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This paper deals with nonlinear observer design for systems with a long delay in the nonlinear outputs.
The main idea behind this work consists of using a dynamic extension technique to transform a system
with delayed nonlinear outputs into a system with linear outputs and a delay-dependent integral
term in the dynamic process. First, a general result for arbitrary nonlinear structures is proposed,
and then further contributions are provided for the specific family of systems in companion form.
For systems in companion form, we obtain novel high-gain observer synthesis conditions. To relax
the necessary conditions related to the observer design procedure, a different state observer structure
is proposed, and analytical comparisons are provided. Moreover, to relax the design conditions, we
propose an alternative design approach using a specific Lyapunov-Krasovskii functional, which allows
accommodating long delays in the outputs.
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1. Introduction

Delayed outputs are naturally encountered in several real-
world applications, such as remote estimation (Xing et al., 2023;
Zhao et al,, 2023), cyberattacks detection (Jeon et al., 2020),
(Huong et al.,, 2019; Huynh et al., 2019a, 2019b), and multiagent
systems in general (Wang et al., 2022; Wooldridge, 2009). In ob-
server design, accounting for output delays is crucial for accurate
state estimation and system stability. Delays, due, for instance,
to sensor limitations, communication lags, or processing time,
can lead to outdated feedback, affecting observer performance.
Properly accommodating these delays ensures robust state es-
timation, maintaining reliable system performance in practical
applications like control systems and robotics. Estimating the
state of a nonlinear system from delayed measurements is a
challenging yet critical task in control theory. Several methods
have been proposed in the literature to handle this challenge;
however, many of them are limited in their ability to handle large
delays (Seuret et al., 2009).
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The main objective of this work is to develop a novel approach
for estimating the state of a nonlinear system from delayed
measurements. Specifically, we aim to propose a method that can
accommodate long delays in the measurements while ensuring
robust and accurate state estimation.

To deal with arbitrarily long delays in the measurement, some
methods are based on the use of a chain of observers (Cacace
et al,, 2014; Germani et al., 2002) while other methods exploit
predictors-based observers (Ahmed-Ali et al., 2013b; Khosravian
et al,, 2015). For some families of systems, namely feedforward
systems, the problem may be solved by using the time-scaling
technique as in Mazenc et al. (2017). On the other hand, different
methods based on the high-gain observer methodology have been
proposed for systems in triangular form with some recent im-
provements. However, these methods are valid for only systems
with small values of the upper bound of the delay, t*. The aim
of this paper is to overcome this limitation and propose a novel
approach that will be both simple and enhance the maximum
allowable value of 7*.

This paper introduces a novel observer design methodology for
systems with delayed outputs, aimed at relaxing the conservative
constraints found in existing approaches. A central contribution
is the use of a new output-based dynamic extension technique,
preliminarily introduced in Arezki et al. (2024), which effectively
transfers the time-delay from the output to the dynamics of
an augmented system. This approach significantly increases the
maximum allowable delay. In contrast to traditional methods that
are typically restricted to systems in companion form or with

0005-1098/© 2025 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and similar technologies.



H. Arezki, A. Zemouche and P. Bagnerini

feedforward structures, the proposed framework offers a unified
design strategy applicable to systems with arbitrary structures.

A new observer structure incorporating an integral term, en-
abled by the dynamic extension technique, is also proposed.
Rigorous analysis demonstrates that this structure considerably
improves the upper bound of the maximum allowable delay, thus
enhancing robustness and performance. However, this comes at
the cost of requiring certain Lipschitz conditions, which is the
main limitation. To address this, a relaxed observer design is
proposed, based on the same extension technique but without
the integral term. Additional contributions include specific results
for systems in companion form, where the maximum delay is
shown to explicitly depend on the tuning parameter of the high-
gain observer. Lastly, to avoid conservative conditions needed for
exponential convergence, a delay-dependent LMI-based design
using a specific Lyapunov-Krasovskii functional is proposed. This
approach allows for higher delay tolerance compared to existing
methods in Targui et al. (2019) and Nechaf et al. (2023).

While the primary limitation of this approach is the compu-
tational complexity issue associated to the exponential number
of LMIs to be solved, it remains the least conservative LMI-
based method, as highlighted in Zemouche and Boutayeb (2013).
Furthermore, alternative strategies have been proposed, for the
users, to significantly reduce the number of LMIs, as suggested
in Zemouche et al. (2016).

2. Problem formulation and preliminary tools

This section is devoted to formulating the observer design
problem tackled in this paper, namely addressing observer design
in the presence of delayed output measurements. We start by
defining the class of systems under investigation and revisiting
conventional observer design methods available in existing liter-
ature. To provide a strong motivation for the results developed
in this paper, we give a succinct overview of the current state-
of-the-art methodologies, thus establishing the basis for the de-
velopment of our proposed method. Then, before dealing with the
main results of the paper, we introduce the primary mathematical
tools used throughout the Lyapunov stability analysis.

2.1. Problem formulation

The motivation of the work consists of developing a simple
method to deal with nonlinear systems with delayed nonlinear
output measurements. The aim is to establish novel design con-
ditions accommodating high values of the maximum allowable
delay in the output measurement while ensuring the exponential
convergence of the observer. We stand out from the literature by
proposing a simple but useful method. The class of systems we
consider in this paper is described by the following equations:

x(t) = f(x(t), u(t)) (1
¥(t) = h(x(t — 7(t)))

where x(t) € R" is the state of the system, u(t) € R™ is the control
input, and y(t) € R represents the output measurements vector.
The delay t(t) > 0 is assumed to be known and bounded, i.e.:
there exists a positive constant t* such that z(t) < t*,Vt > 0.
The following assumption is made regarding the nonlinearities of
the system:

Assumption 1. The functions f and h are globally Lipschitz with
respect to x uniformly on u(t).

The main objective consists of estimating the system state,
x(t), in real-time from the delayed measurements y(t). While the
problem in the case of delay-free outputs, is relatively easy to
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handle, however, the presence of the delay makes the problem
challenging.

Usually in the literature, the following Luenberger state ob-
server is proposed for the class of systems (1):

X(t) = FR(0), u(t) + L[y(t) — h(X(t — =(1)))]. (2)

where X(t) is the estimate of x(t) and L is the observer gain
to be determined. Several methods have been devoted in the
literature for studying the convergence of the observer (2) for
large values of the maximum allowable delay, t*. Except a few re-
sults for feedforward systems (Mazenc et al., 2017) and a limited
number of methods addressing systems with arbitrary struc-
tures (Ahmed-Ali et al., 2013a; Khosravian et al.,, 2015), most
of the contributions in this area concerns systems in companion
form (Adil et al., 2022; Cacace et al., 2014; Germani et al., 2002;
Van Assche et al,, 2011; Zemouche et al., 2019; Zhang & Shen,
2017). Although recent improvements, as presented in Adil et al.
(2022), have exploited the HG/LMI technique introduced in Ze-
mouche et al. (2019), the obtained results remain conservative.
Moreover, the convergence analysis, based on Lyapunov theory
and the use of the observer (2), requires extensive computa-
tions and cumbersome mathematical developments. Additionally,
the observer gain L explicitly amplifies the delay in the output,
requiring the application of the Jensen inequality in mathemat-
ical derivations to achieve appropriate synthesis conditions, as
suggested by the conditions outlined in Adil et al. (2022, The-
orem 10), which are strongly interdependent, cumbersome, and
conservative.

All the aforementioned drawbacks associated with the utiliza-
tion of observer (2) have motivated us to devise a novel approach
to address both delay and nonlinearity in output measurements.
Specifically, our objective is to develop a unified observer design
method that:

e Is applicable to systems of arbitrary structure without im-
posing specific forms;

e Involves simple mathematical derivations and relies on less
conservative tools, such as the Jensen inequality;

e Avoids the need for observer (2), wherein the observer gain
is directly multiplied by the delayed output, thus amplifying
the effect of the delay;

e Enhances the design conditions for specific nonlinear sys-
tems compared to existing literature.

2.2. Preliminary tools

Before stating the main results of the paper, we introduce the
following simple and well-known mathematical tools.

Lemma 1 (Halanay, 1966; Mazenc et al, 2021). Consider a con-
tinuous, piece-wise C!, and non-negative function © defined in the
interval [—t*, +00) such that

sup  9(s). (3)

se[t—1*,t]

B(t) < —cid(t) + ¢
Assume that ¢; > ¢, > 0. Then, there exist two scalars o > 0 and
B > 0 such that

sup 9(s), YVt > 0. (4)

se[—1*,0]

B(t) < ae™Pt

Remark 1. In this paper, we are not interested in the values of
a and B introduced in Lemma 1. We only need their existence to
ensure exponential stability. For further details on the construc-
tion of @ and B, we refer the reader to Halanay (1966), Mazenc
et al. (2021).
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To handle some nonlinear terms when analyzing stability,
we need the following mean value theorem for vector-valued
functions.

Lemma 2 (Zemouche & Boutayeb, 2013). Let ¥ : R" — RY be a
differentiable function and let x € R™ and y € R" be two vectors.
Then, there exists

1

2

z2| | eRY zieCox,y),i=1,...,q (5)

z

Zq
where Co(x, y) stands for the convex hull of convex combinations of
x and y, such that

w(x)— ¥(y)=Vy(2)(x—Y) (6)
where
dwy(z")
X
9wy (22)
V2| ™. (7)
aq/q'(zQ)

ox
Finally, we need the following Lemma 3.

Lemma 3. Let ¢ : I — R be a non-negative function, where I is
an interval of R. Then the following identity holds:

2
[sup(ms»} — sup(¢(s). (8)

sel sel

3. New observer design results

This section is devoted to the main contributions of this paper.
We, first, present a preliminary result on which the main contri-
butions are based. It will be used straightforwardly as a tool to
conclude the main results.

3.1. Preliminary result as a main tool

Consider the class of systems described as follows:

EE) = fr (£(6), u(t) + B /  Ble(s)uds

ye(t) = C&(t)

where ¢(t) € R™ is the state of the system, u(t) € R™ is
the control input, and y,(t) € RP¢ represents the output mea-
surements vector. The delay z(t) > 0 is assumed to be known
and bounded, i.e.: there exists a positive constant t* such that
T(t) < t*, V¥Vt > 0; assume that ¢(t) = ¢, Vt € [—71%, 0]. Let us
introduce the following main assumption of the nonlinearities of
the system:

(9)

Assumption 2. The functions f, and g are globally ¥f, -Lipschitz
and y,-Lipschitz, respectively, with respect to ¢ uniformly on u(t).

The global Lipschitz assumption may be relaxed if system (9)
admits a positively invariant compact set £2 on which f; and g are
Lipschitz. In this case, a Lipschitz extension of the functions f, and
g can be incorporated into the observer, using techniques such as
the Hilbert projection theorem, as demonstrated in Zemouche and
Rajamani (2022).

As a preliminary result, we develop a simple state observer
design method for the system (9). To this end, we consider the
following state observer :

0= (B ) +5; [

t—1(t)

t

g(£(s), u(s))ds
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+L(:(6) - CE(0). (10)

where L € R%*P¢ is the observer gain matrix to be determined
such that the estimation error €(t) 2 ¢(t) — ¢(t) converges
exponentially towards zero. Then, the estimation error dynamics
is given as:

&6 = Af; (00, &0, uw) ~ LCe(t)
4 [ ag (o Enue) 8 (11)
t—1(t)

where

4, (¢, &0, u0)) 2 f; 6. u0) = f (20, u(v).

4g (¢(5).E(5).u(s) = g €0, u(e) — g (0. u(o)
For the sake of obtaining convenient checkable stability condi-
tions, we have to transform the nonlinear term Af; ({(t), f(t),

u(t)) by using Lemma 2. Then, there exists z; € Co (g(t), f(t))
as in (5) such that

af, (50, €0, u(0)) = V¥ @)e(t)

where V? is defined as in (7). Notice that here z,; depends on u(t)
but for the sake of brevity, we use z; instead of z,(u(t)). It follows
that the error system (11) is under the form:

&(t) = [Vf(zt) - LC] (1)
+B, f Ag (g(s), £(s), u(s)) ds. (12)
t—1(t)

Since f; is Y —Lipschitz, then there exist constant matrices Af €

R™*™ and functions Xj(z;),j = 1, ... n, such that the generalized
Jacobian Vj; (z;) belongs to the convex polytopic set defined as:

fig g
Hy 20 D WEDAL YAz = 1,4(20) 2 0 (13)
j=1 j=1

Notice that the matrices Af € R™% > represent the vertices

of the polytope Hy,. Also, the Jacobian V? (z;) is affine on the
variables Aj(z;),j =1, ...7,.

Before stating the preliminary proposition, notice that since
the function g is y,—Lipschitz with respect to ¢, then we have

| 22 (£, £, 1)) | = wellel. (14)

Now we are ready to state the main theorem based on the
use of the standard quadratic Lyapunov function, i.e.: 9(e(t)) £
€T (t)Pe(t), where P = PT > 0. We can use a more general Lya-
punov function with a matrix P(e(t)) depending on €(t), however,
we obtain non-constructive conditions difficult to deal with using
numerical software algorithms. The second objective of using
the standard quadratic Lyapunov function is to compare with
available methods in the literature based on the same Lyapunov
function.

Theorem 1. Assume that there exist a symmetric positive definite
matrix P € R%*", a matrix R € RP¢*", and a positive scalar p
such that the following conditions hold:

.
(Af) P4+PA —CTR-RTC+up <0,
i=1...,n (15a)
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x M)\min(P)
T <
27 IPB, ||

Then the observer (10), with L =

(15b)
P~IRT, converges exponentially.

Proof. By computing the derivative of the Lyapunov function
V(e(t)) 2 €T(t)Pe(t) along the trajectories of (12), we obtain

Ble(t)) = € (¢) [(V};‘(zt) — Lc) PP (vf*“( O — LC>:| (1)
t
+ ZeT(t)PB; / Ag (;(s), Z(s), u(s)) ds
t—1(t)
<T(0) [(V};‘(zt) - Lc) P+P (vff( O — LC):| (1)
t
+ 2y IPB; [l ()l f lle(s)llds. (16)
t—1*
Conditions (15a) and the convexity principle (Boyd et al., 1994)
lead to
Vf; T fe
J(2)—LC) P+P(VS(z)—1IC) < —uP. (17)
t
In addition, since [|e(t)|| < Supgcr—_.+ ¢ ll€(s)] and lle(s)||ds
t7 *
<t* sup |e(s)| ,then from Lemma 3, we obtain ‘
selt—1*,t]
t 2
je@ | teslids < v ( sup ||e(s)||>
t—1* seft—t*,t]
Lemma 3
= " sup e
se[t—t*,t]
=< sup  U(e(s)). (18)
Amin(P) se[t—t*,t]
Hence, from (17) and (18), we deduce that
: 2vgIPB |l
B(e(t) < —ud(e(t) + 2= V(e(s)). (19)
)\min(P) se[t—t*,t]

Consequently, from (15b) and Lemma 1, there exist two positive
scalars @ and B such that

sup 9(s),Vt >0, (20)

se[—t*,0]

(t) < aePt

which means that the estimation error €(t) is exponentially sta-
ble. This completes the proof.

Remark 2. The condition (15a) can be converted to LMIs by using
the term Iy, instead of uP, ie:

.
(Af) P+PA —C'R—R'C+ pul,, <0,

ji=1,..., 1. (21)
In this case, the inequality (15b) becomes

* M)Llnin(P) . (22)
Zyg)tmax(P)”PB; I
Remark 3 (On The Feasibility Of (15a)). The detailed feasibil-
ity analysis of the conditions (15a) in Theorem 1 is not intro-
duced in this paper. Indeed, it is well-known in the literature
that this LMI-based technique, called LPV/LMI technique intro-
duced in Zemouche and Boutayeb (2013), is less conservative
than the other LMI-based methods in the observer design con-
text. Conditions (15a) offer the less conservative way to handle
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Lipschitz nonlinearities, as demonstrated analytically and numer-
ically in Arezki et al. (2023), Zemouche and Boutayeb (2013).
Moreover, it will be shown in the next sections that for some
families of nonlinear systems, the feasibility of (15a) can always
be guaranteed.

Remark 4 (On The Construction Of Af ). Several techniques exist
for the convex decomposition of nonlinear functions. For a more
comprehensive overview of this topic, we refer the reader to the
books (Boyd et al., 1994; Rockafellar, 1997; Sename et al., 2013),
which discuss the representation of elements within a convex set.
Since the Jacobian V; is bounded, there exist finite real numbers
fl and u' i,j=1,...,n; (independent from Z' and u) such that

_ 2
(2 u) e [f] n;. Hence, we have i, = 2"

3¢ i
p0551b111t1es, which is the exponential number of matrices we can
build from all the bounds.

71 forij=1,...,

3.2. Main result: New observer design technique

In this section, we propose a simple observer design method
for the class of systems (1) with nonlinear delayed-output mea-
surement, which is the main motivation of this paper. As stated
in Section 2.1, to handle the delay in the output measurements,
several techniques have been proposed in the literature. In this
paper, we propose a novel and different observer design tech-
nique. To this end, we, first, introduce the new state variable,
z(t) € R", defined by:

{ (£) = f(2(t), u(t)) + Yzy(t) (23)
2(0) = 2o,

where f, is a known globally Lipschitz function, the matrix Y, €
R™*P is known and constant, and zy € R™ is a known constant
vector. The idea consists in using a state augmentation approach
to get a new system for which the created z(t) is the output
measurement. Indeed, since f,, u(t),Y,, and zy are all known,
then the state z(t) is known in real-time from the measured
output y(t) of the original system (1). Before introducing the main
transformation, notice that from the Newton-Leibniz formula, y(t)
can be written under the form:

t
y(t)zh(X(t))—/ ()f(X(S))f(X(S), u(s))ds. (24)

By exploiting (23) and (24), the system (1) can be transformed

into the form (9) with
[ e cote oo
f2(a( )) + Y h(x(t))
fe(¢ ) £ ) (26)
fx(t), u(t))
g(e(nun) 2 —(x(r))f(x(r) u(t)). B & [—g] 27)
Then, we propose the following state observer:
b0 =1 (é00).uw) + 5 |  £E0s).ulsas
+1 (ve(0) - &) (28a)
X)=1[0 ] (28b)

Before summarizing the result in a corollary, we need the
following assumption.
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Assumption 3. The function g defined in (27) is y;—Lipschitz
with respect to x(t), uniformly on u(t).

Remark 5. Assumption 3 is equivalent to the boundedness of the
Jacobian matrix % (¢(t), u(t)), detailed below:

g oh of o (oh

o (¢(6), u(r)) = Mg W+ o ( (X)>f(x,u). (29)
Assuming f and h to be globally Lipschitz is clearly not sufficient
to ensure that g is also globally Lipschitz. To guarantee the
Lipschitz continuity of g, it is additionally necessary that the term
% (%(x)) -f(x, u) is bounded. Assumption 3 can indeed be derived
from certain properties of f and h in system (1), specifically the
boundedness of the Jacobian matrix defined in Eq. (29). However,
introducing this assumption at the beginning, when defining

system (1), would make the formulation difficult to understand.

Now all the conditions to apply Theorem 1 are satisfied, we
can summarize the result in the following corollary.

Corollary 1. Consider the system (9) with the parameters and
functions given in (25)-(27). Assume that Assumption 3 is satisfied
and there exist a symmetric positive definite matrix P € R™*™%,
a matrix R € RP¢*™, and a positive scalar w such that the
conditions (15a)-(15b) hold. Let L = P~'RT be the gain matrix
of (28a). Then, the estimated state X(t) given by (28b) converges
exponentially to the state x(t) of the original system (1).

Remark 6. Without loss of generality, we consider in (23) a linear
function f, depending on z(t) only, i.e: f,(z(t), u(t)) = Az(t).
Even, for simplification, we can take f;(z(t), u(t)) = 0. In addi-
tion, these considerations allow reducing the dimension of the
corresponding polytopic set Hy,, which reduces then the number
of LMIs (15a) to solve. Indeed, the primary focus of the paper is
not on the specific choice of f,(z(t), u(t)). The unique requirement
for this function is that it must be globally Lipschitz, uniformly
with respect to u(t), to enable the application of our LMI-based
techniques. From a design perspective, the main consideration is
ensuring that f;(z(t), u(t)) has a small Lipschitz constant, since as
shown in Zemouche and Boutayeb (2013), the feasibility of the
LMI conditions depends on the Lipschitz constant or the bounds
of the partial derivatives of f,(z(t), u(t)). Additionally, since Eq.
(23) operates as a filter, then f;(z(t), u(t)) could potentially en-
hance the filtering of the output measurement y(t), namely in
the presence of measurement noises. This is not the focus of the

paper.
4. Results for a particular family of systems

This section considers the high-gain observer and its robust-
ness with respect to the delay in the output measurement. Al-
though several techniques have been proposed in the literature
for this class of systems, we show that our method is simple and
applies to this class of systems under the companion form.

4.1. System description and assumptions

Without loss of generality, we consider the family of systems
described by (1) with

Fx(t), u(t)) = Ax(t) + By (x(1))
h(x(t — (1)) = he(Cex(t — (1))
1 if j=i+1
(A)U:{ 0 if jE£i+1
G=[1 0 0], B=[0 0 ... 1]" (30)
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where f, and hy are yj, —Lipschitz and y;,, —Lipschitz, respectively,
with respect to their arguments.

For the sake of observability, the following assumption is
necessary.

Assumption 4. There exists 8, > 0, 8, < yp, such that

oh
8 < —(v) < i, YV ER. (31)

v

For the sake of simplification, we assume that
oh

m%w(ﬁﬂ=t (32)

veR av
Otherwise, we use for the observer the output

y(t) -

ynew(t) = ahy = hx(cxx(t - T)) (33)

SUPyer (W(U))
where the function h satisfies

5 ah
—h<—x(v)§1, Vv € R.

Vhy Jdv

Assumption 4 is standard in observer design methods, especially
for triangular systems in the high-gain observer design context.
The condition %(v) > dp, Yv € R, is necessary to guarantee
the observability of the system, while %(u) < ¥n, Yv € R
is to guarantee that the function hy(.) is globally Lipschitz. For
further details regarding this assumption, the reader is referred
to Gauthier and Kupka (2001), Wang et al. (2017).

Notice that Assumption 4 implies that the function hy(-) is
strictly monotone increasing, and is therefore invertible. As a
result, the class of systems described in (30) is equivalent, via the
inverse of hy(-), to systems in companion form with a linear out-
put. However, in practice, computing the inverse of hy(-) can be
challenging or even infeasible in closed form. This highlights the
importance of studying systems with nonlinear outputs directly,
without relying on the inversion of hy(-).

As in the previous section, we create the following new vari-
able, z(t) € R, as in (23):

z(t) = yy(t)
{ z(t) = z(0) = zp, Vt € [—t*, 0]. (34)

where y > 0 is a constant scalar, which is considered a tuning pa-
rameter. Also, in this case, from the Newton-Leibniz formula, (24)
is reduced to

© Ok
y(t) = h(x(t)) — / (x1(5))x2(s)ds. (35)

—(t) 3)(1

Remark 7. Notice that in the case of linear output, y(t) = Cex(t —
7(t)), which is often encountered in real application models, the
identity (35) becomes

ﬂﬂzmm—/‘ x3(s)ds. (36)
t—z(t)

In this case, Assumption 3 is clearly satisfied globally since g(x(t))
= x,(t) is linear.

Now, let us go back to (35). It is quite clear that the function

dohy
d(x1, %) & TM(Xl)Xz (37)

is globally Lipschitz with respect to x, because h; is yy, —Lipschitz,
and then %(xl) is bounded. However, it is not globally Lipschitz
with respect to x1. Then, we need an additional assumption on x,
that we will consider in the next theorem.
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As in the previous section, we consider the transformed sys-
tem (9) with the parameters (25)-(27) with Y, = y, and accord-
ing to (30) as follows:

t
¢(t) = f (b)) + B, /t_r(t)g(;‘(s))ds (38)
ye(t) = Ce(t)

where g(¢) = ¢(£2, £3).

4.2. System transformation: High-gain observer

By construction of the corresponding augmented system (38),
without the integral term, the triangular companion form is pre-
served. Then, we can apply the high-gain observer methodology.
To this end, we perform a second transformation, which is usual
in this context, although it is often applied to the error system.
Let us introduce the following linear transformation:

. 1 1
%‘ =Ty, where Ty édlag (5”W> (39)

which transforms (38) into

£(t) = Tof; (T 5, [ T; d
§0=Tf; (T)0) + T ;/ng( 16(9)) ds
ye(t) = CT,8(0)

To make the developments easy to follow and for any conve-
nience, we express the system (40) in the following detailed form:

(40)

Eh(0%63(0)
610 Al&(0)
2B f tr RGO
ye(t) = 6CE () = 0&(0)

Before summarizing the result, let us define the function g as
the Lipschitz extension of ¢ introduced in (37):

&(z1,22) = ¢(Z1,7TI(22)) (42)

where 77(z;) stands for the Hilbert projection of z; on Z for any
closed interval Z C R.
Define also the matrix A, (.) as

A, (v) 2 [0,101 [vv 2“"—1]], Vo e R. (43)

§(1) = +Ty [g]f (10 T 80)

(41)

The dynamics of the estimation error, §(t) £ E(t) — é(t) is
given by:

: ohy -
Et)=9 |:-Ay (8 1(w(t))) —LC] &(t)

+ (s - véw)

+ B/”m[(s 0) -

where

Y(&(t) =Ty

g (k)]s (44)

(3] (10 1m0 (45)

and hy(0%6(t)) — hJ(0%&(t) = (D)E(t), w(t)

e Co (9252(0, 62&,(t)), from the differential mean value theorem
in Lemma 2 applied to the scalar function hy.
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In addition, since f; is y;,—Lipschitz and from the structure of
¥ in (45), there exists a constant k; > y;,, independent from 6,
such that

e -

Since 83&;3(t) = x,(t) € 7 and the Hilbert projection preserves the
Lipschitz constant in R? and from the structure of g in (41), there
exists k; > y, such that

o (rj0) 5 (

Theorem 2. Assume that the component x,(t) of the system (1),
with (30), belongs to a compact interval Z C R and that the function
¢ defined in (37) is Lipschitz in R x Z. Assume there exist a symmetric
positive definite matrix P € R%*", a matrix R € RP*"D gnd
positive scalars v and y such that the following conditions hold:

A0 EFTHGTE (46)

)| = xe?1EO. (47)

(4, () P+PA, () —CTR—RTC+ pullyyy <0,

£ € {6p, 1} (48a)

0 > max (]’ M) (48Db)
"

Amin(P)[/LQ - ZKf)Lmax(P)] (48c)

202 VKg)Lmax(P) IPCT|

where k; and kg are defined in (46) and (47), respectively. Then the
output x(t) of the following observer

2 N 1 t ~
)= uf; (T.800) +—B/ g (T2 50)) ds
95(9 ) G{t_m) (9 )
+1L (y;(t) _ C’H‘%g(t))
A(0) = [Onx1 1] Ty ()

with L = P~'RT, converges exponentially to the state x(t) of the
original system (1) with the particular parameters in (30).

(49a)
(49b)

Proof. It is sufficient to show that £(t) 2 &(t) — é(t)Nis ex-
A

ponentially stable. After computing the derivative of ©#(&(t)) =
ET(t)PE(t) along the trajectories of (44), and by considering the
bounds (46)-(47) and writing B, = —yCT, we get

s s - ahy T
t‘/‘(é‘(t))séT(t)[( y<8 (w m))_Lc> P
X1
dhy -
+P <Ay ( i (w(t))) —Lc) ] E(0)
X1

207y ig IPCTIIEO)] / E) s

+ 2k Amax(P)IE (L) (50)

It follows from (48a) and the convexity principle that

. (16 = 2612man(P))

0(§(t)) < ) 0 (§(1))
L20%ykg | PCT| >
TP it oY

Then, accgrding to Lemma 1 and € > 1, the exponential conver-
gence of &(t) is inferred if

MO — 2k hmax(P) > 0
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and

(,LLO — ZKf}"max(P)) *zezngH,PCT”
)&max(P) )\min(P)
which are equivalent to (48b) and (48c), respectively.

Remark 8. Notice that for systems with linear output, i.e:
hy(x1) = Cyx, the boundedness of x,(t) is not needed because the
function g does not depend on xy, then it is globally Lipschitz on
X1.

Remark 9. Depending on the user’s needs and the model at hand,
the condition (48b) may be relaxed by applying the HG/LMI-
based observer proposed in Zemouche et al. (2019). This leads
to a smaller value of 6, which allows improving the bound of the
tolerated value of t*.

Remark 10 (On The Transformation (39)). The general method
described in Corollary 1 can be applied to systems in companion
form. However, for these systems, it is possible to introduce
the parameterization (39), as is common in the high-gain ob-
server methodology. This allows obtaining the structure (44).
Then, since (48a) are always feasible, the function 4 can be
dominated for 6 large enough as in (48b). Such a parameterization
is without benefit for systems with arbitrary structures, even for
linear systems. This becomes obvious upon closer examination
of the computations. It is worth noting that, even with the pa-
rameterization using 6, Corollary 1 can still be applied to the
transformed system (40) while guaranteeing the feasibility of the
corresponding LMIs (15a). However, by dominating the entire
function v, only two LMI conditions need to be solved. This issue
has been explored in greater detail in Zemouche et al. (2019)
and Arezki et al. (2023).

Remark 11. It is worth noting that the results can be generalized
to consider multiple nonlinearities in (30) as follows

fa (x1)

S (X1, X2)
Hx) £

fxn_l(xl, . Xn_1)
fen(%) + u(t)

without encountering fundamental difficulties.
5. Relaxation of Assumption 3

The main drawback of the previous results is the Lipschitz
assumption of the function g defined in (27), respectively, ac-
cording to the corresponding case. In the case of Section 4.2,
this requires the boundedness of the state x,(t) of the original
system and the Lipschitz assumption on the function ¢ defined
n (37). Although these conditions vanish in the case of linear
outputs, however, such assumptions are conservative in general.
Nevertheless, to avoid the previous strong assumptions, we can
proceed differently. The idea consists of applying the Newton-
Leibniz formula on the error system instead of on the output as
in (24) and (35). To this end, we transform the original system (1)
into the following one:

¢(t) = fr (¢(6), ¢(t — (1)), u(t))
{ ye(t) = Ce(0) (52)

by considering the transformations

oL [,Z‘Eg] c2[L, 0], (53)
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= Acf(x(t), u(t)) — B h(x(t — z(t)) (54)

where B; is defined as in (27), A, = [0 ]In]T, and for simplicity,
the vector z(t) is defined by

2(t) = Y;y(t)
{ z(0) = zo. (55)

To avoid the need for Assumption 3, we apply the following
observer without integral term:

&0 =fr (£, £ — r@)u®) +L (v - CE0) . (56)

Before stating the results, to avoid repetitions and cumber-
some notations, it is worth noting that the developments of this
section are introduced without detailing the computations. For
the sake of organization and comparison with the results from
the previous section, we present the findings of this section on
a case-by-case basis, starting with the general case, followed by
the specific case of companion systems.

5.1. General case

As a result, system (52) constitutes a time-delay system with
output measurements free from delay. Consequently, the Lu-
enberger observer (56) is employed without an integral term.
Notably, contrarily to the standard observer structure discussed
in Section 2.1, the observer gain, L, does not directly affect the
original output measurements by multiplication, as the delay is
shifted to the function f;. This technique, unlike the results in Adil
et al. (2022), reduces the observer’s sensitivity to time-delay and
simplifies the complexity of both mathematical derivations and
design conditions. The analytical comparisons presented in the
next section validate this assertion. These comparisons show also
that despite the simplicity of the observer (56), the observer (28)
with integral term leads to a less conservative bound on the
maximum allowable value of the delay.

From Lemma 2, there exist z; and z, in R" such that

Afy = AV )ex(t) — Be VIZe)eult — T(8)) (57)
where (s) £ x(s) — X(s) and

Afe 2 f (£(6), £ = T(0), u(t)) — fr (£(6), £(t — (b)), u(t)).

By taking

VIh(z,,2,) £ (A;v§(zf) - B;V,’}(EJ) [0 1] (58)
the estimation error dynamics is expressed as follows:

é(t) = [VE"(ze. 2.) — LC] ()

+B,VA(Z)[0 1] (e(t) et — r(t))) (59)

where €(s) £ ¢(s) — 2(5), Therefore, we can summarize the result
in the following well-structured Proposition 1. Before stating the
proposition, notice that by construction of the extended function
f in (54), the Jacobian Vx'h(zt, Et), introduced in (58), belongs to
the convex bounded set Hy, defined in (13).

Proposition 1. Assume that there exist a symmetric positive definite
matrix P € R%*™, a matrix R € RP¢*™, and a positive scalar
w such that the conditions (15a) hold. Then the observer (56),
with L = PR, corresponding to (52) and (54)-(55), converges
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exponentially if the maximum value of the delay, t*, satisfies the
following bound:

« WAmin(P)

Tt < . (60)
21l PB Il IY: 1P + 77 + ILC|

Proof. From the convexity principle, inequalities (15a) imply the
following inequality:

(VM (2, 2) —L1C) " P

+ P (VLM (2, 2,) — LC) < —uP. (61)
It follows that the derivative of the Lyapunov function
D(e(t)) 2 €T (t)yPe(t)
satisfies the inequality
dle(t)) < —pud(e(t) + O (P, L, Y,)t* sup  O(e(s)) (62)
se[t—21*,t]
where
2yylIPB; II\/IIYZIIZ)/h2 + ¥ + IILC|
e (P, LY,) 2 (63)

)\min(P)
The bound (62)-(63) is obtained after developing the computa-
tions, applying Lemma 3, and then by using the Newton-Leibniz
formula on the term €(t —1(t))—e(t). The details to prove (62)-(63)
are omitted to avoid cumbersome repetitions. Consequently, from
Lemma 1, the estimation error converges exponentially if

O /P.LY,)t"<pu (64)

which is equivalent to (60).

Remark 12. The bound (60) depends on the observer gain L,
contrarily to the bound (15b). To maximize t* in (60), one could
introduce additional LMI constraints to (15a) to limit ||LC||. If we
focus on the dependence on ||L C||, to maximize the bound (60),
we minimize the matrix (LC)TLC. To do this, we introduce a
scalar variable « > 0 and the constraint P > I,. Then, we
have, (LC)"(LC) < (LC)TP(LC) = (CTR)P~Y(RTC). Hence, if
(CTRYP™YRTC) < al,, which is equivalent, by Schur lemma,
to

—al, C™R
[RTC —79} <0,
we obtain (LC)T(LC) < «l,, which allows minimizing ||LC|| by
minimizing «. In addition, to control the norm of P, we can
introduce an additional constraint such as P < I, with 8 > 0.
Then, we can minimize max(«, 8), for instance, subject to (15a),
(65), P > I,, and P < PBI,. This issue is beyond the scope of

this paper; we provide only brief guidelines for cases requiring
optimization of the bound (60).

(65)

5.2. Companion system (30)

For particular structures of systems, the bound (60) can be
simplified. This is mainly the case of systems under the compan-
ion form (30). Without expanding the developments, by following
similar steps as in Section 3.2 and Section 5, we summarize the
results. First, the transformation (39) converts the system (52)
into the following one:

{ £ = Tof, (710, T £t — (1)
ye(t) = 6C (1)

with the corresponding observer

&) = Tof; (T, 600, T4 E(¢ - 7(0)))

(66)
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+L (1:(6) - 6CE(D)) (67a)

A(0) = [Ona ] T () (67b)

where z(t) is defined in this case by (34).

By considering the same notations as in Section 4, with the
new observer (67a), and taking into account (32), we get the
following proposition.

Proposition 2. Let hy satisfy Assumption 4 and (32), and fy is
v, —Lipschitz. Assume there exist a symmetric positive definite ma-
trix P € R"™*%, a matrix R € RP*"1, and positive scalars p and y
such that the conditions (48a)-(48b) hold. If the following condition
is satisfied

. _ )\min(P)[Me - 2Kf)hmax(7>)]
92\/§V)\max(P)||PCT” max(1, |I])

where I, is the second component of the gain L, then the state
X(t) given by (67b), with L = P~IRT, converges exponentially to
the state x(t) of the original system (1) with the parameters and
functions in (30).

(68)

Proof. To avoid cumbersome repetitions, the proof is simplified.
It uses the results and definitions of the previous sections without
repetitions. The estimation error dynamic satisfies the following
equation:

L dhy -
§(t)=10 |:~'4)/ ( (w(f))> —LC} &(t)

ax

+ (ween - wEen)

£x(s)
dh, t =
4702 o) f B -hE]as (69)
t—r(t

where v is defined in (45) and satisfies the Lipschitz inequal-
ity (46), and &(t) = &(t) — &(t). Then, by expanding the deriva-
tive of the Lyapunov function 9(£(t)) = £(t)"P&(t), and from
(48a)-(46) and (48b), we obtain:

(Me - 2fomax(7>))

BEO) =~ W)
,2/20%y | PCT || max(1, |lo]) .
‘ )\min(P) se[fil?*,t] 19(5(5)) (70)

which implies that the estimation error is asymptotically stable
if * satisfies (68). This ends the proof.

Remark 13. Note that if Assumptions 1, 2, 3, and 4 are not
satisfied uniformly with respect to u, then the Lipschitz constants
will depend on u. Hence, one of the solution consists in restricting
the control input u to a compact or bounded set &4 C R™. For
instance, in the case of Assumption 3, instead of y, we will have
vg(u). Then, we can define a uniform Lipschitz constant over this
bounded set as: y; = sup yg(u).
uel

6. Comments and discussion

This section is devoted to constructive discussions and insight-
ful comments regarding the results presented in the previous
sections, particularly in contrast to established methodologies
within the field. The main goal is to clarify the contributions
and demonstrate the advantages of both the output-based dy-
namic extension technique and the new state observer structure,
incorporating an integral term.
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6.1. On the general case

It is quite clear that although the estimation strategy proposed
in Section 3 needs the Lipschitz assumption on the function g
defined in (27), it leads, however, to a simpler and higher bound
on t*. For an explicit comparison, let us define 7 and 7; the
maximum bounds obtained by (15b) and (60), respectively. Then,
we have 77 < 73 if

Y,
> ity 7 4 c (71)

which is not easy to evaluate in general. Indeed, this depends on
the values of y;, 7, ||Y ||, and ||LC||. For instance, for systems with
linear outputs, the inequality (71) cannot be satisfied because
¥e < vy This means that for this class of systems with linear
outputs, which is often encountered in real-world applications,
the bound obtained by the strategy of Section 3.2 is less conser-
vative than (60). In addition, the upper bound (60) depends on
the observer gain L, which is not convenient for the user. Indeed,
the higher is the norm ||LC|| the lower is the bound of z* in (60).
Further results and analytical comparisons are given in the next
sections.

Additionally, it is worth noting that an alternative bound
to (64) can be derived without resorting to the state augmenta-
tion technique, as commonly seen in the literature (Ahmed-Ali
et al,, 2013b; Van Assche et al., 2011; Zemouche et al.,, 2019).
However, employing the state augmentation strategy offers no-
table advantages: it streamlines the developments and simplifies
the problem to systems with linear outputs. Conversely, the
bound (64) is derived without the utilization of the well-known
Jensen inequality, resulting, in general, in more conservative upper
bounds. Moreover, without the dynamic extension approach,
when utilizing the observer (2), the gain L multiplies the original
output, y(t), thus increasing the impact of delay on estimation
accuracy.

6.2. Case of the companion form

This category of systems holds particular significance, as it has
attracted considerable attention in the literature, with numerous
studies dedicated to developing methodologies for addressing
high values of t* in output measurements (Ahmed-Ali et al,
2013a; Cacace et al., 2014; Germani et al., 2002; Hassan et al.,
2011; Khosravian et al., 2015; Van Assche et al,, 2011; Zhang
& Shen, 2017). Recently, a novel approach exploiting the stan-
dard high-gain observer and exploiting the HG/LMI technique
has emerged, as showcased in Adil et al. (2022). The authors
demonstrated notable enhancements in the maximum allowable
value of t*. Therefore, the outcomes presented in this section for
this class of systems will be compared to the work in Adil et al.
(2022).

6.2.1. On the maximum bound in (68) and (48c)

Here, we provide the value of 6 for which the bounds in (68)
and (48c) reach their maximum. We begin with the bound in (68).
Let us introduce the following function:

)\min(P)[MG - ZKf)Lmax(P)]
92\/§V)\max(P)||PCT” max(1, |l])
It is sufficient to study the positive function pgg(6) on the interval

pes(6) £

max <l, M) , +oo[ to find its maximum value. By sim-
ple calculations, we deduce that the derivative dé’%(.) = pgg(.)
4Kf)hmax(7))

is positive on the interval [max (1,

2Kf)hmax(7)))
|:4Kf)¥max(73) +OO[ with pés (

, ] and
I
4xfxmax(73))

negative on the interval m
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= 0. This means that the maximum value of t* in (68) is obtained
for 6* = M. That is, we have

VN P
" < T = Pes (7f r:LaX( )>

_ 14 Amin(P)
1632y 22, (P)IPCT | max(1, |L])
Of course, this is the case when «kfAmax(P) > %. Otherwise, the
maximum value tgg will be
Mmin(P)[ 14 — 2k Amax(P)]
V8Y Amax(P)IPCT | max(1, )

We do the same to obtain the value of 6 for which the bound
in (48c) reach its maximum. We consider the function

Amin(P)[M‘g - ZKf)\max(P)]
zezy’cg)\max(P)HPCT Il

and for the same reasons as for pgs, we get the following maxi-
mum bound in this case:

dKcr A P
TS Ty = pas (7@( mas{ )>
"
_ 14 Amin(P)
16y kghp A2 (PIIPCT

max

. (72)

(73)

75 = pes(1) =

AL

0ag(0)

(74)

However, if k¢ Amax(P) > %, the bound 7,5 should be the following
one:

)Lmin(P)[M - 2Kf)hmax(P)]
2y kg Amax(P) IPCT

Ty = pag(1) = (75)

6.2.2. Comparison between (68) and (48c)

This subsection is devoted to analytical comparisons between
the bound (48c) derived from employing the new observer struc-
ture with an integral term, and the bound (68) obtained by using
the observer (67). To this end, we compute the ratio, £gg/4s,
between the bounds (68) and (48c) as

Cosas 2 pes(6) _ Kg
T 0ig(0) T V2max(1, b))

We remind that «, represents the Lipschitz constant of the
function g(¢) = ¢(&2, ¢3), where ¢ is defined in (37). Clearly,
the bound (48c) surpasses (thus, is higher than) that of (68), if
Les/ag < 1. However, this condition relies on the values of «; and
L. According to (32), we have

(76)

su 82hx(c ) 2+'8hx(;)2
Ke = —
& \gzeR,gGZ 8§22 253 852 2

d2hy

2
= |1 — : 77
+{26§;’1§1§d( 92 (£2)3 ) (77)

Therefore, £6g/43 < 1 if the following inequality holds:

2

0-hy
— (5243

2 1, 1L =1
s < 2[max(1, |L])]

sup
$€ERE3€T

=max (1,2[L> — 1). (78)

Otherwise, if £gg/43 > 1, the bound (68) surpasses (48c). In gen-
eral, direct comparison between the two bounds is challenging.
However, the advantage of (48c) over (68) stems from the fact
that (68) explicitly depends the observer gain component |l|,
which has the potential to be high. More notably, in systems with
linear output - common in the techniques developed for this class
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of systems - the bound (48c) consistently exceeds that of (68).
This is obvious because, in the case of linear output, k; = 1 due

to ‘i—h; = 0. Consequently, (78) holds for any I,.
2
6.2.3. Comparison with the bound in Adil et al. (2022)

To provide a comprehensive comparison between (48c) and
the bounds obtained in Adil et al. (2022), it is necessary to
establish an analytical connection between the solutions of the
LMI condition (18) outlined in Adil et al. (2022, Theorem 10)
and those of our LMI conditions (48a). Although the observer
presented in Adil et al. (2022, Theorem 10) operates within a
dimension of n, contrarily to our observer, which operates in a
dimension of n+ 1, our design methods offer distinct advantages,
notably:

e The LMI conditions presented in Adil et al. (2022, Eq.(18),
Theorem 10) depend on the maximum allowable delay
value, *, presenting a notable limitation that necessitates
the utilization of specific numerical algorithms to solve the
resulting inequalities. Furthermore, compared to our LMI
conditions (48a), those in Adil et al. (2022, Eq.(18), Theorem
10) exhibit a certain conservatism from feasibility point of
view, while notably, our LMI conditions remain consistently
feasible for the considered class of triangular systems.

e In contrast to our approach, the LMIs proposed in Adil et al.
(2022, Eq.(18), Theorem 10) incorporate an additional deci-
sion variable beyond the Lyapunov matrix and the observer
gain, which contributes to the determination of the bounds
on t*. This introduces an additional conservatism since this
decision variable may decrease significantly the maximum
allowable delay value, t*.

e In contrast to our method, the approach in Adil et al. (2022)
gives two different bounds on 7*, namely t; and 7,, where
T* < min(ty, 7). However, the bound t; depends on A6 —
2k Amax(P) while 7, depends on D e Hence, re-
gardless of the value of 6, whether it is close to 160 —
2krAmax(P) or not, it affects the value of t* since either t;
or 7, is very small

6.3. On the performance of the new observer structure

At first glance, the integral term in the observer (10) might
suggest that the estimation error is propagated and accumulated
more significantly than in an observer (56) without the integral
term. However, a closer examination of the estimation error
dynamics in both cases, particularly for triangular/companion
form, as illustrated in Eqs. (44) and (69), shows that the integral
term also appears in the dynamics of the estimation error in the
case without the integral term. This arises because the observer
without the integral term evaluates the nonlinear function at
&(t — 7(t)), instead of £(t) in the case with integral term. Such an
integral term is unavoidable due to the presence of time-delay.
The inclusion of an integral term in the observer does not imply
inferior performance compared to an observer without it. On
the contrary, the additional term facilitates better compensation
for delays, as shown analytically in the previous sections across
various scenarios and families of systems.

The novel output-based dynamic extension technique intro-
duced in this paper is designed to address long delays in sys-
tem outputs. Notably, this extension works as a filter, reducing
sensitivity to measurement noise, among other benefits. Fur-
thermore, the paper provides practical options for application-
oriented users: if the delay in the system output meets the
sufficient conditions required by the observer without an integral
term, that observer can be employed. Otherwise, users can opt for
the novel observer structure with an integral term. Both observers
use the dynamic extension method, significantly enhancing their
performance.

10
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Remark 14. Note that implementing the observer with integral
term in discrete time is nontrivial, often requiring high sampling
rates and substantial memory to accurately approximate the in-
tegral over the interval [t — z(t), t] using numerical methods such
as the trapezoidal rule, Simpson’s rule, and others. In particular,
accurate numerical integration over a moving time window re-
quires: a high sampling frequency to reduce discretization error;
storage of past signal values over the entire delay window; and
computation of the integral at each time step, which increases the
computational complexity.

7. Further result

This section presents a new approach for handling large out-
put delays by solving delay-dependent LMIs, avoiding restrictive
constraints on t* such as (15b). We consider the general case,
yielding results applicable to any specific system family. Using
a Lyapunov-Krasovskii functional, the method improves existing
LMI-based designs for similar systems (Nechaf et al., 2023; Targui
et al,, 2019).

7.1. Lyapunov-Krasovskii analysis

Consider the system (9) with the parameters and functions
given in (25)-(27) and the observer (28), with the function g
satisfying Assumption 3. This leads to the estimation error dy-

namic (12). By using Lemma 2, there exists z; € Co (g(t), f(t))
as in (5) such that Ag ((s), Z(s), u(s)) = V¢ (Z)e(s), where V7 is

defined as in (7). Then, the error dynamic (12) is rewritten under
the following form:

[v
Since the function g satisfies Assumption 3, then there exist
constant matrices ng of appropriate dimensions, and functions

é(t) (79)

t
LC] e(t)+ B, f VE(Z,)e(s)ds.
t—1(t)

A](z[) j = 1,...ng such that the generalized Jacobian Vg(zs)
belongs to the convex polytopic set defined as:
fig fig
He 21D MEIE Y hi(Z) = 1.4(Z) = 0 (80)
j=1 j=1
Now, consider the Lyapunov-Krasovskii functional
O (e(t)) = € (t)Pe(t)
0 0
+/ / e(t + s)TH(t + s)e(t + s)dsdv (81)
—t* Jou

with I7(s) £ (Vg(zS )) S V{(Z;), where P and S are two symmet-
ric and positive definite matrlces of appropriate dimensions. By
expanding the derivative of ¥ along the trajectories of (79), w

get

Ble(t)) = € (1) [(Vf (z)) — Lc) PP (vf‘( O — LC)] e(t)

+ 2/ € " (tYPB Vi (Z5)e(s)ds + t*e(t) TT(t)e(t)
t—z(t)

t
- / €T (s)M(s)e(s)ds

where we used & f " f @(t+s)dsdv = t*g(t ft . (v)dv for
any continuous function ¢(.) defined on [—t* +oo[—> R. Now,
by using the Young inequality on the first integral term in (82)
and the fact that z(t) < t*, we obtain

(82)

t
zf € (tYPB, VE(Z)e(s)ds < e (1) (733;)T S™'PB.e(t)
t—1(t)
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+ / € (s)(s)e(s)ds.
It follows that
He(t)) < e (M (P, S, t) e(t)

where

MP,s.0 2 (Vi) - Lc)T P+P (V) - 10)

+ T PBST (PB) + T II(0).
As a consequence, we deduce that #(e(t)) < 0, Ve(t) # 0 if

M (P, S, t) <0,Vt > 0. (84)

7.2. Delay-dependent unified LMIs

This section is devoted to a new LMI-based method, where
the provided LMIs are delay-dependent and free of any extra
constraint on the maximum allowable delay t*. The result is
summarized in the following theorem.

Theorem 3. Assume that there exist two symmetric and positive
definite matrices P € R%*™ and S € R™*™, and a matrix
R € RP:*™ such that the LMI conditions (85) hold. Then the
observer (28), with L = P~'RT, corresponding to the system (9)
with the parameters and functions given in (25)-(27) converges
asymptotically.

A)' A —CTR-RTC B)  B's
;) P+PA - - (PB;) k
1
SB§ 0 -Ls
<0j=1,...,05k=1,...,7,. (85)

Proof. Once the Lyapunov-Krasovskii functional is expanded to
derive inequality (84), the subsequent steps of the proof unfold
straightforwardly. Specifically, invoking the Schur Lemma con-
firms the satisfaction of inequality (84) provided the following
conditions are met:

T - T
a1y (PB)  (VE@E)) S
PB; -Ls 0
S VE(z) 0 -Is

<0 (86)

for all t > 0, where
A f{ T f(
)2 (vz (z:) — LC) PP (v{ (z0) — LC) .

Therefore, using the convexity principle and introducing the
change of variable R = LTP~!, the inequality (86) is ful-
filled if (85) holds true. Consequently, we infer that d(e(t)) <
0, Ve(t) # 0, implying asymptotic stability of the estimation error
around the origin.

7.3. Decoupled LMIs

The design approach outlined in Theorem 3 is notably straight-
forward, requiring only the fulfillment of a set of LMI conditions
without imposing any additional restrictive constraints on the
delay. Although the LMIs (85) are delay-dependent, they allow
optimizing the maximum allowable delay value, t*. On the other
hand, we can convert the global LMIs (85) into two LMIs, where
the first one is delay-independent and the second one is delay-
dependent. Indeed, imposing the inequality (21) and using the
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Schur Lemma, we deduce that (85) is satisfied if in addition
0 (21), the following LMIs hold:

T T
— Iy, (PB) B;'S
PB, _%S 0 <0,k=1,...,7n. (87)
SB 0 -Ls

For an optimal value of t*, the LMIs (21) and (87) are to be solved
simultaneously. Inequality (87) acts as an additional constraint
to (21), that must be satisfied, replacing inequality (22). However,
compared to (22), (87) offer two significant advantages:

e They can be solved simultaneously with (21), facilitating the
determination of the optimal value of t*.

e Even if (87) are solved a posteriori after solving (21), they
are less conservative than (22), as they incorporate an ad-
ditional decision variable - the matrix S - derived from the
delay-dependent Lyapunov-Krasovskii functional.

7.4. On the computational complexity of (85)

The presence of two Jacobian matrices in Theorem 3 signif-
icantly increases the computational complexity of the polytopic
LMI-based approach, leading to an exponential growth in the
number of LMIs to be solved. This is the main limitation of
the proposed approach since we have 2("t")"+P" [ MIs to solve
with the same Lyapunov matrix P. However, as emphasized and
demonstrated in prior works (Rajamani et al., 2020; Zemouche &
Boutayeb, 2013), using the standard LMI-based methods, based
on the S-Procedure Lemma or Young’s inequality, to dominate
nonlinearities results in a single LMI, but this LMI is often overly
conservative and infeasible for systems with Lipschitz constants
greater than one (Zemouche & Boutayeb, 2013). This highlights
the importance of seeking a balance between computational fea-
sibility and the conservativeness of the results. It is also worth
noting that, in many real-world applications, systems frequently
feature linear outputs and some nonlinear components with con-
stant partial derivatives. These characteristics can greatly reduce
the number of LMIs that need to be solved, reducing computa-
tional complexity. Moreover, the polytopic approach has already
proven its effectiveness in the past and has been applied to
various real-world systems and experimental models, and the
method has also been generalized to different classes of sys-
tems and control problems (see Guerra et al. (2024), Nemati
et al. (2019), Phanomchoeng et al. (2011), Rajamani et al. (2020)
and references therein). In addition, improvements have been
proposed in the previous literature to overcome the challenges
associated with this approach, such as computational complex-
ity (Zemouche et al., 2016), in particular by proposing a signif-
icant reduction in the number of LMIs to solve. Hence, in case
the exponential number of LMIs is an obstacle for the numer-
ical software, we can reduce the number of LMIs by following
the techniques given in Zemouche et al. (2016) or convert our
polytopic LMIs into a single, but more restrictive LML

In the general case, without assuming a specific system struc-
ture, the feasibility of (85) cannot be guaranteed; only necessary
conditions can be explicitly identified. In our case, the detectabil-
ity of the pairs (A, C), which is embedded in the LMI formula-
tion, is a necessary condition for the feasibility of the LMIs (85).
Indeed, (85) is feasible if the first diagonal block is negative
definite, i.e.:

A
(4) P+PA—CTR-RTC<0j=1,. 7

which can be satisfied if necessarily the pairs (Af C) are de-
tectable. The Lipschitz assumptions (Assumptions 1 and 3) are
also required since they are used in the construction of the
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bounded matrices .A° and Bf respectively. The conservatism of
these LMI conditions stems from two main factors: (1) the use of
a constant Lyapunov matrix, ; and (2) the possible loss of linear
observability on the bounding polytopes. These limitations are
common across all LMI-based approaches. Notice that no existing
LMI-based observer design method in the literature can guarantee
the feasibility of LMIs for an arbitrary nonlinear system structure.
Feasibility can only be guaranteed for specific structures, such as
the triangular form in Section 4.

7.5. Numerical design procedure

The formulation in (21)-(22) has the advantage of decoupling
the feasibility of the set of LMIs from the maximum allowable
delay, while the LMIs (85) depend on the maximum allowable
delay, t*. Since t* is embedded within (85) and these LMIs are
solved offline, the gridding method can be employed on t* to
determine an optimal value, Toptr for which the LMIs (85) remain
feasible. The resulting LMIs are then feasible for any time-delay
7(t) where * < Topt- The gridding method is required because
the inequality (85) is not linear on 7*, due to the coupling T%S.
Then, it cannot be optimized directly by using LMI solvers. The
procedure is outlined in the well-structured Algorithm 1.

Algorithm 1: Numerical design algorithm

Require: LMI (85) nonlinearly dependent on t*, denoted
LMI(z*), and a range for t*
Ensure: The maximum admissible value of v*, denoted 7,
1: Initialization:
Define the range of 7*: [Tmin, Tmax]-
Choose the number of grid points N and compute the
grid:
{t7, 7o, ..
Initialize 75,
2: Grid Search:
foreach 7 in the grid do
Substitute 7;* into the LMI (85) to get LMI(z;*);
Solve the linearized LMI(z;*) using an LMI solver;
if LMI (85) is feasible at t;* then
L T(;(pt ~ Ti*;

. . *
3: Return: 75,

., T} where 7} = T + (i — 1) —min,
<— Tmin-

To enhance the possibility of obtaining a high value for 7},
it is convenient to select a sufficiently large tpax. Additionalf ,
increasing the number of grid points, N, improves the accuracy
of the algorithm. For application-oriented users, this means that
depending on their specific model and the delays affecting their
outputs, they can use the solutions obtained from (85) with an
optimal value Topt O design their observer, provided the delay
satisfies T < 75,

8. Illustrative example

This section presents an illustrative example to validate the
proposed observer design method and demonstrate the superi-
ority of the established results. Specifically, we propose a two-
dimensional bioreactor model previously explored in the liter-
ature. This model has been extensively employed in numerous
studies on this subject, including those by Adil et al. (2022),
Van Assche et al. (2011), Targui et al. (2019), and Nechaf et al.
(2023). Its simplicity and wide use make it a convenient bench-
mark for illustrating the effectiveness of our methods and en-
hancing consistent and meaningful comparisons with prior re-
search. The model is described by the following equations:

. -l ¢
x= |: 01 01:|x~|— |:czsin(x2)
y(£) = x1(t — =(t)),

0
+ c3cos(xy) + c4u:| (88)
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Table 1

Comparison between different methods.
Method T
(Van Assche et al.,, 2011, Theorem 1) < 0.01
(Adil et al,, 2022, Theorem 17) < 0.02
Theorem 1-LMI conditions (15) ~ 0.03

(Targui et al., 2019, Theorem 2) ~1
(Nechaf et al.,, 2023, Theorem 3) ~ 23.60
Theorem 3-LMI conditions (85) ~ 34.50

where the input u(t) is given by u(t) sin(0.35t) and the
constants l; and ¢;,i = 1,...,4, are given by l; = 1,¢; = 1,
¢, = c3 = 0.02, and ¢4 = 8. In this case, the function g in (27) is

reduced to g(¢, u) —11¢3 + ¢1¢3, which satisfies Assumption

3 with Lipschitz constant y, B+c2 = 2. We use the

output augmentation technique by using the new variable z(t)
introduced in (34). Then, we have

Bo=[-y 0 0]'. f(¢.u) = [v&

. a =l +eigs
with f(¢,u) = €2 Sin(&3) + €3 €0s(43) + cqu
Jacobian of the function f; is given by

P 0 vy 0
Vi(z)=1|0 —h 1 .
0 0 cycos(z¢)— c3sin(zg)

Also, the Jacobian of the scalar function g is given by Vf(it)
B} = [0 —Ii ¢ ] Utilizing the LMI conditions (15a) subject
to (15b) outlined in Theorem 1, and the LMIs (85) of Theorem 3,
we obtain the results presented in Table 1, contrasting them with
the methodologies introduced in prior works such as (Adil et al.,
2022; Nechaf et al., 2023; Targui et al., 2019; Van Assche et al,,
2011). These references explore the same example to compare
the efficiency of the approaches proposed therein.

It is quite clear from Table 1 that whether based fully on LMIs
or requiring extra constraints on t*, our methods significantly
enhance existing techniques in the literature. For t* = 5s and
y = 1, the observer gain obtained from the LMIs (85) is L =
[5.1004 1.0124 0.7387]T. To demonstrate the efficiency
of the proposed output-based dynamic extension technique, we
introduce Gaussian noise with a mean of zero and a standard
deviation of o to disturb the output measurement. Fig. 1 presents
results for o = 10. Notably, even with a significant value of o, the
new observer structure, augmented with an integral term, shows
good performance, showcasing robustness to measurement noise.

In the simulation, to simplify the computation of the integral
term, we considered a constant delay, 7(t) = t*, and assumed
that g(;(t),ou(t)) = g(¢(0),u(0)) for all t € [—t*, 0]. Hence,

feow]’

i|. Therefore, the

we have g(gc(s), u(s))ds = T*g(f(O), u(0)), thus avoiding the

need for numerical integration during the initialization phase.
Moreover, in our example, the functiop g is independent of the
control input u, i.e., g(Z(s), u(s))t = g(¢(s)). Then, for the online

computation of the integral g(;:(s))ds, we used a simple

and effective implementation iHTSIMULINK based on the identity
t t t—t*

/ g&(s)ds = [ g(¢(s))ds — g(&(s)) ds. This approach
_* 0 0

efirﬁiqates the need for explicitly storing or buffering past values

of g(¢(s)). The implementation consists of three matin compo-

f g(Z(s))ds,

0 .
a Transport Delay block to generate a delayed version of
this integral, and a Subtract block to compute the difference.

nents: a standard Integrator block to compute
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Fig. 1. Behavior of the estimation errors for t* = 5s.

The resulting signal corresponds to the integral over the mov-
ing window [t — t*, t], which is directly used in the observer
equations.

9. Conclusion

In this paper, we proposed several observer design techniques
for nonlinear systems with delayed and nonlinear outputs. Using
state augmentation and output transformation, the delay and
nonlinearities are transferred to the system dynamics by creating
a new output measurement and extending the system. For sys-
tems in companion form, novel synthesis conditions are derived
that are less conservative than existing results. An alternative
technique is also introduced to avoid the additional conservative
Lipschitz assumption, and is thoroughly compared with both
the relaxed Lipschitz method and existing approaches. Finally,
based on a Lyapunov-Krasovskii functional, we propose an LMI-
based method ensuring asymptotic convergence of the observer.
Future work will extend this idea to unknown input and adaptive
observers for systems with unknown parameters.
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