of Theorem 5.2.1, which has now be-
come a straightforward application of Proposition 5.2.3, Proposition 5.2.11 and Re-
mark 5.2.2.

Proof of Theorem 5.2.1. Let (S, v, H) an (m, k)−triple, with (m, k) ̸= (1, 1), (1, 2), and
let us assume that S = E × F is the product of two elliptic curves E and F and
that NS(S) ≃ ⟨e, f ⟩, with e := c1(E) and f := c1(F). Set v = m(1, 0,−k) and
h := c1(H) = e + t f , with t ≫ 0, as in Proposition 5.1.9. By Proposition 5.2.3,

SO+(H̃(S, Z))v ⊆ Im(Φm,k
(S,v,H)

)

and, by Proposition 5.2.11, the involution Rs ◦ Rs1 ∈ Im(Φm,k
(S,v,H)

). By Remark 5.2.2,
those are exactly the generators of the group N(v⊥), hence, inclusion (5.7) is proven.
The isomorphism of functors λ : Φm,k → ptm,k defined in Section 4.3.3 (see also
Corollary 4.3.24) induces an identification

λ♯
v(Im(Φm,k

(S,v,H)
)) = Im(ptm,k

(S,v,H)
),
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as subgroups of Mon2(Kv(S, H)), by Corollary 4.3.16, where λv is the Hodge isom-
etry of Theorem 3.3.4. The restriction of λ♯

v to N(v⊥), together with inclusion (5.7),
proves the thesis for any (m, k)−triple satisfying the current hypotheses. The result
is easily extended to any (m, k)−triple (S′, v′, H′), as

Im(ptm,k
(S′,v′,H′))) = ptm,k(η)♯(Im(ptm,k

(S,v,H)
))

for any non-trivial element η ∈ HomGm,k((S, v, H), (S′, v′, H′)), whose existence is
guaranteed by Remark 4.3.2.
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Chapter 6

The monodromy group

This Chapter addresses the proof of Theorem B.1, namely the existence of an iso-
morphism between the monodromy groups Mon2(Kv(S, H)) and Mon2(Kw(S, H)),
and completes the proof Theorem A.1, establishing an explicit lattice theoretic de-
scription of Mon2(Kv(S, H)), for (m, k)−triples with k > 2.

More explicitly, we relate monodromy operators on a singular moduli space
Kv(S, H) of semistable sheaves on an Abelian surface to monodromy operators on
a smooth moduli space Kw(S, H) of the same kind. The key point is the study of
the most singular locus of Kv(S, H) and the action on the second integral cohomol-
ogy group of its closed embedding. This study will be conducted, respectively, in
Sections 6.1 and 6.2. The latter will be used in Section 6.3 to produce an injective
morphism on the respective monodromy groups, which will allow us to include
Mon2(Kv(S, H)) in Mon2(Kw(S, H)) as a subgroup. Combining this natural inclu-
sion with Theorem 5.2.1, we show that such morphism is actually surjective, prov-
ing Theorems A.1 and B.1 simultaneously. Finally, in Section 6.4, we will discuss
some necessary numerical assumptions on the Mukai vectors v considered, namely
the hypothesis k > 2 throughout this Chapter.

6.1 The embedding Kw(S, H) → Kv(S, H)

Let m and k be two positive integers and let (S, v, H) be an (m, k)−triple. We re-
call that, by Proposition 1.2.14, the moduli space Kv(S, H) admits a stratification of
singularities

Kv(S, H) = X0 ⊃ X1 ⊃ · · · ⊃ Xl = Kv(S, H)ms.

Aim of this Section is to show that the most singular locus Kv(S, H)ms admits a finite
number of connected components, each of which is isomorphic to the associated
smooth moduli space Kw(S, H), allowing us to define a natural closed embedding

iw,m : Kw(S, H) −→ Kv(S, H)

119
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that deforms in locally trivial families.

Let us start by considering the moduli space Mv(S, H) of H-semistable sheaves
on S with Mukai vector v (see Section 3.1.2). As in [OPR24, Section 1.4.], we recall
the main ideas of the proof of [KLS06, Theorem 4.4.] that provide a description of
the most singular locus Mv(S, H)ms of Mv(S, H).

By Theorem 3.1.13, the singular locus Mv(S, H)sing of Mv(S, H) coincides with
the variety parametrizing strictly semistable sheaves. Each point of Mv(S, H)sing

then corresponds to the class [F] of a semistable sheaf F that, admitting a non-
trivial Jordan-Hölder decomposition (see Definition A.1.4 and equation (A.3)), is
S−equivalent to a sheaf of the form F1 ⊕ F2, where [Fi] ∈ Mmiw(S, H) and m1 +m2 =
m. More precisely, it belongs to the image of the summation morphism

σm1,m2 : Mm1w(S, H)× Mm2w(S, H) −→ Mv(S, H)

([F1], [F2]) 7−→ [F1 ⊕ F2], (6.1)

which is an irreducible component of the singular locus. The intersection of all such
components is the locus

Σm := {[E1 ⊕ · · · ⊕ Em] : [Ei] ∈ Mw(S, H)} ≃ Symm(Mw(S, H)),

whose most singular locus - and hence, the most singular locus of Mv(S, H) - is

Y := {[E⊕m] ∈ Mv(S, H) : [E] ∈ Mw(S, H)}, (6.2)

which is naturally isomorphic to Mw(S, H).

We now check the compatibility of this description with the fibers of the respec-
tive Yoshioka fibrations involved.

Proposition 6.1.1. Let m and k be two positive integers and let (S, v, H) be an (m, k)−triple.
Then

Kv(S, H)ms = Mv(S, H)ms ∩ Kv(S, H).

Proof. As discussed in Section 3.1.3 (see Theorem 3.1.14), the Yoshioka fibration

av : Mv(S, H) −→ S × Ŝ

is an isotrivial fibration. Therefore, by Grauer-Fischer Theorem ([FG65]), it is also an
analytically locally trivial family, in the sense of Definition 2.2.1. Hence, by Remark
2.2.7, it induces a relative stratification

Mv(S, H) = X0 ⊇ X1 ⊇ · · · ⊇ Xl = Mv(S, H)ms,

such that, for every α ∈ S × Ŝ,

a−1
v (α) = X0,α ⊇ · · · ⊇ Xl,α
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is a stratification of singularities of a−1
v (α). In particular, for α = (0,OS), we get a

stratification of singularities of Kv(S, H), whose last stratum Xl,0 = Kv(S, H)ms is
precisely, by definition,

Xl ∩ a−1
v (O,OS) = Mv(S, H)ms ∩ Kv(S, H).

Proposition 6.1.1 yields a more explicit description of the most singular locus of
Kv(S, H). In the following, for every positive integer m ∈ N \ {0}, we will denote
by S[m]× Ŝ[m] the m−torsion points in S × Ŝ, which define a finite set of order m8.

Proposition 6.1.2. Let m and k be two positive integers and let (S, v, H) be an (m, k)−triple.
Then

Kv(S, H)ms ≃
⋃

(x,L)∈S[m]×Ŝ[m]

a−1
w (x, L).

Proof. From Proposition 6.1.1 and characterization (6.2), we get

Kv(S, H)ms = {[E⊕m] ∈ Kv(S, H) : [E] ∈ Mw(S, H)}.

A straightforward computation shows that the summation map (6.1) is compatible
with both the Yoshioka fibrations amiw for i = 1, 2 and, in particular, for every E ∈
Mw(S, H), it holds av(E⊕m) = aw(E)m, with respect to the group structure on S × Ŝ.
It follows that, given [E] ∈ Mw(S, H), the point [E⊕m] belongs to Kv(S, H)ms if and
only if

aw(E)m = (0,OS) ∈ S × Ŝ,

from which the claim follows.

We now recall a remarkable construction providing us a family of natural au-
tomorphisms of Kv(S, H). For any (x, L) ∈ S × Ŝ it is defined a natural translation
morphism

τ(x,L) : Mv(S, H) 7−→ Mv(S, H) (6.3)
F 7−→ τx∗(F)⊗ L

- where we recall that τx∗ = τ∗
−x - which naturally identifies the fibers of the Yosh-

ioka fibration av : Mv(S, H) → S × Ŝ (see (3.10)). Now, let F ∈ Mv(S, H), with
v(F) = mw = m(r, ξ, a) and suppose, additionally, that (x, L) ∈ S[m]× Ŝ[m]. Then

det(τ(x,L)(F)) = det(τx∗(F)⊗ L) ≃ det(τx∗(F))⊗ L⊗mr ≃ det(τx∗(F)) ≃ det(F),

since rk(F) = mr, c1(F) = mξ and (x, L) ∈ S[m] × Ŝ[m]. Analogously, if P ∈
Db(S × Ŝ) is the Poincaré line bundle (see Sections 3.1.3 and 4.2.2), then

det(FMP (τ(x,L)(F))) ≃ det(FMP (τx∗(F)⊗ L)) ≃ det(τ∗
L∨(FMP (F))⊗P|{−x}×Ŝ) ≃

≃ τ∗
L∨(det(FMP (F))⊗P⊗ma

|{−x}×Ŝ
) ≃ τ∗

L∨(det(FMP (F))),
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since rk(FMP (F)) = ma and P|{−x}×Ŝ is m−torsion, as x. Moreover, since
c1(FMP (F)) = −mξ̂ and L∨ ∈ Ŝ[m], as before, we deduce that the right hand side
is isomorphic to det(FMP (F)).

Consequently, we get the following.
Corollary 6.1.3. Let m and k be two positive integers and let (S, v, H) be an (m, k)−triple.
Then, for any (x, L) ∈ S[m]× Ŝ[m], the automorphism τ(x,L) ∈ Aut(Mv(S, H)) defined
in (6.3) is compatible with the Yoshioka fibration av, namely

av(τ(x,L)(F)) = av(F)

for any F ∈ Mv(S, H). Hence, for any (y, M) ∈ S × Ŝ, the restriction τ(x,L)|a−1
v (y,M)

defines an automorphism of any fiber a−1
v (y, M)).

Notation 6.1.4. With a slight abuse of notation, we will denote

τ(x,L) := τ(x,L)|Kv(S,H) ∈ Aut(Kv(S, H)).

Moreover, set

Gm := {τ(x,L) ∈ Aut(Kv(S, H)) : (x, L) ∈ S[m]× Ŝ[m]} ≃ S[m]× Ŝ[m]. (6.4)

As a first consequence of Proposition 6.1.2, we get, by restriction, an action
Gm ⊆ Aut(Kv(S, H)ms), which is transitive on the set of connected components
π0(Kv(S, H)ms) of Kv(S, H)ms.
Corollary 6.1.5. Let m and k be two positive integers and let (S, v, H) be an (m, k)−triple.
For any (x, L) ∈ S[m]× Ŝ[m], the translation morphism τ(x,L) ∈ Aut(Kv(S, H)) restricts
to an automorphism

τ(x,L) ∈ Aut(Kv(S, H)ms).

In particular, for any F ∈ Kv(S, H)ms, isomorphic to E⊕m for a suitable E ∈ a−1
w (y, M),

with (y, M) ∈ S[m]× Ŝ[m],

τ(x,L)(F) = τ(x,L)(E⊕m) = τ(x,L)(E)⊕m,

where τ(x,L)(E) ∈ a−1
w (x + y, L + M) ⊆ Kv(S, H)ms, via the isomorphism of Proposition

6.1.2. Thus, the action of Gm is transitive on π0(Kv(S, H)ms).
Furthermore, we can use the morphisms τ ∈ Gm to define a collection of closed

embeddings of Kw(S, H) in Kv(S, H), as stated below.
Corollary 6.1.6. Let m and k be two positive integers and let (S, v, H) be an (m, k)−triple.
For every (x, L) ∈ S[m]× Ŝ[m], there is a closed embedding

τm
(x,L) : Kw(S, H) −→ Kv(S, H)ms

E 7−→ τ(x,L)(E)⊕m.

From finiteness of m−torsion points on Abelian surfaces, we deduce that we
have a finite number of choices - namely, m8 - to embed Kw(S, H) in Kv(S, H) as one
of the connected components of its most singular locus.
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6.2 Action on the second integral cohomology

We now focus on the action of the translation automorphisms and of the closed
embeddings defined in the previous Subsection on the second integral cohomology,
in order to relate integral isometries - and, in particular, monodromy operators -
defined on Kv(S, H) and on Kw(S, H).

The first crucial property we are going to recall is that the the group Gm de-
fined in (6.4) is made of automorphisms acting trivially on H2(Kv(S, H), Z), for
any (m, k)−triple (S, v, H), with (m, k) ̸= (1, 1), (1, 2).

Proposition 6.2.1. Let (S, v, H) be an (m, k)−triple.
(1) The group Aut0(Mv(S, H)) of automorphisms acting trivially on H2(Mv(S, H), Z)

contains a group isomorphic to S × Ŝ. In other words, for any (x, L) ∈ S × Ŝ,

τ∗
(x,L) = idH2(Mv(S,H),Z).

(2) If (m, k) ̸= (1, 1), (1, 2), then there is an inclusion Gm ⊆ Aut0(Kv(S, H)), i.e. any
(x, L) ∈ S[m]× Ŝ[m],

τ∗
(x,L) = idH2(Kv(S,H),Z).

Proof. (1) The first part of the statement follows from the fact that, for any (x, L) ∈
S × Ŝ, the translation morphism τ(x,L) is homotopic to the identity morphism
on Mv(S, H). Indeed, as S × Ŝ is path-connected, we can consider any path
γ ∈ Ω(S × Ŝ, (0,OS), (x, L)) and use it to define an homotopy

H : Mv(S, H)× [0, 1] → Mv(S, H)

(F, t) 7→ τγ(t)(F).

(2) The same strategy does not apply to the case of Kv(S, H), as S[m] × Ŝ[m] is
a discrete subspace of S × Ŝ. Nonetheless, we can procede as follows. Let
i : Kv(S, H) ↪→ Mv(S, H) be the natural inclusion, and notice that, for any
τ ∈ Gm, regarded as τ ∈ Aut(Mv(S, H)), it holds

τ∗
|Kv(S,H) ◦ i∗ = i∗ ◦ τ∗ = i∗ : H2(Mv(S, H), Z) → H2(Kv(S, H), Z),

where the first equality follows from τ(Kv(S, H)) = Kv(S, H) and the second
one by part (1). Hence, we deduce that the fixed locus Fix(τ∗

|Kv(S,H)) of τ∗
|Kv(S,H)

contains the image Im(i∗) of i∗. Since i∗ is surjective (see [PR23, Corollary 5.3]
and its proof, see also Theorem 3.3.4(2)), the claim follows.

A first fundamental consequence of the inclusion Gm ⊆ Aut0(Kv(S, H)) is that
its elements can be deformed along locally trivial deformations of Kv(S, H).
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Corollary 6.2.2. Let (S, v, H) be an (m, k)−triple, with (m, k) ̸= (1, 1), (1, 2), and
let X be an irreducible symplectic variety that is locally trivial deformation equivalent to
Kv(S, H). Then, an isomorphic copy of Gm is contained in Aut0(X) and it acts transitively
on the set π0(Xms), where Xms is the most singular locus of X (see Proposition 1.2.14).

Proof. By [BL22, Theorems 4.7, 6.14] (see also Remark 2.2.2 and Proposition 2.3.4),
the proof of [HT13, Theorem 2.1] can be applied verbatim to show that, if X is a
primitive sympletic variety, then Aut0(X) is a locally trivial deformation invariant.
This proves the first part of the statement, as Gm ⊆ Aut0(Kv(S, H)).

Moreover, for any locally trivial deformation p : X → T of Kv(S, H), by Remark
2.2.7, the closed embedding of its most singular locus Kv(S, H)ms induces a rela-
tive closed embedding ι : Y → X and a locally trivial deformation p|Y : Y → T of
Kv(S, H)ms. Set X ≃ Xt for some t ∈ T and let Xms ≃ Yt ≃ X ms

t be its most singular
locus. Since p is locally trivial and the action of Gm ⊆ Aut(Kv(S, H)ms) is analytic
and continuous over the connected base B, we deduce that Xms and Kv(S, H)ms

have the same number of connected components and that Gm acts transitively on
π0(Xms) as well.

A second crucial consequence of Proposition 6.2.1 is that interchanging the con-
nected components of Kv(S, H)ms via automorphisms in Gm corresponds to a trivial
action on the second integral cohomology of Kv(S, H), hence it does not affect the
monodromy information carried by any embedding of Kw(S, H) in Kv(S, H), as will
be explained in further details in Section 6.3.

More precisely, set

iw,m := τm
(0,OS)

: Kw(S, H) → Kv(S, H),

where the latter is one of the closed embeddings defined in Corollary 6.1.6. Notice
that, as τ(0,OS)|Kw(S,H) = idKw(S,H), we are just mapping each sheaf F ∈ Kw(S, H)
to F⊕m ∈ Kv(S, H)ms. On the other hand, we can study the action of the same
automorphism, when restricted to another connected component of Kv(S, H)ms. In
other words, denote by

iw,m|a−1
w (x,L) : a−1

w (x, L) → Kv(S, H)

the closed embedding of a−1
w (x, L) in Kv(S, H), induced, as in Corollary 6.1.6, by the

action of the same automorphism τ(0,OS) of Kv(S, H)ms of Corollary 6.1.5 - which is
again the identity - but restricted to a−1

w (x, L).

Corollary 6.2.3. Let (S, v, H) be an (m, k)−triple, with (m, k) ̸= (1, 1), (1, 2). Then, for
any (x, L) ∈ S[m]× Ŝ[m], the following commutation law holds:

τ∗
(x,L) ◦ i∗w,m|a−1

w (x,L) = i∗w,m : H2(Kv(S, H), Z) → H2(Kw(S, H), Z).

Proof. By definition, there is a commutative diagram
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Kw(S, H) Kv(S, H)

a−1
w (x, L) Kv(S, H),

iw,m

τ(x,L) τ(x,L)

i
w,m|a−1

w (x,L)

whose cohomological action is described as below, by Proposition 6.2.1,

H2(Kv(S, H), Z) H2(Kw(S, H), Z)

H2(Kv(S, H), Z) H2(a−1
w (x, L), Z),

i∗w,m

τ∗
(x,L)=id

i∗
w,m|a−1

w (x,L)

τ∗
(x,L)

proving the claim.

We now compare the pullback

i∗w,m : H2(Kv(S, H), Z) −→ H2(Kw(S, H), Z)

with the composition

H2(Kv(S, H), Z) v⊥ w⊥ H2(Kw(S, H), Z),
λ−1

v λw

where the arrows on the sides are given by the isometries of Theorem 3.3.4 (2),
where λv := λ0

v, according to Notation 3.3.5.
Proposition 6.2.4. Let m, k be two positive integers, with k > 1, and let (S, v, H) be an
(m, k)−triple. The morphism i∗w,m : H2(Kv(S, H), Z) → H2(Kw(S, H), Z) is a similitude
of lattices satisfying

i∗w,m = mλw ◦ λ−1
v .

Proof. The proof follows as in Proposition 1.28 of [OPR24], assuming that the sur-
face S is Abelian and replacing the moduli space Mv(S, H) with Kv(S, H), under
the current hypothesis on the (m, k)−triple (S, v, H). We sketch the main ideas and
we provide the references needed to approach this specific case.

For every p > 0, we will use the shortened notation Kpw for Kpw(S, H). By
[PR24, Section 4.20] and, again, by naturality of Yoshioka fibrations with respect to
direct sums, for every p > 0 we have a morphism

fp : Kp
w −→ Kpw

(F1, . . . , Fp) 7−→ F1 ⊕ · · · ⊕ Fp,

that fits in the following diagram:

(pw)⊥ = w⊥ H2(Kpw, Z)

⊕p
i=1H2(Kpw, Z) H2(Kp

w, Z),

(λw,...,λw)

λpw

f ∗p

∑
p
i=1 π∗

i,p

(6.5)
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where πi,p : Kp
w −→ Kw is the projection onto the i−th factor. Proceeding by in-

duction on p as in [OPR24, Proposition 1.28] and applying Proposition 4.12 (2) of
[PR24], we get commutativity of diagram (6.5), which yields, for p = m, the identity

f ∗m(λv(a)) =
m

∑
i=1

π∗
i,m(λw(a), . . . , λw(a)), (6.6)

for every a ∈ v⊥ = w⊥. We now consider the diagonal morphism δm : Kw −→ Km
w

and we notice that, by definition, the equality iw,m = fm ◦ δm holds. Therefore, by
(6.6) we deduce, for every a ∈ v⊥,

(i∗w,m ◦ λv)(a) = (δ∗m ◦ f ∗m ◦ λv)(a) = δ∗m(
m

∑
i=1

π∗
i,m(λw(a), . . . , λw(a))) =

=
m

∑
i=1

λw(a) = mλw(a),

concluding the proof.

Let us denote by

i∗w,m,Q : H2(Kv(S, H), Q) → H2(Kw(S, H), Q),

λv,Q : v⊥ ⊗ Q → H2(Kv(S, H), Q),

λw,Q : w⊥ ⊗ Q → H2(Kw(S, H), Q)

the Q−linear extensions of the morphisms i∗w,m, λv and λw, respectively. By Propo-
sition 6.2.4, together with Theorem 3.3.4, we get that i∗w,m,Q is an injective morphism
of Q−vector spaces satisfying

i∗w,m,Q = mλw,Q ◦ λ−1
v,Q, (6.7)

which is an isomorphism if, additionally, k > 2.

Assumption 6.2.5. From now on, we will work under the additional hypothesis that
k > 2. Some consequences on the geometry of the moduli spaces under study will
be addressed in Remark 6.3.1 and further motivations concerning this assumption
will be discussed in Section 6.4.

Notation 6.2.6. In the following, we will use this notation: if f : A −→ B is an iso-
morphism of groups, we will denote by f ♯ the map induced on the corresponding
Hom sets by conjugation, i.e.

f ♯ : Hom(A, A) −→ Hom(B, B) (6.8)
g 7−→ f ◦ g ◦ f−1.
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According to the above-introduced notation, we turn our attention to the iso-
morphism

i♯w,m,Q := (i∗w,m,Q)
♯ : O(H2(Kv(S, H), Q)) → O(H2(Kw(S, H), Q))

induced by i∗w,m,Q via conjugation. A straightforward application of Proposition
6.2.4, which allows to compare the integral orthogonal groups involved, is the fol-
lowing.

Lemma 6.2.7. Let m, k be two positive integers, with k > 2, and let (S, v, H) be an
(m, k)−triple. The isomorphism i♯w,m,Q restricts to an isomorphism of groups

i♯w,m : O(H2(Kv(S, H), Z)) −→ O(H2(Kw(S, H), Z))

satisfying the identity i♯w,m = λ♯
w ◦ (λ♯

v)
−1, under the identification v⊥ = w⊥.

Proof. The proof works verbatim as in in [OPR24, Lemma 1.30], but we include
it for the sake of completeness. In fact, it quickly follows from the identity (6.7),
deduced by Proposition 6.2.4, implying (i∗w,m,Q)

−1 = 1
m λv,Q ◦ λ−1

w,Q. Therefore, for
any g ∈ O(H2(Kv(S, H), Q)), it holds

i♯w,m,Q(g) = i∗w,m,Q ◦ g ◦ (i∗w,m,Q)
−1 = mλw,Q ◦ λ−1

v,Q ◦ g ◦ 1
m

λv,Q ◦ λ−1
w,Q =

= λw,Q ◦ λ−1
v,Q ◦ g ◦ λv,Q ◦ λ−1

w,Q = λ♯
w,Q ◦ (λ♯

v,Q)
−1(g).

Hence, iw,m,Q sends integral isometries to integral isometries, as both λ♯
v,Q and λ♯

w,Q

do, since λv♯ and λ♯
w are their respective restrictions to the respective integral or-

thogonal groups.

Arguing in a similar fashion, we can extend Lemma 6.2.7 to the case in which
we have two (m, k)−triples (S1, v1, H1) and (S2, v2, H2), with vi = mwi for i = 1, 2,
and compare the cohomology action of the embeddings im,w1 and im,w2 .

In the following, we will write Kvi and Kwi for the moduli spaces Kvi(Si, Hi) and
Kwi(Si, Hi), respectively, for i = 1, 2. In addition, let us denote by

i∗wi ,m,Q : H2(Kvi , Q) −→ H2(Kwi , Q)

the Q−linear extension of i∗wi ,m and let us consider the following bijective map

i♯w1,w2,m,Q : O(H2(Kv1 , Q), H2(Kv2 , Q)) −→ O(H2(Kw1 , Q), H2(Kw2 , Q))

g 7−→ i∗w2,m,Q ◦ g ◦ (i∗w1,m,Q)
−1. (6.9)
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Lemma 6.2.8. Let m, k be two positive integers, with k > 2, and let (S1, v1, H1) and
(S2, v2, H2) be two (m, k)−triples, with vi = mwi, for i = 1, 2. Then the bijection
i♯w1,w2,m,Q restricts to a bijection

i♯w1,w2,m : O(H2(Kv1 , Z), H2(Kv2 , Z)) −→ O(H2(Kw1 , Z), H2(Kw2 , Z))

satisfying, for every g ∈ O(H2(Kv1 , Z), H2(Kv2 , Z)),

i♯w1,w2,m(g) = (λw2 ◦ λ−1
v2
) ◦ g ◦ (λw1 ◦ λ−1

v1
)−1.

It is immediate to notice that, if (Si, vi, Hi) = (S, v, H) for i = 1, 2, then the
morphism i♯w1,w2,m described in Lemma 6.2.8 coincides with the morphism i♯w,m of
Lemma 6.2.7.

6.3 An isomorphism between Mon2(Kv(S, H)) and
Mon2(Kw(S, H))

In this Section we will study the action of the bijection i♯w1,w2,m introduced in Lemma
6.2.8 on parallel transport operators. The next Proposition, which is the main result
of the Section, shows that the map i♯w1,w2,m sends parallel transport operators to par-
allel transport operators. The outcome is that its restriction to the set of parallel
transport operators provides an injection of sets.

Remark 6.3.1. We recall that, by Assumption 6.2.5, we are restricting the discussion
of the last Sections to moduli spaces of sheaves Kv(S, H) built from (m, k)−triples
(S, v, H)with k > 2. As already pointed out in Remark 3.1.22, these yield Q−factorial
and terminal irreducible symplectic varieties. Hence, by Remark 2.2.6, all deforma-
tions of Kv(S, H) are locally trivial, yielding the following identifications:

Mon2
lt(Kv(S, H)) = Mon2(Kv(S, H)) (6.10)

and, analogously, for any (m, k)−triples (S1, v1, H1) and (S2, v2, H2),

PT2
lt(Kv1(S1, H1), Kv2(S2, H2)) = PT2(Kv1(S1, H1), Kv2(S2, H2)) (6.11)

Hence, all the statements in the next discussion will deal with classical monodromy
operators and parallel transport operators in flat families, under the identifications
(6.10) and (6.11).

Theorem 6.3.2. Let m, k be two positive integers, with k > 2, and let (S1, v1, H1) and
(S2, v2, H2) be two (m, k)−triples, with vi = mwi, for i = 1, 2. Then the bijection i♯w1,w2,m
of Lemma 6.2.8 restricts to an injective function

i♯w1,w2,m : PT2(Kv1(S1, H1), Kv2(S2, H2)) −→ PT2(Kw1(S1, H1), Kw2(S2, H2)).
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Proof. Let g ∈ PT2(Kv1(S1, H1), Kv2(S2, H2) be a parallel transport operator. By def-
inition, there exists a family p : X → T of primitive symplectic varieties, two points
t1, t2 ∈ T such that Xti ≃ Kvi(Si, Hi) and a path γ from t1 to t2 such that g = PTp(γ)
(see Definition 2.3.12). By Remark 2.2.7 (1) there exists a relative stratification

X = X0 ⊇ X1 ⊇ · · · ⊇ Xl =: Y

that, restricted to each fiber Xt of p, corresponds to the stratification of singularities
in Proposition 1.2.14. In particular, for every t ∈ T, we have Yt ≃ X ms

t and, for
i = 1, 2,

Yti ≃ Kvi(Si, Hi)
ms ≃

⋃
x∈Si [m],L∈Ŝi [m]

a−1
wi
(x, L),

where the last isomorphism follows from Proposition 6.1.2. By isotriviality of the
Yoshioka fibrations awi for i = 1, 2, we can suppose that Kw1(S1, H1) and Kw2(S2, H2)
belong to the same connected componentZ ofY . By Remark 2.2.7 (2), the restriction
p|Z : Z → T of p is smooth and proper and Zti ⊇ Kwi(Si, Hi), for i = 1, 2, as
connected component. By Remark 2.2.7 (3), the morphism p|Z factors via a smooth
and proper morphism q : Z → T̃ with connected fibers and connected base T̃ and a
finite étale cover h : T̃ → T. Notice that q : Z → T̃ is a smooth deformation of IHS
manifolds with both Kw1(S1, H1) and Kw2(S2, H2) as fibers.

Let t̃1 ∈ h−1(t1) be the point such that Zt̃1
≃ Kw1(S1, H1) and let γ̃ be the unique

lift of γ, via h, such that γ̃(0) = t̃1. Set t̃2 := γ̃(1) ∈ h−1(t2) and notice that Zt̃2
⊆

Zt2 , hence, being one of the connected components of Kv2(S2, H2)ms,

Zt̃2
≃ a−1

w2
(x, L),

for some (x, L) ∈ S2[m]× Ŝ2[m], by Proposition 6.1.2. Notice that the isomorphism
τ(x,L) : Kw2(S2, H2) → a−1

w2
(x, L) (see (6.3)) defines - via pullback - a parallel transport

operator, for instance in the local system R2aw2∗Z. Hence,

τ∗
(x,L) ◦ PTq(γ̃) ∈ PT2(Kw1(S1, H1), Kw2(S2, H2)).

We will now show that

i♯w1,w2,m(PTp(γ)) = τ∗
(x,L) ◦ PTq(γ̃) (6.12)

and, by Lemma 6.2.8, it suffices to prove it over Q, namely, for their respective
Q−linear extensions.

Let g = PTp(γ) be as above, and let gQ be its Q−linear extension, i.e. the parallel
transport operator PTQ

p (γ) along γ in the local system R2 p∗Q. The relative closed
embedding ι : Z → X over T induces a morphism of local systems

ι∗Q : h∗R2 p∗Q −→ R2q∗Q
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over T̃, such that

(h∗R2 p∗Q)t̃i
≃ (R2 p∗Q)h(t̃i)

≃ R2 p∗Qti ≃ H2(Xti , Q) for i = 1, 2,

(R2q∗Q)t̃i
≃ H2(Zt̃i

, Q) ≃
{ H2(Zt1 ,Q) ≃ H2(Kw1(S1, H1), Q) for i = 1,

H2(a−1
w2
(x, L), Q) for i = 2,

and
ι∗t̃1

= i∗w1,m,Q, ι∗t̃2
= (i∗w2,m|a−1

w2 (x,L))Q. (6.13)

Moreover, i∗Q,t1
is an isometry, by Proposition 6.2.4, hence ι∗Q is an isomorphism of

local systems.
Consequently, we get the following chain of equalities:

i♯w1,w2,m,Q(g) = i∗w2,m,Q ◦ PTp(γ)Q ◦ (i∗w1,m,Q)
−1 =

= τ∗
(x,L),Q ◦ (i∗w2,m|a−1

w2 (x,L))Q ◦ PTp(γ)Q ◦ (i∗w1,m,Q)
−1 =

= τ∗
(x,L),Q ◦ ι∗Q,t2

◦ PTQ
p (γ) ◦ (ι∗Q,t1

)−1 = τ∗
(x,L),Q ◦ PTQ

q (γ̃),

where the first equality follows by definition of i♯w1,w2,m (see (6.9)), the second by
Corollary 6.2.3, the third by (6.13) and the last by definition of parallel transport, via
the isomorphism of local systems defined by ι∗Q. Restricting to integral isometries,
we get identity (6.12), thus concluding the proof.

In the particular case of (S1, v1, H1) = (S2, v2, H2) =: (S, v, H) we get the fol-
lowing

Corollary 6.3.3. Let m, k be two positive integers, with k > 2, and let (S, v, H) be an
(m, k)−triple. Then the isomorphism i♯w,m of Lemma 6.2.7 restricts to an injective morphism
of groups

i♯w,m : Mon2(Kv(S, H)) −→ Mon2(Kw(S, H))

satisfying the identity
i♯w,m(PTp(γ)) = τ∗

(x,L) ◦ PTq(γ̃),

for every γ ∈ π1(T, p(Kv(S, H))) and for every deformation p : X → T of Kv(S, H),
where

∗ q : Z → T̃ is the smooth deformation of Kw(S, H) induced by the Stein factorization
Z q→ T̃ h→ T of p|Z : Z → T, for any connected component Z of X ms;

∗ γ̃ is the unique lift of γ via the finite étale cover h, such that Zγ̃(0) ≃ Kw(S, H);

∗ τ(x,L) ∈ Gm ⊆ Aut(Kv(S, H)ms) is the unique translation morphism (6.3) sending
Kw(S, H) to Zγ̃(1).
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We now prove the main result of this work, namely that the injective morphism

i♯w,m : Mon2(Kv(S, H)) −→ Mon2(Kw(S, H))

above introduced is actually an isomorphism, providing a complete description of
the monodromy group of a singular moduli space of sheaves on an Abelian sur-
face as above. In particular, for the proof of surjectivity of the morphism i♯w,m, a
fundamental role will be played by the inclusion of groups

N(Kv(S, H)) ⊆ Mon2
lt(Kv(S, H)) = Mon2(Kv(S, H))

showed in Theorem 5.2.1, where the last equality follows again by Remark 6.3.1.
The outcome is the following, which extends Markman’s and Mongardi’s result
(see Theorem 3.4.3) to the non primitive case.

Theorem 6.3.4. Let m, k be two positive integers, with m ≥ 1 and k > 2, and let (S, v, H)
be an (m, k)−triple. Then, there exists an isomorphism of groups

i♯w,m : Mon2(Kv(S, H)) −→ Mon2(Kw(S, H)),

induced by the closed embedding iw,m : Kw(S, H) → Kv(S, H) as a connected component
the most singular locus of Kv(S, H). In particular, we get an identification

Mon2(Kv(S, H)) = N(Kv(S, H)). (6.14)

Remark 6.3.5. The case m = 1 has been included for the sake of completeness and
the non-trivial statement is identity (6.14), which is precisely Theorem 3.4.3. We
wish to point out that, although several results of the previous Chapters apply to
the the primitive case as well, the proof of Theorem 6.3.4 relies on the results of
Theorem 3.4.3, hence it does not subside the latter.

Proof of Theorem 6.3.4. The key ingredient of the proof is the possibility to compare
the two groups N(Kv(S, H)) and N(Kw(S, H)) under the identification

O(H2(Kv(S, H), Z)) ≃ O(H2(Kw(S, H), Z))

given by λ♯
w ◦ (λ♯

v)
−1 (see Theorem 3.3.4), in a way that is natural with respect to

the morphism i♯w,m. This naturality is precisely guaranteed by Lemma 6.2.7, which
states the identity

i♯w,m = λ♯
w ◦ (λ♯

v)
−1,

under the identification v⊥ = w⊥. By Theorem 5.2.1, we have an inclusion of groups
N(Kv(S, H)) ⊆ Mon2(Kv(S, H)) and the injective morphism

i♯w,m : Mon2(Kv(S, H)) → Mon2(Kw(S, H))
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of Corollary 6.3.3 yields the following identification

i♯w,m(N(Kv(S, H))) = N(Kw(S, H)), (6.15)

as both the groups involved are only defined lattice-theoretically, and as λv and λv
are both isometries. The right hand side of equality (6.15) is precisely
Mon2(Kw(S, H)), by Theorem 3.4.3, which is, on the other hand, the image of the
morphism i♯w,m. In other words, the commutativity of the diagram

Mon2(Kv(S, H)) Mon2(Kw(S, H))

N(Kv(S, H)) N(v⊥) N(w⊥) N(Kw(S, H))

i♯w,m

Corollary 6.3.3

Theorem 3.4.3⊆ Theorem 5.2.1

i♯w,m

∼
(λ♯

v)
−1

∼
λ♯

v

is shown, concluding the proof.

As the (locally trivial) monodromy group is a (locally trivial) deformation in-
variant, we can conclude the discussion by extending Theorem 6.3.4 to any irre-
ducible symplectic variety X which is deformation equivalent to Kv(S, H), for any
(m, k)−triple (S, v, H) with k > 2.

Corollary 6.3.6. Let X be an irreducible symplectic variety deformation equivalent to
Kv(S, H), where (S, v, H) is an (m, k)−triple with m ≥ 1 and k > 2, and let Z be a
connected component of the most singular locus of X. Then Z is an irreducible holomor-
phic symplectic manifold deformation equivalent to Kw(S, H) and its closed embedding
iZ,X : Z → X induces an isomorphism of groups

i♯Z,X : Mon2(X) −→ Mon2(Z).

Furthermore, we have an identification of groups

Mon2(X) = N(X).

Proof. Let p : X → T be a deformation of irreducible symplectic varieties and let
t1, t2 ∈ T such that Xt1 ≃ X and Xt2 ≃ Kv(S, H).

The first assertion was already essentially contained in the proof of Theorem
6.3.2 and it is a straightforward consequence of Remark 2.2.7 (3). In fact, for any
connected component Z of the most singular locus of X , the restriction p|Z : Z → T
factors through a finite étale cover h : T̃ → T and a smooth deformation of IHS
manifolds q : Z → T̃. Moreover, there exists a point t̃1 ∈ h−1(t1) such that Zt̃1

is
isomorphic to a connected component Z of Xms and there exists a point t̃2 ∈ h−1(t2)
such that Zt̃2

≃ Kw(S, H), thus proving the first assertion.
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For the proof of the second part of the statement, being the (locally trivial) mon-
odromy group a (locally trivial) deformation invariant, it is sufficient to define the
morphism i♯Z,X in such a way that its action on monodromy operators is natural
with respect to the action of the morphism i♯w,m described in Corollary 6.3.3.

For every g ∈ Mon2(X), we can represent it as g = PTp′(γ), where p′ : X ′ → T′

is a flat family, with a point t′ ∈ T′ such that X ′
t′ ≃ X and a loop γ centered at t′. As

before, let Z ′ be the connected component of (X ′)ms such that Z ′
t′ ≃ Z ≃ Zt1 and

let q′ : Z ′ → T̃′ be the smooth deformation given by the Stein factorization of the
restriction of p′ to Z ′. Let t̃′ ∈ (h′)−1(t) be the point in T̃ such that Z ′

t̃′
≃ Z, let γ̃ be

the unique lift of γ via h′ such that γ̃(0) = t̃′ and notice thatPT′
q(γ̃) ∈ PT2(Z,Z ′

γ̃(1)),
where Z ′

γ̃(1) ⊆ Zt′ is a connected component of Xms. By Corollary 6.2.2, there exists
a group Gm ⊆ Aut(Xms) acting transitively on the set of connected components of
Xms, hence there exists an isomorphism τ : Z → Z ′

γ̃(1) such that τ∗ ∈ PT2(Z ′
γ̃(1), Z).

We set

i♯Z,X(g) := τ∗ ◦ PTq′(γ̃) ∈ Mon2(Z)

and we observe that this assignment is well defined and compatible with the com-
position law defined in Remarks 2.3.13 and 2.1.7 and, by construction, it satisfies
the following identity

i♯Z,X(g) ◦ i∗Z,X = i∗Z,X ◦ g : H2(X, Z) → H2(Z, Z), (6.16)

where iZ,X is the closed embedding of Z in X. Moreover, for any family p : X → T
as the one introduced at the beginning of the proof, with t1, t2 ∈ T such that Xt1 ≃ X
and Xt2 ≃ Kv(S, H), we can pick a smooth path δ in T from t1 to t2. Analogously,
we can consider the smooth family q : Z → T̃, with t̃i ∈ h−1(ti) such that Zt̃1

≃ Z
and Zt̃2

≃ Kw(S, H), and the unique lift δ̃ of δ via h such that δ̃(0) = t̃1. Notice that
Zδ̃(1) is, by construction, one of the connected components of Kv(S, H)ms. Hence, by
Proposition 6.1.2, there exists (x, L) ∈ S[m]× Ŝ[m] such that Zδ̃(1) ≃ a−1

w (x, L), so
let τ(x,L) ∈ Gm be the automorphism of Kv(S, H)ms sending Kw(S, H) to a−1

w (x, L).
Then, the parallel transport operators PTp(δ) ∈ PT2(X, Kv(S, H)) and PTq(δ̃) ∈
PT2(Z, a−1

w (x, L)) in the two families defined above fit in the following commuta-
tion identity by construction:

i∗w,m ◦ PTp(δ) = τ∗
(x,L) ◦ PTq(δ) ◦ i∗Z,X : H2(X, Z) → H2(Kw(S, H), Z). (6.17)

Putting identities (6.16) and (6.17) together, we deduce that i♯Z,X fits in the following
commutative diagram:
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Mon2(X) Mon2(Z)

Mon2(a−1
w (x, L))

Mon2(Kv(S, H)) Mon2(Kw(S, H)),

PTp(δ)♯

i♯Z,X

PTq(δ̃)♯

τ♯
(x,L)

i♯w,m

(6.18)

where we are using Notation 6.2.6 for the isomorphisms PTp(δ), PTq(δ) and τ∗
(x,L).

Since all the vertical arrows are isomorphisms by construction and i♯w,m is an iso-
morphism by Theorem 6.3.4, the claim follows.

Several consequences regarding the geometry of singular moduli spaces of
sheaves on Abelian surfaces can be derived from this result. In the next Chapter,
we will discuss both lattice-theoretic aspects, related to classification problems and
Torelli Theorems (Section 7.1), and more explicit geometric applications, such as the
SYZ conjecture (Section 7.2).

6.4 The cases k = 1 and k = 2

Before addressing some consequences of the main result of this Chapter, we con-
clude the discussion giving some motivations for the hypothesis k > 2 on the
(m, k)−triples considered along Sections 6.2-6.3 (see Assumption 6.2.5).

We recall that, by Corollary 6.1.6, for any (m, k)−triple (S, v, H) with v = mw a
primitive Mukai vector and m, k two any positive integers, we can embed Kw(S, H)
in Kv(S, H) as a connected component of its most singular locus. This still holds,
in particular, for k = 1, 2, but in these cases the associated primitive moduli spaces
Kw(S, H) and the corresponding maps λw : w⊥ → H2(Kw(S, H), Z) have an excep-
tional behavior (see Remark 3.1.19 and Table 3.2 for an overview).

Remark 6.4.1 (The case k = 1). If k = 1, the moduli space Kw(S, H) is isomorphic
to a point and the map λw is the 0−map. An analogue of Proposition 6.2.4 still
holds, leading to the trivial statement i∗w,m = 0, which suggests that no information
about the locally trivial monodromy group of Kv(S, H) can be recovered from the
monodromy group of its most singular locus (which is, in fact, trivial), as motivated
by the following example.

Example 6.4.2. If (m, k) = (2, 1), by Theorem 3.1.20 and Theorem 3.1.24, the moduli
space Kv(S, H) is an irreducible symplectic variety that admits a symplectic reso-
lution ˜Kv(S, H), deformation equivalent to the O’Grady’s 6−dimensional example
OG6 (see also part 4 of Section 1.1.2). In particular, the identifications of Remark
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6.3.1 no longer hold in this case (see also Remark 3.1.22). The locally trivial mon-
odromy group of Kv(S, H) has been proven to be maximal, by [MR21, Proposition
4.14, Corollary 4.12]:

Mon2
lt(Kv(S, H)) = O+(H2(Kv(S, H), Z)). (6.19)

In particular, by Remark 6.4.1, the only admissible group morphism

Mon2
lt(Kv(S, H)) −→ Mon2(Kw(S, H)) ≃ {0}

is the 0−map.

Remark 6.4.3 (The case k = 2). If k = 2, then Kw(S, H) is a K3 surface and, in
particular, it is a Kummer surface, by [Yos99b, Theorem 3.2]. Hence, by [Bor72],

Mon2(Kw(S, H)) = O+(H2(Kw(S, H), Z)),

but there is no natural way of comparing the orthogonal groups O(H2(Kv(S, H), Z))
and O(H2(Kw(S, H), Z)) using the isometries provided by Theorem 3.3.4, as ex-
plained in the following. Proposition 6.2.4 provides the identity

i∗w,m = mλw ◦ λ−1
v ,

but in this case, invertibility of λw fails. In fact, by Theorem 3.3.4, the isometry
λw : w⊥ → H2(Kw(S, H)) is just injective and cannot be surjective, as rk(w⊥) = 7
and rk(H2(Kw(S, H))) = 22.

We recall that, by Theorem 5.2.1, the inclusion

Mon2
lt(Kv(S, H)) ⊇ N(Kv(S, H)) (6.20)

holds for any (m, k)−triple with (m, k) ̸= (1, 1), (1, 2). This means that the only
excluded cases are precisely the degenerate ones given by points and K3 surfaces,
but the inclusion still holds for any singular moduli space defined by (m, k)−triples
with m > 1 and k ∈ {1, 2}.

Identity (6.19) of Example 6.4.2 shows that inclusion (6.20) can be proper, unlike
the k > 2 case. Together with Remarks 6.4.1 and 6.4.3, this suggests that a descrip-
tion of the locally trivial monodromy group of moduli spaces Kv(S, H) given by
(m, k)−triples with k ∈ {1, 2} might be different and may be achieved using dif-
ferent techniques. For this reasons, the cases k = 1 and k = 2 have been excluded
from the last part of the work.
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Chapter 7

Some Consequences and
Applications

The discussion in the previous Chapters has led to a description of the monodromy
group of any irreducible symplectic variety that is deformation equivalent to a sin-
gular moduli space of sheaves on an Abelian surface. In this Chapter, we present
some consequences of the description obtained.

In Section 7.1, we discuss some straightforward applications of the main The-
orem in its lattice-theoretic formulation (Theorem A.1), particularly in relation to
the issue of the classification of these varieties. In Section 7.2, we present an explicit
geometric application of the main result in its intrinsic formulation (Theorem B.1),
building on the following general philosophy, that runs through several aspects of
Algebraic Geometry. Roughly speaking, some birational properties are character-
ized by the presence of special classes of divisors, that are often preserved under
the monodromy action. Hence, the study of a specific birational property can be
reduced to the study of the monodromy orbits of the special classes of divisors as-
sociated to that property. The description of the locally trivial monodromy group
turns out to be crucial, and in this case Theorem B.1 allows us to further reduce the
problem to the smooth case. An example of application of this approach is given by
the issue of the existence of a Lagrangian fibration on a fixed variety X, provided
that there exists a nef and isotropic divisor. In fact, we will conclude the discussion
with a proof of the SYZ Conjecture for all those irreducible symplectic varieties X
that are deformation equivalent to singular moduli spaces of sheaves on Abelian
surfaces as in Theorem A.1.

7.1 Lattice-theoretic issues and Global Torelli Theorem

We start with some straightforward consequences of Theorem 6.3.4, pointing out
that, for any (m, k)−triple (S, v, H) the monodromy description of the moduli space

137
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Kv(S, H) only depends on the purely lattice-theoretic data k, exactly as their coho-
mological description in Theorem 3.3.4.

Remark 7.1.1. An immediate consequence of Theorem 6.3.4 is that, if (S, v, H) is an
(m, k)−triple with m ≥ 1 and k > 2, whereas the deformation class of the moduli
space Kv(S, H) is uniquely determined by both m and k (see Corollary 3.3.7), the iso-
morphism class of its monodromy group Mon2(Kv(S, H)) is uniquely determined
by k. Indeed, if m ̸= m′ are two positive integers and v = mw and v′ = m′w, then
iw,m and iw,m′ induce a natural isomorphism of groups

(i♯w,m′)
−1 ◦ i♯w,m : Mon2(Kv(S, H)) −→ Mon2(Kv′(S, H)).

Another straightforward application of Theorem 6.3.4, in particular, of identity
(6.14), is that we can deduce the monodromy index of the varieties under study (see
Remark 3.4.4).

Corollary 7.1.2. Let m, k be two positive integers, with m ≥ 1 and k > 2, and let (S, v, H)
be an (m, k)−triple. If X is an irreducible symplectic variety deformation equivalent to
Kv(S, H), then

[O+(H2(X, Z)) : Mon2(X)] = 2ρ(k).

In particular, we get that the monodromy group of any irreducible symplectic
variety X as above is never maximal, exactly as for those of Kummer type. We can
rephrase Corollary 7.1.2 in terms of the formulation of Global Torelli Theorem for
this deformation class, building on the discussion in Remark 2.3.23.

Corollary 7.1.3. Let m, k be two positive integers, with m ≥ 1 and k > 2, and let (S, v, H)
be an (m, k)−triple. If X is an irreducible symplectic variety deformation equivalent to
Kv(S, H), there are exactly 2ρ(k) irreducible symplectic varieties deformation equivalent to
X, that are Hodge-isometric, but not bimeromorphic to X, for any generic weight 2 Hodge-
isometry class of H2(X, Z).

In particular, Classic Bimeromorphic Global Torelli Theorem (Conjecture 2.0.3) never
holds for this deformation class.

7.2 The SYZ Conjecture
In this Section we present a geometric application of the main results of this work,
providing a proof of the SYZ conjecture for singular moduli spaces of sheaves on
Abelian surfaces. The SYZ conjecture plays a significant role in the study of irre-
ducible symplectic varieties, as it establishes a deep connection between algebraic
and symplectic geometry and has important implications for their classification. In
simple terms, it predicts that nef isotropic line bundles are related to the existence
of Lagrangian fibrations (see Section 7.2.1). In the smooth case of irreducible holo-
morphic symplectic manifolds, the latter has been established for any known de-
formation class. For singular symplectic varieties the problem is widely open, but a
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substantial contribution has been made in the case of primitive symplectic varieties
by the work of [OO25], where the conjecture is proven for singular moduli spaces
of sheaves on K3 surfaces. We devote this Section to provide an adaptation of that
proof to the Abelian case (see Section 7.2.2), relying on the monodromy description
achieved in the previous Chapter.

7.2.1 Lagrangian fibrations

In this Section, we collect some essential notions and results concerning a special
class of fibrations that is particularly relevant to the study and classification of sym-
plectic varieties, namely Lagrangian fibrations. We then formulate the SYZ conjec-
ture and provide an overview of the current state of the art.

Definition 7.2.1. Let n ∈ N \ {0}, let (X, σ) be a primitive symplectic variety (see
Definition 1.2.9 (3)) of dimension 2n and let Xreg be its smooth locus.

(1) A subvariety Z ⊆ X of dimension n is called Lagrangian if Z ∩ Xreg ̸= ∅ and
σ|Xreg∩Zreg = 0.

(2) A Lagrangian fibration on X is a surjective morphism f : X → B onto a normal
Kähler space, with connected fibers and such that the general fiber of f is a
Lagrangian subvariety of X.

A description of the main properties of Lagrangian fibrations on primitive sym-
plectic varieties, together with a sufficient characterization, is given by the follow-
ing Theorem, which generalizes to the singular setting several foundational results
due to Matsushita.

Theorem 7.2.2. Let X be a primitive symplectic variety of dimension 2n and let f : X → B
be a surjective morphism with connected fibers onto a normal Kähler space of dimension
0 < dim B < 2n. Then f : X → B is a Lagrangian fibration. Furthermore:

(1) The base B is a Q−factorial projective klt variety of Picard rank 1. If, additionally, X
is irreducible symplectic, then B is Fano and, if B is smooth, then B ≃ Pn.

(2) The general fiber of f is an Abelian variety of dimension n completely contained in
Xreg.

(3) The map f is equidimensional and all irreducible components of each fiber are La-
grangian subvarieties.

Proof. See [Sch20, Theorem 3], [KL25, Theorem 2.8].

We recall that primitive symplectic varieties, being compact Kähler spaces, have
a well defined Kähler cone, which is an open cone in H1,1(X, R) (see Section 1.2). A
class α ∈ H1,1(X, R) is said to be nef if it belongs to the closure of the Kähler cone.

Let X be a primitive symplectic variety and let qX denote its Beauville-
Bogomolov-Fujiki form (see part 2 of Section 1.2.2). If f : X → B is a Lagrangian
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fibration on X and b = c1( f ∗OB(1)) is the class of a fiber of f , then b is nef and
qX(b) = 0. The SYZ conjecture claims that the converse holds.
Conjecture 7.2.3. (SYZ Conjecture for primitive symplectic varieties) Let X be a
primitive symplectic variety and let L be a line bundle on X. If L is nef and qX(L) =
0, then there exists a Lagrangian fibration f : X → B such that L = f ∗OB(1).

In that case, we will say that L induces a Lagrangian fibration on X.
In the smooth case, the SYZ conjecture has been proven true for any known

deformation class, thanks to the work of [BM14], [Mar19], [Mat17], [Wie16], [Yos16],
[Wie18], [MR21] and [MO22]. In the singular setting, the first distinguished class
of primitive symplectic varieties for which the latter has been established is the
one of singular moduli spaces of sheaves on K3 surfaces, by [OO25]. In the next
Section, we will show that the SYZ conjecture holds also in the Abelian case, by
applying the general theory developed by [OO25] for primitive symplectic varieties
and exploiting the monodromy description provided in Chapter 5.

7.2.2 The SYZ conjecture for singular moduli spaces of sheaves on
Abelian surfaces

In this Section we will provide a proof for the SYZ conjecture for irreducible sym-
plectic varieties that are deformations of moduli spaces of sheaves Kv(S, H), for any
(m, k)−triple (S, v, H), with m ≥ 1 and k > 2.

For those deformation classes for which the SYZ conjecture has been estab-
lished, a description of the monodromy orbit of primitive isotropic elements of the
Beauville-Bogomolov-Fujiki lattice has turned out to be crucial. Building on the
strategy developed by [OO25] for moduli spaces of sheaves on K3 surfaces, we use
the relation between Mon2(Kv(S, H)) and Mon2(Kw(S, H)) to reduce this problem
to the above-mentioned classification in the smooth case, provided by [Wie18, Sec-
tion 5].

The goal of this section is the following result:
Theorem 7.2.4. Let m ≥ 1 and k > 2 be two integers, let (S, v, H) be an (m, k)−triple
and let X be an irreducible symplectic variety deformation equivalent to Kv(S, H). If L
is a nef line bundle on X such that qX(L) = 0, then there exists a Lagrangian fibration
f : X → B such that L = f ∗OB(1).

Deformations of Lagrangian fibrations

The first key ingredient for the proof of Theorem 7.2.4 is a result of [OO25] concern-
ing locally trivial deformations of Lagrangian fibrations on primitive symplectic
varieties.
Definition 7.2.5. (1) A locally trivial family of Lagrangian fibrations is a locally trivial

family p : X → T of primitive symplectic varieties (see Definition 2.2.1 (3))
such that there exists a commutative diagram
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X B

T

f

p s

where f is a T−morphism, s is projective and, for any t ∈ T, the restriction
ft : Xt → Bt is a Lagrangian fibration. We will denote by p : X/B → T a
locally trivial deformation of Lagrangian fibrations as above.

(2) If X1 and X2 are two primitive symplectic varieties, two Lagrangian fibrations
fi : Xi → Bi on Xi, for i = 1, 2, are said to be locally trivial deformation equivalent
if there exists a locally trivial deformation of Lagrangian fibrations p : X/B →
T and two points t1, t2 ∈ T such that fti = fi for i = 1, 2.

The following generalization to the singular setting of several results due to
Matsushita will play a central role in the proof of Theorem 7.2.4.

Theorem 7.2.6. For i = 1, 2, let Xi be a Q−factorial and terminal primitive symplectic
variety and let Li ∈ NS(Xi) be a nef divisor such that qXi(Li) = 0. Suppose that L1 induces
a Lagrangian fibration on X1. If there exists a parallel transport operator g ∈ PT2(X1, X2)
such that g(L1) = L2, then

(1) L2 induces a Lagrangian fibration on X2;
(2) X1 and X2 are (locally trivial) deformation equivalent as Lagrangian fibrations.

Proof. See [OO25, Theorem 3.1].

Here, the terminology "locally trivial" has been again omitted, as we are again
restricting to deal with Q−factorial and terminal symplectic varieties (see Remarks
3.1.22 and 6.3.1). Theorem 7.2.6 will be used to construct a Lagrangian fibration on
any irreducible symplectic variety as in Theorem 7.2.4 as deformation of a Beauville-
Mukai system.

Beauville-Mukai systems

Let m ≥ 1 and k > 2 be two positive integers and let us consider an (m, k)−triple
(S, v, H), with S an Abelian surface such that NS(S) = Zh, with h the class of a
polarization H of degree h2 = 2k and v = (0, mh, 0) a Mukai vector. Mapping
each sheaf F ∈ Kv(S, H) to its Fitting support (see [Eis95, Section V.1.3]) defines a
surjective morphism (see [PR23, Section 3.1.2])

fv : Kv(S, H) −→ |mH| ≃ Pm2k−1. (7.1)

For any smooth and irreducible curve C ∈ |mH|, the fiber f−1
v (C) coincides with

an Abelian subvariety of the Jacobian Jacd(C), with d = m2k (see [Wie18, Section
6.20]). By Stein’s factorization Theorem, the morphism fv has connected fibers and,
by Theorem 7.2.2, it is a Lagrangian fibration.
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Definition 7.2.7 (Beauville-Mukai system of (m, k)−type). Let (S, v, H) be an
(m, k)−triple as above. A Lagrangian fibration fv : Kv(S, H) → |mH| defined as
in (7.1) will be called Beauville-Mukai system of (m, k)−type.

If m = 1, then v = w = (0, h, 0) yields a Lagrangian fibration fw : Kw(S, H) →
|H| on an irreducible holomorphic symplectic manifold of type Kumk−1, known as
Beauville-Mukai system of generalized Kummer type (see [Wie18, Section 6]).

Remark 7.2.8. It is straightforward from Theorem 3.2.1 that, for any (m, k)−triple
(S, v, H) with m ≥ 1 and k > 2, any irreducible symplectic variety X that is defor-
mation of a moduli space Kv(S, H) is again deformation equivalent to a Beauville-
Mukai system of (m, k)−type, in the sense of Definition 2.2.1 (4).

If (S, v, H) is an (m, k)−triple as above, with v = (0, mh, 0), then the class b =
(0, 0, 1) ∈ H̃(S, Z) naturally belongs to v⊥. Its image λv(b) ∈ H1,1(Kv(S, H), Z) ≃
Pic(Kv(S, H)) via the Hodge isometry λv : v⊥ → H2(Kv(S, H)) (see Theorem 3.3.4)
is an isotropic class which defines the Lagrangian fibration fv. This is the content
of the following Lemma, which is an adaptation to the Abelian case of Lemma 4.3
of [OO25].

Lemma 7.2.9. Let fv : Kv(S, H) → |mH| ≃ Pn be a Beauville-Mukai system of (m, k)−
type, with n = m2k − 1, and set b = (0, 0, 1) ∈ v⊥. Then

f ∗v OPn(1) = λv(b).

Proof. The considered Beauville-Mukai system of (m, k)−type fits in the following
commutative diagram

Kw(S, H) Kv(S, H)

Pk−1 ≃ |H| |mH| ≃ Pn,

iw,m

fw fv

νm

where iw,m is the embedding of Kw(S, H) into Kv(S, H) defined in Section 6.1, the
morphism fw is the Beauville-Mukai system of Kummer type associated to the
(1, k)−triple (S, w, H) and νm is the map induced by the m-th Veronese embedding.
By commutativity of the diagram, we get

(i∗w,m ◦ f ∗v )(OPn(1)) = ( f ∗w ◦ ν∗m)(OPn(1)).

By definition, we have ν∗wOPn(1) = OPk−1(m) = mOPk−1(1) and, by [Wie18, Propo-
sition 6.29 (iii)], it holds f ∗wOPk−1(1) = λw(b). Putting identities together we get

(i∗w,m ◦ f ∗v )(OPn(1)) = mλw(b).

By Lemma 6.2.4, it holds i∗w,m = mλw ◦ λ−1
v , hence the claim follows.
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Deformations of Beauville-Mukai systems

With the notions collected so far, we are finally in the position to prove Theorem
7.2.4, by adapting the proof of [OO25, Proposition 6.2] to our setting.

Proof of Theorem 7.2.4. Let m ≥ 1 and k > 2 be two positive integers and let X be an
irreducible symplectic variety deformation equivalent to Kv(S, H) for an (m, k)−
triple (S, v, H). Let Z be a connected component of its most singular locus, which,
by Corollary 6.3.6, is an irreducible holomorphic symplectic manifold deformation
equivalent to Kw(S, H).

Let l = c1(L) ∈ NS(X) be the class of an isotropic nef line bundle L on X. By
Lemma 6.2.4 and Corollary 6.3.6, the pullback

i∗Z,X : H2(X, Z) → H2(Z, Z)

of the closed embedding iZ,X : Z ↪→ X is m times a Hodge isometry. Hence, there
exists a unique class l0 ∈ NS(Z) of divisibility div(l0) = div(l) such that i∗Z,X(l) =
ml0. By Proposition 6.29 and Proposition 6.32 of [Wie18], there exists a Beauville-
Mukai system of Kummer type (1, k)

fw′ : Z′ := Kw′(S′, H′) →
∣∣H′∣∣ ≃ Pk−1

and a parallel transport operator g0 ∈ PT2(Z, Z′) such that g0(l0) = f ∗w′OPk−1(1).
Let us now set v′ = mw′, n = m2k − 1 and let us consider the Beauville-Mukai
system of (m, k)−type

fv′ : X′ := Kv′(S′, H′) −→
∣∣mH′∣∣ ≃ Pn.

We will now construct a parallel transport operator g ∈ PT2(X, X′) such that the
following diagram

H2(X, Z) H2(X′, Z)

H2(Z, Z) H2(Z′, Z)

i∗Z,X

g

i∗w′ ,m

g0

(7.2)

is commutative. Let g′ ∈ PT2(X′, X) be a parallel transport operator and let g′0 ∈
PT2(Z′, Z) be the corresponding parallel transport operator, under the injective
map defined by Theorem 6.3.2 and Corollary 6.3.6. More precisely, suppose that
g′ = PTp(γ), with p : X → T a deformation of primitive symplectic varieties, with
t, t′ ∈ T such that Xt ≃ X and Xt′ ≃ X′, and γ a continuous path in T from t′ to
t. Let Z q→ T̃ h→ T be the Stein factorization of p|Z : Z → T, for any connected
component Z of X ms (see Remark 2.2.7 (3)), yielding a smooth family q : Z → T̃
of IHS manifolds with both Z and Z′ as fibers. Let t̃′ ∈ h−1(t′) be the unique point
such that Zt̃′ ≃ Z′ and let γ̃ be the unique lift of γ via the finite étale cover h, such
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that γ̃(0) = t̃′. Finally, let τ ∈ Gm be the automorphism of Xms sending Z to Zγ̃(1)
(see Corollaries 6.1.5 and 6.2.2). Then

g′0 := τ∗ ◦ PTq(γ̃) ∈ PT2(Z′, Z). (7.3)

Let us consider g′0 ◦ g0 ∈ Mon2(Z) and (i♯Z,X)
−1(g′0 ◦ g0) ∈ Mon2(X). Then

g := (g′)−1 ◦ (i♯Z,X)
−1(g′0 ◦ g0) ∈ PT2(X, X′)

is such that

i∗w′,m ◦ g = i∗w′,m ◦ (g′)−1 ◦ (i♯Z,X)
−1(g′0 ◦ g0) =

= (τ∗ ◦ PTq(γ̃))
−1 ◦ i∗Z,X ◦ (i♯Z,X)

−1(g′0 ◦ g0) =

= (g′0)
−1 ◦ i∗Z,X ◦ (i♯Z,X)

−1(g′0 ◦ g0) =

= (g′0)
−1 ◦ i♯Z,X ◦ ◦(i♯Z,X)

−1(g′0 ◦ g0) ◦ i∗Z,X =

= (g′0)
−1 ◦ g′0 ◦ g0 ◦ i∗Z,X = g0 ◦ i∗Z,X,

where the second equality follows from (6.17), the third from (7.3) and the fourth
from (6.16). Commutativity of diagram (7.2) is then proven, and from the latter we
deduce that

i∗w′,m(g(l)) = g0(i∗Z,X(l)) = g0(ml0) = m f ∗w′OPk−1(1) = i∗w′,m( f ∗v′OPn(1)),

where the last equality follows from Lemma 7.2.9. By injectivity of i∗w′,m, we obtain

g(l) = f ∗v′OPn(1).

By Theorem 7.2.6, we conclude that L induces a Lagrangian fibration f : X → B on
X, that is deformation equivalent to the Beauville-Mukai system fv′ : X′ → |mH′|,
in the sense of Definition 7.2.5.

Remark 7.2.10. Notice that the proof of Theorem 7.2.4 can be applied in particular
to the case in which X is already a Beauville-Mukai system, to show that, for any
fixed pair (m, k), with m ≥ 1 and k > 2, all Beauville-Mukai systems of (m, k)−type
are deformation equivalent as Lagrangian fibrations. In light of this, Definition 7.2.7
precisely identifies a (locally trivial) deformation equivalence class of Lagrangian
fibrations.

7.2.3 Polarization type

Let (S, v, H) be an (m, k)−triple with m ≥ 1 and k > 2, and consider an irreducible
symplectic variety X that is deformation equivalent to a moduli space Kv(S, H).
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Theorem 7.2.4 guarantees that any nef and isotropic line bundle L on X induces a La-
grangian fibration f : X → B that is deformation equivalent to a suitable Beauville-
Mukai system (Definition 7.2.7). The polarization type (Definition 7.2.12) of a La-
grangian fibration is a locally trivial deformation invariant and its computation for
Beauville-Mukai systems is due to [Wie18]. Hence, as a consequence of Theorem
7.2.4, we get a description of the polarization type on any Lagrangian fibration on
X, induced by L, as above.

We recall that, for any Abelian variety F of dimension n and any positive definite
line bundle L on F - generally called polarization on F, with a slight abuse of notation
- there exists an n−uple (d1, . . . , dn) of positive integers, such that di|di+1 for any
i = 1, . . . , n − 1, uniquely determined by Im c1(L) (see [BL04, Section 3.1]). Then
one can define the polarization type of L (see [BL04, Section 4.1]) as

d(L) = d(c1(L)) := (d1, . . . , dn). (7.4)

By Theorem 7.2.2 (2), we deduce that the general fiber F of a Lagrangian fibra-
tion is an Abelian variety, even when X is not necessarily projective. The following
results of [Wie16, Section 4] yield a well defined notion of polarization type of a La-
grangian fibration on a primitive symplectic variety, starting from a polarization on
a smooth fiber.

Proposition 7.2.11. Let f : X → B be a Lagrangian fibration on a primitive symplectic
variety X.

(1) For any smooth fiber F of f , there exists a Kähler class ω ∈ H1,1(X, R) whose re-
striction ω|F is integral and primitive, i.e. it is contained in H2(F, Z) and indivisible,
thus defining a polarization on F.

(2) The polarization type d(ω|F) of ω|F does not depend on the smooth fiber F.

Proof. (1) This is the content of [Wie16, Proposition 4.3], whose proof works ver-
batim in our setting as well, as the Kähler cone of a primitive symplectic vari-
ety is an open cone in H1,1(X, R), which admits a pure weight 2 Hodge struc-
ture, by Remark 1.2.10.

(2) The statement is precisely [Wie16, Proposition 4.10], which again applies to
our setting, by comparing [Wie16, Lemma 4.4 and Section 4] with [OO25,
Lemma 2.3 and Section 2.1]. In particular, this follows from the fact that the
polarization type of a Lagrangian fibration f : X → B defined in [OO25, Def-
inition 2.4] and [Wie16, Definition 4.8] coincides with

d( f ) := d(ω|F), (7.5)

for any smooth fiber F of f (see [Wie18, Definition 3.2, Theorem 3.3]).
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Definition 7.2.12. Let f : X → B be a Lagrangian fibration on a primitive symplectic
variety X. We define the polarization type of f as the polarization type

d( f ) := d(ω|F),

for any smooth fiber F of f , as in equation (7.5), where ω ∈ H1,1(X, R) is a Kähler
satisfying condition (1) of Proposition 7.2.11 with respect to F.

A key feature of the polarization type as defined above is its invariance under
locally trivial deformations of Lagrangian fibrations, as stated below.

Theorem 7.2.13. The polarization type of a Lagrangian fibration is invariant under locally
trivial deformations of Lagrangian fibrations, in the sense of Definition 7.2.5.

Proof. See [Wie16, Theorem 4.9], see also [Kim25, Corollary 3.32].

As an application of Theorem 7.2.4, Theorem 7.2.13 and Wieneck’s computation
([Wie18]) in the smooth case, we get the following.

Corollary 7.2.14. Let X be an irreducible symplectic variety that is deformation equivalent
to a moduli space of sheaves Kv(S, H), with (S, v, H) an (m, k)−triple, with m ≥ 1 and
k > 2. Then, any nef and isotropic line bundle L on X, of divisibility d := div(c1(L)),
induces a Lagrangian fibration f : X → B with polarization type

d( f ) = (1, . . . , 1, d,
m2k

d
).

Proof. By Theorem 7.2.4, the line bundle L induces a Lagrangian fibration f : X → B
that is deformation equivalent to a Beauville-Mukai system of (m, k)−type

fv′ : Kv′(S′, H′) → Pn,

where n = m2k − 1 and div(c1( f ∗v′OPn(1))) = div(c1(L)) = d (see also Lemma
7.2.9). Wieneck’s computation ([Wie18, Theorem 6.27, Proposition 6.29 (iv)]) of
the polarization type of Beauville-Mukai systems of Kummer type (1, k) applies
to the (m, k)−type as well, yielding d( fv′) = (1, . . . , 1, d, m2k

d ). The proof is now
concluded, as d( f ) = d( fv′), by Theorem 7.2.13.
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Appendix A

Moduli spaces of sheaves: general
theory and construction

This Appendix is meant to provide a brief overview of the construction and the
foundational results concerning moduli spaces of coherent sheaves on polarized
projective varieties, following [HL97] as main reference.

This theory was pioneered in the 1960s by David Mumford, whose case of study
was a parametrizing space for vector bundles of fixed rank and degree over a smooth
projective curve. This theory was later generalized for sheaves on higher dimen-
sional varieties by Takemoto, Gieseker, Maruyama, and Simpson during the 1980s.
Nowadays it remains a central and highly active field of research, as it provide a
powerful systematic method for constructing and investigating new examples of
higher-dimensional algebraic varieties with specific geometric properties.

The ideal goal of this theory is to parametrize coherent sheaves on a fixed variety
X, aiming to produce a parametrizing space M that not only carries the structure of
a variety, but also reflects some geometric aspects of the underlying variety X. This
can be done in a reasonable way only by putting some constraints on the sheaves to
be parametrized, namely fixing some numerical invariants and restricting to those
sheaves satisfying some suitable stability condition.

A.1 Stability conditions for coherent sheaves

Although we will be primarily interested in the notion of Gieseker stability, for later
use we introduce also the notion of Mumford-Takemoto stability, which was the
first one to be introduced, as naive generalization of the stability notion introduced
in the case of curves. Moreover, this notion is strongly related to the differential
counterpart of this theory related to the Calabi conjecture, predicting the existence
of an optimal metric solving the Yang-Mills equations, known as Kähler-Einstein
metric. This relation is established by Kobayashi-Hitchin correspondence, by the work
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of Narasimhan-Seshadri, Donaldson and Uhlenbeck-Yau, which relates the exis-
tence of such a metric to the notion of Mumford-Takemoto (poly)stability of the
tangent bundle.

Let X be a complex smooth projective variety and let H be a polarization on X,
i.e. an ample line bundle H ∈ Pic(X). In the following, we will often refer to the
pair (X, H) as a smooth polarized variety.

Definition A.1.1 (Mumford-Takemoto stability). Let F be a coherent sheaf on X of
dimension dim(Supp(F)) = dim X =: d.

(1) We define the H−slope of F as the rational number

µH(F) :=
c1(F) · Hd−1

rk(F)
.

(2) We say that F is µH−stable (respectively, µH−semistable) if, for any subsheaf
E ⊆ F such that rk(E) < rk(F), it holds µH(E) < µH(F) (respectively, µH(E) ≤
µH(F)).

(3) If F is a µH−semistable sheaf, any subsheaf E ⊆ F as above realizing the iden-
tity µH(E) = µH(F)will be called µH−destabilizing sheaf. If any µH−destabili-
zing sheaf E exists, then F will be called strictly µH−semistable.

While Mumford-Takemoto stability seems more natural and closely paralleling
the theory of stability for curves, the notion of stability which is best suited for the
construction of moduli spaces as projective schemes is Gieseker stability. In fact, the
latter allows to include also rank 0 sheaves in the discussion. Before introducing the
notion of Gieseker stability, we recall that, for any coherent sheaf F on a polarized
variety (X, H), its Hilbert polynomial is the polynomial PH(F) ∈ Q[t] defined, for
any m ∈ Z, by

PH(F)(m) := χ(F ⊗OX(H)⊗m) =
dim(X)

∑
i=0

(−1)ihi(X, F ⊗OX(H)⊗m). (A.1)

By [HL97, Lemma 1.2.1], if F is a coherent sheaf of dimension d, then its Hilbert
polynomial can be uniquely written in the form

PH(F)(m) =
d

∑
i=0

αH
i (F)

mi

i!
. (A.2)

If F ̸= 0, then the coefficient αH
d (F) in (A.2) is always positive, and might depend

on both the rank of F and the degree of X with respect to the polarization H. We
define the reduced Hilbert polynomial of F as the polynomial pH(F) ∈ Q[t] given by

pH(F)(m) :=
PH(F)(m)

αH
d (F)

,
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for any m ∈ Z. Considering the lexicographic order ≤ on Q[t], we can give the
following definition.

Definition A.1.2 (Gieseker stability). Let (X, H) be a smooth polarized variety.
(1) A coherent sheaf F on X of pure dimension d is said to be (Gieseker) H−stable

(respectively, (Gieseker) H−semistable) if, for any proper subsheaf E ⊊ F, it
holds pH(E) < pH(F) (respectively, pH(E) ≤ pH(F)).

(2) If F is a H−semistable sheaf, any proper subsheaf E ⊊ F as above realiz-
ing the identity pH(E) = pH(F) will be called H−destabilizing sheaf. If any
H−destabilizing sheaf E exists, then F will be called strictly H−semistable.

Remark A.1.3. We highlight some basic properties of stable and semistable sheaves,
according to both Mumford-Takemoto and Gieseker stability conditions.

(1) Every H−stable sheaf F is simple, i.e. End(F) ≃ C (see [HL97, Corollary
1.2.8]).

(2) If X = C is a smooth projective curve, then Riemann-Roch Theorem shows
that the two above-introduced stability conditions coincide, namely a coher-
ent sheaf F on C is µH−(semi)stable if and only if it is H−(semi)stable.

(3) Any line bundle is both µH−stable and H−stable by definition.

(4) The direct sum of two line bundles of different degrees is not even
H−semistable (see [HL97, Example 1.2.10]).

(5) If X = C is a projective curve of genus g ≥ 2, and F1 and F2 are two non-
isomorphic stable vector bundles, then any non-trivial extension 0 → F1 →
F → F2 → 0 provides a sheaf F that is semistable, but not stable (see [HL97,
Example 1.2.10]).

(6) If F is a pure coherent sheaf of dimension dim(X), then the following chain
of implications holds (see [HL97, Lemma 1.2.13]):

F is µH−stable =⇒ F is H−stable =⇒
=⇒ F is H−semistable =⇒ F is µH−semistable.

All the reversed implications hold, for instance, if rk(F) and deg(F) are co-
prime (see [HL97, Lemma 1.2.14]).

From a classificatory point of view, stable and semistable sheaves play a rele-
vant role, due to the existence of two special filtrations. As motivating example,
let us start by recalling that vector bundles on the projective line P1 are completely
classified by Birkhoff-Grothendieck Theorem, which establishes that the latter can
be uniquely decomposed as direct sums of line bundles of the form OP1(a) for suit-
able integers a ∈ Z. Moreover, those summands arise as the factors of a not unique
split filtration of special vector bundles.
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More generally, given a smooth polarized variety (X, H) and a non-trivial pure-
dimensional sheaf F on X, it admits a unique finite increasing filtration HN•(F),
called Harder-Narasimhan filtration for F, whose factors

grHN
i (F) := HNi(F)/HNi−1(F)

are H−semistable sheaves with strictly decreasing reduced Hilbert polynomials
(see [HL97, Definition 1.3.2]). In light of this, we can think of semistable sheaves
as building blocks for arbitrary pure dimensional sheaves. In turn, any semistable
sheaf admits a further filtration that identifies stable sheaves as their ultimate build-
ing blocks.

Definition A.1.4. Let F be a H−semistable sheaf on X. A Jordan-Hölder filtration of
E is an increasing filtration

0 = F0 ⊆ F1 ⊆ · · · ⊆ Fl = F

such that the factors gri(F) := Fi/Fi−1 are H−stable sheaves with pH(gri(F)) =
pH(F) for any i = 1, . . . , l.

By [HL97, Proposition 1.5.2], Jordan-Hölder filtrations always exist, and the
sheaf

gr JH(F) =
l⊕

i=0

gri(F) (A.3)

is unique up to isomorphism. We can therefore give the following definition.

Definition A.1.5. (1) Two H−semistable sheaves F1 and F2 with pH(F1) = pH(F2)
are said to be S−equivalent if gr JH(F1) ≃ gr JH(F2).

(2) A H−semistable sheaf F is called H−polystable if it is the direct sum of H−stable
sheaves.

Remark A.1.6. Notice that if F is either H−polystable or H−stable - in which case
F ≃ gr JH(F) - then S-equivalence relation coincides with isomorphism equivalence
relation. In other words, every S−quivalence class of H−semistable sheaves con-
tains exactly one polystable sheaf up to isomorphism.

The S−equivalence relation will play a fundamental role in the construction of
the moduli space of H−semistable sheaves on X.

A.2 The moduli problem
The key strategy for the construction of a moduli space parametrizing semistable
sheaves with fixed numerical invariants on a smooth projective complex variety is
given by Grothendieck’s approach via moduli functors.
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Moduli problem: given a collection A of algebraic objects with a suitable equiva-
lence relation ∼, construct an algebraic object M whose points
are in bijection with A⧸∼ in a natural way, by means of a moduli
functor.

In the context of our interest, the collectionAwill be given by H−semistable sheaves
with fixed Hilbert polynomial PH and we will be primarly interested in families of
such sheaves. For this purpose, let us recall that, given a morphism p : X → T of fi-
nite type of Noetherian schemes, a flat family of coherent sheaves on the fibers of p is a
coherent sheaf F on X which is flat over T, i.e. such that Fx is a flat OT,p(x)−module
for any x ∈ X . If X = X × T and p = πT is the projection on the second factor, then
F is a T−flat family of coherent sheaves on X, as Xt := Xt ≃ X for any t ∈ T.

Given a smooth polarized complex variety (X, H) and a polynomial P ∈ Q[t],
we define a moduli functor

MP(X, H) : Sch(C)op −→ Set (A.4)

as follows:
∗ For any complex scheme T we set

MP(X, H)(T) :=
{

F ∈ Coh(X × T) T − flat such that Ft := FXt is
H − semistable with Hilbert polynomial PH(Xt) = P

}
⧸∼,

where F ∼ G if and only if there exists a line bundle L ∈ Pic(T) such that
G ≃ F ⊗ π∗

T L.
∗ For any morphism f : S → T we define MP(X, H)( f ) to be the morphism

induced by the pull-back (idX × f )∗ on coherent sheaves on X × T.

Definition A.2.1. The moduli functor MP(X, H) is called:
(1) corepresentable if there exists an object MP(X, H) ∈ Ob(Sch(C)) and a natural

transformation of functors

α : MP(X, H) −→ HomSch(C)(·, MP(X, H))

such that any natural transformation α′ : MP(X, H) → HomSch(C)(·, M′) fac-
tors through a unique natural transformation

β : HomSch(C)(·, M′) → HomSch(C)(·, MP(X, H)).

(2) representable if it is corepresentable and the natural transformation α as above
is an isomorphism.

The object MP(X, H) is said to corepresent (respectively, represent) the functor
MP(X, H) and is called coarse (respectively, fine) moduli space of sheaves of semistable
sheaves on X with Hilbert polynomial P and it is unique up to isomorphism.
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Let us denote, for simplicity, MP := MP(X, H) and MP := MP(X, H).

Remark A.2.2. (1) If the functorMP is corepresentable, thenMP(Spec(C)) corep-
resents it, hence MP ≃ MP(Spec(C)) and its points are in bijection with
equivalence classes of H−semistable sheaves on X with Hilbert polynomial
P.

(2) If MP is representable, then we get an isomorphism

αMP : MP(MP) → HomSch(C)(MP, MP)

and we denote by [UP] := α−1
MP

(idMP) the unique equivalence class inMP(MP)
corresponding to the identity morphism via αMP . The flat familyUP ∈ Coh(X×
MP) is called universal family and is unique up to a twist by a line bundle on
MP. A remarkable property of the latter is that, by construction, for any family
F of semistable sheaves on X × T as above, there exists a classifying morphism

φF : T → MP

such that (φF × idX)
∗UP and F are equivalent.

In simple terms, a universal family is a family of H−semistable sheaves on X
with PH = P, universally parametrized by MP.

(3) Analogously, one can define a moduli functor Ms
P(X, H) for H−stable sheaves,

which is a subfunctor of MP(X, H). If they are corepresentable, then the mod-
uli space Ms

P(X, H) of H−stable sheaves on X with Hilbert polynomial P is
an open subset of MP(X, H).

If the moduli functor MP(X, H) defined in (A.4) is representable, then the ex-
istence of the moduli space of H−semistable sheaves with Hilbert polynomial P
is guaranteed. Unfortunately, the latter is, in general, only corepresentable and al-
most never representable (see [HL97, Lemma 4.1.2]), mainly due to the existence
of strictly semistable sheaves. Some criteria for representability of Ms

P(X, H) are
provided in [HL97, Section 4.6] and will be discussed at the end of this section.

Surprisingly, the following fundamental result holds:

Theorem A.2.3. Let (X, H) be a smooth polarized complex variety and let P ∈ Q[t]. Then
a coarse moduli space MP(X, H) of H−semistable sheaves on X with Hilbert polynomial
P exists and it is a complex projective scheme.

Furthermore, its points correspond to S−equivalence classes of H−semistable sheaves
and there exists an open subset Ms

P(X, H) ⊆ MP(X, H) parametrizing (isomorphism
classes of) H−stable sheaves.

Proof. See [HL97, Theorem 4.3.4].
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A.3 A glimpse of the construction
For the purposes of this work, we restrict ourselves to outlining the main steps of the
proof of Theorem A.2.3, introducing some constructions and formalisms that will
prove useful in the subsequent discussion. For further details, we refer to [HL97,
Chapter 4].

Let X be a smooth projective complex variety, let H be a polarization on X and
let P ∈ Q[t] be a polynomial.

Step 1. The family of H−semistable sheaves on X with Hilbert polynomial P is bounded.

We recall that a familyA of isomorphism classes of coherent sheaves on X is bounded
if there exists a complex scheme S of finite type and a coherent OX×S−module F
such that A is contained in the set {Fs := F|X×{s} : s closed point in S}.

Boundedness of the family as above is stated in Theorem 3.3.7 of [HL97] and is
a consequence of Kleiman’s criterion for bounded families ([HL97, Theorem 1.7.8])
and a boundedness result due to Le Potiers-Simpson ([HL97, Theorem 1.7.8]).

An important consequence of boundedness, related to the notion of Castelnuovo-
Mumford regularity (see [HL97, Section 1.7]) is the following.

Corollary A.3.1. There exists a positive integer m ≫ 0 such that, for any H−semistable
sheaf F with PH(F) = P, the following holds:

(1) the sheaf F(m) := F ⊗OX(m) is globally generated;

(2) PH(F)(m) = h0(X, F(m));

(3) the natural evaluation map ρm : H0(X, F(m))⊗OX(−m) → F is surjective.

Proof. See [HL97, Lemma 1.7.2, Lemma 1.7.6].

Step 2. Let F an H−semistable sheaf with PH(F) = P as above and set V := CP(m) and
H := V ⊗C OX(−m). For any choice of an isomorphism V ≃ H0(X, F(m)), the
sheaf F identifies a closed point

[H ↠ F] ∈ QuotX(H, P)

in the projective scheme parametrizing isomorphism classes of quotients of H with
Hilbert polynomial P. Classes of quotients identified by stable and, respectively,
semistable sheaves define two open subsets Rs ⊆ R ⊆ QuotX(H, P).

If F is as above and σ : V ∼→ H0(X, F(m)) is an isomorphism, then the composi-
tion of σ ⊗ idOX(−m) with the natural evaluation map ρm in Corollary A.3.1 defines
a surjective map

ρ : H ↠ F.

For any fixed coherent OX−module H, one can analogously (see A.4) define a mod-
uli functor QuotX(H, P) to parametrize flat families of quotients of H on X with
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Hilbert polynomial P. By [HL97, Theorem 2.2.4] (see also [Gro60]), there exists a
complex projective scheme QuotX(H, P), called Grothendieck’s Quot scheme, rep-
resenting the functor QuotX(H, P) and parametrizing isomorphism classes of quo-
tients of H with Hilbert polyonomial P. Moreover, on X ×QuotX(H, P), there exists
a universal quotient

HQ := π∗
QuotX(H,P)H ↠ Q. (A.5)

Example A.3.2. If H = OX and P ≡ n for n ∈ N, then QuotX(OX, n) ≃ Hilbn(X)
is the Hilbert scheme of points on X, parametrizing 0−dimensional closed sub-
schemes in X of length n. The isomorphism is given by identifying any such quo-
tient Z with its support supp(Z).

Hence, any isomorphism class [ρ : H ↠ F] of quotients as above determines a
closed point in QuotX(H, P). Additionally, as stability and semistability are open
properties (see [HL97, Definition 2.1.9, Proposition 2.3.1]), classes determined by
stable or - respectively - semistable sheaves define two open subsets of QuotX(H, P)
denoted - respectively - Rs and R, for which the following natural inclusions hold:
Rs ⊆ R ⊆ QuotX(H, P).

Step 3. Construction of M(s)
P (X, H) as projective GIT quotient R(s) � PGL(V).

The open subset R ⊆ QuotX(H, P) parametrizes H−semistable sheaves on X
with Hilbert polynomial P, but with an ambiguity arising from the choice of an
isomorphism σ : V ∼→ H0(X, F(m)). In other words, the group PGL(V) acts on
QuotX(H, P) from the right by composition: [ρ] · σ := [ρ ◦ σ] for any σ ∈ PGL(V)
and R(s) is invariant under this action. In this setting, a good quotient of the open
set R(s) under this action is provided by the machinery of Geometric Invariant Theory
(GIT) in the projective setting. While referring to [MF82] or [Hos24] for a detailed
discussion concerning Geometric Invariant Theory, we limit ourselves to outlining
the key ingredients needed for the construction:

∗ a projective scheme X - in this case, X = R is the closure of R in QuotX(H, P).
∗ a reductive group G acting on X, namely an algebraic group G whose con-

nected unipotent normal subgroups are all trivial - in this case, G = PGL(V).
∗ a G−linearized ample line bundle L on X, namely an ample line bundle L on

X equipped with an isomorphism of OX×G−modules

Φ : σ∗L → π∗
X L

- where σ : X × G → X is the G−action and πX : X × G → X is the projection
on the second factor - inducing a G−action on L commuting with the projec-
tion L → X and such that the action on the fibers Lσ(x,g) → Lx is linear for any
x ∈ X, g ∈ G. In this case, by [HL97, Proposition 2.2.5], a PGL(V)−linearized
ample line bundle on QuotX(H, P) (and on R) is provided by

Lℓ := det(πQuotX(H,P)∗(Q⊗ πX∗OX(ℓ))),
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for ℓ ≫ 0, where Q is the universal quotient defined in (A.5).
and the outcome of the latter ([HL97, Theorem 4.2.10]):

∗ two open subsets Xs(L), X(L) ⊆ X parametrizing points that are stable or, re-
spectively, semistable with respect to the G−action on L (see [HL97, Definition
4.2.9]), characterized by Hilbert-Mumford criterion ([HL97, Theorem 4.2.11])
- in this case, this notion of (semi)stability coincides with H−(semi)stability
on S−equivalence classes ([HL97, Theorem 4.3.3]) and X(s)(L) = R(s).

∗ a good quotient π : X(L) ↠ X � G := Proj((⊕n≥0H0(X, L⊗n))G) for the
G−action on X, namely an affine, G−invariant, surjective morphism π induc-
ing a quotient topology on X � G and an isomorphism OX�G ≃ (π∗OX(L))

G.
∗ a geometric quotient π : Xs(L) ↠ Ys onto an open subset Ys ⊆ X � G, i.e. a

good quotient whose fibers are G−orbits.
Projective GIT, together with [HL97, Lemma 4.3.1] yields:

(1) The moduli space MP(X, H) of H−semistable sheaves on X with Hilbert polyno-
mial P, corepresenting the functor MP(X, H) defined in (A.4), together with
a good quotient R ↠ R � PGL(V) = MP(X, H). It is a complex projective
scheme and its closed points correspond to S−equivalence classes of
H−semistable sheaves.

(2) The moduli space Ms
P(X, H) of H−stable sheaves on X with Hilbert polynomial P,

corepresenting the functor Ms
P(X, H) defined in Remark A.2.2 (3), together

with a geometric quotient Rs ↠ Ms
P(X, H). It is an open subset of MP(X, H)

and its closed points correspond to isomorphism classes of H−stable sheaves.

A.3.1 Universal and quasi-universal families

In particular, we get that the moduli functors M(s)
P (X, H) are always corepresented

by the moduli spaces M(s)
P (X, H). On the other hand, representability is a more

delicate issue: as soon as there exists strictly semistable sheaves - equivalently, the
inclusion Ms

P(X, H) ⊊ MP(X, H) is strict - there is no hope for the existence of a
universal family, due to the occurring of pathologies such as the jump phenomenon
(see [HL97, Lemma 4.1.2]). Moreover, even if Ms

P(X, H) = MP(X, H), a universal
family is not expected to exist. Nonetheless, slightly weakening this definition, we
get the notion of quasi-universal family and it turns out that such objects, that will
play a remarkable role in the next discussion, always exist on MP(X, H).

Definition A.3.3. Let (X, H) be a smooth polarized complex variety, let us set Ms
P :=

Ms
P(X, H) and let E ∈ Coh(X × Ms

P) be a flat family of stable sheaves on X
parametrized by Ms

P.
(1) The family E is called quasi-universal if, for any T−flat family F of stable

sheaves on X with Hilbert polynomial P, parametrized by a complex scheme
T, there exists a locally free OT−module W such that F ⊗π∗

TW ≃ ϕ∗
FE , where
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ΦF ∈ HomSch(C)(T, Ms
P) is the classifying morphism induced by T (see Def-

inition A.2.1(1)). The rank rk(W) is called similitude of the quasi-universal
family.

(2) A universal family is a quasi-universal family of similitude 1.

Remark A.3.4. (1) By [HL97, Proposition 4.6.2], a quasi-universal family E al-
ways exists on X × Ms

P(X, H).

(2) An existence criterion for a universal family E on X × Ms
P(X, H) is provided

by [HL97, Theorem 4.6.5, Corollary 4.6.6], as follows. For any pure
d−dimensional coherent sheaf F on X, we can rewrite the expression (A.2)
of its Hibert polynomial in order to find integral coefficients a0, . . . , ad such
that

PH(F)(m) =
d

∑
i=0

ai

(
m + i − 1

i

)
.

If gcd(a0, . . . , ad) = 1, then there exists a universal family E on X × MP(X, H).

(3) In the case in which X is a K3 or Abelian surface and we restrict to check the ex-
istence of a universal family on X × Ms

c(X, H), where Ms
c(X, H) ⊆ Ms

P(X, H)
is the closed subscheme parametrizing stable sheaves with Chern character
c = (r, ξ, a) ∈ H̃(X, Z) compatible with P (see Remark 3.1.6), the condition
above amounts to requiring that gcd(r, ξ, a) = 1 (see [HL97, Corollary 4.6.7]).
In particular, this implies that, with this fixed numerical invariants, there are
no properly H−semistable sheaves on X, i.e. Ms

c(X, H) = Mc(X, H).

A.3.2 Local structure and dimension estimates

In [HL97, Section 4.5], the relation between the local structure of the moduli space
of stable sheaves and the local deformation and obstruction theory of a sheaf (see
[HL97, Appendix 2.A]) is made explicit, yielding some smoothness criteria and di-
mension bounds for MP(X, H), for any smooth polarized complex variety (X, H).

Proposition A.3.5. Let (X, H) be a smooth polarized variety and let F ∈ MP(X, H) be a
stable sheaf.

(1) The Zariski tangent space of MP(X, H) at F is canonically given by

TF MP(X, H) ≃ Ext1(F, F). (A.6)

(2) If Ext2(F, F) = 0, then MP(X, H) is smooth at F and, in general, it holds

ext1(F, F)− ext2(F, F) ≤ dimF MP(X, H) ≤ ext1(F, F).

Proof. See [HL97, Theorem 4.5.1, Corollary 4.5.2].
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A refinement of the statement above is provided by the following argument. By
the universal property of the moduli space, it is defined a determinant map

det : MP(X, H) → Pic(X),

whose tangent map can be described, under the canonical isomorphism (A.6) of
Proposition A.3.5, in terms of the trace map tr : End(F) → OX, inducing morphisms
of complex vector spaces

tri : Exti(F, F) ≃ Hi(X, End(F)) → Hi(X,OX) (A.7)

for i = 0, . . . , dim X. In the following, we will denote by Exti(F, F)0 := ker(tri)
the kernel of the trace map on each i−th cohomology level, and by exti(F, F)0 its
dimension.

Theorem A.3.6. Let (X, H) be a smooth polarized variety and let F ∈ MP(X, H) be a
stable sheaf. The tangent map of det : MP(X, H) → Pic(X) at F is given by

detF = tr1 : Ext1(F, F) → H1(X,OX) ≃ T[det(F)]Pic(X), (A.8)

under the canonical isomorphism (A.6) and

tr2 : Ext2(F, F) → H2(X,OX) ≃ Ext2(det(F), det(F))

preserves the obstruction spaces. Suppose additionally that rank(F) = r > 0 and det(F) =
Q and let us denote by M(Q) the fiber of det over the point [Q].

(1) Then TF M(Q) ≃ Ext1(F, F)0.

(2) If the obstruction space Ext2(F, F)0 vanishes, then both MP(X, H) and M(Q) are
smooth at F.

(3) Moreover, it holds

ext1(F, F)0 − ext2(F, F)0 ≤ dimF M(Q)) ≤ ext1(F, F)0.

Proof. See [HL97, Theorem 4.5.3].

Remark A.3.7. If X is a smooth surface, then the dimension bound can be made
more explicit, recalling that any stable sheaf F is simple (Remark A.1.3 (1)):

ext1(F, F)0 − ext2(F, F)0 = χ(OX)−
2

∑
i=0

(−1)iexti(F, F). (A.9)

A more precise description is given in Section 3.1, in the case in which X is either
a projective K3 surface or an Abelian surface.
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A.3.3 Relative moduli spaces of sheaves
We conclude by outlining a construction that will play a central role in Section 4.1,
when dealing with deformations of moduli spaces of sheaves. Indeed, it turns out
that the construction above-sketched generalizes to yield relative moduli spaces of
sheaves, i.e. moduli spaces of semistable sheaves on the fibers of a projective mor-
phism.

Theorem A.3.8. Let f : X → T be a projective morphism of smooth varieties defined over
C with connected fibers and let H be a relatively ample line bundle on X - i.e., for any t ∈ T,
the restriction Ht is an ample line bundle on Xt - and let P ∈ Q[t] be a polynomial. Then
there exists a projective morphism

MP(X/T,H) → T

corepresenting the functor

MP(X/T,H) : Sch(T)op → Sets

associating to any T−scheme S of finite type the set of isomorphism classes of S−flat families
of semistable sheaves on the fibers of the morphism fS : XS := X ×T S → S with Hilbert
polynomial P. Moreover, there exists an open subscheme Ms

P(X/T,H) ⊆ MP(X/T,H)
corepresenting the subfunctor Ms

P(X/T,H) ⊆ MP(X/T,H). In particular, for any
closed point t ∈ T, it holds

MP(X/T,H)t ≃ MP(Xt,Ht) and Ms
P(X/T,H)t ≃ Ms

P(Xt,Ht).

Proof. See [HL97, Theorem 4.3.7].



Appendix B

Some lattice theory results

This Appendix is devoted to recall some lattice theory results that will be useful
throughout this work. In the following, we will let (Λ, ·) be an even lattice, i.e, a
finitely generated free Z−module Λ equipped with a non-degenerate symmetric
bilinear pairing · : Λ × Λ → Z, such that the associated quadratic form qΛ takes
values in 2Z.

If Λ and Λ′ are two such lattices and the respective bilinear forms are clear from
the context and if v ∈ Λ, we will use the following notations:

∗ O(Λ, Λ′) for the group of isometries from Λ to Λ′;

∗ O(Λ) for the group of isometries from Λ to itself;

∗ O(Λ)v for the subgroup of O(Λ) of isometries fixing the element v.

B.1 Isometries as kernels of natural group morphisms

In this work we will be interested in special groups of isometries that can be char-
acterized as kernels of some natural group homomorphisms, which we will recall
in the following section.

B.1.1 Determinant character

If g ∈ O(Λ) is an isometry, we define its determinant det(g) as the determinant of
the matrix associated to g with respect to any Z−basis of Λ. This yields a natural
determinant character

det : O(Λ) −→ {1,−1}.

We will denote by SO(Λ) := ker(det) the group of isometries of Λ of determinant
1.

161
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B.1.2 Orientation character
The second fundamental character that can be naturally associated to any isometry
is related to the notion of orientation. For a more precise discussion on this theory,
we refer the reader to [Mar11, Section 4] and [Mar08, Section 4.1].

Let (Λ̃, ·) be a lattice of signature sgn(Λ̃) = (p, q), with p, q ≥ 1 and let us
consider the big positive cone

C̃ := {α ∈ Λ̃ ⊗Z R : α · α > 0}.

(a) If p = 1, then C̃ has two connected components and we define an orientation
character

or : O(Λ̃) −→ Z/2Z,

by setting or(g) = 0 if g is an isometry mapping each connected component
to itself and or(g) = 1 otherwise. The choice of any connected component of
C̃ determines an orientation on Λ̃.

(b) If p > 1, by [Mar11, Lemma 4.1], the cone C̃ is a deformation retract of Rp \
{0}, hence homotopic to the sphere Sp−1, and the action of Λ̃ on the top co-
homology group of of C̃ determines an orientation character

or : O(Λ̃) −→ Z/2Z,

defined as follows: as Hp−1(C̃, Z) ≃ Hp−1(Sp−1, Z) ≃ Z, we can choose a
generator ϵ of the latter and notice that, if g ∈ O(Λ̃), then it induces an action
(g

R|C̃)
∗ on Hp−1(C̃, Z) that either preserves ϵ or maps it to its opposite. We

then set

or(g) =
{

0 if (g
R|C̃)

∗(ϵ) = ϵ

1 if (g
R|C̃)

∗(ϵ) = −ϵ.

A choice of a generator ϵ as above, or, equivalently, of an ordered basis of a
positive p−dimensional real subspace of Λ̃ ⊗Z R, determines an orientation
on Λ̃.

In any of the two cases above, we define the group of orientation preserving isometries
of Λ̃ as

O+(Λ̃) := ker(or)

and, similarly, we define SO+(Λ̃) := O+(Λ̃) ∩ SO(Λ̃). Analogously, if (Λ̃1, ϵ1) and
(Λ̃2, ϵ2) are two oriented lattices as above, we get an orientation map

or : O(Λ̃1, Λ̃2) −→ Z/2Z (B.1)

and we can define the set of orientation preserving isometries as O+(Λ̃1, Λ̃2) := or−1(0).
We also point out that, if Λ ⊆ Λ̃ is a sublattice of Λ̃ of signature (p′, q′), with

p′, q′ ≥ 1, inducing a natural embedding O(Λ) ⊆ O(Λ̃) by extending to the identity
on Λ⊥, then the orientation character of Λ̃ restricts to Λ as the natural orientation
character of Λ.
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B.1.3 Discriminant

The non-degeneracy of the bilinear form · gives a canonical embedding of Λ in its
dual lattice Λ∨ := HomZ(Λ, Z) ⊂ Λ ⊗Z Q.

∗ We define the discriminant group of Λ as the quotient AΛ := Λ∨/Λ, which is
a finite group of order |det(Λ, ·)|, where det(Λ, ·) is the determinant of the
matrix associated to the bilinear form · with respect to any Z−basis of Λ.

∗ A lattice Λ is called unimodular if AΛ ≃ {0} or, equivalently, if det(Λ) = ±1.

∗ Any isometry g ∈ O(Λ) induces an automorphism g ∈ Aut(AΛ) that pre-
serves the discriminant quadratic form qΛ : AΛ → Q⧸2Z induced by qΛ. This
naturally defines a group morphism

disc : O(Λ) −→ O(AΛ), (B.2)

where O(AΛ) is subgroup of Aut(AΛ) of automorphisms preserving qΛ.

∗ We will denote by Õ(Λ) := ker(disc) the group of isometries of Λ acting triv-
ially on its discriminant group, and similarly we will set Õ+(Λ) := Õ(Λ) ∩
O+(Λ), S̃O(Λ) := Õ(Λ) ∩ SO(Λ) and S̃O

+
(Λ) := Õ(Λ) ∩ SO+(Λ).

B.2 Primitive embeddings
In this Subsection we will collect basic results concerning primitive embeddings
of even lattices into even unimodular lattices and some extendibility criteria for
isometries that will lay the groundwork for the proof of Proposition 5.2.4. For a
more detailed discussion, we refer to [Nik79] (see also [Kon21, Section 1.3.1] and
[Huy16, Chapter 14]).

Let L be an even lattice and let us consider an embedding S
i
↪→ L of lattices.

∗ The embedding i (or - respectively - the sublattice S, identified with its image
via i) is called primitive if the quotient L/i(S) is torsion free.

∗ The saturation S of S in L is the smallest primitive sublattice of L containing
S, i.e. S := (S ⊗Z Q) ∩ L. Notice that we have a natural chain of embeddings
S ⊆ S ⊆ L and that the index [S : S] is finite. Furthermore, it holds rk(S) =
rk(S) and a set of generators for S can be provided by a suitable Q−linear
combination of a set of generators for S.

The sublattice S is primitive if and only if S = S. In that case, its orthogonal com-
plement K := S⊥ in L is also a primitive sublattice of L. Let us assume that L is uni-
modular and let us consider the quotient H = L⧸S ⊕ K. Then H is a finite Abelian
group and an isotropic subgroup of AS ⊕ AK with respect to qS ⊕ qK. Furthermore,
it can be checked that the restrictions pS|H : H → AS and pK|H : H → AK of the nat-
ural projections are both isomorphisms (see [Kon21, Lemma 1.31]). In particular,
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set
γSK := pK ◦ (pS|H)−1 : AS → AK,

we have the following results.

Theorem B.2.1. Let L be an even, unimodular lattice, S a primitive sublattice of L and
K = S⊥ its orthogonal complement in L. Then

AS ≃
γSK

AK and qS = −qK ◦ γSK.

Proof. See [Nik79, Proposition 1.6.1], [Kon21, Theorem 1.32].

A straightforward application of Theorem B.2.1 provides a criterion for the ex-
tendibility of an isometry φ : S1 → S2 between two primitive sublattices of L to an
isometry of the whole lattice L, i.e. the existence of an isometry φ̃ ∈ O(L) such that
φ̃|S1 = φ.

Proposition B.2.2. Let S1, S2 ⊆ L be two primitive sublattices and let Ki := S⊥
i for

i = 1, 2. An isometry φ ∈ O(S1, S2) can be extended to an isometry of L if and only if there
exist and isometry ψ ∈ O(K1, K2) such that

ψ ◦ γS1K1 = γS2K2 ◦ φ.

Proof. See [Nik79, Proposition 1.6.1], [Kon21, Corollary 1.33].

In particular, we get the following folklore result:

Corollary B.2.3. Let S ⊆ L a primitive sublattice of an even unimodular lattice L and let
K := S⊥. If φ ∈ O(S) is an isometry such that disc(φ) = ±idAS , then it can be extended
to φ̃ ∈ O(L) such that φ̃|K = ±idK.

In order to apply Proposition B.2.2, a description of the image of the discrim-
inant map defined in (B.2) might be crucial. We address this problem in the case
of an even indefinite lattice, in relation with the question of its uniqueness up to
isomorphism.

Proposition B.2.4. Let T be an indefinite even lattice of signature (t+, t−), with discrim-
inant quadratic form q = qT. Suppose that

rk(T) ≥ l(AT) + 2,

where l(AT) is the minimum number of generators of the finite Abelian group AT. Then
any even lattice of signature (t+, t−) and discriminant quadratic form q is isomorphic to T
and the natural discriminant map disc : O(T) → O(AT) is surjective.

Proof. See [Nik79, Theorem 1.14.2], [Kon21, Proposition 1.37].
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Proposition B.2.4 can be read by saying that any even indefinite lattice T satis-
fying rk(T) ≥ l(AT) + 2 is unique in its genus. Two lattices Λ1 and Λ2 are said to
have the same genus if Λ1 ⊗ Zp ≃ Λ2 ⊗ Zp for all primes p and Λ1 ⊗ R ≃ Λ2 ⊗ R,
where all the isomorphism are compatible with the natural quadratic forms.

By definition, lattices with the same genus have the same signature, and, by
[Nik79, Corollary 1.9.4], the converse holds for two even lattices Λ1, Λ2, provided
that (AΛ1 , qAΛ1

) ≃ (AΛ2 , qAΛ2
).

A consequence of uniqueness in genus of indefinite even lattices (Proposition
B.2.4) and the exendibility criteria of Proposition B.2.2 is the uniqueness of their
primitive embeddings in suitable ambient lattices, up to automorphisms of the
overlattice. We will be particularly interested in primitive embeddings in unimod-
ular lattices, which is the case of the following result.
Proposition B.2.5. Let S be an even lattice of rank r. For any integer r′ ≥ r, there exists
a primitive embedding S ↪→ U⊕r′ . Moreover, if r′ > r, then the embedding is unique up to
isometry of U⊕r′ .

Proof. See [Huy16, Proposition 1.8].

As an immediate consequence of Proposition B.2.5 we get the following result,
which will be frequently used in Section 5.2.
Corollary B.2.6. Let r, s be two strictly positive integers and let S be an even lattice of rank
r. Then, the orthogonal complement of S in U⊕(r+s) contains U⊕s.

Proof. By Proposition B.2.5, there exists a primitive embedding S ↪→ U⊕r. As

U⊕(r+s) decomposes as U⊕r ⊥
⊕ U⊕s, the latter provides a primitive embedding of

S in U⊕(r+s) such that S⊥ contains U⊕s. Again by Proposition B.2.5, as r < r + s,
such an embedding is unique up to isometry of U⊕(r+s).

B.3 Existence and uniqueness of lattices
For the sake of completeness, we include the following classical result due to Milnor
concerning the existence and uniqueness up to isomorphism of even unimodular
lattices, that will be used to characterize the lattices studied throughout this work.
Theorem B.3.1. Let (p, q) be a pair of non-negative integers. Then there exists an even,
unimodular lattice of signature (p, q) if and only if p − q ≡ 0 mod 8. If p, q > 0, then
the lattice is unique.

In particular, if Λ is an even, indefinite, unimodular lattice of signature (p, q), then
τ := p − q ≡ 0 mod 8 and

Λ ≃
{

E⊕ τ
8

8 ⊕ U⊕q if τ ≥ 0
E8(−1)⊕

−τ
8 ⊕ U⊕p if τ < 0.

Proof. See [Mil58] and [Huy16, Theorem 1.1, Corollary 1.3].
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B.4 Weyl groups of reflections
In this Section we introduce two special groups of reflections that will play a central
role in Sections 5.2 and 6.3. Let k ≥ 1 and let Λ be an even lattice of signature (p, q),
with p, q ≥ 3, and with cyclic discriminant group of order 2k. For any u ∈ Λ such
that u · u = ±2, let

Ru : Λ −→ Λ

v 7−→ v − 2
v · u
u · u

u

be the reflection in u and define the isometry ρu := − u·u
2 Ru. The group

W(Λ) := ⟨ρu : u ∈ Λ, u · u = ±2⟩

is a normal subgroup of finite index of O(Λ), often called Weyl group of reflections.
Notice that the action of the previously defined group morphisms on the generators
of W(Λ) is the following (see, [Mar11, Lemma 4.1], [Mar08, Lemma 4.10] [Mar22,
Section 1.1]):

or(ρu) = 0, det(ρu) =
u · u

2
, disc(ρu) = −u · u

2
. (B.3)

From the first equality of (B.3) we deduce that W(Λ) ⊆ O+(Λ) and from the last
equality we get the following discriminant character

disc : W(Λ) −→ {−1, 1} ⊆ O(AΛ),

where AΛ is a cyclic group of order 2k. Again by (B.3), we get that, for any generator
ρu of Λ, it holds det · disc(ρu) = −1. We define the following group of isometries

N(Λ) := ker(det · disc), (B.4)

which is an index 2 subgroup of W(Λ), generated by compositions ρu1 ◦ ρu2 , with
ui ∈ Λ such that ui · ui = ±2 for i = 1, 2.

Remark B.4.1. Let Λ̃ = H̃(S, Z) be the Mukai lattice of an Abelian surface S (see
Section 3.1), isometric to U⊕4. Let v = m(1, 0,−k) ∈ Λ̃, with m ≥ 1 and k ≥ 2, and
let Λ = v⊥, which is even lattice of signature (3, 4), isometric to U⊕3 ⊕ ⟨−2k⟩.

(1) By [Mar08, Lemma 4.10], we get that W(Λ) is isomorphic to the subgroup of
O+(Λ) of isometries that can be extended to the whole Mukai lattice Λ̃ or,
equivalently, to the image of the stabilizer O(Λ̃)v under the homomorphism

ψ : O(Λ) −→ O+(Λ)

g 7−→ (−1)or(g)g,
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where we used the natural inclusion O(Λ̃)v ⊆ O(Λ). Notice that, as sgn(Λ) =
(3, 4), the isometry −idΛ is orientation reversing.
In simple terms, W(Λ) can be characterized as the group of orientation pre-
serving isometries of Λ acting as ±id on the discriminant group (see also
Corollary B.2.3).

(2) Section 5 and the proof of Theorem 1.4 of [Mar22] (see also [Mar10, Lemma
8.4]) provide a set of generators for N(Λ), namely

N(Λ) = ⟨SO+(Λ̃)v, Rs ◦ Rs1⟩, (B.5)

where s = (1, 0, 1), s1 = (1, 0,−1) ∈ Λ. Indeed, by Lemma 5.3 and Corollary
5.1 of [Mar22], we have an equality

SO+(Λ̃)v = ⟨Ru1 ◦ Ru2 , Rt1 ◦ Rt2 : ui, ti ∈ Λ, u2
i = 2, t2

i = −2, for i = 1, 2⟩.

Consequently, for any g ∈ SO+(Λ̃)v, it holds det ·disc(g) = 1 and det(g) = 1,
from which we deduce that SO+(Λ̃)v is an index 2 subgroup of N(Λ). On the
other hand, det ·disc(Rs ◦ Rs1) = 1 and det(Rs ◦ Rs1) = −1, showing equality
(B.5).

(3) If we let Λ̃, v and Λ be as above, and we assume that k = 1, then AΛ is a
cyclic group of order 2, hence, by degeneracy of the discriminant character
and Corollary B.2.3, we get the following chain of isomorphism

W(Λ) ≃ Õ+(Λ) ≃ O+(Λ) ≃ O+(Λ̃)v,

implying
N(Λ) ≃ S̃O

+
(Λ) ≃ SO+(Λ) ≃ SO+(Λ̃)v. (B.6)

B.5 Eichler’s transvections
We conclude this Appendix by reporting some results that are particularly relevant
for even indefinite lattices containing some copies of the unimodular hyperbolic
plane. We introduce some special generators for their orthogonal groups, together
with a criterion establishing whether, given two elements of such a lattice (L, ·),
there exists an isometry of L moving the first into the second. As shown below, this
can be done as soon as L contains at least two copies of the unimodular hyperbolic
plane U and provided that the two vectors under study, divided by their divisibility,
belong to the same class in the discriminant group of L. We recall that, for any v ∈ L,
we can define its divisibility as the unique positive generator of the ideal v · L ⊆ Z.

The above-mentioned criterion is proved using a special class of isometries,
called Eichler’s transvections, introduced in [Eic52, Chapter 3] (see also [GHS09, Sec-
tion 3.1]) and defined as follows. Given an isotropic element e ∈ L and a ∈ e⊥,
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the Eichler’s transvection t(e, a) with respect to e and a is the isometry acting, for any
v ∈ L, as

t(e, a)(v) = v − (a · v)e + (e · v)a − 1
2
(a · a)(e · v)e. (B.7)

Remark B.5.1. We notice that, by definition, any transvection of the form t(e, a),
with e ∈ L isotropic and a ∈ e⊥, acts as the identity on e⊥ ∩ a⊥. Moreover, Eichler’s
transvections satisfy the following properties: let e ∈ L be an isotropic element.
Then

(1) t(e, a) ◦ t(e, b) = t(e, a + b) for any a, b ∈ e⊥. In particular, t(e, a)−1 = t(e,−a);
(2) g ◦ t(e, a) ◦ g−1 = t(g(e), g(a)) for any a ∈ e⊥ and g ∈ O(L);
(3) t(λe, a) = t(e, λa) and t(e, λe) = id, for any a ∈ e⊥ and λ ∈ Z \ {0};
(4) t(e, a) = Ra ◦ Ra+ 1

2 (a·a)e for any a ∈ e⊥ \ {0}.
In particular, by (4) (see also [GHS09, Lemma 3.1 and (10)]), we get that t(e, a) ∈
S̃O

+
(L) for any a ∈ e⊥ \ {0}.

Let us assume that L contains at least one copy of the unimodular hyperbolic
plane U and let us denote by L1 its orthogonal complement in L. We define

EU(L1) := ⟨t(e, a) : e ∈ U, a ∈ L1⟩, (B.8)

which is a subgroup of S̃O
+
(L).

Lemma B.5.2 (Eichler’s criterion). Let L be an even lattice, let us suppose that L =
U1 ⊕ L1 and L1 = U2 ⊕ L2, where U1 and U2 denote, respectively, two distinguished
copies of the unimodular hyperbolic plane U in L. If v1, v2 ∈ L are two primitive elements
such that

(1) v2
1 = v2

2,

(2) [v1/div(v1)] = [v2/div(v2)] in AL,
then there exists a transvection t ∈ EU1(L1) such that t(v1) = v2.

Proof. See [GHS09, Proposition 3.3 (i)].

Another important application of Eichler’s transvections is given by the follow-
ing result.

Lemma B.5.3. (1) Let U⊕2 be two copies of the unimodular hyperbolic plane, with stan-
dard basis {e1, f1, e2, f2} - so that e2

i = f 2
i = ei · f j = 0 for i, j = 1, 2, i ̸= j, and

ei · fi = 1 for i = 1, 2. Then

SO+(U⊕2) = ⟨t(e2, e1), t(e2, f1), t( f2, e1), t( f2, f1)⟩.

(2) Let L = U ⊕ L1 an even lattice. Then
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O+(L) = ⟨O+(L1), EU(L1)⟩ and SO+(L) = ⟨SO+(L1), EU(L1)⟩.

Proof. See [GHS09, Lemma 3.2] for part (1) and [GHS09, Proposition 3.3 (iii)] for
part (2).

The above-introduced results will be particularly relevant for the discussion in
Section 5.1.1.
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