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PCA‑based synthetic sensitivity 
coefficients for chemical reaction 
network in cancer
Giorgia Biddau 1*, Giacomo Caviglia 1, Michele Piana 1,2 & Sara Sommariva 1

Chemical reaction networks are powerful tools for modeling cell signaling and its disruptions in 
diseases like cancer. Realistic chemical reaction networks involve hundreds of proteins and reactions, 
resulting in a model depending on a consistently large number of kinetic parameters. Since finely 
calibrating all the parameters would require an unrealistic amount of data, proper sensitivity analysis 
is required to identify a subset of parameters for which fine tuning is needed and thus provide a 
fundamental tool for the qualitative analysis of the network. We present a multidisciplinary approach 
for computing a set of synthetic sensitivity indices. These indices rank the kinetic parameters, 
based on the impact that errors in their values would have on the protein concentration profile at 
equilibrium. Our tests on a chemical reaction network devised for colorectal cells demonstrate the 
effectiveness of the considered sensitivity indices in different scenarios including in-silico drug dosage 
and novel therapeutic target discovery. The Matlab code for computing the synthetic sensitivity 
indices and the data concerning the network for colorectal cells are available at https://​github.​com/​
theMI​DAgro​up/​CRN_​sensi​tivity.

Keywords  Chemical reaction networks, In-silico simulation, Colorectal cancer, Principal component 
analysis, Sensitivity analysis

The mathematical modeling of chemical reactions networks (CRNs) may involve a large number of differential 
equations and parameters1. By instance, a model recently proposed for the G1-S phase of a colorectal (CR) cell 
incorporates the available biological knowledge into a system of 419 proteins and protein complexes interact-
ing through 850 chemical reactions with as many rate constants2–4. In this model, under the assumption of the 
validity of mass action kinetics, the network accordingly corresponds to a non linear system of 419 ordinary 
differential equations (ODEs), involving 419 protein concentrations as unknowns, and 850 rate constants as 
equations’ coefficients4. Following an assignment of 419 initial conditions, the solution of the system of ODEs 
provides the simulated time course of the concentrations, and the (possibly allowed) asymptotic stationary state, 
to be identified with an equilibrium state. Numerical simulations may be used to predict changes in the model 
response resulting from varied external signals or internal conditions1, to put into evidence feedback effects3,5, 
and to determine the impact of the introduction of targeted drugs3,5, 6.

Previous works5–7 have demonstrated the strength of mathematical models grounded on CRNs in providing 
insights on the complex mechanism behind cancer onset and progression. In fact, most human cancers are highly 
heterogeneous and dynamic diseases that appear after accumulation of several genetic mutations in the cell8,9 . For 
example, it has been estimated that five to ten tumor-specific driver mutations usually concur in colorectal cancer 
(CRC), and the most frequent and dangerous alterations usually pertain the genes TP53, APC, KRAS, PTEN, 
SMAD4, PIK3CA, BRAF, and AKT2,10 . Modern CRC therapies often include the use of one or multiple targeted 
drugs which aim at facing cancer progression by inhibiting or expanding the effects of specific genes somehow 
involved in the genetic alteration underlying cancer growth11,12 . From a mathematical point of view, it has been 
shown that global effects induced on the network by partial or complete mutations and by (combined) targeted 
therapies can be quantified by properly modifying the CR-CRN and then comparing the equilibrium states of 
the original and the mutated networks5–7 . Furthermore, a fast optimization approach has been introduced13 
for efficiently computing such equilibria without simulating the whole network dynamics, resulting in a fast 
algorithm which is a first crucial ingredient towards the ultimate aim of tailoring the network to a personalized 
therapy. Focusing on the equilibrium states rather than on the whole network dynamics has obvious limitations. 
Despite this the analysis of steady-state perturbation response data has gained an increasing role in the design of 
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novel targeted therapies3,14, 15 . In the context of simulating and comparing the effects of different mutations and 
different targeted therapies for cancer, the choice of focusing on the steady states of the network is motivated by 
the timescale of the considered biological processes. In fact, it is reasonable to assume that the involved mecha-
nisms of cell signaling are almost instantaneous when compared to other cellular processes concerning, e.g., the 
production of large proteins or cell duplication. As a consequence, the concentration of the proteins involved in 
these signaling networks can be regarded as at or near equilibrium16 .

It is well known that the results obtained from simulations depend on the values assigned to the parameters 
and to the initial conditions, which, in the case of the CR-CRN in the G1-S phase17, were fixed on the basis of 
literature data2. This fact opens a crucial issue about how to quantitatively assess the impact of the parameters’ 
uncertainty on the equilibrium state of a CRN. A second, somehow associated problem concerns how to properly 
design the numerical simulations and interpret the corresponding (parameter dependent) results in order to 
identify possible molecular targets of drug’s action. The present paper is devoted to a general analysis of these 
problems, and illustrates a multidisciplinary approach for their solution arising from sensitivity analysis. Since we 
are interested in the network equilibrium, we focused on a local approach specifically tailored to static conditions 
in order to avoid the complexity of global dynamical approaches1,18–21, most of which cannot be easily adapted 
to our model, which includes several hundreds of state variables. Specifically, our approach relies on two steps: 
an application of the implicit function theorem in order to analytically compute the local sensitivity matrix of 
the equilibrium states with respect to the model parameters22; and a principal component analysis (PCA), which 
leads to the distinction between sensible and non sensible rate constants and initial conditions via the definition 
of a set of synthetic indices, henceforth denoted as statistical sensitivity indices (SSIs), weighing the relevance of 
either a specific constant or of the corresponding reaction. This two–step approach was inspired by a previous 
work23 , where a local sensitivity matrix was computed at each time-point of the network dynamics by solving 
through numerical approximation a dedicated ODEs system. Then PCA was performed on these time–varying 
sensitivity matrices. Two are the main differences of our approach with respect to that proposed by Liu and 
colleagues: (i) as we shall see later in the manuscript we provide a more statistically accurate definition of the 
sensitivity indices that is not affected by the ambiguity of the sign of the eigenvectors computed through PCA; 
(ii) by focusing on the equilibrium state rather than on the whole network dynamics we are able to analytically 
compute the sensitivity matrix thus providing more accurate results while keeping low the computational cost of 
the algorithm. This made it possible to apply our approach to a more complex network than the EGF signaling 
network considered by Liu and colleagues24 which involves only 94 species interacting in 125 reversible reac-
tions. The application of our analysis to CR-CRN shows that the SSIs provide a reliable measure of the mutations’ 
impact on the protein expression, and allows the identification of the reactions that are mostly triggered by those 
mutations. Further, the SSIs may play a crucial role in the identification of novel therapeutic targets and in the 
design of in-silico simulations for drug dosage.

Results
Synthetic sensitivity indices for CRNs
The present work focuses on a CRN devised for modeling signal transduction in a colorectal cell during its G1–S 
phase2,5. The network, henceforth denoted with CR-CRN, comprises n = 419 proteins and protein complexes, 
denoted as A1, . . . ,An , involved in r = 850 chemical reactions. The list of the abbreviations used for some of 
the proteins relevant for this work is provided in Supplementary Table S2 . As detailed in the Methods section, 
by applying the law of mass action, the dynamic of the network can be described by the following system of 419 
ordinary differential equations (ODEs)

where x = (x1, . . . , xn)
T ∈ Rn

+ are the molar concentration (nM) of the chemical species, k = (k1, . . . , kr)
T ∈ Rr

+ 
is the vector of reaction rate constants, S ∈ Zn×r is the stoichiometric matrix, v(x, k) ∈ Rr

+ is the vector of reaction 
fluxes defined through the law of mass action, and the superimposed dot denotes time derivative25–27. By study-
ing the null space of S , it can be shown that the proteins within the CR-CRN are involved in p = 81 independ-
ent semi-positive conservation laws28, . Each conservation law identifies a group of proteins whose combined 
concentrations remain fixed during the network dynamics, while the amount of the single proteins may change 
(see Supplementary Note S1 for further details). In the following, we will denote with c = (c1, . . . , cp)

T the set 
of total combined concentrations associated with the conservation laws. In a previous work4 it has been conjec-
tured the CR-CRN satisfies the global stability condition, that is the network has a unique asymptotically stable 
equilibrium x∗ for any fixed k∗ and c∗. Furthermore, it has been shown that the effects of two classes of mutations 
commonly found in cancer and resulting in the gain or loss of function of some of the network proteins can be 
simulated by changing the values of some of the rate constants or by reducing the total combined concentration 
within some conservation laws, respectively.

Local sensitivity analysis consists in determining how the small variations of a parameter input influence 
the output of a certain model29,30. In this particular case, we are interested in studying the local sensitivity of an 
equilibrium/stationary state x∗ with respect to perturbation of the rate constants k∗ and the conservation laws’ 
constants c∗ . Towards this end, we propose an algorithm based on the following two steps thoroughly described 
in the Methods section and summarized in Fig. 1.

1.	 Analytic computation of the local sensitivity matrix 

(1)ẋ = Sv(x, k)
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 where h∗ = (k∗, c∗) . We observe that ∇hx(h
∗) is a matrix of size n× (r + p) where the first r columns define 

the sensitivity matrix with respect to k∗ , while the last p columns define the sensitivity matrix with respect 
to c∗.

2.	 Computation of the SSIs by applying PCA to a scaled version of ∇hx(h
∗) . PCA can be performed on the 

whole matrix, thus accounting for the effects of all the parameters on the overall equilibrium point of the 
network. However, in many practical scenarios, one may be interested in investigating the effects concerning 
specific proteins, acting e.g. as tumor suppressors, or groups of proteins involved in specific pathways, such 
as e.g. the mitogen-activated protein kinase (MAPK) pathway which plays a relevant role in the onset and 
progression of many cancers, including colorectal cancer7,31 . In this case, our approach can be applied to 
a proper submatrixof ∇hx(h

∗) defined by a subset of species A = {Ai1 , ...,Aiñ } with ñ ≤ n , and a subset of 
parameters, h̃ =

(
hj1 , . . . , hjτ

)
 with τ ≤ r + p , of interest. Here ñ and τ are the number of selected species 

and network parameters, respectively, and can be arbitrary chosen by the user based on his/her research 
question. In the next sections, we will illustrate some possible choices for A and h̃ , and thus for ñ and τ , in 
four different scenarios.

(2)

∇hx(h
∗) :=




∂x1
∂k1

(h∗) . . . ∂x1
∂kr

(h∗) ∂x1
∂c1

(h∗) . . . ∂x1
∂cp

(h∗)

...
...

∂xn
∂k1

(h∗) . . . ∂xn
∂kr
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∂c1
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
 ,

Figure 1.   Schematic representation of the workflow for computing the SSIs. (a) Sensitivity analysis allows the 
quantification of how small changes in the input parameters, namely the rate constants k∗ and the conservation 
laws’ constants c∗ , impact the protein concentrations x∗ at equilibrium. (b) By applying the implicit function 
theorem, the sensitivity matrix ∇hx = [∇kx,∇cx] can be analytically computed. (c) SSI values are then 
determined by performing a PCA of the whole rescaled sensitivity matrix or of a proper submatrix (yellow 
bands) representing a given subnetwork.
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Effectiveness of the SSIs
As a first experiment we ranked the impact of a perturbation in the value of each reaction and each conservation 
laws’ constant within the CR-CRN. Specifically , we applied the algorithm sketched in Fig. 1 twice by defining the 
set of the considered parameters, h̃ , equal to k (hence τ = r ) and c (hence τ = p ), respectively, while keeping the 
whole set of species (hence ñ = n = 419 ) . As can be seen from Fig.  2, only 131 out of the 850 rate constants are 
associated with a SSI greater than 0.001, while for 462 rate constants the SSI ranges between 10−3 and 10−4 and for 
the remaining ones the SSI is lower than 10−4 . Instead, as far as the conservation laws’ constants are concerned, 
24 out of the 81 constants have a SSI grater than 10−2 , while 43 constants have a SSI that ranges between 10−2 
and 10−3 , and the value of the lowest SSI is equal to 5.6× 10−4 .

To verify the effectiveness of our definition of the SSIs, we quantified the effect induced on the equilibrium 
of the network by changing, one at the time, the components of k and c characterized by the maximum, median, 
and minimal SSI values, respectively. The results of this computation are presented in the lower panels of Fig.  2 
and clearly show that these components are, respectively, the ones with highest, median, and lowest sensitivity, 
this latter being assessed as the Euclidean norm ||�̂x|| of the relative difference, defined in Eq. (15), between the 
equilibrium of the original network and that reached by the CRN containing the modified parameter. As thor-
oughly described in the Methods section, the squared norm ||�̂x||2 has been denoted as Q(�̂h) and quantifies 
the overall change on the protein concentrations at equilibrium induced by modifying the values of the network 
parameters as just described.

SSIs for identifying therapeutic targets
This second experiment aims at illustrating how the SSIs could support the development of targeted therapies. In 
detail , we analysed the sensitivity of the equilibrium concentration of p53 with respect to the conservation laws’ 
constants by running the algorithm sketched in Fig. 1 with A = {p53} and h̃ = c , and thus ñ = 1 and τ = p . Since 
our aim is to illustrate the feasibility of our approach, we focused on the tumor suppressor p53 as mutations of 
the corresponding gene TP53 are among the most frequent mutations found in colorectal cancer and thus a rich 
literature is available to validate our results32–34. Furthermore, we focused on the SSIs for the conservation laws 
because we aim at identifying possible molecular targets, that are proteins whose concentration may be increased 
or reduced for indirectly acting on p53 concentration without modifying the network. Different experiments 
may be conducted by the interested readers by exploiting the code and data accompanying the manuscript.

As shown in Table 1, the SSI values allow ranking the conservation laws based on the impact that a change in 
the value of the corresponding constants would have on the concentration of p53. Possible therapeutic targets 

Figure 2.   Sensitivity analysis for the CRN modeling a healthy colorectal cell. (a, b): distribution of the SSIs 
associated to the rate constants k (left) and to the conservation laws’ constants c (right). In both panels, colored 
dots represent the values of the minimum (red), median (blue), and maximum (black) SSI. (c): 

√
Q(�̂k) as a 

function of the relative variation of the rate constants with minimum, median, and maximum SSI values. (d): √
Q(�̂c) as a function of the relative variation of the conservation laws’ constants with minimum, median, and 

maximum SSI values.
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may be identified by looking at the elemental species involved in the conservation laws associated with the highest 
SSI. As an example, in this case the conservation law associated with the maximum SSI value is the one associated 
to MDM2, a gene whose encoded protein can promote tumor formation by targeting tumor suppressors such 
as p535,35,36. Coherently, a further analysis not shown here demonstrated that p53 concentration is increased by 
reducing the component of c that represents the total combined concentration available within the conservation 
law involving the elemental species MDM2. This may be achieved, for example, by using proper inhibitory drugs 
acting directly on MDM2 or on the proteins involved in its production .

SSIs for highlighting the impact of mutations
A greater significance of our approach to sensitivity analysis is concerned with applications to mutated CRNs. 
As illustrative examples, we considered four different mutated networks obtained incorporating into the CR-
CRN four among the mutations more commonly found in colorectal cancer, namely the loss of function (LoF) 
of APC, SMAD4, and TP53 and the gain of functon (GoF) of KRAS. For each mutated network, we computed 
two distinct sets of SSIs, associated to the rate constants k and the conservation laws’ constants c , respectively, by 
applying the algorithm sketched in Fig. 1 as described in the Methods subsection Sensitivity analysis of a mutated 
CRN. The computed SSIs were then compared with the corresponding values in the physiological CR-CRN.

In this context, the SSIs play two roles. On the one hand, they allow a rigorous evaluation of the overall effects 
of each mutation on the network. This role is clearly shown by Figs.  3 and 4, which represent the two computed 

Table 1.   SSI for the conservation laws’ constants when only the concentration of TP53 is considered. For each 
of the SSIs in the first column, the second column shows one representative protein ( elemental species ) of the 
corresponding conservation law. Only SSI higher than 0.015 have been displayed.

ecj  j− th elemental species 

0.455 MDM2

0.351  ARF

0.024  TP53_generator

0.022  Pho13

0.017  Pase2

0.016  AKT

0.016  Pase1

Figure 3.   SSI values for all rate constants in the case of four mutated networks (black solid line) with respect to 
the SSI values of the physiological CRN (red dashed line).
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sets of SSI values for all the considered colorectal cancer mutated networks. These figures indicate that the KRAS 
GoF mutation strongly modifies the SSI values of most indices and this is coherent with the fact that the con-
centration values at equilibrium are significantly altered by the presence of such GoF mutation in the network5.

On the other hand, and more importantly, the SSI values also allow the identification of the specific reactions 
in the network that were mostly affected by each mutation. This second role of SSIs is pointed out by Table 2 that 
contains a list of reactions ranked according to the values of the relative difference between the SSI values in the 
physiological and mutated cases. All these reactions are related to the signalling pathways of the Ras protein, 
which is involved in the most important signalling cascades regulating cell growth, proliferation, and survival 
for many cancer types9,37. Specifically, via R41, free Ras is freezed in the inactive chemical compound Ras−GDP , 

Figure 4.   SSI values for all conservation laws’ constants in the case of four mutated networks (black solid line) 
with respect to the SSI values of the physiological CRN (red dashed line).

Table 2.   Reactions whose sensitivity indices are mostly effected by the GoF mutation of KRAS. For each 
reaction listed in the second column, the first column shows the reference number attributed to the reaction 
in the supplementary material of Tortolina and colleagues2, while the third column contains the relative 
differences δekj  between the value of the SSI ekj  in the original and in the mutated network. Only the first 10 
reactions with highest absolute value of δekj  have been displayed.

Reference # Reaction δekj  

R41  Ras + GDP -> Ras_GDP 1.91 × 107 

R294  ERBP_ShP_G_S -> ERBP_ShP_G + SOS 2.91 × 104 

R49  RP_ShP_G_S_Ras + GTP -> RP_ShP_G_S_Ras_GTP 2.88 × 104 

R412  ERB3P_Sh -> ERB3P + Shc 2.86 × 104 

R415  ShP + ERB3P -> ERB3P_ShP 1.23 × 104 

R297  ERBP_ShP + G_S -> ERBP_ShP_G_S 8.64 × 103 

R302  ERBP_ShP_G_S_Ras + GDP -> ERBP_ShP_G_S_Ras_GDP 5.78 × 102 

R57  RP_G_S_Ras_GDP -> RP_G_S_Ras + GDP 5.78 × 102 

R420  ERB3P_ShP_G + SOS -> ERB3P_ShP_G_S 5.78 × 102 

R52  RP_ShP_G_S + Ras_GTP -> RP_ShP_G_S_Ras_GTP 4.95 × 102 
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while R52 leads to a reduction of the active form Ras−GTP , which is expected to be available in large amounts 
because of the mutation; the same compound of R52 is generated in reaction R49. Further, among the three 
reactions R294, R297, and R302, only the last one involves Ras explicitly, via the compound Ras−GDP . The other 
two reactions deal with the same compound ERBP−ShP−G−S but, more importantly, they are deeply involved 
in the process of signal transmission from the activation of receptors on the cell membrane to the molecules of 
Ras. Similar remarks hold true for the remaining reactions R412, R415, R420 (see the Supplementary Material 
in the paper by Tortolina and colleagues2).

SSIs for in silico‑based drug dosage
One of the main role of the SSIs is to identify which parameters require a fine calibration when, e.g., devising 
novel networks or when an existing network is employed for the in-silico comparison of different therapies. To 
illustrate this application, we considered the mutated CR-CRN incorporating a GoF mutation of KRAS and, 
following the model proposed in a previous work7, we enlarged it with two groups of reactions mimicking the 
effect of two drugs: Dabrafenib (DBF) and Trametinib (TMT) targeting B-Raf and MEK, respectively. The action 
of 40 nM of DBF and 240 nM of TMT was considered since these concentrations were found to minimize the 
difference between the equilibrium of the modified and the original healthy network7.

Figure 5 shows the SSI values for the conservation laws’ constants obtained by applying the algorithm sketched 
in Fig. 1 with the parameters of the novel network. In particular, the SSI associated to the conservation law involv-
ing DBF is equal to 0.247 and results much higher than the SSI associated to the conservation law involving TMT, 
which is equal to 7.98× 10−4 . This means that when the developed network is used for the in-silico comparison 
and evaluation of different drug dosages a finer set of values should be used for DBF because small variations in 
its concentration may have a great impact on the equilibrium reached by the network.

Discussion
CRNs are typically characterized by a huge number of variables and, although static formulations reduce the 
number of parameters in the game, calibration of a CRN is often a challenging issue. Sensitivity analysis of both 
physiological and mutated CRNs is an effective way to identify the parameters that mostly affect the overall 
behavior of the network and thus need to be finely calibrated.

In our view, the sensitivity index introduced in this paper has several advantages. It is specifically tailored 
to the static case and is based on PCA, which makes its computation rather straightforward. From a technical 
viewpoint, it is not affected by the intrinsic ambiguity of the sign of the eigenvectors, as it occurs in the case of 
the index introduced in previous works3,23. Further, it can be applied for the sensitivity analysis of a specific single 
species, of a specific pathway, and of the whole network; and, also, it can be used to nicely rank the reactions 
with respect to the impact that a specific mutation has on the signalling pathways. Finally, although we have 
validated SSI in the case of the CR-CRN, this index has a more general value, and can be utilized for assessing 
the equilibrium condition of any mutated signalling network.

We reckon that one of the main limitation of the present work is that it only focuses on a local approach to 
sensitivity analysis for which an initial guess of the values of the parameters is required and defined based on 

Figure 5.   SSI values for all conservation laws’ constants for the network incorporating a GoF mutation of KRAS 
and the combined effect of two targeted drugs, namely DBF and TMT. The red and yellow stars highlight the 
value of the SSI associated to the conservation law involving DBF and TMT, respectively.
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literature data. This choice was mainly motivated by the fact that many of the existing global approaches, based 
e.g. on Monte Carlo sampling or polynomial chaos expansions, can currently tackle only small problems38,39. 
However, future effort will be devoted to implement a global sensitivity approach that do not suffer of such scal-
ability issue and could be applied to the CR-CRN40.

Another limitation concerns the fact that we focused our sensitivity analysis at the steady state of the network, 
after assuming that a unique steady state exists if the values of all the parameters of the network are fixed. Our 
definition of the SSI based on the PCA of the scaled local sensitivity matrix (second step of our approach) easily 
generalizes to the dynamic case. On the contrary, working at the equilibrium, either stable or not, is a crucial 
assumption in order to analytically compute the local sensitivity matrix through the implicit function theorem 
(first step of our approach). Future effort will be devoted in developing an algorithm capable of efficiently com-
puting the local sensitivity matrix at each transition state of a solution of the ODEs system (1) also for complex 
networks involving hundreds of proteins and reactions such as the CR-CRN considered in this work. Further-
more, a second study has been planned aimed at exploiting algebraic tools, based e.g. on Gröbner basis, for 
identifying possible values of the kinetic parameters for which the equilibrium of the network is not unique41,42 
. If the identified values of the parameters correspond to biologically plausible scenarios, then we could use 
our approach for performing sensitivity analysis at each equilibrium reached by the network. In principle, the 
SSIs computed for distinct equilibrium points are different, thus a dedicated algorithm has to be developed for 
comparing and integrating them, for example by statistically comparing the PCA of the local sensitivity matrices 
at different locations43 .

Another possible next step will be to use the SSIs, possibly coupled with more advanced model reduction 
techniques based e.g. on information-geometry and sloppy modeling44 , to select the sensitive pathways within 
the global CR-CRN. Then, computational algorithms based on inverse problems theory45 will be used to finally 
calibrate the parameters associated with a high value of the SSI using experimental measurements of the proteins’ 
concentrations at equilibrium. The values of the other parameters will be more coarsely approximated by using 
literature data. It is worth noticing that in practice a perfect estimation of the network parameters is actually 
impossible since any CRN model is obviously incomplete with many missing proteins and reactions46 . As a con-
sequence, the considered parameters often account for numerous unmodelled effects. However, our final aim is 
not to perfectly estimate the value of the network parameters but rather to provide a valid tool for quantitatively 
simulating the effects of different therapies and thus, e.g., helping in prioritizing actual clinical trials.

Methods
Background: computation of CRNs equilibrium
We consider a CRN comprising r reactions involving n well-mixed chemical species and assume that the law of 
mass action kinetics holds. Throughout the paper, we shall denote with xi(t) , i = 1, . . . , n , the molar concen-
tration (nM) at time t of the i− th species Ai , and with kj , j = 1, . . . , r , the rate constant corresponding to the 
j− th reaction. The dynamic of the species concentration can be described by a system of n ordinary differential 
equations (ODEs) as in Eq. (1).

We further assume the CRN to be weakly elemented4, that is p = n− rank(S) independent conservation 
laws exist described by the linear system

where c ∈ R
p
+ is the vector of conservations laws’ constants whose values can be defined as c := Nx0 , being x0 

the initial values of the species concentrations , and the matrix N ∈ Np×n is determined by computing the kernel 
of ST and is assumed to contain a minor equal to the identity matrix of size p. Therefore, up to a change in the 
order of the components of x , we can consider the decompositions

where x1 is a p-vector of the so called elemental species4, and S2 ∈ R(n−p)×r has rank (n− p) and is the submatrix 
of S corresponding to the non-elemental species. An illustrative example on how to compute and interpret the 
conservation laws and the elemental species for a simpler network is provided in the supplementary material 
(see Supplementary Note S1).

It follows from the definition of conservation laws that NS = 0 , whence S1 = −N2S2 . It can be shown13,26 that 
the equilibrium (stationary) solution of the Cauchy problem is determined by the algebraic system

We observe that seeking the solution of this algebraic system is equivalent to the root-finding problem

where f : Rn × Rr × Rp −→ Rn is a continuously differentiable function defined as

(3)Nx = c,

(4)N =
[
Ip N

p×(n−p)
2

]
, x =

[
x1
x2

]
, S =

[
S
p×r
1

S
(n−p)×r
2

]
,

(5)
{
S2v(x, k) = 0
Nx − c = 0

.

(6)f (x, k, c) = 0,

(7)f (x, k, c) =

[
S2v(x, k)
Nx − c

]
.
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Since each reaction involves up to two reactants, from the law of mass action it follows that the components of 
f  are polynomials of degree two or lower.

A CRN is said to satisfy the global stability condition4 if to any fixed k∗ and c∗ there corresponds a unique 
asymptotically stable equilibrium x∗ , which may be determined by either a dynamic simulation4 or the solution 
of (5)13.

It has been demonstrated that the action of two particular classes of mutations can be simulated by modifying 
the original Cauchy problem associated to the CRN through proper projectors acting on the initial conditions, 
and thus on the conservation laws’ constants c , or on the stoichiometric matrix S4,5. In detail, a class of mutations 
resulting in the loss of function (LoF) of an elemental species can be implemented by setting to zero the constant 
of the conservation law where it is involved. It follows that the concentration of all the species involved in such 
a conservation law will remain null over time. A class of mutations resulting in the gain of function (GoF) of a 
species is implemented by removing from the network the reactions involved in its deactivation.

Local sensitivity matrix and statistical sensitivity indices
In this section we thoroughly describe the two steps that form the proposed algorithm for computing the SSIs.

Step 1. Analytic computation of the sensitivity matrix
We consider a weakly elemented CRN and we assume that

On account of the implicit function theorem47, equations (5) and (8) imply that there exists one and only one 
x = x(h) such that

for h in a neighborhood of h∗ , meaning that x(h) is the equilibrium point of the CRN defined by the set of 
parameters h . Further,

where, according to the definition of f  in (7),

and

Step 2. Computation of the SSI
Following the work by Liu and colleagues23, to quantify the overall effect that a relative change in the parameters 
h induces on the protein concentrations at equilibrium, we define the positive semi-definite quadratic form

where

and

x(h) = (x1(h), . . . , xn(h))
T being the equilibrium reached by the network with parameters h . We observe that, 

in order to compute �̂x , we shall assume that x∗i �= 0 for all i = 1, . . . , n , which is true, e.g., for the original CR-
CRN. However, as we shall see in the next sections, if some of the species have a null equilibrium concentration 
our approach can be applied by simply removing the components of x and the rows of the sensitivity matrix 
corresponding to such species. By applying some straightforward algebraic computation to the first order Taylor’s 
polynomial of the implicit function x = x(h) , it follows that in a neighbour of h∗ it holds

where we have introduced the relative local sensitivity matrix29

(8)det[(∇xf )(x
∗, h∗)] �= 0 .

(9)f (x(h), h) = 0

(10)∇hx(h
∗) = −

[
∇xf (x

∗, h∗)
]−1

∇hf (x
∗, h∗) ,

(11)∇xf (x
∗, h∗) =

[
S2∇xv(x

∗, k∗)
N

]

(12)∇hf (x
∗, h∗) =

[
S2∇kv(x

∗, k∗) 0

0 − Ip

]
.

(13)Q(�̂h) = �̂xT�̂x

(14)�̂h =

[
h1 − h∗1

h∗1
, · · · ,

hr+p − h∗r+p

h∗r+p

]T

(15)�̂x =

[
x1(h)− x∗1

x∗1
, · · · ,

xn(h)− x∗n
x∗n

]T

(16)�̂x = S �̂h ,

(17)S = (Dx∗)
−1 ∇hx(h

∗)Dh∗ ,
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being Dx∗ = diag[x∗1 , ..., x
∗
n] and Dh∗ = diag[h∗1 , ..., h

∗
r+p] . Replacing equation (16) into (13) leads to

where � = diag[�1, ..., �r+p] , �1 ≥ �2 ≥ ... ≥ �r+p ≥ 0 , are the eigenvalues of the matrix ST
S  and 

U = [u1, ..., ur+p] collects a set of independent normalized eigenvectors.
As a special case, let us assume that only the j-th parameter is perturbed and thus �̂h has �̂hj as a unique 

non-vanishing component. Then, equation (18) reads as

This equation inspires the definition of the j-th statistical sensitivity index (SSI)

It can be shown that ehj ∈ [0, 1] and 
∑r+p

j=1 e
h
j = 1 . Further, getting back to the original parameters k and c , the 

first r SSIs in (20), also denoted as ekj  , j = 1, . . . , r , provide a synthetic and compact estimate of the weight of 
perturbation in reaction j on the whole CRN, while the latter p SSIs in (20), also denoted as ecj  , j = 1, . . . , p , refers 
to the overall sensitivity of the network to the j-th component of vector c.

We observe that the definition of the SSIs in Eq. (20) is similar to that of Liu and colleagues23 , the only differ-
ence being that we used the squared version, u2ja , of the eigenvector components instead of simply using uja . The 
motivation of this choice is twofold. On the one hand, it ensures that all the terms of the sums in (20) are positive 
thus avoiding cancellation effects. On the other hand, it accounts for the fact that the sign of the eigenvectors is 
ambiguous. In fact, for any eigenvector uj , j = 1, . . . , r + p , also −uj is an eigenvector of ST

S and different Mat-
lab routines may actually return eigenvectors with different sign (see Supplementary Note S2 for further details) .

Sensitivity analysis of subnetworks
Since the SSIs in (20) are defined based on a PCA of the whole relative local sensitivity matrix S , their values 
allow discriminating among all the parameters whose variation mainly affects the overall equilibrium point 
reached by the network. However, it is possible to focus only on a subset of chemical species A = {Ai1 , ...,Aiñ } , 
ñ < n , and on a subset of parameters h̃ =

(
hj1 , . . . , hjτ

)
 , τ < r + p , by applying the procedure just described 

on the submatrix S̃ of S , formed by the ñ rows referred to A and the τ columns referred to h̃ . S̃ represents the 
relative local sensitivity matrix of the equilibrium concentrations (xi1 , . . . , xiñ) of the protein in A with respect to 
the parameters in h̃ . Hence the SSIs computed by using in (20) the eigenvalues and eigenvectors of S̃

T
S̃ quantify 

the impact of each parameters only on the considered proteins.
As an example, let use assume h̃ = h , ñ = 1 , and A = {Ai} . Then S̃ is the i-th row of S , denoted as S i: , and 

the matrix S̃
T
S̃ has a unique non-vanishing eigenvalue equal to ||S i:||

2 with S i:
||S i:||

 as a normalized eigenvector. 
From the definition of the SSIs in (20) it follows that

i.e., the SSIs coincide with the squared normalized component of the i-th row of S . This confirm our interpreta-
tion of the SSIs. Indeed, the i-th row of the rescaled sensitivity matrix S describes the relative sensitivity of the 
equilibrium concentrations of the species A with respect to the parameters of the network29.

Sensitivity analysis of mutated CRNs
As described in the Background section, a mutation resulting in the LoF of an elemental species can be imple-
mented by setting to zero the constant of the conservation law involving such a species4,5. Coherently, in this 
scenario the algorithm sketched in Fig. 1 can be applied by setting to zero the component of h∗ corresponding 
to the modified conservation law and then computing x∗ as the equilibrium point of the CRN with the novel set 
of parameters. Furthermore, the species involved in the modified conservation law are removed from the set A 
because their equilibrium concentration will clearly be zero.

A mutation resulting in the GoF of a species implies that a set of reactions involving it no longer occurs in 
the network5. Hence, a reduced network is defined by removing the columns of S2 , the rows of v , and the rate 
constants within h∗ associated to these reactions. The algorithm sketched in Fig. 1 can be applied to the novel 
network after computing the equilibrium x∗ and by defining A as the set of species with an equilibrium concen-
tration greater than 10−15 so as to neglect those species whose concentration is null or close to zero.

Data availability
The datasets and Matlab codes generated and analysed during the current study are available in the GitHub 
repository https://​github.​com/​theMI​DAgro​up/​CRN_​sensi​tivity.

(18)Q(�̂h) = �̂hTST
S�̂h = �̂hT U �UT �̂h ,

(19)Q(�̂hj) = �̂h2j

r+p∑

a=1

�a u
2
ja.

(20)ehj =

r+p∑
a=1

�a u
2
ja

r+p∑
a=1

�a

j = 1, . . . r + p .

(21)ehj =
S2
ij

||S i:||
,

https://github.com/theMIDAgroup/CRN_sensitivity
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