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Abstract
We propose a method for computing continuous (exact) geometric moments on 2D binary images, based on a decomposition
into overlapping rectangles and on the inclusion–exclusion principle. The approach assumes that the input is given as a chain
code describing the contour of the represented object (black pixels) and reduces the number of pixels where calculations are
to be performed, especially when the contours have long axis-parallel sides.

Keywords Binary images · Continuous (exact) geometric moments · Contour chain code

1 Introduction

Geometric moments are used for the construction of image
descriptors in image analysis and pattern recognition. A set
of quantities, invariant to translation, rotation and scaling,
have been defined based on geometricmoments of order up to
three [13].Moment computation of (foreground) objects con-
tained in digital images is a well-studied field, both for exact
integral-based moments and for approximate summation-
based ones (for a review, see [10]).

We propose a method to compute the exact moments
of digital objects encoded as chain codes describing their
contours. From [4], we take the idea of using overlapping
axis-parallel rectangles anchored at the corners of the object
shape, whosemoments are summed upwith positive or nega-
tive sign. We extend such idea to continuous moments and to
the chain code image format. The approach is especially suit-
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able for images where the contours have long axis-parallel
sides and few corners. The contributions of this paper are:

• rules to determine the corners during a scan of the chain
code,

• formula to compute the moments by adding the signed
contributions of the rectangles anchored at the corners
(extending [4] to continuousmoments and to local knowl-
edge of the pixel colors),

• comparison with other approaches for binary images
given as chain codes.

2 Background Notions

We consider binary (black) objects in the plane, with white
background. An image is a raster of N×M pixels, centered at
points with integer coordinates, superimposed on the plane,
where (digital) objects are sets of pixels.

2.1 Geometric Moments

For an object O in the continuous world, its geometric
moment of order p + q is defined as

mp,q(O) =
∫∫

O

x p yqdxdy (1)
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For a digital object O , the geometric moment

mp,q(O) =
∑

(i, j)∈O

j+ 1
2∫

j− 1
2

i+ 1
2∫

i− 1
2

x p yqdxdy (2)

is usually approximated by the discrete sum
∑

(i, j)∈O i p jq .
Although negligible for common images and low-order
moments, the approximation error may be arbitrarily large
for some specific images [10, 18] and grows quickly with p
and q [18].

We consider the computation of continuous (exact) geo-
metric moments of 2D binary objects defined by Formula 2.
Most existing approaches, including the onewepropose here,
are based on decomposing the object into (axis-parallel) rect-
angles. For a rectangle R with opposite vertices (x1, y1) and
(x2, y2), with x1 ≤ x2 and y1 ≤ y2, the integral in Formula
(1) solves into

mp,q(R) =
1

(p + 1)(q + 1)

(
x p+1
2 − x p+1

1

) (
yq+1
2 − yq+1

1

)
(3)

2.2 Chain Codes

An image may be given in a variety of different formats. The
most common ones are a 2D matrix of color values, or as
a set of runs. A run is a maximal sequence of pixels with
equal color in a row and is encoded by its leftmost pixel plus
run length. (For a binary image, it is sufficient to provide the
black runs.)

An alternative approach, that is, the one considered
here, is known as chain code, or contour code, or Free-
man code [11]. This encoding provides just the con-
tour of the object O contained in the image. Only the
boundary pixels (black pixels adjacent to a white one)
are encoded, by giving one of them plus a sequence of
moves (unit steps in one of the eight orthogonal and
diagonal directions) to incrementally retrieve all the other
boundary pixels. Note that, with chain codes, the color
of all the pixels of the image is not immediately avail-
able.

The chain code image format has many advantages.
First of all, it is intuitive, representing the way in which
humans draw a picture (constrained to the eight cardinal
and diagonal directions). The contour-based paradigm is
used in the so-called turtle graphics for introducing chil-
dren to programming, but also in the postscript vector image
format. Contour coded binary images can be easily ren-
dered by filling the interior region of the contour through
a flood fill process. Chain codes provide a very effec-
tive way to represent image information: they are compact

Fig. 1 The two rectangles whose moments define the contribution of a
run: the green rectangle with positive sign and the red one with negative
sign. The contribution of the red rectangle is subtracted from that of
the green rectangle. The boundaries of the two rectangles are slightly
perturbed in the image, to avoid overlap

and non-ambiguous, and many information can be directly
computed from the chain code, without recovering all the
black pixels explicitly. The chain code is generally more
compact than the classic matrix of 0/1 values, for most
images.

3 RelatedWork

The algorithms for the computation of the moments of 2D
binary images can be classified as decomposition-based and
boundary-based [10].

Decomposition-based algorithms decompose the object
into simple parts (runs, rectangles or squares) and sum the
moments of these parts (if they do not overlap), or apply the
inclusion–exclusion principle (if they do).

A natural way to obtain an image decomposition is pro-
vided by the popular run-length encoding. Dai et al. [5]
compute the contribution of each run as the integral from
the left side of the image to the right side of the last pixel
in the run minus the integral from the left side of the image
to the left side of the first pixel in the run. This approach,
illustrated in Fig. 1, extends the delta method of Zakaria et
al. [29] to compute the exact continuous moments instead of
the approximate discrete ones. Many other variants of this
approach have been proposed (e.g., [17]), all based on com-
puting the moments of rows of pixels.

Kerr and Wakenshaw [15] compute the contribution of a
run in the same way as in [5], but, like us, consider images
encoded through chain codes.While scanning the chain code,
they classify the current boundary pixel as starting or ending
a run and compute its (positive or negative) contribution to
the moment accordingly.

Some methods compute ad-hoc decompositions of the
object into non-overlapping rectangles or squares in a prepro-
cessing step. Spiliotis and Mertzios [21, 22] obtain disjoint
rectangles by combining consecutive runs of equal spread.
Then, they compute the moments of such rectangles by sep-
arating the horizontal and vertical summations. The same
idea is used by Flusser [8] for exact integration instead of
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approximate summation. Sossa and Flusser [1] obtain a simi-
lar decomposition throughmorphological erosion to compute
exact moments, while Suk and Flusser [25] use distance
transform. Of course, fewer blocks improve the efficiency
of moment computation, but usually require more prepro-
cessing time for obtaining the decomposition. An algorithm
providing the minimum number of rectangles was given in
[6].Different decomposition schemeswere compared in [26],
identifying the one in [21, 22] as the better balance between
the number of blocks and the decomposition time.

Boundary-based algorithms use some form of the Green
theorem to reduce the computational burden from the entire
shape to the shape boundary, by transforming the double
integral to a non-unique line integral. On a digital image,
these approaches ultimately reduce to considering runs [7, 9,
19, 27, 28].

Other algorithms compute the moments of a polygonal
region. They either use inclusion–exclusion to decompose
the polygon into simpler overlapping ones (triangles and
quadrangles) [14, 16, 20, 24], or some form of Green’s the-
orem to transform the double into a line integral, which
is computed directly through parametric line equation [2,
23]. Such algorithms are excessively complicated for digi-
tal objects, which have only horizontal and vertical edges.
Brlek et al. [3] proposed a general framework to process the
boundary of a digital image (a sequence of grid edges), sum-
ming up a contribution for each edge. This framework can
be instantiated to compute the moments.

A common optimization, used by many algorithms, con-
sists of precomputing and storing into tables some quantities,
like powers and summations, that are repeatedly used in the
moment formulas.

4 The ProposedMethod

We assume that the object O contained in the image is the
set of black pixels, while white pixels are the background.
We pose no restrictions on the configuration of black pixels,
so the object does not need to be (simply) connected, or
convex. Pixels have integer coordinates, while pixel vertices
have half-integer coordinates. The lower-left vertex of the
image has coordinates (−0.5,−0.5).

4.1 Outline of theMethod

The corner vertices are those vertices V such that the four
incident pixels of V are not all white or all black, and are
not two edge-adjacent white pixels and two edge-adjacent
black pixels. The possible configurations of corner vertices
are shown in Fig. 2.

We decompose the object O into overlapping rectangles,
having lower-left vertex in (−0.5,−0.5) and upper-right ver-

Fig. 2 Configurations of 2 × 2 pixels defining the corner vertices

Fig. 3 An object, its six corners A,B,C,D,E,F and the rectangle asso-
ciated with each of them. a The green rectangles give a positive
contribution to the moments, b the red rectangles give a negative one.
The right and upper sides of the rectangles are anchored at the corner,
marked with a colored dot (they are not shown at their true position, to
avoid overlap)

Fig. 4 Coefficients associated with the corner vertices a in [4] and b
here. The color of the dashed pixels is not known

tex in one of the corners of the object boundary. We compute
the moments of each rectangle by using Formula (3) and
sum them up with appropriate sign, based on the inclusion–
exclusion principle. An example of moment computation
with our idea is shown in Fig. 3.

Since all rectangles have the same lower-left corner, the
quantities (z− 0.5)s+1 − (−0.5)s+1 involved in Formula (3)
can be precomputed and stored for all integer z from 0 up
to the maximum between the image height and width, and
s up to the maximum order of moments to be computed.
Therefore, the computation of the moment of one rectangle
needs only one multiplication.

The above idea comes from [4], where it was used to com-
pute discrete moments on an input image given as a raster of
black and white pixels. Here, differently from [4], we com-
pute continuous moments instead of discrete ones, and we
consider the input object O given as a chain code instead of
a binary matrix. We recall that a chain code, also known as
Freeman code [11], is an image format providing the object
contours as sequences of black pixels, each sequence given
as its first (black) pixel, and a sequence of moves.

In [4] the raster image is scanned row by row, keeping
two rows in memory (the current one and the previous one).
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Fig. 5 a Numbers encoding the eight directions. b An object encoded
with the chain code 031545601 and starting pixel (4, 2)

Therefore, when processing a vertex, the configuration of
2× 2 pixels around it is completely known. Figure4a shows
the coefficients associated with corner contributions in [4],
i.e., the number to be multiplied with the moment of the
rectangle having the upper-right vertex in the corner. Note
that the cases in which the four pixels sharing the corner form
a chessboard configuration counts twice (coefficient +2 or
−2), because this vertex was examined only once in [4], but
two corners occur at it.

Here, we encounter corners during a traversal of chain
code describing the boundary of the object. So, a corner in a
chessboard configuration will be encountered twice. In addi-
tion, since we look at the object “from outside”, we have
no notion about the color of the third pixel, so we cannot
(and we do not need to) distinguish a chessboard configura-
tion from a configuration with three black pixels. Figure4b
shows the coefficients associated with corner contributions
in this paper, where the dashed pixel can be of any color.

The correctness of this approach based on overlapping
rectangles and the inclusion–exclusion principle follows
immediately from the fact that continuous moments (i.e., the
integrals defining them) are additive.

4.2 Details of the Method

The input is a chain code describing the contour of a digital
object O . The eight orthogonal and diagonal directions in
the chain code are represented by the integer numbers in the
range 0 . . . 7 [11, 15] with the convention shown in Fig. 5a.
Starting from the first pixel, and processing the moves in the
given order, it is possible to iteratively scan all the (black)
pixels of the contour. We assume 8-connected contours, ori-
ented in such a way that the object interior lies to their left.
An example of chain code is shown in Fig. 5b.

We assume that a chain code is given by first pixel P0
with integer coordinates (x0, y0) and a sequence of n moves
d0, d1, . . . dn−1, with integer di ∈ [0, 7] for 0 ≤ i ≤ n −
1. By starting from P0 and scanning the list of moves, we
get all contour pixels P0, P1, . . . Pn−1. Each pixel Pi has

an incoming move in(Pi ) = di−1 and an outgoing move
out(Pi ) = di (for P0, in(P0) = dn−1).

The configurations where (in(Pi ) + 5)mod 8 = out(Pi )
are not possible, because in an 8-connected contour, oriented
with the object to its left, Pi would not belong to the con-
tour. We consider all other configurations as possible (note
that [15] consider more impossible configurations than us1).
Based on the pair in(Pi ), out(Pi ) we decide, for each vertex
V of Pi , whetherV is or is not a corner of the object boundary.
All possible pairs in(Pi ), out(Pi ), with the corresponding
corners of Pi , are reported in Table 1 and represented in Fig.
6.

In Fig. 6 the dots mark the vertices of Pi that are corners.
The oneswithwhite dotsmust not be counted as corners at Pi ,
because also the next contour pixel Pi+1 has a corner in the
same vertex, and it must be counted only once. By conven-
tion, we count a corner, shared by two contour pixels, only in
the second one. The only exception is when in(Pi ), out(Pi )
are opposite diagonal directions (e.g., SW,NE): in that case,
the corner V must be counted twice, i.e., at both pixels Pi
and Pi+1. Therefore, the black dots in Fig. 6 are the corners
at Pi , and their directions (relative to the center of Pi ) are
listed in Table 1.

The vertices of Pi to be considered as corners are estab-
lished by the following rules, where all additions are modulo
8 (see Table 1). If in(Pi ) is even (i.e., a cardinal direction),
the corners are:

• If out(Pi ) is equal to in(Pi ) or in(Pi )+7, then no vertex;
• If out(Pi ) is equal to in(Pi ) + 1 or in(Pi ) + 2, then the
vertex lying in direction in(Pi ) + 7 (as seen from the
center of Pi ).

• If out(Pi ) is equal to in(Pi ) + 3 or in(Pi ) + 4, then the
two vertices lying in directions in(Pi )+7 and in(Pi )+1.

• If out(Pi ) is equal to in(Pi )+ 6, then the vertex lying in
direction in(Pi ) + 6.

If in(Pi ) is odd (i.e., a diagonal direction), the corners are:

• If out(Pi ) is equal to in(Pi ) + 6 or in(Pi ) + 7, then the
vertex lying in direction in(Pi ) + 4,

• If out(Pi ) is equal to in(Pi ) or in(Pi ) + 1, then the two
vertices lying in directions in(Pi ) + 4 and in(Pi ) + 6.

• If out(Pi ) is equal to in(Pi )+2or in(Pi )+3, then the three
vertices lying in directions in(Pi )+4, in(Pi )+6, in(Pi ).

• If out(Pi ) is equal to in(Pi )+ 4, then all four vertices of
Pi .

1 For example, in the first row of Fig. 6 (i.e., out(Pi ) = 0) we consider
as impossible only in(Pi ) = 3, because the current pixel would be
completely contained in the object and thus not a boundary pixel. In
[15], also in(Pi ) = 4, 5 are impossible, i.e., an object cannot have an
appendixwhich is only one pixel wide. For us, such an object is allowed.
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Fig. 6 All configurations for a contour pixel Pi (in darker color), pre-
sented in the same order as in Table 1. The interior of the object lies to
the left of the contour, and is denoted with a dashed pattern. Impossible
configurations are marked with a red cross. The vertices of Pi marked
with a dot are corners. In some cases, a corner vertex is shared by two

consecutive contour pixels and, by convention, it is counted only in
the second pixel. Therefore, only the corner vertices marked with black
dots are considered, while those marked with white dots are not counted
(they will be counted when processing the next pixel Pi+1)
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Table 1 Vertices of the current
pixel Pi , which are counted as
corners

in(Pi )
0 1 2 3 4 5 6 7

out(Pi ) 0 – 5 7 × 3,5 1,3,5 5 3,5

1 7 5,7 – 7 × 1,3,5,7 5,7 3,5,7

2 7 5,7 – 7 1 × 5,7 3,5,7

3 7,1 5,7,1 1 7,1 – 1 × 3,5,7,1

4 7,1 5,7,1 1 7,1 – 1 3 ×
5 × 5,7,1,3 1,3 7,1,3 3 1,3 – 3

6 5 × 1,3 7,1,3 3 1,3 – 3

7 – 5 × 7,1,3,5 3,5 1,3,5 5 3,5

The vertices of Pi are expressed as directions 1 = NE, 3 = NW, 5 = SW, 7 = SE, relative to the center
of Pi . The symbol × marks impossible configurations. The configurations corresponding to each case are
represented in Fig. 6

It is easy to verify that the above rules identify all the corners
correctly.

The algorithm starts with the initial pixel P0 and cycles
on the moves di for i = 0, 1, . . . n − 1. At each iteration,
it updates the current pixel Pi and determines its corners. If
a vertex V of Pi is a corner, it adds to the overall moment
the contribution of the rectangle having upper-right vertex in
V , multiplied by coefficient 1 or −1 according to the con-
figuration at V (see Fig. 4b). For example, if in(Pi ) = 1, out
(Pi ) = 2, the SW vertex of Pi has coefficient 1 (fifth con-
figuration of Fig. 4b), and its NW vertex has coefficient −1
(second configuration of Fig. 4b).

4.3 Optimizations

Since all our rectangles have one vertex in (−0.5,−0.5) and
the other vertex in a point with coordinates (x−0.5, y−0.5)
with x, y non-negative integers, Formula (3) reduces to:

((x−0.5)p+1−(−0.5)p+1)((y−0.5)q+1−(−0.5)q+1) (4)

multiplied by the factor 1
(p+1)(q+1) . This latter is common to

all rectangles and, for efficiency, is multiplied only once, at
the end of the process.

In order to speed up the computation of rectangle
moments, we precompute all values ((z − 0.5)t − (−0.5)t )
for all values of integer z from 0 to the maximum image
dimension, and of integer t from 0 to the maximum order
of the moments to be computed, plus 1. All such values are
stored in a matrix T to be accessed later in constant time.

In the first stage, we fill T with the values (z− 0.5)t . This
requires a number of multiplications linear in the matrix size,
by exploiting the fact that

• (z − 0.5)0 = 1 for all z;

• for t ≥ 1 in increasing order, (z − 0.5)t = (z − 0.5)(z −
0.5)t−1 and the second element has been already com-
puted and stored.

In the second stage,we subtract (−0.5)t+1 fromeach entry
of T with z > 0, finding this value in row z = 0 of T , and
finally set the entries of the row z = 0 of T to (−0.5)t −
(−0.5)t = 0.

With these precomputed values, the second part of For-
mula (4) is computed by performing just one multiplication,
as

T [x + 1, p + 1] T [y + 1, q + 1].

Moreover, we note that corners occur along the boundary
of the object O in consecutive pairs with equal x-coordinate
and opposite coefficients (i.e., the two corners defining a ver-
tical side ofO).By collecting the common factorT [x+1, p+
1] of these two contributions, we can avoid one multiplica-
tion. Therefore, at a corner with new x we just record the
value of y, and at the next corner with the same x we add the
contribution T [x+1, p+1] (T [ycurr, q+1]−T [yprev, q+1])
with its coefficient, where ycurr, yprev are the y-coordinate of
the current corner and the recorded one of the previous cor-
ner, respectively. In order to pair consecutive corners with
equal x-coordinate, when more vertices of Pi are corners,
it is crucial to process them in the same order in which they
are encountered while traversing the boundary counterclock-
wise. The corners of Pi must be processed by consideringfirst
the one lying in the direction equal or immediately following
out(Pi ), and then the other ones according to the counter-
clockwise circular order 1, 3, 5, 7 = NE, NW, SW, SE.
Table 1 gives the corners of Pi in the correct order for pro-
cessing them.
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Fig. 7 The number of nonzero contributions to the moments (number of corners for our method and number of starts/ends of a run for the
competitor), with ratio of the former number over the latter one (rounded to the first two decimal digits)
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5 Experimental Validation and Discussion

We have designed a method for computing the moments of
images given in chain code format; therefore, the competitor
methods are to be found in the same category. For this rea-
son, in particular, we do not consider those methods which
preprocess a raster image and produce a decomposition into
non-overlapping rectangles.

We compare our method with the one by Kerr and
Wakenshaw [15], who extended the run-based computation
performed in [5] to images encoded bymeans of chain codes.

The idea, from [5], is that of computing and summing up
the moments of each run of the input image. The moment
of a run extending from (black) pixel P = (x, y) to (black)
pixel Q = (x + k, y) is equal to the moment of the rectan-
gle with leftmost pixel (0, y) and rightmost pixel Q, minus
the moment of the rectangle with leftmost pixel (0, y) and
rightmost (white) pixel R = (x − 1, y), the immediate left
neighbor of P , see Fig. 1.

Also here, the factor 1
(p+1)(q+1) can be multiplied once at

the end, and powers can be precomputed.
In [15], like in our algorithm, the input is the chain code of

the object O contained in the image, and rules are provided
to recognize whether the current contour pixel starts or ends
a run. We implemented the rules which, given the pair of
moves in(Pi ), out(Pi ), decide whether the current pixel Pi
of the boundary is the start of a run (i.e., a run starts at the
left edge of Pi ), and whether Pi is the end of a run (i.e., a run
ends at the right edge of Pi ). Such rules, not detailed here, are
just slightly different from [15], because we assume contours
with the opposite orientation, and we consider more possible
configurations.

The algorithms have been implemented in Python. We
used 27 test images taken from the repository at
https://www.flaticon.com/free-icons/, and
their rotated versions by 90◦. The images are shown in Fig. 7.
All images have size 512 × 512, with the exception of three
of them, of size 490 × 490. On such images, we have com-
puted moments mp,q with p + q ≤ 3, and we have counted
the number of corners (for our algorithm) or the number of
starts/ends of runs (for the competitor algorithm) giving a
nonzero contribution to the moment. Up to a constant, this
gives the number of multiplications needed to compute the
rectangle moments (not including the ones performed to fill
the table of precomputed values, that are equal in both meth-
ods). The results are shown in Fig. 7, which also shows the
ratio of our number of corners over the number of pixels
starting/ending a run. Running times are shown in Fig. 8.

On 43 test images, our method has fewer contributions
to the moments, and its running time is faster, while only
on the remaining 11 test images the opposite happens. Our
method is more convenient on those images where the fore-
ground objects are bounded mostly by axis-parallel sides

Fig. 8 Comparison of running times of our algorithm (on the vertical
axis) and of the competitor one [15] (on the horizontal axis). Each circle
is a test image; our method is faster when the circle is below the bisector
of the first quadrant (black line)

(long sequences of the same orthogonal direction 0,2,4 or 6,
and therefore having few corners). Objects with such char-
acteristics are common products of computer art, such as
icons, signals, logos, etc. Conversely, the competitor method
is more convenient if the input image has many oblique or
curved lines, or many long and thin horizontal lines, which
give just one run. In images with axis-parallel lines, the orig-
inal and the rotated image may have a very different number
of runs (e.g., see the suitcase image), while the number of
corners is not sensitive to rotation by 90◦.

The run-based approach (here represented by [15]) and
the corner-based one (proposed by us) are alternatives to the
naive scan of the raster image. We also implemented the
formula developed by Hosny [12], which sums a contribu-
tion to the moment for each black pixel of the given image.
The number of contributions in this approach is one or two
orders of magnitude larger than the number of corners or
of runs.

Brlek et al. [3] proposed a general framework for process-
ing digital objects represented as chain codes. They consider
the contour encoded as an inter-pixel line with moves just
in the four cardinal directions. The framework has three ver-
sions, which compute and add a contribution, respectively:
for each horizontal move (i.e., directions E or W), or for
each vertical move (i.e., directions N or S), or for each (hor-
izontal or vertical) move. If we apply the second version to
moment computation, reformulating it for a contour encoded
as a sequence of (black) pixels with moves in eight (cardinal
and diagonal) directions, we obtain the same approach used
in [15].
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6 Concluding Remarks

We have proposed a method for computing (exact) contin-
uous moments on a 2D binary image represented by means
of a chain code. The method defines overlapping rectangles
anchored in the corners of the object contour and combines
their moments by using positive or negative sign, based on
inclusion–exclusion. This idea is similar to the one proposed
in [4] for computing (approximate) discrete moments, but
here we provide a complete algorithm based on contour
traversal and pixel classification, not just a formula (and con-
sider continuous moments instead of discrete ones).

The other popular way, based on inclusion–exclusion, to
moment computation considers the runs of an image. This
approachwas embedded into a scan of the chain code byKerr
and Wakenshaw [15]. Compared to it, our method leads to
fewer contributions to be computed and thus fewer arithmetic
operations to be performed, on most of the test images.

Our contribution will improve the available collection of
processing tools for images represented as chain codes, there-
fore promoting the diffusion of this interesting image format.
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