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Abstract
We review recent literature that proposes to adapt ideas from classical model
based optimal design of experiments to problems of data selection of large
datasets. Special attention is given to bias reduction and to protection against
confounders. Some new results are presented. Theoretical and computational
comparisons are made.
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1 INTRODUCTION

For the analysis of big datasets, statistical methods have been developed, which use the full available dataset. For exam-
ple, new methodologies developed in the context of Big Data and focussed on a ‘divide-and-recombine’ approach are
summarised in Wang et al.19 Other major methods address the scalability of Big Data through Bayesian inference based
on a Consensus Monte Carlo algorithm13 and sparsity assumptions.16
In contrast, other authors argue on the advantages of inference statements based on a well-chosen subset of the large

dataset. Big datasets are characterised by few key factors.While usually data can be collected in scientific studies via active
or passive observation, Big Data is often collected in passive way. Rarely their collection is the result of a designed process.
This generates sources of bias, which either we do not know at all or are too costly to control. Nevertheless they will affect
the overall distribution of the observed variables.3,11
Many authors in Ref.15 argues that analysis of big dataset is effected by issues of bias and confounding, selection

bias and other sampling problems (see, for example, Sharpes14 for electronic health records). Often the causal effect
of interest can only be measured on the average and great care has to be taken about the background population,
for example, it is possible to consider and analyse every message on Twitter and use it to draw conclusions about
the public opinion, but it is known that Twitter users are not representative of the whole population. The analysis of
the full dataset might be prohibitive because of computational and time constraints. Indeed, in some cases, the anal-
ysis of the full dataset might also be not advisable.4,6 To recall just one example, where the sample proportion of a
self-reported big dataset of size 2300,000 unit has the same mean squared error as the sample proportion from a suit-
able simple random sample (SRS) of size 400 and a Law of Large Population has been defined in order to qualify this
(see Meng9).
Recently, some researchers argued on the usefulness of utilising methods and ideas from design of experiment (DoE)

for the analysis of big datasets, more specifically from model-based optimal experimental design. They argue that special
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models are useful, or even needed, to guard against hidden sources of bias and that a well-chosen subset of the big dataset
can deliver equivalent answers compared to the full dataset at considerably less effort. In this paper, we propose a unified
general framework, which encompass the three main situations that can occur.
The remaining of the paper is organized as follows. Section 2 sketches the general theoretical framework, describes three

model classes embedding the main situations that can occur (models without bias, models with bias and no confounders,
andmodels with confounders and no bias) and describes main existing algorithms for optimal sub-sample selection based
on those model classes. Section 3 provides a simulation study and the last section concludes. Theoretical and computa-
tional comparisons made using the software R lead us to conclude that so far these approaches are more suitable for tall
dataset than for genuine large datasets and indicate that much work is needed to have efficient algorithms for sub-sample
selection from large datasets in the presence of bias and confounders. To fix terminology, we recall that a dataset is tall
if the number of observations is much larger than the number of predictors, and large when it has many observations
and predictors.

2 MODEL-ORIENTED SELECTION OF SUB-DATASETS

The most general form of the considered model is that of a linear model for a response variable𝑌𝑌𝑌

𝑌𝑌𝑌(𝑥𝑥𝑥,𝑧𝑧𝑧) = 𝑓𝑓𝑓′(𝑥𝑥𝑥)𝜃𝜃𝜃 +ℎℎℎ′(𝑥𝑥𝑥)𝜓𝜓𝜓 + 𝑔𝑔𝑔′(𝑧𝑧𝑧)𝜙𝜙𝜙 + 𝜖 (1)

with𝜃𝜃𝜃 ∈ ℝ𝑝,𝜓𝜓𝜓 ∈ ℝ𝑚 and𝜙𝜙𝜙 ∈ ℝ𝑞 andwith𝑥𝑥𝑥 ∈  ,𝑧𝑧𝑧 ∈ . The observed values are the𝑥𝑥𝑥, while the𝑧𝑧𝑧 are from unmeasured
(or unmeasurable) random variables. Both the  and spaces are assumed to be compact in the Euclidean topology, and
′ indicates transpose. The usual assumptions are taken on the random errors: the 𝜖𝑖 ’s are independent and identically
distributed with zero mean and variance Var(𝜖𝑖) = 𝜎2.
There are three terms in the model: 𝑓𝑓𝑓′(𝑥𝑥𝑥)𝜃𝜃𝜃 corresponds to a classical linear model, ℎℎℎ′(𝑥𝑥𝑥)𝜓𝜓𝜓 to a bias term related to the

variables𝑥𝑥𝑥 and 𝑔𝑔𝑔′(𝑧𝑧𝑧)𝜙𝜙𝜙models a bias that may result from confounders, sources of bias, which either we do not know at all
or are too costly to control.We assume it to be linear for simplicity of comparison. Special cases of theModel in Equation (1)
have been addressed in order to adapt ideas from classical model-based optimal DoE: Montepiedra and Fedorov10 and
Wiens21 consider

𝑌𝑌𝑌(𝑥𝑥𝑥) = 𝑓𝑓𝑓′(𝑥𝑥𝑥)𝜃𝜃𝜃 + ℎℎℎ′(𝑥𝑥𝑥)𝜓𝜓𝜓 + 𝜖 (2)

while Pesce et al.11 considers

𝑌𝑌𝑌(𝑥𝑥𝑥,𝑧𝑧𝑧) = 𝑓𝑓𝑓′(𝑥𝑥𝑥)𝜃𝜃𝜃 + 𝑔𝑔𝑔′(𝑧𝑧𝑧)𝜙𝜙𝜙 + 𝜖. (3)

The algorithms we report search for a design, which minimises the mean square error (MSE) of the least square estimate
(LSE) of the 𝜃𝜃𝜃 parameters, guarding against the two different sources of bias. Recently, authors of Refs.1,2,17,18 proposed
methods of data selection from large datasets in a DoE context, as a response to the more and more frequent need to
analyse Big Data. However, they do not guard against different sources of bias.
The utility function we consider is the determinant of the information matrix after the marginalisation of the unob-

servable quantities. Its minimisation returns the so-called 𝐷-optimal designs. But equivalently other convex function of
the information matrix could be considered. Under non-singularity of the information matrix observations and Gaussian
errors, observations taken on a D-optimal design minimize the entropy of the LSEs of the unknown parameters and, from
a geometrical point of view, minimize the volume of the ellipsoidal confidence interval. It can be shown that they are
taken at points where the variance of the predicted response function is largest. This statement holds also in the cases of
confounders and bias terms (see the Appendix).

2.1 Model without bias

In this section, we consider the model E[𝑌(𝑥𝑥𝑥)] = 𝑓𝑓𝑓(𝑥𝑥𝑥)′ 𝜃𝜃𝜃 and the four algorithms presented in Refs.1,2,17,18 An optimal
retrospective sample set is drawn in accordance with a sampling plan or experimental design. The four algorithms are
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ALGORITHM 1 Pseudocode for ROS2

Input:, , 𝑓𝑓𝑓, 𝑈, distance function, 𝑛𝑡 , 𝑛
Output: subset of 𝑛 data points from
Sample randomly a subset of size 𝑛𝑡 < 𝑛 from and obtain 𝜃̂𝜃𝜃 or form a prior 𝑝(𝜃𝜃𝜃)
Set the current sample size 𝑛𝑐 = 𝑛𝑡

while 𝑛𝑐 ≤ 𝑛 or when a certain criterion is not met
Find the optimal design 𝑔𝑔𝑔∗ such that

𝑔𝑔𝑔∗=argmax
𝑔𝑔𝑔𝑖∈

𝔼[𝑈(𝑔𝑔𝑔𝑖, 𝜃̂𝜃𝜃)] or 𝑔𝑔𝑔∗=argmax
𝑔𝑔𝑔𝑖∈

𝔼[𝑈(𝑔𝑔𝑔𝑖, 𝑝(𝜃𝜃𝜃))]

Find 𝑥𝑥𝑥𝑖 in not already sampled, which minimizes the distance ||𝑥𝑥𝑥𝑖 − 𝑔𝑔𝑔∗||
Add {𝑥𝑥𝑥𝑖,𝑦𝑦𝑦(𝑥𝑥𝑥𝑖)} into the data subset and remove the observation from
Set 𝑛𝑐 ← 𝑛𝑐 + 1

Re-estimate 𝜃̂𝜃𝜃 or update the prior distribution 𝑝(𝜃𝜃𝜃) end while
Obtain an estimate 𝜃̂𝜃𝜃 with the selected 𝑛 data points

ALGORITHM 2 Pseudocode for IBOSS17

Input:, 𝑛
Output: subset of 𝑛 data points from
Let 𝑟 = ⌊𝑛∕(2𝑝)⌋
Initialise 𝛿𝑖 = 0 for 𝑖 = 1, … ,𝑁

for 𝑗 = 1,… , 𝑝 do
Find the 𝑟 data points with the smallest 𝑥𝑖𝑗 values and set 𝛿𝑖 = 1

Find the 𝑟 data points with the largest 𝑥𝑖𝑗 values and set 𝛿𝑖 = 1

end for
Obtain an estimate of 𝜽𝜽𝜽 with the selected 𝑛 data points with 𝛿𝑖 = 1

ALGORITHM 3 Pseudocode for OSS18

Input:, 𝑛
Output: a subset of 𝑛 data points from
Scale values of each covariate to [−1, 1]
Find 𝑥∗1 = the point in with the largest Euclidean norm
Add 𝑥∗1 into data subset and remove the observation from
for 𝑖 = 2, … , 𝑛 do
Compute for each 𝑥 ∈  the discrepancy 𝑙(𝑥|𝑥∗𝑖−1)
Find 𝑥∗𝑖 = the point in with the smallest 𝑙(𝑥|𝑥∗𝑖−1)
Add 𝑥∗𝑖 into data subset and remove the observation from

end for

targeted towards applications of regression models with large number of observations and relative small number of pre-
dictors, otherwise the problem of finding the best subset of data becomes computationally hard or infeasible due to the
curse of dimensionality. We label themROS,2 IBOSS,17 OSS18 and ODB.1 Their pseudocodes are in Algorithms 1–4, respec-
tively. They all receive in input a tall dataset ∈  with typical rows {𝑥𝑥𝑥𝑖,𝑦𝑦𝑦(𝑥𝑖𝑥𝑖𝑥𝑖)}𝑁𝑖=1 and the sample size of the sub-sample
to be returned 𝑛 ≪ 𝑁. Their output is a subset of 𝑛 data from with specific properties.
We consider now each algorithm separately and highlight their differences. ROS (or retrospective optimal sampling)

requires as input also the support vector of themean values of the linear model,𝑓𝑓𝑓, a utility function𝑈, a distance function
in  (e.g. Euclidean), and the number of initial points to be sampled 𝑛𝑡 ≤ 𝑛. The output of the algorithm is a subset of
of size 𝑛, which maximises the given utility function𝑈. Starting from a random subset of size 𝑛𝑡, the key idea behind the
ROS algorithm is to find, sequentially, which point of the design space maximizes𝑈 and search for its nearest observation
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ALGORITHM 4 Pseudocode for ODB1

Input:, 𝐹𝐹𝐹, Φ[⋅], 𝑛
Output: subset of 𝑛 data points from
Compute the design 𝜉𝜉𝜉∗ = argmax

𝜉𝜉𝜉

Φ[𝑀(𝜉𝜉𝜉)] as in Equation (8) and the corresponding ideal design matrix 𝐹𝐹𝐹∗ = 𝐹𝐹𝐹(𝑥𝑥𝑥∗)

if 𝑛𝜔∗
𝑗 for 𝑗 = 1,… , 𝑘 is not an integer number then

Apply the rounding multiplier rule proposed by Fedorov12 and obtain 𝑛̈𝑗 the updated weight for 𝑗 = 1,… , 𝑘

end if
for 𝑗 = 1,… , 𝑘 do
Compute the distance ||𝑓𝑓𝑓(𝑥𝑥𝑥𝑗)′ − 𝑓𝑓𝑓(𝑥𝑥𝑥∗𝑗 )

′||
Let {𝑑1, 𝑑2, … , 𝑑𝑁} be the ranks of ||𝑓𝑓𝑓(𝑥𝑥𝑥𝑗)′ − 𝑓𝑓𝑓(𝑥𝑥𝑥∗𝑗 )

′|| arranged in ascending order
Select from 𝐹𝐹𝐹 the rows 𝑑1, … , 𝑑𝑛̈𝑗

end for

in , then update the estimates of the parameters or the prior distribution (if one wants to consider a fully Bayesian
experimental design framework). This is repeated until the desired sample size 𝑛 is reached.
The major features of Algorithm 1 is that it returns a subset of  via an optimal, sequential and response adaptive

procedure. The computations of the distances and the optimisation problem in the algorithm can be parallelised, thus
speeding it up considerably. Parallelisation is particularly useful when the stopping criterion, the utility function and/or
the distance function are costly to evaluate or when the sampling grid is large. The major drawback of Algorithm 1 is that
it requires full trust in the model. Also, although it can be adapted for variable selection, the algorithm is efficient only for
tall datasets. Finally, the obtained optimal design can be used as training set of, for example, a random forest.
Information-Based Optimal Sub-data Selection (IBOSS) is a deterministic algorithm to select the most informative data

points for the model E[𝑌(𝑥𝑥𝑥)] = 𝑓𝑓𝑓(𝑥𝑥𝑥)′ 𝜃𝜃𝜃 with 𝑝 regressors. Its pseudocode is given in Algorithm 2. The rational behind
IBOSS is that𝐷-optimal designs tend to be on the boundary of the available space, hence IBOSS tends to select data points
that are on the boundary of the observed range of each covariate. The output of the algorithm is a subset of  of size 𝑛,
which minimizes a univariate optimally criterion function Φ[⋅] of the information matrix

𝑀(𝛿) =
1

𝜎2

𝑁∑
𝑖=1

𝛿𝑖𝑥𝑖𝑥
′
𝑖
subject to

𝑁∑
𝑖=1

𝛿𝑖 = 𝑛

where 𝜎2 is the model variance, 𝛿𝑖 = 1 if point 𝑖 ∈  is selected and 𝛿𝑖 = 0 otherwise. For 𝐷-optimality, that is when Φ

equals the determinant of 𝑀𝑀𝑀(𝛿𝛿𝛿), in Wang et al.,17 an upper bound on Φ is derived, which clearly suggests to collect a
sub-sample with extreme covariate values.
The algorithm is very simple and computationally very fast. Its major drawback is that it requires full trust not only

in the model formulation, but also on the representativeness of the response 𝑌 in , since it is not response adaptive.
Furthermore, it is not robust with respect to permutation order of the covariates, so that different sub-samples may be
obtained with different orders as shown in Figure 1 in a very simple case.
Orthogonal sub-sampling (OSS) searches a sub-sample with points with the two following features: (i) extreme values

and (ii) combinatorial orthogonality (see Hedayat et al.8). In Wang et al.,18 it is remarked that ‘...the IBOSS approach
searches sub-sample pointswith only feature (i) in some sensewithout any consideration of feature (ii)’. TheOSS approach
minimizes the discrepancy function

𝐿(𝑋𝑠) =
∑

1≤𝑖<𝑗≤𝑛
[𝑝 − ||𝑥∗

𝑖
||∕2 − ||𝑥∗

𝑗
||∕2 + 𝛿(𝑥∗

𝑖
, 𝑥∗

𝑗
)]
2 (4)

which contains two parts, targeting the two features. The function 𝛿(𝑥∗
𝑖
, 𝑥∗

𝑗
) counts the components of 𝑥∗

𝑖
and 𝑥∗

𝑗
with the

same sign in the sample 𝑋𝑠. The OSS sub-sample 𝑋𝑠 is obtained by solving the optimization problem:

𝑋∗
𝑠 = argmin

𝑋𝑠

𝐿(𝑋𝑠)𝑠.𝑡.𝑋𝑠 contains 𝑛 points. (5)
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536 PESCE et al.

F IGURE 1 Effect of the initial ordering of the factors on the IBOSS output: in red, the design obtained starting the IBOSS algorithm with
the variable 𝑥1, in green, the design obtained starting with the variable 𝑥2

Algorithm 3 is computationally fast enough, since at step 𝑖, it holds that

𝐿(𝑋𝑖
𝑠) = 𝑙(𝑥∗

𝑖
|𝑋𝑖−1

𝑠 ) + 𝐿(𝑋𝑖−1
𝑠 ) (6)

where 𝑙(𝑥∗
𝑖
|𝑋𝑖−1

𝑠 ) is the discrepancy introduced at step 𝑖 − 1:

𝑙(𝑥∗
𝑖
|𝑋𝑖−1

𝑠 ) =
∑

𝑥∗
𝑗
∈𝑋𝑖−1

𝑠

[𝑝 − ||𝑥∗
𝑖
||∕2 − ||𝑥∗

𝑗
||∕2 + 𝛿(𝑥∗

𝑖
, 𝑥∗

𝑗
)]
2
. (7)

In the simulation studies provided in Wang et al.,18 OSS overperforms IBOSS, also in model with interactions, because
OSS selects sub-sample only based on the covariates, while IBOSS relies also on the interaction terms. A pseudocode for
OSS is given in Algorithm 3.
Finally, optimal design based (ODB) is a two-step purposive selection strategy to make inferences about the parameters

of the super-populationmodel that is supposed to generate the big dataset. The design is assumed to have been generated
by a super-population model of the type𝑌𝑌𝑌(𝑥𝑥𝑥) = 𝑓𝑓𝑓(𝑥𝑥𝑥)′𝜃𝜃𝜃 + 𝜀𝜀𝜀. The design matrix𝐹𝐹𝐹 = [𝑓𝑓𝑓(𝑥𝑥𝑥1)

′, … ,𝑓𝑓𝑓(𝑥𝑥𝑥𝑁)
′]′ and an optimality

criterion Φ[⋅] are additional inputs for ODB. The ODB output is a subset of  of size 𝑛, which is optimal with respect to
Φ[⋅].
The main idea is, first, to identify the theoretical most informative values of the explanatory variables according to

Φ[⋅] and then to select from the observed dataset, the data points that are closer to these theoretical optimal values. The
rationale behind theODB algorithm is that, given a super-populationmodel, one can always compute the ideal continuous
optimum design with respect to the criterion Φ as

𝜉∗ = argmax
𝜉

Φ[𝑀(𝜉)] =

{
𝑥𝑥𝑥∗1 … 𝑥𝑥𝑥∗

𝑗
… 𝑥𝑥𝑥∗

𝑘

𝜔∗
1 … 𝜔∗

𝑗
… 𝜔∗

𝑘

}
(8)

with 0 ≤ 𝜔∗
𝑗
≤ 1,

∑𝑘

𝑗=1 𝜔𝑗 = 1 and where 𝑀(𝜉) is the information matrix for a continuous design 𝜉 defined as 𝑀(𝜉) =∑𝑘

𝑗=1 𝑓𝑓𝑓(𝑥𝑥𝑥𝑗)𝑓𝑓𝑓(𝑥𝑥𝑥𝑗)
′𝜔𝑗 . Here a design is defined by its distinct experimental points {𝑥𝑥𝑥∗1, … ,𝑥𝑥𝑥∗

𝑘
} with 𝑘 < 𝑁.

ODB is robust to permutation order of the covariates, giving it an advantage with respect to IBOSS, and its
main drawbacks are the computational time and the fact that it does not take into account misspecification in the
super-population model.
In this paper, we considered only linear regression models, but the above methods can be extended to other classes of

regression models. For instance, logistic regression is considered in Refs.1,20 and softmax regression in Yao and Wang.22
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ALGORITHM 5 Pseudocode for RA21

Input: , 𝜈 ∈ (0, 1), loss function𝜈 , 𝑛
Output: Minimax robust design
Let 𝑒𝑒𝑒𝑖 be the 𝑖th column of the 𝐼𝑁 identity matrix
Sample randomly a point 𝒙𝑖 from , set the current sample size 𝑛𝑐 = 1 and let 𝝃𝑛𝑐,𝑥𝑥𝑥 be such that 𝜉𝑖 = 1 and 𝜉𝑗 = 0 for 𝑗 ≠ 𝑖

while 𝑛𝑐 ≤ 𝑛 or a certain criteria is not met do
Compute the matrix 𝑇𝜈 (𝜉𝜉𝜉𝑛𝑐,𝑥𝑥𝑥)

Take the largest diagonal element and assume it is in entry (𝑖, 𝑖)

Update the weights of 𝜉𝜉𝜉𝑛𝑐,𝑥𝑥𝑥 to 𝝃𝑛𝑐+1,𝑥𝑥𝑥 =
(

𝑛𝑐

𝑛𝑐+1

)(
𝜉𝜉𝜉𝑛𝑐,𝑥𝑥𝑥 +

1

𝑛
𝑒𝑒𝑒𝑖

)
end while

2.2 Models with no confounder terms

Author in Ref.21 considers models of the form 𝑌(𝑥𝑥𝑥) = 𝑓𝑓𝑓(𝑥𝑥𝑥)′ 𝜃𝜃𝜃 + 𝜓(𝑥𝑥𝑥) + 𝜀𝜀𝜀, with a more general (unknown) bias term 𝜓(𝑥𝑥𝑥)

than ℎℎℎ(𝑥𝑥𝑥)′𝜓𝜓𝜓 in Equation (1). The main idea of the algorithm in Wiens21 for optimal, sequential, design selection is to
impose a neighbourhood structure on the standard regression response function,maximise a function of theMSE over this
neighbourhood and then seek robust designs that minimize this maximum loss. The pseudocode is given in Algorithm 5.
The inputs are a theoretical design space  = {𝑥𝑥𝑥1, … ,𝑥𝑥𝑥𝑁} based on  and with𝑁 distinct points, a value 𝜈 ∈ (0, 1) chosen
by the experimenter that corresponds to howmuch emphasis has to be given on bias reduction, a loss function𝜈 and the
desired final size of the design 𝑛. The output is an exact 𝑛-point continuous robust design 𝜉𝜉𝜉𝑛 = {𝜉𝑛,𝑖}

𝑁
𝑖=1

placing mass 𝜉𝑛,𝑖
on the 𝜉𝑖 point of .
The rationale behind the algorithm is that the experimenter will compute estimates assuming that 𝜓(⋅) ≡ 0 and protects

the LSE of 𝜃𝜃𝜃 against the bias through a minimax robust design. For given 𝑛 and a control parameter 𝜏, the bias term 𝜓 is
restricted to the following class of function Ψ:

Ψ =

{
𝜓

||||||
∑
𝑥∈

𝑓(𝑥)𝜓(𝑥) = 0 and
∑
𝑥∈

𝜓2(𝑥) ≤ 𝜏2∕𝑛

}
(9)

The two conditions in Ψ ensure, respectively, the identifiability of the parameters 𝜃𝜃𝜃 and that, asymptotically, the bias of
the LSEs remains of the same magnitude as the variance. In Wiens,21 the classical notion of 𝐷-optimality is extended to
𝐷-robustness. Letting 𝜃̂𝜃𝜃 be the LSE of 𝜃𝜃𝜃 based on a design 𝜉𝜉𝜉, it is proved that the maximum of the loss function

(𝜓,𝜉𝜉𝜉)=
(
det 𝔼

[
(𝜃̂𝜃𝜃 − 𝜃𝜃𝜃)(𝜃̂𝜃𝜃 − 𝜃𝜃𝜃)′

])1∕𝑝
(10)

can be factorised as max𝜓 (𝜓,𝜉𝜉𝜉)=
𝜎2

𝑛
(

𝜎2+𝜏2

𝜎2 det[𝐹𝐹𝐹′𝐹𝐹𝐹]
)1∕𝑝 ×𝜈(𝜉𝜉𝜉) where 𝜈 depends only on the sought design and on

known quantities. Here, 𝐹𝐹𝐹 = [𝑓𝑓𝑓(𝑥𝑥𝑥)]𝑥𝑥𝑥∈ is the full design matrix. The objective is to find a design 𝜉𝜉𝜉∗, which satisfies
min
𝜉𝜉𝜉

max
𝜓

(𝜓,𝜉𝜉𝜉).

The algorithms presented in Section 2.1 are used in order to select 𝑛 data points from an observed dataset, while with
algorithm in Wiens,21 the entire design is constructed, sequentially one point at a time, before any data are collected.
Furthermore, the latter is not suitable for Big Data, especially since it requires lots of matrix multiplications. The main
feature for the purpose of this approach is that it accounts for bias. Ideally, one would like to exploit Algorithm 5 in the
implementation of algorithms of Section 2.1.

2.3 Models with no bias terms

Models of the form 𝑌𝑌𝑌(𝑥, 𝑧𝑥, 𝑧𝑥, 𝑧) = 𝑓𝑓𝑓(𝑥𝑥𝑥)′𝜃𝜃𝜃 + 𝑔𝑔𝑔(𝑧𝑧𝑧)′𝜙𝜙𝜙 + 𝜀𝜀𝜀 have been considered in Pesce et al.11 Let 𝜉𝑥,𝑧𝑥,𝑧𝑥,𝑧 be a design measure on × so that the corresponding information matrix𝑀 can be rewritten as a blocked matrix

𝑀(𝜉) = ∫×
(
𝑓𝑓𝑓

𝑔𝑔𝑔

)(
𝑓𝑓𝑓′,𝑔𝑔𝑔′

)
𝑑 𝜉𝑥,𝑧𝑥,𝑧𝑥,𝑧 =

[
𝑀11 𝑀12

𝑀21 𝑀22

]
(11)
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538 PESCE et al.

Then the MSE of the LSEs of 𝜃𝜃𝜃 is 𝜎2𝑁−1𝑅 where

𝑅 = 𝑀−1
11 +

(
𝑁

𝜎

)2

𝑀−1
11 𝑀12𝜙𝜙𝜙𝜙𝜙𝜙

′𝑀21𝑀
−1
11 (12)

and the loss function for 𝐷-optimality depends on both 𝑥𝑥𝑥, 𝑧𝑧𝑧 and it holds

det(𝑅) = det(𝑀−1
11 )

(
1 +

(
𝑁

𝜎

)2

𝜙𝜙𝜙′𝑀21𝑀
−1
11 𝑀12𝜙𝜙𝜙

)
(13)

The same approach was introduced by authors in Montepiedra and Fedorov10 with the difference that the bias was on the
𝑥𝑥𝑥 and not on confounders 𝑧𝑧𝑧.
Here, we assume 𝑔𝑔𝑔(𝑧𝑧𝑧)′𝜙𝜙𝜙 to be unknown but belonging to some function class and that for each𝑥𝑥𝑥 ∈  , there is an unob-

served 𝑧𝑥𝑧𝑥𝑧𝑥 ∈ . Let𝐺𝐺𝐺 = [𝑔𝑔𝑔(𝑧𝑥𝑧𝑥𝑧𝑥)]𝑥𝑥𝑥∈ and 𝑃𝑍 be a randomization distribution for the 𝑧𝑥𝑧𝑥𝑧𝑥’s. In the game theoretical approach
in Pesce et al.,11 a 𝐷-optimal design measure is one maximising the following expected value under the randomization
measure

min
𝑃𝑍

𝔼𝑃𝑍

⎧⎪⎨⎪⎩ max
function
class

𝐺𝐺𝐺′𝜙𝜙𝜙𝐹𝐹𝐹𝑀−2
11 𝐹𝐹𝐹

′𝜙𝜙𝜙′𝐺𝐺𝐺

⎫⎪⎬⎪⎭ (14)

The same arguments used in Section 2.2 for Algorithm 5 can be applied in this case.

3 SIMULATION STUDY

We compare the algorithms presented in the previous sections on four examples. The first example compares all presented
algorithm and seeks a small design with 12 points subset of a 103 point simulated set from a Gaussian model with mean
0.5 − 3𝑥1 + 4𝑥2; in the second example, 103 points are sought out of a simulated dataset of 105 from the samemodel; in the
third example, a bias term is added to the model. For comparison reasons, also a SRS has been implemented; as expected,
SRS provides the worst results with respect to all the other algorithms. The last example uses a dataset from the literature
in this area. All computations are carried through in R on an Intel(R) Core(TM) i5-6200U CPU (2.30GHz) 8 GB RAM.
A measure of the goodness of the derived designs is the Φ-efficiency, where Φ is a positive, concave and homogeneous

function. For a design 𝜉, the Φ-efficiency with respect to an optimal design 𝜉∗ = argmax𝜉 Φ[𝑀(𝜉)] is given by

0 ≤ Ef fΦ[𝑀(𝜉)] =
Φ[𝑀(𝜉)]

Φ[𝑀(𝜉∗)]
≤ 1. (15)

In the following examples, we will consider the 𝐷-optimality criterion, so that Φ is the determinant of 𝑀(𝜉), and the
theoretical optimal design is computed by the od_REX function in the R package OptimalDesign.7

3.1 Example 1

We compare algorithms presented in Sections 2.1 and 2.2 on simulated data from the following model:

𝑌 = 𝜃0 + 𝜃1𝑥1 + 𝜃2𝑥2 + 𝜀 (16)

where 𝜃𝜃𝜃 = (𝜃0, 𝜃1, 𝜃2) = (0.5, −3, 4), 𝑥1 and 𝑥2 are independent and generated from a Uniform[−1, 1] and 𝜀 ∼  (0, 0.12).
We simulated 𝑁 = 103 values and the goal is to select 𝑛 = 12 design points from the initial dataset. Here, the model has
no bias and we do not use a big dataset in order to compare all the presented algorithms, indeed the computational time
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PESCE et al. 539

F IGURE 2 Example 1: Optimal design points selected according to each algorithm

TABLE 1 Efficiencies and computational times of each algorithm in Example 1

Algorithm Efficiency Timing (s)
SRS 0.4383372 –
ROS 0.9576251 0.19
IBOSS 0.8042624 0.03
OSS 0.9457539 0.08
ODB 0.9584127 8.12
RA 0.9784970 0.86

for Algorithm 5 is prohibitive. For Algorithms 1 and 4, we choose to use a grid of 31 equally space points in the interval
[−1, 1] for both 𝑥1 and 𝑥2.
In Figure 2, blue points correspond to data points in the original dataset, while green points are from the grid (and

observations will be taken at them). The efficiencies of the selected designs and the computational times of each algorithm
are reported in Table 1. With respect to a SRS (Figure 2), all 𝐷-optimal design tends to allocate points at the boundary of
the sample space and at the corners with the exception of IBOSS. The most efficient algorithm is the last one and the
longest to run is ODB, while the SRS design is obtained in virtually no time.

3.2 Example 2

This second example considers again Model (16) and a much larger simulated dataset of 𝑁 = 105 values from which to
select 𝑛 = 103 design points. Algorithm 5 is excluded from this comparison because of its computational time cost. For
Algorithms 1 and 4, we choose to use a grid of 151 equally space points in the interval [−1, 1] for both 𝑥1 and 𝑥2. The data
points selected by each algorithm are reported in Figure 3.
The efficiencies of the selected designs and the computational times of each algorithm are reported in Table 2.
It is worth remarking the importance of the selection of the grid required in the ROS and the ODB algorithms for

the computation of the efficiency. This grid is used to compute the theoretical optimal design for the computation of
the efficiency and thus it is required to be fine enough, otherwise the algorithms can select data points ‘more extreme’
than those in the grid. A such event can provide a not reliable efficiency evaluations for the involved algorithms. The
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540 PESCE et al.

F IGURE 3 Example 2: Optimal design points selected according to each algorithm

TABLE 2 Efficiencies and computational times of each algorithm in Example 2

Algorithm Efficiency Timing (s)
SRS 0.4532854 –
ROS 0.8266456 776.54
IBOSS 0.7092132 0.05
OSS 0.8802289 698.52
ODB 0.8266642 611.36

RA algorithm does not conclude on the selected grid. OSS is the most efficient algorithm while computational times for
ROS, OSS and ODB are comparable and IBOSS is very fast almost by definition in virtue of the easy geometry of the
sample space.

3.3 Example 3

In this third example, the bias term 𝜓(𝑥1, 𝑥2) = 2.22 𝑥21 is added toModel (16) and a dataset of𝑁 = 103 values is simulated
from

𝑌(𝑥1, 𝑥2) = 0.5 − 3𝑥1 + 4𝑥2 + 𝜓(𝑥1, 𝑥2) + 𝜀 (17)

The goal is to select 𝑛 = 12 design points out of it. As in previous example, we do not use a big dataset in order to compare
all the presented algorithms, otherwise the computational time for Algorithm 5 (RA) would have been too large. For
Algorithms 1 (ROS) and 4 (ODB), we choose to use a grid of 41 equally space points in the interval [−1, 1] for both 𝑥1 and
𝑥2.
In Table 3, the efficiencies of the selected designs and the computational times of each algorithm are reported. The

algorithm with the best efficiency is RA, as expected since there is a bias in the model, but we need to consider that this
algorithm is not based on the observed value. Figure 4 suggests the same comments made in the previous examples. In
the two cases involving the search of a small 12 point design ODB is the slowest while for the search of a larger design in
Example 2, ROS is the slowest because it requires to compute many distances.
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PESCE et al. 541

TABLE 3 Efficiencies and computational times of each algorithm in Example 3

Algorithm Efficiency Timing (s)
SRS 0.4870204 –
ROS 0.9330215 0.39
IBOSS 0.7984535 0.16
OSS 0.9389230 0.09
ODB 0.9514904 8.10
RA 1.0000000 2.60

F IGURE 4 Example 3: Optimal design points selected according to each algorithm when a bias term is present

TABLE 4 Grid generated by the data points

Covariate Grid
creditScore −4, −3, −2, −1, 0, 1, 2, 3, 4
houseAge −2, −1, 0, 1, 2, 3, 4
yearsEmploy −2, −1, 0, 1, 2, 3, 4
ccDebt −2, −1, 0, 1, 2

3.4 Example 4: Mortgage dataset

Here, Algorithm 1 is applied on the simulated mortgage defaults (years 2000) dataset considered as test case also in other
studies (see, e.g. Drovandi et al.2). The dataset has 1000, 000 data points, a binary response for the mortgage defaults 𝑌𝑖 ∼

𝐵𝑖𝑛𝑎𝑟𝑦(𝜋𝑖) and four covariates: Credit Rating Score (creditScore), the age of the house in years (houseAge), the number of
years the mortgage holder has been employed at current job (yearsEmploy) and the amount of credit card debt (ccDebt).
The scaled values of the data points are clustered around the grid in Table 4, so we take this as the grid used in Algorithm
1. The response is skewed: 𝑌𝑖 = 1 in 1031 units and 𝑌𝑖 = 0 for 998,969 units and following Drovandi et al.,2 we assume
𝑌𝑖 ∼ 𝐵𝑖𝑛𝑎𝑟𝑦(𝜋𝑖) and a logistic model 𝑙𝑜𝑔𝑖𝑡(𝜋𝑖) = 𝜃0 + 𝜃1𝑥1𝑖 + 𝜃2𝑥2𝑖 + 𝜃3𝑥3𝑖 + 𝜃4𝑥4𝑖
The maximum likelihood estimates of the parameters of the logit models are obtained starting with 𝑛𝑡 = 5000 points

in step 2, and with a final sample of size 𝑛𝑑 = 6, 200. The estimates are consistent with those presented by other authors
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542 PESCE et al.

F IGURE 5 Effect of the initial sample on the output of Algorithm 1

in Ref.2 Further to their work in Figure 5, we investigate the effect of the choice of the initial sample on the parameter
estimates: black refers to an initial sample including all units for which 𝑌 = 1 (a dope training set), red to a randomly
selected initial sample, green to a stratified sample: we considered the distribution of ccDebt for the sub-population for
which 𝑌 = 1 and sampled one data points for each quantile, since preliminary analysis indicates that ccDebt affects most
the response. All the estimates converge to the same value, but the black ones are faster, as expected.

4 CONCLUSIONS AND FINAL REMARKS

In this paper, we proposed a unified general framework, which covers diverse algorithms from recent literature to
approach the problem of model-oriented optimal sub-sample selection in large datasets. We reviewed them and we show
that the most used algorithms address some special cases: models without bias, models with no confounder terms and
models with no bias terms. We described the main advantages and drawbacks of the different algorithms.
We also presented some preliminary results on a unified theory to take into account selection bias, model bias and

bias due to confounders in the choice of a sub-sample for an efficient estimation, in the least square sense, of parameters
expressing the effect of interest.
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APPENDIX
We provide a proof of the General Equivalence Theorem (GET) in the presence of confounders and/or bias terms. It uses
standard technique and we have not found it in the literature. The GET establishes the equivalence of the optimal design
obtained under different convex criterion. In the notation of Model (1) consider the information matrix

𝑀(𝜉𝜉𝜉) = ∫×
⎛⎜⎜⎝
𝑓𝑓𝑓

ℎℎℎ

𝑔𝑔𝑔

⎞⎟⎟⎠
(
𝑓𝑓𝑓⊤,ℎℎℎ⊤,𝑔𝑔𝑔⊤

)
𝑑 𝜉𝑥,𝑧𝑥,𝑧𝑥,𝑧 (18)

for a generic convex design measure 𝜉. Consider also the variance function 𝑑((𝑥𝑥𝑥,𝑧𝑧𝑧),𝜉𝜉𝜉) = 𝑓𝑓𝑓′(𝑥𝑥𝑥)𝑀(𝜉𝜉𝜉)−1𝑓𝑓𝑓(𝑥𝑥𝑥). As 𝜉 varies in
the convex set of probability measures, we assume that the information matrices form a closed and bounded subset of the
semi-definite positive matrices.
Theorem 1. For a design measure 𝜉𝜉𝜉∗, the following statements are equivalent

(i) 𝜉𝜉𝜉∗ maximizes det(𝑀(𝜉𝜉𝜉))

(ii) 𝜉𝜉𝜉∗ achievesmin𝜉𝜉𝜉 max(𝑥,𝑧)∈× 𝑑((𝑥𝑥𝑥,𝑧𝑧𝑧),𝜉𝜉𝜉)

(iii) max(𝑥,𝑧)∈× 𝑑((𝑥𝑥𝑥,𝑧𝑧𝑧),𝜉𝜉𝜉∗) = 𝑝 + 𝑚 + 𝑞 − 2.

Proof. There are two further equivalent conditions, which allows a circular proof. One is a local D-optimality condition

(iv) 𝜕

𝜕(𝑥𝑥𝑥,𝑧𝑧𝑧)
log det

(
𝑀

(
(1 − 𝛼)𝜉𝜉𝜉∗ + 𝛼𝜉𝜉𝜉′

))
∣𝛼=0 ≤ 000 (19)

where 𝜉𝜉𝜉∗ and 𝜉𝜉𝜉′ are design measures. The fifth equivalent condition is

(v) 𝑑((𝑥𝑥𝑥,𝑧𝑧𝑧),𝜉𝜉𝜉) ≤ 𝑝 +𝑚 + 𝑞 − 2 for all (𝑥𝑥𝑥,𝑧𝑧𝑧) ∈  × (20)

That (i) implies (iv) is straightforward. To show that (iv) implies (v) we use the matrix identity 𝜕

𝜕𝛼
log det(𝐴) =

tr(𝐴−1 𝜕𝐴

𝜕𝛼
). Thus

𝜕

𝜕(𝑥𝑥𝑥,𝑧𝑧𝑧)
log det

(
𝑀

(
(1 − 𝛼)𝜉𝜉𝜉∗ + 𝛼𝜉𝜉𝜉′

))
∣𝛼=0

= tr

(
𝑀−1

(
(1 − 𝛼)𝜉𝜉𝜉∗ + 𝛼𝜉𝜉𝜉′

)
⋅
𝜕

𝜕𝛼
𝑀

(
(1 − 𝛼)𝜉𝜉𝜉∗ + 𝛼𝜉𝜉𝜉′

))
∣𝛼=0

= tr

(
𝑀−1

(
(1 − 𝛼)𝜉𝜉𝜉∗ + 𝛼𝜉𝜉𝜉′

)
⋅
𝜕

𝜕𝛼

(
(1 − 𝛼)𝑀(𝜉𝜉𝜉∗) + 𝛼𝑀(𝜉𝜉𝜉′)

))
∣𝛼=0

= tr
(
𝑀−1

(
(1 − 𝛼)𝜉𝜉𝜉∗ + 𝛼𝜉𝜉𝜉′

)
⋅
(
−𝑀(𝜉𝜉𝜉∗) + 𝑀(𝜉𝜉𝜉′)

))
∣𝛼=0

= tr
(
𝑀−1(𝜉𝜉𝜉∗) ⋅ (−𝑀(𝜉𝜉𝜉∗) + 𝑀(𝜉𝜉𝜉′))

)
= tr

(
−𝐼𝑝+𝑚+𝑞−2 +𝑀−1(𝜉𝜉𝜉∗)𝑀(𝜉𝜉𝜉′)

)
= −(𝑝 + 𝑚 + 𝑞 − 2) + tr

(
∫× 𝑑((𝑥𝑥𝑥,𝑧𝑧𝑧),𝜉𝜉𝜉∗)𝜉𝜉𝜉′(𝑑𝑥, 𝑑𝑧)

)
(21)

so that the statement in (iv) is equivalent to ∫× 𝑑((𝑥𝑥𝑥,𝑧𝑧𝑧),𝜉𝜉𝜉∗)𝜉𝜉𝜉′(𝑑𝑥, 𝑑𝑧) ≤ 𝑝 +𝑚 + 𝑞 − 2 for all𝜉𝜉𝜉′. This holds in particular
when 𝜉𝜉𝜉′ places mass one at a specific point (𝑥𝑥𝑥,𝑧𝑧𝑧). But this is 𝑑((𝑥𝑥𝑥,𝑧𝑧𝑧),𝜉𝜉𝜉∗) ≤ 𝑝 +𝑚 + 𝑞 − 2 for all (𝑥𝑥𝑥,𝑧𝑧𝑧), so (v) is verified.
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To prove that (iii) is equivalent to (iv), we can show that

max
(𝑥,𝑧)∈×𝑑((𝑥𝑥𝑥,𝑧𝑧𝑧),𝜉𝜉𝜉

∗) ≥ 𝑝 +𝑚 + 𝑞 − 2 for all (𝑥𝑥𝑥,𝑧𝑧𝑧) (22)

But this follows from the fact that a maximum is always greater than or equal to an average, so

max
(𝑥,𝑧)∈×𝑑((𝑥𝑥𝑥,𝑧𝑧𝑧),𝜉𝜉𝜉

∗) ≥ ∫× 𝑑((𝑥𝑥𝑥,𝑧𝑧𝑧),𝜉𝜉𝜉∗)𝜉𝜉𝜉∗(𝑑𝑥, 𝑑𝑧)

= tr
(
𝑀−1(𝜉𝜉𝜉∗)𝑀(𝜉𝜉𝜉∗)

)
= tr(𝐼𝑝+𝑚+𝑞−2) = 𝑝 + 𝑚 + 𝑞 − 2 (23)

As we assumed that𝑀(𝜉𝜉𝜉) is a closed and bounded subset of the semi-definite positive matrices, 𝜉𝜉𝜉∗ achieves the bound.

Lastly we prove that (iii) implies (i). We use the identity tr(𝐴) ≥ 𝑛 ⋅ det(𝐴)
1

𝑛 for an 𝑛 × 𝑛 matrix 𝐴. Thus for 𝑘 = 𝑝 +

𝑚 + 𝑞 − 2 we have

𝑘 = max
(𝑥,𝑧)∈×𝑑((𝑥𝑥𝑥,𝑧𝑧𝑧),𝜉𝜉𝜉

∗) ≥ ∫× 𝑑((𝑥𝑥𝑥,𝑧𝑧𝑧),𝜉𝜉𝜉∗)𝜉𝜉𝜉′(𝑑𝑥, 𝑑𝑧)

= tr
(
𝑀−1(𝜉𝜉𝜉∗)𝑀(𝜉𝜉𝜉′)

) ≥ 𝑘 ⋅ det
(
𝑀−1(𝜉𝜉𝜉∗)𝑀(𝜉𝜉𝜉′)

) 1

𝑘

= 𝑘 ⋅
(
det

(
𝑀−1(𝜉𝜉𝜉∗)

)
det

(
𝑀(𝜉𝜉𝜉′)

)) 1

𝑘 = 𝑘 ⋅

(
det(𝑀(𝜉𝜉𝜉′))

det(𝑀(𝜉𝜉𝜉∗))

) 1

𝑘

(24)

From this det(𝑀(𝜉𝜉𝜉∗)) ≥ det(𝑀(𝜉𝜉𝜉′)), which is (i); so we have (iii) holds if and only if (i) holds. □
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