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Abstract

Over the past decades, operator splitting methods have become ubiquitous for non-
smooth optimization owing to their simplicity and efficiency. In this paper, we consider
the Forward—Douglas—Rachford splitting method and study both global and local con-
vergence rates of this method. For the global rate, we establish a sublinear convergence
rate in terms of a Bregman divergence suitably designed for the objective function.
Moreover, when specializing to the Forward—Backward splitting, we prove a stronger
convergence rate result for the objective function value. Then locally, based on the
assumption that the non-smooth part of the optimization problem is partly smooth,
we establish local linear convergence of the method. More precisely, we show that
the sequence generated by Forward—Douglas—Rachford first (i) identifies a smooth
manifold in a finite number of iteration and then (ii) enters a local linear convergence
regime, which is for instance characterized in terms of the structure of the underlying
active smooth manifold. To exemplify the usefulness of the obtained result, we con-
sider several concrete numerical experiments arising from applicative fields including,
for instance, signal/image processing, inverse problems and machine learning.

Keywords Forward-Douglas—Rachford - Forward—Backward - Bregman distance -
Partial smoothness - Finite identification - Local linear convergence

Mathematics Subject Classification 49J52 - 65K05 - 65K10 - 90C25

Communicated by Amir Beck.

B Jingwei Liang
j1993 @cam.ac.uk

Cesare Molinari
cecio.molinari @ gmail.com

Jalal Fadili
Jalal.Fadili @ensicaen.fr

1 GREYC, ENSICAEN, CNRS, Normandie Université, Caen, France
2 DAMTP, University of Cambridge, Cambridge, UK

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10957-019-01524-9&domain=pdf
http://orcid.org/0000-0003-0752-3851

Journal of Optimization Theory and Applications (2019) 182:606-639 607

1 Introduction

Operator splitting methods are iterative schemes to solve inclusion and optimization
problems by decoupling the original problem into subproblems that are easy to solve.
These schemes evaluate the individual operators, their resolvents, the linear operators,
all separately at various points in the course of iteration, but never the resolvents of
sums nor of composition by a linear operator. Since the first operator splitting method
developed in the 1970s for solving structured monotone inclusion problems, the class
of splitting methods has been regularly enriched with increasingly sophisticated algo-
rithms as the structure of problems to handle become more complex. We refer the
readers to [1] and references therein for a through account of operator splitting meth-
ods.

In this paper, we consider a subspace constrained optimization problem, where the
objective function is the sum of a proper convex and lower semi-continuous function
and a convex smooth differentiable function with Lipschitz gradient. To efficiently
handle the constraint, a provably convergent algorithm is Forward—Douglas—Rachford
splitting algorithm (FDR) [2], which is a hybridization of Douglas—Rachford splitting
algorithm (DR) [3] and Forward—Backward splitting algorithm (FB) [4]. FDR is also
closely related to the generalized Forward—Backward splitting algorithm (GFB) [5,6]
and the three-operator splitting method (TOS) [7].

Global sublinear convergence rate to asymptotic regularity of the sequence gener-
ated by FDR (hence all the above-mentioned algorithms) has been recently established
in the literature, from the perspective of Krasnosel’skii-Mann fixed-point iteration; see,
for instance, [8] and the references therein. This allows to exhibit convergence rates
of the distance of 0 to the objective subdifferential evaluated at the iterate. However,
very limited results have been reported in the literature on the convergence rate of the
objective function value for FDR, except for certain specific cases. For instance, the
objective convergence rate of Forward—Backward splitting and its accelerated versions
are now well understood [9—-14]. These results rely essentially on some monotonicity
property of a properly designed Lyapunov function. Given that FDR is fixed-point
algorithm, it is much more difficult or even impossible to study the convergence rate
of the objective function value. Indeed, these algorithms generate several different
points along the course of iteration, making it rather challenging to design a proper
Lyapunov function (as we shall see for the FDR algorithm in Sect. 4).

Recently, local linear convergence of operator splitting algorithms for optimization
has recently attracted a lot of attention; see [15] for Forward—Backward-type methods,
[16] for Douglas—Rachford splitting, and [17] for Primal-Dual splitting algorithms.
This work particularly exploits the underlying geometric structure of the optimization
problems, achieving a local linear convergence result without assuming conditions like
strong convexity, unlike what is proved in [8,18]. In practice, local linear convergence
of FDR algorithm is also observed. However, to our knowledge, there is no theoretical
explanation available for this local behaviour.

Main Contributions In this paper, we study both the global and local convergence rates
of the FDR algorithm. Our main contributions consist of both global and local aspects.
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First, the global convergence behaviour is studied under a general real Hilbert space
setting.

— In Sect.4, we first prove the convergence of the newly proposed non-stationary
FDR scheme (6). This is achieved by capturing non-stationarity as an error term.
The proof exploits a general result on inexact and non-stationary Krasnosel’skii—
Mann fixed-point iteration developed in [8].

— We design a Bregman divergence as a meaningful convergence criterion. Under
the standard assumptions, we show pointwise and ergodic convergence rates of
this criterion (Theorem4.2). When specializing the result to Forward—Backward
splitting, we obtain a stronger claim for the objective convergence rate of the
method. The allowed range of step size for the latter rate to hold is twice larger
than the one known in the literature.

For local convergence analysis, we turn to finite dimension as partial smoothness,
which is at the heart of this part is only available in the Euclidean setting.

— Finite Time Activity Identification Under the assumption that the non-smooth
component of the optimization problem is partly smooth around a global minimizer
relative to its smooth submanifold (see Definition 2.4) and under a non-degeneracy
condition (see (31)), we show in Sect. 5 (Theorem 5.1) that the sequence generated
by the non-stationary FDR identifies in finite time the solution submanifold. In
plain words, this means that, after a finite number of iterations, the sequence enters
the submanifold and never leaves it. We also provide a bound on the number of
iterations to achieve identification.

— Local Linear Convergence Exploiting the finite identification property, we then
show that the sequence generated by non-stationary FDR converges locally lin-
early. We characterize the convergence rate precisely based on the properties of
the identified partial smoothness submanifolds.

— Three-operator Splitting Given the close relation between the three-operator split-
ting method and FDR, in Sect. 5.4, we extend the above local linear convergence
result to the case of the three-operator splitting algorithm.

Relation to Prior Work The convergence rate of the objective value for FDR has been
studied in [18]. There, the author presented ergodic and pointwise convergence rates on
the objective value under different (more or less stringent) assumptions imposed on the
non-smooth function in the objective (1). Without any further assumptions other than
(A.1)—(A.5), the author proved a pointwise convergence rate on a criterion associated
to the objective value, but in absolute value (see [18, Theorem3.5]). However, this
rate seems quite pessimistic. (It suggests that FDR is as slow as subgradient descent.)
Moreover, there is no non-negativity guarantee for such criterion and the obtained rate
is thus of a quite limited interest. Improving this rate on the objective value requires
quite strong assumptions on the non-smooth component.

As far as local linear convergence of the sequence in the absence of strong convexity
is concerned, it has received an increasing attention in the past few years in the context
of first-order proximal splitting methods. The key idea here is to exploit the geometry
of the underlying objective around its minimizers. This has been done for instance in
[15-17,19] for the FB scheme, Douglas—Rachford splitting/ADMM and Primal-Dual
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splitting, under the umbrella of partial smoothness. The error bound property,! as
highlighted in the seminal work of [22,23], is used by several authors to study linear
convergence of first-order descent-type algorithms, and in particular FB splitting; see,
for example, [20,21,24,25]. However, to the best of our knowledge, we are not aware
of local linear convergence results for the FDR algorithm.

Paper Organization The rest of the paper is organized as follows. In Sect. 2, we recall
some classical material on convex analysis and operator theory that are essential to
our exposition. We then introduce the notion of partial smoothness. The problem
statement and FDR algorithm are presented in Sect. 3. The global convergence analysis
is presented in Sect. 4, followed by finite identification and local convergence analysis
in Sect. 5. Several numerical experiments are presented in Sect. 6. Some introductory
material on smooth Riemannian manifolds is gathered in “Appendix”.

2 Preliminaries

Throughout the paper, H is a Hilbert space equipped with scalar product (-, -) and
norm | - ||. Id denotes the identity operator on H. I'g(H) denotes the set of proper
convex and lower semi-continuous functions on .

Sets For a non-empty convex set C C H, par(C) := R(C — C) the smallest subspace
parallel to C. Denote (¢ the indicator function of C, N¢ the associated normal cone
operator and Pc the orthogonal projection on C. The strong relative interior of C is
sri(C).

Functions Given R € T'g(H), its subdifferential is a set-valued operator defined by
OR:H=H, x+—~ {v €H:R(x)>R(x)+ (v, x' —x),Vx’ GH}.

Lemma 2.1 (Descent Lemma [26]) Suppose that F : H — R is convex continuously
differentiable and V F is (1/B)-Lipschitz continuous. Then,

F(x) < FO) + (VFO), x =) + 35lx = yIP, ¥x,y € M.

Definition 2.1 (Bregman Divergence) Given a function R € ['g(H) and two points
x, y in its effective domain dom(R), the Bregman divergence is defined by

%(yvx) = R()’) - R(x) - (Uv y —)C),

where v € dR(x) is a subgradient of R.

Notice that the Bregman divergence is not a distance in the usual sense, as it is
in general not symmetric.” However, it measures the distance of two points in the

1 For the interplay between the error bound property, the Kurdyka—t.ojasiewicz property, and the quadratic
growth property; see [20,21].

2 1tis symmetric, if and only if R is a non-degenerate convex quadratic form.
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sense that D} (x,x) = 0 and Dy (y,x) > 0 for any x, y in dom(R). Moreover,
Dy (y, x) = Di(w, x) for all w in the line segment between x and y.

Operators Given a set-valued mapping A : ‘H = 'H, define its graph as gph (A) :=
{(x,u) e HxH: u € A(x)}, and set of zeros zer(A) = {x € H : 0 € A(x)}. Denote
(Id + A)~! the resolvent of A.

Definition 2.2 (Cocoercive Operator) Let § > 0 and B : ‘H — H, then B is -
cocoercive, if (B(x1) — B(x2), X1 — x2) > B B(x1) — B(x2)|?, Vx1, x2 € H.

If an operator is B-cocoercive, then it is S~ !-Lipschitz continuous.

Definition 2.3 (Non-expansive Operator) An operator .% : H — 'H is non-expansive,
if | Z(x)—Z| < Illx—yl, Vx,y € H.Forany « €]0, 1[, .% is called «-averaged,
if there exists a non-expansive operator %’ such that % = a7 + (1 — a)1d.

In particular, when o = %, Z is called firmly non-expansive. Several properties of
firmly non-expansive operators are collected in the following lemma.

Lemma 2.2 Let F : H — 'H, the following statements are equivalent:

(1) & is firmly non-expansive;
(ii) 2.% — Id is non-expansive;
(iii) .Z is the resolvent of a maximal monotone operator A : H = H.

Proof (i) < (ii) follows [1, Proposition4.2, Corollary4.29], and (i) < (iii) is [1,
Corollary 23.8]. O

Lemma 2.3 [1, Proposition4.33] Let F : H — R be a convex differentiable function,
with +-Lipschitz continuous gradient, § €10, +00l, then Id — yVF is %-avemged

fory €]0,28].
The next lemma shows the composition of two averaged operators.

Lemma 2.4 [27, Theorem 3] Let %1, %, : H — H be ay, az-averaged, respectively,
then F| o %, is a-averaged with a = %ﬁm €10, 1[.

Sequence The following lemma is very classical, see e.g. [28, Theorem 3.3.1].

Lemma 2.5 Let the non-negative sequence {ay}reN be non-increasing and summable.
Then a; = o(k™1).

Partial Smoothness In this part, let H = R”". We briefly introduce the concept of
partial smoothness, which was introduced in [29] and lays the foundation of our local
convergence analysis.

Let M be a C?-smooth manifold of R” around a point x. Denote Ty (x") the
tangent space to M at any point near x in M; see Sect. 8 for more materials. Below
we present the definition of partly smooth functions in I'g(R") setting.

Definition 2.4 (Partly Smooth Function) Let R € T'o(R"), and x € R” such that
OR(x) # (. R is then said to be partly smooth at x relative to a set M containing x, if
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(i) Smoothness M is a C*-manifold around x, R| M 1S C? around x;
(i1) Sharpness The tangent space 7 (x) coincides with Ty := par(aR(x))i;
(iii) Continuity The set-valued 9 R is continuous at x relative to M.

The class of partly smooth functions at x relative to M is denoted as PSF, (M).

Popular examples of partly smooth functions are summarized in Sect.6 whose
details can be found in [15].

3 Problem and Algorithms

Non-smooth Optimization In this paper, we are interested in the following structured
convex optimization problem

min {F(x) + R(x) : x € V}, (1)
xeH

where the following assumptions are imposed

(A.1) R belongs to I'g(H).

(A2) F : H — R is convex continuously differentiable with VF being (1/8)-
Lipschitz continuous.

(A.3) The constraint set V is a closed vector subspace of H.

(A.4) Argminy (F + R) is non-empty and 0 € sri(dom(R) — V).

Typical examples of (1) can be found in the numerical experiment section. These
assumptions entail that F + R + 1y € ['g(H), and moreover, that

zer(VF + 3R + Ny) = zer(3(F + R + ty)) = Argminy (F + R) # @,

using [1, Theorem 16.37(i)] and Fermat’s rule.

Forward-Douglas—Rachford Splitting When V = H, problem (1) can be handled by
the classical Forward—Backward splitting method [4], whose iteration, in its relaxed
form, reads

Xit1 = (I = Ap)xk + Agprox,, g (xk — y VF (x)) 2
where y €]0, 28] is the step size and A €]0, 4’32?’ [ is the relaxation parameter. The
term prox,, r is called the proximity operator of y R and is defined by

prox, g (x) := argmin, ¢3¢ y R(u) + %Ilu — x||2. 3)

When V is merely a subspace of H, in principle we still can apply FB splitting method
to solve (1). However, even if prox,, g is very easy to compute, the proximity operator
of R 4 1y in general may be rather difficult to calculate. Therefore, new splitting
algorithms are needed, and one possible choice is the Forward—Douglas—Rachford
splitting method [2] which will be presented shortly. Let us first define Py as the
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orthogonal projector onto the subspace V, and the function G := F o Py. Then (1) is,
obviously, equivalent to

miﬁ{(bv(X) =Gx) + R(x) + v ()}, “)

In turn, owing to Assumptions (A.1)—(A.4), we have
@ # Argminy, (F + R) = Argmin(®y) = zer(VG + IR + Ny).

Remark 3.1 From the assumption on F', we have that also G is convex and continuously
differentiable with VG = Py o VF o Py being (1/8y)-Lipschitz continuous (notice
that By > B). The observation of using G instead of F to achieve a better Lipschitz
condition was first considered in [7].

The iteration of FDR method for solving (4) reads

U1 = Prox, g 2xx —zx —yVG(xp)) ,
Tt = 2k + A (g1 — xp), (5)
Xk+1 = Py (2i41),

where y is step size and Ay is relaxation parameter. Recall that, under the conditions

thaty €10, 2B8v [, Ar €]0, 4%;’/[and Y keN M (4%;’/ — Ak) = +00, the sequences
{ur}ren, {xr}ren converge to a solution; see [2, Theorem4.2].
In this paper, we consider a non-stationary version of (5), namely y may change

along the iterations. The method is described below in Algorithm 1.

Algorithm 1: Non-stationary Forward—Douglas—Rachford
Initial: k = 0, z9 € H, xo = Py (20).
repeat

U1 = Prox,, p (2xx — zk — VG (xp)) , vk €10, 2Bv |,

4,3V—V[

28y 7 ©)

g1 = 2k + Ak (U1 — x1), Ax €]0,

Xky1 = Py (zga1).

until convergence;

Remark 3.2 For global convergence, one can also consider an inexact version of (6)
by incorporating additive errors in the computation of uj and xj, though we do not
elaborate more on this for the sake of local convergence analysis. One can consult [8]
for more details on this aspect.

In the next, we suppose the following main assumption on the parameters:

(A.5) The sequence of the step sizes {yx }ren and the one of the relaxation parameters
{Ak}ken verify:
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e 0<y =<y =y <2Byandy — yforsomey €[y, ¥l
o A €]0, 4’3" g e[ such that 37y Ak( ﬁz‘%;”" — k) = 400
. ZkeNkklyk —y| < 4o0.

Notice that, for the stationary case (i.e. for y, constant), Assumption (A.5) is equiva-
lent to the conditions required in [2, Theorem 4.2] for the convergence of iteration (5).
Moreover, to satisfy (A.5) in the absence of relaxation (i.e. when the relaxation param-
eteris fixed to Ay = 1), the sequence of the step sizes has just to verify y; €]y, [ with
D ren 17k — Y| < +o00. On the other hand, in general, the summability assumption
of {Ak|vk — ¥ 1}ken in (A.5) is weaker than imposing it without Aj. Indeed, following

the discussion in [30, Remark 5.7], take ¢ €]0, 1], let 6 = 4%;’7 > % and

M=0—V0—1/2k) and |y —y|=(6+0 —1/2k))/kI.

Then, it can be verified that

Z|Vk—)’| +00, Z)Lk|yk—y| k1+q<—|—oo and

keN keN
Z)h (4}3v Yk —)»k) ZZ)\k(ZQ—)Lk):ZZI—k:-FOO
keN keN keN

As previously mentioned, FDR recovers DR [3] when F = 0,and FB [4] when V =
‘H. We briefly introduce below two other closely related operator splitting methods:
the generalized Forward—Backward splitting (GFB) [6] and the three-operator splitting
(TOS) [7].

Generalized Forward—Backward Splitting Let m > 0 be a positive integer. Now for
problem (1), let V = 'H and suppose we have m non-smooth functionals. The problem
then becomes: let R; € I'g(H) foreachi=1,...,m

mln{F(x)—i—ZR(x)} (7

i=1

Similar to the situation of FDR algorithm, even if the proximity operator of each R;
can be solved easily, the proximity of the sum of them can be intractable. In [6], the
authors propose the GFB algorithm, which achieves the full splitting of the evaluation
of the proximity operator of each R;. Let (w;); €]0, I[™ such that Z;":I w; = 1,
choose y €10, 2] and i €10, %22 L

from i = 1to m:
\‘ui,kﬂ = proxs p, (2xk — zik — Y VF (xp))

Zik+1 = Zik + Ak (Ui k1 — Xi)

(3)
Xk+1 = Z?;lwizi,kH-
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We refer to [6] for more details of the GFB algorithm. Now define the product space

H := H x --- x H, equipped with proper inner product and norm, the subspace
S :={x = )i=t,.m € H:x; = = x,} C H and let the weights be
w; = l, i = 1,..., m. Then it can be shown that GFB algorithm is equivalent to

applyinnglg FDR to the following problem:

m m
. 1
;1;171_11 F (; ;m) + ; Ri(x;) +1s(x).

We refer to [2,5] for more connections between FDR and GFB.

Three-Operator Splitting Let m = 2 in problem (7), then it becomes
min F(x) + Ri(x) + Ra(x). ©))
xeH

Notice that (9) can be handled by GFB as it is only a special case of (7). In [7] the author
proposed a splitting scheme which resembles FDR yet different: given y €]0, 28[ and
Ak €]0, 4’32—;7’[, the iteration of TOS reads as follows:

U1 = ProX, g, (2xk — zx — Yy VF (xx))
Zk+1 = 2k + M (Ur1 — X), (10)
Xk+1 = Prox, g, (Zk+1)-

It can be observed that the projection operator Py of FDR is replaced by the proximity

operator prox,, g, . Though the difference is only for the update of xj 1.1, their fixed-point
operators are quite different; see in Sect. 5.4.

4 Global Convergence

In this section, we deliver the global convergence analysis of the non-stationary FDR
(6) in a general real Hilbert space setting, including convergence rate.

4.1 Global Convergence of the Non-stationary FDR

Define the reflection operators of y R and vy, respectively, as R, g := 2prox, p — Id
and Ry := 2Py — Id. Moreover, define the following operators:

Fy = 1(Ad+ Ryg o Ry)Id — yVG) and Fy .z, = (1 — A)ld + Ae.Fy. (1)

Then the (stationary) FDR iteration (5) can be written into a fixed-point iteration in
terms of z; [2, Theorem4.2], namely

1 = Fy o (2. (12)
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The next lemma shows the property of the fixed-point operator of FDR.

Lemma 4.1 For the FDR algorithm (6), let y €]0, 2By [ and Ax €]0, ‘”SV —L[. Then,

we have that F, is 4/3/3 -averaged and Fy, , is 45" k

-averaged.

Proof The property of .%, is a combination of Lemma2.4 and [2, Proposition4.1].
For .#, ;,, it is sufficient to apply the definition of averaged operators. O

Owing to [2, Theorem4.2], under ZkeN Ak( 2;3 — Ax) = +oo and condi-
tions (A.1)—-(A.4), {zk}ren converges weakly to some z* € fix(%,), and {xi}reN
converges weakly to x* := Py (z*), where Py (z*) € Argminy, (F' 4+ R). On the other
hand, the non-stationary FDR iteration (6) can be written as

2kt = Ty (@) = (1= Adzk + ATy (20)) + M (Fy (2) — Fy(20)) . (13)

We are now ready to state our result on global convergence of Algorithm 1.

Theorem 4.1 Consider the non-stationary FDR iteration (6). Suppose that Assump-
tions (A.1)~(A.5) hold. Then, Y, yllzk — zk—1l> < +oo. Moreover, {zy}ren
converges weakly to a point z* € fix(F,), and {xi}ken converges weakly to

* = Py(z*) € Argminy (F + R). If, in addition, either infreny Ak > 0 or H is
finite-dimensional, then {uy}reN converges weakly to x*.

The main idea of the proof of the theorem (see below) is to treat the non-stationarity
as a perturbation error of the stationary iteration.

Remark 4.1 e As mentioned in the introduction, Theorem4.1 remains true if the iter-
ation is carried out inexactly, i.e. if .7, (zx) is computed approximately, provided
that the errors are summable; see [8, Sect. 6] for more details.

e With more assumptions on how fast {yy }xcn converges to y, we can also derive the
convergence rate of the residuals {||zx — zk—1l|}xen. However, as we will study in
Sect. 5 local linear convergence behaviour of {z; }xen, we shall forgo the discussion
here. Interested readers can consult [8] for more details about the rate of residuals.

Proof According to [8, Theorem4], the following conditions are needed to ensure the
convergence of the non-stationary iteration:

(1) The set of fixed point of fix(.%, ) is non-empty;

2) Yk € N, 5“3,,( is 1-Lipschitz, i.e. non-expansive;

(3) A €10, %[ such that infgey M“@g” — ) > 0

(4) Vp € [0, +oo[ and Ay p := supy <, %y, (2) — %y (2)| with #,,, %, being
some non-expansive operators, there holds ) ", Ax Ay , < +00.

Owing to Lemmad4.1, given y; € [0,28y], we have that .%,, is ax-averaged with

Q= g ﬁzf . This means that there exists a non-expansive operator %,, such that
Fy = ak%yk + (1 — a)Id. Similarly, for y € [0, 28y ], we have that ., is a-
averaged with o = ﬂz Bv_ and so that there exists a non-expansive operator %,, such
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that 7, = a %, + (1 —«)Id. Provided z, define the error term e; = (%, — %) (2k).
Then iteration (13) can be written as

21 = (1= D2k + Ty () = (1= Dzi + M (Fy (@) + ex) - (14)

From Assumptions (A.1)—(A.5), we can derive the following results:

e We have Argminy (F 4+ R) = zer(VG + dR + Ny) = Py (fix(%,)) from the
discussion of Assumptions (A.1)—(A.4). It then follows that fix(F,) # 0.

e Owing to Lemma4.1, we have .%,, , is (axAx)-averaged non-expansive.

e Owing to the averageness of .%,, and .%,,, we have

Ry =1d+ L(F, —1d) and R, =1d+ - (F, —1d).
Let p > 0 be a positive number. Then, Vz € H such that ||z]| < p,

1%y, (2) — %y @)

I (Fy — 1)) — H(Fy — 1R

D (20 + 1.7, O) + 2117, 2) = F, ).
(15)

IA

Given y €]0, 2By[, define the two operators .7, = %(Id + Ryg o Ry) and

F, = Id — yVG. Then #, is firmly expansive (Lemma?2.2) and %, is
%—averaged (Lemma2.3). Now we have

17 (@) = Fy (@D = 1 F2,,.(2) = F2,, @
T T2y (@) = F1y T2y (D (16)

For the first term of (16),

-2, (@) = P2, DIl = Iy = VIIVG @

17)
(Triangle inequality and VG is ﬂ;l—Lip.) <|vk — y|(ﬁ‘71,0 + VGO,

where VG (0) is obviously bounded. Now for the second term of (16), denote
7V =Py (2) and zVL =z — 7", it can be derived that

1 1
v=F1, T, @) & v=2" +prox, " -z —yVG(E")).
Denote y = 7" — ZVl — yVG(Z"). Then we have

<g\l,ykfg\ly(z) - yl,ycgly(z) = prOkaR(Y) - PTOXyR()’)-
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Denote wy = prox,, p(y) and w = prox,, g (y). Using the resolvent equation [31]
and firm non-expansiveness of the proximity operator yields
s = wl = llprox,, g (% + (1= %) w) = prox,, ()]

1(1=2) 0 = wll =272y — w (18)

IA

IA

AL (1d — prox,, g)yll < P2 (Ul + llprox, g (O )-
Using the triangle inequality and non-expansiveness of fy VG, we obtain

Iyl < llz¥ =2 I+ vIVGEY)I < p+vIVG(EY) = VGO | + ¥ IVGO)]
<o+ B Il +VIVGOI < p+ 7By 0 +7IVGO.  (19)

Define Ay, := supj; <, %y, (z) — %y, (2)|. Then, putting together (15), (17),
(18) and (19), we get that Vp € [0, 400

Y MaAr, =Y My sup | By, (2) — %y 2

keN keN lzll<p
<CY My =yl < +o0,
keN

2p+%, (0 y 2
where € = 25D 4 £.(14 82 4+ 2) + (14 D)|VGO)]l + Llprox, £ O)]

is finite valued.

To this point, we verified that all the conditions of [8, Theorem4] are met for the
non-stationary FDR. Weak convergence of the sequence {z; }xcn then follows. In turn,
since Py is linear, weak convergence of {x;}ren is also obtained.

For the sequence {uy}ren, observe from the second equation in (6) that ux4; =
(Zk+1 — zk) /M + Xk, hence |lug+1 — xg |l < llzk+1 — zkll/Ax- It follows from [|zx4+1 —
zx]l = 0 and the condition infzey Ay > O that uz4; — x; converges strongly to O.
We thus obtain weak convergence of uy. If H is finite-dimensional, using (30) and the
same argument as for inequality (18), we get ||ugr) — x*|| < 'V"y—_”'((Z + ¥ Bv)llxk —

x*[ + llze — 2*Il + lIprox,, £ (0)[[) — 0 which concludes the proof. O

4.2 Convergence Rate of the Bregman Divergence

In this part, we discuss the convergence rate of a specifically designed Bregman diver-
gence associated to the objective value. As we have seen from the FDR iteration (5),
there are three different points z; and uy, x; generated along the iteration, which makes
very difficult to establish a convergence rate on the objective value directly, unless the
constraint subspace V is the whole space. For instance, in [18] the author obtained an
o(l/«/%) convergence rate on (R(ux) + G(xx)) — (R(x*) + G(x*)), which in general
is not anon-negative quantity. Moreover, the functions R and G in the criterion are not
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evaluated at the same point. So the latter convergence rate is not only pessimistic (when
specialized to V = 'H it gives a convergence rate as slow as subgradient descent), but
is also of a limited interest given the lack of non-negativity. Our result in this part
successfully avoids such drawbacks.

AsinTheorem4.1,let z* € fix(#,) and x* := Py (z*) € Argmin(®y ). Thus, (A.4)
and Fermat’s rule allow to deduce that there exists a normal vector v* € V- = Ny (x*)
such that v* € VG (x*) + dR(x*). Now denote @ := R + G. Recalling Definition 2.1,
for y € R", define the following Bregman divergence to the solution x*

S(y) =Dy (v, x") = B(y) — d(x*) — (v, y — x*)
=d(y) — o) — (", YV, (20)

where yvL := Py1(y) is the projection of y onto VL. In the last equality, we used
the trivial fact that (v*, x*) = 0.

The motivation of choosing the above function to quantify the convergence rate of
FDR algorithm is due to the fact that it measures both the discrepancy of the objective
to the optimal value and violation of the constraint on V.

Lemma4.2 hereafter will provide us a key estimate on D} (uk) which will be used

L
to derive the convergence rate of {Dy "(ug)}ken. Denote z)/ + = Py1(zx) the projection

of zx onto VL, ¢y 1= 2}’k (||zk + vt |2 + [lxx — x*[*) and two auxiliary quantities

ly—Bvl

= X 2 | \ 2
& = S5, 2k — 21l &= M||Zk X7

Lemma 4.2 Considering the non-stationary FDR iteration in (6). Suppose that
Assumptions (A.1)—(A.S) hold with Ay = 1. Then,

(i) We have that Dg(y) > 0 for every y in 'H. Moreover, if y is a solution then
Dg(y) = 0 (in particular, Dg;(x*) = 0). On the other hand, if y is feasible
(y € V)and Dy (y) = 0, then y is solution.

(ii) For the sequence {uy}xen, if v* is bounded we have

Dy r1) + i1 < dx + ZETE Y2 + 1 + Gir < +o0. (2D)

Remark 4.2 1f we restrict y; €]0, By ], then the term & in (21) can be discarded. If we
assume { ¥ }xen 1S monotonic, then the term ¢ also disappears.

Proof The non-negativity of Dg(uk) is rather obvious, as ® is convex. Therefore,

next we focus on the second claim. Define yVl =Pyi(y), u,‘;l =Py (ui), Z,YL =
Py . (zx) the projections of y, u, zx onto V=, respectively.
The update of uy in (6) and definition of proximity operator imply that

Cxx — 2k — uk+1)/ vk — VG (xk) € IR (ug41).

@ Springer



Journal of Optimization Theory and Applications (2019) 182:606-639 619

For the convexity of R, we obtain that, for every y € H,

R(y) = R(ujy1) + (Qxx — 2k —up+1)/vk — VG(xXk), ¥ — Ug41)

(22)
= Ruks1) + 5 2k — 26 = ups1, ¥ — 1) = (VGO ¥ = get1).-

Notice that ux41 = xi + Zx+1 — 2. Then, the first inner product of the last line of (22)
can be rewritten as

(2xk — 2k — uk41, Y — Uk1)
= (0 — 2 ¥ — %) + (¥ — 2 % — %) + Nz — xl? (23)

€L
= —@{" w0+ 4 (2 = 2 + llzken = 0P = lzx = yIP).

where 2(c; — c1, ¢1 — ¢3) = lleo —e3)* — ller — e2ll* — ller — 3% is applied to
(y — zZk» 2k — Zk+1). Combining (23) with (22),

€L
R(ugs1) = R(Y) < (VGOw), y = ut) + o 8z) o )
b (= Y12 = lzker = yIP =z = 2l?) . 24)
Since G is convex, given any x; and y € H, we have

Gxr) = G(y) = (VG (xk), xk — y). (25)

Recall ® = R 4+ G. Summing up (24) and (25) and rearranging the terms, then

(RGug1) + G)) = ®) + b (lzkan = yIP = Nz = yIP) = L4zl ™ )

< — sl — wl? + (VG @), 3 — ugs).
Since G has Lipschitz continuous gradient, applying Lemma?2.1 yields

Glurp1) — Gxr) < (VG (), upy1 — xk) + g lurr — xill.

Sum up the above two inequalities and recall &1 := %”Zk+l — zx||?, then

L
D) = ) + g (et =¥ = llz = yI7) = 24z »)
< =g lzket = 2l + g ks = xill? (26)
_ WPy < n=Bvl

2 2
< g
2yi By ||Zk+1 Zkll” < 2y By ||Zk+l ™ < k+1-

@ Springer



620 Journal of Optimization Theory and Applications (2019) 182:606-639

Note that we applied again the equivalence ux4+1 = x; + zxg+1 — 2x. Furthermore,
define ¢, | = M llzk+1 — y|I>. Then, from (26), we have

D (u+1) + ﬁnzm -

= Gur) + sk la — v+ (5 — o) Iz =12 @D)

€L €L
<P +olal 3 ) ppllae = VP S 5

Recall that x; € V. Hence, Py, 1 (xx) = 0. Then, using (27), we have the following
estimate for the Bregman divergence (defined in (20)):

Dy (1) — Dy(y) = Plugsr) — D) — (v*, ulsy —y")
e AT M B AT TR A B N O
- muzm = I+ e+ 5
= o (077 0 P =20 1+ vt 12+ 1 - 3V IR)
+ &kt1 + fky_H
3= (= Nzl + v I+ I 12+ sl
—ledey =3V IR =l = V1P,

where vV := Py (), z,:/ := Py (zx) are the projections of y, zx onto V, respectively.
From the above inequality, we deduce the following result

Dl (k1) — Dy () + Pt — bk — et + 81 p)

*112 *12 1 Vo2 *12 vt vi2
< ok (97 = P =200 ) + 5 (I P+ o = 12l =7
_ 2 vi o« *12 1 *12 vi2 vt vt
= o (I 1 =20 0% 0 = o) + s (eI = 1Y 12+ 265, 97
_ Ykl =Yk Vk+l Yk vt o x vt
= QY 1P+ o' 1% + 5 Gady = verrv®, ¥7)

In particular, taking y = x* € V inthelastinequality and using the fact that Py, 1 (x*) =
0, we obtain the desired result. O

With the above property of Dg(u k), we are able to present the main result on the
convergence rate of the Bregman divergence.

Theorem 4.2 Consider the non-stationary FDR iteration (6). Suppose that Assump-
tions (A.1)—(A.5) hold with Ay = 1. If moreover v* is bounded, then for any k > 0,

: N 1 =\ _ 1 -1 ,
Ogl_lngg,(u,-) =0 (m) and D) = O (m> where i, = 1 zu,.
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Remark 4.3 e A typical situation that ensures the boundedness of v* is when 9 R (x*)
is bounded. Such requirement can be removed if we choose more carefully the ele-
ment v*. For instance, one can easily show from Theorem4.1 that the subgradient
vk = (xx — 2k)/vk = —Py1(zk)/ vk converges weakly to v* := (x* —z%)/y €
VLN (VG(*) + dR(x*)).

e The main difficulty in establishing the convergence rate directly on Dg(u k) (rather
that on the best iterate) is that, for V. C H, we have no theoretical guarantee that
Dg;(uk) is decreasing, i.e. no descent property on Dg(uk).

Proof Define 6y := ming<;<x Dg:(u,-) < Dg(uk). Summing inequality (21) up to
some k € N yields

k
(k+ D <> Dyui) < go+ 5L P+ &+ Y &

i=0 keN keN

Since v* is bounded, so is ¢g. Then, owing to Theorem4.1, we have

ly—=Bvl
D &= azﬁvv D llzk = zx1ll* < +oo.

keN keN

Lastly, as {zx}xen is bounded, so is {|lzx — x*||}xen. Recall that, by assumptions,
{vk }ken converges to some y €]0, 28y [ with {|yx — ¥|}ken being summable. Then

1 2
>4k < grsupllak =217 ) Iveer — %l
keN = keN keN

57 0P [lzk — x* 17 Y (viert — v+ Iy = 71) < +oo.
— keN keN

IA

Summing up the above results, we have that (k+1)6; < C < +ooholds forallk € N,
which means 0, = O(1/(k + 1)). Now, owing to the definition of 6,

D 0 < D) < do+ L+ D (& + &) < +oo.

keN keN keN
Moreover, it is immediate that, for every k > 1,

Or = min(DY (ur), O—1) < 1,

that is, the sequence {6k }xcN is non-increasing. Invoking Lemma2.5 on {6y }ren con-
cludes the proof.

For the ergodic rate, we start again from (21) and apply Jensen’s inequality to Dg
which is a convex function, and get

k
(k+ D)D) < Y Dy(wy),
i=0

where the right-hand side is bounded by arguing as above. O
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4.3 Application to Forward-Backward Splitting
Assume now that V = H, in which case problem (4) simplifies to

mi7r_}{<l>(x):=F(x) + R(x)}.

In this case, the FDR iteration (6) is nothing but the FB splitting scheme (2). The
non-relaxed and non-stationary version of it reads as

X1 = Prox,, g (xk — ¥k VF(xp)) . (28)

We get Dg;( y) = ®(y) — ©(x*) by specializing the Bregman divergence (20) to @,
which is simply the objective value error. We have the following result.

Corollary 4.1 Consider the Forward—Backward iteration (28). Suppose that conditions
(A.1)—(A.5) hold with V. = "H and A, = 1. Then

D(xp) — D(x*) = o(1/k).

Remark 4.4 e The o(1/k) convergence rate for the large choice y, €]0, 28[ appears
to be new for the FB splitting algorithm. The rate O (1/k) is known in the literature
for several choices of the step size; see, for example, [12, Theorem 3.1] for y, €
10, B] or with backtracking, and [11, Proposition 2] for y; €]0, 28].

e For the global convergence of the sequence {x; }xcn generated by the non-stationary
FB iteration, neither convergence of yi to y nor summability of {|yx — ¥ |}ken 1S
required. See [32, Theorem 3.4].

Proof First, weak convergence of the non-stationary FB iteration follows from Theo-
rem4.1. On the one hand, specializing (21) to the case of FB, we get

_ * <L — 12 _
S(ist) = DY) < gl — 1P = 2l —
|V Bl 2 |Vk+1 Vk\
5 I = el B e — 2, 29)

which means that

* * |V_13‘
D (@) — @) < giollxo — x*IP + S Y I — x|
keN ~ keN

+ zsupnxk—x I v — vl < +oo.
B keN

On the other hand, owing to inequality (26) in the proof of Lemma4.2, Vy € 'H,

DCxer1) + s llveet = yIP < @)+ gl = yI2 + (9 — ok ) lveer — )
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Choosing y = x, we obtain

IA

(®0s1) = M) = (D) — (M) = (9 — 1) I =l

2
= lxp+1 — Xkl

A

where § = % - ﬁ > 0 since y < 28. This implies that the sequence {® (x;) —

@ (x*) }xen is positive and non-increasing. Summing up both sides of the above inequal-
ity and applying Lemma 2.5 leads to the claimed result. O

5 Local Linear Convergence

From now on, we turn to the local convergence analysis of FDR. Given that partial
smoothness is so far available only in finite dimension, in this section, we consider a
finite-dimensional setting, i.e. H = R". In the sequel, we denote z* € ﬁx(ﬁy) a fixed
point of iteration (6) and x* = Py (z*) € Argmin(®y) a global minimizer of problem
(4). For simplicity, we also fix Ay = 1.

5.1 Finite Activity Identification

We start with the finite activity identification, which means that in a finite number
of iterations the iterates identify the manifold in which the solution x* lives. Under
the condition of Theorem4.1, we know that y, — y, zx — z* and ug, xp — x*.
Moreover, we have the following optimality conditions

(x* =2y e VG(x*) + dR(x*) and (* —x*)/y e VL, x* e V. (30)

The condition needed for identification result is built upon these monotone inclusions.
Since xy is the projection of z; onto V, we have x; € V for all kK > 0. Therefore, we
only need to discuss the identification property of uy.

Theorem 5.1 For the non-stationary FDR (6). Suppose that Assumptions (A.1)—(A.5)
hold, so that (uy, xy, zx) — (x*, x*, z*) where z* € fix(#,) and x* = Py (z*) €
Argmin(®y). Moreover, suppose that R € PSF,« (Mf*) and that the following non-
degeneracy condition holds

x*=z/y = VG&*) €ri (Z)R(x*)) . (31)

Then,

(1) There exists K € N such that, for all k > K, we have uy € Mf..
(i1) Moreover, for every k > K,
R _ .« R R _ 7R
(@ IfME =x*+ T, thenT, =T..
(b) if R is locally polyhedral around x*, then x; € ./\/lf =x*+TR

R R
X TMk = T
Yk R(ue) =V yx R(x*), and Vi& R(uy) = 0.

x*
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Remark 5.1 As we mentioned before, for global convergence, approximation errors
can be allowed, i.e. prox, p and VG can be computed approximately. However, for
the finite activity, we have no identification guarantees for (uy, xi) if such an approx-
imation is allowed. For example, if we have x; = Py (zx) + &x where g; € R” is the
error of approximating Py (zx). Then, unless e € V, we can no longer guarantee that
xp V.

Proof From the update of uj4; and the definition of proximity operator, we have
2xg — 2k —ur+1)/ vk — VG (xg) € OR(ug41). Atconvergence, we have (x* —z*)/y —
VG (x*) € dR(x*). Therefore, one can show that

dist ((x* = 2*)/y — VG (x*), 0R (ug41))

< L@l — e = 2+ lze = 2D+ ESIPY L@ + g — 1.

Theorem4.1 allows to infer that the right-hand side of the inequality converges to
0. In addition, since R € I'g(R"), R is subdifferentially continuous at every point
in its domain [33, Example 13.30], and in particular at x*. It then follows that
R(up) — R(x*). Altogether, this shows that the conditions of [34, Theorem 5.3]
are fulfilled for R: (1) convergence of sequence; (2) distance dist((x* — z*)/y —
VG(x*), dR(ur+1)) — 0; (3) convergence of objective function value. The finite
identification claim follows.

(a) In this case, MZX, is an affine subspace, i.e. MK, = x* + TR, Since R is partly
smooth at x* relative to M f*, the sharpness property holds at all nearby points in
/\/lf, [29, Proposition2.10]. Thus, for k large enough, i.e. u sufficiently close to
x* on MR we have 7, (MR) = TR = T.X.

(b) It is immediate to verify that a locally polyhedral function around x* is indeed
partly smooth relative to the affine subspace x* + TxRi. Thus, the first claim follows
from (ii)(a). For the rest, it is sufficient to observe that by polyhedrality, for any
xeM f, near x*, d R(x) = d R(x*). Therefore, combining local normal sharpness
[29, Proposition2.10] and [15, Lemma4.3] yields the second conclusion.

O

A Bound on the Number of Iterations to Identification In Theorem 5.1, we only assert
the existence of some K > 0 beyond which finite identification occurs. There are
situations where a bound of K can be established.

Proposition 5.1 Suppose that the assumptions of Theorem5.1 hold. If the iterates are
such that dR (ug) C rbd(0R(x*)) whenever uy ¢ M, then we have uy € My~ for

lzo=2* 1P+ 0 (Cpen V=)

some k obeying k > V2dist(—V G (x*), VL +rbd @R (x)))2 "

Remark 5.2 When V = R", werecover the result of [ 15, Proposition 3.6(i)] established
for the Forward—Backward splitting method. For F = 0, our result also encompasses
that of Douglas—Rachford splitting [16, Proposition5.1].
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Proof Recall from the proof of Theorem4.1 that %, :=% , o %>, where #|, =
$(d+RygoRy) and F,,, = (Id—y VG). From (14), we have 211 = .y (2x) + ek
where {|lex|l}ken = {lYx — ¥|}ken 1S @ summable sequence. Thus, arguing as in
[35, Theorem 3.1], and using firm non-expansiveness of .% ,, (Lemma2.2) and non-
expansiveness of .7 ;, (Lemma2.3), we get

lzk — 211> = 1% (zk—1) — Ty @O < 1Py (zk—1) — F (2 + O(llex—11D)
= |lze—1 — 21> = llgx + vk—1 + ¥ VG &) + O(llex—1]), (32)

where gr:=2x;_1 — zx—1 — ur — Y VG(xx—1) which verifies g € ydR(ur) and
Vi1 = Zk—1 — Xk—1 € VL. Assume that identification has not occurred yet, i.e.
u ¢ M.+ which implies gr + vi_1 € V+ 4+ dR(ur) C V- + rbd(dR(x*)). Thus,
continuing (32), we get

2
llzk — 2*|l

< llzk—1 — 21> = y2dist(=VG (x*), V= + 1bd(dR(x*)))* + O(|yk—1 — ¥])

< llzo — 211> = ykdist(—VG (x*), V* 4+ 1bd(OR(x*)))* + O (X |vk—1 — ¥ ]).
Note dist(—VG (x*), V- 4+1bd(dR(x*))) > 0since —VG(x*) € ri(V-+3R(x*)) by
(31). Taking k as the largest integer such that the right-hand side is positive, we deduce
that the number of iterations where identification has not occurred does not exceed

the claimed bound. Thus, finite identification necessarily occurs at some k larger than
this bound. O

5.2 Locally Linearized Iteration

With the finite identification result, in the next we show that the globally nonlinear
fixed-point iteration (13) can be locally linearized along the identified manifold M f*.
Define the function R (u):=y R(u) — (u, x* —z* — y VG (x*)). We have the following
key property of R.

Lemma 5.1 Let x* € Argmin(®vy), and suppose that R € PSF (./\/lf,). Then the
Riemannian Hessian of R at x* reads as

Hg:=Prx Ve RO™)Pre, (33)

which is symmetric positive semi-definite under either of the two conditions:

(i) Condition (31) holds.
(ii) MXE is an affine subspace.

In turn, the matrix Wg:=(ld + HE)_l is firmly non-expansive.

Proof See [15, Lemma4.3] and [1, Corollary 4.3(ii)]. m|
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From now on, we assume that F' (hence G) is locally C 2_smooth around x*. Define
Hg:=PyV?F (x*)Py, My:=Px WiP & and Ry :=2Mp — 1d and

My =1d +2MzxPy — Mz — Py — y Mz Hg = % (Rar, Ry +1d) (1d — y He),

and .#,; = (1 — M)Id + A.#,. We have the following theorem for the linearized
fixed-point formulation of (6).

Theorem 5.2 Consider the non-stationary FDR iteration (6) and suppose that (A.1)-
(A.5) hold. If moreover, Ay — A €]0, 4’32‘//3;)' [ and F is locally C? around x*, then for
all k large enough we have

Tl — 5= My 2k — ) + Y+ xk (34)

where Yy:=o(||zx — z*||) and xr:=0 (Ag|yx — y|). Both Yy and xj vanish when R is

locally polyhedral around x*, F is quadratic and (yx, M) €10, 28y [x]0, 4’%;}’ [ are

chosen constants.

Proof From (6), since V is a subspace, then we have
xk =Py(z), x* =Py(2") = z—xx e Ny(x), 25 —x" e Ny (x7).

Projecting onto V leads to xy — x* = Py (zx — z*). Under the assumptions of The-
orem5.1, there exists K € N large enough such that for all k > K, u; € Mf*.
Denote T”’E and Txlf the tangent spaces corresponding to uy and x* € Mf,. Denote

rkR : TuI: — Tx'f the parallel translation along the unique geodesic on M f* join-
ing u; to x*. Owing to [19, Lemma5.1], we have for u; after identification that
Uy — x* = Prr (ux — x*) 4+ o(|luxg — x*||). The update of uy4 in (6) and its conver-
gence are, resf)ectively, equivalent to

2xk — 2k — uk+1 — Yk VG (xk) € kO R (k1)
2x* —7* —x* —yVG(x*) € yIR(x™).

Upon projecting onto the corresponding tangent spaces and applying the parallel trans-
lation x4 from ug4 | to x*, we get

ViTkt1V aqr R(upy1) = Prr Qxx — 2k — w1 — e VG (X))

+ <T1<+11’T;;+l - Pﬂg) 2xx — 2k — ugr1 — vk VG (x1))
yVMf*R(x*) = PTfi (2x* =" = x* —yVG(Y).

Subtracting both equations, we obtain
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VTt Ve, R(irn) — )/VM{?*R(X*)
=Prx (@xk — 2k — uks1 — VG (xp)) — 2x* — 28 —x* —yVG(x")))
+Term 1 4+ Term 2, (35)

where we have Term 1 = (rk“PTu’f(H — PTXIi)(X* — 7" —yVG (")) and Term 2 =
(Tk+1PTul§+l —PTXQ)((Zxk —zk—uk+1 — Y VG (xx)) — 2x* —z* —x* —y VG (x*))). For
the term (yx — V) Tk+1 VR R(up+1), since the Riemannian gradient VMR, R(upy1)
is bounded on a bounded sxet, we have (yx — )/)Tk+1VMR*R(Mk+1) = O(X|yk —yD.
For Term 2, owing to [15, LemmaB.1] and the boundednxess of VG, we have

Term 2 = o(||(2x; — 2k — ukr1 — VG (xg)) — Qx* — 2" —x* —y VG ™))
= o(llzx — "D + O(yx — ¥ D.

Now move Term 1 to the other side of (35) and combine the definition of R and the
Riemannian Taylor expansion [15, LemmaB.2], to obtain

YTt1V gk Ruikr1) =y Vg R(x™) — (TkHPTuR;(H —Png) =" = yVG (™))

= PriViyn ROOPrg (s —x%) + olllz = x*.

Owing to [15, Lemma4.3], that the Riemannian Hessian PTXIi ij\/l R R( X*)PTX’i is sym-
metric positive definite. For the term Prr (i VG (xy) — y VG (x*)), since we assume

that F is locally C? around x*, we can apply the Taylor expansion:

nVG) —yVG (") =y (VG (xp) — VG(™) + (v — ¥)VG(xk)
=Py (VF(x) — VF(x)) + Oy — v
=Py V2FPy(zx — 2*) + o(llzk — 2 + Oy — ¥ ).

Recall that Hg:=P;x vij R(x*)Pyx and Hg:=Py V2 FPy. Then, for (35),

Hy(ugp) —x™) = 2Pk (v — x*) =Prr (zk = 2%) = Prr (k41 — x7)

—yHg(zk — ) +o(lzx — 2°I) + Oy — v 1)

= (Id + HR)Prr (g1 — x*) = 2PT§ (X — x*) — Prr (zk — ")
—vHg(zk — ") +o(lzx — 21D + O(wk — ¥ (36)

= Prx (k1 = x*) =2MzPy (zx — ) — Mz (zk — 2%) — y My Hg (2 — 2°)

+olze = 2" + Oy — v
= upy1 —x° =2MyPy(zx — %) — Mp(zx —2°) — y My Hg (2 — 2°)

+ollze — 2D + Oy — v D),
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where we used several times the relation uy — x* = Prr (ug — x*) + o(llug — x*|)).
Summing up (36) and x; — x* = Py (zx — z*) yields

(zk + kg1 —xp) — 2% = (2 — 2°) + (g1 — x*) — (xx — x7%)
=My(zk —2%) + oz — 2* 1) + Oy — v D).

Hence, for the non-stationary FDR iteration, we have

Zhr1 — 2= (1= A @k — 2°) 4 M (@k + kg1 — x) — @ 4+ x* = x)
=1 = x)(zk — %) + hedly (zk — 2°) + oz — 2* D) + xk
@k =25 — e — A Ad — ) (zk — 2°) + ollzk — 2¥I) + xk-

10— Ad—.#y) 2k —2")] ==y Mk —2*] _
llzxg —2*| lzk—z*1 = 0, then

we get x4 — 2* = My 52k — %) + Yi + xx and conclude the proof. m|

Since limg_, 1~ < limg—s 400

Before presenting the local linear convergence result, we need to study the spectral
properties of .#,, ;, which is presented in the lemma below.

Lemma5.2 Given y €]0,2B8y[ and . €]0, 4’3‘/ y[ we have that ./, is 4/3’3‘/ -

averaged and M, is 4ﬁﬂ vh -averaged. Moreover for all k large enough

(i) A, .5 converges to some matrix ///fo and,
MY, — M = My — M) and p( My — M) < 1.

(i) Givenany p €lp( My, — M), AL, — M| = O(pb).

Proof Since Wy is firmly non-expansive by Lemma5.1, it follows from [1, Exam-
ple4.7] that M is firmly non-expansive and hence Ry :=2My —1d is non-expansive.
Similarly, as Py is firmly non-expansive, Ry:=2Py — Id is non-expansive. As a
result, %(ZRMJRV + Id) is firmly non-expansive [1, Proposition4.21(i)—(ii)]. Then,

given y € [0,28y],Id — yHg is g ﬁ’g Y _averaged non-expansive. Therefore, owing
to Lemma4.1, we have the averaged property of ., and .#, ;. We deduce from [1,
Proposition5.15] that .#,, and .#,, ; are convergent, i.e. the limit of //l k . exists as k

approaches +oo. It is denoted as .#)°. Moreover, ///y =AM (,//ly r— M. oo)k
Vk € N, and p(A, ; — ///OO) <1 by [36, Theorem2.12]. The second claim 0f the
lemma is classical using the spectral radius formula; See e.g. [36, Theorem 2.12(i)]. O

Owing to Lemma 5.2, we can further simplify the linearized iteration (34).

Corollary 5.1 Consider the non-stationary FDR iteration (6) and suppose that it is run
under the assumptions of Theorem5.2. Then the following holds:

(i) Iteration (34) is equivalent to

(Id — %) (zp1 — 2°)
= (My s — A)Ad — M) 2k — 2¥) + Ad — A7)k + xk- (37)
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(ii) Ifmoreover R is locally polyhedral around x* and F is quadratic, then zy+1 —z* =
(My 5 — A7) (2 — 2.

Proof For the first claim. Let K € N sufficiently large such that the locally linearized
iteration (34) holds, then we have for all k > K

1 — 5= My 2k — )+ Uk + xx

= My (Myp(zk=1 — 2*) + Yr—1 + X—1) + ¥k + xk
(38)

k
— * k—j
=M Kk =)+ Y M W+ ).
j=K

Since zx — z* and .#, is convergent to .#/;° by Lemma5.2, taking the limit as
k — 400, we have for all finite p > K,

k

. k—j *

kl:l_’l_loo E My W+ x) = =l (2 — 2. (39)
Jj=pr

Using (39) in (38), we get
1 — 25 = My — M)z — %) + Ad = A7) + %)) + A (Zp1 — 25).

It is also immediate to see from Lemma5.2 that ||Id — ///;O I < 1 and that
(My 5. — M)A = A7) = My 5 — A . Rearranging the terms yields the claimed
equivalence.

Under polyhedrality and constant parameters, we have from Theorem5.2 that
o(llzx — z*]1) and O (Ag|yx — v|) vanish, and the result follows. O

5.3 Local Linear Convergence

We are now in position to claim local linear convergence of the FDR iterates.

Theorem 5.3 Consider the non-stationary FDR iteration (6) and suppose it is run
under the conditions of Theorem5.2. Let be p €lp( My ;. — //lyoo), 1[ and K € N such

that, for all k > K, ”///;lf,x — //l;’OH = 0(p") (see Lemma5.2). Then the following
holds:

(1) Ifthere exists n €]0, p[ such that Li|yy — v| = O(nka), then
I — ) i — 2] = 0(p* 5. (40)

(ii) Ifmoreover R is locally polyhedral around x*, F is quadratic, and that (v, Ag) =

(v, A) €]0,28y[x]0, 4'32‘;3; Y[, then we have

lzk — z*Il < P Kllzk = 2211 (41)
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Remark 5.3 e For the first case of Theorem5.3, if ///yoo = 0 then we obtain the
convergence rate directly on ||zx — z*||. Moreover, we can further derive the con-
vergence rate of ||x; — x*| and |lux — x*||.

e The condition on A |yx —y | in Theorem 5.3(i) implies that { % }xen should converge
fast enough to y . Otherwise, the local convergence rate would be dominated by that
of Axlyx — y|. Especially, if Ax|yx — y | converges sublinearly to 0, then the local
convergence rate will eventually become sublinear. See Fig.2 in the experiments
section for a numerical illustration.

e The above result can be easily extended to the case of GFB method, for the sake
of simplicity we shall skip the details here. Nevertheless, numerical illustrations
will be provided in Sect. 6.

Proof For the first claim, let K € N be sufficiently large such that (37) holds. We then
have from Corollary 5.1(i)

(d — A g1 — ) = (Mo — AU — 4°) 2k — )

k
D My = AT (= A0+ 1)

j=K

Since p (A, 5. — ///)‘,X’ ) < 1 by Lemma5.2, from the spectral radius formula, we know
that for every p €lp( Ay ) — ///y‘x’), 1[, there is a constant C such that ||(.#, 5 —

A°)7 || < Cp/ holds for all integers j. We thus get

1Ad — A7) @1 — 2l

k k
<C o Klizg =+ Y oM+ D0 o NIAd = )y
j=K j=K
k k ‘
=C [P ek = 2457 Y A+ Y oI — 00
j=K j=K

By assumption, x; = C/nj for some constant C’ > 0 and n < p. Then we have
k 00 ©
pKTIN A < R Y /0y = S < oo
j=K j=K
Setting c' = C(lzx — z*|| + %) < +00, we obtain
10d — ) zieqr — 2N < Cp =K L 8 pk=Tad — a0y

This, together with the fact that [|(Id — .Z°)¥ [l = o(l(d — ) (z; — z)I)
yields the claimed result. The second claim follows from Corollary 5.1 that zx — z* =
(My s — MY F K (2 — 2%) and we conclude the proof. O
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5.4 Extension to Three-Operator Splitting

So far, we have presented the global and local convergence analysis of the FDR

algorithm. As we recalled in the introduction, FDR is closely related with the three-

operator splitting method (TOS) [7]. Therefore, it would be interesting to extend the

obtained result to TOS. However, extending the global convergence result to TOS is

far from straightforward. Hence, in the following, we mainly focus on the local aspect.
For the sake of notational simplicity, we rewrite problem (9) as

felﬁ{ﬁ {(W(x) = F(x) + R(x) + J(x)}, (42)

where we suppose the following assumptions:
(B.1) J, R € To(R™).
(B.2) F : R" — R is convex continuously differentiable with VF being (1/8)-
Lipschitz continuous.
(B.3) Argmin(W) # @, i.e. the set of minimizers is not empty.

Correspondingly, the TOS iteration (10) becomes

U1 = ProX, g (2xk — 2k — Yy VF (xk))
k1 = 2k + M (Uk1 — X)), (43)

X1 = Prox,, j(zk+1)-

We suppose the following assumption on the algorithm parameters:

(B.4) The (constant) step size verifies y €]0, 28[ and the sequence of relaxation
parameters {Ax}xen is such that ) ", kk(“g—gy — Ag) = +oo.

The fixed-point operator of TOS reads as

Ty = 1d — prox,, g + prox,, ; (2prox, g — Id — y VF o prox, ), (44)
and 7, ;, = (1 — Apld + 1.9, Differently from .7, (see (11)), .7, cannot be
simplified into a compact form.

Lemma 5.3 [7, Proposition2.1 and Theorem 2.1] Consider the TOS iteration (43) and
the fixed-point operator (44). Suppose that Assumptions (B.1)—(B.4) hold. Then,

(i) the operator 7, is %-avemged non-expansive.
(i) {zk}ken converges to some z* in fix(F,); moreover, both {ui}ren and {xi}reN
converge to x*:=prox,, ; (z*), which is a global minimizer of W.

Similar to (30), under Lemma 5.3, we have the optimality condition
(x*—z"/y e VF(x*) +0R(x*) and (" —x")/y € 0J(x").

Following Sects.5.1-5.3, we present the local convergence of TOS.

Finite Activity Identification We start with the finite identification result, for both uy, x
as J is no longer the indicator function of a subspace.
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Corollary 5.2 For the TOS iteration (43). Suppose it is run under Assumptions (B.1)—
(B.4), so that (uk, xk, zx) — (x*, x*, z*) where z* € fix(7),) and x*:=prox,, ;(z*) €
Argmin(\V). Moreover, suppose R € PSF (./\/l)lf*), J € PSFy» (./\/l){*), and the follow-
ing non-degeneracy condition holds

x*—=z/y —VF(x" eri (BR(x*)) and (Z*—x")/y €ri (aJ(x*)) . (45)
Then, there exists K € N such that (uy, x) € Mﬁ* X M){* foreveryk > K.

Local Linearized Iteration Define ﬁ(u)::yR(u) — (u, x* — z* — yVF(x")) and
J(x):=yJ(x) — (x, ¥ — x*). We have the following corollary from Lemma5.1.

Corollary 5.3 Suppose that J € PSFx*(/\/l){,) and R € PSFx*(/\/lf,). Then their
Riemannian Hessians at x* read

Hy:=Prp, Vi, /. J (*)Pyy and  Hi:=Prx vfwf* R )P,

which are symmetric positive semi-definite under either of the two conditions:

(1) Condition (45) holds.

(ii) /\/l){. and M f* are affine subspaces.

In turn, the matrices Wy:=(d + Hj)_1 and Wg:=(d+ H;,s)_1 are both firmly non-
expansive.

Now assume F is locally C 2_smooth around x*, and define Hr:=V?F (x*). Define
also M:]"::PTJ* WjPT{* and M§:=PT1$ WI?PT’i’ and the matrices

Ly =1d+2MsM57 — Mz — M7 —yMzHpM57 and £, ; = (1 -M)Id+1.7,.

Lemma 5.4 [7, Proposition2.1] %, is %—averaged non-expansive.

The above lemma entails that .Z,, %), ;. are convergent; hence, the spectral prop-

erties result in Lemma 5.2 applied to them. Denote .£7°:=limj, ;o .i”}f‘ e

Corollary 5.4 Consider the TOS iteration (43). Suppose it is run under Assumptions
(B.1)—(B.4), that A, — X €]0, 4‘3—;7’[, and that F is locally C? around x*. Then
we have zjy1 — 2* = 2Ly (2 — %) + o(llzk — 2*|). If moreover J, R are locally

polyhedral around x*, F is quadratic and Ay, = X €]0, 4’32;3/ [ is chosen constant, then

the term o(||zx — z*||) vanishes.

We can also specialize Corollary5.1 to this context; however, we choose to skip it
owing to its obviousness.

Local Linear Convergence Finally, we are able to present the local linear convergence
for (43).

Corollary 5.5 For the TOS iteration (43). Suppose Assumptions (B.1)—(B.4) hold, and

that Ay, — X €]0, 4@;’ [, and that F is locally C? around x*. Then
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Table 1 Examples of partly smooth functions

Function Expression Partial smooth manifold

£1-norm Ixlly = Y0 Ixl M={zeR": I S L}, I ={i: x; #0}
£1,2-norm S gl M={zeR": I, C I} Iy = {i : x5 #0}
{oo-norm max;—(1,... n} X! M= {z eR": z;, € Rsign()qx)}

TV semi-norm Ity = I Dprexlly M={z€R": Ipyp: S Ipppx}

Nuclear norm lxllye = >F_ o (x) M = {z € R">X"2 : rank(z) = rank(x) = r}
For x € R" and some subset of indices 6 C {1, ..., n}, x4 is the restriction of x to the entries indexed
in b. For {so-norm, Iy = {i x| = Hx\loo}. Dpyr stands for the finite differences operator [37],

Ipppx = {i : (Dpipx); # O} sign(xy, ) is the sign vector of xj, , and Rsign(x[, ) is the span of sign(xy, ).
o (x) denotes the singular values of x

(i) Given any p €lp(Zy,5. — .Z)f’o), 1[, there exists K € N large enough such that
Id — £°)(zx — ) = O(p*K) Vk = K.

(ii) Ifmoreover J, R are locally polyhedral around x*, F is quadratic and Ly = A €
10, 4’32;)’[ is chosen constant, then there exists K € N such that ||z — 7| <

0" Kllzx — 2| Vk = K.

6 Numerical Experiments

In this section, we illustrate our theoretical results on problems arising from statistics,
and signal/image processing applications.?

6.1 Examples of Partly Smooth Functions

Table 1 provides some examples of popular partly smooth functions. More details
about them can be found in [15, Sect. 5] and references therein.

The £y, £so-norms and the anisotropic TV semi-norm are all polyhedral functions;
hence, the corresponding Riemannian Hessians are simply 0. The £; 2-norm is not
polyhedral yet partly smooth relative to a subspace; the nuclear norm is partly smooth
relative to the manifold of fixed-rank matrices, which is no longer a subspace. The
Riemannian Hessian of these two functions is non-trivial and can be computed in the
following [38].

6.2 Numerical Experiments

Global Convergence Rate of the Bregman Distance We first demonstrate, numerically,
the global o(1/k) convergence rate of the Bregman divergence of Sect. 4. Towards this
goal, we consider the fused LASSO problem [39]

3 MATLAB source for reproducing the numerical result can be found at https://github.com/jliang993/Rate-
FDR.
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Fig.1 Results of applying (8) to solve the fused LASSO problem (46). a Convergence profile of the Bregman
distance info<; < Dg(ui). b Convergence profile of ||z — z*|

min ullxll + ol Dol + ke — £12, (46)
xeRn

where (1, no > 0 are trade-off weights. Note that all Assumptions (A.1)—(A.4) hold
(in particular the set of minimizers is a non-empty compact set by coercivity of || - ||1).
The problem can be solved using the GFB instance of FDR in(8). In the test, we
consider n = 128 and K e R36*128 is a random Gaussian matrix. The step size is
chosen as yx = ﬁ such that we can observe the o(1/k) convergence behaviour for
enough number of iterations.

The convergence profile of ming<;<x Dg(ui) is shown in Fig. la. The plot is in
log-log scale, where the red line corresponds to the sublinear O (1/k) rate and the
black line is ming<;<x Dg(u,-). One can then confirm numerically the prediction of
Theorem4.2.

However, it can be observed that beyond some iteration, e.g. 10% for the consider
example, the convergence rate changes to linear. We argue in the next section that this
is likely to be due to finite activity identification since £{-norm and total variation are
partly smooth (in fact even polyhedral) and that, for all k large enough, GFB enters
into a local linear convergence regime.

Local Linear Convergence of GFB/FDR Following the above discussion, in Fig. 1b
we present the local linear convergence of FDR in terms of |zx — z*|| as we are
in the scope of Theorem5.3(ii). We use the same parameters setting as in Fig. la.
The red line stands for the estimated rate (see Theorem 5.3), while the black line is
numerical observation. The starting point of the red line is the number of iteration
where uy identifies the manifolds. As shown in the figure, we indeed have local linear
convergence behaviour of ||z — z*||. Moreover, since F = %HICx — fl?is quadratic,
£1-norm and total variation are polyhedral, our theoretical rate estimation is tight, i.e.
the red line has the same slope as the black line.

Non-stationary FDR We now investigate the convergence behaviour of the non-
stationary version of FDR and compare it to the stationary one. We fix Ay = 1,
i.e. the iteration is unrelaxed. The stationary FDR algorithm is run with y = B. For
the non-stationary ones, four choices of y; are considered:
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Fig.2 a Comparison of ||z — z*|| between stationary (“S-FDR”) and non-stationary FDR (“NS-FDR X,
X stands for Case X). b Comparison of |z — z*| between GFB and TOS for problem (47)

10-10

Casel:y, = (1 + k,%) B, Case2: y = (1 + k%) B,

Case3:y = (1 + 0.999k) B, Cased:y = (1 + 0.5k> B.

Obviously, we have yy — y = B and ) ;. |v — v| < +oo for all cases. Prob-
lem (46) is considered. The comparison results are displayed in Fig.2a.
We can make the following observations from the comparison:

e In agreement with our analysis, the local convergence behaviour of the non-
stationary iteration is no better than the stationary one. This contrasts with the
global behaviour where non-stationarity could be beneficial (see last comment
hereafter);

e As argued in Remark 5.3(ii), the convergence rate is eventually controlled by the
error |y — v/, except for “Case 4, Indeed, 0.5 is strictly smaller than the local
linear rate of the stationary version (i.e. |yx — v | = o(llzx — z*|));

e The non-stationary FDR seems to lead to faster identification, typically for
“Case3”. This is the effect of bigger step size at the early stage.

Local Linear Convergence of GFB/TOS To conclude the numerical experiments, we
demonstrate the local convergence behaviour of GFB and TOS algorithms. Consider
the non-negative low-rank matrix completion problem

min ]l + g (¥) + F1Kx = £12, (47

xeRl‘l xXn

where we recall that || - |, is the nuclear norm (sum of singular values), and R’,*" is the
set of matrices with non-negative entries. Again, our main Assumptions (A.1)—(A.4)
are verified thanks to continuity, convexity and coercivity. Problem (47) is a special
instance of (42) if we let F' = %HIC —fI>P R = pu| - Il and J = IR (x). Hence, it
can be solved by the TOS scheme (43) and also by the GFB algorithm (8).

In the test, we consider x € R°*30 and K is the subsampling operator (we did not
consider larger problem size as computing the theoretical rate is very time and memory
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consuming). Figure 2b shows the convergence profiles of GFB/TOS. Similarly to the
observation made in Fig. 1b, both GFB (magenta line) and TOS (black line) converge
sublinearly from the beginning and eventually enter a linear convergence regime. The
red line is our theoretical linear rate estimation of TOS. Moreover, for this example,
the performances of two algorithms are very close, especially for the global sublinear
regime.

7 Perspectives and Open Problems

In this paper, we address the convergence properties of FDR algorithm from both
global and local perspectives. The obtained results allow us to better understand the
optimization problem (1) and FDR algorithm and moreover lay the foundation for our
future research regarding several open problems.

The first open problem is the acceleration of FDR/GFB/TOS, or in general accel-
eration schemes for non-descent-type methods. In recent years, owing to the success
of Nesterov’s optimal scheme [9] and FISTA [12], inertial technique has been widely
adopted to speed up other non-descent-type operator splitting methods [40]. However,
unlike the results in [9,12], the acceleration effects of inertial technique for these non-
descent-type methods are rather limited, or even slower than the original method [40,
Chapter4]. As a consequence, a proper acceleration scheme for non-descent methods,
including FDR/GFB/TOS, with guaranteed acceleration remains an open problem.

Another direction for acceleration is the incremental version of these algorithms,
particularly for GFB as the separable structure of ) ; R;(x) in (7) is ideal for
designing incremental schemes. Moreover, if F also has finite sum structure, e.g.
Fx) = Z?"zl fi(x), then similar to [41], we can consider incremental schemes for
both smooth and non-smooth components of the problem.

The third perspective would be extending the obtained results to the non-Euclidean
setting. More precisely, the proximal mapping of (3) is defined based on the Euclidean
distance between u and x. By replacing the Euclidean distance with a Bregman dis-
tance, we obtain the Bregman-type splitting algorithms which are much more general.
Generalizing the obtained results to Bregman-type splitting setting would be important
and challenging.

For the local convergence analysis of FDR algorithm, we have to restrict ourselves
to finite-dimensional Euclidean space, which is due to the fact that partial smooth-
ness is only available in finite dimension. However, recently it is reported that finite
identification also occurs for problems in infinite dimension, such as the off-the-grid
compressive sensing [42]. As a result, proper extension of partial smoothness to the
infinite dimension is required to explain these phenomena.

8 Conclusions
In this paper, we studied global and local convergence properties of the Forward—

Douglas—Rachford method. Globally, we established an o(1/k) convergence rate of
the best iterate and O(1/k) ergodic rate in terms of a Bregman divergence criterion
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designed for the method. We also specialized the result to the case of Forward—
Backward splitting method, for which we showed that the objective function of the
method converges at an o(1/k) rate. Then, locally, we proved the linear convergence
of the sequence when the involved functions are moreover partly smooth. In partic-
ular, we demonstrated that the method identifies the active manifolds in finite time
and that then it converges locally linearly at a rate that we characterized precisely. We
also extended the local linear convergence result to the case of three-operator splitting
method. Our numerical experiments supported the theoretical findings.
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Appendix: Riemannian Geometry

Let M be a C2-smooth embedded submanifold of R”" around a point x. We denote,
respectively, Ty (x) and N (x) the tangent and normal space of M at point near x
in M.

Exponential Map Geodesics generalize the concept of straight lines in R", preserving
the zero acceleration characteristic, to manifolds. Roughly speaking, a geodesic is
locally the shortest path between two points on M. We denote by g(z; x, i) the value
at r € R of the geodesic starting at g(0; x, h) = x € M with velocity g(¢; x, h) =
dgtg(t; x,h) = h € Tpg(x) (which is uniquely defined). For every h € 74 (x), there
exists an interval / around O and a unique geodesic g(¢; x, h) : I — M such that
g(0;x,h) = x and g(0; x, h) = h. The mapping Exp, : Tp(x) — M, h —
Exp, (h) = g(1; x, h) is called Exponential map.

Parallel Translation Given x, x’ € M, let T (x), Tpq(x") be their corresponding
tangent spaces. Define t : Tpq(x) — T (x') the parallel translation along the unique
geodesic joining x to x’, which is isomorphism and isometry w.r.t. the Riemannian
metric.

Riemannian Gradient and Hessian For a vector v € Ny (x), the Weingarten map
of M at x is the operator 20, (-, v) : Tapr(x) — Tpaq(x) defined by 2, (-, v) =
—P7,,(x)dV [h] where V is any local extension of v to a normal vector field on M.
The definition is independent of the choice of the extension V, and 20, (-, v) is a
symmetric linear operator which is closely tied to the second fundamental form of M,
see [43, PropositionI1.2.1].
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Let J be a real-valued function which is C? along the M around x. The covari-
ant gradient of J at x’ € M is the vector Vy(J(x') € Tpq(x') defined by
(VmJ (X, h) = %J (Ppm(x" +1h)) ‘z=0’ VYh € Tp(x"), where Py is the pro-
jection operator onto M. The covariant Hessian of J at x" is the symmetric linear
mapping ij\/lJ (x) from Tpq(x") to itself which is defined as (VJZ\AJ (x"h, h) =
%J (PM (x' + th)) |t:0, Vh € Tpaq(x’). This definition agrees with the usual def-
inition using geodesics or connections [44]. Now assume that M is a Riemannian

embedded submanifold of R”, and that a function J has a C%-smooth restriction on
M. This can be characterized by the existence of a C2-smooth extension (represen-
tative) of J, i.e. a C*-smooth function J on R such that J agrees with J on M.
Thus, the Riemannian gradient V(J (x") is given by Vo J (x') = PTM(xQV~7 (x")
and Vh € Th(x'), tlle Riemannian Hessian reads V}Vl J(x"h =Pt (x/)VZJ (x"h +
20, (h Parg (x/)VJ(x/)), where the last equality comes from [45, Theorem 1]. When
M is an affine or linear subspace of R”, then obviously M = x + 7T(x), and
W, (h, Ppry, ey VI (x) = 0, and we have V3, J (x') = Pz, () V2T (X )P, (-
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