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Abstract

Reliability in geometry processing and physical simulation is a critical requirement
for scientific research, manufacturing, and safety-critical engineering applications.
Typical implementations of geometric queries rely on floating-point arithmetic and
discrete sampling of quantities, which can lead to undetected geometric degeneracies,
non-physical states, and solver failures. These problems are even more severe when
working with high-order curved geometry, which is often preferred to piecewise linear
representations thanks to its better fidelity. This thesis presents a comprehensive stack
of tools designed to ensure provably conservative results for geometric computations
without sacrificing computational efficiency.

The first contribution is an algorithm for continuously checking and enforcing the ge-
ometrical validity of high-order finite elements as they deform over time. This method
employs a robust branch-and-bound approach to approximate the earliest time of el-
ement inversion. When integrated into an elastodynamic simulation framework, the
method effectively prevents non-physical states and ensures the stability of the solver
under extreme deformations.

The second contribution, MiSo (MINIMIZE+SOLVE), is a domain-specific language (DSL)
and compiler that automates the generation of robust, interval-based solvers for a
wide class of geometric queries, including collision detection and primitive intersec-
tions. MiSo abstracts the mathematical definition of a query from its numerical im-
plementation, using a hybrid approach that combines Natural Interval Extensions with
Bézier-based inclusion functions to achieve high performance. The generated solvers
provide strict guarantees of correctness and are competitive with, or faster than, hand-
optimized implementations for several geometric queries.

The final contribution is TIGHT, a C++ library for fast and correctly rounded interval
arithmetic. TIGHT provides the foundational numerical primitives required for reli-
able geometric computation, ensuring bit-by-bit reproducibility and supporting tran-
scendental functions with minimal interval width. Together, these tools facilitate the
development of simulation pipelines where geometric reliability is a hard constraint
rather than a heuristic compromise.
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Wer es in kleinen Dingen mit der Wahrheit nicht ernst nimmt, dem kann man auch
in groffen Dingen nicht vertrauen.

Whoever is careless with the truth in small matters cannot be trusted with important
matters. (A. Einstein)
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Chapter 1

Introduction and Motivation

Geometry processing is fundamental to a wide range of digital applications, serving as the
bridge between abstract mathematical models and their practical realization, and enabling the
creation of tools used by millions of people in different fields such as medicine, entertainment,
manufacturing, engineering, and science. Over the years, many different solutions have been
developed for intuitively simple tasks such as computing the distance to a surface, testing if
a point lies inside or outside a bounded region, deforming a 3D model, or ensuring that two
models do not intersect. One of the reasons for this diversity is that the requirements for these
fundamental algorithms diverge significantly depending on the intended use case.

In the realm of computer graphics and entertainment, the most important aspects of an algo-
rithm are often performance and visual plausibility. Algorithms are designed to generate results
that look convincing to the human eye, often sacrificing strict mathematical correctness for the
sake of speed and interactivity. In this context, geometric errors are often considered acceptable
artifacts as long as they do not disrupt the visual experience. Conversely, in scientific comput-
ing and engineering, geometry processing serves as the foundation for rigorous analysis that is
necessary for manufacturing, structural analysis, aerospace, robotics, biomechanics, and more.
Here, accuracy and reliability are paramount; a single inverted element or a non-watertight
mesh can invalidate an entire pipeline or lead to a defective physical part, in ways that are
often subtle and difficult to detect. For these applications, correctness is not just a desirable
quality, but a hard constraint.

1.1 Physical simulations

The applications of simulating physical phenomena include real-time physics in virtual worlds,
complex visual effects in graphics and entertainment, and high-fidelity computations essential



for engineering and scientific research. Recently, simulation methods have also proven to be a
viable option to train machine learning models in tasks for which data is scarce or difficult to
obtain, with some models being trained entirely on synthetic data.

Simulations are used to test designs safely, at a low cost, and with complete control over the
environment; this allows a domain expert to iterate on the design, or even optimize it auto-
matically, without the need for real-world experiments until much later in the pipeline. This
paradigm, often referred to as “digital twin”, relies heavily on the assumption that the virtual
representation behaves consistently with physical laws; if the underlying geometric or numer-
ical kernels fail, the validity of the entire process is compromised.

1.1.1 The Finite Element Method and volumetric meshes

The Finite Element Method (FEM) is a classic way to solve partial differential equations numer-
ically, and many physical solvers rely on this approach. The core idea of FEM is to discretize
a continuous domain into a finite number of small subdomains, known as elements. Instead of
solving the complex differential equations over the entire domain at once, the method approx-
imates the solution within each element using simple basis functions, typically polynomials.
These local contributions are then assembled into a global system of equations that can be
numerically solved to approximate the behavior of the entire physical system.
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Figure 1.1: A surface mesh and a volumetric mesh. From the outside (top), the two appear
almost identical; cross-sections (bottom) reveal that the volumetric mesh fills the interior with
tetrahedra, whereas the surface mesh consists only of the triangulated boundary shell.

The first step of a FEM pipeline is creating a volumetric mesh of the simulated objects, that is, a
discrete model of the entire space occupied by the object. This differs from the surface meshes
typically used in computer graphics, which only represent the object boundary (see Figure[1.1).



Just like a 3D surface mesh can be made of triangles or quadrilaterals, a 3D volume mesh is
usually composed of tetrahedra and hexahedra. More exotic element types, such as triangular
prisms and pyramids are sometimes used in meshes with elements of mixed type. Some FEM
software also supports codimensional objects, for example to model 1D fiber or 2D cloth in 3D
space.

Another crucial difference with graphics applications is the use of high-order basis functions
to represent the geometry, physical quantities and solution space. Instead of having a piece-
wise linear geometry, where each element linearly interpolates the positions of its vertices, a
high order mesh uses additional control points to describe how the geometry curves in space.
Nonlinear bases, especially polynomials, are often preferred in simulations due to the lower ele-
ment count that they require to approximate an object, and the fact that they can avoid spurious
stresses induced by linear approximations (known as the locking phenomenon) [43,117]. While
linear geometry relies on higher resolutions to improve the solution accuracy (h-refinement),
using polynomial elements it is possible to reduce error by increasing the order (p-refinement);
a sweet spot is usually found using a combination of the two.

High-order elements violate many of the assumptions that hold for linear geometry, and many
geometric queries require a fundamentally different approach. Despite being a superior alter-
native to linear meshes, the additional hurdles one needs to go through when working with
curved geometry limits the widespread adoption of high-order geometry representations in
physical simulations.

Generating volumetric meshes is a vast subject on its own; while algorithms for generating
linear tetrahedral meshes are relatively mature [122, 63]], creating hexahedral meshes or high-
order curved meshes remains a significant challenge and an active area of research. We refer to
Pietroni et al. [114] for an overview of the state of the art for hex-meshing, and Geuzaine et al.
[49] and Jiang et al. [67] for an overview of the state of the art for high-order meshing.

1.1.2 Robustness challenges in FEM

Once a mesh is available, the next step is specifying the physical properties of the materials, the
forces at play and the constraints; then, a finite element solver is used to obtain results. While
simulation algorithms are mathematically proven to approximate the real solution to some ac-
curacy, many of the guarantees that these methods provide can fall apart when implemented
naively on a real machine.

First, the input model may have subtly degenerate geometry such as self-intersections and
inverted elements. In the context of simulation, these represent configurations that are not
physical, and thus may cause the simulated system to behave in ways that are not physical.
Even worse, for problems in which objects are moving, a clean input does not mean that de-
generacies cannot arise during the deformation, and recovering from an invalid state may not



Figure 1.2: 3D (left) and 2D (right) simulations of elastic objects undergoing deformations. In the
top row, some elements become inverted during the simulation, causing local self-intersection
and violating the assumptions of the Finite Element Method. In the bottom row, our robust
check presented in Chapter (3| ensures that the all elements remain valid throughout.

be an option (Figure[1.2). For example, if a simulator does not implement a proper Continuous
Collision Detection (CCD) routine, it is very likely that the simulated objects will penetrate
each other when they come into contact. Therefore, one needs ways to verify that the state
of the discretized system remains valid throughout the entire process (Figure[1.3). This verifi-
cation consists of purely geometric problems distinct from the physical simulation itself, such
as CCD. Another example that is relevant to this thesis comes from elastodynamics, where a
geometric validity test is used to ensure that the map from the reference domain to physical
space preserves orientation (in other words, preventing degenerate elements for which elastic
energy would become infinite).

- ->0->0-0-0

Figure 1.3: A fast-moving object (blue) can tunnel through a thin wall when collision detection
is performed only at discrete time steps. Transparent frames show the object’s positions at each
step; none of them intersects the wall, thus the object is free to cross to the other side.



Developers must often relax the validity constraints on their data in order to get acceptable
execution times, for example by implementing relaxed versions of the aforementioned contin-
uous checks that only test a predicate on a large number of samples. While this approach can
make the algorithm pass even extensive testing, it does not guarantee that the program will
be able to correctly handle all valid data. Considering the increasing application of FEM in
safety-critical scenarios such as aerospace and architecture, the sheer size of models that are
processed, and the fact that in many applications data often comes from non-technical users,
correctly handling pathological cases is more important than ever before: the consequences of
an incorrect result from apparently correct input data can range from annoying to debug to
outright dangerous.

These compromises may also be attributed to a lack of methods for guaranteed geometric
queries on high-order geometry with acceptable speed and accuracy. The goal of this thesis
is to contribute to the development of such methods.

1.2 Writing correct programs

1.2.1 Numerical error

Computers implement floating point arithmetic as a proxy for real arithmetic. Therefore every
operation can accumulate error, and not all real values can be represented exactly. Double-
precision floating point numbers are the predominant representation for real numbers on ma-
chines, thanks to hardware support that makes them extremely efficient to work with [50]. The
fact that floating point operations introduce approximation error is common knowledge, as is
the belief that these errors are too small to influence the results in a meaningful way. However,
roundoff error can create inconsistent states in a program. The algorithm may use the result of
a boolean predicate to make assumptions, for instance to select a branch of execution; without
the guarantee that the predicate will evaluate correctly in the presence of roundoff error, there
is no certainty that the program will select the correct path, leading to unexpected failures or
nonsensical results on perfectly valid data. The fact that floating point error is indeed negligible
in most cases makes this kind of bug difficult to detect and fix.

This work builds on the foundation of interval arithmetic as the core component to obtain
algorithms with guarantees of correctness. Unlike standard arithmetic, which approximates a
real value with a single floating-point number, interval arithmetic represents numbers as real
intervals that contain the true value, and maintains this guaranteed inclusion property through
all operations.

Historically, interval methods have been viewed as too slow for interactive computer graphics
or large-scale simulation. This perception stems from two factors: the inherent computational
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overhead of tracking bounds, and the “dependency problem” where naive interval evaluations
yield overly pessimistic bounds, requiring deep subdivision trees to resolve queries [109]. To
mitigate these issues, our code generation system MiSo enables users to quickly test different
solutions for computing conservative bounds for the same problem, to find the most efficient
one. Moreover, it is based on a C++ library for interval arithmetic called TIGHT we developed,
which is faster than the state-of-the-art library.

1.2.2 Reproducibility

Reproducibility has been an especially hot topic in the scientific community. Changing a single
bit in a floating point number can change the result of a program for ill-conditioned data, so it is
important that results can be replicated on different machines even in the presence of approxi-
mation error. If a simulation of a chaotic system diverges on two different architectures due to
how some function is implemented in the mathematical libraries, verifying the correctness of
the results becomes an arduous task. While the IEEE 754 standard [2] gives some consistency
guarantees for basic floating point arithmetic operations, this does not extend to standard math
library operations such as sines, logarithms, and exponentials, which are ubiquitous in geomet-
ric calculations. Even on the same machine, different compilers or math libraries can produce
subtly different results. TIGHT guarantees minimal interval width and bit-by-bit reproducibil-
ity via correct rounding, and constitues another original contribution of this thesis.

1.2.3 Generalization and automation

Reliability is, of course, also related to human error. Finite element software often requires spe-
cializing code for several combinations of element type, order, and dimension. For instance,
implementing a continuous collision detection routine for 3D objects involves distinct logic for
vertex-face and edge-edge interactions, which further branches based on the type of geometry
(linear, quadratic, or higher-order polynomial), and trajectory (linear or screw-motion). Cov-
ering all cases by hand while writing guaranteed-correct code can be tedious and error prone.

An alternative way to address this issue is to develop generic, robust algorithms that enable
programmatic generation of efficient, safe code. By abstracting the mathematical definition of a
geometric query from its numerical implementation, we can design Domain-Specific Languages
(DSL) to automate the production of robust solvers for geometric predicates. This approach
not only reduces the surface area for human error but also eases development by enabling
optimizations to be applied automatically across a large codebase, for a given class of problems.
One of the main contributions of this thesis is the development of such a tool for generating
robust C++ solvers of geometric queries, called MiSo.

By automating the generation of robust solvers and providing the underlying arithmetic primi-
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tives, we aim to facilitate access to reliable geometric queries, with the goal of making physical
simulations and geometry processing provably correct without sacrificing efficiency.

1.3 Outline of the thesis

The thesis is structured as follows:

« Chapter [2|is dedicated to a literature review of related work.

« Chapter 3|details the first original contribution of the thesis, an algorithm to continuously
test geometrical validity of finite elements as they deform in time during an elastody-
namic simulation, and a method to enforce it in the Incremental Potential Contact (IPC)
framework using invalidity-informed adaptive quadrature.

+ Chapter |4 generalizes the concepts of the previous chapter, and introduces a tool called
MiSo for the automatic generation of robust interval-based solvers for a variety of prob-
lems, starting from a high-level user specification.

+ Chapter [5| presents the final contribution of the thesis: a fast interval arithmetic library
with correct rounding called TIGHT, which enables MiSo to reliably handle problems
with transcendental functions.

« Finally, Chapter [6|contains a discussion of the obtained results and plans for future work.

1.4 List of publications and software

1.4.1 Publications

Below is a list of publications on which this thesis is based. A chapter is dedicated to each paper.

« High-Order Continuous Geometrical Validity. Federico Sichetti, Zizhou Huang, Marco At-
tene, Denis Zorin, Enrico Puppo, Daniele Panozzo. ACM Transactions on Graphics, 2025.
Chapter [3|is based on this paper.

« MiSo: A DSL for robust and efficient Solve and Minimize problems. Federico Sichetti, Enrico
Puppo, Zizhou Huang, Marco Attene, Denis Zorin, Daniele Panozzo. ACM Transactions
on Graphics, 2025. Presented at SSIGGRAPH 2025. Chapter [4is based on this paper.
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« TIGHT Intervals for provably correct geometric computation. Federico Sichetti, Marco At-
tene, Enrico Puppo. Proceedings of STAG: Smart Tools and Applications in Graphics 2025.
Chapter [5|is based on this paper.

1.4.2 Open-source software

This thesis presents tools to design algorithms that are provably correct when implemented on
a machine and thus can be fully trusted, as well as providing efficient open-source implemen-
tations that are ready to be integrated in existing software.

The following open-source projects stemmed from this line of work:

« https://gitlab.com/fsichetti/hocgv: a reference implementation of the high-order
continuous validity test presented in Chapter [3} as well as the dataset used in the paper.

« https://gitlab.com/fsichetti/miso: the MiSo C++ code generator (Chapter [4).

« https://gitlab.com/fsichetti/tight: the TIGHT interval arithmetic library (Chap-
ter [5).

Beyond standalone releases, the tools are being integrated into existing simulation software.
The high-order continuous validity check has been integrated into PolyFEM [116], where it
optionally replaces the previous point-wise check to prevent element inversions in elastody-
namic simulations. MiSo is currently undergoing integration into PolyFEM as well, to provide
conservative CCD for high-order elements. TIGHT is being adopted as the interval arithmetic
backend for MiSo, replacing the previous NFG-based implementation.

13
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Chapter 2

Related Work

This chapter introduces the basic notions and related work which the rest of the chapters build
upon.

Section [2.1| provides a brief overview of high-order polynomial bases and their use in graphics,
methods for checking static and continuous validity of elements, and discusses their applica-
tion in FEA and meshing. It concludes with an overview of predicate evaluation techniques
for the specific problem of geometrical validity. In Section we survey more general meth-
ods for solving non-linear systems and non-linear minimization problems. Section [2.3| delves
deeper into interval arithmetic, which is the basis of this thesis’s contributions, and its effective
computer implementation. Lastly, we include a small discussion on domain-specific languages
(DSL) in Section [2.4] as it is relevant to Chapter [4]

2.1 High-order geometry and geometrical validity

In the context of finite element physical simulation, objects are modeled using meshes com-
posed of simple elements, such as tetrahedra, hexahedra, and prisms. Each element is associ-
ated with two maps: (1) a geometric map that defines the element’s shape; and (2) a basis map
that extends quantities (such as displacement or velocities) defined at the element’s nodes into
its interior.

For rendering, linear functions (specifically, hat functions) are commonly used for both maps.
However, linear basis functions are often a sub-optimal choice in many contexts. For example,
Schneider et al. [117] advocate for the use of high-order bases for elliptic PDEs; Bargteil and
Cohen [14]], Mezger et al. [107], Suwelack et al. [130], Ushakova [135] use high-order elements
for animation; and Mandad and Campen [[99] propose to use a high-order basis for parametriza-
tion. A related, but distinct, concept is the use of high-order geometry, where the geometry of

14



z2(Py)

Figure 2.1: A reference domain o is mapped to linear elements (Left) and quadratic elements
(Right). Quadratic elements can be given either by an initial quadratic geometry or by combin-
ing an initial linear geometry with a quadratic displacement. Geometric maps on a Lagrangian
basis are specified by mapping the domain points P, to control points x;(F;). Blue and red areas
denote a positive and negative determinant of the Jacobian, respectively. In both cases, element
x9(0) is invalid. In the linear case, the whole element is inverted, while in the quadratic case,
only a small portion of x5(0) is inverted.

an element is represented using a high-order polynomial. More commonly, C° [67] or C* geo-
metric maps (IGA) [28] are used. The latter option is popular in mechanical engineering, where
IGA envisions the use of the same representation for both interpolating the physical quantities
and for representing the geometry.

When the basis map is used to interpolate a displacement, the element’s geometry is derived
by combining the initial geometric map with the basis map, yielding a polynomial whose order
corresponds to the highest of the two. A typical example in graphics is the use of second-order
elements in finite element (FE) simulations for fabrication [113], which generates quadratic
curved elements even if the initial geometric map is piecewise linear. In the following, we will
overload the term geometry map to describe the final geometry of an object, which can thus
also incorporate the displacement basis map.

In mathematical notation, this is defined with a polynomial function:

r:0— R",
where o represents a reference element domain (such as a standard simplex or unit hypercube),
and n denotes the dimension of the element. See Figure |2.1|for examples.

During animation or simulation, objects are deformed by modifying the geometry map, the ba-
sis map, or both: these modifications are usually performed by applying linear transformations
to the map coefficients. Note that, for a piecewise linear geometric map, this reduces to the
usual interpolation of the coordinates of the mesh vertices. Similarly, for curved meshing, it
is also typical to start with a piecewise linear mesh and then curve its elements to reduce the
approximation error [[134]].

Since these meshes are used to represent physical objects, a basic, yet elusive, requirement is
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Figure 2.2: A dynamic linear element with linear trajectories that flips twice in a time interval,
resulting in an element that is valid at both time steps, but invalid in the transition. Assuming
point A remains fixed, the arrows represent the velocities of points B and C' to reach the fi-
nal position. The color of each element indicates the sign of the determinant at time ¢: blue if
positive and red if negative. The dynamic element’s Jacobian determinant is a univariate poly-
nomial in ¢ of degree 2, with two distinct roots in [0, 1].

that the geometry of the object does not self-intersect at any time during deformation. This con-
dition can be violated in two ways: (1) by a global intersection or (2) by a local lack of injectivity
of the geometric map. The first problem has been studied thoroughly in the parametrization
and simulation literature, at least for linear elements [[124][139]]. The second condition has been
considered mostly in the context of mesh parametrization, and, even in that case, no robust
algorithm exists. In Chapter[3] we focus on the latter.

2.1.1 Statement of the element validity problem

Let £ be the vector of coordinates in the reference element, and ¢ time. Denote by T(,t) a
geometric map that is dynamically changing over time. Checking its injectivity reduces to
studying the sign of the determinant of its Jacobian | Jz| to assess the continuous validity of the
element, i.e., if, where and when | /7| becomes negative. We note that this is a subtly challenging
problem even for the simple case of a linear triangle (Figure[2.2): an element that is valid in its
initial and final configurations might cross invalid states along its trajectory.

A requirement for robust simulations is that they employ conservative algorithms: that is, a
program that only reports results whose correctness cannot be influenced by approximation
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errors. Thus, a Boolean predicate (such as asking whether an element is valid or not) is required
to return a third "undecided” value if the approximation error is large enough to make the naive
result unreliable. Conversely, if the algorithm returns an answer, that answer must be provably
correct. In the context of continuous validity, we wish to find the maximum time step ¢* such
that the element is provably valid at all times in [0, ¢*): a conservative answer can be any value
t € [0,t*). Obviously, in practice, it is also desirable that ¢ be as close to ¢* as possible.

A common approach among practitioners is testing the validity of elements by just computing
the value of |J,| at quadrature points at every time step, as done, e.g., by Dey et al. [36]. This
might fail to detect invalidity even in static tests, let alone the continuous case. More sophisti-
cated tests are proposed by Johnen et al. [69] for static high-order elements, and by Smith and
Schaefer [124] for the time-dependent problem in the specific case of 2D linear triangles. These
are described in more detail in the following sections.

2.1.2 Static element inversion check

Figure 2.3: The effects of numerical error on the oRIENT2D predicate. Three collinear points
po = (0.5,0.5), p1 = (12,12), p2 = (24, 24) are fixed. A 256x256 grid of query points q; is
constructed around py by advancing one ULP at a time in each coordinate, probing consecu-
tive floating-point values in a neighbourhood of radius ~ 107!, Each pixel is colored by the
sign of the orientation predicate evaluated at p;, ps, and q; (cyan: negative, magenta: posi-
tive, black: zero), as shown in the first image. The next three images show the results of the
predicate implemented with floating-point arithmetic, using different cyclic permutations of
the arguments. Despite being mathematically equivalent, the predicates incorrectly return 0 in
some configurations when the arguments are nearly collinear, and the third one even shows
the predicate returning the opposite sign for some values. The rightmost shows the correct,
adaptive-precision ORIENT2D as a reference. Images generated using the code by [118]).

The special case of checking the geometric validity of a linear triangle/tetrahedron in a static
setting has been solved in a seminal paper by Shewchuk [120]], where robust predicates called
ORIENTZ2D and ORIENT3D are introduced. ORIENT2D(a, b, ¢) returns a positive value if the points
a,b,c € R? are in counter-clockwise order, negative if clockwise, and zero if collinear. ori-
ENT3D(a, b, ¢, d) returns a positive value if d € R? lies below the plane through a, b, ¢ (with
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counter-clockwise orientation when viewed from above), negative if above, and zero if copla-
nar. Both predicates are equivalent to the sign of a small determinant of the input coordinates,
and checking the sign of a triangle’s or tetrahedron’s Jacobian determinant reduces to one of
these predicates. The challenge is that naive floating-point evaluation of these determinants
is unreliable near zero, where catastrophic cancellation can flip or zero out the result, as il-
lustrated in Figure Shewchuk [120]] addresses this with adaptive-precision arithmetic: the
computation starts with fast floating-point arithmetic and only falls back to exact arithmetic
when the result is too close to zero to trust. This paper revolutionized mesh generation and
simulation, providing a reliable, yet efficient, solution to one of the basic primitives used by
meshing and simulation algorithms. To the best of our knowledge, this approach has not been
extended to elements with higher order; such extension is challenging because an element may
flip at certain points while remaining valid at others, as in the example shown on the right side

of Figure

For high-order simplicial elements, a common approach to test for element inversion consists
in testing only their quadrature points [[116] 98,46, 36]]: while effective at avoiding NaNs in the
integration of certain diverging elastic potentials, this approach is not conservative, leading to
incorrect stresses (Figure[3.10). Earlier work had already observed the relevance of Bézier coef-
ficient positivity as a validity criterion: Dey et al. [35] and Luo et al. [97] encountered this idea
in the context of p-version mesh generation, and Hernandez-Mederos et al. [58] studied local
injectivity of triangular cubic Bézier maps in 2D. Building on these observations, an efficient
and general method was introduced by Johnen et al. [68] 69, [71]], where the Jacobian determi-
nant of the element is represented in Bézier form, and the inversion check reduces to testing the
positivity of the Bézier coefficients as they undergo adaptive refinement. Their implementation
relies on floating point arithmetic, and therefore it is not conservative and can miss inversions
(we provide a numerical example in Section [A.3).

For the special case of hexahedral elements, which are commonly used in commercial finite
element analysis software, this problem has been extensively studied by Ushakova [135]. Un-
fortunately, these tests are insufficient to guarantee validity but are used nonetheless due to
their efficiency. Vavasis [136] proposes a sufficient condition but does not provide a conserva-
tive algorithm that takes advantage of it. Johnen et al. [70] propose an optimized version of
their previous method [69] specific to linear hexahedral elements, however, the approach still
suffers from the same floating point issues as the original test. George and Borouchaki [48]
similarly propose a recursive subdivision-based method for static tensor product elements; we
are not aware of a publicly available implementation of this method.

A radically different approach is taken by Marschner et al. [101], where a Sum-of-Squares (SOS)
relaxation is used to compute the minimum Jacobian determinant, reducing the problem to
solving a sequence of small semidefinite programming problems of increasing complexity. The
method offers generality and an elegant formulation, but is relatively expensive computation-
ally (multiple SDP solves per element), and only guarantees injectivity up to numerical precision
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of an iterative convex solver, which might result in invalid elements.

All the methods described above are designed to handle static checks exclusively, which is
insufficient for validating deforming elements over time.

2.1.3 Continuous element inversion check

To the best of our knowledge, the only paper explicitly addressing the problem of checking the
validity of an element that deforms over time is by Smith and Schaefer [124]. They propose an
algorithm to estimate the safest step before an inversion for 2D linear elements by using the
closed form of the roots of a degree 2 polynomial. Their approach is however not conservative
due to floating point rounding, as we show in Section Furthermore, the method does not
scale to linear 3D elements — where the polynomial is of order 3 and robust root finding is not
trivial — nor higher order elements — where the polynomial is multivariate and closed forms for
the roots may not even be available.

The problem is also discussed by Anderson et al. [9] for high-order element remapping and
by Dobrev et al. [37] for high-order meshing, however no algorithm for the validity check is
proposed.

2.2 Robust solution of nonlinear systems and minimiza-
tion problems

As mentioned in the previous section, the geometrical validity problem can be viewed from a
more general point of view as solving a non-linear system of inequalities (in the static case,
where one jointly solves for £ € o and |J,(£)| < 0) or globally minimizing a function subject
to a non-linear system (in the time-dependent case, where one seeks a minimum of F'(,t) = ¢
such that £ € 7 and |Jz(£,t)| < 0). Geometrical validity is not the only family of problems
that fits this characterization: other common geometric queries, such as continuous collision
detection, surface-surface intersection, minimal distance computation, and Boolean operations
can be formulated in this way. While approximate methods are typically preferred due to their
efficiency, we instead focus on guaranteed-correct methods.

2.2.1 Explicit root finding

Computer Algebra Systems [[141], [108, [105] provide solvers that use algebraic manipulation to
find explicit expressions for the roots of non-linear systems. Unfortunately, they are compu-
tationally expensive and limited to small systems: as an example, Wang et al. [139] use them
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for computing a ground truth result for the problem of CCD and reports a running time in the
order of seconds per query.

One case of particular interest is the problem of finding the roots of univariate quadratic or
cubic polynomials. In these cases, a closed-form expression for the roots is known, and it has
been used for dynamic inversion tests by Smith and Schaefer [124]], and for collision detection
by Hadap et al. [55]]. Evaluating the closed-form expression with floating point arithmetic, while
efficient, is unstable and might lead to incorrect roots [139].

A popular option is to use numerical methods for constrained optimization (MiNIMIZE) and root
finding (SorvE) [111]. These methods are very popular in graphics [55] due to their efficiency
and ease of control of accuracy. A major limitation of many approaches in this class is that they
must be implemented in floating-point arithmetic, thus possibly computing an incorrect result.

While it is common to use ”"small” numerical tolerances to mitigate this issue [24} [89, [5]], this
is a heuristic that does not guarantee correctness. Although forward error analysis can derive
conservative tolerances [140], these often lead to excessive false positives [139].

Robust interval versions of Newton’s method [129] [56]] can bound zero loci for continuously
differentiable functions, but they cannot handle non-differentiable operators such as abs, max,
and min.

Brochu et al. [21]] reduce root parity counting to a geometric intersection problem solvable
with custom numerical predicates [138]. This approach, however, is limited to determining
root parity (even or odd) and requires deriving a specific predicate for each constraint set. Tang
et al. [131]] proposed a Bernstein sign classification method for CCD. However, conservative
implementation is challenging, and [139] presented a counterexample showing its failure to
detect a collision.

2.2.2 Sum-of-squares polynomials

Marschner et al. [102] proposed reducing non-linear constraint solving to semidefinite pro-
grams, an approach also used for high-order patch collision detection [142] and hexahedral
mesh inversion repair [100]. Sum-of-squares programming replaces non-linear polynomial
positivity constraints with a more tractable representation consisting of sums of squares of
polynomials of bounded degree d. This relaxation turns the original non-convex problem into
a sequence of convex semidefinite programs that are guaranteed to recover the global optimum
as d increases. Despite the fact that the method can generate guaranteed solutions on paper, it is
computationally costly and provides no clear way of controlling the propagation of numerical
error.
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2.2.3 Inclusion-based methods

A robust and generic solution has been pioneered for geometric modeling applications by Sny-
der in his PhD thesis [127, 125, [126]. The idea is to adaptively partition the domain using an
inclusion function for guidance. An inclusion function for a function f defined on a domain D
returns a set enclosing the range of f on D. Inclusion functions can be used to check if the do-
main contains a root, does not contain a root, or might contain a root: in the latter case, refining
and evaluating the inclusions on its subdomains provides an effective algorithm to detect and
isolate roots. These approaches are widely used in computational geometry [60, 61], in path
planning [143]], and for more generally isolating polynomial roots [27].

Snyder [125] proposes using interval arithmetic (IA) to build inclusion functions in a generic
and automatic way. However, his construction often results in overly pessimistic inclusions
that increase the overall computational cost of the search algorithms. Applications include sur-
face intersection, closest point queries, and other operations needed in a geometric modeling
kernel. Interval methods have also found use in robotics and control [104} [66]. The high com-
putational cost is likely why these approaches have not found wide application in graphics
until recently: Wang et al. [139] benchmarked this approach against a numerical root finder for
collision detection and found it on average ~ 4 orders of magnitude slower.

Ad-hoc inclusion functions can be built without the use of IA [129] 47]]. Johnen et al. [69] and
Chen et al. [24] propose to build inclusion functions directly from the control points of Bezier
polynomials for checking element validity and for high-order continuous collision detection,
respectively. In both cases, the algorithms are very efficient and comparable to the numerical
root-finding algorithms, but, unfortunately, they both suffer from numerical rounding issues.

For the special case of minimizing polynomial functions over a standard simplex, there are
theoretical bounds for the approximation error of a rational grid search [33] 34 [32]. These
results could be used to construct inclusion functions for this special case, but we are not aware
of any algorithm using them.

Wang et al. [139] propose a custom inclusion function for the continuous collision detection
between triangles over linear trajectories. Similarly to the predicates proposed in [120], an
exact predicate to check if the range of the inclusion function contains a zero is introduced,
thus proposing an efficient and conservative algorithm. Deriving such a predicate is, however,
problem-dependent: while there are tools that automate the most tedious part of deriving a
floating point filter [[106] [87, 11, this is still an error-prone and labor-intensive task.
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2.3 Robust numerical computation

Now that we have presented at a high level the existing techniques for conservative global op-
timization and solution of systems, we introduce the basics of interval arithmetic and overview
the state of the art in implementations, which serves as the numerical backbone for the robust
solvers proposed in the thesis.

2.3.1 Rational and arbitrary-precision arithmetic

Rational arithmetic represents numbers exactly as ratios of two arbitrary-precision integers,
enabling error-free computation for algebraic operations involving rational inputs. While this
guarantees correctness by avoiding rounding errors entirely, the bit size of numerators and
denominators quickly explodes as computations are performed, requiring simplification, and
slowing down the program. The GNU Multiple Precision Arithmetic Library (GMP) [52] is the
de facto standard for performing such computations efficiently, yet its cost remains prohibitive
for real-time applications or long iterative processes.

Arbitrary-precision floating-point arithmetic offers a middle ground by allowing the user to
define the precision (in bits) of the significand, thus reducing rounding errors to an arbitrar-
ily small magnitude. Unlike rational arithmetic, it is not exact, but it allows for controlling
the accuracy-performance trade-off dynamically. The MPEFR library [45] builds upon GMP to
provide correctly rounded floating-point arithmetic with arbitrary precision, ensuring that re-
sults are well-defined regardless of the chosen precision level. However, using these software-
implemented types is still orders of magnitude slower than hardware-supported floating point
numbers.

2.3.2 Interval arithmetic

Interval arithmetic [59] extends arithmetic on the real numbers to the set of closed real inter-
vals [ := {[z,7||z <= T € R}. Given a n-nary operator  : R” — R, an interval extension
of x must satisfy the inclusion property, that is, if x; € [v;,7;] € Ifori € {1,...,n}, then
*(x1,...,2,) € *([x1,71], ..., [#4, Ty)]), where we overload the notation of  : I* — I to the
interval-valued version. In essence, interval arithmetic defines inclusion functions for common
arithmetic operators, but these compute the exact range of the function, rather than a conser-
vative overestimation.
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Some basic examples of interval operations include:

[z, %]+ [y, 7] = [z + ¥, T + 7]
[z, 7]y, 7] = [min(zy, 27, Ty, Ty), max(zy, 27, Ty, TY)]
—[z,7] = [-T, —z]

min([z, 7], [y, 7]) = [min(z, y), min(z, 7))

max([z, 7], [y, 7)) = [max(z, y), max(Z, )]
by the same logic it is also possible to define relational operators on intervals, such as:
2,7 =y, &=y NT=7
[z.7] > [y, 7] 2z >7.

Interval arithmetic is useful for two related, but orthogonal tasks. First, it can be used to com-
pute inclusion functions: the interval extension of an operator is in fact an inclusion function,
and inclusions for more complicated functions can be computed by composition. This first
aspect of IA is independent from how interval endpoints are represented (be it floating point
numbers, fractions, or even symbolic expressions), since it relies only on the mathematical
properties of the operators. Second, it serves as a proxy for floating-point numbers that bounds
numerical error, substituting approximated quantities for “confidence regions”, which requires
taking care of implementation details such as rounding modes. This use of IA is unrelated with
the computation of inclusion functions, and it can be used to perform forward error analysis.
The next section and Chapter [5 explore this second topic in greater depth. In the rest of the
thesis, we use IA for both: bound the range of functions while taking numerical error into
account.

2.3.3 Implementing IA

When working with IA on a computer, one can only represent intervals whose lower and upper
bounds can be represented by IEEE 754 floating point (FP) numbers. This has deep implications
on the implementation of interval algorithms.

From now on, denote the set of representable FP numbers as F. When x and y are in F, the
result 7 = = x y may not be in [, hence not representable. In that case, the tightest repre-
sentable interval containing r is [FP~(r), FP*(r)], where FP~(r) = max(z : z € F, 2 < 1)
and FP*(r) = min(z : z € F,2 > r). As mentioned, IEEE 754 requires that when x is an
algebraic operation (or the square root) an implementation of * must round the theoretically
exact result r to either FP~(r) or FP*(r), depending on the current rounding mode. In most
modern architectures, a particular register within the CPU controls the rounding mode, and
specific system functions exist to set it. Therefore, a trivial approach to create a tight interval
for the operation x * y is:
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1. set the rounding towards +oc and evaluate the expression for the interval’s upper bound;
2. set the rounding towards —oo and evaluate the expression for the interval’s lower bound;

3. reset the rounding mode.

Since setting the rounding mode is typically slower than executing arithmetic operations, a
more efficient approach involves keeping the rounding mode fixed during the operation, per-
forming a computation that returns the result with opposite sign, and finally changing it to
obtain the opposite rounding. For instance, computing a sum [z, Z| + [y, 7] becomes:

1. set the rounding towards +oo (if no other parts of the program require a different round-
ing mode, this operation can be done only once at the beginning);

2. execute T + ¥ to determine the interval’s upper bound;

3. execute —r—y, then flip its sign, to determine the interval’s lower bound rounded towards
—00.

This approach is used by existing interval arithmetic libraries such as Boost [22] and CGAL
[115]]. Note that this approach relies on the properties of arithmetic operators, and does not
extend to general functions.

Another possibility is to deconstruct the binary representation of the result r to directly modify
the mantissa, exponent, and sign, and produce a reasonably small interval around r. This ap-
proach is used by Filib [85][86]]. Alternatively, the error propagation can be analyzed to derive
a bound € on the rounding so that the interval i = [r — €, 7 + €] is guaranteed to contain r.
This is how libraries such as BIAS [78] or GAOL [51]] work. The library Filib++ [[85, 86] offers
several modes that implement the various strategies; according to the authors, the fastest is the
native_onesided_global mode, which adopts the strategy based on a fixed rounding mode and
change of sign described above.

The aforementioned existing libraries were comprehensively compared by Tang et al. [133]]
who evaluated diverse aspects, including their correctness, efficiency and precision (in terms
of interval tightness). They conclude that only Filib and Filib++ are always correct when tran-
scendental functions are involved, although the intervals they produce might be larger than
necessary. In contrast, Boost and BIAS may produce intervals that do not contain the exact re-
sult. Also, Tang’s evaluation could verify that libraries that change the rounding mode produce
tighter intervals.

Except for rather old architectures, most existing CPUs provide SIMD registers and instructions
that proved useful to accelerate interval arithmetic libraries [79]. The basic idea is to store both
bounds in a single 128bit-wide register and perform operations on them in parallel. This and
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other optimizations exploiting more recent AVX architectures were included in the NFG library
by Attene [12] that, to the best of our knowledge, represents the fastest existing library at the
time of writing. Since NFG exploits the rounding mode, it is also guaranteed to produce as-
tight-as-possible intervals for all the algebraic operations and the square root.

2.3.4 Correct rounding

Correct rounding (CR) refers to the property that an implementation of a mathematical function
f has if, for any x that is representable and contained in the domain of f, it returns the same
results one would get by rounding the exact result f(x) to the target representation.

Producing efficient CR implementations of functions is a difficult task that has been actively re-
searched for many years. The classical method involves performing a fast approximation of the
function with a known error bound, followed by a correctness check, and a slower but higher-
accuracy approximation if the check fails. Interestingly, implementing CR double-precision
functions is more difficult than single-precision, because one can check correct rounding ex-
haustively on 32-bit floats, which is infeasible in the 64-bit case. For double precision, correct-
ness must either be proved formally or tested on known hard-to-round cases.

The most notable libraries for CR mathematical functions are CRlibm [31]] and RLibm [96]. CR-
libm implements several transcendental functions of one double-precision argument, correctly
rounded in the four rounding modes towards—+ oo, towards— oo, towards zero, to nearest. How-
ever, instead of rounding according to the CPU setting, it provides separate functions for each
rounding mode and assumes that the CPU is set to the default to nearest mode with ties-to-even
(whereas interval arithmetic uses directed rounding). To the best of our knowledge, the project
is no longer actively maintained. RLibm is a more recent project that proposes a new approach
to correct rounding by polynomial approximants, but it is currently limited to single-precision
inputs.

The CORE-MATH Project [123] is an ongoing effort to build a complete collection of correctly
rounded C implementations of mathematical functions to foster integration into existing math-
ematical libraries. CORE-MATH is actively developed and provides efficient CR routines for
univariate and bivariate functions with double-precision arguments. For a thorough account of
correct rounding we refer the interested reader to a recent survey by Brisebarre et al. [20]].

2.4 Domain Specific Languages in graphics

Because Chapter[4introduces a DSL for the general class of problems outlined in Section[2.2] we
conclude this chapter on related works by mentioning other DSL used in graphics for different
purposes, to show how these tools can facilitate research and effectively contribute to software
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development.

Multiple domain specific languages have been introduced in graphics, which can be broadly
divided into two categories. A DSL is introduced to automate code generation for repetitive
yet challenging tasks that are tedious and difficult to perform correctly by hand. A prominent
example is CVX [29,/53], providing an effective way to solve convex optimization problems and
automating the generation of problem-specific code from a high-level specification. Li et al.
[94] propose a method to automatically generate ETEX and source code for linear algebra. Li
et al. [95] introduce a DSL for mesh processing, allowing a direct and intuitive description of
geometry processing algorithms.

Meyer and Pion [106] and Lévy [87] propose DSL which analyze expression trees to generate
the C++ code of corresponding filtered predicates.

Another family of DSL is introduced to improve performance of core algorithmic blocks. These
include DSL for sparse linear algebra such as SIMIT [76]], TACO [77]], EGGS [132, 57] and for
optimizing entire simulation algorithms [16]], for example TAICHI [62]].
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Chapter 3

High-Order Continuous Geometrical
Validity

This chapter introduces the first generic formulation and algorithm for the continuous validity
test of elements, supporting the most common types (such as triangles, quadrilaterals, tetra-
hedra, prisms, and hexahedra) and extending to high-order basis and geometric maps. Our
algorithm is provably conservative when implemented using floating-point arithmetic, mean-
ing that if an element is detected to be valid, it is guaranteed to remain valid throughout the
entire specified time interval. This level of robustness, crucial for algorithmic reliability, has
not been achieved by any previous method.

Physical simulation frameworks such as PolyFEM [116] deform the mesh at each time step by
minimizing some energy via a Newton-style optimization. At each iteration, after computing a
descent direction Az, a line search first finds the largest step along Ax such that the energy re-
mains well-defined throughout the trajectory, before then searching for a step that sufficiently
decreases the objective. For elastic energies, well-definedness requires that no element invert at
any point along the trajectory: standard hyperelastic potentials diverge as the Jacobian deter-
minant approaches zero, so if an element inverts mid-step the energy is undefined at that point,
the trajectory crosses a discontinuity, and the subsequent search for an energy-decreasing step
may fail and cause the solver to stall. Our check provides the means to compute a safe step
before this discontinuity is reached, in the same way that continuous collision detection (CCD)
is used to prevent intersections for contact energies.

A line search over discrete time samples is insufficient for this purpose: for high-order ele-
ments, the Jacobian determinant is a polynomial of high degree in time and can change sign
transiently within a single step, rendering the element momentarily invalid even if it appears
valid at both endpoints. Checking only at fixed spatial quadrature points is equally insufficient,
since a local inversion can occur anywhere in the element’s interior, not just at sampled points.
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One could in principle increase the quadrature order arbitrarily to make violations less likely
to be missed, but this does not restore the theoretical guarantees of the FEM formulation, and
violations become harder to detect a posteriori. A subdivision-based approach, on the other
hand, naturally focuses effort on sub-element regions at higher risk of inversion, while quickly
certifying validity in simple regions, without requiring dense quadrature.

If an element becomes invalid at any point, our algorithm provides a conservative estimate of
the inversion time and the spatial location of the first inversion, which is used to construct an
invalidity-aware quadrature rule (Section [3.5).

While designed for the dynamic case, our algorithm can also be used for the static case, with
minor modifications: in this setting, our algorithm is the first to provide a conservative static
geometrical validity test for high-order elements without relying on variable bit-length arith-
metic.

Our algorithm is designed and implemented for high performance, as its use-case is within
optimization loops requiring the testing of large datasets: on static checks, we demonstrate
that our test is competitive in terms of runtime with current non-conservative methods, be-
ing slightly slower while guaranteeing a conservative answer. To quantitatively evaluate the
correctness and efficiency of our approach and compare it with more specialized alternatives,
we construct a dataset of 2D and 3D time-dependent queries whose ground truth is computed
using (extremely expensive) symbolic root finding.

Having access to a conservative check we discovered that it is very common for high-order
FE simulations to contain invalid elements in their solution; we show examples in PolyFEM in
Figures[3.9and5.1] This seems to be a common problem with high-order FE codes: for example,
FEBio [98]] also uses a static check only at quadrature points. This issue is rarely mentioned
in the literature [9, 37] and we are not aware of other papers proposing a solution. We believe
that the presence of invalidity is due to the use of insufficiently accurate quadrature to capture
the infinite elastic potential inside some of the most distorted elements. This is a major source
of both the numerical fragility of this software and inaccuracy in the solution as physically
invalid configurations are reported as the simulation result. By replacing the validity check
and the quadrature in PolyFEM with our approach, we show that these issues disappear and
the impact on performance is moderate.

3.1 Overview of the method

Given a dynamic element Z(o) deforming linearly over the time interval [0, 1], we study the
determinant of its Jacobian |.J3| (Sections [3.3 and [3.4). The polynomial | /5| can have a high
order in both its spatial and temporal variables (Section[A.1). To ensure a conservative answer,
we employ a custom bisection root-finding method controlled by an accuracy parameter 6 > 0.
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Figure 3.1: (a): A 2D quadratic element with linear trajectories is valid at the start and end
positions but locally inverted during the transition. (b): Its parametric domain is an upright
triangular prism, where the vertical axis represents time and each horizontal slice represents
the space domain at a given time. The red region denotes the portion of the domain in which
the determinant |.Jz| is not positive. The dynamic element’s Jacobian determinant is a trivariate
polynomial in &;, &>, t of order 2 in its space variables and order 2 in the time variable. (c): The
root finding algorithm bisects the time domain and quadrisects the spatial domain to isolate a
thin slice [t*, t* + §] containing the critical time of inversion t*. In the first step, both space and
time dimensions are refined, generating eight sub-domains, which are pushed into a priority
queue. (d): For clarity we show a side view for the following steps. Only the time dimension is
bisected: the analysis of sub-domains that do not intersect the invalid region increases the value
of t* while the analysis of sub-domains that do intersect the invalid region decreases the value
of t* until convergence. (e): If all dimensions were refined at all steps, many more sub-domains
would be generated, thus killing performance.

Let t* denote the earliest time at which (o) becomes invalid (i.e., |Jz| turns negative). We
return a time ¢t* > t* — § and a point P € o such that | J7| is positive everywhere for ¢ < ¢*,
and |Jz(P,t)| becomes negative for some ¢ < t* + §. This guarantees that the element can
safely deform up to time ¢* while the point P is used to adaptively refine the quadrature rule,
steering the simulation away from invalid configurations (Section [3.5). If the element remains
valid throughout, we simply return ¢* = 1.

The parameter domain of a dynamic element has both space and time dimensions. Our test
proceeds by bisecting the time dimension: it maintains lower t* and upper ¢* bounds for the
critical inversion time, and terminates when the difference between these bounds is smaller
than §, or when the element is confirmed to be valid throughout the interval. The algorithm
employs a priority queue of sub-domains, which are created by recursively splitting the initial
space-time domain.

For a given sub-domain .S, we compute a minimum inclusion function that returns an interval
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I, which is guaranteed to contain the minimum value of |Jz|(S): if [ is strictly positive, the
element is valid in S; if [ is strictly negative, the element is invalid somewhere within S (but
it is not necessarily invalid everywhere in \S); if I contains zero, nothing can be said and fur-
ther refinement of S is necessary. The minimum inclusion function is a crucial component of
our method; details on its definition and computation are provided in Sections and
respectively.

Another key aspect of the algorithm is the decoupling of refinements in the spatial and temporal
dimensions. While the time dimension may require refinement until the interval between t*
and t* is lower than 4, the spatial dimensions usually need less refinement. In essence, bisection
along the time axis is primarily driven by the need to narrow the bounds of t*, while subdivision
of the spatial domain is employed to resolve indeterminate configurations. Details and pseudo-
code are given in Section

To account for numerical errors, we employ interval arithmetic. The value of parameter ¢
allows for a trade-off between computation time and the accuracy of the estimation; however,
regardless of the parameter choice, the algorithm always provides a conservative estimation.

3.1.1 Practical example

Consider the quadratic element in Figure [3.1(a). It is valid at ¢ = 0, becomes invalid at some
intermediate time ¢* < 0.5, and then returns to a valid state at a later time, remaining valid
until ¢t = 1.

The parameter domain for this dynamic element can be visualized as in Figure [3.1(b) with an
upright triangular prism, where each horizontal slice of the prism represents the spatial domain
at a specific time, and time progresses along the vertical axis from 0 to 1. Notably, the element
inversion occurs within a localized wedge (red volume in the figure) during the times when
the element is invalid. In general, inversions can occur anywhere within the domain, including
regions away from vertices.

The minimum inclusion function is evaluated first for the whole prism. The result is an interval
that contains zero, thus the domain is subdivided as in Figure [3.1(c) along both the time and
the space dimensions, and eight sub-prisms are pushed to the priority queue. While processing
the four prisms corresponding to the time interval [0, 0.5], the minimum inclusion function
returns a strictly positive interval for three of them, which are discarded from the queue; and
it returns a strictly negative interval for the fourth one, which intersects the red wedge: this
domain is bisected only in the time dimension and its two children are pushed onto the queue.
Sub-domains spanning earlier times are processed first.

In the subsequent refinements (Figure [3.1(d), side view), the minimum inclusion function will
always be strictly negative, hence only bisection in the time dimension will occur: the analysis
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of valid intervals that do not intersect the red wedge contributes to increasing the value of
t* while the analysis of intervals that do intersect the red wedge contributes to decreasing the
value of ¢*, until convergence. Note that, if the domain were always subdivided along space and
time, as in Figure 3.1(e), many more subdomains would be generated and the algorithm could
become much slower. For the 3D order 3 armadillo dataset (Table Figure , with 10%
target error, the naive approach has an average processing time of ~7ms per element, whereas
our approach takes ~230us per element on average. For higher element orders, or queries with
higher precision, the maximum number of subdivisions used in the naive approach must be
limited (otherwise the check will consume unreasonable amounts of memory), and the test can
fail to produce an estimate within precision on some elements.

3.2 Preliminaries and notations

We address n-dimensional (n = 2, 3) high-order meshes consisting of elements of various types.
The geometry of every element is defined by a polynomial map. We will refer to the order p of
a polynomial as the maximum exponent of a single variable (as opposed to the usual notion of
degree). Table|3.1|gives a summary of symbols defined in the following and used throughout.

3.2.1 Reference element domains

For each type of element, we define a common reference domain (or reference element) o C
[0, 1]™ to use as the coordinate domain.

Definition 1 (Reference Domain). Let n,s € N, 1 < s < n. The n-dimensional reference
domain ¢ C [0, 1]™ is the locus of points with coordinates ({1, . . ., &,) that satisfy the system of
inequalities:

&>0 Vie{l,...,n}
1= §>0 (3.1)
=1
flgl Vie{n—s—i-l,...,n}

With this notation, we have a general parameter space that works for all the most commonly
used FEM elements. The element o is the unit segment; o7 is the unit square; o5 is the standard
triangle; o} is the unit cube; o3 is the unit triangular prism; o is the standard tetrahedron. More
generally, 0" is the tensor product of a standard s-simplex with a standard (n — s)-hypercubdl]

'Note that, the unit segment can be seen both as a 1-simplex and as a 1-hypercube; to avoid any ambiguity, we
always treat it as a simplex, so that, e.g., the unit square is regarded as the tensor product of a 1-simplex with a
1-hypercube, rather than as a 2-hypercube.
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Table 3.1: Symbols used in the text and where they are defined.

Symbol | Meaning Def.
n dimension of element and embedding space | [3.2]
s dimension of simplicial part of element 3.2.1
o,0r static reference element (with dimensions) | [3.2.1
&1, ...&, | spatial coordinates 3.2.1
D order of an element / polynomial 3.2.2
x geometric map of an element 3.2.2
|| Jacobian determinant of 3.2.2
I intervals on the real line 3.2.3
of inclusion function for f 3.2.3
Ominf | minimum inclusion function for f 3.2.3
t time coordinate 3.3
o,o dynamic reference element (with dim.) 3.3
T dynamic geometric map of an element 33
t* minimum time at which |.Jz| vanishes 33
t*,t* | lower and upper bounds to t* 33
) user-specified accuracy 3.3
Lo maximum level of recursion 3.3
Y™, 1" | time-only subdivision maps 3.3
(0 g-th subdivision map 3.3
cr subset of indices of corners of element o 3.4
Ty .5 | time-only subdivision matrix E
T} .5 | ¢-th subdivision matrix 3.4
re set of domain points of order p on o A.1
Vi domain point A1
zr set of indices of points of I'?, A1
Lr i-th Lagrange polynomial of order m A.1
B i-th Bernstein polynomial of order m A.1
fr vector of coefficients in Lagrange form A.1
15 vector of coefficients in Bézier form A.1
T,z | transition matrix from Lagrange to Bézier A1
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Figure 3.2: Reference elements with domain points of order 3: triangle, square, tetrahedron,
hexahedron, prism.

&
L ]
[ ]
&
o

Figure 3.3: Above: A domain o with its domain points of order 3 and the geometric map x to
the physical element z(03) with Lagrange control points. Below: likewise for an element o3 of
order 2.

3.2.2 High-order elements

A generic polynomial f : ¢ — R can be defined with a basis of polynomials: we consider here
the Lagrange basis — which is most common in FEM - and the Bernstein basis that gives the
Bézier form. Both representations define f as a linear combination of the basis functions with
control coefficients associated with domain points that form a regular grid over the reference
element; the number of domain points sets the order p of the polynomial (Figure [3.2).

For a given order and dimension, pre-computed conversion matrices allow us to convert be-
tween these two representations in both directions. The Lagrange and Bézier forms and the
conversion matrices are detailed in Section[A.1l

The geometric map z : 07 — R" that maps a reference element o7 into the physical ele-
ment x (o) is represented by specifying its set of control points, where each control point is a
n-dimensional point (Figure3.3). Each coordinate of z is expressed with a multivariate polyno-
mial, which is the tensor product of a s-variate polynomial of degree p with (n — s) univariate
polynomials of degree p, each in a different variable. It follows that the map = has order p in all
its variables (even though its total degree may be higher).

In the following, we study the determinant of the Jacobian .J, of the geometric map x, denoted
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|.J:|, which is also a multivariate polynomial in the same variables as x, but of a different order.
In particular, the number of terms of | J, | rapidly increases with the dimension and order of the
element. See Section [A.1l for details.

3.2.3 Minimum inclusion function

Intuitively, given a real function f and a domain D, an inclusion function for f over D returns an
interval that bounds the range of values of f in D. Inclusion functions are widely used in root
finding and in the evaluation of robust predicates [125]]. In our case, we are rather interested in
an interval that just contains the minimum value of f.

Let I be the space of intervals on the real line. For a = [a,a] € L, let us define w(a) =a —a
the width of interval a. Let A = a; X --- X a,, € I" be a n-dimensional interval; we extend the
definition of width as w(A) = max}_, w(a;). Given D C R" compact, we further extend the
definition of width as w(D) = mins5p w(A).

Definition 2 (Inclusion function). Let {2 C R" be a compact domain, let | be a real function
defined on (), and let us denote P (S2) the subsets of ). Given a function f : Q0 — R, an inclusion
function for f is a function L f : P} — 1 such that, for any D C ) we have

vee D f(§)eUf(D).
Definition 3 (Convergent inclusion function). We say L1f to be convergent if for any D C ¥
w(D) = 0= w(df(D)) — 0.
In particular, if D shrinks about &, then O f (D) shrinks about f(§).

Definition 4 (Minimum inclusion function). A minimum inclusion function for the function f
is a function Oy f : P(2) — 1 such that, for any D C Q) we have

min f(€) € Oinf (D).

If the lower end of i, f(D) is positive, we know that f is everywhere positive in D; if the
upper end of [, f(D) is negative, we know that f has at least one negative value in D;
otherwise, nothing can be said about the sign of f in D. Compare this with a classical inclusion
function O f(D), for which a negative upper bound implies f is everywhere negative in D.

A convergent inclusion function can be used to find a root of a function f by subdividing the
initial domain €2 until it becomes sufficiently small. Likewise, one can use a convergent mini-
mum inclusion function to find the portions of {2 where f is positive, by recursively subdividing
the domain. The type of subdivision used to perform refinement depends on the shape of €.
For instance, while bisection can be used for a multi-interval domain, simplicial domains may
require less trivial subdivision rules (Section [A.2).
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3.3 Continuous geometrical validity

In a dynamic simulation, the elements of the mesh move and deform over time. Like space, time
is discretized into time steps, which are typically regular. We assume that the control points
move along straight-line trajectories at each time step, and, without loss of generality, we can
assume each transition occurs between time ¢ = 0 and time ¢ = 1. Following Definition (1| we
have:

Definition 5 (Dynamic reference element). Let 0!’ be a reference element. The dynamic element
" of o is the (n + 1)-dimensional reference element c™' = o™ x [0, 1].

Assuming linear trajectories, the dynamic geometric map T : R™*! — R" of order p for o7 is
expressed by linear interpolation of the n-dimensional geometric maps z°(¢) and 2! (£) of the
static element at the two consecutive time steps:

7(&, 1) = 2%(€) +t(z'(§) — 2"(€))- (3.2)

This map is of order p in the £ variables and linear in ¢.

3.3.1 Continuous validity test

Assuming that the input element is valid at time ¢ = 0, the continuous validity test consists of
determining whether or not the Jacobian determinant |.Jz(£)| is everywhere greater than 0 on &
at all times in [0, 1]. If this is not the case, the algorithm should find the earliest time ¢* € (0, 1]
in which the element becomes invalid - hence, it is valid within [0, ¢*).

3.3.1.1 Target accuracy

Since finding an exact solution is not necessary and very expensive, we instead settle for a
conservative estimate ¢* that is close to t* up to a given user-provided threshold ¢, i.e. t* €
[t*,t* + d]. Moreover, since we assumed that t* > 0, we require that t* be strictly positive
as well, regardless of the value of 9. This threshold is used to trade off accuracy and time
performance.

3.3.1.2 Early termination
An intrinsic challenge of both the static and dynamic problems is that certifying the positivity
of a polynomial can be arbitrarily hard. Therefore, there is no upper bound on the number of

subdivisions required to assess the validity of an element.
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To prevent the algorithm from taking unreasonable time, we employ a termination criterion
that triggers when refinement becomes excessive. In these extreme cases, we halt and provide
an estimate t* that may not be within 0 of the true value ¢, but is nevertheless conservative.

Let the depth of a subdomain S be the number of subdivisions required to obtain S from the
initial domain. In our implementation we stop when the depth of a subdomain S exceeds a
threshold /... How often this condition is triggered in practice depends on the dataset and
element type. In our benchmark, choosing a value of /,,,,x = 7 was enough to reach the desired
precision of 1072 on all but very few 3D tensor product elements. We refer to Table [3.2| and
Section [3.7] for details.

3.3.1.3 Minimum inclusion function

We rely on a convergent inclusion function, which comes together with a procedure to decom-
pose an element into sub-elements. For the sake of clarity and generality, we first describe our
algorithm avoiding the details on how we define our inclusion function and domain subdivision
strategy, which we detail in Section We also use J = |Jz| as a short-hand notation for the
determinant of the Jacobian of the dynamic element at hand.

Given a generic inclusion function LJJ on the domain 77, we define a minimum inclusion func-
tion as follows: let (0J(D) = [Jp, Jp] then

Oinin/ (D) = [Jp, min J(&)],

T &ESD

where Sp is a small set of samples in D. In practice, we sample J at these points to bound the
minimum of J from above. Note that, if .J is negative at any of those samples, we know that
the element becomes invalid in D.

3.3.1.4 Subdivision maps

Given a reference domain o = o7, we define a set of () linear maps {¢? : ¢ — o}, called
the subdivision maps of o, and we call ¥9(0) a subdomain of o; we require that the union
of all subdomains is o, and the intersection of any two subdomains is either empty or has
dimension less than n. We define the standard subdivision maps for n € {2, 3} that we use in
our implementation in Section In the following, we always assume that () = 2".

For a time dependent reference domain & = 57, its subdivision maps are the same as ¢!, but
we also define two additional time subdivision maps, denoted 1)~ and ¢, such that ¢/~ (7) and
1+ (7) are respectively the lower and upper half of @ when bisected in the time dimension only.
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Algorithm 1 Maximum valid time step with inclusion functions

1: function MAXVALIDSTEP(.J, 9, [ ;nay)

2: P <—PRIORITYQUEUE(=<) > priority queue for subdomains
3: <+ 1 > initialize upper bound of t*
4: t"«+0 > initialize lower bound of t*
5: Pusu(P, o)
6: F' <~ FALSE > flag of whether an invalidity has been found
7: [0 > maximum subdivision depth reached so far
8: while TRUE do
9: if FA(tF—t*<0)A(t*>0) then > reached accuracy
10: L return t* > conservative estimate of t*
11: if IsEmpTY(P) then
12: . return1
13: S <+Por(P) > get the next subdomain from P
14: l < max{l, DErTH(S)} > update maximum depth
15: if [ > .« then > maximum level reached: give up
16: . return t* > conservative estimate of t*
17: t* < STARTTIME(S) > everything before this time is valid
18: I «OinJ(S) > check minimum inclusion
19: if Hica(/) < 0 then > there is an invalidity in S
20: if ENDTIME(S)< ¢* then
21: L F' < TRUE
22: t* < ENDTIME(S)
23: PusH(P, 1~ (S5)) > bisect on the t axis only
24: Pusu(P, " (5)) > bisect on the t axis only
25: else if =(Low(I) > 0) then
26: forqge {1,...,Q} do
272 Pusn(P,¢9(9)) > subdivide on £ and bisect on't
28: function <(S5y, S1) > priority function
29: if STARTTIME(S)) # STARTTIME(S]) then > lower time first
30: ~ return STARTTIME(S,) <STARTTIME(S))
31: else > for ties, prioritize boxes most likely to be invalid
322 | return HicH(OpinJ (So))<HIGH(DwinJ (S1))

3.3.1.5 Pseudocode

The pseudo-code of the algorithm is given in Algorithm (I} The algorithm takes in input a poly-
nomial J (¢, t) defined on domain & and the thresholds ¢ and ,,,, and returns a time ¢* without
invalid configurations, and within a time J of an invalid configuration. The algorithm keeps
internal current lower and upper bounds for ¢*, initializing them to 0 and 1, respectively. Given
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asubdomain S C @, pseudocode functions STARTTIME(SS) and ENDTIME(S) return respectively
the minimum and maximum values of the time coordinate for points in S.

The algorithm uses a priority queue P (line |2) of subdomains of o, with a related priority
function < (line giving higher priority to sub-domains that span intervals of time with
an earlier start point (that is, a lower minimum ¢). The initial domain o is pushed into the
priority queue P (line[5); then elements are popped from the P one by one (line[13), and if their
minimum inclusion function does not guarantee their validity, they are subdivided and their
subdomains are pushed to P. See the next subsubsection for the subdivision strategy. This
continues until the queue becomes empty or an early exit condition is met. By construction,
the priority function < guarantees that when we pop an element S from the queue, then J is
positive at all times before STARTTIME(.S), and t* can then be updated accordingly.

Early exits occur if the required accuracy § is achieved (line [9), meaning that the difference
between ¢t* and ¢* is less than ¢, or the maximum depth [,,,,, has been reached (line , meaning
that we pop from the queue an interval that comes from a sequence of /,,, subdivisions.

3.3.1.6 Subdivision strategy

If the interval I returned by O, J(S) is completely negative — meaning that S contains nega-
tive values of .J (line[19) — then the upper bound ¢* is updated, and element S is bisected along
the time dimension only, with the two resulting subdomains being pushed into P. Conversely,
if interval I contains zero, the element S is split along all its dimensions (line [25), including
time, according to the subdivision scheme of reference element o; again, the resulting elements
are pushed into P. Finally, no subdivision is necessary if / only contains positive values, and
the space-time region occupied by S will not be considered again for the remainder of the
algorithm.

Note that, by bisecting only the time dimension (line [19), we postpone any refinement of the
spatial dimensions until we find a time interval in which J may potentially be positive every-
where. This strategy allows us to avoid many unnecessary refinements in the space dimensions,
and to decouple the subdivision on time (controlled by accuracy ¢) from the subdivision in space
(which does not have an accuracy requirement).

3.4 Implementation

The implementation of our method requires designing a minimum inclusion function U, f
and a corresponding subdivision strategy that uses robust computations while keeping the run-
time sufficiently low to enable its use within a simulation loop.
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3.4.1 Inclusion functions for space and time

Interval arithmetic provides a universal way to design inclusion functions. Given a polynomial
f:Q — Rand D C (), let Ap be the smallest multi-interval containing D. We could define

Of(D) = f(Ap),

where the evaluation of f on the right side is intended with interval arithmetic, and thus returns
an interval. Any strategy subdividing D and reducing Ap (e.g., bisection along all coordinates)
provides a convergent inclusion function.

We tried this approach, but the inclusion functions may be very loose about f and require many
refinement steps to converge, or even get stuck on nearly invalid elements due to the numerical
error accumulating too fast for the inclusion function to keep up with. We compare the time
performance for the static case only in Table We instead follow the approach proposed by
Johnen et al. [69] for the static validity test and extend it to our continuous setting.

3.4.1.1 Overview of Bézier refinement

Let f be the order m polynomial of which we want to find the minimum on @ (in our case,
f =17z

Our inclusion function is based on the Bézier representation of f and a recursive decomposition
of @. The reason why we want to represent our polynomial in the Bézier basis is the convex
hull property [41]], by which the values of f on & are bounded by the minimum and maximum
coefficients of f when expressed in the Bézier basis.

To obtain the vector of Bézier coefficients fZ of f, we first compute its vector of Lagrange
coefficients f*, which can be obtained by simply evaluating f at the domain points; then we
premultiply f* with a change of basis matrix T,_,5 that we shall call transformation matrix,
which is described in detail in Section[A1l

Let Z. be the set of indices of the control points of f and C. C Z. be the set of indices
corresponding to the corners of & at time 1. Since the Bézier basis is interpolating at the corners
of the domain (i.e. 3; = f(y;) forall j € C,), we define the minimum inclusion function as

Osin f(0) = [min 3, min 5;]. (3.3)

icZ, jec,

Therefore, if all entries of fB are positive we know the element is valid everywhere, and if
any of the corner entries is non-positive we know that the element is invalid at the end time.
Otherwise, the interval returned by the inclusion function contains zero, and we need to refine
the search by subdividing &.
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The subdivision of 7 is performed via another set of change of basis matrices, dubbed subdivision
matrices, T% .5, for ¢ = 1,...,Q. Premultiplication of f” by these matrices gives a Bézier
representation of f on a smaller portion of the domain, which can be used to compute tighter
bounds local to each subdomain. These matrices are defined in Section

Bisection in the time dimension only is performed analogously by multiplication of f* with
two time subdivision matrices T';_, ; and TZ;;B, also described in Section

3.4.2 Robust computation

All the transformation and subdivision matrices T s, 3, TqB _p-and T§ _, g are only dependent on
element type (tetrahedron, hexahedron, etc.) and order, and as such can be precomputed offline.
Since we want to minimize the accumulation of error in our computations, and all entries of
these matrices are rational, we construct these matrices using exact rational arithmetic for each
element type and order. The outcome is a rational matrix, which we convert to intervals by
rounding the two endpoints outward if the exact value cannot be represented as a floating
point number. The resulting interval is guaranteed to contain the exact value of the fraction
while being as tight as possible.

The input to our check is the set of Lagrange control points for the elements of a mesh, repre-
sented in floating point. Each floating point coordinate is converted to a singleton interval (i.e.
an interval with zero width) and all subsequent operations are performed in interval arithmetic
with conservative rounding.

The combination of rational precomputation and interval arithmetic ensures that our algorithm
is conservative while maintaining a low computational cost (Section [3.6): the rational precom-
putation is performed only once offline and does not affect runtime, while the use of interval
arithmetic adds a minor (~2x) overhead over a direct floating point implementation.

3.4.3 Acceleration
3.4.3.1 Global queries

In practical applications, one is often interested in the maximum time for which all elements
are valid. We refer to this as a global dynamic query and give a strategy to accelerate it.

After an invalid element has been found (with estimated valid time step ¢*), it becomes unnec-
essary to validate the other elements at later times: ¢* will anyhow be the maximal allowed
step. It might be tempting to terminate early as soon as an inverted element has been found.
However, this is not conservative as some other elements may still have a lower t*. We thus
keep track of the smallest value of t* found in previous checks and leverage the fact that ¢* can

40



never decrease in Algorithm|[1|to stop computation on an element as soon as its estimate for ¢*
exceeds the running minimum.

The order in which elements are processed matters for global queries: it is beneficial to process
elements that are most likely invalid first, as it will provide higher opportunities for this pruning
strategy to be effective. For this reason, we first sort the polynomials according to their constant
term, in ascending order. For the order 3 Armadillo mesh in Figure this strategy improves
the total running time by about 60% over running the queries individually; whereas the speedup
is less relevant for the order 2 mesh (about 12%).

3.4.3.2 Parallelization

Validity checks for meshes are trivially parallelized by processing elements in batches. To avoid
any synchronization between different threads, every batch of queries assigned to a thread
does an independent sorting and keeps its own running minimum ¢*, to use as an early termi-
nation condition, as explained in the previous subsubsection.

3.4.3.3 Precomputation of Jacobian determinant

The input to the subdivision procedure is a Lagrange representation of the Jacobian determinant
polynomial of the element. This only depends on the shape and order of the element, as well
as its control points.

For each element type and order combination, we symbolically compute the expression of each
Lagrange coefficient in terms of the control point coordinates, and remove common subexpres-
sions with CSE [110] (we use the implementation in SymPy [105]). This approach increases the
compilation time but provides dramatic runtime performance boosts: for the order 3 Armadillo
dataset, we get a speedup of about 20x.

3.5 Application to simulation

Incremental potential time-stepping [73] is becoming popular in graphics [88] and biomechan-
ics [103] due to its robustness to extreme deformation and contact[[89}[80} 39, 142} [81] 182} (91} 25| 143,
921,183, 65| 64, 119, 93] 40]). We briefly summarize the approach here, without contact handling,
as it is relevant to motivate the need for a continuous dynamic positivity check in physical sim-
ulation: as part of this overview, we will show that the check alone is insufficient, as IPC also
requires a consistent invalidity-aware quadrature rules, which we introduce in Section 3.5.2]
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Figure 3.4: Potential landscape and one descent step from the black point. The descent step to
the red point is invalid since it crosses an invalid region with infinite potential.

3.5.1 Continuous validity in simulation

The updated displacement u!™! of an object at the next time step is computed solving an un-
constrained non-linear energy minimization:

ut = argmin E(u,u',v"), (3.4)

u
where u' is the displacement at the step ¢, v' is velocity, and E(u,u’,v") is a time-stepping
Incremental Potential [73]]. We refer to Li et al. [88] for more details.

For common non-linear material models, this potential is infinite when an element has a neg-
ative Jacobian, as the Jacobian determinant appears in the denominator of the expression. A
physically valid trajectory cannot reach a state with infinite potential: however, this is a chal-
lenging condition to enforce in practice.

3.5.1.1 Line search

The potential E is minimized with a descent algorithm (gradient descent or Newton), which
computes a local approximation of a descent direction: this approximation might, for a finite
step length, cross a region with infinite potential (Figure [3.4). This is a typical challenge in
collision detection [[139], but is rarely considered for the elastic potential — the only work we
know that considers this problem, in 2D only, is Smith and Schaefer [124]. This challenge can
be solved using a continuous inversion check within the line search, which is the focus of our
work. To the best of our knowledge, state-of-the-art IPC solvers Li et al. and Schneider
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Figure 3.5: The function is infinite in the bright yellow region, and its integral over the whole
triangle is also infinite. Numerical integration using a fixed quadrature rule (left) erroneously
produces a finite value. Our adaptive quadrature technique (right) puts quadrature points in
the infinite-valued region and correctly captures the behavior of the function.

et al. [116] use a static check instead of a continuous one, which cannot guarantee trajectory
validity.

3.5.1.2 Quadrature

Non-linear elastic potentials cannot be integrated exactly with numerical quadrature (as they
are not polynomials), leading to unbounded errors for diverging potentials. We show in Fig-
ure(3.5/an example of an element with an infinite potential integrated with both a standard fixed
quadrature rule and the adaptive quadrature derived by our algorithm: only in the second case
does the numerical integration correctly diverge. The use of a fixed quadrature leads to solver
failures as the direction computed using quadrature is not a descent direction and might thus
block the progress of the solver.

3.5.2 Invalidity-aware quadrature rules

Our algorithm can output additional information to generate adaptive quadrature schemes: The
goal is to produce a set of quadrature points for the static element o such that at least one of
the points would end up in an invalid region at time ¢*, correctly making the integral computed

using quadrature diverge at that time.
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3.5.2.1 Tracking subdivisions

In Algorithm (1} each subdomain keeps track of the sequence of subdivisions of & that were
taken to produce it. However, since we only require a quadrature rule for ¢ and not @, it is
sufficient to keep track of spatial subdivisions: this means that when an element is subdivided
in time only using ¥t and ¢, the sequence of the children will match that of the parent; and
when an element is subdivided in all dimensions using the subdivision scheme )¢ for 7, pairs of
subdomains that span the same region of space at different times will share the same sequence.

To produce the adaptive quadrature rule, our algorithm uses the sequence of spatial subdivisions
of the element whose minimum inclusion function reduced ¢* for the last time, or equivalently,
the element that found the earliest invalidity. Unless the early exit condition for maximum
depth is triggered, such invalidity is guaranteed to be in [t*,t* 4 §]. In the very rare cases
when the algorithm fails to find an invalid point and gives up earlier, we instead return the
subdivision sequence of the element with the deepest hierarchy, which is likely to be very close
to an invalid region. In this case, the optimization step will still be guaranteed to be valid for
its duration.

3.5.2.2 Adaptive quadrature

This information is then used to partition the static element by recursively subdividing it using
the very same sequence of subdivisions, as in Figure 3.5/ (right). A standard quadrature rule is
applied to every subelement of o, and the integral is evaluated as the sum of integrals on all
subdomains. However, in order to guarantee that the newly placed quadrature points would
indeed intersect an invalid region in the full time step, it is required that the quadrature rule
contain all points in the sampling set Sp used to compute the minimum inclusion function,
projected onto o; for example, if Sp is the set of corners of 7, the selected scheme must place
quadrature points at the corners of 0.

3.6 Results

Our algorithm is implemented in C++, using PolyFEM [116] for finite element (FE) system
construction, IPC Toolkit [44] for evaluating IPC potentials and collision detection, Pardiso
(7,[18,[17] for the large linear systems in our global Newton solves, [10,11] for interval compu-
tation, GMP [52] for rational computation, and OpenMP [30] for parallelization.

The simulation experiments are run on a cluster node with an Intel Cascade Lake Platinum
8268 processor limited to 16 threads and 32Gb of memory. The benchmark experiments are
run single-threaded on a laptop computer with an AMD Ryzen 7 4000 processor and 16GB of
memory.
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Table 3.2: Results of our continuous validity test on 2D and 3D datasets element types and orders. We report the number
of elements (total, valid on the whole interval, invalid at some time) and processing time in microseconds per element
(average, average for valid elements, average for invalid elements, median, maximum, standard deviation). On some
datasets, marked with an asterisk (*), the algorithm “gives up” on very few elements and returns a conservative answer
(these are 57 hexahedra and 26 prisms for which the algorithm exceeds the available memory on the personal machine
where the benchmark was run, and must be stopped early via the [,,,,x parameter, set to a maximum subdivision depth of
7, altering the subdivision strategy mitigates this issue and allows the algorithm to converge on the whole dataset). In all
other cases, the algorithm reaches the target precision of 1% on all elements.

Dataset Type |n s |p Element count Time per element (us)
tot val inv avg | avgval | avginv | med max std
Kangaroo | Tris 2 2|1 | 172800 | 146248 | 26552 1.60 1.32 3.10 1.40 205.40 0.85
2 | 172800 | 145602 | 27198 2.14 1.69 4.54 1.89 42.53 1.10
3| 172800 | 145623 | 27177 3.83 3.10 7.75 3.28 67.26 1.86
4 | 172800 | 145613 | 27187 9.28 7.94 16.45 | 7.96 309.19 4.03
Bar 2D Quads | 2 1| 1| 112887 14816 | 98071 3.93 2.95 4.07 3.84 10203.74 34.23
2 83653 75085 8568 74.67 7.89 659.96 2.93 | 2046480.70 | 10296.53
Armadillo | Tets 3 3|1 54985 51605 3380 1.56 1.44 3.43 1.47 21.58 0.53
2 54985 48599 6386 9.90 7.34 29.41 5.31 6726.90 40.37
3 54985 47988 6997 | 362.79 | 130.92 | 1953.05 | 44.00 78411.99 1593.81
Bunny Tets 3 3|1 19800 19561 239 1.47 1.45 3.51 1.40 49.38 0.63
2 19800 19058 742 7.27 5.91 42.22 5.31 1729.90 24.56
3 19800 18954 846 | 175.41 65.97 | 2627.34 | 43.02 60907.39 1294.73
Bar 3D Hexes |3 1|1 56031 24918 | 31113* | 325.33 11.10 | 576.99 | 16.55 | 6650064.32 | 39487.14
Prisms | 3 1 82403 56913 | 25490* | 246.64 8.22 778.96 2.38 | 2407415.47 | 16401.57
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Figure 3.6: Initial and final frames of simulations from which queries are exported. The parts
in cyan are used as handles to twist and compress the model while the deformation occurs in
the parts in yellow.

3.6.1 Benchmark of filtered queries

We collect queries of element inversion checks from elastodynamic simulation data using In-
cremental Potential Contact (IPC) [88] and the Neo-Hookean elasticity model. We pick two 2D
models and two 3D models shown in Figure We bend the bar and compress the kangaroo
in 2D, whereas for 3D models we twist them by 90° while compressing them by 20%. Note the
queries included in the benchmark are a subset of the entire simulation, since the vast majority
of elements are valid. For collection, we discard all queries where the initial configuration is
invalid, which might happen as the positivity check in IPC [88] is not conservative; in each
line search in the nonlinear solves, we evaluate the Jacobian at every quadrature point J; for
i =1,2,...,n and collect elements with elements with min; J; < 0 or min; J;/max; J; < 0.2.

Our benchmark contains 172000 2D queries from the Kangaroo model (orders 1 through 4),

46



2D-P1 #sSub 2D-P1 #tSub 2D-P1 time
5
10 108 10° - Valid
w Invalid
104 104 104
£10° £ 102 £ 10°
[ v 0
§ 107 § 102 § 107
2 10 S 10 = 10
10t 10t 10t
10° 10° 10° |
0 5 0 5 10° 10t 102
Subdivisions Subdivisions Microseconds
2D-P2 #sSub 2D-P2 #tSub 2D-P2 time
5
105 105 10 = Valid
N m Invalid
104 104 10
£10° £ 103 £ 10°
[ [ [
§ § 102 § 102
o 10? o 10 o
10t 10t 10t
10° 10° || 10°
0 5 0 5 10° 10t 102
Subdivisions Subdivisions Microseconds
2D-P3 #sSub 2D-P3 #tSub 2D-P3 time
10° 10° 10° m— Valid
m Invalid
10% 10% 10
£ 10 £ 10 £ 10
[ Q [
§ § § 102
2102 2 102 o 10
10! 10! 10!
10° 10° 1 10°
0 5 0 5 10° 10* 102
Subdivisions Subdivisions Microseconds
2D-P4 #sSub 2D-P4 #tSub 2D-P4 time
5
10° 10° 10 - Valid
B nvalid
104 104 10¢
£ 103 £ 10° £ 10°
v [ KU
g g 2 g 102
£ 102 210 &
10t 101 10
10° 10° | 10°
0 5 0 5 10° 10t 102
Subdivisions Subdivisions Microseconds

Figure 3.7: Statistics for the Kangaroo datasets. Top to bottom: elements of order 1, 2, 3, 4; Left
to right: number of space subdivisions (#ssub), time subdivisions (#tsub), and time to test an
element. Green valid elements; red invalid (t* < 1) elements.
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54985 3D queries from the Armadillo model (orders 1 through 3), 19800 3D queries from the
Bunny model (orders 1 through 3), 130291 queries for the Bar model of order 1, and 31879
queries for the Bar model of order 2 (Table [3.2).

To validate correctness, we designed a Wolfram Mathematica [[141] script that symbolically
computes the root of |/z| with minimum ¢ for a given element, and released it as part of our
open-source code. The script receives in input the type, dimension n, and order p of an element
together with the control points describing its geometric map at times t = 0 and ¢ = 1; com-
putes the symbolic expression of |.Jz|, which is a polynomial in n + 1 variables; finds its roots
inside the domain 7; and returns the minimum value of ¢ in which a root is found.

We restrict the ground truth to order 1 and 2 for triangles, and order 1 for quads and tetrahedra,
due to the limitations of symbolic solvers: for a higher-order basis, Mathematica could not
return a result within 6 hours on some of the elements. To the best of our knowledge, ours is
the first dataset containing conservative times of inversion. Our algorithm correctly detects all
invalid elements and returns conservative answers for the inversion times.

The average per-element cost of our algorithm increases with the degree, from around 1.5us
for order 1 (both in 2D and 3D) to around 10us for order 4 in 2D and 300us for order 3 in 3D.
Invalid elements are more expensive to process on average, as they require subdivisions until
precision is reached, whereas most valid elements can be resolved in a single iteration if all

their Bézier coefficients are positive. See Table [3.2]and Figures[3.7/and [3.8| for details.

When restricted to the static case (i.e., check the validity of an element at a given time), our
algorithm becomes considerably faster than the dynamic one (by a factor of about 50x on the
order 3 Armadillo), and it has a running time slightly faster (2x) than the non-conservative
static baseline used in PolyFEM and FEBio, which consists of checking the sign of | /.| obtained
with (inexact) floating point computations only at quadrature points thanks to our optimiza-
tions. See Table [3.3| for details.

3.6.2 Comparisons

We are not aware of any other algorithm that provides a continuous validity check for elements
of arbitrary order, so we compare it with algorithms that solve only a subset of the problem.

3.6.2.1 Linear continuous

For the special case of triangular elements with linear basis, Smith and Schaefer [124] propose
to use a symbolic solver to find the roots of |.J¢|. While extremely efficient (1us on average),
this approach can fail to produce correct results due to numerical errors: on the 26552 invalid
elements in the linear Kangaroo dataset (Figure [3.6), their method fails to detect inversions
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Table 3.3: Comparison of methods for static validity checks, performed at ¢ = 1 on the order
3 Armadillo dataset. We list the number of detected valid and invalid elements, the number
of elements for which the test was undecided, and the average and median computation times
per element. Sampling at quadrature points is fast, but incorrectly classifies several invalid
elements as valid; bisection with a robust interval-based inclusion function is fast on “easy”
elements, but struggles a lot with nearly-inverted elements and fails to classify several of them;
our implementation of the Bézier refinement based inclusion check by Johnen et al. [69] and
our conservative method give the same results; our method is guaranteed correct at a slight
performance cost. Our precomputations (last two rows) decrease the computation time by at
least an order of magnitude.

Static algorithm #val | #inv | #und | avg us | med us
Quadrature Points 48214 | 6771 - 16 16
Interval Bisection 46281 | 6561 | 2143 1400 23
FP Bézier (no optim.) | 48050 | 6935 0 71 78
Ours (no optim.) 48050 | 6935 0 86 95
FP Beézier 48050 | 6935 0 5 5
Ours 48050 | 6935 0 8

13324 times, producing a time step larger than the ground truth maximum. Attempting to be
conservative with a “large” numerical threshold of 1075 still fails in 1563 tests (~5%).

This method is limited to linear triangles, and cannot be extended to other elements or degrees
due to its reliance on closed-form expressions for the roots.

3.6.2.2 Static high-order

For the special case of static validity check for elements of arbitrary type and order, Johnen
et al. [69] introduce a method based on adaptive subdivision. In the static case, our solution
implements the same algorithm, but with robust arithmetic and additional pre-computations for
the Jacobian and transformation matrices. When implemented with double precision floating
point arithmetic, this method is more efficient than our static approach (on the 3D Armadillo
model of order 3 our method takes 3.5 longer per element on average, see Table [3.3), however
it is not robust.
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Mat-twist

Microstructure /

Figure 3.9: Simulation examples in with (right) and without (left) our inversion check.
The high-order elements with non-positive Jacobian points are shown in red. On the left, the
numbers of flipped elements are 20, 45, and 24 from top to bottom. Our method guarantees the
positivity of Jacobian.
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Table 3.4: Simulation Statistics. Columns from left to right: simulation dimension, geometric and solution bases orders,
number of cells, number of time steps, peak memory usage, the average time of the simulation per time step, the average
time of our check per time step, the average time of each check over the entire mesh, and average time of the simulation
per time step using the quadrature point check in PolyFEM instead of ours (BL=baseline)

Order Mem Timing (sec)
dim | geom | soln | # Cells | # Steps | (GB) | tot/step | check/step | check/query | tot/step (BL)
Beam-twist 3 1 2 1740 400 1.4 16 5.7 0.067 7.6
Ring-twist 2 1 2 1136 100 0.7 0.72 0.16 0.011 0.15
Mat-twist 3 1 2 2166 250 1.3 10 2.9 0.069 6.9
Armadillo-rollers 3 1 2 5978 230 3.3 114 27 0.19 111
Microstructure 3 4 2 6414 25 2.9 531 472 5.6 52




Von Mises Stress 3e7

(A) (B)

Figure 3.10: Von Mises stress distribution of Ring-twist in Figure The NaN is shown in red.
(A) Without our method, NaN appears on elements with flipped points. (B) With our Jacobian
check and adaptive quadrature, the stress is everywhere finite.

3.6.3 Elastodynamic simulation

We integrate our check within the PolyFEM software [116] and use it to reproduce a selection
of the bundled elastodynamic simulations. We report our findings as we integrated the check,
since they highlight some fundamental issues with existing high-order FE solvers and the non-
linear material models commonly used in graphics and engineering.

3.6.3.1 Potential formulation

In the simulation, we minimize the Neo-Hookean energy with Newton’s method. The Neo-
Hookean energy density has the form of

we(F) = g(Tr[FFT] — 2 —2log(det F')) + %10g2(det F), (3.5)

where F' is the deformation gradient matrix (2 X 2 or 3 x 3), A and x4 are Lamé parameters. Call
Jg and J,. the Jacobians of the deformed element and rest element respectively, the deformation

53



gradient is
F=JyJ) "

Suppose the rest element is valid, i.e., det J, > 0; then the positivity of det F' = det J;/ det J,
depends solely on det .J,, i.e. the Jacobian determinant that we are checking. Aslongasdet J; >

0, Equation is valid.

3.6.3.2 Baseline simulator

Our baseline simulator is PolyFEM [116]], using the convergent IPC formulation [90] on tetrahe-
dral meshes, quadratic Lagrangian bases and the Neo-Hookean material model [112]]. PolyFEM
uses only a static inversion check on the quadrature points: in Figures[3.9and 5.1 we show that
the final result contains many invalid elements leading to NaN in stress (Figure [3.10/A). These
invalid elements are not detected using the check on quadrature points alone, but are correctly

identified by our conservative check (Figure|3.10B).

3.6.3.3 Conservative line search only

Replacing the static sampling invalidity check with our conservative and continuous check
without adaptive quadrature leads to convergence issues in the solver. When the elements
become close to inversion, the negative gradient direction is not a descending direction. This
happens due to the error in the numerical integration of the potential, that can be solved by
using our adaptive quadrature method. All the simulations in our experiments suffer from this
issue: the simulation halts after several steps (twist-beam fails at time step 145, armadillo-rollers
at 33, mat-twist at 141, ring-twist at 28, and the microstructure at 7).

3.6.3.4 Conservative line search + adaptive quadrature

This solution works but dramatically increases the number of non-linear iterations needed in
the Newton method. The remaining issue is that, while the Neo-Hookean energy density is
infinite at the point where the Jacobian determinant is zero, it grows at a slow rate. Mathe-
matically, when the Jacobian determinant is exactly zero at one point and positive everywhere
else, the integral of the Neo-Hookean energy still may be finite: consider the integral of a 1D
function f(z) = —log(|z|) on the interval [—1, 1], although it has a singularity at x = 0, the
integral is

1 1
/ —log(|x|)dz = —2/ log(z)dr =2 < o0
- 0

1

This is undesired since it leads to NaN in Equation (3.5) and stress evaluation, causing failure

of the simulation. This problem can be mitigated by adding an additional barrier term 3£+ to
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Equation (3.5). While this solution formally fixes the problem (and also practically fixes it in
our experiments), it makes the potential harder to minimize while changing the material model:
we are not aware of any analysis of this problem, and we believe it is an exciting avenue for
future work.

With these modifications, PolyFEM produces results without invalid elements. We note that
given that the material models are infinite for invalid elements, the existing non-conservative
approaches often create solutions that are non-physical. A more detailed study of the effect of
these errors could be an interesting venue for future work.

A second observation is that the issue with the slow growth of the Neo-Hookean potential (and
others, such as Mooney-Rivlin) is likely due to the misuse of these models for deformations that
are outside of the regime they are designed to handle. It would be interesting to carefully study
experimentally how accurate these material models are under extreme deformations, and see if
it is possible to design other material models which are numerically more suitable for interior
point optimization.

3.6.3.5 High-order IPC

We reproduce simulation examples that use high-order finite elements in Ferguson et al. [43],
including Mat-twist, Armadillo-rollers, and Microstructure (Figure [3.9). In Figure 5.1 we in-
clude two more examples: Beam-twist and Ring-twist. In the Beam-twist, we apply Dirichlet
boundary conditions on the two sides of the beam, rotate one side, and keep the other side
fixed; in the Ring-twist, we apply Dirichlet boundary conditions to rotate the inner circle of the
ring with constant speed and allow the outer circle free to move. In Figure the simulation
results in Ferguson et al. [43] have flipped elements since the simulator only checks Jacobian at
quadrature points in each element, while with our conservative check and adaptive quadrature,
there is no flipped element. We report the statistics in Table For quadratic elements, the
runtime of our method is at worst comparable to the solve time and can be as fast as 23% of the
solve time; for quartic geometric elements and quadratic solutions, our method is much slower
than the solve time, since the solve is on quadratic elements while the Jacobian check should
be performed on the quartic elements.

3.7 Discussion

We introduced a formulation for continuous inversion test and a corresponding conservative
and efficient algorithm. Our solution addresses an open problem in existing finite element solver
and parametrization algorithms, increasing robustness and providing, for the first time, a guar-
antee for interior point solvers to stay within the space of valid elements. While the issue does
appear for linear elements, invalid elements are more commonly present in existing algorithms

55



that use high-order bases. We believe our algorithm, and its reference implementation, will be
a drop-in replacement for existing non-conservative checks used in many graphics algorithms
that will increase robustness for a limited performance cost.
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Chapter 4

MiSo: Automatic Generation of
Conservative Solvers

In this chapter, we discuss the generalization and automation of the conservative approach
we used to address the geometrical validity problem, extending it to other related problems,
namely approximating the solution set of systems of non-linear constraints and bounding the
constrained global minimum of a non-linear function. As previously mentioned, there is an
abundance of geometric queries that can be formulated in these terms, with countless varia-
tions and a vast literature: for example, [5, [6] summarize methods for static collision detec-
tion between proxies, referencing over 100 algorithms tailored to different primitive pairs and
accuracy/efficiency trade-offs. Similar per-primitive-pair specialization is required for mini-
mal distance queries and, likewise, each finite element (FE) type and order necessitates custom
code for positive Jacobian checks. This complexity doubles when considering time-dependent
scenarios.

While real-time applications often restrict primitives to boxes due to limited computational
resources, high-fidelity simulations may require conservative, high-accuracy predicates [125].
Testing the correctness and ensuring the efficient, accurate implementation of these algorithms
is a major challenge [137]]. The difficulty of generalizing theoretical improvements across dif-
ferent cases hinders progress in this pervasive and crucial family of algorithms, essential to
modern computing.

In contrast to algorithm specialization, Snyder [125] proposed a general framework, based
on interval analysis, for conservative solutions to high-order constrained optimization. This
framework offers two algorithms: SoLvEe, which finds all solutions to a non-linear constraint
system, and MiNIMIZE, which finds the constrained global minimum of a function. For SOLVE,
the conservative algorithm returns a region guaranteed to contain all solutions (if any), poten-
tially including points near the feasible domain. For MINIMIZE, it returns a value less than or

57



equal to the true minimum and within a bounded distance of it. In both cases, this conserva-
tiveness accounts for numerical rounding errors.

Although often considered slower than methods like Newton’s minimization, recent work [137,
24]] demonstrates the effectiveness and relative efficiency of this conservative approach, partic-
ularly when seeking guaranteed solutions.

Snyder’s approach uses Natural Interval Extensions (NIE) to compute inclusion functions (Sec-
tion [3.2.3) that bound function ranges over domains, by composition of interval operators. Al-
though general, NIE’s convergence to the true range via domain decomposition can be slow. For
the common case of polynomials, tighter bounds are achievable via their Bézier representation
(84,[129,68]). However, Beézier representation can be computationally expensive for polynomials
with many terms.

We employ a hybrid approach, blending Bézier inclusion functions and NIE. Decomposing poly-
nomial expressions into simpler forms (fewer variables or lower degree) allows us to construct
a spectrum of inclusion functions that ranges from fully NIE-based (expanded expressions) to
fully Bézier-based (collapsed expressions). This decomposition is performed manually by the
user via the collapse method in the MiSo specification (see Sections and [4.4.2); the DSL
makes it convenient to explore different hybrid decompositions, but does not automate the
choice. Hybrid solutions can dramatically improve efficiency. For example, our hybrid solver
for continuous collision detection between high-order polynomial patches is orders of magni-
tude faster than purely NIE-based and purely Bézier-based solutions (Section [4.4).

We developed MiSo on top of such a hybrid approach. MiSo is a Python-based domain-specific
language (DSL) for the specification of SoLvE and MINIMIZE problems. MiSo enables the user
to quickly explore possible hybrid approaches by changing a few lines of code. From a sim-
ple specification, the MiSo compiler produces a numerically robust C++ solver for the given
problem, automatically generating all the necessary representations of the functions involved,
the related transformations required for domain subdivision, and the evaluation of inclusion
functions.

Domain decomposition and interval arithmetic are used to guarantee conservative results. Set-
ting a compile-time flag switches to a faster, non-conservative computation mode based on stan-
dard floating-point arithmetic. A known limitation of subdivision-based methods is that they
suffer from a curse of dimensionality; hence, our method may become impractical for problems
in many dimensions. However, we show that we are able to achieve competitive performance
for a number of fundamental geometric problems, especially those involving high-order geom-
etry.

We demonstrate competitive performance against hand-optimized code for key geometric prob-
lems, including linear and high-order continuous collision detection, and finite element validity

checks.
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Table 4.1: A list of common problems that can be addressed with MiSo. From the left: name
of the problem; domain; coordinates on the domain; objective function; constraint. Legend:
GV: (static) geometrical validity; CGV: continuous geometrical validity; CCD: continuous colli-
sion detection; PPN: parametric primitive intersection; MD: minimal distance; DP: diameter of
primitive; BN: boolean intersection; BU: boolean union; B\: boolean difference. The symbol o
represents a generic Cartesian product of standard simplices, which is the parametric space of a
geometric primitive; the domains of different elements are denoted with subscripts; a repeated
symbol refers to the same domain considered more than once. The symbols ¢ and 7 represent
tuples of coordinates referring to the related factors in the Cartesian product; ¢ is a scalar co-
ordinate; the symbols &;, & refer to tuples of coordinates representing two distinct points in
the same domain. The symbol z, possibly with subscripts, represents a geometric map from a
parametric space into physical space; .J,, is its Jacobian; likewise, = represents a time-dependent
geometric map. The symbols D; represent the SDF of an implicitly defined primitive.

Problem | Algorithm Domain X Coordinates Objective F Constraint C' (< 0)

GV SOLVE o 13 - PAC]

CGV | MINIMIZE o x [0,1] (&,1) t |Jz(€,1)]

CCD | MINIMIZE 071 X 09 X [0, 1] (&,m,t) t d(z1(§,t), T2(n, 1))

PPN | SoOLVE o1 X 09 (&,n) - d(x1(§), x2(n))
MD | MINIMIZE o1 X 09 (&,m) d(x1(§), v2(n)) -
DP | MINIMIZE oXo (&1,&2) —d(z(&1), 2(&2)) -
BN SOLVE [0,1]™ 13 - max(D1(£), D2(§))
BU SOLVE [0, 1]™ 13 - min(D1(§), D2(€))
B\ SOLVE [0, 1]™ 13 - max(D1(£), —D2())

4.1 Overview

We begin by characterizing the class of addressed problems, and follow with a broad description
of MiSo’s operation and a working example, deferring details to Sections[4.2] and [4.3]

4.1.1 Problem statement

We now formulate the SoLvE and MINIMIZE problems in the continuum, and then transition
to their discrete numerical counterparts, discussing the choices and limitations inherent in this
process.

Definition 6 (SOLVE Problem). A SoLvE Problem is defined by:

a) A domain Y that is the Cartesian product of standard simplices, possibly of different dimen-
sions;
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b) A system of constraints, consisting of inequalities of the type C;(§) < 0 with{ € X fori =
1, ..., k, where all C;’s are continuous scalar functions. Any equality constraint C;(§) = 0
is represented as |C;(£)] < 0.

The problem asks to find the region ® C X satisfying the constraints, called the feasible region.
Definition 7 (MiN1mIZE Problem). A MINIMIZE Problem is defined by:

a) and b) as in Definition|d;

¢) A continuous scalar objective function F'(§) defined on .
The problem asks to find the minimum F* of ' within the feasible region ®.

Table shows a few relevant geometric problems that fit our framework. Some MINIMIZE
problems are unconstrained, meaning their feasible region is the whole domain X..

The domain X is chosen to facilitate modeling geometric problems. Although products of unit
intervals provide compact subsets of Cartesian space, higher-dimensional simplicial domains
are better suited for representing geometric elements. While compact domains theoretically
limit support for unbounded primitives (e.g., rays or planes), this is rarely a practical concern,
as bounded approximations suffice. See Section for details.

We address numerical versions of the above problems and seek a conservative solution. This
means that, even when an exact solution cannot be found numerically, we return a solution,
which is guaranteed to be within a certain threshold from the ground truth. This is formally
stated in the following definitions.

Definition 8 (s-SoLVE Problem). An e-SoLvE Problem is defined by the same elements of a SOLVE
Problem, plus:

c) An array of thresholdse; > 0 fori =1,... k.
Let ®. C ¥ be the region satisfying C;(§) < ¢; foralli = 1, ...k, called the buffer region. A
solution to the problem is any region ® such that

dCPC P,

where ® is the solution to the corresponding SOLVE Problem.
In the following, most examples involve just one constraint equation: in that case, we drop the
subscript on C and ¢, for simplicity.

Figure 4.1/ depicts the relation between regions ®, ® and ®.. The region ® found by our solver
consists of subdomains of the same shape as domain ¥, obtained by domain subdivision, hence
the staircase shape in the figure.
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Figure 4.1: Regions defining a solution for e-Solve Problems on a domain [0, 1] x [0, 1] with
an inequality constraint (Left) and an equality constraint (Right). Left: the blue-shaded region
below the blue line is the solution ® of the corresponding Solve Problem in the continuum; the
region ¢, extends between the blue and green lines providing a buffer in which the numerical
solution is sought; the grey-shaded region below the black polyline is a possible solution ®.
Right: ® consists just of the blue line; a solution ® is the grey-shaded region enclosed between
the two black polylines.

Definition 9 (¢, 6-MINIMIZE Problem). An e, )-MINIMIZE Problem is defined by the same ele-
ments of a MINIMIZE Problem, plus:

d) Thresholdse > 0 fori =1,...,k and 6 > 0.
A solution to the problem is any interval F* with a width < § such that:
« the lower end of ['* is less or equal to the minimum F* of F' on the feasible region ®;

« the upper end of F'* is greater or equal to the minimum F* of F' on the buffer region ..

Figure[4.2|shows an example of an €, -MINIMIZE problem in 2D: the (first) intersection between
an oriented line segment and a curve.

4.1.2 Discussion of the ¢, )-MINIMIZE problem when ¢ > 0
We note that the solution of the ¢, -MINIMIZE problem might not contain the solution of the
corresponding MINIMIZE problem when € > (. In our case, we approach the problem numer-

ically, so an intrinsic difficulty arises when considering equality constraints - it is impossible
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Figure 4.2: An ¢, 0-MINIMIZE Problem: the first intersection between the black segment and
the blue line is sought. The segment starts at the black bullet. The blue bullet corresponds to
solution F™* of the corresponding Minimization Problem in the continuum. The green bullet
corresponds to the solution for region ®., whose image is the green area. The red segments in
the blow-ups to the right correspond to possible intervals F* returned as numerical solutions.
Their lower ends are guaranteed to lie below the blue bullet and their upper ends are guaranteed
to lie beyond the green bullet. The different configurations arise from the interplay between
the values of € and ¢: as ¢ tends to zero, the upper left configuration becomes more frequent;
as 0 tends to zero, the lower right configuration becomes more frequent.

to guarantee that a subregion o C X contains 0 without additional assumptions, because we
cannot compute the exact range of F' on ¢ in general. Furthermore, with finite precision arith-
metic, it is impossible to verify that a single point P satisfies the equality constraint in general.
Therefore, the MINIMIZE problem of Definition [7| does not always admit a numerical solution.
However, it is possible to certify, via conservative computations, that ¢ does not intersect @,
and that P does not lie in ®.

For these reasons, we are always able to guarantee that the lower bound of F* bounds F*
from below, but we can only bound it from above when ® does not have zero measure in 3.
Setting ¢ > 0 in such cases constitutes a meaningful approximation of the equality-constrained
problem.

The common practice in the state of the art is to simply solve the relaxed problem without
equality constraints, i.e., with ® = ®.. Compared to this approach, we offer the same bound
from above and a tighter bound from below.
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4.1.3 Precision thresholds

We prescribe thresholds on precision in the range of the functions C; and F, rather than the
more common practice of setting thresholds in their domain ¥. While slightly more complex,
this approach allows for greater flexibility and improved error control. As detailed in Sec-
tion our implementations of SOLVE and MINIMIZE are readily adaptable to specific appli-
cation requirements, and managing precision in parameter space only requires modifying a few
lines of code.

4.1.3.1 Precision in the domain

In Definition[§|we could define ®. as a region containing ® with all the points within distance &
of ®. Similarly, in Definition[9](assuming ¢ = ¢) the solution could be defined as a volume 6* C
¥ of size at most ¢ in all its coordinates, containing an inverse image of /* (multiple minima
with value F* may exist in ®). However, F'(6*) must be evaluated to explicitly approximate
F~.

Although this approach simplifies the definitions and algorithms, it provides limited informa-
tion about the accuracy of the solutions relative to the true feasible region and minimum. Re-
quiring only minor code modifications, we employ it in Section[4.4.2]solely for comparison with
(24] to comply with their choice.

4.1.3.2 Precision in the range

As stated in Definition (8 the buffer region ®. depends on the C;’s and contains ® but, other
than that, its shape is not directly related to the feasible region ®. Instead, we impose an explicit
bound on how much the C;’s may violate the constraints.

In Definition [9] having distinct thresholds ¢, J is necessary because in general neither the C;’s
nor F' can be evaluated exactly, and their ranges are unrelated. If £; > 0 for at least one index
i, then we have F < [I™; the solution F* may span either or them, or both, or lie between
them, possibly shrinking to a singleton (see Figure[4.2). If ¢; = 0 at all i, then I} = F** hence
F* e F~.

If ® has volume in ., the bounds on F™* can be tightened as the search shrinks around ® even
when ¢ = 0, and the solver can stop as soon as the interval about /' is tight enough. On the
other hand, if ® has measure zero in 3 (as in Figure 4.1 Right and Figure 4.3), which is usually
the case in the presence of equality constraints, it may be impossible to decrease the bound on
F* from above with ¢ = 0: the solver would indefinitely shrink the search about ® without
converging, and only an additional termination condition can provide an answer [125]].
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If all the C;’s and F' are Lipschitz continuous, domain and range precision are equivalent, dif-
fering only by their Lipschitz constants. However, determining these constants and balancing
domain tolerances can be challenging.

4.1.4 Discontinuous functions

The algorithms presented in Section[4.2]to resolve the numerical problems produce conservative
results even if the constraint functions C; and the objective function F' are discontinuous, but
they may fail to provide a result within the required thresholds ¢, . The treatment of non-
continuous functions is a subtle issue in floating-point: since a function f can be only sampled at
finitely many points and evaluated up to a finite precision, all discontinuities between adjacent
samples can be filled with steep ramps, making the function virtually continuous. The concept
of a convergent inclusion function can be extended to discontinuous functions. For a multi-
interval A € ", a function f (possibly discontinuous) defined on A, and a point p € A, an
inclusion function Jf for f is convergent if

lim Of(A) = [lirgginff(f),lim sup f(§)],

A—{p} E—p

If f is continuous at p, this definition is consistent with Deﬁnition However, if p is a discon-
tinuity, (Jf (A) cannot shrink beyond the jump of f at p.

If a discontinuity point p is significant - e.g., F' has its minimum at p, or a constraint C; has a
zero-spanning jump at p — and the jump is larger than the given thresholds ¢, d, our algorithms
will halt after K,.x domain subdivisions around p without reaching the required precision.
The returned result is still conservative, though. This can also occur with continuous functions
if € and ¢ are too small compared to the gradient of the constraint/objective functions. In
these cases, too many (possibly infinite) subdivisions would be necessary to converge, and our
algorithms would undergo an early exit after a given maximum number of subdivisions K.
Indeed, due to the inherent discretization of domain and range in floating-point arithmetic,
distinguishing between functions with extremely high gradients and discontinuous functions
becomes practically impossible.

As discussed in Section [4.1.3.1, we can alternatively define the precision thresholds in the do-
main, rather than in the range. In this case, the algorithms always converge, and the maximum
level of domain decomposition is defined by the thresholds themselves.

4.1.5 How MiSo works

MiSo is used to specify a problem in the classes given in Definitions[8|and [9) and automatically
generate a solver for such a problem.
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All solvers produced by MiSo are instances of two generic solvers, which rely on interval anal-
ysis [125]: they evaluate the inclusion functions of the constraint and objective functions over
sub-domains of ¥, and perform space decomposition to converge to the solution.

A MiSo specification consists of a Python script that translates the mathematical specification
of an £-SOLVE or ¢, -MINIMIZE Problem into C++ functions. These functions take problem-
specific parameters — (C, ) for e-SoLve and (C, F| ¢, §) for &, 6-MINImIZE, where C denotes
the collection of C;’s — and return the problem solution. The solution to an e-SOLVE problem is
a collection of non-intersecting sub-domains of >, resulting from recursive subdivisions, whose
union forms the region ®. The output of an £, §-MINIMIZE problem is an interval F** defined by
two floating-point values.

We provide two backends for our code generator: (1) one prioritizing correctness, employing
rounded interval arithmetic to guarantee a conservative answer, and (2) one prioritizing effi-
ciency, which performs computations with standard floating point arithmetic whenever pos-
sible. The former is 2-3 times slower on average but provides provably conservative results,
which is a useful feature for certain problems such as collision detection. The choice of the
backend is a compilation flag, and the specifications need not be modified (Section [4.3.5).

4.1.6 Didactic example: line-surface intersection

We consider the problem of finding the intersections between a cubic triangle patch and a
segment, both given in parametric form and show how it can be solved using our method.
Other instances of this problem, involving other types of surfaces and/or curved trajectories,
will be discussed in Section

The mathematical specification of the problem can be given as follows:

a) The domain is ¥ = A% x Al where: A? is the two-dimensional standard simplex, used
as the parametric domain of a cubic triangle; and A! is the unit interval, used as the
parametric domain of a straight-line segment. X is a triangular prism and its coordinates
are (u, v,t).

b) Let S35 : A? — R3 and T A — R3 be the parametrizations of a generic cubic
triangular patch and a generic segment, respectively. We define

Clu,v,t) = [|Sa3(u,v) = r11 ()3

the Lo distance between a generic point of the triangular patch and a generic point of
the segment. The problem’s constraint is defined by C'(u, v, t) < 0; this is equivalent to
C(u,v,t) = 0, but we will relax this to C(u,v,t) < € to avoid having a measure-zero
feasible region, as discussed in Section [4.1.2]
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Figure 4.3: Intersection between a straight-line segment and a cubic triangular patch. Left: in
physical space, the origin of the segment is to the bottom left; the red bullets are the Lagrange
control points defining the patch; the MiNimizE Problem seeks the first (leftmost) of the two
intersections (blue bullets). Center: the problem domain 3 is an upright triangular prism; the
blue bullets are the inverse images of the intersections in the left image and give the solution
of the SOLVE Problem; the 7" (blue) coordinate of the lowest of the two points is the solution
of the MiNIMIZE Problem. Right: the e-SoLvE Problem returns two tiny volumes enclosing the
blue bullets; the ¢, d-MINIMIZE Problem returns an interval spanning the 7" coordinate of the
lower-left blue bullet.

c¢) The objective function is F'(u,v,t) = t, whose minimum ¢* gives the first point rq ; (¢*)
along the oriented segment to intersect the patch.

d) The precision thresholds for the numerical problem are values £ > 0 (tolerance for the
inequality constraint on distance) and 0 > 0 (required precision for time).

Figure4.3|depicts the setting of the problem in physical space, the domain ., and its solution in
the continuum. In the numerical version, each possible intersection point consists of a region of
physical space containing that point; likewise, its inverse image in the prism will be a volume
and the sought solution will be an interval (upright segment in the prism) stabbing such a
volume.

Figure [4.4| contains a MiSo specification of the problem together with some results of the cor-
responding SOLVE problem.

MiSo is implemented as a Python library called pymiso. All MiSo code must be placed within a
pymiso.Context object, created at line 1 using Python’s with construct and assigned a name;
all subsequent MiSo calls are done from this object.

In Line 2, the two parameters from the triangle’s parametric domain are created and assigned
to X. Because they are part of the same simplex (thus their sum is constrained to be less than
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with pymiso.Context() as miso:
X = miso.variables(2) #declare variables
T = miso.variables (1)
line = miso.poly_space((T, 1)).geo_map(miso.bases.LAGRANGE, 3) #geometric maps
patch = miso.poly_space((X, 3)).geo_map(miso.bases.LAGRANGE, 3)
dist = ((line-patch)**2).sum() #compute the distance function
miso.generate(’./src/generated’, ’RayPatch’, dist, objective=T) #generate code

N -

L

Figure 4.4: Cubic triangle - linear segment intersection. From the top: MiSo specification of the
problem; Intersecting geometries for 1, 2, 3 intersecting points; Corresponding solutions of the

SOLVE problem in parametric space are clusters of prisms. The value of ¢ is much larger than
the value used in the experiments in Section [4.4to produce visible results.

1), they must be declared together. Similarly, Line 3 declares a third variable that is assigned to
T, representing the ray’s parameter. This describes the optimization domain’s triangular prism
shape.

In Line 4, the geometric map of the ray is defined. The function miso.poly_space creates an
object that represents the space of polynomials of degree 1 in T. The parameters of this function
are enclosed in a Python tuple, as poly_space can accept multiple variable-order pairs. Then
the class method geo_map defines the geometric map of the corresponding element in the given
basis (LAGRANGE in this case) and embedding dimension (3 in this case, so the codomain of this
function is R?), implicitly declaring the arguments for the control points. Line 5 analogously
defines the geometric map of the two-dimensional triangle patch.

Line 6 defines the squared distance between the two primitives. Because 1ine and patch are
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vectors, the difference and power operators are automatically applied component-wise. The
final sum operation gathers the elements of the vector by summing them. The result is the only
constraint function for this problem. Note that the threshold € is not given in the specification,
but rather set later by the user when calling the solver.

Finally, Line 7 generates the C++ code in the specified folder as a class named RayPatch that
contains all the machinery to evaluate the inclusion functions of the constraints and the objec-
tive, and to perform domain subdivision.

This class is used to instantiate the specific solver from a generic templated solver minimize

Reallnterval minimize<T>(T cps, vector<double> eps, double delta);

which is called
F_star = minimize<RayPatch>({Rx, Ry, Rz, Tx, Ty, Tz}, {e}, d);

where Rx, Ry, Rz contains the coordinates of the two control points defining the ray, Tx, Ty,
Tz contain the coordinates of each of the 10 control points defining the triangular patch, and e
and d specify the precision thresholds. The corresponding e-Solve problem, which seeks all the
intersections between ray and surface patch, is easily obtained by instantiating solve instead
of minimize, requiring no changes to the specification code:

RealInterval solve<T>(T cps, vector<double> eps);

which is called
F_star = solve<RayPatch>({Rx, Ry, Rz, Tx, Ty, Tz}, {e});

where parameters have the same meaning as above. The output of this function is a collection
of domains of the same type of ¥, whose union forms ®.

The class RayPatch provides the data to compute the spatial extent of each such (sub)domain
— a convex polyhedron — and the code to evaluate the constraint and objective functions inside
it.

4.2 Algorithms

The generic algorithms SOLVE and MINIMIZE are based on interval analysis and inspired by
those originally described by Snyder [125]. They need to evaluate the inclusion functions of
their input functions and subdivide their domain to narrow the search. We describe the class
of domains we address and their subdivision; next we define the inclusion functions in general;
and finally, we present the algorithms.
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Figure 4.5: Subdivision rules for simplices of dimension 1, 2, 3, and for a triangular prism A2 x

JANS
4.2.1 Problem domain and decomposition
The problem domain is ¥ = A™ x - .. x A" the Cartesian product of n; dimensional standard

simplices. The signature of ¥ is (ny, ..., ns).

A decomposition scheme for a domain o C Y is a list of affine transformations

Vio—0o q=1,...,Q

that determine how o is subdivided, where () is the number of subdomains after decomposition.
In practice, each 1/? maps o onto a subset that has the same shape, and we have UéQ:l Yi(o) =0

and ¥(0) N1y (o) has measure zero in o for all ¢ # ¢, i.e., two sub-domains can at most share
boundaries.

We currently support bisection for the unit interval /', quadrisection for the triangle A?, and
decomposition of a tetrahedron A into eight tetrahedra (Figure [4.5). The decomposition of a
composite space X = A" x --- x A" is performed by applying the related decomposition
schemes to all the factors in the Cartesian product.

For instance: if n, = 1 at all 7, i.e., ¥ is a hypercube, then the composite scheme is the standard
bisection along all coordinates; the scheme for a prism A? x A! is depicted in Figure

Given ¥ with signature (nq, ..., ns), where n; < 3 for all 4, the related subdivision scheme is
generated automatically by our system.

Given an expression of a function f, our system automatically generates an inclusion function
for f using interval arithmetic [11]. Refer to Section for a list of currently supported
expressions.

4.2.2 Pseudocode

We describe the main structure of our generic solvers SOLVE and MiN1MIZE. Their programming
interfaces follow from the problem statements of Definitions|[8|and [9]
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For conciseness, we provide descriptions and pseudo-code by assuming a single constraint func-
tion C' and threshold €. In the real version dealing with systems of constraints, it is implicitly
assumed that any comparison of C' against ¢ is substituted with the Boolean A conjunction of
each C; against ¢;.

4.2.2.1 SOLVE

Algorithm SoLvE takes as input the problem domain ¥, the constraint function C, the precision
value ¢, plus two optional parameters: a Boolean FINDONE to indicate whether just one feasible
point or the whole feasible region is sought, and an integer K, to manage early termina-
tion. If FINDONE is false (default), it returns a list of non-overlapping regions that cover the
entire feasible region ® and is contained in the buffer region ®.; otherwise, it returns the first
point/region that satisfies the constraint.

The pseudo-code is given in Algorithm[2] The algorithm uses a queue L of subdomains, initially
empty, to store subdomains that potentially intersect the boundary of the buffer region ®., and
require further subdivision. The algorithm starts by processing the whole domain > with the
function PROCESSREGION. This function distinguishes three cases, depending on the relation
between the inclusion function of C over the considered region p and the buffer region ®.: if
it lies completely outside ®, then p is discarded; p potentially intersects ® and lies completely
inside ¢, then p is added to the output; otherwise, p is added to L for further decomposition.

If only one solution is sought, then p is sampled, looking for points that may belong to the
feasible region: if one such point is found, it is returned as output.

After initialization, the algorithm enters a loop that stops when L becomes empty. At each
iteration, one domain o is popped from the queue, it is subdivided into subdomains ¢)%(o), each
of which is processed with the function PRoceEssREGION. The number () of subdomains and the
subdivision rules ¢? depend on the shape of the domain ¥ and are generated automatically by
the compiler that processes the problem specification (Section [4.2.1).

If the number of iterations exceeds the maximum number (default K,,,, = oo) then a conser-
vative approximate solution is returned, which consists of all regions already classified to be
part of @, plus all regions still in the queue S when the algorithm stops. In this case, the output
is guaranteed to contain ® but it may exceed ®..

4.2.2.2 MINIMIZE

Algorithm MiN1miIzE takes in input the problem domain 3, the constraint function C, the ob-
jective function F', the precision values ¢ and 9, plus an optional parameter K.y, as in the
previous algorithm. It returns an interval F™* not larger than 4 such that its lower end is lower
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Algorithm 2 SoLve

Input: Initial domain ¥, constraint expression C, acceptance threshold ¢, boolean FINDONE,

iteration limit K,
Output: Solution set S

1: L <~QUEUE

2 S+ o

3 K <0

4: PROCESSREGION(Y)

5. loop

6: if IsEmpTY(L) then

7: _ return S

8: if K > K.« then

9: L INSERTALL(S, L)

10: return S

11: o <Por(L)

12: K+« K+1

13: forallg e {1,...,Q} do
14: PROCESSREGION(¢)%(0))
15: L if FINDONE A —ISEMPTY(S) then
16: | _ return S

17: function PROCESSREGION(p)
18: if OC(p) < 0 then

19: if FINDONE then

20: V' <-SamMpLE(p)

21: forallv € V do
22: if OC(v) < 0ADOC(v) < ¢ then
23: L L INSERT(S, v)
24: return

25: if OC(p) < ¢ then

26: ‘ INSERT(.S, p)

27: else

28: | ENQuUEUE(L, p)

> iteration counter

> ensures we are conservative

> subdivide o

> look for a point in the feasible region

IR0}

>p C P

> p will be subdivided
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than F* and its upper end is higher than F. The pseudo-code is given in Algorithm 3]

The algorithm uses two local variables [, u to maintain the lower and upper bounds of the output
interval, which are initially set to infinity. In this case, a priority queue of regions P is used,
where priority depends on the lower bound of the inclusion function of the region: a region with
the smallest lower bound has the highest priority (function Prior1iTY). The queue is initialized
by processing the whole domain >.. Function PROCESSREGION takes in input a region p and adds
it to the queue if its inclusion function intersects the feasible region. It also samples p looking
for a point v that belongs to the buffer region ®., and if one is found it uses the value of F'(v)
to update the upper bound u. After initialization, the algorithm enters a loop that has three
termination conditions: if the desired precision is met, or the maximum number of iterations
is reached, then the current interval [/, u] is returned; if P becomes empty without converging,
then it means that the feasible region is empty, hence an infinite interval is returned. Note that,
since we test the lower bound against /'* and the upper bound against F', and ® C ., we
may have [¥ < [ hence potentially v < [. For this reason, we set the upper bound of F*
to max{/, u}. In the loop, a region o is extracted from the queue, and the lower bound of the
solution is updated, because the priority warrants that the lower bound of F' on all regions in
the queue is greater than or equal to that on ¢. The o is subdivided and its sub-regions are
processed.

As in the previous case, if the algorithm exits because it exceeds the maximum number of
iterations, the solution is conservative but approximate: it is still true that the lower end of F™
is lower than F™* and its upper end is larger than F, but its width is > 4.

4.3 Implementation

The main purpose of the MiSo compiler is to produce the C++ code to evaluate the inclusion
functions for the functions defined in the problem specification, and to implement domain sub-
division.

Each function defined for the specific problem is first represented with an expression tree,
whose leaves can be constants, variables, or polynomials represented symbolically in SymPy,
while inner nodes are operators (Section [4.3.2). The related inclusion function is assembled
by analyzing this tree and applying specific rules for the leaves and the inner operators (Sec-
tion [4.3.3). The inclusion functions for polynomials exploit the convex hull property of their
Bézier representation while rules for the inner operators stem from interval analysis.
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Algorithm 3 MiNIMIZE

Input: Initial domain 3, constraint expression C, constraint and objective acceptance thresh-

olds ¢ and ¢, iteration limit K.,

Output: Interval F*

1
2:
3

4

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

25
26

5
6
7:
8
9

sl o0
U $— 00
: P <PRIORITYQUEUE
K+ 0
: PROCESSREGION(Y)
: loop
if u — [ < ¢ then
. return [[, max{/, u}]
if IsEmPTY(P) then
 return [0o, o]
if K > K.« then
. return [[, max{l, u}]
o <Popr(P)
K+ K+1
[+ OF(0)
forallg € {1,...,Q} do
.~ PrOCESSREGION(¢)?(0))
function PROCESSREGION(p)
if 0C(p) < 0AOF(p) < u then
V' <-SampLE(p)
forallv € V do
L if OC(v) < ¢ then
- u <+ min{u, OF(v)}
ENQUEUE(P, p, PRIORITY(p))
: function PrIORITY(p)
: t return —JF(p)

> lower bound of]?*
> upper bound of F*

> reached the desired precision
> feasible region is empty

> return current approximation

> update lower bound
> subdivide o

> look for a point in the buffer region

> update upper bound
> p will be subdivided

> smallest lower bound on LJF' goes first
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4.3.1 Symbols

Before writing the expressions for the constraints and/or objective, the user must define the
symbols that will appear in the expressions. MiSo has two types of symbols: variables and
arguments. Both are defined through methods of the Context object that appears in the code
in Figure which keeps track of what symbols have been created. MiSo uses SymPy to store
and manipulate expressions, but disallows the use of Symbol objects in expressions if they are
not known to the Context.

4.3.1.1 Variables

These symbols describe the parameter space of the problem. They are created through the
variables method of the Context object on a per-simplex basis: variables(n) declares n
variables corresponding to the dimensions of a standard n-simplex. Variables are automatically
assigned names by their Context, but the user can also specify a custom name: this has no
practical effect on the generated C++ code but can be useful, e.g., to debug a faulty specification
by printing expressions with descriptive names.

4.3.1.2 Arguments

These symbols represent data the user must pass to the program. They are created through the
arguments method of the Context object on a per-vector basis, meaning that arguments(n)
declares n arguments that will be passed in as a single iterable. Just like variables, arguments
are automatically assigned names by their Context, with the possibility to specify a custom
name to make the generated C++ class have meaningful parameter names in its constructor.

While all symbols must be declared, the utility method geo_map can implicitly declare argu-
ments (that represent the control points of the element in the generated expressions) if the user
does not supply their own.

4.3.2 Expressions

MiSo represents functions associated with a problem as expression trees made of objects of type
Node. This base class has derived classes corresponding to the types of objects that make up a
MiSo expression tree:

« OpNode (Operator nodes)

+ PolyNode (Polynomial nodes)
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« VectorNode (Vector nodes)

4.3.2.1 Operator nodes

OpNodes represent the operators of expressions. Every OpNode has a list of child nodes that
can be PolyNodes as well as other OpNodes. Both unary and binary operators are supported,
as well as n-ary versions of associative operators (e.g., the sum or product of n expressions).
Rather than being created directly, OpNodes are returned by overloaded arithmetic operators of
the Node parent class.

4.3.2.2 Polynomial nodes

The leaves of MiSo expression trees are of type PolyNode. This object represents any polyno-
mial expression Pk (x) in the (previously declared) variables x and with coefficients possibly
depending on the (previously declared) arguments K. The following entities are all represented
as PolyNodes in MiSo expression trees:

numeric constants, as polynomials of degree 0;

arguments, as polynomials of degree 0;
« variables, as polynomials of degree 1;

« polynomial expressions involving the above, where the degree of the polynomial in each
variable is automatically computed.

The PolyNode object overloads several polynomial and non-polynomial Python operators: they
do not return a new PolyNode but rather an OpNode with the operands as child nodes. If the
user wants to combine part of an expression tree into a single polynomial node, calling the
collapse method on the root of the subtree will return an equivalent PolyNode object, or raise
an exception if non-polynomial operators are present in the subtree.

4.3.2.3 Vector nodes

Like operator nodes, vector nodes store a list of child nodes, but in this case they represent
the components of a vector. The main use of the VectorNode class is to automatically cast
operations with single nodes and other vectors to component-wise operations. The class also
exposes “reduction” methods that return a single OpNode with the components as children. A
vector’s components can be vectors themselves, allowing the user to represent matrices such
as the Jacobian matrix in Table
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4.3.3 Evaluating inclusion functions

The evaluation of an inclusion function for a given expression boils down to evaluating the
inclusion functions for the leaves of the tree (from their Bézier representation) and then com-
bining them up the tree with interval arithmetic, according to the operators in the inner nodes
(as natural interval extensions).

The result of evaluating a node is always an interval. In the case of a constant, this interval can
be of zero width.

For a polynomial P, we need to compute an interval that contains P(c). We always use the
Bézier form as internal representation of polynomials: a specific polynomial is translated to
this form as soon as it is taken in input, being represented as a set of coefficients with respect
to the Bézier basis of its corresponding space. Because of the convex hull property of the Bezier
representation, we know that the range of P(c) is contained in the interval spanned by its
lowest and highest Bézier coefficients.

The types of operators in the inner nodes can be extended easily as long as (robust) inclusion
functions are made available for them. For instance, trigonometric operators could be included
in MiSo by relying on the RLIBM library [3, [96] 4.

Note that, our choice of treating the polynomials as a special class of functions is crucial to the
efficiency of our solvers, since it allows us to trade-off between NIE-based and Bézier-based
inclusion functions. Given the polynomial nature of many practical computer graphics prob-
lems, our generic, automatically generated code often demonstrates performance on par with,
or even surpassing, hand-crafted solutions tailored to specific problems (Section [4.4).

4.3.4 Domain decomposition

The decompositions of a domain o and a polynomial defined on ¢ use the same functions.
Indeed, an affine function that maps o onto a subset of itself is a (vector) linear polynomial in
all its variables.

Each decomposition function /¢ computes the Bézier control coefficients of a polynomial de-
fined on ¢ mapping it to its restriction to subdomain 1)?(c). These coefficients are computed by
applying the De Casteljau decomposition on all the simplices that define o and combining them
by tensor product. This is possible because the basis of the tensor product space of polynomials
over a Cartesian product A™ x --- x A™ with orders py, ..., ps is the tensor product of the
bases of the single spaces of polynomials defined on each A™ with order p;. This property al-
lows us to compile the conversion matrices that implement all the 1/ mappings for the domain
and the polynomials defined on it.

The code for domain decomposition, and for the corresponding decomposition of polynomi-
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als defined on the problem domain, is generated automatically by considering the spaces of
polynomials corresponding to the leaves of the tree and generating subdivision matrices with
a contruction similar to [69], which was already presented in Section [3.4.1.1] but is briefly sum-
marized here for clarity.

Given a polynomial, we can compute its Lagrange representation by sampling it on the set of
Lagrange points L appropriate for its degree. In particular, this can be done for the polynomials
of the Bézier basis to generate a change of basis matrix 7, 5 to convert a polynomial in Bézier
form to its Lagrange form. By inverting this matrix, we obtain the opposite transformation
Tys. » = T} 5 to compute the Bézier coefficients of a polynomial given its sampled values. To
compute the Bézier coefficients on a subdomain, we instead sample the Bézier basis polynomials
at the transformed Lagrange points ¢?(L), which gives another transformation from Bézier to
Lagrange form 77, ;; by premultiplying this by the Lagrange-to-Bézier matrix we computed
earlier we get the desired transformation matrix

q _ q
TB%B - TBeﬂTﬂeB

Each of these linear transformations )M is assembled by the MiSo compiler, then their product
Mv with an unknown vector v is expanded, and the resulting expression vector is simplified
with SymPy’s common sub-expression elimination (CSE) tools, and finally encoded as a C++
function specific to that domain. Since the matrices depend only on the polynomial degree and
the domain type, the computation occurs entirely at compile time: the generated C++ functions
contain only scalar arithmetic, with no runtime matrix allocation or multiplication.

4.3.5 The MiSo compiler

We provide a package consisting of three distinct pieces:

» PyMiSo: a Python library that relies on SymPy to generate C++ code;
« MiSo-core: a C++ library on which the generated code relies;

+ MiSo-algorithms: implementations of generic SOLVE and MiNIMIZE that rely on the MiSo-
core library and are instantiated with the code generated by running a problem specifi-
cation.

As seen in Section a problem specification in MiSo consists of a Python script using func-
tions from PyMiSo. The code generated by running such a script is wrapped in a C++ class,
which is used to instantiate a specific solver by plugging it into a template function from MiSo-
algorithms.
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All the operations necessary to convert polynomials between different bases and perform do-
main decomposition are treated symbolically in PyMiSo to generate the related C++ code that
computes such operations numerically, again leveraging CSE to simplify the expressions and
assist the compiler.

We provide two backends that differ only in the base type to represent real numbers; the back-
end is selected when compiling the C++ code, without changing the specification:

» Floating-point: in this case, all computations involving real values are done with stan-
dard floating-point operations, while interval arithmetic is used only to perform interval
analysis (essentially, in evaluating the inclusion functions). The code will be faster, but
the result will not be conservative.

« Interval: in this case, interval arithmetic is used throughout, for both interval analysis
and numerical computations. The result will be conservative, at some additional cost.

At the time of writing, MiSo also supports a wide class of operators, including transcendental
functions, thanks to the adoption of the TIGHT library for interval arithmetic presented in
Chapter [5| For a detailed description and empirical evaluation, refer to that chapter.

By default, the subdivision rules in the generated code are those explained in Section4.3.4] i.e.,
domain Y is subdivided along all cartesian axes. MiSo enables customizing these rules, and in
some of our experiments with moving objects we also use a subdivision in the time dimension
only.

MiSo can be easily customized in two ways:

1. By adding new functions to PyMiSo one can, for instance: add new subdivision rules; and
add conversions of polynomials from other bases.

2. By customizing the generic algorithms in MiSo-algorithms: these can be simply cloned,
modified, and instantiated with the class generated by running the specification. In Sec-
tion[4.4.2] we use a customized version of MINIMIZE in a comparison against [24] to com-
ply with their termination conditions.

4.4 Applications

We now explore the uses of our DSL in a disparate set of graphics and geometric modeling ap-
plications. For each application, we briefly introduce the state of the art, select a representative
problem, and present a solution with a MiSo program.

For all experiments, we used a laptop with an AMD Ryzen 7 4000 series processor, 16 GB of
RAM, and compiled with GCC 12.2.0 on Debian Linux.
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4.4.1 Static objects intersections

Computing the intersection between parametric primitives is a staple in physical simulation
to detect and respond to contact. Many methods have been proposed, with a wide range of
primitives supported and accuracy targets. We refer to [5] for an overview of fast methods
used in real-time physics engines and to [139] for an overview of conservative methods used
for offline simulation.

4.4.1.1 Explicit cubic triangle-linear segment intersection

We consider the problem used in Section as a didactic example. First we formulate this
problem as a SOLVE and execute the query on 3 cases (Figure[4.4). We used ¢ = 1074, and the
three queries return the intersections in all 3 cases, with a runtime of 52us, 163us, and 215us,
respectively. We can treat the (oriented) segment as a ray and ask to find the first time of
collision with the curved patch. To do so, we solve the corresponding MINIMIZE problem with
the single parameter of the segment as the objective function, representing time. The same
queries as before are solved with § = ¢ = 10~* in 124us, 191us, and 148us respectively, with
results [0.333251, 0.333312], [0.146423, 0.146423], [0.294250, 0.294281]. For the first query,
we know that the true time of impact is 1/3. Note that the upper bound does not contain this
point: the algorithm verified that, at that time, the two objects were closer than ¢.

4.4.1.2 Explicit linear triangle-sphere intersection

We compute the intersection between a linear triangle and a hollow sphere. Both primitives
are represented in parametric form: the sphere is incomplete, being parametrized on a square
via the stereographic projection, which is a rational polynomial map.

Note that this requires divisions between intervals, which is supported in our framework, but
is risky and should be handled with care. The division between intervals is permitted, but it
should be avoided whenever possible, as there is a risk of encountering a division by 0. Di-
visions are implemented as product of the dividend with the reciprocal of the divisor; if the
divisor contains 0, the computation of the inverse will raise an exception by default. Because
of the conservative nature of our implementation, it is possible for this exception to be encoun-
tered even when the true function does not include zero, due to the overestimation of function
ranges and accumulated roundoff error. If this happens, it generally means that the operation
was unsafe to begin with, as it is nearly singular. However, we provide a compilation flag that
allows the user to accept the risk and proceed with computations. When this flag is enabled,
the operation to compute the reciprocal of an interval containing 0 will return [0, oo] if the left
extreme is 0, [—o0, 0] if the right extreme is 0, and [—00, 0o] otherwise. Floating point opera-
tions involving oo are handled by the NFG library as normal floating point operations, but the
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with pymiso.Context() as miso:

U = miso.variables(1, ’U’) #declare variables with names (optional)
V = miso.variables(1, ’V’)
X = miso.variables(2, ’'X’)

center = miso.arguments(3, ’c’) #declare arguments explicitly (sphere center)
# Create the sphere’s geometric map via stereographic projection
uv_scale = 4

Uc = ((2%U-1) * uv_scale).collapse()

Ve = ((2%V-1) * uv_scale).collapse()

U2V2 = (Ucx*2 + Vc*x2)#.collapse ()

sphere = (miso.vector (2*Uc, 2*Vc, U2V2-1) / (U2V2+1)) + center

pb = miso.bases.LAGRANGE

triangle = miso.poly_space((X,1)).geo_map(pb, 3) #triangle geometric map
dist = ((triangle-sphere)**2).sum() #distance
miso.generate(’./src/generated’, ’SphereTriangleSSI’, dist)

(1) (2) 3)

Figure 4.6: Intersection of a triangle with a hollow sphere. (1) Both primitives are expressed
in parametric form, the sphere requiring rational polynomials. They intersect at two disjoint
arcs (in red). (2) Our solutions in the parametric domain of the triangle. (3) Our solutions in
the parametric domain of the sphere. Note that the shown solutions are obtained with reduced
accuracy to make them visible, and contain overlapping regions since they are projections of a
4D solution set (with no overlaps) onto 2D spaces.

results may contain NaNs for some combinations of operands that contain infinite values and/or
zeroes. While we keep this formulation as an example of a problem involving rational polyno-
mials, the issue above can be avoided for this specific problem by multiplying the coordinates
of both primitives by the denominator of the stereographic projection map. The division of an
interval by an exact number different from zero is also available, and it is a safe operation.

The query should be called twice to find the intersection with the full sphere. We express this as
a SOLVE problem, using the program in Figure One query finds an intersection with 74181
regions in 4D parametric space in 338ms to precision 1072,
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4.4.2 Dynamic objects intersections

Static collision detection might miss collisions in dynamic simulation when objects move fast.
Continuous collision detection addresses this challenge by finding the time at which the first
collision appears, assuming that the primitives are moving through time using a linear [137,24]
or nonlinear [42] [142] trajectory.

4.4.2.1 Alternative subdivision strategies

In the following MiSo specifications we also show how the user can specify different subdivision
strategies. The generate function has an optional paramter strategies for this purpose; the
user can supply an iterable of subdivision objects (created with subdiv_strategy) and the
compiler will generate the necessary code to subdivide the domain according to these strategies.
It is assumed that at least one strategy is provided, and if the user does not specify one, the
default of subdividing on all axes will be used automatically.

Strategies are assigned an index, starting from 0, ordered as they are passed to generate. Each
region pushed onto the queue holds an integer specifying the index of the strategy to use to
subdivide it, with strategy 0 being used when a strategy with the specified index does not
exist. The conditions under which each strategy is used depends on the implementation of the
algorithms. The provided SoLvE algorithm always uses strategy 0, the default. In the provided
MinimizE algorithm, strategy 0 is the default, whereas strategy 1 is used to subdivide regions
where a feasible point has been found.

The reasoning behind this is the following: consider a region of space-time that spans times
[t, t]. If the algorithm verifies that the system is in an invalid state at time ¢, it may be enough
to split in the time variable only, pushing 2 subdomains onto the priority queue as opposed to
e.g. 32 for the CCD problem for surface elements.

If the user wants to implement other strategies (e.g. alternating subdivisions on the two ele-
ments in a CCD query), it is easy to add them to the specification code, and modify the base
algorithm so that it uses the desired strategy under certain conditions.

4.4.2.2 Linear triangle - quadratic trajectories

The program in Figure 4.7| computes, conservatively, the first intersection between two trian-
gles whose vertices are moving on a quadratic trajectory. The MINIMIZE problem is solved to
precision § = 10~* with tolerance ¢ = 10~%. The first query reports a collision interval of
[0.499939, 0.499969] in 744s. The true time of collision is 1/2: as in Section this is a
conservative solution to the MiNiMizE problem. In the second case, our algorithm correctly
classifies the trajectory as collision-free in 34us, returning [oo, o0.
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with pymiso.Context() as miso:
X = miso.variables (2)
Y = miso.variables(2)
T = miso.variables (1)
pb = miso.bases.LAGRANGE
elem_a = miso.poly_space((X, 1))
elem_b = miso.poly_space((Y, 1))
xa@ = elem_a.geo_map(pb, 3) #static geometric maps
xal = elem_a.geo_map(pb, 3)
xa2 = elem_a.geo_map(pb, 3)
xb® = elem_b.geo_map(pb, 3)
xb1 = elem_b.geo_map(pb, 3)
xb2 = elem_b.geo_map(pb, 3)
timebasis = miso.poly_space((T,2)).basis(pb) #Lagrange basis in T

xav = miso.vector(xa@, xal, xa2) #dynamic geometric maps
xa = (xav * timebasis).sum().collapse()

xbv = miso.vector(xb@, xbl, xb2)

xb = (xbv * timebasis).sum().collapse()

dist = ((xb-xa)x*2).sum()
sd = [miso.subdiv_strategy(), miso.subdiv_strategy(T)]
miso.generate(’./src/generated’, ’'CurvedCCD’, dist, objective=T, strategies=sd)

Figure 4.7: Linear triangle CCD on quadratic trajectories. The direction of trajectories is marked
with arrows. Left: Collision occurs and is detected on a whole edge (red) at a single time;
primitives are disjoint at all other times. Right: no collision at all.

4.4.2.3 Comparison with [139]

We consider the problem of continuous collision detection of a pair of edges whose vertices are
moving on linear trajectories. Figure 4.8 shows the specification and an example query. We
compare the result of MiSo with the heavily optimized algorithm in in Table Our
algorithm is conservative and around an order of magnitude faster on hard queries, whereas it
is one order of magnitude slower on easy queries.
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with pymiso.Context() as miso:

X = miso.variables () #declare variables

Y = miso.variables()

T = miso.variables()

elem_a = miso.poly_space((X, 1)) #create static elements
elem_b = miso.poly_space((Y, 1))

pb = miso.bases.BEZIER

xa@ = elem_a.geo_map(pb, 3) #compute static geometric maps

xal = elem_a.geo_map(pb, 3)

xb® = elem_b.geo_map(pb, 3)

xb1 = elem_b.geo_map(pb, 3)

xa = ((xa@ * (1-T)) + (xal * T)).collapse() #compute dynamic geometric maps
xb = ((xb@ * (1-T)) + (xbl * T)).collapse()

L22 = ((xb-xa)**2).sum() #compute squared distance
sd = [miso.subdiv_strategy(),
miso.generate(’./src/generated’,

"EECCD’, L22,

miso.subdiv_strategy(T)] #subdiv.
objective=T,

strategies
strategies=sd)

Figure 4.8: Linear segment CCD on linear trajectories. The code, used for comparisons with
[139], is similar to the one in Figure

Table 4.2: EECCD on the handcrafted (15K queries) and simulation (41M queries) datasets from
[139], 10° max iterations. We show average time per query in microseconds, number of false
positives (#FP) and false negatives (#FN, i.e. missed collisions).

Dataset Handcrafted Simulation

Method Ours Theirs Ours Theirs
e=0 | 107* 107°] 107% | 107* 107%| 10°°

ws/query | 102 243 3029 3.5 4.3 0.78
#FP 222 52 214 11375 42 17
#FN 0 0 0 0 0 0

Table 4.3: Cubic triangle CCD in 3D. Runtime averaged on 1000 random queries, 10~ precision.
MinimizE has been modified for this test to use the same termination condition and subdivision

strategy as [24]’s method.
Method

ms/query

[24] TDI + OBB

[24] "traditional” + OBB

[142] (SOSP)

MiSo w/ interval arithmetic backend
MiSo w/ floating point backend

4.4.2.4 Comparison with [142] and [24]

33
241
7528
482
176

Adapting our algorithm to higher-order collision detection requires minimal changes to our
MiSo program. In Figure we show a MiSo program to compute the cubic triangle to cubic
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1 with pymiso.Context() as miso:
2 X = miso.variables (2)
3 Y = miso.variables(2)
4 T = miso.variables (1)
5 elem_a = miso.poly_space((X, 3))

6 elem_b = miso.poly_space((Y, 3))

7 pb = miso.bases.LAGRANGE

8 xad = elem_a.geo_map(pb, 3)

9 xal = elem_a.geo_map(pb, 3)

10 xb® = elem_b.geo_map(pb, 3)

11 xb1 = elem_b.geo_map(pb, 3)

12 xa = ((xa@ * (1-T)) + (xal * T)).collapse()

13 xb = ((xb@ * (1-T)) + (xbl * T)).collapse()

14 dist = ((xb-xa)**2).sum()

15 sd = [miso.subdiv_strategy(), miso.subdiv_strategy(T)]
16 miso.generate(’./src/generated’, ’'CubicTriCCD’, dist, objective=T, strategies=sd)

=

Figure 4.9: Cubic triangles CCD on linear trajectories. The code is similar to the one in Fig-
ure The result at the bottom is an example of the queries used for comparisons with

(142, 24].
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triangle continuous collision problem introduced in [142]. We compare our method with the
SOS-based solver in [142] and the inclusion-based solver in [24] on randomly generated queries.

For a fair comparison, we employ a slightly modified version of MiNiMiIZE that uses the same
termination condition as [24]], as discussed in Section We also substitute the squared
L, distance with the L., distance as in [[24]. Their method also uses Oriented Bounding Boxes
(OBB) to verify the separation between patches, which is difficult to do robustly, so we instead
use Polyhedral Bounding Boxes (PBB) in our version. A complete description of the modified
specification and the use of PBBs is in Section[A.4]

Our approach is more efficient than SOS, while being guaranteed conservative. Compared to
[24], our program has comparable performance without using their time-dependent inclusion
approach (TDI), and becomes one order of magnitude slower when TDI is used for [24] (See
Table[4.3). It would be interesting to generalize the TDI idea to our DSL and make it usable in ad-
ditional problems beyond continuous collision detection. Note that, our solver is conservative,
while [24] relies on a numerical tolerance.

4.4.3 Collapsing the expression

To demonstrate the performance gains that can be achieved with a DSL that allows for quick
experimentation of different solutions, we compare several equivalent MiSo specifications to
CCD queries in terms of efficiency.

First, we consider three possible specifications of the CCD problem for bilinear quad patches,
shown in Figure[4.10] We run the experiment on 100 random collision pairs generated as in [24]],
using the squared Euclidean distance, with parameterse = 107%, § = 107, and the numerically
robust backend. The NIE-based approach takes an average of 2 seconds per query, the Bézier-
based approach takes 1 second per query, and our hybrid approach takes 52 milliseconds per

query.

Next, we consider three variants of the specification shown in Figure

1. one without modifications, where we collapse the expressions for the time-dependent
geometric maps;

2. one “slightly expanded” version without the two collapse statements at lines 12 and
13, meaning that the inclusion functions of the static geometric maps will be computed
separately with Bézier inclusions and then combined by natural interval extension;

3. one “slightly collapsed” with a single collapse statement on the (xb-xa) expression
in line 14, meaning that the difference of each coordinate of the two time-dependent
geometric maps will be considered a single polynomial in 5 variables.
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def QuadPatchCCD(variant=0):
with pymiso.Context() as miso:

X1 = miso.variables()
X2 = miso.variables()
Y1 = miso.variables ()
Y2 = miso.variables()

T = miso.variables()

elem_a = miso.poly_space((X1, 1), (X2, 1))
elem_b = miso.poly_space((Y1l, 1), (Y2, 1))
pb = miso.bases.BEZIER

xad = elem_a.geo_map(pb, 3)
xal = elem_a.geo_map(pb, 3)
xb® = elem_b.geo_map(pb, 3)
xb1 = elem_b.geo_map(pb, 3)

xa = ((xa@ * (1-T)) + (xal * T)).collapse()
xb = ((xb@o * (1-T)) + (xb1 * T)).collapse()
dist = ((xb-xa)**2).sum() #hybrid version
if variant == ’Bezier’:
dist = dist.collapse() #Bezier-based version
elif variant == ’NIE’:
dist = dist.expand() #NIE-based version
sd = [miso.subdiv_strategy(), miso.subdiv_strategy(T)]
miso.generate(’./src/generated’, ’QuadCCD’, dist, objective=T, strategies=sd)

Figure 4.10: MiSo specification for CCD of linear quadrilateral patches. Notice that the variables
are declared separately as they are not part of the same simplex (the parameter space of the
problem is [0, 1]°).

In addition, one could fully expand the expression (i.e., compute inclusions with interval arith-
metic only) or fully collapse it into one node (since the squared Euclidean distance is polyno-
mial). The fully expanded version produces inclusion functions too large to converge in a rea-
sonable number of iterations and in general is slower by multiple orders of magnitude; whereas
the code generation phase of the second one used too many resources to complete on our setup,
as it had to pre-compute transformation matrices of a degree 6 polynomial in 5 variables.

The three equivalent versions were tested on the same dataset as the experiment in Table
but in this case without modifications in the MINIMIZE algorithm, with parameters ¢ = 1079,
§ = 107, and the numerically robust backend. The results are presented in Table 4.4}, and show
that there is a sweet spot between fully NIE-based and fully Bézier-based inclusions that can
be easily found by changing a few lines in the MiSo specification.

In terms of generation time, the collapsed version took 15 minutes, whereas the expanded and
unmodified versions took approximately 10 seconds each.

4.4.4 Implicit booleans

We take inspiration from [127] and cast Boolean operations between two implicit spheres as
a SOLVE problem (Figure |4.11). We report statistics in Table changing the primitive types
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Table 4.4: Comparison of several equivalent specifications of the order 3 triangle CCD problem,
using MINIMIZE with parameters ¢ = 107% 6§ = 107, and the numerically robust backend.
Fully expanded and fully collapsed versions of this problem are not included, as the former
does not converge in a reasonable time, and the latter uses too much memory to generate the
code.

Average ms/query # iterations ps/iteration
V1 (unchanged) 203 6520 31
V2 (expanded) 271 9740 28
V3 (collapsed) 2267 6340 358
Median ms/query # iterations ps/iteration
V1 (unchanged) 38 1156 32
V2 (expanded) 54 1798 30
V3 (collapsed) 413 1082 382

Table 4.5: SSI and booleans between two implicit spheres - full solution with tolerances ¢ =
1072 and € = 1073, We list the total runtime of SOLVE and the number of regions in the output.

e=10"2 e=10"3
Query | Total ms #regions | Total ms #regions
SSI 1 282 5 3390
Solid N 4 4570 260 410954
Solid \ 8 10082 595 1002961
Solid U 13 16564 1015 1602996

and operations are minor changes in the specifications, making our compiler a powerful tool
to compute conservative Boolean solutions between implicit and explicit primitives.

4.4.5 Minimal distance

Computing distances between linear meshes is a classical problem that has been extensively
studied [13} 15, 23} 26} 54, 72} [74], [144] and for which robust and efficient algorithms exist. Its
curved version is more challenging [8| [75] 128]].

4.4.5.1 Quadratic Bézier patch - segment

With MiSo, it is simple to compute minimal distances between curved primitives: we show an
example with a quadratic Bézier patch and a linear segment in Figure With § = 1072
this query takes around 2ms and returns the interval [0.750706, 0.760696] as estimation of the
squared L, distance between the primitives; with § = 10~* the timing increases to 223ms and
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1 def ImplicitSphereBooleans (operation):

2 with pymiso.Context() as miso:

3 X = miso.variables ()

4 Y = miso.variables()

5 Z = miso.variables ()

6 centerA = miso.arguments(3, ’ca’)

7 radiusA = miso.arguments(l, ’ra’)

8 centerB = miso.arguments(3, ’cb’)

9 radiusB = miso.arguments(1l, ’rb’)

10 xyz = miso.vector(X,Y,Z)

1 d2a = ((xyz-centerA)**2).sum() - radiusAx*2

12 d2b = ((xyz-centerB)**2).sum() - radiusBxx*2

13 if operation == ’SSI’: constr = abs(d2a) | abs(d2b)

14 elif operation == ’Union’: constr = d2a & d2b

15 elif operation == ’Intersection’: constr = d2a | d2b

16 elif operation == ’'Difference’: constr = d2a | -d2b

17 else: raise ValueError (’Unknown_operation’)

18 miso.generate(’./src/generated’, f’Sphere{operation}’, constr)
SSI Difference Intersection Union

Figure 4.11: Boolean and SSI operations between two implicit spheres. Top: MiSo specification
is parametrized on the type of Boolean operation. Bottom, from left to right: results of SSI,
boolean difference, intersection, and union with ¢ = 1072.
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with pymiso.Context() as miso:

u miso.variables ()

\ miso.variables ()

R miso.variables ()

pb = miso.bases.LAGRANGE

segment = miso.poly_space((R,1)).geo_map(pb, 3)

patch = miso.poly_space((U,2),(V,2)).geo_map(pb, 3)

dist = ((segment-patch)**2).sum()
miso.generate(’./src/generated’, ’'ClosestPoint’, objective=dist)

Figure 4.12: Distance between quadratic Bézier patch (gray) and segment (blue). The direction
(green) of the closest point pairs (red) is shown.

returns [0.760585,0.760685].

4.4.6 Geometrical validity check

MiSo can generate solvers for the geometrical validity problem presented in Chapter [3 Here
we compare against on the static high-order validity check. In Table [4.6 we report results
on a mesh consisting of 48050 valid tetrahedra and 6935 invalid ones (Figure [4.13|bottom right).
Since this is a boolean test, we use the SOLVE algorithm with the FINDONE flag activated, to early
terminate the search as soon as we find that the element contains an invalidity. Our version with
interval arithmetic is slightly slower on average (7us vs 5us) than the algorithm proposed in
[69], which uses numerical tolerances and is thus not provably conservative. The same program,
compiled with our floating point backend, leads to a faster (3us) average runtime.
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Table 4.6: Geometrical validity of order 3 tetrahedra. We show the per-query runtime averaged
on 54985 queries with 6935 inverted elements.
Method | js/query

(69] 5
MiSo w/ interval arithmetic backend 7
MiSo w/ floating point backend 3

def SimplexValidity(D, P):
with pymiso.Context() as miso:
X = miso.variables (D)
geo = miso.poly_space((X,P)).geo_map(miso.bases.LAGRANGE, D)
jd = geo.jacobian().det().collapse() #Jacobian determinant
miso.generate(’./src/generated’, f’ValidityD{D}P{P}’, jd)

Rest geometry Deformed geometry

Figure 4.13: Geometrical validity check for cubic tetrahedral elements. The shape to the left
consists of all valid tetrahedra; we test the deformed model to the right, which contains 6935
inverted elements.
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4.4.7 Compilation time

The efficiency of our automatically generated code is partially due to unrolling all numeri-
cal computations, thus allowing for code optimization at compile time. We perform common
subexpression elimination (CSE) on SymPy expressions generated by our specification before
generating the C++ code, thus providing the C++ compiler with pre-optimized expressions.
Compiling a specification for the queries presented in the previous section requires, on aver-
age, about one minute for running both the Python script and the C++ compiler on a single
core.

Without the SymPy CSE stage, the C++ compiler can do the optimization, with little effect on the
efficiency of the final code, but compilation time can increase dramatically. For instance, for the
problem of geometrical validity of tetrahedra of order three (which involves large polynomials),
our total generation+compilation time on a single core is ~ 130s, but increases to about 20
minutes if SymPy’s CSE is disabled.

4.5 Discussion

We introduced MiSo, a domain-specific language and compiler to generate efficient and robust
C++ code for solving a plethora of problems in graphics and geometry processing.

We believe our tool will benefit the graphics community in several ways: (1) it produces robust
and provably conservative solvers with minimal user effort, (2) it can be used as a reasonably
efficient conservative ground truth to validate ad-hoc accelerated algorithms, (3) it enable quick
prototyping of SOLVE and MINIMIZE algorithms variants, extending the benefits to other classes
of problems.

With our approach, the historically cumbersome task of inventing, developing, and testing ad-
hoc collision detection algorithm for each pair of primitives [6] can be automated: we hope
with future improvements of MiSo (for example using the strategy proposed in [24] for time-
dependent problems) that the runtime could become competitive or even surpass manually
implemented codes.
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Chapter 5

A C++ Library for Fast and Correctly
Rounded Interval Arithmetic

In the previous chapters we presented conservative geometric predicates based on interval
arithmetic, and tools to implement them effectively on a machine. In this chapter, we zoom
in on the implementation of interval arithmetic (IA), and introduce a novel C++ library for fast
and accurate IA.

As the width of an interval grows during computation, it is crucial to minimize this propaga-
tion of uncertainty to maintain precision. This is achieved through correctly rounded (CR) op-
erations, where each elementary operation returns the tightest possible floating-point interval
that contains the exact result. Apart from CR operations yielding improved precision, correct
rounding can ensure bit-by-bit reproducibility: because the result to be returned is well-defined,
an expression evaluated with correct rounding will return the same result on any machine, and
with any correctly-rounded implementations. Without this property, brittle code is subject to
unexpected bugs that are hard to replicate, and results that are not consistent over time due to
improvements to the underlying mathematical libraries.

The 2019 revision of the IEEE 754 standard for floating point arithmetic requires a compliant
implementation of a function to round correctly for all inputs [2]]. Indeed, required operations
such as summation, subtraction, multiplication, division, and square roots produce the same,
correctly rounded results on any IEEE 754-compliant machine. However, this is not true for rec-
ommended functions like sin or log: because they are not mandatory, mathematical libraries are
allowed to implement fast, non-CR routines that are not IEEE 754-conforming, but the language
implementation as a whole will be conforming as long as the mandatory operations are CR. As
a result, most operations in existing mathematical libraries are not correctly rounded. We are
not aware of any existing libraries that guarantee the creation of as-tight-as-possible intervals
when the expressions involve this kind of operations. See Chapter [2|for further discussion.
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In this chapter, we describe the design principles of our TIGHT library for correctly rounded
interval arithmetic, which always produces as-tight-as-possible intervals, is faster than any
existing interval library, and supports transcendental functions. Our original contributions
include:

1. We extend the NFG library [12] — which provides the most efficient implementation of
interval arithmetic to date, but is limited to algebraic operations — with transcendental
operations, based on the CORE-MATH floating-point correctly rounded implementation
[123]. In Section we discuss the challenges involved in extending transcendental
operators to intervals while guaranteeing correct rounding,.

2. We integrate our library with the Domain Specific Language MiSo presented in Chapter[4]
which supports the fast prototyping of non-linear constraint solving and optimization.
Extension of the language with transcendental functions largely broadens its spectrum
of applicability.

3. We demonstrate the effectiveness and efficiency of our library by implementing surface-
surface intersection between non-algebraic surfaces, and continuous collision detection
between geometric primitives undergoing roto-translational motion. In Section [5.2] we
also compare our library against the popular Filib++ library [85} [86], achieving a faster
performance.

5.1 Implementing elementary functions

TIGHT’s interval class wraps the NFG interval library [12], which efficiently supports CR inter-
val computation, limited to the four basic arithmetic operations, the square, and the square root,
i.e., those floating-point operations for which the IEEE 754 standard prescribes correct round-
ing. We extend the scope of the library to also support transcendental functions, exploiting the
results of the CORE-MATH Project [123]], which provides CR floating-point implementation of
the most common transcendental functions.

Our major contribution consists of implementing CR interval functions also for those transcen-
dental functions (Figure [5.1), and providing a whole support to both polynomial and transcen-
dental interval computation within a unified context. The functions currently supported by
TIGHT intervals are:

« basic arithmetic: = + y, © — y, zy, x/y, —x, |z|, max(z,y), min(z, y);

. power functions: 22, /7, /x, 1/1/x, and the generic x¥;

« trigonometric functions and their inverses: sin(x), cos(z), tan(x), arcsin(x), arccos(z),
arctan(x);
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sin(mx)

Y

atan2(xy) ,

Figure 5.1: Conservative evaluation of transcendental functions on a floating-point interval:
(left) for a monotonic function, it is sufficient to properly round — one up and the other down -
the values computed at the two endpoints of the interval; (center) for a non-monotonic function,
we need to know the values of the maxima and minima within the interval (center); we also
support common functions with two arguments, such as the distance of a 2D point from the
origin, and the atan2 function (right). All floating-point evaluations are correctly rounded to
warrant the tightest interval about the real value.

« trigonometric functions with scaled argument: sin(rz), cos(mx), tan(nzx), arcsin(z)/,
arccos(x)/m, arctan(x) /;

« hyperbolic functions and their inverses: sinh(z), cosh(x), tanh(z), arcsinh(z),
arccosh(zx), arctanh(z);

« exponentials in base e, 2 and 10: e*, 27, 10%, ¢* — 1, 2 — 1, 10* — 1,
« logarithms in base e, 2 and 10: log (), log, (), log,y (), log(1+x), log, (1+1x), logy o (1+2);
« functions to convert to polar coordinates: \/x? + y?2, arctan2(y, x);

« the error functions erf(z), erfc(z).

5.1.1 Interval extension

Assuming the availability of a correctly rounded function f, we want to obtain a correctly
rounded inclusion function for f, that is, an interval-valued function [ f such that the endpoints
of the resulting interval are correctly rounded outward.

If an input contains NaNs, infinity, or points that are outside the domain of f, we return a
NaN interval. Other libraries opt to provide some extended definition of operators to handle

94



such inputs; we postpone this to future work. In the following, we limit our discussion to valid
inputs.

The challenge of extending a function to intervals with correct rounding is twofold. First, we
need an expression for the range of the function; this is obtained by enumerating the possible
cases for a given function. Then, these expressions must be instantiated on the input datum
and rounded correctly - downward for the lower bound and upward for the upper one.

5.1.1.1 Computing extensions

When f is monotonically increasing on [x, 7|, the range of the function on an interval is easily
obtained as O f([z,Z]) = [f(x), f(T)] (Figure [5.2| right); if it is monotonically decreasing, the
two endpoints are swapped. If f is not monotonic on [z, 7|, we need to know where [ attains
its extrema on the interval. As we will see for some functions, even deciding that [z, 7] lies in
a part of the domain where f is monotonic is tricky in floating-point arithmetic.

Once we know how to compute the range of the function in exact arithmetic, correct rounding
amounts to rounding the left endpoint down and the right endpoint up. Given that we are
operating in round-upward mode, the latter is free. To round down we can always change the
rounding mode and reset it after the operation. However, changing rounding modes flushes the
CPU pipeline, thus it is a relatively expensive operation. Fortunately, it can be avoided in most
cases:

1. If f is odd, the result of f(x) rounded down can be computed in upward rounding mode
as — f(—x), since negation is always exact (it only changes the sign bit). This is the same
technique used by NFG for the basic arithmetic operations.

2. For non-odd functions, if we know the values of = for which f(x) is representable in
floating-point, we can check a priori if (upward) rounding happens, and if it does, we
take the next smaller floating-point value.

3. Only for the remaining functions, we do change the rounding mode to downwards round-
ing, and reset it to upwards after computing the lower bound.

5.1.1.2 Computing \/x

The square root is supported natively by NFG, since IEEE 754 mandates correct rounding for
it, and so no additional implementation is required on our part.
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5.1.1.3 Computing arcsin(x), arctan(z), arcsin(z)/, arctan(z) /m, sinh(z), tanh(z),
arcsinh(z), arctanh(z), /x, and erf(x)

All these functions are odd and monotonic. For an odd, monotonically increasing function f
for which we have access to a CR implementation, the correctly rounded Of is O f ([z, Z]) =

[_f(_g)a f(T)]

5.1.1.4 Computing tan(z) and tan(mz)

Because the tangent is an odd function, rounding down is not a problem. The only difficulty in
this case is that = may be an interval that crosses one of the vertical asymptotes of the function,
so additional checks are needed. Our logic works as follows (Figure [5.2):

1. if x has a width of at least a period, then it must contain a singularity and we stop (Fig-

ure [5.2|left);

2. otherwise, we compute the function at the endpoints, and because the two points differ
by less than a period, = can only contain a singularity if tan(z) > tan(Z), in which case

we stop (Figure [5.2] center);

3. if the previous tests passed, we return the intervals with the endpoints we already com-
puted (Figure 5.2 right).

The same technique applies to the scaled version.

5.1.1.5 Computing arccos(z), arccos(x)/m, arccosh(z), e*, e* — 1, 2%, 2% — 1, 10%, 10 — 1,
log(), log(1 + x), logy(2), log,(1 + ), logyo(x), logy(1 + x) and 1//

For these monotonic functions we can devise a fast test that checks whether the image of x is
exactly representable. Denote R C Dom f the set of FP values such that f(R) C F. The lower
and upper bound are both computed with upward correct rounding; if * € R, the lower bound
is left unchanged, otherwise it is changed to the next smaller representable value.

To get the next smaller representable value, we could use the nextafter function offered by
the standard library, which operates directly on the bit representation of the number. However,
because we are using upward rounding across our program, it is slightly faster to compute
the floating point number immediately before y as —(e — y) where € is the smallest positive
representable number.

These representable sets can be determined analytically for each function:
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Figure 5.2: The three cases for tan(z): (left) the interval spans at least a full period, guaranteeing
a singularity; (center) the interval straddles an asymptote, detected when tan(z) > tan(7);
(right) the interval lies within a single monotone branch, yielding a bounded result. In the first
two cases the result is (—o0, +00).

« For e, e — 1, and log(1 + z), the only element of R is 0. By the Lindemann-Weierstrass
theorem, e” is transcendental for any non-zero algebraic x; since all FP numbers are
rational, hence algebraic, no non-zero FP input can produce a FP output for e*. For e* — 1:
if e* — 1 were FP for some x # 0, then ¢ would be rational, contradicting the above. For
log(1 + z): if log(1 + ) = y were a non-zero FP number, then 1 + 2 = ¢¥ would be
transcendental, contradicting x being FP.

« For arccos(x), arccosh(z), and log(z), only = 1 belongs to R: if the output y were a
non-zero FP number, the respective inverse relations z = cos(y), * = cosh(y), x = €Y
would make z transcendental by Lindemann-Weierstrass, contradicting x being FP; the
only remaining case is y = 0, giving x = 1.

« For arccos(z)/m, R = {—1,0,1}: by Niven’s theorem, arccos(x)/7 is rational only for
z € {—1,—1,0,1,1}, giving output values {1, %, 1, ,0}; of these, only {0, 5, 1} are ex-
actly representable in floating point, so only the corresponding inputs {—1,0, 1} belong

to R.

e« For2*, R = {k € Z : —1074 < k < 1023}: 2* is exactly representable for k €
[—1022, 1023] as a normalized double, and also for & € [—1074, —1023] as a subnormal,
since 28 = 2k+1074 . 9—1074 "where 2¥+1074 s an integer with a single bit set at position
k4 1074 € [0, 51], fitting exactly in the 52-bit mantissa.

e For2* —1,R={k € Z:-53 <k <53} 2k — 1 ceases to be representable below
k = —53 (since 1 — 27°* rounds to 1) and above k = 53 (since 2°* — 1 is odd and falls in
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the spacing-2 region [2°3, 25%), rounding to 25%); 253 — 1 is still representable as it uses all
53 significant bits.

« For10°, R={k€Z:0<k <22} 10F = 2k . 5F s exactly representable only when 5k
fits in the 52-bit mantissa, which fails at k¥ = 23; negative powers 10~ for k& > 0 are also
not exactly representable.

« For 10" —1, R = {k € Z : 0 < k < 15}: once the spacing between adjacent doubles near
10* exceeds 1 (which happens at & = 16), the value 10* — 1 is no longer distinguishable
from 10* in floating point.

« For log,y(z), R = {10* : k € Z, 0 < k < 22}, by the same reasoning as 10%.

« Forlog,(x), R = {2F : k € Z, —1074 < k < 1023}: log,(2¥) = k is an integer, hence
representable, and 2% covers all representable powers of 2 in double precision.

« Forlogy(1+x), R={2"—1:k € Z, 0 < k < 53}: the result equals the integer k when
14+ x = 2% ie x = 2F — 1; above k = 53, the value 2¥ — 1 is odd but falls in a region
where doubles are spaced by at least 2, so it rounds to 2 and is not representable.

« For log;o(1 +z), R = {108 —1 : k € Z,0 < k < 15}: the result equals k when
x = 10* — 1, and the same spacing argument as for 10 — 1 applies.

« For1/\/z, R={2%* :k € Z, —537 < k < 511}: 1/v/22k = 27% is exactly representable,
and 22 is representable when 2k € [—1074,1023].

5.1.1.6 Computing cosh(z) and /22 + y?

The hyperbolic cosine is the only single-argument U-shaped function in our set (except 2,
which is supported by NFG already). To compute it, we take the absolute value of = (defined
as the interval of all possible values of |y| for all y € z) and see if it contains 0. If it does, the
lower bound is 1; otherwise it is cosh(|z|) rounded down as in the previous section (uncondi-
tionally, since 0 ¢ |x| implies the lower bound is not representable). The upper bound is simply
cosh(|z]).

In terms of how it is handled, the Pythagorean sum (also known as hypot) is similar to cosh(z),
but in two variables. It returns the distance of the closest and farthest point in the 2D box from
the origin, rounded down and up respectively (Figure |5.1| right). We compute |z| and |y| and
test if any of them contains zero; in such case, the minimum distance is simply max(|z|, |y|),
where at least one of these numbers is zero. Otherwise, since we have no fast and reliable vﬁy
of knowing whether the distance is a representable number, we resort to changing the rounding
mode to compute the lower bound. The upper bound is easily computed in any case with a call
to the CORE-MATH function.
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Figure 5.3: The hyperbolic cosine cosh(z). (left) the interval is in a monotone region; (right)
the interval contains 0, therefore the lower bound is 1.

5.1.1.7 Computing sin(z), cos(z), sin(mx) and cos(rz)

Figure 5.4: Three cases for cos(z): (left) the interval spans more than one period, so the result
is [—1, 1]; (center) the interval contains a minimum, giving lower bound —1; (right) the interval
is in a monotone region.

Perhaps surprisingly, sines and cosines are the hardest functions to implement.

Let us discuss rounding issues first. sin(z) and sin(7wz) are odd and rounding down is trivial.
We know that the only value of = for which cos(x) is a FP number is 0, so we can round down
as in Section For cos(mz), the set R consists of rational numbers with denominator 2,
so we check if 2z is integer (multiplication by 2 is exact) and round down as before.

To compute the interval inclusion, we first check if « is larger than a period of f, in which case
we know it must contain at least two consecutive extrema, and we can return [—1, 1] (Figure
left). Otherwise, we need to know the sign of f’ at the two endpoints of z. If the signs are equal,
then x contains either 0 or 2 critical points; specifically, it contains 2 critical points if its width
is at least 7 (and again we return [—1, 1]), otherwise it contains none. If the signs are different,
then x contains a single critical point. This leaves us with four cases to consider:

« z lies entirely within part of the domain where f is monotonically increasing, so we

return [f(&)—a f(f)];
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« x lies entirely within part of the domain where f is monotonically decreasing, so we

return [f(T)_, f(x)] (Figure 5.4 right);
« x contains a minimum, so we return [—1, max(f(z), f(Z))] (Figure 5.4 center);

« x contains a maximum, so we return [max(f(z)_, f(7)_), 1].

The cases where z has an endpoint at an extremum do not require special handling. This leaves
us with the issue of how to efficiently compute the sign of f” at the endpoints of .

For sin(mx) and cos(mz), the derivative changes sign at integer multiples of 1/2, so we can
check the value of [2z|mod 4 (and likewise for T, respectively); depending on whether we are
computing the sine or cosine, two of the possible values correspond to a positive derivative and
the other two to a negative one. To correctly get this result, we compute the ceiling operator by
converting the endpoints, multiplied by 2, to 64-bit integers; overflows are not a problem, since
past the value of 25* the distance between adjacent double-precision FP numbers is at least as
large as a full period of the function, so non-singleton intervals will return [—1, 1] anyway and
can be handled as a special case.

For the regular sin and cos, we cannot apply the same strategy. One would like to know the
consecutive integer multiples of 7/2 that contain a floating point value, but since 7 is irra-
tional we would need a correctly rounded function to compute z /7, or at least wx. While such
methods have been researched in previous work [19], they are not part of CORE-MATH and
are beyond the scope of this work. Instead, we compare z and T with precomputed, correctly
rounded multiples of 7/2 in the range [—27, 27}, and if an endpoint is beyond this limit, we
call the correctly rounded function corresponding to the derivative of cos or sin, which is more
expensive but gives correct results. For this reason, TIGHT’s current implementation of sin and
cos is relatively cheap if x lies in [—27, 27| and somewhat slower otherwise.

5.1.1.8 Computing erfc(x)
For erfc, we are not aware of an easy way to check if the image of a number is representable.

The function is monotonically decreasing, so we implement it with a single change in rounding
mode.

5.1.1.9 Computing z¥
We provide two versions of the power function: one where = and y are both intervals, but x is

not allowed to have negative values, and one where x can be any interval but y is an unsigned
integer.
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For the integer power function, we have a special case for y = 2 that calls NFG’s fast square
function. For odd exponents, z" is an odd function and the lower bound is computed by the
negation trick. For even exponents, the lower bound is computed by temporarily switching the
rounding mode.

For the general power function, we distinguish nine cases based on the position of the 2D box
(x,y) on the x > 0 half-plane: whether x is above, below or contains 1, and whether y is above,
below or contains 0. For eight out of nine cases, we only require two calls to CORE-MATH’s
power function to compute the result; in the worst case, i.e., when (z, y) contains (1, 0), we need
four. In all cases the lower bound is computed by temporarily switching the rounding mode,
since determining whether 2 is representable for interval-valued x and y is not tractable in
general.

5.1.1.10 Computing arctan2(y, z)

‘x

Figure 5.5: The arctan2(y,x) function maps each direction from the origin to an angle in
(—m, 7], visualized as a color gradient. The seam on the negative z-axis is where the func-
tion is discontinuous: the box shows the case where z < 0 and y straddles 0, causing the range
of angles to cross the discontinuity.

The two-argument arctangent gives the range of angles between the positive horizontal semi-
axis and the line connecting the origin with points (z, y) in the planeﬂ with values in (—, 7]
(Figure [5.1] right). It requires a similar distinction of nine cases; this time x can be negative,
so we check whether each interval is above, below, or contains 0. Since arctan2(y, x) is odd

!By convention, arctan?2 takes the 3 coordinate first and z second.
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in its first argument, the lower bound is computed as — arctan2(—y, =) (or the corresponding
endpoint depending on the case), which is exact under upward rounding. Again, we do this
to limit the number of calls to the mathematical library, and in eight out of nine cases, we
perform two calls. The ninth case, where (x,y) contains (0, 0), is degenerate, and we return
NaN. However, one of the non-degenerate cases is very problematic, namely when x is in the
negative half-space and y contains 0 (Figure 5.5). In this case, the range of angles contains the
points of angle 7, and the function is discontinuous. Mathematically, one should return the
whole range [—, 7], but the meaningful result would be the disjoint union [—, a] U [b, 7] for
some values a, b. To give meaningful results, we opt for a different solution: TIGHT’s arctan2
function returns both an interval and a boolean flag that signals the pathological case, and when
the flag is on, we instead return the complement of the range of angles of the box, i.e., the ones
that are not spanned by points in the box, with consequently inverted rounding. In the previous
notation, we return [a, b] with a rounded up and b rounded down. A caller that expects points
in this range should then check the flag and decide how to use this result.

5.2 Results and comparison

We evaluate our library in several scenarios. Furthermore, because Filib/Filib++ is the only
library which is always correct when transcendental functions are involved [133]], we compare
TIGHT with this representative of the state of the art.

All experiments were timed single-threaded on a server equipped with Intel Xeon Gold 6430
CPUs and 64GB of RAM. The compiler used is GCC version 13.3.0 on Ubuntu.

5.2.1 Benchmark comparison

We start by comparing the execution times and average interval width of single functions in
TIGHT and Filib++. To compute the width, for each operation we select one or two singleton
input intervals that lie inside the function domain, and compute the number of floating point
values between the lower and upper ends of the computed interval (plus one); a width of 1
ULP (or 0, in the case of an exactly representable output) corresponds to a correctly rounded
result. To get timings, we call each function one million times; to prevent the compiler from
optimizing calls, and to evaluate the timing on non-singleton intervals, we perturb the input
interval at each iteration by enlarging it by an ULP on both sides, and sum the upper and
lower bound of each result to a dummy accumulator. Note that some operations are omitted
for Filib++ as they are not supported in the library.

Estimated times for executing one interval operation with the two libraries are reported in Table
Times are in nanoseconds. Note that, for the simplest operations that cost about or even
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Table 5.1: Benchmark for single interval operations: times to execute a single operation (in
nanoseconds) with TIGHT and Filib++ and the related width in ULPs of the interval returned
when the operands are singleton intervals of the type [z, x].

Op Avg. ns width in ULPs Op Avg. ns width in ULPs
" | TIGHT Filib++ | TIGHT Filib++ " | TIGHT Filib++ | TIGHT Filib++
+ 0.28 1.08 1 1 acosh 31.79 15.58 1 35
- 0.34 0.71 0 0 atanh 22.39 25.84 1 27
* 0.66 1.13 1 1 exp 14.84 17.68 1 9
/ 0.89 1.30 1 1 exp2 17.90 18.59 1 9
min 0.30 - 0 - expl10 19.61 18.28 1 10
max 0.30 - 0 - expm1 15.06 10.51 1 14
abs 1.45 2.11 0 0 exp2m1 66.32 - 1 -
sin 98.20 17.34 1 23 exp10m1l 78.21 - 1 -
cos 98.48 17.50 1 28 log 39.91 10.89 1 9
tan 128.41 18.59 1 52 log2 15.81 11.14 1 50
asin 36.49 13.99 1 39 log10 58.41 13.76 1 44
acos 20.15 13.44 1 36 loglp 15.36 14.59 1 12
atan 38.41 10.33 1 28 log2p1 61.70 - 1 -
sinpi 30.12 - 1 - log10p1 69.79 - 1 -
cospi 31.37 - 1 - sgrt 2.18 3.78 1 2
tanpi 29.37 - 1 - cbrt 18.78 - 1 -
asinpi 40.24 - 1 - rsqrt 21.32 - 1 -
acospi 44,97 - 1 - erf 60.70 - 1 -
atanpi 41.97 - 1 - erfc 62.67 - 1 -
sinh 10.84 11.19 1 20 pow 136.80 36.31 1 15
cosh 12.94 34.28 1 11 hypot 39.20 - 1 -
tanh 20.08 10.90 1 23 atan?2 28.07 - 1
asinh 8.33 32.40 1 19

less than one nanosecond, estimates are not fully reliable and may change on different runs.
The values reported in the table for those operations are averages over different runs. However,
we consistently had at all runs faster times with TIGHT, for all those operations that are already
supported in NFG. For the newly implemented transcendental functions, times are comparable,
but sometimes they are slower with TIGHT. This is the cost of all additional operations that we
undergo to guarantee correct rounding, which is not guaranteed by Filib++.

The latter issue is evident by looking at the two rightmost columns in Table which report
the width of the resulting interval in ULPs (number of contiguous floating-point values), when
the input consists of a singleton [z, z]. While TIGHT always produces intervals with a width
of either zero or one ULP, hence correctly rounded, Filib++ produces quite large intervals in
many cases (it is still correctly rounded, but slower, for algebraic operations).
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Figure 5.6: Test problem: CCD of a triangle moving rigidly along a screw trajectory, and another
deforming triangle. The triangle on top rotates and moves along an axis until the two primitives
come into contact.

5.2.2 Comparison with Filib++ within MiSo

To assess the practical effectiveness of our library, we integrate it into MiSo (presented in Chap-
ter E[) which makes intensive use of interval arithmetic. Since MiSo’s architecture allows for
easily switching the numeric backend, we were able to perform a side-by-side comparison of
our library and Filib++ for several problems, while extending the software’s support to tran-
scendental operators.

The problems presented in the following involve heavy use of trigonometric functions that, as
outlined above, are more expensive to compute in TIGHT than in Filib++. However, as we shall
see, TIGHT s result in faster solution times overall, thanks to faster handling of basic arithmetic
and its smaller intervals.

5.2.2.1 CCD along non-algebraic trajectories

We consider the classical problem of continuous collision detection (CCD): given two primitives
in space with some prescribed trajectory, we seek the first time in [0, 1] for which the primitives
first come into contact, and call it ¢*. This type of test is essential in the simulation field to
guarantee that physical objects do not interpenetrate. In practice, finding the exact value of ¢*
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may be infeasible and often unnecessary. With interval methods, we instead seek an interval
T that is guaranteed to contain ¢* and is smaller than a user-specified precision 4 > 0. Then
the lower bound of 7™ tells us a moment in time until which we can safely move the objects
without collisions, and the upper bound gives a moment when a collision has surely happened
already. The difficulty of the query depends on the type of primitives, the type of trajectory,
and the precision required.

Within MiSo, this is formulated as a MINIMIZE problem, that is, a constrained global optimiza-
tion. In this case the optimization variables are {u, v,t}, where u = (ug, u;) and v = (v, v1)
are the parametric coordinates of the two primitives, and ¢ is time; the constraints are the do-
main constraints (ug, uy,vg,v1,t) € [0,1]%,ug +u; < 1,09 + v; < 1 (which are all implicit
in MiSo), and the collision constraint d(x,y) < e with a small but positive ¢ — i.e., we only
consider pairs of points for which collision happens. The objective function is ¢ - i.e., we want
to find the collision that happens earliest.

In our test, we consider two moving linear (i.e., flat) triangles, where one is linearly deforming
(i.e., each vertex follows a linear trajectory independent of the others), while the other vertex is
undergoing a rigid roto-translation, following a spiral motion (Figure [5.6). More precisely, the
center of the second triangle follows the spiral, and its normal remains aligned with the spiral’s
tangent. Of course, computing the roto-translation requires trigonometric functions, while all
other computations involved are algebraic.

We test the same problem with different sets of parameters, changing the speed of the rota-
tion and the position of the other triangle. The queries implemented with TIGHT take 27ms,
133ms and 2.5s respectively, versus the 127ms, 756ms and 13.2s of Filib++, for a speedup of
approximately 5 x.

5.2.2.2 Intersection of two parametric tori

Computing the intersection of parametric surfaces, also known as surface-surface intersection
(SSI), is an important operation in CAD. In our example, we want to describe the intersection
locus of two tori expressed parametrically (Figure[5.7). Again, the parametric representation of
each torus requires computing trigonometric functions.

SSI can be formulated in MiSo as a SOLVE problem, that is, the problem of covering the set of
all solutions of a constraint system within a certain tolerance. Being a conservative method,
the algorithm returns a region that is larger than the true solution, but is guaranteed to contain
every point of it.

Similarly to the previous example, the optimization variables are {u, v}, where u = (ug, u;)
and v = (vg, v1) are the parametric coordinates of the two tori; the constraints are the domain
constraints (g, u1, vo, v1) € [0, 1]* (implicit in MiSo), and the intersection constraint d(z,y) <
€. This formulation gives solutions in parameter space rather than physical space. To be precise,
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Figure 5.7: Test problem: surface-surface intersection (SSI) of two parametric tori of inner radius
0.3 and outer radius 1, each shifted by £1.1 along the z axis.

this formulation solves a more general version of the problem: since the parameter space is 4-
dimensional, the solution is a collection of 4D boxes that describe pairs of contacting regions,
up to the specified tolerance.

In both cases, the solver performs 11105 iterations and found a solution composed of 6976 4D
boxes. However, the result took 136ms to compute with TIGHT and 2186ms with Filib++, a
speedup of about 16x.

5.2.3 Pathological cases

Not producing tight enough intervals can have unpredictable results for seemingly easy prob-
lems. We provide a very simple example where returning a slightly larger interval results in
the program being unable to compute the result.

Suppose we have a function f(z,y) defined on the plane that is inversely proportional to the
distance of point (z,y) to a circle centered in the origin with radius 5 (Figure [5.8). Thus, we
are evaluating f(z,y) = 1/(y/2? + y?> — 5). This type of function resembles contact potentials
used in IPC physical simulations [88]]. We want to evaluate f with interval arithmetic at point
P(3+1071,4+1071%), so that P lies outside the sphere. Remember that, because we are using
interval arithmetic, we need not fear that adding a small value leads to cancellation for very
small e: in those cases we simply get an interval that contains the true value. We compute this
function in three ways:

« with TIGHT intervals, and using the function hypot to compute the Euclidean distance
of P from the origin (which is absent in Filib++);

« with TIGHT intervals, using only operators which are also supported by Filib++ (all al-

106



\

>

1

Figure 5.8: An example where tighter intervals of CR functions prevent errors: when the inputs
to the problem are a few ULPs away from producing pathological situations, CR minimizes
error and is often able to avoid failure. Moreover, its results are machine-independent; a non-
CR implementation may complete successfully on one machine but fail on another.

gebraic in this case);

« with Filib++ intervals, using the same mode as the rest of the chapter.

In the first two cases, the denominator is correctly computed as positive with TIGHT and the
operation returns a real interval (albeit larger in the second case, due to multiple operations
being involved). When using Filib++, the square root produces an interval with lower bound
equal to the radius, resulting in a division by zero.

While this example involves only a few operations, for more complex expressions, the prop-
agation of error can be even more dramatic. Correct rounding does not eliminate the issue,
but it reduces propagation to a minimum and makes it predictable, since each operation can
introduce at most 1 ULP of error on each side.

5.3 Discussion

We have introduced TIGHT, an efficient C++ library for correctly rounded interval arithmetic
built on top of the state-of-the art in both correctly rounded computations and interval arith-
metic. Thanks to its correctly rounded nature, it can be used to ensure that applications yield
consistent results across machines, and to facilitate reproducibility in academia. TIGHT is de-
signed to be future-proof: if correctly rounded mathematical routines become the standard in
the coming years, or more performant CR methodologies are developed, switching the under-
lying library requires minimal changes. Crucially, since the result of a CR operation is well
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defined, TIGHT will continue to return the same results forever on all machines, even in the
event of a library change.

We hope that our library will become a useful tool for researchers and developers not only in
robust geometry processing, but also in other fields where correct and consistent predicates are
a priority.
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Chapter 6

Conclusion

6.1 Summary of contributions

The main argument of this thesis is that reliability in geometric computing should not be a
luxury reserved for niche applications, nor should it require prohibitive trade-offs in terms of
performance or development effort. We have presented a vertical stack of tools designed to
address key robustness challenges in geometry processing and physical simulation, moving
from the fundamental arithmetic level up to high-level algorithmic abstractions and specific
applications in finite element analysis.

Our first contribution, presented in Chapter 3] addressed the specific problem of continuous ge-
ometrical validity for high-order finite elements. As modern simulation pipelines increasingly
adopt high-order bases to improve accuracy, the lack of robust validity checks has become a
significant source of instability. Existing methods, often relying on point-wise checks at quadra-
ture locations, fail to detect local inversions that occur between samples or between time steps.
We introduced the first algorithm capable of conservatively verifying the validity of deforming
curved elements. By coupling this check with an invalidity-aware adaptive quadrature scheme,
we demonstrated that it is possible to eliminate element inversion artifacts in elastodynamic
simulations, thereby preventing non-physical states and solver divergence.

Recognizing that manually implementing such robust predicates is error-prone and tedious,
our second contribution, MiSo (Chapter [4), generalized this approach. MiSo is a Domain Spe-
cific Language and compiler that automates the generation of conservative solvers for a broad
class of SoLvE and MiNIMIZE problems. By abstracting the mathematical definition of a ge-
ometric query from its numerical implementation, MiSo allows researchers and engineers to
prototype and deploy robust algorithms for collision detection, primitive intersection, and dis-
tance computation without needing to manage the complexities of interval analysis or domain
decomposition manually. We demonstrated that solvers generated by MiSo are competitive
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with, and in some cases faster than, hand-optimized code, while providing strict guarantees of
correctness.

Finally, in Chapter |5, we addressed the foundational need for accurate numerical primitives
with the TIGHT library. While interval arithmetic is a cornerstone of conservative computing,
its practical application has often been hampered by slow performance and a lack of support
for transcendental functions. TIGHT provides a high-performance, correctly rounded interval
arithmetic library that extends the state of the art to include a vast set of functions, and serves
as the numerical backend for MiSo.

6.2 Discussion and impact

The tools presented in this thesis collectively argue for a shift in how we approach geometric
robustness. Rather than relying on the ad-hoc adjustment of tolerance thresholds, we advocate
for the use of guaranteed conservative bounds.

The continuous geometrical validity check highlighted the previously overlooked issue that
high-order finite element solvers can produce invalid intermediate states that are simply missed
by standard checks. This discovery has significant implications for the reliability of simulation
software for elastodynamics. By providing a method to detect and prevent these states reliably,
we enable the development of safer simulation tools. A recent paper by Du et al. [38] proposes
an acceleration strategy for our validity check, showing a growing interest from the geometry
processing and simulation communities in the development of robust solutions.

The goal of MiSo is to facilitate access to robust geometric algorithms via automatic code gener-
ation. This allows domain experts to focus on the mathematical description of their problems,
while the tool ensures the numerical robustness of the implementation and enables them to
rapidly experiment with different interval-based solutions. MiSo also makes it possible to easily
transfer future improvements to these interval-based algorithms to a wide range of problems.

Finally, we believe that our TIGHT library will be useful tool to push the adoption and develop-
ment of interval methods in scientific computing. Because of its correctly-rounded properties,
the approximations produced by the same sequence of calculations will not change over time,
simplifying the reproducibility of experiments and guaranteeing consistency; and thanks to its
speed, we hope to see more researchers and practitioners using it to write truly reliable code.

6.3 Limitations

While our methods provide strong guarantees, these come at a price. A primary constraint
of the subdivision-based approaches used in both High Order Continuous Geometrical Valid-
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ity and MiSo is the curse of dimensionality. The computational cost of domain decomposition
grows exponentially with the number of variables. While this is acceptable for low-dimensional
geometric primitives (e.g., 3D elements, surface patches), it renders the current approach im-
practical for high-dimensional configuration spaces unless significant heuristics or pruning
strategies are employed. Additionally, for many of the geometric queries presented, includ-
ing the continuous geometrical validity check, the current method works well for relatively
low element orders (e.g., linear to cubic or quartic), but the cost increases with the polyno-
mial degree. For very high-order elements, the subdivision depth required to resolve roots may
become prohibitive.

Finally, while the use of IA makes the results robust to roundoff error, the overhead of 1A
compared to standard FP operations is still non-negligible. Although we have minimized this
cost, conservative algorithms will inevitably be slower than their non-robust counterparts. This
performance gap is the price of correctness. However, as shown in our benchmarks, algorithmic
optimizations such as the hybrid Bézier/NIE approach in MiSo can often mitigate this overhead,
making conservative methods a viable option for offline applications, or limited use in real-time
applications.

6.4 Future work

There are several avenues for future research that could improve and expand the presented
works.

6.4.1 Parallelization and Hardware Acceleration

The algorithms described in this thesis are largely inherently parallelizable, as the domain de-
composition process generates independent sub-problems that can be processed concurrently.
The reference implementation of the validity check already provides a CPU parallel version; a
promising direction is to adapt MiSo and the validity checks for execution on massively parallel
architectures like GPUs. This could dramatically reduce the runtime of conservative queries.

6.4.2 Material models under extreme deformation

Our investigation into element validity revealed numerical instabilities in standard material
models (like Neo-Hookean) under extreme compression, even when elements are technically
valid. The discovery that these potentials can remain finite even as the Jacobian approaches
zero suggests a need to re-evaluate constitutive models for robust use in interior-point solvers.
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6.4.3 Expanded scope for MiSo

Currently, MiSo works best for solving low-dimensional geometric queries. Integrating time-
dependent inclusion strategies, such as those proposed by Chen et al. [24]], could improve
performance for dynamic problems.

6.4.4 Standardization of interval arithmetic

The TIGHT library, while efficient, does not yet fully conform to the IEEE 1788-2015 standard
for interval arithmetic [1]. Future development should focus on full compliance, including
rigorous handling of exceptions and special values (infinity, NaN), to facilitate its adoption in
the broader scientific computing community.

6.4.5 Improved support for CR functions

NFG’s arithmetic operations owe their speed to vectorization. Vectorized mathematical libraries
exist [121]] but we are not aware of a correctly-rounded solution. A vectorized CR implementa-
tion would further increase TIGHT’s efficiency for those functions. Furthermore, as mentioned
in Section integrating CR functions for multiplication with an irrational constant value
as in [19] would bring a more consistent speed for sin and cos on arbitrary arguments.

6.5 Closing remarks

As simulation in safety-critical scenarios becomes widespread, the cost of failure rises dramati-
cally. A result that looks realistic but violates physical laws is no longer just a visual artifact: it
is a liability. This thesis provides a foundation upon which to build the necessary infrastructure
to trust these computations, enabling scientists and engineers to simulate reality in a way that
is not just visually plausible, but grounded in mathematical truth.
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Appendix A

Appendix

A.1 Lagrange and Bézier forms of | J,|

Let f : 0! — R be a polynomial of order p defined on a standard element according to
Definition[l] We detail the representation of f in Lagrange and Bézier forms and the conversions
between these two representations.

A.1.0.1 Lagrange form

Let ['? = (1/p)Z™ N o be a grid of uniformly distributed domain points of o, and Z? be its set
of indices (Figure [3.2). The Lagrange basis of order p consists of [['?| order p polynomials such
that for each point y; € I'2, L7 (~;) = d;;. A function f is represented in the Lagrange basis as:

F&) =Y uLll(©), (A1)

i€k
where y; = f(v;) for i € ZP.
A.1.0.2 Bézier form

aThe same function f can be expressed equivalently in Bézier form by using a Bernstein basis
on the same set [ of domain points:

£ = BiB(S), (A2)

€Tl
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where the B! are Bernstein polynomials of order p and the j3; are their corresponding control
coefficients. Unlike the Lagrange case, 3; equals f(7;) only at the corners of 0. However, the
graph of f is contained in the convex hull of points (;, 5;), providing a simple way to bound
f from below and above at all points of o [41]].

A.1.0.3 Transformation matrix

Let us denote f* the vector consisting of all the y;, and likewise, f? the vector consisting of
all the 3;, for i € ZP. We can convert between the two representations through transformation
matrices [69]:

fE=Tpoef®  fP=Teosf" (A3)

Such matrices depend only on the reference element o' and the order p thus can be computed
once for each element type and order. Matrix Ts_, - is easily computed by evaluation of Bern-
stein polynomials on I'2:

(Tooc)iy =B (vi) Vi, jeIy (A4)

and T ,_, is the inverse of Tz_, .
A.1.0.4 Subdivision matrices
For each ¢, we first build a transformation matrix from the Bézier basis to the Lagrange basis
that interpolates the domain points ¢?(I'(m)) of the ¢-th subdomain. This is analogous to
building matrix Tz_, -, by sampling the Bézier basis on 1?(I'(m)) instead of I'(m):

(Th0)is = By' () Vi, j € Io(m). (A.5)
Then we multiply it with the Lagrange-to-Bézier matrix to build

Tp .5 =TrosTsp, (A.6)

which allows us to go directly from the Bézier coefficients on the domain to the Bézier coefli-
cients on each subdomain.

A.1.0.5 Time subdivision matrices

Time subdivision matrices defined by plugging the time subdivision maps
&) = (64/2),  PT(E ) = (6 (E+1)/2) (A7)

in Equation (A.5) and using Equation as above.
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A.1.0.6 Representations of the Jacobian determinant

Given a standard element o7 as above, let us define ma = np — s and mp = np — 1. Let us
denote ig = ma — (3°5_4;) and § =1 — (327_, &)

The Lagrange basis polynomials used to represent the Jacobian determinant |.J, ()| on reference
element o = o are:

in(E1s e Gn (H 0 fzj)) ( 11 EZZD’mD(&j)> (A.8)

Jj=s+1

,m mC —k
gro= 11 = (49)
ke{0,...a\{7}

The Bézier basis polynomials used to represent the Jacobian determinant |.J,(£)| on reference
element o = o7 are:

Bt = (" )ese) T] iote) (a10)

Jj=s+1
() = (j) Gi(1— () A1)

where Bf ; is the product of an order m Bernstein polynomial on the s-simplex basis, in
the variables &;, . . . , &, with an order m Bernstein polynomial on the (n — s)-tensor product
basis in the variables &1, . ..,&,, which is itself a product of (n — s) univariate Bernstein

polynomials of order mp. It is easy to see that

« the order of |J,(&)|in {&, ..., &} isma =np — s;

« the order of |J,(¢)| in {&s41, ..., & ismpg =np — 1.

Notice that on n-simplices (s = n) and n-hypercubes (s = 1),
variable.

Extension to Dynamic

For the dynamic case, we add a term for time to the Bézier basis construction, an order n
univariate Bernstein polynomial in ¢:

117 e (fla--wgnat): 11, ,zn7zt(£17"'7£ﬂ)bZ(t> (A12)
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Element name n s|pl|é&.s Eitn t N
Linear triangle 2 21| 0 - 2 3
Quadratic triangle 2 22| 2 - 2| 18
Cubic triangle 2 23| 4 - 2| 45
Quartic triangle 2 24| 6 - 2| 84
Quintic triangle 2 25| 8 = 2| 135
Bilinear quadrangle 2 11| 1 1 2| 12
Biquadratic quadrangle |2 1|2 | 3 3 2| 48
Bicubic quadrangle 2 13| 5 5 2| 108
Linear tetrahedron 3 3/1| 0 - 3 4
Quadratic tetrahedron 3 312 3 - 3| 80
Cubic tetrahedron 3 3/3| 6 - 3| 336
Quartic tetrahedron 3 3[4 9 - 3| 880
Bilinear tri. prism 3 2|1 1 2 3| 36
Biquadratic tri. prism 3 22| 4 5 3| 360
Trilinear hexahedron 3 111] 2 2 3| 108
Triquadratic hexahedron | 3 1|2 | 5 5 3 | 864

Table A.1: Order of |.Jz(€)] in the spatial variables ¢ and the time variable ¢, and the number N
of its terms for a generic order p map on 7.

It is easy to see that the order of | J;| remains the same as the static case in its spatial variables,
while it is n in its time variable. The number of polynomials in the Bernstein basis, which
is equal to the number of terms of the given polynomial, increases combinatorially with the
dimension n and order p and is given by

S

N = (”p) (np)",  N=N(n+1), (A.13)

for the static and the dynamic case, respectively. Note that, this combinatorial growth poses
intrinsic limitations to scaling the problem up in degree and dimension. Nevertheless, it remains
tractable for the most common cases, as exemplified in Table

A.2 Subdivision rules

The subdivision functions ¢ for the various types of elements are listed below. Their related
subdomains are shown in the insets (red bullet = origin). The dynamic elements for n = 3
require 4D hypercubes (for tensor product) and hyper-prisms (for simplicial and mixed).
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A.2.0.1 Triangle

PLE) = (€1/2,62/2) ‘
G20 = (62 +1)/2,62/2) & ;
V&) = (&/2, (& +1)/2) 1 2 .
e = (1 - &)/2,(1 - &)/2)

A.2.0.2 Quad
VHE) = (61/2,&/2) 3 | 4
G2(E) = (61 +1)/2,6/2)
A€ = (€1/2, (62 +1)/2) 1] 2
PHE) = (& +1)/2,(&+1)/2)

A.2.0.3 Tetrahedron

The subdivision of the tetrahedron is non-trivial: it is split into four tetrahedra incident at the
corners of the domain (corresponding to subdomains 1-4) and a central octahedron, which is
further split into four tetrahedra (domains 5-8).

) = (61/2,£2/2,€3/2)

(€)= (61 +1)/2,£/2,8/2)

€)= (61/2, (&2 +1)/2,/2)

Vi) = (61/2,6/2,(& +1)/2)

V(6 = ((1 - &~ £)/2,6/2, (&1 + &2+ &)/2)
PO(€) = (1 —&)/2, (&1 +£)/2, (S2 + &3)/2)
P& = (61 +£2)/2,(1—61)/2,£3/2)

(€)= (&1/2, (&2 4+ &3)/2, (1 — & + £)/2)
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A.2.04 Hexahedron

The subdivision of a hexahedron works both for a static hexahedral domain and a dynamic
quad domain. In the latter case, the third coordinate is time.

¢1(£) = (51/27 52/27 53/2)
7/]2(5) = ((61 + 1)/27 52/25 53/2)

, A
VO = (/2 (62 + 1/2.6/2) iggagi
VO = (6 +D)/2 (& + 1)/2.6/2) A
VO = (@/2,6/2 (& +1)/2) Pres

5(¢) = T
(&) = (&1 +1)/2,6/2, (6 +1)/2)

V(O = (@/2 @+ /2 (@ + 1)/
08O = (€ + /2 (& +1)/2, (6 +/2)

A.2.0.5 Prism

The subdivision of a prism works both for a static prism domain and a dynamic triangle domain.
In the latter case, the third coordinate is time.

PHE) = (&1/2,6/2,83/2)

(&) = (61 +1)/2,£2/2,83/2)

P3(&) = (£1/2, (&2 +1)/2,&3/2)

HE) = (1= &1)/2,(1 - £2)/2,£3/2)
P2(€) = (£1/2,6/2, (§3+1)/2)

POE) = (&1 +1)/2,6/2,(&+1)/2)
PT(E) = (£1/2,(2+1)/2, (5 +1)/2)
(€)= (1 —&1)/2,(1 - &)/2, (&3 +1)/2)
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A.2.0.6 Hypercube

This is a 4-hypercube that works as a domain for a dynamic hexahedral element.

PHEt) = (61/2,€2/2,63/2,1/2,1/2)

P& ) = (& +1)/2,62/2,83/2,1/2,1/2)

) = (G/2, (G2 +1)/2,83/2,1/2)

PHEL) = ((&1+1)/2, (G2 +1)/2,63/2,1/2)
UP(E, 1) = (61/2,62/2, (&5 + 1)/2,1/2)

WO(&,t) = (&4 1)/2,6/2, (&3 +1)/2,1/2)
W) = (6/2, (G2 +1)/2, (& +1)/2,1/2)
PHE ) = ((&+1)/2,(&2+1)/2, (&3 +1)/2,1/2)
P& t) = (£1/2,62/2,63/2,1/2, (t +1)/2)

P& t) = (614 1)/2,6/2,83/2,t/2, (t +1)/2)
P& ) = (&/2, (G +1)/2,&/2,(t+1)/2)
PR = ((L1+1)/2,(&2+1)/2,6/2,(t+1)/2)
P& ) = (€1/2,62/2, (& +1)/2,(t+1)/2)
P& = ((&1+1)/2,6/2, (& +1)/2,(t+1)/2)
P& 1) = (€1/2, (2 +1)/2, (63 +1)/2,(t+1)/2)
PO = (G +1)/2,(&+1)/2,(&+1)/2,(t+1)/2)

A.2.0.7 Hyperprism 1

This is the tensor product of a tetrahedron with an interval that works as a domain for a dynamic tetra-
hedral element.
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PHE ) = (€1/2,62/2,63/2,1/2)

PPt = (G +1)/2,6/2,6/2,1/2)

P& t) = (£1/2, (&2 +1)/2,63/2,/2)

PHE ) = (61/2,62/2, (&3 +1)/2,t/2)

(€)= ((1— o — €3)/2,62/2, (61 + &2+ &)/2,1/2)
UOE ) = (1 - &)/2, (61 + &)/2, (&2 + £3)/2,1/2)
PT(E) = (61 +&)/2,(1—&1)/2,83/2,1/2)

P3(&,t) = (&1/2, (&2 + &3)/2, (1 — &1 + £)/2,1/2)

W€ 1) = (€1/2,62/2.63/2, (t+1)/2)

P& ) = (61 +1)/2,62/2,63/2, (t+1)/2)

Pt = (6/2, (G2 +1)/2,83/2, (t+1)/2)

() = (61/2,62/2, (§3+1)/2,(t+1)/2)

PBE) = (1 - & — &)/2,6/2, (G + &2+ &) /2,(t +1)/2)
P = ((1—&)/2, (& + &) /2, (&2 + &3)/2, (t+1)/2)
PP t) = (&1 +€2)/2, (1 = €1)/2,€3/2, (t+1)/2)
PO t) = (61/2, (G2 +63)/2,(1 — & +£2)/2, (E+1)/2)

120



A.2.0.8 Hyperprism 2

This is the tensor product of a prism with an interval that works as a domain for a dynamic prism
element.

WHE ) = (€1/2,62/2,63/2,1/2)

P& ) = ((&1+1)/2,62/2,63/2,1/2)

P3(E,t) = (&1/2, (&2 +1)/2,€3/2,1/2)

PHE) = ((1—&)/2,(1 - &)/2,63/2,1/2)
V€ t) = (€1/2,62/2, (& +1)/2,t/2)

WO(&,t) = ((&+1)/2,6/2, (&3 +1)/2,1/2)
V() = (&1/2,(&+1)/2, (& +1)/2,t/2)
PP ) = (1 —€1)/2, (1 — &2)/2, (63 +1)/2,1/2)
V&) = (€1/2,62/2,6/2, (t +1)/2)

P& ) = ((61+1)/2,62/2,6/2, (t+1)/2)
P& t) = (£1/2, (G2 +1)/2,6/2, (t+1)/2)
P& ) = (1= £1)/2,(1 - £)/2,8/2,(t+1)/2)
P& ) = (€1/2,62/2, (& +1)/2,(t+1)/2)
P = ((61+1)/2,6/2, (& +1)/2,(t+1)/2)
V(€ t) = (&1/2, (2 +1)/2, (& +1)/2, (t+1)/2)
POt = ((1—61)/2,(1 - &)/2, (& +1)/2,(t +1)/2)

A.3 Failure case for floating point algorithm

We present an artificial example where floating point error causes an invalid element to be detected as
valid by the non-robust implementation of the static validity check. Consider the static quadratic triangle
with control points:

voo = (0.0,-1.0)
Voo = (0.9999999999999997, -1.0)
Vo2 = (-1.1093356479670479e-16, -3.3306690738754696€-16)
vo1 = (0.5,-0.75)
vi; = (0.75,-0.25)
vig = (0.25000000000000017,-0.5)

control points vqg, Voo, and vy are the three vertices of the triangle, and vg1, V11, V1o are the edge
midpoints. The value of the Jacobian determinant is positive at all control points, except vgg. At this
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1

point, the Jacobian is

Joo =(4v; — 3vgy — Vgo)(‘lvijo - 3"30 - Vg2)—
(4viy — 3vy — V82)(4Vg1 - 3"30 - Vgo)
=-1.1093356479670467e-16 < 0

when computed with exact rational arithmetic. However, when tested with the floating point implemen-
tation, the Jacobian determinant at this vertex evaluates to 2.220446049250313e-16 > 0; because all
other Bézier coefficients are positive as well, the element is classified as valid.

Our conservative implementation takes representation error into account and does not converge for this
element, meaning that the algorithm will stop after l;,,x subdivisions leaving the element undecided,
and thus it will be treated as invalid.

A.4 Polyhedral bounding boxes

The following program, used in Section relies on the hyperplane separation theorem: two convex
objects are not intersecting if a plane separating them exists, i.e., if their projections on the normal
direction of such plane are disjoint. Using the three cardinal directions of the Cartesian space only
is equivalent to testing for intersections between the AABB’s of the objects. We rather test against
13 directions, including the various diagonals of coordinate planes and octants; this is equivalent to
enclosing the primitives into tight polyhedra, each being the convex envelope of 26 planes with fixed
orientations. This is a compromise between using the looser AABB’s and the tighter OBB’s, which are
more expensive to compute and test. The projections of the distance of the two objects onto the normal
directions of the faces of such polyhedra are computed with the function PBB3D defined below.

This function accepts a 3D polynomial map as a list of PolyNodes. The result is the projection of this
map on the 13 axes

(1,0,0),(0,1,0),(0,0,1),
(1,1,0),(1,0,1),(0,1,1), (1,—1,0), (1,0, —1), (0,1, —1),
(1,1,1),(1,1,-1),(1,—1,1),(1,-1,-1).

that is, a list of 13 expressions such that the inclusion function of each of them encloses the projection
of the geometric object on one of the chosen axes.

with pymiso.Context() as miso:
def PBB3D(x):
v = miso.vector(

x[0o],
x[171,
x[21],
x[0] + x[1],
x[0] + x[21,
x[11 + x[21,
x[0] - x[1],
x[@]l - x[21,
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15

X =
y =
T =
ele
ele
pb

xao0
xal
xb@
xb1
xa

xb

dis
sd

mis

x[1]
x[0]
x[0]
x[0]
x[0]

return
miso.
miso.
miso.

m_a =
m_b =

- x[2],
+ x[1]
+ x[1]
- x[1]
- x[1]

+

a

abs(v).

x[2],
x[21],
x[2],
x[21)
max ()

variables(2)
variables(2)
variables (1)

miso.poly_space ((X,
miso.poly_space ((Y,

= miso.bases.LAGRANGE

= elem_a.
= elem_a.
= elem_b.
= elem_b.
= ((xa0 =*
= ((xbo =

t = PBB(xb-xa)

= [miso.subdiv_strategy(),

geo_map(pb, 3)
geo_map (pb, 3)
geo_map(pb, 3)
geo_map(pb, 3)
(1-T)) + (xal
(1-T)) + (xb1

3))
3))

* T)).collapse()
* T)).collapse()

miso.subdiv_strategy(T)]

o.generate(’./src/generated’, ’CubicTriCCD’, dist,
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