Journal of Optimization Theory and Applications (2026) 209:32
https://doi.org/10.1007/s10957-026-02967-7

®

Check for
updates

Sparse Optimization of Cross-Power Spectra in Linear
Inverse Models from Brain Connectivity

Laura Carini' - Isabella Furci' - Sara Sommariva'

Received: 28 November 2024 / Accepted: 1 March 2026
© The Author(s) 2026

Abstract

In this work, we present a computationally efficient linear optimization approach for
estimating the cross—power spectrum of a hidden multivariate stochastic process from
that of another observed process. Sparsity in the resulting estimator of the cross—power
is induced through ¢; regularization and the Fast Iterative Shrinkage-Thresholding
Algorithm (FISTA) is used for computing such an estimator. With respect to a standard
implementation, we prove that a proper initialization step is sufficient to guarantee the
required symmetric and antisymmetric properties of the involved quantities. Further,
we show how structural properties of the forward operator can be exploited within the
FISTA update in order to make our approach adequate also for large—scale problems
such as those arising in the context of brain functional connectivity. The effectiveness
of the proposed approach is shown in a practical scenario where we aim at quantifying
the statistical relationships between brain regions in the context of non-invasive elec-
tromagnetic field recordings. Our results show that our method provides results with a
higher specificity than classical approaches based on a two—step procedure where first
the hidden process describing the brain activity is estimated through a linear optimiza-
tion step and then the cortical cross—power spectrum is computed from the estimated
time—series.
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1 Introduction

We consider the problem of computing sparse estimation of the complex-valued cross-
power spectrum of a multivariate stochastic process {X(#)},cr, Whose realizations,
{x()};cr, can only be observed indirectly through the realization, {y ()}, of another
observable stochastic process {Y(#)},cg. In particular, we show that if Y(¢) is a linear
combination of X(#) corrupted by additive noise, then the problem can be formulated
as a large-scale linear optimization problem [33], whose dimension depends on the
number of both the observations and the unknown variables.

Our work is motivated by the study of cortical functional connectivity from
magneto-/electro-encephalographic (M/EEG) data, which consists in quantifying the
statistical relationships between the activity of multiple brain regions from the electro-
magnetic field non-invasively recorded outside the scalp [22, 23]. From a mathematical
point of view, this is typically achieved through a two-step procedure [25]. First a time—
series describing the activity of different brain regions is estimated from the recorded
electromagnetic field by solving an ill-posed linear optimization problem [2, 18]. Then
a proper connectivity metric is computed between the estimated time—series. Due to
the oscillatory nature of the neural sources [8], many connectivity metrics are defined
in the frequency domain, starting from the cross-power spectrum of the time—series
describing the estimated brain activity [20, 27].

A number of recent studies have demonstrated that this two—step procedure is inher-
ently sub-optimal. When the initial optimization step is achieved through Tikhonov
regularization [12] a regularization parameter has to be set, and this is typically done in
order to obtain the best possible estimate of the brain activity. However, the cross-power
spectrum computed from the time—series estimated with this value of the regulariza-
tion parameter is usually sub-optimal, in the sense that better estimate can be obtained
from time—series computed using a different value of the regularization parameter [32,
33] depending on features of the neural time-courses themselves, such as their spectral
complexity [34]. Similar results were obtained in a simulation setup where Tikhonov
regularization was used to estimate the power spectrum of the neural sources, and con-
nectivity was quantified by using coherence (a normalized version of the cross-power
spectrum) [15].

Furthermore, the estimates of the cortical cross-power spectrum obtained through
this two—step procedure are usually affected by a large number of false positives, that
is they identify statistical interactions between pairs of brain regions that are actually
independent. One of the main causes of these spurious interactions is the residual
mixing (or source—leakage) of the hidden process describing brain activity [25]. To
mitigate this issue, metrics insensitive to zero-lag interactions can be computed from
the estimated cross—power spectrum, such as the imaginary part of coherency [20]
or the weighted phase lag index [28, 35]. However, such metrics have the obvious
drawback that they also ignore instantaneous (or nearly instantaneous) true interactions
[21].

In the last years, few optimization techniques have been proposed to avoid such
two—step procedure. In [9] the authors propose a new method of MEG source recon-
struction that simultaneously estimates the source amplitudes and interactions across
the whole brain by a variational Bayesian algorithm; in particular, they use a multi-
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variate autoregressive (AR) model to represent directed interaction between sources
together with a prior knowledge on structural brain connectivity inferred from diffu-
sion magnetic resonance imaging (AMRI). In [31] a Kalman filter is used to achieve a
simultaneous estimation of source activities and their dynamic functional connectivity.
However, also in this case AR models are used for representing source interactions.
Ossadtchi and colleagues [21] introduce a novel projection matrix that operates on the
cross—power spectrum of the observable process in order to mitigate the contribution
of source—leakage to its real part. Once applied the projector, an optimization step still
needs to be carried for estimating the cortical cross—power spectrum from the modified
sensor—level data.

In this work we suggest an alternative approach where the cross—power spectrum
of the hidden process describing the cortical activity is directly estimated from that
of observed M/EEG time—series by setting up a linear optimization problem. In order
to reduce the number of false positive, £] regularization [7] is used so as to promote
sparsity in the resulting estimator of the cortical cross—power spectrum. The Fast
Iterative Shrinkage-Thresholding Algorithm (FISTA) [4] is a classical approach for
solving linear optimization problems with £; penalty. However, its application to our
problem is not trivial due to the high dimension of the matrix describing the forward
operator which typically includes few hundreds of rows and few thousands of columns.
Here we develop a computational strategy for efficiently carrying on the FISTA update
by exploiting structural properties of the forward operator. The proposed method is
validated on a large set of simulated data showing that our approach is capable of
detecting the truly interacting sources but with a higher specificity than the classical
two—step approach. The Python codes implementing the proposed approach are freely
available at the GitHub repository https://github.com/theMIDAgroup/fista_cps_conn.

The paper is organised as follows. In Section 2 we derive the forward model relating
the cross—power spectrum of the hidden process {X(#)};cr to that of the observable
one. In Section 3 we present the novel proposed approach for estimating the cross—
power spectrum of {X(7)},cg and we recall a classical two-step approach used as
benchmark, while Section 4 focuses on the strategy we develop to make our approach
computationally affordable. Finally, numerical validations of the presented approach
are shown in Section 5 and our conclusions are discussed in Section 6.

2 Problem Formulation and Forward Modeling

Throughout the paper we assume without loss of generality that the mean values of

all the considered stochastic processes are zero.

Definition 2.1 Let {X(¢)},cr and {E(?)}, g be two real-valued, multivariate, stationary
stochastic processes of dimension n and m, respectively. Denoted with {FXE(‘E) }T R
the corresponding covariance function, that is XE(z) = E [X(t)E(t + ‘L’)T], we

assume Fj{%(l’) to be absolutely integrable forall j = 1,...,nandk =1, ..., m.
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Then, the cross-power spectrum between X(7) and E(¢) is a one—parameter family
of complex—valued matrices SXE( f) € C"*™ defined as [5]

+00 .
SXE(f) — / FXE(T)efzﬂlfde’

—0o0
where the integral is computed component-wise.

Remark 2.1 Following Definition 2.1, we define the cross-power spectrum of the pro-
cess {X(#)};cr as a one—parameter family of Hermitian matrices of size n x n denoted
as SX(f) = SXX(f). Analogously, we denote FX(I) = FXX(‘L').

Theorem 2.1 Let {X(#)};cr and {Y (t)};cr be two real-valued, multivariate, stationary
stochastic processes of dimension n and m, respectively. We further assume that Y(t)
is a linear mixture of the components of X(t) corrupted by independent additive noise,
that is

Y(@) = GX(1) + E(7), (D

where G € R™" and {E(t)},cg is a multivariate, stationary stochastic process inde-
pendent from {X(t)},cr. Then,

SY(f) =GS*(HG" +SE(f). 2

Proof We observe that from the linearity of the expectation and the hypothesis on Y (¢)
it follows

MY (1) = E[(GX() + E0)(GX(t + 1) + E( + 1) |
= GI¥(0)GT + GIr¥E(r) + (GFXE(t))T +TE()

=GIr'¥@G" + k),

where the last equality holds due to the fact that {X(#)},cg and {E(¢)};cr are inde-
pendent and thus I XE (1) = 0 for all 7. The thesis follows from Definition 2.1 by
exploiting the linearity of the Fourier transform. O

Theorem 2.1 defines a linear relationship between the cross-power spectrum of the
observable process {Y (7) };er and that of the unknown process {X(7) };cr. More explic-
itly, we denote with SX(f) € (C”z, and SY(f), SE(f) € €™ the vector obtained by
stacking the columns (vec(-) operator) of matrices SX(f), SY(f), and SE( f), respec-
tively. From Eq. (2) it follows

SY(f) = (GG SX(f)+S* (/) 3)
where ® is the Kronecker product.
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By splitting real and imaginary parts, Eq. (3) can be rewritten so as to include only
real-valued quantities:

(Re<8Y<.f)>>_<G®G 0 )(Re(Sx(.f))) +<Re(5E(f))> @
ImSY()H) U 0 G®G)\ImS*(f) Im(SE(f) ) -

We finally remark that, since SX( f) is a Hermitian matrix, Re(SX( £)) and Im(SX( f))
are the vectorization of a symmetric and antisymmetric matrix, respectively.

3 Inverse Modeling

Given a realization {y(#)},;cr of the observable process {Y(¢)};cr our approach aims
at providing a sparse estimation of the cross-power spectrum SX(f) by exploiting
the model described by Eq. (4). When studying cortical functional connectivity from
M/EEG data, this gives rise to a high-dimensional optimization problem. In fact, the

forward matrix
_(G®G 0
G:= ( 0 G® G) )

has size 2m? x 2n2, where, in connectivity studies, m 102 is the number of M/EEG
sensors and n o¢ 103 is the number of cortical locations where the brain activity and
connectivity are estimated. Hence, the matrix G has size proportional to (2 - 10%) x
(2 - 10%), making it necessary to develop proper computational strategies, described
in Section 4, to carry out any algorithmic step involving such a matrix.

Throughout the manuscript, our approach is compared to a classical two-step
approach summarized in the next subsection.

3.1 Benchmark: Classical Two-Step Approach

A widely used approach for estimating the cross-power spectrum SX(f) consists of
the following two steps [25, 32, 34].

Step 1. A regularised estimate, {X; (¢)};cg, of the unknown process {X(#)};cr, is obtained
by solving the inverse problem associated to Eq. (1). Here we consider the
Tikhonov estimator [30], which is defined as

%) = argmin [|Gx() ~ YOI} + x5} VieT.  (©)
where X is a proper regularisation parameter, || - ||2 is the £-norm, and 7' C N is

the discrete set of time points where the data were collected.
Step 2. The Welch’s estimator, S* (f), of the time—series {x; (¢)};cr is computed as fol-
lows [36]. First the time—series {X;, (f)};cr is partitioned in P overlapping segments

of length L, denoted as ixip)(r)} o L1 with p € {1, ..., P}, and the discrete
t=0,...,L—
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Fourier transform
2rit f

R 1 L—1 B A
(N =22 5 w@e T
=0

is computed for each segment, {w(7)};—
Then we defined

1.1 being the Hamming window [13].

.....

L P
T R2(HRL(HY,

p=1

¥ (f) =

where W = L "L L (r)?.

Direct Estimation of the Cross—Power Spectrum of the Hidden Process. Fixed a
frequency f, we propose to estimate the cross-power spectrum SX( f) through a least-
squares approach with ¢ regularization applied to the model in Eq. (4). Hence, after
computing the Welch’s estimator SY( f) of the cross—power spectrum of the observed
data, we define [7, 29]

Re(SX)\ Aremin H (G®G 0 )S_ <Re(8y)>
m@sx) )~ 0 G®G Im(SY)
where, for the sake of readability, we set s = (sz) and we omit the specification of the
argument f.
In order to solve the optimization problem in (7) we used the Fast Iterative
Shrinkage-Thresholding Algorithm (FISTA) [4] implemented as described in Algo-
rithm 1. In particular we observe that in line 4 and 6 of the algorithm we have exploited

the block-diagonal structure of the forward matrix defined in Eq. (5).
Following the original paper by Beck and Teboulle [4], in Algorithm 1 we used the

2
+)»||S|I1} . (D
2

shrinkage operator 7. : an — an defined as, foralli =1, ..., n2,
L
) + X; — % if x; > %
T% (x); = <IXi| - Z) sign(x;) = 10 if [x;] < % ; (®)
X+ ifx<—7

where for all z € R, (z)* := max {z, 0} and sign(z) denote the ramp function (or
positive part) and the sign function, respectively, and

being Amax (ng) the highest eigenvalue of the squared matrix G'g.

Remark 3.1 The value in Eq. (9) is acommon choice for the constant L in optimization
problem of the form (7) [4] . In fact, it corresponds to the Lipschitz constant of the
gradient of the function f : }RZ”Z — R, defined as

st Si Re(SY)
((3)=1o(2)-(n)

2

2
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In our case, computing the Lipschitz constant L by means of Eq. (9) requires deter-
mining the eigenvalues of a matrix of size 2n> x 2n”. However, a more efficient
computation can be carried on by exploiting the block-diagonal structure of G and the
properties of the Kronecker product:

., G®G 0 \ (G®G 0
- oomax 0 G®G 0 G®G
G'G®G'G 0

= 2hmax 0 GTGRGTG

2
=2 I:)hmax (GTG)]
Hence, from a practical point of view, L can be computed as
L =204.,(G), (10)

being omax (G) the highest singular value of G.

Algorithm 1 FISTA for a direct estimation of the cross—power spectrum S* in the
frequency domain.

Input: G € R™*"; 3, L, K, & > 0;SY € C"*™ and Sg € C"*" Hermitian matrices and corresponding
L 2 2
vectorization 8Y := vec(SY) € C"" and Sy := vec(Sp) € C"".

Mnitialize: b — _ o (W01 _ (so.1) _ (Re(So)
1: Initialize: k = 0, 79 = 0, <W0,2> = <50,2> = (Im(So)

2: whilek < K and e < ¢ do
3 k=k+1

(SM) (T (e - 26 @6 T(G B Gw 1 —Re(s)
T, (wk_l’ 2686 T(GO®GW_ 11— lm(SY))

1+,/l+4t
5 SV T k=T

I =

(Wk1> <Sk1>+tk—1*l <Sk,] —Sk—],1>
Wk 2 Sk.2 e \Sk2 —Sk—1.2
7. e sk, 1 =Sk—1,1111+Isg.2—Sk—1.211

’ - MTsk, 1111 +Isk, 21T

Sk,2

8: end while
Sk,1
Output: ’
P <Sk,2>

Since we seek a solution to the optimization problem (7) to be interpreted as the
cross-power spectrum of a stochastic process, s; and s need to be the vectorization
of a symmetric and antisymmetric matrix, respectively. The following results prove
that this can be achieved by initializing FISTA through a random Hermitian matrix,
as done in Algorithm 1.
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Proposition 3.1 Ler A := vec(A) € R™’ be the vectorization of a matrix A € R™*™M
and let T, the shrinkage operator defined as in Eq. (8) by replacing % with a generic
parameter a > 0. The following properties hold:

(a) if A is symmetric, then T, (A) is the vectorization of a symmetric matrix;
(b) if A is antisymmetric, then 1, (A) is the vectorization of an antisymmetric matrix.

Proof Since A;j = Ay (j—1)4i foralli, j =1, ..., m, it can be shown that
A is symmetric <= Ap(j—1)+i = Ami-1+j, foralli, j=1,...,m,
and
A is antisymmetric <= Au(j—1)+i = —Ami—1)4j, foralli, j =1,... m.

Hence, the thesis follows by the definition of 7, observing that if A is symmetric then

T (Wmii—n+i = (|AmGi—n+il — 01)+ sign(Ap(i—1)+i)
= (IMmi-1+jl — @) " sign(Ami-1)+)) = Ta(Dm-1)+;-

Similarly, if A is antisymmetric, then

T (Dmii—1y4i = (IAmGi—n+il — Ol)+ sign(Ap(j—1)+i)
= (I = Ami—1+jl — Ol)+ sign(—Ami-1)+)) = —Ta(Ami—1)+-

]

Theorem 3.1 Let { (sk’l) } and { (wk’l> } the sequences generated with Algo-
2/ Jk=0 Wk2/ ) k=0

rithm 1 with input the cross—power spectrum of the observed data SY € C™*™ and a

.. . nxn o .
random Hermitian matrix Sg € C as initial point. Then {sk,1 }kz() and {Wk,l }kzo
are vectorizations of symmetric matrices and {sk,z} and {wk,g } k>0 are vectoriza-

tion of antisymmetric matrices.

k>0

Proof To prove the theorem we proceed by induction.
Fork =0, <w0’1> = <SO’1> = (Re(80)>. Hence the thesis follows from the fact
Wo,2 $0.2 Im(So)
that Sg is Hermitian.

Fixed k > 0, we assume that s;_1 1 and w;_; 1 are vectorization of two symmetric
matrices denoted with Sx_1 1 and Wy_1 1, respectively. Analogously, we assume that
Sk—1,2 and wi_1 2 are vectorization of two antisymmetric matrices denoted with Sy_1 2
and Wy_ 2, respectively.

By exploiting the linearity of the vec(-) operator and the properties of the Kronecker
product, from line 4 of Algorithm 1 it follows:
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2
sk,1 =7 (Wk—l,l - = (G ®G) (GR®G)Wi_1,| — Re(5y>)
L L
2
-Ts (vec(wk_l,l) i (G ® G) T vec (GWk_mGT - Re(SY))> (11)
1 L

2 2
=T, (Vec (Wk],l — ZGTGW;{,HGTG + ZGTRe(Sy)G>> .

Since Wy_1,1 and Re(SY) are symmetric for the inductive hypothesis and the properties
of the cross-power spectrum, respectively, the argument on the right side of the last
equation in (11) results to be a symmetric matrix. Hence Proposition 3.1 ensures si
is the vectorization of a symmetric matrix, S 1.

Similarly from line 4 of Algorithm 1 it follows:

2
sk2=To (Wk—l,Z — Z(G ®G) (G®G)Wi_12 — Im(Sy))>

2 2
=T, <Vec (wk_l,2 — ZGTka_LzGTG + ZGTIm(SY)G)) ,

where the argument of the right side of the last equation is antisymmetric because
Wi—1.2 and Im(SY) are antisymmetric. Hence, Proposition 3.1 ensures sy 2 is the
vectorization of a antisymmetric matrix, Sy 2.

The fact that wi | and wy > are the vectorization of a symmetric and an antisym-
metric matrix then follows from line 6 of Algorithm 1, that can be rewritten as follows

<Wk,1> _ [ vee (Sk,l + 828 — Sk—l,l))
Wk.2 vec (Sk,z I Sk—l,z))

73

4 Smart Product for an Efficient Computation of the FISTA Update

The FISTA update at line 4 of Algorithm 1 requires several matrix—vector multipli-
cations involving the matrix G ® G and its transpose (G ® G)" = G ® G . Since
GecR"™" G®Gand GT ® GT have size m? x n? and n? x m?2, respectively, the
product of a vector by each one of these matrices has a cost proportional to O (m?n?).
In this section we show how the properties of the Kronecker product can be exploited
to reduce both the computational cost and the memory requirements of such product.
More specifically, our approach has two main advantages: on the one hand it reduces
the computational cost to a value proportional to O (max(m, n) mn), on the other hand
it avoids explicitly assembling the matrix G ® G, by directly employing the matrix G.
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First, we recall that the Kronecker product enjoys the mixed-product property [17],
therefore it holds

—— —_——
m?xn? m?2xnm nmxn?

Now we present a result that establishes a connection between the elements of
G ® I, and those of I, ® G through matrices that permute rows and columns. This
relationship plays a crucial role in the procedure for efficiently computing the matrix-
vector product with (G ® G) (or its transpose, (G ® GN.

Proposition 4.1 Let G € R™*" be a rectangular matrix. Then there exist two matrices
2,2
P,> € R">™ and Py, € R"™* ™ such that

G, =P,0, @ G)Pyp. (13)

Proof The thesis is equivalent to identify two permutation functions for the row and
column indices that rearrange the elements of I,, ® G, making it identical to G ® I,,.
Relation (13) is then established by defining P,» € R™**™* and P,,,, € Rm>mm g
identity matrices of the corresponding sizes, with the specified permutations applied
to their rows and columns [17].

Then we first highlight that the structures of G ® I, and I,,, ® G are given by

gl,llm gl,ZIm gl,nlm G Omn - Omn
I L, - I @) G ---0
Gol,, = 824 m g2,? m ' gZ,r'L m 1,86 = rfz,n T mn . m2 rows
gm,llm gm,ZIm < gmonlm Oman Omn -+ G

nm columns

Consequently, we obtain the elements of G ® I, from those of I, ® G with a permu-
tation that brings the i —th row in position

[ — 1
mod(i—l,m)m+{l—J+l, fori =1...m> (14)
m
and the j—th column in position
. J—1 .
mod(j — l,nym+|——|+1, forj=1...nm, (15)
n

where, for all a, b € N with mod(a, b) we denote the remainder after the division of
a by b and with |a] the floor of a.

Indeed, note that, mod(i — 1, m) (resp. mod(j — 1, n) ) is the quantity that serves
to group the row indices (resp. coloumn) into blocks of m rows (resp. coloumn),

determining the relative position within each block. The value L%J (resp. If%J )
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determines the block number we are considering. See [3, Section 2.5] and [6, Remarks
2-3] for further visualizations and definitions on the block rectangular permutations.

Let e, be the £—th canonical vector with 1 in position £ and zeros elsewhere, that is
(e¢); = dj¢. We conclude the proof choosing P,,» and P,,;,, the two permutation matri-
ces where the one entry equal to 1 is given exploiting the two permutation functions
(14) and (15). In detalil,

Po=lecayles | legmn]. Pum=[eco)lec | | ecmm].
where
. . i—1 , ,
& @) =mod(i — 1,m)m + +1, i=1...m",
m
1 (16)
£.(j) = mod(j — 1, mym + V - J+ L=l .
O

Theorem 4.1 Let G € R™*" be a rectangular matrix and X € R". The matrix—
vector product (G ® G)x can be performed in O(max(m, n) mn) operations with a
matrix—free approach (denoted by Algorithm 2).

Proof Eq. (12) and Proposition 4.1 imply
(G ® G)X = (G & Im)(In ® G)X = sz (Im ® G)an (In ® G)X s

where P,,> and P,,,, are the permutation matrices defined by functions &, and &. in Eq.
(16) in Proposition 4.1. Hence the product (G ® G)x can be decomposed in few steps
that form Algorithm 2. We now analyze the proposed procedure and demonstrate that
it does not require assembling any of the matrix tensor products. Moreover, we prove
that the total computational cost of each step is proportional to max(m, n) - mn.

The cost of step 2 and 4 of Algorithm 2 is O since they only require the index
exchange suggested by &, and &, in Eq. (16). The vector x € R"* can be split into n
vectors Xy of size n. In particular,

£4 = [x(lfl)VH’k]Z:]’ = l,...,l’l.

Similarly, the vector ¥ can be split into m vectors of size n.

The latter and the block diagonal structures of I, ® G and I, ® G, imply that the
multiplications in steps 1 and 3 of Algorithm 2 avoid assembling the matrix G ® G
(or any other matrix tensor product). Moreover, they consist of n and m matrix-vector
products with the matrix G, respectively. Therefore the total computational cost is
proportional to n - nm + m - nm, that is O (max(n, m) - mn). O

Remark 4.1 Since the results presented in this section hold true for any generic rect-
angular matrix, Algorithm 2 can be straightforwardly applied for computing also the
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Algorithm 2 Efficient computation of the matrix—vector multiplication (G ® G)x

Input: G € R"*"; x ¢ R”z; Py and P, 5 as in Proposition 4.1.
1: Compute y := (I, ® G) x € R,

2: Permute the element of y to define ¥ := Py, y;

3: Compute z := (I, ® G)y € ]Rmz;

4: Permute the element of z to define Z := P oz

Output: Z

matrix—vector product (GT ® GT) x. Moreover, in connectivity studies, m 102 is
the number of M/EEG sensors and n o< 103 is the number of cortical locations and in
general n >> m. Then, the estimation cost of the Theorem 4.1 becomes O (mn?).

Remark 4.2 The previous result allows us to handle the natural increase in the com-
plexity of the optimization problem in Eq. (7) and of the associated resolution scheme
based on FISTA. We stress that, in terms of computational efficiency, in the classical
two—step approach based on Tikhonov regularization, the inverse problem reduces to
the solution of a smooth least-squares problem, which can be handled efficiently. The
latter is not a computational bottleneck that our method is designed to address. How-
ever, in the context of M/EEG connectivity studies, efficiency should be understood
in terms of the trade-off between computational effort and reconstruction accuracy.
With our method we seek a substantially higher estimation accuracy than the classical
approach, at the price of solving a more involved linear inverse problem. The results of
Theorem 4.1 and Algorithm 2, together with the complexity estimate discussed above,
ensure that this increased algebraic complexity does not translate into a prohibitive
per-iteration cost, so that the FISTA-based scheme remains computationally viable in
realistic large-scale scenarios.

5 Numerical Validation

The numerical Section is organized as follows. In Subsection 5.1 and 5.2 we describe
how MEG synthetic data were simulated an analyzed using both the classical two—
step approach and the proposed one, referred as one-step approach. The results and
comparison of the two methods are summarized in Subsection 5.3. We highlight that
our approach may still be regarded as a two-step procedure as it requires the estimation
of the cross-power spectrum of the recorded time-series before the optimization step.
However, since the optimization is carried out in the frequency domain and thus
regularization is applied directly to the variable to be estimated, the use of the term
one-step is justified for the sake of conciseness in the current numerical section.

5.1 Brain Connectivity Configurations

To test the performance of the proposed approach under different experimental con-
ditions, we considered the following two brain configurations.
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Configuration 1: three active sources with unidirectional coupling from source 1
to source 2. Inspired by previous works [14, 27, 32], the time—courses of the active
sources were simulated by filtering in the band [8, 12]Hz (« band) a multivariate
autoregressive (MVAR) process of order P = 5 defined as

a@\ P faik 0 0 a—kb\  [e
a0 | =Y a1k ask 0 o=k |+|ao|. a1
z3(1) k=1 0 0 a3,3(k) z3(t — k) €3(1)

The non-zero elements a; j(k) of the coefficient matrix were drawn from a normal
distribution of zero mean and standard deviation 0.9. We retained only coeffi-
cients resulting in (i) a stable MVAR process [19] and (ii) triplets of signals,
(z1(1), z2(1), z3(t))T, such that the £, norm of the strongest one is less than 3 times
the £, norm of the weakest one and such that the average over the range [8, 12]Hz
of the sum of their power spectra was at least 1.2 times the average over the entire
frequency range [32].

Configuration 2: three sources with unidirectional coupling from source 1 to source
2 and 3. The time—courses of the active sources were generated as for Configuration
1, but substituting the model in Eq. (17) with

z1(2) P fajik) O 0 z1(t — k) €1(1)
2@ | =) a1k ask 0 at—k|+|an|. a8
z3(7) k=1 \az1(k) 0 az3k)) \z3(t —k) €3(1)

5.2 Simulation and Analysis of the Observed MEG Time-Series.

We exploited the model in Eq. (1) for generating 50 realisations, {Y(’)}zT=1» of the
observable process for each configuration defined in the previous section. Specifically,

we fixed T = 10,000, and forallr =1, ..., T, we set
y(@) = Gx(1) + e(1), (19)

where

— we extracted the forward operator G from the sample dataset within the MNE
Python package [11] by considering only magnetometers, and by downsampling
the available source space to n = 6940 points. Hence, in our numerical experiment
G has size 102 x 6940 and each column g;,i = 1, ..., n, represents the magnetic
field generated by a point-like unit source placed at the i—th point of the source-
space with orientation normal to the local cortical surface;

— we defined x(¢) by randomly selecting three points of the source—space so that the
pairwise source distances were greater than 4 cm and the pairwise ratios of the
£, norms of the corresponding columns of G were close to one. The components
of x(¢) corresponding to the drawn location were set equal to the time—courses
defined by Eq. (17) or (18) while the value of the remaining n — 3 components
was kept equal to 0;
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— we sampled e(¢) from a multivariate Gaussian distribution A/(0, o°1,,) where we
chose o2 50 as to obtain a signal-to-noise ratio (SNR) equal to 5 dB.

To test the proposed method, for each one of the simulated data, {y(t)}tT:1 , we then
computed the Welch’s estimator, SY(f), and we applied Algorithm 1 by setting f
equal to the frequency in the range [8, 12]Hz where the component S{z( f) peaks.
In our experiments, we set the maximum number of iterations K equal to 5,000, the
tolerance ¢ equal to 107>, and we computed the Lipschitz constant L as in Eq. (10).
To avoid inverse crime and mimic real-life scenarios where the active brain sources
seldom match points of the source-space, the matrix G used within Algorithm 1 is
obtained from that employed in Eq. (19) for simulating the MEG data by further
reducing the source-space to n = 644 points. Finally, we tested four different values
of the regularization parameters, by choosing four different scaling factors « evenly
spaced in log-space in the range [1072, 10~ !]. Then we set A = x A*, where A* =
2

g (Eﬁgg) , being SY = vec(SY(f)). The value A* has been shown to be an
upper bound for the optimization problem (7) to admit a non-null solution [10], while
the lower bound 10~21* has been chosen to guarantee enough sparsity in the obtained
estimates.

The performance of the proposed approach was compared to that of the classical
two—step approach described in Section 3.1. In detail, we first computed the Tikhonov
estimator {x; (t)}tT: | of the neural sources as in Eq. (6) by using the coarse oper-
ator G including n = 644 source locations used also within Algorithm 1. Four
different regularization parameters were tested, namely A = & 107SNVR/10 ith
& € {0.1, 1, 10, 100}. This range has been chosen based on previous literature showing
that the value 1075V R/10 corresponds to the regularization parameter that provides
the best possible estimate of the brain activity in the case of uncorrelated Gaussian
signals [33]. For each value of the parameter, we then computed the Welch’s estimator,
S*:(f), of the time—series {X, ()};cr-

Let S be an estimate of the cross-power spectrum obtained with either the proposed
method or the classical two—step approach. In order to quantitatively compare the two
approaches, we separated the real and the imaginary part of S. For both of them, we
then computed a weighted sum over all the estimated pairwise interactions exceeding
a given threshold of the euclidean distance between the interacting-source locations
and the closest pair of sources truly connected in the sense of the Wasserstein 2-
distance. More formally, denoted with V = {vy, ..., vgoao} and W = {wy, ..., W44}
the source spaces associated to the forward operators used for simulating the data and
within the inverse procedures, respectively, we defined

2

Re (Si))] .
ErrRe = _ReG)l Wi, W), (vp, ), (20)
(w,-,v%:eg’“ 1}1<a/x |Re (S,-j)|(v,,,vq)€grrue ( i Wj P Yq )

where £7¢¢ = {(w,-, wi)eWxWI|i< jand |Re (EJ)| > r} collects the pairs of

source locations between which the estimated cross spectrum exceeds a given thresh-

old, namely T = 0.5 max {|Re (S;;)|}; £7“¢ C V x V is the set of truly connected
i<j
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Table 1 Level of sparsity in the Conf 1 Conf 2
solution provided by the
proposed approach for

decreasing values of the A 98.0% 58.0% 100.0% 78.0%
regularization parameters. For

Real part Imag. part Real part Imag. part

each configuration, each cell of (1, 87) (1, 41) (1,292) (1,284)
the table shows in the first row 4 4 17 17

the percentage of simulated data A3 98.0% 76.0% 100.0% 88.0%
where the real (first column) or (1. 156) (1.318) (1, 401) (1.221)
the imaginary (second column) > > ’ ’

part of the estimated 6 18 19 14
cross-power spectrum shows at A2 100.0% 86.0% 100.0% 92.0%
least one non-null interaction; in

the second row the minimum (1,281 (1, 462) (1,1013) (1,526)
and maximum number of 20 31 44 30
supra-threshold connections A 100.0% 96.0% 100.0% 96.0%
across these data; and in the

third row the mean number of (1, 260) {,325) (1, 4303) (1,2942)
supra-threshold interactions 20 42 144 120

sources, and

1
d (Wi, W), (Vp, vg)) = \/5 min {[|(W;, W;) — (Vp, vo)I15, [|(Wi, Wj) — (vg, V)13 }

is the Wasserstein 2-distance [16].

Similarly, Err™ was defined as in (20) by replacing Re (TS'\, j) with Im (3: j).

For both the proposed method and the classical two-step approach we chose the
value of the regularization parameter that provides the lowest total error ErrR¢ ++Err™.
The corresponding estimated cross-power spectra were compared in order to asses the
advantages of the proposed method.

5.3 Results

Table 1 illustrated the behavior of the proposed approach when varying the amount of
regularization. As expected, the higher the value of the regularization parameter the
sparser the resulting estimation of the cross—power spectrum. In detail, for the highest
value of the parameter, namely A4 := 0.1 A*, for many simulated data the resulting
estimation of the cross-power spectrum does not show any non-null interaction. On the
other hand, for the lowest value of the parameter, namely A; := 0.01 1*, only in two
datasets for both the configurations the imaginary part of the estimated cross-power
spectrum was equal to zero, but the number of supra-threshold connections increased
up to few hundreds for Configuration 1 and few thousands for Configuration 2. We
recall that the threshold T was set equal to half the value of the strongest connection.

Figure 1 shows the main advantages of the proposed one-step method over the clas-
sical two-step approach. In this example, both methods identified connected sources
nearby the truly interacting ones, however the number of false positives is much higher
for the two—step approach. Further, for the two—step approach the value of the cross-
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Real Part Imag Part

2 step

I—ooon IAO 15

Fig.1 Original and estimated cross-power spectrum for one MEG data simulated by using Configuration 2.
In this simulation ErrR€ is equal to 0.077 for the one-step method and to 0.521 for the two—step approach,
while Err!™ s equal to 0.019 and 0.086 respectively

power spectrum is underestimated by several orders of magnitude. As expected, this
improved estimation accuracy comes at the price of a higher computational cost: as
shown by Figure 2 for this simulation more than 3000 iterations of the FISTA algorithm
were required before the objective function in Eq. (7) and the total estimation error
ErrR® + Err'™ reached a plateau. As a consequence, the running time for analyzing
each one of the simulated MEG data with the proposed one-step approach is about 30
minutes, while the classical two-step method takes around 2 minutes.

More in general, in our experiments, the one-step approach outperformed the clas-
sical two-step method as demonstrated by Table 2 and Figure 3. More specifically, for
both the approaches we selected for each simulated data the best regularization param-
eter among those tested as the one minimizing the sum ErrR¢ 4+ Err™. When using
these optimal parameters, the average error of the one—step approach is systematically
lower than that of the two—step approach for both the real and the imaginary part of the
cross—power spectrum in both the configurations. More quantitatively, Table 2 shows
that on average the total error Err®¢ 4 Err'™ of the one-step approach is almost one
order of magnitude lower than the total error of the two-step approach. This is due
to the fact that the number of spurious interactions is much higher for the two—step
approach than for the proposed method, as shown in the second row of Figure 3.
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Fig. 2 Objective function and total estimation error, ErrRe + Errlm, with respect to the iteration number
when the one-step approach is used for analyzing the same simulated MEG data considered in Figure 1

Table 2 Comparison of the total
error ErrRe 4+ Err!™ for the best Conf 1 Conf 2
estimates of the one-step and the Istep 0.28 (0.006, 2.63) 0.39 (0.020, 3.04)

two-step approach. Each cell
shows mean (minimum,
maximum) value across the 50
simulated data.

2step 1.50(0.23, 6.93) 1.65 (0.26, 8.86)

6 Conclusions

The estimation of the brain cortical cross-power spectrum from M/EEG data is typi-
cally achieved in two steps: first the Tikhonov’s least square estimator {x; (¢)};cg of the
brain cortical activity is computed, and then the cross-power spectrum of {x; (¢)};cr
is estimated through e.g. Welch’s method. However, this approach often results in a
large number of false positives. This issue is partially overcome by deriving from the
cross-power spectrum metrics, such as the imaginary part of coherency, that are insen-
sitive to linear mixing of the truly interacting brain source. However, such metrics fail
in identifying instantaneously correlated source. In this work we overcome this issue
by suggesting a novel approach that directly estimates the cross-power spectrum of
the cortical sources from that of the recorded M/EEG time—series. The number of false
positives is controlled by constructing an ¢|-regularized least square estimator of the
cross-power spectrum computed through FISTA.

The proposed method leverages the tensorial structure of the global coefficient
matrix. Therefore, we developed an efficient algorithm where the computational cost
is primarily driven by operations involving the forward matrix G. The advantages of
our method over the classical two-step approach have been demonstrated on a large
number of synthetic data mimicking different brain configurations.

From a methodological point of view, two are the main developments we are plan-
ning. The first one concerns the implementation of an automatic procedure to choose
the regularization parameter by extensively exploring the space of admissible values.
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Fig.3 Quantitative comparison method
of the performance of the mm Istep  @mW 2step
one-step and the two-step

. . 2.00 2.00
approach. First row: error in J—
estimating the real and the S5 75
imaginary part of the cortical ’ '
cross-power spectrum. Second o 555
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Moreover, advanced variants of FISTA, such as schemes with restarts or adaptive step
sizes, possibly employing back-tracking strategies [24] or adaptive estimation of the
Lipschitz constant L [1], could be employed to further improve the computational
efficiency of the proposed method, and to enable a more systematic investigation of
the trade-off between accuracy and computational cost.

The second one concerns implementing different approaches for solving the inverse
problem in Eq. (3), such as Bayesian Monte Carlo approaches [26]. The latter would
have the advantage of also quantifying the uncertainty of the provided estimation even
though at the price of a higher computational cost.

Finally, we observe that the current implementation of the proposed approach pro-
vides estimates of the cross-power spectrum at fixed frequencies. Future work will
be devoted to investigate how to combine the information from multiple frequencies
and/or frequencies ranges.
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