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Abstract

Objective. In this study, we present a novel computational framework that combines the
Hindmarsh—Rose (HR) neuronal model with evolutionary game theory on networks to simu-

late and interpret synaptic-level interactions within neuronal populations. Our approach pre-
serves the features of the HR model—capable of generating both spiking and bursting dynamics—
while integrating game-theoretic principles that govern the balance between emulative and non-
emulative behaviors across neurons. Approach. Neurons were modeled as strategic agents whose
interactions evolve according to game-theoretic principles, allowing us to capture emergent net-
work dynamics beyond classical electrophysiological analyses. A key innovation of our work is the
formulation of a parameter estimation method based on adaptive observers, which enables the
recovery of game-theoretic parameters solely from partial state observations. The proposed frame-
work is validated through numerical simulations, demonstrating its ability to recover hidden para-
meters and accurately predict system behavior under diverse conditions. Main results. By apply-
ing the devised approach to synthetic datasets mimicking real electrophysiological recordings, we
highlight its applicability in distinguishing neuronal populations based on their strategic interac-
tions. In this context, the model is shown to faithfully reproduce both spiking and bursting behavi-
ors, capturing the diverse electrophysiological patterns observed in in vitro experimental settings.
Furthermore, we explore the potential of this model in experimental data analysis by suggesting
that the estimated parameters may serve as discriminative markers for different neuronal types
and structural characteristics. Significance. The integration of dynamical systems theory, game-
theoretic modeling, and adaptive estimation provides a robust quantitative tool for investigating
complex neuronal network dynamics. Our results quantitatively demonstrate the scalability and
accuracy of the method in parameter estimation, reinforcing its value for systematic analysis of
synaptic interactions and advancing our understanding of neuronal network dynamics.

1. Introduction billion) and synaptic connections (more than 10%°),

Furthermore, the brain’s organization is complic-

The investigation of the brain is one of the most
intricate challenges of modern sciences. Despite
its fundamental importance, our understanding
of the brain remains limited, mainly due to its
complexity, which stems from many factors, not-
ably the huge number of neurons (more than 80
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ated by the diversity among neurons, varying across
different brain regions (e.g. cortex, hippocampus,
thalamus), each with its distinct structure and func-
tion. Even within a specific brain region, individual
neurons exhibit diverse functional behaviors (e.g.
excitation vs. inhibition), influenced by their unique
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morphological characteristics and their intricate net-
work of synaptic connections. Addressing the chal-
lenges inherent in brain research demands a mul-
tidisciplinary approach, integrating expertise like
biology, mathematics, electronics, physics, and com-
puter science. In a reductionist approach, a possible
method of investigation makes use of in vitro models,
including cultures of dissociated neurons [1], neur-
onal slices [2], and brain organoids [3]. However,
these models cannot be completely informative as
some variables and parameters are not experiment-
ally observable and measurable—for instance, the
synaptic weights, which quantify the strength of
the connection between two neurons, or the tem-
poral evolution of ionic fluxes underlying membrane
potential dynamics. They need support from math-
ematical and computational tools capable of explain-
ing some experimental outcomes (especially the ones
involving hidden mechanisms). Within this frame-
work, in silico models assume a pivotal role, preced-
ing the in vitro study, thereby complementing it. In
the context of in silico models of a neuronal network,
there are primarily two issues to address: i) modeling
the single-neuron dynamics; ii) modeling the types of
interactions among the neurons defining the network
[4, 5]. Regarding the first issue, the electrophysiolo-
gical activity can be simulated using models with a
different degree of biological plausibility, (i.e. their
ability to accurately represent the biophysical fea-
tures of a real neuron), that influence the computa-
tional load for their simulation [6—8]. If conductance-
based models (whose Hodgkin and Huxley one is the
precursor [8]) take into account single-channel kin-
etics, the family of the integrate-and-fire neurons [9]
completely neglect such sub-cellular level of detail,
resulting a more phenomenological approach. A
good trade-off is represented by the Hindmarsh—
Rose (HR) model [7], a three-state system able to
mimic both spiking and bursting regimes of activity,
keeping the shape of the action potentials. Inherently,
Hodgkin and Huxley model (containing only sodium
and potassium voltage-dependent channels) is not
able to reproduce bursting dynamics, except for the
inclusion of persistent voltage-dependent sodium
channels and/or potassium calcium dependent chan-
nels. However, the computational load grows dra-
matically. Although HR model is essentially a math-
ematical formalism without considering the biolo-
gical component of the ionic channels, results a valid
choice for the aim of this work. The second issue is
the simulated connectivity which is typically modeled
in terms of graph theory [10] to map the physiolo-
gical interactions (synapses) among neurons. This
formalism allows for the utilization of mathematical
tools derived from graph theory (e.g. node degree,
cluster coefficient, average path length, small-world
indices, etc.) to provide a mathematical description
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of the network’s connectivity [11]. Synapses can be
described with bio-inspired models which allows to
take into account the cascades of presynaptic (e.g.
synthesis and release of neurotransmitters) and post-
synaptic events (e.g. binding to receptors, recycle of
neurotransmitters). In addition, these models are
easily tailored for the type of synapse (excitatory vs
inhibitory; ionotropic vs metabotropic). However,
reductionist approaches can be also considered by
means of linear combination of exponential kernels
to describe the rise and decay phases of the synaptic
currents. Finally, it is worth to mention that in the last
years hybrid synapses—particularly in neuromorphic
hardware and memristive systems—are also a rel-
evant alternative [12]. Aware of the strategies for
neuronal and synaptic modeling, in this work, we
followed a complementary approach to describe the
interaction between nodes in a network by means of
the Game Theory (GT). In its original meaning, GT
describes strategic interactions among individuals,
where the reward of each player depends on both
its own and other players’ decisions [13]. The use of
GT to describe the interaction of multiple agents is
notable as during the years this approach has found
successful applications in diverse fields, including
economics [14], political science [15], biology [16],
cooperation theory [17], as well as in modeling com-
munication and interplay among different neuronal
brain areas [18]. However, while GT focuses on static
interactions driven by self-interest, it lacks describ-
ing more complex and dynamic behaviors observed
in evolving systems [19]. To overcome these lim-
its, evolutionary game theory (EGT) extends GT
principles to evolving populations, emphasizing the
dynamics of strategy change [20]. EGT is a powerful
framework to understand the evolution of strategies
within a population over time; yet, it remains con-
strained to population-level dynamics, offering no
insight into the behavior of individual nodes or their
local interactions. To overcome this further limita-
tion, EGT has been extended to networked systems
[21]. This approach, known as evolutionary games
on networks (EGN), enables a more detailed ana-
lysis of how local interactions influence the collective
behavior of the system [22]. In 2017, Madeo and
coworkers successfully applied EGN to functional
magnetic resonance imaging (fMRI) signals, lead-
ing to the formulation of the evolutionary games
for brain networks (EGN-B), which demonstrated
its ability to capture interregional brain dynamics,
exploiting the balance between emulative and non-
emulative components among cerebral regions [18].
The authors found that emulative behaviors occur
when two nodes (i.e. brain regions) activate at rel-
atively close time intervals, indicating synchronized
dynamics. In contrast, non-emulative dynamics arise
when one node activates while the other remains
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inactive, and vice versa, reflecting an opposite pattern
of interaction. With the formalism of the game the-
ory, Madeo and coworkers represented each brain
region as a ‘player’ engaging in strategic interactions
influenced by its neighbors within a network. The
dynamics are governed by the replicator equation,
where the activation level of a region represents its
real-time functional involvement, determined by its
intrinsic tendencies towards activation and inhib-
ition. By simulating these interactions, the model
predicted low-frequency oscillatory behaviors resem-
bling functional connectivity dynamics observed in
resting-state fMRI data. Additionally, EGN-B demon-
strated the capacity to approximate fMRI time series
and to predict the impact of network lesions, under-
scoring its potential as a framework for understand-
ing spontaneous brain activity and its alterations in
pathological states.

In this work, we aim at providing a computa-
tional model that not only offers novel connectiv-
ity interpretation based on EGN in HR neuronal
networks but also introduces an estimation method
for parameter adaptation. The use of the EGN to
mimic and explain the interaction at the synaptic
level (microscopic scale) implies that the game theory
parameters describing the relationships among neur-
ons carry distinct information from that derived in
other studies where connectivity is simulated using
other methods [23, 24]. Our work proves the pro-
posed model is able to preserve the fundamental
principles of EGN, balancing emulation and non-
emulation dynamics among different nodes (neur-
ons), while maintaining the typical characteristics of
the HR model, which allows the generation of both
spinking and bursting dynamics. The setting up of
the EGN parameters was performed by developing an
estimation method based on the concept of adapt-
ive observers [25]. This approach allows the estim-
ation of both the state and the parameters of the
model from the sole observation of the membrane
potential of the neuron. Our findings prove the effi-
ciency of both the model and the estimation method,
even when applied to medium-scale neuronal net-
works. Finally, we proved how the simulation of the
strategies predicted by the game theory recreates con-
nectivity pathways resembling the small-world char-
acteristics experimentally observed in in vitro cortical
networks coupled to multi-electrode arrays (MEAs).
To increase the versatility of the proposed model, we
also introduced into the HR model an additional state
equation to mimic the extracellular potential, i.e. the
experimental signal of in vitro recordings, showing
that the estimation process of EGT parameter remains
effective even when the only observable variable is the
extracellular membrane potential.

F Poggio et al

2. Materials and methods

2.1. HR neuronal model

In the present work, we utilized the HR model to
simulate the emergent dynamics among synaptic-
ally connected neurons. The HR model allows for
the mimicking of diverse electrophysiological dynam-
ics exhibited by neurons, ranging from single action
potentials (spikes) to oscillatory bursting activities
[26]. For this reason, it can be considered a valu-
able tool for investigating various patterns of elec-
trophysiological activity exhibited by real neurons.
Mathematically, it is defined by the system of three
differential equations reported in (1),

(O =y(t) = (6) + b2 () —2(H) +1
y(t) =152 (t) = y(t) (1)
z(t) = p(s(x(t) — x;) — z(1))

where state variable x(t¢) describes the membrane
potential of the neuron; state y() accounts for the gat-
ing kinetics of the sodium and potassium channels;
and z(t) is a ‘slow’ state variable (related to the cal-
cium dynamics) that supports the bursting behavior
of a neuron.

The model has five additional parameters, namely
b, 1, s, and x, each playing a distinct role in shap-
ing the system’s behavior. Parameter b finely tunes
the second-order contribution of x(¢). Different val-
ues of this parameter may lead to either spiking or
bursting activity. Parameter ;1 modulates the amp-
litude of variation of z(t) at each system evolution
step, directly influencing the firing rate of the activ-
ity generated by the model. Parameter s controls the
adaptation behavior of the neuron, with lower val-
ues (e.g. s = 1) resulting in constant spiking, and
higher values (e.g. s = 4) leading to subthreshold
overshoot and potential oscillations. Lastly, x, repres-
ents the neuron’s resting potential. Additionally, the
model includes an exogenous input variable, I, which
represents the input current contribution from other
neurons of the network, or an external input cur-
rent used to depolarize or hyperpolarize the neuron.
For instance, Chen and co-workers demonstrated
that by modulating the amplitude of the constant
current input, a wide range of behaviors spanning
from spiking, bursting up to chaotic dynamics can be
achieved [27].

2.2. EGT

In 2017, Madeo and colleagues devised a mathemat-
ical model based on an extension of the EGT on brain
networks (EGN-B), aimed to interpret the observed
whole-brain resting state dynamics—evaluated in
terms of blood-oxygen-level-dependent fMRI—by
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means of the formalism of the interaction of multiple
‘agents’ (one per functional brain region).

Our working hypothesis posits that the inter-
play between brain areas described in [18] can be
also applied at individual neuron level, considering
local small/medium-scale neuronal networks. In this
way, each neuron is modeled as an agent that must
choose between two actions at each time instant: to
become active (A) or to stay inactive (I). These actions
are associated with different payoffs (2a) and (2b),
which depend on the activity of synaptically connec-
ted neurons,

Pé,k = Ovy k Xk (2a)

Pi,k = lyk (1—2x¢). (2b)

In (2), x;(¢) and (1-x(t)) are relative to the activ-
ation and inactivation levels of neuron k, respect-
ively. The parameters o, and ¢, denote the activ-
ation and inactivation propensities of neuron v in
response to neuron k. The subscripts 1,k indicate that
these quantities describe directed interactions from
neuron k to neuron v; specifically, pﬁk represents the
activation (superscript A) payoff of neuron v based
on the activation state of neuron k, and similarly,
Pi,k represents the inactivation (superscript I) pay-
off contribution under the same directional relation-
ship. When both parameters are positive, an emulat-
ive relationship is established between v and k: if k is
active, the activation payoff for v increases while the
inactivation payoff decreases, making v more likely to
activate as well. Conversely, when « and ¢ are neg-
ative, a non-emulative relationship arises between v
and k. As in [18], we assume that for any ordered
pair of neurons (v;k), the propensities «,,; and ¢,
are either both equal to —1 or both equal to +1.
Equilibria (A,A) and (I,I) will be referred as the emu-
lation strategies, whereas (A,I) and (I,A) will be the
non-emulation strategies. Formalizing the problem
of generating neuronal activity patterns among syn-
aptically connected neurons through EGT, involves
conceptualizing the membrane potential of the vth
neuron (x,) as a player deciding its activation level
depending on a payoff. Mathematically, the problem
can be formalized as reported in [18]:

5 () =50 (1% ()Y awdpu(). )
k=1

In (3), the parameter a,; describes the influence
of the neuron k on neuron v. Additionally, Ap,x(t)
quantifies the difference between the activation and
inactivation payoffs for neuron v concerning neuron
k. This payoff quantifies the reward associated with
the vth neuron’s decision to activate (A) or remain
inactive (I), accounting for variations in the activ-
ity levels of the neurons with which it communicates
(figure 1). When Ap,i(¢) is greater than 0, meaning
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Figure 1. Sketch of the simulated neuronal networks (where
neurons are represented by circles) using the evolutionary
game theory (EGT) formalism. Each vth neuron can estab-
lish emulation relationships (indicated by arrows) between
pairs of neurons with an emulation parameter a,x which
takes into account the strength of the interaction.

the payoff for activation exceeds the payoff for inac-
tivation, x,(t) increases, leading to a higher level of
activation. It is worth noting that in (3) two main
components can be distinguished: (i) the first is the
product of x, and (1 — x,), which depends solely on
the intrinsic state of the player v (whether it repres-
ents a neuron or a brain area); (ii) the second is the
summation of payoff terms, weighted by the coef-
ficients a,j, and derived from the contributions of
all other players. Since the latter component more
effectively captures the influence of a network of play-
ers on the vth player, we hypothesized that defining
the input current I, as this summation term from
equation (3) would provide a suitable way to integ-
rate the HR and EGT models. Thus, combining the
state equations of the HR model (1) with the one of
the EGT, we obtained a new set of equations that were
simulated (4). This new formulation of the model
retains the three original differential equations of the
HR neuron, while assigning the variable I = I(t) the
summation that captures the payoff values and the
coefficients a, , which are drawn from the domain of
EGN.

X, (1) =y (1) = x3 (1) + by () — 2, (1) + L, (2)
Ju(t) = 1=5x,(t) = (1)

2y (t) = p(s (e (1) = %) — 2, (1))

N N
L (t) = kE avk Ap(t), ), = kE ayk (2xx — 1)
=1 =1
(4)

Since the goal of this work lies in examining how
EGT parameters modulate neuronal dynamics, we
maintained consistency and prevent potential system-
atic errors by keeping the HR parameters b, p, s, and
X, constant and identical across all neurons in the
model as reported in table 1.
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Table 1. Parameters of the Hindmarsh—Rose model kept constant
in all the simulations.

Hindmarsh—Rose parameters

Parameter Spiking dynamics Bursting dynamics
b 3.0 2.5

U 0.01 0.01

s 4 4

Xr —1 —1

The values of these parameters, which are dimen-
sionless, were derived from [26].

2.3. Evaluation of pattern coherence with
emulation and non-emulation properties
Emulation and non-emulation represent the emer-
gent properties of EGT. To evaluate whether the pat-
terns generated by the model align with these theor-
etical principles, we developed a quantitative method
based on the successful rate (SR) parameter. This
metric measures the coherence between the gener-
ated patterns and the expected emulation or non-
emulation dynamics. Practically, for each generated
pattern, we detected the timing of the peaks by means
of a hard threshold. We derived a binary activation
vector for each neuron where elements are assigned
a value of 1 if the sample falls within a spike’s life-
time (set at 500 samples), indicating the presence of
an action potential; otherwise, they are set to 0 in the
absence of activity. The SR metric is computed taking
into account all implemented strategies, and it is rep-
resentative of the overall pattern generation across the
network. Notably, the computation of the SR para-
meter differs for emulative (54) and non-emulative
(5b) networks.

NS

1 S?+S!
SRep = 7Z<157’) (561)
tot

SRpon—em = — St B s B 5b
e Ns.Z Stot (55)

In (5a) and (5b), Ny is the total number of
strategies of the network, which corresponds to all
non-zero coefficients a,, contained in the strategy
matrix A, k, while S, is the total number of samples of
the simulations (equal for all generated patterns). S
denotes the count of samples simultaneously exhib-
iting a 0 value in both activation vectors of neur-
ons within the ith strategy. Similarly, S! indicates the
number of occurrences where both activation vec-
tors within the ith strategy simultaneously exhibit the
value of 1. On the other hand, $?' represents the num-
ber of timestamps where one of the two vectors within
the ith strategy contains a 0 while the other contains a
1. In the emulative case (5a), we embedded the term
S}, as it increases with the simultaneous activity of the
two neurons within the ith strategy. Conversely, in the
non-emulation scenario (5b0), we included the term

5
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SY, which has a higher value the more frequently one
neuron’s activity tends to coincide with quiescence
of the other neuron of the ith strategy. However, the
term S? isincluded in both (5a) and (5b), as the simul-
taneous absence of activity of the two neurons within
the ith strategy is compatible with both emulative
and non-emulative scenarios. When it is required to
quantify the fidelity to the principles of EGT emula-
tion for electrophysiological patterns generated from
a non-fully emulative or non-emulative network, the
overall SR value is given by the average of all SR; values
corresponding to each ith strategy. The SR parameter
ranges between 0 and 1. The closer this metric gets
to 1, the more accurately the generated patterns pre-
serve the principles of emulation and non-emulation
characteristic of EGT.

2.4. Estimation method

We first simulated small-scale networks of neurons
with connectivity parameters designed to predict dif-
ferent dynamic regimes: AA, II (emulative) and Al,
IA (non-emulative). To infer these connectivity para-
meters from the evolving dynamics of the simulated
neuronal populations, we developed a method cap-
able of performing simultaneous state and parameter
estimation within linear time-varying systems. The
observer was applied to time series data represent-
ing the neurons’ action potentials, enabling the recov-
ery of the original connectivity parameters set dur-
ing the simulation. Finally, we assessed whether the
recovered estimates were consistent with the EGN-B
framework. This methodology was applied by keep-
ing the following assumptions: i) x;, is the sole observ-
able variable for each vth neuron and ii) the paramet-
ers inherent to the HR model are known a priori and
remain constant over time (table 1). To better apply
this approach, we now introduce the definitions of w,
(6a) and a, (6D).

w,= | y (6a)
a=| . |. (6b)

In (6a), w, denotes a time-varying m-
dimensional column vector, where m = 3 indicates
the number of states within the HR model. Each
element of w, corresponds to one of the state vari-
ables in the HR model, specifically representing the
state of the vth neuron. On the other hand, a, is a
n-dimensional column vector (6b), where n corres-
ponds to the number of neurons defining the net-
work whose electrophysiological behavior is simu-
lated. Each element in the array a, represents an EGT
parameter (a,, i.e. the weight of the connection that
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characterizes the emulation or non-emulation rela-
tionship between neuron v and neuron k). Having
defined these two quantities (6), we can now rewrite
equation (4) in a vectorized form, omitting, for the
sake of simplicity, its time dependence:

w,=Aw,+h(w,) +E (w)a,. (7)

The specific structures of matrices A, h(w,), and
E(w) are provided in (8a)—(8¢) as follows:

0 1 -1
A= 0 -1 0 (8a)
L pus 0 —p
[ bx) —x;
h(w,)=| 1-5x (8b)
— JUSXy
261 —1 2x—1 2x, — 1
= (w) = 0 0 0
.0 0 0

(8c)

It is worth mentioning that the time-varying mat-
rix h(w,) contains all non-linear components of the
HR dynamics equation. In contrast, the matrix A
remains constant over time, and given our assump-
tion that the values of s and 4 are uniform across all
neurons, both A and =(w) matrices remain invariant
with respect to the considered neuron. The object-
ive of the following estimation method is to accur-
ately determine all a,; values, among each pair of
vth and kth neurons, assuming only the membrane
potential x, is known. Several studies have addressed
the estimation problem, particularly in the context
of isolated neuron models. In [28], a global optim-
ization strategy was used to estimate the parameters
of single (i.e. not synaptically connected) HR neur-
ons. However, that work does not extend to net-
works of interconnected neurons and does not con-
sider parameter estimation in the presence of struc-
tured interaction terms. Other studies like [29, 30],
demonstrated the applicability of adaptive observ-
ers in estimating parameters in small HR networks
(e.g. two coupled neurons), supporting the viabil-
ity of observer-based approaches in network settings.
These results justify our choice of adaptive observers
as a suitable and validated framework for the estima-
tion process. To achieve this, we adjusted the adaptive
observer devised in [25, 29] as reported in (9).

AN A

W =AW, +h(W,)+E (W) d,
+(K+E@WTE W) Cs) (Wit~ ) . (9)

a,=T= ()" CTS (W' — Cw,)

14

In (9), and 4, represent the estimated states and
EGT parameters, respectively, for the vth neuron,
while K + Z(w)I'Z(w)TC"Y is the total gain mat-
rix, primarily responsible for stabilizing the estima-
tion process. Examining this latter term, K € R™ is the
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gain matrix, I' € R™ represents any symmetric pos-
itive definite matrix, and Z(w) € R™" is a matrix con-
taining known signals. Lastly, ) € R*" can adopt the
structure of any uniformly bounded positive definite
matrix, where u denotes the number of outputs in the
system, with u = 1 in our specific case. Here, wﬂbs des-
ignates the sole observable state among the three con-
stituting the dynamics of the vth neuron. The identi-
fication of the observable state with x,, i.e. the mem-
brane potential, dictates that C = [1,0,0], making w‘v’bs
—Cw, theerror incurred during the estimation pro-
cess. Supplementary material (section S1) reports the
assumptions and conditions essential for ensuring the
observer’s convergence.

To quantify the goodness of the estimation para-
meters (d, k) to approximate the true ones (a,), we
employed the relative squared error (RSE) metric in
the following formulation:

2
23:1 22:1 (av,k - ﬁi,k)
Z:=1 ZZ:] axzz,k .

The superscript 7 in the parameter 4], indic-
ates that the temporal evolution of the corresiaonding
estimation parameter d, ; has reached a steady-state
value. In the presented simulations, for each pair (v,
k), the a , value, defined as the average of the a,
parametefs corresponding to the last decade of the
whole simulation time, was computed. This approach
reduces the sensitivity in the computation of the value
to small periodic variations in the parameter d, .
A thorough exploration of the rationale behind the
choice of the RSE as metric to assess the accuracy
of the d, ; parameters in estimating the true ones is
reported in the supplementary material (section S2).

RSE=

(10)

2.5. Small-world index

The degree of small-worldness of simulated networks
was measured by computing the Small-World Index
(SWI) [31]. It is defined by the ratio of the average
clustering coefficient of the simulated network Cyjy,
to the mean shortest path length of the simulated net-
work Lgm, multiplied by the ratio of the mean shortest
path length of a random network L,n4 to the average
clustering coefficient of the random network Cypg:

Csim Lrnd

SWI = .
Lsim Crnd

(11)

The clustering coefficient C; and the mean
shortest path length L are defined as:

E

ki(ki—1)
2

2 C e

Ci = (12a)

In (12a) E and k; are the number of edges between
neighbors of 7, and the ith node’s degree, respectively,



10P Publishing

J. Neural Eng. 22 (2025) 066010

while in (12b) n is the number of nodes within the
network, and dist(i,5) is the shortest distance between
nodes i and j. Since the computation of Cgy,, and
Lgm requires a binary matrix as input, where entries
corresponding to a functional emulative connection
between nodes are set to 1 and the remaining to 0, we
followed this pipeline: (i) starting from the strategy
matrix A, , we applied the model to obtain the elec-
trophysiological patterns of all neurons; (ii) for each
pair of generated electrophysiological patterns, we
computed the SR.n, thus obtaining a posteriori matrix
of values between 0 and 1, where the closer a value is
to 1, the stronger is the functional emulative connec-
tion between the corresponding nodes; (iii) this mat-
rix was arbitrarily thresholded, with all values above
0.7 considered indicative of an emulative strategy and
set to 1, while the remaining values were set to 0; (iv)
the resulting binary matrix was then used to compute
the SWL. It is worth noting that using the posteriori
binary matrix (based on emulative SR values between
nodes) for the SWI computation is a better altern-
ative than using the predetermined strategy matrix
A, x. Indeed, using the a priori strategy matrix by pre-
serving positive a,; values and setting them to 1 while
zeroing the remaining ones would not provide a valid
reference for which relationships were actually emu-
lative. As previously mentioned, while strategies with
a positive a, coefficient are emulative, it is possible
that an emulative strategy might also exist between
nodes with a null a, . coefficient. A simple example is
a3 x 3 A,; matrix where emulation is only imposed
between neurons 1 and 2, and neurons 1 and 3. Even
though no strategy is imposed between neurons 2
and 3 (a,3 = 0), it is easy to intuit that an emu-
lative tendency effectively exists between these two
nodes. The clustering coefficient and path length val-
ues calculated from the simulated functional network
are normalized with respect to expected values from
equivalent random networks, i.e. networks with the
same number of nodes and links. A network is con-
sidered to exhibit small-world characteristics when
SWI> 1 [31].

2.6. Statistics

To assess whether the Small World Index (SWI) distri-
butions obtained from simulated networks followed
the same trend as those derived from experimental
data, a Kruskal-Wallis non-parametric test was per-
formed. A significance threshold of 0.05 was adopted;
a p-value greater than this threshold was interpreted
as evidence of no statistically significant difference
between experimental and simulated distributions.

2.7. Simulation protocol

The length of each presented simulation was set to
T = 5000. The simulation time does not have a
direct equivalent in seconds. The HR model primar-
ily operates within the framework of mathematical
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simulations, where time is represented in terms
of timestamps or samples rather than real-world
seconds [32, 33]. Simulations were carried out in con-
tinuous time using MATLAB’s ODE commands, spe-
cifically employing the ‘ode45’ integration algorithm.
The solver dynamically adjusted the time step based
on a relative tolerance of 10~° and an absolute toler-
ance of 1077, as set in the odeset options. To ensure
consistency in the output, solutions were interpolated
at equispaced time points defined in a user-specified
time vector with a time step of At = 0.01. Given that
the total simulation time was T = 5000, this resulted
in 5-10° samples per simulated dynamic.

3. Results

In the following sections, we presented the results
achieved by the simulations of diverse activity pat-
terns obtained using the HR model described in (4)
with the principles of the EGT. Simulations were
presented by increasing the complexity of the net-
work, starting from the simplest conditions involving
only two neurons, up to more intricate configurations
with a higher number of neurons and connections in
order to better mimic realistic experimental config-
urations. In addition, we proved how the estimation
method is able to successfully set the EGT parameters
(a,x). Finally, we showcased the ability of the estima-
tion process, evaluating its performance as the num-
ber of neurons of the simulated networks increases.

3.1. Pattern generation between two coupled
neurons

To simulate all the patterns arising from the interac-
tion of two coupled neurons interacting according to
the considered paradigm (4), we thoroughly took into
account the key factors influencing their membrane
potentials: the intrinsic dynamics, characterized by
either spiking or bursting patterns, and the appear-
ance of either emulative or non-emulative behavior
at the synaptic level. To simulate the former, we set
the parameter b of (4) at 2.5 for bursting dynamics
and 3 for spiking dynamics (table 1). For the syn-
aptic interaction, we set a,x > 0 and a,; < 0, for the
emulative and non-emulative behaviors respectively
[18]. We initially explored the following four network
configurations: (i) emulative bursting (figure 2(a)),
(ii) non-emulative bursting (figure 2(b)), (iii) emu-
lative spiking (figure 2(c)), and (iv) non-emulative
spiking (figure 2(d)). For each neuron of these con-
figurations, we simulated the temporal behavior of
the state variables x, y, and z, of the HR model
(4). Specifically, x describes the membrane potential,
while y and z represent the fast and slow kinetics of
the ion channels, respectively. For the properties of
the HR model, all these state variables are dimension-
less. This initial set of simulations aimed at proving
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Figure 2. Simulated activity patterns of two interconnected neurons (black and light blue). For each neuron, we simulated the
temporal evolution of the x, y, and z state variables of the Hindmarsh-Rose (HR) model (1), representing the membrane poten-
tial, the fast and slow ion channel kinetics, respectively. By setting the parameter b (table 1) of the HR model, bursting (a), (b) or
spiking dynamics (c), (d) can be simulated. In the emulative bursting (a) or spiking (c) configurations, both a;, and a,,; para-
meters of (4) were set to 0.15, while in the non-emulative bursting (b) and spiking (d), a; > and a,; were set to —0.15. In all the
presented simulations, the self-emulation values (a;,; and ay,;) were set to zero, ensuring that the dynamics of each neuron is only

influenced by the activity of the other one.

that the HR model keeps the capability to generate
diverse dynamics spanning from spiking to bursting
patterns, while adhering to the fundamental prin-
ciples of EGT. These results suggested how the inter-
play observed among brain areas described in [18],
can also be found at micro-circuit level by embedding
the EGN principles into the parameter I (the input
current of the HR model) of (1). Specifically, in both
bursting and spiking activity patterns, the setting of
emulative (positive a, coefficients) results in nearly
temporal alignment of activity patterns between the
two neurons (figures 2(a)—(c)). Conversely, when
non-emulative (negative) a, coefficients are set, the
periods of activity in one neuron match the peri-
ods of quiescence of the other one, and vice versa
(figures 2(b)—(d)). To quantitatively confirm the con-
sistency between the EGT-imposed strategies and the
emerging patterns, we computed the SR for all four
configurations, obtaining values equal to or greater

than 0.99 in every condition. Furthermore, to demon-
strate the model-free nature of the formalism pro-
posed in this work, we replicated the two-neuron
simulations for the same four configurations using
three different neuronal models: Izhikevich [34],
Adaptive Exponential (AdEx) [35], and Hodgkin—
Huxley (HH) [36] (supplementary material S3). The
resulting SR values further supported the generalizab-
ility of our approach: in the case of Izhikevich neur-
ons, SR values were consistently greater than or equal
t0 0.96; for AdEx neurons, all four configurations yiel-
ded SR values equal to 1; and for the HH model,
which was simulated only in the spiking configura-
tion, both emulative and non-emulative cases resul-
ted in SR values equal to 1. These results quantitatively
confirm the compatibility between the EGT-imposed
strategies and the emergent activity patterns across
neuron models, highlighting the model-free applic-
ability of the method.




10P Publishing

J. Neural Eng. 22 (2025) 066010

Emulative Bursting

Non-Emulative Bursting

F Poggio et al

Emulative Spiking Non-Emulative Spinking

-~ 5 5 ] 5 5
<3 _EL____JU&.___.. _s}uu\___m\_ -5'1 _Ju;..uu___.ma.
~ 5 5 5 5
=] - I
<3 _SL _S}A_BMM 5l 5 MMMW
-~ 15 15 | 15 15
-3 O r‘“' N\, SR e N e VWA
>L‘i-4c}\/ M~ — -40| -4o]
—~ 15 15 15 15]
g;;_qic}\vw"“’“ \k.i.,.:—s-‘s““ _401.\.{‘»‘ Dt sl _40}\%‘#‘ 40 T
~ 5 5 5 51
3 F~—— — _
N ; _5]'\._—"'""‘"-—-._ . 5 _5['"'
—~ 5 5 5 5
J' 3 R e P
N ; _5}“&«5__.,«*“"‘% _5}""“‘“““ " _5| s sases =

Q 0 N 0 Q 0 0 N Q \] 0 M ) O Q Q
agb'b ,\@66 1600 %r:\,’b \666 ,.LrJBQ %'5'3’ ,\666 ,LGJQD ng% ,\%‘6'-0 7,‘3“0
Time (sample) Time (sample) Time (sample) Time (sample)
(a) (b) (c) (d)
1 1 1 1
5 | . ] 1
0.5+ 0.5+ 0.5 0.5+
1 1 1 1
5 Jeesssen T RO | |, ........ I N
0.5 -0.5+ 0.5 0.5+
o 1 1 1 1 11 1 -l
< 0.15' 05} ’O'fl 05
< 05 ' _0'5é O 9 5% N N 0 _O':é 9 o N
9 0 0 Q
eI S LN & g N -

Time (sample) Time (sample)

Time (sample) Time (sample)

Figure 3. Temporal patterns resulting from the states (a), (b), (c), and (d) and parameters (e), (f), (g), and (h) estimation
method applied on the model. The considered networks are made up of two neurons in the emulative bursting (a), and (e), non-
emulative bursting (b), and (f), emulative spiking (c), and (g), and non-emulative spiking (d), and (h) configurations. The estim-
ating trends are shown in black for neuron 1 and in light blue for neuron 2, while the model-generated true ones are denoted by a

red dotted line.

3.2. Parameters value estimation of patterns
generated by two coupled neurons

In this section, the estimation method described
in section 2.4 was applied to derive a,; paramet-
ers values solely from the observation of the mem-
brane potential of the neurons in the simulated net-
work. The initial validation of this method involves
its ability to estimate the vectors a; and a, in the
four fundamental scenarios when only two neur-
ons are coupled (i.e. emulative spiking, emulative
bursting, non-emulative spiking and non-emulative
bursting). In this context, the observable variables
are restricted to the membrane potentials x; and
x,. Employing adaptive observers implemented by
(9), we proved successful in estimating the EGT val-
ues in the four considered configurations (figure 3).
Qualitatively, the estimation process effectively cap-
tures the dynamics of all states x, y, and z of the HR
model (1) for both neurons in each of the four con-
sidered configurations (figures 3(a)—(d)). The close
alignment between the estimated and actual state tra-
jectories further demonstrates the effectiveness of the
adaptive observers. Reliable results (in terms of accur-
acy) were also achieved for the estimation of the EGT
parameters a,; (figures 3(e)—(h)) since the estimat-
ing trend quickly converges as well. The quantitative
validation of the effectiveness of adaptive observers in
simultaneously estimating the state and parameters

Table 2. Relative squared error (RSE) derived from the estimation
of EGT parameters.

RSE values
Emulative Non-emulative
interaction interaction
Spiking dynamics 1.901073 6.11107°
Bursting dynamics 2.97107° 5281077

(based on the sole observation of one of the three vari-
ables comprising the model’s state) was performed by
computing the RSE across all the considered config-
urations (section 3.1), as reported in table 2.

These results demonstrated better performances
of the estimation method in the case of bursting
dynamics, where the RSE values are 2.97-10° (emu-
lative) and 5.28-10~> (non-emulative), regardless of
the type of synaptic interaction. In contrast, the
estimation outcomes for spiking dynamics vary in
a wider range depending on whether synaptic emu-
lation (1.90-103) or non-emulation (6.11-107°) is
present. The best performance of the estimation
method corresponds to the non- emulative spik-
ing configuration; however, even the highest RSE
value (i.e. the worst case), obtained in the emulative
spiking case, still indicates good reliability of the
method.
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3.3. Design of the strategy matrix A,y: preserving
small-world properties in the simulated networks
In this section, we first described the structure of the
strategy matrix A, x and we demonstrated how it tends
to generate networks that preserve the typical topo-
logical properties, like the small-worldness, of real
neuronal networks. To evaluate the scalability of the
developed model in more intricate and complex net-
works, we simulated the following conditions: (i) not
all neurons of the network exhibit identical dynam-
ics, whether it is spiking or bursting behavior, (ii)
not all neurons play the same strategy, whether they
emulate or do not emulate the membrane potential of
other neurons of the network. Our model allows for
the arbitrary setting of which neurons exhibit purely
bursting or spiking dynamics by fixing the percent-
ages of pure spiking (pspike) and pure bursting (pyurst)
neurons. By tailoring the value of a, ; parameters con-
tained in the strategy matrix A,j, the model allows
the fine-tuning of the relationships between neur-
ons, whether emulative or non-emulative, allowing
each strategy present in the network to be arbitrar-
ily set. This ensures control over the balance between
spiking and bursting activities and allows for direct
manipulation of the percentages of emulative (pem)
and non-emulative (pnon-em) Strategies characterizing
the neuronal interactions within the simulated net-
work. For the sake of simplicity, the simulated net-
works described in this section adhere to the follow-
ing conditions:

(i) Strategy matrices A, are symmetric (a,; = a,
Vv,k), which implies that if neuron v does (not)
emulate neuron k, then neuron k will also do
(not) emulate neuron v;

(i) the self-emulation or self-nonemulation rela-
tionships are neglected (a,,, = 0 Vv);

(iii) each strategy matrix A,; is organized as fol-
lows: a strategy is established between the first
two neurons; the third neuron exhibits a single
strategy towards one of the previous two neur-
ons (which of the first two neurons the strategy
is applied to is randomly chosen), then, iter-
atively, the ith neuron will establish a strategy
with only one of the previous i-1 neurons, and
so on until reaching the total number of neur-
ons in the network. Hence, the resulting net-
work contains n-1 strategies. Afterwards, pem
and ppon-em are set: the specific strategies des-
ignated as emulative or non-emulative are ran-
domly chosen, yet maintaining the predeter-
mined percentages. In this way, the

non-zero elements of the matrix A, correspond to
the strategies imposed in the network. However, the
zero values in the same matrix do not imply the exclu-
sion of emulativity or non-emulativity between the
corresponding neurons. They simply do not impose
any specific strategy. This means that two neurons,
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Figure 4. Comparison of the Small World Index (SWI)
distributions evaluated from n = 5 in vitro cortical multi-
electrode array (MEA) recordings (black) with simulated
networks displaying an emulation-to-non-emulation ratio
of 50:50 (light green), 30:70 (aquamarine), and 70:30 (dark
green). A Kruskal-Wallis test, revealed no significant differ-
ences among the distributions (p = 0.34). The dashed black
lines identify SWI values of 0.5, 1, and 1.5.

v and k, whose strategy is formalized by a coef-
ficient a,; = 0, may exhibit either emulativity or
non-emulativity depending on how the strategies
imposed (whose a, coefficient is non-zero) impact
the emergent dynamics of the network. The gener-
ative algorithm of matrix A, ensures that instances
of incompatibility are avoided (e.g. configurations
where a neuron must simultaneously emulate two
others with conflicting, non-emulative strategies).
Furthermore, we demonstrated that the design of
the strategy matrix according to this algorithm,
allows mimicking the typical small-world properties
of large-scale neuronal assemblies across three differ-
ent balance conditions between emulative and non-
emulative components: 50:50, 70:30, and 30:70. For
each balance condition, n = 5 networks of 60 neur-
ons were generated by varying the randomness seed,
which altered the establishment of various strategies
among the nodes. To quantify the small-world prop-
erties of the simulated networks, we computed their
SWI (cf, section 2.5). For all three conditions of
balance between emulation and non-emulation, the
median of the distributions is higher than 1 (figure 4),
confirming the ability of these networks to preserve
small-world properties. Additionally, we computed
the SWI for n = 10 in vitro cortical networks (sup-
plementary section S4). To show that the distribu-
tions of the in silico networks follow the same trend
of the experimental networks, a Kruskal-Wallis non-
parametric test, which provides a single global p-value
across all groups, was performed. No statistically sig-
nificant difference was found (p = 0.34).

3.4. Generation of complex network patterns

In this section, we show how the strategy matrices
A, can be used to simulate complex networks. We
firstly exploited the algorithm to generate the matrix
A, to simulate a five-neuron network (figure 5(a)),
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Figure 5. Simulated electrophysiological dynamics of a 5-neurons network. (a) Schematic representation of the network, where
neurons are illustrated as circles, and the arrows between neurons represent emulative (green) and non-emulative strategies (red).
(b) Color code representation of the connectivity matrix A, where the a,x values of 0 (no interactions), 0.15 (emulative interac-
tion), and —0.15 (non-emulative interaction) are encoded by white, green, and red, respectively. (c) Electrophysiological patterns
generated by the five neurons (color coded) of the network. Membrane potentials of 1st and 2nd (d), 1st and 4th (e), 2nd and
3rd (f), and 4th and 5th (g) neurons are represented. In panels (e) and (f), an emulative behavior is observed between neurons 1
and 4, and neurons 2 and 3, as their electrophysiological activity phases are temporally aligned. Conversely, in panels (d) and (g),
between neurons 1 and 2, and neurons 4 and 5, when one neuron exhibits electrophysiological activity the other remains inactive,
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highlighting a non-emulative interaction.

where neurons 1, 2, and 3 display a purely bursting
activity, while neurons 4 and 5 exhibit spiking activ-
ity. The obtained strategy matrix A, (figure 5(b))
is configured such that a non-emulative dynamic
exists both between the first two bursting neur-
ons (figure 5(d)), and spiking neurons (figure 5(g)).
On the other hand, concerning the two remain-
ing relationships within the network, emulative
strategies are played both between neurons 1 and 4
(figure 5(e)), and between the bursting neurons 2
and 3 (figure 5(f)). Qualitatively, the electrophysiolo-
gical patterns of the individual neuron pairs are
strongly consistent with strategies set by the A, ; mat-
rix. In emulative cases, periods of activity are tem-
porally aligned (figures 5(e) and (f)), while in non-
emulative ones, the neuron’s active periods predom-
inantly coincide with the other neuron’s quiescent
periods (figures 5(d)—(g)). From a quantitative point
of view, the achieved SR value results equal to 0.90,
indicating the model’s efficacy in preserving the EGT
principles. Although a five-neuron network is still an
example of small-scale neuronal network that does
not fully replicate the electrophysiological behavior

of a real biological neuronal network, it allows to
clearly understand the emulation and non-emulation
strategies among individual neurons. To prove the
robustness and reliability of the proposed approach,
we scaled up to a larger network made up of 20
neurons (10 spiking and 10 bursting neurons). We
set balanced emulative and non-emulative strategies
(emulation-to-non-emulation ratio of 50:50). Since
the number of neurons is even, the number of
strategies must necessarily be odd, so this case
includes 10 emulative strategies and 9 non-emulative
ones. From a qualitative perspective, it is evident
that the emulative and non-emulative relationships
set in the strategy matrix (figure 6(a)) are consistent
with the actual electrophysiological behavior: the ras-
ter plot shown in figure 6(b) clearly highlights the
percentages of bursting (figure 6(b), top) and spik-
ing neurons (figure 6(b), bottom). Quantitatively, the
model’s ability to generate electrophysiological pat-
terns consistent with the strategies imposed in the A,
matrix is indicated by an SR value of 0.91, confirming
the model’s performance even in the case of a larger
network.

11
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Figure 6. (a) Color code representation of the connectivity matrix Ay of a 20-neurons network where the a,) values of 0 (no
interactions), 0.15 (emulative interaction), and —0.15 (non-emulative interaction) are encoded by white, green, and red, respect-
ively. (b) Raster plot illustrating the sample activation time of the simulated action potentials generated by the model (each line
represents the activity of a neuron). (c) Temporal evolution of adaptive observers estimating evolutionary game theory (EGT)
parameters, resulting from the estimation method (9) applied to the model. These temporal trends refer to the eight parameters
imposed in the A,y matrix of the 5-neuron network (figure 5(b)). Each pair of parameters ay, ax, (i.e. each row in the figure)
corresponds to a strategy. The estimating trends are shown in black, while the model-generated true ones are denoted by a red

dotted line.

3.5. Parameter estimation of complex network
patterns

In section 3.2, we demonstrated the capability of the
estimation method to infer EGT parameters in the
simple case of two interacting neurons displaying
the same intrinsic pattern of activity (i.e. spiking or
bursting), playing the same strategy (i.e. emulative
or non-emulative). In this section, we showed that
the parameter process estimation remains efficient
when applied to larger networks involving both burst-
ing and spiking neurons, playing emulative and non-
emulative strategies. In this case, the only observable
variable is the intracellular membrane potential x, of
each vth network node. We tested the goodness of the
estimation method to networks made up of 5 and 20
neurons. It is worth noting that the number of a,
parameters increases with the square of the number of
neurons involved in the network. This led to a drastic
increase in the complexity of the adaptive observer
equation. For clarity, in the case of the 5-neuron
network (figure 6(c)), we only showed the estim-
ating trend of the parameters corresponding to the
strategies imposed by the strategy matrix (i.e. all non-
zero a,;). However, the same type of convergence was
observed for the estimation of all other 17 paramet-
ers (supplementary section S5). From a quantitative
point of view, the performances of the estimation

12

method for the EGT parameters were evaluated in
both the 5-neuron and 20-neuron networks (supple-
mentary sections S5 and S6), yielding RSE values of
4.57 107% and 10 1074, respectively.

3.6. Assessing model scalability as the network size
increases

In this section, we showed the effectiveness of both
the proposed model (4) and the estimation method
(9) in network configurations closer to experimental
conditions. To analyze the model’s performance, we
assessed the ability of the generated patterns to main-
tain the principles of emulation and non-emulation
by computing the SR trend as a function of the
number of neurons in the network. On the other
hand, to demonstrate the efficiency of the estimation
method, we evaluated how the RSE changed as a func-
tion of the number of neurons defining the network.
Practically, we simulated and tested networks consist-
ing of a minimum of 5 up to a maximum of 35 neur-
ons (step of 5 neurons), using absolute values of the
a,) parameters of 0.05, 0.1, 0.15, and 0.2. We con-
sidered different absolute values for the a,; coeffi-
cients to verify the robustness of the model and the
estimation method, ensuring that both the SR and
RSE metrics remained consistent and did not indicate
performance degradation as the absolute values of a,
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Figure 7. Trends of (a) successful rate (SR) and (b) relative squared error (RSE), as functions of the absolute value of the a,
parameters and the number of neurons of the simulated network.

varied. The SR values indicated strong performance
in the entire explored parameter space (figure 7(a)).

The lowest SR value observed is 0.84, correspond-
ing to a network of 5 neurons interacting accord-
ing to a,; parameters with an absolute value of 0.1.
For each pair of neurons and a,,; parameters, the SR
values are always above 0.8 revealing the coherence
between the strategies set with the A, matrix and
the actual patterns generated. There was no marked
decrease in performance by increasing the number of
neurons. In addition, the pattern generation appeared
more consistent with the imposed strategies as the
absolute value of the EGT parameters increased.
Concerning the performance of the parameter estim-
ation method, the RSE values suggested that the
accuracy of the estimation is not optimal throughout
the entire parameter space explored (figure 7(b)). In
particular, when the network size exceeds 20 neurons,
the RSE values tend to increase, indicating a worsen-
ing of the adaptive observers accuracy in the estima-
tion of the a,; parameters. Similarly, for each abso-
lute value of the a, coefficients, a marked decrease
in estimating accuracy emerges as the dimension-
ality of the simulated network increases. This was
due to the convergence of the estimation method
to values of a, different from the one that actually
generated the electrophysiological pattern being con-
sidered. In this case, when the number of neurons
increases, it becomes more likely that the same config-
uration of network electrophysiological patterns can
be obtained with a greater number of EGT parameter
combinations. This penalizes the estimation process,
as high RSE values may be obtained even when the
system converges to values different from the true
parameters but still generating x, y, and z states trends
equal to the real ones.

3.7. Model versatility: from intracellular to
extracellular signals

The EGT inspired model (4) successfully simu-
lates the states of the HR neuron, considering the
intracellular membrane potentials of each neuron as
players executing a strategy. In addition, the estim-
ation method of (9) relies solely on the observation
of the intracellular membrane potential to derive the
EGT parameters. However, the proposed approach
can be generalized to other kind of signals related
to neuronal activity, like the ones achieved by extra-
cellular recordings [37]. In this scenario, the players
are not the intracellular membrane potentials (state
x of the HR neuron, (4)) but the extracellular ones
(defined as vext).

To generalize the model to account for extracellu-
lar membrane potentials, we introduced an electrical
representation of the interface between the neuronal
membrane and the recording electrode in (4) using
the approach devised in [37], where the input-output
relationship between the intracellular and extracellu-
lar membrane potentials is described by a differential
equation (cf, supplementary materials section S7 for
their derivation and references therein). Exploiting
the approach devised in [37], we can write the
input-output relationship between x and vex as given
by (13):

1./ext = —QVext — BX (13)

The parameters o and [ are constant and their
values depend on the capacitive and resistive effects
present at the electrode-electrolyte interface [37].
For simplicity, both o and 8 have been set to 1.
Substituting x with the first equation of the HR model
reported in the (4) yields:

13
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Figure 8. Simulation of the 4th dimensional model reported in equation (15) with two interconnected neurons (light blue and
black). For each neuron, we simulated the temporal behavior of the four state variables: X, y, z, and vey, representing the mem-
brane potential, the fast ion channel kinetics, the slow ion channel kinetics, and the extracellular potential, respectively. The
model exhibits either bursting (a), (b) or spiking dynamics (c), (d). For the emulative interactions (a, c), both a; > and ay; para-
meters were set to 0.1. For the non-emulative interactions (b), (d), the same parameters were set to —0.1. The self-emulation
values (a;,; and a, ) were kept at zero.

N . . .
. The application of the model reported in (15)
ext = —QtVext — - +bx* — k(2 —1) | ;
Yo = maVen =5 (y * Z+Za (2% )> successfully reproduced the extracellular potential

(14) dynamics corresponding to the same configurations
considered in figure 2. In the case of emulative syn-

k=1

Inserting (14) into the model (7) yields: aptic interaction, the bursting dynamics exhibited an

SR of 0.95 (figure 8(a)), while the spiking dynamics

i 0 1 -1 o x showed an SR of 0.98 (figure 8(c)). Conversely, in the

j 0 -1 0 0 y non-emulative case, both bursting (figure 8(b)) and

sl lus 0 —u 0 2 spiking dynamics (figure 8(d)) resulted in an SR of

Vext 0 -8 B -a Vext 1, indicating optimal model performance in terms of
ST pattern generation. This result confirmed the main-

52 tenance of both the characteristics of the HR model

+ sy, (distinction between bursting and spiking dynam-

| B (bx—x) ics) and the emergent properties of EGT (emulation

and non-emulation among players), even when the

2a-1 ... 2x—1 i simulated patterns represent extracellular rather than

n 0 0 e  intracellular potentials. Finally, we also proved the
0 = 0 : application of the proposed estimation method (9) to

L B1=2x1) ... B(1—2x) A the model of (15). In this case, in order to infer the

(15) parameters a,; from which the electrophysiological
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Figure 9. Temporal patterns resulting from the state (a), (b), (c), and (d) and parameter (e), (f), (g), and (h) estimation method
applied on (15). The networks examined consist of two neurons arranged in four different configurations: emulative bursting (a)

represented by a red dotted line.

and (e), non-emulative bursting (b) and (f), emulative spiking (c) and (g), and non-emulative spiking (d) and (h). Estimating
trends for neurons 1 and 2 are shown in black and light blue, respectively. The actual trends produced by the model (15) are

Table 3. Relative squared error (RSE) derived from the estimation
of EGT parameters, considering the extracellular potential as the
observable state.

strategy, an RSE in the order of 10™* still indicates
good reliability of the method. Overall, these results
indicated that both the model and the estimation

RSE values method can be easily adapted and applied to different
Emulative Non-emulative scenarios beyond those for which they were originally
interaction interaction designed.
Spiking dynamics 339107 461107
Bursting dynamics 6.00107* 6.42107° 4, Discussion

patterns originate, the only observable variables are
Vextt and Veyn, rather than x; and x,. Despite this
change, the estimating trends of both a,; paramet-
ers, and the states of the system successfully converge
(figure 9). The RSE values, reported in table 3, con-
firm the reliability of the estimation method.

These results demonstrated a better performance
of the estimation process in cases where the synaptic
interaction is non-emulative, with RSE values in the
order of 107, regardless of whether the dynamics are
spiking or bursting. Conversely, in the case of emu-
lative interaction, both spiking and bursting dynam-
ics show RSE values that are larger by one order of
magnitude. However, even in the case of emulative

In computational neuroscience, in silico models are
crucial to disentangling the mechanisms underly-
ing experimentally observed electrophysiological pat-
terns. Different mathematical formalisms provide
different perspectives allowing the analysis of par-
ticular features of the neuronal dynamics. In this
study, we demonstrated how EGT can be successfully
applied to model neuronal interactions at the single
cell and synaptic level. Specifically, the computational
models presented in this work (Hidmarsh—Rose,
Adaptive Exponential Integrate-and-Fire, Izhikevich,
Hodgkin and Huxley) allow for the generation of
electrophysiological patterns whose interactions are
formalized by the ‘game’ played among network
nodes.
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EGT was already utilized in various domains,
including modeling the interplay between fMRI sig-
nals of different brain regions [18]. Both Madeo et al,
work and our study employ EGT to model neuronal
interactions. Our approach focuses on the micro-
scale, capturing synaptic-level interactions between
individual neurons. This approach can be seen as an
alternative method to model synaptic interactions,
typically described by means of biophysical or phe-
nomenological approaches [38]. A limit of the current
implementation of the EGT formalism in modeling
synaptic transmission is its intrinsic time-invariance:
no long-term time constants (due to short/long term
mechanisms) were taken into account. The time-
invariant nature of the present EGT formalism does
not account for the dynamic evolution of strategies
over time, which is critical in modeling progress-
ive changes especially in pathological conditions that
alter the connectivity balance. In contrast, Madeo
et al used EGT to describe functional connectivity at
the macroscale, modeling interactions between large-
scale brain regions based on fMRI resonance pat-
terns. This shift in scale implies that while Madeo et al
captured interregional coordination, our approach
focuses on the local mechanisms shaping neuronal
dynamics. The successful application of this method
across networks of different sizes and independently
of the kind of mechanisms used to model the single
neuron dynamics underscores the scalability of the
model within the tested range.

Additionally, to support the goodness of the
developed approach and its application to experi-
mental applications, we proved how the simulation of
these strategies recreates a connectivity pathway that
retains the small-world properties observed in in vitro
cortical networks coupled to MEAs [39].

The estimation process of the EGN parameters
was achieved by developing a method based on the
observation of simulated electrophysiological activ-
ity patterns. We obtained it using adaptive observers,
which allow estimating both the state and the para-
meters of the model from the sole observation of a
part of the overall state of the HR neuron, namely the
membrane potential. Earlier studies addressed para-
meter estimation mainly in isolated HR neurons, such
as the global optimization approach of [28], which
did not extend to networks or structured interactions.
In contrast, works like [29, 30] confirmed that adapt-
ive observers can operate effectively even in small
coupled HR networks, supporting their suitability
for our network-level estimation task. This estima-
tion method extends the capabilities of the proposed
model, as it allows it to be used not only as a math-
ematical tool for generating electrophysiological pat-
terns, but also as a computational approach able to
derive EGT strategies present in a neural network.
Our findings indicate the efficiency of both the model
and the estimation method, even when applied to
medium-scale neuronal networks (figures 6 and 7).
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In fact, after thoroughly examining the main types
of interactions that can occur between two connec-
ted neurons according to the proposed computational
framework (figure 2), we simulated networks where
different types of strategies between players (i.e. the
intracellular membrane potential of neurons) coexist
within the same network (figure 5).

Finally, to increase the versatility of the proposed
model, we introduced a new differential equation into
the HR model to describe the extracellular membrane
potential. We showed (figure 9) that the estimation
process of EGT parameter remains effective even
when the only observable variable is the extracellu-
lar membrane potential. This add-on to the model
increases its applicability in experimental cases where
extracellular recordings are taken from a neuronal
network.

In perspective, an important implication of the
approach presented in this work lies in its poten-
tial for experimental data analysis. The ability to
estimate game-theoretic parameters from intra- or
extracellular dynamics opens the possibility of using
these parameters as discriminative markers to com-
pare different experimental models (and/or condi-
tions). The mathematical properties of EGT paramet-
ers derived from various electrophysiological record-
ings could be investigated to determine whether spe-
cific neuronal types (e.g. neurons from cortex or
hippocampus), or structural properties (e.g. modu-
larity, three-dimensionality, or more complex con-
nectivity schemes [1]), influence the dynamics cap-
tured by the EGT framework. These ‘games’ between
neurons or neuronal groups may reflect underlying
biological features that differ between experimental
models or experimental conditions, like physiological
vs pathological conditions. In impaired conditions,
EGT-based models may help to identify disruption-
s/alterations in neuronal ‘games’ associated with dis-
orders, or neurodegenerative diseases, where synaptic
connectivity and plasticity are often impaired [40].
These parameters could serve as computational bio-
markers, offering a novel framework for comparing
disease models or assessing the impact of pharmaco-
logical interventions on network-level dynamics.
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