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Abstract

A simple one-dimensional electromagnetic problem in the
presence of moving objects is studied. The analytical so-
lution is used to investigate the effects of motion on the
electromagnetic field. The results show that for this class of
one-dimensional problems the effects of motion are weaker
than expected. For this reason the simple problem consid-
ered in this work could be of interest for investigating the
reliability of inverse scattering procedures or for testing nu-
merical methods.

1 Introduction

The interaction of electromagnetic waves with moving me-
dia has been investigated several times, due to its theoret-
ical and practical importance [1], [2], [3], [4], [5]. In this
paper we analyse such an interaction in a simple case: a
one-dimensional, time-harmonic, electromagnetic problem
in the presence of a moving slab with stationary boundaries.
The slab is illuminated by a plane wave propagating in di-
rection orthogonal to the boundary planes of the slab.

It should be noted that other authors have addressed similar
problems [6], [7]. However, this has been done with com-
pletely different analyses and targets. In the following, by
using well known results due to Tai and Pyati [1], [2], we
deduce the analytic solution of the problem of interest. This
will allow us to analyze its properties and, in particular, to
evaluate the effects of motion on the electromagnetic field
in the media at rest around the slab.

The results show that outside the slab the effects of motion
are very small, proportional to the square of the speed nor-
malized to that of light (a small quantity whose square is
even smaller). Instead, in other problems involving canon-
ical objects in motion [8], [9], [3], at least one component
of the field presents a change proportional to the normalized
velocity. The effects of interest are then much weaker in the
1D problem considered in this paper than in other canoni-
cal cases. This is a very interesting properties because the
obtained small effects are of particular interest for testing
inverse scattering procedures aiming at the reconstruction
of the speed of moving media [8], [9], [10], or new ap-
proaches whose goal is to approximate the weak effects of
motion on the scattered field [11].

2 Definition of the problem of interest

The problem considered in this paper is shown in figure 1.
A moving slab of thickness d is present between two me-
dia: the first of these, identified as medium 1, occupies the
region x < 0, while medium 3 is in the domain x > d. The
media are isotropic, at rest, and are characterized by effec-
tive constitutive parameters &, it; € C, i = 1,3. The slab is
made up of medium 2, a lossless material having &, i, € R
when it is at rest. In the adopted reference frame medium 2

medium 3 at rest

X

Figure 1. In the problem of interest a lossless slab moves
with v =v.Z and its boundary planes are stationary.

is in uniform motion with velocity v =v,Z = BcoZ, v, € R.
The interfaces between different media are then stationary.

The problem of interest is to find the electromagnetic field
(E,H) when the incident field is a progressive wave propa-
gating in medium 1 along the x axis.

If we denote by (Eo, Hp) the electromagnetic field obtained
under the same illumination when v, = 0, the field which
represents the effects induced by the motion of the slab is
given by (E—Eo,H—Hj) [11].

3 Mathematical formulation

For the moving slab we adopted the same conventions of
Tai [1]. It is well known that, in the reference frame in
which media 1 and 3 are at rest, medium 2 is perceived as
bianisotropic when v, # 0. Its constitutive relations are [1]:

D = ¢E+ Qv, (2 x H) (1)
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The solution for the case v, = 0 is well known [4] (section
9.2.1); we simply recall the most important points for the
next developments. For a general polarization of the inci-
dent field we have:

Epy =0= Hoy, Vx € R, (6)
E0a|medium i= AOpiae_jkiOX +A0riaejkioxv i=1,2,3, (7
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since there is no regressive wave in medium 3.

tively, & = z). As usual kg = O/ILE = %n, Yo =

Thus (Eg,Hp) is determined by the unknown coefficients
X0a = (Aoria,Aop2asAor2a,Aop3a), & = y,z. They can be
found by solving two uncoupled linear algebraic systems
of equations: the first one is obtained from the continuity
of Ey and H, at the interfaces x = 0 and x = d, while the
second can be deduced from the continuity of £, and H, at
the same planes.

The systems have the following form (the known coeffi-
cients are written in the right-hand side), for @ =y, z:

—Aoria +Aop2a +Aor2a = Aopla
+Y10Aor1a = Y20A0p20 F Y20A0r20 = £Y10A0p10
Aoprae 209 4 Agpget20d — AgageB0d =0 (9)
+Ya0A0p20e ¥4 F YapAgraqe’*20d
FYs0A0p3ae F0d = 0.
The above system of equations can be written as
éOaXOOC :bOC7 o =Yyz. (10)

From equation (9) we deduce:
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When v, # 0 the expressions of E and H in media 1 and
3, which remain at rest, retain the same form. Then we

consider again the expressions defined in equations (6), (7)
and (8). However, we drop the subscript “0” from all sym-
bols. Since we consider the same incident field, we have
Apla = Agpla, & =y,z. Moreover, for the same reason as
above, A;3¢ =0, o =y,z.

The wavenumber k; of the plane wave in medium 2 when
v, # 0 is given by the following dispersion equation [2]:
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After a few calculations one gets
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which gives ko > 0 for all cases of interest. The negative
value of k; has been neglected on purpose because the two
signs are explicitly considered in the propagation factors, as
usual (see, for example equations (14) and (15)).

Equation (13) together with the following expressions
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define the field of interest. As a matter of fact, the field hav-
ing the four free complex parameters Apyy, Ay, Ajy and
Az, satisfies Maxwell’s curl equations and the constitutive
relations (1) and (2), as one can directly verify.

The field (E,H) when v, # 0 can be found by enforcing
the continuity of the tangential components of E and H at
the interfaces x = 0 and x = d, as explained above. The x
components then do not play any role in the determination
of the solution. Taking account of equations (14)-(19) we
can then deduce

—jk ik
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where, once again, & = y,z and Y = z and the signs are the
upper ones (respectively, Y =y and lower signs) when o =y



(respectively, o = z). The reader should notice the strong
analogies and the few differences of the expressions (7)-(8)
and (22)-(23).

For v, # 0 the unknown coefficients x, =
(Ar1a7Ap2(laAr20hAp3a)’ o = yaza and then (E7H)7
are determined by the following algebraic systems, for
a=yz
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With matrix and vector notation, the above equation be-
comes
A Xa=bg, a=y,z (25)

The vectors by, o = y,z, are unchanged. The structure of
the matrices A is the same as that of A but the last three
numbers of the second and third columns are different. In
particular, we have:
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4 Estimate of the effects of motion

The velocity of a moving medium is usually determined in
a very reliable way from the Doppler frequency shift [4]
(p- 955) between incident and reflected waves. However,
for moving media with stationary boundaries the frequency
shift is not present and, in these cases, the estimate of the
velocity of moving objects is difficult [8], [9]. Inverse scat-
tering techniques can be used to solve these challenging
problems. They exploit the properties of the difference field
(E —Eo,H — Hy) outside the scatterers. The most difficult
problems are those of major interest for engineers because
for non-relativistic velocity values (Jv;| << co,|B| << 1)
the effects of motion are usually very small [9].

For the indicated reasons, for the class of problems con-
sidered in this work, we are particularly interested in the
behavior of the difference field in media 1 and 3, when |f|
is much smaller than 1.

From equations (6), (7) and (8) and the considerations be-
low equation (11) one deduces
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where, as usual, ¥ = z and the signs are the upper ones (re-
spectively, ¥ =y and lower signs) when o = y (respectively,
o =2).

It is now clear that the difference vectors x, — X, control
the magnitude of the difference field outside the slab. In or-
der to estimate the difference vectors we have to ﬁnd some
properties of A ! and Aal We can compute A ! because
the analytic solutlon when the slab is at rest is Well known
[4]. As forA , 00 =Y, z, the difference matrix AOC A has
the first row and the first and last columns equal to Zero
as one can easily check from equations (11) and (26). For
space reason in the following formula we show just the non-
zero entries of the difference matrix; in particular the last
three numbers of the second and third columns are:

+(Y2q — Y20) F (Y20 — Y20)
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We have to estimate the entries appearing in the submatrix
shown in equation (32) to complete our analysis. The cru-
cial work is that on the wavenumber k; as a function of f3.
By equation (13), k2(B)|g—o = kao. Moreover, k2() de-
pends on B2 and we can find a neighborhood of 8 = 0 (by
the way, the values of interest for engineering applications)
in which k() is an analytic function of . Finally, due
to the presence of just B2 terms, it is an even function of
B. Thus, after a few calculations one can find the follow-
ing second-degree Maclaurin polynomial, which provides a
very good approximation for the indicated values of :
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With this result one easily gets:
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Then, neglecting all fourth-order terms one deduces
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As a consequence, by using equations (32), (37), (38) and

(39), the magnitudes of all entries of éa _éOa are con-

trolled by 2. Then, with a very good approximation for
small values of ||
_ 2
A, =4, ~BC (40)

for some matrix C independent of f3 (the structure of this
matrix is by definition the same as that of A  — éOa).

With this form of the matrix A from equation (25) we get

- ﬁzg)xa
and then, by the invertibility of A

bo =A% = (A, a=yz (@)

Xoa =Agiba = (I—B°A, O)xa @ =y,z.  (42)
The matrix A 1C is independent of B, too, and then
one can find an upper bound for || which guarantees
lim,, .. (B2 A, ég) = 0. This is not a restrictive condition
for engineering applications.

Then we can apply the Neumann series [12] (p. 126) to find

the inverse matrix of (£ — B*A;C).
We get
(L-B?A5,0) " =1+ (B*A,,0)+ 43)
+H(B*AggC)* + ... 1+ B%A, C.

and then

Xo 2 X0o + B*Ay, CXoas 00 =,2, (44)
so that

Xo —Xoa = B?A,,Cxoa, O =,z (45)

Together with our previous deductions, this clearly shows
that all components of the difference field outside the mov-
ing slab have magnitudes controlled by 2. Thus, the ef-
fects of motion outside the slab are very weak, being of the
second order.

It is important to observe that in other canonical problems
involving media in motion a first order effect is always
present [11], [3] to the best of authors’ knowledge. The
particular features of the simple problem considered in this
work could be of interest for investigating the reliability of
inverse scattering procedures aiming at the reconstruction
of velocity profiles [8], [10] or the capabilities of new ap-
proaches to approximate the difference field in the presence
of moving media [11].
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