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ABSTRACT

Quantum computing has become a potential way to solve complex problems that con-

ventional computers can’t handle, especially those involving strongly correlated quantum

systems. Classical simulation of these systems becomes exponentially more challenging

as the number of interacting particles rises, resulting in significant computational and

memory limitations. As a result, classical computational approaches are unable to handle

many significant physical and chemical systems, including molecular structures, biological

molecules, and quantum materials. Quantum computers operate using the same quantum

mechanical principles as these systems. Consequently, they provide a natural framework

for exploring large Hilbert spaces and capturing complex quantum correlations.

This thesis begins by discussing the fundamental principles of quantum mechanics

that are applicable to computation, such as qubits, superposition, and entanglement. The

construction of quantum circuits is discussed after a discussion of basic quantum gates

and their matrix representations. These ideas are the foundation of quantum algorithms

and offer the essential framework for comprehending the modeling and manipulation of

complicated quantum states using quantum hardware.

Building on this foundation, the thesis focuses on Variational Quantum Algorithms

(VQAs), which offer a feasible hybrid quantum-classical approach to optimizing near-term

quantum devices. In VQAs, a parameterized quantum circuit is used to approximate

a ground state energy of the quantum system. A classical optimizer then iteratively

updates the variational parameters to minimize a cost function, usually the expectation

value of the system’s Hamiltonian. A thorough analysis of the function of gradient-

based optimization is conducted, encompassing the parameter-shift rule that is employed

to calculate precise energy derivatives. The discussion is expanded to include major

applications such as the Quantum Approximate Optimization Algorithm and developing

approaches to quantum machine learning, emphasizing the importance of efficient and

3



accurate gradient evaluation.

A major challenge in the real-world application of VQAs is the high resource cost of

gradient estimation using conventional direct measurement techniques. These techniques

require repeated projective measurements and several executions of parameter-shifted

quantum circuits, which lead to significant measurement overhead and deeper circuits.

Quantum Non-Demolition Measurement (QNDM) is examined in this thesis as a poten-

tial framework for gradient evaluation in order to get around this limitation. Based on

recent theoretical advances, QNDM introduces an ancillary detector qubit that coherently

stores gradient information within its phase. Derivatives can then be estimated indirectly

through detector measurements. This allows gradient information to be extracted without

destroying the quantum state and with a greatly reduced number of measurements.

The efficiency of QNDM is evaluated by extending the study to systems with bigger

Hamiltonians and greater molecular complexity, as well as by comparing it in detail with

direct measurement techniques utilizing benchmark molecular systems like LiH, Li2, and

H2. Although both methods successfully converge to the ground-state energy, as shown

by numerical results, QNDM consistently uses fewer quantum resources in terms of logi-

cal gate operations, measurement shots, and circuit executions. Additionally, as system

size grows, QNDM’s resource advantage becomes more noticeable, suggesting that it has

favorable scalability for bigger molecular systems.

This thesis concludes that, while both direct measurement and quantum non-demolition

measurement approaches allow for precise variational optimization, QNDM gives a sig-

nificant decrease in quantum resources. These results establish QNDM as an effective

and scalable method for developing quantum simulations of realistic physical and chem-

ical systems and for executing variational quantum algorithms on near-term quantum

hardware.
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CHAPTER 1

FOUNDATIONS OF QUANTUM

COMPUTATION

This chapter provides an overview of the basic ideas of quantum computing by describing

the differences between quantum and classical computing before suddenly introducing

all of the mathematical tools that comprise these fundamental components of quantum

computing.

1.1 Exploring the Quantum Computing World

From human calculation until the age of supercomputers, computation has undergone an

interesting progression. The physical limitations of conventional computers have been

revealed in recent years, though, and this has prompted studies into new areas, such as

quantum computing. The focus of this introductory section is the reasons for developing

quantum computing devices. Even though classical computers have advanced significantly,

some problems still require prohibitively long computation times, like factorizing big

numbers for cryptographic applications (like the RSA protocol) [1] or globally optimizing

complex energy landscapes. This dilemma results from the sequential structure of classical

computation, which might take an exponentially long time to solve certain complex

problems. A series of extensible algebraic computations is based on the fundamental

process of multiplying two extremely big prime numbers, which is the foundation of the

venerable RSA protocol [1]. It is currently well known that, barring implementation
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1. FOUNDATIONS OF QUANTUM COMPUTATION

errors, there is very little chance that a traditional computer could effectively crack the

RSA protocol. As explained by Shor in 1994, one of the most significant challenges to the

RSA protocol is Shor’s algorithm, which indicates that quantum computers are capable

of factoring prime integers effectively.

Quantum mechanics theory was developed in the early 1900s to describe how

atoms and subatomic particles act. The principles of quantum mechanics are used in

quantum computing to transcend the inherent constraints of conventional computing.

To put it another way, many interesting issues are practically hard to answer on a

traditional computer, not because they are impossible to solve, but rather because

the computation requires a large number of traditional resources. Concepts like

superposition and entanglement [2], which are central to quantum computing and

give it more computational power than classical computation for some problems. These

concepts are also foundational principles of quantum mechanics and challenge our intuitive

understanding of the classical physical world. The presence of non-local quantum

correlations, which seem to defy the no-signaling principle of special relativity (that

information cannot be communicated more quickly than light), is one of the strange

outcomes that arise from these two characteristics and appear to go against our physical

intuitions.

These factors gave rise to the well-known Einstein–Podolsky–Rosen paradox, which

raised serious doubts about the accuracy of quantum mechanics and signaled a turning

point in the discussion of the nature of physical reality. From maximizing industrial

processes to high-energy physics [3], simulating molecular systems for drug discovery

(quantum chemistry), finance [4], and achieving the so-called quantum advantage in

particular research fields, quantum computing might offer solutions for problems that

traditional methods are unable to address. Although we are only beginning to see

practical implementations, quantum computing has special obstacles, including large-scale

implementation and handling of quantum faults (quantum error correction). In quantum

computing, the qubit is the most basic unit of information, while it is the bit in the case

of classical computing. From a physical perspective, the bit, a system with two states, is a

representation of the logical values 0 and 1. However, the situation differs fundamentally

in quantum mechanics. A qubit can exist not just in the two states |0⟩ and |1⟩, but also

in a linear superposition of these states; in other words, the qubits most general state is

|ψ⟩ = α|0⟩ + β|1⟩ (1.1)
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1. FOUNDATIONS OF QUANTUM COMPUTATION

There are several ways to physically realize a qubit, including employing photons, ions

(ion-trapped devices), or superconducting circuits (superconducting devices). However,

we first describe the mathematical foundation of quantum computation before moving on

to the technologies.

1.2 Quantum Mechanics Basics for Quantum

Computing

We suggest offering a more exact description of quantum mechanics with

finite-dimensional state spaces in this section. A collection of postulates that explain

how quantum systems behave forms the basis of quantum mechanics.

1.2.1 First Postulate: State Representation in Hilbert Space

The state of a quantum system can be described by a vector in a Hilbert space equipped

with an inner product. The Hilbert space is a complex two-dimensional vector space,

and the qubit state for a single qubit is a linear combination of the basis states (|0⟩) and

(|1⟩). Each physical system has a corresponding Hilbert space H, where valid states are

normalized vectors satisfying |⟨ψ|ψ⟩|2 = 1.

1.2.2 Second Postulate: Measurement in Quantum Mechanics

In quantum mechanics, measurements are described by Hermitian operators. A Hermitian

operator Â is linked to any measurable physical quantity A, and its eigenvalues an satisfy

Â|an⟩ = an|an⟩, (1.2)

with corresponding eigenvector |an⟩. If the system’s state

|ψ⟩ =
∑
n

cn|an⟩

then the probability P (an) of achieving the measurement result an is

P (an) = |Cn|2 (1.3)

where an forms a complete orthonormal basis of H. For the state |ψ⟩, the expected value

of the observable Â on the state |ψ⟩ is given by ⟨A⟩ = ⟨ψ|A|ψ⟩= Tr(A|ψ⟩⟨ψ|).

According to the computational basis, a single qubit in the state |ψ⟩ = α|0⟩ + β|1⟩

yields the outcomes |0⟩ with probability |α|2 and |1⟩ with probability |β|2.
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1.2.3 Third Postulate: Quantum System Time Evolution in a

Closed System

A unitary time evolution operator U(t, t0) describes how a quantum system changes

over time from an initial time t0 to a time t. A unitary operator U has the property

U †(t, t0)U(t, t0) = U(t, t0)U
†(t, t0) = I, where U † is the conjugate transpose of U , and I is

the identity operator, according to Nielsen and Chung’s book [5]. Since the initial state of

a quantum system at time t0 is |ψ(t0)⟩ = |ψ0⟩, then at time t, we will have |ψ(t)⟩ = |ψt⟩

given by |ψt⟩ = U(t, t0)|ψ0⟩. In quantum computing, unitary operators are quantum gates

that modify the states of qubits.

1.3 The qubit:

The core idea behind classical information and computation is the bit, the smallest unit

of data that can represent either a 0 or a 1. Conversely, a qubit can at the same time be

a superposition of 0 and 1. While classical bit measurements do not change their state,

measuring a qubit collapses its superposition. One bit of information can be encoded by

a single qubit, while superdense coding allows it to store up to two bits. While a set of n

bits can only be in one of the 2n conceivable states, one of two states is always present in

a classical bit. A 2D complex vector or coordinate in quantum space describes the state

of a qubit in a superposition, which has a non-zero probability of being both states at the

same time and takes two complex numbers to describe.

1.3.1 Standard representation:

A qubits general quantum state in quantum mechanics is defined as a linear combination

of two orthonormal basis states, also known as basis vectors. Typically, these vectors are

represented as

|0⟩ =

1

0

 , |1⟩ =

0

1

 (1.4)

these two orthonormal basis states, |0⟩ and |1⟩, are referred to as the computational basis

states. It is possible to mix qubit basis states to create product basis states. In 2n

dimensional Hilbert space, a superposition state vector typically represents n qubits.
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1.3.2 Qubit states

A pure qubit state is characterized by the coherent superposition of basis states. A single

qubit ψ can be expressed as a linear combination of |0⟩ and |1⟩

|ψ⟩ = α|0⟩ + β|1⟩ (1.5)

where α and β complex numbers. According to the Born rule, if we measure this qubit

using the standard basis, the probability of |0⟩ with value 0 is |α|2, and the probability of

|1⟩ with value 1 is |β|2. The second postulate of probability theory must be satisfied by

the following equation because the absolute squares of amplitudes produce probabilities

α and β

|α|2 + |β|2 = 1. (1.6)

In other words, a vector in complex Hilbert space with two dimensions represents a qubits

state.

1.3.3 Bloch sphere representation

At first sight, it may appear that |ψ⟩ =α|0⟩+β|1⟩ has four degrees of freedom because both

α and β are complex numbers with two degrees of freedom. The normalizing constraint

|α|2 + |β|2 = 1 removes one degree of freedom. This indicates that by changing the

coordinates appropriately, one of the degrees of freedom can be eliminated. One possible

representation uses Hopf coordinates.

α = eiδ cos
θ

2
,

β = ei(δ+φ) sin
θ

2
.

(1.7)

In addition, we can just pick α to be real (or β in the case where α is zero) for the

one-qubit system with only two remaining degrees of freedom since there is no physical

meaning to the global phase of the state eiδ.

α = cos
θ

2
, (1.8)

β = eiφ sin
θ

2
. (1.9)

A single qubits possible states can be seen using a Bloch sphere [6]. On the sphere’s

surface, a qubit can be found anywhere, whereas a traditional bit can only exist at the

”North Pole” or ”South Pole,” represented by the symbols |0⟩ and |1⟩. An example of a
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state on the equator is (|0⟩+ |1⟩)/
√

2. The surface of the Bloch sphere is a representation

of each pure qubit state, which is defined by two angles: θ and φ. Only at the poles does

a qubit act like a classical bit in the classical limit. The Bloch sphere can be shown in

the way as described in Ref.[6]:

Figure 1.1: Bloch sphere: The poles represent the states |0⟩ and |1⟩, whereas the remaining

points represent superpositions of the basis states. The Bloch sphere representation

defines orthogonal states as antipodal points on the sphere. Figure from Ref. [6].

Multiple Qubits:

A system with n bits in classical computing can only represent one potential state at a

time. However, n qubits exist in a superposition of classical states in quantum computing.

A multi-qubit system is made up of the tensor product of each qubit state. Two basis

states are superposed to form a single qubit. A system of n qubits spans a 2n Hilbert

space, with each basis state corresponding to a classical bitstring. An n qubit system

possesses a computational basis consisting of two basis states, which we shall label

|i1, i2 . . . , in⟩ = |i1⟩ ⊗ |i2⟩ ⊗ · · · ⊗ |in⟩, where ik ∈ {0, 1}. (1.10)

A general n qubit quantum state is represented as

|ψ⟩ =
∑

i1,i2,...,in

ci1,i2...,in|i1, i2 . . . , in⟩. (1.11)
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where the complex probability amplitudes ci1,i2...,in satisfy the normalization condition:∑
i1,i2,...,in

|ci1,i2...,in|2 = 1. (1.12)

For instance, the computational basis states of a two-qubit system are represented in a

four-dimensional Hilbert space as follows:

|00⟩, |01⟩, |10⟩, |11⟩ (1.13)

A linear combination of basic states can be used to represent a general 2-qubit system:

|ψ⟩ = c00|00⟩ + c01|01⟩ + c10|10⟩ + c11|11⟩. (1.14)

under the normalizing requirement, the total squared magnitudes of the coefficients must

equal one.

|c00|2 + |c01|2 + |c10|2 + |c11|2 = 1. (1.15)

A four-dimensional column vector can be used to represent each basis state in the

computational basis:

|00⟩ =


1

0

0

0

 , |01⟩ =


0

1

0

0

 ,

|10⟩ =


0

0

1

0

 , |11⟩ =


0

0

0

1

 .
(1.16)

As the number of qubits rises, the state space correspondingly grows, allowing for quantum

parallelism and making multi-qubit systems essential in quantum processing.

1.4 Quantum Entanglement

Entanglement is a basic idea that distinguishes quantum mechanics from classical physics.

Entanglement, along with the concept of superposition, enables quantum systems to

exhibit behaviors that classical models cannot replicate. These properties serve as the

foundation for quantum computation and information processing, enabling increased
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parallelism and new algorithms that outperform their classical counterparts in terms of

capacity and efficiency.

To demonstrate this, let us imagine two qubits, qA and qB, that are part of the Hilbert

spaces HA and HB, respectively. The combined system is described by the tensor product

of the Hilbert spaces, HA⊗HB. The individual qubit basis { |0⟩A, |1⟩A } and { |0⟩B, |1⟩B } is

used to derive the combined basis, specifically provided by { |0A⟩⊗|0B⟩, |0A⟩⊗|1B⟩, |1A⟩⊗

|0B⟩, |1A⟩ ⊗ |1B⟩ }, i.e.:

|Xij⟩ = |iA⟩ ⊗ |jB⟩ (1.17)

The most general states of the two qubits in their respective Hilbert spaces are:

|ψA⟩ = αA|0A⟩ + βA|1A⟩ (1.18)

|ψB⟩ = αB|0B⟩ + βB|1B⟩ (1.19)

Then, the tensor product gives the composite system’s basic state as:

|ψ⟩ = |ψA⟩ ⊗ |ψB⟩ (1.20)

= αAαB|0A⟩ ⊗ |0B⟩ + αAβB|0A⟩ ⊗ |1B⟩ + βAαB|1A⟩ ⊗ |0B⟩ + βAβB|1A⟩ ⊗ |1B⟩

(1.21)

= α00|χ00⟩ + α01|χ01⟩ + α10|χ10⟩ + α11|χ11⟩ (1.22)

A composite quantum state can be categorized as follows:

Separable if it can be defined as a tensor product of two different states of specific

subsystems:

|ψ⟩ = |ψA⟩ ⊗ |ψB⟩.

Here, the coefficient satisfy the relationship

α00α11 = α01α10.

Entangled if it is not possible to express it in such a factorized way. This happens when

the coefficients do not satisfy the separability condition, i.e.,

α00α11 ̸= α01α10.

Entangled states are non-classical correlations between the subsystems. Unlike separable

states, they can not be decomposed into individual descriptions of the constituent

qubits. These correlations are the resources behind quantum communication protocols like

teleportation, superdense coding, and quantum cryptography and most of the quantum

algorithms.
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1.5 QUANTUM GATES AND CIRCUITS:

Quantum computing is based on a complicated interaction between quantum gates and

circuits, not much unlike the logic gates and circuits in classical computers. This chapter

explores the intricate realm of quantum gates, their role in manipulating qubits, and

the construction of quantum circuits that orchestrate these gates to perform complicated

computations.

Single-Qubit Gates

A single qubits state is altered by single-qubit gates while maintaining its superposition or

entanglement characteristics. To manipulate quantum states, a set of one-qubit operations

is known as Pauli gates. These Pauli gates are represented as Pauli-X, Pauli-Y, and

Pauli-Z gates, which are important parts of more complex quantum algorithms and

circuits. They enabled manipulation of states and offer a platform for performing more

complex quantum operations. According to the computational basis (1.4), the Pauli

matrices σx, σy, and σz are based on the 2 × 2 unitary matrices Ref.[5].

Pauli-X Gate: This gate flipped the state of the qubit from |0⟩ to |1⟩ and |1⟩ to |0⟩,

just like the classical NOT gate does. Its 2 × 2 matrix in the computational basis (1.4)

can be written like this:

X|0⟩ = |1⟩ =

0

1

 , X|1⟩ = |0⟩ =

1

0

 , X =

0 1

1 0

 .
Pauli-Y Gate: The qubit undergoes both a bit and a phase flip by the Y gate; it is

a hybrid of the X and Z gates. In the computational basis {|0⟩, |1⟩} for one qubit, the

Pauli-Y gate is

Y |0⟩ = i|1⟩ =

0

i

 , Y |1⟩ = −i|0⟩ =

−i
0

 , Y =

0 −i

i 0

 .
Pauli-Z Gate: The Z gate flipped the qubit state’s phase, while the basic states |0⟩

and |1⟩ remain unaltered, but inverting the relative phase of |1⟩. In the computational

basis, the Pauli-Z gate for a single qubit is

Z|0⟩ = |0⟩ =

1

0

 , Z|1⟩ = −|1⟩ =

 0

−1

 , Z =

1 0

0 −1

 .
Another basic class of quantum gates is produced by exponentiating the Pauli matrices,

this leads to parameterized rotations along the x, y, and z axes of the Bloch sphere, also

known as Pauli rotation gates:
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• Pauli-X as a Parameterized Gate: A rotation about the X-axis is represented

by the X gate as θ = π

Rx(π) = e−iπ
2
X

The generic X-Rotation gate can be represented as:

Rx(θ) = e−i θ
2
X =

 cos(θ/2) −i sin(θ/2)

−i sin(θ/2) cos(θ/2)

 (1.23)

• Pauli-Y as a Parameterized Gate: The rotation of the Y-axis by the Y gate is

equivalent to θ = π

Ry(π) = e−iπ
2
Y

The general Y-Rotation gate can be expressed as

Ry(θ) = e−i θ
2
Y =

cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

 (1.24)

• Pauli-Z as a Parameterized Gate: An Z-axis rotation is represented by the Z

gate as θ = π

Rz(π) = e−iπ
2
Z

Z-Rotation gate can be expressed as:

Rz(θ) = e−i θ
2
Z =

e−i θ
2 0

0 ei
θ
2

 (1.25)

Hadamard Gate: The Hadamard gate, which is represented by H, is another important

single-qubit gate. In the computational basis {|0⟩, |1⟩}, it is represented by the matrix

H =
1√
2

1 1

1 −1

 .
On the states of the computational basis, the action of H is

H|0⟩ =
|0⟩ + |1⟩√

2
=

1√
2

1

1

 , H|1⟩ =
|0⟩ − |1⟩√

2
=

1√
2

 1

−1

 .
When measured in the computational basis, the Hadamard gate yields outcomes of 0 or

1 with an equal probability of 1
2
, indicating the creation of an equal superposition state.

The most common single-qubit gates are included in Table.(1.1) along with their

circuit representation when displayed as gates in a quantum circuit and their matrix
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representation in the computational basis. All other single-qubit gates can be expressed

using these methods. In fact, a general (2x2) unitary matrix, the most general single-qubit

operation, can be expressed (up to global phase) as

U(θ, ϕ, λ) =

 cos θ
2

e−iλ sin θ
2

eiϕ sin θ
2

ei(ϕ+λ) cos θ
2

 (1.26)

Additionally, some angles may be broken down into a series of rotations, such as

U(θ, ϕ, λ) = eiαRz(β)Ry(γ)Rz(δ) [5]. It is also possible to perform further decompositions

into elementary rotations.

Name Circuit

Representation

Matrix

Representation

Pauli-X
X

[
0 1
1 0

]

Pauli-Y
Y

[
0 −i
i 0

]

Pauli-Z
Z

[
1 0
0 −1

]

RX(θ)
RX(θ)

[
cos θ

2
−i sin θ

2

−i sin θ
2

cos θ
2

]

RY (θ)
RY (θ)

[
cos θ

2
− sin θ

2

sin θ
2

cos θ
2

]

RZ(θ)
RZ(θ)

[
e−iθ/2 0

0 eiθ/2

]

Phase Gate
P (θ)

[
1 0
0 eiθ

]

T Gate
T

[
1 0
0 eiπ/4

]

Hadamard
H 1√

2

[
1 1
1 −1

]
Table 1.1: Summary of the most important single-qubit operations. The names,

abbreviations, circuit diagrams when used as gates within a quantum circuit, and matrix

representations within the computational basis are given here. It is worth noting a

difference between the phase gates P and Rz, though they are distinguished only by

a global phase. Table from the Ref. [5].
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1.5.1 Multiple Qubit Gate:

To perform a quantum computation or information processing activity, multiple qubits

are typically utilized in tandem. The tensor product of the single-qubit Hilbert spaces

makes the Hilbert space for a multi-qubit system. For example, a Hilbert space contains

a two-qubit system.

H = H1 ⊗H2 = (C2)⊗2.

the computation is based on C4, which is a linear combination of the four states.

|ψ⟩ = α|00⟩+ β|01⟩+ γ|10⟩+ δ|11⟩, α, β, γ, δ ∈ C, |α|2 + |β|2 + |γ|2 + |δ|2 = 1 (1.27)

where the basis states |00⟩, |01⟩, |10⟩, |11⟩ are the outcome of considering the tensor

products of the single qubits’ basis states, specifically

|00⟩ := |0⟩ ⊗ |0⟩ =

1

0

⊗

1

0

 =


1 ·

1

0


0 ·

1

0



 =


1

0

0

0

 ,

|01⟩ =


0

1

0

0

 , |10⟩ =


0

0

1

0

 , |11⟩ =


0

0

0

1

 . (1.28)

Two-qubit operations A unitary matrix in Hilbert space can describe a one-qubit

operation on the state of n-qubits by (C2)n × (C2)n. Therefore, any such matrix is a

well-formed multi-qubit quantum gate. Yet, for a collection of single- and two-qubit gates

to be universal for quantum computation, multi-qubit gates are commonly built from

single-qubit gates rather than with random unitary matrices.

Next, let us consider some standard two-level gates. First of all, the tensor product

operation can be used to compose, allowing two individual single-qubit gates to be

combined to produce a resultant combined two-qubit gate on two distinct qubits. For

example, the operator describes the operation of Pauli-Z gates running in parallel on a
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two-qubit system [5]:

Z ⊗ Z =

1 0

0 −1

⊗

1 0

0 −1



=


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1

 (1.29)

These are quantum operations that affect two or more qubits simultaneously. These gates

are required for quantum entanglement and performing operations with many qubits.

Some popular multi-qubit gates include [5]:

1. Controlled-Z gate: In quantum computing, the Controlled-Z (CZ) gate is a

two-qubit gate. It uses a pair of qubits, one of which acts as the target and the

other as the control. The CZ gate applies a phase flip (relative phase) to the target

qubit if the control qubit is |1⟩. The CZ gate does nothing to the target qubit when

the control qubit is |0⟩.

Consider a two-qubit state with the CZ gate applied to qubits that are in

superposition:

|ψ⟩ = u00|00⟩ + u01|01⟩ + u10|10⟩ + u11|11⟩ (1.30)

When we apply the CZ gate to this state, we get the following result:

CZ|ψ⟩ = u00|00⟩ + u01|01⟩ + u10|10⟩ − u11|11⟩ (1.31)

The controlled Z gate is represented by the following matrix:

CZ =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

 (1.32)

2. CNOT Gate: The two-qubit quantum register is used by the CNOT gate. One

control qubit (often denoted as C) and one target qubit. When the control qubit is

|1⟩, the target qubit is subjected to a NOT operation. The target qubit is unaltered
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otherwise. To construct quantum circuits and produce entanglement, this gate is

necessary.

UCNOT : |00⟩ 7→ |00⟩

|01⟩ 7→ |01⟩

|10⟩ 7→ |11⟩

|11⟩ 7→ |10⟩

The matrix representation of CNOT gate is:

CNOT =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

. (1.33)

3. Swap Gate: Two qubits states are switched using the swap gate. Numerous

quantum algorithms can make use of it, especially those that reorganize qubit states

while they are being processed. A tensor product state is affected by the SWAP

gate.

USWAP|ψ1, ψ2⟩ = |ψ2, ψ1⟩.

The following is U-SWAP’s explicit form:

USWAP = |00⟩⟨00| + |01⟩⟨10| + |10⟩⟨01| + |11⟩⟨11|

The swap gate’s matrix form can be shown as:

Uswap =


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

 (1.34)

4. Toffoli Gate(CCNOT): The CCNOT gate is another name for the Toffoli gate,

named after Tommaso Toffoli. Three qubits make up the Toffoli gate:one target

qubit and two control qubits. It applies a NOT operation to the target qubit if both

control qubits are |1⟩; otherwise, it remains unchanged.

UCCNOT = (|00⟩⟨00| + |01⟩⟨01| + |10⟩⟨10|) ⊗ I + |11⟩⟨11| ⊗X
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The computational foundation for three-qubit systems can be represented as

described in [7, 5]

{|000⟩, |001⟩, |010⟩, |011⟩, |100⟩, |101⟩, |110⟩, |111⟩}.

The controlled-controlled-NOT (CCNOT) gate acts on these basis states:

UCCNOT|000⟩ = |000⟩,

UCCNOT|001⟩ = |001⟩,

UCCNOT|010⟩ = |010⟩,

UCCNOT|011⟩ = |011⟩,

UCCNOT|100⟩ = |100⟩,

UCCNOT|101⟩ = |101⟩,

UCCNOT|110⟩ = |111⟩,

UCCNOT|111⟩ = |110⟩.

This demonstrates that the target qubit is flipped only when both control qubits

are in the state (|1⟩).

The Toffoli gate is depicted in matrix form as seen below:

CCNOT =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0



(1.35)

5. Fredkin Gate(CSWAP): Named for Edward Fredkin, the Fredkin gate is a

three-bit gate that performs controlled swapping. It is sometimes referred to as

the CSWAP or CS gate. The Fredkin gate, which is a three-qubit gate, switches the

states of the second (middle) and third (bottom) qubits when the first (top) qubit

is in the state |1⟩. It is extensively utilized in quantum communication protocols

and reversible computation. In its explicit form, it is

UFredkin = |0⟩⟨0| ⊗ I4 + |1⟩⟨1| ⊗ USWAP
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The CSWAP gate is represented by the following matrix:

CSWAP =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0



(1.36)

6. Controlled-U gate: A controlled-U gate is a two-qubit gate in which the first

qubit serves as the control and the second as the target. The unitary operation U

only affects the target qubit if the control qubit is in the state |1⟩. The basis states

are the following [7, 5]:

|00⟩ 7→ |00⟩

|01⟩ 7→ |01⟩

|10⟩ 7→ |1⟩ ⊗ U |0⟩ = |1⟩ ⊗ (u00|0⟩ + u10|1⟩)

|11⟩ 7→ |1⟩ ⊗ U |1⟩ = |1⟩ ⊗ (u01|0⟩ + u11|1⟩)

The controlled-U gate’s matrix representation is:

CU =


1 0 0 0

0 1 0 0

0 0 u00 u01

0 0 u10 u11


The following examples represent a small selection of quantum gates that have been

developed by researchers in the field for the purpose of manipulating qubits in quantum

computation. Each gate fulfills a distinct function in the execution of quantum operations

and the construction of quantum algorithms, thereby contributing to the transformative

capacity of quantum computing. We summarize a few popular two-qubit gates in the

Table.(1.2), demonstrating their matrix representation in the computational basis as well

as their circuit structure.
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Name (abbr.) Circuit Matrix

Controlled-NOT

(CNOT)


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


Controlled-Z (CZ)

Z


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1


Controlled-phase

(CP)
P (φ)


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 eiφ


Controlled-U (CU)

U


1 0 0 0

0 1 0 0

0 0 U00 U01

0 0 U10 U11


Swap (SWAP)


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1


Table 1.2: Circuit symbols and matrix representations of common two-qubit gates. Table

from the Ref. [5].

1.6 Measurements and Expectation values

Quantum measurement provides a mechanism for extracting classical information from

quantum states. These are usually carried out to read out the outcomes of the

implemented data processing task after the conclusion of a quantum computation, while

they can occasionally take place throughout it, depending on the task. The probability

of obtaining a measurement outcome is determined using Born’s rule.

The probability that a quantum system with quantum state |ψ⟩ =
∑

i ci|i⟩ will collapse

to state k depends on the computational basis.

pk = |⟨k|ψ⟩| = |ck|2 (1.37)

Apart from computational quantities, some physical properties of the quantum system

can be determined from a measurement. Because these properties can only exist
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as real quantities (not complex), the set of physical quantities that an observer can

measure, called observables, is expressed mathematically as Hermitian operators with

real eigenvalues, O = O†. The Pauli matrices X, Y, and Z are some examples of these

kinds of observables. An observable O in a quantum system with a pure state |ψ⟩ has an

expectation value.

⟨O⟩ = ⟨ψ|O|ψ⟩ (1.38)

More broadly, the following are the expected values in the density matrix formalism:

⟨O⟩ = Tr(Oρ). (1.39)

In the case of pure states, this formula reduces to the first one, Tr(O|ψ⟩⟨ψ|) = ⟨ψ|O|ψ⟩.

Observables are Hermitian operators, so O admits a spectral decomposition, which is

O =
∑

iOi|Oi⟩⟨Oi|. Therefore, Eq.(1.39) can also be expressed explicitly as follows:

Tr[Oρ] = Tr

[∑
i

Oi|Oi⟩⟨Oi|ρ

]
=
∑
i

Oi⟨Oi|ρ|Oi⟩ =
∑
i

Oiρii, (1.40)

where the probability of measuring the state ρ in the |Oi⟩ basis has diagonal elements

ρii = ⟨Oi|ρ|Oi⟩.

In practical quantum experiments [8, 5], estimating the expected value of an observable

requires a multi-step process. The quantum state must be prepared and measured

frequently, and the results must then be combined using traditional post-processing. In

the context of quantum computing, one measurement act is often called a “shot”. The

shots are numbered, commonly denoted by M determines the statistical accuracy of the

estimate, which improves with O(1/
√
M). A summary and detailed explanation of the

steps needed to estimate the expected value of an observable O on a quantum state ρ are

provided in Algorithm (9).

Initially, the experimenter needs to be able to efficiently prepare the quantum state

ρ multiple times or have access to many copies of it. After preparation of the quantum

state, a unitary transformation rotates ρ to the eigen-basis of O. In this basis, O becomes

diagonal because quantum measurements always occur in the fixed computational basis.

This is typically a necessary step since all estimation processes must be re-framed using

the computational foundation, which is the only way that common quantum computing

gear can make projective measurements. Given that O is Hermitian, the observable is

diagonalized by a unitary operator U so that O → O′ = U †OU =
∑

iOi|i⟩⟨i|. Next,

one can accurately acquire the desired expectation value by rotating the quantum state
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Algorithm 1 Calculate an observables expectation value

Data: Quantum state ρ, observable O, number of shots M .

Result: Ō ≈ ⟨O⟩ = Tr[ρO] with error O(1/
√
M).

for m = 1 to M do

Prepare ρ;

Change the basis U on ρ so that U †OU =
∑d−1

i=0 Oi |i⟩ ⟨i| is diagonal;

A measure based on computation {|i⟩}d−1
i=0 , find state |k⟩;

The store output rm = Ok;

end for

Compute Conventionally Ō := 1
M

∑M
m=1 rm.

ρ = ρ′ = U †ρU and measuring the diagonal, which is observable O′ in the computational

basis.

d−1∑
i=0

Oi ⟨i|U †ρU |i⟩ = Tr
( d−1∑

i=0

Oi |i⟩ ⟨i| U †ρU
)

= Tr
(
U †OU U †ρU

)
= Tr(Oρ) = ⟨O⟩

(1.41)

The first term on the left defines Tr[O′ρ′] from Eq.(1.40), which only requires measurement

along the computational basis |i⟩. For illustration, let us examine a single-qubit quantum

state ρ and measure the predicted value of the Pauli-X operator on it. Using Z = HXH,

it is easy to confirm that when the qubit is rotated using a Hadamard gate ρ −→ ρ′ = HρH

and the experimentally accessible Pauli-Z operator is measured, the desired expectation

value ⟨X⟩ is generated. In fact,

⟨Z⟩ρ′ = Tr[Zρ′] = Tr[ZHρH] = Tr[HZHρ] = Tr[Xρ] = ⟨X⟩ρ. (1.42)

We emphasize that the basis step shift is not contributing anything meaningful to the

computation and is simply a practical convenience to prevent hardware limitations that

allow measurement only on the computational basis.

Also, prior to measurement, the unitary operator U , diagonalizing the observable O,

must be computed classically. After preparation of the quantum state ρ, the system is

measured in the computational basis once the U has been applied. Measurement outcome

corresponds to an eigenvalue Ok in case the state is in the eigenstate |k⟩ at the time of

measurement. By repeating this preparing and measuring process M times, an output

sequence {r1, . . . , rM} is generated such that the result of the m-th shot is represented

by rm ∈ (O0, O1, . . . , Od−1). These outcomes are independent random variables, whose
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statistical attributes are explained by

E[rm] = E[O] := ⟨O⟩, Var[rm] = Var[O] := ⟨O2⟩ − ⟨O⟩2, ∀m = 1, . . . ,M (1.43)

where the expectation values and variances of the random variables rm are calculated

in accordance with Born’s rule (1.37), resulting in the probability distribution of the

measurement value. O :=
∑M

m=1 rm/M with variance is the sample mean. The actual

expectation value ⟨O⟩ can be objectively estimated as follows:

E[O] =
1

M

M∑
m=1

E[rm] = ⟨O⟩, (1.44)

Var[O] =
1

M2

M∑
m=1

Var[rm] =
1

M
Var[O], (1.45)

We shifted the variance into the sum in the second equation. In addition to the fact that

the rm are independent random variables, we have done this using Eq.(1.43). When the

variance of observables composed of the tensor product of Pauli matrices is bounded and

unaffected by the size of the system, then

Var[O] = ⟨O2⟩ − ⟨O⟩2 = [TrO2ρ] − [TrOρ]2 ∈ O(1), (1.46)

So, the statistical error that comes with the empirical mean O is Std[O] ∈ O(1/
√
M).

Alternatively, Chebyshev’s inequality can be used to estimate the expectation value

with a failure probability of no more than (δ) and an accuracy of (ε).

P (|O − ⟨O⟩| > ε) ≤ V ar[O]

ε2
= δ −→M ∈ O

(
1

δε2

)
, (1.47)

It claims that with desired precision, the number of measurements, M , required to achieve

a target accuracy, (ε), increases quadratically. Hoeffding’s inequality [9] is one example

of how other statistical inequalities can be scaled similarly.

Lastly, we note that it is often useful to measure both simple observables made up of

tensor products of Pauli matrices, often called Pauli strings, in real-world applications

O = σ1 ⊗ σ2 ⊗ .....⊗ σn, (1.48)

where n is the number of qubit systems or the weighted sum of these Pauli strings.

O =
P∑

k=1

γkOk =
P∑

k=1

γkσ
(k)
1 ⊗ σ

(k)
2 ⊗ .....⊗ σ(k)

n , (1.49)

where the coefficients are real to guarantee Hermiticity γk ∈ R and σ
(k)
i ∈ (I, X, Y, Z) are

single-qubit Pauli matrices. The standard method in this situation, which is especially
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common in applications involving quantum chemistry [10], is to estimate each Pauli string

independently ⟨Ok⟩, and then compute the results using the coefficients γk in a classical

manner using ⟨O⟩ =
∑

k γk⟨Ok⟩.

Measuring a single Pauli string is easier than measuring more complicated observables

with a set number of Measurement shots, and the estimate has a lower variance. Numerous

methodologies have been proposed in the literature to minimize the measurement

resources required to estimate expectation values, as delineated in Eq.(1.49). Most of these

methods rely on a smart grouping of Pauli strings that can be measured simultaneously

and commute [11]. Adaptive methods, for instance, are used to reduce the statistical

variations that come with the estimation [10].

1.7 Quantum Circuit Model

As indicated previously, an ordinary quantum computation is describable via single- and

two-qubit operations, so it is simple to describe graphically in terms of a string of a few

circuit symbols, as in Tables (1.1) and (1.2). Gates in quantum computing are typically

constructed into circuits with qubits as inputs.

Quantum circuit wires are represented by horizontal lines, and qubits move from left

to right (similar to classical circuits). Gates are shown as rectangles that contain the same

number of wires as the qubits they operate on. A final measurement translates the result

into a list of classical bits in binary form. For controlled-U gates, it is standard practice

to put a black dot on the control qubit in the line that it crosses. Below is an example of

a quantum circuit:

Figure 1.2: A Simple Quantum Circuit. Figure from the Ref. [12].

After applying the Hadamard gate to the first qubit, a CNOT operation is performed

with the second qubit acting as the target and the first qubit acting as control. Finally,
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the circuit’s evolution is measured. In general, given a state |q1q2⟩, the left qubit q1 is the

second qubit and takes position at the top of the circuit, while the right qubit q2 is the

first qubit placed at the bottom of the circuit. The subscripts in the input qubit states

indicate this convention. In this case, |00⟩ represents the input quantum state.

Another simple quantum circuit that generates and measures the three-qubit GHZ

state, which is a combination of |000⟩ and |111⟩.

Figure 1.3: Maximally entangled GHZ state (|000⟩+ |111⟩/2). Figure from the Ref. [13].

Using gates to build quantum circuits, any quantum algorithm may be defined, and

this principle is central to Universal Quantum Computing. The circuit topology enables

sequential computations on a small collection of qubits, modifying them using quantum

features such as superposition and interference.

1.8 Real-world quantum device implementation of a

quantum circuit

The quantum circuit model is a useful tool for giving a visual representation of the logical

process of quantum computation. Moreover, while quantum circuits are the common

format used to send commands to a genuine quantum computer for execution, they are

far from accurate representations of what happens on the device.

To put a logical quantum circuit on a physical device, it needs to go through a number

of classical preprocessing steps. First, choose a group of the machine’s physical qubits

that can connect with the two-qubit gates of the circuit that needs to be run. Second,

each gate of the original circuit needs to be re-expressed in terms of the available set of

physical operations on the device, referred to as native basis gates.

We list the native gates on some of the leading quantum computing hardware in Table
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(1.3). They are technology-dependent to a large extent on what is realized to construct

the quantum computer.

Manufacturer Technology Native gates Refs.

IBM Superconducting {
√
X,X,RZ ,CNOT} [14]

Google Superconducting {U(θ, φ, λ), Sycamore gate} [15], [16]

IonQ Trapped-ions {RX , RY ,Mølmer–Sørensen} [17], [18]

Table 1.3: Some modern quantum computers have single- and two-qubit gates. The

”Sycamore gate” is a two-qubit gate that looks like a mix of a controlled phase rotation

and a SWAP gate. The U(θ, φ, λ) operation is the normal single-qubit rotation. The

Mølmer–Sørensen gate [19] is a two-qubit gate of the form XX(ϕ) = e−iϕX⊗X/2 and is

often used in ion-trap-based architectures. IonQ devices have single-qubit rotation gates

that are variations of RX and RY rotations; see [20] for a precise definition.

Transpiration or circuit compilation is the process of rewriting the circuit into a format

that works for the machine. This makes a new quantum circuit that is (almost) the same

as the original but is easier for the machine to run. The theoretical and mathematical

underpinnings of quantum computing will be covered in the following section. However,

it’s crucial to first discuss the difficulties in putting quantum algorithms into practice

on actual hardware. Because physical quantum circuits rely on a finite number of

executions (shots), they often produce noisy outputs, making accurate computation and

interpretation more difficult.

1.9 The NISQ Era of Quantum Computation

Although enormous technological progress has enabled the development of the first

generations of quantum computers, we are still a long way from realizing universal

fault-tolerant quantum computers, which are ideal quantum computers that can detect

and correct errors in computation using a procedure known as Quantum Error Correction

(QEC) [5]. Instead, the current era of quantum computing has been dubbed Noisy

Intermediate-Scale Quantum [25], or NISQ for short. This term refers to near-term

quantum devices, which are limited in scale due to their inability to utilize many qubits

and their imperfections, which make them highly susceptible to noise.
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Figure 1.4: Superconducting circuits (IBM Quantum) [21] and trapped ions (IonQ)

[22] are two examples of quantum computers that are already in use and use different

technologies. The panels next to the devices show examples of how qubits are usually

connected in the technologies that go with them. For example, IBM’s Washington device

has n=127 qubits and connects in a grid-like way [23], while the Aria device has n=21

qubits and connects all-to-all [24]. Figure from Ref. [23, 24].

Quantum computing solutions [26], [27] are being developed on several experimental

platforms, including superconducting circuits [15], [21], trapped ions [22], [28], neutral

atoms [29], [30], photonic chips [31], [32], and others. Two examples of currently available

quantum computers using trapped ions and superconducting circuits, possibly the most

promising technologies for building quantum computers in the NISQ era, are shown in

Fig.(1.4). The figure shows the arrangement of the qubits on these chips graphically as well

as the actual Quantum Processing Units (QPUs). Even though the rate of development

of these machines points to a quantum version of the classical Moore’s law, NISQ devices

still have several significant limitations, which we list below:

Limitations of NISQ Devices

As previously stated, the present NISQ devices have certain restrictions, specifically:

• Size Limitations: There are usually only a few qubits in NISQ-era quantum

devices. At the present time, they can have anywhere from a dozen to several

hundred qubits, and generally up to 1000 qubits. The complexity of the problems

they can tackle is limited by their comparatively small size. The fact that the

first-generation (QPUs) Quantum Processing Units that are anticipated to attain

quantum advantage are still years away suggests that the current scale is insufficient

to fully fulfill the potential of quantum computing.
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• Scalability Challenges: In order to gain a clear quantum edge over traditional

simulation, NISQ devices must be scaled efficiently. For instance, about 20 million

physical qubits or various logical qubits are needed to construct Shor’s algorithm,

a crucial example of quantum advantage. A major challenge is creating such

large-scale qubit systems while preserving quantum coherence and functionality,

which is far from the present NISQ devices. To overcome this constraint in the

upcoming decades, new experimental and algorithmic discoveries will probably be

required.

• Connectivity Constraints: In a NISQ device, the hardware configuration

determines how qubits are coupled. It can be challenging to provide complete

connectivity between qubits in some implementations. For example, it might not

always be feasible to create 2-qubit gates between random qubits. While all qubits

in trapped ion quantum computers can communicate with one another, qubits in

other devices, such as superconducting ones with a Qubit grid in two dimensions,

can only communicate with their near neighbors, which are typically two or three

qubits. The kinds of algorithms that these devices can efficiently run are constrained

by their poor connectivity.

Due to noise and decoherence affecting their qubits, NISQ devices have limited coherence

times and imprecise operations. The complexity and depth of quantum circuits that

can be reliably implemented are limited by this inherent noise. Not with standing these

limitations, NISQ devices provide a valuable platform for researching quantum algorithms

and applications that may be better than classical approaches for workloads.

Applications

Researchers are looking into a range of NISQ device applications in several domains:

• Quantum Simulation:

The ability of NISQ devices to simulate quantum many-body systems facilitates the

investigation of complex materials and physical phenomena.

• Quantum Chemistry:

Molecular energies can be calculated using algorithms like the VQE (Variational

Quantum Eigen) solver, which may provide information on chemical reactions and

characteristics.
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• Optimization problems:

The Quantum Approximate Optimization Algorithm (QAOA) can be used to solve

combinatorial optimization problems, which are common in many fields.

• Machine Learning:

To improve data analysis and pattern identification work, quantum machine learning

algorithms are being investigated.

Since each approach has benefits and drawbacks, it is still unclear which will be the

most efficient way to create scalable and fault-tolerant quantum computers. Near-term

technologies offer a new paradigm for computation as well as new tools to explore the

boundaries of quantum mechanics. Furthermore, they are a crucial stage in the large-scale

development of universal quantum computers. In the following chapter, we discuss the

potential applications of NISQ devices and describe variational quantum algorithms, a

kind of quantum algorithm designed especially for modern quantum computing devices.
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CHAPTER 2

AN INTRODUCTION TO VARIATIONAL

QUANTUM ALGORITHMS AND THEIR

APPLICATIONS

2.1 Variational Quantum Algorithm

Variational quantum algorithms (VQAs) are the most promising way to take advantage

of current quantum computing platforms before standard quantum algorithms, like

Shor’s factoring, can be applied at scale. This is predicated on the idea that

the non-error-corrected regime can already yield a significant quantum advantage.

Furthermore, the study of variational quantum algorithms is an interesting topic in and

of itself, independent of any quantum advantage. This is because it offers compelling

use cases that encourage the development of new hardware and software solutions for

quantum computing and because it proposes a new paradigm of hybrid computation,

which combines classical and quantum resources to complete a task.

The concept behind variational quantum algorithms is to get around the size and noise

limitations of NISQ devices by using them sparingly and only for the most essential tasks,

while outsourcing the rest to a classical computer. This idea then identifies a class of

hybrid quantum-classical algorithms that combine quantum and classical computational

resources to solve a task. The second component of variational algorithms, which gives

them their name, also very similar to the the most popular field of machine learning.
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Variational quantum algorithms are optimization based processes that solve problems

by first encoding the solution as the minimum of a cost function that is properly defined

by C(θ), which depends on some tunable parameters θ. Afterwards, using gradient-based

techniques, these parameters are iteratively varied to find the function’s minimum and,

consequently, the solution. The versatility and power of learning-based procedures have

been demonstrated by the amazing results that deep learning has produced in recent years

[33, 34, 35]. To overcome the severe limitations imposed by existing NISQ hardware, freely

adjustable parameters are introduced into a quantum computation through variational

quantum algorithms.

2.2 Foundational Concepts

One of the primary benefits of VQAs is that they offer a comprehensive framework for

resolving a range of problems, starting with parameterized quantum circuits that are run

on a Quantum Processing Unit (QPU) and concluding with parameter optimization using

a Classical Processing Unit (CPU).

The VQA’s working principle is illustrated in Fig.(2.1); the algorithm consists of five

steps:

Figure 2.1: A variational quantum algorithm’s (VQA) schematic diagram. Figure from

Ref. [36].

• Step 1: Expressing the problem in terms of a cost function, C(θ) re-frames the

computational work as an optimization problem, and when C(θ) hits its global

minimum, the desired solution is achieved. This method employs optimization

techniques to methodically navigate the parameter space and find the ideal

configuration that meets the computational objective.
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• Step 2: When theta θ is optimized to reduce the cost function, make sure the

parameterized quantum circuit ansatz is designed to become a quantum model that

can resolve the goal problem.

• Step 3: Following the computation of the cost function C(θ) and taking the

measurements of the output quantum state, the measurement data should be

extracted.

• Step 4: Utilizing the classical parameter optimizers to update the θ.

• Step 5: Check if the cost function has reached the convergence, stop the procedure.

Alternatively it is possible to fix a maximum number of iterations before the

procedure finishes.

When constructing a VQA, one has to think about how to express an ansatz and how to

express the cost function to express the computational task into an optimization problem,

as shown in Fig.(2.1). Furthermore, the algorithm’s accuracy and efficiency may be

impacted by the classical optimizer that is selected. We go over these fundamental ideas

in VQAs in the sections that follow.

2.3 Cost Function

The development of an appropriate cost function is one of the most crucial phases in

Variational Quantum Algorithms (VQAs). The cost function, like its classical counterpart,

converts the learnable parameters of a quantum circuit to real numbers, essentially

establishing the cost landscape over which classical optimization methods seek global

minima. The following is the typical representation of the cost function:

C(θ) =
∑
j

fj Tr
[
Hj U(θ) ρU †(θ)

]
=
∑
j

fj ⟨Hj⟩, (2.1)

here, ρ represents the initial density matrix, U(θ) represents the parametrized quantum

circuit, and Hj represents a set of observables. To define the cost function, the classical

coefficients fj are used to combine the related expectation values [37, 36].

2.4 Parameterized quantum Ansatz:

In variational quantum algorithms, as in ordinary parametric models, the functional form

of the model needs to be specified a prior, which is accomplished by taking into account
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a particular parameterized quantum circuit U(θ). Such a selection is known as an ansatz

circuit, and although there isn’t a single, well-defined method for creating one, there are

certain general guidelines that can be applied to find suitable candidates.

The ansatz explains how to optimize the parameter θ to minimize the cost function,

making it a crucial component of variational quantum circuits. Utilizing the unitary

operator U(θ) to the quantum circuit’s input state usually encodes the parameter θ.

A common way to express this unitary operator is as the product of unitaries applied

one after the other. The purpose of U(θ) is to approximate the solution, much like the

trial function in the variational technique of classical quantum mechanics. It is important

to understand that, although any choice of U(θ) can potentially produce results, the

precision of the solution can be affected by the wide range of results that can be obtained

depending on the ansatz used. Generally, the U(θ) can be written like this:

U(θ) =
L∑

ℓ=1

VℓUℓ(θℓ) = VLUL(θL) . . . V1U1(θ1) (2.2)

where Ul(θl) = exp(−iθlHl), L is the circuit’s layer number, Vl is the entangling gate

that is independent of any θl, and Ul is some hermitian operator. The formula for U(θ)

in Eq.(2.2) is a general structure that can be changed in several forms depending on

the problem. The performance of VQA is significantly impacted by the ansatz selection.

Ansatz influences how close the final state is to the ideal state for resolving the issue, but it

also requires consideration of the quantum hardware used for the VQA. Building certain

ansatz gates from local gates can be costly, and deeper circuits are sensitive to errors.

Thus, there are two types of ansatz: a hardware-efficient ansatz and a problem-inspired

ansatz.

2.4.1 Problem-based ansatz:

• Ansatz of unitary coupled clusters: In quantum chemistry, the main application

of the Unitary Coupled Cluster (UCC) ansatz [38] is to supplement the Hartree-Fock

approximation with quantum correlations. Using the UCC ansatz, Peruzzo et al.

[37] implemented the Variational Quantum Eigensolver (VQE). A parameterized

cluster operator T (θ) makes up the UCC ansatz, which operates on the Hartree-Fock

ground state |ψHF ⟩.

|ψ(θ)⟩ = eT (θ)−T (θ)†|ψHF ⟩ (2.3)
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• Ansatz for Quantum alternating operator: The Quantum Approximate

Optimization Algorithm (QAOA) [39] alternates between mixing Hamiltonians

and cost functions to handle combinatorial optimization. The (QAOA) Quantum

Alternating Operator Ansatz, developed by Hadfield et al. [40], extended this by

extending unitary families beyond specified local Hamiltonians. This ansatz can,

compared to the original one, describe a larger, potentially more beneficial set of

states. As Lloyd et al. [41] formulate it, such an ansatz has a generic set of gates and

is able to do generalized quantum computation for one-dimensional nearest-neighbor

local cost Hamiltonians with ZZ terms.

Morales et al. [42] used families of ansatz based on families of graphs and

hypergraphs to generalize the universality of this set further. The quantum

alternating operator ansatz has the following form:

U(β,γ) =
L∏

ℓ=1

e−iβℓHM e−iγℓHP , (2.4)

where (β,γ) are optimized parameters controlling the transition to the target

ground state, L is the circuit depth, HM is the mixer Hamiltonian, and HP is

the problem Hamiltonian encoding the solution.

• Variational Hamiltonian Ansatz: To determine a Hamiltonian’s ground state,

which is represented as H =
∑

i hi, with hi being Hermitian operators, Wecker et

al. [43] devised the Variational Hamiltonian Ansatz (VHA), which was motivated

by adiabatic state preparation. Each Trotter step in this technique’s Trotterized

adiabatic process functions as a variational ansatz. As a result, the Unitary Operator

is provided by:

UV HA =
∏
i

e(iθhi) (2.5)

Experiments show that VHA is superior to a particular version of the unitary

coupled cluster (UCC) ansatz for modeling systems of tightly coupled quantum

chemistry.

2.4.2 Effective hardware ansatz

Compared to problem-inspired ansatz, the hardware efficient ansatz [44] is based on

coherence time, limited gate fidelity, limited gate set, and qubit connectivity, all

characteristics of quantum hardware [45] to guarantee effective implementation on NISQ
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devices. These kinds of ansatz are characterized by the usage of a certain qubit connection

topology and a restricted number of quantum gates.

The circuit is made up of blocks that have entanglement gates and single qubit gates

applied to several qubits in parallel. Gate sets typically contain two qubit entanglement

gates and up to three single qubit gates. Ansatz consists of several layers, each of which

is called a layer. An L-layer hardware-efficient ansatz looks like this:

U(θ) =
L∏

k=1

Uk(θ)Vk (2.6)

where Uk(θk) = e−iθkHk is obtained from the Hermitian operator’s unitary Hk. where

the variational parameter is θk. A Non-parametrized quantum gate is denoted by Vk.

The ansatz’s capacity to cover the whole Hilbert space and its rate of convergence

are influenced by the choice, connection, and arrangement of its gates. The literature

has examined a number of relevant characteristics of hardware efficient ansatz, such as

trainability [46, 47], performance on benchmark problems [48], entangling capability [49],

and expressibility [50].

2.5 Parameter optimization

The cost function’s value is then determined by quantum measurement operations that

yield the classical results of the output quantum state of ansatz under the parameter θ

after the cost function and ansatz have been determined. Using a parameter optimizer

to update the parameter θ and determine the local optimal value of the specified cost

function is the optimization principle of VQA. Thus, the effectiveness of VQA is dependent

on the efficiency and dependability of the optimization approach used. The optimization

methods are divided into two major groups: Gradient-based and Gradient-free methods

2.5.1 Gradient-based techniques

One of the widely used and natural optimization strategies is the gradient descent method

[51], and it has been extensively researched in classical machine learning. This strategy

iteratively updates parameters by shifting in the direction of the function’s negative

gradient at each step.

We rely on Stochastic Gradient Descent (SGD), which uses a portion of the parameter

space to approximate the true gradient because accurate gradients are frequently
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unavailable. Instead of computing the entire gradient, SGD estimates it using expectation

values derived from a finite number of samples. Generally, gradient descent techniques

work by iteratively changing parameters in the negative of gradient direction. If the

gradient is ∇f(xk) ̸= 0, the search direction is denoted as dk = −∇f(xk), which follows

the anti-gradient direction at step k. This method is frequently employed in optimization,

where the gradient ∇θC(θ) of a cost function C(θ) with respect to its parameter (θ) is

calculated.

The following equation demonstrates how gradient descent is used iteratively to update

the parameter so that it moves in the direction indicated by the gradient:

θ(t+1) = θ(t) − η ∇θC(θ)|θ(t) (2.7)

where 0 < η<<1 is a learning rate hyperparameter that modifies the algorithm’s step size.

This update rule will propose a new parameter value that corresponds to a lower cost if

the learning rate is low enough.

Taylor demonstrates this by enlarging the cost at step t+ 1 around the parameters of

the preceding step t, as

C
(
θ(t+1)

)
= C

(
θ(t) − η∇θC(θ)

∣∣∣
θ(t)

)
≃ C

(
θ(t)
)

+ ∇θC
(
θ(t)
) [

−η∇θC
(
θ(t)
)]

+ O(η2)

= C
(
θ(t)
)
− η

∣∣∇θC
(
θ(t)
)∣∣2

2

≤ C
(
θ(t)
)
,

here ||.||2 represents a vector’s 2-norm (also known as its Euclidean norm), and the

final inequality results from the fact that both the gradient norm and the learning rate

are positive values.

The basic gradient descent rule in Eq. (2.7) can be generalized and modified by using

more information about second-order derivatives to produce complex methods like BFGS

[52], which are often used for local optimization. In addition to second-order algorithms,

adaptive learning rate methods like AdaGrad, RMSProp, and ADAM [53, 54] dynamically

modify step size to better navigate complex environments. These techniques improve

robustness and efficiency in a variety of situations.

Other approaches, such as conjugate and accelerated gradient descent, improve

convergence and deal with non-convexity. These advancements demonstrate the

continuous improvement of gradient-based optimization. For now, we focus on finding the
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gradient of the cost function for each θi. Now, we discuss the most significant approach,

which is the basis of our analysis.

• Parameter-Shift-Rule

The parameter shift rule is applicable to both hardware and simulators, was initially

introduced by Schuld et al. in [55]. For gradient-based methods, the target

function’s first partial derivatives must be obtainable; these can be quantitatively

estimated using the central finite-difference formula.

∂iC =
C(θ + εei) − C(θ − εei)

2ε
, 0 < ε≪ 1 (2.8)

where the unit vector ei = (0, ....1, ....0) has zero entries, with the exception of a one

at the i-th point. when ε → 0 is the limit of vanishing displacement, the equality

sign is recovered. As it turns out, derivatives of parameterized quantum circuits

follow a similar but precise formula, which is now known as the parameter-shift rule

[55, 47, 56, 57, 58]. Using the derivation provided in ref. [56], we demonstrate this

formula, which is a direct result of the rotation-like nature of the parameterized

gates employed in variational circuits.

In variational quantum circuits, common parameterized operations include rotation

like gates of the form:

Vj(θj) = e−iθjHj/2 (2.9)

where Hj represents the Hermitian generator of the gate and θj is a variational

angle. It is possible to recast the exponential in trigonometric form as follows when

Hj is involuntary (H2
j = I) [5],

Vj(θj) = cos

(
θj
2

)
I− i sin

(
θj
2

)
Hj, (2.10)

Note that a variety of operations, such as rotations using a single qubit or, more generally,

any rotation produced by tensor products of Pauli matrices, can be described in this

manner.

Consider the cost function to be differentiated as C(θ) = Tr
[
OU(θ) ρU(θ)†

]
, and the

parameterized gate as Vj(θj), which depends on the variable θj for which the derivative is

to be computed. Examine the circuit U(θ), which is a bi-partition of all the gates acting
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after (UA) and before (UB). In this circuit, the operation of interest Vj(θj) takes place 1

U(θ) = UAVj(θj)UB (2.11)

To make the notation simpler, UB and UA suppress the dependence on other variational

parameters. Next, the cost function can be written as

C(θ) = Tr
[
OUA Vj(θj)UB ρU

†
B V

†
j (θj)U

†
A

]
= Tr

[
OA Vj(θj) ρB Vj(θj)

†) ] (2.12)

where OA = U †
AOUA and ρB = UBρU

†
B, and we separated the cost’s dependence on the

relevant variable θj. When the above expression is substituted with the trigonometric

formula (2.10), one gets

C(θ) = Tr

[
OA

(
cos

(
θj
2

)
I− i sin

(
θj
2

)
Hj

)
ρB

(
cos

(
θj
2

)
I + i sin

(
θj
2

)
H†

j

)]
= Tr

[
cos2

(
θj
2

)
OAρB + i sin

θj
2

cos
θj
2

(
OAρBH

†
j −OAHjρB

)
+ sin2 θj

2
OAHjρBH

†
j

]
=

1 + cos θj
2

Tr[OAρB] +
1 − cos θj

2
Tr[OAHjρBH

†
j ] +

i

2
sin θj Tr

[
OA

(
ρBH

†
j −HjρB

) ]
= C0 + C1 cos(θj) + C2 sin(θj)

(2.13)

where the real integers C0, C1, and C2 are independent of the parameter θj, which is

defined as

C0 =
Tr
[
OA

(
ρB +HjρBH

†
j

)]
2

,

C1 =
Tr
[
OA

(
ρB −HjρBH

†
j

)]
2

,

C2 =
Tr
[
OA

(
ρB −HjρBH

†
j

)]
2

.

(2.14)

The cost function is just a trigonometric polynomial for each variational parameter, as

demonstrated by equation (2.13), which makes it interesting.

The sine and cosine function derivatives are then calculated using the following

identities.
d cosx

dx
=

cos(x+ s) − cos(x− s)

2 sin s
,

d sinx

dx
=

sin(x+ s) − sin(x− s)

2 sin s

∀s ̸= mπ, m ∈ Z (2.15)

1If the same parameter appears many times in the circuit, the entire derivative can be calculated by

separately shifting each parameterized gate and then adding the resulting contributions [55]
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The derivative of the cost function with respect to the (θj) in Eq.(2.13) can also be

expressed as:

∂C(θ)

∂θj
= C1

d cos θj
dθj

+ C2
d sin θj
dθj

=
C0 + C1 cos(θj + s) + C2 sin(θj + s)

2 sin s
− C0 + C1 cos(θj − s) + C2 sin(θj − s)

2 sin s

=
1

2 sin s
[C(θ + sej) − C(θ − sej)]

(2.16)

where the variational parameter is appropriately redefined in the final line to acknowledge

that both numerators are instances of the cost function in the expression (2.13). The

standard formulation of the parameter-shift rule [55, 59, 57] is ultimately reached by

putting s = π/2 in the above expression.

∂C(θ)

∂θj
=

1

2

[
C(θ +

π

2
ej) − C(θ − π

2
ej)
]
, (2.17)

The parameter-shift rule (2.17) is not the finite-difference rule (2.8). Despite their

apparent similarities, they are completely different with the main difference being that

the former is a precise relationship between the derivative of a function and its value at

certain places, whilst the latter is merely an approximation.

Generally, a parameter-shift rule (2.17) can be constructed if the parameterized

operation is of the form (2.9) and the rotation generator has exactly two distinct

eigenvalues, which relates to the requirement that the generator be involutory [60, 55].

If the above conditions do not hold, then one can make use of generalizations of the

parameter-shift rules to address the challenge, e.g., decomposing the parameterized gate

into a product of rotation-like operations [60] or exponentiating the generator of the

unitary evolution in the Pauli basis and approximating the gradient of each element

through a stochastic process [61]. Through the evaluation of two circuit instances per

parameter, the parameter shift rule provides a realistic method for estimating gradients

of variational quantum circuits using quantum hardware, making it a useful tool.

As shown in Eq.(2.7), a single step of the gradient descent method requires the

measurement of 2p circuits, where p represents the number of parameters θ ∈ Rp. Even

if this scales linearly, for near-term devices, the overall cost of circuit execution rises

significantly, particularly when high shot counts and several iterations are required. For

instance, using p parameters to optimize across T steps and M shots results in an O(pTM)

cost.

Classical machine learning algorithms can calculate gradients more efficiently in a

50



2. AN INTRODUCTION TO VARIATIONAL QUANTUM ALGORITHMS
AND THEIR APPLICATIONS

Figure 2.2: Using diagrams, we apply the parameter-shift rule to calculate the derivative

of cost function. By comparing the cost function on the left diagram with the one on the

right, we can determine the gradient of the cost function with precision. Figure from Ref.

[55, 62].

single step using automatic differentiation and backpropagation. This involves storing

intermediate values during calculation and merging them at the end using the chain rule

to calculate derivatives for constructed functions. Backpropagation cannot be applied

to variational quantum algorithms because measuring intermediate states disturbs the

system. Finally, an ancilla-based measurement method like a Hadamard test can be used

to find the gradients of parameterized quantum circuits [55, 62].

2.6 Higher order derivatives

We can examine higher-order derivatives of the cost function for a wide range of quantum

circuits by expanding the parameter shift rule [56]. Specifically, by applying different shifts

to the circuits, we can find the higher-order derivatives of the cost function analytically.

As an illustration, the second mixed derivatives read

∂2C(θ)

∂θj∂θi
=

1

2

[
∂

∂θj
C
(
θ +

π

2
ei

)
− ∂

∂θj
C
(
θ − π

2
ei

)]
=

1

4

[
C
(
θ +

π

2
ei +

π

2
ej

)
− C

(
θ +

π

2
ei −

π

2
ej

)
−C

(
θ − π

2
ei +

π

2
ej

)
+ C

(
θ − π

2
ei −

π

2
ej

)] (2.18)

The above expression can be computed by using the application of parameter shift rule

as described in [56]:

∂2C(θ)

∂θj∂θi
≈ π2

16s2
[C(θ + sei + sej) − C(θ + sei − sej) − C(θ − sei + sej) + C(θ − sei − sej)]

(2.19)
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Now use, s = π
2

or s2 = π2

4
, we get:

∂2C(θ)

∂θj∂θi
≈ 1

4

[
C
(
θ +

π

2
ei +

π

2
ej

)
− C

(
θ +

π

2
ei −

π

2
ej

)
− C

(
θ − π

2
ei +

π

2
ej

)
+ C

(
θ − π

2
ei −

π

2
ej

) ] (2.20)

We may choose any value for s, but for simplicity and efficiency, s = π
2

and s = π
4

are

two important options. When the shift parameter is set to s = π
4
, the second derivative

of the cost function (Hessian Matrix) becomes much simpler in the special case of i = j.

∂2C(θ)

∂θ2i
=

1

2

[
C
(
θ + π

2
ei

)
− 2C (θ) + C

(
θ − π

2
ei

)]
(2.21)

Conversely, the formula for ∂2C(θ)
∂θj∂θi

with i = j for s = π
2

is as follows:

∂2C(θ)

∂θ2i
=

1

2
[C (θ + πei) − C(θ)] (2.22)

Two main optimization techniques are presented in the next section. They are

distinguished by advanced iteration rules that contain details about the second-order

derivative, particularly the cost function’s convexity..

2.6.1 Newton optimizer

Newton’s approach is a second-order optimization procedure [63, 56] that determines the

best course of action for each iteration based on the Hessian matrix (second order of cost

function) being optimized.

Unlike gradient descent and RMSProp, which only employ first-order information (the

gradient), Newton’s technique takes into account second-order information (the Hessian)

on the shape of the function. The Newton’s method update rule is as follows:

θ(t) = θ(t−1) − η
[
HC

(
θ(t−1)

)]−1∇C(θ(t−1)). (2.23)

The Hessian matrix’s inverse is represented by [HC(θ(t−1))]−1, which may be

approximated using the second-order parameter-shift algorithm.

An approximation technique called the Diagonal Newton optimizer [64] is suggested

in order to reduce the computing expense. It lowers the computing complexity by roughly

representing the entire Hessian matrix as a diagonal matrix.

2.6.2 Quantum Natural Gradient Optimizer

Inspired by classical natural gradient methods [65], Quantum Natural Gradient Descent

(QNGD) is a quantum optimization technique that consider the underlying geometry
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of the quantum state space in order to improve convergence. In QNGD, the Euclidean

metric is replaced by the Fubini-Study metric tensor [66], which describes the geometry of

quantum states and functions as a quantum counterpart of the Fisher information matrix.

The classical Newton method is comparable to the QNGD update rule, but it uses the

Fubini-Study metric tensor in place of the Hessian. The rule for updating parameters is

given by

θ(t) = θ(t−1) − η
[
F
(
θ(t−1)

)]−1∇C(θ(t−1)). (2.24)

where η is the adaptive learning rate, η[F (θ(t−1)]−1 is the Fubini-Study metric tensor

evaluated at the current parameters, and λ is a small regularization hyperparameter

to ensure the invertibility of the tensor. By considering the geometric structure of the

quantum state space, QNGD can provide more efficient and stable convergence during

training of quantum machine learning models.

2.7 Gradient Free Methods

A set of algorithms that do not require knowledge of the cost function’s derivatives are

known as gradient-free optimization approaches [67].

In quantum computing, the Modified Powell’s Method [68], Nelder-Mead [69], and

COBYLA [70] (Linear Approximation for Constrained Optimization) are some of the main

gradient-free techniques. The Nelder-Mead simplex method was created by Nelder and

Mead. [69], is a derivative-free optimization strategy that evaluates the objective function

at a simplex vertices and iteratively moves away from the vertex with the lowest value.

This adaptive process constantly reshapes the simplex to better match the underlying

response surface.

In quantum computing, cost functions are typically evaluated by measuring

appropriate observables on the quantum system. However, noise introduces significant

errors into this analysis. The scalability of such algorithms is constrained by the increasing

precision needed to distinguish cost function values as their differences get smaller.

When this precision is not achieved, optimization decisions become effectively random,

resulting in behaviors similar to random walks. Furthermore, because cost function

differences can be exponentially suppressed, obtaining reliable estimates necessitates

an exponential number of measurements, limiting the potential for quantum speedup.

Arrasmith et al. [67] showed analytically that gradient-free optimizers are susceptible to

Barren Plateaus, in which the variance in cost function differences vanishes exponentially.
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Because Nelder-Mead and other optimizers rely on traversing the optimization landscape

from random initial points, this result is especially pertinent to them. Even with

gradient-free approaches, Barren Plateaus can present exponential scalability challenges,

as demonstrated by their numerical simulations.

2.8 Quantum Variational Eigensolver

A hybrid classical-quantum algorithm, the variational quantum eigensolver (VQE), is

configured to reduce the target’s value to attain the variety of solutions for Noisy

Intermediate-Scale Quantum (NISQ) computers [37]. Although its main use is in quantum

chemistry, it has been modified to address issues in machine learning [71], optimization

[39], physics [45, 72, 73] and finance [74, 75].

The Variational Quantum Eigensolver (VQE) was first proposed in 2014 by Peruzzo et

al.[37] and formalized in [76] for estimating Hamiltonian quantum systems’ ground state

energy. More generally, VQE can be used to optimize any objective function that is a

parameterized quantum circuit. The variational principle of quantum mechanics is the

basis for VQE [77, 78]. A parameterized quantum state of the form

|ψ(θ)⟩ = U(θ)|0⟩, θ ∈ Rp (2.25)

According to the principle, the energy of the ground-state of a Hermitian operator H

must satisfy

Eground ≤ ⟨ψ(θ)|H|ψ(θ)⟩ = E(θ) (2.26)

assuming that |ψ(θ)⟩ is normalized 2. The VQE aims to find the optimal parameter

vector θ that minimizes the expectation value E(θ), resulting in an approximation of the

ground-state energy and eigenstate.

One of the important tools in the application of VQE is Pauli decomposition, where

a linear combination of less complex operators is used to express the Hamiltonian, which

are often Pauli strings:

H =
∑
k

γkHk. (2.28)

In the variational quantum eigensolver (VQE), a quantum device calculates the

expectation value of each Hamiltonian term Hk, and the results are then integrated

2The proper relationship is

Eground ≤ ⟨ψ(θ)|H|ψ(θ)⟩
⟨ψ(θ)|ψ(θ)⟩

. (2.27)

We always make sure to normalize the states |ψ(θ)⟩ in our work.
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conventionally to get an estimate of the total energy of the system. To reduce this

energy, a classical optimizer changes the parameters θ in the variational ansatz over and

over again.

The VQE gives both an estimate of the ground-state energy and the related eigenstate

once it reaches an estimated minimum. The ground-state energy is provided by

Eground = min
θ

∑
k

γk⟨0|U †(θ)HkU(θ)|0⟩ ≡ min
θ

∑
k

γkEk. (2.29)

The term Ek is the expected value of a Pauli string measured on the quantum device

for the state defined by θ. The summing over Hamiltonian terms and the optimization

process take place on a classical computer.

2.9 Applications of Variational Quantum Algorithm

Figure 2.3: Applications of variational quantum algorithms (VQAs). Figure from Ref.

[59].

Due to their applicability for NISQ devices, a large number of algorithms based on

Variational Quantum Algorithms (VQAs) have been developed despite the existing
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restrictions in quantum hardware. VQAs are thought to be a first step toward

fault-tolerant quantum computing and show promise for a variety of activities.

Important VQA applications in fields like quantum chemistry, particle physics, and

quantum machine learning. Since in 2014, Georgescu et al.’s [79]review, VQA research

has expanded into a variety of areas, including quantum factoring [80], linear algebra [81]

and even non-linear problems [82], which are not explicitly discussed here. Throughout

this part, we intend to keep a specific focus on VQAs. However, we will also discuss

how VQAs are used as sub-routines in larger algorithms. For instance, VQAs are used

in many-body physics [83] to prepare a quantum system’s ground state. The particular

problem is then resolved using additional quantum computing techniques.

2.9.1 Quantum Chemistry

Quantum chemistry, a fast-developing topic within the interface of computational

chemistry and quantum computation, tackles the constraints of traditional approaches

for simulating complicated molecular systems [84, 45, 85, 86]. One major obstacle is

the electronic structure problem, which aims to determine electron distribution and

interactions in molecules and materials. Classical simulations become unfeasible as system

size increases due to their exponential scaling. Using quantum devices, quantum chemistry

approximates solutions for systems with strong correlations and entanglement that are

beyond the realm of classical tractability, such as biological reactions, transition metal

catalysis, and high-temperature superconductivity.

In quantum chemistry, problems are typically classified as either static or dynamic.

The goal of static problems is to solve the time-independent Schrodinger equation to

determine the energy spectrum, especially the ground state energy. A weighted sum of

simpler Hermitian operators, typically Pauli strings, can be used to express a molecule’s

Hamiltonian H, as described in Eq. (2.28).

A quantum technique called Variational Quantum Eigensolver (VQE) is used to

approximate the ground state energy Ẽground. Utilizing an ansatz |ψ(θ)⟩ and minimizing

the expectation value ⟨ψ(θ)|H|ψ(θ)⟩ for Ẽground ≥ Eground [84].

With prospective applications in drug discovery, materials design, and catalysis,

VQAs have proven to be an excellent tool for calculating molecular energies, optimizing

geometries, and modeling complex interactions in highly correlated systems.

On the other hand, dynamic simulations need to solve the time-dependent Schrodinger
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equation:

i
∂

∂t
ψ(r, t) = Hψ(r, t). (2.30)

In this case, ψ(r, t) is the wave function of the system. Many methods for quantum

dynamical simulations of molecular systems use the Trotter-Suzuki decomposition [87].

The Trotter-Suzuki decomposition enables quantum simulation of time development

through small increments δt. This is useful for modeling transition probabilities,

vibrational modes, and system responses in a variety of scenarios. In practice,

however, both static and dynamical problems are frequently solved using additional

approximations. For instance, the popular Born-Oppenheimer approximation is utilized

in static computations.

Furthermore, accurate dynamical models of molecular systems typically require

knowledge of the entire energy spectrum. If the Hamiltonian H does not depend on

time, the solution to Eq. (2.30) is:

ψ(r, t) = e−iHt ψ(r, t = 0). (2.31)

Using the time-independent Hamiltonian’s eigenvectors ψj(r), we can expand the above

equation as follows:

ψ(r, t) =
∑
j

e−iEjtψj(r) (2.32)

This implies that the complete energy spectrum of the molecule must be known in order

to write the solution of Eq.(2.30). In classical simulations, approximation methods like

molecular dynamics are commonly employed.

In quantum computational chemistry, two main methods are used. One method is to

describe the wave function as a superposition of the 2n states:

|ψ⟩ =
1√
2n

2n−1∑
j=0

aj|xj⟩, (2.33)

|xj⟩ represents the string states, i.e., |x0x1.....xn−1⟩, and xk ∈ {0, 1}.

The second-quantization framework is more frequently used in quantum chemistry,

where Slater determinants over the fermionic Fock space are represented by the

computational basis states |i0, i1, ....in−1⟩. To implement these on qubits, it is necessary

to transfer fermionic creation and annihilation operators to qubit operators while

maintaining their anti-commutation characteristics. This fermion-qubit mapping has been

accomplished by a number of encoding schemes:
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• Jordan-Wigner [88]: The most basic mapping is the Jordan-Wigner mapping,

which maps each spin-orbital’s occupancy directly to a qubit.

• Parity mapping [89]: This distributes occupation across numerous qubits while

encoding parity onto a single qubit.

• Bravyi-Kitaev [90]: This mapping strikes a balance between the Jordan-Wigner

and parity mapping methods which Takes parity information and occupation locality

into account.

In order to simulate fermionic systems and compute the H2 dissociation profile [85],

programs such as Open Fermion [91] rely on these mappings.

In addition, quantum algorithms have been applied to bosonic systems [92], which

is important for modeling superconductors [93], Bose-Einstein condensates [94], and

super-fluids [95]. In the end, quantum chemistry particularly with VQAs has the potential

to transform quantum system modeling and propel scientific advancement in fields where

traditional methods fall short.

2.9.2 Particle Physics

Variational Quantum Algorithms (VQAs) are a promising technique in particle physics,

similar to their use in computational quantum chemistry. While current quantum

technology is currently limited by the Noisy Intermediate-Scale Quantum (NISQ) era

[96], there is increasing hope that quantum devices in the future may be able to solve

difficult particle physics issues more effectively than conventional ones. However, quantum

simulations of high-energy and nuclear physics are still in their early phases, with major

technical obstacles [3, 97].

VQAs could have a significant impact on comprehending processes that are hard or

impossible for traditional computers to reproduce, such as nuclear matter at extreme

densities in neutron stars or the early cosmos [59].

We list some of the main areas being investigated below:

Lattice Gauge Theories (LGTs)

Lattice Gauge Theories (LGTs) are crucial for studying fundamental interactions.

Quantum Chromo-dynamics (QCD) and Quantum Electrodynamics (QED) are examples

of quantum field theories. These models should have quantum resources that scale linearly
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with lattice size, which could give them an advantage over classical simulations. Nagano

et al. [98] made a significant step by simulating the Schwinger model in (1+1) dimensions,

which is based on U(1) theory. They simulated dynamics under electric fields and found

the ground state with the Variational Quantum Eigensolver (VQE). These early-stage

models have already been evaluated using ion-trap quantum devices [99, 73].

The foundation for simulating quantum field theory (QFT) on universal quantum

computers was laid by Jordan et al. [100] in 2012, who showed an exponential quantum

speed-up in simulating scattering processes in scalar field theory (λϕ4). However, error

correction remains a barrier. This direction is expanded upon by the Jordan-Lee-Preskill

paradigm [101]. In (1+1) dimensions, preliminary quantum simulations of gauge theories

demonstrate good agreement with classical results and some Standard Model properties

[102]. However, it is still theoretically difficult to simulate full (3+1) dimensional QCD,

this could bring new insights into physics beyond the Standard Model. Using VQE to

build a non-Abelian gauge theory on IBM-Q Casablanca to calculate hadron masses was

a recent milestone by Atas et al. [103].

Nuclear Physics

VQAs have been employed in low-energy physics to calculate the ground state energies of

α particles like He4 [104] and simple nuclei like H2, Li-H, and BeH2 [105, 45].

In continuum quantum field theory, these problems are difficult because they require

mapping infinite degrees of freedom onto a finite qubit space while maintaining gauge

symmetries. There has been progress across multiple platforms. For superconducting

circuits, see [106, 107], for trapped ions, see [108, 109, 73, 99]. Additional uses include

running coupling constants [110], Green’s functions [111], and mass gap calculations [112].

The idea that near-term quantum devices might exhibit quantum advantage in nuclear

simulations is supported by these developments.

High-Energy Physics

Quantum algorithms and machine learning are being investigated in high energy physics

for tasks including jet clustering [113, 114, 115], parton densities [116], parton showers

[117, 118], Monte Carlo approaches [119, 120, 121], and scattering amplitudes [122, 123].

Quantum Machine Learning (QML) was recently applied to challenges such as

signal-background discrimination [124, 125, 126, 127], anomaly detection [128], and
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Figure 2.4: Possible energy surfaces for the molecules H2, BeH2, and LiH as a function

of interatomic distance. The black dots represent the outcomes of digital quantum

simulations on a 7 qubit system using a variational algorithm, while the dotted lines

represent the precise values. A density plot derived from (classical) stochastic simulations

to forecast the experimental outcomes for the used quantum algorithms is shown by the

shaded area in each plot. Figure from Ref. [45].

particle track reconstruction [102, 129]. A crucial issue in collider research is determining

the charge of b-jets, which Gianelle et al. [130] introduced using a quantum method.

Machine learning techniques like DNNs [131], CNNs [132], RNNs [133], TNs [134], and

GNNs [135] are typically used to rebuild jets, which are made up of several particles.

These techniques perform better than more conventional methods like Secondary Vertex

Reconstruction [136] or Track Reconstruction [137].

2.9.3 Quantum Approximate Optimization Algorithm (QAOA)

Quantum Approximate Optimization algorithm (QAOA) is a hybrid quantum-classical

algorithm that was initially proposed by Farhi, Goldstone, and Gutmann in the year

2014 [39]. It is most appropriate to be utilized with near-term noisy mid-scale quantum

(NISQ) hardware. These optimization problems, such as Max-Cut or Max-SAT, are

usually difficult to solve classically due to their NP-hardness, making them attractive

candidates for quantum speedups.

In a variational regime, the quantum approximate optimization algorithm makes use

of a parameterized quantum circuit composed of two alternating unitaries: a unitary that

is taken from the cost Hamiltonian HC , where it contains the objective function to be

minimized, and a unitary taken from a mixer Hamiltonian HM , where it causes transitions

between bitstring and enables exploration of the state. A lot of combinatorial optimization
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problems, like Max-Cut, graph coloring, or various constraint satisfaction tasks, can be

formulated as the optimization of a cost function C(z) (maximize or minimize), where

z ∈ [0, 1]n is a bitstring representing a possible solution. The method sets the system

up in a uniform quantum superposition of every bit string that could possibly exist, as

determined by the quantum state:

|ψ0⟩ =
1√
2n

∑
z∈{0,1}n

|z⟩ (2.34)

The evolution of this state is then guided by alternating applications of the parameterized

cost and mixer unitaries, expressed as

|ψp(γ,β)⟩ =

p∏
k=1

e−iβkHM e−iγkHC |ψ0⟩ (2.35)

where γ = (γ1, .....,γp) and β = (β1, ....,βp) are real variational parameters to be

optimized [138]. Subsequent to this development, the expectation value of the cost

Hamiltonian is estimated by repeatedly measuring the quantum state, referred to as

⟨C⟩ = ⟨ψp(γ,β)|HC |ψp(γ,β)⟩ (2.36)

A closed quantum-classical feedback loop is then created by iteratively updating γ and

β using a classical optimization method like COBYLA or Nelder-Mead to either maximize

or minimize the ⟨C⟩ depending upon the problem [76, 138].

QAOA has been useful in a variety of applications, including graph Max-Cut problems,

constraint satisfaction problems (CSPs), traffic flow optimization, and financial portfolio

selection [36]. The approach is especially appealing to today’s quantum hardware due

to the fact that it employs shallow quantum circuits, which are more stable against

decoherence and noise and are thus optimal for use on NISQ-era quantum processors

[139].

QAOA’s performance is regulated by the circuit depth parameter p, which regulates

the rate of alternating uses of the operator. At p = 1, the performance is comparable

to simple classical algorithms, as p increases, QAOA becomes capable of approaching

the optimal solution more accurately, although by increasing circuit depth and classical

optimization complexity. Despite its potential, QAOA has several limitations. It is highly

sensitive to hardware noise, particularly as the circuit depth and qubit number rise.

Furthermore, classical parameter optimization suffers from barren plateaus, which are

portions of the parameter landscape with vanishing gradients that impede convergence.
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Classical optimization is a computational bottleneck in large problem cases because the

parameter search gets more challenging.

Researchers are actively looking into ways to improve QAOA, such as applying machine

learning models to predict good initial parameters, employing adaptive circuit depth

methods, and combining QAOA with quantum neural networks to create hybrid quantum

learning models. To better understand the limits of QAOA’s quantum advantage,

benchmarks against classical techniques such as simulated annealing and tensor network

methods are performed.

2.9.4 Quantum Machine Learning

The domain of quantum machine learning (QML) links quantum computing (QC)

and classical machine learning (ML), opening up new possibilities for addressing more

complicated computational challenges. Traditional computing systems are approaching

their physical and computational limits. This challenge is becoming more significant

as global data volumes continue to grow exponentially, increasing by approximately

20% per year [140]. Through the application of quantum mechanical concepts such

as quantum interference, entanglement, and superposition, quantum computing enables

novel paradigms of computation within this environment and is able to accomplish tasks

that would not be feasible on traditional computers.

Origins and Development of QML

QML leverages machine learning and quantum processing principles to potentially achieve

a quantum advantage, even on noisy NISQ devices. In contrast to purely theoretical or

long-term quantum algorithms, NISQ compatible QML techniques enhance and accelerate

classical learning tasks by leveraging the intrinsic quantum properties.

Inspired by the pioneering work by Peter Wittek et al.[141], there has been a significant

increase of interest in re-defining the classical machine learning models in the quantum

paradigm. This development has been accelerated even further by fundamental quantum

algorithms such as the Harrow-Hassidim-Lloyd (HHL) algorithm [142] or Grover’s search

algorithm [143]. Despite the theoretical promise of exponential speedups, real-world

implementation has challenges. Near-term devices currently cannot handle the high-depth

circuits needed by algorithms like HHL. To address these issues, subsequent developments

have favored hybrid quantum-classical models [9].
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Open Challenges and Noise Resilience

Important unanswered concerns in QML include whether quantum models are

significantly better than conventional techniques and in what particular fields these

benefits can be achieved. The following are notable challenges:

• Quantum noise:

When present in NISQ devices, it decreases performance. Although a number of

mitigation techniques are available, nothing is known about how resilient Variational

Quantum Algorithms (VQAs) are to noise problems.

• Data encoding:

It takes a significant amount of resources to map classical data into quantum states

effectively. Polynomially efficient and hardware-adaptable encoding is necessary to

prevent bottlenecks [144].

As investigated with the Quantum Approximate Optimization Algorithm (QAOA), these

issues are especially important in QML applications such as binary classification.

Paradigms of QML

QML mimics traditional ML paradigms:

• Supervised Learning (SL) [71, 145, 146]

In supervised learning, a labeled dataset is used to train the quantum model, and

each input has a known output. Accurately predicting new data requires learning

a mapping from inputs to outputs.

• Unsupervised Learning (UL) [147, 148]

To find hidden structures or patterns, unsupervised learning uses training on

unlabeled data. Quantum algorithms can take advantage of quantum parallelism to

improve dimensionality reduction and clustering tasks.

• Reinforcement Learning (RL) [149, 150]

This approach relies on agents acting in a way that maximizes the sum of their

rewards. Quantum reinforcement learning investigates how entanglement and

quantum states might expedite policy optimization and learning.
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However, QML requires two more components: the dataset (classical or quantum) and

the quantum circuit model. Based on the type of data and the computational paradigm,

these are separated into the following four groups [8]:

• CC: The CC is the pure classical case of ML, i.e. a classical dataset that is processed

with a classical computer.

• CQ: These algorithms deal with data from a quantum origin. The goal is to solve

quantum physics problems using traditional machine learning techniques.

• QC: This area aims to use quantum systems and procedures, for instance, classical

data is handled using variational quantum algorithms.

• QQ: The most ambitious and underexplored paradigm, it employs quantum

algorithms to handle fundamentally quantum data.

As quantum technology advances, QQ offers long-term potential, but the QC and CQ

paradigms currently predominate in QML literature.

Figure 2.5: Quantum machine learning comes in four varieties. These four strategies

combine machine learning and quantum computing. By differentiating between strictly

classical and quantum systems of interest, the first letter denotes the type of data.

For example, classical data includes examples like photographs or image databases,

whereas quantum data comes from a pure quantum system. However, the second letter

describes the information processing method used, distinguishing between the paradigms

of Quantum for Classical (QC), Classical for Classical (CC), Classical for Quantum (CQ),

and Quantum for Quantum (QQ). Figure from Ref. [8].
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Data Encoding Strategies

Quantum feature mapping, or QML, is based on the encoding of traditional data into

quantum states. The main strategies include:

• Basis Encoding [146, 151]: Basis encoding is the most natural and intuitive

method that converts classical data into quantum states by mapping each classical

bit to a qubit directly. An n-bit binary string is converted into an n-qubit state by

the computational foundation. The traditional string 0110, for instance, is encoded

as |0110⟩. This technique provides a straightforward and understandable way to

express quantum data.

• Amplitude Encoding [144, 152]: It represents information in quantum state

amplitudes. Encode x ∈ Cn as follows:

|x⟩ =
2n−1∑
i=0

xi|i⟩ with
∑
i

|xi|2 = 1 (2.37)

where |i⟩ is the n−qubit basis state, and xi are the amplitudes associated with the

state |i⟩. If we want to encode the complete dataset, we must add up all of its

points:

|ψS⟩ =
1√
M

M−1∑
m=0

2n−1∑
i=0

xmi |i⟩|m⟩ =
1√
M

M−1∑
m=0

|xm⟩|m⟩, (2.38)

Formally, the creation of |ψS⟩ is comparable to embedding the n· A vector in an

M -dimensional vector space:

α = x11...x
1
n, ..., x

1
M ...x

n
M . (2.39)

The ability to efficiently construct the state requires both dataset encoding and

single-state encoding:

|ψ⟩ =
2n−1∑
i=0

αi|i⟩, (2.40)

However it provides concise encoding, but its implementation is expensive.

• Angle Encoding [153, 154, 155]:

Each attribute xi is represented as a rotation angle:

|x⟩ =
n⊗

i=1

cos(xi)|0⟩ + sin(xi)|1⟩. (2.41)

This method’s 1:1 mapping between qubits and data features makes it unfeasible

for huge datasets. However, it is still popular since classical data is encoded using

simple single-qubit rotations that can be easily implemented.

65



2. AN INTRODUCTION TO VARIATIONAL QUANTUM ALGORITHMS
AND THEIR APPLICATIONS

Other approaches have been suggested, including Hamiltonian evolution ansatz encoding

[156] and instantaneous quantum polynomial (IQP) style encoding [71]. However, the

most effective encoding method remains unknown. For a thorough analysis of these

techniques, please see [154].

Quantum Circuit Learning (QCL)

A hybrid strategy, called Quantum Circuit Learning, which is a framework for data driven

ML that uses short-depth quantum circuits. This approach works for both supervised and

unsupervised learning. QCL, first presented in [57], is an example of a supervised learning

strategy that makes use of hybrid quantum-classical resources.

1. State preparation: Map input data {xi} into a quantum state |ψin(xi)⟩ to encode

the information. We need to apply a unitary gate U(xi) such that |ψin(xi)⟩ =

U(xi)|0....0⟩ since quantum machines often prepare the quantum state to be |0......0⟩.

2. Parameterized transformation: Apply a parametrized unitary gate to the input state

to obtain the output state, |ψout(xi)⟩ = U(θ)|ψin(xi)⟩.

3. Measurement: Calculate expectation values of observables, which are usually chosen

as a Pauli string P̂j ∈ (I,X, Y, Z)⊗n. For F as output function, the output is

y(xi,θ) = F (P̂j(xi,θ)⟩))

4. Optimization: To minimize the cost function C(f(xi, y(xi,θ)) of the function f and

the output yi, adjust the circuit parameters θ. Variational techniques can create

variational quantum learning models (VQLMs). The cost function in these models,

which in this example represents the output y, is dependent on both the parameter

θ and the input space x.

y(x) = ⟨ψ(θ,x)|O|ψ(θ,x)⟩, (2.42)

5. Examine the cost function for a data set that is extracted independently from the

training set to measure performance.

Variational Quantum ML Models

• Variational Quantum Support Vector Machines (VQSVMs) [157, 153]:

These classification hyperplane problems are solved using variational techniques,
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as inspired by conventional SVMs. They work with NISQ devices, in contrast to

conventional QSVMs.

• Variational Quantum Classifiers (VQCs) [158, 71]:

This is an important architecture for a hybrid supervised learning technique

that optimizes a cost function based on labeled data and replicates the typical

training/testing method.

• Reinforcement Learning [159]:

To increase sample efficiency and optimize policies, quantum enhanced RL

algorithms are being studied with variational architectures.

• Transfer Learning [160]:

This improves generalization by enabling pretrained quantum models to apply their

expertise to similar tasks.

• Generative Models [161, 162, 163, 164]:

These models are used to discover the underlying data distributions. Similar to

classical ML’s GANs or VAEs, quantum generative models seek to sample from

learnt distributions.

2.10 Conclusion

As this chapter on the applications of Variational Quantum Algorithms comes to a

close, it is clear that quantum computing has the potential to revolutionize traditional

computational approaches. As already stated, variational quantum algorithms, which

exploit the particular features of quantum mechanics, have the potential to dramatically

accelerate processing rates and capacities compared to their classical counterpart across

many different areas.

In summary, variational quantum algorithms are widely applicable in various contexts,

emphasizing the importance of investigating areas where they can outperform traditional

techniques. However, it’s important to understand that in order to fully utilize the

potential of quantum computing, substantial scientific advancements and developments

are required. Along with these developments, new quantum algorithms must be created

and improved upon in order to fully utilize this ground-breaking technology.
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Moreover, the convergence of machine learning methods with variational quantum

algorithms offers intriguing prospects for speeding up challenging data analysis and

optimization tasks. However, it’s important to recognize that the science of quantum

computing is still in its infancy and that additional research, testing, and interdisciplinary

cooperation are required to completely comprehend its potential and constraints.

Combining machine learning and variational quantum algorithms has the ability to

transform entire sectors and address complex problems. To fully fulfill its potential,

though, more investigation and study will be needed. Therefore, innovation and the

realization of quantum computing’s transformational potential across a range of areas

depend on sustained efforts in this area.
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CHAPTER 3

DIRECT MEASUREMENT AND

QUANTUM NON-DEMOLITION

MEASUREMENT TECHNIQUES

3.1 Scope and Organization

The variational quantum algorithm framework used in this study was described in Chapter

2, Sec. (2.1), which examined hybrid quantum-classical optimization with parameterized

quantum circuits. Measurements on quantum hardware are used in this framework to

obtain the information about the quantum state. Because of this, the measuring process

used has a significant impact on the performance and reliability of variational algorithms.

The problem becomes more challenging because of the nature of quantum

measurement. Unlike classical measurements, quantum measurements collapse the

wavefunction and disturb coherent evolution [165]. Since variational algorithms repeatedly

estimate expectation values and gradients with high precision, this destructive behavior

creates a major practical challenge. Therefore, effective measurement procedures are

crucial.

Two methods have been proposed to tackle this challenge: Direct Measurement

(DM) and Quantum Non-Demolition Measurement (QNDM) [166]. To calculate analytic

derivatives, we use the parameter-shift rule [167, 168], which provides an accurate and

efficient approach to find the quantum-circuit gradients that are needed for training and
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optimization. For each gradient component, the cost function must be evaluated at two

shifted parameter values. Each evaluation requires measuring the entire observable, which

is often divided into several Pauli strings. The direct-measurement (DM) method is widely

considered the traditional way to estimate derivatives. It is still the standard because it

is very accurate, doesn’t require much extra work to set up, and works well with the noise

levels of modern NISQ hardware.

Alternatively, QNDM provides a different framework inspired by weak measurements

[169] and full-counting statistics [170]. In this approach, the quantum system is coupled

to an ancillary detector qubit. The detector coherently stores the difference between

shifted cost-function values within its phase. Measuring the detector, like a projective

measurement, allows immediate access to the derivative without changing the system

state. This method can reduce circuit repeats and increase resource efficiency, particularly

for observables with multiple Pauli terms or higher-order derivatives [171, 172].

3.2 General Discussion

As previously stated, gradient estimation is a fundamental challenge for variational

quantum algorithms that has a direct impact on their optimization efficiency and stability.

To assess the efficacy of various derivative estimation methodologies, such as Direct

Measurement (DM) and Quantum Non-Demolition Measurement (QNDM), it is beneficial

to reference the conventional variational algorithm framework and the most common

techniques for calculating cost function gradients [47, 56, 84].

First, we examine a system of n qubits in the reference state

|ψ0⟩ = |0⟩1 ⊗ |0⟩2 ⊗ · · · ⊗ |0⟩n ≡ |0 · · · 0⟩.

The generic unitary transformation that acts on this state is represented by U(θ), where

θ = (θ1, θ2, . . . , θm) is the vector of parameters. The quantum circuit sets up the state as

|ψ(θ)⟩ = U(θ)|ψ0⟩.

A series of parameterized gates Uj(θj) and non-parametrized gates Vj can be used to

construct the operator U(θ), with j ∈ [1,m], so that

U(θ) = VmUm(θm) · · ·V2U2(θ2)V1U1(θ1). (3.1)

every parametrized unitary is defined as follows: Uj(θj) = exp (−iθjHj), where Hj [56]
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Figure 3.1: a) For a system with n qubits, the j-th layer consists of an unparameterized

layer Vj and a parameterized layer Uj(θj). b) An illustration of a layer using two-qubit

gates Ci−1NOTi and single-qubit gates that depend on the θij parameters. Figure from

Ref. [172].

is its Hermitian generator. when H2
j = 1, this unitary can be stated as described in

Eq.(2.10).

A more general scenario where the Hj do not meet the above condition is discussed in

Ref.[173]. This framework covers numerous relevant scenarios, including those where Hj

is a tensor product of multi-qubit Pauli operations [56].

However, to facilitate the analysis and numerical simulations, we will now limit our

focus to the specific scenario depicted in Fig.(3.1).

Uj(θj) = R1
j (θ

1
j ) · · ·Rn

j (θnj ). (3.2)

Each parametrized single-qubit gate is represented by the operator Ri
j(θ

i
j). The

independent parameter component of the transformation, denoted by Vj, can be chosen

as a series of entangling gates

Vj = C1NOT 2 · · ·Cn−1NOT n, (3.3)

where every Ci−1NOTi operator is a two-qubit gate that controls the (i− 1)-th qubit and

acts on the i-th qubit [165]. The Uj(θj) and Vj in order are commonly designated as a

”layer” of the variational circuit.

Depending on the parameters, the operator U(θ) can be viewed in a more physical

framework as being produced by a Hamiltonian H(θ). When these parameters are time
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dependent, θ(t) = θ1(t), θ2(t), . . . , θm(t), the evolution can be expressed as follows:

U(θ) = T exp
{
− i

∫ τ

0

H(θ(t))dt
}
, (3.4)

where the time-ordering operator is denoted by T . This operator is actually a series of

gates on a quantum computer.

Variational algorithms are primarily concerned with minimizing the expected value of

a Hermitian observable M̂ . The cost function is given by the equation

f(θ) = ⟨ψ(θ)|M̂ |ψ(θ)⟩ = ⟨0|U †(θ)M̂U(θ)|0⟩. (3.5)

In many applications [84, 62], a weighted sum of Pauli strings can be used to represent

the observable,

M̂ =
J∑

j=1

hjP̂j, (3.6)

where each P̂j is a tensor product of Pauli matrices acting on different qubits, and J is

the number of terms. We briefly review the main tools described in Chap.2, Sec.(2.5).

A hybrid quantum-classical loop [174] is used to minimize the cost function. The

process has two steps that are repeated until they converge. The first step is to use the

quantum computer to calculate the cost function or its gradient at a particular point

in parameter space. In the second stage, the result is sent to a classical computer. This

computer employs common optimization algorithms [53, 175, 176] to figure out which way

the circuit should go in parameter space to lower the cost. In this work, we concentrate on

the algorithm’s quantum component, which is the computation of gradients on a quantum

computer.

To calculate the derivative of f(θ) with respect to θj, you measure the cost function

at two positions that are shifted by s in the j-th direction, θ + sej and θ − sej. Here, s

is the shift parameter and ej is the unit vector in the j-th direction. Then, the derivative

is computed as [167, 168]

gj =
∂f(θ)

∂θj
=
f(θ + sej) − f(θ − sej)

2 sin s
. (3.7)

This yields the parameter-shift rule [167, 168] with s = π/2. The derivation of the above

parameter-shift rule expression is provided in Sec. (2.5.1).

With no approximation, this formula provides the exact derivative of f(θ). The whole

gradient vector is found by doing the same thing for all directions θj and then sending it

to the classical optimization process. It is possible to use the parameter-shift approach
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to find second and higher-order derivatives of the cost function. For instance, the mixed

second derivative for two parameters θj1 and θj2 can be written as four shifted evaluations

(see Eq. (10) in [56]):

gj1,j2 =
∂2f(θ)

∂θj1∂θj2

=
[
f(θ + s(ej1 + ej2)) − f(θ + s(−ej1 + ej2))

− f(θ + s(ej1 − ej2)) + f(θ − s(ej1 + ej2))
](

2 sin2 s
)−1

(3.8)

This method can be used for derivatives of higher order [56]. The general higher order

derivative looks like this:

gj1,j2,...,jd =
∂df(θ)

∂θj1∂θj2 · · · ∂θjd
. (3.9)

The computing cost of assessing higher-order derivatives increases quickly as the number of

circuit evaluations increases by 2d. You can use different classical optimization strategies

to minimize the cost function with the information in these derivatives. The most

frequent method is gradient descent (GD). The parameters are changed one after the

other, starting with an initial set of parameters θ(0), which is sequentially updated to new

values θ(1),θ(2), . . . ,θ(T ). The following rule determines the parameter update:

θ(t) = θ(t−1) − η∇f(θ(t−1)), (3.10)

where η > 0 represents the learning rate. Newton’s approach can be used if the second

derivatives are given. The update rule is:

θ(t) = θ(t−1) − η [Hf (θ(t−1))]−1∇f(θ(t−1)), (3.11)

where Hf is the Hessian matrix of second derivatives. Newton’s approach may be resource

intensive for large parameter spaces due to the need to invert the Hessian. Second-order

optimizers have been simplified to reduce the high cost of Newton’s technique. The

diagonal Newton optimizer, which solely uses the Hessian’s diagonal entries, is one

example.

Another effective approach is the quantum natural gradient optimizer [177, 56, 64].

This method utilizes the geometric information stored in the Fubini–Study metric tensor.

Significantly,the metric tensor can be approximated on a quantum computer using

methods akin to those employed for gradient evaluation.
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3.3 Direct Measurement (DM) Technique

The easiest and most common approach for determining the value of the derivative of the

cost function [178] in variational quantum algorithms (VQAs) is the Direct Measurement

(DM) [55] method. The basis of this method is quite similar to classical finite-difference

methods, which find the derivative of a function by looking at two locations that are

close together and taking the difference ratio. In the quantum realm, the cost function

for differentiation is the expectation value of a Hermitian observable M̂ concerning a

parametrized quantum state, as delineated in Eq. (2.3). Usually, a weighted sum of Pauli

strings is used to express the observable M̂ ,

M̂ =
J∑

j=1

hj P̂j, P̂j =
n⊗

i=1

σij, σij ∈ {I,X, Y, Z}, (3.12)

here J is the total number of Pauli terms that constitute the observable. Generally,

we can’t measure these Pauli strings at the same time since they might not commute.

Instead, we have to guess each term separately. The typical way to measure is:

1. Prepare the state |ψ(θ)⟩.

2. Every qubit should undergo a basis rotation in order to match the computational

basis (Z-basis) where physical measurements take place with the eigenbasis of P̂j.

For example, to rotate from the X-basis to the Z-basis, a Hadamard gate is used.

3. Every qubit in the computational basis should be measured. One shot yields a

bitstring whose parity (or other pertinent feature) yields a single sample of the

eigenvalue of P̂j (usually ±1).

4. The expectation value ⟨P̂j⟩ can be statistically estimated by repeating steps 1-3 a

large number of times (m). The final estimate of f(θ) is then produced classically

as the weighted sum:

f(θ) =
∑
j

hj⟨P̂j⟩.

After estimating the expected value, gradients can be calculated. For gates of the type

Uj(θj) = e−iθjHj/2, with H2
j = I, the parameter-shift rule provides an accurate formula for

derivative evaluation [56], as described in Eq. (3.7). To calculate each shifted cost function

f(θ± sej), as detailed in Eq. (3.7), the corresponding quantum circuit that performs the

unitary transformation U(θ ± sej) is executed, followed by projective measurements of

74



3. DIRECT MEASUREMENT AND QUANTUM NON-DEMOLITION
MEASUREMENT TECHNIQUES

all Pauli strings found in the observable’s Pauli decomposition, as specified in Eq. (3.12).

These measurements are repeated for each Pauli string P̂i that makes up the observable

M̂ until the required level of statistical accuracy is reached. The same steps are taken

for both shifted parameter values, θ + sej and θ − sej. After that, the derivative is

calculated using Eq. (3.7). After this process, a single derivative gj in the DM method

can be written as

gj =
∑
i

hi
2 sin s

(
TrS[P̂iU

†(θ+sej)ρ
0
sU(θ+sej)]−TrS[P̂iU

†(θ−sej)ρ
0
sU(θ−sej)]

)
. (3.13)

where ρ0 = |ψ0⟩ ⟨ψ0|, and TrS is the partial trace of all the qubits in the system. This

statement makes it clear that to find one gradient component, you need to run the circuit

twice and measure all of the Pauli terms each time. A quantum circuit implementation

is depicted in Fig.(3.2).

Figure 3.2: A picture of the quantum circuit that will be used to implement the DM

protocol. The U(θ ± sej) transformations are the ones in Eq. (3.1). The sums show

that the measure’s circuits must be run for different shifts ±s and for each Pauli string

(i = 1, ...., J) in the observable M̂ , as shown in Eq. (3.6). Figure from Ref. [172].

The fundamental advantage of the Direct Measurement (DM) method is that it

is naturally compatible with the operation of quantum computers. As DM relies on

projective measurements of observables, it integrates well with optimization without

requiring additional procedures. Since the most reliable and hardware-friendly function

that quantum computers can carry out is measuring in the computational basis, this is

particularly feasible on current NISQ technology.
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3.4 Quantum Non-Demolition Measurement

Approach

The Quantum Non-Demolition Measurement (QNDM) method [171] is a versatile and

effective way to get derivatives of quantum cost functions by putting information in the

phase of an extra detector qubit. The main concept behind this method is to connect

the variational quantum system to a detector in such a way that the change in the cost

function, which is related to the observable M̂ , is coherently stored in the phase of the

detector. By appropriately configuring the system–detector interaction, one can obtain

information regarding both f(θ + sej) and f(θ − sej) in a singular coherent process.

After the interaction, we merely measure the detector qubit, and its accumulated phase

immediately provides us with the cost function’s derivative information.

The Quantum Non-Demolition Method uses one interferometric measurement on the

detector to get the same result as the Direct Measurement (DM) method, which needs

two independent circuit evaluations and projective measurements for each derivative

component. This sequential coupling and single-shot measurement greatly cut down on

the resources needed, which makes QNDM both theoretically interesting and practically

useful [171, 172]. Consider a quantum system with the observable M̂ and an extra qubit

serving as a detector. The operator describes how the system and the detector interact

[171].

U± = exp{±iλẐa ⊗ M̂}, (3.14)

Here, λ is the system–detector coupling constant, which is changed and fixed at the start

of the protocol and Ẑa is the Pauli-Z operator that acts on the detector qubit. The two

subsystems are coupled one after the other, so that the detector first interacts with the

system that has evolved under U(θ − sej) and then with the system that has developed

under U(θ + sej). This simultaneous interaction lets the detector’s phase gather data on

how the two parameterized cost functions differ. The total unitary operator that describes

how the system and detector change over time can be stated as

Utot = eiλẐa⊗M̂U(θ + sej)U
†(θ − sej)e

−iλẐa⊗M̂U(θ − sej), (3.15)

which works on the combined Hilbert space of the system and the detector. The initial

joint state is established as

|Ψ0⟩ = |ψ0⟩ ⊗
|0⟩D + |1⟩D√

2
, (3.16)
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where |ψ0⟩ denotes the system’s initial state, and the detector qubit is initialized in an

equal superposition of its computational basis states. The final entangled state |Ψf⟩ =

Utot|Ψ0⟩ encodes the change in the cost function between the two parameter configurations

in the relative phase between |0⟩D and |1⟩D after the interaction guided by Utot.

The quasi-characteristic function [171, 172, 179, 180, 181] of the detector can be used

to measure the coherence of the detector states

Gλ ≡ eiϕ(λ) =
D⟨0|ρDf |1⟩D
D⟨0|ρD0 |1⟩D

, (3.17)

where ρDf and ρD0 are the final and initial reduced density matrices of the detector,

respectively, and ϕ(λ) is the phase accumulated by the detector throughout its interaction

with the system. In terms of physics, Gλ shows how coherent the detector states |0⟩D
and |1⟩D are. This is because it shows how the system observable M̂ changes between

the two configurations U(θ ± sej). This function can be established experimentally

by interferometric measurements, where the detector qubit is subjected to a series of a

Hadamard gate (H), a phase gate (S), and another Hadamard [165], followed by projective

measurement. We can directly calculate the matrix elements that make up Gλ using the

Figure 3.3: Implementation of the QNDM protocol using a quantum circuit. Here, H

stands for the Hadamard gate and S for the phase gate, U1 = U(θ − sej), U2 = U †(θ −

s ej)U(θ + s ej), and U± = exp
{
±iλ Ẑa ⊗ M̂

}
is the operator for the system–detector

coupling. Figure from Ref. [172].

total evolution operator from Eq.(3.15). The final joint state’s projection onto the detector

basis state |0⟩D gives us

D⟨0|Ψf⟩ =
1√
2
eiλM̂U(θ + sej)U

†(θ − sej)e
−iλM̂U(θ − sej)|ψ0⟩, (3.18)

77



3. DIRECT MEASUREMENT AND QUANTUM NON-DEMOLITION
MEASUREMENT TECHNIQUES

while projection onto the state |1⟩D gives

⟨Ψf |1⟩D =
1√
2
⟨ψ0|e−iλM̂U †(θ + sej)U(θ − sej)e

iλM̂ . (3.19)

The top part of Eq. (3.17), which is the off-diagonal matrix element of the detector’s

density matrix, can be written as,

D⟨0| ρDf |1⟩D = TrS[D⟨0| ρtot |1⟩D] =
1

2
TrS

[
eiλM̂U(θ + sej)U

†(θ − sej)e
−iλM̂U(θ − sej)ρ

S
0

]
,

(3.20)

where TrS represents the partial trace over the degrees of freedom of the system. Putting

this result into Eq. (3.17) provides

Gλ = TrS

[
eiλM̂U(θ + sej)U

†(θ − sej)e
−iλM̂U(θ − sej)ρ

S
0

]
, (3.21)

which defines the quasi-characteristic function in terms of the system observable M̂ and

the parameterized unitary operations.

Gλ is a quantum version of the classical characteristic function that is used to talk

about probability distributions. In quantum physics, the corresponding distribution is a

quasi-probability distribution that can assume negative or complex values [180, 179, 171].

However, its initial derivative with respect to λ remains physically meaningful and

well-defined, as it corresponds to the initial moment of the observable variation. After

evaluating Eq. (3.21) at λ = 0 and differentiating it with respect to λ, we get

−i ∂λGλ

∣∣
λ=0

= 2 TrS

[
U †(θ + sej)M̂U(θ + sej)ρ

S
0 − U †(θ − sej)M̂U(θ − sej)ρ

S
0

]
= 2

∑
i

hi TrS

[
U †(θ + sej) P̂i U(θ + sej) ρ

S
0 − U †(θ − sej) P̂i U(θ − sej) ρ

S
0

]
.

(3.22)

This closely relates to the derivative expression that was found using the Direct

Measurement approach (see Eq. (3.13)). This shows that both approaches give the same

information about the gradient, but QNDM does it with just one measurement of the

detector qubit.

In the small-coupling regime (λ ≪ 1), the linear approximation is valid, and the

quasi-characteristic function’s derivative is demonstrated as

−i ∂λGλ

∣∣
λ=0

= ∂λϕ(λ)
∣∣
λ=0

≈ ϕ(λ) − ϕ(0)

λ
=
ϕ(λ)

λ
(3.23)

where in the last steps we have used the fact that, for symmetry reason, ϕ(θ) = 0 (see,

Ref. [171]) and ϕ(λ) is the phase of the detector, as specified in Eq. (3.17).
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we can find the accumulated phase by measuring the detector populations P0 and P1

through an interferometric setup, where

ϕ(λ) = − arcsin(2P0 − 1), (3.24)

Furthermore, using Eq.(3.23) the derivative of the cost function f(θ) reads as

gj ≈ −arcsin(2P0 − 1)

2λ sin s
. (3.25)

where the term 2 sin s is added to the denominator in order to directly compute the

derivatives using the parameter-shift rule.

This study demonstrates that the QNDM technique retrieves identical derivative

information as the DM approach, utilizing a single detector measurement instead of

two whole circuit evaluations. So, QNDM gives us a clear, resource-efficient, and

experimentally possible way to test gradients in variational quantum algorithms on today’s

noisy intermediate-scale quantum (NISQ) devices.

3.5 Practical Implementation

Fig.(3.3) illustrates a practical implementation of the proposed QNDM protocol. The

circuit necessitates n logical qubits and one supplementary detector (or ancilla) qubit.

The detector qubit is started in the superposition state

|D⟩ =
|0⟩D + |1⟩D√

2

To distinctly differentiate the detector from the logical qubits, we will maintain the

notation Ẑa for the detector operator.

To compute the gradient at a certain parameter value θ, we select a small value of

λ≪ 1 (see Appendix A). The comprehensive procedure to calculate the gradient of f at

the position θ is outlined as follows:

1. Choose λ≪ 1 and fix θ.

2. Implement a Hadamard gate H on the detector qubit.

3. Execute the circuit U(θ − sej).

4. Couple the system and the detector by the unitary transformation e−iλp̂⊗M̂ .
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5. Execute the circuit from θ − sej to θ + sej .

6. Implement the coupling transformation eiλẐa⊗M̂ .

7. Reapply a Hadamard gate H to the detector qubit.

8. Measure the detector qubit.

Steps (2)–(8) are repeated m times to get the detector population. The detector

phase can be obtained by interferometric or tomographic measuring methods. Upon

acquiring the phase, it provides the gradient of f as calculated using the QNDM technique.

The computed gradient can thereafter be employed to update the parameter vector θ in

accordance with the selected optimization algorithm.

This straightforward implementation demonstrates how the QNDM technique

maintains the detector qubit’s separation from the logical system while enabling gradient

estimation with a single quantum circuit. It illustrates the practical viability of using the

QNDM protocol in variational quantum algorithms for effective parameter optimization.

3.6 Cost and Error Analysis of DM and QNDM

Approaches

We have developed the theoretical basis for gradient estimation using both Direct

Measurement (DM) and Quantum Non-Demolition Measurement (QNDM) methods. We

now offer a detailed cost and error analysis of the two methodologies. In this section,

we conduct a comprehensive cost and error analysis of the Quantum Non-Demolition

Measurement (QNDM) and Direct Measurement (DM) methods. The analysis evaluates

both methods performance in real world scenarios by combining theoretical resource

counting with a statistical characterization of estimation errors, and physical reasoning

to figure out the pros and cons of both methods in terms of how they work.

A. Cost of implementing circuits and scaling resources

A quantum algorithm’s implementation cost is determined by both the number of times

(shots) needed to get expectation values and the quantum resources needed to build the

circuit. These include the number of logical gates, the circuit depth, the total number

of qubits (including extra ones), and the difficulty of entangling processes. In today’s
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noisy intermediate-scale quantum (NISQ) technology, where decoherence and gate faults

are still a big problem, it is important to optimize these amounts for any gradient-based

optimization approach to work.

We begin by examining a general observable M̂ that delineates the cost function in a

variational method. For most quantum applications, M̂ can be simplified as a weighted

sum of Pauli operators’ tensor products [84]:

M̂ =
J∑

j=1

hjP̂j =
J∑

j=1

hj

I∏
i=1

σj
i (3.26)

In this case, hj are real numbers, and σj
i is an operator that acts on qubit i in the j-th

term of the Hamiltonian [84]. The numbers I and J are natural numbers. The qubits

are numbered i = 1, . . . , I and the terms are numbered j = 1, . . . , J . So, the operator M̂

is a complex operator. Each operator P̂j =
∏

i σ
j
i is usually referred to as a Pauli string

operator. Hamiltonians like this can be used to explain many different physical systems,

from quantum chemistry electronic structure models to condensed matter Hamiltonians

and variational optimization landscapes [84, 43]. Usually, the length of a Pauli string is

less than or equal to the number of qubits n. In most practical systems, the number

of qubits that can interact with each term is also limited (Imax ≤ 4) [171, 84, 43].

This limit results from the fact that interactions in physical systems are frequently

few-body in nature: Molecular Hamiltonians encompass a maximum of two-body electron

interactions, whereas spin-lattice or condensed-matter models are frequently restricted to

local (nearest-neighbor) couplings. So, in many circumstances that are important to

physics, the scaling of J with n is polynomial, even though the complete operator space

expands exponentially with the size of the system.

In both DM and QNDM techniques, the decomposition in Eq. (3.26) is essential since

it dictates the method of obtaining measurement data. In the DM approach, each Pauli

term P̂j must be measured independently because non-commuting Pauli strings cannot

be diagonalized simultaneously. This results in an overhead that increases linearly with

J , since each observable needs to be estimated by running the circuit multiple times. In

contrast, the QNDM protocol exploits coherent system–detector interactions to encode

information about the complete operator M̂ into a single detector-phase measurement.

This significant change in how measurements are made, which significantly reduces

computational cost.

The unitary operator in Eq.(3.14) describes the QNDM coupling between the system

and the detector. The exponential appearing in this expression can be broken down into
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Figure 3.4: An additional ancilla qubit is used to implement the exponential operator

exp{iλẐa⊗ M̂} on a quantum computer. (a). The operator works by breaking down into

a product of Pauli string operators:
∏

j exp{iλẐa ⊗ P̂j}. The total number of elementary

operators needed is 4nJ , where n is the number of logical qubits and J is the number of

Pauli strings in M̂ . Figure from the Ref.[171].

a product of smaller unitary operators as shown in Fig.(3.4):

exp{iλẐa ⊗ M̂} =
J∏

j=1

exp{iλhjẐa ⊗ P̂j}, (3.27)

where each factor represents a distinct Pauli string P̂j with weight hj. This decomposition

has a significant computational consequence. Even though the Pauli strings may not

commute, the first-order derivative information necessary for gradient estimation is

maintained through this factorization, guaranteeing that QNDM yields the same linear

response as the complete exponential [171].

It is possible to implement each term exp{iλẐa⊗ P̂j} on a quantum processor utilizing

at most 4n basic logical operations [165]. So, to fully connect the system and detector,

exp{iλẐa ⊗ M̂} needs about 4nJ gates. The QNDM circuit has two of these couplings;

therefore the total number of gates for the interactions between the system and the
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detector is roughly 8nJ . Every circuit run requires a total number of(k + 8nJ) gates,

where k is the number of gates needed to create the parameterized ansatz U(θ). If the

circuit needs to be run m times to get the right level of precision, the total cost is given

by the equation

CQNDM = (k + 8nJ)m. (3.28)

This scaling is precise and does not depend on the small-parameter approximations

frequently employed in Trotter-Suzuki expansions [84]. So, the QNDM implementation is

still correct for whatever value of λhj.

The cost analysis for the DM approach works in a different way. For each derivative

component, the cost function must be evaluated twice, once at θ+sej and once at θ−sej,

and the whole observable M̂ must be broken down into its Pauli strings. The total cost

for one gradient component is given by the equation

CDM = 2NDMJ(k + n), (3.29)

where NDM is the number of times the measurement is repeated (shots). This linear

reliance on J indicates that as the Hamiltonian gets more complex, the DM approach

costs more and more. Conversely, the QNDM technique collects information on all Pauli

terms in one measurement of the detector phase. This means that when J gets big, the

effective scaling goes down like a logarithm.

B. Error in Statistics and Mean Squared Error (MSE)

Evaluating the effectiveness and dependability of various approaches requires an

understanding of how statistical mistakes impact the estimation of derivatives and

gradients presented above. To assess the correctness of estimated cost function derivatives,

we use Mean Squared Error (MSE). It shows the average of the squared discrepancies

between the estimated gradient ĝj and the real gradient gj. The MSE shows how near

the estimated values are to the real ones. Additionally, it captures the combined impact

of bias and variance which are given as [182]

MSE(ĝj) = Bias(ĝj)
2 + Var(ĝj). (3.30)

The mean squared error (MSE) of an estimator is the sum of its bias and variance.

where Bias(ĝj) = E[ĝj] − gj represents the systematic deviation (bias) and Var(ĝj) =

E[(ĝj −E(ĝj))
2] measures the random statistical fluctuations arising from finite sampling.
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The bias refers to a systematic mistake in the estimated result. It indicates a constant

difference from the true value that persists, even when the number of measurements or

shots N [56] becomes quite large. In other words, bias shows that the way the estimate

is made isn’t always right.

The variance, on the other hand, shows how much the predicted values change from

their average. It shows how random or noisy the outcomes are. As the number of shots

N [56] increases the variance decreases, which is the opposite of bias. This is because

sampling more samples usually gives a more stable and reliable estimate.

A lower MSE means that the gradient is being estimated more accurately and reliably,

which has a direct effect on how quickly VQAs converge. The QNDM technique encodes

derivative information in the detector’s cumulative phase ϕ(λ), which comes from the

quasi-characteristic function Gλ = eiϕλ [171, 56]. When the coupling strength is minimal,

we can write Gλ as a Taylor series about λ = 0. This gives us a linear approximation

whose correctness depends on how big λ is.

The bias related to this approximation can be defined as

BiasQNDM(ĝj) = −i
(ϕ(λ) − ϕ(0)

λ
− ∂λGλ

)
=
λ ∂2λGλ

2
+ O(λ2) (3.31)

VarQNDM(ĝj) = σ2
QNDM (3.32)

To find the variance σ2
QNDM, you need to include the statistical error σ2

P0
that comes

from measuring the detector population P0. This error denotes the uncertainty in the

measurement method. When we conduct NQNDM independent single qubit measurements

of the detector, the total variance is expressed as σ2 =
σ2
P0D

NQNDM
, where σD represents the

single shot variance derived from a single measurement of the detector.

By applying the conventional error propagation formulas [183] to Eq. (3.25), one may

find the variance σ2
QNDM from the variance of the detector population. This illustrates

how measurement error at the detector level affects the overall statistical uncertainty in

the QNDM calculation, given as

σ2
QNDM =

σ2
P0

4 sin2 s λ2 [1 − (2P0 − 1)2]
=

σ2
D

4NQNDM sin2 s λ2 [1 − (2P0 − 1)2]
. (3.33)

where σ2
D is the variance of single-shot detector outcomes, NQNDM is the total number of

measurements made by the detector, and P0 is the probability of the detector population.

The overall MSE for QNDM is therefore given by

MSEQNDM(ĝj) =
λ2

4

(
∂2Gλ

∂λ2

)2

+
σ2
D

4NQNDMλ2 sin2 s[1 − (2P0 − 1)2]
. (3.34)
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Significantly,in the MSEQNDM formulation, the variance term is directly related to λ−2,

whereas the bias term is directly related to λ2. This means that the Mean Squared Error

(MSE) is quite sensitive to how you choose the parameter λ. To minimize the MSE,

it is essential to identify an appropriate value of λ that balances these two effects. We

determined that an ideal equilibrium is achieved when λ = 0.1. For this particular

value, and within the normal shot range utilized in optimization evaluations (N ∈

[103, 104]) [45, 184], the variance term σ2
QNDM emerges as the predominant contribution,

whereas the squared bias term remains significantly smaller. The Mean Squared Error

can be estimated as follows; MSEQNDM(ĝj) ≈ VarQNDM(ĝj) = σ2
QNDM.

In the DM technique, the parameter-shift algorithm gives an exact value for the

derivative [56], which means there is no bias; the bias for DM is

BiasDM(ĝj) = 0. (3.35)

On the other hand, the variance results from the statistical uncertainty in measuring the

observable at θ+sej and θ−sej, two shifted parameter locations. The resulting variance

is

VarDM(ĝj) =
σ2
DM(θ + sej) + σ2

DM(θ − sej)

4 sin2 s
. (3.36)

The variance, however, arises from the statistical uncertainty linked to the measurements

σ2
DM(θ ± sej). These terms denote the variations in the evaluated functions f(θ ± sej).

In accordance with Ref. [56], we assume that the parameter shift has a negligible effect on

the variance of the observed observable. Consequently, for any value of s, the relationship

σ2
DM(θ + sej) + σ2

DM(θ − sej) ≈ 2σ2
DM is valid. As mentioned in sec.(3.3), to calculate

the derivatives, each Pauli string must be measured separately at the parameter space

locations θ ± sej (see Eq. (3.13) and Refs. [36, 56]). The statistical error for estimating

f(θ) is derived using the usual error propagation formula

σ2
DM =

J∑
i=1

h2iσ
2
s

NDM

, (3.37)

here hi denotes the parameters within the matrix M̂ as delineated in Eq. (3.6), whereas

σs refers to the single-shot variance derived from measurements conducted on the

n qubits [56]. In Eq.(3.37), we assume that σs is uniform across all Pauli string

measurements [56, 46]. This simplification indicates that the measurement uncertainty is

consistent across all observables.

According to these assumptions, we can deduce that the Mean Squared Error (MSE)

in the DM method is exclusively related to statistical noise. Consequently, the Mean
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Squared Error (MSE) of the DM technique is only determined by the variance of the

measurements and may be expressed as:

MSEDM(ĝj) =
J∑

i=1

h2iσ
2
s

2NDM sin2 s
. (3.38)

Unlike QNDM, MSEDM scales linearly with the number of Pauli terms J , indicating

sensitivity to Hamiltonian size and structure. An essential observation must be made in

relation to the results in Eqs. (3.34) and (3.38). The mean square error MSEQNDM is

independent of the quantity or weights of the Pauli strings in M̂ , in contrast to MSEDM,

which is dependent on them. This distinction stems from the different methods used to

extract information about the cost function f and its derivatives. The QNDM protocol

stores all information about M̂ and its Pauli strings in order through the system-detector

coupling.

In the DM protocol, information about each Pauli string is gathered separately by

running different circuits and taking measurements. We can accurately figure out how

many shots we need to get the same level of accuracy in MSEDM and MSEQNDM using

Eqs.(3.34) and (3.38). We get

MSEDM(ĝj)

MSEQNDM(ĝj)
= 1 ⇒ NDM = NQNDM

2σ2
sλ

2 (1 − (2P0 − 1)2)

σ2
D

∑
i

h2i . (3.39)

DM method needs more measurements for bigger Hamiltonians because
∑

i h
2
i goes up

linearly with J . On the other hand, QNDM’s shot needs to stay mostly the same.

Analyzing costs and comparing DM and QNDM methodologies

We define the cost C(gij) (where i = QNDM, DM) to compare the two techniques. For

both methods in Figs. (3.2) and (3.3), this cost shows how the number of quantum gates

scales while calculating a derivative in the cost function. We also present the resource

ratio C
( gDM

j

gQNDM
j

)
. The cost of the resources depends on the following factors:

1. the total number of Pauli strings J ,

2. the total number of qubits n,

3. the total number of logical operators k employed in the circuit to get a single

derivative.

Both single-qubit and two-qubit gates are included in the parameter k. As in the previous

section, NDM and NQNDM stand for the number of shots or repetitions the DM and QNDM
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methods were used to measure anything. The values in Table (3.1) come from Refs.

[171, 56, 36]. It’s crucial to remember that DM and QNDM require different amounts of

shots. As shown in sec. (3.6), the mean squared error (MSE) for DM goes up in a straight

line as the number of Pauli strings J goes up. To attain an equivalent mean squared error

(MSE) in derivative estimation for both methodologies, the requisite number of shots for

the DM approach must satisfy NDM ∝ NQNDMJ , as stated in Eq. (3.39).

Table 3.1: Resource cost function for DM and QNDM methods of computing first-order

derivatives.

Method Shots Cost Function

DM NDM CgDM
j = 2NDMJ(k + n)

QNDM NQNDM C
gQNDM

j = NQNDM(3k + 8Jn)

3.6.1 Regime 1: When k ≫ nJ

This regime happens when the number of logical gates k needed to implement U(θ) is

significantly greater than the number of qubits n times the number of Pauli strings J .

Table (3.1) and Ref.[171] show that the resource ratio is given by

C

(
gDM
j

gQNDM
j

)
=

2J

3

2σ2
sλ

2 (1 − (2P0 − 1)2)

σ2
D

J∑
i=1

h2i = O(J2). (3.40)

This quadratic scaling with J is due to two primary things:

1. the linear computational advantage of QNDM over DM [171],

2. the fact that MSEDM depends on J , wherease MSEQNDM does not.

This is especially important for simulations of quantum chemistry. For example, in

moderately complex molecule simulations [43], the number of logical gates is about

k ≈ 109 − 1010 for implementing U(θ), the number of Pauli strings is J > 103, and

the number of qubits is about n ≈ 102−103. In this case, k ≫ nJ , so the QNDM method

can cut the number of resources needed by about J2. This decrease is anticipated to

increase further with larger and more intricate molecular systems. This regime is also

important for quantum machine learning applications. The quantity of parameterized

rotations in U(θ), or the value of k, is directly related to the expressivity of a quantum

circuit, or its capacity to represent a broad range of states inside the Hilbert space [50].
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3.6.2 Regime 2: When k ≪ nJ

When the operator M̂ consists of multiple Pauli strings, the reverse regime happens. In

this situation, it’s harder to guess the expectation values, but the search space in the

logical circuit is smaller, thus fewer logical gates are needed. The ratio of resources in

this regime is provided by

C

(
gDM
j

gQNDM
j

)
=

k

4n

2σ2
sλ

2 (1 − (2P0 − 1)2)

σ2
D

∑
i

h2i = O(Jk). (3.41)

The k term shows that QNDM is cheaper than DM in this case (see Table 3.2), and the

J term comes from the fact that MSEDM and MSEQNDM depend on different things. This

regime is especially pertinent for numerous variational quantum algorithms (VQAs), as

delineated in Ref. [185].

In summary, the QNDM procedure offers a consistent advantage in terms of accuracy

and resource utilization compared to DM. It avoids having to take repeated destructive

measurements of each visible term by coherently encoding gradient information in the

detector’s phase. This leads to a big drop in both the number of shots and the depth

of the circuit, while still keeping the analytical correctness of the gradient estimation.

As a result, QNDM is a better way to compute derivatives in variational quantum

algorithms since it uses fewer resources and is more statistically stable. This is especially

true for applications in quantum chemistry, quantum-enhanced machine learning, and

high-dimensional optimization.

3.7 Computational Analysis

This part shows how the Direct Measurement (DM) and Quantum Non-Demolition

Measurement (QNDM) methods compare in terms of computation. The goal is to

understand how well the two approaches function in real-world scenarios and to validate

the theoretical predictions that were previously stated using numerical simulations. The

IBM Quantum software framework includes the IBM Aer simulator [186], which is used

to run the simulations . This simulator lets you accurately and quickly simulate quantum

circuits and measurement statistics without the noise that comes from real devices.

This analysis examines the impact of measurement errors, circuit resources, and system

parameters on both methods. We are especially interested in the mean squared error

(MSE), the number of quantum operations needed, and how these things change as the

system gets more complicated.
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A. Error Analysis

The first section of the computer study examines statistical mistakes in both the DM

and QNDM approaches. The goal is to see how the accuracy of the estimated derivatives

changes when the number of measurements and the structure of the observable vary.

Because both methods ultimately attempt to estimate the same physical quantity, the

derivative of the cost function, they should yield the same average value for gj, but their

variance and bias may differ. The QNDM method should be better because it only

needs one measurement for each gradient component, while the DM method needs several

assessments at different parameter values.

The derivative gj of the cost function f(θ) is influenced by multiple factors. We

changed the following settings in the simulations:

1. The arrangement of the parameterized unitary operator U(θ), such as the kind and

order of logical gates; see Eq. (3.15).

2. The total number of logical operations, represented by k, that defines the quantum

circuit’s depth.

3. The exact parameter direction j that the derivative is taken along.

4. The Pauli operators P̂j that are part of the observable M̂ breakdown.

5. The observable’s complexity is based on how many Pauli terms J it has, as pointed

out in Eq. (3.6).

We utilize a statistical average method since these factors all affect the result. Every

random choice of the parameters above makes one realization. Each analysis point

is derived by averaging over L = 100 independent realizations in order to guarantee

statistically significant results. In each case, we consider a system of n = 10 qubits and

perform N = 104 measurement shots per realization.

The average derivative µ(gij) for the DM and QNDM techniques is shown in Fig.

(3.5) with red and blue markers, respectively. The horizontal axis shows how many

Pauli strings J are used in the observable. The error bars show how much the estimated

derivatives vary from one realization to the next. The inset of the picture shows the ratio

MSEDM/MSEQNDM, which tells us directly how accurate the two approaches are compared

to each other.
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Figure 3.5: For DM (red) and QNDM (blue), the average derivative µ(gij) as a function of

the number of Pauli strings J . The inset shows the ratio MSEDM/MSEQNDM. Simulations

are performed with n = 10 qubits, N = 104 shots, and L = 100 realizations. Figure from

Ref. [172].

Both methods produce comparable average values for the derivative within statistical

uncertainty, as demonstrated by the data in Fig.(3.5), confirming that they are objective

estimators of the same physical quantity. But the two methods seem to have different ways

of making mistakes. With the DM technique, the uncertainty increases as the number of

Pauli strings J increases. This happens because each Pauli term P̂j needs to be measured

separately in the DM method, and their expectation values are only integrated at the

traditional post-processing stage. As the number of independent measurements increases,

so does the accumulated statistical noise, resulting in a larger variance and thus a higher

mean squared error.

In comparison, the QNDM technique has a more efficient measurement process. The

phase of the detector qubit encodes all information about the observable, including

contributions from every Pauli term, in a coherent way through the system–detector

interaction. This coherent storage stops independent measurement mistakes from building

up. As a result, the variance of the QNDM estimator is essentially constant even as J
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grows. You can see this benefit in the inset of Fig.(3.5), where the ratio MSEDM/MSEQNDM

goes up about linearly with J . For J = 100, the DM method’s mean squared error is

already almost ten times bigger than that of QNDM. This disparity is even more noticeable

for bigger J , showing that DM needs a lot more shots to achieve the same level of accuracy.

These numerical results support the theoretical prediction that the QNDM estimator has

increased statistical efficiency and better scaling as the observable complexity increases.

B. Cost Analysis

Now we will examine the computing costs of the two strategies. Even though QNDM has

a reduced statistical error, it’s still vital to look at the actual resource needs in terms of

gate operations, circuit depth, and measurement repetitions. To make a fair comparison,

we set the same target precision for both approaches. This means that the MSE of each

gradient component is the same. To accomplish this, the quantity of measurement shots

in the DM simulations is augmented in accordance with the scaling relation established

in Eq. (3.39), guaranteeing that MSEDM = MSEQNDM.

We begin by analyzing the regime k ≫ nJ , characteristic of deep variational circuits

employed in quantum chemistry. In this case, n is the number of qubits, J is the number

of Pauli terms in the observable, and k is the number of logical gates needed to run

U(θ). Fig.(3.6) Panel a), displays the cumulative resource cost C(gij) for both DM and

QNDM as a function of k. Every data point is an average of several random realizations

that change the values of the parameters {J, k,θ, P̂j}. The unitary U(θ) is made up of

a series of layers that alternate between parameterized single-qubit rotations Ri(θi) and

fixed entangling operations Vj, as shown in Eqs. (3.2) and (3.3).
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Figure 3.6: (a) Average resource cost C(gij) for QNDM (orange) and DM (blue) versus

number of logical gates k for fixed nJ = 240. (b) Ratio CDM
gj

/CQNDM
gj

versus number of

Pauli strings J for different values of k. The simulations use n = 10 qubits and L = 50

realizations. For each case, NQNDM = 500 and NDM is adjusted to match the same MSE.

Figure from Ref. [172].

The findings validate that QNDM constantly necessitates fewer quantum resources

than DM to attain equivalent precision. Even for circuits that aren’t too deep (k ≈ 103),

QNDM cuts the number of logical operations by more than two orders of magnitude.

Panel (b) shows how the total resource utilization ratio between DM and QNDM changes

when J changes. The ratio nearly follows the theoretical scaling anticipated by Eq. (3.40),

growing around as O(J2). This quadratic scaling comes from two things:

1. the linear relationship between DM’s MSE and J ,

2. and the fact that each Pauli string needs to be assessed on its own.

The QNDM cost, on the other hand, stays virtually linear in J since the detector encodes

all of the observableterms at the same time.

This benefit is considerably more important for real-world quantum chemistry

simulations, where J can approach several thousand [187, 188]. For these kinds of

systems, DM may need up to 106 times more resources than QNDM to get the same

level of gradient accuracy. This shows that the QNDM method may be used with big,

complicated Hamiltonians.

Next, we look at the opposite case, k ≪ nJ , which happens in shallow circuits,

quantum machine learning models, or systems where the observable is made up of a

lot of Pauli terms but the quantum circuit itself is simple. Fig.(3.7) Panel a), depicts

the outcomes for this scenario, demonstrating the resource cost function C(gij) for i =

QNDM,DM, employing n = 10 qubits and a constant k = 0.5 × 103.
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Figure 3.7: (a) Average resource cost C(gij) for QNDM (orange) and DM (blue) as a

function of nJ for fixed k = 0.5 × 103. (b) Ratio CDM
gj

/CQNDM
gj

versus number of logical

gates k for several values of nJ . Each point is averaged across L = 50 realizations. Figure

from Ref. [172].

The same qualitative behavior is seen in this regime. The cost of the QNDM goes

up in a straight line with the number of Pauli terms, while the cost of the DM goes up

in a square. When nJ ≈ 103, the DM approach needs around 104 times more resources

than the QNDM method. This discrepancy gets increasingly bigger as nJ gets bigger.

These data show that QNDM keeps its speed advantage no matter how deep or shallow

the circuit is. It does this by coherently getting derivative information from the detector

phase without having to do projective measurements again and over.

All simulations were performed on small and medium-scale systems to guarantee clarity

and computational viability. In actual applications involving larger systems, such as

molecular simulations or optimization problems, both the quantity of qubits and the

observable complexity escalate considerably. In these realistic scenarios, the comparative

advantage of QNDM is anticipated to become increasingly evident owing to its superior

scalability with the quantity of Pauli strings. The computational research clearly reveals

that the QNDM method is better than the old DM method in both speed and accuracy.

QNDM needs fewer quantum gates, fewer measurements, and less post-processing to get

the same level of accuracy. This is because the QNDM circuit keeps all of the derivative

information in the phase of an extra detector qubit throughout one coherent interaction.

In contrast, DM requires individual measurements for each shifted parameter and Pauli

term, increasing measurement overhead and amplifying statistical noise.

In short, QNDM makes both scale and robustness a lot better. It gets more accurate

results while using fewer resources, which makes it perfect for quantum processors

that will be available soon. These benefits make QNDM a strong and flexible way to
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estimate gradients in variational quantum algorithms and other hybrid quantum-classical

optimization frameworks.

3.8 Calculation of the Second Derivative and Hessian

The evaluation of higher-order derivatives is critical in advanced variational algorithms,

particularly when building second-order optimizers such as Newton or diagonal-Newton

schemes. Second derivatives can be estimated using both the Direct Measurement (DM)

and Quantum Non-Demolition Measurement (QNDM) approaches, however they require

somewhat different amounts of resources. This part compares the two approaches in

detail, using both theoretical development and cost analysis based on Refs. [171, 56, 172].

A. Expansion of the QNDM technique for second derivatives

The QNDM framework is naturally extensible to measure higher-order derivatives of the

cost function. The fundamental idea is still unchanged, the phase of a detector qubit that

is connected to the main system has the derivative information coherently encoded into it.

For the second derivative, four sequential couplings between the detector and the system

can store the information corresponding to the four points required by the second-order

parameter-shift rule in the detector phase. Finally, a single-phase measurement of the

detector gives the same information that would take four independent measurements in

the DM method.

To do this, the total system–detector evolution operator is created as follows:

Uλ = eiλẐa⊗M̂ U4 e
−iλẐa⊗M̂ U3 e

iλẐa⊗M̂ U2 e
−iλẐa⊗M̂ U1, (3.42)

where M̂ is the observable of the system, and Ẑa is the Pauli-Z operator acting on the

ancillary detector qubit. The operators U1, U2, U3, and U4 shift the state of the system to

four different places in the (θj1 , θj2) parameter subspace [171]:

U1 = U
(
θ + s(ej1 − ej2), 0

)
,

U2 = U
(
θ − s(ej1 + ej2),θ + s(ej1 + ej2)

)
,

U3 = U
(
θ + s(−ej1 + ej2),θ − s(ej1 + ej2)

)
,

U4 = U
(
θ + s(ej1 + ej2),θ + s(−ej1 + ej2)

)
.

(3.43)
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Figure 3.8: Path in the bidimensional parameter space (θ1, θ2) of the unitary operator

U(θ) is used to compute the second derivative. We first implement U(θ − s(ej1 + ej2),

corresponding to the point (θ1 − s, θ2 − s). Then, we apply a shift of 2s along the θ1

coordinate to reach point 2, i.e., (θ1 + s, θ2 + s). Next, we move to point 3, (θ1− s, θ2 + s),

and finally to point 4, (θ1 + s, θ2 − s). Note that this path is not unique: one could

equivalently traverse the points in the opposite direction (1, 4, 3, 2) or start from point 3

and proceed in either orientation. Figure from Ref. [171].

There is no one way to traverse the four corners of the parameter space; changing

the sequence does not change the results. When we take the derivative of the

quasi-characteristic function Gλ with respect to λ at λ = 0, we obtain

−i ∂λGλ

∣∣
λ=0

= f
(
θ + s(ej1 + ej2)

)
− f
(
θ + s(−ej1 + ej2)

)
− f
(
θ + s(ej1 − ej1)

)
+ f
(
θ − s(ej1 + ej2)

)
,

(3.44)

and dividing this result by 2 sin2 s yields the analytical expression for the second derivative

as described in Eq.(3.8). This can be access with

• a quantum circuit consisting of one detector qubit and n qubits.

• couplings between the detector and the system of the form e±iλẐa⊗M̂ that are

implemented in the circuit.

• final detector phase measurement is carried out m times with an error of 1/
√
m.
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To find the second derivative using the DM method, we need to average four separate

measurements, which are M(θ + s(±ej1 ± ej2)). The QNDM technique, on the other

hand, gets the same information with just one phase-estimation step. we can use this

method to find derivatives of any order. As the order of the derivative increases, the

DM approach requires more logical gates and measurements, while the QNDM approach

becomes less difficult. Using the gate-counting method from Sec.(3.6), we think that

calculating the gradient of f using QNDM takes at most (k + 16nJ)m basic logical

operations.

B. Costs Analysis of second derivatives

In the Table.(3.2), we display the costs of the resources required to calculate second

derivatives. We represent the resource cost function C
(
giw,j

)
, where i = QNDM,DM, as

the number of quantum gates required to calculate the second derivative in the w and j

directions. These cost expressions are taken from [171, 56, 36]. The number of qubits n,

Pauli strings J , logical operators k required to implement the unitary U(θ), and shots or

circuit repeats Ni are some of the factors that affect the costs.

According to the Table.(3.2), finding a second derivative using the DM approach is

twice as expensive as obtaining a first derivative. The higher cost of QNDM derives from

a bigger coefficient multiplying k (which goes from 3 to 7) and from the fact that the

coefficient of J is double what is needed for one derivative.

Method Shots Costs

DM NDM C
(
gDM
w,j

)
= NDM 4J(k + n)

QNDM NQNDM C
(
gQNDM
w,j

)
= NQNDM (7k + 16Jn)

Table 3.2: Resource cost function to calculate second derivatives using the DM and QNDM

methods.

For a constant mean squared error (MSE), the ratio of the resource cost functions is

articulated for two regimes as follows:

• When k ≫ nJ , which is frequent in quantum chemistry simulations with deep

circuits, the resource ratio scales as

C

(
gDM
w,j

gQNDM
w,j

)
=

4J

7

NDM

NQNDM

= O(J2) (3.45)
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Consequently, based on the quantity of Pauli strings requiring measurement, the

QNDM approach may provide a substantial computational benefit. This benefit is

especially important in the realm of quantum chemistry simulations.

For example, when simulating molecules of moderate complexity, we may

estimate [43] that the number of operations necessary to execute the unitary

U(θ) is roughly k ≈ 109 − 1010. The quantity of qubits typically ranges from

n ≈ 102 − 103, reflecting the expected scale of quantum computers in the near

future. The Hamiltonian of such systems may comprise over J > 103 Pauli strings.

Under these circumstances, we observe that k ≫ nJ , indicating that the QNDM

methodology yields a decrease of around J logical operations in comparison to the

DM methodology. This renders QNDM particularly effective for extensive quantum

chemistry simulations.

• In the opposite regime k ≪ nJ ,since k is usually bigger than n. The resource ratio

is given by

C

(
gDM
w,j

gQNDM
w,j

)
=

k

4n

NDM

NQNDM

= O(kJ). (3.46)

In this case, the QNDM method performs better than the DM approach since the number

of operations required to implement U(θ) is greater than the number of qubits n. As the

derivative’s order rises, this computational advantage becomes much more significant. In

the DM approach, the quantity of circuit repeats increases with the order of the derivative,

but in the QNDM method, the number of repetitions remains constant. Appendix B has

a list of all the simulations that were used to validate these results.

In the majority of practical optimization techniques, only the first and second

derivatives of the cost function are generally utilized. Nonetheless, certain research

indicate that higher-order derivatives may be beneficial for tackling classically challenging

optimization problems [189, 190, 171].

Moreover, in some applications, such as financial modeling, the derivatives themselves

convey significant information [191]. In these instances, the QNDM method’s capacity

to effectively quantify high-order derivatives of the cost function offers a significant

computational benefit, rendering it a formidable instrument for complex optimization

and simulation tasks.
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3.9 Conclusions

The technique, which is called QNDM (Quantum Non-Demolition Measurement) [166],

uses a quantum detector to store relevant information in its phase without interfering

with the system’s evolution, and is closely related to the concept of weak values and weak

measurements in quantum physics.

The primary benefit of the QNDM approach is its capacity to obtain information

regarding both the gradient (first derivative) and higher order derivatives of the

expectation value of a quantum observable within a single quantum circuit. This property

considerably reduces the number of circuit executions required by popular optimization

algorithms like gradient descent and Newton’s optimization. Consequently, the total

computational expense is reduced, which is especially pertinent for variational quantum

algorithms (VQAs) executed on noisy intermediate-scale quantum (NISQ) devices.

From a resource standpoint, the QNDM methodology necessitates more intricate

logical circuits, as the quantum detector must retain phase information during the

evolution process. However, in comparison to the Direct Measurement (DM) methodology

[84], the QNDM method demonstrates distinct advantages regarding resource efficiency.

In particular, the QNDM approach achieves the same goal with a single circuit and a

single measurement, whereas the DM approach requires two distinct quantum circuits

and measurements for the gradient (and four for the Hessian).

Furthermore, in the DM technique, the statistical uncertainty (mean square error)

rises linearly with the number of Pauli threads J that make up the quantum observable.

In contrast, in QNDM, the uncertainty is independent of the number of Pauli strings J .

Thus, for observables represented as extensive sums of Pauli strings, attaining equivalent

precision with the DM technique necessitates a considerably greater number of circuit

repeats.

A significant reduction in the necessary quantum resources was reported in small-scale

systems and simpler quantum circuits when employing QNDM instead of DM. We

anticipate that this advantage will become increasingly evident in larger and more realistic

systems, such as molecular simulations and condensed-matter models [192].

The results in this chapter show that the QNDM protocol is a promising and

resource-efficient alternative to classic derivative estimation methods on quantum

hardware. It is especially well-suited for near-term NISQ devices because to its reduction

of circuit repeats, precision, and efficiency under constrained quantum resources. These
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results add to the continuous attempts to achieve quantum advantage in realistic

computational problems across physics, chemistry, and optimization, and they open the

door for the first real-world implementations of the QNDM algorithm.

The detailed theoretical and cost analysis presented in this chapter demonstrate that

the Quantum Non-demolition measurements (QNDM) has significant benefits over the

Direct Measurement (DM) technique. QNDM, in particular, shows that it is more

efficient in estimating gradients and higher-order derivatives. It also has less measurement

overhead and is easier to scale as the system size grows. Now, in the next chapter, we will

test these results on genuine quantum systems. We will use both methods in real-world

situations to test their performance, confirm the theoretical predictions, and show how

strong and useful QNDM is in real quantum structures.
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CHAPTER 4

IMPLEMENTATION ON MOLECULER

SYSTEMS

We discussed and examined the effectiveness of the QNDM and DM approaches in the

previous chapter. We analyzed the resources required and the accuracy of gradient and

second derivative measurements. Based on the results, it was determined that QNDM

outperforms DM in terms of efficiency and stability.

In this chapter, we moves from theoretical study to real-world application. We now use

the QNDM and DM methods on real molecular systems to find their ground-state energies.

The hydrogen molecule (H2), dilithium molecule (Li2) and the lithium hydride molecule

(LiH) are chosen as test systems. These molecules are straightforward, well-characterized,

and extensively utilized for evaluating quantum algorithms in electronic structure

computations. Before using the QNDM and DM methods to figure out the energy of

molecules, it’s important to give a short summary of the molecules’ physical structure

and electronic properties. The analysis is supported by reliable benchmark data and

discussions found in the literature [193], which also help make sure that the outcomes of

this work are consistent with each other.
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4.1 Molecular Systems

4.1.1 Hydrogen Molecule (H2)

The hydrogen molecule (H2) is the simplest, consisting of two hydrogen atoms. One

electron is contributed by each atom, creating a single covalent bond. H2 is a popular

benchmark for testing the accuracy of quantum algorithms and simulation approaches

due to its modest size and simple structure.

The reference study used many approaches to figure out the ground-state energy of

H2, such as the Restricted Hartree–Fock (RHF) [194], Multiplicity Hund (MH) [195],

Hund subspace [196], and Full Configuration Interaction (FCI) [197] methods. The

Subspace Restriction Scheme (SRS) includes the MH and Hund subspace approaches.

These methods assist cut down on the number of qubits without losing accuracy. The

bond length of H2 is measured to be 0.735 Å and the energy needed to break it apart is

8.9×10−19 Joule. The ground-state energy calculated by both the MH and Hund subspace

approaches is −4.96×10−18 Joule, which is the same as the value from FCI. The RHF value

is a little higher, at −4.87 × 10−18 Joule. These results show that SRS-based approaches

can give precise quantum results for simple molecules.

Method Bond length (Å) Ediss (J) E0 (J)

RHF 0.735 8.9× 10−19 −4.87× 10−18

MH Subspace 0.735 8.9× 10−19 −4.96× 10−18

Hund Subspace 0.735 8.9× 10−19 −4.96× 10−18

FCI 0.735 8.9× 10−19 −4.96× 10−18

Table 4.1: Ground-state properties of the H2 molecule calculated using RHF (Restricted

Hartree–Fock), MH (Multiplicity-based Hund subspace), Hund (Hund-rule subspace),

and FCI (Full Configuration Interaction) methods. The bond length is the equilibrium

distance between the two hydrogen atoms. The dissociation energy (Ediss) is the energy

required to separate the molecule into two isolated H atoms. The ground-state energy

(E0) is the total electronic energy of the molecule at equilibrium

4.1.2 Lithium Hydride Molecule (LiH)

Lithium and hydrogen atoms combine to form the chemical known as lithium hydride

LiH. It’s a tiny heteronuclear diatomic molecule, which means the two atoms are distinct.
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LiH possesses both ionic and covalent bonds because lithium tends to provide an electron

to hydrogen. This makes it a bit more complicated than H2.

The bond length is measured to be around 1.534 Å, while the energy of the ground

state is measured to be −3.434×10−17 Joule using the MH [195] and Hund subspaces [197].

The FCI [197] result is −3.436 × 10−17 Joule, and the RHF energy [194] is a little higher

at −3.428× 10−17 Joule. The energy needed to break apart is about 4.360× 10−19 Joule.

When the atoms are farther apart, there are tiny disparities between the MH and

Hund subspaces, especially when they are more than 2.8 Å apart. However, both results

eventually come back together near the FCI energy. This demonstrates that, even when

the bond is stretched, the subspace approaches remain close to the precise quantum

results.

Method Bond (Å) Ediss (J) E0 (J)

RHF 1.534 4.181× 10−19 −3.428× 10−17

MH Subspace 1.534 4.360× 10−19 −3.434× 10−17

Hund Subspace 1.534 4.360× 10−19 −3.434× 10−17

FCI 1.548 4.360× 10−19 −3.436× 10−17

Table 4.2: Ground-state properties of the lithium hydride (LiH) molecule calculated

using RHF (Restricted Hartree–Fock), MH (Multiplicity-based Hund), Hund (Hund-rule

subspace), and FCI (Full Configuration Interaction) methods. The bond length is the

equilibrium distance between the Li and H atoms, Ediss is the dissociation energy, and E0

is the ground-state energy.

Both H2 and LiH are basic yet effective molecules for testing quantum simulation

methods. Once we know how H2 and LiH behave and how much energy they have, the

next part uses the QNDM and DM methods on these molecules. The objective is to

compute their ground-state energies utilizing both methodologies and to evaluate their

efficacy regarding accuracy, resource optimization, and convergence characteristics.

4.1.3 Dilithium Molecule (Li2)

The dilithium molecule (Li2) is a diatomic structure made up of two lithium atoms. It is

a simple but very useful model for learning about weak metallic bonding and how alkali

metals act when they are in molecule form. The molecular bond is mostly made up of

the overlap of these two 2s orbitals, which is where each lithium atom gives one valence
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electron. The Li2 bond is weaker and longer than the hydrogen bond because lithium has

a bigger atomic radius and a lower ionization potential. Because of this discrepancy, the

link has both covalent and metallic properties.

Li2 is very important in quantum chemistry because it is a simple example of

a metallic bond. This is a form of bond that happens when delocalized valence

electrons are shared across atoms instead of firmly localized electron pairs. The

molecule serves as a testing platform for quantum computational algorithms, particularly

those designed to elucidate correlated electron systems and weakly bound states, where

conventional mean-field approaches like Hartree–Fock sometimes inadequately address

nuanced correlation phenomena.

We used a number of different computational methods to figure out its ground-state

energy, such as the Restricted Hartree–Fock (RHF) [194], Multiplicity Hund (MH) [195],

Hund subspace [196], and Full Configuration Interaction (FCI) [197] methods. The MH

and Hund subspace methods are ways to reduce quantum space that use fewer resources

while yet giving results that are as accurate as the FCI reference.

The equilibrium bond length is determined to be approximately 2.673 Å, significantly

greater than that of H2 (0.735 Å) or LiH (1.534 Å), which aligns with the weaker bonding

contact. The dissociation energy of Li2 is roughly 1.612 × 10−19 Joule, which shows

that the link between the two lithium atoms is not very strong. The MH and Hund

subspace approaches give a ground-state energy of about −6.535 × 10−17 Joule, which is

quite close to the FCI value of −6.540× 10−17 Joule. The RHF technique yields a higher

energy of −6.527×10−17 Joule, which is predicted because there are no correlation effects.

The computational investigation of Li2 reveals a notable transition from straightforward

Method Bond (Å) Ediss (J) E0 (J)

RHF 2.673 1.612× 10−19 −6.527× 10−17

MH Subspace 2.673 1.612× 10−19 −6.535× 10−17

Hund Subspace 2.673 1.612× 10−19 −6.535× 10−17

FCI 2.673 1.612× 10−19 −6.540× 10−17

Table 4.3: Ground-state properties of the dilithium (Li2) molecule calculated using RHF

(Restricted Hartree–Fock), MH (Multiplicity-based Hund subspace), Hund (Hund-rule

subspace), and FCI (Full Configuration Interaction) methods.

covalent bonding, akin to H2, to metallic-like bonding. Li2 is a good candidate for
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testing quantum numerical differentiation algorithms since it is weakly bound, and energy

precision and minor correlation effects are very important. The strong agreement between

the MH, Hund, and FCI results shows that subspace restriction approaches can accurately

capture delicate electron-correlation events in metallic systems without adding to the cost

of computing.

Also, Li2 is an important link between the strictly covalent bond of hydrogen and

the polar covalent/ionic bond of LiH. Adding it to the molecular study helps us learn

more about how QNDM and DM techniques work in many types of bonding systems,

from strong covalent to weak metallic ones. The study of Li2 not only shows that

subspace-based methods work, but it also shows how quantum algorithms can handle

molecules with different electronic correlation strengths.

4.2 Numerical Simulations

We investigated the performance of the DM and QNDM approaches on two kinds of

problems using numerical simulations. Using a variational approach to estimate the

system’s minimum (ground-state) energy was the main goal in both cases.

We conduct all of the simulations using the Qiskit framework and its noiseless quantum

simulator [198], which enables us to access algorithm performance without the impact of

hardware noise. Each simulation run starts at a random point in parameter space, and

optimization is done using a gradient descent method for up to 103 iterations, which is

enough to make sure that the process converges. To account for differences caused by the

starting conditions, each scenario is run ten times with various random starting positions.

We find the standard deviation and mean of the energy values from the 10 runs

for each iteration. The mean energy shows how the numbers are converging, while the

standard deviation gives an idea of how uncertain the numbers are. This method makes

it possible to fully evaluate the DM and QNDM approaches’ convergence rate, stability,

and dependability.

4.2.1 Physically inspired molecular systems

Our focus is on physically inspired molecular systems, particularly H2, Li2 and LiH

molecules. Although these systems are relatively small, it remains challenging to

accurately simulate them using quantum physics. The difficulty comes from the necessity
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to take into account electron correlation effects and the exact way that molecules interact

with each other, which requires a lot of computing power even for molecules that look

simple. Studying these systems gives us essential information about how quantum

mechanics works at its most basic level and is also a good way to test and confirm new

computational approaches. For example, we employed molecular symmetries to simplify

the Hamiltonian, only looked at low-energy states, and included interactions between

electrons in the outermost (valence) orbitals. These simplifications keep the basic physical

behavior while cutting down on the expense of computing.

Following the approximations, the molecular problem was mapped onto a quantum

computer using qubits, which are two-level quantum states [198, 199]. Each qubit stands

for the quantum state of an electron or an orbital in the molecule. It is frequently hard to

translate molecular Hamiltonians to qubit form because it requires many fermion-to-qubit

transformations. To fix this problem quickly, we used a unique Hamiltonian database

called Hamlib [199], which has qubit-based Hamiltonians that are ready to use and can

be implemented directly on quantum simulators or hardware.

Hamlib: The Hamiltonian Library for Quantum Benchmarking

Hamlib (Hamiltonian Library) is a big, free dataset that was made to test quantum

techniques, hardware, and software. It offers a large set of qubit-encoded Hamiltonians

with qubit counts ranging from 2 to 1000. Hamlib was used to save researchers time,

encourage results to be reproduced, and set up a common framework for standardized

benchmarking in quantum computing research [199].

The library has Hamiltonians from many important scientific fields:

• Condensed matter models: transverse-field Ising, Heisenberg, Fermi-Hubbard,

and Bose-Hubbard systems.

• Quantum chemistry: electronic and vibrational Hamiltonians obtained from

actual molecules with precise ab-initio data.

• Combinatorial optimization: Some problems in combinatorial optimization

are MaxCut, Max-k-SAT, Max-k-Cut, Quantum MaxCut (QMaxCut), and the

Traveling Salesperson Problem (TSP).

One of the best things about Hamlib is that all of the problems are already mapped

to qubits. The Hamiltonian is written as a linear combination of Pauli operations as
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described in Eq.(3.12). This encoding can be used right away on quantum simulators and

real quantum processors without any extra processes. To make it easy to share, Hamlib

stores its Hamiltonians in the HDF5 format and compresses them into ZIP archives.

Each file has metadata that tells you things like:

• the total number of qubits,

• the total number of operator terms,

• and the one-norm of the operator.

This metadata is useful for determining how scaling works and what resources are required

for computing. You can access the data directly with frameworks like OpenFermion or

Qiskit. The most recent version (Hamlib v1.1, September 2024) fully supports Qiskit’s

SparsePauliOp representation.

The purpose of making HamLib is similar to that of standard benchmarking datasets

like ImageNet for deep learning and Graph500 for supercomputing. Before Hamlib, there

wasn’t a big, public collection of qubit Hamiltonians. This gap is now filled by the dataset,

which provides consistent benchmarks for algorithms such as VQE(Variational Quantum

Eigensolver), QAOA(Quantum Approximate Optimization Algorithm), and adiabatic

quantum optimization. Hamlib lets researchers compare algorithms and hardware

platforms fairly by giving them all the same test tasks.

We used Hamlib to get the pre-encoded Hamiltonians for H2 and LiH in this study. We

were able to access the appropriate approximated Hamiltonians directly in a ready-to-use

Pauli form by saying how many qubits we needed. This let us skip the manual encoding

step and made sure that all simulations were the same and could be repeated.

4.2.2 Abstract Hamiltonian

The second group of problems was more ”abstract and synthetic.” Here, we kept the same

overall Hamiltonian structure but changed the number of Pauli strings J as discussed

in the Sec.(3.6) that made it up. The coefficients hi for each phrase were picked at

random from a Gaussian distribution. By raising J , we were able to see how the

performance of algorithms and the amount of resources they need change as the system

gets more complicated. These artificial Hamiltonians let us test how well DM and QNDM

approaches work in a controlled fashion.
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4.2.3 H2 Molecule

We chose the hydrogen molecule (H2) as the initial test case because it is the simplest

molecule. The H2 molecule, which has two protons and two electrons, is frequently used

as a basic benchmark system in quantum chemistry to test quantum algorithms. Because

of its simple structure and small size, the exact ground state energy of this system can

be easily determined using both classical and quantum simulators. This makes it a good

test case for novel methods like DM and QNDM. 1

The goal of the simulation is to minimize the expectation value of the Hamiltonian

by using a variational technique to find the ground-state energy. We got the Hamiltonian

for this molecule from the Hamlib database [199], which has qubit-encoded Hamiltonians

that are ready to use for many different compounds and models. The Hamiltonian in

this example is made up of J = 15 Pauli terms and needs n = 4 qubits to be mapped to

qubits. These terms account for all relevant electron interactions inside the minimal basis

set after the application of physical symmetries and the stabilization of core orbitals.2.

Simulation parameters: We used Nshots = 103 for both the DM and QNDM

methods. This is the number of times we measured each expectation value. There were

L = 5 variational layers in the quantum circuit, and the classical optimizer used gradient

descent with a learning rate of η = 0.1. The coupling constant for QNDM is set to λ = 0.1.

Convergence behavior: Fig.(4.1) displays the effects of minimizing the energy of the

H2 molecule. The solid lines show the average convergence curves obtained with the DM

(blue) and QNDM (orange) methods, and the shaded areas show the associated statistical

uncertainty that comes from random starting values. we can lower this uncertainty by

taking more measurement shots (which lowers sampling noise) or by making the circuit

deeper with more layers, which makes the variational ansatz more expressive. After

roughly 103 repetitions, the DM and QNDM approaches both reach the same minimum

energy, and the uncertainty bands almost fully overlap. This shows that both techniques

work equally well for this simple system in terms of accuracy and speed of convergence.

1The hydrogen molecule is the standard ”hello world” system for the variational quantum eigensolver

(VQE) and other similar algorithms. It has been utilized in numerous experimental demonstrations

of quantum computing, including the inaugural VQE implementation by Peruzzo ([37]) et al., Nature

Communications (2014).
2A ”basis set” in quantum chemistry is a group of atomic orbitals that are used to describe how the

electrons in a molecule are arranged. A basic set for H2, like STO-3G, employs one orbital for each

hydrogen atom. This results in a 4-qubit representation after symmetry reduction
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Comparing resources: Even if both strategies converge in a similar way, the amount of
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Figure 4.1: The DM method (blue) and the QNDM approach (orange) are used to

minimize the energy of H2. Solid lines represent the average convergence over multiple

simulations from different initial points, while shaded regions show the corresponding

statistical uncertainty. For Simulations we employed a gradient descent optimizer with

learning rate η = 0.1, circuit depth L = 5, and Nshots = 103, and coupling constant for

QNDM λ = 0.1.

computing power they need is very different. The total number of logical quantum gates

required for the DM method in order to compute the energy gradients is

RDM = 2.14 × 107,

whereas for the QNDM approach it is

RQNDM = 6.20 × 106.

This corresponds to a reduction of approximately

RDM −RQNDM

RDM

≈ 70%.

This 70% drop in the number of logical gates is a big step forward for the QNDM method’s

use of quantum resources.3

3A ”logical quantum gate” is a theoretical function that an ideal quantum computer might be able

to do without making mistakes. In practical devices, error-correcting codes protect many physical gates

that make up each logical gate. So, cutting down on the number of logical gates also indirectly lowers

the need for hardware, circuit depth, and noise buildup.

108



4. IMPLEMENTATION ON MOLECULER SYSTEMS

In short, the H2 molecule makes it easy to compare how well DM and QNDM

approaches work. Both methods get to the same lowest energy level, but QNDM uses

a lot less computing power. It cuts the number of quantum gates by about 70% while

keeping the same level of accuracy. This indicates that QNDM not only gives accurate

findings but also works more efficiently. This makes it a very attractive method for future

quantum simulations of bigger and more complicated molecules, where limited hardware

resources are still a big problem.

4.2.4 LiH Molecule

We present the lithium hydride (LiH) molecule as a second example. LiH is a

straightforward heteronuclear molecule; however, it is significantly more complex than

H2. It has more electrons and orbitals, which makes it a good next step for testing how

well the DM and QNDM approaches work on systems that need more qubits and more

Hamiltonian terms. LiH is a common benchmark molecule in quantum chemistry and has

been extensively utilized to evaluate variational quantum eigensolver (VQE) algorithms

on both simulators and actual quantum hardware. The LiH molecule is often employed in

quantum chemistry benchmarks because its electronic structure is small but not simple;

therefore, electron correlation must be captured correctly.

We got the molecular Hamiltonian for LiH from the Hamlib database [199]. This

database lets users choose between multiple approximate Hamiltonians by picking the

number of qubits n. Adding more qubits makes the calculations more accurate, but it

also adds more Hamiltonian terms J and makes the whole thing more expensive. We

chose n = 10 qubits for this simulation to keep a good balance between accuracy and

resource use. This configuration corresponds to an approximate Hamiltonian with J ≈

300 Pauli-string terms, striking a favorable balance between accuracy and efficiency for

near-term quantum devices.

Simulation parameters: We chose Nshots = 103 for both techniques. This tells us

how many measurements we need to make for each expectation-value evaluation. We

employed a gradient descent optimizer with a learning rate of η = 0.5 . For the QNDM

technique, the coupling constant was set at λ = 0.4. The number of layers in the circuit

for this simulation was L = 5, which is the same as for the H2 case.

Behavior of convergence: Fig. (4.2) shows the results of the energy minimization

for LiH. The blue line shows the DM approach, and the orange line shows the QNDM

109



4. IMPLEMENTATION ON MOLECULER SYSTEMS

method. The solid lines show the average convergence of the energy across 10 runs with

varied random starting values. The shaded areas illustrate the statistical uncertainty that

comes with those runs. Like H2, both algorithms find the same minimal energy and have

similar levels of uncertainty. This shows that they work well and consistently over a range

of beginning conditions. Comparison of resources: Even though both methods come

Figure 4.2: Energy minimization of LiH with the QNDM approach (orange) and the

DM method (blue). Solid lines represent the average energy over multiple simulations

with different initial points, while shaded areas show the statistical uncertainty. For

Simulations we employed a gradient descent optimizer with learning rate η = 0.5, circuit

depth L = 5, and Nshots = 103, and coupling constant for QNDM λ = 0.4.

to the same conclusion, the costs of computing them are very different.

CDM ≈ 2.62 × 1012,

whereas for the QNDM approach it was

CQNDM ≈ 5.46 × 1011.

This means that the amount of computing power needed has gone down by over 79%.

This kind of reduction becomes more useful for bigger molecules, as the number of qubits

and Hamiltonian terms grows quickly, making the circuit depth and gate counts grow

exponentially. The results demonstrate that the QNDM approach is more accurate and

scales better than the DM approach.

Discussion and expansion: In quantum simulations, it’s very important to find

the right balance between accuracy and cost. The quality of the result and the resources
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needed depend on how many qubits n and how deep the circuit L are. For LiH, n = 10 and

L = 5 are good test points for quantum hardware simulators that are currently available.

The outcomes for these systems were uniform: the QNDM methodology provided similar

precision to DM while significantly decreasing the total count of logical quantum gates

needed.

In short, the LiH molecule shows how both DM and QNDM act in a more complicated

way than H2. Both approaches got to the same minimum energy, however QNDM did it

with about 79% less computing power. This shows that QNDM is not only accurate but

also scalable, which makes it a good candidate for simulating bigger molecular systems

where the limited resources of quantum devices in the near future are a big problem.

4.2.5 Li2 Molecule

The Li2 molecule (dilithium) is a diatomic system made up of two lithium atoms. It has a

basic structure, but it is more complicated than H2 and LiH. It is often used as a test case

for medium-sized quantum chemistry problems. Li2 has a bond length of roughly 2.673 Å

in its ground state, and its valence electrons are weakly covalently bonded.4 Li2 needs to

accurately capture electron–electron correlation effects since both lithium atoms give up

one valence electron. This is an excellent way to test how the DM and QNDM approaches

work in systems that need more qubits and Hamiltonian terms than the smaller molecules.

Parameters for the simulation: The molecular Hamiltonian for Li2 was obtained from

the Hamlib database [199], which offers qubit-based Hamiltonians with varying degrees

of approximation. We employed n = 10 qubits and about J ≈ 300 Pauli-string terms for

this study. The accuracy and computational cost are well-balanced in this configuration.

We employed Nshots = 103 and a circuit depth of L = 5 for both the DM and QNDM

simulations. For the QNDM technique, we set the coupling constant at λ = 0.99 and

used a gradient descent optimizer with a learning rate of η = 0.2. Stable convergence

was achieved under these conditions without requiring an excessive amount of processing

power.

Behavior of convergence: Fig.(4.3) shows the results of minimizing energy for Li2.

The orange line shows the QNDM approach, and the blue line shows the DM method.

The solid lines show the average convergence of the energy levels from several simulations

4Information from the NIST Chemistry WebBook: https://cccbdb.nist.gov/exp2x.asp?casno=

14452596
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that started with different random initial parameters. The shaded areas demonstrate

how much uncertainty there is in the statistics when you use different starting points.

Both methods exhibit smooth and stable convergence toward the same minimum energy,

although the QNDM curve gets there sooner and with less uncertainty. This illustrates

that QNDM makes optimization faster and more stable without changing the level of

accuracy. Resource comparison: The parameter-shift approach was used to find the

Figure 4.3: Energy minimization of Li2 using the QNDM approach (orange) and the

DM method (blue).Solid lines represent the average convergence curves over multiple

simulations from different initial points, while shaded areas represent the statistical

uncertainty. For Simulations we set the number of shots to Nshots = 103, the circuit

depth to L = 5, the learning rate for the gradient descent optimizer to η = 0.2, and the

coupling constant for QNDM to λ = 0.99.

gradients of the energy with respect to the circuit parameters at each optimization stage.

For Li2, the number of variational parameters and the circuit’s depth make it hard to

estimate the gradient. But QNDM cuts down on the overall amount of logical operations

and gradient evaluations that are needed. The total number of logical quantum operations

for the DM method was roughly

CDM ≈ 4.1 × 1012,

while for the QNDM approach it was around

CQNDM ≈ 1.2 × 1012.

This corresponds to a reduction of nearly

CDM − CQNDM

CDM

× 100% ≈ 70.7%.
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So, QNDM gets the same final energy with fewer logical processes and gradient

evaluations.

As the size of the system grows, the number of qubits n and Pauli strings J grows

quickly. This makes the parameter space bigger and the circuit deeper. With n = 10

and J ≈ 300, the simulation for Li2 is already in a difficult range. Here, the efficiency

of QNDM is even more crucial. Compared to DM, it converges faster, has fewer gate

operations, and has less uncertainty. This lessening of computing cost makes QNDM

better for quantum hardware that is close to being built, when gate depth and noise are

big problems.

In short, the Li2 molecule shows that QNDM is still better than DM as molecular

systems get bigger and more complicated. Both approaches get to the same minimal

energy, but QNDM does so with about 71% fewer logical quantum gates and converges

faster. This means that QNDM is a promising and scalable way to run quantum chemistry

simulations on future quantum computers, where using resources wisely is very important.

4.2.6 The Large Hamiltonian

In this final part, we examine how the DM and QNDM approaches function when

the Hamiltonian becomes large and complex. In the HamLib database, increasing the

Hamiltonian complexity, as indicated by the number of Pauli strings J , is often associated

with increasing the number of qubits n. But having more qubits quickly makes the

calculations very hard. Simulations take longer and use more memory, especially if we

need to track the whole convergence process and do repeated runs to get reliable statistical

averages. We utilized a simplified but physically meaningful model that lets J expand

while keeping the number of qubits fixed to get around these problems and still examine

the scaling behavior.

Description of the system: We looked at a random Hamiltonian that was the same

as the one in Eq. (3.12), but this time, each of the Pauli strings’ coefficients hi was derived

from a Gaussian distribution, which had a mean of µ = 1 and a standard deviation of

(σ = 0.1). By increasing J without altering n, this technique gives us direct control over

the complexity of the Hamiltonian. All of the simulations were conducted using n = 10

qubits, Nshots = 103, and a circuit depth of L = 5. We used a gradient descent optimizer

with a learning rate of η = 0.05. For the QNDM technique, the coupling constant was

adjusted at λ = 0.01. These numbers make the computational cost minimal while still
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allowing for reliable convergence.

Convergence behavior: The energy minimization results for Hamiltonians with J =

750 and J = 1000 are displayed in Fig.(4.4). In both situations, the DM (blue) and QNDM

(orange) methods reach the same lowest energy after about the same number of rounds.

The shaded areas in the illustration show the statistical uncertainty that comes from

running simulations with varied random starting parameters. Both approaches exhibit

stable convergence and levels of uncertainty that are similar. The QNDM technique, on

the other hand, shows smoother convergence and slightly smaller statistical fluctuations,

which means that the numbers are more stable.

Figure 4.4: The convergence to the minimum energy for large Hamiltonians with J = 1000

(b) and J = 750 (a). We used n = 10 qubits for these simulations, with coefficients hi were

taken from a Gaussian distribution N (µ = 1, σ = 0.1). For QNDM, a coupling constant

of λ = 0.01 and a gradient descent optimizer with a learning rate of η = 0.05 were

employed. With circuit depth L = 5, each energy value was averaged over Nshots = 103

measurements.
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Scaling of computing resources: The most important performance measure is how

many logical quantum operations it takes to finish the simulation. By changing J , we can

see how both strategies work in different types of computers. Two different systems seem

to come up naturally:

• k ≪ nJ regime: when the number of circuit parameters and logical operations k

is small relative to the product of qubits and Hamiltonian terms.

• k ≫ nJ regime: where the number of operations is much greater than the size of

the Hamiltonian, and the complexity of the circuit is the most important factor.

Figure 4.5: Total resource scaling based on J . (a) k ≪ nJ regime. (b) k ≫ nJ regime.

we used n = 10 qubits for these simulations. The circuit depth is L = 5 for (a), whereas

for (b), the same amount of qubits is employed, but with L = 200.
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Fig. 4.5(a) shows how the total number of logical operations changes as J changes.

In this case, QNDM has an obvious edge because it takes a lot fewer steps to attain

convergence. For example, when J = 1000, the DM technique needs more than four times

as many operations as QNDM. This shows that QNDM gets the same results but costs a

lot less to run.

High-complexity regime and theoretical expectations: These simulations use

a moderate circuit depth of L=5. Increasing the circuit depth could produce more exact

energy results, but it would need significantly more computational resources. So, we

figured out how the scaling would work in the more difficult case where k ≫ nJ . Complex

physical or chemical systems with several variable parameters are exemplified by this

circumstance. When it comes to resource scaling, the QNDM algorithm has a linear

advantage over the DM approach, according to Solinas et al. [171]. This is because

QNDM uses a curvature-aware correction term to change the cost-function landscape in

a way that makes it easier to find the quantum natural gradient. This enables faster

traversal of the parameter landscape with fewer circuit evaluations for each gradient step.

In the predicted outcomes in Fig.4.5(b), we keep J the same but increase the

expressivity of the quantum circuit (and hence k). The QNDM technique has a

computational cost that stays about the same, needing about 1.7×1011 logical operations.

The DM technique, on the other hand, scales linearly with J , reaching roughly 7 × 1014

operations. These results agree with the theoretical predictions reported in Ref.[171].

QNDM uses curvature information similar to the natural-gradient framework, which

smooths the optimization trajectory and reduces redundant parameter updates. The

outcome is a method that converges faster and requires significantly fewer resources, even

as problem complexity increases.

The large-Hamiltonian analysis demonstrates that QNDM consistently outperforms

DM, even for highly complex quantum systems. Both approaches find the same energy

minima, but QNDM always consumes fewer logical quantum operations and converges

more smoothly. When J = 1000, QNDM cuts the cost of computing by more than

four times compared to DM. This reduction becomes even more noticeable when the

complexity is great (k ≫ nJ). As Solinas et al. [171] show, QNDM’s use of an approximate

quantum Fisher-information metric lets it adaptively scale gradients, which speeds up

convergence and cuts down on the number of gates needed. These findings demonstrate

that QNDM provides a scalable, accurate, and resource-efficient method for the near

future development of quantum hardware and large-scale quantum simulations.
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CHAPTER 5

CONCLUSION

5.1 Conclusion

This work provides a detailed analysis of an advanced strategy for enhancing the

performance of Variational Quantum Algorithms (VQAs) to find the minimum of the

energy in a complex quantum system. These algorithms use both quantum and traditional

computing to find the best solution to computationally challenging optimization problems.

In these kinds of hybrid models, a quantum computer calculates the system’s energy for

a specified set of parameters. Then, the outcomes are sent to classical optimizers, which

updates the variational parameters to minimize the system energy. After that, the new

values are sent back to the quantum system, creating a loop of continual feedback. This

process keeps going until the system is at its lowest feasible energy state. These hybrid

systems are seen as one of the most useful and promising strategies to link quantum

and classical computing. They might soon show a substantial quantum advantage over

traditional methods [174].

In this context, two main methods are used to find the derivatives of a cost function,

which are essential for optimization. The first strategy is the Direct Measurement (DM)

method, which repeatedly measures the quantum system by projective measurements

[36, 55, 56]. The second method is the Quantum Non-Demolition Measurement (QNDM)

method, which was first suggested in Reference [171]. QNDM employs an auxiliary

quantum detector that stores data regarding the gradient and higher-order derivatives

of the cost function within its phase, enabling subsequent measurement [172, 171]. The
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main difference between the two strategies is how they get and use the information they

need.

The QNDM method offers numerous benefits that surpass those of the DM method.

The DM approach requires different quantum circuits to measure each derivative, which

necessitates numerous runs and measurements. QNDM, on the other hand, can get both

the first derivative (gradient) and the higher-order derivatives with just one quantum

circuit. In QNDM [166], the quantum detector captures all the relevant data within a

single circuit operation without interfering with the system’s evolution. The concept is

quite similar to the concepts of weak values and weak measurements in quantum physics

[170, 169]. This unique feature lets QNDM measure things without changing the system’s

state, which makes it more efficient and dependable than DM.

Even though QNDM circuits are a little more complicated since they need to store

information in the detector phase, they don’t have as many logical operations overall.

When the quantum operator is made up of numerous Pauli strings, this benefit is further

clearer because QNDM processes them all at once without adding to the number of

measurements [171, 172]. Another significant benefit of QNDM is that its statistical

uncertainty, or mean square error, is independent of the number of Pauli strings (J)

included in the observable. In the DM method, on the other hand, the uncertainty goes

up in a straight line with J. This means that the DM technique has to run the circuit

many more times to have the same level of accuracy as the system gets more complicated

and has more Pauli strings. On the other hand, QNDM saves time and resources by

maintaining consistent accuracy without requiring additional measurements [172]hh.

In this thesis, we conducted a detailed analysis and comparison of the performances

of the QNDM and DM approaches. For our test models, we examined several of the most

common molecules that can be simulated on contemporary quantum computers using

the IBM Qiskit framework [186]. These simulations supported the analytical results and

demonstrated that QNDM always needed fewer computing resources than DM, even for

small systems and basic quantum circuits. When working on bigger and more useful

challenges, such as simulating chemical compounds and molecular structures [192], this

benefit is likely to become much bigger. These findings demonstrate that QNDM is

a dependable and effective method for putting Variational Quantum Algorithms into

practice on noisy quantum computers, which frequently have constrained resources and

are susceptible to errors.

Both DM and QNDM were evaluated on molecular systems including hydrogen (H2),
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dilithium (Li2), and lithium hydride (LiH) molecules. The molecular information came

from the Hamlib database [199] and was run directly on quantum computers. The results

showed that both methodologies reached the lowest energy state after about the same level

of statistical uncertainty and with about the same number of repetitions. However, in

terms of computational resources, QNDM offers a clear advantage. The QNDM approach

costs around 70% less to fully optimize the H2 molecule, 71% less to fully optimize the

Li2 molecule, and about 79% less to fully optimize the LiH molecule. These results show

clearly that QNDM works well in real-world quantum simulations.

When the Hamiltonian is complicated, meaning it has a lot of Pauli strings, we find a

substantial advantage of the QNDM approach. The conditions considered here are defined

in Chap. 3, Sec. (3.6) and (3.7). Our goal is to understand how the computational

cost changes as the Hamiltonian’s complexity rises. The QNDM approach always needs

less computer power than the direct measurement (DM) method. To perform DM on a

Hamiltonian with J = 1000 Pauli strings, approximately 7 × 1014 logical operations are

required. On the other hand, QNDM requires roughly 1.7× 1011 logical operations. This

shows that the QNDM method is far better than the DM method, especially when dealing

with Hamiltonians that include a large number of terms.

The results of this thesis demonstrate that Quantum Non-Demolition Measurement

(QNDM) provides an efficient framework for variational quantum optimization. The

method enables accurate ground-state energy estimation and scalable optimization of

complex quantum cost functions. Because of its efficiency it can find applications in

quantum chemistry, physics, and optimization problems.

As quantum systems get more complicated, the benefits of QNDM are likely to become

even more important. Therefore, QNDM is a practical and innovative approach to

developing the next generation of applications for quantum computing.
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[10] G. Garćıa-Pérez, M. A. Rossi, B. Sokolov, F. Tacchino, P. K. Barkoutsos,

G. Mazzola, I. Tavernelli, and S. Maniscalco, “Learning to measure: Adaptive

informationally complete generalized measurements for quantum algorithms,” PRX

Quantum, vol. 2, p. 040342, Nov 2021.

[11] K. Bharti, A. Cervera-Lierta, T. H. Kyaw, T. Haug, S. Alperin-Lea, A. Anand,

M. Degroote, H. Heimonen, J. S. Kottmann, T. Menke, W.-K. Mok, S. Sim, L.-C.

Kwek, and A. Aspuru-Guzik, “Noisy intermediate-scale quantum algorithms,” Rev.

Mod. Phys., vol. 94, p. 015004, Feb 2022.

[12] V. P. Gerdt, R. Kragler, and A. N. Prokopenya, “On computer algebra application

to simulation of quantum computation,” in Proceedings of the UNISA-JINR

Symposium “Models and Methods in Few-and Many-Body Systems”(Skukuza,

Kruger National Park, South Africa, 6-9 February 2007), to appear, 2007.

[13] A. Bensoussan, G. Jahangirova, and M. R. Mousavi, “A taxonomy of real faults in

hybrid quantum-classical architectures,” arXiv preprint arXiv:2502.08739, 2025.

[14] M. AbuGhanem and H. Eleuch, “Full quantum tomography study of google’s

sycamore gate on ibm’s quantum computers,” EPJ Quantum Technology, vol. 11,

no. 1, p. 36, 2024.

[15] F. Arute, K. Arya, R. Babbush, D. Bacon, J. C. Bardin, R. Barends, R. Biswas,

S. Boixo, F. G. Brandao, D. A. Buell, et al., “Quantum supremacy using a

programmable superconducting processor,” Nature, vol. 574, no. 7779, pp. 505–510,

2019.

[16] R. Pandey, P. Maurya, G. D. Singh, and M. S. Faiyaz, “Simulating quantum

principles: Qiskit versus cirq,” in Quantum Computing: A Shift from Bits to Qubits,

pp. 333–348, Springer, 2023.

[17] V. Stirbu, O. Kinanen, M. Haghparast, and T. Mikkonen, “Qubernetes: Towards

a unified cloud-native execution platform for hybrid classic-quantum computing,”

Information and Software Technology, vol. 175, p. 107529, 2024.

121



BIBLIOGRAPHY

[18] K. Wright, K. M. Beck, S. Debnath, J. Amini, Y. Nam, N. Grzesiak, J.-S. Chen,

N. Pisenti, M. Chmielewski, C. Collins, et al., “Benchmarking an 11-qubit quantum

computer,” Nature communications, vol. 10, no. 1, p. 5464, 2019.

[19] K. Mølmer and A. Sørensen, “Multiparticle entanglement of hot trapped ions,”

Physical Review Letters, vol. 82, no. 9, p. 1835, 1999.

[20] S. Heng, D. Kim, S. Heng, and Y. Han, “Decomposition analysis of quantum

native gates on various quantum computers,” in 2022 37th International Technical

Conference on Circuits/Systems, Computers and Communications (ITC-CSCC),

pp. 1–3, IEEE, 2022.

[21] IBM Quantum, 2024. URL: https://quantum.ibm.com/.

[22] IonQ, 2024. URL: https://ionq.com/.

[23] IBM Quantum, 2021. URL: https://www.ibm.com/quantum/blog/

127-qubit-quantum-processor-eagle.

[24] IonQ, 2024. URL: https://ionq.com/resources/ionq-aria-past-and-future.

[25] J. Preskill, “Quantum computing in the nisq era and beyond,” Bulletin of the

American Physical Society, vol. 64, p. 9, 2019.

[26] Amazon Web Services, 2025. URL: https://aws.amazon.com/braket/

quantum-computers/.

[27] F. Tacchino, A. Chiesa, S. Carretta, and D. Gerace, “Quantum computers

as universal quantum simulators: state-of-the-art and perspectives,” Advanced

Quantum Technologies, vol. 3, no. 3, p. 1900052, 2020.

[28] Quantinuum, 2025. URL: https://www.quantinuum.com/.

[29] L. Henriet, L. Beguin, A. Signoles, T. Lahaye, A. Browaeys, G.-O. Reymond, and

C. Jurczak, “Quantum computing with neutral atoms,” Quantum, vol. 4, p. 327,

2020.

[30] QuEra Computing Inc., 2025. URL: https://www.quera.com/.

[31] Quandela, 2025. URL: https://www.quandela.com/.

[32] Xanadu Quantum Technologies Inc., 2025. URL: https://www.xanadu.ai/.

122

https://quantum.ibm.com/
https://ionq.com/
https://www.ibm.com/quantum/blog/127-qubit-quantum-processor-eagle
https://www.ibm.com/quantum/blog/127-qubit-quantum-processor-eagle
https://ionq.com/resources/ionq-aria-past-and-future
https://aws.amazon.com/braket/quantum-computers/
https://aws.amazon.com/braket/quantum-computers/
https://www.quantinuum.com/
https://www.quera.com/
https://www.quandela.com/
https://www.xanadu.ai/


BIBLIOGRAPHY

[33] J. Degrave, F. Felici, J. Buchli, M. Neunert, B. Tracey, F. Carpanese, T. Ewalds,

R. Hafner, A. Abdolmaleki, D. de Las Casas, et al., “Magnetic control of

tokamak plasmas through deep reinforcement learning,” Nature, vol. 602, no. 7897,

pp. 414–419, 2022.

[34] Y. LeCun, Y. Bengio, and G. Hinton, “Deep learning,” nature, vol. 521, no. 7553,

pp. 436–444, 2015.

[35] V. Mnih, K. Kavukcuoglu, D. Silver, A. A. Rusu, J. Veness, M. G. Bellemare,

A. Graves, M. Riedmiller, A. K. Fidjeland, G. Ostrovski, et al., “Human-level

control through deep reinforcement learning,” nature, vol. 518, no. 7540,

pp. 529–533, 2015.

[36] M. Cerezo, A. Arrasmith, R. Babbush, S. C. Benjamin, S. Endo, K. Fujii, J. R.

McClean, K. Mitarai, X. Yuan, L. Cincio, et al., “Variational quantum algorithms,”

Nature Reviews Physics, vol. 3, no. 9, pp. 625–644, 2021.

[37] A. Peruzzo, J. McClean, P. Shadbolt, M.-H. Yung, X.-Q. Zhou, P. J. Love,

A. Aspuru-Guzik, and J. L. O’brien, “A variational eigenvalue solver on a photonic

quantum processor,” Nature communications, vol. 5, no. 1, p. 4213, 2014.

[38] J. Romero, R. Babbush, J. R. McClean, C. Hempel, P. J. Love, and

A. Aspuru-Guzik, “Strategies for quantum computing molecular energies using the

unitary coupled cluster ansatz,” Quantum Science and Technology, vol. 4, no. 1,

p. 014008, 2018.

[39] E. Farhi, J. Goldstone, and S. Gutmann, “A quantum approximate optimization

algorithm,” arXiv preprint arXiv:1411.4028, 2014.

[40] S. Hadfield, Z. Wang, B. O’gorman, E. G. Rieffel, D. Venturelli, and R. Biswas,

“From the quantum approximate optimization algorithm to a quantum alternating

operator ansatz,” Algorithms, vol. 12, no. 2, p. 34, 2019.

[41] S. Lloyd, “Quantum approximate optimization is computationally universal,” arXiv

preprint arXiv:1812.11075, 2018.

[42] M. E. Morales, J. D. Biamonte, and Z. Zimborás, “On the universality of the

quantum approximate optimization algorithm,” Quantum Information Processing,

vol. 19, pp. 1–26, 2020.

123



BIBLIOGRAPHY

[43] D. Wecker, M. B. Hastings, and M. Troyer, “Progress towards practical quantum

variational algorithms,” Physical Review A, vol. 92, no. 4, p. 042303, 2015.

[44] H. L. Tang, V. Shkolnikov, G. S. Barron, H. R. Grimsley, N. J. Mayhall, E. Barnes,

and S. E. Economou, “qubit-adapt-vqe: An adaptive algorithm for constructing

hardware-efficient ansätze on a quantum processor,” PRX Quantum, vol. 2, no. 2,

p. 020310, 2021.

[45] A. Kandala, A. Mezzacapo, K. Temme, M. Takita, M. Brink, J. M. Chow, and J. M.

Gambetta, “Hardware-efficient variational quantum eigensolver for small molecules

and quantum magnets,” nature, vol. 549, no. 7671, pp. 242–246, 2017.

[46] J. R. McClean, S. Boixo, V. N. Smelyanskiy, R. Babbush, and H. Neven, “Barren

plateaus in quantum neural network training landscapes,” Nature communications,

vol. 9, no. 1, p. 4812, 2018.

[47] M. Cerezo, A. Sone, T. Volkoff, L. Cincio, and P. J. Coles, “Cost function dependent

barren plateaus in shallow parametrized quantum circuits,” Nature communications,

vol. 12, no. 1, p. 1791, 2021.

[48] T. Hubregtsen, J. Pichlmeier, P. Stecher, and K. Bertels, “Evaluation of

parameterized quantum circuits: on the relation between classification accuracy,

expressibility, and entangling capability,” Quantum Machine Intelligence, vol. 3,

no. 1, p. 9, 2021.

[49] M. Ballarin, S. Mangini, S. Montangero, C. Macchiavello, and R. Mengoni,

“Entanglement entropy production in quantum neural networks,” Quantum, vol. 7,

p. 1023, 2023.

[50] S. Sim, P. D. Johnson, and A. Aspuru-Guzik, “Expressibility and entangling

capability of parameterized quantum circuits for hybrid quantum-classical

algorithms,” Advanced Quantum Technologies, vol. 2, no. 12, p. 1900070, 2019.

[51] S. Ruder, “An overview of gradient descent optimization algorithms,” arXiv preprint

arXiv:1609.04747, 2016.

[52] T.-D. Guo, Y. Liu, and C.-Y. Han, “An overview of stochastic quasi-newton methods

for large-scale machine learning,” Journal of the Operations Research Society of

China, vol. 11, no. 2, pp. 245–275, 2023.

124



BIBLIOGRAPHY

[53] D. P. Kingma and J. Ba, “Adam: A method for stochastic optimization,” arXiv

preprint arXiv:1412.6980, 2014.

[54] C. Mohan and K. Deep, Optimization techniques. New Age Science, 2009.

[55] M. Schuld, V. Bergholm, C. Gogolin, J. Izaac, and N. Killoran, “Evaluating analytic

gradients on quantum hardware,” Physical Review A, vol. 99, no. 3, p. 032331, 2019.

[56] A. Mari, T. R. Bromley, and N. Killoran, “Estimating the gradient and higher-order

derivatives on quantum hardware,” Physical Review A, vol. 103, no. 1, p. 012405,

2021.

[57] K. Mitarai, M. Negoro, M. Kitagawa, and K. Fujii, “Quantum circuit learning,”

Physical Review A, vol. 98, no. 3, p. 032309, 2018.

[58] D. Wierichs, J. Izaac, C. Wang, and C. Y.-Y. Lin, “General parameter-shift rules

for quantum gradients,” Quantum, vol. 6, p. 677, 2022.

[59] M. Cerezo and P. J. Coles, “Higher order derivatives of quantum neural networks

with barren plateaus,” Quantum Science and Technology, vol. 6, no. 3, p. 035006,

2021.

[60] G. E. Crooks, “Gradients of parameterized quantum gates using the parameter-shift

rule and gate decomposition,” arXiv preprint arXiv:1905.13311, 2019.

[61] L. Banchi, J. Pereira, and S. Pirandola, “Generalization in quantum machine

learning: A quantum information standpoint,” PRX Quantum, vol. 2, no. 4,

p. 040321, 2021.

[62] J. Tilly, H. Chen, S. Cao, D. Picozzi, K. Setia, Y. Li, E. Grant, L. Wossnig,

I. Rungger, G. H. Booth, et al., “The variational quantum eigensolver: a review

of methods and best practices,” Physics Reports, vol. 986, pp. 1–128, 2022.

[63] P. E. Gill, W. Murray, and M. H. Wright, Practical optimization. SIAM, 2019.

[64] J. Liu, H. Yuan, X.-M. Lu, and X. Wang, “Quantum fisher information matrix and

multiparameter estimation,” Journal of Physics A: Mathematical and Theoretical,

vol. 53, no. 2, p. 023001, 2020.

[65] S.-I. Amari, “Natural gradient works efficiently in learning,” Neural computation,

vol. 10, no. 2, pp. 251–276, 1998.

125



BIBLIOGRAPHY

[66] J. Stokes, J. Izaac, N. Killoran, and G. Carleo, “Quantum natural gradient,”

Quantum, vol. 4, p. 269, 2020.

[67] A. Arrasmith, M. Cerezo, P. Czarnik, L. Cincio, and P. J. Coles, “Effect of barren

plateaus on gradient-free optimization,” Quantum, vol. 5, p. 558, 2021.

[68] M. J. Powell, “An efficient method for finding the minimum of a function of several

variables without calculating derivatives,” The computer journal, vol. 7, no. 2,

pp. 155–162, 1964.

[69] J. A. Nelder and R. Mead, “A simplex method for function minimization,” The

computer journal, vol. 7, no. 4, pp. 308–313, 1965.

[70] M. J. Powell, “Direct search algorithms for optimization calculations,” Acta

numerica, vol. 7, pp. 287–336, 1998.
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APPENDIX A

DETECTION WITH A QUBIT

We examine the scenario in which a qubit, representing a two-level quantum system,

works as a detector. The initial state of the detector is given by

|D0⟩ = cos
(α

2

)
|0⟩ + sin

(α
2

)
|1⟩.

The first part of Gλ can be represented as

⟨0|D0⟩⟨D0|1⟩ =
(

cos
α

2

)(
sin

α

2

)
=

1

2
sinα.

The detector gets a phase ϕ(λ) during the evolution, and the final state is

|Df⟩ = cos
(α

2

)
|0⟩ + sin

(α
2

)
e−iϕ(λ)|1⟩.

Now we find the most prominent part of Gλ:

⟨0|Df⟩⟨Df |1⟩ =
(

cos
α

2

)(
sin

α

2
eiϕ(λ)

)
=

1

2
sinα eiϕ(λ).

So, we can write the function Gλ as follows:

Gλ = eiϕ(λ).

This indicates directly signifies the phase accrued by the detector throughout its evolution.

To see how it works, remember that when λ = 0, the system and the detector don’t

interact. So, no phase is built up:

[ϕ(0) = 0.
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A. DETECTION WITH A QUBIT

We find that taking the derivative of Gλ with respect to λ gives us

∂Gλ

∂λ
= ieiϕ(λ)

∂ϕ(λ)

∂λ
.

Making an evaluation at λ = 0,

−i∂Gλ

∂λ

∣∣∣
λ=0

=
∂ϕ(λ)

∂λ

∣∣∣
λ=0

.

This equation indicates that the average value and the gradient are based on the derivative

of the accumulated phase at the origin.

In real experiments, the derivative ∂ϕ(λ)
∂λ

∣∣
λ=0

is numerically estimated. You may get

close to it by using this formula:

∂ϕ(λ)

∂λ

∣∣∣
λ=0

≈ ϕ(∆λ) − ϕ(0)

∆λ
.

So, you can find the physical amount you want by looking at the phase difference between

two values of λ that are close together.
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APPENDIX B

SECOND DERIVATIVES

In this part, we give a straightforward way to use the parameter-shift rule, Eq. (3.5), to

find the second derivative [56]. The usual form of the second derivative is provided as

gj2,j1 =
∂2f(θ)

∂θj1 ∂θj2

=
[
f
(
θ + s(ej1 + ej2)

)
− f
(
θ + s(−ej1 + ej2)

)
− f
(
θ + s(ej1 − ej2)

)
+ f
(
θ + s(−ej1 − ej2)

)] [
2 sin2 s

]−1
.

(B.1)

We may write Eq.(B.1) in terms of the density matrix that shows the starting n-qubit

state, ρ0s = |ψ0⟩⟨ψ0|. Then, the expression becomes

∂2f(θ)

∂θj1∂θj2
=
[
TrS

(
U †(θ + s(ej1 + ej2)

)
M̂ U

(
θ + s(ej1 + ej2)

)
ρ0s

)
− TrS

(
U †(θ + s(−ej1 + ej2)

)
M̂ U

(
θ + s(−ej1 + ej2)

)
ρ0s

)]
[4 sin2 s]−1.

(B.2)

For the Density Matrix (DM) technique, we run the quantum circuit to find the value

of each term f(θ + s(ej1 + ej2)). Then, we do projective measurements for each Pauli

string that makes up the observable M̂ . For the other shifted terms, f
(
θ+s(−ej1 +ej2)

)
,

f
(
θ + s(ej1 − ej2)

)
, and f

(
θ − s(ej1 + ej2)

)
, the same steps are used. Figure B.1 shows

the circuit that goes with it.
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B. SECOND DERIVATIVES

Figure B.1: Quantum circuit of the DM protocol for second derivative calculation. Here,

U(θ + sej1 + s′ej2) represents the unitary with parameter shifts in both ej1 and ej2

directions. The value J corresponds to the number of Pauli strings, while s and s′ are the

parameter-shift values. Figure from the Ref.[172].

B.0.1 QNDM Method for the Second Derivative

The QNDM approach lets us find the second derivative without having to go through the

circuit for each Pauli string. The whole thing happens in one evolution, as seen in Fig.

(B.2).

The total QNDM unitary evolution is

U2
tot = eiλẐa⊗M̂U4e

−iλẐa⊗M̂U3e
iλẐa⊗M̂U2e

−iλẐa⊗M̂U1, (B.3)

where the Uy operators (for y = 1, . . . , 4) act in the θ space as

U1 = U(θ + s(ej1 − ej2)),

U2 = U †(θ + s(ej1 − ej2))U(θ − s(ej1 + ej2)),

U3 = U †(θ − s(ej1 + ej2))U(θ + s(−ej1 + ej2)),

U4 = U †(θ + s(−ej1 + ej2))U(θ + s(ej1 + ej2)). (B.4)
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B. SECOND DERIVATIVES

Figure B.2: Quantum circuit for the QNDM protocol. Here, H is the Hadamard gate,

and S is the phase gate. The operators are defined as U1 = U(θ + s(ej1 − ej2)), U2 =

U †(θ+s(ej1 −ej2))U(θ−s(ej1 +ej2)), U3 = U †(θ−s(ej1 +ej2))U(θ+s(−ej1 +ej2)), and

U4 = U †(θ + s(−ej1 + ej2))U(θ + s(ej1 + ej2)). The operators U± = e±iλẐa⊗M̂ represent

the coupling between the system and the detector. Figure from the Ref. [172].

Interpretation

In this case, ej1 and ej2 show two different parameter directions in the vector θ. The

second derivative tells us how the function f(θ) changes when both parameters change at

the same time. With the DM technique, each shifted configuration needs its own quantum

circuit run and measurement. This makes the overall number of evaluations go up. The

QNDM method, on the other hand, does all of its measurements in one coherent circuit.

This stops the need to run each Pauli term over and over again and lets you get the second

derivative straight from the quantum phase that has been added together. Because of

this, the QNDM technique is more efficient and cuts down on both the time it takes to

do calculations and the number of times a circuit has to be run.

B.1 Error Analysis for Second Derivative

The mean square errors (MSEs) for the second derivatives in both techniques are shown

by

MSEQNDM(ĝw,j) =
λ2(∂2λGλ)2

4
+

σ2
D

16NQNDM sin4 s λ2(1 − (2P0 − 1)2)
. (B.5)

The MSE for the density matrix (DM) approach is

MSEDM(ĝw,j) =
∑
i

h2iσ
2
s

4NDM sin4 s
. (B.6)

The primary distinction from the first-derivative scenario (see Eqs. (3.34) and (3.38)) is

evident solely in the denominators. The MSEDM rises in a straight line with the number
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B. SECOND DERIVATIVES

of Pauli strings J for the second derivative. To achieve the same level of accuracy as

MSEQNDM , the quantity of measurement shots in the DM method must rise in relation

to J . This relationship is shown by

MSEDM(ĝw,j)

MSEQNDM(ĝw,j)
= 1 =⇒ NDM = NQNDM

4σ2
sλ

2
(
1 − (2P0 − 1)2

)
σ2
D

∑
i

h2i . (B.7)

Like Eq.(3.39), we preserve the linear dependency on J , but now there is an extra element

that multiplies. This factor takes into account the fact that the MSE formulas for the

first and second derivatives have different denominators.

B.2 Cost Simulations for Second Derivative

We examined the asymptotic cost ratios CDM
gw,j

/CQNDM
gw,j

for two different scenarios: k ≪ nJ

(Eq. 3.46) and k ≫ nJ (Eq. 3.45). The results are further confirmed by simulations

depicted in Figs. B.3 and B.4, which further validate that the same behavior applies to

the second derivatives. We took an average across L = 50 different realizations for each

point in the figures.

Fig. B.3(a) shows how many resources Ci
gw,j

are needed based on the number of logical

operators k, assuming that k ≫ nJ . The simulations are executed using n = 10 qubits,

a constant product of nJ = 300, and a predetermined number of shots, N = 200.

In Fig. B.3(b), we show the ratio of resources needed as the number of Pauli strings

J changes for different values of logical operators k in U(θ).

In Fig. B.4(a), we plot the number of resources Ci
gw,j

against nJ , operating inside the

regime where k ≪ nJ . The simulations are conducted with n = 10 qubits, a constant

number of logical operators k = 0.5×103, and a predetermined number of shots N = 200.

We demonstrate the ratio of resources as a function of k in Fig. B.4(b) for different

values of the product nJ . These results show that the QNDM approach is still better

than the DM method, even when finding second derivatives.
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B. SECOND DERIVATIVES

Figure B.3: Regime k ≫ nJ . (a) The plot shows the number of resources C(giw,j) required

to estimate the second derivative of the cost function along the directions j and w, where

i = QNDM (orange line) and i = DM (blue line). The values of C(giw,j) are shown as

a function of the number of logical operators k for a fixed nJ = 300. (b) The second

panel shows the ratio between DM and QNDM resource numbers, CDM
gw,j

/CQNDM
gw,j

, as a

function of the number of Pauli strings J , where each colored line corresponds to a fixed

value of k. The quantum circuit uses n = 10 qubits, and all data are averaged over

L = 50 realizations as discussed in the main text. The number of shots for QNDM is

fixed at NQNDM = 200, while for the DM method, the number of shots is computed for

each realization using Eq. (B.7), so that the MSE errors are the same for both methods.

Figure from the Ref. [172].
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Figure B.4: Regime k ≪ nJ . (a) The plot shows the averaged number of resources C(giw,j)

required to estimate the second derivative of the cost function along the directions j and

w, where i = QNDM (orange line) and i = DM (blue line). The values of C(giw,j) are

shown as a function of the number of Pauli strings J for a fixed number of logical operators

k = 0.5 × 103. (b) The second panel shows the ratio between DM and QNDM resource

numbers, CDM
gw,j

/CQNDM
gw,j

, as a function of the number of logical operators k, where each

colored line corresponds to a fixed value of nJ . The quantum circuit consists of n = 10

qubits, and the results are averaged over L = 50 realizations as discussed in the main text.

The number of shots for QNDM is fixed at NQNDM = 200, while for the DM method, the

number of shots is calculated for each realization using Eq. (B.7), so that the MSE errors

are the same for both methods. Figure from the Ref.[172]
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