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Abstract

This thesis investigates the design and control of compliant robotic systems for human-centred
healthcare, with a dual focus on wearable hand rehabilitation devices and tendon-driven
continuum robots (TDCRs) for minimally invasive interventions. The aim is to develop
robotic systems that remain mechanically feasible under realistic practical constraints while
maintaining compatibility with human anatomy.

The first part focuses on hand rehabilitation. A finger exoskeleton architecture is pro-
posed for the metacarpophalangeal (MCP) and proximal interphalangeal (PIP) joints based
on Remote Centre of Motion (RCM) mechanisms. The linkage generates virtual centres
aligned with anatomical joint axes. Most of the mechanism remains within the hand profile,
helping keep the device compact and wearable. To provide adjustable resistance, a pneumatic
variable-stiffness layer is developed using 3D-printed inflatable chambers integrated into
a glove. The chamber design was gradually improved through prototyping, from early
Flexojoint concepts to a compact pillow-shaped geometry. Experiments were conducted to
quantify the influence of bending angle on internal pressure, reaction force, and resistive
torque across a 0°—45° range under various initial inflation pressures in a sealed pneumatic
circuit. These experiments show pressure-tunable torque—angle profiles that can support
different rehabilitation stages. The second part focuses on the design, planning, and control of
tendon-driven continuum robots under practical constraints. First, a model-based framework
is developed to analyse static feasibility using a discretized PCC representation and a kineto-
static formulation that accounts for tendon forces, gravity, friction, backbone elasticity, and
external loads. This framework is subsequently used to analyse the feasible static workspace
and to optimise tendon-routing parameters so as to maximise workspace feasibility while
minimising mechanical effort. Based on these results, two planning strategies are intro-
duced: a hybrid inverse-kinematics scheme combining supervised learning with constrained
refinement, and an offline capability-map framework that stores feasible voxel-orientation
targets together with dexterity information for runtime selection. Finally, prescribed-time
safe and fault-tolerant control strategies are developed, including observer-based estimation
and learning-assisted compensation under uncertainties, delays, actuator faults, and input

saturation.
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Chapter 1
Introduction and Thesis Outline

In recent decades, robotics has expanded from structured industrial environments to human-
centred applications in healthcare, rehabilitation, and minimally invasive medicine. In
these contexts, robots must operate in close proximity to the human body while respecting
anatomical constraints and ensuring safe, predictable interaction. This shift places greater
emphasis on compact integration, kinematic compatibility, and safety, without compromising
performance.

In hand rehabilitation, restoring functional finger motion requires devices that can guide
joint movement while limiting unwanted interface loads. Rigid exoskeletons can provide
accurate motion guidance and repeatability, yet their performance is often limited by joint
misalignment and relative motion at the finger—device interface during repeated flexion—
extension. Soft robotic gloves offer lightweight and compliant interaction, but they often
provide less precise joint-level guidance and less repeatable control of the resistive torque
needed for strengthening exercises. These trade-offs motivate hybrid designs that combine
kinematic compatibility with adjustable resistance in a compact wearable form.

In minimally invasive interventions, tendon-driven continuum robots (TDCRs) offer
high dexterity and compliance for navigating constrained anatomical pathways. However,
clinically useful operation requires more than geometric reachability. Configurations must
remain feasible under tendon-force limits and external loads, and high-dimensional inverse
kinematics must be solved while enforcing actuation and safety constraints. These require-
ments motivate methods based on feasible static workspace analysis and capability mapping,
together with planning and control strategies that combine physics-based constraints with
data-driven elements.

This thesis addresses both domains through a common perspective on compliant robotic

systems, combining mechanism design, experimental characterisation, modelling, learning-
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assisted planning and optimisation, and robust control to improve anatomical compatibility,

feasibility under constraints, and performance in safety-critical tasks.

1.1 Contributions of the Thesis

In rehabilitation robotics, this thesis proposes a compact RCM-based finger exoskeleton
for the MCP and PIP joints, generating virtual centres aligned with the anatomical joint
axes while keeping most components within the hand profile to preserve wearability. To
complement kinematic guidance with tunable resistance, glove-integrated 3D-printed pneu-
matic chambers are also developed. The chamber design is progressively refined from early
Flexojoint prototypes to a pillow-shaped geometry, and experiments characterise the rela-
tionships among bending angle, internal pressure, reaction force, and resistive torque in a
sealed pneumatic circuit under different initial inflation pressures. The results demonstrate
pressure-tunable torque—angle profiles suitable for different rehabilitation modalities.

In continuum robotics, the thesis develops modelling and optimisation tools for design
and capability assessment under practical constraints. A kineto-static framework is used
to compute the Feasible Static Workspace (FSW) under external forces and torques, and
an orientation-aware capability mapping approach is introduced to characterise feasible
reach and attainable poses. Building on these tools, a hybrid inverse-kinematics framework
is proposed in which supervised learning provides fast initial estimates and constrained
optimisation refines them while enforcing tendon limits and feasibility constraints, with an
orientation-aware step improving orientation accuracy. Finally, prescribed-time fault-tolerant
control strategies are developed and analysed, and their behaviour is assessed in simulation

under uncertainties, actuator faults, delays, and input saturation.

1.2 Research Methods

The research follows a structured workflow combining literature-based requirements, mech-
anism design, experimental characterisation, modelling, and learning-based methods. For
the rehabilitation part, anatomical and functional requirements are translated into a compact
RCM linkage whose geometry is parameterised using finger measurements and then verified
through CAD-based inspection of the assembled mechanism. Pneumatic modules are devel-
oped through iterative prototyping, and their behaviour is experimentally characterised by

measuring internal pressure and reaction force during quasi-static bending at different initial
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inflation pressures in a sealed circuit; resistive torque profiles are computed using known
lever arms.

For the TDCR part, kinematic and kineto-static models are implemented to support
optimisation-based analyses of workspace and capability under tendon-force and loading
constraints. Large-scale datasets are generated through structured task-space sampling. These
datasets are built using forward kinematics together with constrained inverse-kinematics
procedures under feasibility and orientation constraints. Supervised neural networks are
trained to approximate inverse pose-to-configuration mappings, and their outputs are refined
through constrained optimisation to enforce physical limits and feasibility. Control strategies
are developed and analysed using Lyapunov-based tools and validated through numerical

simulations under representative uncertainty and fault scenarios.

1.3 Thesis Outline and Chapter Synthesis

The thesis is organised into two main parts, addressing wearable hand rehabilitation and
tendon-driven continuum robots. Although these application domains differ in scale and
clinical purpose, they are connected by a common methodological perspective: compliance
is considered as a system-level requirement, rather than a simple mechanical property. In
both domains, this requirement must be addressed together with the anatomical, mechanical,
actuation, planning, and execution constraints that determine whether a robotic system is
practically usable. In the rehabilitation part, this perspective is addressed through anatomical
compatibility and pressure-dependent mechanical interaction. In the continuum-robot part, it
is extended to static feasibility, constrained planning, capability-aware configuration selection,
and safe fault-tolerant control. The relationship between the two parts is therefore conceptual
and methodological rather than a direct transfer of models or experimental data. The chapters
are summarised below in terms of their objectives, methodologies, validation procedures,

and main outcomes.

Chapter 2 — Biomechanical Foundations and State of the Art in Medical Robotics

Objective: Establish the anatomical, clinical, and technological requirements that guide the

developments of the thesis.

Methodology: Review finger biomechanics, rehabilitation pathways, and representative
rigid and soft wearable systems, followed by a review of TDCR kinematics, kineto-
static modelling, feasible static workspace, capability mapping, learning-assisted

planning, and robust control.
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Validation basis: The chapter does not introduce a separate experimental study; instead,
the requirements are supported through the reviewed literature and the comparative

analysis of representative rehabilitation systems.

Main outcomes: The chapter identifies the need to combine joint-level kinematic compat-
ibility with adjustable resistance in hand rehabilitation and to distinguish geometric
reachability from physically feasible and functionally useful configurations in contin-
uum robotics. These requirements define the design objective of Chapter 3 and the

modelling, planning, and control developments of Chapters 4—6.

Chapter 3 — Hand Rehabilitation Systems: RCM Exoskeleton and Inflatable Chambers

Objective: Develop a compact wearable device that guides MCP and PIP flexion—extension

while providing adjustable mechanical resistance.

Methodology: Anthropometric and subject-specific parameterisation of the finger; design of
an RCM-based linkage generating virtual joint-centred rotation; iterative development
of 3D-printed pneumatic chambers from early Flexojoint concepts to a pillow-shaped
geometry; and integration of the pneumatic modules into a wearable glove and ex-

oskeleton structure.

Validation: Quasi-static experimental characterisation in a sealed pneumatic circuit, mea-
suring internal pressure, reaction force, and resistive torque over a bending range of

0°—45° and for initial inflation pressures from 0.5 to 1.5 bar.

Main outcomes: The experiments demonstrate pressure-dependent and angle-dependent
resistance. At 45° and an initial pressure of 1.5 bar, peak torques of approximately
0.42Nm and 0.30 N m are obtained for the forward and backward configurations,
respectively. These results provide engineering evidence that the resistance level
can be adjusted for different rehabilitation stages, while clinical effectiveness and

closed-loop pressure regulation remain subjects for future work.

Chapter 4 — Model-Based Foundations for Static Feasibility and Design Optimization
of Tendon-Driven Continuum Robots

Objective: Establish the modelling framework required to assess load-dependent static
feasibility and to investigate the influence of tendon routing on feasible reach and

mechanical effort.
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Methodology: Discretised piecewise-constant-curvature kinematics and a recursive kineto-
static formulation incorporating tendon tensions, gravity, vertebra-level friction, back-
bone elasticity, and external tip loads. Study A optimises the tendon-force distribution
for a fixed robot geometry, whereas Study B performs a bi-objective dimensional

synthesis of the tendon-routing radii and inter-segment angular offset.

Validation: Study A is evaluated through randomly sampled tendon-force vectors, optimisa-
tion convergence, and representative equilibrium configurations. Study B is evaluated
through Pareto-front extraction for 100 randomised tendon-force realisations and
statistical analysis of the Pareto-optimal solutions obtained across the optimisation

runs.

Main outcomes: The chapter characterises the feasible static workspace under external
loading and identifies practical routing trends, including a preference for larger angular
offsets, particularly o > 30°, and tendon paths close to the outer admissible radii. The
selected reference design, r; = 21 mm, r, = 22.5 mm, and o = 45°, is subsequently
used in the planning studies of Chapter 5. The computational cost of repeated equi-
librium calculations also motivates the transition toward learning-assisted and offline

methods.

Chapter S — From Hybrid Task-Space Planning to Offline Capability-Map for Tendon-
Driven Continuum Robots

Objective: Generate accurate and executable TDCR configurations while reducing the

computational burden of repeated online inverse kinematics.

Methodology: First, supervised MLP and DNN models provide initial pose-to-configuration
estimates that are refined through bound-constrained inverse kinematics. Second, an
offline capability database is constructed by solving 54,000 voxel-orientation targets
using PSO-based inverse kinematics and storing accepted configurations together
with pose residuals, actuation commands, and Jacobian-based dexterity descriptors.
Runtime selection is performed through Pareto filtering and normalised ideal-point

ranking.

Validation: The hybrid method is evaluated over 16 trajectory—orientation combinations. In
the reported Lock Y-axis comparison, the DNN validation RMSE decreases from 10.42
for the neural estimate to 5.85 after constrained refinement. The capability-map study

evaluates solver acceptance, reachability, and dexterity distributions over a selected
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region of interest containing 180 voxels, of which 88 are classified as reachable. A
representative CAP-selected configuration is also executed on the physical prototype
and measured using OptiTrack.

Main outcomes: Constrained refinement improves the accuracy of the neural initialisation
but retains waypoint-wise online optimisation. The capability-map approach instead
transfers inverse-kinematics and Jacobian computations to the offline stage, reducing
runtime operation to database retrieval and ranking. The representative hardware study
reports millimetre-range position errors, while also revealing larger orientation errors

and the limitations of open-loop tendon actuation.

Chapter 6 — Prescribed-Time Fault-Tolerant Control of Tendon-Driven Continuum
Robots

Objective: Develop safe tracking controllers with designer-specified convergence behaviour

under nominal operation and under faults, delays, disturbances, and saturation.

Methodology: A reduced-order model of the dominant TDCR bending dynamics is used to
formulate a nominal prescribed-time controller based on monotone tube boundaries,
a transformed-error sliding structure, and an actor—critic learning component. The
framework is then extended through a prescribed-time descriptor observer, an auxiliary
saturation compensator, and a composite deep-learning-based fault-tolerant control law.

Stability and boundedness properties are analysed using Lyapunov-based arguments.

Validation: Comparative numerical simulations are performed under sinusoidal, step—ramp,
and parameter-variation conditions for the nominal controller and under step, sinu-
soidal, and multiple-fault scenarios for the fault-tolerant controller. The latter include
actuator and sensor faults, time-varying input and output delays, disturbances, nonlin-

ear uncertainty, and input saturation.

Main outcomes: In the nominal sinusoidal case, the reported effective settling time is
reduced from approximately 0.75 s for the benchmark to approximately 0.2 s for the
proposed controller, while the tracking error remains within the prescribed tube. In the
fault-tolerant step-reference study, the effective settling time after reference changes is
approximately 0.3 s, compared with approximately 5 s for the benchmark. The observer
also provides rapid reconstruction of the robot states and output-channel corruption.
These results establish numerical feasibility, while experimental implementation on

the physical prototype remains future work.



1.3 Thesis Outline and Chapter Synthesis 7

Chapter 7 — Conclusions and Further Research

Objective: Integrate the findings of the rehabilitation and continuum-robot studies and

identify the principal limitations and future research directions.

Methodology and validation basis: No new method or validation study is introduced; the
chapter synthesises the mechanical, numerical, and experimental evidence presented

in the preceding chapters.

Main outcomes: The chapter identifies the need for clinical evaluation and closed-loop
pressure control of the rehabilitation system, broader experimental validation of the
kineto-static and capability-map frameworks, trajectory-level capability-map exten-
sions, closed-loop TDCR execution, and hardware implementation of the prescribed-

time control strategies.

Taken together, the thesis progresses from application requirements and mechanism-level
compatibility to load-dependent feasibility, constrained planning, capability-aware selection,
and robust execution. This progression provides the common structure connecting the two
application domains while preserving the distinct modelling and validation requirements of
each.



Chapter 2

Biomechanical Foundations and State of
the Art in Medical Robotics

Robotic systems for rehabilitation and minimally invasive interventions must be developed
in a way that is consistent with human anatomy, biomechanics, and clinical practice. This
chapter provides the background needed to contextualise the contributions of the thesis.
Section 2.1 summarises hand rehabilitation, focusing on the biomechanical constraints that
shape wearable device design and on representative technological approaches. Section 2.2
introduces tendon-driven continuum robots (TDCRs) and reviews the main modelling, design,

and control challenges that arise in medical scenarios.

2.1 Hand Rehabilitation: Anatomy, Impairment, and Tech-
nology

The hand enables a large fraction of activities of daily living and is therefore central to
functional independence [1]. Neurological and musculoskeletal impairments can reduce joint
mobility, grasp strength, and coordination, often leading to long-term limitations [2]. These
clinical needs motivate rehabilitation strategies that are intensive, repeatable, and adaptable
across different patient capabilities [3]. These requirements are especially important for
wearable devices intended to guide finger motion while remaining lightweight, compact, and

comfortable for repeated use.
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2.1.1 Anatomy and Biomechanics of the Finger

Wearable rehabilitation mechanisms must respect the kinematics of the finger joints and their
interaction with soft tissues. In this thesis, the focus is on the metacarpophalangeal (MCP) and
proximal interphalangeal (PIP) joints, which dominate functional flexion—extension for grasp
and release. The MCP is a condyloid joint that supports flexion—extension and abduction—
adduction, whereas the PIP behaves predominantly as a hinge joint in rehabilitation-oriented
tasks. The distal interphalangeal (DIP) joint contributes to fingertip posture but is often
secondary in device-level design decisions when the main objective is restoring basic grasping
and release [4, 5].

A critical implication for exoskeleton design is that finger joint centres of rotation are
not perfectly fixed during motion. Articular geometry and ligament constraints induce a
migration of the instantaneous axis, so mechanisms that enforce a single fixed revolute axis
can introduce misalignment, skin shear, and sliding at the human—device interface, especially
over repeated training cycles. This motivates kinematic architectures that approximate a
virtual joint centre without locating a physical joint exactly at the anatomical axis [6]. Remote
Centre of Motion (RCM) mechanisms generate such a virtual centre of rotation while keeping

the physical joints external, thereby improving kinematic compatibility in wearable devices.

2.1.2 Causes of Hand Impairment and Clinical Pathways

Hand impairments arise from conditions such as stroke, traumatic brain injury, spinal cord
injury, peripheral nerve lesions, and orthopaedic trauma. Stroke, in particular, can lead to
hemiparesis and altered muscle tone patterns that restrict independent movement of individual
fingers. Rehabilitation practice commonly progresses from passive mobilisation, to preserve
joint range and prevent contracture, toward active and active-assisted exercises, to promote
motor re-learning, and finally to resistive training, to improve strength and endurance once
voluntary motion becomes reliable [7]. From a device perspective, this means that the same
system should support different interaction modes, ranging from low-resistance guidance to

controllable resistance, while maintaining safe and repeatable contact forces.

2.1.3 Robot-Assisted Rehabilitation: Representative Systems and De-
sign Trade-offs

Robotic rehabilitation technologies are often categorised into end-effector devices, rigid

exoskeletons, and soft wearable gloves. End-effector devices offer general adaptability but
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limited joint-specific guidance. Rigid exoskeletons can deliver higher forces and accurate
motion guidance, but they may be bulky and sensitive to alignment [8]. Soft gloves provide
lightweight and compliant interaction, yet they generally offer limited joint-level kinematic
specificity and less direct regulation of clinically meaningful resistive torques [9].

Table 2.1 summarises representative wearable hand rehabilitation systems covering the
main actuation families and design trade-offs, together with the hybrid RCM-pneumatic
concept developed in this thesis.

This comparison shows that, for wearable hand rehabilitation devices, kinematic compat-
ibility, adjustable resistance, and wearability must be considered together. In practical terms,
this means that the mechanism should follow MCP/PIP flexion—extension while limiting
relative motion between the device and the phalanges, provide adjustable resistance across
different therapy stages, and remain compact, lightweight, and comfortable during repeated

use.

2.2 Fundamentals of Tendon-Driven Continuum Robots

Minimally invasive procedures require long and slender instruments capable of navigating
constrained anatomical pathways while interacting safely with delicate tissues. Continuum
robots offer a promising solution through smooth, continuous deformation. Among them,
tendon-driven continuum robots (TDCRs) are particularly attractive due to their remote
actuation, compact distal structure, and compatibility with narrow anatomical corridors.

A TDCR typically consists of one or more compliant backbones with tendons routed along
the robot body and anchored at the distal end. In vertebra-based designs, the backbone is
guided through a sequence of vertebrae that define the tendon routing and segment geometry.
Differential tendon tension generates bending and, depending on the structure, twisting. The
robot behaviour depends strongly on structural stiffness, segment lengths, tendon routing
geometry, and the distribution of vertebrae along the backbone, which together determine
the robot’s reachable workspace, load-bearing capability, and susceptibility to buckling or
torsional effects. For medical applications, these design choices must therefore be considered

together with tendon force limits and safety constraints [17].

2.2.1 Kinematic and Static Modelling

A common modelling baseline is the piecewise constant curvature (PCC) assumption, where

each segment is approximated as a circular arc with constant curvature and a bending plane.
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Table 2.1 Representative wearable hand rehabilitation systems and the proposed hybrid concept.

Picture

Device, actuation, and weight

Key features (pros)

Limitations (cons)

bV «d =5

Hand of Hope
Rehab-Robotics [10]
Rigid linkage; linear
actuators

~700-800 g

Exo-Glove Poly
Inetal., 2015 [11]
Soft/tendon routing;
polymer-based

194 ¢

Harvard Soft Glove
Polygerinos et al. [12]
Soft/pneumatic;
fiber-reinforced
~285¢g

PneuNets Glove

Yap et al., 2015 [13]
Soft/pneumatic; silicone
elastomer

~200 g

High-Force Fabric
Glove

Ge et al., 2020 [14]
Soft/pneumatic;
TPU-coated fabric
128 g

Fabric Soft Glove
Cappello et al. [15]
Soft/pneumatic; textile
actuators

T7g

HPA Soft Glove

Lai et al., 2023 [16]
Soft/pneumatic;
honeycomb fabric
actuator

107 g with glove; 1.8 kg
control box

Proposed System

This thesis [6]

Hybrid; RCM guidance +
inflatable chambers
~200 g

* High-force, joint-guided
rehabilitation

* EMG-driven control for motor
relearning

* Precise kinematics

* Very compact design
* Separation of glove and actuator
* Soft tendon routing

* Fluid-driven hydraulic actuation
* High bending capability
* Portable belt pack

* Rapid bending response
* Simple fabrication
* Inherently safe

* High blocking force, approximately
38N

* Durable heat-sealed structure

* Very lightweight

* Ultralight design
* High user acceptance
* Suitable for light ADL support

* High force output, approximately
13.6 N tip force

* Bidirectional guidance for active
flexion and extension

» Efficient actuation at 150 kPa

« Joint-level kinematic compatibility
* Pressure-tunable resistance
* Wearable architecture

* Heavy and bulky on the hand
* Non-portable desktop unit
* Risk of joint misalignment

* Risk of hyperextension
* Friction in tendon paths
* Actuates multiple joints together

* Low blocking force, approximately
8N

* Slow response time

* Bulky fluid reservoir

* Ballooning-effect risks
* Low force output, below 10 N
* Material fatigue over time

* Reduced flexibility
* Bulky dorsal volume
* Reduced tactile sensation

* Low force output, approximately
ISN

* Leakage issues in prototypes

* Limited to light ADLs

* Open-loop control
* Lacks rigid guidance for
misalignment prevention

* Requires custom mechanical
integration and fabrication

* Lower bulk than many rigid
exoskeletons, but higher than
textile-only gloves
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PCC enables efficient forward kinematics and is useful for large-scale sampling and dataset
generation. However, classical PCC formulations may become inaccurate when torsion and
external loads play a significant role. For this reason, extended models incorporate axial
twist, providing improved geometric fidelity for multi-segment robots.

In addition to kinematics, kineto-static modelling is essential whenever the robot must
hold configurations under external forces and torques. These formulations couple geometry
with static equilibrium, linking tendon tensions, backbone elasticity, and external loads.
Practical deviations from model predictions commonly arise from friction, backlash, and
manufacturing tolerances, motivating more robust design choices as well as compensation

strategies at the control level [18].

2.2.2 Workspace Analysis: Feasible Static Workspace and Capability
Maps

Geometric reachability alone is not sufficient in medical applications. A configuration is
useful only if it can be maintained in static equilibrium under admissible tendon forces and
clinically relevant loading conditions. This motivates the concept of the Feasible Static
Workspace (FSW), defined as the subset of the geometric workspace that satisfies both static
equilibrium and actuation constraints. In practice, evaluating the FSW is challenging because
tendon forces, backbone elasticity, and external loads are strongly coupled [18].

Capability maps extend this analysis by associating additional information with feasible
task-space regions. Depending on the application, these descriptors may include orientation,
dexterity, stiffness, or energy-related measures. Such maps help identify regions where
the robot can operate more effectively under constraints, and they provide a compact link

between workspace geometry and functional performance.

2.2.3 Advanced Control and Learning-Based Approaches

Accurate operation of TDCRs requires control strategies that can cope with nonlinear be-
haviour, model uncertainty, and changing operating conditions. Purely kinematic control can
be simple to implement, but its performance often degrades when external loads, friction, or
modelling errors become significant. For this reason, model-based approaches have been
developed to incorporate static or dynamic effects more explicitly into the control design.
At the same time, the complexity of continuum-robot models has encouraged the use

of learning-based and hybrid methods. Supervised learning can be used to approximate
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inverse or forward mappings from data, while hybrid schemes combine data-driven estima-
tion with optimisation or model-based correction. In addition, safety-critical applications
have motivated the study of prescribed-time and fault-tolerant control strategies, especially
in the presence of delays, saturation, disturbances, or sensor and actuator faults. These
developments highlight the need for control methods that remain accurate, robust, and
computationally manageable under practical operating conditions.

In this thesis, these developments motivate two complementary directions: feasibility-
aware planning through hybrid and database-driven methods, and robust control through

prescribed-time and fault-tolerant formulations.

2.3 Chapter Summary

This chapter established the biomechanical and technological context for the compliant
robotic systems developed in this thesis. For hand rehabilitation, it highlighted why MCP/PIP
biomechanics and migrating centres of rotation impose stringent constraints on wearable
mechanisms, and it summarised how existing technologies trade kinematic precision against
compliance and wearability. These considerations motivate the hybrid solution pursued here,
combining RCM-based kinematic compatibility with pressure-tunable resistance.

For continuum robotics, the chapter introduced TDCR fundamentals and summarised
the modelling, workspace, and control challenges that arise in medical environments. The
distinction between geometric workspace and feasible static workspace, together with ca-
pability mapping, provides the basis for the design optimisation and analysis frameworks

developed in the following chapters.



Part I

Section Two



Chapter 3

Hand Rehabilitation Systems: RCM
Exoskeleton and Inflatable Chambers

3.1 Anatomical Basis and Geometric Parameters of the
Finger

This chapter focuses on the rehabilitation of a long finger, using the index finger as the
representative case for mechanism design and experimental characterization. Each long finger
consists of the proximal, middle, and distal phalanges, connected by the metacarpophalangeal
(MCP), proximal interphalangeal (PIP), and distal interphalangeal (DIP) joints, as shown
in Figure 3.1. In the present work, the main focus is on the MCP and PIP joints, as they
govern the flexion—extension motion that is most relevant for finger opening and closing
during rehabilitation tasks.

For the device developed in this chapter, the anatomical description is limited to the
geometric features required for mechanism scaling and placement. In particular, phalanx
lengths are required to define the dimensions of the wearable structure and to initialize the
CAD layout of the RCM-based mechanism.

To parameterise the wearable mechanism, phalanx lengths are reported from two sources.
The first is an anthropometric reference dataset, used to provide representative long-finger
dimensions across subjects. The second is a set of subject-specific measurements collected
from the author’s hand and used for the prototype presented in this thesis. In this way, the
reference values provide a general basis for design, while the measured values correspond to

the actual geometry used for prototype development.



3.1 Anatomical Basis and Geometric Parameters of the Finger 16

Distal phalange

S« DIP- Distal Interphalangeal

L ./ Intermediate phalange

Distal phalange ’ ") «— PIP - Proximal Interphalangeal

IP - Interphalangeal ——— > |

. Proximal phalange
Proximal phalange

MCP - Metacarpophalangeal ——————> _JJ«——— MCP - Metacarpophalangeal

etacarpal phalange

TM - Trapezio-Metacarpal EEE—— :\ 9 v 4 HM - Humate-Metacarpal

Figure 3.1 Anatomical details of the hand skeleton.

The reference dataset used in this study is the long-finger phalanx length table reported
by Habib and Kamal [19], which provides distal, middle, and proximal phalanx lengths for
the index, middle, ring, and little fingers. For clarity in design parameterisation, Table 3.1
reports the overall mean values obtained by averaging the data for both sexes and both hand

sides.

Table 3.1 Mean long-finger phalanx lengths in millimetres, averaged across sex and side [19].

Finger Distal Middle Proximal

Index 227  23.1 25.2
Middle 247 264 26.6
Ring  22.1 246 26.4
Litle 187 185 23.8

The prototype geometry was then defined using subject-specific measurements collected
from the author’s hand. These values are reported in Table 3.2 and are used in the following
sections to scale the RCM linkage and initialize the CAD model.

Table 3.2 Subject-specific phalanx lengths used for prototype parameterisation in millimetres.

Finger Distal Middle Proximal

Index 24.0 27.0 26.7
Middle 26.7 28.4 27.6
Ring 23.2 25.7 27.2

Little 18.7 18.5 23.8
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3.2 Problem Statement and Design Objectives

The background in Chapter 2 showed that wearable hand rehabilitation devices must satisfy
two main requirements. First, the mechanism should remain kinematically compatible
with the anatomical joints, so that flexion—extension can be guided while limiting joint
misalignment and relative motion at the finger—device interface. Second, the device should
provide adjustable resistance across different therapy stages, from passive movement to
active and resistive training, while remaining compact and comfortable for repeated use.

These requirements are not easily satisfied by a single conventional solution. Rigid
exoskeletons can provide accurate motion guidance, but their performance depends strongly
on alignment and mechanical integration. Soft gloves offer compliant interaction and reduced
weight, but they provide less direct joint-level guidance and less repeatable resistance during
structured training. For this reason, the system developed in this chapter follows a hybrid
approach.

The proposed design combines two functional layers. The first is an RCM-based ex-
oskeleton that guides MCP and PIP flexion—extension through virtual centres located close to
the anatomical joint regions. The second is a pneumatic resistance layer based on inflatable
chambers integrated into a wearable glove. As the finger bends, the chamber is compressed
and generates a pressure-dependent resistive response.

The design objective is therefore to obtain rehabilitation-relevant MCP/PIP motion with
acceptable kinematic compatibility, while also providing adjustable resistance in a wearable
and compact form. In practical terms, the device should remain low-profile, lightweight,
and easy to wear, while producing a torque—angle response that can be adjusted through the
initial chamber pressure. The overall concept of the proposed system, including the RCM

linkage and the pneumatic chamber arrangement, is shown in Figure 3.2.

DIP Joint PIP Joint MCP Joint —

PIP Virtual Joint MCP Virtual Joint

——— -

Inflatable Chamber =

@

Figure 3.2 Concept overview of the hybrid rehabilitation system. (a) Index finger anatomy and joint
locations (DIP, PIP, MCP). (b) CAD model illustrating the RCM-based linkage and the placement of
inflatable chambers.
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3.3 Design Concept and Kinematic Principle of the RCM

Exoskeleton

To improve kinematic compatibility with finger flexion—extension, a compact exoskeleton
architecture was developed based on the Remote Centre of Motion (RCM) principle. The
mechanism is designed to create a virtual centre of rotation within the anatomical joint region,
while the physical pivots remain outside the joint. In this way, the flexion motion can be
guided around a joint-centred virtual axis without placing a mechanical hinge directly at the
anatomical joint.

The mechanism is implemented as a compact four-link arrangement, illustrated here for
the PIP joint in Figure 3.3. The linkage geometry follows the natural curvature of the finger
and preserves a low-profile configuration during motion. Its dimensions are defined using
the phalanx length data introduced in Section 3.1, allowing the mechanism to be scaled to
different finger sizes while remaining suitable for wearable integration.

In the rest posture, the mechanism is in its open configuration, and the movable forward
part is at its maximum separation from the fixed backward part. This initial spacing is
denoted by B, as shown in Figure 3.3. As the finger flexes, the RCM linkage closes while
maintaining the virtual joint-centred guidance. At the same time, the spacing between the
two parts decreases from B to a smaller distance d. Since the inflatable chamber is positioned
between these two parts, this reduction directly compresses the chamber.

Before bending starts, the chamber is inflated to a predefined initial pressure, and the
pneumatic circuit is isolated by closing the hand-operated valve, so that the chamber and
the connecting hoses form a sealed air volume, as shown in Figure 3.3. Under these
conditions, chamber compression increases the internal pressure and generates a reaction
force that opposes the motion, thereby producing a resistive torque about the joint. As flexion
progresses, d decreases further and the resistive response increases accordingly. Figure 3.3
illustrates the geometric layout of the mechanism and its coupling with the pneumatic

chamber.
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Figure 3.3 RCM-based finger mechanism and its coupling with the sealed pneumatic chamber system
used to generate pressure-dependent resistance during flexion. (a) Side view with dimensions in
millimetres. (b) Rotation mechanism. Numbers correspond to: 1 = forward chamber, 2 = backward
chamber, 3 = thimble, 4 = air tube, 5 = index finger, 6 = pneumatic system, 7 = pressure sensor, § =
hand lever valve, 9 = air supply, 10 = air regulator.

3.4 Development of Compliant Variable-Stiffness Modules

While the RCM linkage provides the kinematic guidance layer, rehabilitation also requires an
adjustable resistive element that can be adapted to different therapy stages. For this reason,
inflatable chambers are integrated into the wearable structure and mechanically coupled to
the guided finger motion. The development of these chambers did not proceed directly to
the final design. Instead, several prototype generations were examined in order to improve

contact stability, repeatability, and sealing.

3.4.1 From Flexojoint to Pillow-Shaped Chambers

The early prototypes were based on barrel-type “Flexojoint” chambers. These first designs
showed that pressurised deformation could be used to generate resistance during bending.
However, the curved external profile led to unstable contact and limited repeatability under
repeated inflation and compression. Subsequent bellows-type geometries improved deforma-
bility, but they remained sensitive to non-uniform folding and local instabilities, which

affected both repeatability and sealing. The final selection was therefore guided by three
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practical criteria: contact stability during compression, repeatability of the force response,
and reliable sealing under repeated inflation cycles.

For these reasons, the final design adopted in this thesis is a compact pillow-shaped
chamber placed between rigid plates. This geometry provides a flatter contact profile and
a more predictable compression behaviour during bending. Fabrication is carried out by
fused deposition modelling (FDM): the inflatable chamber walls are printed in TPU, whereas
the rigid mounting and supporting parts are printed using PLA-based materials. The wall
thickness is tuned iteratively to balance deformability and sealing, and the prototypes reported
in this chapter use a thickness of 0.9 mm. A soft TPU fingertip thimble is also introduced
for distal attachment in order to improve comfort and interface quality. The main stages of

chamber development are shown in Figure 3.4.

oy z

Index Middle Ring Little 21mm
Chamber Chamber Chamber Chamber «===============u»
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(a)

Figure 3.4 Chamber design evolution and final geometry. (a) Early Flexojoint prototype. (b)
Intermediate concept. (c) Final pillow-shaped chamber with rigid plates and TPU inflatable cavity. (d)
Distal thimble integration.

3.4.2 Glove Integration and Coupling to the RCM Layer

To extend the variable-resistance concept from an isolated module to a wearable rehabilitation
device, the pillow-shaped chambers are integrated into a glove structure positioned near the
MCP and PIP regions. The glove provides both a mounting layer and a compliant interface
with the finger, while the RCM exoskeleton is assembled over it to guide the flexion motion.

In the integrated design, the chamber is placed so that its compression is mechanically
coupled to the closure of the RCM-guided motion described in Section 3.3. Different
resistance levels are obtained by setting an initial inflation pressure, pjni;, before bending. In
the quasi-static experiments reported later in this chapter, the pneumatic circuit is isolated by
closing a manual valve. The integration of the chambers into the glove and the assembly of

the exoskeleton are shown in Figure 3.5.
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Figure 3.5 System integration. (a) CAD layout showing chamber placement near MCP and PIP. (b)
Assembly on the hand with the exoskeleton mounted over the glove. (c) Prototype with pneumatic
lines connected.

3.5 Experimental Characterization

This experimental study quantifies the relationship between bending angle 6, internal pressure
p, reaction force F', and resistive torque 7 for the final pillow-shaped chambers, both as

isolated modules and in the glove-integrated configuration.

3.5.1 Experimental Setup and Procedure

The experimental setup consists of a mechanical fixture, a closed pneumatic circuit, and
measurement instrumentation. The fixture includes a fixed base and a rotating arm repre-
senting the bending link, with the bending angle measured by a goniometer. The pneumatic
circuit includes a regulated air supply, hoses, and a manual valve. Internal gauge pressure
is measured using an MPX2200GP sensor from 0 to 200 kPa, while the reaction force is
measured using a digital dynamometer applied at a known lever arm §. Data are acquired
using a Teensy 3.5 board.

For each test, the chamber is inflated to one of three prescribed initial pressures: 0.5,
1.0, or 1.5bar. The valve is then closed to isolate the pneumatic circuit. The structure is
subsequently bent quasi-statically from 0° to 45°. At discrete angular steps, the pressure

p(0, pinit) and the reaction force F (0, piy;;) are recorded. The resistive torque is computed as

T(G7Pinit) :F(Gapinit) S, 3.1
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where S is the moment arm of the force application point. In the present setup, S1 ~ Spip ~
35mm, and S> ~ Smcp ~ 28 mm. Two chamber configurations are evaluated, referred to as
forward and backward. The experimental setup used for chamber characterisation is shown
in Figure 3.6.

Figure 3.6 Experimental setup used to characterise the pillow-shaped chambers, including the
bending fixture, sealed pneumatic circuit, pressure sensor, manual valve, and dynamometer.

3.5.2 Pressure Evolution

The internal pressure increases with bending angle, and the magnitude of the increase depends
on pinit- At small bending angles, approximately below 10°, pressure changes remain limited,
which is consistent with modest chamber compression. As bending increases, compression
becomes more pronounced and the pressure rise becomes clearer under sealed conditions.
The forward and backward configurations show different pressure slopes, which is consistent
with their different enclosed air volumes. Under p;,i; = 1.5bar, the forward chamber reached
a maximum of approximately 1.75bar at 45°, whereas the backward chamber reached
approximately 2.0bar under the same conditions. The evolution of the measured pressure for

different initial pressures is shown in Figure 3.7.
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Pressure Variations with Angles
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Figure 3.7 Pressure evolution p(0, pini) for forward and backward chambers for different initial
pressures.

3.5.3 Force Evolution

The bending force F (0, pini) increases with both bending angle and initial pressure. For a
fixed bending angle, a larger pj,i; produces a larger reaction force. The forward and back-
ward configurations also show different force levels, consistent with the pressure behaviour
described in the previous subsection. At the maximum tested bending angle of 45°, the force
reached approximately 9.2N in the forward chamber and 9.5N in the backward chamber
for pinie = 1.5bar, whereas for pj,;; = 0.5bar the corresponding values were only about
5.2-5.5N. The measured bending-force curves for different initial pressures are shown in
Figure 3.8. These results confirm that the chamber response can be modulated both by

bending and by the selected initial pressure.

3.5.4 Torque Response

Using the measured force and corresponding lever arm, the resistive torque T(0, pinit) is
computed for MCP and PIP configurations. The resulting torque—angle curves confirm that
the resistive response can be adjusted through piyi¢, allowing the same chamber geometry
to produce different torque profiles over the flexion range. The response is nonlinear: the
effective stiffness, dt/d0, is lower near extension and increases at larger flexion angles,

indicating progressive stiffening as compression increases.
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Force Variations with Angles
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Figure 3.8 Measured bending force in the forward and backward chambers across bending angles for
different initial pressures.

For the tested conditions, the forward configuration generated up to approximately
0.42Nm, while the backward configuration produced about 0.30Nm at 45° and pjnir =
1.5bar. These values indicate that the actuator can provide measurable and adjustable
resistance for guided motion and light resistive training. More generally, the results show
that the torque output can be modulated by adjusting the initial inflation pressure. The

corresponding torque—angle curves are shown in Figure 3.9.
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Figure 3.9 Resistive torque 7(0, pini) at MCP and PIP joints for different initial pressures.
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3.6 Rehabilitation Implications and Limitations

The experiments show that the device provides a controllable relationship between joint
angle, internal pressure, force, and resistive torque. In practical terms, this means that the
resistive response can remain relatively low at small bending angles and increase at larger
flexion angles, while its overall magnitude can be adjusted through pj,i;. This makes the
same device suitable for different rehabilitation modalities, including passive mobilisation at
lower pressure levels and resistive training at higher pressure levels, provided that safe limits
on pressure and interface loading are respected.

At the same time, the present characterization remains quasi-static and focuses on
repeatable torque—angle behaviour under controlled bending conditions. The wearable
prototype is presented here as an engineering validation of the coupled RCM pneumatic
concept. Clinical evaluation across different patient groups, as well as real-time closed-loop

pressure control, are beyond the scope of this chapter and are left for future work.

3.7 Summary

This chapter presented a hybrid wearable system for hand rehabilitation combining an RCM-
based finger exoskeleton with glove-integrated inflatable chambers. The mechanism provides
guided MCP/PIP motion through virtual joint-centred rotation, while the pneumatic layer
introduces adjustable resistance through chamber compression during bending.

The chamber design was refined through iterative prototyping toward a pillow-shaped
geometry suitable for wearable integration. An experimental study then characterised the
relationship between bending angle, pressure, force, and resistive torque under sealed pneu-
matic conditions. Together, these results establish the mechanical basis of the proposed
rehabilitation device and show that the resistive response can be adjusted through the initial
inflation pressure.

With the rehabilitation system established and characterised, the thesis now moves
to its second part. Chapter 4 carries this constraint-aware perspective into tendon-driven
continuum robots, replacing purely geometric reachability with an analysis of static feasibility
under actuation, structural, and external-loading constraints, and using this framework for

workspace analysis and tendon-routing dimensional synthesis.



Chapter 4

Model-Based Foundations for Static
Feasibility and Design Optimization of

Tendon-Driven Continuum Robots

4.1 Motivation and Scope of the Chapter

The previous chapter showed that the behaviour of a compliant rehabilitation device cannot be
understood from geometry alone. In the proposed hand rehabilitation system, the mechanical
response was shown to depend on deformation, internal pressure, reaction force, and resistive
torque. A similar principle applies to tendon-driven continuum robots (TDCRs). For these
robots, geometric reachability alone does not determine practical feasibility, since admissible
configurations must also satisfy actuation limits, structural elasticity, friction, gravity, and
external loading. In the second part of this thesis, these effects are addressed through a
model-based study of static feasibility and tendon-routing design.

TDCRs are attractive for applications that require slender, compliant robots capable of
operating in confined or delicate environments, such as minimally invasive interventions,
endoluminal procedures, and industrial inspection [20-22]. At the same time, their continu-
ous deformation, actuation redundancy, and load-dependent behaviour make it difficult to
identify configurations that are not only geometrically reachable but also maintainable in
static equilibrium with acceptable mechanical effort. For this reason, a purely kinematic
description is not sufficient for the design questions considered in this thesis.

Most kinematic descriptions of TDCRs rely on the piecewise constant curvature (PCC)

assumption, which provides an efficient representation of backbone geometry and enables
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tractable forward kinematics [23-25]. Extended kinematic and dynamic descriptions have
also been proposed using Clarke-transform-based control, dual-quaternion kinematics, and
rod-based formulations [26-28]. However, when tendon loading, gravity, friction, backbone
elasticity, and external tip forces must be considered together, a kineto-static formulation
becomes necessary [29-31]. More detailed static and dynamic modelling studies have further
considered experimentally evaluated cable-driven structures, Cosserat-rod formulations,
continuum parallel robots, variable-curvature continuum joints, and strain-based sensing
for shape and force estimation [32—-36]. Within this setting, workspace analysis naturally
shifts from geometric reachability to feasible static workspace (FSW), namely the set of tip
positions that can be maintained in static equilibrium under tendon-force bounds and external
loading [37—41]. The same framework also makes it possible to study how tendon-routing
geometry influences both feasible reach and actuation efficiency [42—46].

Against this background, this chapter establishes the model-based foundation for the
remainder of the TDCR part of the thesis. First, a PCC-based kineto-static formulation is
developed for a two-segment vertebra-based TDCR under tendon forces and external loads.
Second, this formulation is used to characterise the feasible static workspace for a fixed
robot design through tendon-force optimisation. Third, the same framework is extended
to a bi-objective dimensional synthesis problem in which the tendon-routing radii and the
inter-segment angular offset are optimised to balance feasible static reach and mechanical
work.

The chapter begins with the robot architecture and the modelling assumptions used in
the analyses that follow. A discretised PCC representation is then introduced, followed by
a kineto-static formulation that accounts for tendon forces, gravity, vertebra-level friction,
backbone elasticity, and external tip loads. On this basis, two optimisation studies are carried
out. Study A considers a fixed robot geometry and optimises tendon-force distributions to
characterise feasible static reach under load. Study B treats tendon-routing parameters as
design variables and extracts practical design guidelines from a bi-objective optimisation and
statistical analysis of the obtained solutions.

The results presented here provide the model-based foundation for the chapters that follow.
The selected routing design and the kineto-static framework support the capability-map and
hybrid inverse-kinematics methods developed in Chapter 5, while the same robot architecture
is used in Chapter 6 for prescribed-time and fault-tolerant control under practical constraints.
In this way, the present chapter links the compliant-system perspective introduced in the
first part of the thesis to the planning and control methods developed later for tendon-driven

continuum robots.
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4.2 Robot Architecture and Modelling Assumptions

The continuum robot considered in this part of the thesis is a two-segment tendon-driven
continuum robot (TDCR) with a vertebra-based structure. Each segment consists of a
flexible backbone and a sequence of vertebrae that guide the tendons and define the spatial
discretisation used in the model. The same overall architecture is used throughout the chapter,
with two closely related configurations. The first is a baseline configuration used for feasible
static workspace analysis in Study A. The second is a prototype-matched configuration
used for the dimensional synthesis study in Study B. Their main geometric and mechanical

parameters are reported in Table 4.1.

4.2.1 Mechanical Structure and Tendon Routing

Both studies use the same basic layout: two serially connected segments, each actuated by
four tendons. The tendons pass through guide holes in every vertebra and are arranged as two
antagonistic pairs. In each segment, the tendon channels are placed at fixed angular positions
around the backbone centreline, so that differential tension within one pair generates bending
in the corresponding plane, while coordinated actuation of both pairs enables general spatial
bending.

In Segment 1, the tendon channels are aligned with the local cross-sectional axes at
angular positions 0°, 90°, 180°, and 270°. In Segment 2, the same pattern is rotated by an
inter-segment angular offset . In the baseline configuration adopted in Study A, this offset
is fixed at o = 45°. In Study B, by contrast, « is treated as a design variable in order to
evaluate its influence on feasible static workspace and actuation effort.

The actuation unit is based on pulley-driven tendons operated by Dynamixel 2X1.430-
W250-T dual-axis servomotors. Each segment is controlled by two antagonistic tendon pairs
positioned 180° apart. Bending is generated by increasing the tension in one tendon while
releasing its opposite counterpart. The tendons are made of 0.5 mm-diameter fishing line,
and the continuum body is fabricated as a monolithic PA12 structure using selective laser
sintering (SLS). Figure 4.1 shows the actuation unit and the tendon-drive arrangement.

Although both studies follow the same architectural template, they do not use identical
numerical parameters. Study A adopts a baseline configuration for actuation-level feasible
workspace analysis, whereas Study B uses the prototype-matched configuration employed
for design optimisation and for the subsequent chapters. Table 4.1 therefore reports the

corresponding parameters separately.
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Figure 4.1 Diagram of the actuator unit and drive mechanism. (a) Driving cable arrangement, with
tendons 1-4 for Segment 1 shown in red and tendons 1-4 for Segment 2 shown in blue. (b) Actuator
unit with motors M1-M4 arranged with a 45° offset. (c) Control unit. (d) Motor with mounted pulley
and protective guard. (e) Pulley mechanism detail.

Table 4.1 Geometric and mechanical parameters of the two-segment TDCR.

Parameter Study A Study B  Unit Notes
Number of vertebrae per segment (N) 10 7 — —
Segment length (L) 0.2 0.13263 m —
Tendon routing radius (7;,) 5 (fixed) varied mm —
Vertebrae radius (r;) 6 24.7 mm —
Backbone outer radius (r,) 1.4 12.56 mm -
Backbone inner radius (r;) 0 9.56 mm -
Tendon channels (d;,d>) 1.5 1.5 mm -
Young’s modulus (E) 54 54 GPa -
Poisson’s ratio (V) 0.3 0.3 — —
Vertebrae mass (my) 9.2 9.2 g Per vertebra

Backbone mass per unit length () 0.0115  0.0115 kg/m -

External loading is introduced at the distal tip in the form of a force vector Fex; and,
when required, a moment vector Mex;. These loads are propagated backward through the

discretised structure in the kineto-static solver.
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4.2.2 Modelling Assumptions

The kinematic and kineto-static analyses in this chapter are based on a set of simplifying as-
sumptions chosen to retain the main physical effects while keeping the model computationally
tractable for repeated optimisation.

First, each segment is discretised into backbone subsegments between consecutive ver-
tebrae, and each subsegment is represented using the piecewise constant curvature (PCC)
assumption. This means that the local backbone shape within each subsegment is approx-
imated as a circular arc with constant curvature and, where required, local twist. This
representation is consistent with the vertebra-based architecture and provides a compact
parametrisation for both forward kinematics and equilibrium analysis.

Second, the chapter is restricted to static or quasi-static conditions. Inertial effects are
neglected, and robot shapes are computed from force—moment equilibrium under tendon
forces, gravity, friction, backbone elasticity, and externally applied tip loads. Dynamic effects
are therefore outside the scope of this chapter and are addressed later only in the context of
control.

Third, the tendons are assumed to be massless, inextensible, and capable of transmitting
tensile forces only. Friction at the tendon guides is represented by a vertebra-level Coulomb
model based on the local tendon deflection angle. This approximation captures the main ten-
sion losses along the robot without introducing the additional complexity of a full distributed
friction model.

Fourth, the backbone is treated as linearly elastic in bending and, when included, in
torsion. The vertebrae are assumed to be rigid relative to the compliant backbone. This allows
the restoring effect of the backbone to be described through elastic bending and torsional
moments, while the vertebrae act primarily as tendon-routing and discretisation elements.

These assumptions define the modelling framework used throughout the remainder of
the chapter. On this basis, the next section formulates the discretised PCC kinematic model,
which is then extended to the kineto-static equilibrium analysis used in Studies A and B.

Figure 4.2 summarises the overall robot structure and the tendon-routing geometry.
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Figure 4.2 Overview of the two-segment tendon-driven continuum robot prototype and its structural
layout. (a) Experimental setup with actuation unit and control box. (b) Four-tendon arrangement on
each segment and inter-segment angular offset ¢t. (c) Tendon-routing geometry. (d) Vertebra and
compliant joint. (¢) CAD model of the proposed structure.

4.3 Kinematic Modelling of TDCR

The kinematic model describes how the backbone shape and tip pose of the two-segment
tendon-driven continuum robot depend on the curvature parameters of its subsegments. A
piecewise constant curvature (PCC) representation is adopted, consistent with the vertebra-
based architecture introduced in Section 4.2. This section presents the discretised PCC

parametrisation and the homogeneous transformations between consecutive vertebra frames.

4.3.1 Discretized PCC Representation

Each segment is discretised into subsegments by the vertebrae, and the backbone portion
between two consecutive vertebrae is modelled as a constant-curvature subsegment of arc

length &;. For subsegment i, the curvature components (f3;,7;) define the curvature magnitude
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k; and the bending plane orientation ¢; as:

Ki=\/B}+v,  @i=atan2(y,pB) (4.1

The bending angle and twist angle over subsegment i are then defined as
6 = K6,  pi= T (4.2)

where 7; represents the local twist rate about the backbone axis. The PCC state of subsegment
i is therefore described by (B;,7,7i), from which k;, ¢;, 6; and p; are obtained. This
parametrization is used both in the forward kinematic chaining and in the kineto-static
equilibrium model developed later in this chapter. Figure 4.3 shows the PCC parametrization

of a single subsegment and its relation to consecutive vertebra frames.

i-1 4

Figure 4.3 PCC parametrisation of a single backbone subsegment between two consecutive vertebra
frames.

4.3.2 Subsegment Transformation and Forward Kinematics

Let (i — 1) and (i) denote the local frames attached to vertebrae (i — 1) and i, respectively,
with their z-axes aligned with the local backbone direction. Under the PCC assumption, the
endpoint position of subsegment i, expressed in frame (i — 1), is
1 —cos 6;
Ki
pi=| 0 (4.3)
sin 9,‘
Ki

The corresponding rotation can be expressed as a sequence of elementary rotations: a
rotation about the z-axis that aligns the reference plane with the bending plane, a rotation

about the y-axis by the bending angle, and a rotation about the z-axis that accounts for
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twist. Using ¢; for the bending plane angle and p; for the twist angle, the homogeneous

transformation from frame (i — 1) to frame (i) is written as:

R (¢;)Ry(6;)R (pi — ¢;) Ppi

e
S hi= 07 1

4.4)

The forward kinematics from the base to the tip is obtained by chaining all subsegment
transformations. Denoting by N the total number of subsegments, the tip pose with respect
to the base frame is obtained by

N
“Top=[]"'T; (4.5)
i=1

4.4 Kineto-Static Modelling Framework

A purely kinematic model describes geometric reachability; however, practical feasibility
requires static equilibrium under tendon forces, gravity, friction, and external loads. Under the
quasi-static assumptions of Section 4.2.2, the equilibrium configuration of the two-segment
TDCR is obtained by enforcing force-moment balance at each vertebra along the backbone.
This section summarizes the vertebra-level load contributions, the friction model and tension
propagation, the backbone elastic response, and the recursive equilibrium equations used in

the kineto-static solver.

4.4.1 Loads and Contributions at Vertebra Level

The internal resultant force and moment transmitted from vertebra i toward the base are
denoted by F; and M;, respectively. Here, all local load contributions in the recursive
equilibrium equations are expressed in a consistent vertebra-attached frame.

At each vertebra, the model accounts for tendon forces, the gravitational load associ-
ated with the vertebra and the corresponding backbone subsegment, externally applied tip
wrenches propagated through the structure when present, and the elastic restoring moments
generated by backbone bending and torsion.

For tendon c, the local tension at vertebra i is 7. ;. The tendon direction between vertebra
(i—1) and i is represented by the unit vector u;_1 ; . in a consistent local frame. The tendon

force contribution at vertebra i is

fici=Tc i1 (4.6)
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and the corresponding moment about the vertebra center is

My i = Pre,i X ft,c,i (47)

where p; ¢ ; 1s the position vector from the vertebra center to the tendon guide of tendon c.
The effect of gravity is modelled by lumping the vertebra mass m,; with the mass of the
corresponding backbone subsegment at vertebra i.

The gravitational force expressed in the local frame of vertebra (i — 1) is
T
Foi=RLymg,  mj=matmli,  g=[0 0 ~9.81] (4.8)

where R/ | is the rotation matrix used to express the gravitational load in frame (i — 1).
External forces and moments applied at the tip are introduced at the top vertebra and
propagated backward as internal resultants. Figure 4.4 illustrates the free-body diagram,
showing tendon forces, gravity, and internal resultants at a representative vertebra of the

discretized backbone.
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Figure 4.4 Free-body diagram of vertebra i and the adjacent backbone subsegment, showing tendon
forces, gravity, and internal resultants.

4.4.2 Friction Modelling and Tension Propagation

Friction at tendon guides modifies tension transmission along the backbone. For numerical
robustness in repeated equilibrium calculations, a vertebra-wise Coulomb model is adopted.
Letu; ;. and u; ;. be the tendon direction unit vectors at vertebra i on the incoming

and outgoing segments, respectively. The local tendon deflection angle is

Oc,i = arccos (Wi—1 i ¢ Wijt1.c) 4.9)
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The corresponding normal force magnitude is defined as

G .
ne; = T, sin (%) (4.10)

The friction magnitude at vertebra i is

St = MUne 4.11)

where U is the effective Coulomb friction coefficient. The tension transmitted to the next

vertebra is updated as

Teiv1 =Tc;i— frrci 4.12)

with the friction force acting in the direction opposite to the sliding motion of the tendon.
This local formulation is consistent with the modelling assumptions of Section 4.2.2 and
remains computationally tractable in the optimisation loops used later for feasible workspace

evaluation.

4.4.3 Backbone Elasticity

Backbone elasticity provides the restoring moments that balance loads generated by tendons,
gravity, and external forces. Denoting by & ; and K ; the curvature components of subsegment

i in frame (i), the bending moment vector is modelled as
T
My =El [k K 0] (4.13)

where E is Young’s modulus and / is the second moment of area of the backbone cross-section.

When torsion is included, a linear torsional relation is added:
M, ; = GJTe, (4.14)

where G is the shear modulus, J the polar moment of area, and 7; is the local twist rate, and

e, the local backbone axis.

4.4.4 Recursive Force and Moment Equilibrium

Static equilibrium is enforced in recursive Newton—Euler form, starting from the distal tip
and propagating toward the base. Let F; and M; denote the internal resultant force and
moment at vertebra i, expressed in the chosen local frame. The corresponding force and

moment recursions are written as

Fi_1=F+F,;,+ th,c,i + Fext,i (4.15)
C



4.5 Study A: Feasible Static Workspace and Tendon-Force Optimization 36

M, 1 =M;+Mg;+ th,c,i + Mext,i + My ;i +M; ; (4.16)

where Fey ; is nonzero only when an external force is applied at, or propagated to, vertebra i.
Here, M, ; denotes the moment of the gravitational force about the vertebra center, m, ¢ ; is
the moment generated by tendon c at vertebra i, My ; is the external moment propagated
to vertebra i, and My, ; and M, ; are the elastic bending and torsional moments defined in
Egs. (4.13) and (4.14), respectively.

For a given set of tendon tensions within the prescribed bounds, the recursive equilibrium
equations are solved along the discretised backbone to obtain a static configuration that
is both kinematically consistent with the PCC model of Section 4.3 and in force-moment
equilibrium. The resulting kineto-static solver is used in Section 4.5 for feasible static

workspace analysis.

4.5 Study A: Feasible Static Workspace and Tendon-Force
Optimization

This section presents Study A, in which tendon force distributions are optimized for a fixed
mechanical design to characterize and maximize the feasible static workspace (FSW) of
the two-segment TDCR under load. The kineto-static model of Section 4.4 is used as the

feasibility constraint.

4.5.1 Definition

The feasible static workspace is defined here as the set of tip positions that can be reached and
maintained in static equilibrium while satisfying tendon-force bounds and the kineto-static
equilibrium equations. Let Pp(T) € R? denote the tip position obtained by solving the

kineto-static model for a tendon tension vector T € R8.
0<T.<1.6N, c=1,...,8 “4.17)

The kineto-static solver enforces force-moment equilibrium at each vertebra together with
the elastic relations and geometric consistency. Collecting these conditions into a residual
vector @(T,S), where S contains the curvature and twist parameters of all subsegments, the

feasible static workspace is written as

Wesw = {Piip(T) €R’ | 38, O(T,S) =0, Tryin < T < Tinax } (4.18)
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In practice, for a given T the solver is run once; if it converges to a physically admissible
equilibrium (no loss of tendon tension, no geometric inconsistency), the corresponding
P (T) is accepted as a feasible point. Otherwise, T is discarded and does not contribute to

Wrsw.

4.5.2 Scalar Metric and Optimization Problem

To represent workspace extent by a single scalar quantity consistent with the subsequent
design studies, Study A uses the static reach under the prescribed external load as its
optimisation metric. For a feasible tendon-force vector T, the static reach is defined as the
Euclidean norm of the tip position, 7(T) = ||pp(T)||2.
The tendon-force optimisation problem for maximising static reach can be written as
min J(T) = L,
T r(T)

If the kineto-static solver fails to converge or returns an infeasible configuration for a

5.t O(T,S) =0, Tpnin < T < Tnax (4.19)

candidate T, a large penalty value is assigned to J(T). In this way, infeasible candidates are
automatically rejected by the optimizer.

The mapping T — pyip(T) is highly nonlinear, due to gravity, friction, and backbone
elasticity, so J(T) is nonconvex. A population-based genetic algorithm is therefore adopted:
each individual encodes a candidate tendon-force vector, the kineto-static solver evaluates
the corresponding equilibrium configuration, and the objective J(T) guides selection and

variation in the population.

4.5.3 Numerical Results

For the baseline robot configuration of Table 4.1, Study A evaluates both the feasible static
workspace and the effect of tendon-force optimisation under the prescribed loading condition.

In a first experiment, 100 tendon-force vectors T € R® are randomly generated within the
actuator bounds. The kineto-static solver is applied to each candidate, and the feasible tip
positions are collected according to the criteria defined in Section 4.5.2. The resulting set of
admissible tip positions is shown in Figure 4.5.

In a second experiment, the genetic algorithm described above is executed to identify the
tendon-force vector that maximizes static reach. The evolution of the objective function J(T)
over the optimization iterations is reported in Figure 4.6.

The blue curve reports the best value of the objective function J(T) in each generation,

while the orange curve shows the corresponding population mean. Over the first few gener-
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Figure 4.5 Feasible static workspace obtained from 100 randomly sampled tendon-force vectors.

ations the best and mean values of J(T) both decrease and then stabilise around J ~ 2.50,
indicating that the genetic algorithm rapidly converges towards a set of tendon-force patterns
that achieve near-maximal static reach for the chosen robot configuration and external load.
Figure 4.7 shows the equilibrium configuration corresponding to the optimized tendon-
force vector under a prescribed downward tip force of 0.1 N together with an external tip
moment Mey, = [0.01 0.01 0] N.m.
Best: 2.50044 Mean: 2.50968
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® Mean fitness
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Figure 4.6 The trend of objective function changes during tendon-force optimization.
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Figure 4.7 Optimal equilibrium configuration under vertical tip load.

4.6 Study B: Multi-Objective Dimensional Synthesis of Ten-

don Routing

Section 4.5 evaluated the feasible static workspace (FSW) by optimizing tendon-force
distributions for a fixed robot geometry. That study demonstrated how actuation redundancy
can enhance static reachability under load, but it did not investigate the influence of tendon
routing geometry itself. In practice, tendon placement on the vertebrae directly affects
bending leverage, frictional transmission, and the mechanical effort required to maintain
equilibrium. This section therefore extends the optimization problem from the actuator space
to the geometric design space.

The goal is to identify tendon routing layouts that achieve a favorable trade-off between
feasible static workspace and mechanical effort, while satisfying manufacturability require-
ments and tendon non-interference constraints. The same PCC-based kineto-static solver
introduced in Section 4.4 is employed so that all candidate designs are evaluated within a

consistent equilibrium framework.
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4.6.1 Design Variables

The dimensional synthesis is performed on the prototype-matched two-segment TDCR,
which has seven vertebrae and four tendons per segment. In Study B, the structural properties
of the backbone and vertebrae are fixed, and the optimisation is carried out only over the

tendon-routing geometry. The design vector is defined as

&= [m r ar (4.20)

where r; and r, denote the tendon routing radii in Segments 1 and 2, respectively, and o

represents the inter-segment angular offset between the tendon patterns (Figure 4.8(a)).

(b)
Figure 4.8 (a) Four-tendon arrangement on the vertebra for both segments. (b) Geometric constraint
ensuring minimum tendon spacing.

4.6.2 Objective Functions and Performance Indicators

For a given design £ and tendon-force vector T, the kineto-static solver computes the static
equilibrium configuration and the corresponding internal force and moment resultants along

the discretized backbone. For each vertebra i, let

« P; € R3 denote its position in the base frame.

* q; = [Ki, ¢;,pi]" collects the curvature magnitude, bending-plane angle, and twist rate

of subsegment i.

* Fieri and My ; be the net internal force and moment at vertebra i returned by the

kineto-static solver.
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A quasi-static work metric is then defined from the net force and moment contributions

along the robot:

N
Waisp(€,T) = ¥ Fueri P! 4.21)
i=1
N
Weot(&,T) =Y M- qf (4.22)
i=1
‘/Vtot(éaT) = ‘Wdisp(é7T)‘ + ’vvrot(gvT)l (4.23)

A lower value of W, indicates a more efficient design for the same loading condition and
tendon-force realization. The second quantity is the static reach, defined as the Euclidean

norm of the tip position obtained from the equilibrium configuration:

P(E,T) = ||pip(&, T, (4.24)

For statistical analysis and comparison across runs, Pareto-optimal designs are evaluated
using the performance indicators
1

Gl =y &

(8, T) =p(5,T) (4.25)

4.6.3 Geometric Bounds and Non-Interference Constraint

The design search is restricted by geometric feasibility and manufacturability. The routing

radii are bounded within the admissible radial range of the vertebra geometry:
Fo S, <1q (4.26)

This constraint reflects a fundamental design trade-off, as larger routing radii increase the
effective moment arm and actuation efficiency, while also being limited by vertebra size and
structural integrity.

The angular offset is constrained to the practical range adopted in the prototype study:
Omin < O < Omax, 07 < a0 <45° (4.27)

To avoid overlap between tendon guide channels of the two routing patterns, a nonlinear
non-interference constraint is enforced. The center-to-center distance between corresponding

channels is

dgeom (71,72, 0) = \/r% + r% —2rirycos o (4.28)
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and must satisfy
di+dy

dgeom(rl y 12, 05) > dmin, dmin = +d, (4.29)

where d; and d, are the tendon hole diameters and d; denotes the minimum edge-to-edge

safety clearance (Figure 4.8(b)). This constraint is implemented as a nonlinear inequality

within the optimization and eliminates geometrically infeasible tendon layouts.

4.6.4 Optimization Procedure

The bi-objective optimization then seeks to reduce the total work metric while increasing the
feasible static reach. Using the minimization convention of the solver, the objective vector is

written as:
méin [VVtot(é ) T)? _p (5 ) T)]

subject to :
ro<tm<ra, me{1,2}, (4.30)
Omin < O < Olmax;

dgeom(rlar2> O‘) > dmin.

4.6.5 Results and Design Guidelines

The problem is solved for 100 randomized tendon-force samples in order to account for
variability in actuation patterns. For each realization, the resulting non-dominated solutions
define a Pareto front in the objective space. For each candidate design in the population,
the tendon routing geometry is updated, the kineto-static solver is executed once, and the
indicators (Cy,C,) are computed from the resulting equilibrium configuration.

Representative Pareto fronts obtained from two distinct tendon-force realisations are
shown in Figures 4.9(a) and 4.9(b), illustrating the typical trade-off between mechanical
work and static reach.

To extract design trends, Pareto-optimal solutions are grouped according to the angular
offset & using 5° bins in the interval [0°,45°]. For each bin, the number of samples and
the mean and variance of ry, rp, and a are computed. The same statistical quantities are
evaluated for the performance indicators C; (inverse work) and C; (static reach). The results
are summarized in Table 4.2 and Figures 4.10—4.18.

A higher concentration of solutions is observed for o < 30°. However, small angular

offsets increase the risk of tendon interference during large bending and reduce compatibility
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Figure 4.9 (a) Pareto front diagram, 14th iteration. (b) Pareto front diagram, 61st iteration.

Table 4.2 Statistical summary of Pareto-optimal designs grouped by a-range across all optimisation
runs.

arange Samples Meanr; Meanr, Meanoa MeanC; MeanC, Var.r; Varr, Vara Var(C Var. C,

(deg) (mm) (mm) (deg) ah (mm) (mm)  (mm) (deg) ah (mm)
0-5 454 19.64 23.34 2.79 1.58 255.36 2.19 0.39 152 488.59 3.97
5-10 672 20.42 23.30 7.59 1.65 257.06 2.13 0.46 145 662.97 3.75
10-15 693 20.23 23.33 12.48 1.48 258.40 2.29 0.20 145 39664 295
15-20 612 20.28 2331 17.37 1.45 260.32 2.24 021 146 415.43 231
20-25 374 20.33 23.30 22.30 1.41 261.97 222 0.22 136 40141 1.60
25-30 157 20.05 23.35 27.13 1.44 262.95 2.39 0.18 139 535.29 1.36
30-35 50 21.58 23.34 32.30 2.07 263.69 1.86 0.14 146 125566  0.85
35-40 37 22.81 23.23 37.22 3.35 264.06 0.63 0.23 1.60  1464.18  0.76
40-45 40 21.79 23.05 43.46 2.50 264.54 2.08 0.51 147 146740 030

with the prototype mounting. For this reason, the design selection does not rely solely on
solution density.

Across the different & ranges, high-performing solutions tend to place the tendon channels
close to the maximum admissible radii. The second segment typically adopts a slightly larger
routing radius than the first one.

For o > 30° range, the mean inverse work increases (Figure 4.15) while workspace
variability decreases, indicating stable reach performance across tendon-force realizations
(see Figure 4.18). The increase in variance of inverse work is offset by the improved
mean value and reduced workspace dispersion, resulting in a more favorable trade-off (see
Figure 4.16).
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Based on the Pareto distribution, statistical evaluation, geometric constraint, and mechani-
cal considerations, the routing parameters selected for the subsequent studies are r; =21 mm,
ry =22.5mm, o¢ = 45°, which provide a balance between workspace expansion and reduced
mechanical work.

4.7 Chapter Summary

This chapter presented the modelling framework used to analyse static equilibrium in the
two-segment TDCR considered in this thesis. The mechanical structure and tendon-routing
arrangement were first introduced, and a discretised piecewise constant curvature model
was formulated to relate the configuration variables to the end-effector pose. On this basis,
a kineto-static formulation was developed to describe equilibrium under tendon tensions,

gravity, vertebra-level friction, backbone elasticity, and external loads.
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Within this framework, the feasible static workspace was defined and analysed for a
fixed robot design through tendon-force optimisation (Study A). The same formulation was
then extended to a design optimisation problem in which the tendon-routing radii and the
inter-segment angular offset were treated as design variables (Study B). The Pareto results,
together with the statistical analysis of the obtained solutions, provided practical design
indications for the robot studied here, including a preference for larger inter-segment offsets
(o > 30°) and tendon routing close to the outer admissible radii.

The results presented in this chapter remain specific to the robot architecture considered
here, namely a two-segment TDCR with fixed segment lengths and a fixed number of
vertebrae. The chapter also showed a practical limitation of the kineto-static approach.
Although the model is suitable for design analysis and static feasibility evaluation, it is not
convenient for direct use in real-time inverse kinematics or online trajectory generation, since
each evaluation requires repeated numerical solutions of the equilibrium problem. For this
reason, Chapter 5 shifts the computationally demanding kineto-static analysis to an offline
stage, where feasible configurations and performance indicators are precomputed, while
online execution is based on fast selection or learning-based estimation followed by local

refinement.



Chapter 5

From Hybrid Task-Space Planning to
Offline Capability-Map for

Tendon-Driven Continuum Robots

5.1 Motivation and Scope of the Chapter

Chapter 4 established the model-based description of the robot. A kineto-static formulation
was developed to evaluate equilibrium under tendon-force limits, backbone elasticity, friction
between tendons and vertebrae, and external loading. This allowed the feasible static
workspace to be characterized explicitly rather than assumed. The routing geometry was then
optimized through a bi-objective study, leading to the selection of a configuration defined by
ry =21mm, r, =22.5mm, a = 45°. This geometry serves as the fixed reference design for
all developments that follow.

Although the model provides a consistent physical description, it is computationally
expensive. Evaluating a single configuration requires solving the equilibrium problem across
the 14 vertebra-level elements of the discretised robot. For design analysis, this cost is
acceptable. For trajectory execution, however, repeatedly solving the constrained equilibrium
problem at every waypoint quickly becomes impractical, especially when the path is finely
discretized.

Trajectory generation remains challenging because TDCRs are hyper-redundant and
highly nonlinear systems. In practice, inverse kinematics is solved through constrained
optimization to enforce actuator limits and feasibility. However, convergence may become

unreliable near workspace boundaries, and computational cost increases rapidly with tra-
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jectory length. As a result, purely online optimization is rarely compatible with real-time
execution.

For this reason, the present chapter does not modify the physical model introduced earlier,
but reconsiders how it is used during execution. Two complementary strategies are developed.
The first combines a supervised neural network, used to provide fast inverse-kinematics
initialization, with a constrained refinement step that enforces the adopted bound constraints
and improves waypoint accuracy. The second adopts an offline capability-map approach,
where feasibility is evaluated in advance and organized for efficient runtime selection. In
both cases, the objective is to retain the physical consistency established in Chapter 4 while

reducing the computational cost of motion execution.

5.2 Task-Space Trajectory and Discretisation

This section formulates the task-space trajectory generation problem in the vertebra-wise PCC
setting adopted throughout the TDCR part of the thesis, using the online inverse-kinematics
pipeline implemented for trajectory execution.

A desired end-effector motion is specified in task space by the pair (py(7),R4(¢)), where
pa(t) € R? denotes the desired position and Ry(¢) € SO(3) denotes the desired orientation:

xd<t):[pd(t)aRd(t)]> IE[O,T]. (5.1)

In the present implementation, ¢ is used as a trajectory parameter for sampling the
reference path rather than as a physical time variable. The position reference is selected
from one of four path families, circular, elliptical, helical, or butterfly, while the orientation
reference is prescribed through one of four orientation-lock modes: fixed tilt around the
Y-axis, lock about the X-axis, lock about the Y-axis, or lock about the Z-axis.

For execution, the continuous reference is discretised into N waypoints,

N
{XZ}k:17 X = [pZ’Rl‘;] ' (5:2)
Each waypoint is then encoded as a desired homogeneous transformation,
k ok
(o= |Ra P (5.3)
des OT 1

The robot configuration follows the same discretised piecewise constant-curvature repre-
sentation introduced in Chapter 4. For the two-segment robot considered here, the backbone

is represented by 14 subsegments, and the optimisation variables of subsegment i are defined



5.2 Task-Space Trajectory and Discretisation 49

as

T

G=x5 ¢ m| . i=1.N, (5:4)
where k; is curvature magnitude, ¢; is the bending-plane angle, and 7; is the twist rate of the
subsegment. For the two-segment robot considered here, Ny = 14, so that

T
a=af o - of,] er (55)

Given ¢, the forward kinematics T(q) are obtained by chaining the PCC subsegment
transformations, yielding the predicted end-effector position p(q) and orientation R(q).
At each waypoint k, inverse kinematics is solved through the following bound-constrained

local optimisation problem:
: k k 2
min HP(‘lk)_PdH +wHR(qk)—RdH
qx 2 F
st. 0 S K; S 25 m_l, (56)
0< ¢; <27 rad,
—6 <1 <6rad/m.

The orientation weight factor @ = 0.05 was selected empirically through extensive testing
across 16 trajectory—orientation combinations.

Because the TDCR is kinematically redundant, solving each waypoint independently
can lead to discontinuous jumps in configuration space. Continuity is therefore promoted
through two complementary mechanisms. First, each waypoint is warm-started from the
previously accepted solution q;_;. Second, a six-start strategy is used, consisting of the
previous accepted solution, a nominal default guess, and four random initialisations sampled
within the bound constraints. Among the converged candidates, the solution with the lowest
objective value is retained.

A waypoint is accepted only if the optimised solution satisfies

£, = Hp(qk) —p’;,H <10 2m. (5.7)

Otherwise, the waypoint is discarded. In the present implementation, this acceptance check

is based on positional accuracy only.
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5.3 Tendon Length Variation Profiles

While the previous sections analyse trajectory tracking in task space, the TDCR is physically
actuated through tendon-length variations. Therefore, the configuration sequence {qy}
obtained from the hybrid pipeline is also expressed in terms of tendon commands.

The tendon-length variation is derived from the discretised PCC deformation between
two consecutive vertebrae (i — 1,i), illustrated in Figure 5.1(a). As the backbone bends, the
tendon displacement depends on the relative orientation between the bending direction and
the tendon position in the cross-section, as shown in Figure 5.1(b—c).

T d 2 . . .
Bending direction 9%2 o Bending direction Tendon h

Tendon 2
135°

Tendon 1
45°

Tendon 3 Tendon 4
225° Tendon 4 315°
(b) 270° ©
Figure 5.1 Geometric interpretation of tendon-length variation. (a) Deformation between two
consecutive vertebrae. (b) Tendon placement in the cross-section. (c) Projection of the tendon position
onto the bending direction.

For each waypoint k, the configuration vector q; € R** provides the vertebra-level
parameters {Kl-k, (pik, ’L'lk} The incremental tendon-length variation contributed by subsegment
iis

Al k) = r8; (kFcos(an— @) +2f),  r=raorna,  h=1234 (58

Let ; denote the uniform subsegment length, segment length divided by the number of
vertebrae in that segment, ; = 132.63 /7 = 0.01895 m, the tendon routing radii r.; = 21 mm
and r» = 22.5mm, and o, the angular position of tendon 4 in the corresponding cross-section.
The total tendon displacement at waypoint k is obtained by summing the contributions of the

subsegments belonging to each segment
Al,’jhh = Z Al (i,k), m e {1,2}, h=1,23,4. (5.9)
i€Cm
The index sets §; = {1,...,7} and {, = {8,...,14} denote the vertebrae belonging to
Segment 1 and Segment 2, respectively.
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5.4 Offline IK Data Generation for Supervised Learning

While Section 5.2 describes the waypoint-wise inverse-kinematics procedure used for online
trajectory execution, the same formulation is now employed offline for dataset generation.
The objective is to construct a collection of accepted pose—configuration pairs that remain
consistent with the bound-constrained optimisation problem of Eq. (5.6) and the acceptance
criterion of Eq. (5.7).

For each selected trajectory family and orientation-lock mode, the continuous task-
space reference defined in Eq. (5.1) is discretised into N waypoints as in Eq. (5.2). In the
experiments reported later in this chapter, N = 1000 waypoints are generated per trajectory.
The considered trajectory set includes circular, elliptical, helical, and butterfly paths, each
combined with the orientation prescriptions introduced in Section 5.2.

To store each accepted waypoint in a compact and implementation-consistent form, the
input pose is encoded as a 12-dimensional vector composed of the desired position and the

flattened rotation matrix,
k KT ]! o pi2
X = [(pd) vec(R})"| €R™, (5.10)

where vec(-) denotes row-wise flattening of the 3 x 3 matrix. The corresponding supervised
target is the configuration vector q; € R*? obtained by solving Eq. (5.6) and stacking the
subsegment variables as in Eq. (5.5). The resulting dataset is denoted by

7={( a0

where N, denotes the total number of accepted waypoints retained after applying the

Nacc

) (5.11)
k=1

criterion in Eq. (5.7). A practical aspect of this procedure is redundancy. Because multiple
local solutions may exist for the same waypoint, and because branch switching along a
trajectory can lead to discontinuous configuration sequences, the dataset is generated using
the same continuity-promoting strategy already described in Section 5.2. Each waypoint is
initialised using the previously accepted solution whenever available, and a small multi-start
set is evaluated by combining this warm-start, a nominal default guess, and four random
initialisations sampled within the bound constraints. The best converged solution is retained,
then screened using Eq. (5.7). This produces a dataset of accepted samples that favours
locally consistent solutions along each reference trajectory, which is important for subsequent
learning and trajectory execution.
The implemented offline data-generation procedure is summarised in Algorithm 5.1.
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Algorithm 5.1 Offline generation of pose—configuration pairs for supervised learning

Input: trajectory family and orientation-lock mode; waypoint count N; bounds in Eq. (5.6); tolerance
in Eq. (5.7).
Output: dataset & containing pose—configuration pairs.

1. Generate the discretised reference waypoints {p’[‘l7 R’[‘l iV: | and build Tﬁes as in Eq. (5.3).

2. Initialise a nominal default guess q? and set the warm-start q,,; < q(o).
3. Fork=1,...,N:
(a) Construct multi-start set ¢ as in Section 5.2, previous solution, default, and four random
samples within bounds.
(b) Solve the constrained IK problem Eq. (5.6) from each ¢y € ¢ and retain the best converged
solution qg.
(c) Compute the end-effector position p(qy) via forward kinematics and evaluate the waypoint
error £, = [|p(q) — Pl-
(d) If g, satisfies Eq. (5.7), store (x*,qx) in 2 and update q,s < qi. Otherwise, discard
waypoint k.
4. Repeat Steps 1-3 for all selected trajectory families and orientation-lock modes.

5.5 Supervised Learning Model and Training Setup

The supervised learning component provides a fast pose-to-configuration initialisation by
approximating the inverse mapping from the 12-dimensional task-space input Eq. (5.10) to
the 42-dimensional configuration vector defined in Section 5.2. The model is trained on
the offline-generated dataset of Section 5.4, ensuring consistency with the discretised PCC
representation and the bound constraints of the implemented pipeline. Two feed-forward
architectures are evaluated, MLP and DNN, as summarised in Table 5.1. Before training,
inputs and outputs are normalised to [0, 1] using min—max scaling computed over the loaded
dataset. Samples are randomly shuffled, and the training routine follows the implemented
script: a training subset is used to update network parameters while a separate validation
subset is used to monitor convergence during training. Training is performed with the Adam
optimiser, learning rate 1073, batch size 32, for 200 epochs, and the trained network is saved
together with the normalisation parameters to ensure consistent inference.

After training, the network is used only as an initial guess provider. For each waypoint,
the predicted ¢y is passed to the constrained refinement stage of Section 5.6, which remains
responsible for meeting the waypoint tracking objective under the bound constraints. This
separation of roles allows learning to improve initialisation quality and runtime behaviour,
while constraint satisfaction and final tracking accuracy remain enforced by the optimisation
layer. In the following, the trained regressor is denoted by fg(-), where 6 collects the learned

network parameters.
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Table 5.1 Summary of supervised learning architectures and training setup.

Parameter MLP DNN

Hidden layers 2 3

Neurons per layer 64-64 128-128-64
Activation ReLU ReLLU

Output layer Linear (42 neurons) Linear (42 neurons)
Input dimension 12 (position + vec(R)) 12

Output dimension 42 (configuration vector q) 42

Normalisation Min-max scaling to [0, 1] Min-max scaling to [0, 1]
Dataset split Learning: 67.5%, Validation: 12.5%, Test: 20% Same

Optimizer Adam (learning rate 10~3) Same

Batch size 32 32

Epochs 200 200

Loss function Mean-squared error (MSE) Same

Role in pipeline Fast initial guess provider for refinement (Section 5.6) Same

5.6 Hybrid Online Inverse-Kinematics Pipeline

The hybrid pipeline combines the supervised model of Section 5.5 with the waypoint-wise
constrained optimisation of Section 5.2 in order to generate accepted trajectories through
neural initialisation followed by local refinement. For each waypoint x’fi, the network provides
a fast initial guess , which is then refined by the constrained solver to satisfy the bound
constraints and meet the waypoint tracking objective.

The complete procedure is summarised in Algorithm 5.2. At runtime, for each waypoint
k, the trained network evaluates the desired pose x¥, encoded as in Eq. (5.10), to produce §.
This estimate is then used as the initial guess of the constrained IK solver, which refines the
solution in order to satisfy the waypoint objective and the bound constraints. The refined
configuration ( is included in the accepted sequence only if it satisfies the tolerance in

Eq. (5.7); otherwise, the waypoint is discarded.

Algorithm 5.2 Hybrid online trajectory generation, NN initialisation + constrained refinement

Input: desired waypoints {x% }V_; trained network fp; bounds of Section 5.2; tolerance &, defined
in Eq. (5.7).
Output: refined configuration sequence {qy } for the accepted waypoints.
1. Fork=1,...,N:
(a) Evaluate the desired pose vector Xk,
(b) Compute network prediction: fy (x’[‘l) — Q.
(c) Solve the constrained IK problem Eq. (5.6) using § as the initial guess, and obtain the
refined solution q.
(d) Compute the end-effector position p(qy) via forward kinematics and evaluate the waypoint

error ||p(qx) — pk||.
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(e) If Eq. (5.7) is satisfied, store q;. Otherwise, discard waypoint k.

The neural network provides an initial configuration estimate close to a feasible solution,
which helps the solver converge faster. The optimisation stage then refines this estimate
while enforcing the physical constraints and waypoint accuracy.

The performance of the hybrid pipeline is evaluated in the next section using the 16
trajectory—orientation combinations. For illustration, two representative trajectories, circular

and helical, are discussed in detail.

5.7 Simulation Results and Performance Evaluation

This section reports the simulation results of the hybrid online pipeline introduced in Sec-
tion 5.6. The evaluation follows the same trajectory—orientation combinations used for
dataset generation. For illustration, trajectory tracking is presented for two representative
cases: a circular path and a helical path, Figures 5.2 and 5.3. All reported statistics are
computed over accepted waypoints only, using the acceptance criterion defined in Eq. (5.7).

Representative tracking results are shown in Figure 5.2, circular, and Figure 5.3, helical,
under the Fixed Tilt around Y constraint. For each trajectory, two hybrid variants are reported:
HybMLP and HybDNN, corresponding to MLP- and DNN-based initialisation, respectively,
see Table 5.1. In both cases, the hybrid trajectories, red circle, closely follow the desired
paths, blue path. The third subplot visualizes the spatial robot configuration together with the
executed end-effector trajectory, where the colour gradient encodes progression along the
path, providing an intuitive representation of continuous motion execution.

The key objective is to quantify the benefit of the hybrid structure relative to a purely
learning-based estimate. At each waypoint, the network provides an initial configuration
{x, and the constrained refinement stage solves the waypoint-wise optimisation Eq. (5.6)
to obtain the accepted configuration (. This refinement becomes particularly important in
regions of higher curvature or stricter orientation requirements, where NN-only predictions
may deviate from feasible configurations.

A quantitative summary of the computational performance obtained from the simulation-
based evaluation is reported in Table 5.2. Pure neural inference is extremely fast, requiring
only 0.17ms for the MLP and 0.23 ms for the DNN per sample. In contrast, the hybrid
models include an additional constrained optimisation stage, increasing the per-waypoint
computation time to approximately 21.10ms for HybMLP and 17.86ms for HybDNN.
Despite this additional computational cost, the hybrid approach significantly reduces the
prediction error, lowering the validation RMSE from 10.42 to 5.85 in the DNN-based model.
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Figure 5.2 Circular trajectory tracking using the hybrid inverse kinematics framework. (a) HybpMLP
versus target path. (b) HybDNN versus target path. (c) Three-dimensional TDCR configuration at
sample 617 out of 1000 along the trajectory. The dashed black curve denotes the target path, while
the color-coded curve represents the HybDNN trajectory, with colour encoding progression along the
path.
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Figure 5.3 Helical trajectory tracking using the hybrid inverse kinematics framework. (a) Hybp MLP
versus target path. (b) HybDNN versus target path. (¢) Three-dimensional TDCR configuration at
sample 969 out of 1000 along the trajectory. The dashed black curve denotes the target path, while
the color-coded curve represents the HybDNN trajectory.
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These results indicate that the optimisation refinement stage is responsible for the final

improvement in accuracy.

Table 5.2 Computational performance of neural and hybrid inverse-kinematics models under the Lock
Y-axis constraint (N = 1000 samples).

Model Train Time (s, 1 epoch) Inference Time (ms/sample) Val RMSE Num Params
MLP 0.372 0.17 9.89 7,722
DNN 0.440 0.23 10.42 29,162
HybMLP N/A 21.10 6.52 7,722
HybDNN N/A 17.86 5.85 29,162

Representative tendon-length variation profiles for the circular trajectory are shown in
Figures 5.4 and 5.5 for Segment 1 and Segment 2, respectively. The tendon variations are
plotted over the waypoint index and exhibit bounded and coordinated behaviour among
antagonistic tendon pairs. This behaviour is important in practice, since abrupt tendon
commands could lead to undesirable actuation discontinuities. Segment 2 shows slightly
larger variations than Segment 1, which is consistent with its distal role in shaping the
end-effector motion. The same analysis was performed for the remaining trajectories and
orientation constraints; their tendon profiles showed similar bounded behaviour and are

therefore omitted for brevity.
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Figure 5.4 Tendon length variations in Seg-
ment 1 during circular trajectory execution, four
tendons plotted over waypoint index.

Figure 5.5 Tendon length variations in Seg-
ment 2 during circular trajectory execution, four
tendons plotted over waypoint index.

These tendon-length plots provide an actuator-level view of the trajectories generated in

Sections 5.5 and 5.6, by expressing the configuration sequence {q;} as tendon commands.
They also make explicit how the burden of motion execution is distributed across tendons
and segments along the waypoint index.
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In the next part of this chapter, the focus shifts from waypoint-by-waypoint online
computation to an offline capability-map formulation, aiming to reduce runtime computation

while preserving feasibility-aware execution.

5.8 Motivation for Offline Capability Mapping

The previous sections showed that the hybrid trajectory-generation pipeline improves task-
space execution compared with a purely learning-based inverse-kinematics approximation.
The neural network provides a fast initial estimate of the vertebra-level configuration, while
the constrained refinement step improves waypoint accuracy under the adopted parameter
bounds. The simulation results also showed that the corresponding tendon-length profiles
remain bounded and coordinated along the trajectory.

At the same time, the main computational difficulty is not removed. Although learning
improves initialisation, the final configuration at each waypoint still has to be obtained
through constrained optimisation. As a result, the computational effort accumulates along the
path. For short trajectories this remains manageable, but for longer paths, finer discretisations,
or stricter orientation requirements, repeated refinement becomes increasingly expensive. In
this sense, the hybrid formulation reduces the burden of online inverse kinematics, but does
not eliminate it.

This limitation is consistent with the broader literature on continuum and tendon-driven
continuum robots. These systems are attractive in confined and contact-sensitive environ-
ments because of their compliance and geometric adaptability [47-50]. At the same time,
planning remains difficult because the mapping from actuation space to task space is nonlin-
ear, redundant, and strongly constrained [48, 49]. Mechanics-based formulations provide a
more faithful description of robot behaviour, but are generally too expensive for repeated
online use. Geometric PCC models, including the one adopted in this thesis, are more suit-
able for large-scale sampling and optimisation-based inverse kinematics, but even with this
simplified representation, repeated waypoint-wise refinement still limits runtime scalability
[49, 51-53].

A further issue is that the numerical behaviour of inverse kinematics is not uniform
across the workspace. Near high-curvature regions, near the admissible parameter bounds, or
close to workspace limits, small configuration changes may produce large variations in the
end-effector pose. Under such conditions, solver sensitivity increases and runtime behaviour
becomes less predictable from one waypoint to the next. For a hyper-redundant robot, this

makes a purely online strategy less attractive when consistent execution is required.
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For this reason, the remainder of this chapter adopts a different strategy in which the
expensive inverse-kinematics computations are shifted offline. Rather than solving a con-
strained problem repeatedly during execution, the task space is explored in advance and
organised in a structured representation that can later be queried at runtime. This idea is re-
lated to capability-map methods used in rigid-link robotics [54—58], where workspace regions
are associated with precomputed performance information. For the tendon-driven continuum
robot studied here, however, geometric reachability alone is not sufficient. A target pose
is useful only if it can be associated with at least one configuration that is compatible with
the adopted PCC parametrisation, the imposed parameter bounds, and the prototype-level
tendon-routing and actuation-mapping model.

Moreover, multiple feasible configurations may coexist within the same workspace
neighbourhood while exhibiting different pose residuals, internal shapes, and local kinematic
properties. Therefore, the offline representation should not only identify reachable regions,
but should also preserve feasible configuration alternatives for later selection. In this thesis,
the CAP is therefore treated as a database-driven representation that supports voxel-level
configuration retrieval rather than repeated online inverse-kinematics solving for every
queried target.

The next section introduces this capability-map representation for the studied two-
segment TDCR. The task space is discretised into voxelised spatial regions, each region is
paired with sampled tool orientations, and the corresponding inverse-kinematics problems
are solved offline. The retained solutions are first stored together with the associated configu-
ration vectors and pose residuals, and are later enriched with dexterity descriptors so that
runtime execution can be based on selection from precomputed feasible alternatives rather

than repeated online inverse kinematics.

5.9 Capability-Map Database Representation of the Stud-
ied TDCR

In the present work, the capability map (CAP) is defined as an offline database that organises
feasible task-space targets together with the corresponding robot configurations obtained
under the adopted vertebra-wise PCC model and bounded parametrisation. As discussed in
the previous section, the main distinction from conventional rigid-link capability maps is that
geometric reachability alone is not sufficient for the studied TDCR. A target pose is relevant

only if it admits at least one configuration that satisfies the adopted parameter bounds and
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remains compatible with the prototype-level tendon-routing and actuation-mapping model.
The CAP is therefore constructed as a feasibility-aware task-space database from the outset.
Following the kinematic representation introduced in Chapter 4, the robot configuration

is described by the stacked vertebra-wise PCC variables
~ T r 17
a=% ¢ o . a=|d - .. (5.12)

with &; € [-25,25]m™ !,  ¢; € [0,27]rad, 7; € [~6,6]rad/m.

Here, @; and 7; denote bending-plane angle and twist rate of the ith vertebra-level element.
The variable k; is used as a signed curvature parameter in the numerical implementation,
while the physical curvature magnitude is k; = |K;|, as defined in Chapter 4. This signed
representation allows the optimisation to explore bending on both sides of the straight
configuration without introducing separate sign cases.

The task space is discretised into voxelised spatial neighbourhoods. Each voxel centre p,,
is paired with a finite set of sampled tool orientations R, s, where v denotes the voxel index
and s denotes the sampled orientation index assigned to that voxel. A CAP target is therefore
defined by a voxel-orientation pair (p,,R, ). For each pair, the inverse-kinematics problem
is solved offline under the same PCC model and parameter bounds. If the obtained solution
satisfies the prescribed pose-accuracy thresholds and remains within the admissible variable
limits, it is retained as a valid database entry. Each retained entry stores the target pose, the
solver-found pose, the corresponding configuration vector, and the residual pose errors.

An important property of the adopted representation is that redundancy is preserved
rather than collapsed into a single solution. For a given voxel, multiple retained entries may
exist, possibly corresponding to different sampled tool orientations, different internal PCC
shapes, and different residual values. These entries may also exhibit different local kinematic
properties. The CAP is therefore constructed as a set-valued representation, in which a single
task-space neighbourhood can be associated with several feasible alternatives. This property
is essential for the selection stage developed later in the chapter, where the final runtime
choice is based not only on pose feasibility but also on the local kinematic quality of the
retained configuration.

It is also important to clarify the level at which the CAP is queried. In this thesis, the
runtime stage is formulated as a voxel-level configuration retrieval problem, rather than as an
exact inverse-kinematics solver for an arbitrary prescribed pose. Therefore, when a voxel
is queried, the database entries associated with that local neighbourhood are retrieved and

ranked using the stored residuals and the dexterity descriptors computed offline. This allows
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the online stage to select a representative best-compromise configuration without solving a
new inverse-kinematics problem.

On this basis, the following sections describe how the CAP database is constructed
and then used for configuration selection. The construction process first defines the region
of interest, voxelisation, orientation sampling, PSO-based inverse kinematics, actuation
mapping, and acceptance filtering. The retained entries are then enriched with offline
dexterity descriptors, which are later used together with the stored pose residuals to select a

best-compromise configuration within a queried voxel.

5.10 Offline Construction of the Capability Database

The capability-map representation defined in the previous section is constructed offline over
a selected region of the workspace of the two-segment TDCR. To motivate this choice, the
global reachable workspace is first considered. Figure 5.6(a) shows the sampled reachable
task-space envelope obtained by forward-kinematic sampling over the admissible range of
the vertebra-wise PCC parameters, providing an indicative view of the positions reachable
by the robot tip.

Based on this envelope, the CAP is not constructed over the entire reachable workspace.
Instead, a distal region of interest (ROI) is selected around the expected operating area of
the tool tip, as shown in Figure 5.6(b) and Figure 5.6(c). This focused choice allows dense
voxel-orientation sampling and sufficient database resolution within a controlled workspace
region, while keeping the offline computational cost and database size manageable.

To obtain a compact and overlap-free neighbourhood representation, each voxel centre
is associated with a spherical neighbourhood of fixed radius rgphere = Smm. Accordingly,
voxel centres are placed on a uniform grid with spacing 2rgphere OVer x,y € [—25,25] mm and
z € [L—20,L+ 20} mm, where L = 265.26 mm is the total length of the two segments. This
discretisation provides N, = 180 voxels in the selected ROI.

Let p, denote the centre of voxel v. To represent pose-level rather than position-only
capability, each voxel is paired with a finite set of sampled tool-axis directions, from which
full target orientations are subsequently constructed. Throughout CAP construction, a
consistent z-down tool convention is enforced. This means that the sampled target orientations
are restricted to downward tool-axis directions, in agreement with the robot-frame convention
adopted in this chapter.

For each voxel centre p,, candidate tool-axis directions are generated by regular angular

discretisation of the lower hemisphere. This lower-hemisphere sampling for one representa-
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tive voxel is illustrated in Figure 5.6(d). In a local spherical parametrisation, o denotes the
azimuth angle around the local z-axis, while B denotes the inclination angle measured from
the positive local z-axis. The azimuth angle is sampled with Ny = 30 uniformly spaced values
over [0,27x], while the inclination angle is sampled with Ng = 10 uniformly spaced values
over [1/2,7). This gives Nyample = NoaNg = 300 candidate tool-axis directions per voxel.
Figure 5.6(e) shows a bottom-view projection of the 300 distributed candidates, illustrating
the regular angular coverage of the sampled directions.

Each sampled direction is converted into a full target orientation matrix R, s using the
frame-construction rule adopted for the z-down convention. A complete CAP target is
therefore defined by the voxel orientation pair (p,,R, ), where s indexes within voxel v.
With 180 voxels and 300 sampled directions per voxel, the full offline target set contains

54,000 voxel—orientation samples for inverse-kinematics evaluation.

5.10.1 PSO-Based Inverse Kinematics and Acceptance Filtering

For each target pose (p,, R, s) generated over the discretized ROI, inverse kinematics is solved
offline under the same bounded PCC parameterization adopted in the previous sections. Using
the stacked configuration vector q together with the bounds on K;, ¢;, and 7; defined above,

the offline IK problem is formulated as
q" =arg min _fZik(q), (5.13)
where the objective combines translational error and geodesic orientation error,

Jk(q) = [Ip(q) — pvll> + Aang distsos) (R(q), Ryys) - (5.14)

The orientation term is computed through the geodesic distance on SO(3),

trace(RTRy) — 1
distgo(3)(R1, R2) = arccos ( race( 12 2) ) . (5.15)
The angular-to-linear scaling factor is taken as
N
Aang =0.25L, L= 6;. (5.16)
j=1

Here, p(q) and R(q) are obtained from the forward kinematics of the discretized TDCR.
The factor A4ne provides the adopted scaling between orientation and position errors, so that
the rotational term remains comparable to the translational term in the combined objective.

The optimisation is solved using Particle Swarm Optimisation (PSO). This choice is

motivated by the nonlinear and nonconvex structure of the IK problem. With 3N = 42
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Figure 5.6 Workspace and CAP sampling strategy: (a) sampled reachable workspace of the two-
segment TDCR obtained through forward-kinematic sampling; (b) TDCR model with the selected
distal region of interest; (c) isolated view of the selected ROI and its voxelised representation; (d)
lower-hemisphere sampling of candidate tool-axis directions for one representative voxel; and (e)
bottom-view projection of the 300 distributed candidate directions.

optimisation variables and a high-dimensional PCC forward-kinematic map, local optimi-
sation may become sensitive to the initial condition, especially near workspace boundaries,

high-curvature regions, or admissible parameter limits. Since the CAP is generated offline,
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a broader stochastic search can be used without affecting the runtime query stage. In the
present implementation, the solver uses the configuration bounds defined above for K;, ¢,
and 7;, a swarm size of 50 particles, a maximum of 150 iterations, and a function tolerance
of 1079,

For acceptance checking, the translational and rotational residuals of the solver-found

configuration are evaluated as

€p = Hp(q*) - vaz; €R = diStSO(IS) (R<q*)7Rv,s) . (5.17)

A sample is retained in the CAP database only if both thresholds are satisfied simultane-

ously,
ep < Smm, er < 10°. (5.18)

Voxel centres that fail a conservative reachability check based on the available backbone
length are skipped before the full optimisation step, reducing unnecessary solver evaluations.
For the remaining targets, the PSO solver returns a candidate configuration together with
its associated residuals. Samples satisfying Eq. (5.18) are stored as feasible CAP entries,
whereas unsuccessful and skipped cases are recorded separately for later analysis. The
retained database therefore contains only those voxel-orientation samples that satisfy the
adopted pose-accuracy thresholds under the same PCC model and parameter bounds used

throughout this chapter.

5.10.2 Actuation Mapping

To relate each solver-found configuration to the physical robot, the corresponding tendon-
length variations are computed and converted into motor commands. For each retained
sample, the deformed length of tendon ¢ € {1,...,8} is evaluated from the tendon guide

points distributed along the discretised backbone,
N
le(q) = Y |[pei(@) = peir1(Q)],,  Ale(q) = Le(q) — £ (5.19)
j=1

Here, (' is the tendon rest length in the reference straight configuration. In the present
prototype, this reference depends on the segment to which the tendon belongs: for Segment 1,
/' = 135mm, and for Segment 2, ¢**' = 275mm. The quantities A¢.(q) represent the
tendon displacements associated with the corresponding PCC configuration.

For execution on the motor-driven prototype, these linear displacements are converted

into motor encoder counts. Given the pulley radius rpyjiey = 10.5mm and the motor resolution
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Nenec = 4096 counts/rev, the command associated with tendon ¢ is computed as

Alc(q) Nenc)
Tpulley 2m

u. = round ( (5.20)

Since each motor shaft drives an antagonistic tendon pair, the final shaft command is
obtained by applying equal and opposite tendon displacements within the corresponding
pair. Thus, each retained CAP entry is associated with a feasible PCC configuration and the
corresponding prototype-level actuation command under the adopted tendon-routing and
pulley-mapping model.

For each retained sample, the CAP database stores the voxel identifier, the sampled orien-
tation identifier, the target pose (p,, R, ), the optimized configuration vector q*, the achieved
pose, the associated residual errors (e,,eg), and the corresponding actuation command

vector.

5.11 Offline Differential Kinematics and Dexterity Evalua-
tion

After the offline CAP database has been generated, each retained entry is further evaluated
in terms of its local differential kinematic behaviour. The retained samples obtained in
the previous section are already feasible with respect to the adopted PCC parametrisation,
pose-accuracy thresholds, and actuation-mapping model. However, feasibility alone does not
indicate whether a configuration provides favourable local motion capability. For this reason,
each retained configuration is enriched offline with Jacobian-based dexterity descriptors.
For a retained configuration q, the forward kinematics provides the end-effector trans-
formation 2Tz (q), from which the position p(q) € R? and orientation R(q) € SO(3) are
extracted. The local differential relationship between the configuration velocity and the

end-effector twist is written as

| Jp(q) A
J(q)—[Jw(q)], J(@)q [w(q)], (5.21)

where J,(q) € R>3N and J(q) € RN denote the translational and rotational parts of the
Jacobian, respectively. In this chapter, the Jacobian is not used for online inverse kinematics.
Instead, it is computed offline for the retained CAP samples and used to assign local dexterity
descriptors to the corresponding database entries.

For the adopted disk-wise PCC parametrisation, deriving closed-form Jacobian expres-

sions becomes increasingly complex when all curvature, bending-plane, and twist variables
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across both segments are included. The Jacobian is therefore computed numerically from the
forward-kinematic map. During this differentiation step, the raw forward kinematics is used
without re-applying the target z-down frame-construction rule, in order to avoid artificial
discontinuities in the local linearisation.

For the nth configuration variable, with basis vector e, and perturbation step 0,, the

translational Jacobian column is approximated using central finite differences as
3,(on) (@) ~ p(q+ 6nen)2:5 p(q— 5.e,)

n
The rotational part is computed in the tangent space of SO(3). Here, log(+) denotes the

. (5.22)

matrix logarithm on SO(3), and vee(-) maps a skew-symmetric matrix in s0(3) to its vector

representation in R3. Defining

&, = vee (log (R(a) R(a+8:e,))), (5.23)
the corresponding rotational Jacobian column is approximated as

e
Jolin)(@) = S50

This numerical procedure provides a local differential approximation of the PCC kine-

(5.24)

matics for each retained CAP entry. Since the computation is performed offline, it does not
affect the runtime database query stage.

Once the Jacobian has been computed, each feasible CAP sample is assigned a scalar
dexterity value. In the present framework, the main descriptor is the 6D manipulability
measure, because the subsequent selection stage must account for both translational and
rotational motion capability when ranking feasible configurations within a queried voxel.
To make these two contributions commensurate, the same angular-to-linear scaling factor
Aang introduced in the IK objective is retained. This keeps the position—orientation weight-
ing convention consistent across offline IK generation, residual evaluation, and dexterity

characterisation. The scaled Jacobian is therefore defined as

Jp(a)
Jo( =1, "" (5.25)
)LangJ 0} (Q)
and the corresponding 6D manipulability descriptor is computed as
wen(a) = \/det (Js(@)J(a)7)- (5.26)

This quantity is used as the dexterity term in the database-driven selection stage. In

addition, a positional manipulability descriptor is computed offline for descriptive analysis
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of the CAP database,

wp(a) = \/det (T,(@)T,(a)7). (5.27)

While w,, provides useful insight into the translational contribution to local dexterity, it is

not adopted as the main selection objective. The reason is that the CAP selection problem

is pose-level rather than position-only; therefore, the selected descriptor should account for
both translational and rotational motion capability.

Each retained CAP entry is therefore characterised not only by its target pose, optimised

configuration, achieved pose, residual errors, and actuation command, but also by local

dexterity descriptors computed offline from the corresponding Jacobian.

5.12 Database-Driven Bi-Objective Configuration Selection

Once the CAP database has been enriched with dexterity descriptors, the remaining step is
to define how a single configuration is selected for a queried voxel. The proposed selector
is not formulated as a pose-conditioned inverse-kinematics solver for arbitrary target poses.
Instead, it retrieves the precomputed entries associated with the queried voxel and selects
one representative configuration from this finite candidate set. Since entries generated for
different sampled tool-axis directions within the same voxel may be considered together, the
runtime query is defined at the voxel level rather than at the exact-pose level.

Let & denote the offline CAP database. For a queried voxel v, the candidate set is defined

as
S ={i| voxellD(i) = v}. (5.28)

Each candidate i € .7, is a retained CAP entry whose original IK query shared the same
voxel centre p,, but may have been generated for a different sampled tool-axis direction.
Thus, .%, contains orientation-diverse feasible entries within the same local task-space
neighbourhood.

The selection problem is defined by two objectives: stored pose quality and local dexterity.

min |10 (5.29)
ie | f2(i)

The first objective evaluates the stored pose quality of each candidate through a combined

It is written as

residual measure,

£10) =/ ep(i)2 + (Ranger(i))’, (5.30)
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where e, (i) and eg(i) are the stored position and orientation residuals of candidate i, com-
puted with respect to the target pose of that specific CAP entry. The same scaling factor
Aang used in the offline IK stage is retained here to keep the position—orientation weighting
convention consistent.

The second objective promotes configurations with higher local motion capability by
minimizing the inverse of the precomputed 6D manipulability,

1
(i) = Wa

where wgp is the offline dexterity descriptor defined in Eq. (5.26), and € > 0 is a small

(5.31)

constant used to avoid numerical problems near singular configurations. Therefore, smaller
values of f] indicate better stored pose accuracy, while smaller values of f> indicate higher
local manipulability.

Since the two objectives may conflict, the selection is first restricted to the non-dominated
subset of .. A candidate A dominates a candidate B if

(fi(A) < fi(B) A f2(A) < f2(B)) A (fi(A) < fi(B) V f2(A) < f2(B)). (5.32)

The Pareto set &2, C ., is formed by all candidates that are not dominated by any other
element of .#,. This step removes clearly inferior entries while preserving the feasible
trade-offs between stored pose quality and dexterity within the queried voxel.

To obtain a single selected configuration, a best-compromise solution is chosen from &,
using a normalized ideal-point criterion. If the Pareto set contains only one candidate, that

configuration is selected directly. Otherwise, each objective is min—-max normalized over &,

as
ﬁ(i)z%, be{1,2}, (5.33)
b —Jb

where fgni“ and f;"* denote the minimum and maximum values of f}, within the Pareto set.

The final selection is then obtained by minimizing the Euclidean distance to the ideal point

(0,0),
i = argl;g%\/fl(i)z + A(i)2. (5.34)

This procedure provides a deterministic best-compromise configuration for the queried
voxel using only quantities already stored in the CAP database. The online stage is therefore
reduced to database filtering, Pareto-set extraction, normalization, and distance evaluation.

The selected configuration should be interpreted as a dexterity-aware representative entry for
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the local voxel neighbourhood, rather than as the exact IK solution of a newly prescribed

target pose.

5.13 Offline CAP Analysis and Configuration Selection Re-

sults

This section analyses the offline CAP database generated for the two-segment TDCR and
the resulting configuration-selection behaviour. The analysis first examines the effective
coverage of the discretised ROI under the adopted kinematic constraints. Among the 180
discretised voxels, 88 voxels satisfy the preliminary reachability condition, corresponding to
48.9% of the selected ROI. The remaining 92 voxels, corresponding to 51.1%, are classified
as unreachable under the same constraints.

Figure 5.7 shows the resulting reachability map. Green voxel centres correspond to
the reachable subset, while red voxel centres denote unreachable locations. The reachable
voxels are mainly concentrated in the central and distal part of the ROI, whereas boundary
regions exhibit reduced accessibility. This trend is consistent with the location of the selected
ROI relative to the boundary of the reachable workspace, where fewer feasible voxel-level
samples are expected under the finite bending capability of the robot.

These values describe the effective coverage of the selected local ROI and should not be
interpreted as a global reachability measure of the entire TDCR workspace. The following
analysis then evaluates representative PSO-based inverse-kinematics outcomes, the distribu-
tion of the offline dexterity descriptors, and the behaviour of the residual-dexterity Pareto
selection within selected voxels. This is important because the CAP is used in this thesis as a

configuration-level database, rather than only as a geometric reachability map.

5.13.1 IK Solver Quality

The numerical behaviour of the PSO-based IK solver is examined through representative
target samples distributed across the selected ROI. Figures 5.8 and 5.9 illustrate one repre-
sentative example corresponding to Sample ID 47944 in Voxel 160. Figure 5.8 compares
the target frame Tiager With the solver-found frame Troung inside the corresponding voxel
neighbourhood, while Figure 5.9 shows the reconstructed TDCR backbone associated with
the same solution.

For this sample, the solver-found configuration gives a position error of approximately

0.071 mm and an orientation error of approximately 0.030°. The reconstructed backbone
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Figure 5.7 Reachability classification of the selected ROI: 88 reachable voxels, green, 48.9%, and 92
unreachable voxels, red, 51.1%, under the adopted backbone-length and curvature constraints.

remains smooth and geometrically consistent with the adopted vertebra-wise PCC model,
indicating that the optimisation converges to a configuration within the prescribed kinematic

bounds.
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Figure 5.8 Representative voxel-level IK result showing the target frame and the solver-found pose
inside the spherical neighbourhood associated with the selected voxel.

Table 5.3 reports five representative raw PSO-based IK outcomes before CAP acceptance

filtering. These examples are included to illustrate the range of solver responses across
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different ROI locations and should not all be interpreted as retained database entries. Only
solutions satisfying both thresholds defined in Eq. (5.18), namely ¢, < 5mm and eg < 10°,
are stored in the final CAP database. As shown in the table, some raw PSO outputs exceed
one or both thresholds and are therefore excluded from the retained CAP entries.

Table 5.3 Representative raw IK outcomes for five sampled voxel-orientation targets before the CAP
acceptance filtering.

Sample ID Voxel ID Orientation Sample s Position Error ||¢,| (mm) Orientation Error ||¢z|| (deg) Cost #ix(q) Retained in CAP

7317 25 117 46.00 4.875 0.05164 No
47944 160 244 0.071 0.030 0.00010 Yes
50359 168 259 0.050 1.082 0.00130 Yes
24060 81 60 23.30 19.136 0.04544 No
20964 70 264 17.67 0.005 0.01767 No

The retained and rejected examples in Table 5.3 show that the acceptance rule depends
on both translational and rotational accuracy. For instance, Sample 47944 and Sample 50359
satisfy the storage thresholds and are retained, whereas Samples 7317, 24060, and 20964 are
rejected because their position error, orientation error, or both exceed the prescribed limits.
This filtering step ensures that the final CAP database contains only voxel-orientation entries

that meet the adopted pose-accuracy requirements.

5.13.2 Distribution of the Adopted Dexterity Metric

The offline Jacobian evaluation reveals substantial variability in dexterity across the feasible
CAP entries. In this chapter, the 6D manipulability measure wep is adopted as the main
dexterity descriptor because it accounts for both translational and rotational motion capability.
The auxiliary positional manipulability measure w), is also computed to provide additional
insight into the translational contribution to local dexterity.

Figure 5.10 shows the global distributions of wep and w), over all feasible CAP samples.
Both distributions are highly non-uniform, with a small number of configurations exhibiting
much larger manipulability values than the majority of feasible entries. This confirms that
geometric reachability alone does not imply comparable local motion capability across the
database.

Figure 5.11 presents the same feasible CAP samples in the (w,, wep) plane using loga-
rithmic axes. The resulting trend indicates a positive association between positional manipu-
lability and overall 6D dexterity: configurations with higher translational capability tend, in
general, to also provide higher wep. However, the scatter around this trend confirms that w),
cannot be used as a direct substitute for wgp, since the adopted 6D metric also includes the

rotational contribution required for full pose-level configuration selection.
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Figure 5.9 Representative solver-found TDCR configuration. (a) 3D reconstructed backbone with
the selected voxel and local frame. (b) x — z projection. (c) y — z projection.

Dexterity varies not only across the workspace but also among the feasible configurations
stored within individual voxels. Figure 5.12 examines this variability at the voxel level.
Each boxplot summarises the distribution of wgp over the feasible CAP entries associated
with a selected voxel. The wide spreads and outliers observed in several voxels show
that configurations available within the same local task-space neighbourhood may differ
substantially in local kinematic quality. This confirms that configuration selection within a
voxel is nontrivial and cannot be based on pose feasibility alone.

Figure 5.13 ranks workspace voxels according to their mean wgp values. The comparison

between the ten voxels with the highest and lowest mean dexterity shows that the local
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Figure 5.10 Global distributions of the 6D manipulability measure wep and the positional manipula-
bility measure w), over all feasible CAP entries.
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Figure 5.11 Log-scale relationship between the 6D manipulability measure wgp and the positional
manipulability measure w), over all feasible CAP entries.



5.13 Offline CAP Analysis and Configuration Selection Results 73

Per-voxel distribution of 6D manipulability w_

g 20 i . SR
%5 S ]
(®) o . o) .
3t 8 o 8 > ]
8 > 8 8
pe s el
6
o 6 8
3\0 9 Q 8 S @ i
8

1 118 119 125 149 153 154 166 176
Voxel ID

Figure 5.12 Distribution of the 6D manipulability measure wegp over feasible CAP entries within
selected workspace voxels.

kinematic quality of feasible configurations depends strongly on the workspace region. This
observation further supports the use of a dexterity-aware selection strategy rather than a
purely reachability-based or residual-only criterion.

o X 10”7 Top-10 voxels by mean w | X 108 Bottom-10 voxels by mean w

Mean w 6D

0
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Figure 5.13 Ranking of workspace voxels based on the mean 6D manipulability measure wgp. (a)
Ten voxels with the highest mean wgp. (b) Ten voxels with the lowest mean wgp.
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5.13.3 Bi-Objective Selection Analysis

The effect of the database-driven selection strategy is illustrated through representative
voxel-level examples. For each queried voxel, the feasible CAP entries are evaluated using
the two precomputed objectives introduced in Section 5.12: the combined pose residual fi
and the inverse 6D manipulability f;. Since both quantities are already stored in the CAP
database, the selection process is carried out through database filtering, Pareto-set extraction,
and ideal-point ranking, without solving a new inverse-kinematics problem online.

It is important to clarify the interpretation of the bi-objective plots. Each point represents
one retained CAP entry within the queried voxel, not a repeated solution for the same exact
pose. Since entries within .%, may originate from IK queries for different sampled tool-axis
directions, f] is computed with respect to the stored target pose of each individual entry
rather than a common reference pose. The resulting Pareto set therefore represents the
non-dominated residual-dexterity trade-offs available within the queried voxel.

Figures 5.14 and 5.15 show two representative voxel-level selection cases for Voxels
177 and 164, respectively. Voxel 177 exhibits a richer candidate distribution, with several
competitive trade-offs between stored pose quality and local dexterity. In contrast, Voxel
164 presents a sparser distribution, reflecting more restrictive local kinematic conditions and
fewer competitive feasible entries. In both cases, the selected configuration corresponds to a
best-compromise entry within the Pareto set, balancing residual accuracy and manipulability
according to the database content available in that voxel. This comparison shows that the
same selection rule can be applied to voxels with different candidate-set structures.

The selected trade-offs can also be examined through the internal PCC parameters of
the best-compromise configurations. Figures 5.16 and 5.17 report the signed curvature,
bending-plane angle, and twist profiles of the representative configurations selected for
Voxels 177 and 164, respectively. The two profiles differ noticeably, indicating that different
local workspace regions may require different internal TDCR shapes. This supports the role
of the CAP framework not only as a reachability database, but also as a means of selecting
dexterity-aware configurations among multiple feasible alternatives within a queried local

neighbourhood.
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Figure 5.14 Voxel-level residual-dexterity trade-off for Voxel 177. The axes show the combined pose
residual fi and inverse 6D manipulability f,. Gray points denote feasible CAP entries, red markers
indicate the Pareto set, and the blue star marks the representative entry selected by the normalized
ideal-point criterion.
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Figure 5.15 Voxel-level residual-dexterity trade-off for Voxel 164, showing a sparser feasible CAP
distribution relative to Voxel 177. Axes, markers, and the normalized ideal-point selection criterion
follow Figure 5.14.
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Figure 5.16 PCC parameters of the representa-
tive CAP entry selected for Voxel 177. The disk-
wise curvature, bending-plane angle, and twist
profiles define the internal TDCR configuration
identified by the residual-dexterity Pareto/ideal-
point criterion.
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Figure 5.17 PCC parameters of the represen-
tative CAP entry selected for Voxel 164. The
resulting internal TDCR configuration is distinct
from that selected for Voxel 177. Parameter defi-
nitions and selection criterion follow Figure 5.16.
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5.14 Experimental Validation

This section provides a proof-of-concept hardware evaluation of the CAP-based configuration-
selection framework on the two-segment TDCR prototype. The objective is not to statistically
validate the entire CAP database, but to assess the consistency between a selected database
entry, the corresponding solver-found pose, and the experimentally measured end-effector
pose in the evaluated case. The validation therefore examines whether a representative
CAP-selected configuration can be executed under open-loop tendon actuation and whether
the resulting pose remains consistent with the offline CAP prediction.

Experiments were carried out on the custom TDCR platform described earlier in this
chapter. Motor commands were issued from MATLAB through the DYNAMIXEL communi-
cation interface, while end-effector poses were measured using the OptiTrack motion-capture
system. The recorded data were processed through coordinate-frame alignment with the
adopted z-down convention, quaternion normalisation, and time synchronisation, so that the
experimental poses could be compared consistently with the target and solver-found CAP
poses.

Hardware validation was performed on Voxel 151, selected as a representative reachable
mid-workspace region with 184 accepted voxel-orientation entries in the CAP database. This
candidate density provides a sufficiently rich local set for applying the residual-dexterity
Pareto/ideal-point selector, while avoiding boundary voxels with sparse feasibility. For
this voxel, the database-driven selector returned Sample 45141 as the best-compromise
representative configuration according to the criterion introduced in Section 5.12. In line
with the voxel-level formulation of the selector, this sample should be interpreted as a
selected representative CAP entry within the queried local neighbourhood, rather than as the
optimum for a user-specified exact pose. The corresponding tendon commands were applied
to the prototype, and the resulting end-effector pose was recorded by the OptiTrack system.
Figure 5.18 shows the experimental setup and the selected CAP entry used for validation.

Figure 5.19 compares the CAP target pose, the solver-found CAP pose, and the exper-
imentally measured start and end poses in the common z-down frame. The start pose is
included only as the reference configuration before actuation, while the main comparison
concerns the final pose after execution. As shown in the figure, the measured end pose moves
from the initial state toward the local neighbourhood of the CAP-predicted poses.

The corresponding position and orientation errors are reported in Figures 5.20 and 5.21.
In Figure 5.20, the horizontal axis reports the CAP Sample ID, which is the database index of
each matched voxel—-orientation entry associated with Voxel 151. This identifier is used only
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Figure 5.18 Hardware validation of the selected CAP entry. (a) TDCR—OptiTrack experimental
setup. (b) Executed configuration for Voxel ID 151 and Sample ID 45141. (c) Target, solver-found,
and experimentally measured poses within the selected voxel.

to trace the corresponding stored CAP entry and should not be interpreted as time, distance,
orientation angle, or a spatial coordinate. Figure 5.20 therefore shows how the experimental
errors vary across the matched CAP entries, while Figure 5.21 summarises the same errors in
terms of their distributions.

The results show that position errors remain in the millimetre range, whereas orientation
errors are generally larger but remain bounded. This behaviour is consistent with open-loop
tendon actuation, where model simplifications and transmission effects may influence the
achieved orientation more strongly than the end-effector position. An important observation
is that the measured final pose is often closer to the solver-found CAP pose than to the
nominal target pose. This can be explained by the discretised CAP formulation: the target
pose corresponds to a voxel centre and an associated sampled orientation, while the stored
CAP entry also contains the achieved pose returned by the offline IK solver for that specific
query. Since the robot is actuated using the stored configuration, the experimental end pose is

expected to be closer to the solver-found pose than to the idealised voxel—orientation target.
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Figure 5.19 Spatial comparison of the CAP target, solver-found CAP pose, and experimentally

measured start/end poses in Voxel 151.
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Figure 5.20 Position and orientation errors of the experimentally executed CAP samples associated
with Voxel 151, reported with respect to both the nominal CAP target and the solver-found pose.

The same representative CAP-selected configuration was executed multiple times from
the straight reference state to provide a qualitative indication of trial-to-trial consistency under
open-loop tendon actuation. Although transmission effects introduce variability across trials,
the measured end-effector poses remained in the neighbourhood of the stored solver-found

configuration across the observed runs. These observations support the physical executability
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Voxel 151: Experimental error distributions
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Figure 5.21 Experimental error distributions for Voxel 151. Position and orientation errors are
summarized with respect to the nominal CAP target and the stored solver-found pose.

of the selected CAP entry in the evaluated voxel, but they should not be interpreted as a

complete statistical repeatability characterisation of the full CAP database.
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5.15 Chapter Summary

This chapter addressed the problem of generating accurate and executable task-space refer-
ences for the two-segment tendon-driven continuum robot under the PCC parametrisation
and actuation constraints established in Chapter 4. The chapter proceeded in three main steps,
each addressing a specific limitation of the previous one.

First, a hybrid trajectory-generation framework was introduced, in which a supervised
neural network provides fast initial estimates of the vertebra-level configuration and a
constrained optimisation step refines the solution at each waypoint. The simulation results
showed that this hybrid structure improves pose accuracy compared with purely learning-
based inverse kinematics, while preserving coordinated tendon-length variations along the
generated trajectories. However, this approach does not eliminate the need for repeated
online optimisation. The computational effort still accumulates along the path, especially for
longer trajectories, finer discretisations, or stricter pose requirements.

Second, this limitation motivated the transition to an offline capability-map formulation.
The resulting CAP database associates discretised voxel-orientation targets in the distal
workspace with feasible PCC configurations, residual pose errors, prototype-level actuation
commands, and Jacobian-based dexterity descriptors. The database analysis showed that
configurations associated with the same voxel are not equivalent in terms of local kinematic
quality. Therefore, pose feasibility alone is not sufficient for runtime configuration selection.
On this basis, a database-driven bi-objective selection strategy was introduced to rank feasible
candidates within each queried voxel by combining pose accuracy and local dexterity through
Pareto-set extraction and normalised ideal-point selection. The online stage is thereby
reduced to database retrieval and ranking, without solving inverse kinematics or evaluating
Jacobians online.

Third, a proof-of-concept hardware validation was performed on the physical TDCR
prototype. The selected CAP entry for the evaluated voxel was executed under open-loop
tendon actuation, and the measured end-effector pose was compared with both the nominal
CAP target and the solver-found CAP pose. The results showed millimetre-range position
errors in the evaluated case, while orientation errors were larger but remained bounded. The
measured pose was often closer to the solver-found CAP pose than to the nominal voxel-level
target, which is consistent with the discretised CAP formulation and the fact that the robot is
actuated using the stored configuration.

At the same time, the framework has several limitations. The CAP database is constructed

for a selected distal ROI and should not be interpreted as a complete description of the global
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TDCR workspace. The experimental validation is limited to representative selected entries
and does not constitute a full statistical validation of all database regions. Furthermore, the
hardware execution remains open loop, so transmission effects, tendon compliance, friction,
and calibration errors may influence the measured pose. These limitations define the direction
for future improvements, including broader hardware evaluation, closed-loop execution, and
extension of the database to richer task and contact conditions.

Overall, the chapter shows how the physically grounded model developed in Chapter 4
can be shifted from repeated online computation to an offline feasibility and dexterity
database. This provides a practical bridge between model-based analysis and executable
motion selection, and prepares the basis for the control-oriented developments considered in

the next chapter.



Chapter 6

Prescribed-Time Fault-Tolerant Control

of Tendon-Driven Continuum Robots

6.1 Motivation and Scope of the Chapter

Chapter 5 developed a planning layer that resolves kinematic redundancy and generates
feasible, dexterity-aware reference trajectories using the capability map and hybrid inverse
kinematics. This offline computation step ensures that only physically reachable and high-
dexterity configurations are selected for execution. However, generating a feasible reference
trajectory is only the first stage of the overall control problem. Once the reference is sent to
the real robot, the execution layer must ensure accurate and safe tracking in the presence of
the robot’s inherent compliance, strong geometric nonlinearities, unmodeled elastic effects,
external disturbances, actuator limitations, sensing imperfections, and possible time delays.
For tendon-driven continuum robots, these challenges are significantly more demanding than
in rigid-link manipulators because of the distributed deformation, configuration-dependent
behavior, and strong coupling between bending coordinates [59, 60].

In recent years, continuum robots have attracted considerable attention in minimally
invasive surgery and other confined-space applications. Their slender and compliant structure
allows them to move through narrow anatomical pathways and interact more safely with
delicate tissues, while providing a level of dexterity that conventional rigid instruments
cannot easily achieve [59, 61-64]. At the same time, this compliance introduces major
control difficulties. The robot dynamics are influenced not only by nonlinear geometry and
elastic restoring effects, but also by internal friction, backlash, unmodeled disturbances,

actuator saturation, measurement errors, and time-varying delays in the sensing and actuation
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channels [61, 63, 65, 66]. As a result, a controller that performs well in simulation may not
be sufficient to guarantee precise and safe behavior on the physical system.

A variety of control strategies have been studied for continuum and surgical robots.
Early works relied on PID-type controllers because of their simple structure and ease of
implementation, with later improvements through gain optimization and fuzzy tuning [66, 67].
Model predictive control has also been applied to tracking and deformation management,
especially when state and input constraints must be handled explicitly [68—70]. These
approaches remain useful in specific operating regimes, but their performance can deteriorate
when the robot moves far from linearized conditions or when model uncertainty becomes
significant. For highly nonlinear continuum robots, robust nonlinear and sliding-mode-based
methods have therefore received increasing attention [65, 71]. Although these methods offer
improved robustness, classical formulations still do not fully satisfy the transient and safety
requirements of surgical applications.

In safety-critical tasks, it is not sufficient for the tracking error to converge asymptotically.
The transient response itself must be regulated. The error should enter a safe region rapidly,
within a known time, and without excessive overshoot or oscillation. This requirement
explains the growing interest in finite-time, fixed-time, and prescribed-time control methods
[65, 71-73]. Finite-time methods guarantee convergence in finite duration, but the settling
time still depends on the initial condition. Fixed-time methods remove this dependence
at the level of an upper bound. Prescribed-time methods go one step further by allowing
the designer to specify the convergence time explicitly in advance, independently of the
initial condition [65, 73]. For surgical robotics, where timing, precision, and safety must be
addressed together, this property is particularly attractive.

At the same time, the controller must keep the tracking error within explicitly defined
safety limits throughout the transient phase. Traditional prescribed-performance approaches
can become restrictive when prescribed-time convergence, limited overshoot, and monotonic
error evolution are required simultaneously [72, 74]. The monotone tube boundary approach
addresses this limitation by converting the constrained tracking problem into an equivalent
unconstrained stabilization problem while preserving monotonicity and designer-defined
transient bounds [72]. This makes it especially suitable for continuum surgical robots, where
even a temporary violation of a safe error region may lead to unsafe interaction with the
environment.

To improve efficiency, this chapter also incorporates a learning-based adaptation mech-
anism. Its role is not to replace the model-based controller, but to refine its performance.

The prescribed-time control law remains responsible for stability, transient regulation, and
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keeping the error within safety bounds, while the learning component is used to compen-
sate residual modelling errors online and reduce unnecessary control effort during tracking.
This distinction is important in tendon-driven continuum robots, where excessive actuation
is undesirable not only because of energy consumption, but also because it can increase
tendon loading, heating, mechanical wear, and unsafe interaction forces in medical settings
[73, 75-77].

Beyond nominal tracking, realistic operation also requires fault tolerance. In prac-
tice, sensor faults, actuator faults, time-varying delays, and saturation effects may occur
simultaneously and interact with one another. A delayed measurement can affect the fault
reconstruction process, saturation can prevent the intended compensating control action from
being fully applied, and actuator faults can be partially masked by structural compliance
or external load variation. For this reason, these non-idealities should not be treated as
isolated effects. A practically useful controller must estimate and compensate for them
within a unified framework. This observation motivates the second part of the chapter, where
an observer-based prescribed-time fault-tolerant control strategy is developed to handle
concurrent faults, delays, saturation, and unknown disturbances [77, 78].

The control study developed in this chapter addresses the same class of two-segment
tendon-driven continuum robots considered throughout this thesis. For controller synthesis,
a reduced-order dynamic model is adopted, which is consistent with standard practice in
continuum-robot control and captures the dominant bending dynamics relevant to the present
study. The proposed frameworks are validated numerically on a representative two-segment
TDCR in order to assess their tracking, safety, and fault-tolerance properties under practical
non-idealities. Experimental validation on the specific prototype developed in the previous
chapters is left for future work.

This chapter therefore completes the execution layer of the thesis. Building directly on
the planning results of Chapter 5, it develops two closely related control frameworks. The
first is a safe and high-precision prescribed-time tracking controller based on monotone
tube boundaries and enhanced by a learning-based optimal component. The second is its
fault-tolerant extension, which actively addresses sensor and actuator faults, time-varying
delays, saturation, and nonlinear uncertainty within a prescribed-time setting. In this way,
the chapter moves from feasible motion generation to robust and safety-aware execution on
the physical robot.

Section 6.3 introduces the prescribed-time monotone-tube tracking framework together
with its learning-enhanced optimal component. Section 6.4 evaluates the performance of the

nominal controller under prescribed-time safe-tracking conditions. Section 6.5 extends the



6.2 Mathematical Preliminaries and Dynamic Representation 86

design to an observer-based prescribed-time fault-tolerant formulation that handles concurrent
non-idealities. Section 6.6 reports the numerical evaluation of the fault-tolerant framework
and its comparative performance. Finally, Section 6.7 summarizes the main findings of the
chapter and clarifies how they support the overall thesis objective of achieving safe, precise,

and practically deployable control for tendon-driven continuum robots [61, 65, 66, 72, 73, 78].

6.2 Mathematical Preliminaries and Dynamic Representa-
tion

The first part of this chapter addresses the nominal safe-tracking problem that forms the
basis of the monotone-tube prescribed-time control framework. At this stage, the robot
is considered under nominal operating conditions. Explicit actuator faults, sensor faults,
time-varying delays, and saturation effects are intentionally excluded, since they belong
to the fault-tolerant extension developed later in Section 6.5. The objective of the present
section is therefore focused and precise: to define the robot coordinates used for control and

to recall the control-oriented dynamic model adopted in the first study.

6.2.1 Bending Coordinates and Problem Setting

The control study developed in this chapter is based on the two-segment tendon-driven
continuum robot introduced in the previous chapters, see Figure 6.1. Since the objective
here is control design rather than geometric description, a reduced control-oriented model
is adopted. Under the fixed-orientation assumption (8; = &, = 0), the dominant motion is

represented by the two bending coordinates,
T 2
6 — [91 92} e R, ©6.1)

Under this assumption, the generalized velocity is denoted by 6, and the actuation input
is represented by u € R?.

The desired reference trajectory is denoted by 6,(z), with first and second derivatives
6,4(¢) and 8,(¢), respectively. The tracking error and its derivative are defined as e = 8 — 0,

e=0— Od. For controller development, it is convenient to introduce the state vector

x=[xI x| =[67 o"] er’ 6.2)
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Section 1

Figure 6.1 Two Segment Continuum Robot Structure.

6.2.2 Dynamic Model Used for Control Design
For control design, the robot dynamics in the bending coordinates are represented as
M(6)6 +C(6,0)v(0) +K(0) =u. (6.3)

The matrices M(8), C(8,8), and K(8) correspond to the reduced-order Euler-Lagrange
model of the same two-segment continuum robot considered in this thesis. Their explicit
expressions can be found in [65]. Here, M(0) € R?>*? is positive definite inertia matrix,
C(6,0) € R**3 collects velocity-dependent terms, K(6) € R? denotes the elastic and gravity-
related restoring effects, and u € R? is the actuation input. The vector v(0) is introduced to
compactly group the quadratic velocity terms appearing in the model. The vector of velocity
monomials is defined as

vo)=[07 6.6, 03] . 6.4)

This form is particularly convenient for controller synthesis because it makes the nonlinear

coupling explicit while preserving a compact model structure. By defining the auxiliary

variables x; = 0 and x, = 6, the system can be written in state-space form as
X| =Xy, x; = f(x) + g(x)u, y=x;=6. (6.5)
The nominal f(x) and input gain g(x) are derived as

f(x)=-M '(0)[C(6,0)v(0)+K(0)], g(x)=M '(0). (6.6)



6.3 Prescribed-Time Safe Tracking via Monotone Tube Boundaries 88

This state-space form is the one used throughout the controller development and numerical

implementation presented in the first part of this chapter.

6.2.3 Control Objective

The objective of the nominal control framework developed in Section 6.3 is to design an input
u such that the bending angles 0 track 6,(¢) with three simultaneous properties. First, the
transient tracking error must remain inside a predefined safe region determined by monotone
tube boundaries. Second, convergence must occur within a prescribed settling time selected
by the designer. Third, the control effort should be reduced as much as possible without
compromising safety or prescribed-time convergence.

At this point, the problem is purely nominal. The model is assumed to be available
in the form of Eq. (6.6), and no explicit delay channels, fault terms, or saturation blocks
are introduced yet. This separation is intentional. The first part of the chapter establishes
the safe prescribed-time tracking mechanism under nominal conditions. The second part
then extends the same philosophy to a more realistic setting involving faults, delays, and

additional non-ideal effects.

6.3 Prescribed-Time Safe Tracking via Monotone Tube

Boundaries

This section develops the nominal safe-tracking controller used in the first part of the chapter.
Based on the control-oriented model introduced in Section 6.2, the objective is to make the
bending coordinates 6 track the reference trajectory 6,(¢) while satisfying two requirements
simultaneously. First, the tracking error must remain inside a designer-defined safe envelope
throughout the transient phase. Second, the transformed closed-loop dynamics must enter a
prescribed residual set within an assigned time 7),. To achieve this, the constrained tracking
problem is first reformulated through monotone tube boundaries, then a prescribed-time
sliding structure is introduced, and finally an actor-critic learning term is incorporated to

improve control efficiency without altering the underlying safety mechanism.

6.3.1 Monotone Tube Boundary Formulation

Define the tracking error as

e(r) = (1) — 04(t) = [el(t) ez(t)] " 6.7)
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For each bending coordinate, the admissible error evolution is required to satisfy
b(t) < ei(t) < bu(t), Vie {1,2}. (6.8)

The tube boundaries are constructed from the monotone auxiliary function

ot
csch (qori- : t) 4 geoi, 0<1t < T,

Tci -

qit) = (6.9)

gooi IZ TCi7

where go; > 0, and o; > 0, T,; > 0 are design parameters. Here, g.; specifies the final
admissible error radius, while 7;; determines the contraction time of the tube. The lower and

upper boundaries are then defined as

by ;(t) = sign(e;i(0)) (¢i(t) — gooi) — Aiqi(2), (6.10)
bui(t) = sign(ei(0)) (qi(t) — gooi) + Aigi(t), (6.11)

with A; > 0 and A; > 0 controlling the transient width of the admissible tube. To reformulate

the constrained tracking requirement, define the normalized error

&(t) = —ei(ﬂA;j (btl)’i(t),

Then 0 < €(f) < 1 whenever ¢;(¢) remains strictly inside the tube. The logarithmic

Abi(t) = bui(t) — by (t). (6.12)

transformation and the transformed error vector are introduced as

Zqi(t):ln(lii(;)(t))a i=1,2, (6.13)
ze(t)Z[ze,l(t) Ze,z(t)]T- (6.14)

This transformation is the key step in the safety construction. Boundedness of z, ;(f)
implies 0 < g;(¢) < 1, and therefore guarantees that the original tracking error does not leave
the prescribed tube. In this way, transient safety in the original coordinates is converted into
a boundedness problem in the transformed coordinates z,.

Differentiating Eq. (6.13) yields

1

Re(er) =ding(rr).  ri= g,

(6.15)

z. =R.(e,1)e+ o(e,r). (6.16)
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The vector @(e, ) collects the terms introduced by the time variation of the tube bound-

aries, with components
W; = —r; (l')u + SiAZJi) , i=1,2. (6.17)

Eq. (6.16) provides the dynamics of the transformed error vector z,, which will be used

in the controller design.

6.3.2 Prescribed-Time Sliding Structure
To shape the transient of the transformed error, define the sliding variable
S =127+ U(t)z, (6.18)

where the time-varying gain is selected as
c

wiy = { B T (6.19)
0, t>Tp,

with 6 > 0, 6 > 0, and 7, > 0. The choice of u(t) = 6/(7T, —t) is deliberate. As ¢
approaches 7, the gain yi(¢) increases unboundedly, which intensifies the corrective action
on the transformed dynamics as the prescribed time is approached. In this way, the designer-
specified time T), enters the closed-loop dynamics explicitly and provides the mechanism
used later in the stability analysis to establish prescribed-time convergence. Differentiating
Eq. (6.18) gives

§ = Zo+ [1Ze + lUZe. (6.20)

Then, from the transformed error dynamics in Eq. (6.16), one obtains

i.=R.e+RE+ 0. (6.21)
Using the nominal model of Section 6.2,
6=0-0,="1f(x)+g(x)u—0y, (6.22)
and therefore
s=R.g(x)u+R, (f(x) —0,) +R.e+ d+ iz, + uz,. (6.23)

Eq. (6.23) is the control-oriented sliding dynamics used in the sequel. At this point,
the original constrained tracking problem has been converted into the stabilization of the

transformed variable z,, with explicit prescribed-time shaping through (7).
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6.3.3 Learning-Enhanced Optimal Compensation

To improve control efficiency, an optimal component is introduced over the prescribed-time

sliding dynamics. Consider the performance index
—+oo
J(s) = / (s"P,s+u R,u) dt, (6.24)
t

where Py = PI' > 0 and R, = Rl > 0. Following the development in [65], the formal

HJB-based optimal control law can be expressed as

ut = —%R;lgT (x)R” de*s(s) . (6.25)
Define
Gi=(Reg(x) ",  G= %RulgT (%R, . (6.26)
Then the optimal control can be rewritten in the equivalent form
u' = —uGis—GiJo(s), (6.27)
where
Jo(s) = —us+ Glle%s(s). (6.28)

Since the exact solution of the HIB equation is not available in closed form for the present

nonlinear system, Jo(s) is approximated online by a radial basis function neural network:
Jo(s) = WTd(s) +£(s), (6.29)

where W* denotes the ideal weight matrix, £(s) is the approximation error, and

112
o) =[0i(s) - 0] . 5= (—”S%”) (6.30)
J

The critic network estimates the value-function gradient through

dJ*(s)
ds

while the actor generates the implementable optimal term

— UG;'Gis+ G, 'G W/ d(s), (6.31)

U = —uGis— G W d(s). (6.32)

Here ®(s) is a Gaussian radial basis function vector. To preserve the prescribed-time

safety structure, a compensation term is added:

u. = — (Reg(x)) ! [(% + %) s+R, (f(x) —0,) +Roe+ o+ fiz, +uze] . (6.33)
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where ¥, > 0 and 7y, > 0 are design constants. It should be noted that the time-derivative
terms appearing in u., namely R,, @, and [i, are analytically available. In particular, the
tube-boundary functions are explicitly defined by the designer, and the prescribed-time gain
W (z) is also known in closed form. Therefore, the compensation input does not require

numerical differentiation in implementation. The overall nominal controller is therefore

u=u"+u. (6.34)

Online Actor-Critic Learning
of the Optimal Control C

MY W(. = =7 ((D(x)sT +;1W(.)

G ) WH == l—‘llﬂ (Wu = W" )
Monotone-Tube .
Transformation of 0* =-uGs - GIWHTCD(S)

Continuum
Robot
N Dynamics

Tracking Error

+ s
0, e _¢=bii | Z| siiding Variable

i
¢ s=2z,+uz,

Zei=l0 (1 ) Prescribed-Time ?
—§ Stabilizing Compensation

U= —(R(g(,\'))_‘[(%+y2—") s+R,(f(x)-0,)

+R,é+ 0 +pz, +,uz'l,]

6, : Desired joint angle a* : Optimal control component (RL)

: Measured joint angle u. : Stabilizing compensation (SMC)

6,— 6 : Tracking error u : Total control input

ansformed error ®(s) : Basis function vector ;
: Prescribed-time sliding variable W“ 5 W‘. : Adaptive weights (actor, critic)

Figure 6.2 Block diagram of the proposed prescribed-time monotone-tube tracking controller.

Figure 6.2 summarizes the signal flow of the nominal controller. The reference bending
trajectory 6, is compared with the measured bending angles 0 to generate the tracking error
e. This error is passed through the monotone tube transformation to obtain the transformed
variable z,. The prescribed-time sliding surface s =z, 4 11 Z, is then constructed. Based on this
variable, two parallel branches are generated: the actor-critic reinforcement learning branch
produces the optimal term u*, while the compensation branch u. guarantees prescribed-time
safety and stability. The sum of these terms forms the total control input u, which is applied

to the continuum robot dynamics. The resulting bending angles 6 are fed back to close the

loop.
The actor and critic weights are updated according to
W.— T, (cp(s)sT + NWC) , (6.35)
Wa = —Tut (Wo—We ), (6.36)

where I'. > 0 and I', > 0 are constant adaptation gain matrices.
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In this structure, the compensation term u, preserves safety and prescribed-time con-
vergence, whereas u* improves control efficiency by reducing unnecessary actuation effort.
This separation is important. The learning component refines the control action, but it does
not carry responsibility for the core stability and safety mechanism. Figure 6.2 shows the

overall block diagram of the proposed nominal controller.

6.3.4 Closed-Loop Stability Result

The main closed-loop stability property of the proposed nominal controller is summarized
next. Before stating the result, the following standard prescribed-time residual-set lemma is
recalled, since it is used directly in the proof.

Lemma 6.1 (PT-ISS-based residual-set convergence). Let V(¢) be a positive definite

Lyapunov function satisfying
V< —xku(t)V+u(t)d (6.37)

for some constants k¥ > 0 and d > 0, where (¢) is the prescribed-time gain function adopted
in this chapter. Then V (¢) remains bounded and enters a compact residual set no later than
the prescribed time 7),, independently of the initial condition. More specifically, for all t > T,
the Lyapunov function satisfies V(¢) < d/k. Consequently, if V(¢) contains the quadratic
term %STS, then the sliding variable remains bounded after the prescribed time and satisfies
|s(¢)|| < \/2d/x. This conclusion follows from the standard prescribed-time input-to-state

stability argument reported in [65].

Theorem 6.1. Consider the nominal control-oriented model of Section 6.2 together with
the controller Eq. (6.34) and the adaptive laws Egs. (6.35)—(6.36). Assume that 8 (), éd(t)
and 0,(¢) are bounded and sufficiently smooth, g(x) remains nonsingular in the operating
region, the neural approximation error is bounded, and the initial tracking error satisfies the
admissibility condition in Eq. (6.8). Then, for suitably selected monotone-tube parameters,
prescribed-time parameters, and adaptive gains, all closed-loop signals remain bounded, the
sliding variable s enters a compact residual set no later than 7}, and the tracking error satisfies
Eq. (6.8).

Proof sketch. Consider the Lyapunov candidate

1 1 ~ ~ 1 ~ ~
V= ESTS + 3 trace <WZFC_1WC> + > trace (Wgrglwa) ) (6.38)
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o~ —_— o~

where Wa =W,—W*" W, =W, — W* Using the closed-loop dynamics, the adaptive laws,
and Young-type inequalities, the Lyapunov derivative can be upper bounded in the form

V< —ku@t)V+u(t)d (6.39)

for some constants k¥ > 0 and d > 0. This inequality has the same structure as the prescribed-
time input-to-state stability condition introduced earlier in the chapter. Therefore, by the
corresponding lemma, V (¢) enters a compact residual set no later than 7),, independently of
the initial condition. Since V bounds s, Wa, and Wc, all these quantities remain bounded.
Moreover, from s = z, + U (t)z,, one has z, = —I«lgt)le +s. Fort < T, arz;d using u(r) =
o /(T,—t), its solution is given by z,(r) = (Tp _t> z.(0) +/0t ( Tp—t ) s(&)dé&. Since

Tp T,—6
s is bounded and ¢ > 0, it follows that z,(¢) remains bounded on [0,7},).

Since s is bounded and ¢ > 0, it follows that z,(¢) remains bounded on [0, 7},). Conse-
quently, each transformed error component z,; remains finite, which implies 0 < &; < 1 for
all i. Therefore, the tracking error remains inside the prescribed monotone tube for all time.

The detailed algebraic manipulations follow the controller derivation reported in [65].

Remark 6.1. The admissibility condition at # = 0 is not restrictive in practice. Since the
monotone-tube boundaries are designer-defined through Eqgs. (6.9)—(6.11), the initial tube
width can be selected so as to contain the initial tracking error. In particular, the parameter
qgoi can be chosen sufficiently large to ensure that ¢;(0) lies strictly inside the corresponding
interval (b;;(0),b,,(0)) for each i. Therefore, the initial admissibility requirement can be

enforced by design.

6.4 Numerical Evaluation of the Nominal Controller

This section evaluates the nominal prescribed-time safe-tracking controller developed in
Section 6.3. The objective is to assess its transient safety, convergence behavior, and
control effort under nominal operating conditions. The comparison is carried out against the
benchmark controller reported in [79], which was reimplemented under the same reduced-

order robot model and reference conditions for a fair evaluation.

6.4.1 Simulation Setting

The simulations are performed on the two-section continuum robot introduced in Section 6.2

using the same reduced bending model adopted in the controller design. In this part of
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the chapter, the system is studied under nominal conditions, that is, without actuator faults,
sensor faults, delays, or saturation effects.

In the first two cases, the prescribed settling time is set to 7, = 0.25s. The monotone-tube
parameters are chosen as go; = go2 = 2, gl =qo2 =0.01, 0y =0 =1, T;1 = Tp = 0.25s5,
andA, =1, = A1 = A, = 0.5. The actor and critic adaptation gains are selected identically,
and both neural networks use five radial basis functions with evenly distributed centres in
[—1,1]. These values are kept unchanged across the first two scenarios in order to show
that the controller does not rely on repeated retuning when the reference profile changes.
Three simulation cases are considered. The first examines tracking under a smooth sinusoidal
reference. The second considers a step-ramp trajectory with abrupt changes. The third
illustrates the effect of the prescribed-time and monotone-tube parameters on the transient

response.

Case 1: Sinusoidal reference tracking.
In the first case, the desired bending trajectory is selected as
04(1) = [0.2+sin(2t) 03-+sin(20)] - (6.40)

The bending-angle responses are shown in Figure 6.3. The proposed controller drives
both bending coordinates to the desired trajectory faster than the benchmark method, while
maintaining a well-shaped transient response. The corresponding tracking errors are reported
in Figure 6.4. The proposed method keeps the error within the prescribed monotone tube
throughout the transient phase, whereas the benchmark controller exhibits a slower decay
and temporary violations of the admissible region. In the reported simulations, the settling
time is reduced from about 0.75s for the benchmark method to about 0.2 s for the proposed
controller.

The control inputs are shown in Figure 6.5. The proposed method achieves the same
tracking task with smaller actuation effort, especially during the initial stage. The actor
and critic weight evolutions, shown in Figure 6.6, remain bounded and settle smoothly,
confirming stable online adaptation. Overall, this case shows that the proposed nominal
controller provides faster convergence, safer transient behavior, and lower control effort than
the benchmark method under smooth reference tracking.

Case 2: Step-ramp reference tracking.

The second case considers a step-ramp reference with abrupt changes. This scenario
is more demanding because the controller must repeatedly recover tracking after sudden
variations in the desired bending trajectory. The same controller parameters used in Case 1 are

retained here. The bending-angle responses in Figure 6.7 show that the proposed controller
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Figure 6.3 Comparison of continuum robot bending angles tracking under case 1.
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Figure 6.4 Comparison of continuum robot bending angles tracking error under case 1.

8 10

follows the successive reference changes more closely and recovers faster after each transition

than the benchmark method. The safety advantage becomes clearer in the error plots of

Figure 6.8. Even under abrupt trajectory variations, the proposed controller keeps the

error inside the prescribed monotone tube, whereas the benchmark method exhibits larger

excursions and temporary violations of the admissible region.
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The corresponding control inputs are shown in Figure 6.9. Although this case requires

stronger actuation than the sinusoidal one, the proposed method still uses smaller control
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magnitudes than the benchmark controller. This indicates that improved transient safety is

achieved together with a more economical input profile.

These results show that the proposed nominal controller remains effective when the

reference is no longer smooth and continues to combine safe transient behavior with reduced

control effort.
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Case 3: Effect of prescribed-time and tube parameters.

The third case illustrates the tuning flexibility of the proposed design. To modify the
transient speed, the timing parameters are changed to 7, = 0.5, T,y = T;p = 0.25s, while the
remaining parameters are kept unchanged. The resulting responses are shown in Figures 6.10
and 6.11. As expected, the convergence becomes slower than in the previous cases. In the
reported study, the effective settling behavior changes from about 0.2 s to about 0.4s. At the
same time, the steady-state tracking quality remains essentially unchanged, and the tracking
error continues to evolve inside the admissible tube. This case shows that the prescribed-time
and monotone-tube parameters can be used to reshape the transient response directly, without
changing the overall controller structure. This is a useful property when different tasks
require different convergence speeds.

Taken together, the three cases confirm the main features of the nominal controller: safe
transient evolution inside the prescribed tube, fast and adjustable convergence, and lower

control effort than the benchmark method.
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6.5 Observer-Based Prescribed-Time Fault-Tolerant For-

mulation

The nominal tracking framework developed in Section 6.3 guarantees prescribed-time safe

tracking under ideal operating conditions. In practice, however, tendon-driven continuum
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robots are affected by actuator faults, sensor faults, time-varying input and output delays,
actuator saturation, external disturbances, and unmodeled nonlinearities. Under such condi-
tions, the measured output can no longer be treated as a reliable state-related signal, and the
applied input may differ from the designed command. The nominal controller must therefore
be extended to an observer-based fault-tolerant formulation.

This part of the chapter develops that extension. The proposed scheme combines a
prescribed-time descriptor observer with a fault-tolerant control law that compensates for
reconstructed faults, delays, saturation effects, and residual nonlinear uncertainty. Unlike the
nominal monotone-tube formulation of Section 6.3, the present design guarantees prescribed-
time convergence of an augmented tracking error to an adjustable compact residual set under

non-ideal operating conditions.

6.5.1 Fault-Affected Model and Augmented Representation

. . ATT . .
Using the same control-oriented state vector x = [#7 0" 7 introduced in Section 6.2, the

nominal reduced-order robot model is written in the compact form
x=Ax+G(x)(u+o@(x)), y=Sx (6.41)

where A = [g”x” Iy ] .S =L 0pup], p=2,n=4, and y denotes the healthy output.

pxp Opsxp
Here, G(x) = [(;”&3’ } and g(x) = M~!(8) represents the input distribution associated with
the state-dependent gain introduced in Section 6.2, while @(x) = —(C(6,0)6 +K(6))
collects the nonlinear drift terms of the reduced robot dynamics. represents the input
distribution associated with the state-dependent gain introduced in Section 6.2, while @ (x) =
—(C(6,0)v(6) +K(0)) collects the nonlinear drift terms of the reduced robot dynamics.

To account for realistic operating conditions, the model is extended as
k= Ax+G(x) (ue + B(X)) + Gao(1) + Gy, fu(r). 6
YO:SX+®T(P(I)7 .

where u; = sat(u(r — 7(¢))) is the delayed and saturated input applied to the robot, 7(z) is the
time-varying input delay, @(¢) denotes bounded external disturbances, and f,(¢) represents
additive actuator faults. The matrices G and Gy, are the known distribution matrices
associated with the disturbance and actuator-fault channels, respectively. The measured

output y, is corrupted by the combined effect of output delay and sensor fault, namely

©" (1) =SC(t) +Spfi(r),  C(1) =x(t—h(r)) —x(), (6.43)
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where A(t) is the time-varying output delay and fy(z) is the additive sensor fault, and Sy, is
the sensor-fault distribution matrix. The term ®7 ¢(¢) is therefore a compact representation
of the overall output-channel corruption.

Since the output corruption term in Eq. (6.42) cannot be treated as a standard known
input, the system is rewritten in an augmented form by introducing

T
i:[xT x}s] . x,=070(). (6.44)

This augmentation treats the output-channel delay and sensor-side corruption as additional
quantities to be estimated online. In this way, the observer can reconstruct both the robot
states and the output fault term within a unified prescribed-time framework, without requiring
direct differentiation of corrupted measurements.

Since xy, = @7 ¢(t) represents an output-channel corruption term rather than a standard
physical state with an explicit differential equation, the augmented model naturally takes
a descriptor form. In this representation, the robot state x evolves dynamically, whereas
Xy, 1s treated as an algebraic quantity to be estimated online together with the state. This
is the reason why the descriptor matrix E contains a singular block associated with the
output-corruption component. The resulting formulation makes it possible to reconstruct
both the robot state and the output-channel corruption within a unified observer framework
without differentiating the corrupted measurement y,,.

The control objective in this part of the chapter is therefore stronger than in the nominal
case in terms of robustness, but different in its formal guarantee. The aim is to design an
observer-based prescribed-time fault-tolerant controller such that all closed-loop signals
remain bounded, the state and fault estimation errors converge within a designer-specified
time, and the tracking error is driven to an adjustable compact residual set despite the
simultaneous presence of actuator and sensor faults, input and output delays, saturation,

disturbances, and model uncertainty.

6.5.2 Prescribed-Time Descriptor Observer

The fault-affected model introduced in Section 6.5.1 cannot be used directly for feedback,
because the output corruption term Xy, is unknown and the measured signal y, cannot be
treated as a reliable state-related quantity. A state-reconstruction mechanism is therefore
required. The purpose of the observer developed in this subsection is to estimate both the
robot state and the output-channel corruption term within a prescribed time, so that the
subsequent control law can be formed using reconstructed rather than corrupted information.

Using the augmented state introduced in Eq. (6.44), the fault-affected system is rewritten in
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descriptor form as

EX = AX+ G (x) (ur + @ (x)) + G L (1) + Goo (1) + Nxs,,  y, =SK, (6.45)

I,  Ouxp
Opxn Opxp

Opxn  —Ip

Onxp
IP

E= _ , S:[s Ip}, N—

)

(6.46)

The term @ (x) denotes the state-dependent nonlinear drift inherited from the reduced
robot model, whereas @(t) represents the exogenous time-varying disturbance acting through
the known distribution matrix G . The augmented input and disturbance distribution matrices

are defined as

G(x)

OPXP

Go

pxmy

Gy,

OPsz

) o —

Gi(x) = . Gy = (6.47)

The descriptor representation is introduced to incorporate the output-channel corruption
term into the estimation problem without differentiating faulty measurements. In this way,
the state and the sensor-side corruption can be reconstructed simultaneously within a single
observer framework.

To obtain a form suitable for observer design, introduce the auxiliary variable
r=x—-H'7y,. (6.48)

where .7 = [O”YXP] ,H=E+ .78, Y =diag{Y1,Y2,...,Y,}, and ¥; > 0. Since the delayed
input u is not directly available for reconstruction, the observer uses the delay-free saturated
signal

u; = sat(u(z)). (6.49)

Following the approach in [65], the transformed composite uncertainty is approximated

by an RBF neural network as
O (%, ur,uy) ~ W (%, uy) + £(X, ug,uy),

where W is the ideal weight matrix, ®(X,uy) is the Gaussian basis vector, and &(X,ur,uy) is
the bounded approximation error.

Unlike the scaling function used in Section 6.3 for prescribed-time tracking, the observer
employs a prescribed-time time-base generator acting on the estimation dynamics. It is

selected as

8o
k() (¢> ) 0 S 1< Tp,m
po(t) = Tpo—1 g0>2, (6.50)

Po.c; t> Tp,07



6.5 Observer-Based Prescribed-Time Fault-Tolerant Formulation 104

where T),, is the prescribed observer convergence time. The proposed prescribed-time

descriptor observer is then given by
= Ax—p, ()X +H 'Ly, + G (x)u; + G (X)vi + GoVv2 + G/, V3

T ) (6.51)
+ W (x,uy) + H v +Mvy,

x=#+H'Zy,, A,=H'(A-LS), M=H'N (6.52)

Here, X denotes the augmented state estimate, L is the adaptive observer gain, W is the
estimated neural weight matrix, and IT > O is the prescribed-time design matrix.

The terms vy, V2, V3, V¢, and v4 are robust compensation signals introduced to cope with
the unknown bounds associated with input-delay mismatch, external disturbances, actuator
faults, approximation errors, and output-channel corruption, respectively. They are selected
as
),

), (6.53)

Wi

Vi = —Pusign(2,SX), vz = —P;sign(2;S

Wi

V2 = —Pg sign(QZS):(), Ve = —Pe Sign(c@sS
V4 = —Py, sign(248X).
where the observer output error is § = SX —y,. Since y, = Sg, it follows that § =

S(x — X) = SX. Therefore, the adaptive laws can be written directly in terms of the measurable

innovation §. The adaptive update laws for the unknown bounds are chosen as

Pu = Yu (sign(215)" 215 — po(t)Pu) ,

Po = Yo (sign(223)" 225 — po(1)Pa) ,

Pr =1y (sign(233)" 235 — po(1)py) , (6.54)
Pe =7Ye (sign(ng)Tng - Po(t)ﬁe) ;

Pri = 15, (sign(249)" 243 — po(1)Py,)

while the observer gains and neural weights are updated according to

I: =I (nyyOT - po(t)f‘) ’ (6 55)
W =T, (®(& u,)§" 2L — p, ()W) .
Here, Yu, Yo, Yf, Ye, and ¥y, are positive adaptation gains, whereas I'; and I',, are positive
definite learning-rate matrices.
The observer structure can now be interpreted clearly. The descriptor transformation
incorporates the output delay and sensor fault into the estimation model. The scaling
term p,(t)IIX imposes prescribed-time decay on the estimation dynamics. The robust

compensation signals vi—v4 address the unknown bounded effects that cannot be measured



6.5 Observer-Based Prescribed-Time Fault-Tolerant Formulation 105

directly. Finally, the RBF approximation improves reconstruction of the uncertain nonlinear
part of the transformed system. The prescribed-time convergence property of the observer is
summarized as follows.

The observer design matrices are required to satisfy the following feasibility conditions:

H'2=2S8=2§,

Gl (x)Z = 28,
G, ? = 2,5,

Gl 7 = 258, (6.56)
M 27 = 2,8,
P = 28,

PAL+AL P =—-2<0.

It should be noted that (_}1T (x) is state-dependent. In the observer feasibility conditions,
this dependence is handled through a nominal constant representation adopted for the offline
matrix design, while the residual state-dependent variation is absorbed into the bounded
uncertainty and approximation terms of the observer model. These conditions are solved

offline and guarantee the feasibility of the prescribed-time descriptor observer design.

Theorem 6.2. Consider the prescribed-time descriptor observer defined by Egs. (6.51)—(6.55)
for the fault-affected continuum-robot model in Eq. (6.45). Assume that the disturbance,
actuator-fault, sensor-fault, and neural approximation-error terms are bounded, and that the
observer design matrices satisfy the corresponding feasibility conditions stated above. Then

all observer signals remain bounded, and the augmented estimation error
x=%X—X (6.57)

converges to an adjustable compact residual set within the prescribed observer time T}, ,,.
Consequently, the state estimate X and the output-channel corruption estimate Xz, become

available in prescribed time for subsequent fault-tolerant control design.

Proof sketch. Define a composite Lyapunov function that includes the augmented estimation
error, the adaptive bound-estimation errors, the observer-gain estimation error, and the neural-
weight estimation error. By substituting the observer dynamics Eqgs. (6.45)—(6.55) into the
Lyapunov derivative, and by using the matrix equalities imposed by the observer design
together with standard Young-type inequalities, the derivative can be upper bounded in the

form

Vo < —roPo(t)Vo + po(t)dy (6.58)
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for some constants r, > 0 and d, > 0. Then, by the prescribed-time input-to-state stability
result introduced earlier in this chapter, the observer error enters a compact residual set no
later than 7}, ,. The detailed derivation follows the same Lyapunov steps reported in [80]
and is omitted here for brevity. This observer provides the state and output-channel fault

estimates required for the control design developed in the next subsection.

6.5.3 Composite Deep-Learning-Based Fault-Tolerant Control Law

The observer developed in Section 6.5.2 provides reconstructed state and output-corruption
information in prescribed time. Based on these estimates, the next step is to design a
fault-tolerant control law that preserves the prescribed-time philosophy of the chapter while
explicitly handling actuator faults, sensor faults, input/output delays, saturation, disturbances,
and residual nonlinear uncertainty. The control objective is therefore no longer limited to
nominal safe tracking. Instead, the controller must maintain accurate trajectory tracking
using reconstructed signals and must remain effective even when the applied input differs
from the commanded one because of saturation and input-channel imperfections.

To improve steady-state tracking performance, an integral state is introduced. Define the

augmented tracking state as
x=|"er™r,  6=K/(Sx—1). (6.59)
o

where r € R? is the reference bending trajectory, X is the observer-based state estimate, and
K; € RP*? is a positive integral gain matrix. The integral state is initialized at 6(0) = 0.
It should be noted that ¢ is driven by the observer estimate X, rather than by the true state
x. Therefore, estimation errors affect the integral-state evolution during the initial transient.
Nevertheless, since the observer converges in prescribed time and its error remains bounded,
this coupling remains well behaved throughout the transient phase.

Using this definition, the augmented dynamics can be written in the compact form

K=y + But+ BAu—Buy+ Boo(t)+ B fu(t) + By W (x,u;) + Bur — Kje,.
(6.60)
where e, — X — X is the state-estimation error, Au = uy; — u denotes the mismatch intro-
duced by input saturation, u; = uy — u; represents the input-channel mismatch induced by

delay, and # (x,u) collects the remaining uncertain nonlinear terms after observer-based
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reconstruction. The augmented matrices are defined as

(A O G G G
of — nxp . B= 1 . By = ® : . = fa 7
KIS 0p><p Op><m Op><m1 Op><m2
] ] ] (6.61)
%7/ _ In : %m _ On><p : K[ _ On><n .
_Oan i -K; i K;S

with the remaining matrices introduced in the same way from the corresponding terms
of the fault-affected model. To define the tracking objective in dynamic form, a reference

model is introduced as
Xm =L mAy+ BT (6.62)
where 7, is chosen Hurwitz. As defined below, <7, = o — %K, therefore, this stability

property is imposed through the appropriate selection of the baseline gain K. This ensures
that the reference model provides stable desired dynamics for the augmented tracking error.

The tracking error is then defined by

A R X
=X~ Xm0  L=X X XZ[ ] (6.63)

Following the same construction adopted in the source control design, <7, = &/ — %K,
o = o — PBK,, where K and K, are design gain matrices. Then, by adding the prescribed-
time shaping term through the time-base generator p(t), the tracking-error dynamics can be

expressed in the form
2= mt+pt),z—p(t)dz+ BKY+p(t) BK,Z+ Bu+Y.(1). (6.64)

Here, W, () denotes the lumped perturbation term that collects the saturation mismatch
ZAu, the input-delay mismatch —%u,, the disturbance and actuator-fault channels B, o(r)
and A f,(t), the residual nonlinear term %y # (X,u:), and the observer-error coupling
term K;e,. These terms are treated as bounded non-ideal effects in the subsequent Lyapunov
analysis. The prescribed-time scaling function used in the controller is selected in the same
class as the observer scaling function, namely

k ( Ty
py=15 =t

pCa t2 Tpa

8
) , 0<1<T,,
g2 (6.65)

where T), is the prescribed convergence time for the tracking loop. The role of p(t)

in the fault-tolerant design is analogous in spirit to that of t(¢) in the nominal controller,
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although it acts through a different mechanism. As s — T, p(t) increases rapidly and
amplifies the prescribed-time stabilizing terms appearing in the augmented tracking dynamics.
Consequently, the corrective action becomes increasingly strong as the prescribed time is
approached, which enables the controller to dominate the bounded non-ideal effects and to
force the tracking error toward the prescribed compact residual set before 7),. For t > T),,
the scaling is frozen at the constant value p. to avoid singular behavior. The control law is

derived from an optimal-control viewpoint. Consider the quadratic performance index
~+o0
J(z) = / (z"Pz+u"Ru) dr, (6.66)
t

where P =P7 > 0 and R = R” > 0. The exact optimal solution of the associated HIB
equation is not available in closed form because of the combined effects of faults, delays,
saturation, and nonlinear uncertainty. For this reason, the implementable controller is written
as a structured approximation consisting of a baseline stabilizing term, a prescribed-time

correction term, an auxiliary saturation-compensation term, and a learned residual:
u' = —-Kj—p(t)K,Zz+KyA—Jo(z). (6.67)

where K € RP*? is the gain of the auxiliary compensator, A € R” is its internal state, and
Jo(z) denotes the unknown residual component of the optimal policy. To approximate this
residual online, a deep neural network is introduced. The ideal residual component is a
function of the true augmented tracking error z. However, since the controller is implemented
using observer-based estimates, the DNN is evaluated using the estimated tracking error.
Therefore, define the augmented DNN input as 2, = [2’, 1]7, and write the implementable

approximation in Eq. (6.68).
Jo(z) = ¢(z4) +6(2), (6.68)

where ¢(z,) is the DNN output and §(z) is the bounded approximation error. Accordingly,

the implementable control law becomes
u=-Kj - p(t) K, 2+ KyA—(2,). (6.69)

The role of the DNN is not to replace the stabilizing controller. The stabilizing part is
still carried by the feedback terms involving K, K,, and KA. The DNN only approximates
the residual component that cannot be obtained analytically from the HJB equation. This
distinction is important because it keeps the prescribed-time and robustness properties
anchored in the model-based structure rather than in the learned approximation itself.

To compensate for saturation and residual input-channel mismatch, the auxiliary state A

is updated according to the reconstructed healthy-output error. Before stating the update law,
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define ey, =y, — Xy, — SX, where X, denotes the estimated output-channel corruption term.

7P+ " w4 ]

A= A —O'AA—p(l)A—
N

) (6.70)

where I'y > 0, oa > 0, and g > 0O are design parameters.
The DNN weights are updated through a composite learning law that uses both the
tracking error and the observer reconstruction error. For each network layer j, the update law

is written as
vec <1A9J> =Ty, (—0y, vec (191) —p(t)vec ({9]) —i—‘PJT-@TPi—f—‘PJT///ey) . (6.71)

where 3 j denotes the estimated weight matrix of layer j, I'y, > 0 is the adaptation gain,
Oy, > 0 is the leakage parameter, and ¥'; is the corresponding regression matrix obtained
from the DNN backpropagation structure. The first correction term in Eq. (6.71) is driven
by the tracking error, whereas the second is driven by the observer output error. This is
the reason the method is referred to as composite learning. The overall signal flow of the
observer-based fault-tolerant architecture can be summarized by the block diagram of the

proposed controller shown in Figure 6.12.

1) Reference and Error Generation 2) Observer and Reconstruction

r Observer Adaptive Laws
Reference Trajectory Eqgs. (6.54)-(6.55)
r

Reference Model
Yn = At + Bul
Eq. (6.62)
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x I Prescribed-time Descriptor Observer |‘

Egs. (6.51)(6.52) |
Integral-state and Tracking Error
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Egs. (6.59), (6.63) RBF Neural Network L Us
WIO(X, u,) I

z

.
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DNN Residual Policy 2 Fault-tolerant Control Law u(t)
Approxi Eq. (6.69)
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r f 1
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Figure 6.12 Block diagram of the proposed composite adaptive optimal control.

The reference trajectory r is first processed by the reference model to generate the
desired augmented state y,,, while the measured output y,, affected by output delay and

sensor-side faults, is supplied to the prescribed-time descriptor observer. By combining the
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adaptive compensation terms with the RBF neural approximation, the observer reconstructs
the augmented state, providing in particular the state estimate X and the output-channel
corruption estimate Xy, within a prescribed time. The estimated state X is then used by
the integral-state generator to build the augmented state ¥, and the tracking-error block
computes Z = J — ¥,,- Based on Z and the observer reconstruction error, the composite
DNN adaptation law updates the parameters of the residual-policy approximator, which
generates an online estimate of the unknown residual term in the control law. In parallel, the
auxiliary compensator produces the internal signal A to mitigate the effects of saturation and
input-channel mismatch. These signals are combined in the composite deep-learning-based
fault-tolerant control law to generate the command u, which is then applied to the surgical
continuum robot through the delayed and saturated input channel. The resulting measured
output, after corruption by the output channel, is fed back to the observer, thereby closing
the loop. In this way, the overall architecture integrates state reconstruction, uncertainty
approximation, saturation compensation, and prescribed-time tracking within a unified
control framework.

The prescribed-time stability property of the observer-based fault-tolerant control law
is summarized as follows. The matrix .#" denotes the selection matrix associated with the
physical-state component of the augmented state . The matrix .# is introduced through
the coupling condition .# TP% = ST .#", and it appears later in the auxiliary compensator
dynamics and in the composite DNN weight-update law. The controller design matrices are

required to satisfy the following feasibility conditions:

A TPB=ST 4" or— B3>0,
Q =ATP+P, + oI <0, oy, — (05 + 0a)1 > 0, (6.72)
Q= 'P+P, — 2P + 1 <0, g=1—0y5>0.

Theorem 6.3. Consider the augmented tracking dynamics in Egs. (6.60)—(6.65) asso-
ciated with the fault-affected continuum-robot model Egs. (6.42)—(6.44), together with
the prescribed-time descriptor observer Egs. (6.51)—(6.56), the fault-tolerant control law
Eq. (6.69), the auxiliary compensator dynamics Eq. (6.70), and the composite DNN weight-
update law Eq. (6.71). Assume that the actuator-fault, sensor-fault, disturbance, input-delay
mismatch, saturation mismatch, observer error, and neural approximation error terms are
bounded, and that the controller design matrices satisfy the feasibility conditions stated
above. Then all closed-loop signals remain bounded, and the tracking error z converges to an

adjustable compact residual set within the prescribed time 7),.
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Proof sketch. Consider the Lyapunov candidate

1 1 1 & ~ ~

Ve= 2" Pat JATTLAL S vee (B))" T vee (8)). (6.73)
j:

where D ji=0— B j denotes the DNN weight estimation error of the j-th layer. Using the

tracking-error dynamics Eq. (6.64), the control law Eq. (6.69), the auxiliary compensator

dynamics Eq. (6.70), the composite DNN update law Eq. (6.71), and the boundedness

properties established by Theorem 6.2 for the observer, the derivative of V. can be upper

bounded in the form

Ve < —rep(t)Ve+p(t)d, (6.74)
for some constants r. > 0 and d. > 0. By the same prescribed-time input-to-state stability
argument used in the observer analysis, V,(¢) enters a compact residual set no later than

T,. More specifically, for all ¢+ > T,, the Lyapunov function remains bounded above by

d./rc, which implies that the augmented tracking error z remains bounded and, in particular,

[ 2d,
[2(1)|| < m

Consequently, z, A, and the DNN weight errors remain bounded, and the tracking loop

satisfies

achieves prescribed-time fault-tolerant regulation. The full algebraic derivation follows the

same sequence as reported in [80].

Remark 6.2. Unlike the nominal framework of Section 6.3, the fault-tolerant design devel-
oped in this section does not directly employ the logarithmic monotone-tube transformation.
Instead, it guarantees prescribed-time convergence of the augmented tracking error to an
adjustable compact residual set. Therefore, the fault-tolerant result should be interpreted as a
bounded safety-oriented tracking guarantee under faults, delays, saturation, and uncertainty,
rather than as a strict monotone-tube confinement result of the type established in the nominal

case.

6.6 Numerical Evaluation of the Fault-Tolerant Controller

This section evaluates the observer-based prescribed-time fault-tolerant control framework
developed in Section 6.5. The objective is to assess three aspects simultaneously: tracking
accuracy under non-ideal operating conditions, reconstruction quality of the observer, and

the control effort required to maintain stable motion. In contrast to the nominal study of
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Section 6.4, the present simulations explicitly include input and output delays, actuator and
sensor faults, actuator saturation, disturbances, and residual nonlinear uncertainty. The goal
is therefore to verify that the proposed observer-controller architecture remains effective
when the assumptions of the nominal case are no longer valid.

All simulations are carried out on the same two-segment reduced-order continuum-
robot model introduced earlier in this chapter. The observer and controller parameters are
selected according to the design procedure of Section 6.5. The performance is compared with
representative robust benchmark methods. In particular, for the step and sinusoidal tracking
tests, the comparison is made against the robust method in [81]. For the combined-fault
resilience test, the comparison is made against the reinforcement-learning-based fault-tolerant
strategy in [82]. In all cases, the same plant model, reference conditions, and fault-injection

scenario are used to ensure a fair comparison.

6.6.1 Simulation Setting

The proposed framework consists of three coupled elements: the prescribed-time descriptor
observer, the composite deep-learning-based fault-tolerant controller, and the auxiliary
compensator that mitigates saturation and input-channel mismatch. The observer reconstructs
the state and the output-channel corruption term from delayed and faulty measurements,
while the controller uses these reconstructed quantities to maintain tracking. The DNN
component does not replace the stabilizing feedback terms; instead, it approximates only the
residual part of the control law that cannot be obtained analytically from the HIB formulation.

Two classes of reference trajectories are considered. The first is a multi-step bending
reference used to evaluate transient recovery after abrupt changes. The second is a sinusoidal
bending reference used to assess continuous tracking under simultaneous non-idealities. In
the final test, simultaneous actuator faults, sensor faults, and time-varying delays are injected
to examine fault resilience more directly. For the step test, the reference is selected as a

three-stage profile:

T
T 0<t<10
87 — < )
r(t) = g 10 <1 < 20, (6.75)
T 20<1<30.
\ 4

For the sinusoidal test, the desired bending trajectories are chosen as r|(t) = & 4 % sin(r)
and r5(t) =  + % cos(t). These references are sufficiently different to reveal both transient

and steady-state properties of the closed-loop system. The step profile stresses recovery from
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abrupt variations, whereas the sinusoidal profile reveals the controller’s ability to maintain
smooth tracking under continuously varying conditions.

The main observer, controller, auxiliary-compensator, and neural-network parameters
used in the fault-tolerant simulations are summarized in Table 6.1.

Table 6.1 Main parameters used in the observer-based fault-tolerant simulations.

Category Parameters Values
Observer I1, 7}7,07 8os Po.cy Koy 1073, 1s,3,1, 107107 10
I, To 103,103
Yar Yoo, Vs Yes ¥, 107,107,107, 1073, 107
Controller g, k, Ky, pe 3,1,1,1
0'19/.7 Fﬂj 1,1
Auxiliary compensator  Ka, ['a, Oa, 0% 1,1,1,1

Deep neural network Hidden layers; neurons; activation functions; output layer  3; (7,8,9); tanh, tanh,logsig; linear

6.6.2 Step-Reference Tracking

The first test examines the response of the proposed fault-tolerant controller under the
multi-step reference Eq. (6.75). Figures 6.13 and 6.14 report the bending-angle responses
and the corresponding tracking errors, respectively. The proposed method drives both
bending coordinates to the new reference values rapidly after each transition and exhibits
a substantially faster decay of the tracking error than the benchmark method in [81]. In
the reported simulations, the proposed framework achieves an effective settling time of
approximately 0.3 s after each reference change, compared with approximately 5s for the
benchmark controller. This corresponds to an improvement of about 17 times and remains
within the prescribed-time convergence bound specified by the control design.

This improvement is not limited to convergence speed. The error trajectories remain
narrow and well-regulated during the switching instants, indicating that the observer-based
controller preserves a controlled transient despite the simultaneous presence of delay, satura-
tion, disturbance, and fault terms. By contrast, the benchmark method shows visibly larger
excursions after each step and requires a longer recovery interval before the error becomes
small again.

The corresponding control inputs are shown in Figure 6.15. Although abrupt reference
changes naturally require stronger actuation, the proposed method still produces smaller
and less oscillatory control signals than the benchmark controller. This is important in
tendon-driven systems, where unnecessarily large control amplitudes may lead to higher

tendon loading, increased wear, and reduced actuation efficiency. Figure 6.16 compares the
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Figure 6.13 Comparison of continuum robot bending angles tracking under step signal.
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Figure 6.14 Comparison of continuum robot bending angles tracking error under step signal.

true robot states with their observer-based estimates. The close agreement confirms that

the proposed observer reconstructs the state variables rapidly and accurately, even when the
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measured output is corrupted. This reconstruction quality is a key reason why the controller

can maintain stable tracking under adverse conditions.
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Figure 6.16 Dynamic variables of the continuum robot system and their estimated values under step
signal.

Overall, the step-response test shows that the proposed prescribed-time fault-tolerant
architecture combines fast recovery, accurate tracking, and moderate control effort. These
three properties are especially important for surgical continuum robots, where abrupt motion

corrections may occur during path updates or environment interaction.
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6.6.3 Sinusoidal Tracking under Delays and Faults

The second test evaluates the proposed method under the sinusoidal references r(t) = 7 +
Zsin(r) and ry(r) = § + % cos(z) introduced in Section 6.6.1. This case is more representative
of practical continuum-robot motion, since the desired bending evolves continuously and the
controller must compensate ongoing nonlinear effects rather than only isolated transients.

Figures 6.17 and 6.18 show the bending-angle responses and the associated tracking errors.
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Figure 6.17 Comparison of continuum robot bending angles tracking under sinusoidal reference
signal.
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Figure 6.18 Comparison of continuum robot bending angles tracking error under sinusoidal signal.

The proposed method tracks both sinusoidal references closely throughout the simulation
horizon, despite the simultaneous presence of input/output delays, disturbances, sensor

corruption, and actuator-side imperfections. The resulting error envelopes remain small and
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well behaved. In contrast, the benchmark method in [81] exhibits visibly larger deviations
and more pronounced oscillatory behavior. This difference indicates that the proposed
observer-based framework is not only effective for abrupt transient recovery, but also robust
during sustained time-varying tracking.

The control inputs shown in Figure 6.19 further support this conclusion. The proposed
controller generates smoother actuation profiles with lower amplitude and reduced oscillatory
content than the benchmark strategy. From a practical viewpoint, this means lower mechanical
stress on the tendon actuation system and reduced risk of unnecessary excitation of the flexible
structure. Figure 6.20 compares the actual state variables with the observer estimates under
the sinusoidal trajectories. Again, the observer tracks the state evolution closely, confirming

that the prescribed-time descriptor observer remains reliable beyond the step-response case.
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Figure 6.19 Comparison of control inputs under sinusoidal signal.

Taken together, the sinusoidal test demonstrates that the proposed controller maintains
high-quality tracking not only for isolated changes in the reference, but also for continuously

varying motions of the type expected in curved or tortuous surgical paths.

6.6.4 Multiple-Fault Resilience

The third test is designed to evaluate resilience under a more demanding combined-fault
scenario. In this case, simultaneous actuator faults, sensor faults, and time-varying input

delays are injected into the closed-loop system. The actuator fault and input delay are
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Figure 6.20 System states and observer estimates under sinusoidal references.

introduced as

0, 1 <20,
fa) =3 - o i=1,2, (6.76)
R >
15+3Ocos(3t), t > 20,
T(f) = 0.2+0.15sin(0.5t),  i=1,2. (6.77)

The actuator-fault distribution matrix is selected as G, = (02,2 IZ]T. To stress the output

channel as well, the sensor fault is defined as

0, t <35,
fsi(t) = - i=1,2, (6.78)

0 sin(0.57¢), t> 35,
with the corresponding sensor-fault distribution matrix Sy,. The resulting tracking responses
are reported in Figure 6.21. Even after the actuator fault is injected, the proposed controller
recovers rapidly and returns to accurate tracking within a short interval. In the reported
simulations, the recovery time is approximately 0.2s, whereas the comparison method in [82]
requires around 0.4 s and exhibits more pronounced oscillatory behavior. This indicates that
the proposed architecture achieves not only fault accommodation, but also faster transient

restoration.

Figure 6.22 compares the true states and the observer-based estimates under the same

combined-fault scenario. The agreement remains close even after the sensor-side corruption
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Figure 6.21 Comparison of continuum robot bending angles tracking under multiple faults.

becomes active, which confirms that the observer is able to reconstruct the true system
behavior from faulty measurements. Figure 6.23 shows the sensor-fault estimation results.
The estimated fault signals follow the injected fault pattern closely, demonstrating that the
observer is not only reconstructing the state but also identifying the output-channel corruption

with useful accuracy.
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Figure 6.22 System states and observer estimates under multiple faults.
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Figure 6.23 Sensor faults estimation.

This test is particularly important from the viewpoint of surgical robotics. In a realistic
intervention, faults and delays rarely occur in isolation. Instead, sensing degradation, actuator-
side perturbations, and communication or processing delays may overlap. The proposed
method is able to preserve stable tracking in exactly this kind of composite setting, which

supports the practical relevance of the design.

6.7 Chapter Summary

This chapter addressed the problem of safe and accurate execution for the two-segment
tendon-driven continuum robot after the planning stage developed in Chapter 5. While the
previous chapter focused on generating feasible and dexterity-aware references, the present
chapter concentrated on the control layer required to track those references under both
nominal and non-ideal operating conditions.

First, a control-oriented reduced-order model was introduced for the bending dynam-
ics of the robot under the fixed-orientation assumption. On this basis, a prescribed-time
safe-tracking framework was developed by combining monotone tube boundaries with a
transformed-error sliding structure. This formulation converted the constrained tracking
problem into a bounded stabilization problem while preserving explicit transient safety re-
quirements. An actor-critic learning term was then incorporated to improve control efficiency
without altering the stabilizing core of the prescribed-time design. The nominal simulation

results showed that this controller achieves faster convergence, keeps the tracking error inside
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the prescribed tube, and reduces the required control effort with respect to the benchmark
strategy.

The chapter then extended the nominal design to a more realistic observer-based fault-
tolerant framework. To account for output corruption, actuator faults, sensor faults, time-
varying input and output delays, saturation, disturbances, and residual nonlinear uncertainty,
the fault-affected model was rewritten in augmented form and a prescribed-time descriptor
observer was introduced. This observer reconstructs both the robot states and the output-
channel corruption term within a prescribed time. Based on these estimates, a composite
deep-learning-based fault-tolerant control law was formulated by combining baseline feed-
back, prescribed-time shaping, an auxiliary saturation compensator, and an online DNN
approximation of the residual optimal control component. Unlike the nominal monotone-
tube formulation, the fault-tolerant design guarantees prescribed-time convergence of the
augmented tracking error to an adjustable compact residual set under non-ideal operating
conditions.

Finally, numerical studies under step, sinusoidal, and multiple-fault scenarios showed
that the proposed framework preserves accurate tracking and stable closed-loop behaviour
even when several non-ideal effects act simultaneously. The observer provided rapid state
and fault reconstruction, while the control law maintained smaller tracking errors and lower
control effort than the benchmark methods. Taken together, the developments of this chapter
completed the transition from feasible motion generation to nominal tube-based safe tracking
and prescribed-time fault-tolerant execution for the studied TDCR architecture. In this way,
the chapter closes the gap between feasibility-aware planning and robust physical execution,
which is a central requirement for the practical deployment of tendon-driven continuum

robots in constrained and safety-critical environments.



Chapter 7

Conclusions and Further Research

7.1 Conclusions

Compliant robotic systems for human-centred healthcare present a common set of design
challenges. Mechanisms must remain compatible with the human body, robot configurations
must be feasible under physical constraints and loading conditions, and control strategies
must ensure safe and accurate execution despite uncertainty and practical non-idealities.
This thesis addressed these challenges across two complementary domains: wearable hand
rehabilitation devices and tendon-driven continuum robots. The work combined mechanism
design, experimental characterisation, model-based optimisation, learning-assisted planning,
capability mapping, and robust control.

Chapter 3 presented a hybrid wearable system for hand rehabilitation, combining an
RCM-based finger exoskeleton with glove-integrated 3D-printed inflatable chambers. The
RCM linkage was designed to guide MCP and PIP flexion—extension through virtual centres
of rotation located close to the anatomical joint regions, while keeping the physical joints
of the mechanism outside the finger joint axes. This design choice was intended to reduce
misalignment and relative motion at the human-device interface. The pneumatic resistance
layer was developed through iterative prototyping, from early Flexojoint geometries to a
compact pillow-shaped chamber with improved contact stability and sealing reliability.

The experimental characterisation showed that the internal pressure, reaction force, and
resistive torque generally increase with bending angle and initial inflation pressure. For an
initial pressure of 1.5bar, the forward configuration generated a peak torque of approximately
0.42Nm at 45° of flexion, while the backward configuration reached approximately 0.30N m
under the same conditions. The resulting nonlinear torque—angle behaviour indicates that the

proposed pneumatic layer can provide adjustable resistance for different rehabilitation stages.
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However, this validation remains limited to quasi-static mechanical characterisation and does
not yet demonstrate clinical effectiveness.

Chapter 4 established the model-based foundation for the TDCR part of the thesis. A
discretised PCC kineto-static formulation was developed to account for tendon forces, gravity,
vertebra-level friction, backbone elasticity, and external tip loads in a two-segment vertebra-
based continuum robot. This framework was used to analyse the feasible static workspace,
distinguishing geometric reachability from configurations that can actually be maintained in
static equilibrium under admissible tendon forces.

The same framework was then extended to the dimensional synthesis of tendon-routing
parameters. A bi-objective optimisation problem was formulated to study the trade-off
between feasible static workspace and mechanical effort. The results showed that tendon-
routing radii and inter-segment angular offset have a direct influence on static reachability
and actuation efficiency. In particular, the analysis indicated that larger angular offsets
improve the consistency of feasible workspace performance, with the prototype-oriented
design converging toward tendon-routing values around r; = 21 mm, r, = 22.5mm, and
o =45°.

Chapter 5 addressed planning for tendon-driven continuum robots through two com-
plementary strategies. The first strategy combined supervised learning with constrained
optimisation for task-space inverse kinematics. The neural network provided fast initial
estimates, while the optimisation step refined the solution and enforced physical constraints.
This hybrid approach improved accuracy and feasibility compared with purely learning-based
prediction, but it also introduced online computational cost.

To reduce the need for online optimisation, an offline capability-map framework was
developed. The capability map stores feasible voxel-orientation samples together with their
configurations, pose residuals, and dexterity indicators. Runtime configuration selection
was then formulated as a database-driven bi-objective problem using Pareto ranking and
ideal-point selection. This allowed the robot to choose configurations that balance pose
accuracy and manipulability without solving a full inverse-kinematics problem online. The
experimental validation on the TDCR prototype showed the practical potential of the database-
driven approach.

Chapter 6 addressed the control layer required for safe execution. A prescribed-time
safe-tracking framework was developed using monotone tube boundaries and transformed
tracking errors. The objective was to keep the tracking error within predefined bounds and
guarantee convergence within a prescribed time. The fault-tolerant extension incorporated

observer-based estimation and learning-assisted compensation to address uncertainties, actu-
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ator faults, sensor faults, delays, and input saturation. The simulation results showed that
the proposed control framework can improve tracking performance and robustness under
non-ideal operating conditions.

Overall, the thesis shows that compliant robotic systems for healthcare should not be
designed only from the viewpoint of motion generation. Their practical usefulness depends
on anatomical compatibility, mechanical feasibility, constrained planning, and safe control.
The transition from wearable rehabilitation mechanics to continuum-robot planning and
control reflects this common concern: ensuring that compliant systems remain predictable,

adjustable, and safe under practical human-centred constraints.

7.2 Further Research

Several research directions remain open. For the rehabilitation system, future work should
focus on improving the mechanical integration of the RCM linkage and pneumatic chambers,
reducing bulk, and increasing comfort during repeated use. Closed-loop pressure regulation
should be added to adjust the resistive torque during a rehabilitation session according to
user effort, joint angle, or therapy stage. Further tests with healthy participants and patients
are also required to evaluate comfort, repeatability, donning and doffing, long-term durability,
and clinical relevance.

For the TDCR modelling and design framework, future research should include more
detailed physical effects such as tendon hysteresis, backlash, distributed friction, material
nonlinearities, and manufacturing tolerances. The kineto-static predictions should also be
validated experimentally by comparing simulated and measured tip poses under controlled
external loading. The dimensional synthesis framework could be extended to three-segment
robots and to additional constraints related to miniaturisation, sterilisation, and surgical
deployment.

For the capability-map framework, future work should move from single-pose configu-
ration selection to trajectory-level planning. This would require connecting neighbouring
feasible configurations while preserving tendon-length continuity, dexterity, and actuation
feasibility. The database could also be updated using experimental feedback, allowing the
capability map to become more consistent with the real robot over time.

For the control part, the prescribed-time and fault-tolerant strategies should be imple-
mented on the physical TDCR prototype. Hardware experiments should include sensor noise,
actuator saturation, tendon friction, delays, and injected faults. A long-term direction is

to connect the offline capability-map planner with the prescribed-time controller, so that
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feasible configurations selected from the database can be executed safely and robustly in real
time.

In conclusion, this thesis provides a foundation for compliant robotic systems that com-
bine mechanical design, feasibility-aware planning, and safe control. Future developments
should continue this integration and move from prototype-level and simulation-based valida-

tion toward more complete experimental and clinical evaluation.
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