Mathematische Zeitschrift (2021) 297:1-24

https://doi.org/10.1007/500209-020-02494-9 Mathematische Zeitschrift
()

Check for
updates

Decomposition of graded local cohomology tables

Alessandro De Stefani’ - llya Smirnov?

Received: 2 July 2019 / Accepted: 11 February 2020 / Published online: 27 February 2020
© The Author(s) 2020

Abstract

Let R be a polynomial ring over a field. We describe the extremal rays and the facets of the
cone of local cohomology tables of finitely generated graded R-modules of dimension at
most two. Moreover, we show that any point inside the cone can be written as a finite linear
combination, with positive rational coefficients, of points belonging to the extremal rays of
the cone. We also provide algorithms to obtain decompositions in terms of extremal points
and facets.
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1 Introduction

Let R = k[xi, ..., x;;] be a polynomial ring over a field k. In 2006, Boij and Soderberg
formulated two conjectures regarding the cone of Betti tables of finitely generated Cohen—
Macaulay modules over R [2]. First progress towards answering the conjectures was made
by Eisenbud, Flgystad, and Weyman [8], who proved the existence of modules with pure
resolutions associated to any degree sequence in characteristic zero. Later on, Eisenbud and
Schreyer proved the conjectures [6], and then Boij and Soderberg extended them to the non-
Cohen—Macaulay case [3], using the techniques introduced in [6]. One of the main aspects
of these conjectures can roughly be summarized as follows:

Theorem 1.1 Given an R-module M, there exist finitely generated graded R-modules
N1, ..., N5 with a pure resolution, and positive rational numbers ry, . . ., rs, such that
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BM) = "r;B(N;).
j=1

Here, B(—) denotes the Betti table of a finitely generated graded R-module.

At the core of the proof is the study of another object, the cone of cohomology tables
of vector bundles in P!, This cone is not dual to that of Betti tables in the usual sense.
However, using suitable pairings, Eisenbud and Schreyer derive information about extremal
rays and supporting hyperplanes of one cone from the other. They also provide decomposition
algorithms for both cones. Later, in [7], the same authors extend these result to cohomology
tables of coherent sheaves. The duality between Betti tables and cohomology tables was later
revisited by Eisenbud and Erman in [5], who provided a categorified version. Further results
on categorification for the decomposition of cohomology tables were proved by Erman and
Sam in [9]. Recently, there has been interest in extending the theory to other settings: for
example, [10,11] develop a Boij—Soderberg theory for coherent sheaves on Grassmannians.

In 2015, during the Bootcamp for the AMS Summer Research Institute in Algebraic
Geometry at the University of Utah, Daniel Erman asked whether a theory, analogous to
that for cohomology tables of coherent sheaves, could be developed for local cohomology
tables of finitely generated graded R-modules. In this article, we work towards answering this
question. We give a complete description of the extremal rays of the cone in dimension up to
two, and we show that every local cohomology table inside the cone can be expressed as a
finite sum of tables from the extremal rays. In what follows, we will view lower dimensional
polynomial rings as R-modules via the isomorphisms k[x1, ..., x;] = R/(Xi41, ..., Xm)-
The following is the first main result of this article.

Theorem A (See Theorem 4.6) Let R = k[xy, ..., Xn] be a standard graded polynomial

ring, letm = (x1, ..., xpn) R, and M be a finitely generated Z-graded R-module of dimension
at most two. Let S = klx, y] be a standard graded polynomial ring, and n = (x,y)S.
There exist positive rational numbers ry, ..., rs and finitely generated graded S-modules

Ni, ..., N € {k(a), k[x1(a), S(a),n'(a) | t € Zs1, a € Z} such that
dimy (Hi, (M)) = > rj dimy (Hy (N))
j=1
foralli € {0, 1,2} and all £ € 7. Moreover, the local cohomology tables of the modules in

the set above describe the extremal rays of the cone of local cohomology tables of finitely
generated graded R-modules of dimension at most two.

Recall that there is a well-known relation between the local cohomology of a finite
module M and the cohomology of the sheaf M associated to M. The relation states that
DB, H (M) = H’n;*'l (M) for i > 0, and there is a four-terms exact sequence:

0 — HY (M) > M — EHH(M (1)) - H}, (M) — 0. (1.1)
teZ

However, this exact sequence is a stumbling block, and we do not see a way to obtain
information on the decompositions of H?n(M ) and H‘]11 (M) from those of P, HO(M (1)) and
M.

To present more differences between local cohomology and sheaf cohomology, observe
that, in P!, a decomposition of cohomology tables in terms of cohomology tables of super-
natural bundles is easily seen to be finite. In fact, by taking cohomology of the exact sequence
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Decomposition of graded local cohomology tables 3

0 - t(F) > F - F/t(F) — 0, where t(F) denotes the torsion subsheaf of the sheaf
F, we obtain that it is enough to decompose the tables of t(F) and F/t(F) separately. For
the latter, observe that F/t(F) is a direct sum of line bundles. For the former, using that
H!'(t(F)) = 0 and dim; H*(t(F)(d)) = X (t(F)(d)) is a constant, one can decompose the
table t(F)(d) using skyscraper sheaves. In the case of local cohomology tables, finiteness of
the decomposition in k[x, y] is a consequence of Theorem A, but this requires a significant
amount of work, as we will show in Sect. 4. In P2, a decomposition of sheaf cohomology
tables in terms of extremal points may not be finite, as shown in [7, Example 0.3]. On the
other hand, [7, Theorem 0.1] asserts that every point in the cone will be given by a convergent
series of extremal points, given by supernatural cohomology tables. Given that the arguments
for P! and k[x, y] are significantly different, there is still a possibility that the decomposition
of local cohomology tables in terms of extremal points is always finite. We hope to provide
an answer to this question in future work.

Another important aspect of Boij—Soderberg theory is the dual description of the cone
spanned by Betti tables by non-negative functionals. In other words, while it is very hard to
say when a given table is a Betti table, it is possible to characterize completely tables such
that some multiple is a Betti table. We provide an answer in the following form.

Theorem B (See Theorem 6.2 and Algorithm 6.8) Let R = k[xi,...,xu], m =
(X1, ..., Xm), and let M denote the space of 7. x 3 matrices with finitely many non-zero
entries. Then (Proposition 4.2) we can identify a local cohomology table of a finitely gen-
erated graded R-module of dimension at most two with a matrix in M. Furthermore, a
matrix A = {a; j} € M is in the cone spanned by the images of local cohomology tables
of Z-graded R-modules of dimension at most two if and only if the entries of A satisfy the
following inequalities:

e 0<ap,forseZ,

e 0<as+ Zisﬁl ay,; fors €Z,

e 0<apforselZ,

¢ 0= (i,a1i+ @+ Dais,+ Z?:_ol (i + Daz s4i fors € Zandn € L.

A fundamental aspect of our work are greedy decomposition algorithms accompanying
both main theorems. In Sect. 5 and Algorithm 6.8 we explain how to decompose, in terms of
extremal points of the cone, a given local cohomology table of a finitely generated k[x, y]-
module or a matrix satisfying the inequalities of Theorem B. We point out that the proof of
Theorem A could be turned into an algorithm to obtain such a decomposition and this proof
may produce a different decomposition than the one coming from the greedy algorithm of
Sect. 5. The advantage of the strategy used in the proof of Theorem A is that it provides a
shorter and more conceptual argument; the disadvantage is that it requires knowledge of the
module M. The greedy algorithm provided in Sect. 5, while being less transparent and more
computational in nature, only requires knowledge of the local cohomology table of M.

2 Notation and background

In what follows, let R = k[x1, ..., x;,,] be a polynomial ring over a field k. We will always
view R with its standard grading, that is, deg(x;) = 1 for all i. We can write R = @, Rn,
where R, is the k-vector space spanned by the monomials in x1, . . ., x4 of degree n. We will
use m to denote the irrelevant maximal ideal €D, Ry.
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4 A. De Stefani, I. Smirnov

Local cohomology was introduced by Grothendieck [13]. One way to define it is as follows.
Given a Z-graded R-module M = @, _, M,,, we consider the Cech complex:

nez

m m
é.(M): 00— M — @Mx,- — @ My, —= ... —= @Mxl.”;,.“xm — My,..y,, —> 0,

j=1 I<i<j<m i=1

which is a complex of Z-graded modules. Each map is just a localization, up to an appropriate
sign choice that makes C (M) into a complex. For i € Z, the local cohomology modules

Hi (M) = H (C" (M)

are Z-graded Artinian R-modules. It is well-known that, if H’m (M) # 0, then depth(M) <
i < dim(M) and these bounds are sharp. Given a finitely generated Z-graded R-module M,
for j € Z we let

W (M); = dimy (HL, (M) ),

where the subscript j denotes the j-th graded component of Hﬁn (M). Tt is well-known that
all these dimensions are finite. We collect these numbers in a matrix with Z-many rows, and
d + 1 columns:

[Hy, (M)] = (h' (M) ) jez.0<i<a € Matz,a41(Zz0).

Finally, for i = 0,...,d, we denote by [H‘;n(M)] the (i + 1)-st column of the matrix
[H}, (M)], that is, the column with entries (h' (M) ;) jcz. The following is the main question
we investigate in this article.

Question 2.1 Let R = k[x, ..., x,], where k is a field. Is there a set A4 of local cohomology
tables of finitely generated Z-graded R-modules that satisfies the following two conditions?

(1) Given any finitely generated Z-graded R-module M with dim(M) < d, there exist
finitely many positive rational numbers r1, .. ., rg and tables Hy, ..., H; € A, such that
[Hy, (M)]=3"_,rjHj.

(2) The set Ay is minimal, that is, none of the elements of A; can be obtain as a finite
positive rational linear combination of other elements from Ag4.

Observe that, if such a set A, exists, the local cohomology tables of modules from Ay
define the extremal rays of the cone of local cohomology tables of finitely generated graded
R-modules.

In relation to the above, we are also interested in a dual description of the cone, in terms
of its facets. In other words, our goals include a description of the linear functionals that cut
out the cone in the space of all tables.

In this article we provide an answer to Question 2.1 when d < 2 (Sects. 3 and 4). We first
show that, in general, the study of A, reduces to understanding local cohomology tables of
modules over polynomial rings in d variables. Moreover, we provide the facet description of
the cone, in terms of the supporting hyperplanes, again for d < 2. This is done in Sect. 6.

Both problems actually reduce to the study of local cohomology tables of finite graded
modules over k[x, y], with k and infinite field, by means of the following lemma.

Lemma 2.2 Letk C £ befields, with |l| = oo, let R = k[x1, ..., xp],and S = £[y1, ..., yil.
The cone of local cohomology tables of finite graded modules over R of dimension at most
d equals the cone of local cohomology tables of finite graded S-modules.
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Decomposition of graded local cohomology tables 5

Proof First observe that, when studying the cone of local cohomology tables, we may always
extend the base field without losing any generality, using considerations along the lines of [5,
Lemma 9.6]. In fact, every local cohomology table over R is naturally a local cohomology
table over Ry = R ®j ¢; conversely, every local cohomology table over R, is a multiple of
a local cohomology table over R.

We will therefore assume that k& = £ is infinite, without losing any generality. Let M be
a finitely generated graded R-module of dimension at most d. Let A = £[z1,...,z;] be a
graded Noether normalization of R/ anng (M), where ¢ < d is forced by our assumptions.
We can view A as a finite graded S-module by sending y; to z; for 1 < i < ¢, and the
remaining y; to zero. Since M is a finitely generated graded R/ anng (M)-module, and S —
A — R/anng(M) is finite, M is a finitely generated graded S-module with respect to the
standard grading on S. Therefore the local cohomology table of M belongs to the cone of local
cohomology tables of finite S-modules. Conversely, every finite S-module can be viewed as a
finite R-module of dimension at most d via the map R — S thatsends x; toy; for1 <i <d,
and the remaining x; to zero. O

Remark 2.3 1In the rest of the article, we will tacitly make use of Lemma 2.2, and study the
cone of local cohomology tables of modules of dimension at most two by working with
polynomial rings in at most two variables over an infinite field.

Moreover, there is little harm in working with modules with positive depth. Namely, we
may decompose the table [Hy (M)] = [Hgn(M )]+ [Hy, (M/ Hgn(M ))] and note that the
decomposition of H%(M ) as k-vector space gives a decomposition of its local cohomology
table by elements of the form [H}, (k(a))].

3 Decomposition of graded local cohomology tables in dimension one

When R = k is a field, one can immediately see that the set Ag = {[H}, (k(a))] | a € Z})
provides an answer to Question 2.1. Finitely generated modules over R = k[x] are
also very well-understood, since R is a PID. We will show in this section that A; =
{[Hx (k(a)], [HY, (k[x](a))] | a € Z}.

Theorem 3.1 Let R = k[x]. The local cohomology table of every finitely generated graded R-
module can be expressed as a finite sum, with positive integer coefficients, of local cohomology
tables of the form [Hy, (k(a))] and [H}, (k[x](a))], for a € Z. Moreover, the set these tables
Sform is minimal, so that A1 = {[Hy, (k(a))], [Hy, (k[x]1(a))] | a € Z} provides an answer to
Question 2.1.

Proof By Remark 2.3, we may assume that M is positive depth and, therefore, it decomposes
as a direct sum of R(a).

To conclude the proof, we need to show that the set {[H}, (k(a))], [Hy, (k[x]1(a))] | a € Z}
is minimal. To do so, we distinguish two cases:

(1) First assume that there exist A, us € Qx¢ such that
[Hp, (k(@)] =D A [Hy (k(r)] + D s [Hy, (kx] ()]
r#a SEL

We will reach a contradiction by specializing these equality of Z x 2 tables to specific
entries. In fact, the entry (—a, 1) on the left is hO(k(a))_q = 1, while every table on the
right has a zero entry in that position.
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6 A. De Stefani, I. Smirnov

(2) Now assume there exist A,, ;s € Q>0 such that

[Hp, (k[x1(@)] = D A [Hy (k)] + > s [Hy, (k[x1(s))]-
reZ s#a
Since the table on the left has all zeros in the first column, we readily get that A, = 0
for all ». Moreover, since the (—a, 2) entry on the left is h! (k[x](a))—4 = 0, we obtain
that us = O for all s < a. However, specializing at (—a — 1, 2), on the left we have
hl(k[x](a))—q—1 = 1, while all the tables on the right have a zero entry in that position.
A contradiction.

[m}

4 Decomposition of graded local cohomology tables in dimension two

In this section, R will denote a polynomial ring k[x, y] over an infinite field k. Given any
finitely generated R-module M, we have Hin(M ) =0foralli < —1andalli > 3. Therefore
the local cohomology table H‘m (M) can be encoded into a Z x 3 matrix [Hy, (M)], with non-
negative integer entries.

Notation 4.1 Let N = @n <7, N, be a Z-graded k-vector space that satisfies dimy (N,) < 0o
for all n € Z. For t > 0 we define a “t-difference function” A?v: Z — Z inductively. If
t = 0 then A(,)\,(n) = dimg(N,) foralln € Z. If t > 0, for n € Z we define Aﬁv(n) =

A ) — AT+ 1),
Proposition 4.2 Let R = k[x, y], and M be a finitely generated R-module.

(1) There exists an integer a such that an(M)n = 0foralln > a.
(2) Fori = 0,2 we have A’ (n) >0 foralln € Zandall j <i. Fori = 1, we have

m (M)
A%{“(M)(n) >0foralln € Z, a'na' A;I,m(M) (n) > 0 foralln < 0.
(3) Foreveryi =0, 1,2 we have A, 0 (n) = 0 for all but finitely many n € 7.

Proof This follows from standard results on the growth of Hilbert functions of finitely gen-
erated graded modules of a given dimension. Indeed, the graded Matlis dual of H{ (M) is
Ext?{’ (M, R(—2)), and the latter is a finitely generated module of dimension at mosti. O

In analogy with the notation we use for local cohomology modules, given a Z-graded R-
module L we record its Hilbert function n + dimy (L) in a column which we denote by [L].
To help keeping track of degrees, we will also include the index n € Z as an extra column.
Moreover, we usually represent such columns as rows, by taking the transpose matrix:

T - dimg(Lypg1) dimg(Ly) dimg(Ly—1) -+ |

Lemma4.3 Let R = k[x, y], and L be a graded cyclic R-module of finite length. Let a
(respectively, b) be the smallest (respectively, largest) integer t such that L; # 0. Then

[L]= ZZ;‘& ralR/m" (=a)], for some r, € Qx.

Proof Since L is cyclic, we can write L = (R/I)(a) for some m-primary homogeneous ideal
I.Lets =b—a,and d,, = dimy((R/I),) for all n € Z. By [1, Theorem 1.1] we have that

nd, < (n+ 1)d,—1 4.1)
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Decomposition of graded local cohomology tables 7

for all n > a. Consider the linear system

0 0 ... 0 s+1 Xo ds
0O 0 ... s N Xl ds—l
0o 2 ... 2 2 X1 di
1 1 ... 1 1 X do
which has a unique solution (rg, ..., rs) € Q**L. we prove that r; > 0 for all i. It is clear
thatry = ds/(s +1) > 0. For 0 <i < s we have that
d; > d; d; d;
o= Z ri|=- i ‘z+1 _‘z+2 _
’ i+1 i+2 i+3
j=i+1
_ 4 & din -0
s+l s+ 1 i+1 i+2~

by (4.1). Forall j =0, ..., s, we then have that

s N

A=Y raG+ 1= rydime((R/m"*))).

n=j n=0

Taking into account the shift by a, we finally obtain that [L] = Zn -0 2 ra[(R/m Y (—a)],
as claimed. O

We recall the following graded versions of Serre’s condition (k)

Definition 4.4 Let (R, m) be a standard graded k-algebra, and M be a finitely generated
graded R-module. We say that M satisfies Serre’s graded condition (Si) if

depth(Mp) > min{dim(M,), k}

for all homogeneous ideals p € Spec(R). We say that M satisfies Serre’s graded condition
(Sx) on the punctured spectrum if the inequality holds for all homogeneous ideals p, with

p#m

Lemma4.5 Let R = k[xy,...,xq], m = (x1, ..., xq) be its irrelevant maximal ideal, and
M be a finitely generated R-module of dimension d. If M satisfies Serre’s graded condition
(Sa—1) on the punctured spectrum, then Hy, (M) has finite length for all i # d.

Proof Leti # d. By graded local duality, we have that Hi (M) has finite length if and only
if Ext‘;e ’(M R) does. Since M is graded S0 is Ext "(M, R). In particular, such a module

has finite length if and only if Ext (M, R)p = O for all homogeneous primes p, with
p # m. Given that Ext "(M, R)p Z Ext R_’ (Mp, Ry), by local duality the latter is zero

if and only if HH_B(p)(Mp) = 0, where §(p) = dim(Ry) — d. Finally, because i # d, this
local cohomology module over Ry is zero given that, because of our assumptions, My is
Cohen-Macaulay with dim(M,) = dim(Ry). ]

The following is the main result of this section.
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8 A. De Stefani, I. Smirnov

Theorem4.6 Let R = k[x,y], m = (x,y), and M be a finitely generated Z-graded R-
module. Then [Hy, (M)] can be written as a finite sum with positive rational coefficients
of tables of the form [H;, (k(a))], [H}, (k[x](a))], [Hy, (k[x, yI(a))] and [H;I(m’ (a))], for
a € Z. Moreover, the set of such tables is minimal. Thus, the following set provides an answer
to Question 2.1:

Ao = {[H*(k(@))], [Hy, (k[x1(a)], [Hy, (k[x, y1(@))], [Hy, (m" (@)] | 1 € Z>1,a € Z).

Proof Let M be a finitely generated R-module, and consider its local cohomology table
[Hg, (M)]. .

By Remark 2.3 we will assume that M has positive depth. Let M be the sheaf on P!
associated to M, so that M = FHOO(—a)® - - ®O(—a;),withay, ...,a; € Z and F the
torsion subsheaf of M. Let F*(M )= @nez HO(P!, M (n)), and consider the composition

M —— (M) — T(O(-a) ® - ® O(=a,)) = R(=a1) & - ® R(—ay).

Welet N beits kernel, and P be its image. Both N and P have positive depth. Since dim(N) <
1, this forces N to be Cohen—Macaulay, and the exact sequence 0 - N - M — P — 0
gives an exact sequence 0 — H‘]11 (N) — Hr]n M) — H:“(P) — 0, and H%(M) = HTZn(P).
Because N has dimension one, it is finite over a one-dimensional polynomial ring, and it
then follows from Theorem 3.1 that we can decompose its table using elements from Aj.
Therefore, in order to finish the proof, it suffices to show that we can decompose [H?, (P)]
using elements from A,. We have a short exact sequence

O0——=P——>R(—a)®---R(—a;) ——=C ——=0,

where C has finite length. Taking local cohomology gives that H}n(P) = C, and H%,L(P) =
H%n(R(—al)) DD H%H(R(—a,)). We induct on ¢t > 0. If + = 0, there is nothing to
prove. If ¢ > 0, then we let I (—a;) = ker(R(—a;) — C), which is an m-primary ideal. Let
P = coker(I(—a;) — P) and C = coker((R/I)(—a;) — C), so that we have a short exact
sequence 0 — P — R(—a1)®---®R(—a,_1) — C — 0.By induction, we can decompose
[H?, (P)] using tables from A>. Moreover, it can be checked that [Hy, (P)] = [H}, (I (—a;)) ]+
[H3, (P)]. Therefore, it suffices to decompose [H?, ()], where I is an m-primary ideal. By
Lemma 4.3 we can write [R/]] = Z;:O rp[R/m*] for some r, € Q>¢, and some integer
t. Observe that, since [R/I]p = 1, we must have 1 = Y\ _ ry[R/m"]g = > _orn.
Notice that [H} ()] = [R/I1 = Y _ora[R/m"] = Y ! _, rx[HL (m™)]. Moreover, since
H2 (1) = HZ,(R) = HZ (m") for all n, we have that [H%, (I)] = Y\ _ ra[Hg (m™)]. This
concludes the proof that the local cohomology table of every module can be decomposed
using tables from the set Aj. It is left to show the minimality of this set.

For tables of the form [Hy, (k(a))] and [Hy, (k[x](a))], the strategy is completely identical
to that used inside the proof of Theorem 3.1. We therefore only focus on the proof for the
remaining tables.

Assume that, for A,, s and t; , € Qx0, one has

[Hy, (" (@)] = Y A [Hy (k)] + D s Hy kIxINT+ Yz [Hy (m @),
rez seZ ueZ
(t,u) # (n, a)
Here, we allow the exponent in m’ to be zero, in which case we mean mY := R. Since the
first column on the left contains all zeros, one readily sees that A, = 0 for all . Moreover,
ws = 0 is forced for all s, since the table on the left satisfies 4! (m"(a)) p =0for p < 0.
Similar considerations on zeros of the second and third column rule out [H§, (m’ (1))], with
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Decomposition of graded local cohomology tables 9

u # a. Finally, since the table on the left has zeros at hl(m" (a))p for p > n — a, we have
71, = 0 fort > n. If n = 0, we have reached a contradiction, since no tables on the right
satisfy these requirements. If n > 0, what is left is:

[Hp,(m"@)] = Y 7 4[Hpm @)].

0<t<n

However, the entry A (" (@))n—1—a on the left is equal to n, while on the right all the tables
have zero entries. A contradiction, which concludes the proof. O

Remark 4.7 The proof of the theorem shows that if F is a graded free R-module such that
H%n (F) = H%n (M), then we have a surjection F — Hln(C) — 0.

Remark 4.8 Alexandra Seceleanu has indicated to us that, quite interestingly, all modules
whose local cohomology tables appear in the set A of Theorem 4.6 are actually graded with
respect to the fine Z?-grading on R. Daniel Erman has pointed out that they in fact satisfy an
even stronger condition, as they are GL;-equivariant. Assuming Question 2.1 has positive
answer, it would be interesting to determine whether this is the case even in higher dimension.

We conclude the section with an example that shows that the coefficients appearing in
a decomposition may not be integers, as opposed to the case of finitely generated modules
over k[x]. Moreover, such a decomposition may not be unique. The reason is that the cone
of local cohomology tables is not simplicial, since the vectors defined by elements of A; are
not linearly independent.

Example4.9 Let M = (x2, yz). Given that H?n(M) = 0, and using the isomorphisms
HL (M) = HY (R/(x%, y?)) and H2,(M) = HZ (R), one can verify that the transpose of
the local cohomology table of M is

n ceelee 42010 =1(=2|-3]---
hO(M) 0Of---0/0/0]O1O]O]--- 0
. T _ n
[Hm(M)] _h](M)n Of---[12(1|0]01]O 0
hz(M)n 0f---[0/0/0j]O|1]2 —n—1
w20 —1=2[ -] -
_%/’LO(M)n 0]---]0/0/0] 0| O |- 0
3 /’lI(M)n 0]---]012]1110 0 |- 0
nE,| o ]---Jolojo] o |1 ] [-n—1
n o4 [2]1]0]=1|=2
_i_lhO(M)” 01---/0(0[0| O | O |- 0
3h1(M)n O --3/12[1/ 0|0 | 0 '
hZ(M)” 0Of--0/0/0|]O |1 |- |—n—1

so [HY, (M)] = %[H:n mH]+ %[H:n m3]. Using the same module M, it is then easy to see
that the transpose of the local cohomology table of M @ R(—2) is

nll---l-- o200l =11=21=3]- - | ---
n21 0 0 [ojofo[ofO]--] O

. _ T _|"n

[He, (M & R(=2))] o] 1 [2[1ffofo]o]-] 0
RZ[[ol---] o folif2]4]6] [-2n
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10 A. De Stefani, I. Smirnov

This table can then be decomposed in at least two ways:

2 . 2 1 . 3 .
g[Hm(m )1+ g[Hm(m )1+ [Hy, (R(=2))]

= [HS, (M @ R(—2))] = [H}, (m*)] + [Hf (m(=2))].

5 An algorithm for the decomposition of local cohomology tables in
kix, yl

Let R = k[x, y], where k is a field. We now describe a greedy algorithm that, given the local
cohomology table of a finitely generated graded R-module, shows how to express it in terms
of tables from the set A, described in Theorem 4.6.

Let L be a cyclic graded R-module of finite length. Recall that we are denoting by [L]
its Hilbert function, that we view as a column, where the row n records the value dimy (L,).
Let a (respectively, b) be the smallest (respectively, largest) n € Z such that L,, # 0. By
Lemma 4.3 we can write [L] = Zﬁ;g rn[R/m"+1(—a)], for some r, € Q0. We now turn
the proof of Lemma 4.3 into an explicit algorithm.

Algorithm 5.1 Let H = (h,) be a Z x 1 matrix with non-negative rational entries. Assume
that H satisfies the following conditions, that we temporarily denote with (*Z):

(1) hy =0ifandonlyifn <aorn > b
mn—a+ Dh, ith,_1 = —a)h,
@) By < {hn_lha if hy_1 < (n — a)hg

We describe an algorithm to write H as a linear combination with non-negative rational

coefficients of [R/m"T!(—a)], with0 <n < b —a.
We proceed as follows:

h
Step 1: Letr, = ?b
Step 2: Let K = (k;),ez be the column that satisfies

b — n—a+1ifa<n<b
710 otherwise

Observe that this is just [R/mb_“+] (—a)]. We replace Hby H' = H — K.

If H =0, we just write H = r,K = rp[R/mP~%+1(—a)], and we STOP. If H' = (h}),e7,
is not the zero column, we observe that ), = 0 if and only if n < a or n > b', for some
0 < b’ < b. Tt takes a tedious but straightforward computation to show that H’ still has non-
negative entries, and it satisfies (*f,’/). We now repeat Steps 1 and 2 with H’, and continue until
we STOP. The process clearly terminates, since every time we have a table whose number
of non-zero entries decreases at least by one.

Remark 5.2 The condition (*Z ) in Algorithm 5.1 is just a restatement of Macaulay’s Theorem,
which characterizes the possible Hilbert functions of standard graded k-algebras, adapted to
our setup. In particular, any cyclic R-module of finite length satisfies (*2) for some a, b (see
Proposition 5.5).

Notation 5.3 We call a Z x 1 matrix H that satisfies the conditions (*2) of Algorithm 5.1
and that further satisfies i, = 1 and h,, € N for all n € Z an admissible column generated
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Decomposition of graded local cohomology tables 11

in degree a. Note that we do not wish to keep track of b with this terminology. If a Z x 1
matrix can be written as a sum of ¢ columns, each generated in degree a;, we call it an

admissible column, generated in degrees ay, ..., a;. Finally, given a Z x 1 matrix H, and
integers ay, ..., a;, we set ﬁ(al, o, a;) = (E,,)nez, where ﬁn = h, — by, and b,, is the
cardinality of the set {1, ..., ¢ | a; = n}. We call H the truncation of H with respect to the
degrees ay, . .., a;.

Remark 5.4 Using this new terminology, it follows from Lemma 4.3 (or Algorithm 5.1) that
every admissible column H = (h,),cz, generated in degree a, and such that #, = 0 for
n > b, can be realized as a sum Zﬁ;‘é ra[R/m" 1 (—a)], with r, € Q¢ and Zﬁ;g r, = 1.

Conversely, we observe the following:

Proposition 5.5 Let L be a graded R-module of finite length, with minimal homogeneous
generators of degrees ay, . .., a;. Then its Hilbert function [L] is a finite sum of admissible
columns generated in degrees ay, . . ., a;.

Proof Let0 - N — F = R(—a;) ® --- ® R(—a;) — L — 0 be a minimal free graded
presentation of L. Choose any term order 7 on F', and consider the initial module in; (N) € F.
Then F'/ in; (N) has the same Hilbert functionas F'/N = L [4, Theorem 15.26]. Furthermore,
in; (N) consists of a direct sum of monomial ideals I1 (—a;) ® L (—a2) ®---® I;(—a;) C F,
so that

F/ing(N) = (R/I1)(—a1) @ --- & (R/I})(—ay),

By Macaulay’s Theorem, the Hilbert function of each R//;(—a;) is an admissible column
generated in degree a, and the proposition now follows. O

We now present a series of technical lemmas regarding properties of admissible columns.
These will be used in the proof of the algorithm for the decomposition. In what follows,
given two columns K = (k,)necz and H = (hy)pez, we will write K < H if k, < h,, for all
neZz.

Lemma5.6 Let U = (up)nez be an admissible column, generated in degree a, and with
u, = 0forn > b. Let V = (v;)nez be any column with non-negative entries such that for
some integer a’ > a the following conditions hold:

(1) v, =0forn <a' andn > b,

(2) foralla’ < n < bwe have v, < n — a + 1 (This condition is automatic if V < L, for
some admissible column L generated in degree a.),

(3) foralla’ <n < bwe have v, > v,_1.

Then W = (wy,)nez, defined as w, = max{0, u, — v,}, is an admissible column, and W

is still generated in degree a if a’ > a. Moreover, the column Z = (z,)ncz defined as

zn = max{0, v, — u,}, is either zero or it satisfies z,, > z,—1 for alla” < n < b, for some
" !

a’ >ad.

Proof For the first claim, the only values we need to check for w, are those corresponding
to n between a and b, since w,, = 0 otherwise. For a < n < a’ we have w,, = u,, so
wy, is admissible. For a’ < n < b, if w, = 0 there is nothing to show. Otherwise, since
v, > v,—1 we have w, = u, — v, <u, —v,—1 — 1. Also, note that u, < u,_1 + 1 always
holds. Therefore w,, < u,_1 — vp—1 < wyu_1, and thus it is admissible. If a’ > a, then
wp = u, = 1, so that W is generated in degree a.
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12 A. De Stefani, |. Smirnov

Now, consider the column Z. If Z # 0, then let n be an integer, with @’ < n < b. If
U, =n —a + 1, then since v, < n —a + 1 we must have z, = 0. On the other hand, if
uj < j—a+1forsome j, then upy1 < u, foralln > j.If a” is the smallest such value
of j, wethenhave z,41 > v, +1 —u, > z, foralla” <n < b. |

Definition 5.7 Given a Z x 1 matrix T = (¢,),ez, We say that T is a monotone column if
Al(n) > Oforalln € Z.

Lemma5.8 Let H = (h,)nez be an admissible column generated in degrees ay, . .., a;.
Assumethata) < ay <--- < a;.LetT = (t,),ez be amonotone column, andlet P = T+H.
Then P can be written as U + Y i_; K;, where:

e Each K; is an admissible column, still generated in degree a;.
o U is a monotone column, with U < T.
e K; is the maximal admissible column generated in degree a; satisfying K, < P.

Proof Welet K = (kj,),ez bethe largest admissible column generated in degree a;, satisfying
K < P.In other words, if P = (p,)nez, wWe have k, = min{p,,, n — a; + 1} for all n > ay,
and k, = 0 otherwise.

Claim5.9 If weletc =min{n € Z | n > a;, k, < k,—1}, thenk, = p, foralln > c.

Proof of the Claim Observe that 1 = k,;, > kq—1 = 0, therefore ¢ > a;. Moreover, by
maximality of K, if k, > k,_1, we also have k,11 > k,, as long as k, + 1 < pp41.
Therefore, since k.—1 > k.—> but k. < k._1, we must have k._; + 1 > p.. In particular,
by maximality we have k. = p.. Now we recall that H = T + H; + - - - + H;, where each
H; is admissible, generated in degree a;, and 7' is monotone. For i = 1,...,¢, if we set
H; = (hj n)nez, we then have p, = 1, + ) ; h; , for all n € Z. Observe that, for all i, we
have h; o < pc = ke <ke—1 <c—a; <c—a; <c—a;+ 1. Inparticular, for each H; to be
admissible, we must have h; ,41 < h; , for all n > c. The same type of inequality holds for
T, just because it is a monotone column: t,| < t, for all n € Z and, in particular, forn > c.
It follows that p, 11 < p, for all n > ¢, and by maximality of K we then have k, = p, for
all n > c. This proves the claim. O

For c asin Claim 5.9, and alli =1, ..., ¢, define H/ = (h’ nez as follows: b} = h; , for
alln < ¢, and h/ =O0foralln > c. Observe that all the columns H; ! are st111 adm1551ble
generated in degree a;. Similarly, we define 7’ = (1)) ez as follows: ¢, =1, forn < ¢, and
t, = 0 for n > c. Observe that 7’ is still monotone, with 7’ < T.

Now, we observe that K > H;, by maximality of K. We define Z; = (z;,n)nez as
2t = kn —hyp forn < ¢, and z,; = 0 for n > c. By Claim 5.9, we have that k, > k,—;
for all a; < n < c. Because of this inequality, and since K is admissible, we can apply
Lemma 5.6 with U = H/ and V = K. We then obtain that either Z; = 0, or z;,, > z,n—1
for all by < n < c, for some b; > a;, and z;, = 0. In case Z; = 0, we then have that
pn=th+hip+--+h_1,+k,foralln <c, and p, =k, forn > c. Thus:

P=T +H +---+H_+K

is the desired decomposition, setting U = 7', K; = H/ foralli = 1,...,r—1,and K; = K.
If Z, # 0, observe that z; , is either zero, or it satisfies z; , < k, < n — a; + 1, Moreover,
since z;, > z;n—1 for by < n < ¢, we can apply Lemma 5.6 applied to U = H _; and
V = Z,. We then get that W;_; = (w;—1,n)nez, defined as w;_1 , = max{0, hz 1 — Ztn)s
is admissible, generated in degree a;_1. Moreover, Z;_1 = (Z;—1,n)nez, defined as z;_1 , =
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Decomposition of graded local cohomology tables 13

max{0, z; » — h;—1,,} is either zero, or it satisfies z;,—1,, > z;—1,,—1 for b;—1 < n < ¢, for
some b;_| > b;. In case Z;,_; = 0, we have

P=T +H{+ -+ H ,+W_1+K,

using the fact thatforn < conehas p, = t,+hy 4+ - +hi—2 p+Wi—1 n+kn = hi—1 n+hs 0,
while forn > c one has p,, = k. In this case, wecansetU =T/, K; = Hl.’ fori=1,...,1n,
K1 = W;_1, K; = K and we have the desired decomposition. If Z,;_; # 0, observe that
Zt—1,n 1s either zero, or z;—1,, < k, < n — a; + 1; moreover, z,—1,, > Z;—1,n—1 for all
bi—1 < n < c. We can apply again Lemma 5.6 to U = H,_, and V = Z,_; to obtain a
column W;_; that is admissible, generated in degree a;,—», and a column Z;_» = (z;—2.)nez
defined as z; 2 , = max{0, z;—1,, — h;—2,»}. As before, we have that Z;_; is either zero, or
it satisfies z; 2 , > z;—2,n—1 forall b;_» < n < ¢, with b;_» > b;_1. In the first case, similar
to the case above, we now have

P=T +H+--+H 3+ W 2+ W_1+K,

andwecanset U =T/, K; = H/ fori =1,...,13, K; = W; fori =1 —2,7r— 1, and
K; = K. Repeating this way, we either eventually get Z; = 0 for some j, in which case

P=T+H{+ - +H_+W;+--+W_ +K.

WecanthensetU =T/, K; = Hi’fori =1,....,j—1,K;=W;fori=j,...,t —1,and
K; = K. Otherwise, we have constructed admissible columns Wy, W, ..., W;_1, generated
in degrees ay, ..., a;—1, and we have a column Z; = (21,,)nez that satisfies z1 , > z1,,—1
for by <n < c¢,and Z; < T’ by construction, since we started with K < P. We observe
that U = T’ — Z; is still monotone since z1 , > z1,,—1 forb; <n <c,andt), =z1, =0
for n > c. Moreover, we have U < T’ < T. Choosing K; = W; foralli =1, ..., — 1 and
K; = K, we finally have P = U + K| + - - - + K, as desired. ]
‘We would like to stress the fact that one should think of K; in Lemma 5.8 as the “maximal”
admissible column generated in the highest degree a,, that can be subtracted from P = T+ H.
We illustrate this construction with a concrete example.

Example 5.10 Let us represent an admissible column H = (h,) generated in degree a in
the following way: we place a filled star in row a, and h,-many empty circles in row n,
with n # a. For example, the following drawing below represents the admissible column
A = (ay)nez, generated in degree —2, witha_; = 2,a0 = 3,a1 =3,a2 = 2,a3 = 1, and
a, =0forn < —2orn > 3:

4

3 O

2 0O
1 00O
0 00O
-1 00
-2 X
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14 A. De Stefani, |. Smirnov

Moreover, we are going to represent a monotone column 7' = (¢,),ez by placing #, empty
circles on line n. For example, the following drawing represents the monotone column that
satisfies t, =3 forn < —1,tp=2,t, =1forn =1,2,3,and t, = 0 forn > 4:

4

3 0

2 0
T= 1 O

0 0O

-1 000

-2 000

Consider the following three admissible columns, generated in degrees —2, —2 and O respec-
tively:

4 4 4
3 0 30 3
2 0o 2 0 2 0
I 00O 10 1 x
0 00O 0 00 0
1 00 1 00 —1
2 x 2 x )

Taking their sum with the monotone column 7 defined above, we obtain

4

3 o O O

2 O O O O O
P=T+H= 1 O O O O O ¥

0 O O O OO0 O0O0

-1 O O O OO0 O0O0

-2 O O O ¥ ¥

We can rewrite P, for instance, as the sum of
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Decomposition of graded local cohomology tables 15

4 4
3 3
2 @) 2 o O
U = 1 @) K = 1 O O O
0 o O 0 o O O
—1 O O O —1 O O
-2 O O O -2 X
4 4
3 3 o O O
2 2 o O
K, = 1 O K3 = 1 X
0 O O 0
-1 O O -1
-2 X -2

Observe that all columns K, K and K3 are still admissible, and they are still generated in
the same degrees as the starting ones. Moreover, K = K3 is the maximal admissible column
generated in degree 1 such that K < P. Additionally, U is monotone, with U < T'.

Remark 5.11 As a consequence of Lemma 5.8, given any admissible column H generated in
degrees a; < --- < a;, and any monotone column 7', we can always construct an admissible
column K, generated in the largest degree a;, such that 7 + H — K, can be writtenas U + K,
with K an admissible column generated in degrees ay, . .., a;—1, and U a monotone column
withU < T.

We observe that the same column can be admissible with respect to different degrees
of generators. The following lemma allows us to extend the generating set, under certain
assumptions.

Lemma5.12 Let H be an admissible column generated in degrees ay, ...,a;. Let a € 7,
and assume that the truncation H(ay, ..., a;) = (hy)nez satisfies hy, > 0. Then H is an
admissible column, generated in degrees a, ay, . . ., a;.

Proof Write H = H; + --- + H;, where each H; is an admissible column, generated in
degree a;. Since we are assuming that ﬁ(al, ...,ar)q > 0, we must have ﬁ[(a,-)a > 0
for some i. Say i = 1. We consider K to be the maximal admissible column, generated in
degree a, that satisfies K < 1-71 (ap). We claim that W = H| — K is an admissible column,
generated in degree ay. In fact, let W = (wy)nez, H1 = (hn)nez, and K = (kp)nez. Since
K < 171 (a1), and K is generated in degree a, we necessarily have a > a;. Moreover, we
have w, = h, foralln < a.In particular, w,, = Oforn < a; and w,, = 1. To show that W is
admissible, we distinguish a few cases. For n < a, w, = h,, so satisfies the conditions to be
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16 A. De Stefani, I. Smirnov

admissible. For n > a, first assume that i, = n — ay, which is the maximal possible value
for Hj in that degree. Since K is chosen to be maximal, we then must have k,_1 = n — a;
observe that k,_1 = n —a < n —a; = h,_1. Moreover, we will have h,, < n —a; +1
because H; is admissible, and k,, = min{h,, n — a + 1}, again by maximality. In particular,
wehave wy,_| = hy_1 —kn1 = —a) —(m—a) =a—a,and w, = h, — k, <
m+1—a)—(m+1—a)=a—a = wy—1.So W would be admissible in this case. On
the other hand, if 4,1 < n — a, by maximality we still have k,_1 = min{h,_1,n — a}.
Thus w,—1 = h,—; — min{h,,—;, n —a} = max{0, h,—1 —n+a}. We also have h, < h;,_1,
because H; is admissible, and k,, = min{h,_;,n — a + 1}, by maximality. Therefore we
get w, < max{0, h,—;1 —n +a — 1} < max{0, h,_1 —n + a} = w,_1. Either way, W is
admissible. This shows that H = W 4+ K + H> +. . .+ H; is admissible, generated in degrees
a,a,...,a. o

We are now ready to describe the algorithm.

Algorithm 5.13 We start with the cohomology table of a finitely generated graded R-module
M, that is, we start with [H}, (M)] = (hi(M)j) fori =0,1,2and j € Z.

We initialize H = [H}, (M)]. The goal is to describe how to subtract from H positive
rational combinations of elements from A (defined as in Theorem 4.6), to eventually get to
the trivial table 0. At each step, we will redefine H to be the table we obtain from subtracting
such combinations. In the end, solving for [Hy, (M)] will result in the desired decomposition
of [Hy, (M)]. Throughout, we denote with HO, H! and H? the first, second, and third column
of H, respectively. Moreover, we denote by h’] the entry in row j € Z of the column H'.

Step 1 Replace HbyH -3}, _, hg[H:n k)(—n)].

Step 2 If the set {n € Z | AI2_[2 (n — 2) # 0} is empty, go to Step 4. Otherwise, let a be
its maximum. If &} = 0, replace H by H—[H?, (R)(—a)]. If k. > 0, proceed to
Step 3.

Step 3 Set K = (k,)nez by

ke — min{h,ll,n—a—i-l} ifn>a
710 ifn <a

Use Algorithm 5.1 to write K = ), r,l[R/m”+l (—a)] for some r, € Q0. Replace
Hby H— Y, ry[HS, (m"T1)(—a)] and return to Step 2.

Step 4 Ifthe set {n € Z | A;I, (n — 1) # 0} is empty, then FINISH. Otherwise, let b be its
maximum. Replace H by H —[Hg, (k[x])(—b)] and repeat Step 4.

Proof We prove that the Algorithm terminates with the trivial table H = 0, and thus produces
the desired decomposition of [Hy, (M)]. Step 1 removes the first column, that is, the one
corresponding to Hg1 (M). Note that we are subtracting only a finite sum of tables of the form
[H?, (k)(—n)], because of Proposition 4.2.

By collecting the values of a from Step 2 that correspond to i} > 0, we obtain a sequence
of integers a; > ap > --- > a, that satisfies the following three conditions:

€)) thn(M) = H%(R)(—al) Db H%.‘(R)(—at) @ F, where F is a graded free module
generated in degrees corresponding to a with h (11 =0.

Q0 —->T —> M/ H%(M) — C — 0 is a short exact sequence as in the proof of
Theorem 4.6, then there is a surjecfivon R(—a))®---® R(—a;) — H}n (C)— 0.

(3) Foralli =0,...,t— 1,ifwelet H'(ay, ..., a;) = (hn)nez, we have iy, .. > 0.

ai+1
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The first two claims follow from Remark 4.7. The third condition comes from the way the
sequence ay, . . . , a; appears in Step 2.

Now, recall that in the proof of Theorem 4.6 it is shown that [H! (M)] = [H]]11 (] +
[Hin (C)], where this decomposition comes from the condition (2) described above. Since
H! (C) has finite length with generators of degrees contained in the set {ay, ..., a}, by
Proposition 5.5, its Hilbert function [Htln(C )] is an admissible column, generated in degrees
contained in the set {ay, ..., a;}. Because of condition (3) above, we may use Lemma 5.12
to extend the generating set and assume that [H,ln(C )] is an admissible column generated in
all degrees ay, ..., a;. Moreover, [H,ln(T)] is monotone, by Proposition 4.2. Therefore H!
is the sum of a monotone column, and an admissible column, with generators in degrees
ap =z - = a;.

At each iteration of Step 3 the constructed column K is, by definition, the maximal
admissible column generated in the largest possible degree a and such that K < H!. This
column is decomposed using using Algorithm 5.1 as a non-negative rational linear combi-
nation of the tables of [R /m”+] (=j)]. Recall that the table [Hy, (m"*t1)(—a)] has second
column equal to [R/m"*!(—a)]. Moreover, we have HZ (m"*1)(—a) = H2 (R)(—a) for
all n. Since, as shown in the proof of Theorem 4.6, we have Zn rn, = 1, we conclude that
3 ra[HE (M1 (—a)] has:

(1) First column equal to zero.

(2) Second column equal to K. In particular, by Remark 5.11, the second column of the table
H->", r[H}, (m”‘H (—a)] is equal to some U + A, where U is monotone with U <
[H,ln(T)], and A is still admissible, now generated in the remaining degrees a;, .. ., a;.

(3) Third column equal to the third column of [H}, (R)(—a)]. In particular, by condition (3)
above, the third column of H— ", r,[Hp, "t (—a)]is equal to [Hi(G)] where G is
a free module generated in the remaining degrees < a.

Thus after repeating Step 2 and Step 3 as required, we eliminate the third column of H.
Moreover, the remaining second column, H!, is now monotone with H! < [Htln(T)].
Step 4 constructs the monotone column U remaining in H' using tables of the form

[H?, (k[x](—j))]. By Proposition 4.2, {n € Z | A;l (T)(n) # 0} is a finite set and

All{l (T)(n) < oo for all n. Since U is monotone and U < [Hrln(T)] by Lemma 5.8, it

follows that 0 < A}](n) < oo for all n, and it is zero for all but finitely many values of n.

1 _ . s .
Note that AHl“(klx](_j))(n) = lif n = —j and is O for all other values of n. Thus, each

iteration of Step 4 decreases by 1 precisely one nonzero entry of Al,, and the algorithm
returns the zero table after finitely many steps. O

Remark 5.14 Let M be a finitely generated k[x ]-module. If one runs Algorithm 5.13 with the
table [Hy, (M)], ignoring Step 2 and Step 3 (which require a third column in the matrix), then
one gets a decomposition of [H3, (M)] in terms of the extremal points {[H}, (N)] | N € A1}
of the cone in dimension one, as described in Theorem 3.1.

Example 5.15 Consider the following R = k[x, y]-module:

3 x2y? x4y?

2y By a3 aty? £ a2yt
M = coker | x3 + y3 x? x3y3

x3 2x2y? Xy

y3 v %6
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Using Macaulay 2 [12], one can check that M has transposed local cohomology table

n 5|4|3|12{1] 0 |—1|—2|-3|—4|-5|—6|-7|—8

(1 ()" = h(Mm),[lo[ojojojo[o[ oo fo[0[0[O0[O]O
m (M), [lo[1]2[4]7][10[ 13119 [7[5[3[2]2
n*(M),||o[olojojo[o[ o000 ]O]O[1]3

From now on, since the column [H?n(M )] consists of all zeros, we will disregard it.
The first meaningful step in the algorithm is Step 3: @ = —5 gives an admissible column
K = (ky)nez, generated in degree —5, that we can write as

18

n ky n n
41 410 40
32 39 39
2 4 2 8 28
S
15| 05| 95
24 24 24
~33 33 33
42 —42 —42
51| 51 51

n n
40 40
30 30
2 8 20
A
06l+-|06
15| 2|-1s
24 24
33 33
_42 _42
| s1]  |-51)

—[H‘ (m“<5))1+ [H1 (m”’<5>)]+—[Hl (m’ N1+ 3 [H1 m*5))1.

Subtracting 5 [H, (m'! (5))]+ & [Hg, (m!0(5))]+ 5 [Hy, (1 (5)] + § [H3, (¥ (5))] from

[H7, (M)], we get

n 54|3(2|1|0|—1|—-2|-3|—4|-5|—6|—7|-8
nt(M),l[oloojofol4] 8 |7 [6[5[4[3]2]2
hZ(M),|[o]ololofojo[o[o]olo]o]O]O0]1

Next, fora = —6 we construct an admissible column K = (k,),ez, generated in degree —6,
as follows:

Mn k, | n ] n ]

0 4 0 7 00
—-16 —-16 —-16
—25| 4]|-25 31-25
3477|3477 |34
—4 3 —43 —43
-5 2 -52 -52

-6 1 | —61 ] | —61 |

4 3
=3 [HL, m3(6)] + 7[H3n(m7(6>)].
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Subtracting 3 [H, (m®(6))] + 2 [Hp, (m(6))] leaves the table

n 5|4|3|12|1|0|—=1|—=2|-3|—4|-5|—6|—7|—8
n'(M),[lo[olojo[ofo] 2 [ 2222222
h*(M),[|o]olojo[ojo o [0 [o[Oo[O0]0]O]O
= 2[H* (k[xD].

6 Facets of the cone of local cohomology tables in dimension two

We adopt the following notation. In the space of 3 x Z-matrices let M denote the subspace
formed by the matrices with finitely many nonzero entries. We consider the cone C € M
generated by the matrices AAy = {E; s, s(n) | i € {0, 1,2}, s € Z,n € Z>1}, where E; g
are the elementary matrices {e; y = 1, ¢, = 0 for (i, s) # (j, )} and

i|l---ls+n+1js+n|---|s+1|s| --

_|r.,il| O 0 0O [0 O |00
Bm=0"o | » —1 |—1| =1 {0/ 0
.|l O 0 0O [0 O |1/0

By Proposition 4.2, we can transform a local cohomology table (H%(M )i, Htln(M),-,
H2 (M);) to a point in M given by (A°HY (M);, AVHL (M);, A>H2 (M);). This map is
injective, and the extreme rays A, from Theorem 4.6 map to AA, (hence, the notation).
Thus the cone C corresponds to the cone of the local cohomology tables.

The space M is naturally filtered by bounding the support of its elements:

Mg p :={A={ain) eM|a;, =0foralli € {0,1,2},n < aandn > b}.

Moreover, this decomposition is compatible with the construction of C. Namely C|, |, the
cone spanned by the rays supported in M, p] is the intersection M, 5 N C.
Now we will define the functionals on M that will give us the facet equations.

Definition 6.1 Let A = {a; ;} € M. For s € Z, we set 7,(A) = ajs + Zigsflali’
ws(A) = ap.s, and ¢5(A) = az 5. Finally, for an integer n > 0 and s € Z, we set

n—1

Tus(A) = > ari+ 0+ Darggn + Y G + Dagepi-

i>s+n i=0

We let H be the set of functionals on the space M defined by these equations.

We want to show that for all a < b the cone C|,,p) is cut by the hyperplanes defined by
the functionals belonging to H, thus proving that H give the facet equations of C = UClg p.
By invariance under shifts, it is enough to consider Cjo 4;. For d > 0, consider the following
list of functionals

us for0<s<d,
T, forO0<s <d,
Hio,a) =1 ¢s for0<s <d,
mos forl <s <d,
mps forl<n<d-2,1<s<d-n
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20 A. De Stefani, I. Smirnov

The following theorem allows us to describe the facets of the cone Cjg 4}, by identifying it
with the cone defined by the list of functionals Hg, 4.

Theorem 6.2 For d > 0, let Dyo 4] be the cone defined by {A € Mg 41 | H(A) > 0 for all
H e H[O,d]}- Then D[O,d] = C[O,d]-

Proof We have Cjp .41 € Dio,q] by direct verification of positivity. The other inclusion will
be proven by providing Algorithm 6.8. O

Remark 6.3 We may identify Mo 4—17 with a subset of M 4] givenby 7o 4(A) = 0,¢4(A) =
0 and pg(A) = 0, or, simply, ap,y = ai,q = az,q = 0. Via this identification we have
Dio,a—11 = Djo,a1 " Mjo,q—1]-

One inclusion is clear, because Hjg, 4] still provides non-negative functionals by restric-
tion. However, the nonzero restrictions that are not in H[g 4—1] are now a positive linear
combination of the functionals in H|o,4—1]. Namely, for n» > 1 we have a decomposition
Tnd—1—n = (n 4+ )10, +n¢pg—1 + - - - + pa—1—p as functionals on Mg 4—1;.

Remark 6.4 1t can be checked by testing appropriate points that the list of functionals Hjg, 4]
minimally defines the cone Do 4]. In other words, removing any of the functionals would
define a strictly larger cone than Djg 4). It then follows from Theorem 6.2 that C|o 4 has
an equal number of extremal rays and facets. In fact, computations on Macaulay 2 suggest
that the entire f-vector is symmetric. This may make the reader suspect that Cyg 4 is self-
dual, however, the incidence matrix of C|o 4] cannot be turned into a symmetric matrix by
reordering rays and facets: there is precisely one facet which contains 14 extreme rays,
73(x) = 0, but two extreme rays that belong to 14 facets, E 3 and Ej 4. It is still possible,
although unlikely, that the entire cone C is self-dual.

6.1 Proofs
We start with lemmas describing relations between AA; and H.
Definition 6.5 For A € Mg 4}, we define Supp(A) = {H € Hjo,a1 | H(A) # 0}.

Lemma 6.6 Form, s € Hipq and1 <k <d — 1 we have mt, s(I'q—1—k(k)) = max(0, s —
d + k). In particular,

Supp(Cy—1-k(k)) = {pa—1-k; 0,5, d +1 —k <5 < d;m,, forl
<n<max(0,k—2),d+1—-k<s<d-—n—1}.

Proof Tt is straightforward to check the functionals ¢, s, and 7s. Recall that

i |[d]d=1]---[d—kld —k—1]---

_|»,il|0] 0 O] O 0 0
Paci=ey =10 " el —1 |=1) 1 0 0
y2ill0] 0 [0] 0 1 0

from which it is also clear that o ;(I'y—1—¢ (k)) = max(0, s — d + k). Now, we consider
s With n > 0O starting with s < d — 1 — k. By the formula for m, 5, we get (recall that
s +n < d) that
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d—1
Tns(Cac1 k(@) =d—k—s)—(n+1)— > 1+k=0.
i=s+n+1

Ifd — 1 — k < s, then we only have contribution from y; s:

d—1
Tns(Cam1-k)) = =+ D= Y I4+k=s5s—d+k
i=s+n+1

The following relations on our equations are essential for the algorithm.

Lemma6.7 Forall0 <i <dandk > 0withk +i < d, we have
i + 2 i1 = Wht1,i + Tk—1,i+2 and ¢; + 2mo,i+1 = 7T1,i + 70,i+2-

Proof We first check the first equality. For a matrix A = {a; ;}, the left-hand side is

d k—1

$i(A) +2mpipi(A) =ari + Y 2a1j 420k + Dargsivi + Y20 + Daz,j1isi-
j=k+i+2 j=0

The right-hand side, on the other hand, is

d k
TerLi(A) + m i) = | Y anj+ k+arkio + Y+ Daz,jyi
j=k+i+2 j=0
d k=2
+ 1 D anjtkavgsin+ Y+ Dazjyia
j=kti+2 Jj=0
d
= Z arj + (k +2)ai ktit1 + a2 + 2a2,i41
J=k+i+2

k
+ 0+ Daj+i
j=2

d k

+| Y anj+kairiv+ Y (G — Dagjti

Jj=k+i+2 j=2

d

= > 2a1;+ 2%+ Daritiy +azi +2a2i41

J=k+i+2

k
+ Y 2ja jii,

j=2
and the two sides are then easily seen to agree. For the second relation, the left-hand side is

d
$i(A) +2moi1(A) =az; + Y 2a1,
Jj=i+l
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which coincides with the right-hand side:

d d
TLi(A) +0,i42(A) = D anj+aip Fayi+ Y ai.
j=i+l j=i+2
o

Algorithm 6.8 Let A = {a; ;} € Mo 4] be in the cone Dy 4] defined, as described above, by
the set of functionals H[o 4;. The strategy of the following algorithm is to reduce A to O by
subtracting a finite positive linear combination of tables from A A, N Mg 4]. To do so, we
will inductond > 1.

Step 0: Replace Aby A —az 4E> 4 — Z?:o ap,i Eo,;. Set w = d. Proceed to Step 1.

Step 1: If w = O then proceed to Step 3. Replace A with A — a2 —1E2,y—1. Setk = 1
and proceed to Step 2.

Step 2: If k = w then proceed to Step 3. If a; ,, = 0, then set w = w — 1 and return to
Step 1. Set

m = min{¢y 1k (A), Tps(A)/(s —w+k) [w+1-k <s <w,

0 <n <max(0, mintk —2,w —s — 1))}.

Replace A with A — mI"y,_1_x (k). Set k = k 4 1. Repeat Step 2.
Step 3: Replace A with A — Z?:o aiiE1;.

Proof Both cycles described in the algorithm are finite, so it will terminate in finitely many
steps. We need to show that A = 0 at the end of the algorithm and all appearing coefficients
are non-negative. We will use induction on d. In the base case of d = 1 we note that the
algorithm provides us the decomposition

A =ap0Eo0+ao,1Eo1 +ai0E10+ai1E11 +a20E20+az 1 Ez
= po(A)Eo,0 + n1(A)Ep,1 + 10(A)E1,0 + m0,1(A)E11 + ¢o(A)Er 0 + ¢1(A)Er 1.

We will use this strategy in general by expressing the coefficients in terms of H(A) for
H € 'H and showing that A remains in the cone defined by H|o, 4] throughout the algorithm.

We note that, forn =d —lord,az, = ¢,(A) >0and H(A —ax ,E2,) = H(A) >0
forall ¢, # H € H|o,q] as one can easily check that {¢,,} = Supp(E> ,). Similarly, for all n,
ao,n = tn(A) and H(A — ,(A)Eo,») = H(A) > Oforall u, # H € H|o,q). Hence Steps
0 and 1 produce a table that is still inside Djg 41. In Step 2, let us concentrate first on the
case of w = d. In this case, Lemma 6.6 explains that the functionals used in the definition
of m are exactly Supp(I"g—1—x(k)). It follows that H(A — mITy_1_x(k)) = H(A) > 0 for
H ¢ Supp(T'y—1-«(k)). Moreover, by its definition m > 0 and H(A — mlz_1_x(k)) > 0
for H € Supp(I'y—1-«(k)) by Lemma 6.6.

Now, we want to show that induction allows us to assume that w = d. To do so, we
observe that we may shrink the window [0, d] after finishing the loop in Step 2.

Claim 6.9 For w = d, if repeating Step 2 does notresultina; 4 = 0 (i.e., k = d is reached),
thenazp=---=azq =0.

Proof Let A be the matrix at the beginning of Step 2and A’ = A— mFd 1—k (k) the result of
the step. By induction on k we show that either a1 4 =0orin a2 deke] == a2 4= 0. At
k = 1, we either have m = ¢d 2(A)orm = nd(A) In the second case al 4 =m0,d(A)=0
and the claim follows, or “2,d—2 =¢y_2(A) =0.
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By the induction hypothesis we may assume that azg—x—2 = -+ = azq = 0.
Iftm = ¢g-1-r(A) then a2d ] = " = azd = 0 and we are done. Otherwise,
m =1y s(A) /7ty s (Ca—1-k(k)), son',“(A) =0.Ifn >0,thend+1—-k<s<d-—n-—1,
so we may use Lemma 6.7 to show that 7 s4,(A") = 0. If n = 0, then necessarily

d+1—k < s < d, sowe may use again Lemma 6.7 and the fact that A’ € Dy 4 to
show that 7o 4(A”") = 0 as well.
O

Ifayo=--- =azq =0, then the equations 7; and Py 4 show thata;; > 0for0 <i <d.
Hence when we are moved to Step 3, we subtract a positive linear combination of E7 ; and
the resulting table is 0. Otherwise, when we leave Step 2, ap s = a1,4 = a2,4 = 0 and we
may now consider A as a table in Djg 4—1) by Remark 6.3. This concludes the induction step.

[m]
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