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Abstract. A computationally efficient three-dimensional B-Spline Rankine Panel
Method (B-RPM), tailored for solving the double-body flow problem in marine
hydrodynamics and seakeeping scenarios with a free surface, is presented. The
double-body flow, which is the main and time-independent contribution, serves as
the basis flow for the overall hydrodynamic problem for time domain ship motions,
ruled by the Laplace equation. Initially, a technique was developed that employed
constant source distributions to solve the double-body flow. In a subsequent phase,
the method is enhanced for problems involving hydrodynamic circulation by in-
corporating B-Spline sources and normal dipoles distributions on both body and
free surfaces. An integral approach has been devised, leveraging the second Green
identity and constant sources distribution to address double-body flow and evalu-
ate potential second derivatives on the free surface, respectively. While focused on
simple geometries for initial simulations and validation, this work marks the first
stage of a broader time-domain model. The findings demonstrate that the B-RPM
enables achieving comparable results with fewer panels than traditional constant
source distribution methods. Additionally, it makes the direct analytical calculation
of potential derivatives possible.
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1. Introduction

Since the pioneering work of [1], panel methods have been widely used to solve hydro-
dynamic problems and analyze 3D flows around bodies of arbitrary shape. A classical
approach employs the free surface Green function, with significant contributions from
[2], [3] and [4]. An efficient alternative is represented by the Rankine Panel Method
(RPM), which uses Rankine sources distributed over the boundary surfaces. This choice
simplifies kernels evaluation and offers more flexibility in enforcing free surface condi-
tions.
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The use of RPM in seakeeping originated with [5], who introduced a B-Spline-
based discretization. Unlike the Constant RPM (C-RPM), the B-Spline RPM (B-RPM)
expresses unknowns using quadratic basis functions modulated by spline coefficients,
ensuring continuity and enabling analytical evaluation of first and second derivatives.
Finally, the Weak-Scatterer model, introduced by [6], represents a natural evolution of
the above model.

In the present work, a B-RPM is developed and tested within the full linear time-
domain framework, focusing on steady wave flow solution based on the double-body
flow linearization proposed originally by [7] and [8]. Different numerical solutions are
compared, and an innovative method is proposed to compute second vertical deriva-
tives of the double-body flow potential on the free surface, avoiding finite difference
approximations. This study contributes to a broader effort toward a partially nonlinear
time-domain model that combines full linear and weak-scatterer approaches for large-
amplitude motions analysis.

2. Mathematical Formulation

A right-handed orthonormal reference system, O — xyz, is introduced, which is steadily
translating with respect to an external reference system fixed in space, at the mean speed
of the body, U. In this work, all equations will be referred to this inertial steady trans-
lating reference system. The origin, O, is placed on the undisturbed free surface plane,
Fo, or z= 0. According to exact formulation of the hydrodynamic problem based on the
potential flow theory, the total velocity potential, W(¥X;7), must satisfy the Laplacian in
all the fluid domain, &, and a series of non-linear boundary conditions over the instan-
taneous free surface elevation, %, or z = {(x,y;f) and, on the exact body surface, 7.
These boundary conditions result in the following:

i_(ﬁ_v\p).v} {Z_‘I?(()?x;’t);;t)}:{ﬂV‘P%gC} on z=n(xyt), (1)

ﬁ-vqlzﬁ‘;—tﬁ-ff on , )

1

where 7 is the instantaneous wave elevation and 8(¥;7) is the rigid displacement of a
generic point of .7Z°. To make the present formulation complete, a bottom condition, if
considered, and a decay radiation condition at infinity, are necessary.

2.1. The Linear Time Domain Model Formulation

Involving linearity of the Laplace operator, a general accepted decomposition for total
velocity potential and wave elevation can be formulated as follow:

W(X;t)
n(x;t)

D(F11) + @ (F11) + W(Far) + Y (F10), )
() + L (Fan), @)

where @ is the double-body or basis flow potential, ¢ the local flow potential (repre-
sentative of the impulsive response of the body to motions and velocities), ¥ and § are
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the memory or wave flow quantities, and y* and {¢ are the incident wave quantities.
Decompositions in Eqs. (3) and (4), which can also be found in [9], [10] and [11], are
valid for both linear and weak-scatterer models. However, the main difference between
the two models lies in the size of the single terms. In the linear time domain model, the
main contribution to the total flow is assumed to be the double-body flow, ® ~ &' (1),
and all other remaining terms in Eq. (4) are considered as small perturbations, that is:
O, w,y¢~ O (g)and §,{¢ ~ O(e) with € < 1. In addition, during a forced periodic mo-
tion simulation, the time story for each rigid-body mode is prescribed, so only the wave
field is solved, and its solution is independent of the integration of equations of motion.
In this case, the incident, diffraction, and radiation contributions are implicitly derived
by solution of the local and memory flows, whereby the linearised boundary conditions
are obtained by neglecting incident terms in Egs. (3) and (4).

With these considerations, boundary conditions for the linear model are derived by
substituting Eqs. (3) and (4) within the conditions in Egs. (1) and, after neglecting the
terms of order €, transferring them to the plane z = 0 by applying a Taylor expansion
for small 1. The result of the above process, neglected incident terms, produces the
following evolution equations:

0 _, _82<I> ad¢ Jdy _
L%_( _V¢).V]C8Z2§+az+8z on z=0, (5)
{a&t(ﬂvcp).v]w(j.vrbivquvbgéj on z=0. 6)

In the derivation of the above expressions three conditions were adopted: the double-
body flow rigid-wall condition, ®, = 0 on z = 0, the time indipendence of the basis-flow
(in contrast with weak-scatterer model), &, = 0, and the null local pressure condition,
¢ = 0 on z = 0, which implies the cancellation of the convective term involving ¢ in
the second condition in Eq. (1). In a steady forward motion simulation without imposed
rigid-body mode, the local flow forcing term in Eq. (5), ¢, can be eliminated. Instead,
when the local contribution is present, the decomposition for ¢ proposed by [12] may be
adopted.

The body boundary condition in Eq. (2), neglected local and incident terms, is lin-
earised by transferring it from the instantaneous wetted surface, ¢, to the mean body
position, .77j, where the following balances are imposed:

i-Vo=5-U on %, (7
-Vy=0 on 4, ®)

S

here 7 denotes the outward normal to body surface 2.
2.2. The Boundary Integral Formulation

In Egs. (5) and (6), ¥, y,, and §, which fully characterize the wave field, are unknowns
of the problem. The third equation that completes the mathematical formulation can be
derived from the second Green’s identity, which provides the following boundary integral
formulation in terms of the total velocity potential (see e.g. [13]):
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Zn‘P(fc’;t)—// i-VoW (3:1)]G(¥:3)do
FoUA
)
+// W(6:1)[fi-VoG(¥:8)|do =0 for ¥e . FoU,
FoUHy

where G (%;6) = |¥— 6| is the Rankine potential source with ¥ and & the field and
source point, respectively. Formulation in Eq. (9) is suitable for the basis, local, and
memory flow problem according to the linear decomposition in Eq. (3). Note that the
basis and local flow problems are preparatory to the solution of the memory flow.

3. Numerical Solution of the Wave Field Problem

After obtaining the basis and local flow solution, the system of Egs. (5), (6), and (9)
is solved for each time step for y, y;, and § on %y, and for Y on J%. The solution
scheme consists of discretising the free surface and body surface with a collection of
flat quadrangular panels and then collocating, in sequence, Egs. (5), (6), and (9), in the
centroid of each panel on .%( and /4. Assuming ¢t = t,,..| with n > 0 the present time, the
integration of the evolution equations is carried out via an Emplicit Euler scheme, which
first involves the integration of Eq. (5) to update { at the time ¢ = #,; by explicit Euler
method using the previous value of v, and £, and then integrating Eq. (6) via implicit
Euler scheme to obtain the value of y on .%, at the time # = t,,, 1. Later, ¥ on /%) and
Y, on %, at the time ¢ = 1,4, are obtained from the solution of Eq. (9).

The numerical solution for the wave flow problem is achieved using a B-RPM in
which all unknowns are distributed over the control surfaces using a B-Spline representa-
tion. The generic unknown, ¢ (X;¢), is distributed over each generic-shape quadrangular
panel in the local non-orthogonal coordinates, {&, 7,0}, which discretising the surfaces
Fo and % using quadratic basis functions modulated by appropriate time-dependent
spline coefficients as follows:

(& m3t) = iqjk 22: iQ(m,n;k) [f} {")] (10)

m=07n=0 5}: 6,(7’

In equation above, the unknown quantity q(j ) is distributed on the j—th panel with js = j,

here bg-i) (&) and bgf) (n) are the local basis functions of second order obtained from a
direct manipulation of the global basis functions derived recursively by the convolution

integral of Threfeten (1988). The spline coefficients are denoted with g;, (), 5éj ) and

5,(1/ ) are the mean dimension of the Jj—th panel, and Q (m,n; k) are algebraic coefficients
obtained from the combination of the local basis functions (see [14] for more details).
Due to the superposition of the different basis functions, tangential derivatives of order
one and two are obtained by direct derivation of Eq. (10) in the non-orthogonal local
reference system, and, after a Jacobian transformation, in the local orthogonal reference
of panels, {s,7,0}, by which the velocity field is evaluated. Numerical solution of the
wave flow is obtained by substituting Eq. (10) for the unknowns v, v, and ¢ inside Egs.
(5), (6), and (9). More details about this solution scheme can be found in [10], in [11],
and in [14]. Employing Eq. (10) makes using the B-RPM for the wave flow problem
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preferable, while only the basis and local flow problems are also suitable for the classical
source method solution.

3.1. Constant Rankine Panel Method for the Double-Body Flow Solution

The double-body flow problem satisfies, the Laplacian in &, Eq. (7) on /) and condi-
tion ®, = 0 on .%. Loosing circulation, double-body flow may be solved simply by dis-
tributing Rankine sources on %) and its image with respect to the plane z = 0, J%;" (as-
terisk denotes image quantities). Details about source method are omitted (see Kolz and
hess e.g.), anyway, numerical solution is obtained first by applying at each panel centroid
of ) Eq. (7), and then solving the resulting algebraic system for the unknows sources
intensity Q;(G6) = Q; assumed constant on j—th panel. In this context, the influence
coefficients appear in the following form (7] is the j—th panel surface):

¢mn X ( // (s —x5)" (£ —y5)" % — Gs|~ 3 dsdt. (11

for m,n > 0, where ¥, = {xy,ys,2s} and G, = {s,¢,0} are the field and source point coor-
dinates, respectively, in the local orthogonal reference system of panel. It’s straightfor-
ward to verify that & satisfies the rigid-wall condition on z = 0 as, by geometric consid-
erations it appears that: s ) —sgj), t;<'i) = ( ) and n; AT ( ) , with § = {s,,sy,5.},
f = {t.,ty,t;} and i = i = {ny,ny,n;} the j—th panel unit versors expressed in the

O — xyz base, and, since the problem is symmetric respect the z = 0 plane, it reasults also
¢,’;51~’> = ¢n(fn), for all ¥ € %.

3.2. B-Spline Rankine Panel Method for the Double-Body Flow Solution

For problems involving circulation, the double-body flow solution can be obtained by
solving Eq. (9). For this purpose, the B-RPM, used for the wave flow solution, could be a
convenient numerical approach. Using Eq. (7), the rigid-wall condition, and Eq. (10), the
boundary integral formulation in Eq. (9) is manipulated into the following suitable form
for numerical solution for the double-body flow problem (index i identifies the generic
quantity evaluated in the i—th panel centroid):

N 2 ( )JrDh( n) 9
Zcp,-L y {Z Y Q(m.n:k) ’)}+27r25jik£2(0,0;k)

= nkye?; \m=0n=0 65 mh )5,,(’1 k=1
(12)
¥ o) 7 f (00 0,0
= Ha0.0) 84 5,)
j=1
fori=1,...,Ny + Nr. Here, ®; are the time-independent unknown spline coefficients,

N = Ny + N + N,, where Ny and Np are the number of panels distributed over .7 and
Zy, respectively, and N, denotes the number of the end-spline coefficients. Symbol ¥
indicates a set of nine index pairs, (h,k), containing the number and relative position
information of panels adjacent to the j—th panel. The unknown spline coefficients are
obtained by solution of Eq. (12) after collocating it on the panels centroid arranged on
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Figure 1. Typical computational mesh.

(m,n)

Fo and s%). The quantities, Sin’ and Df;"’"), are higher-order influence coefficients in

the following form (&7, is the j—th panel surface of % or J%4):

-1
|

(m,n) . . o
S' S 1 A\ m AN /] S_GS
{D/%n)}(xs(x)): {ZS}//% (s—l—ttan)/(”) (tsecy<f)) {:;Y_ar|_3}dsdt, (13)

J

with Y/) the skew angle of the j—th panel. Integrals in Egs. (11) and (13) have been
solved using a procedure described by [15]. To maintain the B-Spline representation at
the domain edges consistent, system in Eq. (12) is completed by N, equations imposed
over a single layer of imaginary panels surrounding the truncated domain in all direc-
tions. To identify these additional spline coefficients, the natural spline condition of zero
end-curvature has been implemented.

3.3. Evaluation of the Vertical Second Derivative of the Double-Body Flow Potential

The B-RPM used in the present work allows the tangential derivatives on the control
surfaces to be evaluated accurately, but not the normal ones. The second derivative in Eq.
(5) is a fundamental contribution to solving the wave flow problem, and it could be as-
sessed, avoiding the use of the finite difference method, by using the source formulation
and introducing an auxiliary potential, such that:

. ; 1 & o H00) ;
AX) =, (%) = ~in Z Q. {55-0’0) (¥)— S/-(O’0> (x)} for ¥€ 9. (14)
=1

In order to satisfy the rigid-wall condition on %y, the unknown source intensity are
defined so that Qz = —Q..j, thus for ¥ € %, S;‘-(O’O) = SEO’O) for symmetry, and A =
@, = 0. Using the previous values obtained with the C-RPM or B-RPM procedure for
@, evaluated in the centroid of each panel on 443, the Ny unknown intensities, Q. ;, can
be obtained from the solution of the system A (X;) = ®,(¥;), fori = 1,...,Ny. After that,
by direct derivation of Eq. (15), the vertical second derivative of ® on .% is obtained

as A; (¥) = @, (X). The resulting expression of @, is expressed in terms of the panel
moments d)o*(g”, ¢1*(§j), and ¢gl(j), defined in Eq. (11).
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Figure 2. Sensitivity of vertical force (a,b) and pitch moment (c,d) to spatial discretisation and Froude number,
Fr.

4. Simulations and Results

A series of forced motion simulations was carried out to validate the consistency of the
present B-RPM. The body starts impulsively from rest and reaches the steady speed, U,
on a calm free surface. These simulations employed various numerical techniques for
numerical force computation, enforcing radiation conditions, and noise filtering for saw-
tooth waves. Results include a direct comparison between the C-RPM and B-RPM meth-
ods for solving the double-body flow problem; the wave (or memory) flow was addressed
using only the present B-RPM. To highlight the differences between the two methods,
the analysis focused on steady wave flow based on the linearisation of the double-body
flow without external forcing, excluding the local flow solution. Simulations were carried
out using Wigley’s hull in Journée’s Model I configuration to enable rapid validation of
the model (e.g., with the results of [10]). A representation of the computational mesh is
reported in Figure 1. The numerical beach limit for implementing the radiation condition
is also visible. The principle adopted for the realisation of this numerical tool is based on
the study of [16], and further details can also be found in [11] and [17].

Hydrodynamic forces were obtained by integrating the linearized pressure over the
hull surface, J%:

a — — 1
py(X;t)=—p E—(U—VCD)-V y/+p(U-VCI>—EVCI>-VCI>). (15)
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Figure 3. Comparison of C-RPM and B-RPM results in terms of vertical force (a) and pitch moment (c), for
Fr = 0.4; sensitivity of vertical force (b) and pitch moment (d) to time-step size 6z+/g/L, for Fr =0.3.

The wave-induced hydrodynamic force consists of an unsteady memory flow and
a predominant steady double-body flow component. The presence of any incident flow
should be included in this force, while local contributions are expressed through hydro-
dynamic coefficients directly within the equations of motion. In free-motion simulations,
accurately evaluating the time derivative involving y in Eq. (15) is critical (see [18]).
Finite-difference schemes can provide sufficiently accurate results, but may lead to insta-
bilities during equations of motion integration, despite the time-step choice. To address
this, an integral explicit method (IEM) has been implemented to compute the time deriva-
tive in Eq. (15). This approach exploits the harmonicity of the function y; and relies on
the application of Eq. (9). Results obtained using this methodology are also presented in
this study.

Figure 2 presents the heave force and pitch moment to validate the consistency and
sensitivity of the model concerning some simulation parameters. Specifically, Figures 2a
and 2c show the influence of the number of panels used for hull discretisation, while Fig-
ures 2b and 2d illustrate the effect of the Froude number, Fr = U //gL. For all analyses,
the evolution equations were integrated using a time step 6¢4/g/L = 0.025, which lies
well within the stability region for the propagation of the discrete wave field (see, e.g.,
[15] and [19]). The computed values and trends are consistent with the results reported by
[11], and convergence was achieved in all the test cases examined. The size and param-
eters of the numerical beach were calibrated based on the mean forward speed, U, while
the suppression of sawtooth waves was achieved through a 7-point interpolating filter
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Figure 4. Comparison of the wave pattern obtained with C-RPM and B-RPM for double-body flow solution
at time instant Ut /L = 0.5 (a), and Ut /L = 5.0 (b), for Fr = 0.45.

applied to the free surface every 10 time steps; see [20] for further details. The filter’s
effect is observable as small spike-error peaks appearing in the forces’ time histories, but
it does not involve any change.

Figure 3 shows the heave force and pitch moment results obtained using both the
C-RPM and B-RPM for the double-body flow solution. From the comparisons in Figures
3a and 4a, it is evident that the B-RPM, with a coarser geometric discretisation (Ny =
550 and Ng = 1380), provides results comparable to those of the C-RPM with a finer
discretisation (Ny = 770 and Ng = 1950). The differences between the forces are partly
due to the accuracy of the force computation, which is significantly higher through the
B-RPM. Finally, Figure 4 compares the wave field generated by the model advancing
at constant speed at two different time instants, computed using both the C-RPM and
the B-RPM. Although calibration for the numerical beach is not always straightforward,
as shown by the small reflection phenomena in Figure 4b, there is a strong agreement
between the two wave patterns.

5. Conclusions

In this study, several methods were compared to solve the double-body flow problem,
which is considered crucial for ensuring stable forced and free-motion simulations that
require the integration of the equations of motion. Among the methods analyzed, the B-
RPM demonstrated higher accuracy even with fewer panels for geometric discretization
than the C-RPM. It also allows for the analytical computation of tangential derivatives
via Eq. (10). This feature proved to be essential in free-motion simulations, where the
accurate evaluation of the forcing term in the local flow problem, involving derivatives
of the potential @, is critical for correctly integrating the equations of motion.

Preliminary simulations show that the developed model can solve the wave flow
problem, provided the numerical beach is properly calibrated. The integral method for
computing ®_,, the integral explicit method (IEM) for y;, and the numerical filter on the
free surface proved to be effective numerical tools.
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This work provides a solid foundation for the ongoing extension of the B-RPM

to free-motion simulations. The next step will be the gradual integration of nonlinear
effects, to develop a B-RPM suitable for a nonlinear model based on the weak-scatterer
assumption.
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