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Abstract

Phases of matter have always attracted great interest within the scien-
tific community, as they represent emergent phenomena arising from
the collective behavior of a large number of interacting degrees of
freedom. Their macroscopic properties, often impossible to predict di-
rectly from the microscopic scale, can be effectively captured in terms
of quasiparticles, i.e. particle-like low-energy excitations that emerge
from interactions among the underlying microscopic constituents and
may exhibit properties entirely different from those of any fundamen-
tal particle, reflecting the rich structure of the many-body system. In
this Thesis, we investigate two classes of quasiparticles that arise in
distinct exotic phases of matter.

The first class appears in antiferromagnetic quantum spin chains
with discrete symmetries and frustrated boundary conditions, namely
periodic boundary conditions with an odd number of sites. In this
setting, the competition between global and local orders produces ex-
otic gapless, non-relativistic excitations above the ground state, which
can dramatically modify the physics even in the thermodynamic limit.
In particular, we focus on how this specific choice of boundary con-
ditions profoundly modifies the phase diagram of one of the most
famous integrable models, the XY chain.

The second class consists of subdimensional quasiparticles, excita-
tions whose mobility is restricted to lower-dimensional subspaces and
which characterize the low-energy sector of emerging fracton phases
of matter. Quasiparticles with restricted mobility first appeared in
exactly solvable quantum spin models, and it was later realized that
they can also emerge from higher-rank gauge theories. In this part
of the Thesis, we develop Lorentz-covariant gauge field theories for
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fractons in 2+ 1 dimensions, starting from the first principles of Quan-
tum Field Theory (fields and symmetries), with the aim of embedding
the features observed in the condensed matter literature into a more
formal field theoretical framework.
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Chapter 1.

Introduction

Matter as we encounter it in everyday life is composed of extraordinarily large numbers
of elementary constituents. The typical scale in this context is set by Avogadro’s
number. Moreover, each element of this multitude interacts with all the others, giving
rise to the diversity and complexity that characterize the macroscopic world [8]. It is
therefore not a surprise that the study of phases of matter has attracted the interest of
the scientific community.

The present work takes as its starting point the concept introduced by Philip
Anderson in [9], encapsulated in the phrase “more is different”, or, in Xiao-Gang Wen’s
evocative reformulation, “a quantitative change can lead to a qualitative change” [10]. At
the heart of [9] lies the recognition that the physical laws governing a system of only a
few particles may differ profoundly from those that dictate the behavior of a many-
body system. In other words, new physical concepts, laws and principles can emerge
from the interaction of many particles. This perspective has been repeatedly confirmed,
both theoretically and experimentally, in the study of many-body systems, which are
composed of a large number of particles or, more generally, of a vast collection of
interacting degrees of freedom. Solids and liquids—the so-called condensed states—
offers an exciting arena where this principles manifest and form the core of the rich and
fascinating field of condensed matter physics, a term itself introduced by Anderson in
1967. Condensed matter physics is extraordinarily diverse: it spans problems ranging
from materials science to particle physics, passing through statistical mechanics, and
its richness and beauty stem from this diversity.

What about the theoretical description and the mathematical methods? In prin-
ciple, one could determine all the properties of a many-body system by solving its
Schrödinger equation. However, the computing power required to solve this equation

1



2 Introduction

for a system of 1023 particles is beyond our imagination, and even a hypothetical
classical computer built from all of the atoms in the observable universe would not
possess enough memory to store a single state vector of such a system. Thus a generic
many body interacting system is an extraordinarily complex object.

Furthermore, even if one could solve the Schrödinger equation exactly, it would
often be extremely difficult—or completely impossible—to extract from the solution
the physical properties of interest [10]. Exact results are typically far too intricate
to yield transparent physical insight, and the sheer complexity of the many-body
wavefunction makes it an impractical tool for understanding the emergent behavior
of condensed matter systems. Moreover, and perhaps even more importantly, the
exact solution may be so complicated that it becomes experimentally inaccessible:
verifying its predictions could require energy resolutions or measurement capabilities
far beyond what is achievable in practice.

Hence, we must construct a low-energy effective theory for the many-body system,
that captures the relevant degrees of freedom and provides a coherent framework
connecting different experimental observations. Importantly, we cannot assume that
the theory describing the low-energy excitations bears any resemblance to the underly-
ing microscopic description. Notice that this approach shares deep rooted similarities
with the one adopted in high-energy physics. The key distinction is that, in condensed
matter physics, the underlying “microscopic world” varies from material to material,
whereas in high-energy physics we have only one “material”: the vacuum itself. The
existence of infinitely many distinct condensed matter systems thus provides an enor-
mous variety of physical playgrounds, making it possible to observe phenomena that
would be unimaginable within particle physics.

Historically, since the earliest stages of human civilization, philosophers (most
notably in ancient China and Greece) and later scientists sought to divide matter into
smaller and smaller constituents in order to discover the fundamental building blocks
of our universe, the so-called “elementary” particles. This viewpoint lies at the heart
of the “reductionist” hypothesis which, as Anderson emphasizes at the beginning
of [9], does not in any way guarantee a corresponding “constructionist” one, which
breaks down when confronted with the issues of scale and complexity. In other words,
even if we succeed in identifying the fundamental constituents of nature and the laws
governing them, such knowledge does not automatically provide an understanding of
the behavior of complex systems composed of a large number of elementary particles.
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Anderson classified the sciences in a linear hierarchy: many-body physics is not
merely applied particle physics, even though its fundamental constituents obey the
laws of particle theory. Likewise, chemistry is not simply applied many-body physics,
and molecular biology is not merely applied chemistry, and so on. At each level of this
hierarchy, new behaviors and properties emerge, requiring the formulation of new
laws and concepts. Research at every stage is therefore fundamental in its own right,
not a simple secondary extension of the level below.

Let us now consider a many-body system. At high energies (or high temperatures),
its properties are governed by the microscopic interactions among the constituent
atoms, which are in general extremely complicated. As the temperature is lowered,
however, the system undergoes qualitative changes: it may crystallize into an ordered
lattice or form a superfluid, depending on the nature of its constituents and interactions.
In these phases of matter, the only low-energy excitations are the sound waves, which
arise from the collective vibration of the atoms. In the corresponding quantum theory,
the same dispersion relation as in the classical description is recovered, but the energy
is now discretized into quanta—called phonons—which behave as particles associated
with sound waves. In other words, at low energies a new world emerges, governed by
a new kind of particles, one that is profoundly different from the original microscopic
atomic system. Crystals support two broad classes of phonons: acoustic modes, which
are gapless and possess a linear dispersion at small momenta, and optical modes,
which are gapped and do not propagate with a sound velocity. In what follows, the
term “phonons” will refer to the acoustic modes, which provide the simplest example
of collective excitations in a many-body system. Remarkably, not only the phonons
themselves are emergent, but so too are the physical laws that govern their world,
which are simpler and universal despite the underlying atomic interactions being
specific and complicated. For instance, the sound velocity depends only on the atomic
masses and the elastic constants, and phonons behave as nearly free particles even
though the atoms interact strongly.

To summarize, the low-energy physics of a many-body system is governed by emer-
gent low-energy collective excitations that behave like particles, obey simple emergent
physical laws and have universal properties. Crucially, these collective excitations are
not elementary in the sense of photons or electrons: if we probed them at sufficiently
short length scales, we would uncover an extremely complicated and non-universal
atomic system. In other words, unlike elementary particles, the collective excitations
of a many-body system are not the fundamental building blocks of the model at high
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energies and short distances. For all these reasons, these low-energy excitations arising
from the collective behavior of a large number of microscopic degrees of freedom in
a many-body system are known as quasiparticles, and they will be the protagonists
of this Thesis. The term was introduced for the first time by Lev Davidovič Landau
in [11], in the context of his Fermi liquid theory, where quasiparticles arise through
the adiabatic continuation of particle–hole excitations of the free Fermi gas, retaining
coherence and long lifetimes despite interactions [11, 12, 13].

Another cornerstone of traditional condensed matter and statistical physics that
helps us understand the origin of gapless phonons is the Ginzburg–Landau theory [14].
According to this theory, phases separated by a phase transition can be distinguished
by a change in the behavior of a local order parameter, allowing one to characterize the
macroscopic order of a system. For example, the order parameter for the ferromagnet–
paramagnet transition is the magnetization, while in the liquid–gas transition it is
the density difference between the two phases. In particular, a non-zero local order
parameter signals the emergence of a macroscopic order that explicitly violates one of
the symmetries of the underlying Hamiltonian. This framework successfully describes
almost all familiar phases of matter—such as solids, magnets, and superfluids—and
the phase transitions between them.

Qualitatively, a phase transition occurs when a small variation in temperature
causes an aggregate of elementary constituents to undergo a radical change in its
macroscopic properties. Common examples include changes of state such as the freez-
ing of water, magnetic transitions between ferromagnetic and paramagnetic phases,
and the metal–superconductor transition. Beyond the intrinsic interest of a system
changing dramatically under small temperature variations, a key feature of phase
transitions—especially those known as continuous (or second-order) transitions—is
their universality [8, 15]. In this context, universality means that, near the critical
temperature Tc, the properties of the system depend only on a few coarse features:
the range of interactions, the symmetries of the order parameter, and the dimension-
ality of the system. All continuous phase transitions can therefore be grouped into
a small number of universality classes [8, 15], within which microscopic details of the
constituents or of the specific material become irrelevant. For example, the width
of the coexistence region between liquid and gas in a density–temperature diagram
and the magnetization of a ferromagnet as a function of temperature exhibit the same
scaling behavior near Tc: both vary as (T − Tc)0.32 [8]. The theoretical foundation
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for understanding such universality in critical phenomena lies in the concept of the
Renormalization Group [16, 17], which earned Kenneth Wilson the 1982 Nobel Prize.

In Ginzburg–Landau theory, the emergence of a non-zero local order parameter
is intimately tied to spontaneous symmetry breaking [18, 19], which takes place upon
crossing a critical point, where the system reorganizes itself and undergoes a quali-
tative change in its macroscopic behavior. In simple terms, spontaneous symmetry
breaking occurs whenever a physical state possesses less symmetry than the laws of
nature that govern it [20]. More formally, it refers to the situation in which a system is
in a stable state—such as the ground state or a thermal equilibrium state—that is not
invariant under a symmetry of its underlying Hamiltonian, Lagrangian, or action [20].
Moreover, if a global, continuous symmetry is spontaneously broken in the absence of
long-ranged interactions, while leaving a discrete subgroup of translations intact, then
gapless excitations, known as Goldstone bosons, arise in the system. This result, known
as Goldstone’s theorem [21], explains why gapless phonons emerge in a solid at low
energies: they are the Goldstone modes associated with the spontaneous breaking
of continuous translational symmetries. The Hamiltonian of a crystal is invariant
under continuous spatial translations, but the crystalline ground state preserves only a
discrete subgroup of these translations. As a consequence, in three spatial dimensions
the breaking of continuous translations gives rise to three Goldstone modes, which
manifest as the (acoustic) phonons of the crystal.

Because of its success, Landau theory was initially applied without modification
to the study of quantum phases of matter [22]. Closely related to the notion of a phase
transition is that of a quantum phase transition (QPT) [22]. In this case, the focus
shifts from abrupt changes in the properties of many-particle systems as temperature
varies to abrupt changes in the ground state energy as a function of the parameters of
the Hamiltonian. Quantum phase transitions are of great interest because they can
strongly influence the properties of quantum systems even at finite temperature. As
with classical transitions, quantum phase transitions may be characterized by order
parameters or may be topological in nature. The prototypical example of a QPT was
studied in 1970 in the one-dimensional Ising model in a transverse magnetic field [23],
the most iconic model in quantum statistical mechanics. As the magnetic field is
lowered below a critical value, the system transitions from a disordered phase to an
ordered one that spontaneously breaks the model’s discrete Z2 symmetry. Relevantly,
QPTs have now been observed experimentally. Examples include transitions inferred
in bosonic systems on periodic lattices [24], driven by the amplitude of the periodic
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potential, and in the magnetic phases of high-temperature superconductors as a
function of doping [25]. In the former case, the transition occurs between a Bose–
Einstein condensate and a Mott insulator; in the latter, between an antiferromagnetic
and a paramagnetic phase. It is worth noting that quantum phase transitions also
exhibit universality in the same sense described above [22]. These developments
extended the reach of Landau’s paradigm into the quantum domain, but they did not
exhaust the range of possible phenomena in many-body systems...

A fundamentally different phenomenon emerges when a spontaneously broken
global symmetry is promoted to a (local) gauge symmetry, as first understood by
Anderson in 1963 in the context of superconductivity [26]. He showed that in the
superconducting phase the phase mode of the condensate is “eaten” by the electromag-
netic U(1) gauge field, which thereby acquires a mass. This mechanism anticipates the
Higgs mechanism of particle physics. In other words, the Anderson–Higgs mechanism
[26, 27] arises when a spontaneously broken global symmetry is gauged: coupling the
system to a dynamical gauge field enforces the symmetry locally, and the would-be
Goldstone mode becomes the longitudinal component of a now massive gauge field.
Remarkably, the mechanism that gives mass to the W and Z bosons [27] is conceptually
the same as the one that gives mass to the electromagnetic field inside a superconductor
[26].

Now it is natural to ask whether gapless gauge bosons and fermions themselves
could arise as emergent quasiparticles through spontaneous symmetry breaking. The
answer is no, and this is one of the reasons why many particle physicists regard our
vacuum—containing gapless gauge bosons and Dirac fermions—as fundamentally
different from the vacuum of an ordinary many-body system. Conventional solids and
liquids do not appear to host such excitations, reinforcing the view that the structure
of the particle physics vacuum is qualitatively distinct from that of familiar condensed
matter system. For this reason, light and electrons have traditionally been regarded
as elementary and introduced by hand in our theoretical descriptions of nature. In
other words, elementary particles were thought to exist simply because of the special
properties of our vacuum. Yet the very existence of light and fermions suggests that
our understanding of possible phases of matter was incomplete and needed to be
deepened and expanded, ultimately revealing a new, rich, and exciting world beyond
Landau’s theories.

In the late 1970s, major advances in semiconductor technology led to the fab-
rication of heterostructures in which a two-dimensional electron gas forms at the
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interface between different materials. In 1980, by measuring the Hall voltage of such a
two-dimensional electron gas, von Klitzing [28] observed a striking result: the Hall
resistance RH = h

e2
1
ν , with h the Planck constant, e the electron charge, and ν a positive

integer, displayed extremely precise plateaus (in his experiment, the relative error was
of order 10−5). This discovery, which earned von Klitzing the 1985 Nobel Prize, was in
clear disagreement with classical expectations and marked the birth of a new field in
condensed matter physics, now known as the integer quantum Hall effect (IQHE). Cru-
cially, this phenomenon lies entirely beyond Landau’s theory, since the system exhibits
distinct zero-temperature phases without spontaneous symmetry breaking or local
order parameters, and its quantized response is instead rooted in a topological invari-
ant [29]. In 1982, Tsui and Stormer [30], using samples prepared by Gossard, observed
the existence of plateaus even for non-integer values of ν. This phenomenon, known
as the fractional quantum Hall effect (FQHE), has a theoretical explanation—proposed
by the 1998 Nobel laureate Robert Laughlin—in which electron–electron interactions
play a fundamental role [31]. Astonishingly, the low-energy theory of this system
hosts emergent quasiparticles with fractional charge [31] and anyonic statistics [32, 33].
These discoveries revealed that the landscape of possible phases of matter was far
richer than previously imagined

What about methods? Traditional condensed matter theory had no tools capable of
describing these new phenomena. As a result, entirely new mathematical techniques
and physical concepts had to be developed or borrowed from other areas of theoretical
and mathematical physics. This is the case of Chern–Simons theories [34], which, before
the discovery of the quantum Hall effect (QHE), were regarded as a beautiful piece
of mathematical physics [35] and a curiosity of field theories in fewer than four
spacetime dimensions (4D) [36, 37], but without apparent relevance to the real world
[38]. Astonishingly, Chern–Simons theories were later recognized as the natural
theoretical framework for describing the FQHE [39, 40].

In 1989, Wen proposed that the states of the FQHE realize a new kind of order,
which he termed topological order [41, 42]. Topological order represented a profound
novelty in condensed matter theory, as it cannot be described by any of the usual
theoretical tools, such as symmetry breaking, long-range correlations, or local order
parameters [10]. New diagnostic tools are therefore required, including the ground
state degeneracy on manifolds with nontrivial topology [41], the quasiparticle statistics
[32], and the structure of chiral edge states [43]. Notably, the ground state degeneracy
of a topologically ordered state is robust against any local perturbation [44], making it
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not only a powerful property for characterizing such phases but also a key ingredient
for fault tolerant quantum computation [45]. Finally, we remark that the low-energy
effective description of a topologically ordered phase is given by a topological quantum
field theory [37].

In 2002, Wen generalized the concept of topological order to the broader notion of
quantum order [46], with the goal of describing new kinds of order in gapless quantum
states. Quantum order can be divided into three subclasses, the first of which is
the topological one discussed previously. The second class appears in free-fermion
systems, whose states are classified by the topology of the Fermi surface [46]. The
third class consists of the so-called string-net condensations [47], which are classified by
mathematical structures known as projective symmetry groups [46]. String-nets are col-
lective degrees of freedom of an underlying microscopic bosonic lattice model, whose
ground state forms a condensate of fluctuating extended strings. Remarkably, within
the string-net condensation framework, photons and massless fermions can emerge as
quasiparticle excitations arising from fluctuations of the underlying string-nets that
permeate space [48]. In particular, light corresponds to fluctuations of the condensed
string-nets, while fermions appear as their endpoints. This mechanism allows one
to construct complicated spin models whose low-energy effective theories reduce
to simpler gauge theories such as quantum electrodynamics or quantum chromody-
namics [48, 10]. As Wen evocatively puts it [10], “Our vacuum is more like an ‘ocean’
which is not empty. Light and fermions are collective excitations that correspond to certain
patterns of ‘water’ motion”. This perspective has even led to the proposal that string-net
condensation may provide a microscopic framework from which the Standard Model
itself emerges as an effective field theory.

In summary, quasiparticles are emergent, effective particle-like excitations aris-
ing from the collective behavior of a large number of microscopic degrees of free-
dom—features that are not apparent at the microscopic scale [9]. Crucially, quasipar-
ticles can exhibit properties that differ significantly from those of any fundamental
particle, reflecting the rich structure of the underlying many-body system. The key
idea is that when many fundamental particles interact, their collective dynamics can
give rise to macroscopic phenomena that cannot be inferred from the properties of the
individual constituents alone. Hoping this Introduction has conveyed that understand-
ing such complex physical behavior requires a continuous interplay between quantum
field theory, condensed matter physics, and statistical mechanics [38], in this Thesis
we will investigate two distinct classes of quasiparticles that emerge in different exotic
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phases of matter. In keeping with the spirit of this Introduction, a variety of theoretical
tools will be employed, ranging from integrability to gauge theory techniques. To set
the stage for the results presented in this Thesis, we now introduce the two research
areas that constitute its core and outline the main contributions of my work.

The first class of quasiparticles arises in one-dimensional integrable quantum systems
[49], with particular emphasis on quasiparticles appearing in the so-called topologically
frustrated quantum spin chains, which constitute a new and intriguing exotic phase
of matter. To understand why, let us take a step back to Ginzburg–Landau theory,
which is based on the implicit assumption that microscopic changes in a system
are negligible in determining its thermodynamic properties. Consequently, one is
instructed to take the thermodynamic limit before performing any calculation. As
a result, any change in the boundary conditions is expected to be irrelevant for the
bulk, macroscopic behavior. Recently, however, it has been shown that at the quantum
level this assumption misses part of the physics—specifically in antiferromagnetic
quantum spin chains with discrete symmetries and frustrated boundary conditions [50],
namely periodic boundary conditions with an odd number of sites. Such a choice of
boundary conditions prevents the simultaneous minimization of all local interactions
in the Hamiltonian, giving rise to a form of geometrical frustration.

For instance, it was recently demonstrated that the ground state of the antiferromag-
netic Ising-like quantum spin chains with periodic boundary conditions is gapped when
the chain contains an even number of spins and gapless otherwise [51, 52]. Moreover,
in the odd case, additional boundary quantum phase transitions appear that are absent in
the even case [53]. By boundary QPTs we mean non-analyticities of the ground-state
energy in the thermodynamic limit that are non-extensive in the number of particles
[54]. These phase transitions differ from ordinary bulk QPTs [22], which are associated
with a non-analytic behavior of the ground state energy density in the thermodynamic
limit and are therefore insensitive to the choice of boundary conditions. When frus-
trated boundary conditions are imposed, however, the quantum phases exhibit an
unexpected sensitivity to the parity of the chain length [53]. The physical argument
underlying the peculiarity of the odd case is simple. When antiferromagnetic inter-
actions, periodic boundary conditions, and an even number of spins are present (as
in Figure 1.1 (a)), the ground state resembles a Néel state [55], with spins on adjacent
sites aligned antiparallel. In the anisotropic spin chains of interest, the excited levels
are separated from the ground state by an energy gap. In the odd case, by contrast, at
least one antiferromagnetic bond is necessarily unsatisfied (see Figure 1.1 (b)). Because
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the system is translationally invariant, this unsatisfied bond can be located anywhere
along the chain, giving rise classically to a highly degenerate ground state and, quan-
tum mechanically, to a gapless energy band. In quasiparticle language, the frustrated
boundary condition effectively injects a single delocalized topological excitation into
the ground state [56]. Remarkably, this excitation influences the low-energy sector
of the entire system, even in the thermodynamic limit [51, 52]. In particular, it can
suppress local order on both sides of a quantum phase transition [57, 58] and, more
generally, modify the nature of the associated quantum critical point [59]. Although
the physical idea underlying this phenomenon is simple, demonstrating the presence
of different orders in the even and odd cases, as well as the emergence of additional
quantum phase transitions [53], is far from straightforward. Prior to the beginning
of my PhD, only a very specific scenario had been analyzed in the literature: spin
chains not subjected to external magnetic fields, where the quantum phase transition
is driven solely by anisotropies in the spin couplings. This Thesis aims to address this
gap. It will be shown that the XY quantum spin chain in an external magnetic field—the
most famous generalization of the Ising model—exhibits, in the case of an odd number
of spins, distinct boundary quantum phase transitions as functions of both the applied
field and the anisotropy parameter, transitions that are entirely absent in the even case.

(a) N even. (b) N odd.

Figure 1.1.: Ground state configurations of the classical antiferromagnetic Ising chain with
periodic boundary conditions. For even N , the ground state is doubly degenerate
and spanned by the two Neél state (a). For odd N case, the ground state is 2N-fold
degenerate and spanned by the kink states (b), characterized by the presence of
two nearest-neighbour spin which are ferromagnetically aligned.

The second class consists of the so-called subdimensional quasiparticles, excitations
whose mobility is restricted to lower-dimensional subspaces [60] and which char-
acterize the low-energy sector of the emerging fracton phases of matter [61, 62, 63].
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More precisely, quasiparticles constrained to move only within zero-, one-, or two-
dimensional subspaces are known respectively as fractons, lineons, and planons, as
illustrated in Figure 1.2. In particular, a fracton is completely immobile in isolation.

Figure 1.2.: Subdimensional quasiparticles. Figure taken from [64].

The first theoretical realization of such fractonic behavior appeared in 2004 in the
context of exactly solvable quantum spin models with discrete symmetries in three
spatial dimensions [65]. Subsequently, gapped fracton models were discovered in the
setting of quantum error-correcting codes in quantum information theory, whose pro-
totypical examples are the X-cube model [66, 67] and Haah’s code [68]. These belong,
respectively, to the “type I” and “type II” classes: the former supports all three types
of subdimensional excitations, while the latter hosts fractons only.

In 2017, Michael Pretko showed that gapless subdimensional quasiparticles can also
emerge in the low-energy sector of higher-rank U(1) quantum spin liquids [60]. Their
effective descriptions take the form of higher-rank U(1) tensor gauge theories [69],
whose Gauss-law constraints both encode generalized spin-ice rules that characterize
their low-energy sectors and determine the gauge transformations of the emergent
tensor gauge field. Crucially, high-energy states host gapless emergent quasiparti-
cle excitations that violate these lowest-energy constraints. Such emergent matter
obeys higher-moment conservation laws [60], which in turn impose severe mobility
restrictions, analogous to those previously found in gapped fracton models.

The simplest rank-2 fracton tensor gauge theory is the Scalar Charge Theory [60],
which, once matter is introduced, exhibits immobile fractons together with freely prop-
agating dipolar bound states composed of oppositely charged fractons. Moreover, this
theory is characterized by a linear dispersion relation and can therefore be described,
in its low-energy limit, by a Lorentz covariant quantum field theory. This connection
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makes fracton phases of matter a particularly intriguing point of contact between
condensed matter physics and high-energy physics.

It was not long before high-energy theorists became interested in exploring re-
stricted mobility within the framework of relativistic quantum field theories. In 2022,
the authors of [70, 71], starting from the Lorentz covariant 4D extension of the gauge
transformation—known as longitudinal diffeomorphisms [72]—that characterizes the
Scalar Charge Theory, derived and subsequently analyzed the most general 4D, power-
counting–compatible, gauge invariant action using standard gauge theory techniques.
Remarkably, this action turned out to be a combination of Linearized Gravity [73] and
an additional term representing the genuine novelty of the theory. The latter provides
a covariant embedding of the Scalar Charge Theory and thus defines a higher-rank
covariant Maxwell theory for fractons [74].

Subsequently, numerous motivations emerged in the literature for studying fractons
in 2+ 1 spacetime dimensions (3D). To me, the most stimulating is the following: given
the power of 3D topological quantum field theories [75] in describing topological
orders in two spatial dimensions, one may ask whether there exists a higher-rank class
of Chern–Simons or BF theories capable of capturing fractonic behavior [76]. From a
more physical perspective, one may also wonder whether dipolar analogues of the
QHE or of topological insulators can exist. Several theories describing the dipolar
QHE and topological dipole insulators have indeed been proposed [77, 76, 78, 79, 80],
but all within a non-covariant framework.

This Thesis aims to fill this gap by developing 3D covariant gauge field theories for
fractons, with the dual goal of embedding the features observed in condensed matter
models into a more formal field-theoretical framework and of shedding light on new
fractonic behaviors that have not been proposed before.

The Thesis is organized as follows. In Chapter 2, we review two of the most
famous quantum spin models—the Heisenberg model and the XY chain—which can be
mapped onto systems of free bosons and free fermions, respectively. These mappings
allow for a clear characterization of their low-energy quasiparticle excitations. In
Chapter 3, based on [1, 2], we introduce topological frustration and investigate how
it modifies the zero-temperature phase diagram of the XY quantum spin chain in a
transverse magnetic field, with particular attention to the QPTSs. In Chapter 4, we
review some of the main developments in the young literature on fracton phases
of matter, focusing in particular on the X-cube model, higher-rank gauge theories
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together with their 4D covariant generalization, and several motivations for studying
fractons in 3D. Chapter 5, which is based on [3, 4, 5], presents our results on 3D
covariant gauge field theories for fractons. Finally, Chapter 6 concludes the Thesis
with a summary and a discussion of possible future directions.
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Chapter 2.

Quasiparticles in Quantum Spin
Models

Understanding the nature of collective quasiparticle excitations is a crucial theme in
the study of quantum phases of matter. In quantum spin models, emergent quasiparti-
cles—such as magnons, effective fermions, or topological modes—provide an efficient
and often remarkably accurate description of low-energy physics, revealing properties
that are not immediately apparent from the microscopic Hamiltonian. In this Chap-
ter, I examine a set of paradigmatic spin models that illustrate how dimensionality,
integrability, and interaction structure affect the excitation spectrum and the resulting
physical behavior.
Section 2.1 is devoted to the Heisenberg model [81] in generic spatial dimension d. This
model provides the prototypical description of a quantum magnet with isotropic ex-
change interactions. Importantly, it does not admit an exact solution in d ≥ 2, while in
d = 1 it can be solved using the Bethe Ansatz [82], one of the most celebrated techniques
in the theory of one-dimensional integrable quantum systems [49]. However, indepen-
dently of its spatial dimension, in the semiclassical large-spin limit the model can be
mapped onto a system of free bosons through the Holstein-Primakoff transformation
[83]. This mapping allows for a clear characterization of the low-energy quasiparticles
excitations and highlights a fundamental distinction between ferromagnets and anti-
ferromagnets: while the former exhibit a quadratic dispersion relation at low momenta
[84], the latter display a linear one [85], signaling the emergence of a Lorentz-invariant
effective quantum field theory [86, 87]. Only at the end of the Section do I turn to the
special case d = 1, where quantum fluctuations become so strong that they can destroy
magnetic order, giving rise to non-trivial and sometimes counterintuitive emergent

15



16 Quasiparticles in Quantum Spin Models

behaviors. This observation motivates the focus, in the remainder of the Chapter, on
integrable one-dimensional quantum spin systems [49], where exact methods allow
for a controlled analysis even in strongly correlated regimes.
Section 2.2, which constitutes the core of this Chapter, deals with the XY chain in
a transverse magnetic field [88, 89, 90, 91], arguably the simplest non-trivial one-
dimensional integrable model. Thanks to the Jordan-Wigner transformation [92], the
model can be mapped onto a system of free spinless fermions [88], enabling an exact
diagonalization. Since this procedure will play a central role also in the next Chapter,
I present it here in detail. I then focus, finally, in Section 2.3 on the ferromagnetic
regime and on the corresponding zero-temperature phase diagram, where the model
exhibits two second-order quantum phase transitions separating ordered and disor-
dered phases [93, 94]. The behavior of the excitations across these phases provides
a clear example of how integrability and reduced dimensionality lead to a rich and
universal quasiparticle structure.

2.1 Heisenberg model

The Heisenberg model is defined by the Hamiltonian

H = −J ∑
⟨i, j⟩

Si · Sj , (2.1)

where Sα
i (α = x, y, z) are the spin operator on the i-th site , defined by the commutation

rules (h̄ = 1)

[Sα
j , Sβ

k ] = iϵαβγSγ
j δjk , (2.2)

⟨i, j⟩ denotes the sum over nearest-neighbor spins and J is an energy scale, positive in
the ferromagnetic case and negative in the antiferromagnetic one. Moreover, in the
following, periodic boundary conditions will be assumed for convenience.
The Hamiltonian (2.1) is not exactly solvable in spatial dimensions d > 1 whereas in
one dimension it was exactly solved by Hans Bethe [82] in 1931 using an integrable
technique that would later become known as Bethe Ansatz [49]. Thus, we will study
the model (2.1) in the large-spin limit [85] which corresponds to the semi-classical
regime since, in order to obtain a finite magnetization (a classical observable) in the
classical limit h̄→ 0, it is necessary that each spin s→ ∞. We will therefore consider
the semi-classical limit and focus our attention on the low-energy quasiparticle excita-
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tions. Before doing so, it is useful to examine the symmetries of the Hamiltonian (2.1).
Since it possesses SU(2) rotational invariance, the generator

Sα ≡∑
i

Sα
i α = x, y, z (2.3)

of such rotations is a symmetry, i.e.

[H, Sα] = 0 , (2.4)

implying also

[H, S2] = 0 . (2.5)

In the following, we will use only the U(1) rotational symmetry about the z-axis, i.e.

[H, Sz] = 0 , (2.6)

and we will denote with |S, M⟩ the state such that

S2 |S, M⟩ ≡ S(S + 1) |S, M⟩ Sz |S, M⟩ ≡ M |S, M⟩ . (2.7)

2.1.1 Ferromagnetic case

Let us begin by studying the ferromagnetic case, i.e. J > 0, and start by determining
the ground state. To this end, it is useful to rewrite the Hamiltonian (2.1) as

H = ∑
⟨i, j⟩

Hij , (2.8)

with

Hij ≡ −JSi · Sj = −
J
2
(Si + Sj)

2 + Js(s + 1) , (2.9)

where we use the fact that, by construction,

S2
i = s(s + 1) . (2.10)
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From (2.9) we observe that Hij is minimized when (Si + Sj)
2 is maximum, i.e. equal to

2s(2s + 1), implying Hij = −Js2. Hence, given a state |ψ⟩,

⟨ψ|H|ψ⟩ ≥ −Js2Nb , (2.11)

with Nb the number of nearest-neighbor bonds in the lattice. Now it is useful to rewrite
the Hamiltonian as

H = −J ∑
⟨i, j⟩

[
1
2
(S+

i S−j + S−i S+
j ) + Sz

i Sz
j

]
, (2.12)

where S±i are the spin-flip operators, defined as

S±i ≡ Sx
i ± iSy

i , (2.13)

and satify the SU(2) algebra

[Sz
i , S±j ] = ±S±j δij [S+

i , S−j ] = 2Sz
i δij . (2.14)

If we now choose |ψ⟩ as the state such that Sz
i |ψ⟩ = s |ψ⟩ for all i = i, ..., N, then we

observe from (2.12) that it is an eigenstate of H, whose energy is exactly −Js2Nb. In
other words, on this ferromagnetic state we have all the Hij simultaneously minimized
and, since every nearest-neighbor pair is therefore in the maximal two-spin sector,
the entire connected lattice must have all spins aligned, implying that the total spin
of the state is the maximal one Sz = Ns. Since the Heisenberg Hamiltonian (2.1) is
SU(2) invariant, the ground space is given by the whole S = Ns multiplet, given by
the states |Ns, M⟩ with M = −Ns, ..., Ns, which is thus 2Ns + 1 degenerate.

Let us consider the ferromagnetic state |Ns, Ns⟩, where the notation introduced
in (2.7) has been used. Intuitively, we expect to obtain a low-energy excitation by
lowering the spin on a single site by one unit, which is the smallest possible change
and is an integer. Consequently, we expect that the resulting excitations should exhibit
a bosonic character. This intuition would suggest that when M = Ns there are no
bosonic quasiparticle excitations, whereas one appears when M = Ns− 1, and so on.
Hence we are led to write

Sz
i = s− a†

i ai S−i =
√

2s a†
i , (2.15)
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where ai is a bosonic operator on the i-th site, satisfying

[ai, a†
j ] = δij [ai, aj] = 0 , (2.16)

and the prefactor
√

2s follows from the observation that, at low energies in the semi-
classical limit one has

[S+
i , S−i ] ≈ 2s . (2.17)

However, the transformation (2.15) cannot be exact since the spin and bosonic Hilbert
spaces have different dimensions. The correct canonical transformation is

Sz
i = s− a†

i ai S−i =
√

2s a†
i

(
1−

a†
i ai

2s

)1/2

, (2.18)

also known as Holstein-Primakoff transformation [83], where the correction (2s− a†
i ai)

1/2

restricts the dimension of the bosonic Hilbert space. Notice that, in constructing the
transformation (2.18), we began by analyzing the nature of the low-energy excitations
above the ferromagnetic state |Ns, Ns⟩. The resulting transformation is exact, i.e. it is
canonical without requiring the semiclassical limit. However, it will be very useful
to describe the low-energy excitations with respect to |Ns, Ns⟩ since, in this case, the
number of Holstein-Primakoff bosons remains small. By expanding the square root in
the definition of S−i (2.18) at the lowest order in a†

i ai/(2s)≪ 1, one recovers

S−i ≈
√

2s a†
i , (2.19)

which allows us to rewrite the Hamiltonian (2.1) in terms of the bosons as

H ≈ −JNbs2 − Js ∑
⟨i,j⟩

(
−a†

i ai − a†
j aj + a†

i aj + a†
j ai

)
. (2.20)

Since the Heisenberg model (2.1) is translationally invariant, it is convenient to diago-
nalize the quadratic Hamiltonian (2.20) by going to Fourier space. We define

aj ≡
1√
Nc

∑
q∈BZ

eiq·rj aq , (2.21)

where Nc is the number of primitive unit cells, q runs over the first Brillouin zone
(BZ), and rj denotes the position of the j-th lattice site. From now on we will focus on
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hypercubic lattices of spatial dimension d, so that Nc = N and

q ∈ Γ ≡
{

2π

L
(k1, . . . , kd) : ki = 0, . . . , L− 1

}
, (2.22)

where L is the linear size of the lattice in each direction. In momentum space, the
Hamiltonian (2.20) reads

H = − JzN
2

s2 + ∑
q∈Γ

ϵ(q)a†
qaq , (2.23)

where z is the coordination number of the hypercubic lattice, and ϵ(q) is the dispersion
relation

ϵ(q) = Jsz
(
1− γq

)
(2.24)

with

γq ≡
1
z ∑

δ

eiq·δ =
1
z ∑

δ

cos(q · δ) , (2.25)

where δ are the translation vectors to the neighboring lattice sites. We notice that, for
small q, one has γq ≃ 1− |q|2/z and, as a consequence,

ϵ(q) ≃ Js|q|2 , (2.26)

which corresponds to a gapless, non-relativistic (Galilean) dispersion relation. These
low-energy bosonic quasiparticle excitations are known as magnons [84].

But is our theory still consistent at nonzero temperature? In other words, are the
Holstein–Primakoff bosons still few when T ̸= 0? To answer this, we must compute
the total number of bosons in the thermodynamic limit:

∑
j
⟨a†

j aj⟩ = ∑
q∈Γ
⟨a†

qaq⟩ =
N

(2π)d

∫ π

−π
. . .
∫ π

−π
ddq ⟨a†

qaq⟩ =
N
πd

∫ π

0
. . .
∫ π

0
ddq

1
eβϵ(q) − 1

,

(2.27)
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where β is the inverse temperature, ϵ(q) is the magnon dispersion relation (2.26), and
in the first step we used the identity

∑
j

e−i(q−q′)·rj = Nδq,q′ . (2.28)

Importantly, the integral (2.27) diverges only for d = 1, 2, i.e. the density of magnons
becomes infinite at finite T when d ≤ 2. Since the magnetization is

m ≡ 1
N ∑

j
⟨Sz

j ⟩ = s− 1
N ∑

j
⟨a†

j aj⟩ , (2.29)

thermal fluctuations destroy ferromagnetism in d = 1, 2. This constitute the first
historical application of the Mermin–Wagner theorem [95], according to which a global
continuous symmetry cannot be spontaneously broken at finite temperature in a
system with short-range interactions in d ≤ 2. In our case, the magnons are precisely
the Goldstone bosons associated with the spontaneous breaking of the global SU(2)
continuous symmetry to its U(1) subgroup, and their quadratic dispersion (2.26) leads
to the infrared divergence responsible for the destruction of long-range order in d ≤ 2.

2.1.2 Antiferromagnetic case

Let us now study the Hamiltonian (2.1) for J < 0, i.e. when the coupling between
nearest-neighbor spins is antiferromagnetic. From the outset, we will consider a
hypercubic lattice with lattice spacing equal to 1. This lattice can be viewed as the
union of two hypercubic sublattices with lattice spacing 2. Following the same strategy
we adopted in the ferromagnetic case, we now want to make an assumption about
the ground state. From the expression (2.12) of the Hamiltonian, it becomes clear
that the Néel state [55], namely the configuration in which nearest-neighbor spins are
antiferromagnetically aligned along the z axis (chosen as our quantization axis), is
not an eigenstate. This contrasts with the ferromagnetic case, where the fully aligned
ferromagnetic state belonged to the ground state manifold. We would therefore
like to know whether, and under which circumstances, the Néel state provides a
qualitatively correct approximation to the ground state. To address this question, it
is convenient to study small perturbations of the large-s limit. Indeed, when s→ ∞
the Néel state becomes exactly the ground state, since the spins become substantially
classical objects. In other words, spins are up on sublattice A and down on sublattice B.
Following [85], on the spins belonging to sublattice A we perform the ferromagnetic
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Holstein–Primakoff transformation (2.18), written in terms of bosons ai, while for
those on sublattice B we use1

Sz
j = −s + b†

j bj S+
j =
√

2s b†
j

(
1−

b†
j bj

2s

)1/2

, (2.30)

where bj are another set of bosonic operators, satisfying

[bi, b†
j ] = δij [bi, bj] = [bi, aj] = [bi, a†

j ] = 0 . (2.31)

In terms of the two types of bosons just introduced, the Hamiltonian (2.12), in the
regime where ⟨a†

i ai⟩ ≪ s and ⟨b†
j bj⟩ ≪ s, can be written in the following quadratic

form2:

H ≈ JNz
2

s2 − Js ∑
⟨i,j⟩

(
a†

i ai + b†
j bj − aibj − b†

j a†
i

)
, (2.32)

where the sum runs over nearest-neighbor pairs with i and j belonging to sublattices
A and B, respectively. Now we write the bosonic operators in Fourier series on each
sublattice

ai ≡
1√

N
2

∑
q

eiq·ri aq bi ≡
1√

N
2

∑
q

eiq·ri bq , (2.33)

where

q ∈ Γ′ ≡
{

2π

L
(k1, . . . , kd) : ki = −

L
4

, . . . ,
L
4
− 1
}

, (2.34)

with L the linear size of the hypercubic lattice in each direction3. In momentum space,
the Hamiltonian reads

H =
JNz

2
s2 − zJs ∑

q

[
γq

(
a†

qb†
−q + b−qaq

)
+ a†

qaq + b†
−qb−q

]
, (2.35)

1Notice that this corresponds, first, to performing on the spins of sublattice B the canonical trans-
formation Sx

i → −Sx
i , Sy

i → Sy
i , and Sz

i → −Sz
i , which implies S±i → −S∓i , and then applying the

Holstein–Primakoff transformation (2.18).
2Working in this semi-classical regime allows us to neglect the a†

i aib†
j bj term in the sum over ⟨i, j⟩.

3For definiteness, we take L to be a multiple of 4, which is standard in this context since L is assumed
large in spin wave theory.
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where γq is given by (2.25). In order to diagonalize the Hamiltonian we perform a
Bogoliubov transformationαq

β†
q

 ≡
 uq −vq

−vq uq

 aq

b†
−q

 , (2.36)

where uq and vq are real. In order to preserve the bosonic commutation relations, they
must satisfy the condition

u2
q − v2

q = 1 . (2.37)

Now, plugging the inverse of (2.36) into (2.35), one finds that the Hamiltonian is
diagonal only if

γq(u2
q + v2

q) + 2uqvq = 0 , (2.38)

which, remembering (2.37), is solved by

uq =

√√√√√1
2

 1√
1− γ2

q

+ 1

 . (2.39)

Substituting this expression into the Hamiltonian, we finally arrive at

H =
JNz

2
s2 + zJs ∑

q

(
1−

√
1− γ2

q

)
+ ∑

q
ϵ(q)

(
α†

qαq + β†
qβq

)
, (2.40)

where the dispersion relation reads

ϵ(q) = −Jzs
√

1− γ2
q . (2.41)

The excitations created by α†
q and β†

q correspond to infinitesimal deviations from the
Néel state. For small q, (2.41) vanishes at q = 0 as

ϵ(q) ≃ v|q| , (2.42)

which is a linear dispersion relation with effective velocity equal to

v = −Js
√

z . (2.43)
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As a consequence, the low-energy effective physics can be captured by a relativistic
quantum field theory. In particular, in spatial dimensions d ≥ 2 the appropriate
continuum description is the O(d) non-linear sigma model [38]. In the long-wavelength
limit, spin-wave excitations correspond to states that are locally indistinguishable
from a Néel-ordered configuration, while the staggered magnetization field undergoes
smooth spatial rotations over distances much larger than the lattice spacing. These
slowly varying rotations define the continuum field of the non-linear sigma model
[96], whose dynamics well captures the low-energy, long-wavelength behavior of
the Heisenberg antiferromagnet. In d = 1, the situation is more subtle due to strong
quantum fluctuations. The low-energy relativistic quantum field theory is still a non-
linear sigma model, but supplemented by a topological θ-term whose coefficient is
proportional to the so called Pontryagin index of the field configuration [38, 86, 87]. This
topological term underlies the Haldane conjecture [86], predicting a gapped spectrum
for integer-spin chains and gapless behavior for half-integer spins.

2.1.3 Why d = 1 is special?

To conclude, following [96], we compute the z-magnetization in the ground state of
the antiferromagnetic Heisenberg when ⟨a†

i ai⟩, ⟨b†
j bj⟩ ≪ s, which, from Eq. (2.40), is

the vacuum of the bosons α and β. On the sublattice A we have

mA ≡ s− 2
N ∑

i
⟨a†

i ai⟩ = s− 2
N ∑

q
⟨a†

qaq⟩ = s− 2
N ∑

q
v2

q ≃ s−
∫

BZ

ddq
(2π)d v2(q) ,

(2.44)

where Eq. (2.36) has been used. Thus we find

∆s ≡ mA − s =
1
2

∫ π
2

−π
2

· · ·
∫ π

2

−π
2

ddq
(2π)d

(
1√

1− γ2(q)
− 1

)
, (2.45)

which gives [96]

∆s ≈ −0.1 +O
(

1
s

)
for d = 3 , (2.46)

∆s ≈ −0.2 +O
(

1
s

)
for d = 2 , (2.47)
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while for d = 1 one finds [96]

∆s ≈ −
∫ π

2

0

dq
2π

1
q

, (2.48)

which is divergent. This means that, however large s is, the Néel state is destroyed
by quantum fluctuations. From the quantum field theory point of view, this follows
from Coleman’s theorem [97], which states that, due to infrared divergences associated
with Goldstone bosons, the spontaneous breaking of a continuous symmetry is not
possible in a two dimensional spacetime (2D). In summary, the study of quantum
models in d = 1 is particularly special because quantum fluctuations are so strong that
they overwhelm semiclassical intuition, giving rise to phenomena with no analogue in
higher dimensions.

2.2 XY chain

The purpose of this Section is to introduce the XY chain in a transverse magnetic field,
exactly diagonalize its Hamiltonian, and discuss its phase diagram in the ferromag-
netic case. The reason why this particular system is chosen is that it represents the
simplest non-trivial integrable model. The key point is that the excitations are non-
local spinless fermions, whose non-locality gives rise to a non-trivial zero temperature
phase diagram, characterized by the presence of two quantum phase transitions [22].
The model is defined by the following Hamiltonian [49]

H = J
N

∑
j=1

[(1 + γ)Sx
j Sx

j+1 + (1− γ)Sy
j Sy

j+1 + hSz
j ] , (2.49)

where N is the number of sites, Sα
j with α = x, y, z are the spin operators on the j-th

site, defined by the commutation rules (2.2) and satisfying periodic boundary conditions
(PBC)

Sα
N+1 = Sα

1 . (2.50)

Moreover, J is a real parameter representing the natural energy scale and which is
negative in the ferromagnetic case and positive in the antiferromagnetic one. Finally,
γ is a parameter quantifying the anisotropy of nearest neighbour spins interactions,
h is an external magnetic field along z direction. In order to analyze the model it is
useful to choose a base for the Hilbert space on the j-th siteHj. In the following, we
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will take {
∣∣↑j
〉

,
∣∣↓j
〉
} as an orthonormal basis forHj, which is defined by

Sz
j
∣∣↑j
〉
≡ 1

2

∣∣↑j
〉

Sz
j
∣∣↓j
〉
≡ −1

2

∣∣↓j
〉 〈

↑i
∣∣↑j
〉
=
〈
↓i
∣∣↓j
〉
≡ δij

〈
↓i
∣∣↑j
〉
≡ 0 ,

(2.51)

in such a way to represent

Sα
j →

σα
j

2
α = x, y, z, (2.52)

where {σα
j } are the Pauli matrices defined on the j-th site satisfying (h̄ = 1)

[σα
j , σ

β
k ] = 2iϵαβγσ

γ
j δjk . (2.53)

As a consequence, the Hamiltonian (2.49) can be rewritten as

H =
J
2

N

∑
j=1

[(
1 + γ

2

)
σx

j σx
j+1 +

(
1− γ

2

)
σ

y
j σ

y
j+1 + hσz

j

]
. (2.54)

Relevantly, when γ = h = 0 the model (2.54) reduces to the XX chain while when
γ = 1 we recover the Ising chain in a transverse magnetic field [23]

H|γ=1 =
J
2

(
N

∑
j=1

σx
j σx

j+1 + hσz
j

)
, (2.55)

which is probably the most famous integrable model. To reduce the parameter space
(h, γ), we observe that

• sending γ → −γ is equivalent to perform a rotation of an angle π/2 on the xy
spin plane;

• sending h→ −h is equivalent to perform a reflection with respect to the xy spin
plane, i.e. σz

j → −σz
j .

Thanks to these two symmetries, in the following, it will be sufficient to study the
model (2.54) in the region h, γ ≥ 0 of the parameter space without loss of generality.
The main reference we will use in this Section is [49].
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2.2.1 Jordan-Wigner transformation

To solve the model, we would like to map it onto an equivalent system of bosonic
or fermionic quasiparticles. If we aim for an exact solution, the mapping to bosons
does not seem promising since the bosonic Hilbert space is infinite on each lattice site,
whereasHj is two-dimensional. Hence, let us try to map the model (2.54) onto one of
spinless fermions ψj, defined by the anticommutation rules

{ψi, ψ†
j } = δij {ψi, ψj} = 0. (2.56)

Let {
∣∣0j
〉

,
∣∣1j
〉
} be the orthonormal basis ofHj defined by

ψj
∣∣0j
〉
≡ 0 ψ†

j
∣∣0j
〉
≡
∣∣1j
〉

ψj
∣∣1j
〉
≡
∣∣0j
〉

ψ†
j
∣∣1j
〉
≡ 0, (2.57)

for which we choose the following representation

∣∣0j
〉
→

1

0


j

∣∣1j
〉
→

0

1


j

. (2.58)

Thus it follows that

ψj →

0 1

0 0


j

= σ+
j ψ†

j →

0 0

1 0


j

= σ−j , (2.59)

where

σ±j ≡
σx

j ± iσy
j

2
. (2.60)

The argument just given would lead us to define the mapping as

σ+
j ≡ ψj j = 1, ..., N, (2.61)

that is, more explicitely,

σ+
j ≡ ψj σ−j = ψj σz

j = 1− 2ψ†
j ψj , (2.62)
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where we used

[σ+
j , σ−j ] = σz

j . (2.63)

Unfortunately, the mapping (2.62) is not correct since it would imply

0 ̸= [ψi, ψ†
j ̸=i] = [σ+

i , σ−j ̸=i] = 0.

In order to satisfy the spin commutation rules (2.53), we therefore need to refine the
transformation (2.62) with a non-local term. The correct mapping is given by the so
called Jordan-Wigner transformation [92]

σ+
j ≡ exp

{
iπ

j−1

∑
l=1

ψ†
l ψl

}
ψj j = 1, ..., N . (2.64)

Using (2.64) and (2.63), one has

σz
j =

[
eiπ ∑

j−1
l=1 ψ†

l ψl ψj, ψ†
j e−iπ ∑

j−1
l=1 ψ†

l ψl
]
= [ψj, ψ†

j ] = 1− 2ψ†
j ψj , (2.65)

hence

e−iπψ†
j ψj = e−iπ

1−σz
j

2 = e−i π
2 ei π

2 σz
j = e−i π

2

[
cos
(π

2

)
+ iσz

j sin
(π

2

)]
= σz

j , (2.66)

where we also used

exp{iθσz} = I cos θ + iσz sin θ θ ∈ R . (2.67)

To resume, the Jordan-Wigner transformation (2.64) can be rewritten, more explicitly,
as

σ+
j =

j−1

∏
l=1

(1− 2ψ†
l ψl)ψj σ−j = ψ†

j

j−1

∏
l=1

(1− 2ψ†
l ψl) σz

j = 1− 2ψ†
j ψj , (2.68)

which maps, up to a non-local string (which is necessary in order to satisfy the
fermionic anticommutation relations (2.56)), the spin ladder operators onto the fermionic
creation and destruction operators while the Pauli matrix not present in the ladder
operators is written in terms of the fermion number.
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From the Jordan-Wigner transformation (2.68) one has

ψj = σ+
j

j−1

∏
l=1

σz
l , (2.69)

implying that the vacuum state |0⟩ of the Jordan–Wigner fermions, defined as

ψj |0⟩ ≡ 0 j = 1, ..., N , (2.70)

is given by

|0⟩ = |↑1↑2 ... ↑N⟩ . (2.71)

2.2.2 Diagonalization

To proceed, we express the Hamiltonian (2.54) in terms of the spin ladders operators

H =
J
2

N

∑
j=1

[σ+
j σ−j+1 + σ−j σ+

j+1 + γσ+
j σ+

j+1 + γσ−j σ−j+1 + hσz
j ] . (2.72)

Here, using (2.68) and (2.56), we observe that (see Appendix A.1 for the detailed
calculations)

σ+
j σ−j+1 = ψ†

j+1ψj (2.73)

σ+
j σ+

j+1 = ψj+1ψj (2.74)

σ+
N σ−1 = −Πzψ†

1ψN (2.75)

σ+
N σ+

1 = −Πzψ1ψN , (2.76)

where we defined the z-parity operator

Πz ≡
N

∏
j=1

σz
j , (2.77)

which will play a crucial role throughout the Thesis. As it is evident from the Jordan-
Wigner transformation (2.68), the operator (2.77) represents the parity of the Jordan-
Wigner fermion number in the system, being +1 and −1 on states with, respectively,
an even and odd number of fermions.
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Thus Hamiltonian (2.72) can be written in terms of the Jordan-Wigner fermions as

H =
J
2

N−1

∑
j=1

(ψ†
j+1ψj + ψ†

j ψj+1 + γψj+1ψj + γψ†
j ψ†

j+1) +
JhN

2
− Jh

N

∑
j=1

ψ†
j ψj+

− J
2

Πz(ψ†
1ψN + ψ†

Nψ1 + γψ1ψN + γψ†
Nψ†

1) , (2.78)

which appears favorable for obtaining the exact solution as it is essentially bilinear in
the fermionic operators but with the crucial exception of the boundary term on the
second line, which is, however, extremely complicated being Πz highly nonlinear in
the fermions. As is evident from (2.75) and (2.76), the boundary term originates from
the choice of PBC (3.16) and would be absent with open boundary conditions. From
one hand, the ferromagnetic phase diagram does not depend on the boundary term
which, in accordance both with Landau theory [98] and with our intuition, can be
neglected in determining the macroscopic properties of the system in the thermody-
namic limit, which is therefore implicitly taken at the beginning. This approximation,
corresponding to the so called c-cycle problem [88], reduces the Hamiltonian (2.78) to a
quadratic form in the Jordan-Wigner fermions and thus simplifies the model to a free
fermionic one. Otherwise, if we preserve the boundary term, we have to deal with the
so called a-cycle problem, where the thermodynamic limit will be taken only at the end
of the diagonalization. For more than fifty years from [88], the effects of the boundary
term on the phase diagram of the antiferromagnetic model have not been investigated
deeply and only recently it has surprisingly been demonstrated that the c-cycle and
a-cycle antiferromagnetic problems with odd N do not lead to the same physics [52],
thus marking the onset of the scientific community’s interest in the study of the so
called topologically frustrated spin chains, which will be th subject of the next Section. In
the following, we will review the a-cycle problem for the XY chain [49] since it serves
both to determine exactly the degeneracy of the model in the ordered phase and also
as a starting point for the frustrated case, which will be analyzed in detail in the next
Chapter.
We observe that the Hamiltonian (2.54) commutes with ∑j σz

j if and only if γ = 0,
meaning that the total number of Jordan-Wigner fermions is not conserved. However,
we notice that

[H, Πz] = 0 , (2.79)
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i.e. what is conserved is the parity of the number of Jordan-Wigner fermions in the
system. Thus, one can decompose the Hamiltonian as

H =
1 + Πz

2
H+ 1 + Πz

2
+

1−Πz

2
H−

1−Πz

2
, (2.80)

where (1±Πz)/2 are the projectors to the states with an even/odd number of Jordan-
Wigner fermions and H± are quadratic, being H (2.78) with Πz = ±1, respectively,
i.e.

H± =
J
2

N−1

∑
j=1

(ψ†
j+1ψj + ψ†

j ψj+1 + γψj+1ψj + γψ†
j ψ†

j+1) +
JhN

2
− Jh

N

∑
j=1

ψ†
j ψj+

∓ J
2
(ψ†

1ψN + ψ†
Nψ1 + γψ1ψN + γψ†

Nψ†
1) , (2.81)

and hence writable in a free-fermionic form. Moreover, we observe that we can write
the two Hamiltonians in the following compact form

H± ≡ J
2

N

∑
j=1

(ψ
(±)†
j+1 ψ

(±)
j + ψ

(±)†
j ψ

(±)
j+1 + γψ

(±)
j+1ψ

(±)
j + γψ

(±)†
j ψ

(±)†
j+1 − 2hψ

(±)†
j ψ

(±)
j ) +

JhN
2

,

(2.82)

where we defined

ψ
(±)
j ≡ ψj ψ

(±)
j+N ≡ ∓ψ

(±)
j j = 1, ..., N , (2.83)

which corresponds to imposing antiperiodic boundary conditions and PBC on the
fermions in the parity sectors Πz = +1 and Πz = −1, respectively.
We are now in the position of diagonalizing the Hamiltonian and, to do that, it is
useful to switch to Fourier space. The fermions ψ

(−)
j satisfy PBC, therefore their Fourier

transform can be defined without difficulty. We adopt the following convention

ψ
(−)
j ≡ 1√

N
ei π

4

N−1

∑
k=0

ei 2π
N kjψ̃

(−)
k . (2.84)
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On the other hand, regarding ψ
(+)
j , one must keep in mind, from (2.83), that they satisfy

antiperiodic boundary conditions. Consequently, we define their Fourier transform as

ψ
(+)
j ≡ 1√

N
ei π

4

N−1

∑
k=0

ei 2π
N (k+ 1

2)jψ̃
(+)
k . (2.85)

Equations (2.84) and (2.85) can be compactly written as

ψ
(±)
j ≡ 1√

N
ei π

4 ∑
q∈Γ±

eiqjψ̃q, (2.86)

where we defined the sets

Γ+ ≡
{

2π

N

(
k +

1
2

)}
Γ− ≡

{
2π

N
k
}

k = 0, ..., N − 1 , (2.87)

which will play a crucial role throughout the Thesis.
We observe that the definition (2.86) can be, equivalently, written as

ψ̃q∈Γ± ≡
1√
N

e−i π
4

N

∑
j=1

e−iqjψ
(±)
j , (2.88)

which can be obtained starting from (2.86) by invoking two properties: let n ∈ Z,
then4

1
N ∑

q∈Γ+

eiqn =

(−1)m if n = mN with m ∈ Z

0 otherwise
(2.89)

and

1
N ∑

q∈Γ−
eiqn =

1 if n = mN with m ∈ Z

0 otherwise .
(2.90)

From (2.88), we observe that

ψ̃q+2πn = ψ̃q q ∈ Γ±, n ∈ Z , (2.91)

4The proofs can be easily obtained by using the finite geometric series ∑n
k=0 rk = (1− rn)/(1− r) where

r ∈ C : |r| < 1.
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meaning that we can extend the Fourier transform definition from Γ± to Γ± + 2πZ.
By using (2.88), (2.83) and (2.56), one can simply check that ψ̃q are fermionic operators,
i.e.

{ψ̃q, ψ̃†
q′} = δq,q′ {ψ̃q, ψ̃q′} = 0 . (2.92)

Now we have to write H± in terms of ψ̃q and, in order to proceed, one needs to
evaluate5 (see Appendix A.2 for the explicit calculations)

N

∑
j=1

ψ
(±)†
j+1 ψ

(±)
j = ∑

q∈Γ±
e−iqψ̃†

q ψ̃q (2.93)

N

∑
j=1

ψ
(±)†
j ψ

(±)
j = ∑

q∈Γ±
ψ̃†

q ψ̃q (2.94)

N

∑
j=1

ψ
(±)
j+1ψ

(±)
j = i ∑

q∈Γ±
eiqψ̃qψ̃−q , (2.95)

where we used

1
N

N

∑
j=1

ei(q−q′)j = δq,q′ , (2.96)

and

1
N

N

∑
j=1

ei(q+q′)j =

δq′,2π−q if q, q′ ∈ Γ+, Γ− {0}

δq′,q if qq′ = 0 .
(2.97)

Upon substituting (2.93), (2.94), and (2.95) into (2.82), one arrives at

H± = −J ∑
q∈Γ±

(h− cos q)ψ̃†
q ψ̃q −

Jγ

2i ∑
q∈Γ±

(eiqψ̃qψ̃−q − h.c.) +
JhN

2
. (2.98)

Here we observe that

∑
q∈Γ±

eiqψ̃qψ̃−q = ∑
p∈Γ±

ei(2π−p)ψ̃2π−pψ̃p−2π = ∑
q∈Γ±

(−e−iq)ψ̃qψ̃−q , (2.99)

5Although the calculations are rather cumbersome, they are retained in the main body of the Thesis
since they are prototypical for many effects that will be discussed later. For readers wishing to bypass
the intermediate steps, the final result is given in Equations (2.115), (2.116), (2.112) and (2.106).
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where, in the second equality, (2.91) has been used. From (2.99), one has

∑
q∈Γ±

eiqψ̃qψ̃−q =
1
2 ∑

q∈Γ±
(eiq − e−iq)ψ̃qψ̃−q = i ∑

q∈Γ±
sin q ψ̃qψ̃−q , (2.100)

which, upon substitution into (2.98), yields

H± = −J ∑
q∈Γ±

(h− cos q)ψ̃†
q ψ̃q −

Jγ

2 ∑
q∈Γ±

sin q(ψ̃qψ̃−q + ψ̃†
−qψ̃†

q) +
JhN

2
. (2.101)

We ultimately obtain the Bogoliubov–de Gennes representation of the Hamiltonian,
written in matrix form as

H± =
J
2 ∑

q∈Γ±

(
ψ̃†

q ψ̃−q

)−h + cos q γ sin q

γ sin q h− cos q

 ψ̃q

ψ̃†
−q

 . (2.102)

In order to diagonalize the Hamiltonian, we define new fermionic operators χq via the
SO(2) rotation  χq

χ†
−q

 ≡
cos θq − sin θq

sin θq cos θq


 ψ̃q

ψ̃†
−q

 , (2.103)

where the angle θq must obey the constraint

θ0,π ≡ 0 , (2.104)

since the 2× 2 matrix at the right hand side of (2.101) is already diagonal for q = 0
and q = π, and the constraint sin θ−q = − sin θq

cos θ−q = cos θq ,
(2.105)

in order to be well defined. It is straightforward to check that the transformation
(2.103) with (2.105) is canonical, i.e.

{χq, χq′} = 0 {χq, χ†
q′} = δq,q′ . (2.106)
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Furthermore, notice that, from (2.103) and (2.91), one has the periodicity

χq+2πn = χq q ∈ Γ±, n ∈ Z . (2.107)

In terms of these new quasiparticles χq, the Hamiltonian reads

H± =
J
2 ∑

q∈Γ±

(
χ†

q χ−q

)
H̃q

 χq

χ†
−q

 (2.108)

with

H̃q ≡

(−h + cos q) cos
(
2θq
)
− γ sin q sin

(
2θq
)

γ cos
(
2θq
)

sin q + (−h + cos q) sin
(
2θq
)

γ cos
(
2θq
)

sin q + (−h + cos q) sin
(
2θq
)

(h− cos q) cos
(
2θq
)
+ γ sin q sin

(
2θq
)
 .

(2.109)

This form brings us to the final step of the diagonalization. Here, one needs to
distinguish between the most common ferromagnetic case with J < 0 and the antifer-
romagnetic case J > 0. Since the latter will be the subject of the next Chapter, now we
will focus on the former [49].

2.3 Ferromagnetic XY chain

It is convenient to chose θq such that

ei2θq =
h− cos q + iγ sin q√
(h− cos q)2 + γ2 sin2 q

q ̸= 0, π , (2.110)

implying

H̃q ̸=0,π =

−ϵ(q) 0

0 ϵ(q)

 (2.111)

where we introduced the dispersion relation

ϵ(q) ≡
√
(h− cos q)2 + γ2 sin2 q , (2.112)



36 Quasiparticles in Quantum Spin Models

the analysis of which will prove to be of central importance throughout the Thesis.
Moreover, it is useful to observe that

ϵ(0) =

−h + 1 if 0 ≤ h < 1

h− 1 if h ≥ 1 ,
ϵ(π) = h + 1 if h ≥ 0 , (2.113)

thus, upon substitution into (2.109), one has

H̃0 =



ϵ(0) 0

0 −ϵ(0)

 if 0 ≤ h < 1

−ϵ(0) 0

0 ϵ(0)

 if h ≥ 1 ,

H̃π =

−ϵ(π) 0

0 ϵ(π)

 if h ≥ 0 .

(2.114)

Finally, plugging (2.111) and (2.114) into (3.18), we obtain, independently from the
parity of N,

H+ = ∑
q∈Γ+

ϵ(q)
(

χ†
qχq −

1
2

)
(2.115)

H− =


∑q∈Γ−\{0} ϵ(q)

(
χ†

qχq − 1
2

)
− ϵ(0)

(
χ†

0χ0 − 1
2

)
if 0 ≤ h < 1

∑q∈Γ− ϵ(q)
(

χ†
qχq − 1

2

)
if h ≥ 1 ,

(2.116)

where, for future convenience, we set J = −1.

2.3.1 Vacuum states

To write the energy levels, we have previously to establish the z-parity of the fermionic
vacuum states |0±⟩, defined as

χq∈Γ±
∣∣0±〉 ≡ 0 . (2.117)

In order to do that, we have to write them in terms of the vacuum state |0⟩ (2.71) of
the Jordan–Wigner fermions, which has z−parity equal to 1, i.e.

Πz |0⟩ = |0⟩ . (2.118)
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We observe that

χq

(
cos θq + sin θqψ̃†

q ψ̃†
−q

)
|0⟩ = 0 , (2.119)

which can be proved by direct computation using (2.103), (2.92), (2.104) and

ψ̃q |0⟩ = 0 , (2.120)

with the latter immediately following from (2.88) and (2.70). Moreover, from (2.119) it
follows that

χ−q

(
cos θq + sin θqψ̃†

q ψ̃†
−q

)
|0⟩ = 0 , (2.121)

where (2.107), (2.104) and (2.92) have also been used. Putting (2.119) and (2.121)
together, we can conclude that

∣∣0+〉 = ⌊ N−1
2 ⌋

∏
k=0

(
cos θqk + sin θqk ψ̃†

qk
ψ̃†
−qk

)
|0⟩ where qk ≡

2π

N

(
k +

1
2

)
(2.122)

∣∣0−〉 = ⌊ N
2 ⌋

∏
k=0

(
cos θqk + sin θqk ψ̃†

qk
ψ̃†
−qk

)
|0⟩ where qk ≡

2π

N
k , (2.123)

which can be readily proven to be both normalized to unity. From (2.122) and (2.123)
and remembering (2.88) and (2.118), we conclude that

Πz ∣∣0±〉 = ∣∣0±〉 , (2.124)

since |0+⟩ and |0−⟩ are linear combinations of states with even numbers of Jordan-
Wigner fermions ψ. Moreover, since, from (2.103), χ†

q is a linear combination of ψ̃†
q and

ψ̃−q, then states with an even (odd) number of χ fermions have definite z-parity equal
to +1 (−1).

2.3.2 Ground state

We will denote by |GS′±⟩, |GS±⟩ and |GS⟩ the ground states, with energies E′±0 , E±0
and E0, of H±, 1±Πz

2 H± 1±Πz

2 and H, respectively. The strategy to obtain |GS⟩ is the
following: after having identified |GS′±⟩, the states |GS±⟩ can be found applying 1±Πz

2 .
This in turn allows to find the GS energy E0 = min{E+

0 , E−0 } and the corresponding
set of |GS⟩.
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We begin by determining |GS+⟩, namely the lowest-energy state in the even sector
(that is, with an even number of Jordan-Wigner fermions). From (2.115) we observe
that the ground state of H+ is its vacuum |0+⟩, which also has the right z-parity. Thus

∣∣GS+
〉
=
∣∣GS′+

〉
=
∣∣0+〉 , (2.125)

with energy

E+
0 = −1

2 ∑
q∈Γ+

ϵ(q) . (2.126)

Let us now find the ground state of the odd sector |GS−⟩. From (2.116), it becomes
clear that the cases h ≥ 1 and 0 ≤ h < 1 must be handled independently.
When h ≥ 1, in analogy with the even sector, the ground state of H− is its vacuum
|0−⟩ which, however, has the wrong parity (since we are now in the odd sector). As a
consequence, |GS−⟩ will be given by the lowest-energy quasiparticle excitation over
the vacuum |0−⟩. Since in this region of the parameter space the dispersion relation
(2.112) has an absolute minimum at q = 0 (as you can see from Figure 2.1), then

∣∣GS−
〉
= χ†

0
∣∣0−〉 . (2.127)

When 0 ≤ h < 1, from (2.116) we observe that the energy of H− is minimized by
the state (2.127), i.e. |GS′−⟩ = χ†

0 |0−⟩, which, having the right parity, constitutes the
ground state |GS−⟩ of the odd sector. To resume, the ground state of the odd sector is
given by (2.127) for all h ≥ 0, with energy

E−0 =


−1

2 ∑q∈Γ− ϵ(q) for 0 ≤ h < 1

−1
2 ∑q∈Γ− ϵ(q) + ϵ(0) for h ≥ 1 .

(2.128)

The excited states in the even sector are constructed by applying pairs of creation
operators χ†

qχ†
q′ |0

+⟩ with q, q′ ∈ Γ+. In contrast, the excited states in the odd sector
are generated by applying an odd number of creation operators to the vacuum |0−⟩.
Moreover, the lowest excited states in the two parity sectors are separated from |0±⟩
by energy gaps of order J.
Now, in order to find the ground state |GS⟩ of the full Hamiltonian H (2.80), we have
to compare the energies E±0 as the point (h, γ) varies in the parameter space. In the
thermodynamic limit N → ∞ this procedure is fully analytical, while at finite N one
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Figure 2.1.: Plot of the dispersion relation ϵ(q) as a function of q ∈ [−π, π] for h = 1.5 and
different values of the anisotropy parameter: γ = 0 (blue), γ = 0.5 (orange), γ = 1
(green), γ = 1.5 (red) and γ = 2 (purple).

has to resort to numerical methods.

At finite N, the states |GS+⟩ and |GS−⟩ alternate as the ground state |GS⟩ of the
full Hamiltonian H as we move in the parameter space (h, γ). Figure 2.2 illustrates the
curves of exact double degeneracy of the ground state for different values of N. We
underline that although we only focused on a few particular values of N, the analysis
can be straightforwardly extended to the general values of the number of sites. First of
all, we observe that the number of level crossings grows with the chain length and,
more precisely, there are exactly ⌈N/2⌉ degeneracy lines. Subsequently, we observe
that the circle h2 + γ2 = 1 is common to all values of N, which can also be seen easily
from an analytical point of view [94]. Indeed, on this curve, the dispersion relation
(2.112) reads

ϵ = 1− h cos q , (2.129)
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Figure 2.2.: Curves (in blue) where E+
0 = E−0 , i.e. where |GS±⟩ are degenerate, for different

values of the chain length: N = 8 (a), N = 9 (b), N = 10 (c) and N = 11 (d).

which, once substituted into (2.126) and (2.128), yields

E±0 = −N
2

, (2.130)

where (2.89) and (2.90) have also been used. In particular, at the point (0, 1) in the
(h, γ) plane we recover the 1D Ising chain in the absence of an external field, which is
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a classical model. The ground state of the system at this point is, of course, a linear
combination of the two following states:

|GS1⟩ =
N

∏
j=1

∣∣→j
〉
=

N

∏
j=1

1√
2

(∣∣↑j
〉
+
∣∣↓j
〉)

(2.131)

|GS2⟩ =
N

∏
j=1

∣∣←j
〉
=

N

∏
j=1

1√
2

(∣∣↑j
〉
−
∣∣↓j
〉)

, (2.132)

where
∣∣→j

〉
and

∣∣←j
〉

are normalized eigenvectors of σx
j with eigenvalues, respectively,

+1 and −1. If instead we consider the Hamiltonian of the XY chain (2.54) in the limit
h≫ 1, the dominant contribution is given by −h ∑N

j=1 σz
j . In this regime, the ground

state is

|GS⟩ =
N

∏
j=1

∣∣↑j
〉

, (2.133)

we thus observe that by varying only h the nature of the ground state can be completely
modified, interpolating between (2.131), or (2.132), and (2.133). This naturally raises
the question of whether a critical value of h exists at which the system undergoes a
phase transition, an issue that will be examined in the following Sections.

From Figure 2.2, we observe that the ground states of the two parity sectors are
exactly degenerate along the line h = 0 if and only if N is odd. This fact can also be
established analytically: indeed, when h = 0 the dispersion relation reads

ϵ =
√
(1− γ2) cos2 q + γ2 , (2.134)

and, only for odd N, one has for each q ∈ Γ+ there exists a q′ ∈ Γ− such that

cos2 q = cos2 q′ , (2.135)

where (2.89) and (2.90) have also been used. This concludes the proof. Finally, the
analysis at finite N shows that in the region h2 + γ2 > 1 with h ̸= 0 the ground state
is always given by |GS+⟩. This result is consistent with the analytical proof in [99],
where it was shown that in the Ising chain (a particular case of the XY chain with
γ = 1) one has E−0 > E+

0 for h > 0.
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In the thermodynamic limit, i.e. N → ∞, one has

E+
0 = E0 ≡ −

N
4π

∫ 2π

0
ϵ(q)dq, (2.136)

and

E−0 =


E0 for 0 ≤ h < 1

E0 + h− 1 for h ≥ 1 ,
(2.137)

hence, for h ≤ 1, the lowest-energy states in the two parity sectors become degener-
ate, giving rise to a doubly degenerate manifold that spontaneously breaks the Z2

symmetry and remains separated from the first excited level by an energy gap which
does not close in the thermodynamic limit. More precisely, in [99] it has been shown
analytically that the gap between |GS+⟩ and |GS−⟩ closes exponentially with the chain
length N. For h > 1, as previously noted, one has E+

0 < E−0 . Hence, the ground state
in this region is non-degenerate and gapped.

2.3.3 Phase transitions

As the next step, we now show that at finite temperature no phase transitions occur.
To this end, we proceed with the calculation of the partition function. Although in the
following Sections we will focus exclusively on the properties of the XY chain at T = 0,
we now compute the partition function (and hence the free energy per site) of the XY
chain. From the free energy, all thermodynamic quantities can be derived. From the
explicit form obtained, it will be clear that the model does not exhibit thermal phase
transitions. The calculation, reported in Appendix B, essentially reduces to that of
the partition function of free fermions. One finds that the free energy per site in the
thermodynamic limit is given by

f = − 1
β

log 2− 1
πβ

∫ π

0
log cosh

[
β

2
Jϵ(q)

]
dq. (2.138)

This expression is analytic in the temperature, and therefore no phase transitions are
present.
In conclusion, we have shown that the ground state changes its degeneracy at h = 1.
Moreover, we have previously observed that by varying h in [0, ∞) the ground state
changes from an x-ferromagnet ((2.131) or (2.132)) to a quantum paramagnet (2.133)
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and vice versa. These facts might suggest the occurrence of a phase transition, but in
reality such a thermal transition does not take place. To deepen our understanding of
the model, we must therefore examine in more detail what happens at zero tempera-
ture, and hence the quantum phase transitions [22]. The only points in the parameter
space where such a radical change of the ground state can occur are those for which
the minimum of the spectrum (2.112) vanishes, thereby allowing the ground state
to reorganize itself and modify its macroscopic behavior. We therefore look for the
values of (h, γ) such that, in the thermodynamic limit, there always exists at least one
q ∈ [−π, π) with ϵ(q) = 0. Imposing (from (2.112))h− cos q = 0

γ sin q = 0 ,
(2.139)

we find that, for h, γ ≥ 0, the conditions are satisfied at

h = 1 (2.140)

with q = 0, and at

γ = 0 (2.141)

with q = ± arccos h. More precisely, h = 1 corresponds to the critical value of the
magnetic field at which, at T = 0, the system changes from being magnetically ordered
to disordered, while γ = 0 with h < 1 defines the critical line along which the system
changes from an x-ferromagnet to a y-ferromagnet. We therefore expect that at (2.140)
and (2.141) quantum phase transitions occur. To verify that these transitions are
indeed present, one must study the derivatives of the ground state energy (2.137) in
the thermodynamic limit. It has been shown [94] that along these gapless lines the
second derivative (but not the first derivative) of the ground state energy exhibits
discontinuities. Consequently, we conclude that at (2.140) and (2.141) second order
quantum phase transitions take place. Relevantly, along the critical lines (2.140) and
(2.141) the dispersion relation becomes relativistic when γ ̸= 0, as you can see from
the plots in Figure 2.3 and 2.4.
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Figure 2.3.: Plot of the dispersion relation ϵ(q) as a function of q ∈ [−π, π] for h = 0.5 and
different values of the anisotropy parameter: γ = 0 (blue), γ = 0.5 (orange), γ = 1
(green), γ = 1.5 (red) and γ = 2 (purple).

More precisely, by performing a first-order Taylor expansion of ϵ(q) around q = 0
(for h = 1) and q = ± arccos h (for γ = 0), one finds, respectively,

ϵ(q) ∼ γ|q| (2.142)

and

ϵ(q) ∼
√

1− h2 |q∓ arccos h| . (2.143)

Moreover, at q = 0 and q = ± arccos h the energy gap closes, respectively, as

∆ ∼ ϵ(0) = |h− 1| (2.144)

and

∆ ∼ ϵ(± arccos h) = sin(arccos h) |γ| ∼ |γ| . (2.145)
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Figure 2.4.: Plot of the dispersion relation ϵ(q) as a function of q ∈ [−π, π] for h = 1 and
different values of the anisotropy parameter: γ = 0 (blue), γ = 0.5 (orange), γ = 1
(green), γ = 1.5 (red) and γ = 2 (purple).

Recalling that the critical exponents ν > 0 and z > 0 [22] are defined through

ξ ∼ 1
|λ− λc|ν

, ∆ ∼ |λ− λc|zν, ϵ ∼ |q− qF|z, (2.146)

with ξ the correlation length, λ a control parameter with critical value λc, and qF the
Fermi momentum, we conclude that along the critical lines with γ ̸= 0 one has

z = ν = 1 . (2.147)

In (1 + 1) dimensions, scale invariance together with Lorentz invariance, locality, and
unitarity automatically imply conformal invariance [100, 101]. Accordingly, the critical
lines of the XY chain are described by distinct conformal field theories. At h = 1
with γ ̸= 0, the transition belongs to the Ising universality class with central charge
c = 1/2, while along γ = 0 with 0 ≤ h < 1, where the model reduces to the XX
chain, the continuum limit corresponds to a free massless Dirac fermion theory with
c = 1. This conformal behavior manifests itself in universal finite-size scaling of the
ground-state energy [102, 103], logarithmic scaling of entanglement entropy [104] and
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algebraic decay of correlation functions [105]. The two critical lines discussed above
meet at the bi-critical point (h, γ) = (1, 0). Here, as you can also see from Figure 2.4,
the dispersion relation is not relativistic but Galilean since its McLaurin expansion
around q = 0 reads

ϵ(q) ∼ q2

2
, (2.148)

meaning that z = 2. As a consequence, the bi-critical point, where the Ising and XX
universality classes intersect, does not exhibit conformal invariance. To conclude,
Figure 2.5 presents the phase diagram of the ferromagnetic XY chain.

h

γ

0 1

1
Ising

x-ferromagnet paramagnet

c = 1 CFT

c = 1/2 CFT

bi-critical

Figure 2.5.: Phase diagram of the ferromagnetic XY chain with PBC in the region h, γ ≥ 0.
Red lines indicate the quantum critical lines (h = 1 and γ = 0 for 0 ≤ h ≤ 1),
where the system undergoes second-order quantum phase transitions. The dashed
green line corresponds to the transverse-field Ising chain (γ = 1), while the dashed
blue curve denotes the circle h2 + γ2 = 1, along which the ground state is exactly
doubly degenerate even at finite size.

2.3.4 Correlation functions and magnetization

In this Subsection we compute the two-spin correlation functions on the physical
ground state at zero temperature, a calculation first carried out in [106]. Analyzing the
behavior of correlation functions is useful, as it refines the physical interpretation of
the different phases of the model. Before starting with the calculation, it is necessary
to specify the physical ground states in terms of |GS+⟩ and |GS−⟩. To this end, it is
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convenient to begin from the classical point (h, γ) = (0, 1), where the physical ground
state is either (2.131) or (2.132). We now express these two states in terms of |GS+⟩
and |GS−⟩. We observe that

Πz
N

∏
j=1

∣∣→j
〉
= Πz

N

∏
j=1

1√
2
(
∣∣↑j
〉
+
∣∣↓j
〉
) =

N

∏
j=1

1√
2
(
∣∣↑j
〉
−
∣∣↓j
〉
) =

N

∏
j=1

∣∣←j
〉

, (2.149)

from which

Πz 1√
2

(
N

∏
j=1

∣∣→j
〉
±

N

∏
j=1

∣∣←j
〉)

= ± 1√
2

(
N

∏
j=1

∣∣→j
〉
±

N

∏
j=1

∣∣←j
〉)

. (2.150)

Thus, at the classical point

∣∣GS±
〉
=

1√
2

(
N

∏
j=1

∣∣→j
〉
±

N

∏
j=1

∣∣←j
〉)

, (2.151)

or, equivalently,

N

∏
j=1

∣∣→j
〉
=

1√
2

(∣∣GS+
〉
+
∣∣GS−

〉)
(2.152)

N

∏
j=1

∣∣←j
〉
=

1√
2

(∣∣GS+
〉
−
∣∣GS−

〉)
. (2.153)

Thus, in the ordered phase, where the Z2 symmetry is spontaneously broken, the
physical ground state of the system is one of (2.152) or (2.153). We would like to classify
the phases of the model according to the behavior of the spontaneous magnetization,
defined as

mx(j) ≡ ⟨GS|σx
j |GS⟩ = ±1

2

(
⟨GS+|σx

j |GS−⟩+ ⟨GS−|σx
j |GS+⟩

)
= ±Re⟨GS+|σx

j |GS−⟩ ,

(2.154)

where

|GS⟩ = 1√
2

(∣∣GS+
〉
±
∣∣GS−

〉)
. (2.155)

However, so far, no method has been devised to compute (2.154), so the only informa-
tion about the magnetization along the x axis must be inferred from the asymptotic
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behavior of the correlation functions thanks to the cluster-decomposition principle
[20]

lim
n→∞

(
⟨σx

j σx
j+n⟩ − ⟨σx

j ⟩⟨σx
j+n⟩

)
= 0 . (2.156)

We therefore set ourselves, for obvious reasons, the goal of computing

ρα
lm ≡ ⟨GS|σα

l σα
m|GS⟩ (2.157)

which represents the two-point spin correlation functions in the ground state. From
translational invariance it follows that

ρα
lm = ρα

l−m, 0 ≡ ρα(l −m) . (2.158)

The asymptotic behavior n ≡ |l − m| → ∞ of the correlators of the ferromagnetic
XY chain was computed in [106]. The fundamental aspects of this calculation are
discussed in detail in Appendix C, and here we restrict ourselves to outlining only
the procedure that must be followed. First, one has to rewrite the spin operator σα

l in
terms of the spinless fermions ψj through (2.68). Subsequently, for future convenience,
it is useful to express the Jordan–Wigner fermions in terms of two Majorana fermions

Aj ≡ ψ†
j + ψj Bj ≡ i(ψ†

j − ψj) . (2.159)

At this point, the evaluation of (2.157) reduces to computing ground state expectation
values of strings of Majorana operators. To this end, we employ Wick’s theorem in
many-body theory [107], which allows us to write n-point correlators in terms of
products of two-point correlators only, namely ⟨Ai Aj⟩, ⟨BiBj⟩, and ⟨AiBj⟩ in our case.
Since these expectation values are taken with respect to |GS⟩, which is defined in terms
of |GS±⟩, the calculation requires the evaluation of the two-point functions ⟨χqχ†

k⟩
and ⟨χqχk⟩. Now it remains to express the strings of Majorana operators in terms
of χq and χ†

q by using (2.159), (2.86) and (2.103). Finally, using Wick’s theorem, one
finds the correlation functions (2.157). In particular, ρx

lm and ρ
y
lm are written in terms

of determinants of n × n Toeplitz matrices, i.e. with constant descending diagonals
from left to right. Since they appear in the Ising and XY chains and due to their
fascinating mathematical structure, Toeplitz matrices have attracted the interest of
many mathematicians and mathematical physicists [108, 109, 110, 111, 112, 113]. Their
efforts have led to an impressive understanding of the properties of such matrices.
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In particular, a vast mathematical literature has been devoted to the study of the
asymptotic behavior of their determinants, known as Toeplitz determinants (for details
see Appendix A of [49]). In the particular case of the XY chain, their behavior is
determined by the parameters

λ±(h, γ) ≡ h±
√

γ2 + h2 − 1
1 + γ

, (2.160)

whose values play a decisive role. This is not surprising: these parameters, which act
as characteristic lengths, are the zeros of the dispersion relation in the complex plane
once the identification eiq = z is made. Whenever a gap is present, the λ± appear
explicitly in the correlation expressions, while they do not appear in the gapless case.
In particular, what matters is whether λ± lie inside the unit circle in the complex plane
and whether they possess an imaginary part. To obtain the asymptotic behavior of the
correlation functions throughout the (h, γ) plane, it is sufficient to know λ± and their
inverses λ−1

± in the region h, γ ≥ 0. Here we restrict ourselves to briefly commenting
on the behavior of ρx(n) and we refer to Appendix C for a more detailed analysis. For
h > 1 the system is in a disordered phase, since

lim
n→∞

ρx(n) = 0, (2.161)

which implies the absence of net magnetization along the x-direction, i.e. ⟨σx
j ⟩ = 0.

Conversely, for |h| < 1 the system is in an ordered phase, since

lim
n→∞

ρx(n) =
[
(1− λ2

−)(1− λ2
+)(1− λ+λ−)

2]1/4, (2.162)

implying a non-vanishing magnetization along the x-direction, given by

mx ≡ lim
N→∞

|⟨σx
j ⟩| =

[
(1− λ2

−)(1− λ2
+)(1− λ+λ−)

2]1/8 , (2.163)

which, on the Ising line γ = 1 reduces to

mx = (1− h2)1/8 , (2.164)

in accordance to the results of [23]. Finally, from the asymptotic behaviors of the
correlators we observe that, in unit of the lattice spacing, the correlation length is given



50 Quasiparticles in Quantum Spin Models

by

ξ =
1

|log λ+|
, (2.165)

which diverges at the critical line h = 1.



Chapter 3.

Topologically Frustrated XY Chain

The aim of this Chapter, which is based on [1, 2], is to introduce topological frustration
(TF) and investigate how it modifies the zero-temperature phase diagram of the XY
quantum spin chain in a transverse magnetic field. In Section 3.1, we introduce a
recently studied class of boundary conditions capable of modifying the physics of
antiferromagnetic quantum spin chains, known as frustrated boundary conditions (FBC)
[50]. Topologically frustrated quantum spin chains have attracted considerable interest
due to their counterintuitive behavior: their properties differ strikingly from those
of the same spin models without frustration, even in the thermodynamic limit [51].
In this context, the quantum phases exhibit an explicit dependence on the boundary
conditions. These models offer a particularly strong example of how, at the quantum
level, microscopic modifications—such as the choice of boundary conditions—can dra-
matically affect the excitation spectrum and the emergent low-energy physics, further
enriching the landscape of exotic phases of matter. Subsequently, in Section 3.2, we
present the topologically frustrated XY chain and derive its exact solution, comparing
the frustrated and unfrustrated regimes. In Section 3.3 we discuss the general features
of its ground state, focusing on the novelties induced by FBC. After a detailed analysis
of the drastic changes in the ground state (GS) properties caused by the imposition of
frustrated boundary conditions, we analytically prove that TF induces new boundary
quantum phase transitions (b-QPTs) in the XY chain: an additional first-order b-QPT
appears along the conformal lines of the unfrustrated case; a first-order b-QPT with
Galilean dispersion emerges at zero field; and, finally, a second-order b-QPT with a
quartic dispersion relation arises in a region of the phase diagram that would otherwise
be ordered and gapped in the absence of frustration. To the best of our knowledge,
this latter transition—separating two gapless regions of the parameter space with
strikingly different GS behavior—constitutes the first example of a second-order QPT

51
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characterized by a dispersion relation that is neither relativistic nor Galilean, but
quartic. We also report numerical calculations supporting the validity of our analytical
results. Sections 3.4 and 3.5 contain our detailed analysis of the b-QPTs induced by
FBC. Finally, in Section 3.6 we summarize our findings.

3.1 Topologically frustrated quantum spin chains

According to Landau theory [98], one of the milestones of classical statistical mechan-
ics, phases separated by a phase transition can be distinguished by a change in the
behavior of a local order parameter, enabling to assess the macroscopic order in a
system’s phase. In particular, a non-zero local order parameter is a manifestation of
spontaneous symmetry breaking [20, 21, 26] and the establishment of a macroscopic
order that explicitly violates one of the specific symmetries of the theory. Symmetry
breaking happens when crossing a critical point, where the system can reorganize
itself modifying its macroscopic behavior [8]. Because of its success, Landau theory
has firstly been borrowed without changes when dealing with quantum phases of
matter [22]. However, it soon became clear that the complexity of quantum many-body
systems was not fully captured by this theory. For example, it cannot explain nematic
phases [114, 115] (where the breaking of a symmetry is not univocally associated to a
single order parameter) and topological phases [38, 116] (described by non-local order
parameters). This motivated calls for an extension of the Landau theory to include the
description of those quantum phenomena which do not have any classical counterpart.
Also a second assumption of the Landau theory could probably be challenged: its
implicit assumption that microscopic changes in the system are negligible in determin-
ing its thermodynamic properties, hence the prescription to take the thermodynamic
limit before doing any calculation. As a consequence, any change in the boundary
conditions is considered to be irrelevant when dealing with the bulk, macroscopic
behavior. Recently, however, it has been proven that at a quantum level this assump-
tion misses part of the physics, precisely in the case of antiferromagnetic quantum
spin chains with discrete symmetries and frustrated boundary conditions (FBC) [50],
namely periodic boundary conditions with an odd number of sites. Such a pecu-
liar choice of boundary conditions implies that the simultaneous minimization of all
local interactions in the Hamiltonian is not compatible with the system’s geometry,
giving rise to geometrical frustration [117, 118]. Intuitively, one could still be led to
think that the contributions of the boundary terms become irrelevant for sufficiently
large systems. However, such an expectation has already been challenged several
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times [51, 52, 119, 120, 121, 122, 123, 124]. For instance, it has been showed in [122]
that by tuning the strength of a single bond defect in an odd length ferromagnetic
quantum Ising ring in a transverse magnetic field the system can be driven across
a quantum phase transition which separates a gapped magnetic phase from a gap-
less (but non relativistic) kink phase. Relevantly, at the transition point this model
can be exactly mapped to the quantum Ising chain with FBC [50], which will be
discussed soon. In the last few years important progresses have been made along
this research line, particularly studying topologically frustrated quantum spin chains
[53, 56, 57, 58, 59, 125, 126, 127, 128, 129], and the results indicate that FBC can com-
pletely change the zero temperature phase diagram and the low-energy properties.
Over the years, extensively frustrated systems have been studied at large and it has
been shown that they exhibit peculiar and exotic physical behaviors [118] which are
very different with respect to those of their non-frustrated counterparts, both at a
classical and at a quantum level. One of the main features of classical frustrated
systems is the presence of highly degenerate ground state manifolds in the limit of
a large number of sites [130]. This property can also be found in the simple case of a
classical Ising chain with N sites and FBC, whose Hamiltonian is

H =
N

∑
j=1

σx
j σx

j+1 (3.1)

and which can be thought as a single building block of an extensively frustrated system
[50]. The GS space in the frustrated case is 2N times degenerate and spanned by kink
states, with a single pair of nearest neighbor spins ferromagnetically aligned while
the other N − 1 pairs are antiferromagnetically aligned (see Figure 1.1b). In contrast,
without frustration the GS space would have degeneracy 2 and would be spanned the
two Neél states, i.e. perfectly staggered antiferromagnetic states (see Figure (1.1a)). We
denote by |j⟩ with j = 1, ..., N the kink state such that σx

j = σx
j+1 = 1. The other N kink

states are obtained as Πz |j⟩, for which σx
j = σx

j+1 = −1.

At the quantum level, turning on, for instance, a positive magnetic field h in the
z-direction, i.e.

H =
N

∑
j=1

σx
j σx

j+1 + h
N

∑
j=1

σz
j , (3.2)

the extensive degeneracy introduced by FBC is lifted, and the ground state becomes
unique and part of a Galilean band of gapless excitations, in a phase that would have
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been gapped without frustration. This behavior can be understood straightforwardly
if we study the Hamiltonian (3.2) at the lowest perturbative order in h [51, 131]. For
h≪ 1 the 2N kink states split in energy into the states

|q,±⟩ = 1±Πz
√

2N

N

∑
j=1

eiqj |j⟩ q ∈ Γ− , (3.3)

which have parity Πz = ±1 and energy

Eq,± = −(N − 2)± 2h cos q . (3.4)

Thus the ground state, given by

|GS⟩ = |0,−⟩ = 1−Πz
√

2N

N

∑
j=1
|j⟩ , (3.5)

is non-degenerate and separated from the first excited state by an energy gap closing
algebraically as 1/N2. This behavior contrasts with its unfrustrated counterpart, where
the gap between the two lowest-energy states closes exponentially with N, giving
rise to a doubly degenerate ground state that remains separated from its first excited
state by a gap which does not close in the thermodynamic limit. In a quasiparticle
picture, the effect of FBC is to create, in the ground state, a quantum-dressed version
of a single domain wall excitation that is delocalized over the entire chain [53]. The
entanglement properties of this state were analyzed in [56], confirming the topological
nature of the phase h < 1 and thereby providing a rigorous justification for the name
topological frustration (TF). From a technological perspective, the ground state energy
of the frustrated Ising chain is experimentally accessible in quantum simulators based
on a few superconducting qubits [6], demonstrating that signatures of TF are already
observable on current quantum computing platforms. Relevantly, TF has more recently
been implemented on a programmable Rydberg atom array of 11 qubits composed of
Rubidium atoms [132].
Notice that, since the ground state (3.5) is unique, the magnetization along the x
direction vanishes, in contrast to the unfrustrated phase, where |⟨σx

j ⟩| ≃ (1− h2)1/8

for small h. Moreover, the two-point correlation function on the ground state |GS⟩
(3.5) given by

ρx(n) = (−1)n
(

1− 2n
N

)
. (3.6)
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Notice that

ρx
(

N − 1
2

)
= (−1)

N−1
2

1
N

, (3.7)

i.e. the correlator involving the two most distant spins on the ring vanishes in the
thermodynamic limit, in accordance with the previously discussed zero value of the
net magnetization along the x direction. The physical results obtained from this per-
turbative analysis are in agreement with the exact ones [50, 51]. In the opposite regime,
namely for h≫ 1, the system enters a paramagnetic phase which, as expected, is not
affected by the boundary conditions. Finally, in [1] it was analytically demonstrated
that a first-order boundary quantum phase transition [54]—i.e. a discontinuity in the
derivative of the ground-state energy that does not scale with N (in contrast to the two
second-order quantum phase transitions discussed in Section (2.3))—occurs at h = 0
as a function of the applied field when the chain contains an odd number of spins:

lim
N→∞

(
∂EGS

∂h

∣∣∣∣
h→0+

− ∂EGS

∂h

∣∣∣∣
h→0−

)
= −4 , (3.8)

whereas no such transition is present for even N.

Relevantly, the XY quantum spin chain (2.54) with FBC in the absence of an external
magnetic field has also been studied in detail [53, 57, 58]. Notice that h = 0 implies

[H, Πα] = 0 , (3.9)

where

Πα ≡
N

∏
j=1

σα
j , (3.10)

with α = x, y, z, is the α-parity operator. Moreover observe that, since N is odd, the
parity operators satisfy the non-commuting algebra

{Πα, Πβ} = 2δα,β . (3.11)

As a consequence, for a state |ψ⟩with definite energy and z-parity, Πx |ψ⟩ has the same
energy but opposite z-parity. Hence, for h = 0 and odd N, even at finite size each
energy level is always degenerate an even number of times (Kramers degeneracy [133]),
and spontaneous symmetry breaking occurs even without taking the thermodynamic
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limit. Taking advantage of this additional symmetry, the ground state magnetization
(i.e. the expectation value of σα

j ) and the two-spin correlation functions have been
computed analytically [53, 57]. For γ > 1, where the ground state manifold is gapless
and twofold degenerate, the average magnetization is constant but is suppressed by the
total system size as 1/N, a phenomenon called mesoscopic ferromagnetic magnetization
[57]. On the other hand, for γ < 1 the ground state is still gapless but is fourfold
degenerate. Here, since the operators H, Πz, and the translation operator T, defined as

T†σα
j T ≡ σα

j+1 , (3.12)

form a complete set of compatible operators, two possibilities arise: choosing a transla-
tionally invariant state, thereby obtaining the mesoscopic ferromagnetic magnetization
or break the translational invariance, producing a state whose magnetization looks
like the staggered one but varies incommensurably over the chain [53]. Contrary to the
former, the latter incommensurate configuration has been proven to be resilient even in
the presence of antiferromagnetic-type defects breaking the translational symmetry of
the model [126], paving the way for experimental observations. Moreover, the system
undergoes a first order boundary quantum phase transition at the point γ = 1 [53].
Such a quantum phase transition is a consequence of the FBC and would be absent for
other boundary conditions.

The results about the frustrated XY chain at h = 0 have been generalized [58] to the
wider class of translationally invariant weakly-frustrated spin-1/2 Hamiltonians with
a dominant antiferromagnetic Ising-type interaction in one direction and commuting
with all three parity operators (3.10), i.e.

H =
N

∑
j=1

σx
j σx

j+1 + λ
N

∑
j=1

Hj , (3.13)

with N odd and

[Hj, Πα] = 0 . (3.14)

In this case, the expectation values of all local operators (with support on a finite,
fixed number of sites) have been shown to decay to zero at least algebraically with
the system size unless the ground state manifold contains at least two states whose
momenta differ by π in the thermodynamic limit. Due to the previously discussed
symmetries, this can be possible only for GS manifolds which are at least fourfold
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degenerate. Finally, the same authors [59] provided an example of a quantum spin
chain with FBC showing a complete destruction of the local order at both sides of a
quantum phase transition, proving that TF can modify the nature of a critical point.

3.2 The model and its solution

The model we study is the XY chain in a transverse magnetic field [49, 89], which is
defined by the Hamiltonian (2.54), that we analyzed in detail in Sections 2.2 and 2.3,
focusing on its ferromagnetic version, i.e. J < 0. In this Chapter we will focus on the
case in which the largest coupling between two spins is antiferromagnetic, and thus
choose J > 0. In particular, here and in the rest of the Chapter we will set J = 1, so
that the Hamiltonian reads

H =
1
2

N

∑
j=1

[(
1 + γ

2

)
σx

j σx
j+1 +

(
1− γ

2

)
σ

y
j σ

y
j+1 + hσz

j

]
. (3.15)

Moreover, we impose FBC enforcing periodic boundary conditions

σα
j+N ≡ σα

j α = x, y, z (3.16)

with an odd number of lattice sites. Analogously to the ferromagnetic case, we will
again restrict our analysis, without loss of generality, to h, γ ≥ 0 owing to the sym-
metries of the XY chain. Notice that, when γ = 1, the above model reduces to the
frustrated quantum Ising chain, which has been studied in [1, 51, 125].
By following exactly the same steps discussed in detail in Section 2.2, we arrive at

H =
1 + Πz

2
H+ 1 + Πz

2
+

1−Πz

2
H−

1−Πz

2
, (3.17)

with Πz the z-parity symmetry (2.77) and

H± =
1
2 ∑

q∈Γ±

(
χ†

q χ−q

)
H̃q

 χq

χ†
−q

 , (3.18)

where H̃q is given by (2.109), Γ± are the two sets of quantized momenta (2.87), and

{χq, χ†
q′} = δq,q′ {χq, χq′} = 0 . (3.19)
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To diagonalize the Hamiltonian, here we choose the Bogoliubov angle θq such that

ei2θq =
−h + cos q− iγ sin q√
(h− cos q)2 + γ2 sin2 q

q ̸= 0, π , (3.20)

which, once inserted into (2.109), yields

H̃q ̸=0,π =

ϵ(q) 0

0 −ϵ(q)

 , (3.21)

where

ϵ(q) =
√
(h− cos q)2 + γ2 sin2 q . (3.22)

Differently from the ferromagnetic case, now one needs to distinguish between the
even N case and the odd one.
For even N one has

H+ = ∑
q∈Γ+

ϵ(q)
(

χ†
qχq −

1
2

)
(3.23)

H− =


∑q∈Γ−\{π} ϵ(q)

(
χ†

qχq − 1
2

)
− ϵ(π)

(
χ†

πχπ − 1
2

)
if 0 ≤ h < 1

∑q∈Γ−\{0,π} ϵ(q)
(

χ†
qχq − 1

2

)
− ϵ(π)

(
χ†

πχπ − 1
2

)
− ϵ(0)

(
χ†

0χ0 − 1
2

)
if h ≥ 1 .

(3.24)

For odd N, which is the frustrated case and represents the main focus of this Chapter,
one has

H+ = ∑
q∈Γ+\{π}

ϵ(q)
(

χ†
qχq −

1
2

)
− ϵ(π)

(
χ†

πχπ −
1
2

)
(3.25)

H− =


∑q∈Γ− ϵ(q)

(
χ†

qχq − 1
2

)
if 0 ≤ h < 1

∑q∈Γ−\{0} ϵ(q)
(

χ†
qχq − 1

2

)
− ϵ(0)

(
χ†

0χ0 − 1
2

)
if h ≥ 1 .

(3.26)

3.3 Signatures of topological frustration on the GS

We now comment the general features of the frustrated XY chain, starting from its GS.
We call |GS′±⟩, |GS±⟩ and |GS⟩ the most general elements of the GS of H±, 1±Πz

2 H±
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and H respectively. An analogous notation for the corresponding energies will also
be employed. Furthermore, |0±⟩ denotes the vacuum of χq. We remember that the
strategy to obtain the GS is the following: after having identified |GS′±⟩, the states
|GS±⟩ can be found applying (1±Πz)/2. This in turn allows to find the GS energy
E = min{E+, E−} and the corresponding set of |GS⟩. In the thermodynamic limit
N → ∞ this procedure is fully analytical, while at finite N one has to resort to numeri-
cal methods.

3.3.1 In the absence of frustration

As it is evident from (3.23) and (3.24), in the absence of FBC, i.e. when N is even, the
system is completely equivalent to its ferromagnetic counterpart (studied in Section
2.3), then |GS+⟩ = |GS′+⟩ = |0+⟩ and |GS−⟩ = |GS′−⟩ = χ†

π |0−⟩ alternate as ground
states and with corresponding energies

E+ = −1
2 ∑

q∈Γ+

ϵ(q), (3.27)

E− =

−1
2 ∑q∈Γ− ϵ(q) + ϵ(0) if h ≥ 1

−1
2 ∑q∈Γ− ϵ(q) if 0 ≤ h < 1.

(3.28)

Furthermore one can observe that there are N/2 level crossings in the first quarter
of the parameter space and that h2 + γ2 = 1 is an exact doubly degeneracy line for
all sizes [94]. To determine precisely the GS at fixed (h, γ) one has to compare the
energies (3.27) and (3.28). It can be shown that at large N the energy gap between these
two states closes exponentially [99, 120], giving rise to a doubly degenerate manifold
which spontaneously breaks Z2 symmetry [49]. To summarize, the unfrustrated
antiferromagnetic case is exactly equivalent to the ferromagnetic one with even N,
discussed in Section 2.3. Therefore, from now on we will focus exclusively on the odd
N antiferromagnetic case.

3.3.2 The frustrated case

The presence of TF modifies significantly the scenario, particularly for |h| < 1, where
one cannot chose |GS′+⟩ and |GS′−⟩ as ground states, with their z-parity being equal
to −1 and +1 respectively. In other words, the lowest energy states of H+ and H−
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are not compatible with the z-parity constraint (3.17). As a consequence, the GS with
FBC can be interpreted as a single excitation in the system with respect to a fermionic
vacuum state. This fact can be seen from Eqs. (3.25), (3.26), (3.22) imposing the parity
constraint (3.17). From the shape of ϵ(q) when 0 < h < 1 – see Figure 3.1 – we

Figure 3.1.: Plot of the dispersion relation ϵ(q) as a function of q ∈ [−π, π] for h = 0.5 and
different values of γ: γ = 0 (black), γ = 0.25 (blue), γ = 0.5 (green), γ = γ∗(0.5) =√

2/2 (red) and γ = 0.75 (orange).

can divide this region of the parameter space in two subregions, separated by a line
γ∗(N, h): one occurring when 0 < γ < γ∗(N, h) in which the set {ϵ(q)}q∈Γ± has
two symmetric absolute minima and one for γ > γ∗(N, h) where it has the only one
minimum ϵ(0). It can be shown that [52]

lim
N→∞

γ∗(N, h) ≡ γ∗(h) =
√

1− h. (3.29)

In the subregion 0 < h < 1 when γ > γ∗(h) the dispersion relation ϵ(q) always has
the absolute minimum at q = 0 (as in Figure 3.1), hence the GS in the thermodynamic
limit is not degenerate and given by χ†

0 |0−⟩ with energy

E ≃ E0 + 1− h , (3.30)
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where

E0 ≡ −
N
4π

∫ 2π

0
ϵ(q)dq (3.31)

is the GS energy (2.137) in the absence of frustration. Moreover, the GS is now part of
a band of states and the system is gapless, with the energy gap closing as 1/N2.

In the subregion 0 < h < 1 when 0 ≤ γ < γ∗(h) the dispersion relation has always
two symmetric absolute minima (as shown in Figure 3.1) at q = ±p(h, γ) with [52]

p(h, γ) = arccos
(

h
1− γ2

)
, (3.32)

hence the GS space depends on the exact position in the parameter space (h, γ) and is
given by

GS+ = span
{

χ†
p+(h,γ)χ

†
π

∣∣0+〉 , χ†
−p+(h,γ)χ

†
π

∣∣0+〉 }, (3.33)

or

GS− = span
{

χ†
p−(h,γ)

∣∣0−〉 , χ†
−p−(h,γ)

∣∣0−〉 } (3.34)

where we denoted with p+(h, γ) and p−(h, γ) respectively the closest elements to
p(h, γ) in Γ+ and Γ−. It is interesting that, as already pointed out in [128], in the
thermodynamic limit the GS fidelity does not vanish only if we move along one of
the parabolas h = c(1− γ2) with c ∈ [0, 1], where the minima of ϵ(q) remain fixed.
Hence the frustrated system exhibits a behavior similar to a model with a continuous
symmetry (e.g. the XXZ chain in its paramagnetic phase [49, 134]).
In the thermodynamic limit, the energy of the GS in this particular region of the
parameter space is

E ≃ E0 + γ

√
h2 + γ2 − 1

γ2 − 1
. (3.35)

Moreover, the energy gap separating the finite size two-fold degenerate ground state
manifold with the first excited one closes exponentially with N in the thermodynamic
limit [128], giving rise to a gapless GS with degeneracy 4, spanned by states with oppo-
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site z-parity. Note that the cardinality of the two sets Γ+ and Γ− scales proportionally
to the number of sites. As a consequence, increasing N the number of level crossings
between twice degenerate manifolds with opposite z-parity and non-vanishing mo-
menta [128] increases. In particular, observe that the mirror symmetry of our theory,
i.e. the invariance of the Hamiltonian in Eq. (3.15) under the transformation mapping
the spin operator σα

j into σα
2k−j where k is a generic site of the chain, implies that if the

GS momentum is not zero, then the ground state manifold is a two-fold degenerate
manifold spanned by single particle excitations with equal and opposite momenta, as
proven in [53].

3.4 First order b-QPTs

In this Section we study the possible presence of curves in the (h, γ) plane at which
the system undergoes first order b-QPTs, which are non-extensive discontinuities in
the first derivative of the GS energy [54]. In the previous Section we computed the GS
energy in the large N limit to be of the form E = E0 + ∆E with E0 defined in Eq. (3.31)
and

∆E(h, γ) =


0 if |h| ≥ 1

|γ|
√

h2+γ2−1
γ2−1 if |h| < 1, |γ| < γ∗(|h|)

1− |h| if |h| < 1, |γ| ≥ γ∗(|h|)

(3.36)

This last quantity represents the energy difference induced by TF. Note that the correc-
tion ∆E, which is a distinguishing feature of FBC, does not scale with the number of
sites. As a consequence, any possible new discontinuity of E cannot be extensive.
From Eq. (3.36) we observe that the system undergoes a first order b-QPT at h = 1
with γ > 0 and at h = 0 with γ ≥ 1. Moreover, when 0 ≤ h ≤ 1

lim
γ→0+

∂E
∂γ
− lim

γ→0−

∂E
∂γ

= 2
√

1− h2, (3.37)

so there is another first order b-QPT at γ = 0 with 0 ≤ h < 1. Note that this
discontinuity of the first derivative of the GS energy vanishes at the bi-critical point
(h, γ) = (1, 0).
To conclude, observe that the second order QPTs of the non-frustrated case [49] survive
when FBC are applied, see Eqs. (3.31) and (3.36). This is because they are bulk (i.e.
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extensive) QPTs [22] and, as a consequence, they are not sensitive to the choice of
boundary conditions. At these critical lines the dispersion relation (3.22) vanishes for
some values of q and is relativistic (except the bi-critical point), differently from what
happens at h = 0, where ϵ(q) is Galilean around its minimum

ϵ(q)|h=0 ≈ 1 +
γ2 − 1

2
q2 , (3.38)

meaning that the energy gap between the ground state and the lightest excitation goes
like δϵ(q) ≃ γ2−1

2 q2.

3.5 Second order b-QPTs

In Section 3.3 it has been shown that the critical line γ∗(N, h) divides the region
0 ≤ h < 1 of the first quarter of the parameter space into two subregions with
completely different properties. Crossing this line the GS changes from a gapless
non degenerate one, with negative z-parity and vanishing momentum, to a doubly
degenerate one with two states with the same z-parity but opposite, non vanishing,
momenta. Because of the quantization of momenta – see Eq. (2.87) – and the fact that
the minima of ϵ(q) continuously change when moving γ for γ < γ∗(h), increasing N
the number of level crossings between two-fold degenerate manifolds with opposite
z-parities and different non vanishing momenta increases. The gap between these
alternating manifolds closes exponentially as N increases, giving rise to a four times
degenerate gapless region. Relevantly, in the thermodynamic limit the crossover
between ground states with opposite parities becomes continuous, giving rise to an
extreme case of orthogonality catastrophe [135, 136] which is a typical feature of one-
dimensional models with continuous symmetries [128], such as the XXZ chain [49].
The peculiar behaviour of the system in this region can be traced back to the fact that
both the interactions along x and y become antiferromagnetic and, hence, sources of
geometrical frustration. Thus, a natural question is whether crossing γ∗(h) induces
a b-QPT. In the following Subsection we will analytically prove that this is the case,
and in Section 3.5.2 we will provide further numerical evidences that corroborate the
correctness of our proof. It is here worth to remark that a counter-intuitive behavior
takes place: a b-QPT, and not a usual, extensive, quantum phase transition, separates
regions with strikingly different properties.
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3.5.1 Analytical approach

By using the same notation introduced in Section 3.4, we have that

∂∆E
∂γ

=


(1−γ2)2−h2

(1−γ2)3/2
√

1−h2−γ2
if 0 < γ < γ∗(h)

0 if γ ≥ γ∗(h) .
(3.39)

Figure 3.2 shows a plot of Eq. (3.39) as a function of γ. The first derivative of ∂∆E
∂γ has

Figure 3.2.: Plot of ∂∆E
∂γ as a function of γ for different values of h: h = 0.25 (black), h = 0.5

(blue) and h = 0.75 (red).

a discontinuity at γ = γ∗(h) and therefore the second derivative of E must have a jump
discontinuity for γ = γ∗(h). In particular, we observe that

lim
γ→(γ∗)+

∂2E
∂γ2 − lim

γ→(γ∗)−

∂2E
∂γ2 =

4
h

, (3.40)

from which we arrive at the key result that the system undergoes a second order b-QPT
at γ∗(h). Note that the divergence of the discontinuity for h → 0 seems compatible
with the emergence of the first order b-QPT discussed previously.
It should be noted that this discontinuity was not found in [128], where the same
model was analyzed. While here we took the thermodynamic limit first and studied
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the energy discontinuity across the point γ = γ∗, in [128] the authors calculated the
finite-size energy jump and performed a finite-size scaling analysis. In the latter way,
for any finite N it is always possible to select a neighbor of the transition line where
the momentum of ground state does not change with γ and N because of momentum
quantization (see Eq. (2.87)). Calculated in this way, the energy jump vanishes faster
with large N, but it is not clear if the thermodynamic limit can be safely taken, since in
this limit the constant momentum neighbor shrinks to zero. Thus we will support our
claim that the procedure employed in this work is correct through numerical analysis
in the next Section. Before doing so, it is important to stress here that in sharp contrast
from all the other critical points studied in Section 3.4, the dispersion relation for the
lightest excitation at the critical parabola γ∗(h) has the following McLaurin expansion
around its minimum

ϵ(q)|γ∗ ≈ 1− h +
h

8(1− h)
q4 , (3.41)

indicating an energy gap of δϵ(q)|γ∗ ≃ h
8(1−h)q4 which is thus neither Galilean nor

relativistic, but quartic. To the best of our knowledge, this is the first case of second
order QPT characterized by such a dispersion relation. In the scaling limit, quar-
tic dispersion relations would be generated by high derivative or long-range field
theories, but these terms are typically irrelevant and their contributions are usually
unobservable corrections to the leading terms. In this case, this dispersion relation
indicate a highly non-linear behavior of the single topological excitation injected in
the GS by frustration [56], which is likely a quantum analog to the quartic solitons
[137, 138, 139, 140].

3.5.2 Numerical analysis

In this Subsection we support our previous theoretical results with a numerical ap-
proach that confirms the existence of a second order b-QPT along the critical parabola
γ∗(h).
The second partial derivative of the GS energy E(h, γ; N) with respect to γ for finite
odd N has been evaluated employing a fourth–order "stencil" [141, 142]

∂2E(h, γ; N)

∂γ2 ≃ −E(γ + 2δγ) + 16E(γ + δγ)− 30E(γ) + 16E(γ− δγ)− E(γ− 2δγ)

12δγ2 ,

(3.42)
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where, for brevity, we have denoted E(γ) = E(h, γ; N) at the right hand side of
the above equation. The truncation error of Eq. (3.42) is O

(
(δγ)4). Concerning the

stability of the fourth order stencil of Eq. (3.42), a sufficiently small value for δγ has to
be employed. A sensible order of magnitude for δγ is given by the smallest typical
energy scale of the system, i.e. δk ≡ 2π/N. Figure 3.3 shows a plot of ∂2E(h,γ;N)

∂γ2 as

Figure 3.3.: Plot of ∂2E(h,γ;N)
∂γ2 as a function of γ/γ∗(h) for three different values of δγ: δγ =

0.25δk (black), δγ = 0.5δk (green dashed), δγ = 0.75δk (red dotted). Here, h = 0.1
and N = 50001.

a function of γ/γ∗ for three different choices of δγ < δk. As can be seen, all curves
collapse ontop of each other, signalling that the derivative is stable with respect to
the choice of δγ < δk. All the subsequent numerical analyses have been performed
employing δγ = 0.25δk since the estimate of ∂2E(h,γ;N)

∂γ2 is numerically stable as long as

δγ < 2π
N .

Figure 3.4 shows the behaviour of ∂2E(h,γ;N)
∂γ2 as a function of γ/γ∗(h) at finite odd N

for three different values of h. As is clear, a sudden jump is found around γ = γ∗(h).
Crucially, this jump increases as h decreases. The inset of Figure 3.4 shows a zoom
in a narrow window of γ around γ∗(h): clearly, the curves exhibit a local minimum
for γ = γ̄− ≲ γ∗(h) followed by a sudden jump and and a local maximum for
γ = γ̄+ ≳ γ∗(h), a behaviour closely reminiscent of the Gibbs phenomenon [143, 144].
Via careful numerical analysis, we have found that the distance ∆γ ≡ γ̄+ − γ̄− scales
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Figure 3.4.: Plot of ∂2E(h,γ;N)
∂γ2 as a function of γ/γ∗(h) for different values of h: h = 0.1 (black),

h = 0.3 (blue), h = 0.5 (red). The top left inset shows a zoom centered about the
abrupt jump. Here N = 10001 and note that the curves have been offset in order
to vertically align the center of the jump region.

with N as

∆γ =
2π

N

√
1− h. (3.43)

An example of this behaviour is shown in Figure 3.5 (a) for h = 0.1, where the green
dots represent numerical data obtained for different large values of odd N and the
red curve represents the scaling law of Eq. (3.43). The agreement is excellent and
the same level of accuracy of the above scaling law has been observed for all values
of h. To resume, as N is increased, the distance ∆γ is found to scale as 1/N. This,
together with the fact that the height of the jump is stable increasing N (as we will see
below) strongly suggests that in the thermodynamic limit ∂2E(h,γ;N)

∂γ2 indeed develops
a discontinuity. To obtain the value of this discontinuity without ambiguity, we
extrapolate the jump of ∂2E(h,γ;N)

∂γ2 around γ∗(h) at finite N introducing two third–order
polynomial approximations φ−(γ) and φ+(γ), obtained fitting the numerical data for
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Figure 3.5.: Panel (a): Plot of ∆γ/
√

1− h (green dots) and of the function 2π/N (red line) as a
function of N. Panel (b): plot of ∆ ∂2E)

∂γ2

∣∣∣
γ∗(h)

(green dots) and of the fitting function

c1 + c2N as a function of N. Here, h = 0.1 and the fitting parameters have been
found to be c1 ≈ 39.97 and c2 ≈ 6.79 · 10−11.

γ < γ− and γ > γ+. We then define the jump of the second derivative at finite N as

∆
∂2E
∂γ2

∣∣∣∣
γ∗(h)

≡ φ+(γ
∗(h))− φ−(γ

∗(h)). (3.44)

The procedure is illustrated in Figure 3.6, which shows the second derivative of the
GS energy and the approximating functions φ−(γ) and φ+(γ) (red and blue dashed
curves respectively) as a function of γ/γ∗(h). The quantity (3.44) shows an excellent
stability with respect to N. As an example, Figure 3.5 (b) shows it plotted as a function
of large N (green dots): the observed numerical independence of N strongly supports
the presence of a finite jump in the thermodynamic limit. To quantitatively assess the
stability of this result we have fitted the numerical data of Figure 3.5 (b) to a linear
function of the form c1 + c2N. For the case of h = 0.1 shown in the Figure, the fitting
parameters are found to be c1 ≈ 39.97 – in excellent agreement with the theoretically
found law 4/h – and c2 < 10−11, which is a solid evidence of the insensitivity of
the numerical results with respect to large N. Similar levels of robustness have been
found for all values of h. This allows to conclude that our numerical results are
thermodynamically robust. In other words, for large N, the quantity (3.44) shows
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Figure 3.6.: Plots of ∂2E(h,γ;N)
∂γ2 as a function of γ/γ∗(h) (black solid line) and of the extrapolating

functions φ−(γ) (red dashed line) and φ+(γ) (blue dashed line). Here, h = 0.1
and N = 10001.

to be independent of N providing evidence to the fact that the jump is stable in the
thermodynamic limit. At last, we show in Figure 3.7 the value of the jump of the
second derivative of the GS energy obtained numerically as green dots, compared
with the analytical result 4/h obtained in Eq. (3.40). The agreement is excellent, which
confirms the robustness of the analytical calculations performed in Subsection 3.5.1.

3.6 Conclusions

We have shown that TF can deeply modify the zero temperature phase diagram of
a one-dimensional quantum spin-1/2 system with discrete symmetries by inducing
new b-QPTs, both of the first and of the second order. In particular, we focused on the
example of the XY chain in an external magnetic field, possibly the simplest non-trivial
integrable model. Without frustration, this model is characterized by two QPTs: one at
γ = 0, h ≤ 1 (belonging to the universality class with conformal charge c = 1) which
separates two ordered phases and the other one at h = 1 (c = 1/2 conformal field
theory) that divides the ordered phase from the disordered (i.e. paramagnetic) one.
These two lines meet at the bi-critical point (h, γ) = (1, 0), which is non-conformal.
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Figure 3.7.: Plots of the numerically evaluated gap ∆ ∂2E
∂γ2

∣∣
γ∗(h) (defined by Eq. (3.44)) as a

function of h (green dots) and of the analytical result 4/h. Here, N = 100001.

When FBC are imposed, first order b-QPTs are induced at the conformal lines and at
h = 0, γ ≥ 1, where the dispersion relation is Galilean. Furthermore, TF generates a
second order b-QPT in correspondence of the parabola γ =

√
1− h which separates

a non-degenerate gapless region with definite z-parity and zero momentum from a
four times degenerate gapless region with non-vanishing momenta and characterized
by an extreme case of orthogonality catastrophe (which is a typical feature of models
with continuous symmetries).
Notably, the phase diagram does not show any feature at h2 + γ2 = 1 which, in
the unfrustrated counterpart, marks a line of exact double degeneracy even at finite
size and crossing through which the external magnetic field (h) and the anisotropy
parameter (γ) exchange the role of being the dominant interaction.
Interestingly, to the best of our knowledge we also came across the first example of
second order b-QPT characterized by a dispersion relation which is neither relativistic
nor Galilean but quartic. The correctness of our analytical calculations is supported by
a numerical analysis.
Figure 3.8 and Table 3.1 resume all the QPTs induced by FBC in the XY spin-1/2 chain.
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Figure 3.8.: Zero temperature phase diagram of the frustrated XY chain in the thermodynamic
limit. The blue (red) bold lines represent the first (second) order boundary QPT
induced by the imposition of FBC. The empty circle at (1,0) stands for the absence
of boundary quantum phase transitions and the filled circle at (0,1) indicates the
presence of a first order boundary quantum phase transition.

b-QPT Order Dispersion relation

h = 0, γ ≥ 1 first quadratic
γ = 0, 0 ≤ h < 1 first linear
h = 1 (γ ̸= 0) first linear
γ2 + h = 1 (γ ̸= 0, 1) second quartic

Table 3.1.: Classification of b-QPT by order and dispersion relation in the XY quantum spin
chain with FBC.
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Chapter 4.

Fractons

From the middle of last century, Quantum Field Theory (QFT) has allowed us to enrich
our modern comprehension of strongly correlated systems [38], characterized by a
macroscopic number of interacting degrees of freedom whose collective behavior gives
rise to emergent phenomena which are not expected by studying the single microscopic
components only [9]. For instance, many quantum phases of matter [22], such as
quantum Hall fluids [145] and quantum spin liquids [38], can be described in terms
of vector gauge theories. As an example, Chern-Simons [34] and BF theories [75, 146]
have been shown to be the natural theoretical frameworks to describe, respectively,
the quantum Hall effect [40] and the topological insulators [147, 148]. On the other
hand, many discoveries and ideas first developed in condensed matter and statistical
physics had a later impact in the investigation of new fundamental problems of QFT
[38]. This is exactly the case of fractons, exotic emergent excitations of certain quantum
phases of matter which are completely immobile in isolation [62, 63, 66, 77]. Fractons
represent an extreme case of subdimensional particles, i.e. which are restricted to
move only in lower dimensional subspaces. In particular, as you can see in Figure
1.2, particles which can only move on zero-, one- and two-dimensional subspaces
are known, respectively, as fractons, lineons and planons [62]. The first realization
of this subdimensional behavior has been made in exactly solvable quantum spin
models with discrete symmetries as quantum error-correcting codes [65, 67, 68]. The
prototypical examples of fracton spin models in three spatial dimensions are the X-
cube [67] and the Haah’s Code [68] which belong, respectively, to “type I” and “type II”
classes, the former being characterized by all three types of subdimensional excitations
while the latter has fractons only. Subsequently it was realized that the restricted
mobility of subdimensional particles can be also understood in the context of QFT
in terms of higher moment conservation laws which can be derived from gapless
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higher-rank symmetric tensor gauge theories [62, 149]. In the simplest models, the
limited mobility property is achieved through a rank-2 generalization of the Gauss
constraint, from which it follows immediately that both the total charge and the
total dipole momentum are conserved up to boundary contributions, hence isolated
single particles cannot move, which is the defining property of fractons. Since then,
fractons have attracted more and more attention in many different areas of theoretical
physics, such as QFT [150, 151, 152], elasticity [153, 154], hydrodynamics [155, 156, 157,
158], and gravity [70, 159, 160]. Relevantly, gapped spin fracton models and gapless
higher-rank symmetric lattice gauge theories were related through a mechanism
called Higgsing [161, 162], which gives a mass to the excitations by lowering the
continuous gauge symmetry to a discrete one. More recently, there has been growing
interest in developing relativistic and covariant formulations of fracton field theories
[70, 74, 71, 163]. These formulations enable the adoption of theoretical high-energy
tools in such a way that fracton properties can be derived from first principles of QFT:
fields and symmetries.

The Chapter is organized as follows. In Section 4.1 we briefly review how sub-
dimensional excitations emerge in exactly solvable quantum spin models, focusing
in particular on the X-cube model, where the term “fracton” was introduced for the
first time. The analysis of this model will be especially important, as it will also
provide our first example of lineons, which will play a crucial role throughout the
Thesis. In Section 4.2 we present how gapless subdimensional quasiparticles appear
in the particle spectrum of higher-rank tensor gauge theories arising as the low-energy
description of higher-rank U(1) quantum spin liquids. In Section 4.3 we study the
generalized electromagnetism that characterizes the Scalar Charge Theory, the most
prominent rank-2 tensor gauge theory of fractons. In Section 4.4 we introduce the
covariant approach to fracton gauge theories in 4D. We conclude the Chapter with Sec-
tion 4.5, which discusses the motivations for studying fractons in 3D, whose covariant
formulation will be the topic of Chapter 5.

4.1 X-cube

The prototypical example for the fracton topological order is provided by the X-cube
[66, 67], which is an exactly solvable quantum spin model defined on a cubic lattice
with N qubit degrees of freedom living on each edge. This model is a milestone of
fractonic literature since it exhibits the main features of these exotic topological phases
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of matter. Its Hamiltonian reads

H = −∑
c

Ac −∑
v, i

Bi
v , (4.1)

where Ac is the product of the twelve Pauli x-operators on the edges forming the
boundary of the cube c, while Bi

v with i = x, y, z is the product of the four Pauli z-
operators adjacent to the vertex v and lying in the plane orthogonal to the i-th direction
(see Figure 4.1). Furthermore, periodic boundary conditions are assumed on the

Figure 4.1.: Operators appearing in the X-cube Hamiltonian (4.1). Figure taken from [164].

Lx × Ly × Lz lattice. We observe that A2
c = (Bi

v)
2 = 1, hence the operators Ac and Bi

v

have eigenvalues ±1. Moreover, since

[Ac, Bi
v] = 0 , (4.2)

the Hamiltonian (4.1) is a sum of two mutually commuting terms, a property which
guarantees the exact solvability of the model. A generic ground-state vector |GS⟩must
satisfy

Ac |GS⟩ = Bi
v |GS⟩ = |GS⟩ (4.3)

for all i, v and c. These conditions are precisely Nc + 3Nv = 4LxLyLz constraints, where
Nc = LxLyLz and Nv = LxLyLz denote the numbers of cubes and vertices, respectively.
However, these constraints are not all independent: the product of all cube operators



76 Fractons

Ac lying in a given plane is equal to the identity, and similarly the product of all Bi
v

operators on any plane orthogonal to the i-direction also yields the identity. In fact,
one can show that there are

R = LxLyLz + 2(Lx + Ly + Lz)− 3 (4.4)

independent relations [66, 67]. Thus, the the total number of independent stabilizer
constraints is

Nind = Nc + 3Nv − R = 3LxLyLz − 2(Lx + Ly + Lz) + 3 , (4.5)

which implies that the total number of independent qubits in the ground space (logical
qubits) is

k = N − Nind = 2(Lx + Ly + Lz)− 3 . (4.6)

Hence one concludes that the ground state degeneracy (GSD) is

GSD = 22(Lx+Ly+Lz)−3 , (4.7)

from which we observe that the GSD scales exponentially with the linear system size,
which is a hallmark of gapped fracton phases [68, 165]. The model is topologically
ordered, since its ground states are indistinguishable under any local measurement
[61]. This property is shared with conventional topological phases, such as fractional
quantum Hall liquids, which however exhibit a constant GSD in the thermodynamic
limit [10, 38, 45, 47], in contrast to the subextensive scaling of the X-cube model.

Let us now focus on the low-energy excitations. We would like to begin by con-
sidering the excitation that would arise from flipping the eigenvalue of a single cube
operator, i.e. by imposing Ac = −1 on a cube c. However, such an isolated excitation
cannot be created since a single spin flip necessarily changes the eigenvalues of the four
cube operators that share the flipped link l. This follows from the fact that these four
cube operators anticommute with σz

l , which is the Pauli operator acting on the link l.
To summarize, we can only create four gapped cube excitations at a time, and they
reside on the four cubes to which the flipped link belongs. More generally, one may
act with a rectangular membrane operator consisting of a product of Pauli z-operators
over a two-dimensional surface (see Figure 4.2 for clarity). Such an operator produces
the same pattern of cube excitations as σz

l |GS⟩, which now appear on the four cubes
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Figure 4.2.: When a membrane operator M̂, built as a product of σz
l operators (red lines), acts

on the ground state, it creates four fractons (blue cubes). The notation e(0) indicates
that each excitation is a 0-dimensional object. Figure taken from [164].

that intersect the membrane only along a single link. If we now focus on one of these
cube excitations, it is immediate to see that there is no way to move it without paying a
finite energy cost to create additional excitations (see Figure 4.3). Since they behave as

Figure 4.3.: A fracton (blue cube) can be moved, but doing so necessarily creates two additional
excitations, each carrying a finite energy cost. The red line represents a z-Pauli
operator. Figure taken from [164].

fractions of mobile quasiparticles, these new elementary topological excitations which
are immobile under generic local perturbations were named fractons [66]. Relevantly, a
pair of adjacent fractons becomes mobile within the plane containing the intersection
of the two cube excitations (see Figure 4.4). Subdimensional quasiparticles of this
type, whose motion is restricted to planes, are known as planons.
We now turn to the study of vertex excitations, beginning with the observation that
a Pauli x-operator σx

l acting on a link l anticommutes with the four vertex opera-
tors associated with that link. This implies that the state σx

l |GS⟩ corresponds to two
gapped vertex excitations located at the endpoints of the link l. More generally, a
product of Pauli x-operators along a straight line acting on the ground state creates
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Figure 4.4.: A pair of adjacent fractons (blue cubes) can be moved freely by applying strings of
z-Pauli operators (red lines) whose links lie in the plane containing the intersection
of the two cube excitations. The notation e(2) reminds us that such an object is
able to move only within a 2-dimensional manifold (a plane) without creating
additional excitations. Figure taken from [164].

two gapped quasiparticle excitations at its endpoints. We observe that if we apply a
Pauli x-operator on a link whose vertex is one of the two endpoints and which lies in
a plane orthogonal to the straight string, we can turn the direction of one of the two
quasiparticle excitations. However, this comes at the cost of creating an additional
gapped one-dimensional excitation propagating along the original straight string.
Thus, when we apply a straight string of Pauli x-operators on the ground state, we
create two gapped quasiparticles at the endpoints which, at low energies, can move
only along the line on which the Pauli string lies. Subdimensional quasiparticles
whose motion is restricted to straight lines are called lineons. Let us finally consider a
membrane operator defined as the product of Pauli-x operators over the links forming
a rectangle. Acting on the ground state with such an operator creates four lineons,
located at the four vertices of the rectangle. By changing the length of one of the two
sides of the rectangle, we can move a dipole of lineons while keeping the other two
fixed. More generally, we can construct an extended membrane operator as a product
of such rectangular operators, arranged so that adjacent rectangles always share a
side. In this way, the lineon dipole can be displaced within the plane spanned by these
rectangles, i.e., in the plane orthogonal to the segment connecting the two lineons
we wish to move. Thus, a dipole of lineons behaves as a planon, living in the plane
perpendicular to the line joining the two quasiparticles.

4.2 Higher-rank U(1) gauge theories

Quantum spin liquids (QSLs) are zero-temperature disordered phases of quantum
magnets characterized by strong quantum fluctuations, long-range quantum entangle-
ment and exotic fractionalized excitations. Relevantly, they represent one of the most
striking examples of emergent gauge theory in condensed matter physics. Indeed, in
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their infrared limit, the microscopic spins disappear from the low-energy description
and the relevant degrees of freedom are instead emergent gauge fields. In particular,
the low-energy theory of a rank-1 U(1) QSL shares the essential properties of ordinary
Maxwell theory, being a deconfined compact U(1) gauge theory. The prototypical
realization is quantum spin ice, where the spin-ice rule (i.e. a geometrically frustrated
spin interaction) generates an emergent U(1) gauge symmetry. The fundamental
degrees of freedom are a compact gauge field Aℓ(x) and its canonically conjugate
electric field Eℓ(x), both defined on the oriented links ℓ of the lattice. On a cubic lattice
in (3 + 1) dimensions, it is convenient to assemble the link variables into spatial vector
fields A(x) and E(x), whose i-th components correspond to the fields living on the
link pointing in the i-direction from the vertex at position x. These variables satisfy
the equal-time canonical commutation relations

[Aj(x), Ek(y)] = iδjkδ(3)(x− y) . (4.8)

where, for the sake of convenience, we placed in the continuum limit. More precisely,
in the lowest-energy sector, the spin ice rule translates into a source-free local Gauss
constraint

∇ · E = 0 , (4.9)

which generates the gauge transformations1

A→ A +∇α , (4.10)

with α(x) a local scalar function. The low-energy effective rank-1 compact U(1)
Hamiltonian density reads

H =
1
2
(gE2 + B2) + U

(
∇ · E

)2 , (4.11)

where g and U are numerical coefficient, and the emergent magnetic field is defined as

B ≡ ∇× A . (4.12)

1In Lattice Gauge Theory, the Gauss law G(x) = 0 is the generator of unitary operator U(α) =
exp

{
−i
∫

d3x α(x)G(x)
}

implementing a gauge transformation. Physical states satisfy G(x) |ψ⟩ = 0
or, equivalently, gauge invariance U(α) |ψ⟩ = |ψ⟩.
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In the pure gauge sector (in the absence of dynamical charges), the Gauss-law term
with large U energetically enforces (4.9) on physical states, and the Hamiltonian
reduces to the emergent Maxwell characterized by a gapless photon excitation, with
velocity c ∼ 1/

√
g. In 3D, the compact U(1) lattice gauge theory is not stable because

of instanton effect, i.e. the proliferation of magnetic monopoles in Euclidean spacetime
opens the photon gap [166]. This fact does not happen in 4D, where, in the infrared,
monopole tunneling events are irrelevant and the Hamiltonian is self-dual under the
electric-magnetic duality, a property which protect the stability of the deconfined
Coulomb photon phase. At lowest energies, the source-free Gauss law (4.9) is obeyed,
whereas higher energy states may violate it, i.e.

∇ · E = ρ ̸= 0 , (4.13)

where such violations of the low-energy constraint correspond to the charges of the
emergent U(1) gauge theory. In rank-1 U(1) gauge theory, the emergent charge is a
conserved quantity.

Historically, the study of QSLs has focused primarily on rank-1 gauge theories.
However, it was subsequently shown in [69] that symmetric2 U(1) tensor gauge the-
ories constitute an interesting new class of gapless QSLs, whose low-energy Hilbert
space preserves all microscopic symmetries and whose gaplessness is protected against
small arbitrary perturbations by a combination of emergent gauge invariance (enforced
by a local Gauss constraint on the low-energy Hilbert space) and a generalized electro-
magnetic duality. Now we will focus in particular on rank-2 theories, which are char-
acterized by a compact U(1) symmetric tensor gauge field Aij(x), whose canonically
conjugated variable is Eij(x), representing a generalized electric field and quantized
to take integer values. In the lattice perspective, the off-diagonal components (such
as E12(x)) live on the faces of the lattice, whereas the diagonal components (such as
E11(x)) reside on the vertices. Since the precise choice of lattice is not important for the
following discussion, we will work directly in the continuum limit. At rank-2, there are
three different Gauss constraints that one may impose, and each choice corresponds to
a different stable phase [69]. The procedure adopted in [69] is the following: one first
imposes the Gauss constraint, which in general takes the form

G(x) = 0 , (4.14)

2Antisymmetric tensor gauge theories do not describe stable phases of matter and were therefore not
taken into consideration.
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where G(x) may be either a scalar or a vector, and derives the corresponding gauge
transformation that it generates. One then constructs the simplest possible gauge-
invariant Hamiltonian whose terms commute with G(x), which in turn requires
defining a gauge-invariant rank-2 emergent magnetic field Bij(x). The resulting low-
energy effective Hamiltonian density is

H =
1
2
(
EijEij + BijBij

)
+ U G2 , (4.15)

where U is a dimensionless parameter, and the explicit form of Bij(x) depends on
the particular theory under consideration, i.e. on the choice of Gauss constraint
(4.14). Other possible terms in the effective Hamiltonian contain a larger number
of derivatives and are therefore irrelevant for the low-energy physics. At slightly
higher energies there exist states that do not obey the Gauss constraint, and, exactly
as in the rank-1 U(1) gauge theory, such violations correspond to charged quasiparti-
cles. Relevantly, in [60] it was demonstrated that the quasiparticle structures of these
rank-2 emergent gauge theories are dramatically different from those of their rank-1
counterparts, due to the presence of several mobility restrictions analogous to those
previously discussed for the X-cube model. In this sense, higher-rank theories can
be viewed as gapless generalizations of the original gapped fracton models, which
were characterized by discrete symmetries. Relevantly, the relation between gapped
fracton models and gapless higher-rank gauge theories was investigated in [161, 162].
The restricted mobility of fractons was subsequently explored as a phenomenon that
can be understood independently of the specific underlying microscopic model or
physical mechanism enforcing it [149]. In particular, it can be realised as a conse-
quence of higher-moment conservation laws and this development opened a new
and exciting direction of research involving both condensed-matter and high-energy
theorists. In the following, we review the quasiparticle structure of the four possible
rank-2 emergent gauge theories, with particular emphasis on the associated mobility
restrictions.

4.2.1 Vector Charge Theory

For a general state, the Gauss law is given by

∂iEij = ρj , (4.16)
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where ρj is a vector charge density. The corresponding source-free Gauss constraint
generates the following gauge transformation [69]

δAij = ∂iΛj + ∂jΛi , (4.17)

with Λi(x) an arbitrary vector function. From (4.16) we observe immediately that, on
an infinite volume V or up to boundary terms,∫

dV ρi = 0 (4.18)∫
dV ϵ0ijk xjρk = 0 , (4.19)

which encode the conservation of, respectively, the total charge and the angular charge
moment. In order to satisfy these conservation laws, vector charges are constrained to
move only along the direction of their charge vector. To see this explicitly, consider a
single vector charge q located at position x(t) at time t, so that

ρi(x, t) = qi δ(3)
(
x− x(t)

)
. (4.20)

Then, from (4.19) one obtains ϵ0ijk xj(t) qk = 0, which implies that x(t) must remain
parallel to q at all times, i.e. it is a lineon. Finally, the magnetic field is defined as [69]

Bij ≡ ϵ0iab ϵ0jcd ∂a∂c Abd , (4.21)

and the resulting low-energy dispersion relation is quadratic, i.e. ω ∼ k2.

4.2.2 Traceless Vector Charge Theory

The Gauss law for this theory is that of the Vector Charge Theory (4.16), supplemented
by the additional requirement that Eij(x) be traceless throughout the entire Hilbert
space, i.e.

Ei
i = 0 . (4.22)
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From (4.16) and (4.22) we obtain ∫
dV ρixi = 0 (4.23)∫

dV
(

xiρ
ixj − 1

2
xixiρj

)
= 0 (4.24)

on an infinite volume V or up to boundary terms, and both the two conservation
laws (4.18) and (4.19) of the Vector Charge Theory. These conservation laws imply
that isolated vector charges cannot move at all, thus the tracelessness condition (4.22)
converts them from lineons into fractons. Finally, in this theory the generalized
magnetic field is defined as [149]

Bij ≡
1
2
[
ϵ0iab

(
∂a∂k∂j Abk − ∂a∂c∂c Abj

)
+ ϵ0jab(∂a∂k∂i Abk − ∂a∂c∂c Abi)

]
, (4.25)

and the resulting low-energy dispersion relation is cubic, i.e. ω ∼ k3.

4.2.3 Scalar Charge Theory

The Gauss law on a general state is

∂i∂jEij = ρ , (4.26)

where ρ is a scalar charge density. The source-free Gauss constraint generates the
following gauge transformation [69]

δAij = ∂i∂jΛ , (4.27)

where Λ(x) is an arbitrary scalar function. The Scalar Charge Theory (SCT) is the
simplest of the four rank-2 theories, it is the only one that is not self-dual, yet it remains
stable against confinement like the others. From the Gauss constraint (4.26) follow two
mobility restrictions, ∫

dV ρ = 0 , (4.28)∫
dV xiρ = 0 , (4.29)

on an infinite volume V or up to boundary terms. These imply that the fundamental
quasiparticles must conserve their dipole moment and are therefore fractons, while
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dipolar bound states are free to move. Furthermore, in this theory the magnetic field
tensor is defined as [149]

Bij ≡ ϵ0iab ∂a Ab
j , (4.30)

which is non-symmetric, traceless, and contains only a single spatial derivative. This
structure leads to a linear dispersion relation, ω ∼ k. As a consequence, the low-energy
physics can be described by a relativistic quantum field theory.

4.2.4 Traceless Scalar Charge Theory

The Gauss law is the same as in the SCT (4.26), supplemented by the additional
tracelessness constraint (4.22). Together, these imply the mobility restrictions (4.28),
(4.29), and ∫

dV xixiρ = 0 , (4.31)

on an infinite volume V or up to boundary terms. As a consequence, the fundamen-
tal quasiparticles are fractons, unable to move without creating additional charges.
Dipolar bound states, on the other hand, retain mobility but only within the plane
orthogonal to their dipole moment, i.e. they behave as planons. To see this explicitly,
consider an isolated physical dipole p = q d, with charge density

ρ(x, t) = q
[
δ(3)(x− x(t)− d)− δ(3)(x− x(t))

]
, (4.32)

where di denotes the vector from the negative to the positive charge, which must
remain constant in order for the dipole moment to be conserved, as required by (4.29).
Substituting (4.32) into (4.31) yields the condition ∆x(t)·p = 0, which implies that the
dipole may move freely only within the plane orthogonal to its dipole moment p. To
conclude, the magnetic tensor field in this theory is defined as [149]

Bij ≡
1
2

(
ϵ0iab ∂a Ab

j + ϵ0jab ∂a Ab
i

)
, (4.33)

which is symmetric, traceless, and contains only a single spatial derivative. As a result,
the low-energy dispersion relation is linear, ω ∼ k.
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4.3 Scalar Charge Theory: generalized electromagnetism

From the constrained Hamiltonian structure introduced in the previous Section (Eqs.
(4.15) and (4.26)), it is useful to pass to a Lagrangian formulation. Following [167], we
begin by writing down the partition function of the SCT

Z ∝
∫
DAijDEij δ(∂i∂jEij) exp

{
i
∫

d3xdt
(

Eij∂t Aij −
1
2

EijEij −
1
2

BijBij

)}
∝
∫
DAijDEijDϕ exp

{
i
∫

d3xdt
(
−ϕ∂i∂jEij + Eij∂t Aij −

1
2

EijEij −
1
2

BijBij

)}
∝
∫
DAijDϕ exp

{
i
∫

d3xdt
[

1
2
(
∂t Aij − ∂i∂jϕ

)2 − 1
2

BijBij

]}
, (4.34)

where in the first step we introduced a scalar Lagrange multiplier ϕ(x, t) to enforce
the source-free Gauss constraint. From (4.34), we can read off the action of SCT

Sinv =
∫

d3x dt
[

1
2
(
∂t Aij − ∂i∂jϕ

)2 − 1
2

BijBij

]
, (4.35)

which is invariant under the gauge transformation

δAij = ∂i∂jΛ δϕ = ∂tΛ , (4.36)

with Λ(x, t) an arbitrary scalar function.
In the Lagrangian formulation, the electric tensor field is, by definition, the conjugate
momentum associated with the gauge field Aij(x, t), i.e.

Eij ≡ δLinv

δ∂t Aij
= ∂t Aij − ∂i∂jϕ , (4.37)

where Linv(Aij, ϕ) is the Lagrangian density. When matter is introduced, the total
action becomes

Stot =
∫

d3x dt
[

1
2
(
∂t Aij − ∂i∂jϕ

)2 − 1
2

BijBij − ρ ϕ− Jij Aij

]
, (4.38)

where Jij is a symmetric tensor current, while ρ is the scalar charge density. The latter
is fractonic, since the equation of motion for ϕ(x, t) reproduces the generalized Gauss
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law (4.26). From the equation of motion for Aij(x, t), we obtain

−∂tEij +
1
2

(
ϵ0iab∂aB j

b + ϵ0jab∂aB i
b

)
= Jij , (4.39)

which is a rank-2 generalization of the Ampère law

−∂tE +∇× B = J . (4.40)

Relevantly, the symmetric tensor current Jij(x, t) represents the current density of
i-oriented dipoles moving in the j-th direction. This interpretation follows from the
fact that dipolar bound states are the only mobile excitations in the theory, whereas
isolated fractons remain immobile. By applying a double divergence ∂i∂j to the rank-2
Ampère law (4.39) and using the generalized Gauss law (4.26), we obtain

∂tρ + ∂i∂j Jij = 0 , (4.41)

which is the rank-2 analogue of the ordinary continuity equation

∂tρ +∇ · J = 0 . (4.42)

Equation (4.41) will play a crucial role throughout this Thesis, as it encodes the frac-
tonic nature of the theory. In particular, it implies the conservation of both the total
charge and the total dipole moment

d
dt

∫
dV ρ = 0,

d
dt

∫
dV xiρ = 0 (4.43)

on an infinite volume V or up to boundary terms.
From the definition of the magnetic tensor field (4.30), its divergence immediately
yields

∂iBij = 0 , (4.44)

which is the rank-2 generalization of the familiar equation

∇ · B = 0 . (4.45)
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Furthermore, taking the time derivative of the magnetic tensor field (4.30) and using
(4.37), we obtain

∂tBij + ϵ0iab ∂aE j
b = 0 , (4.46)

which generalizes Faraday’s law

∂tB +∇× E = 0 (4.47)

to this rank-2 framework.

4.3.1 Electrostatics and Magnetostatics

Following [149], let us now consider a static isolated charge q (a fracton), which
satisfies

∂i∂jEij = q δ(3)(x) , (4.48)

and derive its generalized electrostatic Coulomb field. Dimensional analysis already
suggests that Eij(x) must scale as q/|x|, which is the first major difference with respect
to the ordinary 4D case. Moreover, rotational invariance implies the general form

Eij(x) = q

(
α

ηij

|x| + β
xixj

|x|3

)
, (4.49)

where α and β are dimensionless coefficients to be determined. Substituting the
ansatz (4.49) into (4.48), we find that the Gauss law is satisfied only if

β− α =
1

4π
. (4.50)

We observe that we still need to determine the coefficient α. This is another major
difference from ordinary 4D electromagnetism, where the electric field of a static
point charge is completely fixed by Gauss law together with rotational symmetry. To
determine the value of α, we substitute the ansatz (4.49) into the generalized Faraday
law (4.46) in the static limit. We find that this equation is satisfied only if

α + β = 0 . (4.51)
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Comparing (4.50) and (4.51), we can solve for α and β, thus concluding that the electric
field generated by a fracton is

Eij(x) =
q

8π

(
xixj

|x|3
− ηij

|x|

)
. (4.52)

One can also show that the rank-2 electric field generated by a dipole p is [149]

Eij(x) = − 1
8π

[
ηij(p·x)
|x|3

+
pixj + pjxi

|x|3
− 3

xixj(p·x)
|x|5

]
, (4.53)

which decays as 1/|x|2, in contrast with the standard 4D electromagnetic dipole field.
Moreover, from Eq. (4.37) we see that the electric potential generated by a fracton and
by a dipole scales respectively as |x| and as (p·x)/|x| at large distances. This, in turn,
implies that separating two fractons requires an amount of energy that grows linearly
with their separation.

Let us now study a stationary current. From the generalized Ampère law (4.39),
one finds that the magnetic tensor field generated by a steady current Jij(x) is [149]

Bij(x) = −
1

6π

∫
d3x′ J k

j (x
′) ϵ0ikl

xl − x′l

|x− x′|3
, (4.54)

which serves as the generalized Biot–Savart law for the SCT. Moreover, we observe
that, just as in ordinary 4D electromagnetism, the magnetic field decays as 1/|x| at
large distances.

4.3.2 Lorentz force

As we have learned so far, fundamental quasiparticles—being fractons—do not re-
spond to electromagnetic fields, in contrast to dipolar bound states of a positive and
a negative charge, which do not experience immobility restrictions. A dipole does
respond to electromagnetic fields, although its orientation must remain fixed in order
to preserve the total dipole moment. The generalized Lorentz force proposed in [149]
and experienced by a dipole pi moving with velocity vi in an electromagnetic field is

Fj = − pi
(

Eij + ϵ0jlk vl Bk
i

)
. (4.55)
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As a physical check, let us study the electric force experienced by a dipole pi located at
xi due to the presence of an identical dipole placed at the origin. The expression for
this force is [149]

Fj =
1

8π

[
2

pj(p·x)
|x|3

+ p2 xj

|x|3
− 3

(p·x)2xj

|x|5

]
, (4.56)

whose radial component is [149]

Fj x̂j =
p2 sin2 θ

8π |x|2
, (4.57)

where θ is the angle between pi and xi. From (4.57), we immediately observe that the
radial component of the force is always non-negative, meaning that the interaction
between two identical dipoles is repulsive. Conversely, if we consider the same
configuration but with the dipoles oriented oppositely, the expression acquires an
overall negative sign, implying an attractive force. This is physically intuitive, since
oppositely oriented dipoles tend to recombine into the vacuum. Interestingly, the
Lorentz force between two collinear dipoles, i.e. when θ = 0 or θ = π, vanishes.
These configurations correspond respectively to a minimum and a maximum of the
interaction potential for parallel and antiparallel dipoles [149]. In summary, identical
dipoles tend to arrange themselves end to end, whereas antiparallel dipoles prefer to
lie side by side.

4.4 Covariant approach

So far, the fractonic theories we have discussed are formulated in a non-covariant
language. However, it was not long before high-energy theorists became interested in
exploring the phenomenon of restricted mobility within the framework of relativistic
quantum field theories. In particular, in [70] the authors introduced the first Lorentz-
covariant 4D extension of the gauge transformation (4.27) that characterizes the SCT,
and subsequently analyzed the resulting covariant tensor gauge theory using standard
QFT techniques. They considered a symmetric tensor gauge field3

aµν = aνµ , (4.58)

3From now on, greek letters will denote spacetime indices.
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with mass dimension

[aµν] = 1 (4.59)

transforming according to longitudinal diffeomorphisms [72]

δaµν = ∂µ∂νΛ , (4.60)

where Λ(x) is a local scalar gauge parameter. Notice that (4.59) together with (4.60)
implies that the mass dimension of Λ(x) is negative,

[Λ] = −1 . (4.61)

In order for the gauge parameter to have vanishing mass dimension, as is often
desirable, the tensor gauge field must itself have mass dimension two. This occurs
in six spacetime dimensions (6D) for theories whose quadratic action contains two
spacetime derivatives (such as Maxwell theory or Linearized Gravity), or in five
dimensions for theories with only one derivative in the action, i.e. Chern-Simons–like
theories. In lower dimensions, the gauge parameter unavoidably acquires a negative
mass dimension. In 6D, the dimensionless nature of the gauge parameter is reflected
in the structure of the energy–momentum tensor, which becomes traceless only in this
spacetime dimension, thereby signaling scale invariance.
The most general 4D power-counting compatible action invariant under (4.60) is

Sinv = g1SLG + g2SM (4.62)

where

SLG =
∫

d4x (∂µa∂µa− ∂ρaµν∂ρaµν − 2∂µa∂νaµν + 2∂ρaµν∂µaνρ) (4.63)

SM ≡
∫

d4x (∂ρaµν∂µaνρ − ∂ρaµν∂ρaµν) (4.64)

with g1 and g2 dimensionless constants,

a ≡ ηµνaµν (4.65)

and η = diag(−1,+1,+1,+1) the 4D Minkowski metric. The invariant action (4.62)
turns out to be a linear combination of the Linearized Gravity (LG) [73] action (4.63) to-
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gether with an additional contribution (4.64). The former is the most general quadratic
action invariant under infinitesimal diffeomorphisms,

δdi f f aµν = ∂µξν + ∂νξµ , (4.66)

where ξµ(x) is a vector gauge parameter. Observe that the covariant gauge symmetry
(4.60) is less restrictive than longitudinal diffeomorphisms, since it can be obtained
from (4.66) in the particular case

ξµ =
1
2

∂µΛ . (4.67)

Hence, one naturally expects the most general action to contain the LG action together
with an additional term, representing the genuine novelty of the theory, which is not
invariant under infinitesimal diffeomorphisms (4.66)

δdi f f SM ∝
∫

d4x ∂µξν
(
∂ρ∂µaνρ + ∂ρ∂νaρµ − 2□aµν

)
̸= 0 , (4.68)

where

□ ≡ ∂µ∂µ (4.69)

denotes the d’Alembertian operator. We will refer to SM (4.64) as the “fractonic” term,
since, as we will show in Section 4.4.3, it constitutes a covariant generalization of the
Scalar Charge Theory previously studied.
Since the gauge field can be rescaled by an overall constant without affecting the physi-
cal content of the theory, the action (4.62) effectively depends on a single dimensionless
parameter, which, however, cannot be absorbed by any field redefinition. This is a
rather peculiar feature for a free quadratic theory. The only closely analogous situation
occurs in the 3D Maxwell–Chern–Simons theory [168, 169], where the corresponding
parameter plays the role of a topological mass. However, in order to keep track of the
separate contributions of the gravitational (g2 = 0) and fractonic (g1 = 0) terms, we
will retain both g1 and g2 in the following analysis.

4.4.1 Gauge fixing

In gauge field theory [170], in order to compute the physical degrees of freedom
(DoF) and the propagators of a model, it is necessary to impose a suitable covariant
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gauge fixing condition. This procedure eliminates the redundant and unphysical DoF
associated with gauge invariance, which would otherwise render divergent the Green
functions’ generating functional

Z[J] =
∫
Daµν exp

{
i
(

Sinv +
∫

d4x Jµνaµν

)}
. (4.70)

Looking at the right hand side of (4.60), since the gauge parameter is a scalar, the
standard Faddeev–Popov procedure leads naturally to a scalar gauge-fixing condition

∂µ∂νaµν + κ □a = 0 , (4.71)

where κ is a dimensionless gauge parameter. The scalar constraint (4.71), adopted in
[70], is the rank-2 analogue of the covariant Lorentz gauge

∂µ Aµ = 0 . (4.72)

The scalar gauge condition (4.71) is implemented by adding to the invariant action
Sinv (4.62) the gauge fixing term

Sg f =
∫

d4x b
(

∂µ∂νaµν + κ ∂2a +
ξ

2
b
)

, (4.73)

where b(x) is a scalar Nakanishi–Lautrup multiplier [171, 172] enforcing the gauge con-
dition (4.71), with mass dimension [b] = 1. The parameter ξ is a gauge parameter with
non-vanishing mass dimension [ξ] = 2. As a consequence, the choice of the Landau
gauge ξ = 0 is required in order to avoid infrared divergences [173]. Moreover, as
shown in [70], when adopting a scalar gauge condition the limit g2→ 0, corresponding
to pure LG, cannot be smoothly reached, since it is affected by singularities both in the
propagators and in the counting of DoF. This is a consequence of the fact that, since
LG is invariant under the more restrictive infinitesimal diffeomorphism symmetry
(4.66), the limit g2→ 0 is accompanied by a change in the gauge symmetry, switching
from the weaker (4.60) to the stronger (4.66). Accordingly, when g2→ 0 the gauge
parameter changes character: it ceases to be a scalar and becomes a vector field and, as
a consequence, a vector gauge-fixing condition is required, whose general form is

∂νaµν + κ ∂µa = 0 , (4.74)
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with κ a dimensionless gauge parameter which, for instance, reduces to the harmonic
gauge when κ = −1/2. Interestingly, in [71] the vectorial condition (4.74) is employed
to gauge fix the entire invariant action (4.62). This can be achieved by adding to Sinv

the gauge fixing term

Sg f =
∫

d4x bµ

(
∂νaµν + κ ∂µa +

ξ

2
bµ

)
, (4.75)

where bµ(x) is a vector Nakanishi–Lautrup multiplier enforcing the gauge condition
(4.74). Since its mass dimension is [bµ] = 2, the primary gauge parameter ξ is therefore
dimensionless, and the Landau gauge is no longer mandatory. In [71] it has been shown
that the vector gauge condition (4.74) leads to well defined propagators, exhibiting
a pole for 2g1 − g2 = 0 (corresponds to the traceless theory) in agreement with the
results of [70], and yielding well defined gravitational and fractonic limits. Moreover,
the counting of DoF coincides with that of [70], with the important difference that,
by adopting a vectorial gauge fixing, one is no longer forced to work in the Landau
gauge.

4.4.2 Higher-rank field strength

As anticipated above, the new term (4.64) generated by the less restrictive gauge
symmetry (4.60) constitutes a covariant extension of the Scalar Charge Theory dis-
cussed in detail in Section 4.3. In that Section, we showed that SCT describes a rank-2
generalization of ordinary electromagnetism. Since ordinary electromagnetism admits
a covariant formulation through the action

S(ord)
M = −1

4

∫
d4x FµνFµν , (4.76)

with Fµν(x) the usual field strength

Fµν = ∂µ Aν − ∂ν Aµ , (4.77)

it is now natural to ask whether there exists a rank-3 generalization of (4.77) in terms
of which the fractonic action SM (4.64) can be rewritten in a form reminiscent of (4.76).
The most general expression for a rank-3 tensor built from first derivatives of the
tensor gauge field aµν(x) is [74]

Fµνρ ≡ c1 ∂µaνρ + c2 ∂ρaµν + c3 ∂νaµρ , (4.78)
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where c1, c2 and c3 are dimensionless constants to be determined. In complete analogy
with the ordinary field strength Fµν (4.77), which is invariant under the gauge trans-
formation δAµ(x) = ∂µΛ(x), we require the higher-rank field strength to be invariant
under longitudinal diffeomorphisms (4.60)

δFµνρ = 0 , (4.79)

which leads to the condition

c3 = −(c1 + c2) . (4.80)

Upon substituting (4.80) into (4.78), we observe that the cyclic property

Fµνρ + Fρµν + Fνρµ = 0 (4.81)

is automatically satisfied, further strengthening the analogy with the ordinary case,
where

Fµν + Fνµ = 0 . (4.82)

Since the tensor gauge field is symmetric, and with the goal of writing the action
solely in terms of the higher-rank field strength we are constructing—built as a linear
combination of first derivatives of aµν(x)—we require Fµνρ(x) to inherit a symmetry
under the exchange of two indices [74]. In particular, we impose

Fµνρ = Fνµρ , (4.83)

which implies c2 = −c1. Thus, absorbing c1 into a redefinition of the gauge field, we
arrive at the following expression for the higher-rank field strength:

Fµνρ = ∂µaνρ + ∂νaµρ − 2 ∂ρaµν , (4.84)

which also satisfies a Bianchi-like identity,

ϵαµνρ ∂µFβνρ = 0 (4D) (4.85)

ϵµνρ ∂µFανρ = 0 (3D) , (4.86)
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which closely mirrors the ordinary Bianchi identity

ϵαµνρ ∂µFνρ = 0 (4D) (4.87)

ϵµνρ ∂µFνρ = 0 (3D) , (4.88)

and whose physical interpretation will play an important role in what follows.
In terms of the higher-rank field strength (4.84), we can rewrite both invariant actions
(4.63) and (4.64) as, respectively,

SLG =
∫

d4x
(

1
4

Fµ
µν F ρν

ρ − 1
6

FµνρFµνρ

)
(4.89)

and

SM = −1
6

∫
d4x FµνρFµνρ . (4.90)

Relevantly, we observe that the latter expression (4.90) is a rank-2 analogue of the
covariant Maxwell action (4.76). In terms of the new higher-rank field strength, we
can write the equations of motion (EoM) as

δSinv

δaαβ
= g1

[
ηαβ ∂µF νµ

ν − 1
2

(
∂αFµ

µβ + ∂βFµ
µα

)
− ∂µFαβµ

]
− g2 ∂µFαβµ = 0 . (4.91)

From this expression we see that the contribution of SM,

∂µFαβµ = 0 , (4.92)

obtained by setting g1 = 0, closely resembles the usual Maxwell equations in their
covariant form. The EoM (4.92) will be analyzed in detail in the next Subsection.
Another important quantity in our analysis is the covariant momentum canonically
conjugated to aµν(x), defined as

Παβ ≡ ∂Linv

∂∂taαβ
= −g1

[
ηαβF λ0

λ − 1
2

(
η0αF λβ

λ + η0βF λα
λ

)
− Fαβ0

]
+ g2Fαβ0 , (4.93)
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whose components are

Π00 = 0 , (4.94)

Πi0 = −1
2

g1F ji
j + g2Fi00 , (4.95)

Πij = g1

(
Fij0 − ηijF k0

k

)
+ g2Fij0 . (4.96)

From these expressions we immediately see that a00(x) is not a dynamical field. More-
over,

ηαβΠαβ = Πi
i = (g2 − 2g1) F i0

i , (4.97)

so that, in agreement with the results of [70], if g2 − 2g1 = 0 then the trace a(x) does
not correspond to a dynamical DoF. Indeed, for this specific relation between g1 and
g2, the invariant action Sinv (4.62) becomes traceless.

4.4.3 Higher-rank Maxwell theory of fractons

We now proceed to analyze in detail the properties of the action SM (4.90), and we
will show that it contains, as a particular sector, the Scalar Charge Theory of fractons
studied in [149]. From this point on, we will focus our attention exclusively on SM.

Generalized electromagnetic fields

As recalled in Section 4.3, the electric tensor field (4.37) was defined in [149] as the
conjugate momentum associated with the spatial gauge field aij(x). In the theory
defined by SM, using (4.96) we find that the spatial components of the covariant
momentum canonically conjugated to aµν(x) are

Πij
M ≡

δSM

δ∂taij
= Fij0 = 2 ∂0aij + ∂iaj0 + ∂jai0 , (4.98)

which differs from the expression (4.37) in the SCT. Here we observe that a particular
solution of the 00-component of the EoM (4.92),

∂iF00i = 2 ∂i(∂0a0i − ∂ia00) = 0 , (4.99)
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is given by

aµ0 = ∂µψ , (4.100)

where ψ(x) is a local scalar function. On the solution (4.100), we observe that Πij(x)
coincides (up to an irrelevant constant prefactor) with the rank-2 electric tensor field
of the Scalar Charge Theory (4.37). Thus we define our generalized electric field as

E ij ≡ Fij0∣∣
(4.100) = 2

(
∂0aij − ∂i∂jψ

)
, (4.101)

which strongly resembles the situation in ordinary Maxwell theory, where the electric
field is defined in terms of the electromagnetic field strength (4.77) as

Ei ≡ Fi0 . (4.102)

Moreover, on the particular solution (4.100), which will be assumed from now on even
when matter is introduced, the following additional properties hold:

Fi00 = 0 , (4.103)

Fi0j = −1
2

Fij0 , (4.104)

the former of which implies, once inserted into (4.95), that Πi0
M = 0. Consequently,

recalling also that Π00
M (x) = 0, the dynamical DoF of the fracton theory reside solely in

the spatial components aij(x) of the tensor gauge field.
Let us now return to the analysis of the EoM (4.92). Taking α = 0 and β = i in the EoM
and using (4.103) and (4.101), we find

∂jE ij = 0 , (4.105)

which immediately implies

∂i∂jE ij = 0 , (4.106)

namely the source-free Gauss law characteristic of the SCT [60].
Finally, taking α = i and β = j in the EoM (4.92) and using (4.101), we arrive at

∂0E ij + ∂kFijk = 0 , (4.107)
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which, once compared with the generalized source-free version of Ampère’s law (4.39)
in the SCT, suggests defining

Fijk ≡ −1
2

(
ϵ0iklB j

l + ϵ0jklB i
l

)
, (4.108)

or, equivalently,

B j
i ≡

2
3

ϵ0ikl Fjkl = 2 ϵ0ikl ∂kal j , (4.109)

which, up to an irrelevant constant prefactor, coincides with the rank-2 magnetic tensor
field (4.30) of the SCT. As already noted in the previous Section, this tensor is traceless

Bi
i = 0 (4.110)

and satisfies

∂iBij = 0 , (4.111)

moreover, importantly, the definition (4.108) strongly reminds that of ordinary electro-
magnetism

Bi(x) ≡ 1
2

ϵ0ijkFjk = ϵ0ijk∂j Ak . (4.112)

It is also important to emphasize that the generalized electromagnetic fields E ij(x)
(4.101) and Bij(x) (4.109) are defined in terms of the higher-rank gauge invariant field
strength Fµνρ(x) (4.84). This mirrors precisely the situation in ordinary 4D Maxwell
theory, where the electromagnetic fields Ei(x) (4.102) and Bi(x) (4.112) are defined in
terms of the usual rank-2 field strength Fµν(x) (4.77). Thanks to the definition (4.109),
we can rewrite the EoM (4.107) as

−∂0E ij +
1
2

(
ϵ0ikl∂kB

j
l + ϵ0jkl∂kB i

l

)
= 0 , (4.113)

which coincides exactly with the rank-2 Ampère law (4.39).
Let us now analyze the components of the Bianchi-like identity (4.85) and translate
them into the language of the rank-2 electromagnetic fields just defined. Taking α = 0
and β = i, we recover the source-free magnetic tensor Gauss law (4.111). When instead
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α = i and β = j, we find

∂0Bij + ϵ0ilk∂lE
j

k = 0 , (4.114)

which is precisely the rank-2 Faraday law (4.46) characterizing the SCT.
To summarize, we have seen that the covariant gauge field theory defined by SM

(4.64) embeds the fractonic SCT [60], which constitutes a rank-2 generalization of
ordinary four-dimensional Maxwell electromagnetism. This fact becomes even more
transparent when the action SM is rewritten in terms of the generalized electromagnetic
fields E ij(x) and Bij(x). By using (4.101), (4.109), (4.103), (4.104) and (4.110), one finds
[74]

SM =
1
4

∫
d4x

(
E ijEij −BijBij

)
, (4.115)

which is the action of the SCT (4.35) and represents a higher-rank generalization of the
ordinary Maxwell action, whose Lagrangian density is proportional to E2(x)− B2(x).

Stress-energy tensor

The stress–energy tensor of the fracton theory (4.64) is [74]

Tαβ ≡ −
2√−g

δSM

δgαβ

∣∣∣∣
g=η

= −1
6

ηαβFµνρFµνρ +
1
3

ηαγηβλ

(
2FλνρFγ

νρ + FµνλF γ
µν

)
,

(4.116)

and this expression remains valid even in a Minkowski spacetime of arbitrary space-
time dimension n. As a consequence, its trace in n dimensions is

ηαβTαβ =
6− n

6
FµνρFµνρ , (4.117)

which vanishes only when n = 6. This stands in contrast to ordinary Maxwell theory,
where the trace of the stress–energy tensor vanishes in four dimensions, signalling the
invariance of the theory under conformal transformations [174]. This observation sug-
gests that n = 6, although not physically realized, is the natural spacetime dimension
in which to study the covariant fracton theory (4.64).
Let us now focus our attention on the components of the stress–energy tensor (4.116)
and on their physical interpretation. One finds (we refer to [74] for the details of the
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computation)

T00 =
1
4

(
E ijEij + BijBij

)
(4.118)

T0i =
1
2

ϵ0ilp Ekl B k
p (4.119)

Tij =
1
4

ηij
(
E abEab + BabBab

)
− ηab E iaE jb − 1

2
ηab

(
BiaB jb −BajBib

)
, (4.120)

which generalize, respectively, the energy density

u =
1
2

(
E2 + B2

)
, (4.121)

the Poynting vector

S = E× B , (4.122)

and the stress tensor

σij =
1
2

ηij
(

E2 + B2
)
− EiEj − BiBj , (4.123)

which characterize ordinary Maxwell theory.
Let us now discuss the on–shell conservation of the stress–energy tensor (4.116) by
explicitly computing the on–shell components of ∂νTµν(x). One can verify that the
time component µ = 0 is conserved [74]:

∂νTν0 = ∂0T00 + ∂iTi0 = 0 , (4.124)

which generalizes the Maxwell continuity equation

∂tu +∇ · S = 0 . (4.125)

In contrast, the spatial component µ = i is not conserved on–shell [74]:

∂νTνi =
1
4

[
3Bni ∂mB m

n + 2B m
n ∂mBn

i − 2 Eab ∂bE ai
]
̸= 0 , (4.126)

unlike what happens in standard electromagnetism. This non–conservation is a
consequence of the fact that the curved space extension of the fracton action SM (4.64)
is not diffeomorphism invariant, unlike ordinary Maxwell theory. The resulting partial
on–shell conservation of Tµν(x) follows from the structure of the gauge symmetry
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(4.60), which—although not a generic infinitesimal diffeomorphism (4.66)—constitutes
a particular subclass of them (4.67).

Fractonic matter

Matter can be introduced into the theory by adding a matter action to (4.64), so that
the total action becomes

Stot ≡ SM + SJ , (4.127)

where

SJ ≡ −
∫

d4x Jµνaµν , (4.128)

with Jµν(x) a symmetric rank-2 tensor current coupled to the gauge field. The equa-
tions of motion now take the form

∂µFαβµ = −Jαβ , (4.129)

from which, using the cyclic property (4.81), one obtains the covariant higher–rank
continuity equation

∂α∂β Jαβ = 0 , (4.130)

a relation that plays a central role in the covariant formulation of fractonic theories.
Let us now study the components of the EoM (4.129). Taking α = β = 0 one finds

J00 = 0 , (4.131)

since we are assuming that the particular solution (4.100) continues to hold also in the
presence of matter.
Taking α = 0 and β = i, one arrives at

∂jE ij = 2Ji0 , (4.132)

whose divergence gives

∂i∂jE ij = ρ , (4.133)
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where ρ(x) is a scalar charge density defined as

ρ ≡ 2 ∂i Ji0 . (4.134)

Relevantly, (4.133) coincides with the higher–rank Gauss law (4.26) that defines the
SCT [149]. Moreover, as already discussed in Section (4.2), the charge density ρ(x) is
fractonic, since (4.26) implies the conservation of both the total charge and the total
dipole moment (4.43).
Finally, for α = i and β = j in (4.129), one recovers the generalized Ampère law (4.39)
of SCT

−∂0E ij +
1
2

(
ϵ0ikl∂kB

j
l + ϵ0jkl∂kB i

l

)
= Jij , (4.135)

whose double divergence ∂i∂j yields

∂0ρ + ∂i∂j Jij = 0 , (4.136)

the usual fractonic continuity equation (4.41) relating the fracton charge density ρ(x)
to the dipole current density Jij(x). Notice that (4.136) can also be derived directly
from (4.130):

0 = ∂α∂β Jαβ = 2 ∂0∂i Ji0 + ∂i∂j Jij = ∂0ρ + ∂i∂j Jij , (4.137)

where (4.131) and (4.134) have been used.

We now study how the presence of matter modifies the quantity ∂νTµν(x). In [74]
it has been computed that

∂µTµ0 = −1
2
Eab Jab (4.138)

∂µTµi =
1
4

[
3Bni ∂mB m

n + 2B m
n ∂mBn

i − 2 Eab ∂bE ai
]
− 1

2
ϵ0ikl JjkB

j
l + 2Jj0E ij . (4.139)

In analogy with ordinary Maxwell theory, where the covariant Lorentz force f µ(x)
satisfies

∂νTµν + f µ = 0 , (4.140)
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here, by comparing (4.138) and (4.139) with (4.140), the authors of [74] identify

f 0 =
1
2
Eab Jab , (4.141)

f i = −2 Jj0 E ij +
1
2

ϵ0ikl Jjk B
j

l , (4.142)

representing, respectively, a generalization of the Maxwell power and Lorentz force
density. Let us now focus our attention on f i(x) (4.142). We observe that, since the
total dipole moment is

Di ≡
∫

dV xiρ = 2
∫

dV xi∂k Jk0 =
∫

dV (−2Ji0) , (4.143)

we can identify the dipole moment density as

di ≡ −2Ji0 . (4.144)

Moreover, following the physical interpretation of Jij(x) given in [149], we may write

Jij ≡ divj + djvi , (4.145)

with vi(x) the dipole velocity field. In this case, the generalized Lorentz force density
(4.142) becomes

f i = −dj E ij +
1
2

ϵ0ikl(djvk + dkvj)B
j

l , (4.146)

which closely resembles the Lorentz force on dipoles (4.55) conjectured in [149] for
Scalar Charge Theory.

4.5 3D fractons

So far we have focused on fracton literature in 4D, but it is natural to ask: what
about fractons living on a plane? The motivations for studying fracton phases of
matter in 3D are numerous, ranging from their duality with elasticity theory [153]
to the possibility of constructing massive fracton models [161], and including the
higher–rank generalizations of topological quantum field theories [76].

In the previous Sections, we dealt with fractons in complicated spin models and in
gauge theories, but there exists a more down-to-earth realization of subdimensional
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particles as topological lattice defects of ordinary crystals in two spatial dimensions,
based on the so-called “fracton–elasticity duality” [153]. In particular, this mapping
shows that disclinations and dislocation defects of a two-dimensional crystal ex-
hibit the restricted mobility properties of, respectively, fractons and lineonic dipoles.
Moreover, the phonons of the solid map onto the gapless gauge modes of the spa-
tial symmetric tensor gauge field Aij(x) transforming under (4.27). These properties
become especially transparent through an exact duality between two-dimensional
crystals and the 3D Scalar Charge Theory. The main features of fracton–elasticity
duality are summarized in Figure 4.5.

Figure 4.5.: Dictionary of the fracton-elasticity duality. Figure taken from [153].

Two of the main breakthroughs in condensed matter physics of the last century
are the Quantum Hall Effect [40, 145] and Topological Insulators [147, 148], which, in
field-theoretical language, are described by 3D Chern–Simons [34] and BF [75, 146]
theories. This naturally raises the question: does there exist a dipolar analogue of the
Quantum Hall Effect or of Topological Insulators? In a field-theoretical framework,
the question can be reformulated as follows: given the power of 3D Topological
Quantum Field Theories [75] to describe topological orders in two spatial dimensions,
is there a higher-rank class of Chern–Simons or BF theories capable of capturing
fractonic behaviour? The answer is yes: non-covariant theories describing the dipolar
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Quantum Hall effect and topological dipole insulators have already been proposed
[76, 77, 78, 79, 80]. In the next Section, we present two covariant formulations of
higher-rank Chern–Simons and BF theories, which together constitute an important
step toward the understanding and formal theoretical description of 3D gauge theories
for dipolar Hall fluids.

Most existing models focus on massless fractons, describing gapless phases with
long-range correlations; however, many physical systems exhibit gapped excitations
and finite correlation lengths, motivating the study of massive fracton phases. Mas-
sive theories can capture softened mobility constraints or bound-state formation, and
typically allow a clearer identification of the propagating degrees of freedom. In the
context of higher-rank lattice gauge theories of gapless fractons, it has been shown that
in most cases, breaking the U(1) gauge symmetry down to Zn through a Higgs-like
mechanism [161, 162] generates a mass gap but simultaneously destroys the fractonic
behavior. The only known exception is the X-cube model [67, 175], which is defined
in three spatial dimensions but is non-covariant and does not rely on a continuum
field-theoretic setup. On the other hand, non-covariant rank-2 Maxwell–Chern–Simons
models with fractonic features have been proposed [176, 177], and another example
appears in [77, 167], where a Witten-like effect for fractons is considered. Finally, the
introduction of a mass scale in fracton models has been argued to play a role in emer-
gent gravitational-like phenomena [62]. In particular, massive fracton quasiparticles
can experience an effective attractive interaction, derived from locality together with
conservation of the center of mass [159], suggesting a potential link between massive
fracton dynamics and emergent gravitational responses. In Section 5.3 we will con-
struct a covariant gauge theory describing massive fractons in 3D, based on a symmetric
rank-2 tensor field aµν(x) transforming under longitudinal diffeomorphisms (4.60).
The model includes a covariant Chern–Simons-like term which generates a topological
mass for the tensor gauge field, in direct analogy with the Maxwell–Chern–Simons
mechanism of Deser–Jackiw–Templeton [168, 169].
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Chapter 5.

Covariant Field Theories for 3D
Fractons

In this Chapter we shall study 3D covariant theories for fractons starting from a pure
field theoretical perspective. Thus, as done in the 4D case [70, 71, 74], the longitudinal
diffeomorphisms [72] (4.60) will be the starting point to build the most general gauge
invariant and power-counting compatible actions. The main goal is to investigate
whether fractonic features are naturally embedded in such covariant field theoretical
frameworks and eventually establish a link with preexisting condensed matter theory
literature. In 3D there are two possible choices for the mass dimension of the gauge
field, as it happens with the standard U(1) vector gauge theory. In that case one
can set the dimension of the field to be 1 and recover the topological Chern-Simons
theory [34], while by setting the dimension to 1/2 one has the topologically massive
Maxwell-Chern-Simons theory, where a parity-odd Chern-Simons term gives mass to
the vector gauge field while preserving gauge invariance and unitarity [168, 169]. We
will consider both situations referred to fractons, thus studying covariant theories of a
rank-2 symmetric tensor field with mass dimension 1 and 1/2, and transforming under
longitudinal diffeomorphisms (4.60). Thinking about topological theories and their
relations to condensed matter physics, the higher-rank covariant generalization of the
Chern-Simons case, which will be the subject of Section 5.1 (based on [3]), represents a
first promising step towards the study of 3D covariant fracton models. Inspired by
that successful example, in Section 5.2 (which is based on [4]) we build and study the
covariant rank-2 generalization of another important 3D topological field theory: the
BF model [75]. Once matter is introduced in this theory, a subdimensional behaviour
naturally emerges, with both fractons and lineons, together with interesting links with
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condensed matter literature. Finally, since in the context of covariant fracton theories
both Maxwell [74] and Chern-Simons-like terms has been shown to exist as rank-2
generalizations of the ordinary ones, a question naturally raises: can a topological
mass generation mechanism be implemented for higher-rank tensor gauge theories
describing fractons? The answer to this question will be the main subject of Section
5.3, which is based on [5].

5.1 Higher-rank Chern-Simons theory of fractons

5.1.1 The model

The action

We start by considering the 3D theory of a symmetric rank-2 tensor field aµν(x) with
mass dimension 1 transforming under longitudinal diffeomorphisms [72] (4.60), which,
as seen in Section 4.4, characterize the 4D covariant theory of fractons [74], and is
affected by a kind of original sin. In fact, in 3D, due to [aµν(x)] = 1, the local gauge
parameter Λ(x) must have mass dimension −1. This leads to singularities which
manifest themselves only when treating the theory as a gauge field theory, as indeed
it is, forcing to adopt the Landau gauge, as we shall see. The most general 3D action
invariant under (4.60) and respecting power counting is

SCS =
∫

d3x ϵµνρa λ
µ ∂νaρλ =

∫
d3x ϵµνρ ã λ

µ ∂ν ãρλ , (5.1)

which depends only on the traceless part of aµν(x)1

ãµν ≡ aµν −
1
3

ηµνa (5.2)

where a(x) ≡ ηµνaµν(x) is the trace of the gauge field. The action SCS (5.1) for the
rank-2 symmetric tensor field aµν(x) reminds the 3D Chern-Simons action (5.3) for the
ordinary vector gauge field Aµ(x)

S(ord)
CS [A] =

∫
d3x ϵµνρ Aµ∂ν Aρ , (5.3)

but, differently from (5.3), it depends on the metric and, hence, is not topological.
Nonetheless, the generalized Chern-Simons action (5.1) shares with the ordinary
1From now on, we shall denote traceless tensors with a tilde.
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one (5.3) some peculiar properties, such as the level quantization (see Appendix D).
Moreover, like the ordinary Chern-Simons theory, the action (5.1) can be written using
a gauge-invariant bulk theta-like term, as commented in [74]. The equations of motion
(EoM) derived from the topological action (5.3) are

ϵµρσFρσ = 0 , (5.4)

where Fρσ(x) is the usual electromagnetic field strength (4.77). From the action (5.1)
the following EoM for the traceless tensor field ãαβ(x) are derived

δSCS

δãαβ
= ϵαµν∂µ ã β

ν + ϵβµν∂µ ã α
ν = 0 , (5.5)

which also can be written in terms of the higher rank field strength (4.84), as we shall
see shortly.

Generalized electric and magnetic fields

If we wanted to follow in 3D the same approach adopted by Pretko in 4D [149] (and
explained in Section 4.3), we would run into a problem since the conjugate momentum
of aij(x)

pij =
1
2

(
ϵ0ika j

k + ϵ0jka i
k

)
(5.6)

is not gauge invariant

δpij =
1
2
(ϵ0ik∂j∂kΛ + ϵ0jk∂i∂kΛ) ̸= 0 . (5.7)

and, hence, cannot represent a physical quantity. This problem can be solved thanks to
the higher rank field strength (4.84), in terms of which a coherent covariant formulation
of the 4D fracton Scalar Charge Theory has been given [74]. It is convenient to define a
traceless field strength, reflecting the fact that the action SCS (5.1) does not depend on
the trace a(x)

F̃µνρ ≡ Fµνρ −
1
4

(
2ηµνFλ

λρ − ηµρFλ
λν − ηνρFλ

λµ

)
, (5.8)
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which is fully traceless, in the sense that

ηµν F̃µνρ = ηµρ F̃µνρ = ηνρ F̃µνρ = 0 (5.9)

and shares with the full tensor Fµνρ(x) the properties (4.79), (4.83) and (4.81). In close
analogy with the Chern-Simons theory, the EoM (5.5) can be written as

δSCS

δãαβ
=

1
3

(
ϵαµν F̃β

µν + ϵβµν F̃α
µν

)
= 0 , (5.10)

whose time and space components are

• α = β = 0

δSCS

δã00
=

2
3

ϵ0ij F̃0
ij = 0 (5.11)

• α = i, β = 0

δSCS

δã0i
=

1
3

(
ϵ0kl F̃i

kl −
3
2

ϵik0F̃0
0k

)
= 0 (5.12)

• α = i, β = j

δSCS

δãij
=

1
3

ϵ0ik
(

F̃j
k0 − F̃j

0k

)
+

1
3

ϵ0jk
(

F̃i
k0 − F̃i

0k

)
= 0 , (5.13)

where in (5.12) the ciclicity property (4.81) has been used. Notice that (5.11) implies
that, on-shell, the traceless generalized field strength has the following additional
symmetry

F̃0ij = F̃0ji . (5.14)

Equivalently, the EoM (5.11) of ã00 can be written in terms of the gauge field as

ϵ0ij∂ia0j = 0 , (5.15)

which is solved by

a0i = ∂iψ , (5.16)
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where ψ(x) is a generic scalar field. Using (5.14) and the cyclicity property (4.81), the
EoM (5.13) reads

δSCS

δãij

∣∣∣∣
(5.14)

=
1
2

(
ϵ0ik F̃j

k0 + ϵ0jk F̃i
k0

)
= 0 , (5.17)

which will be useful in what follows. As anticipated, the higher rank field strength
Fµνρ(x) allows to define invariant higher rank generalizations of the electric field
(4.102) and of the magnetic field. In order to do so, we proceed, again, in analogy to
what happens in Chern-Simons theory where [34, 40]

δS(ord)
CS [A]

δAa
∝ ϵ0abEb (5.18)

δS(ord)
CS [A]

δA0
∝ B , (5.19)

where

Ei ≡ Fi0 (5.20)

B ≡ −1
2

ϵ0ijFij = −ϵ0ij∂
i Aj (5.21)

are, respectively, the ordinary electric and magnetic field in 3D. We are therefore led to
identify the higher rank generalizations of the standard definitions (5.18) and (5.19) as

δSCS

δãij

∣∣∣∣
(5.14)

≡ 1
2

(
ϵ0kiẼ j

k + ϵ0kjẼ i
k

)
(5.22)

δSCS

δã0i
≡ Bi . (5.23)

It is easy to see that, as a consequence of the definition (5.22), the tensorial electric field
is spatially traceless, i.e. ηabẼ ab = 0. Comparing with (5.17) and (5.12), respectively,
and using (5.14), we get

Ẽ ij = F̃ij0 (5.24)

Bi =
2
3

ϵ0jk F̃i
jk = ϵ0ij F̃k

kj , (5.25)
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which gives

F̃ijk =
1
2

(
ϵ0ikB j + ϵ0jkBi

)
. (5.26)

The derivation of (5.25) requires some care. In particular, the tracelessness (5.9) and
cyclicity (4.81) properties of F̃µνρ(x) must be used. Because of the invariance of F̃µνρ(x),
both Ẽ ij(x) and Bi(x) have the required property of being gauge invariants. Moreover,
the tensorial traceless electric field (5.24) turns out to be symmetric, as it should be in
fractonic theories [60, 61, 62, 74, 149].

5.1.2 Currents and fractons

Following [34, 40], matter current is introduced in Chern-Simons theory by adding a
term in the action

S(ord)
tot = S(ord)

CS −
∫

d3xAµ Jµ , (5.27)

so that

Jµ =
δS(ord)

CS

δAµ
, (5.28)

which encodes the matter response to electric and magnetic fields, through (5.18) and
(5.19). The higher rank generalization of (5.27) is

Stot = SCS −
∫

d3xJ̃µν ãµν , (5.29)

where SCS is given by (5.1), and (5.28) translates into

J̃αβ =
δSCS

δãαβ
. (5.30)
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Recalling that we are working on the solution (5.14) of the EoM of ã00(x) (5.11)2 (since
the generalised electromagnetic fields are defined there), we have that

J̃00 = 0 . (5.31)

Taking this into account, and using (5.22) and (5.23), equation (5.30) implies the fol-
lowing identifications

J̃0i = Bi (5.32)

J̃ij =
1
2

(
ϵ0kiẼ j

k + ϵ0kjẼ i
k

)
. (5.33)

Moreover, by writing explicitly (5.30)

J̃αβ = ϵαµν∂µ ã β
ν + ϵβµν∂µ ã α

ν , (5.34)

one can see that

∂α∂β J̃αβ = 0 , (5.35)

which is the rank-two extension of what happens in Chern-Simons theory [34, 40],
where (5.28)

Jµ ∝ ϵµνρ∂ν Aρ (5.36)

implies the continuity equation

∂µ Jµ = 0 . (5.37)

Indeed, given (5.31) and defining

ρ ≡ 2∂i J̃0i , (5.38)

2Notice that, since a0i(x) is a vector field, it can be decomposed as a0i = ui + ∂iψ, where ui(x) is
transverse, i.e. ui = ϵ0ij∂

ju, with u(x) a scalar function. Since the local gauge parameter Λ(x) is a
scalar, we have to apply a scalar gauge fixing and, in particular, we can choose the longitudinal gauge
u = 0, thus recovering (5.16), which coincides with the solution (5.14) of the vacuum EoM of ã00(x)
(5.11). Thus, working partially on-shell on the solution (5.16), which is crucial in order to observe a
fractonic behavior, is equivalent to fix the longitudinal gauge.
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the conservation law (5.35) represents a continuity equation

∂0ρ + ∂i∂j J̃ij = 0 , (5.39)

which is relevant in fractonic theories, since it implies dipole moment

Di =
∫

dΣ xiρ = −2
∫

dΣ J̃0i (5.40)

(with dΣ ≡ dx1dx2) conservation [60, 61, 62, 154]

dDi

dt
=
∫

dΣ xi dρ

dt
= −

∫
dΣ xi∂a∂b J̃ab =

∫
dΣ ∂b J̃ib = 0 , (5.41)

defining the fracton quasiparticle as an immobile object [60, 61, 62]. Moreover, from
the continuity equations (5.39), the trace of the quadrupole moment3

Dij ≡
∫

dΣ xixjρ (5.42)

is conserved

∂0Di
i = ∂0

∫
dΣ ηijxixjρ = −

∫
dΣ ηijxixj∂k∂l J̃kl ∝

∫
dΣ ηkl J̃kl =

∫
dΣ J̃00 = 0

(5.43)

where the last step follows from (5.31). Hence isolated dipoles are constrained to
move in straight lines which are perpendicular to their dipole momenta [156], i.e. they
behave as lineons. Thus, relevantly, our theory has exactly the same conservation laws
which characterize Pretko’s Traceless Scalar charge Theory of fractons [149].
To resume, it is possible to identify ρ(x) as the charge density, J̃0i(x) as the local dipole
moment and J̃ij(x) as the dipole current, in agreement with [74, 154]. Notice that
in (5.33) the current J̃ij(x) coincides with the generalized Hall response described in
[77, 154, 167], while (5.32) relates the magnetic vector field to the dipole charge. It is
also interesting to notice that from (5.32) the presence of a nonvanishing divergence of
the magnetic field implies a nonzero charge density

ρ = 2∂iBi , (5.44)

3We adopt the traceful definition of quadrupole moment, instead of the traceless one, as in [149, 178]
and in [179].
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which could be associated to the presence of a 3D fracton vortex defect. In the ordinary
Chern-Simons model [34], vorticity is related to the charge Q of the model, and hence
to the magnetic flux Φ, through

Q =
∫

d2x J0 =
∫

d2x B = Φ (5.45)

as a consequence of the so called “magnetic flux attachment”

J0 = B (5.46)

coming from the 0-component of the Chern-Simons EoM (5.28). Indeed the effect
of the Chern-Simons coupling is to attach the magnetic flux of B(x) to the matter
charge density J0(x) in such a way that the flux follows the charge density wherever it
goes [34]. Equation (5.32), which involves the generalized magnetic field Bi(x), is the
fractonic equivalent of the flux attachment relation (5.46). In particular, the equivalent
of the charge is a vector, represented by the the dipole density

di ≡ −2 J̃0i , (5.47)

being the total dipole moment Di given by (5.40), for which (5.32) can be written as

di = −2Bi . (5.48)

Thus in our case flux attachment is related to dipoles. This is not surprising, if we
think about the fundamental properties of fractons, for which the relation (5.48) could
not involve the fractonic charge ρ(x) (5.38) since, by definition, it is an immobile object.
Additionally, it is interesting to see that the Hall analogy can be extended also by
noting that the current J̃ij(x) (5.33) can be interpreted as a generalized Hall current, if
we define a generalized conductivity σ̃ijkl as

J̃ij = σ̃ijkl Ẽkl , (5.49)

where

σ̃ijkl = σ̃jikl = σ̃ijlk ≡ 1
4

(
ϵ0kiη jl + ϵ0kjηil + ϵ0liη jk + ϵ0l jηik

)
, (5.50)
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which is the kl-symmetrization of the one found in [77, 167]. This mimics the standard
Hall current

Ji = σijEj with σij ∝ ϵ0ij , (5.51)

also in its orthogonality condition with the (generalized) electric field (5.24)

J̃ijẼij = −ϵ0ijẼikẼ k
j = 0 . (5.52)

We thus have from the EoM with matter coupling (5.30) the “dipole-flux attachment”
(5.48) and the generalized Hall current (5.49), which represent the two main ingredients
for the fracton generalization mentioned above. A comment is in order concerning the
existing Literature. The invariant action (5.1) reduces to that studied in [77] when (5.16)
holds, which plays a crucial role in the definition of both the generalized electromag-
netic fields and it implies (5.31), hence leading us to the relevant fractonic continuity
equation (5.39). Going back to the connections with the work [77], we observe that we
recover their generalized Hall response in symmetrized form. Remarkably, differently
from [77], which starts directly by writing a non-covariant Chern-Simons like action,
we derive ours as the most general 3D action invariant under the covariant fractonic
gauge transformation (4.60) with [aµν(x)] = 1.

5.1.3 Gauge-fixing and propagators

The most general gauge fixing for the transformation (4.60), which depends on the
scalar local parameter Λ(x), is

∂µ∂νaµν + κ□a = 0 , (5.53)

where □ is the 3D D’Alembertian operator. The scalar constraint (5.53) is realized by
adding to the action SCS (5.1) the gauge fixing term

Sg f = −
1

2ξ

∫
d3x

(
∂µ∂νaµν + κ□a

)2 , (5.54)

which depends on two gauge parameters ξ and κ. The former, ξ, identifies the type
of gauge fixing. For instance, ξ = 0 and ξ = 1 represent the Landau and Feynman
gauges, respectively. The direct consequence of the fact that the local gauge parameter
Λ(x) in (4.60) has negative dimensions, is that the constant gauge parameter ξ in the
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gauge fixing term Sg f (5.54) is massive [ξ] = 3, which leads to infrared divergences
exactly like in ordinary Chern-Simons theory, which, for the same reason, is defined in
the Landau gauge ξ = 0 only [173, 180, 181]. In momentum space4 and in the Landau
gauge, the propagator of the gauge fixed action

S ≡ SCS + Sg f , (5.55)

is

⟨âαβ(p)âρσ(−p)⟩ = ipλ

16p2

[
ϵαλρ

(
ηβσ + 3

pβ pσ

p2

)
+ ϵαλσ

(
ηβρ + 3

pβ pρ

p2

)
+

+ ϵβλρ

(
ηασ + 3

pα pσ

p2

)
+ ϵβλσ

(
ηαρ + 3

pα pρ

p2

) ] (5.56)

where p2 ≡ pµ pµ and âµν(p) is the Fourier transform of aµν(x) (the details of the
calculation can be found in Appendix E.1). Notice that (5.56) implies

⟨â(p)âρσ(−p)⟩ = ⟨â(p)â(−p)⟩ = 0 , (5.57)

as it should, being the theory traceless. The propagator (5.56) does not display any
pole and does not depend on the gauge parameter κ, coupled in the gauge fixing term
Sg f (5.54) to the trace field a(x), which is expected, being the theory defined by SCS

(5.1) traceless. The gauge fixing term (5.54) can alternatively be written as

S(ξ)
g f =

∫
d3x

[
b
(
∂µ∂νaµν + κ□a

)
+

ξ

2
b2
]

(5.58)

where the scalar field b(x) is the Nakanishi - Lautrup Lagrange multiplier [171, 172]
implementing the gauge condition (5.53). This form of the gauge fixing term will
be useful in Appendix F.1, where we prove that the degrees of freedom (DoF) of the
theory are two.

5.1.4 Energy momentum tensor

Chern-Simons and BF theories are topological QFTs of the Schwarz type [75], charac-
terized by an invariant action which does not depend on the metric gµν(x). The energy

4The Fourier transform is defined as Φ(x) ≡
∫ d3 p

(2π)3 eip·xΦ̂(p).
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momentum tensor of topological QFTs vanishes

Tµν ≡ −
2√−g

δSCS

δgµν = 0 . (5.59)

This renders the energy momentum tensor unphysical, in the sense that the only
contribution to it comes from the gauge fixing term, which depends on the metric. One
of the most striking consequences of this fact is that topological QFTs have vanishing
energy density T00(x) and hence vanishing energy. The model presented in this Section
is a higher rank generalization of the standard Chern-Simons theory, and it is not
topological. In fact, SCS (5.1) displays a metric dependence

SCS =
∫

d3x ϵµνρgαβaαµ∂νaβρ , (5.60)

which is mild, being only linear. To make a comparison, Maxwell theory has a cubic
dependence on the metric

S(ord)
M = −1

4

∫
d4x

√
−g gµνgρσFµρFνσ . (5.61)

We might say that the theory described by the action SCS (5.60) is “almost” topological.
There is indeed at least one property which our theory shares with a topological QFT:
it has, on-shell, vanishing energy. In fact, the energy momentum is

Tµν = −ϵαβγ(aαµ∂βaγν + aαν∂βaγµ) , (5.62)

whose 00-component, namely the energy density, is

T00 = −2ϵµνρaµ0∂νaρ0 = −2ϵ0mn (a00∂man0 − am0∂0an0 + am0∂na00) . (5.63)

It is immediate to see that on the solution (5.16), the total energy, given by the volume
integral of the energy density, vanishes∫

dΣ T00 = 0 , (5.64)
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which is a weaker statement of the corresponding one concerning topological QFTs.
One can also verify that the energy momentum tensor is conserved on-shell5

∂αTαβ = 0 . (5.65)

5.2 Higher-rank BF theory of fractons

5.2.1 The model

Symmetries and equations of motion

The field content of the theory consists of two rank-2 tensor fields: aµν(x), which is
symmetric, and Bµν(x), which has no symmetry. Restricting to functionals with one
derivative only, the most general 3D actions depending on these two tensor fields and
invariant under the following field transformations

δ1aµν = ∂µ∂νΛ ; δ1Bµν = 0 (5.66)

δ2aµν = 0 ; δ2Bµν = ∂µξν , (5.67)

are

SCS =
∫

d3x ϵµνρa λ
µ ∂νaρλ (5.68)

S(B)
CS =

∫
d3x ϵµνρB λ

µ ∂νBρλ (5.69)

SBF =
∫

d3x ϵµνρB σ
µ ∂νaρσ , (5.70)

where the tensor fields have mass dimensions [aµν] = [Bµν] = 1. The δ1-transformation
acting on the symmetric tensor field aµν(x) represents the longitudinal diffeomor-
phisms characterizing the covariant formulation of fracton theories both in 4D [71,
74, 163] and 3D [3]. On the other hand, the δ2-transformation is the lowest order

5To prove this, it is convenient to work in momentum space, where, using the EoM (F.4),

pαT̂αβ = iϵµνρ pν

[
pα ˆ̃aµα(−p) ˆ̃aρβ(p) + ˆ̃aµβ(−p)pα ˆ̃aρα(p)

]
= iϵµνρ pν

[
−pµ

pα pλ

p2
ˆ̃aλα(−p) ˆ̃aρβ(p) + ˆ̃aµβ(−p)pρ

pα pλ

p2
ˆ̃aλα(p)

]
= −i�����ϵµνρ pν pµ

pα pλ

p2
ˆ̃aλα(−p) ˆ̃aρβ(p) + i�����ϵµνρ pν pρ ˆ̃aµβ(−p) pα pλ

p2
ˆ̃aλα(p) = 0 .
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most general one acting on the generic tensor field Bµν(x). It reduces to infinitesimal
diffeomorphisms (4.66) (which contain their longitudinal component) in the particular
case of symmetric Bµν(x), and, for antisymmetric tensor field, δ2Bµν = 1

2(∂µξν − ∂νξµ)

is the standard transformation of the 2-form appearing in ordinary BF models [75].
This transformation has been shown to display fractonic behaviours as well [182]. The
first two actions, (5.68) and (5.69), are the higher-rank extension of the ordinary Chern-
Simons action (5.3) for the vector gauge field Aµ(x). In particular, the higher-rank
Chern-Simons action (5.68) has been studied in Section 5.1, where it has been shown
that it describes fracton quasiparticles exhibiting a Hall-like behaviour. The last action
functional (5.70) is the generalization of the 3D BF action [38, 75]

S(ord)
BF =

∫
d3x ϵµνρBµ∂ν Aρ , (5.71)

which couples the vector gauge field Aµ(x) to an additional gauge field Bµ(x). In this
Section we focus on the action SBF (5.70), which can be isolated by means of a discrete
symmetry which assigns opposite charges to the fields aµν(x) and Bµν(x). For instance,
definining

Paµν = + aµν (5.72)

PBµν = − Bµν , (5.73)

the charges of the actions (5.68), (5.69) and (5.70) are

PSCS = +2 SCS (5.74)

PS(B)
CS = −2 S(B)

CS (5.75)

PSBF = 0 . (5.76)

Requiring that the action has vanishing P-charge uniquely identifies SBF (5.70), which
can be written in a form that is even more reminiscent to the standard BF action

SBF =
1
3

∫
d3x ϵµνρB σ

µ Fσνρ , (5.77)

where we used the higher-rank field strength (4.84) which is invariant under the field
transformations (5.66) and (5.67). It is useful to decompose the generic tensor Bµν(x)
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in its symmetric and antisymmetric parts

Bµν ≡ bµν + ϵµνρbρ , (5.78)

where

bµν = bνµ = 1
2

(
Bµν + Bνµ

)
(5.79)

ϵµνρbρ = 1
2

(
Bµν − Bνµ

)
→ bρ = −1

2 ϵραβBαβ , (5.80)

which, from (5.67), transform as

δ2bµν = 1
2

(
∂µξν + ∂νξµ

)
(5.81)

δ2bρ = −1
2 ϵραβ∂αξβ . (5.82)

The invariant action (5.70), written in terms of aµν(x), bµν(x) and bµ(x), reads

SBF =
∫

d3x
(

ϵµνρb σ
µ ∂νaρσ − bµ∂νaµν + bµ∂µa

)
, (5.83)

where a(x) ≡ ηµνaµν(x) is the trace of the gauge field. The gauge transformations
δ1 (5.66) and δ2 (5.67) depend on the scalar gauge parameter Λ(x) and on the vector
ξµ(x), respectively, and, correspondingly, require a scalar and a vector gauge condition

k0∂µ∂νaµν + k1□a = 0 (5.84)

κ0∂νbµν + κ1∂µb + κ2ϵµνρ∂νbρ = 0 , (5.85)

where b(x) ≡ ηµνbµν(x) and k0, k1, κ0, κ1 and κ2 are constant parameters. The above
gauge conditions can be implemented by adding to the invariant action SBF (5.70) the
gauge fixing term

Sg f =
∫

d3x
[

d
(

k0∂µ∂νaµν + k1□a +
k
2

d
)
+ dµ

(
κ0∂νbµν + κ1∂µb + κ2ϵµνρ∂νbρ +

κ

2
dµ

)]
,

(5.86)

where d(x) and dµ(x) are Nakanishi-Lautrup multipliers [171, 172], with mass dimen-
sions [d] = 0 and [dµ] = 1, which imply that the gauge parameters k and κ have
non-vanishing mass dimensions [k] = 3 and [κ] = 1, which renders the Landau gauge
k = κ = 0 mandatory, in order to avoid infrared divergences [75, 173]. The EoM of the



122 Covariant Field Theories for 3D Fractons

gauge fixed action

S ≡ SBF + Sg f , (5.87)

are

δS
δaαβ

=
1
2

(
ϵαµν∂µb β

ν + ϵβµν∂µb α
ν + ∂αbβ + ∂βbα

)
− ηαβ∂µbµ + k0∂α∂βd + k1ηαβ□d

(5.88)
δS

δbαβ
=

1
2

(
ϵαµν∂µa β

ν + ϵβµν∂µa α
ν

)
− κ0

2

(
∂αdβ + ∂βdα

)
− κ1ηαβ∂µdµ (5.89)

δS
δbα

= −∂µaµα + ∂αa + κ2ϵαµν∂µdν (5.90)

δS
δd

= k0∂µ∂νaµν + k1□a (5.91)

δS
δdα

= κ0∂µbµα + κ1∂αb + κ2ϵαµν∂µbν . (5.92)

From (5.88) and (5.89) we get

ηαβ
δS

δaαβ
= −2∂µbµ + (k0 + 3k1)□d (5.93)

ηαβ
δS

δbαβ
= −(κ0 + 3κ1)∂µdµ , (5.94)

so we see that, if

k0 + 3k1 = 0 (5.95)

the trace a(x) plays the role of a multiplier for the condition

∂µbµ = 0 , (5.96)

and S does not depend on the trace b(x) anymore. In Appendix E.2 we find that the
propagators are defined only when (5.95) is satisfied, i.e. when the gauge fixed action
(5.87) depends only on the traceless part of Bµν(x)

B̃µν ≡ Bµν −
1
3

ηµνb . (5.97)

We choose not to impose this constraint, although reasonable, to leave the tracelessness
property as a check of the correctness of our approach. The propagators (see Appendix
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E.2) display poles for

κ0 = 0 ; κ0 = κ2 ; k1 = −k0 , (5.98)

which identify values of the gauge fixing parameters for which the propagators of
the theory, hence the theory itself, are not defined. Finally, using the on-shell EoM
(5.88)-(5.92) and the tracelessness condition (5.95) we computed the number of DoF.
In particular (see Appendix F.2 for explicit calculations), we have three DoF from
aµν(x), two from bµν(x) and one from bµ(x), for a total of six DoF for the whole theory
described by the gauge fixed action S (5.87).

Energy-momentum tensor

Making explicit the dependence of the invariant action SBF (5.70) on the metric in a
curved spacetime

SBF =
∫

d3x ϵµνρgσλBµλ∂νaρσ , (5.99)

we can compute the energy-momentum tensor

Tαβ ≡ −
2√−g

δSBF

δgαβ

∣∣∣∣
g=η

= −Bµαϵµνρ∂νaρβ − Bµβϵµνρ∂νaρα . (5.100)

Using the EoM, written in terms of Bµν(x) and aµν(x)

δSBF

δBαβ
= ϵανρ∂νa β

ρ (5.101)

δSBF

δaαβ
=

1
2

(
ϵαµν∂µB β

ν + ϵβµν∂µB α
ν

)
, (5.102)

it is readily seen that on-shell the energy-momentum tensor vanishes:

Tαβ

∣∣
on-shell

= 0 . (5.103)

This is analogous to topological quantum field theories [75], where the only contribu-
tion to the energy-momentum tensor comes from the gauge fixing term. The difference
is that in topological quantum field theories the contribution to Tµν(x) from SBF (5.70)
vanishes off-shell, which is a stronger property than the on-shell vanishing we are
observing in this case. This latter is quite a peculiar feature of this theory, which is
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not topological, because on a curved manifold the action SBF does depend on the
generic spacetime metric gµν(x), although the dependence is mild, as it is apparent if
we compare the action (5.99) with, for instance, 3D Maxwell theory (5.61),

5.2.2 Currents and fractons

Since our theory depends on two fields, aµν(x) and B̃µν(x), we have two currents Jµν(x)
and K̃µν(x). This is in complete analogy with the BF description of 3D topological
insulators (see for instance Eq. (14) of [148]). Finally, K̃µν(x) is traceless because it
couples to B̃µν(x) (5.97), which is traceless. Hence, the total action of our theory which
includes matter is

Stot ≡ SBF + SJ + SK , (5.104)

where SBF is given by (5.70) and

SJ ≡ −
∫

d3x Jµνaµν (5.105)

SK ≡ −
∫

d3x K̃µνB̃µν , (5.106)

with Jµν(x) a rank-2 symmetric tensor current, K̃µν(x) a rank-2 traceless tensor current
and B̃µν(x) is the traceless part of Bµν(x) (5.97). The on-shell EoM of the total action
Stot (5.104) are

Jαβ =
δSBF

δaαβ
=

1
2

(
ϵµνα∂µB̃ β

ν + ϵµνβ∂µB̃ α
ν

)
(5.107)

K̃αβ =
δSBF

δB̃αβ
= ϵµνα∂µa β

ν . (5.108)

In vacuum, the 00-component of the on-shell EoM (5.107) of the symmetric field aµν(x)
reads

δSBF

δa00
= ϵ0mn∂mB̃ 0

n = 0 , (5.109)

which is solved by

B̃j0 ≡ ∂jϕ , (5.110)
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where ϕ(x) is a local scalar function. This scalar field ϕ(x) plays the role of the one
(typically called A0(x)) introduced by hand in fracton theories [60, 149], and recovered
as a vacuum solution in the covariant theories [3, 74]. Thus it is at the heart of the
fractonic interpretation. From now on, we will assume the solution (5.110) to hold
also when matter is introduced, in order to preserve the fractonic field content. As we
shall see below, this is crucial in order to have a fractonic physical interpretation of
our theory. This assumption on the on-shell EoM (5.107) implies

J00 = 0 . (5.111)

From the on-shell EoM (5.107) we also get

∂α∂β Jαβ = 0 , (5.112)

which, as a consequence of (5.111), can be rewritten as

∂0ρ + ∂i∂j Jij = 0 , (5.113)

where we defined the charge density

ρ ≡ 2∂i J0i . (5.114)

We observe that (5.113) is a continuity equation for a scalar fractonic charge ρ(x) since
it implies both the conservation of the total charge and of the total dipole moment,
which encodes immobility, which is the fundamental property of fracton quasiparticles
[62]. Therefore we have a fully constrained fractonic charge and a fully mobile dipole
excitation. Analogously to (5.107), in vacuum the on-shell 00-component of the EoM
(5.108) is

δSBF

δB̃00
= ϵ0ij∂ia 0

j = 0 , (5.115)

which we already encountered in the previous Section (see (5.15)) and whose solution
is

aj0 = ∂jψ , (5.116)

with ψ(x) a local scalar function. This will be important for the fractonic interpretation
of the theory because it will allow us to define, in analogy with the standard abelian BF
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[38, 148, 183], higher-rank electromagnetic fields, which are typical of fracton models
[3, 74, 149]. In analogy to (5.110), from now on we will assume that the solution (5.116)
continues to be true when matter is introduced. Thus, when using the solution (5.116)
in the 00-component of the on-shell EoM (5.108), it implies

K̃00 = 0 , (5.117)

which, again, will play an important role in the physical interpretation of the theory.
Moreover, from the on-shell EoM (5.108) we also get

∂αK̃αβ = 0 , (5.118)

whose components are explicitly given by

• β = 0

∂iK̃i0 = 0 , (5.119)

where (5.117) has been used, and from which we observe that the vector quantity
K̃i0(x) is solenoidal.

• β = i

∂0ρi + ∂jK̃ ji = 0 , (5.120)

which is a continuity equation for a vector charge density

ρi ≡ K̃0i , (5.121)

with traceless current density K̃ij(x).

From the continuity equation (5.120) we get

∂0

∫
dΣ ρi = −

∫
dΣ ∂jK̃ ji = 0 , (5.122)

which encodes the conservation of the vector charge. Using (5.117), we also get

∂0

∫
dΣ xiρ

i = −
∫

dΣ xi∂jK̃ ji =
∫

dΣ ηijK̃ ji =
∫

dΣ K̃00 = 0 , (5.123)
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which constrains the motion of the vector dipole-like charge to be transverse only
[60, 149]. It is worth to note that from the continuity equation (5.120) we get

∂0

∫
dΣ ϵ0ijxiρj =

∫
dΣ ϵ0ijK̃ij =

∫
dΣ k0 , (5.124)

where we decomposed the current K̃αβ(x) into its symmetric and antisymmetric parts

K̃µν ≡ k̃µν − 1
2

ϵµνρkρ . (5.125)

Therefore, from (5.124) we observe that if k0(x) = 0 the theory displays an additional
angular momentum-like conservation relation, and the dipole-like lineon becomes
fractonic. From (5.125) we see that the condition k0(x) = 0 implies K̃ij(x) = k̃ij(x),
which is the symmetric component which intervenes in the fractonic continuity equa-
tion (5.113). The spatially antisymmetric components of B̃µν(x), which are coupled
to K̃µν(x) through SK (5.106), are not physically relevant, and we may say that the
condition k0 = 0 implies a pure fractonic behaviour: both conserved charges of the
theory, ρ(x) (5.114) and ρi(x) (5.121), are associated to fractonic quasiparticles, and
only dipolar bound states of ρ(x) can move. On the other hand, when k0 ̸= 0 the
angular momentum-like quantity (5.124) is not conserved, which allows the vector
charge ρi(x) (5.121) to have a lineon-like behaviour.
Now, taking into account the solutions (5.110) and (5.116), the non-trivial components
of the on-shell EoM (5.108) read

• α = 0, β = i

ρi =
δSBF

δB̃0i
= ϵ0jk∂ja i

k . (5.126)

• α = i, β = j

K̃ij =
δSBF

δB̃ij
= ϵ0ki∂0a j

k + ϵ0ik∂ka j
0 . (5.127)
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We recall that in ordinary 3D BF theory (5.71), one has

δS(ord)
BF

δBi
∝ ϵ0ijEj (5.128)

δS(ord)
BF

δB0
∝ B , (5.129)

with Ei(x) and B(x) being the planar electric and magnetic fields [38, 148, 183]. Analo-
gously, here we define

δSBF

δB̃ij

∣∣∣∣
(5.116)

≡ 1
2

ϵ0kiE j
k (5.130)

δSBF

δB̃0i
≡ 1

2
Bi , (5.131)

where Eij(x) and Bi(x) are generalized electric and magnetic fields. These, by com-
paring with (5.107) and (5.108) in vacuum, can be written in terms of the fracton field
strength (4.84) as

E ij ≡ Fij0∣∣
(5.116) = 2(∂0aij − ∂i∂jψ) (5.132)

Bi ≡ −2
3

ϵ0jkFijk = −2ϵ0jk∂jaik . (5.133)

Notice that, due to (5.132) and to the solution (5.116), the generalized electric field
Eij(x) is symmetric as in fractonic theories [74, 77, 167]. Furthermore, using the defi-
nitions (5.130) and (5.131), the EoM (5.126) and (5.127) can be rewritten, respectively,
as

ρi =
1
2
Bi (5.134)

and

K̃ij = σ̃ijklEkl , (5.135)

with

σ̃ijkl = σ̃ijlk ≡ 1
4

(
ϵ0kiη jl + ϵ0liη jk

)
, (5.136)

which is traceless on the first two indices. Notice also that (5.134) and (5.135) are,
respectively, a generalization of the magnetic flux attachment relation (5.46) which
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characterize both the ordinary Chern-Simons (5.3) and BF (5.71) actions when coupled
to matter [38, 148, 183]. Notice that the 0-component of the EoM of the antisymmetric
part, represented by the vector bµ(x), coupled to its current kµ (5.125) reads

k0 =
δSBF

δb0 = −∂µaµ0 + ∂0a = −1
2

Fi
i0 =

1
2
E i

i , (5.137)

where we used the definition of the electric tensor field (5.132). A physical interpre-
tation of the lineon-to-fracton transformation thus emerges and is the following: the
general theory (5.104) features a scalar fracton and a vectorial lineon whose motion is
associated to electromagnetic-like fields Eij(x) (5.132) and Bi(x) (5.133) through the
Hall-like relations (5.135) and (5.134) respectively. A transition happens when the
trace of the electric tensor Eij(x) is turned off (i.e. k0 = 0 on-shell in (5.137)), for which
the system acquires an angular-momentum-like conservation and the lineon becomes
a fracton. In other words the trace of the electric tensor E i

i is related to the breaking of
angular momentum. This transition can be seen as stepping from the so called Vector
Charge Theory of fractons to the Traceless Vector Charge Theory of fractons” [149]. To
conclude, a comment on the connection between this theory and the existing literature
is in order. Using the vacuum solutions of the on-shell EoM (5.107) and (5.108) for
a00(x) and B̃α0(x), thus implying K̃i0(x) = 0 in addition to (5.111) and (5.117), these
fields can be integrated out from the partition function associated to the total action
Stot (5.104), which leads to the effective action

Se f f =
∫

d3x
(
ψϵ0ij∂j∂kB̃ k

i + B̃ k
0 ϵ0ij∂iajk − aikϵ0ij∂0B̃ k

j − B̃0iρ
i − B̃ijK̃ij + ψρ− aij Jij) ,

(5.138)

which can be mapped into Eq. (3.32) of [184]. Thus in this case our theory describes the
low-energy limit of the Rank-2 Toric Code (R2TC) in two spatial dimensions [185, 186],
which is an exactly solvable quantum lattice model whose quasiparticle excitations
have restricted mobility and exhibit unusual braiding statistics [185, 187, 188]. The
R2TC can be obtained from the rank-2 U(1) lattice gauge theory (whose excitations
are subdimensional) through the Higgsing procedure [161], which lowers the U(1)
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continuous gauge symmetry to ZN. Explicitly, the mapping is the following

R2TC Covariant BF-like

(Ex
t , Ey

t ) ≡ (−B̃02, B̃01) (5.139)

(Exx, Eyy, Exy) ≡ (−B̃12, B̃21, B̃11 − B̃22) (5.140)

(At, Axx, Ayy, Axy) ≡ (ψ, a22, a11, −a12) (5.141)

( J̃t, Jxx, Jxy, Jyy) ≡ −(ρ, J11, 2J12, J22) (5.142)

(Kxx, Kxy, Kyy) ≡ (−K̃12, K̃11, K̃21) (5.143)

(ρx, ρy) ≡ (−ρ2, ρ1) , (5.144)

from which we observe that the components of the vector charge density ρi(x) corre-
spond to the two magnetic excitations which characterize the R2TC. Moreover, we
stress that this relation between the covariant BF-like theory and the R2TC is a higher-
rank generalization of what is proved in [175], where an equivalence between the
ordinary 3D BF theory and the Kitaev’s Toric Code [45] has been demonstrated. Finally,
since the R2TC action is equivalent to the dipolar BF action studied in [189], then our
theory is also equivalent to the foliated BF theory with global and dipole symmetry of
[189] (see in particular Eq. (3.7)).

5.2.3 Symmetric tensor fields

As a particular case, we now consider the theory where also the tensor field Bµν(x)
appearing in the action SBF (5.70) is symmetric. To avoid confusion with the generic
case, we call this latter field Φµν(x). Therefore, both the tensor fields aµν(x) and Φµν(x)
are symmetric and whose transformations δ′1 and δ′2 are longitudinal diffeomorphisms
(4.60) with two different local scalar gauge parameters. As done for the action (5.70),
requiring vanishing P-charge (5.76), we get the most general invariant action

S(s)
BF =

∫
d3x ϵµνρΦµσ∂νa σ

ρ , (5.145)

which satisfies δ′1S(s)
BF = δ′2S(s)

BF = PS(s)
BF = 0. The two longitudinal diffeomorphisms

transformations require two scalar gauge fixing conditions of the type (5.84), and
the gauge fixing procedure straightforwardly follows what we have already done in
Section 5.2.1. It is worth to remark that, as in the standard abelian case [75], the BF-like
action (5.145) can be cast into the sum of two Chern-Simons-like actions (5.1), which is
a rank-2 generalization of what happens in the ordinary abelian 3D BF theory, where
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the action (5.71) results from the combination of two Chern–Simons actions (5.3) with
opposite chiralities [75]. In fact, by means of the linear transformation

a±µν ≡ aµν ±Φµν , (5.146)

the action (5.145) becomes

S(s)
BF =

1
4
(
S+

CS − S−CS

)
, (5.147)

where

S±CS ≡
∫

d3x ϵµνρa±σ
µ ∂νa±ρσ . (5.148)

The single Chern-Simons-like action was studied in Subsection 5.1. Therefore, due
to the relation (5.147), the Hall-like interpretation of the fractonic Chern-Simons-like
action (5.148), discussed in [3], holds for the action (5.145) as well. Once matter is
introduced (see Appendix G for details), the completely symmetric case studied in
this Subsection corresponds to two fractonic traceless scalar charge theories and it is a
rank-2 generalization of the action proposed in [148], where it has been proved that
ordinary 3D BF theory is a good effective field theory for the description of quantum
spin Hall insulators in two spatial dimensions. Recently in [80], in a related context of
dipole conserving theories, a bulk description of topological dipole insulators has been
proposed starting from an effective edge theory and by means of so-called coupled
wire construction [190]. In this approach, they made the assumption that the dipole
moment is conserved only in one direction, say the x1 direction. Related to this, is the
fact that the gauge fields of the resulting bulk theory appearing in [80] do not transform
under the covariant fracton gauge transformations δ′1 and δ′2. Our theory generalizes
the one studied in [80] since (see Appendix G for details), we have conservation of
both the x1 and x2 components of the total dipole moment. This is a consequence of
the covariance of our fracton gauge theory. In terms of subdimensional quasiparticles,
there are no fractons in [80] but only scalar lineons, defined by the conservation of the
dipolar momentum component transverse to their propagation direction. Unlike [80],
as we showed in Appendix G, our theory is characterized by two types of fractons and
lineons. Importantly, the latter are a consequence of the tracelessness of our theory and
are given by the dipoles, which are constrained to move in the direction orthogonal to
their dipole momenta. A detailed study of the resulting edge theory in our case is an
interesting direction to be inspected.
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5.3 Covariant field theory of 3D massive fractons

5.3.1 The general model

The action

We consider a 3D symmetric rank-2 tensor field aµν(x) transforming under longitudinal
diffeomorphisms (4.60) [3, 70, 71, 74, 163]. The most general 3D local integrated
functionals invariant under (4.60) are

SLG =
∫

d3x (∂µa∂µa− ∂ρaµν∂ρaµν − 2∂µa∂νaµν + 2∂ρaµν∂µaνρ) (5.149)

SM =
∫

d3x (∂ρaµν∂µaνρ − ∂ρaµν∂ρaµν) (5.150)

SCS =
∫

d3x ϵµνρa λ
µ ∂νaρλ , (5.151)

where a(x) ≡ ηµνaµν(x) is the trace of the tensor field aµν(x). Assigning canonical
mass dimension [aµν] = 1/2, we see that SCS (5.151) is a lower dimensional term
with respect to SLG (5.149) and SM (5.150). Each of the above terms has an important
physical meaning. SLG (5.149) is the action of Linearized Gravity, which is invariant
under the more restrictive infinitesimal diffeomorphism transformation (4.66). The
second term SM (5.150), once matter is introduced, describes the dynamics of the
fracton quasi-particles [149], in its covariant extension described in Section 4.4 (based
on [74]). We will refer to (5.150) as the “fractonic" term of the invariant action Sinv.
Finally, SCS (5.151) is peculiar to 3D spacetime only, due to the presence of the Levi-
Civita tensor ϵµνρ. It encodes a higher rank Chern-Simons theory of fractons, whose
Hall-like behaviour has been described in Section 5.1. In [191] it has been shown
that SCS (5.151) induces a mechanism of “quasi topological” mass generation for 3D
Linearized Gravity. The aim of this Section is to study whether a similar mechanism
of mass generation holds for the pure fracton theory, and the action we consider is6

Sinv = SM + mSCS , (5.152)

where m is a massive parameter [m] = 1.

6The invariant action (5.152) reminds the action discussed in [176, 177] in the context of the study of
ground state degeneracies of certain fracton models. In that case the theory is however noncovariant
and the massive term has a matrix coefficient which determines the model and its properties.
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Gauge-fixing term

In order to identify the parameter m appearing in the action Sinv (5.152) as a mass of the
tensor field aµν(x), we have to show that it is a pole of the propagator ⟨aµν(x)aρσ(x′)⟩.
Being the local gauge parameter Λ(x) a scalar field, the most general gauge condition
is

κ0∂µ∂νaµν + κ1□a = 0 , (5.153)

where κ0 and κ1 are dimensionless gauge parameters. The gauge-fixing condition
(5.153) is implemented by the gauge-fixing term

Sg f =
∫

d3x b
(

κ0∂µ∂νaµν + κ1□a +
k
2

b
)

, (5.154)

where k is the usual gauge parameter, which is massive [k] = 2 and b(x) is the
Nakanishi-Lautrup Lagrange multiplier [171, 172] for the gauge condition (5.153),
with [b] = 1/2. A massive gauge parameter induces infrared divergences, hence the
Landau gauge choice k = 0 is mandatory [173] therefore, the total gauge-fixed action
is

S = Sinv + Sg f
∣∣
k=0 . (5.155)

Requiring that both aµν(x) and the transformed field a′µν(x) = aµν(x) + ∂µ∂νΛ(x)
satisfy the gauge condition (5.153), yields

(κ0 + κ1)□
2Λ = 0 . (5.156)

Hence, in order to satisfy equation (5.156), one must either have

κ0 + κ1 = 0 (5.157)

or

□2Λ = 0 . (5.158)

A particular solution of the polyharmonic gauge condition (5.158) is the harmonic one
□Λ = 0, which is the usual residual gauge condition of abelian gauge theories [192].
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The choice (5.158) turns out to be the only possibility in order to have the propagators,
since, as we will see, (5.157) corresponds to a pole of the propagators.

5.3.2 Propagator

Among the propagators of the theory, computed in Appendix E.3, the tensor field
propagator in momentum space is

⟨âαβ(p)âρσ(−p)⟩ = 1
2(p2 + m2)

[
− 2A(0) − 1

p2 A(1) − 1
p2 A(2) + A(3) +

7
p4 A(4)+

+ m
2p2

(
A(5) +

3
p2 A(6)

) ]
αβ,ρσ

+
1

2p2

[
κ0+3κ1

(κ0+κ1)p2 A(2) − A(3)+

− (κ0+3κ1)
2

(κ0+κ1)2 p4 A(4)
]

αβ,ρσ

, (5.159)

where the {A(i)
αβ,ρσ(p)} is the basis of tensors (E.5)-(E.11). The propagator (5.159)

displays a massive pole

p2 = −m2 , (5.160)

and has a good massless limit, which agrees with [70]. As anticipated, we notice a pole
at

κ0 + κ1 = 0 , (5.161)

which we take care of by keeping away from it in the gauge-fixing condition (5.153).
Having a well defined massless limit, the action (5.152) describes a massive theory
for the higher rank tensor field aµν(x), where the mass is introduced by means of a
mechanism which closely reminds the one which characterizes the Maxwell-Chern-
Simons theory [168, 169]. The analogy is even more evident if we introduce the fracton
field strength (4.84) [74]. The action Sinv (5.152) can be written in terms of the fracton
field strength (4.84) as follows

Sinv =
∫

d3x
(
−1

6
FµνρFµνρ + mϵµνρa λ

µ ∂νaρλ

)
, (5.162)
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which closely reminds the Maxwell-Chern-Simons theory

S(ord)
MCS =

∫
d3x

(
−1

4
FµνFµν +

M
2

ϵµνρ Aµ∂ν Aρ

)
. (5.163)

5.3.3 Degrees of freedom

In order to analyze the number and nature of the DoF in the theory defined by the
action Sinv (5.152), it may be useful to begin by considering the Maxwell-Chern-Simons
case (see Appendix F.3.1), which serves both as a warm-up for the method we will
adopt and as a physically relevant model in its own right. To count the DoF of
the theory (5.152), and in order to make contact with a well-established procedure
adopted in similar cases, we follow the approach of Deser, Jackiw, and Templeton for
3D Linearized Gravity, based on the decomposition of the rank-2 symmetric tensor
field aµν(x). This approach can be found in [168, 169], and, for 4D Linearized Gravity,
in [193]. The EoM of the action Sinv (5.152) are

δSinv

δaαβ
= −∂µFαβµ + m(ϵαµν∂µa β

ν + ϵβµν∂µa α
ν ) . (5.164)

Following [168, 169], we decompose the spacetime components of the symmetric
tensor field aµν(x) into scalar, transverse, longitudinal and, for aij(x), solenoidal parts

a00 = λ (5.165)

a0i = ui + ∂iψ (5.166)

aij = (ηij − ∂̂i∂̂j)φ + ∂̂i∂̂jχ + ∂iϕj + ∂jϕi , (5.167)

where ∂̂i ≡ ∂i/
√
∇2, and ui(x) and ϕi(x) are transverse planar vectors

∂iui = ∂iϕi = 0 , (5.168)

hence

ui = ϵ0ij∂
ju ; ϕi = ϵ0ij∂

jξ , (5.169)

so that the six components of aµν(x) are parametrized by λ, u, ψ, φ, χ and ξ. By
using the decompositions (5.165), (5.166) and (5.167), the EoM (5.164) reduce to (see



136 Covariant Field Theories for 3D Fractons

Appendix F.3.2 for details)

λ− ∂0ψ−mu = 0 (5.170)

∂0χ +∇2(mξ − ψ) = 0 (5.171)

(□−m2)u +∇2(u− ∂0ξ)−mφ = 0 (5.172)

□φ + m∇2(∂0ξ − u) = 0 (5.173)

m∂0φ− (□−m2)∇2ξ −∇2∂0(u− ∂0ξ) = 0 . (5.174)

The number and the nature of the DoF – massive or massless, propagating or not – are
gauge independent. However, particular gauge choices can help make these aspects
manifest. Due to the symmetry (4.60), which involves the scalar gauge parameter
Λ(x), a scalar gauge-fixing condition is required. A convenient gauge choice to exhibit
the structure of the theory is

u = 0 , (5.175)

implying, from (5.166) and (5.169), that a0i(x) is a longitudinal planar vector

a0i = ∂iψ , (5.176)

and simplifies the identification of the propagating modes. Moreover, as we will see,
this choice, which will be adopted in this Subsection from now on, has the physical
significance of allowing the fractonic sector of the theory to be identified.

Massless case m = 0: the pure fractonic action SM (5.150), which corresponds to
a rank-2 Maxwell action, features two DoF: φ(x), associated to the transverse
component of aij(x) through (5.167) and satisfying a wave equation (from (5.173)),
and χ(x), associated with the longitudinal sector. The fields ψ(x) and λ(x) are
determined by χ(x) through (5.171) and (5.170), while ξ(x), associated to the
solenoidal part of aij(x), due to (5.172) and (5.174) vanishes.

Massive case m ̸= 0: from (5.172) and (5.173) we immediately find that φ(x) satisfies
the Klein-Gordon equation

(□−m2)φ = 0 . (5.177)
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Alternatively, using (5.172) in (5.174) we find that∇2ξ(x) satisfies the same Klein-
Gordon equation

(□−m2)∇2ξ = 0 , (5.178)

but ∇2ξ(x) and φ(x) are non independent one from each other because they
are related by (5.172). Hence, φ(x) – or, equivalently, ∇2ξ(x) – is a propagating
massive DoF. The field χ(x) remains dynamical and continues to determine ψ(x)
and λ(x), as in the massless case.

Summarizing, the symmetric rank-2 tensor field aµν(x) contains six scalar components.
In the massless theory defined by the action SM (5.150), two of these – φ(x) and
χ(x) – correspond to independent DoF. The presence of the lower dimensional Chern-
Simons-like term SCS (5.151) does not change the number of propagating DoF, as in
Maxwell-Chern-Simons theory. In fact, the number of DoF, either in the massless or
in the massive case is thus two (see Appendix F.3.1 for a detailed discussion). The
difference is that, in the massive case, one of the DoF satisfies a Klein-Gordon equation,
hence it is a propagating massive one. It is interesting to notice that the Chern-Simons-
like term (5.151), although not topological because metric dependent, behaves as the
topological Chern-Simons term in Maxwell-Chern-Simons, namely gives mass without
changing the number of DoF, as expected for a topological term. This confirms the
“quasi” topological nature of the Chern-Simons-like term (5.151), already remarked in
[182]

5.3.4 Physical interpretation

In analogy to the ordinary Maxwell-Chern-Simons theory [34, 168, 169] , we define
the generalized electromagnetic fields in terms of the invariant fracton field strength
(4.84) as (5.132) and (5.133). We can combine (5.165), (5.166) and (5.170) in

aµ0 = ∂µψ + ϵ0µν∂νu−mηµ0u , (5.179)

which, in the longitudinal gauge (5.175), becomes (4.100), that coincides with the
solution in [74]. In this sense, as anticipated, that gauge choice enhances the fractonic
interpretation of the theory. In this case, due to the cyclic property (4.81), the field
strength (4.84) satisfies also (4.103) and (4.104), and we recover the same expression of
the fractonic electric tensor field (5.132) given in [74, 149] which is a symmetric rank-2
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generalization of the expression of the electric field of the ordinary U(1) vector gauge
theory. In terms of the generalized electric (5.132) and magnetic (5.133) fields, the EoM
of a0i(x) can be written as

∂jE ij = −mBi ≡ −ρi
CS , (5.180)

from which it also follows that

∂i∂jE ij =−m∂iBi ≡ ρCS , (5.181)

which are fractonic Gauss constraints [60, 149] where the magnetic field Bi(x) (5.133)
plays the role of an internal “electric” charge related to the Chern-Simons-like term
(5.151) in the action Sinv (5.152). In particular, ρi

CS(x) can be seen as a dipole density
by writing the total dipole moment

Di
CS ≡

∫
dΣ xiρCS = −m

∫
dΣ xi∂jB j =

∫
dΣ ρi

CS (5.182)

=
∫

dΣ xi∂a∂bE ab = −
∫

dΣ∂aE ai = 0 . (5.183)

From (5.183) we have that the total dipole moment vanishes on the 2D surface. Hence,
single charges cannot move, since otherwise their motion would change the total dipole
moment. Moreover, using the definitions in (5.180) and (5.181) and the constraint
(following directly from (5.133)) ∫

dΣ xiBi = 0 , (5.184)

we have that the trace of the total quadrupole moment vanishes

DCS
i
i = ηij

∫
dΣ xixjρCS =

∫
dΣ x2ρCS = 2

∫
dΣ xiρ

i
CS = 0 , (5.185)

which constrains the motion of the internal dipole-like charge ρi
CS(x) in the direction

perpendicular to the vector ρi
CS(x) itself [156]. Furthermore, from the Gauss law (5.180)

and the transverse property (5.184) of the magnetic field, we get∫
dΣ ηijE ij =

∫
dΣ ∂ixjE ij = −

∫
dΣ xj∂iE ij = m

∫
dΣ xjB j = 0 , (5.186)

i.e. the electric tensor field (5.132) is constrained to be globally traceless on-shell.
It is easy to check that the EoM of aij(x), in terms of the generalized electric (5.132)
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and magnetic (5.133) fields, becomes the Ampère-like equation

−∂0E ij +
1
2

(
ϵ0ki∂kB j + ϵ0kj∂kBi

)
= J̃ij

CS , (5.187)

where

J̃ij
CS ≡

1
2

m
(

ϵ0ikẼ j
k + ϵ0jkẼ i

k

)
, (5.188)

which is traceless. From (5.181) and (5.187) we observe that the Chern-Simons-like
term (5.151) plays the role of “intrinsic” matter, in the following sense. In “standard”
fracton theories, the fractonic charge and current densities ρ(x) and Jij(x) depend
on external matter fields while, in the present case, ρCS(x) and J̃ij

CS(x) are expressed
directly in terms of the tensor field aµν(x). We thus see that, due to the presence of
the massive Chern-Simons-like term, the tensor gauge field plays a dual role: that of
matter, through ρCS(x) and J̃ij

CS(x), and that of generalized electromagnetic fields, as in
(5.132) and (5.133). We refer to this matter as “intrinsic”7, in the sense that it originates
from the tensor gauge field aµν(x) itself, rather than from external matter fields, as in
QED, for example. It is interesting to observe that the theory described by the action
Sinv (5.152) is the first case in which a fractonic behaviour is already present without
introducing matter, as a consequence of the presence of the massive Chern-Simons-like
term, which therefore, besides giving a mass to the tensor field aµν(x), plays also the
role of an “intrinsic” matter contribution.
Fractonic behaviours may emerge in two possible ways: through Gauss-like constraints
on the motion of the dipole coming from charge neutrality conditions, like (5.180) and
(5.181), and/or through continuity equations for the matter contribution [149]. Indeed
to further confirm the fractonic nature of the theory and the role of “intrinsic matter”
played by the Chern-Simons-like term, we observe that taking the double divergence
∂i∂j of the Ampère-like equation (5.187) and using the Gauss constraint (5.181), we
obtain a fractonic continuity equation [149] relating the fractonic charge ρCS(x) to its

7Intrinsic matter is not peculiar to our theory since it also appears in various frameworks of ordinary,
non-fractonic, theories, such as those involving axions and θ-terms. In particular, see [194, 195]
(standard axions), [196] (Witten effect in topological insulators), and [197] (axions and θ-terms in
Linearized Gravity). Regarding fractons, in [74, 163, 167] the same phenomenon has been observed in
the context of the Witten effect for higher-spin fracton theories. In that case, a quasitopological θ-term
is added to the pure fracton action. This suggests that the emergence of intrinsic matter is generally
tied to the presence of topological or quasitopological terms.
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dipole current J̃ij
CS(x) (5.188)

∂0ρCS + ∂i∂j J̃
ij
CS = 0 . (5.189)

From (5.189) we recover the conservation of both the total dipole moment

∂0Di
CS =

∫
dΣ xi∂0ρCS =

∫
dΣ ∂j J̃

ij
CS = 0 (5.190)

and of the trace of the quadrupole moment

∂0

∫
dΣx2ρCS =

∫
dΣ xk∂j J̃

kj
CS = −

∫
dΣ J̃ i

CS i = 0 , (5.191)

where the last step is a consequence of the tracelessness of the intrinsic current J̃ij
CS(x)

(5.188). Both conservations (5.190) and (5.191) reflect the constraints implied by (5.183)
and (5.185), i.e. immobile fractonic charges and dipoles constrained on a line.

From the Bianchi-like identity (4.86) we have

ϵk0j∂
kFi0j + ϵkj0∂kFij0 + ϵ0jk∂0Fijk = 0 , (5.192)

which, using the definitions (5.132) and (5.133), can be written as

∂0Bi + ϵ0jk∂jE ik = 0 , (5.193)

which strongly reminds the Faraday law of ordinary electromagnetism, and coincides
with the fractonic higher-rank Faraday law introduced in [153].

Finally, the Chern-Simons-like term (5.151) can be seen as a fractonic matter contri-
bution [149, 167], since, on the fracton solution (4.100), we can write

mSCS = −
1
2

∫
d3x ãµν J̃µν

CS , (5.194)

where we defined the “intrinsic” matter current

J̃µν
CS ≡ −

m
3

(
ϵµαβ F̃ν

αβ + ϵναβ F̃µ
αβ

)
, (5.195)
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whose spatial components are given by (5.188) and, considering the definitions of
fractonic charges ρCS(x) (5.181) and ρi

CS(x) (5.180),

J̃00
CS = 0 ; J̃0i

CS = −
1
2

mBi = −1
2

ρi
CS ; ∂i J̃0i

CS =
1
2

ρCS , (5.196)

so that the Chern-Simons-like term (5.151) reads

mSCS =
1
2

∫
d3x

(
ψρCS − ãij J̃

ij
CS

)
, (5.197)

which can be seen as a fractonic matter coupling [149, 167]. The continuity equation
(5.189), in this picture, naturally emerges as a consequence of gauge invariance, since,
asking that the action SCS (5.194) is invariant under the gauge transformation (4.60),
and taking into account that δψ = ∂0ϕ, gives

δSCS = −
∫

d3x ϕ
(

∂0ρCS + ∂i∂j J̃
ij
CS

)
= 0 , (5.198)

which implies (5.189).

We conclude this Subsection with a further interpretation of the nontrivial role of
the Chern-Simons-like term (5.151). The fractonic charge density ρCS(x) represents
one of the two propagating massive DoF of the theory found in Subsection 5.3.3, in
fact, using its definition (5.181) and (5.133), it can be associated to the solenoidal sector
of aij(x) (5.167)

ρCS = 2mϵ0jk∂j∂iaik = −2m∇2ξ , (5.199)

that satisfies the Klein-Gordon equation (5.178), which therefore can be equivalently
written as

(□−m2)ρCS = 0 . (5.200)

Our theory therefore provides two key insights:

1. the Klein-Gordon equation (5.200) describing a massive, propagating DoF;

2. the Gauss (5.181) and continuity (5.189) equations, which constrain this DoF to
be fractonic, ensuring that its motion remains compatible with the conservation
of the total dipole moment.
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The fact that a fracton quasiparticle can propagate, i.e. it possesses a nonvanishing
propagator is not contradictory, regardless of whether the fracton is massless or mas-
sive. In [70, 74], the covariant extension of fracton Scalar Charge Theory [60, 149]
was formulated and the propagators were explicitly computed, turning out to be
nonvanishing. Fractonic features can be obtained within the Scalar Charge Theory
[60, 149] through the generalized Gauss law (4.26) or, equivalently, through the rank-2
continuity equation (4.41), enforcing both charge and dipole-moment conservation.
However, in a dipolar system, pairs of fractons can move (and thus propagate), pro-
vided the total dipole moment is preserved. In fact, the very term “fracton” originates
from the idea of “being a fraction of a mobile quasiparticle” [66].

5.3.5 Coupling to matter

When external matter is introduced, the picture becomes even richer and we refer
to Appendix H for a detailed analysis. The EoM acquire additional source terms,
and the total energy-momentum tensor receives contributions both from the intrinsic
(Chern-Simons-like) and extrinsic sectors. In Appendix I, we study in detail the
energy-momentum tensor and the structure of conserved currents. While the intrinsic
sector continues to exhibit fully fractonic behaviours – including restricted motion
and conservation of both dipole and trace of the quadrupole moment – the external
sector allows for dipoles with complete mobility since the quadrupole trace is no
longer conserved. Moreover, the intrinsic dipole-like current J̃ij

CS(x) is such that the
corresponding power vanishes while, in contrast, the extrinsic dipole-like current Jij(x)
contributes non-trivially to the power (see Appendix I for details). To summarize,
when external matter is present, the theory realizes two superimposed fractonic
subsystems:

• an intrinsic one with a massive fractonic charge density ρCS(x) and a lineonic
dipole density ρi

CS(x);

• an external one with fractonic charges and free dipoles.

5.4 Summary

In this Chapter, following the QFT approach of [70, 71, 74], we investigated 3D in-
variant actions involving a rank-2 symmetric tensor gauge field aµν(x) transforming
under the covariant fracton transformation (4.60). First of all, in Section 5.1 we studied
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the most general 3D action of aµν(x) with mass dimension 1 and the theory appears as
a traceless non-topological higher-rank generalization of the ordinary Chern-Simons
model [34]. Once matter is introduced, a fractonic behavior emerges and our model
shows a Hall-like dipole current together with a vectorial “flux-attachment” relation
for dipoles. In particular, the single isolated charges are fractons while the dipoles are
constrained to move in straight lines which are perpendicular to their dipole momenta,
i.e. they behave as lineons. Subsequently, in 5.2 we investigated the possibility of
covariant 3D fractonic BF models. We thus started by considering the 3D field theory
of two tensor gauge fields with mass dimension 1: aµν(x), transforming under the
covariant fracton symmetry (5.66), and Bµν(x), with no symmetry on its indices and
obeying the more general electromagnetic-like transformation with a vector gauge
parameter (5.67). The corresponding invariant action is a higher-rank BF-like model
but which is not topological, due to a linear dependence on the metric. This is sim-
ilar to what happens in the covariant higher-rank Chern-Simons-like model, from
which, however, it differs by having an on-shell vanishing energy-momentum tensor,
making the BF-like model “quasi-topological”. Once matter is introduced, a subdi-
mensional behavior emerges, with both fractons and lineons. Moreover our theory
can be mapped to the low-energy effective field theory describing the Rank-2 Toric
Code (R2TC) in two spatial dimensions [185, 186], an exactly solvable quantum lattice
model with subdimensional excitations and which is a higher-rank generalization
of the Kitaev’s Toric Code [45]. Finally we analyzed the case in which Bµν(x) is a
symmetric tensor too, where it turns out that the action can be cast into the sum of
two rank-2 Chern-Simons actions (5.1), thus generalizing the ordinary abelian case,
which well describes the low-energy physics of quantum spin Hall insulators in two
spatial dimensions [148]. Finally, in Section 5.3 we constructed a covariant and gauge-
invariant theory for a fractonic gauge field aµν(x) with mass dimension 1/2. The
cornerstone of the model is the presence of the Chern-Simons-like term (which was the
main subject of Section 5.1) playing a dual role: it generates a topological mass for the
gauge field and simultaneously acts as a source of intrinsic fractonic matter. This dual
mechanism is novel and leads to a propagating fractonic degree of freedom described
by a massive Klein-Gordon equation. The theory propagates two DoF – one massive,
one massless – whose number is preserved in the massless limit, in analogy with the
Maxwell-Chern-Simons mechanism of Deser-Jackiw-Templeton [168, 169]. This is a
crucial consistency check since it supports the interpretation of the Chern-Simons-like
term as a quasi-topological contribution: although it is metric-dependent and hence
not fully topological in the strict sense, it retains the key property of a genuine topo-
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logical term, i.e. it modifies the nature of the dynamics (introducing a mass) without
increasing the number of physical DoF.



Chapter 6.

Conclusions and follow-ups

In this Thesis, we investigated two distinct classes of quasiparticles that emerge in
different physical contexts. The first class arises in one-dimensional quantum systems,
with particular emphasis on the quasiparticles appearing in topologically frustrated
quantum spin chains, where the competition between global (geometric) and local
(Hamiltonian) orders gives rise to exotic excitations above the ground state. The second
class consists of subdimensional quasiparticles, which emerge in fracton phases of
matter. In this part of the Thesis, we focused on developing covariant gauge field
theory formulations for fractons in 2 + 1 dimensions (3D), with the aim of embedding
the features observed in condensed matter systems into a more formal field theoretical
framework. To set the stage for the results presented in this Thesis, we now summarize
the two research areas that constitute its core, outline the main contributions of my
work, and discuss several possible directions for future investigation.

Understanding the nature of collective quasiparticle excitations is a central theme
in the study of quantum phases of matter, as they often provide an accurate description
of low-energy physics and reveal properties that are not immediately apparent from
a microscopic perspective. In Chapter 2, we examined two of the most celebrated
spin models whose low-energy physics is well captured by a quasiparticle picture.
In Section 2.1, we studied the Heisenberg model [81] in generic spatial dimension d,
which is integrable only in d = 1. By means of the Holstein–Primakoff transformation,
we mapped it to a free bosonic system and, in order to investigate its low-energy
properties, we adopted the semiclassical large-spin description. The resulting gapless
emergent bosonic quasiparticles, known as magnons, are relativistic only in the anti-
ferromagnetic case, while in the ferromagnetic case the dispersion relation is Galilean.
Magnons constitute one of the most famous examples of quasiparticles and are rele-

145



146 Conclusions and follow-ups

vant also from a technological point of view. The analysis of the Heisenberg model in
different spatial dimensions highlights the special nature of quantum models in d = 1,
where quantum fluctuations are so strong that they overwhelm semiclassical intuition,
giving rise to phenomena with no analogue in higher dimensions.
We then focused on the XY quantum spin chain, the most famous non-trivial one-
dimensional integrable quantum system. Similarly to the Heisenberg model, the XY
Hamiltonian can be mapped to a free spinless fermionic system via the Jordan–Wigner
transformation. The exact diagonalization procedure, performed in Section 2.2, is
crucial, as it forms the basis for the striking physical behaviors that emerge in the
frustrated case. In Section 2.3, we then concentrated on the ferromagnetic regime,
studying in detail the ground state, the zero-temperature phase diagram, the quantum
phase transitions, and the correlation functions.
Subsequently, in Section 3.1, we introduced the striking phenomenon of topological
frustration. Historically, Landau theory [98] provided the first systematic framework
for classifying phases of matter, based on the behavior of a local order parameter that
captures macroscopic order [8]. A non-zero order parameter signals spontaneous sym-
metry breaking and the emergence of a macroscopic order that explicitly violates one of
the symmetries of the theory. Symmetry breaking occurs upon crossing a critical point,
where the system reorganizes itself and modifies its macroscopic behavior. Because
of its success, Landau theory was initially adopted without substantial modifications
in the study of quantum phases of matter. However, it soon became clear that the
complexity of quantum many-body systems is not fully captured by this framework.
A second implicit assumption of Landau theory must also be reconsidered: the idea
that microscopic details are irrelevant for determining thermodynamic properties,
which justifies taking the thermodynamic limit before performing any calculation. As
a consequence, boundary conditions are traditionally assumed to have no influence
on bulk behavior. Recently, however, it has been shown that this assumption fails at
the quantum level in antiferromagnetic quantum spin chains with discrete symmetries
and frustrated boundary conditions (FBC) [50], namely periodic boundary conditions
with an odd number of sites [51]. This choice of boundary conditions makes it im-
possible to simultaneously minimize all local interactions in the Hamiltonian, giving
rise to a form of geometrical frustration. In this context, the phenomenon is known
as topological frustration. In terms of quasiparticles, the frustrated boundary condition
effectively injects a single delocalized topological excitation into the ground state [56].
Remarkably, this excitation influences the low-energy sector of the entire system, even
in the thermodynamic limit, giving rise to exotic phases that are completely absent
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in the unfrustrated counterparts. In particular, it can induce new quantum phase
transitions [53], suppress local order on both sides of a quantum phase transition
[57, 58], and more generally modify the nature of the associated quantum critical point
[59].

Topologically frustrated spin chains have attracted considerable interest in the scien-
tific community, since in such systems quantum phases exhibit a genuine dependence
on boundary conditions. In Chapter 3, based on [1, 2], we showed that topological
frustration modifies the zero-temperature phase diagram of the Ising [1] and XY [2]
chains in a transverse magnetic field by inducing new boundary quantum phase
transitions, both of first and second order. By boundary quantum phase transitions
we mean non-analyticities in the ground-state energy that are non-extensive in the
number of particles [54]. Moreover, we identified the first example of a second-order
boundary quantum phase transition characterized by a quartic dispersion relation.
These analytical results, supported by both exact calculations and numerical inves-
tigations, lay the foundation for understanding the phase diagram of the frustrated
version of one of the most celebrated integrable models.

The possible follow-ups are numerous. From a fundamental point of view, since
quantum spin chains with frustrated boundary conditions constitute a new family of
topological models characterized by a non-relativistic gapless spectrum and decon-
fined fractionalized excitations, it would be interesting to identify topological indices
capable of capturing their properties and thus enabling a classification of these new
exotic phases of matter. The novel features of such systems are also relevant from
a technological perspective, particularly in the realization of quantum devices, as
recently explored in [132, 198].

Fracton phases of matter constitute an intriguing point of contact between Con-
densed Matter and High Energy Physics. Fractons represent an extreme case of
subdimensional quasiparticles, namely excitations whose mobility is restricted to
lower-dimensional subspaces [60]. More precisely, quasiparticles constrained to move
only within zero-, one-, or two-dimensional subspaces are known respectively as
fractons, lineons, and planons. The first realizations of such subdimensional behavior
appeared in exactly solvable quantum spin models with discrete symmetries, originally
developed in the context of Quantum Information Theory [65, 66, 67]. In Section 4.1,
we studied the X-cube model [66, 67], the prototypical example of a gapped fracton
phase.
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Subsequently, it was understood that quasiparticle excitations with restricted mo-
bility also emerge in the low-energy sector of higher-rank U(1) quantum spin liquids
[60, 69]. As seen in Section 4.2, these systems are effectively described by higher-rank
U(1) tensor gauge theories, whose Gauss constraints encode generalized spin-ice rules
that characterize their low-energy sectors. Moreover, the Gauss law determines the
gauge transformations of the emergent gauge field, defined as the canonical conjugate
of the emergent electric field. Crucially, high-energy states host gapless emergent
quasiparticle excitations that violate the lowest-energy constraint. Such emergent
matter obeys higher-moment conservation laws [60], which in turn impose severe
mobility restrictions, analogous to those previously discussed for the X-cube model. In
addition, higher-rank gauge theories give rise to generalized forms of 4D electromag-
netism [149]. In Section 4.3, we analyzed the generalized electromagnetism emerging
in the fracton Scalar Charge Theory.

Up to that point, these fractonic theories had been formulated in a non-covariant lan-
guage. However, it was not long before high-energy theorists became interested in ex-
ploring restricted mobility within the framework of relativistic quantum field theories.
In [70], the authors introduced the first Lorentz-covariant 4D extension of the gauge
transformation that characterizes the Scalar Charge Theory, and subsequently ana-
lyzed the resulting covariant tensor gauge theory using standard QFT techniques, as
reviewed in Section 4.4. Relevantly, the most general 4D power-counting–compatible
action involving a rank-2 symmetric tensor gauge field aµν(x), transforming under
longitudinal diffeomorphisms [72], is a combination of Linearized Gravity and an
additional term representing the genuine novelty of the theory. The latter constitutes
a covariant embedding of the Scalar Charge Theory and thus defines a higher-rank
covariant Maxwell theory for fractons [74].

Importantly, since longitudinal diffeomorphisms form a particular subset of in-
finitesimal diffeomorphisms, the 4D covariant theory necessarily contains both frac-
tonic and gravitational degrees of freedom. This is a crucial point: up to now, no
symmetry has been identified that allows one to fully decouple fracton dynamics from
linearized gravity. The connection between fracton gauge theories and gravitational
modes, previously inferred in the condensed matter literature [159], becomes immedi-
ate and transparent in a field-theoretical framework. Identifying a symmetry principle
that isolates the fracton gauge sector alone would represent an outstanding direction
for future research.
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At this stage, a natural question arises: what about fractons living on a plane? The
motivations for studying fracton phases of matter in three spacetime dimensions (3D)
are numerous, and some of these are discussed in Section 4.5. Given the power of
3D Topological Quantum Field Theories [75] in describing topological orders in two
spatial dimensions, one may ask whether there exists a higher-rank class of Chern–
Simons or BF theories capable of capturing fractonic behavior. From a more physical
perspective, one may also wonder whether dipolar analogues of the Quantum Hall
Effect or of Topological Insulators can exist. Several theories describing the dipolar
Quantum Hall effect and topological dipole insulators have already been proposed
[76, 77, 78, 79, 80], but all within a non-covariant framework.

In Chapter 5, we presented two covariant formulations of higher-rank Chern–
Simons and BF theories, which together constitute an important step toward the
understanding and formal theoretical description of 3D gauge theories for dipolar
Hall fluids.
In Section 5.1, based on [3], we studied the most general 3D action for a tensor
gauge field aµν(x) with mass dimension 1, which takes the form of a traceless, non-
topological, higher-rank generalisation of the ordinary Chern–Simons model. Upon
coupling to matter, the theory exhibits fractonic behavior: a Hall-like dipole current
emerges together with a vectorial “flux-attachment” relation for dipoles.
Subsequently, in Section 5.2, based on [4], we analysed a 3D field theory involving two
tensor gauge fields with mass dimension 1: aµν(x), transforming under longitudinal
diffeomorphisms, and Bµν(x), with no symmetry imposed on its indices. The corre-
sponding invariant action is a non-topological higher-rank BF-like model, constructed
from a purely field-theoretical perspective using standard gauge-theory techniques.
When matter is introduced, the theory exhibits subdimensional excitations, including
both fractons and lineons. Moreover, our model can be mapped to the low-energy
effective field theory of the Rank-2 Toric Code (R2TC) in two spatial dimensions [185],
an exactly solvable quantum lattice model that generalises Kitaev’s Toric Code [45] to
higher rank. The R2TC displays restricted mobility, unconventional braiding statistics,
and can be obtained from the rank-2 U(1) lattice gauge theory—whose excitations are
subdimensional—via a Higgsing procedure [161] that reduces the continuous U(1)
gauge symmetry to ZN.
We also analysed the case in which Bµν(x) is taken to be symmetric. In this situation,
the action can be written as the sum of two rank-2 Chern–Simons terms [3], thus
providing a higher-rank generalisation of the ordinary abelian BF theory [38, 148, 183],
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which famously describes the low-energy physics of quantum spin Hall insulators in
two spatial dimensions.

Topological Chern–Simons and BF models have a long history of important physical
results when boundaries are introduced [43, 148, 199, 200, 201, 202, 203]. The higher-
rank similarities shared by the BF-like models studied in this Thesis thus suggest
promising perspectives for an analysis of boundary phenomena. In particular, the
completely symmetric case (see Appendix G) generalizes the recently proposed bulk
description of topological dipole insulators [80], where a non-covariant BF-like model
is recovered from an effective edge theory via a coupled-wire construction [190]. A
study of the corresponding boundary action of the covariant S(s)

BF (5.145) is therefore
worthwhile. Moreover, it would be interesting to investigate boundary effects also for
SBF (5.77), where non-symmetric contributions might lead to non-trivial physics.

In the context of higher-rank lattice gauge theories of gapless fractons, it has
been shown that in most cases, breaking the U(1) gauge symmetry to Zn through a
Higgs-like mechanism [161, 162] gives mass to the excitations but destroys fractonic
behaviour. This motivated us to look for a 3D higher-rank gauge theory describ-
ing massive fractons. In Section 5.3, based on [5], we constructed a covariant and
gauge-invariant theory for a fractonic gauge field aµν(x) with mass dimension 1/2.
The model includes a rank-2 Chern–Simons term [3] that plays a dual role: it gen-
erates a topological mass for the gauge field and simultaneously acts as a source of
intrinsic fractonic matter. This dual mechanism is novel and leads to a propagating
fractonic degree of freedom described by a massive Klein–Gordon equation. The
theory propagates two degrees of freedom—one massive and one massless—whose
number remains unchanged in the massless limit, in close analogy with the Maxwell–
Chern–Simons mechanism of Deser–Jackiw–Templeton [168, 169]. Our model thus
provides a unified framework for describing massive fractons with internal structure
and offers a covariant setting for exploring their interactions and possible extensions.

Finally, another interesting follow-up of these works would be the formulation of a
non-abelian gauge field theory for fractons.

To conclude, this Thesis explored two distinct exotic phases of matter, both of
which admit a natural and powerful description in terms of quasiparticles. Although
the methods employed—integrability and gauge theory techniques —are profoundly
different, they share a common spirit: phases of matter provide a unifying bridge
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between disparate areas of Theoretical Physics, allowing ideas to flow across fields
that would otherwise remain disconnected.
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Appendix A.

Proof of some equations

A.1 Proofs of (2.73)-(2.76)
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A.2 Proofs of (2.93)-(2.95)
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Appendix B.

Partition function of the XY chain

In this Appendix, we compute the partition function of the XY chain and derive
the corresponding free energy, from which all thermodynamic quantities follow. Its
explicit expression makes it clear that the model does not exhibit any thermal phase
transitions.
The partition function for h < 1 is

Z =∑
i

e−βEi = e−βE+
0 + e−βE+

1 + e−βE+
2 + ... + e−βE−0 + e−βE−1 + e−βE−2 + ...

=e−βE+
0

[
1 + e−β(E+

1 −E+
0 ) + e−β(E+

2 −E+
0 ) + ...

]
+ e−βE−0

[
1 + e−β(E−1 −E−0 ) + e−β(E−2 −E−0 ) + ...

]
,

(B.1)

where the energy difference (E±j − E±0 ) with j ≥ 1 between the j-th excited state and
the ground state of the corresponding parity sector is given by the sum of an even
number of excitations (each of which contributes an amount−J ϵ(q)). This observation
allows us to write

Z =
1
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Here we observe that
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where the mathematical identities

cosh x =
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2e−x sinh x =
1− e−2x

2e−x (B.5)

have been used. Thus we obtain

Z =2N−1

 ∏
q∈Γ+

cosh
[

β

2
Jϵ(q)

]
+ ∏

q∈Γ+

sinh
[

β

2
Jϵ(q)

]+

+ 2N−1

 ∏
q∈Γ−

cosh
[

β

2
Jϵ(q)

]
+ ∏

q∈Γ−
sinh

[
β

2
Jϵ(q)

] , (B.6)

which, in the large-N limit, becomes

Z = 2N ∏
q∈Γ−

cosh
[

β

2
Jϵ(q)

]1 + ∏
q∈Γ−

tanh
[

β

2
Jϵ(q)

] . (B.7)

Now that we have the partition function, we can compute the free energy. However,
since we are interested in the thermodynamic limit, we focus on the free energy per
site

f ≡ − 1
βN

log Z =− 1
β

log 2− 1
βN

log ∏
q∈Γ−

cosh
[

β

2
Jϵ(q)

]
+

− 1
βN

log

1 + ∏
q∈Γ−

tanh
[

β

2
Jϵ(q)

] , (B.8)
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where

1
N

log ∏
q∈Γ−

cosh
[

β

2
Jϵ(q)

]
=

1
N ∑

q∈Γ−
log cosh

[
β

2
Jϵ(q)

]
N→∞−→ 1

2π

∫ 2π

0
log cosh

[
β

2
Jϵ(q)

]
dq.

In conclusion, the free energy per site in the thermodynamic limit in the region h < 1
of the parameter space is given by

f = − 1
β

log 2− 1
πβ

∫ π

0
log cosh

[
β

2
Jϵ(q)

]
dq. (B.9)

We now turn to the region h > 1. Since, unlike E+
0 (2.126), the ground state energy in

the negative z-parity sector |GS−⟩ differs by −J ϵ(0) with respect to the region h < 1
(see Eq. (2.128)), the partition function will differ from the one just computed only
through the second term in (B.1), given by

e−βE−0
[
1 + e−β(E−1 −E−0 ) + ...

]
=e−β J

2 ∑q∈Γ− ϵ(q)
[
1 + e−β(E−1 −E−0 ) + e−β(E−2 −E−0 ) + ...

]
eβJϵ(0)

=
1
2

e−β J
2 ∑q∈Γ− ϵ(q)

 ∏
q∈Γ−

(
1 + eβJϵ(q)

)
− ∏

q∈Γ−

(
1− eβJϵ(q)

)
=2N−1

 ∏
q∈Γ−

cosh
[

β

2
Jϵ(q)

]
− ∏

q∈Γ−
sinh

[
β

2
Jϵ(q)

] ,

where we have followed the same procedure as in the h < 1 case. Therefore, the
partition function of the XY chain for h > 1 is

Z = 2N−1

 ∏
q∈Γ+

cosh
[

β

2
J ϵ(q)

]
+ ∏

q∈Γ+

sinh
[

β

2
J ϵ(q)

]+

+ 2N−1

 ∏
q∈Γ−

cosh
[

β

2
J ϵ(q)

]
− ∏

q∈Γ−
sinh

[
β

2
J ϵ(q)

] , (B.10)

which, in the large-N limit, reads

Z = 2N ∏
q∈Γ−

cosh
[

β

2
J ϵ(q)

]
. (B.11)
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From this expression, one recovers the same expression for free energy per site in
the region h < 1, given by (B.9). As a consequence, we can conclude that, at finite
temperature, no phase transitions occur.



Appendix C.

Calculation of the two–spin correlators
in the ferromagnetic XY chain

In this Appendix we review the calculations leading from (2.157) to the expressions
for the asymptotic values of the correlators. The starting point is the evaluation of

⟨GS|σα
l σα

m|GS⟩ = 1
2
( 〈

GS+
∣∣σα

l σα
m
∣∣GS+

〉
+
〈

GS−
∣∣σα

l σα
m
∣∣GS−

〉)
, (C.1)

where we have used the fact that the operator σα
l σα

m preserves the z-parity, since it can
be written as

σx
l σx

m = (σ+
l + σ−l )(σ+

m + σ−m ), (C.2)

σ
y
l σ

y
m = −(σ+

l + σ−l )(σ+
m + σ−m ), (C.3)

with the σ±j defined in (2.60).
Since one can show that

⟨GS|σα
l σα

m|GS⟩ =
〈

GS+
∣∣σα

l σα
m
∣∣GS+

〉
, (C.4)

we now compute, for instance, the two-spin correlator along the x direction:

ρx
lm =

〈
GS+

∣∣(σ+
l + σ−l )(σ+

m + σ−m )
∣∣GS+

〉
, (C.5)
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where, without loss of generality, we assume m > l.
Recalling the Wigner–Jordan transformation (2.68), we obtain

ρx
lm =

〈
GS+

∣∣(ψl + ψ†
l )

l−1⊗
i=1

σz
i

m−1⊗
j=1

σz
j (ψm + ψ†

m)
∣∣GS+

〉
=
〈

GS+
∣∣(ψl + ψ†

l )
m−1⊗
j=l

σz
j (ψm + ψ†

m)
∣∣GS+

〉
=
〈

GS+
∣∣(ψl + ψ†

l )(1− 2ψ†
l ψl)

m−1⊗
j=l+1

(1− 2ψ†
j ψj)(ψm + ψ†

m)
∣∣GS+

〉
=
〈

GS+
∣∣(ψ†

l − ψl)
m−1⊗

j=l+1

(ψ†
j + ψj)(ψ

†
j − ψj)(ψm + ψ†

m)
∣∣GS+

〉
. (C.6)

We now define

Aj ≡ ψ†
j + ψj, (C.7)

Bj ≡ i(ψ†
j − ψj). (C.8)

It is straightforward to verify that

A2
j = B2

j = 1, (C.9)

A†
j = Aj, B†

j = Bj, (C.10)

{Ai, Aj} = {Bi, Bj} = {Ai, Bj} = 2δij, (C.11)

meaning that Aj and Bj are Majorana fermions. In terms of the operators just defined,
the correlation function can be written as

ρx
lm = (−i)m−l 〈GS+

∣∣Bl Al+1Bl+1 . . . Am−1Bm−1Am
∣∣GS+

〉
. (C.12)

Following an entirely analogous procedure, one finds [49]:

ρ
y
lm = (−1)m−1(−i)m−l 〈GS+

∣∣AlBl+1Al+1 . . . Bm−1Am−1Bm
∣∣GS+

〉
, (C.13)

ρz
lm = −

〈
GS+

∣∣AlBl AmBm
∣∣GS+

〉
. (C.14)
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At this stage, we would like to compute these expectation values using Wick’s theorem
[107]. To do so, it is first necessary to evaluate the following correlators:

〈
GS+

∣∣Al Am
∣∣GS+

〉 〈
GS+

∣∣BlBm
∣∣GS+

〉 〈
GS+

∣∣AlBm
∣∣GS+

〉
. (C.15)

From the definitions of the operators Aj and Bj, it is clear that computing these corre-
lators requires the two-point correlators of the Wigner–Jordan fermionic operators:

〈
GS+

∣∣ψlψm
∣∣GS+

〉 〈
GS+

∣∣ψlψ
†
m
∣∣GS+

〉 〈
GS+

∣∣ψ†
l ψm

∣∣GS+
〉

, (C.16)

whose evaluation is simplified once the correlators

〈
GS+

∣∣ψ̃(+)
q ψ̃

(+)
k

∣∣GS+
〉 〈

GS+
∣∣ψ̃(+)

q ψ̃
(+)†
k

∣∣GS+
〉 〈

GS+
∣∣ψ̃(+)†

q ψ̃
(+)
k

∣∣GS+
〉

,
(C.17)

are known. These, in turn, are computed from the two-fermion χ correlators, given by

〈
GS+

∣∣χ(+)
q χ

(+)†
k

∣∣GS+
〉
= δk,q,

〈
GS+

∣∣χ(+)
q χ

(+)
k

∣∣GS+
〉
=
〈

GS+
∣∣χ(+)†

q χ
(+)
k

∣∣GS+
〉
= 0.

(C.18)

Recalling (2.103), one easily finds that

〈
GS+

∣∣ψ̃(+)†
q ψ̃

(+)
k

∣∣GS+
〉
=

1− cos
(
2θq
)

2
δk,q,

〈
GS+

∣∣ψ̃(+)
q ψ̃

(+)†
k

∣∣GS+
〉
=

1 + cos
(
2θq
)

2
δk,q,〈

GS+
∣∣ψ̃(+)

q ψ̃
(+)
k

∣∣GS+
〉
= −

sin
(
2θq
)

2
δ2π−k,q, (C.19)

for which the following identities, derived from (2.110), are useful:

sin θ2π−k = − sin θk, cos θ2π−k = − cos θk. (C.20)

From the correlators just obtained, one can easily compute (using (2.86)) the two-fermion
Wigner–Jordan correlators:

〈
GS+

∣∣ψjψl
∣∣GS+

〉
= −

〈
GS+

∣∣ψ†
j ψ†

l
∣∣GS+

〉
= − i

N ∑
q∈Γ+

eiq(j−l) sin
(
2θq
)

2
, (C.21)

〈
GS+

∣∣ψjψ
†
l
∣∣GS+

〉
= −

〈
GS+

∣∣ψ†
j ψl
∣∣GS+

〉
=

1
N ∑

q∈Γ+

eiq(j−l) 1 + cos
(
2θq
)

2
. (C.22)
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Here, to show the first equality in both lines, it is useful to employ (C.20) together with
the fact that Γ+ = 2π − Γ+. From the correlators just computed, it follows that

〈
GS+

∣∣Al Am
∣∣GS+

〉
=
〈

GS+
∣∣BlBm

∣∣GS+
〉
= 0. (C.23)

The only remaining correlator to evaluate is

〈
GS+

∣∣AmBl
∣∣GS+

〉
= i

〈
GS+

∣∣(ψ†
m + ψm)(ψ

†
l − ψl)

∣∣GS+
〉

= 2i
( 〈

GS+
∣∣ψ†

mψ†
l
∣∣GS+

〉
+
〈

GS+
∣∣ψmψ†

l
∣∣GS+

〉)
= − 1

N ∑
q∈Γ+

eiq(m−l) sin
(
2θq
)
+

i
N ∑

q∈Γ+

eiq(m−l)

︸ ︷︷ ︸
0

+
i
N ∑

q∈Γ+

eiq(m−l) cos
(
2θq
)

=
i
N ∑

q∈Γ+

eiq(m−l)ei2θq . (C.24)

We will denote

G(m− l) ≡ −i
〈

GS+
∣∣AmBl

∣∣GS+
〉

. (C.25)

We can now finally compute ρα
lm by making use of Wick’s theorem. Let us start from

the simplest correlation function, namely

ρz
lm =−

〈
GS+

∣∣AlBl AmBm
∣∣GS+

〉
=−

〈
GS+

∣∣AlBl
∣∣GS+

〉 〈
GS+

∣∣AmBm
∣∣GS+

〉
+
〈

GS+
∣∣AlBm

∣∣GS+
〉 〈

GS+
∣∣AmBl

∣∣GS+
〉

= G2(0)− G(l −m)G(m− l). (C.26)

Proceeding analogously, it is straightforward to verify that

ρx
lm = (−1)n det



G(1) G(0) G(−1) . . . G(2− n)

G(2) G(1) G(0) . . . G(3− n)

G(3) G(2) G(1) . . . G(4− n)
...

...
... . . . ...

G(n) G(n− 1) G(n− 2) . . . G(1)


(C.27)
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ρ
y
lm = (−1)m−1 det


G(−1) G(0) G(1) . . . G(n− 2)

G(−2) G(−1) G(0) . . . G(n− 3)
...

...
... . . . ...

G(−n) G(1− n) G(2− n) . . . G(−1)

 (C.28)

where n ≡ m− l. We have therefore found that the two-spin correlation functions
along the x and y directions are given by the determinant of n× n Toeplitz matrices,
namely matrices whose entries are constant along each descending diagonal from
left to right. Because of their appearance in the Ising and XY chains, as well as their
rich mathematical structure, Toeplitz matrices have attracted the interest of many
mathematicians and mathematical physicists, whose efforts have led to an impressive
understanding of their properties. In particular, a vast mathematical literature has
been devoted to the study of the asymptotic behaviour of their determinants, known
as Toeplitz Determinants (for details, see Appendix A of [49]).
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Appendix D.

Level quantization of rank-2
Chern-Simons theory

Following a procedure similar to the one adopted in [77, 79], the same approach of
ordinary Chern-Simons theory [34, 40] can be followed to show that the generalized
Chern-Simons action for fractons is not invariant under large gauge transformations,
but it changes by

δSCS = 8π2k , (D.1)

where k is the coupling constant of the generalized Chern-Simons action (which we
reabsorbed by a redefinition of the field aµν(x)). In order for the partition function

Z[aµν] = eiSCS [aµν] (D.2)

to be invariant, it must be

k =
n

4π
, n ∈ Z , (D.3)

which is the quantized level for dipolar Chern-Simons theory.
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D.1 Flux quantization

The magnetic flux quantization is a crucial point. Indeed, on the solution (5.16) of the
EoM of a00(x) (5.11), we have that the magnetic field Ba(x) (5.25) writes as a curl :

Bi = ϵ0mn∂m

[
aa

n − δi
n

(
a0

0 + ∂0ψ
)]

. (D.4)

Notice that one could for instance make the gauge-fixing choice a0
0 = −∂0ψ, which

extends (5.16) to the covariant form

aµ0 = ∂µψ , (D.5)

such that the magnetic field Bi(x) (D.4) simplifies to

Bi = ϵ0mn∂mai
n , (D.6)

however that is not necessary. Therefore one can use Stokes’ theorem for the flux on a
surface Σ whose boundary is a closed curve γ∫

Σ
d2xB j =

∫
γ

dxi
[

aj
i − δ

j
i

(
a0

0 + ∂0ψ
)]

. (D.7)

The minimum is reached when the integral is done on Σ = S2, as done in [77, 79] or
[40] for standard CS, for which the integral over the boundary γ only contributes as a
2π phase. Thus ∫

Σ
d2xB j = 2πx̂j , (D.8)

where x̂j is the unit vector of the direction of the dipole through (5.48). Notice that this
reasoning works if we are considering surfaces with genus zero, and in the continuum,
which is our case. However for manifolds of different genus or on the lattice (and
their continuum limits) the curve γ is not necessarily contractible to give a phase
contribution. In these cases singular or discontinuous field configurations must be
taken into account, as done for instance in [78, 150, 152, 204].
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D.2 Shift of the action and the large gauge transforma-

tion

In order to discuss the level quantization as done in [40, 77, 79] the flux of the magnetic
field must be taken into account, whose quantization condition, as discussed above,
is (D.8). The definition of the fractonic electric and magnetic fields (5.24) and (5.25),
and the whole electromagnetic interpretation of Section 5.2.2 emerges on the solution
of the EoM of a00(x) (5.14). This solution in terms of the field strength F̃µνρ(x) (5.8)
can be used interchangeably with the one in terms of the gauge field (5.16). Notice
that this coincides with the construction done in [60, 77, 149], where the scalar field is
introduced from the beginning, while here we motivate it from a covariant construction
as a solution of an EoM. On the invariant action SCS (5.1) this implies

SCS|a0m=∂mψ =
∫

d3xϵµνρa λ
µ ∂νaρλ =

∫
d3xϵ0mn

(
2∂lψ∂manl − aml∂0a l

n

)
. (D.9)

We can thus consider the thermal partition function in the euclidean periodic time
τ ∼ τ + β, where β is the inverse of the temperature, and define the large gauge
transformation defined by the following finite gauge parameter

ϕ′(τ, x⃗) ≡ 2π

β
τ x̂ixi , (D.10)

such that under the fracton symmetry (4.60) the tensor field aµν(x) and its generalized
field strength Fµνρ(x) transforms as

a00 → a00 ; a0m → a0m +
2π

β
r̂m ; amn → amn ; Fµνρ → Fµνρ . (D.11)

Notice that (D.10) is not single valued on the periodic time, i.e. ϕ′(τ) ̸= ϕ′(τ + β),
however this does not reflect on the transformed fields (D.11), as happens in the
standard case of CS theory [40]. Notice also that the transformation (D.10) is the of
the same kind as the one considered in [77], and can be reconduced to the one in [79]
by taking its gradient −∂aϕ′. Keeping in mind the definition of the magnetic field
(5.25) and the definition of the traceless field strength F̃µνρ(x) (5.8), we can rewrite the
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invariant action (5.1), expliciting the coupling constant k, as follows :

SCS =
k
3

∫
d3xϵµνρa λ

µ F̃λνρ

=
k
3

∫
d3xϵ0mn

(
a 0

0 F̃0mn + a l
0 F̃lmn − a 0

n F̃00n − a l
m F̃l0n + a 0

m F̃0n0 + a l
m F̃ln0

)
=

k
3

∫
d3x

{
ϵ0mn

[
a 0

0 F̃0mn − a l
m
(

F̃0ln − F̃ln0
)]

+ 3a0lBl
}

=k
∫

d3x
[
ϵ0mn

(
a l

m∂0anl + a0m∂0a0n

)
+ 2a0lBl

]
=k

∫
d3x

(
ϵ0mna l

m∂0anl + 2a0lBl
)

.

(D.12)

where we used the tracelessness and ciclicity properties of F̃µνρ(x) (5.9), (4.81), the
definition of Bl(x) (5.25) and, in the last line, the solution (5.16). Under the large gauge
transformation (D.11) we have that the action transforms as

SCS → SCS + 2k
∫

d3x
2π

β
x̂lBl , (D.13)

which, evaluated on the sphere S2 using the quantization condition (D.8), finally yields

SCS → SCS + 8π2k , (D.14)

which implies that k must be quantized as

8π2k = 2πn ⇒ k =
1

4π
n , n ∈ Z , (D.15)

which is analogous to what happens in ordinary 3D CS theory [37] with the remarkable
difference that the theory we are considering here is not topological.

D.3 An example on the torus

We have seen that the invariant action SCS|a0m=∂mψ can be written in two ways, either
as

SCS|a0m=∂mψ = k
∫

d3xϵ0mn
(

2∂lψ∂manl − aml∂0a l
n

)
, (D.16)
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from (D.9), or

SCS|a0m=∂mψ = k
∫

d3x
(
−ϵ0mna l

m∂0anl + 2∂lψBl
)

, (D.17)

from (D.12). On the large gauge transformation (D.11) the ∂0 contribution has no role
in changing the action, so that we can equivalently use

2k
∫

d3x∂lψϵ0mn∂manl or 2k
∫

d3x∂lψBl . (D.18)

Therefore the flux of the magnetic field is equivalent to the flux of the curl of the gauge
field, as in standard electromagnetism. As a consequence of the magnetic-dipole
relation (5.48) and the symmetry of the gauge field, we have that

aij = H x̂i x̂j . (D.19)

We can for instance consider a dipole oriented along the x1-axis, i.e. x̂1 = 1, x̂2 = 0,
which implies that

a11 = H ; a12 = a21 = a22 = 0 , (D.20)

as a consequence of (D.19). We want to consider an example of quantization on a
surface of nonzero genus, such as the torus T2 with periodicity x1 ∼ x1 + l1 and
x2 ∼ x2 + l2, as done in [150, 152]. The only nontrivial component of the magnetic
field is B1(x), for which we have that the flux on the torus is∫

T2
d2xB1 =

∫
T2

d2x∂2a11 (D.21)

as a consequence of the equivalence (D.18). We shall see that the magnetic field is
quantized if we consider, for instance, the following transition function

g(x1) = π

[
(x1 − x∗1)θ(x1 − x∗1)−

x1

l1
(x1 − x∗1) +

3
2
(x1)

2

l1

]
, (D.22)

which is similar to those used in [150, 152]. We thus have

a11(x1, l2)− a11(x1, 0) = ∂1∂1g , (D.23)
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i.e. a11 is non-periodic only around the x2-coordinate. For instance

a11 = π
x2

l2

[
δ(x1 − x∗1) +

1
l1

]
. (D.24)

Therefore from (D.21) we get∫
T2

d2xB1 =
∫

T2
d2x∂2a11

=
∫ l1

0
dx1

∫ l2

0
dx2

{
π

1
l2

[
δ(x1 − x∗1) +

1
l1

]}
= π

∫ l1

0
dx1

[
δ(x1 − x∗1) +

1
l1

]
= 2π .

(D.25)

Therefore in this configuration (D.24), from (D.25) and taking the large gauge transfor-
mation (D.11), the action changes as follows

SCS → SCS + 2k
∫ β

0
dτ

2π

β

∫
T2

d2x B1 = SCS + 8π2k (D.26)

which give the same quantization condition as (D.15).



Appendix E.

Propagators

E.1 Rank-2 Chern-Simons theory

In momentum space the invariant action SCS (5.1) and the gauge fixing term Sg f (5.54)
read

SCS =
∫

d3p âµν(p)
[

i
4

(
ϵµλαηνβ + ϵνλαηµβ + ϵµλβηνα + ϵνλβηµα

)
pλ

]
âαβ(−p) (E.1)

Sg f =−
1

2ξ

∫
d3p âµν(p)

(
pµ pν pα pβ + κpµ pν p2ηαβ + κpα pβ p2ηµν + κ2ηµνηαβ p4

)
âαβ(−p) ,

(E.2)

where p4 ≡ (p2)2 = (pµ pµ)2. The momentum space gauge fixed action Stot (5.55) is

S = −1
4

∫
d3p âµν(p)Ĝµν,αβ(p)âαβ(−p) , (E.3)

where the tensor Ĝµν,αβ(p), defined by the sum of (E.1) and (E.2), has the following
symmetries

Ĝµν,αβ(p) = Ĝνµ,αβ(p) = Ĝµν,βα(p) = Ĝαβ,µν(−p) , (E.4)
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and can be expanded on the following basis of tensors (displaying these same symme-
tries):

A(0)
αβ,ρσ =

1
2
(ηαρηβσ + ηασηβρ) (E.5)

A(1)
αβ,ρσ = ηαρ pβ pσ + ηασ pβ pρ + ηβρ pα pσ + ηβσ pα pρ (E.6)

A(2)
αβ,ρσ = ηαβ pρ pσ + ηρσ pα pβ (E.7)

A(3)
αβ,ρσ = ηαβηρσ (E.8)

A(4)
αβ,ρσ = pα pβ pρ pσ (E.9)

A(5)
αβ,ρσ = ipλ(ϵαλρησβ + ϵβλρησα + ϵαλσηρβ + ϵβλσηρα) (E.10)

A(6)
αβ,ρσ = ipλ(ϵαλρ pσ pβ + ϵαλσ pρ pβ + ϵβλρ pσ pα + ϵβλσ pρ pα) (E.11)

as follows

Ĝµν,αβ(p) =
[
−A(5) +

2
ξ

(
κp2A(2) + κ2p4A(3) + A(4)

)]µν,αβ

. (E.12)

The momentum space propagator in a generic ξ-gauge

∆̂(ξ)
αβ,ρσ(p) ≡ ⟨âαβ(p)âρσ(−p)⟩(ξ) (E.13)

is defined as

Ĝ∆̂(ξ) = A(0) . (E.14)

In the basis {A(i)} the propagator ∆̂(ξ) reads

∆̂(ξ) =
6

∑
i=0

ci A(i) , (E.15)
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where the p-dependent coefficients ci(p) are determined by (E.157). In order to solve
the equation (E.157) the following tensorial relations are useful [200, 203]

A(0)A(0) = A(0) (E.16)

A(0)A(1) = A(1) (E.17)

A(0)A(2) = A(2) + B(2) (E.18)

A(0)A(3) = A(3) (E.19)

A(0)A(4) = A(4) (E.20)

A(0)A(5) = A(5) (E.21)

A(0)A(6) = A(6) (E.22)

A(1)A(0) = A(1) (E.23)

A(1)A(1) = 2p2A(1) + 8A(4) (E.24)

A(1)A(2) = 4A(4) + 4p2B(2) (E.25)

A(1)A(3) = 4B(2) (E.26)

A(1)A(4) = 4p2A(4) (E.27)

A(1)A(5) = 2A(6) (E.28)

A(1)A(6) = 2p2A(6) (E.29)

A(2)A(0) = A(2) + B(2) (E.30)

A(2)A(1) = 4p2A(2) + 4A(4) (E.31)

A(2)A(2) = p2(A(2) + B(2) + p2A(3)) + 3A(4) (E.32)

A(2)A(3) = 3B(2) + p2A(3) (E.33)

A(2)A(4) = p4A(2) + p2A(4) (E.34)

A(2)A(5) = A(2)A(6) = 0 (E.35)
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A(3)A(0) = A(3) (E.36)

A(3)A(1) = 4A(2) (E.37)

A(3)A(2) = 3A(2) + p2A(3) (E.38)

A(3)A(3) = 3A(3) (E.39)

A(3)A(4) = p2A(2) (E.40)

A(3)A(5) = A(3)A(6) = 0 (E.41)

A(4)A(0) = A(4) (E.42)

A(4)A(1) = 4p2A(4) (E.43)

A(4)A(2) = p4B(2) + p2A(4) (E.44)

A(4)A(3) = p2B(2) (E.45)

A(4)A(4) = p4A(4) (E.46)

A(4)A(5) = A(4)A(6) = 0 (E.47)

A(5)A(0) = A(5) (E.48)

A(5)A(1) = 2A(6) (E.49)

A(5)A(2) = A(5)A(3) = A(5)A(4) = 0 (E.50)

A(5)A(5) = −16p2A(0) + 6A(1) − 8A(2) − 8B(2) + 8p2A(3) (E.51)

A(5)A(6) = 8A(4) − 2p2A(1) (E.52)

A(6)A(0) = A(6) (E.53)

A(6)A(1) = 2p2A(6) (E.54)

A(6)A(2) = A(6)A(3) = A(6)A(4) = 0 (E.55)

A(6)A(5) = −2p2A(1) + 8A(4) (E.56)

A(6)A(6) = 8p2A(4) − 2p4A(1) , (E.57)
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where the contraction of indices, which has been omitted, is as follows

(XY = Z) ≡ (Xµν,αβYαβ,ρσ = Zµν
ρσ ) , (E.58)

and the operators appearing at the right hand side of (E.16)-(E.57) form a basis on the
space of the tensors

Zµν
ρσ = Zνµ

ρσ = Zµν
σρ , (E.59)

which is larger than the one concerning the more symmetric tensors (E.4):

A(0)µν
ρσ =

1
2
(δ

µ
ρ δν

σ + δ
µ
σ δν

ρ) (E.60)

A(1)µν
ρσ = δ

µ
ρ pν pσ + δ

µ
σ pν pρ + δν

ρ pµ pσ + δν
σ pµ pρ (E.61)

A(2)µν
ρσ = ηµν pρ pσ (E.62)

B(2)µν
ρσ = ηρσ pµ pν (E.63)

A(3)µν
ρσ = ηµνηρσ (E.64)

A(4)µν
ρσ = pµ pν pρ pσ (E.65)

A(5)µν
ρσ = ipλ(ϵαλρηµαδν

σ + ϵαλσηµαδν
ρ + ϵαλρηναδ

µ
σ + ϵαλσηναδ

µ
ρ ) (E.66)

A(6)µν
ρσ = ipλ(ηµαϵαλρ pσ pν + ηµαϵαλσ pρ pν + ηναϵαλρ pσ pµ + ηναϵαλσ pρ pµ) (E.67)

The usual long but straightforward calculations lead then to

Ĝ∆̂(ξ) =16c5p2A(0) + (−6c5 + 2p2c6)A(1)

+
{

2κp4

ξ

[
c0
p2 + 4(κ + 1)p2c1 + (3κ + 1)c2 + (κ + 1)p2c4

]
+ 8c5

}
A(2)

+
{

2p2

ξ

[
κc0 + (κ + 1)p2c2 + (3κ + 1)c3

]
+ 8c5

}
B(2)

+
{

2κp2

ξ

[
κc0 + (κ + 1)p2c2 + (3κ + 1)c3

]
− 8c5

}
p2A(3)

+
{

2p2

ξ

[
c0
p2 + 4(κ + 1)c1 + (3κ + 1)c2 + (κ + 1)p2c4

]
− 8c6

}
A(4) − c0A(5) − 2c1A(6)

= A(0) . (E.68)
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The solution of the above equation gives the coefficients ci(p) appearing in the propa-
gator expansion (E.15)

ξ = c0 = c1 = 0 ; c2 = free ; c3 = −c2
1 + κ

1 + 3κ
p2 ; c4 = −c2

1 + 3κ

(1 + κ)p2 ; c5 =
1

16p2 ; c6 =
3

16p4 .

(E.69)

The propagator displays poles at κ = {−1,−1
3}, and κ is coupled to the trace a(x) in

the gauge fixing term (5.54), on which, on the other hand, the invariant action Sinv

(5.1) does not depend. We notice that c2(p) is a free parameter, which means that it
does not have a role in inverting the matrix (E.12), hence we can set it to zero. This
also makes the singular coefficients vanish. Additionally, as one might hope and
expect, the Landau gauge is a mandatory choice. Indeed, due to the fact that the gauge
parameter is massive ([ξ] = 3), its presence would lead to infrared divergences in the
correlation functions. Therefore, the only surviving coefficients are c5(p) and c6(p),
and the propagator is

⟨âαβ(p)âρσ(−p)⟩ = ∆̂αβ,ρσ(p) =

ipλ

16p2

[
ϵαλρ

(
ηβσ + 3

pβ pσ

p2

)
+ ϵαλσ

(
ηβρ + 3

pβ pρ

p2

)
+ ϵβλρ

(
ηασ + 3

pα pσ

p2

)
+ ϵβλσ

(
ηαρ + 3

pα pρ

p2

)]
.

(E.70)

E.2 Rank-2 BF theory

The gauge fixed action (5.87) in the Landau gauge and in momentum space1, writes

S =
∫ d3p

(2π)3

{
iâµν(−p)

[
ϵµλρ pλb̂ ν

ρ (p) + pµb̂ν(p)− ηµν pλb̂λ(p)
]
− d̂(−p)

(
k0pα pβ + k1p2ηαβ

)
âαβ(p)+

+id̂µ(−p)
[
κ0pνb̂µν(p) + κ1ηαβ pµb̂αβ(p) + κ2ϵµνρ pνb̂ρ(p)

]}
≡
∫ d3p

(2π)3

[
âµν(−p)Gµν,αβb̂αβ(p) + âµν(−p)Gµν,αb̂α(p) + d̂(−p)Gαβ âαβ(p)+

+d̂µ(−p)Gαβ,µ
(κ0,κ1)

b̂αβ(p) + d̂µ(−p)Gµ,αb̂α(p)
]

≡
∫ d3p

(2π)3 ϕ̂M(−p)GMAϕ̂A(p) , (E.71)

1The Fourier transform is defined as Φ(x) ≡
∫ d3 p

(2π)3 eip·xΦ̂(p).
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where we defined

ϕ̂M ≡ {âµν , b̂µν , b̂µ , d̂µ , d̂} , (E.72)

GMA ≡ 1
2



0 Gµν,αβ Gµν,α 0 Gµν

Gµν,αβ 0 0 G∗µν,α
(κ0,κ1)

0

G∗αβ,µ 0 0 Gµ,α 0

0 Gαβ,µ
(κ0,κ1)

G∗α,µ 0 0

Gαβ 0 0 0 0


, (E.73)

and

Gµν,αβ(p) ≡ i
4 pλ(ϵ

µλαηβν + ϵνλαηβµ + ϵµλβηαν + ϵνλβηαµ) (E.74)

Gµν,α(p) ≡ i
2

(
ηµα pβ + ηµβ pα

)
− ipµηαβ (E.75)

Gµν(p) ≡ −k0pµ pν − k1p2ηµν (E.76)

Gµν,α
(κ0,κ1)

(p) ≡ i
2κ0 (η

µα pν + ηνα pµ) + iκ1pαηµν (E.77)

Gµ,α(p) ≡ iκ2ϵµλα pλ , (E.78)

which display the following symmetries

Gµν,αβ = G∗αβ,µν = Gνµ,αβ = Gµν,βα (E.79)

Gµν = Gνµ = G∗µν (E.80)

Gµν,α
(κ0,κ1)

= Gνµ,α
(κ0,κ1)

= −G∗µν,α
(κ0,κ1)

(E.81)

Gµ,α = −G∗µ,α = G∗α,µ . (E.82)

The propagators of the theory are encoded in the matrix

∆AP ≡



∆(1)
αβ,ρσ ∆(2)

αβ,ρσ ∆(3)
αβ,ρ ∆(4)

αβ,ρ ∆(5)
αβ

∆(2)∗
ρσ,αβ ∆(6)

αβ,ρσ ∆(7)
αβ,ρ ∆(8)

αβ,ρ ∆(9)
αβ

∆(3)∗
ρσ,α ∆(7)∗

ρσ,α ∆(10)
α,ρ ∆(11)

α,ρ ∆(12)
α

∆(4)∗
ρσ,α ∆(8)∗

ρσ,α ∆(11)∗
ρ,α ∆(13)

α,ρ ∆(14)
α

∆(5)∗
ρσ ∆(9)∗

ρσ ∆(12)∗
ρ ∆(14)∗

ρ ∆(15)


, (E.83)
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with

∆(1)
αβ,ρσ(p) ≡ ⟨âαβ(−p) âρσ(p)⟩ (E.84)

=
(

c0A(0) + c1A(1) + c2A(2) + c3A(3) + c4A(4) + c5A(5) + c6A(6)
)

αβ,ρσ

∆(2)
αβ,ρσ(p) ≡ ⟨âαβ(−p) b̂ρσ(p)⟩ (E.85)

=
(

c7A(0) + c8A(1) + c9A′(2) + c10B(2) + c11A(3) + c12A(4) + c13A(5) + c14A(6)
)

αβ,ρσ

∆(3)
αβ,ρ(p) ≡ ⟨âαβ(−p) b̂ρ(p)⟩ (E.86)

= ic15 ηαβ pρ + ic16 pα pβ pρ + c17 pλ(ϵαλρ pβ + ϵβλρ pα) + ic18
(
ηαρ pβ + ηβρ pα

)
∆(4)

αβ,ρ(p) ≡ ⟨âαβ(−p) d̂ρ(p)⟩ (E.87)

= ic19 ηαβ pρ + ic20 pα pβ pρ + c21 pλ(ϵαλρ pβ + ϵβλρ pα) + ic22
(
ηαρ pβ + ηβρ pα

)
∆(5)

αβ(p) ≡ ⟨âαβ(−p) d̂(p)⟩ (E.88)

= c23 ηαβ + c24 pα pβ

∆(6)
αβ,ρσ(p) ≡ ⟨b̂αβ(−p) b̂ρσ(p)⟩ (E.89)

=
(

c25A(0) + c26A(1) + c27A(2) + c28A(3) + c29A(4) + c30A(5) + c31A(6)
)

αβ,ρσ

∆(7)
αβ,ρ(p) ≡ ⟨b̂αβ(−p) b̂ρ(p)⟩ (E.90)

= ic32 ηαβ pρ + ic33 pα pβ pρ + c34 pλ(ϵαλρ pβ + ϵβλρ pα) + ic35
(
ηαρ pβ + ηβρ pα

)
∆(8)

αβ,ρ(p) ≡ ⟨b̂αβ(−p) d̂ρ(p)⟩ (E.91)

= ic36 ηαβ pρ + ic37 pα pβ pρ + c38 pλ(ϵαλρ pβ + ϵβλρ pα) + ic39
(
ηαρ pβ + ηβρ pα

)
∆(9)

αβ(p) ≡ ⟨b̂αβ(−p) d̂(p)⟩ (E.92)

= c40 ηαβ + c41 pα pβ

∆(10)
α,ρ (p) ≡ ⟨b̂α(−p) b̂ρ(p)⟩ (E.93)

= c42 ηαρ + c43 pα pρ + ic44 pλϵαλρ

∆(11)
α,ρ (p) ≡ ⟨b̂α(−p) d̂ρ(p)⟩ (E.94)

= c45 ηαρ + c46 pα pρ + ic47 pλϵαλρ

∆(12)
α (p) ≡ ⟨b̂α(−p) d̂(p)⟩ (E.95)

= ic48 pα

∆(13)
α,ρ (p) ≡ ⟨d̂α(−p) d̂ρ(p)⟩ (E.96)

= c49 ηαρ + c50 pα pρ + ic51 pλϵαλρ

∆(14)
α (p) ≡ ⟨d̂α(−p) d̂(p)⟩ (E.97)
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= ic52 pα

∆(15)(p) ≡ ⟨d̂(−p) d̂(p)⟩ , (E.98)

expanded on the basis of tensors (E.5)-(E.11), where, since

∆AP = ∆†
PA , (E.99)

the symmetries

∆(i)
M,P(p) = ∆(i)∗

P,M(p) = ∆(i)∗
M,P(−p) for i = {1, 6, 10, 11, 13} (E.100)

i.e. when M = µν and P = ρσ or M = µ and P = ρ, and

∆(i)
αβ,P(p) = ∆(i)

βα,P(p) = ∆(i)∗
αβ,P(−p) for i = {1, ..., 9} (E.101)

i.e. when P = {ρσ , σρ , ρ , ... }, have been taken into account. The propagator matrix
∆AP(p) (E.83) is defined as the inverse of the quadratic operator GAB(p) (E.73)

GMA∆AP = IM
P , (E.102)

where

IM
P ≡



Iµν
ρσ (0) 0 0 0 0

0 Iµν
ρσ (λ) 0 0 0

0 0 δ
µ
ρ 0 0

0 0 0 δ
µ
ρ 0

0 0 0 0 1


(E.103)

is the identity matrix with

Iµν
ρσ (λ) ≡

1
2

(
δ

µ
ρ δν

σ + δ
µ
σ δν

ρ

)
+ ληµνηρσ . (E.104)

A comment is in order concerning the presence of the constant λ in the matrix identity.
The idempotency of the identity

Iµν
ρσ I

ρσ
αβ = Iµν

αβ , (E.105)
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requires that either

λ = 0 , (E.106)

or

λ = −1
3

. (E.107)

The latter option (E.107) corresponds to a traceless identity

ηµνIµν
ρσ (−1

3) = ηρσIµν
ρσ (−1

3) = 0 , (E.108)

which is suitable for a traceless tensorial space such as that involving the field bµν(x).
From the invertibility condition (E.102) we get the following system of equations

1
2 Gµν,αβ∆(2)∗

ρσ,αβ +
1
2 Gµν,α∆(3)∗

ρσ,α +
1
2 Gµν∆(5)∗

ρσ = Iµν
ρσ (0) (E.109)

1
2 Gµν,αβ∆(6)

αβ,ρσ +
1
2 Gµν,α∆(7)∗

ρσ,α +
1
2 Gµν∆(9)∗

ρσ = 0 (E.110)

1
2 Gµν,αβ∆(7)

αβ,ρ +
1
2 Gµν,α∆(10)

α,ρ + 1
2 Gµν∆(12)∗

ρ = 0 (E.111)

1
2 Gµν,αβ∆(8)

αβ,ρ +
1
2 Gµν,α∆(11)

α,ρ + 1
2 Gµν∆(14)∗

ρ = 0 (E.112)

1
2 Gµν,αβ∆(9)

αβ +
1
2 Gµν,α∆(12)

α + 1
2 Gµν∆(15) = 0 (E.113)

1
2 Gµν,αβ∆(1)

αβ,ρσ +
1
2 G∗µν,α

(κ0,κ1)
∆(4)∗

ρσ,α = 0 (E.114)

1
2 Gµν,αβ∆(2)

αβ,ρσ +
1
2 G∗µν,α

(κ0,κ1)
∆(8)∗

ρσ,α = Iµν
ρσ (λ) (E.115)

1
2 Gµν,αβ∆(3)

αβ,ρ +
1
2 G∗µν,α

(κ0,κ1)
∆(11)∗

ρ,α = 0 (E.116)

1
2 Gµν,αβ∆(4)

αβ,ρ +
1
2 G∗µν,α

(κ0,κ1)
∆(13)

α,ρ = 0 (E.117)

1
2 Gµν,αβ∆(5)

αβ +
1
2 G∗µν,α

(κ0,κ1)
∆(14)

α = 0 (E.118)

1
2 G∗αβ,µ∆(1)

αβ,ρσ +
1
2 Gµ,α∆(4)∗

ρσ,α = 0 (E.119)

1
2 G∗αβ,µ∆(2)

αβ,ρσ +
1
2 Gµ,α∆(8)∗

ρσ,α = 0 (E.120)

1
2 G∗αβ,µ∆(3)

αβ,ρ +
1
2 Gµ,α∆(11)∗

ρ,α = δ
µ
ρ (E.121)

1
2 G∗αβ,µ∆(4)

αβ,ρ +
1
2 Gµ,α∆(13)

α,ρ = 0 (E.122)

1
2 G∗αβ,µ∆(5)

αβ +
1
2 Gµ,α∆(14)

α = 0 (E.123)

1
2 Gαβ,µ

(κ0,κ1)
∆(2)∗

ρσ,αβ +
1
2 G∗α,µ∆(3)∗

ρσ,α = 0 (E.124)

1
2 Gαβ,µ

(κ0,κ1)
∆(6)

αβ,ρσ +
1
2 G∗α,µ∆(7)∗

ρσ,α = 0 (E.125)
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1
2 Gαβ,µ

(κ0,κ1)
∆(7)

αβ,ρ +
1
2 G∗α,µ∆(10)

α,ρ = 0 (E.126)

1
2 Gαβ,µ

(κ0,κ1)
∆(8)

αβ,ρ +
1
2 G∗α,µ∆(11)

α,ρ = δ
µ
ρ (E.127)

1
2 Gαβ,µ

(κ0,κ1)
∆(9)

αβ +
1
2 G∗α,µ∆(12)

α = 0 (E.128)

1
2 Gαβ∆(1)

αβ,ρσ = 0 (E.129)

1
2 Gαβ∆(2)

αβ,ρσ = 0 (E.130)

1
2 Gαβ∆(3)

αβ,ρ = 0 (E.131)

1
2 Gαβ∆(4)

αβ,ρ = 0 (E.132)

1
2 Gαβ∆(5)

αβ = 1 . (E.133)

Notice that saturating the ρσ indices in (E.115), and using the definitions (E.84)-
(E.98), we have

(1 + 3λ)ηµν = 1
2 Gµν,αβηρσ∆(2)

αβ,ρσ +
1
2 G∗µν,α

(κ0,κ1)
ηρσ∆(8)∗

ρσ,α

= 1
2 Gµν,αβηρσ⟨âαβ(−p) b̂ρσ(p)⟩+ 1

2 G∗µν,α
(κ0,κ1)

ηρσ⟨d̂α(−p) b̂ρσ(p)⟩

= 1
2 Gµν,αβ⟨âαβ(−p) b̂(p)⟩+ 1

2 G∗µν,α
(κ0,κ1)
⟨d̂α(−p) b̂(p)⟩ ,

(E.134)

which must vanish if the theory does not depend on the trace b̂(p), which would imply
λ = −1/3. This further justifies the introduction of the λ parameter in the identity.
From (E.109)-(E.133) the following equations are recovered through the multiplication
rules of the basis (E.5)-(E.11), which can be found in [3]

2p2c13 + 1 = 0 from (E.109)

3c13 − p2c14 + c18 = 0

−c13 − 1
2 p2c16 − c18 − 1

2 k1p2c24 = 0

−c13 +
1
2 c15 − 1

2 k0c23 = 0

c13p2 − 1
2 p2c15 − 1

2 k1p2c23 = 0

c14 +
1
2 c16 − 1

2 k0c24 = 0

c7 = 0

c7 − c17 = 0

c30 = 0 from (E.110)

3c30 − p2c31 + c35 = 0
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c30 +
1
2 p2c33 + c35 +

1
2 k1p2c41 = 0

−c30 +
1
2 c32 − 1

2 k0c40 = 0

c30p2 − 1
2 p2c32 − 1

2 k1p2c40 = 0

c31 +
1
2 c33 − 1

2 k0c41 = 0

c25 = 0

c26 − c34 = 0

p2c34 + c42 = 0 from (E.111)

c34 − c43 − k0c48 = 0

c35 + c44 = 0

−c42 − p2c43 + k1p2c48 = 0

p2c38 + c45 = 0 from (E.112)

c38 − c46 − k0c52 = 0

c39 + c47 = 0

−c45 − p2c46 + k1p2c52 = 0

c48p2 − ∆(15)k1p2 = 0 from (E.113)

c48 + ∆(15)k0 = 0

c5 = 0 from (E.114)

−3c5 + p2c6 + κ0c22 = 0

2c5 + κ1(p2c19 + 2c22) = 0

2c5 + κ0c19 = 0

−2c5 + κ1p2c19 = 0

−2c6 + κ0c20 = 0

c0 = 0

c1 + κ0c21 = 0

2c13p2 + 1 = 0 from (E.115)

−3c13 + p2c14 + κ0c39 = 0

c13 +
1
2κ1p2c37 + κ1c39 = 0

c13 +
1
2κ0c36 = 0
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p2c13 − 1
2κ1p2c36 − λ = 0

−c14 +
1
2κ0c37 = 0

c7 = 0

c8 + κ0c38 = 0

−p2c17 + κ0c45 = 0 from (E.116)

c17 + κ0c46 = 0

c18 − κ0c47 = 0

κ1(c45 + p2c46) = 0

−p2c21 + κ0c49 = 0 from (E.117)

c21 + κ0c50 = 0

c22 − κ0c51 = 0

κ1(c49 + p2c50) = 0

κ0c52 = 0 from (E.118)

κ1c52 = 0

c0 + 2c1p2 + 2κ2p2c21 = 0 from (E.119)

−c1 − c2 − κ2c21 = 0

c3 − c0 = 0

c5 + p2c6 + κ2c22 = 0

c7 + 2c8p2 + 2κ2p2c38 = 0 from (E.120)

−c8 − c9 − κ2c38 = 0

c11 − c7 = 0

c13 + p2c14 + κ2c39 = 0

2− p2c18 + κ2p2c47 = 0 from (E.121)

−2c15 − c18 + κ2c47 = 0

p2c17 − κ2c45 = 0

p2c22 − κ2p2c51 = 0 from (E.122)

−2c19 − c22 + κ2c51 = 0

c20 − κ2c49 = 0
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c23 = 0 from (E.123)

1
2κ0c7 + κ0p2c8 − κ2p2c17 = 0 from (E.124)

κ0c13 + κ0p2c14 − κ2c18 = 0

2(κ0 + 2κ1)c8 + (κ0 + 3κ1)c10 + (κ0 + κ1)p2c12 + 2κ2c17 = 0

(κ0 + κ1)p2c9 + (κ0 + 3κ1)c11 + κ1c7 = 0

1
2κ0c25 + κ0p2c26 − κ2p2c34 = 0 from (E.125)

κ0c30 + κ0p2c31 − κ2c35 = 0

2(κ0 + 2κ1)c26 + (κ0 + 3κ1)c27 + (κ0 + κ1)p2c29 + 2κ2c34 = 0

(κ0 + κ1)p2c27 + (κ0 + 3κ1)c28 + κ1c25 = 0

(κ0 + 3κ1)c32 + (κ0 + κ1)p2c33 + (κ0 + 2κ1)c35 − κ2c44 = 0 from (E.126)

κ0p2c34 + κ2c42 = 0

κ0c35 + κ2c44 = 0

(κ0 + 3κ1)c36 + (κ0 + κ1)p2c37 + (κ0 + 2κ1)c39 − κ2c47 = 0 from (E.127)

κ0p2c38 + κ2c45 = 0

κ0p2c39 + κ2p2c47 + 2 = 0

(κ0 + 3κ1)c40 + (κ0 + κ1)p2c41 = 0 from (E.128)

k0c0 + 4(k0 + k1)p2c1 + (k0 + 3k1)p2c2 + (k1 + k0)p4c4 = 0 from (E.129)

k1p2c0 + (k0 + k1)p4c2 + (k0 + 3k1)p2c3 = 0

k0c7 + 4(k0 + k1)p2c8 + (k0 + 3k1)p2c9 + (k1 + k0)p4c12 = 0 from (E.130)

k1p2c7 + (k0 + k1)p4c10 + (k0 + 3k1)p2c11 = 0

(k0 + 3k1)c15 + (k0 + k1)p2c16 + 2(k0 + k1)c18 = 0 from (E.131)

(k0 + 3k1)c19 + (k0 + k1)p2c20 + 2(k0 + k1)c22 = 0 from (E.132)

(k0 + 3k1)p2c23 + (k0 + k1)p4c24 + 2 = 0 from (E.133)
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Solutions to this system of equations are

λ = −1
3

κ1 = −1
3

κ0 (E.135)

c13 = − 1
2p2 c14 =

κ0 + 3κ2

κ0 − κ2

1
2p4 c15 = − 1

p2 (E.136)

c16 = −
(

k0 − k1

k0 + k1
+ 2

κ0 + κ2

κ0 − κ2

)
1
p4 c18 =

2κ0

κ0 − κ2

1
p2 c24 = − 2

k0 + k1

1
p4 (E.137)

c36 =
1

κ0p2 c37 =
κ0 + 3κ2

κ0(κ0 − κ2)

1
p4 c39 = − 2

κ0 − κ2

1
p2 (E.138)

c47 =
2

κ0 − κ2

1
p2 , (E.139)

and

ci = ∆(15) = 0 for i = {0-12,17,19-23,25-35,38,40-46,48-52} , (E.140)

(E.141)

which signal poles at

κ0 = 0 ; κ0 = κ2 ; k1 = −k0 . (E.142)
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Non-trivial propagators are thus the following

∆(2)
αβ,ρσ(p) ≡ ⟨âαβ(−p) b̂ρσ(p)⟩ (E.143)

=
1

2p2

(
−A(5)

αβ,ρσ +
κ0 + 3κ2

κ0 − κ2

1
p2 A(6)

αβ,ρσ

)
= − i

2p2 pλ

[ (
ϵαλρtσβ + ϵβλρtσα + ϵαλσtρβ + ϵβλσtρα

)
+

− 4κ2

κ0 − κ2

(
ϵαλρ

pσ pβ

p2 + ϵαλσ
pρ pβ

p2 + ϵβλρ
pσ pα

p2 + ϵβλσ
pρ pα

p2

)]
∆(3)

αβ,ρ(p) ≡ ⟨âαβ(−p) b̂ρ(p)⟩ (E.144)

= − i
p2

[
ηαβ pρ + i

(
k0 − k1

k0 + k1
+ 2

κ0 + κ2

κ0 − κ2

)
pα pβ

p2 pρ −
2κ0

κ0 − κ2

(
ηαρ pβ + ηβρ pα

)]
=

i
p2

[
2κ0

κ0 − κ2

(
tαρ pβ + tβρ pα

)
− 1

k0 + k1

(
k0 tαβ pρ + k1 t̃αβ pρ

)]
∆(5)

αβ(p) ≡ ⟨âαβ(−p) d̂(p)⟩ = − 2
k0 + k1

pα pβ

p4 (E.145)

∆(8)
αβ,ρ(p) ≡ ⟨b̂αβ(−p) d̂ρ(p)⟩ (E.146)

=
i

p2

[
1
κ0

ηαβ pρ +
κ0 + 3κ2

κ0(κ0 − κ2)

pα pβ

p2 pρ −
2

κ0 − κ2

(
ηαρ pβ + ηβρ pα

)]
=

i
p2

[
1
κ0

t̃αβ pρ −
2

κ0 − κ2

(
tαρ pβ + tβρ pα

)]

∆(11)
α,ρ (p) ≡ ⟨b̂α(−p) d̂ρ(p)⟩ = 2i

κ0 − κ2

ϵαλρ pλ

p2 , (E.147)

where

tαβ ≡ ηαβ −
pα pβ

p2 ; t̃αβ ≡ ηαβ − 3
pα pβ

p2 , (E.148)

such that

pαtαβ = 0 ; ηαβ t̃αβ = 0 . (E.149)

It is thus immediate to observe that

ηρσ∆(2)
αβ,ρσ(p) = ⟨âαβ(−p) b̂(p)⟩ = 0 = ηαβ∆(8)

αβ,ρ(p) = ⟨b̂(−p) d̂ρ(p)⟩ , (E.150)

which confirms that the trace b(x) has no role in the theory.



Propagators 187

E.3 Covariant massive fractons

In momentum space, the action S (5.155) reads:

S =
∫

d3p
[

âµν(p)
(

ηµα pν pβ − p2ηµαηνβ − impλϵµλαηβν
)

âαβ(−p)

+b̂(p)
(
−κ0pα pβ − κ1p2ηαβ

)
âαβ(−p)

]
=
∫

d3p ϕ̂M(p)K̂MA(p)ϕ̂A(−p) , (E.151)

with

K̂MA(p) ≡

K̂µν,αβ(p) K̂∗ µν(p)

K̂αβ(p) 0

 ; ϕ̂M ≡
(

âµν , b̂
)

, (E.152)

and

K̂µν,αβ =

[
p2
(
−A(0) +

1
4p2 A(1)

)
−m

4
A(5)

]µν,αβ

(E.153)

K̂αβ = −1
2

(
κ0pα pβ + κ1p2ηαβ

)
, (E.154)

where we expanded the tensor K̂µν,αβ(p) on the A(i)-basis (E.5)-(E.11) [202, 205], and
the fact that aµν(x) is a symmetric tensor field has been taken into account, for which
the following symmetries hold

K̂µν,αβ(p) = K̂νµ,αβ(p) = K̂µν,βα(p) = K̂αβ,µν(−p) = K̂∗ αβ,µν(p) (E.155)

K̂αβ(p) = K̂βα(p) = K̂αβ(−p) = K̂∗αβ(p) . (E.156)

The matrix of the propagators in momentum space is

∆̂AP(p) ≡

∆̂αβ,ρσ(p) ∆̂∗αβ(p)

∆̂ρσ(p) ∆̂(p)

 , (E.157)

with

∆̂αβ,ρσ(p) ≡ ⟨âαβ(p)âρσ(−p)⟩ (E.158)

∆̂αβ(p) ≡ ⟨âαβ(p)b̂(−p)⟩ (E.159)

∆̂(p) ≡ ⟨b̂(p)b̂(−p)⟩ , (E.160)
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and is defined such that

K̂MA∆̂AP =

Iµν
ρσ 0

0 1

 , (E.161)

with

Iµν
ρσ ≡

1
2

(
δ

µ
ρ δν

σ + δ
µ
σ δν

ρ

)
. (E.162)

On the basis {A(i)} (E.5)-(E.11) the propagator ∆̂αβ,ρσ(p) can be expanded as

∆̂αβ,ρσ(p) =
6

∑
i=0

ci(p)A(i)
αβ,ρσ(p) , (E.163)

and

∆̂αβ(p) = a1(p)ηαβ + a2(p)
pα pβ

p2 , (E.164)

where ci(p) and a1(p), a2(p) are real functions. Our aim is to evaluate ci(p), a1(p),
a2(p) from (E.161), which explicitly reads

K̂µν,αβ∆̂αβ,ρσ + K̂∗ µν∆̂ρσ = Iµν
ρσ (E.165)

K̂µν,αβ∆̂∗αβ + K̂µν∆̂ = 0 (E.166)

K̂αβ∆̂αβ,ρσ = 0 (E.167)

K̂αβ∆̂∗αβ = 1 . (E.168)
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We thus get

−c0 + 4mc5 = 1
p2 from (E.165) (E.169)

1
2 c0 − p2c1 − 3mc5 + mp2c6 = 0 (E.170)

−p2c2 + 2mc5 − 1
2κ1a2 = 0 (E.171)

c3 + 2mc5 − 1
2κ0a1 = 0 (E.172)

c3 + 2mc5 +
1
2κ1a1 = 0 (E.173)

2p2c1 + p2c2 − 2mp2c6 − 1
2κ0a2 = 0 (E.174)

p2c5 +
m
4 c0 = 0 (E.175)

1
2 p2c5 − 1

2 mp2c1 − 1
2 p4c6 = 0 (E.176)

κ0c0 + 4p2c1(κ0 + κ1) + p2c2(κ0 + 3κ1) + p4c4(κ0 + κ1) = 0 from (E.166) (E.177)

κ1c0 + (κ0 + κ1)p2c2 + c3(κ0 + 3κ1) = 0 (E.178)

a1 +
κ1
2 ∆̂ = 0 from (E.167) (E.179)

a1 − κ0
2 ∆̂ = 0 (E.180)

−1
2 [(κ0 + κ1)a2 + (κ0 + 3κ1)a1] =

1
p2 from (E.168) (E.181)

The solutions to (E.161) are given by

c0 = − 1
p2 + m2 c1 = − 1

2p2(p2 + m2)
(E.182)

c2 =
1

2p2

[
κ0 + 3κ1

(κ0 + κ1)p2 −
1

p2 + m2

]
c3 =

1
2

(
1

p2 + m2 −
1
p2

)
(E.183)

c4 =
1

2p4

[
7

p2 + m2 −
(κ0 + 3κ1)

2

p2(κ0 + κ1)2

]
c5 =

m
4p2(p2 + m2)

(E.184)

c6 =
m

4p4
3

p2 + m2 , (E.185)

a1 = 0 ; a2 = − 2
p2(κ0 + κ1)

, (E.186)

and

∆̂(p) = 0 . (E.187)
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The massless limit of the above solution gives the following nontrivial coefficients

c0 = − 1
p2 ; c1 = − 1

2p4 ; c2 =
1
p4

κ1

κ0 + κ1
; c4 =

1
2p6

[
7− (κ0 + 3κ1)

2

(κ0 + κ1)2

]
(E.188)

a2 = − 2
p2(κ0 + κ1)

. (E.189)

Explicitly, the nonvanishing propagators are

∆̂αβ,ρσ(p) =⟨âαβ(p) âρσ(−p)⟩ (E.190)

=
1

2(p2 + m2)

[
− 2A(0) − 1

p2 A(1) − 1
p2 A(2) + A(3) +

7
p4 A(4)+

+ m
2p2

(
A(5) +

3
p2 A(6)

) ]
αβ,ρσ

+
1

2p2

[
κ0+3κ1

(κ0+κ1)p2 A(2) − A(3)+

− (κ0+3κ1)
2

(κ0+κ1)2 p4 A(4)
]

αβ,ρσ

, (E.191)

where in (E.190) we isolated the poles contributions. The propagators have a massive
pole

p2 = −m2 (E.192)

and a good massless limit

∆̃αβ,ρσ(p) =
1

2p2

[
−2A(0) − 1

p2 A(1) + 2κ1
(κ0+κ1)p2 A(2) + 23κ2

0+4κ1κ0−κ2
1

(κ0+κ1)2 p4 A(4)
]

αβ,ρσ

,

(E.193)

which agrees with [70].



Appendix F.

Degrees of Freedom

F.1 Rank-2 Chern-Simons

To count the degrees of freedom (DoF) of the theory, we look for the number of
independent components of the tensor field aµν(x) which, as a symmetric rank-2
tensor field, has a total of six components. The usual way to proceed [201, 202, 206,
207, 208, 209] is to write the equations of motion of the gauge fixed action S (5.55)
in momentum space, and it is convenient to write the gauge fixing term Sg f in the
form (5.154), where the scalar gauge condition is implemented by the scalar Lagrange
multiplier b(x). As already said, the Landau gauge ξ = 0 is mandatory, due to fact
that the gauge parameter ξ is massive ([ξ] = 3). Therefore, the gauge fixing term is

S(ξ=0)
g f =

∫
d3x b (∂µ∂νaµν + κ□a) . (F.1)

In momentum space, the EoM of the theory are

δS
δâµν

= iϵαβµ pβ ˆ̃aν
α + iϵαβν pβ ˆ̃aµ

α − pµ pνb̂− κηµν p2b̂ (F.2)

δS
δb̂

= −pµ pν âµν − κp2 â = −pµ pν ˆ̃aµν −
(

1
3 + κ

)
p2 â , (F.3)

where ˆ̃aµν(x) is the Fourier transform of the traceless part ãµν(x) of the tensor field
aµν(x). From the EoM (F.2), on shell one gets(

ϵµλρ
pλ pν

p2

)
δS

δâµν
= −i

pρ

p2

(
pν pλ âνλ

)
+ ipν âνρ = −i

pρ

p2

(
pν pλ ˆ̃aνλ

)
+ ipν ˆ̃aνρ = 0 .

(F.4)

191
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The theory defined by the covariant fracton symmetry (4.60) is described by the
invariant action SCS (5.1), which actually is traceless. The trace a(x) is introduced only
through the gauge fixing term Sg f (5.54), which is needed to well define the Green
function’s generating functional Z[J]. The role of the gauge fixing procedure is that of
eliminating the redundant degrees of freedom, and certainly not that of introducing
new ones. Therefore, the trace a(x), which enters the theory only through the gauge
fixing term, cannot count as a physical DoF. The outcome of this reasoning is that,
in order to avoid to introduce the trace a(x) as a spurious DoF, we may (we should,
actually), set in Sg f (5.54) the gauge parameter κ to the value which corresponds to
gauge fix only the traceless part ãµν(x) of aµν(x), that is

κ = −1
3

, (F.5)

so that

S(ξ=0)
g f

∣∣∣
κ=− 1

3

=
∫

d3x b ∂µ∂ν ãµν . (F.6)

Using the momentum space gauge condition

δS
δb̂

= −pµ pν ˆ̃aµν = 0 (F.7)

in (F.4), gives

pν ˆ̃aνρ = 0 (F.8)

representing three conditions on the five components of the traceless rank-2 symmetric
tensor field ˆ̃aνα(p), which therefore has two independent components. Hence, the
degrees of freedom of the theory are two.
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F.2 Rank-2 BF

The on-shell EoM (5.88)-(5.92) in momentum space read

δS
δâαβ

=
i
2

(
ϵαµν pµb̂ β

ν + ϵβµν pµb̂ α
ν + pαb̂β + pβb̂α

)
− iηαβ pµb̂µ − k0pα pβd̂− k1ηαβ p2d̂ = 0

(F.9)
δS

δb̂αβ

=
1
2

(
ϵαµν pµ â β

ν + ϵβµν pµ â α
ν

)
− κ0

2

(
pαd̂β + pβd̂α

)
+

1
3

κ0ηαβ pµd̂µ = 0 (F.10)

δS
δb̂α

= −pµ âµα + pα â + κ2ϵαµν pµd̂ν = 0 (F.11)

δS
δd̂

= k0pµ pν âµν + k1p2 â = 0 (F.12)

δS
δd̂α

= κ0pµb̂µα −
1
3

κ0pαb̂ + κ2ϵαµν pµb̂ν = κ0pµ ˆ̃bαµ + κ2ϵαµν pµb̂ν = 0 , (F.13)

where the tracelessness condition (5.95) on the gauge parameters κ0 and κ1 has been
taken into account, and

b̃µν ≡ bµν −
1
3

ηµνb (F.14)

is the traceless part of the bµν(x) field. From the above on-shell EoM we derive

ηαβ
δS

δâαβ
= −2ipµb̂µ − (k0 + 3k1)p2d̂ = 0 (F.15)

pα pβ

p2
δS

δâαβ
= (k0 + k1)p2d̂ = 0 (F.16)

pα pβ

p2
δS

δb̂αβ

=
2
3

κ0pµd̂µ = 0 (F.17)

pα δS
δb̂α

= −pµ pν âµν + p2 â = 0 (F.18)

pα δS
δd̂α

= κ0pµ pνb̂µν −
1
3

κ0p2b̂ = κ0pµ pν ˆ̃bµν = 0 . (F.19)
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Using the conditions from the poles (5.98), according to which it must be κ0 ̸= 0 and
k0 ̸= −k1, and the EoM (F.15), (F.16) and (F.17), we get

p2d̂ = 0 (F.20)

pµd̂µ = 0 (F.21)

pµb̂µ = 0 . (F.22)

Moreover, from (F.12) and (F.18) we find

pµ pν âµν = 0 (F.23)

p2 â = 0 . (F.24)

Considering (F.9), we have

ϵαλρ

pλ pβ

p2
δS

δâαβ
= − i

2

(
pµ ˆ̃bµρ + ϵρµν pµb̂ν

)
= 0 , (F.25)

where we used (F.14) and the EoM (F.19) with κ0 ̸= 0. Comparing (F.25) with (F.13)
and considering the pole condition κ0 ̸= κ2, we get

pµ ˆ̃bµσ = 0 (F.26)

ϵµνρ pνb̂ρ = 0 . (F.27)

We observe that Eq. (F.26) represents three equations on a 5-components field, thus the
DoF contained in the traceless symmetric tensor bµν(x) are 5− 3 = 2. Furthermore,
(F.27) can be solved

b̂ρ = pρ φ̂ , (F.28)

where φ(x), due to (F.22), is a scalar harmonic function, indicating that the vector field
b̂µ(x) only contributes with one DoF. Finally, from (F.11) we have

p2 δS
δb̂α

= −pµ p2 âµα + κ2ϵαµν p2pµd̂ν = 0 , (F.29)

where we used (F.24), and

ϵβρσ
pα pρ

p2
δS

δb̂αβ

= ϵβρσ pρ
(

ϵβµν pµ pα

p2 âνα + κ0d̂β
)
= −pα âασ + κ0ϵσµν pµd̂ν . (F.30)



Degrees of Freedom 195

Comparing (F.29) and (F.30), using (F.21), (F.23) and the pole condition κ0 ̸= κ2 (5.98),
we have

pα âασ = 0 (F.31)

ϵαµν pµd̂ν = 0 . (F.32)

Eq.(F.31) represents three constraints on the 6-components of the symmetric tensor
field aµν(x), which thus contribute with three DoF. We thus have three DoF from
aµν(x), two from bµν(x) and one from bµ(x), for a total of six DoF for the whole theory
described by the gauge fixed action S (5.87).

F.3 Massive gauge theories

F.3.1 Maxwell-Chern-Simons

The EoM of the MCS action S(ord)
MCS (5.163) are :

δS(ord)
MCS

δAα
= −∂µFαµ + Mϵαµν∂µ Aν . (F.33)

By separating time and space components, and working in the Coulomb gauge

∂a Aa = 0 , (F.34)

we obtain the following on-shell equations :

δS(ord)
MCS

δA0
= ∇2A0 + Mϵ0ab∂a Ab = 0 (F.35)

δS(ord)
MCS

δAa
= □Aa − ∂a∂0A0 + Mϵ0ab(∂b A0 − ∂0Ab) = 0 , (F.36)

where ∇2 ≡ ∂a∂a is the Laplace operator. Let us first consider the massless case, i.e.
the pure Maxwell theory in 3D :

Massless case M = 0 : from (F.35) we obtain

∇2A0 = 0 , (F.37)
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a Poisson equation whose solution is

A0 = 0 (F.38)

for fields vanishing at spatial infinity. Substituting this result into (F.36), gives

□Aa = 0 . (F.39)

Together with the transversality condition (F.34), this describes a single massless
propagating DoF corresponding to a planar transverse spin-1 mode, thus recover-
ing the well knowns fact that in 3D the photon is equivalent to a massless scalar
field, known as the “dual photon” [210].

Massive case M ̸= 0 : we decompose Aa(x) into its transverse and longitudinal
components

Aa = ua + ∂aψ , (F.40)

with

∂aua = 0 ⇒ ua = ϵ0ab∂bu , (F.41)

where u(x) and ψ(x) are two scalar fields. The Coulomb gauge (F.34) then implies

∇2ψ = 0 ⇒ ψ = 0 . (F.42)

The on-shell EoM (F.35), on the gauge condition (F.42), yields the Poisson equation

∇2(A0 + Mu) = 0 , (F.43)

whose solution relates the time component A0(x) to the longitudinal component
of Aa(x)

A0 = Mu , (F.44)

which generalizes (F.38) to the massive case. Using (F.42) and (F.44) into the EoM
(F.36), we get

(□−M2)Aa = 0 , (F.45)
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which generalizes the massless wave equation (F.39) to a Klein-Gordon equation
for Aa(x) which shows that the MCS theory propagates a single massive scalar
mode, since Aa(x) is a planar transverse vector.

We therefore recovered that both 3D Maxwell and MCS theories display one propagat-
ing DoF, as expected since the topological nature of the CS term cannot change the
number of DoF.

F.3.2 Massive fractons

From (5.164) and going on-shell, we have

δSinv

δa00
= 0 ⇒ ∇2(λ− ∂0ψ−mu) = 0 , (F.46)

which gives

λ = ∂0ψ + mu . (F.47)

From

δSinv

δa0i
= 0 , (F.48)

and using (F.47), we get

ϵ0ij∂j[(□−m2 +∇2)u− ∂0∇2ξ −mφ] + ∂i(−∇2ψ + ∂0χ + m∇2ξ) = 0 . (F.49)

Taking the divergence ∂i(F.49), we find the Poisson equation

∇2[∂0χ +∇2(mξ − ψ)] = 0 ⇒ ∂0χ +∇2(mξ − ψ) = 0 . (F.50)

Moreover, acting with ϵ0ki∂
k(F.49) we find, again, a Poisson equation which gives

(□−m2)u +∇2(u− ∂0ξ)−mφ = 0 . (F.51)

Finally, from

δSinv

δaij
= 0 , (F.52)
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and using (F.50), we get

[2(ηij − ∂̂i∂̂j)□+ m(ϵ0ik∂̂j + ϵ0jk∂̂i)∂0∂̂k]φ+

+[(ϵ0ik∂j + ϵ0jk∂i)∂k(2∂2
0 −∇2 + m2) + 2m(ηij∇2 − ∂i∂j)∂0]ξ+

−[(ϵ0ik∂j + ϵ0jk∂i)∂k∂0 + 2m(ηij∇2 − ∂i∂j)]u =0 , (F.53)

whose trace gives

□φ + m∇2(∂0ξ − u) = 0 , (F.54)

and by computing ϵ0il∂
l∂j(F.53) we find

m∂0φ− (□−m2)∇2ξ −∇2∂0(u− ∂0ξ) = 0 . (F.55)

In order to have the relevant equations at hand, we summarize them altogether :

λ− ∂0ψ−mu = 0 (F.56)

∂0χ +∇2(mξ − ψ) = 0 (F.57)

(□−m2)u +∇2(u− ∂0ξ)−mφ = 0 (F.58)

□φ + m∇2(∂0ξ − u) = 0 (F.59)

m∂0φ− (□−m2)∇2ξ −∇2∂0(u− ∂0ξ) = 0 , (F.60)

which in the longitudinal gauge (5.175) read

λ− ∂0ψ = 0 (F.61)

∂0χ +∇2(mξ − ψ) = 0 (F.62)

∇2∂0ξ + mφ = 0 (F.63)

□φ + m∇2∂0ξ = 0 (F.64)

m∂0φ− (□−m2)∇2ξ +∇2∂2
0ξ = 0 . (F.65)
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Massless case m = 0: let us consider first the massless case, where the above equa-
tions become

λ− ∂0ψ = 0 (F.66)

∂0χ−∇2ψ = 0 (F.67)

∇2∂0ξ = 0 (F.68)

□φ = 0 (F.69)

□∇2ξ −∇2∂2
0ξ = 0 , (F.70)

which imply that the massless theory described by the pure fractonic action
SM (5.150), which corresponds to the Maxwell action, features two DoF: φ(x),
associated to the transverse component of aij(x) through (5.167) and satisfying
the wave equation (F.69), and χ(x), associated with the longitudinal sector. The
fields ψ(x) and λ(x) are determined by χ(x) through (F.67) and (F.66), while ξ(x),
associated to the solenoidal part of aij(x), due to (F.68) is constant

∂0ξ = 0 , (F.71)

as a consequence of which (F.70) becomes (∇2)2ξ = 0, which is solved by

ξ = 0 . (F.72)

Massive case m ̸= 0: in the longitudinal gauge (5.175), described by Eqs. (F.61)-
(F.65), from (F.63) and (F.64) we immediately find that φ(x) satisfies the Klein-
Gordon equation

(□−m2)φ = 0 . (F.73)

Alternatively, using (F.63) in (F.65) we find that ∇2ξ(x) satisfies the same Klein-
Gordon equation

(□−m2)∇2ξ = 0 , (F.74)

but ∇2ξ(x) and φ(x) are non independent one from each other because they
are related by (F.63). Hence, φ(x) – or, equivalently, ∇2ξ(x) – is a propagating
massive DoF. The field χ(x) remains dynamical and continues to determine ψ(x)
and λ(x), as in the massless case.
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It is also worth noting that the two DoF of the theory –∇2ξ(x) and χ(x) – belong to the
spatial component aij(x) of the tensor field aµν(x), as it happens also in 4D Linearized
Gravity [193, 211]. Hence, one might argue that, by adopting – as in 4D Linearized
Gravity – a vector gauge fixing, in particular the condition

a0µ = 0 ⇔ λ = u = ψ = 0 , (F.75)

instead of the scalar one (5.153), we would obtain the same physical content. This is
despite the fact that a vector gauge condition like (F.75) corresponds to the infinitesimal
diffeomorphism transformation (4.66), which is not a symmetry of the action SM

(5.150). Nonetheless, such a situation may arise in fractonic theories. Indeed, in [71],
where fractons coupled to 4D Linearized Gravity were studied, it was shown that this
property holds: over-gauging the longitudinal diffeomorphisms (4.60) with a vector
gauge condition, instead of the more appropriate scalar one, leads to the same number
of DoF. A closer inspection here, however, shows that this is not the case. In fact,
considering the gauge fixing (F.75), Eq. (F.62) reduces to ∂0χ + m∇2ξ = 0

∂0χ + m∇2ξ = 0 , (F.76)

which relates the two DoF previously identified. Hence, a vectorial gauge fixing is
not applicable in this context, since over-gauging the theory with a vector condition
removes one DoF out of two. This is perfectly natural – if anything, the opposite
would have been surprising.



Appendix G.

Rank 2 BF: symmetric case

When matter is introduced, the total action reads

S(s)
tot ≡ S(s)

BF + S(s)
J + S(s)

K , (G.1)

where S(s)
BF is given by (5.145) and

S(s)
J ≡ −

∫
d3x J̃µν ãµν (G.2)

S(s)
K ≡ −

∫
d3x k̃µνΦ̃µν , (G.3)

where ãµν(x) and Φ̃µν(x) are the traceless components of aµν(x) and Φµν(x) while
J̃µν(x) and k̃µν(x) are rank-2 symmetric traceless tensor currents. The corresponding
on-shell EoM are

J̃αβ =
δS(s)

BF

δãαβ
=

1
2

(
ϵµνα∂µΦ̃ β

ν + ϵµνβ∂µΦ̃ α
ν

)
(G.4)

k̃αβ =
δS(s)

BF

δΦ̃αβ
=

1
2

(
ϵµνα∂µ ã β

ν + ϵµνβ∂µ ã α
ν

)
, (G.5)

which we observe to be a rank-2 generalization of the ones derived for the description
of topological insulators [148]. From (G.4) and (G.5) and assuming that the vacuum
solutions of the EoM of ã00(x) and Φ̃00(x), given by

ã0j = ∂jψ (G.6)

Φ̃0j = ∂jϕ , (G.7)
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continue to be true also when matter is introduced, we can derive the two continuity
equations

∂0ρJ + ∂i∂j J̃ij = 0 (G.8)

∂0ρK + ∂i∂jk̃ij = 0 , (G.9)

where we defined the two scalar charge densities

ρJ = 2∂i J̃i0 (G.10)

ρK = 2∂i k̃i0 . (G.11)

These charge densities are fractonic since (G.8) and (G.9) imply both the conservation
of total charges and of the total dipole momenta. Moreover, from the continuity
equations (G.8) and (G.9), the traces of the quadrupole momenta are conserved

∂0

∫
dΣ ηijxixjρJ = −

∫
dΣ ηijxixj∂k∂l J̃kl ∝

∫
dΣ ηkl J̃kl =

∫
dΣ J̃00 = 0 (G.12)

∂0

∫
dΣ ηijxixjρK = −

∫
dΣ ηijxixj∂k∂l k̃kl ∝

∫
dΣ ηkl k̃kl =

∫
dΣ k̃00 = 0 , (G.13)

where the last steps follow from the solutions (G.6) and (G.7), which imply that the
00-components of the traceless tensor currents k̃αβ(x) and J̃αβ(x) vanish. Hence both
dipoles are constrained to move in straight lines which are perpendicular to their
dipole momenta [156], i.e. they behave as lineons. Working on-shell on the vacuum
solution (G.6) of the EoM of Φ̃00(x), in analogy with the standard abelian BF theory
in 3D [38, 148, 183], we can rewrite the on-shell EoM (G.5) explicitly in terms of
generalized electric and magnetic fields

δS(s)
BF

δΦ̃ij

∣∣∣∣
(G.6)

≡ 1
4

(
ϵ0kiẼ j

k + ϵ0kjẼ i
k

)
(G.14)

δS(s)
BF

δΦ̃0i
≡ 1

2
B̃i (G.15)

as

ρK = ∂iB̃i (G.16)

K̃ij = σ̃
ijkl
(s) Ẽkl , (G.17)
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with

σ̃
ijkl
(s) = σ̃

ijlk
(s) = σ̃

jikl
(s) ≡

1
8

(
ϵ0kiη jl + ϵ0liη jk + ϵ0kjηil + ϵ0l jηik

)
. (G.18)

Notice that (G.16) and (G.17) represent, respectively, a magnetic Gauss law and a
generalized Hall current for the type-K charges.
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Appendix H.

Massive fractons: coupling to matter

In presence of external matter the action can be written as

Stot ≡ Sinv + SJ , (H.1)

where Sinv is given by (5.152),

SJ ≡ −
∫

d3x Jµνaµν (H.2)

and Jµν(x) = Jνµ(x) is the matter current. The on-shell EoM

δStot

δaαβ
= 0 (H.3)

generalizes (5.164) to

−∂µFαβµ = Jαβ
CS + Jαβ , (H.4)

where Jµν
CS (x) is given by (5.195). Therefore, according to the discussion of the previous

Sections, we can see that the MCS-like theory (H.1) is characterized by two types of
matter: an intrinsic one Jµν

CS (x) (5.195) and an external one Jµν(x) (H.2). Using (4.100),
the 00-component of the on-shell EoM (H.4), implies

J00 = 0 . (H.5)

Moreover, from the EoM (H.4), one has

∂α∂β Jαβ = 0 , (H.6)
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which is the typical sign of a fractonic behaviour. In fact, as a consequence of (H.5),
this nonstandard conservation equation can be rewritten in the same way as (5.189)

∂0ρ + ∂i∂j Jij = 0 , (H.7)

where we defined the charge density

ρ ≡ 2∂i J0i , (H.8)

as in (5.196). The fractonic behaviour emerges from (H.7), since it implies the conser-
vations of both the total charge

∂0

∫
dΣ ρ = −

∫
dΣ ∂i∂j Jij = 0 (H.9)

and, up to boundary terms, the total dipole moment Dk(t):

∂0Dk ≡ ∂0

∫
dΣ dk = ∂0

∫
dΣ xkρ = −

∫
dΣ xk∂i∂j Jij = 0 , (H.10)

where

di ≡ −2Ji0 (H.11)

is the dipole density. Notice however that, differently from the intrinsic case (5.189),
which implies the conservation of DCS

i
i(t) (5.191), the continuity equation (H.7) for

the external matter does not imply the conservations of the trace of the quadrupole
moment

D ≡
∫

dΣ x2ρ , (H.12)

since in this case Jµ
µ (x) ̸= 0. Therefore the external matter contribution describes

quasiparticles with different mobility: fractonic immobile charges and free dipoles,
related to the conservation of charge (H.9) and total dipole moment (H.10) only [60,
149]. Taking into account the definitions of the electric and magnetic-like fields E ij(x)
(5.132) and Bi(x) (5.133), the nontrivial components of the EoM (H.4) read

• α = 0, β = i

∂jE ij = −ρi
CS − di , (H.13)
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from which it follows that the Gauss constraint is

∂i∂jE ij = ρCS + ρ , (H.14)

where we used the definitions of intrinsic fractonic charge ρCS(x) (5.181) and
dipole ρi

CS(x) (5.180) densities. Remembering that ρCS(x) ∝ ∂iBi(x) through
(5.181), the above equation implies that the fracton density ρ(x) is a source for
both generalized electric and magnetic fields, similarly to [167]. Moreover, from
(H.13), we observe that

−
∫

dΣBi =
Di

m
, (H.15)

is a higher-rank generalization of the relation which characterizes the ordinary
abelian MCS theory [168, 169]

−
∫

dΣ B =
Q
m

, (H.16)

where B(x) and Q(t) are the ordinary magnetic field and the total electric charge
respectively. Notice that (H.15) can be seen an integrated version of the dipole-
flux attachment relation that is found in the higher-rank CS theory for fractons
[3]. As a consequence of the introduction of external matter, we also observe that
from (H.14) and (5.185) it follows that∫

dΣ x2ρ = 2
∫

dΣ E , (H.17)

which means that in this case, differently from the (vacuum) intrinsic CS-like
matter case (5.186), the trace of the electric field E ij(x) does not vanish globally.
In other words, in presence of an external matter coupling, a longitudinal motion
of the dipole di(x) is allowed and associated to a change in the trace E(x) [153].

• α = i, β = j

∂0E ij − 1
2

(
ϵ0ki∂kB j + ϵ0kj∂kBi

)
+

1
2

m
(

ϵ0ikE j
k + ϵ0jkE i

k

)
+ Jij = 0 , (H.18)

which, by recalling the definition (5.188), can also be written as

−∂0E ij +
1
2

(
ϵ0ki∂kB j + ϵ0kj∂kBi

)
= Jij

CS + Jij . (H.19)
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When taking into account the external matter contribution (H.2), the changes in the on-
shell conservation of the total energy-momentum tensor allow us to identify additional
contributions to the power and force in (I.24) and (I.25):

∂αT(fr)
α0 = − f (L)

0 (H.20)

∂αT(fr)
αi = Fi − f CS

i − f (L)
i , (H.21)

where Fi(x) is the diffeomorphism breaking term (I.26), f CS
i (x) is the intrinsic Lorentz

force (I.27) and

f (L)
0 ≡ −1

2
Eij Jij (H.22)

f (L)
i ≡ −djEij +

1
2

ϵ0ij J jkBk (H.23)

are respectively the fractonic power and Lorentz-like force associated to the external
fractonic matter. Notice that, due to the external matter contribution, the power f (L)

0 (x)
(H.22) does not vanish, differently from the contribution (I.28) of the CS-like term.



Appendix I.

3D covariant massive fractons: energy
momentum tensor

Making explicit the metric dependence of the invariant action (5.162)

Sinv =
∫

d3x
(
−1

6
√
−g gµαgνβgργFαβγFµνρ + mϵµνρgλσaµλ∂νaρσ

)
, (I.1)

we can compute the energy-momentum tensor

Tαβ ≡ −
2√−g

δSinv

δgαβ

∣∣∣∣
g=η

= −1
6

ηαβF2 +
1
3

ηαγηβλ

(
2FλνρFγ

νρ + FµνλF γ
µν

)
−mϵµνρ

(
aµα∂νaρβ + aµβ∂νaρα

)
.

(I.2)

On the particular solution (4.100) the components of (I.2) read

T00 =
1
4

(
E ijEij + BiBi

)
(I.3)

T0i =−
1
2

[
ϵ0ijE jkBk + m

(
∂0ψBi − ϵ0jk∂jψEik

)]
(I.4)

Tij =
1
4

ηij(E abEab + BaBa)− E a
i Eja +

1
2
BiBj+ (I.5)

+
m
2

[
ϵ0mn (amiEnj + amjEni

)
−
(
∂iψBj + ∂jψBi

)]
.
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We observe that the energy density (I.3) is positive definite and formally identical to
the 3D electromagnetic one

u =
1
2

(
EiEi + B2

)
, (I.6)

of which it represents a higher rank extension. We however notice that the CS-like con-
tribution in Tαβ(x) (I.2) breaks gauge invariance by a term which is a total derivative

δTαβ = −mϵµνρ∂µ

(
∂αϕ∂νaρβ + ∂βϕ∂νaρα

)
. (I.7)

Notice that on the fractonic solution (4.100) one has

δT00|(4.100) = 0 , (I.8)

while δTαi|(4.100) = boundary terms. Hence in the fractonic embedding the energy
density (I.3) is indeed invariant. The same issue of non-gauge invariance (I.7) affects
Linearized Gravity [212, 213], and is related to the fact that the action of the model
is invariant up to boundary terms. Therefore, in order to obtain a gauge-invariant
physical energy-momentum tensor, an “average” over a length scale l is performed, as
done in Linearized Gravity [212, 213]: a convolution with a well behaved weighting
function is taken over a spacetime volume of size l, in such a way that boundary terms
can be neglected ⟨X∂Y⟩ ∼ −⟨Y∂X⟩. In this way, the resulting “averaged” energy
moment tensor

T̄µν ≡ ⟨Tµν⟩ (I.9)

is gauge invariant

δT̄µν = 0 . (I.10)

In particular the averaged component T̄0i(x) (I.4) reads

T̄0i = −
1
2
⟨ϵ0ijE jkBk⟩ , (I.11)

where Faraday’s law (5.193) has been used, which strongly reminds the Poynting
vector of 3D electromagnetism

Si = ϵ0ijEjB . (I.12)
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One might see also an analogy between Tij(x) (I.5) (and its average T̄ij(x)) and the
electromagnetic stress tensor

σij = EiEj −
1
2

ηij(EiEi + B2) , (I.13)

since both are quadratic forms diagonal in the (generalized) electric and magnetic
fields. The differences reside in the fact that the CS-like term (5.151) contributes to
the energy moment tensor. In the massless limit (m→ 0) the contribution to the total
energy moment tensor comes from the fractonic Maxwell-like action only Sfr (5.150)

Tµν|m=0 = T(fr)
µν , (I.14)

which is gauge invariant without the need of the average prescription (I.9). The
components of T(fr)

µν (x), on the solution (4.100), read

T(fr)
00 =

1
4

(
E ijEij + BiBi

)
(I.15)

T(fr)
0i =− 1

2
ϵ0ijE jkBk (I.16)

T(fr)
ij =

1
4

ηij(E abEab + BaBa)− E a
i Eja +

1
2
BiBj . (I.17)

Using the Gauss (5.181), Ampère (5.187), and Faraday (5.193) laws at m = 0, we have

∂αT(fr)
α0

∣∣∣
m=0

=
(

∂0T(fr)
00 + ∂iT(fr)

i0

)
m=0

= 0 , (I.18)

which is the continuity equation for the energy density T(fr)
00 (x) in the massless limit.

On the other hand we have

∂αT(fr)
αi

∣∣∣
m=0

=
3
4

Bi∂
jBj +

1
2

Bj∂
jBi −

1
2

Ejk∂jEik , (I.19)

which therefore is not conserved, as in the 4D case [74]1. Nonetheless this result
is useful to identify a fractonic force, which can be done as follows. In ordinary
electromagnetism matter is introduced by adding a source term to the Maxwell action

SMax → SMax +
∫

d3xAµ Jµ , (I.20)

1We remind that, as discussed in [74], the energy-momentum tensor defined as (I.2) is the conserved
current associated to the diffeomorphism invariance, and it should not be conserved in a theory
invariant under (4.60), which is a subclass of the diffeomorphism transformation (4.66).
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which contributes to the total energy-momentum tensor by means of an additional
term T(J)

µν (x)

T(tot)
µν = T(Max)

µν + T(J)
µν , (I.21)

where T(Max)
µν (x) is the energy-momentum tensor associated to the Maxwell action

SMax. The Lorentz force can be identified as the contribution from T(J)
µν (x), as [214, 215]

fν ≡ ∂µT(J)
µν , (I.22)

so that, from the conservation of the total energy-momentum tensor, we have

fν = −∂µT(Max)
µν . (I.23)

In the massive fractonic theory we have seen that the CS-like term plays the role of
“intrinsic matter” (5.194), and is thus analogous to SJ in (I.20), in the same way as Sfr

(5.150) can be related to the invariant Maxwell action SMax. We therefore expect the
appearance of an “intrinsic force” in analogy with (I.23). From the fractonic energy-
momentum tensor (I.15)-(I.17), using the Gauss (5.181), Ampère (5.187), and Faraday
(5.193) laws, i.e. going on-shell, we have

∂αT(fr)
α0 =

1
2
Eij J

ij
CS = 0 (I.24)

∂αT(fr)
αi = Fi − f CS

i , (I.25)

where (I.24) can be directly verified using (5.188), and

Fi ≡
3
4
Bi∂

jBj +
1
2
Bj∂

jBi −
1
2
E jk∂jEik (I.26)

f CS
i ≡ −ρ

j
CSEij +

1
2

ϵ0ij J
jk
CSBk . (I.27)

In analogy with (I.23), (I.24) leads to

f CS
0 = −1

2
Eij J

ij
CS = 0 , (I.28)

which means that the generalized current Jij
CS(x) (5.188) and the electric tensor field

E ij(x) (5.132) are orthogonal to each other, which is typical of a Hall-like current [3, 77],
and the fractonic power f CS

0 (x) due to the CS-like term vanishes (I.28). Notice that
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the fact that the power f CS
0 (x) (I.28) vanishes is in agreement with the interpretation

of the CS-like contribution as intrinsic matter. Indeed, since the power is referred to
some kind of dispersion/energy transfer, we expect it to vanish in a process which is
exclusively internal. On the other hand, we see that with respect to the massless case
(I.19), the divergence of the energy-momentum tensor (I.25) has two contributions.
The first Fi(x) (I.26) is a consequence of the breaking of diffeomorphism invariance,
and the second f CS

i (x) (I.27) is due to the presence of the CS-like term and can be
recognized as a kind of Lorentz-like force related to the (intrinsic) matter contribution.
Interestingly, this force can also be rewritten in terms of the electric and magnetic fields
as

f CS
i = −1

4
m (2EiaBa + EBi) , (I.29)

with E(x) ≡ ηijEij(x), which makes explicit its gauge invariance and reminds the
Lorentz force contribution (Eq.(28) of [216] for instance) of axion electrodynamics
[194, 195, 217].
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[59] V. Marić, G. Torre, F. Franchini and S. M. Giampaolo, “Topological Frustration
can modify the nature of a Quantum Phase Transition,” SciPost Phys. 12 (2022)
no.2, 075 doi:10.21468/SciPostPhys.12.2.075

[60] M. Pretko, “Subdimensional Particle Structure of Higher Rank U(1) Spin Liquids,”
Phys. Rev. B 95, no.11, 115139 (2017) doi:10.1103/PhysRevB.95.115139.

[61] R. M. Nandkishore and M. Hermele, “Fractons,” Ann. Rev. Condensed Matter
Phys. 10, 295-313 (2019) doi:10.1146/annurev-conmatphys-031218-013604.

[62] M. Pretko, X. Chen and Y. You, “Fracton Phases of Matter,” Int. J. Mod. Phys. A
35 (2020) no.06, 2030003 doi:10.1142/S0217751X20300033.

[63] A. Gromov and L. Radzihovsky, “Colloquium: Fracton matter,” Rev. Mod. Phys.
96 (2024) no.1, 011001 doi:10.1103/RevModPhys.96.011001.

[64] W. Shirley, K. Slagle and X. Chen, “Foliated fracton order from gauging subsystem
symmetries,” SciPost Phys. 6 (2019) no.4, 041 doi:10.21468/SciPostPhys.6.4.041.

[65] C. Chamon, “Quantum Glassiness in Strongly Correlated Clean Systems: An
Example of Topological Overprotection”, Phys. Rev. Lett. 94 (2005) 040402
doi.org/10.1103/PhysRevLett.94.04040.

[66] S. Vijay, J. Haah and L. Fu, “A New Kind of Topological Quantum Order: A
Dimensional Hierarchy of Quasiparticles Built from Stationary Excitations,” Phys.
Rev. B 92 (2015) no.23, 235136 doi:10.1103/PhysRevB.92.235136.

[67] S. Vijay, J. Haah and L. Fu, “Fracton Topological Order, Generalized Lat-
tice Gauge Theory and Duality,” Phys. Rev. B 94 (2016) no.23, 235157
doi:10.1103/PhysRevB.94.235157.

[68] J. Haah, “Local stabilizer codes in three dimensions without string logical opera-
tors,” Phys. Rev. A 83 (2011) no.4, 042330 doi:10.1103/physreva.83.042330

[69] A. Rasmussen, Y.-Z. You and C. Xu, “Stable Gapless Bose Liquid Phases with-
out any Symmetry,” doi:10.48550/arXiv.1601.08235 [arXiv:1601.08235v1 [cond-
mat.str-el]].

[70] A. Blasi and N. Maggiore, “The theory of symmetric tensor field: from



BIBLIOGRAPHY 221

fractons to gravitons and back,” Phys. Lett. B C 833, 137304 (2022)
doi:10.1016/j.physletb.2022.137304.

[71] E. Bertolini, A. Blasi, A. Damonte and N. Maggiore, “Gauging Fractons and
Linearized Gravity,” Symmetry 15 (2023) no.4, 945 doi:10.3390/sym15040945.

[72] D. Dalmazi and R. R. L. d. Santos, “The dimensional reduction of linearized
spin-2 theories invariant under transverse diffeomorphisms,” Eur. Phys. J. C 81
(2021) no.6, 547 doi:10.1140/epjc/s10052-021-09297-0.

[73] K. Hinterbichler, “Theoretical Aspects of Massive Gravity,” Rev. Mod. Phys. 84
(2012), 671-710 doi:10.1103/RevModPhys.84.671.

[74] E. Bertolini and N. Maggiore, “Maxwell theory of fractons,” Phys. Rev. D 106,
no.12, 125008 (2022) doi:10.1103/PhysRevD.106.125008.

[75] D. Birmingham, M. Blau, M. Rakowski and G. Thompson, “Topological field
theory,” Phys. Rept. 209 (1991), 129-340 doi:10.1016/0370-1573(91)90117-5.

[76] Y. You, T. Devakul, S. L. Sondhi and F. J. Burnell, “Fractonic Chern-
Simons and BF theories,” Phys. Rev. Res. 2 (2020) no.2, 023249
doi:10.1103/PhysRevResearch.2.023249.

[77] A. Prem, M. Pretko and R. Nandkishore, “Emergent Phases of Fractonic Matter,”
Phys. Rev. B 97 (2018) no.8, 085116 doi:10.1103/PhysRevB.97.085116.

[78] Y. You, F. J. Burnell and T. L. Hughes, “Multipolar Topological Field Theories:
Bridging Higher Order Topological Insulators and Fractons,” Phys. Rev. B 103
(2021) no.24, 245128 doi:10.1103/PhysRevB.103.245128.

[79] X. Huang, “A Chern-Simons theory for dipole symmetry,” SciPost Phys. 15, no.4,
153 (2023) doi:10.21468/SciPostPhys.15.4.153.

[80] H. T. Lam, J. H. Han and Y. You, “Topological dipole insulator,” SciPost Phys. 17,
no.5, 137 (2024) doi:10.21468/SciPostPhys.17.5.137.

[81] W. Heisenberg, “Zur Theorie des Ferromagnetismus,” Z. Phys. 49 (1928) no.9-10,
619-636 doi:10.1007/BF01328601

[82] H. Bethe, “On the theory of metals. 1. Eigenvalues and eigenfunctions for the
linear atomic chain,” Z. Phys. 71 (1931), 205-226 doi:10.1007/BF01341708

[83] T. Holstein and H. Primakoff, “Field dependence of the intrinsic do-



222 BIBLIOGRAPHY

main magnetization of a ferromagnet,” Phys. Rev. 58 (1940), 1098-1113
doi:10.1103/PhysRev.58.1098

[84] F. Bloch, “Zur Theorie des Ferromagnetismus,” Z. Phys. 61 (1930), 206–219
doi:10.1007/BF01339661

[85] P. W. Anderson, “An Approximate Quantum Theory of the Antiferromagnetic
Ground State,” Phys. Rev. 86 (1952) no.5, 694 doi:10.1103/PhysRev.86.694

[86] F. D. M. Haldane, “Nonlinear field theory of large spin Heisenberg antiferromag-
nets. Semiclassically quantized solitons of the one-dimensional easy Axis Neel
state,” Phys. Rev. Lett. 50 (1983), 1153-1156 doi:10.1103/PhysRevLett.50.1153

[87] F. D. M. Haldane, “Continuum dynamics of the 1-D Heisenberg antiferromagnetic
identification with the O(3) nonlinear sigma model,” Phys. Lett. A 93 (1983), 464-
468 doi:10.1016/0375-9601(83)90631-X

[88] E. H. Lieb, T. Schultz and D. Mattis, “Two soluble models of an antiferromagnetic
chain,” Annals Phys. 16 (1961), 407-466 doi:10.1016/0003-4916(61)90115-4

[89] S. Katsura, “Statistical Mechanics of the Anisotropic Linear Heisenberg Model,”
Phys. Rev. 127 (1962), 1508–1518 doi:10.1103/PhysRev.127.1508

[90] Th. Niemeijer, “Some Exact Calculations on a Chain of Spins 1/2,” Physica 36
(1967), 377–419

[91] Th. Niemeijer, “Some Exact Calculations on a Chain of Spins II,” Physica 39 (1968),
313–326

[92] P. Jordan and E. P. Wigner, “About the Pauli exclusion principle,” Z. Phys. 47
(1928), 631-651 doi:10.1007/BF01331938

[93] E. Barouch, B. M. McCoy and M. Dresden, “Statistical Mechanics of the XY Model.
I,” Phys. Rev. A 2 (1970) no.3, 1075 doi:10.1103/PhysRevA.2.1075

[94] A. De Pasquale and P. Facchi, “XY model on the circle: diagonalization, spectrum,
and forerunners of the quantum phase transition,” Phys. Rev. A 80 (2009), 032102
doi:10.1103/PhysRevA.80.032102

[95] N. D. Mermin and H. Wagner, “Absence of ferromagnetism or antiferromagnetism
in one-dimensional or two-dimensional isotropic Heisenberg models,” Phys. Rev.
Lett. 17 (1966), 1133-1136 doi:10.1103/PhysRevLett.17.1133



BIBLIOGRAPHY 223

[96] I. Affleck, “Field Theory Methods and Quantum Critical Phenomena,” Les
Houches Summer School in Theoretical Physics: Fields, Strings, Critical Phe-
nomena, Print-88-0765 (BRITISH COLUMBIA).

[97] S. R. Coleman, “There are no Goldstone bosons in two-dimensions,” Commun.
Math. Phys. 31 (1973), 259-264 doi:10.1007/BF01646487

[98] L. D. Landau and E. M. Lifshitz, “Statistical Physics, Part 1,” Butterworth-
Heinemann, 1980, ISBN 978-0-7506-3372-7

[99] B. Damski and M. M. Rams, “Exact results for fidelity susceptibility of the quan-
tum Ising model: The interplay between parity, system size, and magnetic field,”
J. Phys. A 47 (2014), 025303 doi:10.1088/1751-8113/47/2/025303

[100] A. B. Zamolodchikov, “Irreversibility of the Flux of the Renormalization Group
in a 2D Field Theory,” JETP Lett. 43 (1986), 730-732

[101] J. Polchinski, “Scale and Conformal Invariance in Quantum Field Theory,” Nucl.
Phys. B 303 (1988), 226-236 doi:10.1016/0550-3213(88)90179-4

[102] H. W. J. Bloete, J. L. Cardy and M. P. Nightingale, “Conformal Invariance, the
Central Charge, and Universal Finite Size Amplitudes at Criticality,” Phys. Rev.
Lett. 56 (1986), 742-745 doi:10.1103/PhysRevLett.56.742

[103] I. Affleck, “Universal Term in the Free Energy at a Critical Point and the Confor-
mal Anomaly,” Phys. Rev. Lett. 56 (1986), 746-748 doi:10.1103/PhysRevLett.56.746

[104] P. Calabrese and J. Cardy, “Entanglement entropy and conformal field theory,” J.
Phys. A 42 (2009), 504005 doi:10.1088/1751-8113/42/50/504005

[105] J. Fuchs, I. Runkel and C. Schweigert, “TFT construction of RCFT correlators
1. Partition functions,” Nucl. Phys. B 646 (2002), 353-497 doi:10.1016/S0550-
3213(02)00744-7

[106] E. Barouch and B. M. McCoy, “Statistical Mechanics of the XY
Model. II. Spin-Correlation Functions,” Phys. Rev. A 3 (1971) no.2, 786
doi:10.1103/PhysRevA.3.786

[107] L. G. Molinari, “Notes on Wick’s theorem in many-body theory,” (2017)
[arXiv:1710.09248 [math-ph]].

[108] T. T. Wu, “Theory of Toeplitz Determinants and the Spin Correlations of the



224 BIBLIOGRAPHY

Two-Dimensional Ising Model. I,” Phys. Rev. 149 (1966), 380–401

[109] B. M. McCoy and T. T. Wu, “Theory of Toeplitz Determinants and the Spin
Correlations of the Two-Dimensional Ising Model. II,” Phys. Rev. 155 (1967),
438-452 doi:10.1103/PhysRev.155.438

[110] H. Cheng and T. T. Wu, “Theory of Toeplitz Determinants and the Spin Corre-
lations of the Two-Dimensional Ising Model. III,” Phys. Rev. 164 (1967), 719-735
doi:10.1103/PhysRev.164.719

[111] B. M. McCoy and T. T. Wu, “Theory of Toeplitz Determinants and the Spin
Correlations of the Two-Dimensional Ising Model. IV,” Phys. Rev. 162 (1967),
436–475

[112] B. M. McCoy and T. T. Wu, “Theory of Toeplitz Determinants and the Spin
Correlations of the Two-Dimensional Ising Model. V,” Phys. Rev. 174 (1968),
546-559 doi:10.1103/PhysRev.174.546
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