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Abstract

The object of investigation in this work is electromagnetic waves in the presence of
moving media. The study focuses on the effects induced directly by the motion of the
media on incident radio-frequency time-harmonic electromagnetic fields. To restrict the
consideration to frequency domain effects, a number of constraints were introduced in the
formulation. We consider the motion of the media under the conditions that its boundaries
remain stationary, the linear velocity vector field does not vary over time, and no transient
processes occur in the system domain. The main attention is given to slow material
motion, corresponding to the deeply non-relativistic state. The magnitude of these effects
is extremely small, making them weak in comparison with the secondary scattering and
refraction fields. For this reason, computing such effects with traditional techniques is
challenging. To address this issue, a novel methodology is proposed. It relies on the
Born approximation applied to electromagnetic problems involving moving media. The
formulation employs equivalent field sources and is specifically designed to analyse the
effects of motion on the electromagnetic field.

One of the key aspects discussed in this work is the implementation of the new
methodology in the commercial CAD environment, namely COMSOL Multiphysics. This
opens up broad opportunities for the practical application of the methodology, particularly
for modeling and designing new devices and sensors for detecting moving effects, such as
electromagnetic flowmeters. To add more specificity, the methodology was adapted for
operation within the COMSOL Time Explicit EMW module.

The methodology was verified for a two-dimensional problem of electromagnetic wave
scattering by an infinite circular cylinder moving along its axis of symmetry. The results
obtained using the methodology were compared with the semi-analytical solution as well
as with traditional numerical difference methods. The methodology was partially verified
for a three-dimensional problem in which the scatterer was a finite-length cylinder, with all
other conditions remaining the same. We evaluated the efficiency of the methodology in
solving problems that extend beyond the sensitivity limits of double precision arithmetic.
Traditional difference methods, even when combined with semi-analytical solutions, do
not provide reliable results in this case, whereas only the new methodology can yield
consistent outcomes. We also verified the algorithm for applying the methodology within
COMSOL.

The work presents a description of a series of experiments on the interaction of
electromagnetic waves with a moving medium. These experiments were carried out using
a waveguide transmission line, inside the cavity of which a pipe with moving water was
placed. To date, the results of these experiments have not been rigorously interpreted,
and we present only a descriptive analysis. Nevertheless, the experiments conducted
demonstrate the presence of a reproducible effect and provide substantial information
regarding the requirements for designing an optimal study.

The verification of experimental data is one of the priority tasks for future develop-
ments. In addition, a number of tasks were identified for generalizing the methodology
and expanding its range of applicability as well as for conducting new experiments. In
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one group of experiments, the interaction of electromagnetic radiation with a moving gas
is planned to be investigated. Another direction involves the design of fundamentally new
laboratory setups, the schematics of which are presented in the work. The main tasks of
future developments are divided into three areas, systematized, and prioritized according
to their complexity and the consistency of the results.

Keywords: time-harmonic propagation, electromagnetic scattering, Born approxima-
tions, moving media, bianisotropic media, numerical simulations, waveguide measure-
ments, experiment design, COMSOL
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CHAPTER 1
Introduction

Understanding the interaction between electromagnetic radiation and moving materials,
media, and objects is a problem of considerable scientific relevance, with far-reaching
implications for modern physics and engineering. Since its inception, this research field
has evolved along multiple interconnected directions, driven both by fundamental scien-
tific interest and by the increasing demand for practical applications. These directions
encompass theoretical developments, analytical modeling, numerical simulations, and ex-
perimental validation, all of which complement and reinforce each other. In this context,
it is sufficient to note that this topic combines and integrates such complementary fields
as relativistic electrodynamics, diffraction theory, and materials science. Over the years,
a vast and meaningful body of knowledge has been established in this scope. Neverthe-
less, a number of fundamental questions remain unresolved, underscoring the relevance
of continued investigation. The present work is devoted to addressing some of these open
issues.

Our primary focus is on the effects of material motion on scattered electromagnetic
fields. The main research interest is in systems with slowly moving objects, i.e., cases
where the characteristic velocity is much smaller than the speed of light. This focus is
motivated by an important trend: the threshold for detecting relativistic effects in electro-
dynamics is rapidly decreasing. This is driven by advances in experimental equipment as
well as the emergence of powerful computational approaches. Consequently, the effects
of a slowly moving medium on scattered electromagnetic fields can now be observed
under laboratory conditions, implying potential practical applications. Reliable analysis
methods are essential for validating existing experimental data on these effects.

Furthermore, it is essential to emphasize the second significant aspect of this study.
We consider the propagation, scattering, and diffraction of electromagnetic fields in the
microwave range. In Fizeau’s classical work [1], an experiment is described that can be
considered the first (or one of the first) in this direction. In this experiment, the effect
of a moving medium on optical-range radiation was investigated. All else being equal,

1



2 Chapter 1 — Introduction

the effect on microwave radiation turns out to be much smaller in magnitude. For this
reason, the original problem in such a formulation remained outside the scope of practical
interest for a long time. Research in this area was primarily theoretical. Among the
potential applications, particular attention can be given to the development of new types
of contactless, non-invasive electromagnetic flowmeters for liquids, gases, and bulk solids
as well as velocity profilers for continuous media.

In [2], Van Bladel provides a detailed discussion of various practical applications
of relativistic effects. The indication of potential applicability in this context is closely
related to the issue of feasibility. Existing numerical methods for analyzing motion
effects are stable at velocities close to the speed of light, but their practical use is highly
limited, essentially confined to astrophysical studies. In contrast, traditional approaches
are ineffective for analyzing the effects of slowly moving materials, despite the fact that
the practical applications of such effects can be highly diverse. This work attempts to
bridge this gap by providing a consistent and reliable framework for analysis across the
full range of velocities.

In the field of electromagnetic flow measurement methods, optical approaches are
a subclass [3, 4], with the classical Fizeau-Fresnel type being one of the prominent
techniques. This method based on the electromagnetic drag effect [5, 6], which is detected
using standard interferometry [4], [5]. Despite its potential, this type of liquid flowmeter
has not been widely adopted, primarily due to competition from other optical techniques.
However, several advanced flowmetry problems [3] can be addressed by adapting the
Fizeau-Fresnel principles from optics to microwaves [7]. The key advantage of this
microwave flow measurement method lies in its ability to reconstruct flow and velocity
profiles without exerting mechanical influence on the flow. It is important to emphasize
that reconstructing the flow velocity profile through direct measurement, without any
mechanical impact, currently has no reliable method available [3]. This issue is discussed
in Section 1.6.

The Fizeau experiment, which was initially misinterpreted, was later explained with
the advent of Einstein’s special theory of relativity [8]. For a rigorous electrodynamic
description, the classical Maxwell’s equations were extended by Minkowski [9]. One of
the outcomes of the emerging theory was the refinement of the constitutive relations for
moving media. This new class of media and materials was later termed as bianisotropic
[10]. New terms representing electro-magnetic and magneto-electric coupling appeared
in the constitutive equations of such media. However, the consideration of such material
parameters was first proposed by Tellegen in the context of developing new functional
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materials and circuit elements [11]. We can conventionally divide the bianisotropy of a
medium into artificial, associated with its structural properties, and natural, determined by
the state of the medium. Subsequently, the study and application of bianisotropic materials
extended beyond the scope of relativistic electrodynamics.

In this work, we only highlight the potential applicability of the developed algorithm
for analyzing the effects of bianisotropy in composite or metamaterials. We also point
out the fundamental similarities between natural and artificial bianisotropy of media.
However, a detailed analysis in the field of materials science is not provided in this study.
The focus remains on the methodology for analyzing motion effects. The generality of the
formulations within the approach is a key priority. In this context, the Born approximation
(BA) methodology proposed in this work represents a novel and highly effective tool,
enabling the solution of an entirely new class of electrodynamic problems. Various
approaches with certain modifications employ BAs for solving electrodynamic problems
can be found across a wide range of applications [12, 13, 14]. In the corresponding section,
it will be shown that approaches based on the BA continue to appear, along with specific
modifications and improvements that increase the efficiency of solving existing problems
and enable the solution of new classes of electrodynamic problems.

The structure of this work follows the classical framework of a scientific study. First,
the research problem is clearly defined, highlighting the objectives, scientific novelty, and
the specific tasks required to achieve them. Based on this formulation, a methodology
is developed that meets all stated requirements. The methodology is then subjected to a
comprehensive analysis to determine its key properties, accuracy, and limits of applicabil-
ity, with particular emphasis on its implementation within a commercial computer-aided
design (CAD) system. The subsequent stage involves verification, including comparisons
with reliable sources to enhance the external validity of the approach. In parallel, a series
of experiments is conducted to observe the effects of motion on scattered electromagnetic
fields, with the present work reporting the results and their initial analysis. Finally, the
study concludes with a detailed plan for the future development of the research project.

1.1 Problematization

The three key aspects outlined below define the general problem framework of the entire
work. First, the object of this study is moving materials with time-invariant boundaries.
This means that the set of points forming the boundary between the background medium
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and the moving object remains stationary. Along with the requirement that the velocity
field inside the object should also be time-independent, and assuming that the incident
electromagnetic waves are time-harmonic, we can exclude any temporal effects from con-
sideration and solve the problem in the frequency domain (FD). This does not represent a
significant limitation of the approach, since temporal effects are well studied. By exclud-
ing them, we can focus on analyzing the target effects associated with the bianisotropy of
the moving material.

Secondly, we investigate the influence of a slowly moving material on the electromag-
netic field scattered by it. Since the velocity of the object is much smaller than the speed of
light in vacuum, this corresponds to a deeply non-relativistic analysis. Relativistic analysis
can be carried out using a number of existing techniques; however, their application in
the deeply non-relativistic case proves to be almost impossible. The analysis of slowly
moving materials is of considerable practical interest. This problematic area underpins
the study’s novelty and scientific importance.

The third aspect of the problematization is the analysis of the potential for practical
application of weak bianisotropy effects in moving materials. Since the analysis is carried
out in a deeply non-relativistic regime, the magnitude of the target effects is very small,
making them difficult to detect experimentally and to capture through numerical analysis.
We aim to develop a stable and flexible analysis algorithm that can be effectively applied
to problems involving the direct utilization of these effects. We do not impose restrictions
on the possible frequency range for the analysis; however, the primary practical interest
lies in microwave scattering from moving bodies.

In summary, we formulate the main scientific question addressed in this work. Is
it possible to develop a reliable and efficient method for the analysis of electrodynamic
scattering effects due to slowly moving materials, at deeply non-relativistic velocities
relevant for practical applications, aimed at conducting multiphysics studies, solving
inverse problems, designing new types of flowmeters, and validating obtained experimental
data? We are interested in FD effects, in the absence of any time dependence of the scattered
field, for an arbitrary velocity vector field and a scatterer of any shape.

1.2 State of the Art

In this section, we will present the current state of the problem in three main aspects closely
related to the present work: moving media and moving reference frames, computational
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techniques for analyzing bianisotropy effects (including artificial materials and plasma as
the main object of studying natural bianisotropy), and developments in the use of Born
approximations for solving electrodynamic problems. For this purpose, we carried out
a brief review of the most important sources, not older than five years from the time of
problematization.

In [15], the rotation of an elastic body under the action of an external electromagnetic
field is considered. The authors provide an analysis of the arising ponderomotive forces
in a non-inertial reference frame. In the context of the present study, this work serves as
an important indication of the complex and intricate nature of such a system, whose full
analysis is possible only within the scope of multiphysics modeling. In [16], a fundamental
and thorough investigation is presented on the very interesting problem of the interaction
between electromagnetic radiation and a moving medium. Among other things, the authors
examine the interluminal phenomenon, which corresponds to the Cherenkov regime. This
study investigates mainly relativistic effects, since the authors consider linear velocities
only a few orders of magnitude below the speed of light. However, the work expands the
theoretical foundation of the subject and also points out that the analysis of moving bodies
must be multiscale. As an additional example, [17] considers a relativistic problem of the
interaction between electromagnetic waves and matter in a high-speed moving reference
frame.

In [18], the interaction of electromagnetic radiation with a slowly moving medium is
investigated. The problem addressed in this study is closely related to ours. Nevertheless,
the work does not carry out a full-wave analysis but instead provides a solution within
the well-known ray model to account for the Fresnel drag effect. The authors apply
a traditional difference scheme but do not indicate how the issue of loss of accuracy,
described in the Section 1.5, is resolved in this case. Furthermore, the authors do not
present simulation results obtained using the proposed methodology, which significantly
reduces the reproducibility of the method and its practical applicability. Even so, this
work is important as it demonstrates the researchers’ interest in the topic. In [19], a
slowly moving medium containing a source of electromagnetic waves is also considered.
This formulation differs fundamentally from ours (see Section 1.3). The study includes
analytical derivations, whose main value lies in the examination of electromagnetic wave
propagation in a moving medium with nonzero conductivity. The article is of a primarily
expository nature and does not propose any specific techniques for the calculation and
analysis of motion effects.
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In [20], the use of the hybrid boundary element method is proposed for the study
of Tellegen-type media. A modified method is described, allowing the solution of a
wide range of quasi-static problems in bi-isotropic artificial materials. The study [21]
introduces a numerical approach for determining the spectral dyadic Green’s function
used in the examination of multilayered configurations consisting of periodic bianisotropic
layers. The derivation of the Green’s function relies on a fully vectorial and rigorous
matrix-based framework, constructed upon a generalized transmission-line formulation
of Maxwell’s equations. A classical approach for solving problems related to calculating
the effects of translational motion of a body is the finite-difference time-domain method
(FDTD), which received further development in [22]. This method is applied both to
relativistic and to slow velocities and has been well established. Nevertheless, within
this approach, the only focus is on time-dependent effects associated with changes in the
position of the body’s boundaries. Such effects generally have a much larger magnitude
than the weak bianisotropy effects of a moving medium, and therefore their analysis does
not require extreme accuracy. It may be emphasized once again that these effects are
well studied, and advances in computational techniques in this area are mainly achieved
through optimization and performance improvements, while the accuracy limit is not a
significant issue. The FDTD method is also applied in [17] for relativistic velocities.
If the method takes into account the Lorentz transformation, which is essential for the
problem mentioned, it is usually referred to as the Lorentz-FDTD method. In [17], a
moving body of a specific shape in a plasma environment is considered. This can serve
as a model of a moving comet with a plasma tail. In [23], the temporal spectra of a signal
reflected from moving turbulent plasma are examined. The work addresses numerous
time-dependent effects and presents numerical results. Although the technique used is not
new, the formulation of the problem is the most general in this scope, making the results
of considerable interest.

A fundamental analytical study on nonlocal media, including bianisotropic media, is
presented in [24]. The work serves as a major source of knowledge and also provides
an extensive review of the topic. Of greatest interest is the investigation of emergent
effects arising in complex media. To describe such materials, the authors employ the
hydrodynamic Drude model. The central focus of the study is the examination of the
uniqueness theorem for the interaction of electromagnetic waves with these media. This
work provides a comprehensive overview of approaches to both artificial materials and
natural bianisotropy (the latter being of particular interest to us), and it significantly fosters
interest in theoretical investigations in this field. The dynamic Drude model for describing
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transient effects associated with the propagation of electromagnetic waves in plasma was
applied in [25]. The work presents a numerical approach for analyzing the spectra of
high-power microwave pulses, based on the Galerkin method for space discretization.

A method for accelerating the convergence of Born series in solving scattering prob-
lems involving multiple small bodies was presented in [26]. The acceleration technique
proposed by the authors is based on a specific change of variables, which improves the effi-
ciency of scattering analysis without increasing the algorithmic complexity of the method.
It should be noted that this work addresses a completely different class of problems, based
on the Neumann series and Taylor expansion. The inverse Born method, combined with
artificial neural networks, was proposed for solving inverse scattering problems in [27].
The inverse Born method is used to reconstruct the parameters of the scatterer, while
employing the same field approximation approach as the direct method and thus sharing
its limitations. A key feature of the method is the requirement to search for an optimal
solution at each iteration of the procedure. The use of classification neural networks in
this part of the algorithm significantly enhances its overall efficiency and accuracy. Work
[28] continues the development of integrating machine learning into the Born approxima-
tion. In this study, the authors propose a solution to a principal limitation of the effective
application of the Born approximation, namely, the requirement of small scattered field
magnitude, by demonstrating a possible approach to the problem of non-weak scattering.
This work represents a substantial and comprehensive attempt to overcome the main ac-
curacy barrier of this methodology. Nevertheless, it is not highly relevant to our study,
since we are concerned with weak effects whose small magnitude is the objective rather
than a limitation.

1.3 Generalities

The most general formulation of the problem is consistent with classical relativistic elec-
trodynamics. The reference frames and the orientation of objects within them are shown
in Figure 1.1. The laboratory reference frame 𝐿 is stationary; it contains both the electro-
magnetic wave source (black square) and the observer (black circle). Within this reference
frame, there is a moving object 𝑉 and an associated reference frame 𝐿′, relative to which
the object is at rest (the boundaries of the object𝑉 are also stationary in the frame 𝐿). The
reference frame 𝐿′ may be either inertial or non-inertial, with a velocity vector field v.
The observation of the effect in frame 𝐿 is related to the analysis of electromagnetic waves
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scattered by the object. It should be noted that if 𝐿′ is a non-inertial reference frame,
Lorentz transformations are possible only if a local inertial reference frame is defined. We
will not present here the well-known Lorentz transformations (these can be found for all
relevant electrodynamic quantities in [2]).

Figure 1.1: Mutual orientation and reference frames in the problem.

The constitutive parameters of a moving material, which in its rest state is non-
conducting and isotropic, are [29]

D = 𝜖0𝜖𝑟E + 𝜖0𝜖𝑟𝛼 𝑣2 [(𝑣̂ × E) × 𝑣̂] + 𝛼𝑣 (𝑣̂ × H) ,
B = 𝜇0𝜇𝑟H + 𝜇0𝜇𝑟𝛼 𝑣2 [(𝑣̂ × H) × 𝑣̂] − 𝛼𝑣 (𝑣̂ × E) ,

(1.1)

where velocity vector v = 𝑣𝑣̂ and 𝛼 =
𝜖𝑟 𝜇𝑟−1

𝑐2
0−𝜖𝑟 𝜇𝑟 𝑣2 . Here and throughout the work, traditional

notations are used for electrodynamic quantities E, H, D, B, 𝜖𝑟 , 𝜇𝑟 and constants 𝜖0, 𝜇0

and 𝑐0 (follow standard Maxwell’s equations). The classical constitutive equations for a
bianisotropic medium are given below

D = 𝜖E + 𝜉H,

B = 𝜁E + 𝜇H.
(1.2)

By comparing (1.1) and (1.2), one can easily identify a direct analogy between the
quantities. In order to determine the bianisotropic parameters of the moving medium,
let us denote its material parameters in 𝐿′ as 𝜖𝑣 and 𝜇𝑣, while coupling coefficients 𝜉

and 𝜁 are equal to zero when the medium is at rest, and therefore it is unnecessary to
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introduce additional notation for them. Thus, we emphasize that the weak bianisotropy
effects analyzed in the present work are associated with the material parameters (𝜖𝑣 − 𝜖),
(𝜇𝑣 − 𝜇), 𝜉 and 𝜁 .

Expand double vector product as (⊗ is for vector outer product)

(𝑣̂ × A) × 𝑣̂ = A − 𝑣̂ (𝑣̂ · A) =
IA − (𝑣̂ ⊗ 𝑣̂) A = [I − (𝑣̂ ⊗ 𝑣̂)] A.

(1.3)

Now, for (1.1) we have

D = 𝜖0𝜖𝑟E + 𝜖0𝜖𝑟𝛼 𝑣2 [I − (𝑣̂ ⊗ 𝑣̂)] E + 𝛼𝑣 (𝑣̂ × H) ,
B = 𝜇0𝜇𝑟H + 𝜇0𝜇𝑟𝛼 𝑣2 [I − (𝑣̂ ⊗ 𝑣̂)] H − 𝛼𝑣 (𝑣̂ × E) .

(1.4)

By comparing with (1.2), we immediately express the permeabilities as

𝜖𝑣 = 𝜖0𝜖𝑟
[︁
1 + 𝛼𝑣2 [I − (𝑣̂ ⊗ 𝑣̂)]

]︁
,

𝜇𝑣 = 𝜇0𝜇𝑟
[︁
1 + 𝛼𝑣2 [I − (𝑣̂ ⊗ 𝑣̂)]

]︁
.

(1.5)

Now let us write the result of the vector product in terms of its components

(𝑣̂ × A)𝑖 =
∑︁
𝑗 ,𝑘

𝜖𝑖, 𝑗 ,𝑘

(︂v
𝑣

)︂ 𝑗
𝐴𝑘 , (1.6)

where 𝜖𝑖, 𝑗 ,𝑘 is the Levi-Civita symbol. From (1.1) and (1.2) we have

𝜉𝑖,𝑘 = 𝛼𝑣
∑︁
𝑗

𝜖𝑖, 𝑗 ,𝑘

(︂v
𝑣

)︂ 𝑗
,

𝜁𝑖,𝑘 = −𝛼𝑣
∑︁
𝑗

𝜖𝑖, 𝑗 ,𝑘

(︂v
𝑣

)︂ 𝑗
.

(1.7)

If the velocity vector is given by its components as v =
(︁
𝑣𝑥 , 𝑣𝑦, 𝑣𝑧

)︁
, then

𝜉 = −𝜁 = 𝛼𝑣
⎛⎜⎜⎝

0 −𝑣𝑧
𝑣

𝑣𝑦
𝑣

𝑣𝑧
𝑣

0 −𝑣𝑥
𝑣

−𝑣𝑦
𝑣

𝑣𝑥
𝑣

0

⎞⎟⎟⎠ = 𝛼
⎛⎜⎜⎝

0 −𝑣𝑧 𝑣𝑦

𝑣𝑧 0 −𝑣𝑥
−𝑣𝑦 𝑣𝑥 0

⎞⎟⎟⎠ . (1.8)
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Apart from expressing the complete material equations through the coefficients 𝜖 , 𝜇,
𝜉, 𝜁 , an alternative formulation exists [10]. It is given below

⎧⎪⎪⎨⎪⎪⎩
D =

𝑃

𝑐0
E + 𝐿B,

B = 𝑀E + 𝑐0𝑄B.
(1.9)

If the classical electrophysical parameters of the medium 𝜖 , 𝜇, 𝜉, 𝜁 are not directly related
to the value of v, then 𝑃, 𝑄, 𝐿, 𝑀 coefficients were specifically derived to simplify the
formulation of material equations for a moving medium. It is straightforward to derive the
transformation formulas for these quantities

𝜖 =
1
𝑐0

(︂
𝑃 − 𝐿𝑄−1𝑀

)︂
,

𝜉 =
1
𝑐0

𝐿𝑄−1,

𝜁 = − 1
𝑐0
𝑄−1𝑀,

𝜇 =
1
𝑐0
𝑄−1.

(1.10)

A detailed derivation of the 𝑃, 𝑄, 𝐿, 𝑀 matrices is provided in [30]. We also present
below the inverse transformation formulas

𝑃 = 𝑐0

(︃
𝜖 − 𝜉𝜁

𝜇

)︃
,

𝐿 =
𝜉

𝜇
,

𝑀 = − 𝜁

𝜇
,

𝑄 =
1
𝑐0𝜇

.

(1.11)

In summary, the direct relationship between (1.1) and (1.2) substantiates the idea that
was already briefly touched upon at the beginning of the chapter. A noticeable difference
between the two possible types of bianisotropy (artificial and natural) becomes evident.
Artificial bianisotropy is a deliberate effect engineered in functional materials, such as
metamaterials. Natural bianisotropy, on the other hand, is an unavoidable effect that arises
even in simple media under specific conditions, such as motion. This analogy is crucial
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for us because advancements in the analysis of natural bianisotropy can be directly applied
to studying materials that exhibit artificial bianisotropy.

1.4 Classical Born Approximation

The Born series, originating from the work of Max Born in the 1920s, represents one
of the classical approaches to scattering theory. It was initially formulated as a means
of solving the Lippmann–Schwinger equation within the quantum mechanical framework
of scattering [31]. Truncating the full series of successive corrections at a certain point
is referred to as the Born approximation. A detailed description of the classical Born
approximation for solving electrodynamic scattering problems is provided in [32, chap. 1,
sec. 3.2]. Here, we present only the expressions relevant to the present work, which have
been modified for the synthesis of the new methodology in Chapter 2. To this end, we first
formulate the scattering problem.

Let us consider a body of arbitrary shape, size, and dielectric permittivity, subjected to
an incident electromagnetic wave. The problem consists in determining the fields scattered
by the body. The exact values of the equivalent currents in the case of substituting the
scatterer with a source are as follows:

J𝑒,𝑒𝑞 = 𝑗𝜔

(︂
𝜖 − 𝜖0

)︂
E𝑡𝑜𝑡 ,

J𝑚,𝑒𝑞 = 𝑗𝜔

(︂
𝜇 − 𝜇0

)︂
H𝑡𝑜𝑡 .

(1.12)

Expression (1.12) can be interpreted as an equivalence principle. In this case, the presence
of the scatterer represents a perturbation of the system. Thus, 𝜖0 and 𝜇0 are the parameters
of the background medium in which the scatterer is placed, while 𝜖 and 𝜇 are the parameters
of scatterer material. The total field quantities are the vector sum of the incident and
scattered fields E𝑡𝑜𝑡 = E𝑖𝑛𝑐+E𝑠𝑐, similarly, for H𝑡𝑜𝑡 . The concept of the first approximation
lies in the following:

J𝑒,𝑒𝑞,𝑏𝑎,1 ≈ 𝑗𝜔

(︂
𝜖 − 𝜖0

)︂
E𝑖𝑛𝑐,

J𝑚,𝑒𝑞,𝑏𝑎,1 ≈ 𝑗𝜔

(︂
𝜇 − 𝜇0

)︂
H𝑖𝑛𝑐 .

(1.13)

A necessary and sufficient condition for such an approximation is E𝑠𝑐 → 0 and H𝑠𝑐 → 0 (in
direct problems, these quantities are unknown). From which, it follows that E𝑡𝑜𝑡 ≈ E𝑖𝑛𝑐 and
H𝑡𝑜𝑡 ≈ H𝑖𝑛𝑐, hence expressions (1.12) and (1.13) acquire a complete mutual interpretation.
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Physically, this means that in the field of incident waves, the object exerts a small magnitude
effect of electromagnetic waves diffraction. It should be noted that the Born approximation
does not require the body to be small in size. A scatterer is considered tenuous if its
permittivity is close to that of the surrounding medium. The more strongly this condition
is satisfied, the better the (1.13) approximation. Nevertheless, according to recent studies,
this condition can be significantly weakened while maintaining an acceptable level of
approximation in a wide range of electrodynamics problems (see Section 1.2).

The fields generated by sources (1.13) act as the first-order approximation of the
required fields E𝑏𝑎,1 ≈ E𝑠𝑐 and H𝑏𝑎,1 ≈ H𝑠𝑐. Thus, the second-order approximation
enhances accuracy and is expressed as

J𝑒,𝑒𝑞,𝑏𝑎,2 ≈ 𝑗𝜔

(︂
𝜖 − 𝜖0

)︂ (︁
E𝑖𝑛𝑐 + E𝑏𝑎,1

)︁
,

J𝑚,𝑒𝑞,𝑏𝑎,2 ≈ 𝑗𝜔

(︂
𝜇 − 𝜇0

)︂ (︁
H𝑖𝑛𝑐 + H𝑏𝑎,1

)︁
.

(1.14)

Thus, we obtain a potentially infinite series of successive approximations (Born series).
With 𝑛 being the order of BA, we can state that E𝑏𝑎,𝑛→∞ = E𝑠𝑐 and H𝑏𝑎,𝑛→∞ = H𝑠𝑐, which
implies that

(︁
E𝑖𝑛𝑐 + E𝑏𝑎,𝑛→∞

)︁
= E𝑡𝑜𝑡 (similarly, for the magnetic field). And we reach the

equivalence principle (1.12).

1.5 Traditional Difference Methods

A classical approach for analyzing the effects of media motion on electromagnetic fields
is to consider the difference between the two states of the system. One state 0 corresponds
to the medium at rest, and the other state 1 corresponds to the medium in motion. The
scattering of electromagnetic waves by the object in both states can be computed using
various techniques. The author is not aware of any problem that has a solution for state
1 but not for state 0, while the reverse situation occurs fairly often. This is related to
the principle, according to which, at v = 0, the solution for state 1 is equivalent to the
solution for state 0 [33]. Thus, the availability of a solution for the madia in motion state
determines the applicability of the difference method.

Traditional difference methods become highly unreliable when the effect is very small
compared to the magnitudes of the subtracted quantities. In such cases, numerical round-
off errors, bounded by the machine epsilon of the computational system, may become
comparable to or even larger than the true effect. As a result, the relative error of the
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estimate can grow dramatically, making it difficult to detect weak effects. As will be
demonstrated in Chapter 4, even if both system states are computed using semi-analytical
methods, which are generally assumed to provide minimal possible error, the subtraction
of two quantities of nearly equal magnitude often introduces an irreducible error.

One possible approach to mitigating this error is the use of arbitrary-precision arith-
metic and big-float numbers. Naturally, both the algorithmic and memory complexity
of the solution increase significantly; however, for semi-analytical approaches this may
still represent a reasonable choice. However, if the analysis of the two system states is
carried out using numerical methods such as finite element method (FEM) or FDTD,
the use of arbitrary-precision arithmetic may become impractical from the standpoint of
performance. Moreover, to the best of the authors’ knowledge, no commercial or pub-
licly available electromagnetic solvers currently support arithmetic operations with such
precision. It should also be noted that in many electromagnetic simulations the dominant
sources of error are not arithmetic limitations, but rather discretization effects, boundary
conditions (BCs) modeling, material property approximations, and mesh non-uniformities
[34]. As a result, increasing arithmetic precision beyond standard double precision often
provides little improvement in the overall accuracy of the simulation.

Notably, difference method was applied by De Zutter for the analytical solution of the
scattering problem on a rotating sphere [35]. The analytical solution for a rotating cylinder
was also obtained by De Zutter [36]. Bladel considered a rotating disk and spheroid in [37].
Analytical solutions for a cylinder moving along its axis were obtained earlier [38, 39].
In addition to the aforementioned problems, analytical solutions also exist for a moving
infinite half-space [40] and for a moving infinite boundary [41]. In the context of present
work, using the traditional difference, an analytical approach was developed to analyze the
influence of motion on the electromagnetic field scattered by a moving dielectric slab [42].
A semi-analytical approach for a multilayered cylinder moving along its axis is presented
in [43].

There are several numerical approaches that allow solving problems involving a moving
medium. The most advanced of these have already been reviewed in Section 1.2. Their
number is complemented by earlier developments. As an example, we present only a
small subset of them, those relevant to the present work. Various techniques for solving
problems in the time domain (TD) are presented in [44, 45, 46]. FEM was applied to solve
the scattering problem for an axially moving cylinder in [47]. Fast and simple method for
analyzing first order motion effects, which can be used to obtain initial results, is presented
in [48]. The traditional difference method is directly employed in [49, 50, 51].
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1.6 Practical Relevance of the Research

At the beginning of this chapter, we have already described in detail the possible applica-
tions of the conducted study. To be more specific and to illustrate the overall picture of
motion effects encountered in technical applications, we present a summary information in
Table 1.1. The table lists possible situations and applications involving a moving medium.
In some cases, the motion is rotational, while in others, it is translational. We present
characteristic velocities – that is, typical values of the magnitude relevant to each specific
application. The characteristic angular velocity of rotation is denoted by Ω𝑐ℎ𝑎𝑟 , and the
characteristic linear velocity by 𝑣𝑐ℎ𝑎𝑟 .

Let us now introduce a quantity that is of fundamental importance for the present study,
namely the relative linear velocity of the media, denoted as 𝛽. By definition, the quantity
𝛽 =

|v|
𝑐0

. This scalar field determines the magnitude of the motion effects. Characteristic
value 𝛽𝑐ℎ𝑎𝑟 is a representative quantity used to describe the generic kinematic properties
of a system and to estimate typical scale of motion inherent to the considered application.
It is not necessarily the average or maximum 𝛽 but rather indicates the order of magnitude.
Let us note, that first-order effects are controlled by 𝛽, while second-order effects are
controlled by 𝛽2. To estimate the value of 𝛽𝑐ℎ𝑎𝑟 for rotational motion, in all cases
presented in Table 1.1, the radius of the rotating body is assumed to be 20 cm.

Thus, within the scope of potential applications, the value of 𝛽𝑐ℎ𝑎𝑟 varies in the range
from approximately (0 ÷ 10−3]. Let us introduce a heuristic classification for the entire
range of variation of the parameter 𝛽 ∈ (0 ÷ 1). Slow motion 𝛽𝑠𝑙𝑜𝑤 ∈

(︁
0 ÷ 10−6]︁ refers

to velocities that are easily achievable under laboratory and industrial conditions and are
commonly encountered in technological processes. The upper bound may correspond
to linear velocities on the surfaces of rotating rotors in compact turbojet engines or gas
turbine blades. Relativistic speed subrange 𝛽𝑟𝑒𝑙 ∈ [0.01 ÷ 1). Obviously, studying this
subrange is mainly of theoretical and fundamental interest, since the effects of general
and special relativity become significant. The remaining subrange covers intermediate
velocity values, hence 𝛽𝑖𝑛𝑡 ∈

(︁
10−6 ÷ 0.01

)︁
. The main applications within this range are

primarily related to space research and the study of electromagnetic wave propagation in
cosmic environments [52]. It should also be noted that for motion (and especially for
rotation) of matter, the entire range of the 𝛽 is bounded from above by limit determined
by the material parameters of the media (see [30, 50, 53]). Within the scope of the present
study, this limit is not significant and is therefore omitted from consideration.
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Table 1.1: Characteristic values of linear and relative velocities for various applications.

Object Ω𝑐ℎ𝑎𝑟 , RPM 𝑣𝑐ℎ𝑎𝑟 , m/s 𝛽𝑐ℎ𝑎𝑟

Arterial blood in
humans

none 0.4 1.3 × 10−9

Water in a tap
hydraulic system none 1.5 5.0 × 10−9

Household fan 1200 25.1 8.4 × 10−8

Generator turbine 3000 62.8 2.1 × 10−7

Gas in pneumatic
systems none 75.0 2.5 × 10−7

Dust tail of a
comet

none 100.0 3.3 × 10−7

Car engine shaft 6000 125.7 4.2 × 10−7

BLDC motor 50000 1047.2 3.5 × 10−6

High-speed
BLDC motor

100000 2094.4 7.0 × 10−6

Exhaust velocity
of a liquid-fueled
engine

none 2500.0 8.3 × 10−6

Plasma tail of a
comet

none 5 × 105 0.0017

Let us describe a specific application of the new BA methodology to a practically
significant problem. In the measurement of liquid or gas flows in pipes, one of the key
challenges is the reconstruction of the flow velocity profile [3]. This issue is particularly
critical in industrial settings, as accurate estimation of the flow rate of a given substance
improves process efficiency and contributes to sustainable development. A traditional
approach to measuring the flow profile of a liquid involves installing a sensor array directly
inside the pipe [54]. Such an invasive method has notable drawbacks, the primary one being
that the sensor array distorts the flow profile, due to blockage and turbulence caused by
the sensor structure. Moreover, this approach is limited when applied to multiphase flows
or to the measurement of gas velocity profiles. An alternative approach is electromagnetic
probing of moving media in weakly conducting pipes. This technique is remote, non-
destructive, and non-invasive. By obtaining information about the field scattered by the
moving medium at the receiver, and employing effective computational tools to analyze the
effects of motion, it becomes possible to reconstruct the flow parameters of interest. It is
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also important to note that, in most cases, time-dependent effects caused by transverse pipe
displacement do not carry useful information about the axial flow velocity. Finally, the
experimental setup described in Chapter 5 and used to validate the proposed methodology
represents a laboratory prototype of a waveguide-based system for remote electromagnetic
measurement of liquid flow velocity.

In summary, the low-velocity range 𝛽𝑠𝑙𝑜𝑤 is of the greatest interest for practical appli-
cations. Existing numerical approaches for modeling the interaction of electromagnetic
waves with moving media are largely inadequate for 𝛽 ∈ 𝛽𝑠𝑙𝑜𝑤 (see explanations provided
in Section 1.5). This limitation makes it clear that, without a robust method for solving the
direct scattering problem, it is impossible to reliably address the corresponding inverse
problem, detect weak effects of motion, restore velocity fields, design new experiments, or
develop devices based on the obtained results. Consequently, the development of efficient
and accurate methods for studying electrodynamic scattering in moving media remains a
critical challenge. To address this challenge, we employ the novel BA approach.



CHAPTER 2
Born Approximations for Modeling

EM Effects of Moving Materials

2.1 Formulation of the Main Problems

Figure 2.1 illustrates the geometry of the system as well as the main entities involved in
the problem formulation. The system comprises a closed domain Ω with a continuous
boundary 𝜕Ω that outlines the region for numerical analysis. Inside this domain, there
is a confined subregion Ω𝑠 with electrophysical properties distinct from the background
medium. Within this subregion, a vector field of linear velocities v governs the motion of
the medium, while its boundaries remain unchanged.

The following system of equations holds for the given problem in general form⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

curl H − 𝑗𝜔D = J𝑒 inΩ,

curl E + 𝑗𝜔B = −J𝑚 inΩ,

D = 𝜖E + 𝜉H inΩ,

B = 𝜁E + 𝜇H inΩ,

H × n − 𝑌 (n × E × n) = f𝑅 on 𝜕Ω.

(2.1)

J𝑒 and J𝑚 are the densities of electric and magnetic currents, respectively. 𝜖 , 𝜇, 𝜉, 𝜁
are the material parameters of the bianisotropic media (see Sections 1.3 and 1.4). The
problem is defined by BCs, where n is the outward normal vector to 𝜕Ω, 𝑌 is the scalar
complex admittance and f𝑅 is the BCs inhomogeneous term. BCs in equation (2.1) are
formulated using the conventional notation for three-dimensional problems and, owing to
its generality, applies to both open (radiation or scattering) and closed (cavity) problems.
The latter statement is particularly important for us in the context of verifying the conducted
experiments (see Chapter 5).

The material of this chapter is based on the publication [55]. The content of Section 2.3 was presented
at the XXV Riunione Nazionale di Elettromagnetismo (RINEM) conference add held in Viareggio, Italy, on
October 2024.

17
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Figure 2.1: The incident field, produced by a primary source, defines the electromagnetic
scattering problem. To analyze the effects of motion, the scatterer is substituted with an
equivalent source, and the incident field is excluded from the analysis. The figure illustrates
an example with a single scatterer; however, this does not impose any limitation, as multiple
scatterers may be present within Ω.

If v = 0 the problem is formulated as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

curl H0 − 𝑗𝜔D0 = J𝑒 inΩ,

curl E0 + 𝑗𝜔B0 = −J𝑚 inΩ,

D0 = 𝜖0E0 inΩ,

B0 = 𝜇0H0 inΩ,

H0 × n − 𝑌 (n × E0 × n) = f𝑅 on 𝜕Ω,

(2.2)

Here and throughout, E0, H0, D0, B0, 𝜖0, 𝜇0 are the corresponding quantities defined
when all media are at rest. Thus, the media at rest in the subregion Ω𝑠 are isotropic and
non conducting. Analyzing expressions (2.1) and (2.2), the primary and sole difference is
the emergence of the bianisotropy of the moving media. To maintain a complete analogy,
it can be stated that 𝜉0 = 0 and 𝜁0 = 0.

The difference fields, denoted as D𝑒 = E − E0 and D𝑚 = H − H0 represent the effects
of motion. These are the fields we aim to compute. By performing the subtraction of
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problems (2.1) and (2.2) and carrying out the standard mathematics for such a case [56,
p. 328], the formulation reduces to the following:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
curl D𝑚 − 𝑗𝜔𝜖0D𝑒 = J𝑒,𝑒𝑞 in Ω,

curl D𝑒 + 𝑗𝜔𝜇0D𝑚 = −J𝑚,𝑒𝑞 in Ω,

D𝑚 × n − 𝑌 (n × D𝑒 × n) = 0 on 𝜕Ω,

(2.3)

It is important to note that problem (2.3) does not involve bianisotropic media and can be
solved by traditional electromagnetic simulators.

The current densities in (2.3) are unknown by definition. They are given by the
following expressions:

J𝑒,𝑒𝑞 = 𝑗𝜔

(︂
𝜖 − 𝜖0

)︂
E + 𝑗𝜔𝜉H,

J𝑚,𝑒𝑞 = 𝑗𝜔

(︂
𝜇 − 𝜇0

)︂
H + 𝑗𝜔𝜁E.

(2.4)

In the first-order BA, we approximate them, respectively, by the fields J𝑒,𝑒𝑞,𝑏𝑎1 and
J𝑚,𝑒𝑞,𝑏𝑎1, where:

J𝑒,𝑒𝑞,𝑏𝑎1 = 𝑗𝜔

(︂
𝜖 − 𝜖0

)︂
E0 + 𝑗𝜔𝜉H0,

J𝑚,𝑒𝑞,𝑏𝑎1 = 𝑗𝜔

(︂
𝜇 − 𝜇0

)︂
H0 + 𝑗𝜔𝜁E0.

(2.5)

These equivalent sources are known and for most problems of engineering interest they
provide very good approximations of J𝑒,𝑒𝑞 and J𝑚,𝑒𝑞. By considering problem (2.3) with
the source terms J𝑒,𝑒𝑞 and J𝑚,𝑒𝑞 replaced by J𝑒,𝑒𝑞,𝑏𝑎1 and J𝑚,𝑒𝑞,𝑏𝑎1, one can obtain reliable
approximations of D𝑒 and D𝑚, and consequently estimate the effects of motion in relevant
applications. Denote these approximate solutions by D𝑒,𝑏𝑎1 and D𝑚,𝑏𝑎1. By recursion, the
expressions for the equivalent sources in the second-order approximation are obtained as
follows:

J𝑒,𝑒𝑞,𝑏𝑎2 = 𝑗𝜔

(︂
𝜖 − 𝜖0

)︂ (︁
E0 + D𝑒,𝑏𝑎1

)︁
+ 𝑗𝜔𝜉

(︁
H0 + D𝑚,𝑏𝑎1

)︁
,

J𝑚,𝑒𝑞,𝑏𝑎2 = 𝑗𝜔

(︂
𝜇 − 𝜇0

)︂ (︁
H0 + D𝑚,𝑏𝑎1

)︁
+ 𝑗𝜔𝜁

(︁
E0 + D𝑒,𝑏𝑎1

)︁
.

(2.6)

We now draw important analogies between the new method and the classical Born
approximation (see Section 1.4) and highlight the key differences. In both cases, the effect
of a perturbation in the system is taken into account in the equivalent source formulations
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through the medium parameters. In the classical approximation, the perturbation is the
presence of the scatterer itself, thus,

(︁
𝜖 − 𝜖0)︁ ≠ 0 and

(︁
𝜇 − 𝜇0)︁ ≠ 0 serve as a direct

indication of this. Within the new methodology, the perturbation is the motion of the
scatterer, and this is indicated by v ≠ 0. And due to the fact that the motion velocity
modifies the material parameters of the medium (see Section 1.3), we can express this
perturbation in a similar form, but with the addition of two new terms 𝜉 and 𝜁 . Even at
relativistic velocities, the perturbation of the media (particularly in radio-transparent cases)
may remain small, and the new Born approximation can yield acceptable results. However,
in the deeply non-relativistic regime, the smallness of the perturbation is guaranteed,
making the new approach highly effective. A more detailed assessment of the method’s
applicability is provided in Section 2.4.2.

2.2 Weak Formulation of the Problem

We are looking for a solution to the problem formulated as shown in [57, eq. (3.7)]. The
problem is defined as follows:

find D𝑒 ∈ 𝑈 : 𝑎(D𝑒, u) = 𝑙 (u),∀u ∈ 𝑈, (2.7)

where

𝑈 =
{︁
u ∈ 𝐻 (curl,Ω) | u × n ∈ 𝐿2

𝑡 (𝜕Ω)
}︁
,

𝐻 (curl,Ω) =
{︁
u ∈ [𝐿2(Ω)]3 | curlu ∈ [𝐿2(Ω)]3}︁ . (2.8)

A similar problem is formulated for the quantity D𝑚. Here and in the following, if in an
expression the quantity D𝑒 can be replaced by D𝑚 without affecting its validity, we use a
subscript ’a’ for the sake of brevity. Considering that the scalar products are defined as
(D𝑎, u)0,Ω =

∫
Ω

u∗D𝑎 𝑑𝑉 and (D𝑎, u)0,𝜕Ω =
∫
𝜕Ω

u∗D𝑎 𝑑𝑆.
To demonstrate the conciseness of the proposed method, we first write down the most

general weak form of the given problem [57]. It is presented below
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𝑎(D𝑎, u) = 𝑐0

∫
Ω

(curlu)∗𝑄(curlD𝑎) 𝑑𝑉

− 𝜔2

𝑐0

∫
Ω

u∗𝑃D𝑎 𝑑𝑉

− 𝑗𝜔

∫
Ω

u∗𝑀 (curlD𝑎) 𝑑𝑉

− 𝑗𝜔

∫
Ω

(curlu)∗𝐿D𝑎 𝑑𝑉

+ 𝑗𝜔

∫
𝜕Ω

(n × u × n)∗𝑌 (n × D𝑎 × n) 𝑑𝑆,

(2.9)

𝑙 (u) = − 𝑗𝜔

∫
Ω

J∗𝑒,𝑒𝑞,𝑏𝑎u 𝑑𝑉

− 𝑐0

∫
Ω

(curlu)∗𝑄J𝑚,𝑒𝑞,𝑏𝑎 𝑑𝑉

+ 𝑗𝜔

∫
Ω

J∗𝑚,𝑒𝑞,𝑏𝑎𝐿u 𝑑𝑉

− 𝑗𝜔

∫
𝜕Ω

f∗𝑅 (n × u × n) 𝑑𝑆,

(2.10)

where (·)∗ denotes the conjugate transpose of the corresponding vector.
If in (2.9) the quantity D𝑎 is replaced by E, we obtain the standard scattering problem

for a bianisotropic material at rest, which has been considered in numerous related studies
(𝑒.𝑔 in [30, 49, 57]). However, as previously noted, the system (2.3) does not require the
material to be characterized as bianisotropic, while it retains the properties it had in the
rest state. If the medium at rest of the subregion is isotropic, it follows from equations
(1.11) that 𝜉 = 𝜁 = 𝐿 = 𝑀 = 0. Additionally, the expression (2.10) is simplified by the
fact that the inhomogeneous term f𝑅 in the boundary conditions, according to (2.3), is also
equal to zero. Hence,

𝑎(D𝑎, u) =
∫
Ω

(curlu)∗ 1
𝜇0 (curlD𝑎) 𝑑𝑉

− 𝜔2
∫
Ω

u∗𝜖0D𝑎 𝑑𝑉

+ 𝑗𝜔

∫
𝜕Ω

(n × u × n)∗𝑌 (n × D𝑎 × n) 𝑑𝑆,

(2.11)
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𝑙 (u) = − 𝑗𝜔

∫
Ω

u∗J𝑒,𝑒𝑞,𝑏𝑎 𝑑𝑉

−
∫
Ω

(curlu)∗ 1
𝜇0 J𝑚,𝑒𝑞,𝑏𝑎 𝑑𝑉.

(2.12)

It is clearly seen that expressions (2.11) and (2.12) are much simpler than expressions
(2.9) and (2.10). This is an important aspect that allows us to assess the complexity of
the new approach, which will be carried out in Section 2.4.1. Moreover, in this case, the
problem does not require a specific treatment (as is the case when bianisotropy parameters
of the medium are involved), which significantly improves the accuracy of the obtained
solution [58].

2.3 Implementation of the Methodology in Native FE
Solver

To carry out a comprehensive analysis, assessment, and verification of the new methodol-
ogy, we applied it within a native FEM solver. In this context, "native" refers to our own
solver, whose code is fully under our control. This solver has been employed in numerous
works of our research group [55, 57, 58] and, while offering a number of undeniable
advantages, its use also comes with significant limitations. One of the main limitations
is the absence of a powerful mesh generator, which restricts the computational meshes to
trivial geometries. This limitation was overcome by developing a system for importing
mesh geometries into the native solver, with the meshes being generated in commercial
CAD software. This process is described in the Appendix A.

Figure 2.2 shows a diagram of the proposed procedure. At the beginning, geometry,
mesh, boundary conditions and solver parameters are specified. Then the solution is
calculated in the case of zero velocity of the object (see (2.2)). The resulting field solution
is stored in memory. Further, it is used in the procedure for finding field values at the
centres of gravity of elements that belong to the subdomains occupied by media in motion
(Ω𝑠). Next, the calculation of equivalent currents is carried out. The first iteration
determines the first order of approximation (𝑛 = 1), the second iteration determines the
second order (𝑛 = 2), 𝑒𝑡 𝑐𝑒𝑡𝑒𝑟𝑎. The magnitude of the effect of motion determined by the
relative linear velocity 𝛽 (see Section 1.6) is used only in this procedure and acts in it as
an input, 𝑎 𝑝𝑟𝑖𝑜𝑟𝑖 parameter. By definition, 𝛽 is a scalar field that equals zero everywhere
outside the domain Ω𝑠 and is nonzero almost everywhere within Ω𝑠. When this quantity
is defined through a specific value, it implies that the velocity field is uniform. It should



2.3 – Implementation of the Methodology in Native FE Solver 23

Figure 2.2: General diagram of the implementation of the new BA methodology in the FE
solver.

be noted that the uniformity of the 𝛽 is not a requirement for the methodology. Then the
second run of the finite element solver occurs, in which the original scatterer is replaced,
according to the Born approximation, by equivalent sources (see (2.3)). If the solution for
the current value of 𝑛 satisfies the required accuracy, then the procedure ends. Otherwise,
based on the results of the last calculation, the equivalent currents are calculated again.
The procedure is repeated, 𝑚𝑢𝑡𝑎𝑡𝑖𝑠 𝑚𝑢𝑡𝑎𝑛𝑑𝑖𝑠.

A number of important clarifications need to be provided for the presented procedure.
First, this workflow can be applied to scattering problems of any dimensionality. Within
the scope of this work, we obtained reliable results for both 2D and 3D cases, which are
presented in Chapter 4. It should be noted that, within the framework of this procedure,
the FEM mesh is of particular importance not only in the classical sense [34, 59], but
also because it plays a crucial role in defining the equivalent sources. According to
(2.5), in order to obtain the equivalent sources, it is necessary to use the values of the E0

and H0 at specific coordinates within Ω𝑠 (since only there the sources are nonzero, see
Figure 2.1). An important question arises: how should the coordinates at which the fields
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values are to be determined be selected? From the perspective of the FE approximation,
the most reliable approach is to compute the fields at the element centroids, which is the
method we employ. However, in this case, the accuracy of the results is highly sensitive
to the quality of the computational mesh. This issue becomes particularly critical when
integrating the methodology into commercial CAD software, as discussed in Chapter 3.
In this case, the number of elements in the mesh for Ω𝑠 should be chosen not only based on
standard considerations related to the wavelength within the scatterer, but also to ensure
the subsequent accuracy in representing the distribution of equivalent current densities
within the subregion.

The settings of the matrix solver also play a significant role. FE solutions are typically
obtained using iterative solvers. Since our focus is on computing small quantities, the
choice of stopping criterion and related parameters becomes particularly critical. In the
present study, the iterative process is terminated once the prescribed residual threshold
𝛿 = 10−𝑚 is reached. The range of variation of the quantity is as follows: 𝑚 ∈ [8 ÷ 12].
These values slightly extend the range commonly used in double-precision computations
to provide clearer insights into the influence of this parameter. If we define the relative
velocity as 𝛽 = 10−𝑏, then, for a reliable determination of the motion effects at this velocity,
the following condition must be satisfied: 𝑚 ≥ 𝑏.

2.4 Key Properties of the New BA Methodology

In this section, we outline the general properties of the proposed methodology that are
essential for the subsequent analysis.

2.4.1 Complexity of the BA Methodology

To obtain the motion effects using the traditional difference method, it is necessary to solve
two problems (2.2) and (2.1), with respect to, for example, E and E0. Thus, the algorithmic
complexity of traditional methods is the sum of the algorithmic complexities of solving
these problems. Since neither of these problems provides a direct solution for the target
quantity, D𝑎 is computed a posteriori as the trivial difference between the solutions of the
first and second problems. Thus, within the procedure of the traditional difference method,
the necessary and sufficient number of problem solutions is two. Nevertheless, as clearly
demonstrated in Section 2.2, the complexity of these problems is not the same. Solving
one of them is significantly more resource-demanding than the other. This, however,
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holds true only if the problems within the traditional difference procedure are solved in
the manner presented here. As noted in Section 1.5, this is by no means mandatory.
Nevertheless, we assume this approach within the traditional difference procedure, since
it allows a qualitative assessment of the algorithmic complexity of the new methodology
in comparison with it.

While the solution of problem (2.2) can be regarded as straightforward, the varia-
tional formulation of problem (2.1) is considerably more complex (see (2.9) and (2.10)).
According to the derivation presented in Section 2.1, to obtain an exact solution for the
motion effects, it is sufficient to solve only a single problem (2.3). Nevertheless, obtaining
an exact solution in a single-step procedure is not possible. According to the diagram
shown in Figure 2.2, the first step is solving problem (2.2). In other words, this is the same
problem that is solved within the traditional difference method. Thus, the algorithmic
complexity of the first step in both approaches is equivalent. The second step, which
implements the first-order BA, involves solving problem (2.3) with the sources obtained
from equation (2.5). We have already noted that solving this problem is algorithmically
less demanding than solving the second problem in the traditional difference method.
However, the procedure does not necessarily terminate at this stage and may proceed into
a loop implementing the second-order BA. In this case, problem (2.3) is solved in the same
manner, but using the refined sources from (2.5). Without specifying a breaking criterion
for this loop, the procedure may initiate the implementation of higher-order BAs. Before
addressing this issue, we present some interim conclusions. The algorithmic complexity
of the new methodology for the first-order approximation is lower than that of the tradi-
tional difference method. For the second-order approximation, it is slightly higher. It is
evident that at each new iteration of the Born approximation, the algorithmic complexity
increases. If the absolute computation time for a single iteration of the approximation
loop is denoted by 𝑡𝑖 , then the time for the 𝑛-th order approximation is simply 𝑛 × 𝑡𝑖. It
should also be noted that this requires solving (𝑛 + 1) problems.

In diagram 2.2, there is a decision block labeled “Required accuracy achieved.” How
can one answer the question “Has the desired accuracy been achieved?” without any
𝑎 𝑝𝑟𝑖𝑜𝑟𝑖 knowledge of the system? As shown by empirical studies of the method,
described in detail in Chapter 4, there is no practical need to consider orders higher than
the second. All information regarding motion effects can be obtained at 𝑛 = 2. Thus,
without any additional knowledge about the system, the approximation process should
terminate at 𝑛 = 2, whereas the decision block present in the diagram 2.2 acts as a Boolean
element asking, “Is the first-order BA sufficient in current case?”
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2.4.2 Limits of Applicability of the BA Methodology

The new BAs methodology largely inherits the limitations and conditions of the classical
approach described in Section 1.4. There is a direct analogy between (1.12) and (2.4). Let
us decompose the differential electric field into its components (a similar representation
applies to the magnetic field)

D𝑒 = E − E0 = E𝑖𝑛𝑐 + E𝑠𝑐 − E𝑖𝑛𝑐 − E𝑠𝑐,0 = E𝑠𝑐,0 + E𝑚𝑜𝑣 − E𝑠𝑐,0 = E𝑚𝑜𝑣 . (2.13)

In the sequence of trivial expressions (2.13), it is taken into account that the field scattered
by a moving media can be represented as a superposition of the field scattered by the
media at rest and the additional scattering component associated with the motion effect
E𝑚𝑜𝑣. The total fields can be represented as: E = E𝑖𝑛𝑐 + E𝑠𝑐,0 + E𝑚𝑜𝑣. Thus, the only
condition that allows us to transition from the exact formulation (2.4) to the approximate
one (2.5) is: E𝑚𝑜𝑣 → 0. This leads us to two important conclusions that define the limits
of applicability of the proposed methodology:

Provided that the moving media induces only small-magnitude motion effects, its
constitutive parameters at rest can be any. In other words, the scatterer at rest does
not necessarily have to be weak for the proposed methodology to be effectively
applied to the analysis of its motion effects. In the deeply non-relativistic regime,
motion effects are inherently weak.

Referring back to expression (2.13), it is evident that the equivalent condition for
the approximation is: D𝑎 → 0. It follows that the lower the velocity of the media,
the more accurate the approximation, and consequently, the more precisely problem
(2.3) is solved. This unique feature of the methodology is likely its most significant
advantage over traditional difference methods, where the opposite behavior is ob-
served as 𝛽 decreases. At relativistic velocities, for which the traditional difference
methods provide reliable results, the error of the BAs may be higher. However, it
should be noted that if the motion effect is small in magnitude, even at relativistic
velocities (for example, in almost radio-transparent media), the methodology can
still be applied effectively.

It should also be noted that the proposed methodology avoids direct subtraction by
extracting the effect directly from the state of the moving media. In this way, the procedure
circumvents the amplification of numerical errors inherent in subtractive methods. This
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direct estimation significantly improves robustness against floating-point limitations and
reduces sensitivity to noise (see Section 1.5).

From a formal perspective, the solutions of equations (2.3) represent certain part of
fields scattered by a stationary bianisotropic object. In fact, this defines the equivalent
transition from a moving isotropic dielectric to a stationary bianisotropic one. If the
subregion Ω𝑠 is associated with a non-inertial reference frame, such a transition occurs
non-instantaneously [60]. In this case, if the reference frame 𝐿′ (see Section 1.3) is non-
inertial, the Born approximation can only be applied within the rest frame theory [61, sec.
II]. This is particularly important when considering rotating axisymmetric bodies.

Several significant similarities can be identified between the proposed method and
that described in [62]. In that work, the authors present a method for analyzing the
bianisotropic effects of a material at rest. Similarly, in the current-based approach, the
sources are expressed in terms of the material parameters, and their radiation is computed
using integral equations. The present work proposes an alternative approach for computing
the electric and magnetic currents considered in [62, eqs. (12), (13)], thereby extending
the applicability of the BAs methodology to the analysis of weak bianisotropic effects in
artificial materials at rest.

2.4.3 Fake Born Approximation

A distinctive feature of the procedure shown in Figure 2.2 is its flexibility and adaptability.
One possible implication of this is the replacement of the numerical solution step for the
state 0 with an analytical one, if such a solution exists. Similar to traditional difference
methods, where the solutions for both states can be obtained in various ways (see Sec-
tion 1.5), the BAs methodology also allows for combining different approaches. Thus, if
the solution for the stationary medium is obtained analytically, we refer to this approach
as the Fake Born Approximation. The problems for which such an approach is possible
have already been described in Section 1.5. Below, we highlight two important features
of the fake BA.

If we assume that the analytical solution for the media at rest is the most accurate
available and use it instead of a numerical approach, we reduce the computational
error. This approach is useful for assessing solution accuracy and for extrapolating
it to more complex cases that do not have an analytical solution. We use the fake
BA to verify certain results presented in Chapter 4.
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A remarkable property of the fake BA is that it is the most accurate and simple
among the considered approaches for calculating the effects of slow media motion.
As noted above, it is more accurate than the general BAs methodology as well
as more precise than traditional difference methods for the reasons described in
Subsection 2.4.2.

It should be noted that if an analytical solution exists also for state 1, it can be used
to determine the total fields in the system and be directly substituted into (2.4), avoiding
the BAs. In this way, the motion effect can be obtained without use of the traditional
difference method as well.

The greatest benefit of the flexibility of the proposed algorithm can be achieved by
integrating it into a commercial CAD software. One possible implementation of such an
integration is described in the following chapter.



CHAPTER 3
Application of the BA in COMSOL

Multiphysics

Working with our native codes provides certain benefits, such as the ability to easily intro-
duce modifications of interest for specific applications. However, these codes lack many
of the advanced functionalities available in commercial simulators. Commercial software,
in contrast, offers a broad spectrum of capabilities, including professional meshing and
post-processing, multiphysics and multiscale modeling, parametric optimization, and even
neural network–assisted design tools. For this reason, integrating an effective method-
ology into a commercial solver yields a synergistic outcome: it combines the flexibility
of our approach with the robustness of established platforms, thereby simplifying its use,
ensuring broad accessibility, and eliminating the need for specialized external libraries.

The main requirement for successfully implementing the procedure shown in Figure 2.2
is the ability to work with imported sources within commercial CAD software. External
sources described by an electric current density distribution can be imported and assigned
to the corresponding model region in all commercial CAD software known to the author,
as this capability is standard in electromagnetic modeling. In contrast, sources described
by magnetic current density distributions are not universally supported. To preserve the
usability of the procedure and ensure practical simplicity, it is preferable that such tools
be available directly within the graphical user interfaces of commercial CAD software,
without relying on unofficial plugins, auxiliary tools, or complex application programming
interface manipulations.

One possible solution that supports the handling of magnetic current sources is the
COMSOL Time Explicit EMW module [64]. This interface provides the solution of
electromagnetic problems in the TD. Since our problem is formulated to be solved in the
FD, several steps of the TD solution are redundant. We optimize this process, and to convert

The material of this chapter is based on the publication [63] and it was presented and discussed at a
conference URSI International Symposium on Electromagnetic Theory, which was held in Bologna, Italy
(2025).

29
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the solution from the TD to the FD, we use the classical Fast Fourier Transform (FFT).
However, we must comply with the requirements of the TD simulation and formulate
an equivalent problem that accounts for the specifics of the selected COMSOL module.
All the required formulations are provided in Section 3.2. A key aspect of successfully
integrating the BAs methodology into commercial CAD software is the interpolation of
sources within the model. Several important details of this process, illustrated using
COMSOL, are provided in Section 3.3. It should be noted that this material is general
to the methodology, is not tied to any specific module in which it is implemented, and
can be applied within other possible approaches. Finally, Section 3.4 provides some
confirmations of the effective use of the methodology within commercial CAD software,
describes potential scenarios for its application, and highlights the prospects for following
research.

3.1 BA in COMSOL Time Explicit EMW Module

Figure 3.1 shows a diagram of the main processes for applying the methodology in
COMSOL Time Explicit EMW interface. This block diagram complements the overall
algorithm shown in the Figure 2.2. We retain the existing method for calculating equivalent
currents but provide additional processing to ensure data format compliance. The “System
Geometry” block indicates that the geometry of the problem is identical both for deter-
mining the equivalent sources (performed in the native solver) and for their interpolation
in COMSOL.

In the TD, the harmonic current sources oscillations are written as follows:

J(𝑥, 𝑦, 𝑧) = |𝐽𝑥 (𝑥, 𝑦, 𝑧) | × cos (𝜔𝑡 + arg [𝐽𝑥 (𝑥, 𝑦, 𝑧)]) 𝑥̂+|︁|︁𝐽𝑦 (𝑥, 𝑦, 𝑧)|︁|︁ × cos
(︁
𝜔𝑡 + arg

[︁
𝐽𝑦 (𝑥, 𝑦, 𝑧)

]︁ )︁
𝑦̂+

|𝐽𝑧 (𝑥, 𝑦, 𝑧) | × cos (𝜔𝑡 + arg [𝐽𝑧 (𝑥, 𝑦, 𝑧)]) 𝑧̂.

(3.1)

In this form, the electric and magnetic sources (2.5) of the BA methodology should
be presented. A table-defined function is created to describe expression (3.1), which
establishes the standard intrinsic COMSOL interpolation procedure. The first columns
contain the coordinates of the points (𝑥, 𝑦, and/or 𝑧), while the subsequent column contains
the phase or magnitude values of the corresponding current density component. According
to (3.1), a total of 12 files are loaded into COMSOL in the general case (6 for electric
currents and 6 for magnetic currents). Once the data is loaded into COMSOL, the internal
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Figure 3.1: Workflow diagram for applying the methodology with COMSOL Multiphysics.

interpolation algorithm can be any method (nearest neighbor or linear). The quality of
interpolation, where the current within a single element is constant (nearest neighbor),
depends solely on the loaded files. Extrapolation should adhere to a predetermined rule:
it must take a value strictly equal to zero outside the defined domain of the currents.

3.2 Time Domain Transition

The problem is initially formulated in TD, after which the classical FFT is applied to
obtain the desired result in the frequency domain. We begin by introducing three key time
values and the fundamental relationship between them as follows:

𝑇 =
1
𝑓
,

𝑇𝑡 =
𝑠

𝑣𝑝
,

𝑇 < 𝑇𝑡 < 𝑇𝑜𝑏𝑠,

(3.2)

where 𝑇 is the period of the oscillations of interest, 𝑇𝑡 is the travel time for the wave
to propagate from the source to the boundary of the numerical domain (at which the
observation point is located), and 𝑇𝑜𝑏𝑠 is the observation time. Thus, 𝑠 is the maximum
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distance between the region where the equivalent sources are defined and the observer, 𝑣𝑝
is the phase velocity of the wave. Inequality in (3.2) means that during the observation of
the periodic process, the wave from the source must reach the observer while completing
several full oscillation periods. Otherwise, there will not be enough information to restore
the characteristics of the process of interest.

In addition to the time condition, it is necessary to satisfy the sampling frequency
condition according to the Nyquist–Shannon theorem, namely: 𝑓𝑠 > 2 𝑓 . If the analysis
time interval of the system in the TD solver is chosen as [0 ÷ 𝑇𝑜𝑏𝑠], with the time step
𝑑𝑡 =

𝑇𝑜𝑏𝑠
𝑛𝑠

, then 𝑓𝑠 =
1
𝑑𝑡

. Here, 𝑛𝑠 is the total number of time samples of the system state
during the observation period [64]. By analogy, we introduce frequency discretization as
𝑑 𝑓 =

𝑓

𝑛 𝑓
, where 𝑛 𝑓 is the total number of frequency points in the resulting spectrum. The

observation time can also be expressed through this quantity as 𝑇𝑜𝑏𝑠 = 1
𝑑 𝑓

.
For simplicity, we will choose the quantitative parameters 𝑛 𝑓 and 𝑛𝑠 as the input

variables of the solver. From (3.2) and the sampling frequency condition, it follows that
these parameters are related by a simple inequality:

1 < 𝑛 𝑓 <
𝑛𝑠

2
. (3.3)

The physical meaning of the introduced quantities is standard when observing a periodic
process for a limited period of time. An important measure of the accuracy of the TD
solution is the number of samples of the oscillatory process state taken during one period.
This quantity can be easily obtained as 𝑛𝑟𝑒𝑝 =

𝑛𝑠
𝑛 𝑓

, which makes it possible to control its
value at the solver input. We apply continuous Fourier transformation scaling over the
time interval, with 𝑓 being the maximum frequency for the analysis. Since we control the
value of 𝑛 𝑓 , we can always set it as an integer. This ensures that the frequency of interest
is always included in the resulting spectrum.

3.3 Currents Interpolation in COMSOL

Source data are imported into COMSOL in the form of tabular coordinate functions. For
the first-order BA, we obtain complex values for the sources from expression (2.5), then
compute the magnitude and phase of the complex numbers and load them as external files
into COMSOL. These functions are then interpolated over the region where the currents
are defined by (3.1) (see Figure 2.1).
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We tested multiple approaches to interpolate these functions in COMSOL. The high-
est simulation accuracy was achieved when interpolation was performed after the FE
mesh was deduced for the geometry of interest, with the current distribution defined as
a piecewise-constant function within each element. All information regarding the in-
terpolation of tabulated functions in COMSOL can be found in [65, p. 363]. The FEM
mesh-based interpolation, which was found to be the most effective in this study, is detailed
in [66]. General information on interpolation in computational electrodynamics applica-
tions, along with error estimation, is provided in [67]. Here we describe the most general
and reliable approach we used for interpolating three-dimensional tabular functions. This
method allows controlling the accuracy associated with the interpolation procedure and
the representation of equivalent sources.

There are two discretization parameters to consider: discretization of the current
distribution and discretization of the parametric geometry region of sources. Recall
that the first process is related to determining the equivalent sources inside the scatterer,
according to diagram 2.2. We provided a brief description of this process in Section 2.3.
The second process is the discretization of the model geometry into a computational mesh,
which is necessary for its numerical analysis in COMSOL (in the native solver, there is
no parametric geometry specification, and the model is defined directly using polygons).
Many possible relationships exist between these discretizations, but the most common
are shown in Fig. 3.2. For simplicity and clarity, we present the relationships between
triangular elements, although everything stated also applies to tetrahedra in the mesh.

The first case involves complete mesh matching. A computational mesh is initially cre-
ated over the geometry, and the current distribution at the centers of gravity of the elements
is determined and imported into external software. Calculations are then performed on the
same mesh with the sources included, allowing full control over discretization accuracy
and preventing element overlaps. The second case arises when the discretization of the
current distribution is significantly coarser than that of the geometry. While this approach
reduces the size of current tables and accelerates the interpolation process, it increases the
likelihood of element intersections, complicating the estimation of accuracy.

In the third case, the discretization of the current distribution is finer than that of the
geometry. This scenario offers two sub-options. Either the current value near the center
of gravity of the solver’s element is extrapolated across the entire element (as shown in
Fig. 3.2), or multiple current values exist within one element, meaning the function is no
longer piecewise constant within its boundary.
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Figure 3.2: Some of the possible relationships between the elements used to calculate the
equivalent current densities and the mesh elements used by the solver to compute the Born
approximations. The figure shows for simplicity the correspondence between triangular
elements. However, the relationships shown are representative of what also happens for
discretizations of three-dimensional domains.

Thus, the most reliable approach is to use identical discretization at both of the
specified stages. Initially, we generate the computational mesh in COMSOL according
to standard rules of electrodynamic modeling. We then export this mesh to the native
solver, where the coordinates of the centroids of the elements belonging to the Ω𝑠 are
determined, and the values of the equivalent sources within them are calculated. Next, we
create files of tabulated functions, load them into COMSOL, and interpolate the functions
within the scatterer. The model calculation in COMSOL is performed on the originally
generated mesh. Consequently, changing the mesh quality and the number of elements has
a controlled and predictable effect both on the accuracy of the electrodynamic calculation
and on the quality of the description of the current density distribution within the subregion
of interest. An important step in organizing this process is the creation of a mesh converter,
which allows transferring the mesh geometry created in COMSOL to the native solver
(this process is described in the Appendix A).

As an illustrative example, Figure 3.3 shows the interpolated equivalent sources in
COMSOL. The figure shows some Cartesian components of the electric current of the
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equivalent sources for the problem of electromagnetic wave scattering from a circular
infinite cylinder moving along its axis of symmetry. The problem is solved in 2.5D (see
[38, 39, 55]), so in this case a two-dimensional tabulated function is interpolated. The
sources shown were used to verify the algorithm for implementing the BA methodology
in COMSOL. Accordingly, all model parameters and the results of its calculation are
provided in corresponding part of Chapter 4.

Figure 3.3: Example of interpolation of some components of the electrical equivalent
current densities in COMSOL. Top left for |𝐽𝑥 (𝑥, 𝑦) |, top right for arg [𝐽𝑥 (𝑥, 𝑦)], bottom
left for

|︁|︁𝐽𝑦 (𝑥, 𝑦)|︁|︁ and bottom right for arg [𝐽𝑥 (𝑥, 𝑦)].

The radiation of electric and magnetic sources, as one of the possible results of
the corresponding model calculation in COMSOL, is shown in Figures 3.4 and 3.5.
These results were obtained for the interpolation shown in Figure 3.3 (not all interpolated
functions are presented). The two-dimensional geometry of the system fully corresponds
to that shown in Figure 2.1. In this case, the subregion Ω𝑠 is a disk. This is only an
illustrative example; the specific calculation parameters are provided in Chapter 4.
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Figure 3.4: Visualization of the radiation of equivalent electric and magnetic currents
obtained in COMSOL Time Explicit EMW Module.

Figure 3.5: Visualization of the tangential components of the vector fields of radiation
from electric and magnetic equivalent sources obtained in COMSOL Time Explicit EMW
Module. Identical behavior for any values of 𝛽.

3.4 Prospects and Potential

As noted above, the application of the new methodology within a commercial CAD system
opens up new possibilities for solving electrodynamic problems, the efficient solution of
which was previously unavailable. Below is a list of potential scenarios for applying the
BA methodology in COMSOL, which have significant practical and scientific relevance.

1. Parametric optimization of the model geometry for designing sensors of media
motion effects.

A parametric optimizer that enables searching using modern methods is a powerful
tool in contemporary CAD systems [68]. With the help of this tool, the optimal
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state of the system can be found, for example, a configuration that ensures the most
reliable detection of a low-magnitude effect. Optimization can also be used to study
the model’s stability and sensitivity to small variations of the parameters. Parametric
optimization can play a crucial role in designing sensors for weak bianisotropy, for
example, in the development of new types of electromagnetic flowmeters. This
topic is discussed in Chapter 5.

2. Use of real sources in the model.

All analytical solutions of the problems considered in Section 1.5 use a source of
incident waves located infinitely far from the scatterer, producing plane electro-
magnetic waves. A commercial CAD system allows modeling in the presence of a
real source, such as a specific type of antenna. This greatly enhances the practical
significance of the developed methodology.

3. Solving inverse problems and tasks related to reconstructing velocity profiles.

The necessity of this process was already emphasized in the introduction to the work
as well as in Section 1.6.

4. Conducting the complete procedure for designing an optimal experiment and
obtaining reliable expectations for its results.

The importance of this process was highlighted in [69]. A well-designed laboratory
experiment is a key step in verification, and at present, this stage poses the greatest
challenges. Chapter 5 provides a description of the experiments conducted to detect
media motion effects. However, the results of these experiments do not have a clear
interpretation, as they were carried out without modeling-supported expectations
for the target outcomes.

5. Conducting multiphysics and multiscale numerical studies.

In Section 1.2, we also noted that a comprehensive study of motion effects should be
multiphysical [15] and multiscale [16]. COMSOL Multiphysics software is ideally
suited for such studies [65]. In addition to the cases mentioned, there are other
potential scenarios. For example, accounting for thermodynamic effects occurring in
a liquid or gas flow in pipes proves to be a very important element in the development
of Fizeau-Fresnel flowmeters at microwaves [3]. In non-inertial reference frames,
it is important to account for effects at different scales, including meso-scale effects
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(effects related to a group of elementary particles, such as electrons or atoms)
[70, 71].

Work [72] describes the motion of electrons in a rarefied gas under the action of
centrifugal forces in a rotating reference frame. The resulting microcurrents are
modeled with COMSOL simulator. The work explains that as long as these currents
exist, the scatterer cannot be considered a static bianisotropic object, since it is in a
transitional state. The analysis of electromagnetic scattering on such a body must
also account for effects at different scales and in TD.

6. Conducting high-performance computations of complex models.

A number of the applications mentioned above can be implemented within the native
solver. However, as noted in Chapter 1, unoptimized code and the lack of compu-
tational acceleration capabilities make the analysis of resource-intensive problems
unacceptably time-consuming. Commercial CAD systems, in their standard pack-
ages, offer cloud, distributed, and parallel computing capabilities with an optimized
solver code. It should be noted that the applications mentioned above represent
complex computational problems, and in this context, high-performance computing
is not merely an option but a necessity.

At the end of the chapter, it should be noted that an algorithm for implementing
the methodology in COMSOL is currently being developed in another CAD module,
without the need to formulate the problem for the TD solver, which is unnecessary for
the class of problems under consideration. Nevertheless, the approach described in this
chapter can prove highly effective for problems where it is necessary to analyze weak
bianisotropy effects of moving media, in the presence of time-dependent motion effects,
such as modulation of the scattered signal. A striking example of such problems is the
rotation of a non-axisymmetric body or non-stationary rotation (rotation with angular
acceleration, rotation with precession, etc.). This future research direction is discussed in
Chapter 6.



CHAPTER 4
Verification and Simulation Results

4.1 Verification Approach and Problem under Consider-
ation

To verify the BA methodology and its implementation in COMSOL, a problem with an
exact analytical solution [38, 39] is used. TM-polarized electromagnetic plane wave with
frequency 𝑓 traveling along 𝑦 axis is scattered by a circular homogeneous cylinder, with
the axis of symmetry along the 𝑧 axis and radius 𝑎. The vector of its linear velocity v
is directed along the same axis. With the considered motion the scatterer boundary is
stationary. The material of the cylinder at rest has the following parameters: 𝜇 = 𝜇0,
𝜎 = 0 with a variable value of 𝜖𝑟 . The geometry of the problem is shown in Figure 4.1.

The analytical solution of the problem is obtained for an infinitely long cylinder. In
this case, the problem is reduced to a two-dimensional one. We refer to this solution
as 2.5D because the obtained result is equivalent to a three-dimensional one under the
condition of an infinitely long scatterer. By assuming the cylinder to be sufficiently long
compared to the wavelength of the source, or by applying absorbing boundary conditions
to the ends of the cylinder, we can consider scattering only from a finite section of the
infinite cylinder, thereby solving a fully three-dimensional problem. Additionally, periodic
boundary conditions may be used [47, 74], in this case. However, to verify the algorithm,
we kept the BCs without changes.

Let us present some general properties that are important for performing verification.
The relative velocity 𝛽 and its powers determine the magnitude of the effect of motion.

The material in this chapter is based on results presented in various publications on the subject.
Section 4.2 compiles a mix of results published in [55] and [73]. The results were presented at the IEEE
International Symposium on Antennas and Propagation and INC/USNC-URSI Radio Science Meeting, held
in Firenze, Italy (2024). The content of Section 4.2.3 was presented at the XXV Riunione Nazionale di
Elettromagnetismo held in Viareggio, Italy (2024). The results presented in Section 4.3 were published
in [63] and reported at the URSI International Symposium on Electromagnetic Theory, which was held in
Bologna, Italy (2025).

39
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Figure 4.1: Geometry of the problem for a cylinder moving along its axis of symmetry.

This effect occur at two different orders of magnitude. The components of the electric
field that are perpendicular to the velocity vector v are first-order effects, controlled by 𝛽1.
The component of the electric field aligned with v is a second-order effect, controlled by
𝛽2. In the problem under analysis, the field components affected by different orders of the
effect are easily separable and can be analyzed independently (this is due to the symmetry
and simplicity of the geometry).

For cylinders at rest composed of isotropic materials, a transverse electric (or magnetic)
current density produces a solution with a trivial TM (or TE) component and a non-trivial
TE (or TM) component [51, 55]. This consideration implies that, under TM illumination,
the solution of problem (2.3) for E0 and H0 contains only the TM component, that is

𝐸0,𝑥 = 𝐸0,𝑦 = 𝐻0,𝑧 = 0. (4.1)

The remaining field components, in general, are nonzero. It should also be noted that
when considering a moving cylinder, the condition (4.1) no longer holds [51].

For clarity, the parameters used in the verification process are summarized in Table 4.1.
Parameters not listed in the table are variables that change during the verification process,
and their values are provided in the descriptions for each corresponding result.

In Section 4.2, we present the verification of the methodology described in Chapter 2
using the native solver for both two-dimensional and three-dimensional cases. The ac-
curacy problems of traditional difference methods, even when using analytical solutions
(described in Section 1.5), are clearly demonstrated in Section 4.2.3. In Section 4.3,
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Table 4.1: System parameters for the verification.

Parameter Value Problem

𝑓 1 GHz All
𝜖𝑟 for Ω 1 All
𝜇𝑟 for Ω 1 All
𝜇𝑟 for Ω𝑠 1 All
𝜎 for Ω 0 All
𝜎 for Ω𝑠 0 All

𝑅 2.967793920005365 m 2.5D
𝑎 0.2119852800003832 m 2.5D
𝑅 0.6 m 3D
𝑎 0.2 m 3D

we present the results of verifying the adaptation of the methodology in COMSOL, the
algorithm of which is described in Chapter 3.

4.2 General Verification of the BA Methodology

To obtain the BA results presented in this section, the native solver and the procedure shown
in Figure 2.2 are used. All FE solutions were computed using a first-order Lagrangian
approximation for the axial component of the unknown field and a first-order edge element
approximation for its transverse part [58, 75]. Almost uniform meshes with 𝑝 concentric
circles were employed. An example obtained for 𝑝 = 20 is shown in Figure 4.2 (left-hand
side). The number 𝑝 was always chosen so that the meshes contained approximately 14
elements per wavelength. This value was slightly higher than the usual one, which is 10
for first-order finite element approximations. This choice was made to limit errors due to
finite element discretization and to facilitate the analysis of first- and second-order BAs.

For three-dimensional problems, a mesh of tetrahedra is used. A number of layers 𝑞
is chosen on the cylinder, between which prisms are formed, with triangular bases corre-
sponding to the two-dimensional elements shown in Figure 4.2 on the left. These prisms
are then divided into three tetrahedra of equal volume, following standard procedures. An
example obtained for 𝑝 = 6 and 𝑞 = 6 is shown in Figure 4.2 (right-hand side). The use
of a 3D native solver for analyzing problems similar to ours is described in [76].
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Figure 4.2: An example of the quasi-uniform meshes used in native solver. On the left
– the triangular mesh on the two-dimensional geometry for 𝑝 = 20. On the right – the
tetrahedral mesh on the three-dimensional geometry for 𝑝 = 6 and 𝑞 = 6.

4.2.1 Two-dimensional Problem

For all results presented in this subsection, the following input parameter values apply:
𝑎 =

𝜆0√
2
, where 𝜆0 is the wavelength in free space (the scatterer is surrounded by free space).

The numerical analysis domain Ω (see Figure 2.1) is a disk with a radius of 𝑅 = 14𝑎.
Figure 4.3 shows a comparison of results of first- and second-order BAs for the

magnitude of 𝑧 field component D𝑒, along with two results obtained using traditional
difference methods. The first traditional method is the difference between the states
obtained from the semi-analytical solution [39], while the second is the difference between
the states obtained using the native FE solver [77]. The result obtained from the difference
of the semi-analytical solutions is well approximated by the second-order BA and FE
traditional difference, although the latter exhibits spurious oscillations in regions where
the motion effects are weaker. In contrast, first-order BA shows errors of the same order
of magnitude as the quantity it is intended to approximate.

In most applications, users of finite element simulators generally do not need to adjust
the parameters of the algebraic solvers. However, the inability to control parameters such
as 𝛿 can have serious consequences for the reliability of the calculations considered in this
work. To illustrate this, we repeated our analysis with 𝛿 = 10−8. This modification does
not affect the semi-analytical solutions, but it has a significant impact on all finite element
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Figure 4.3: Approximations for |D𝑒 |𝑧 along the 𝑥 axis for 𝛽 = 10−5, 𝛿 = 10−12, 𝑝 = 196
and 𝜖𝑟 = 2.

Figure 4.4: Approximations for |D𝑚 |𝑧 along the 𝑥 axis for 𝛽 = 10−9, 𝛿 = 10−8, 𝑝 = 196
and 𝜖𝑟 = 2.
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results. One possible solution is to use direct methods for solving matrix equations instead
of iterative ones. However, even with commercial CAD systems, this resource-intensive
approach becomes impractical for solving problems of any significant complexity.

Figure 4.4 illustrates, for example, the motion effects on the axial component of the
magnetic field along the 𝑥-axis when 𝛽 = 10−9. The figure shows that the first- and
second-order BAs produce very good results, with negligible differences between them,
whereas the FE difference is incorrect. Interestingly, for cylinders moving along their
axis and illuminated by a TM-polarized wave, such errors are less severe than those found
in the electric field when the reliability conditions are not met. This is because, for the
magnetic field, no difference computation is required, since 𝐻0,𝑧 = 0 (see (4.1)). Thus,
the analytical difference provides the most accurate result.

Figure 4.5 shows the motion effects on the axial component of the electric field along
the 𝑦-axis for 𝛽 = 10−4. It is important that the errors affecting FE solutions in Figure 4.5
are significantly greater than those in Figure 4.3 for the same component, even though
the velocity is ten times higher, which should yield better results. This discrepancy arises
solely from the different 𝛿 values used in the two simulations. As noted earlier, for an
effect controlled by the 𝛽2 , the first-order BA introduces an error of the same magnitude
as the effect itself, whereas the second-order BA provides a good approximation to the
semi-analytical solution.

Figure 4.6 illustrates the behavior of |D𝑚 |𝑧 = |𝐻𝑧 | along the 𝑥-axis for 𝛽 = 10−7

and 𝛿 = 10−8. In this case, we consider a sufficiently radio-transparent scatterer with
𝜖𝑟 = 1.01. According to the explanation provided in Section 1.3 the dielectric parameters
of the media in motion have important consequences on the motion effects. Such a value
could be of interest when the medium in motion is, for example, a gas [38]. The low
density of the scatterer poses a major challenge for the FE traditional difference approach,
despite the relatively high velocity considered (about 30 m/s) and the significant first-
order motion effect on this component. This unreliability is similar to that observed in
Figure 4.4 for the same component and arises because the quantity of interest is of the
same order of magnitude. The influence of the higher velocity is counterbalanced by the
much smaller value of 𝜖𝑟 . In contrast, first and second orders of BAs closely approximate
the semi-analytical solution.
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Figure 4.5: Approximations for |D𝑒 |𝑧 along the 𝑦 axis for 𝛽 = 10−4, 𝛿 = 10−8, 𝑝 = 196
and 𝜖𝑟 = 2.

4.2.2 Three-dimensional Problem

In this section, we present the results of the verification for the three-dimensional electro-
magnetic scattering problem. The formulation corresponds to that described in Section 4.1,
however, in this case, we consider a cylinder of finite length 𝑙. The center of the cylin-
der along the axis of symmetry is located at the origin. Thus, the coordinate 𝑧 changes
within [− 𝑙

2 ,
𝑙
2 ]. The main challenge of this formulation has already been mentioned in

Section 4.1.
Since the upper and lower boundaries of the scatterer (the bases of the finite-length

cylinder) are now located within the numerical analysis domain Ω, the last of equations
(2.3) no longer holds, which compromises the strictness of the methodology. To minimize
this effect, the boundaries of the scatterer must be placed sufficiently far from the boundary
𝜕Ω, which in this case is a spherical surface of radius 𝑅. A significant error is expected
when computing the difference fields along the 𝑧-axis, especially in the regions near the
cylinder boundaries.

To assess and minimize this error, we carried out verification in three stages. Firstly,
we validate our solver with analytical solution for the stationary infinite circular cylinder.
Secondly, we implement the 3D classical Born approximation for the electromagnetic
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Figure 4.6: Approximations for |D𝑚 |𝑧 along the 𝑥 axis for 𝛽 = 10−7, 𝛿 = 10−8, 𝑝 = 140
and 𝜖𝑟 = 1.01.

scattering problem (see Section 1.4). Finally, we implement the novel approach of 3D
BAs to obtain the scattering field from the moving cylinder.

4.2.2.1 Solution for the Stationary Cylinder of Finite Length

BCs for the numerical domain are exact analytically obtained by solving the scattering
problem on an infinite circular cylinder [39]. The boundary value problem is formulated
in the same way as in [76], thus the BCs are equivalent to those of an infinite cylinder.
According to [76, eq. (1)] we are using the following boundary conditions for the external
faces of the domain:

H𝑡𝑜𝑡 × n − 𝑌
(︁
n × E𝑡𝑜𝑡 × n

)︁
= f𝑅 . (4.2)

Model geometry parameters are defined by values as 𝑅 = 0.6 m and 𝑎 = 0.2 m as it is
shown in Table 4.1.

Figure 4.7 shows a comparison of FE solution and classical analytical solution. We
make a comparison for two cylinder heights 𝑙 = 0.3 and 𝑙 = 0.6 m. In the first case,
discretization is performed for the values 𝑝 = 60, 𝑞 = 30. In the second case, to preserve
the mesh quality, we use 𝑝 = 60, 𝑞 = 60. The residual of the iterative solver 𝛿 is equal
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Figure 4.7: Comparison of the results of numerical and analytical calculations for the
stationary cylinder. |E0 |𝑧 field distribution along the 𝑥 (at the top) and 𝑦 (at the bottom)
axis with 𝛿 = 10−12.
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to 10−12. We may note a good agreement between the results as well as the absence of
a significant dependence on the height of the cylinder, which confirms the validity of the
approach in setting the boundary conditions.

4.2.2.2 Classical BA for the Stationary Cylinder of Finite Length

Let us solve the classical problem of approximating a weak scatterer by equivalent sources
[78]. Thus, we verify the applicability of the BAs in the three-dimensional case. There is
no magnetic currents in such a problem and incident electric field has only 𝑧 component.
In our particular case, (1.13) takes the form

𝐽𝑒,𝑒𝑞,𝑏𝑎,1,𝑧 = 𝑗𝜔𝜖0 (𝜖𝑟 − 1) 𝐸 𝑖𝑛𝑐
𝑧 . (4.3)

To obtain inhomogeneous BCs in this case, we must rewrite expression (4.2) as follows:

H𝑠𝑐 × n − 𝑌 (n × E𝑠𝑐 × n) = f𝑅 . (4.4)

In this particular case, we have an analytical solution for the scattered fields [39] and we
can immediately apply it to the corresponding calculations (4.4).

Figure 4.8 shows the results of calculating a certain system configuration. The quantity
D𝑎 in this case represents the difference between the system states in the presence and
in the absence of the scatterer. The distribution of the quantity along the 𝑥 and 𝑦 axes
matches the analytical solution with good accuracy. As expected, the distribution along
the 𝑧-axis shows significant errors near the upper and lower boundaries of the cylinder.
Therefore, these results can be considered reliable only in the immediate vicinity of the
cylinder’s center.

4.2.2.3 Novel BA methodology for the Cylinder of Finite Length in Axial Motion

Figure 4.9 shows some of the obtained results for the first-order BA. The results are in
good agreement with those obtained by a semi-analytical technique. It should be noted,
however, that these results do not provide a comprehensive verification. Firstly, they
present field components that are affected only by the first-order of 𝛽, and secondly, they
are obtained in the plane containing the origin, which is perpendicular to the 𝑧-axis. In
contrast, Figure 4.10 presents the distribution of D𝑒 along a straight line parallel to the 𝑧

axis passing outside the cylinder, together with the component that is controlled by 𝛽2.
We can note that the error associated with assigning boundary conditions to the faces of
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Figure 4.8: Comparison of the results of numerical and analytical calculations for the
stationary cylinder classical BA. |D𝑒 |𝑧 distribution along the 𝑥 (at the top), 𝑦 (at the
middle) and 𝑧 (at the bottom) axis. System parameters are 𝑙 = 0.6 m, 𝑝 = 60, 𝑞 = 60,
𝜖𝑟 = 1.1 and 𝛿 = 10 × 10−12.
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the cylinder, even for the second order effect (Figure 4.10 at the bottom), is not critical.
Similar results obtained along a line passing inside the cylinder exhibit significantly larger
errors (see the lower plot in Figure 4.8).

Figure 4.9: Comparisons of the transversal parts of the |D𝑒 | field. Results obtained for:
𝛽 = 10−8, 𝛿 = 10−12, 𝑙 = 1.2 m, 𝑝 = 60, 𝑞 = 120 and 𝜖𝑟 = 2.

In [73], results identical to those shown in Figure 4.9 are presented, but accompanied
by calculations performed using the classical FE difference approach. The comparison
showed that the traditional FE difference does not provide reliable results for this class of
problems. The results shown in Figure 4.10 are obtained under the fake BAs condition
(see Section 2.4.3), so they demonstrate the error of the FE solver and not the methodology
uncertainties.

The accuracy of the proposed BAs strongly depends on the value of the parameter
𝑞. This dependence arises because the equivalent currents, which do not depend on the
𝑧-coordinate, are computed in exactly the same manner as in the two-dimensional case.
As a result, the current density is uniformly distributed along the cylinder, and its value is
identical along any straight line parallel to the 𝑧-axis. To satisfy this condition in the three-
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Figure 4.10: Comparisons of the results for all Cartesian components of |D𝑒 |. The field
was calculated along a straight line parallel to the 𝑧 axis with 𝑥 and 𝑦 coordinates equal to
(0.5 ; 0.5) m. Results obtained for: 𝛽 = 10−4, 𝛿 = 10−12, 𝑙 = 0.1 m, 𝑟 = 0.2 m, 𝑝 = 60,
𝑞 = 120, 𝜖𝑟 = 2.
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dimensional case, a sufficiently fine mesh along the axial direction inside the scatterer is
required.

4.2.3 Beyond Double Precision

A number of the results presented above clearly demonstrate the impossibility of analyzing
weak media motion effects using the traditional difference method, in which the solutions
for the two system states are obtained from the native finite element solver (see Section 1.5).
This is evident from the comparisons shown in Figures 4.4,4.5 and 4.6. This was also
noted in [73, p. 2] during the verification of the methodology for the 3D problem.

Since FEM solutions strongly depend on parameters such as 𝑝, 𝑞 and 𝛿, whereas
semi-analytical solutions do not, the latter can clearly demonstrate the inherent issues of
difference approach when using double-precision arithmetic. One such example, obtained
during the verification of the methodology for the 2.5D problem, is shown in Figure 4.11.
In this case, FE difference is completely unreliable. The difference between the semi-
analytical solutions is also inaccurate. It is evidently affected by numerical noise and,
moreover, it is not 106 times smaller than the corresponding plot in Figure 4.3, as it
should be. In contrast, |D𝑒,𝑏𝑎1 |𝑧 and |D𝑒,𝑏𝑎2 |𝑧 closely match the corresponding plots from
Figure 4.3, with the correct scaling. We can assume that these results are novel from
a scientific point of view and cannot be strictly verified by existing methods. We can
reasonably assert the possibility of scaling the results for small values of 𝛽, since the
parameters 𝜖𝑣 and 𝜇𝑣 do not depend on the first order of 𝛽 (see (1.5)), while 𝜉 and 𝜁 , at
low velocities, depend on 𝛽 almost linearly (1.8).

A similar result, obtained for a higher value of 𝛽 but for a rarefied medium, is shown in
Figure 4.12. This result was obtained for parameters similar to those shown in Figure 4.6,
but for the electric difference field. The FE difference method yields a random cloud
of points, whereas the result obtained using the semi-analytical traditional difference,
although closer to the true level (unlike in Figure 4.11), is still strongly affected by
numerical noise and lies at the limit of double-precision arithmetic sensitivity.
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Figure 4.11: Approximations of |D𝑒 |𝑧 along the 𝑥-axis for 𝛽 = 10−8, 𝛿 = 10−12, 𝑝 = 196
and 𝜖𝑟 = 2.

Figure 4.12: Approximations of |D𝑒 |𝑧 along the 𝑦-axis for 𝛽 = 5 × 10−7, 𝛿 = 10−12,
𝑝 = 140 and 𝜖𝑟 = 1.01.
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4.3 Verification of the Methodology Implementation in
COMSOL

In this section, we present the verification of the algorithm implementing the BA method-
ology in COMSOL, which is described in detail in Chapter 3. First and foremost, we
assume that the BA methodology implemented within the native FE solver has been fully
verified and provides reliable results, at least for 2.5D problems. Thus, we do not present
any comparison with traditional difference methods here, considering such results un-
necessary. We present the results of the analysis of a 2.5D scattering problem, whose
parameters fully correspond to those used in the verification of the general methodology
(see Section 4.1 and Table 4.1).

Figure 4.13 shows the geometry of the two-dimensional problem in COMSOL inter-
face. The outer boundary of the numerical domain 𝜕Ω (see Figure 2.1) has the scattering
boundary conditions with impedance equal to 𝑍0 constant. According to the geometry
shown, the path 𝑠 = 𝑅 − 𝑎 (this quantity is required to determine the value of 𝑇𝑡 in (3.2)).
An example of the assigned equivalent current distributions over the current definition
domain after interpolation was already shown earlier in Figure 3.3. Some illustrative
results, not related to the verification process, were also previously shown in Figures 3.4
and 3.5.

Figure 4.13: 2.5D problem geometry in COMSOL interface.
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Figure 4.14: Comparison of the |D𝑒 |𝑧 field distribution calculated in native solver (green
asterisk marker) and in COMSOL (blue line) for the 𝛽 = 10−4 (at the top) and 𝛽 = 10−6

(at the bottom). Left-hand side for line along 𝑥 axis, right-hand side for line along 𝑦 axis.

Figure 4.14 presents a comparison of the results obtained in COMSOL and in the
native solver. As described in Section 3.3, to obtain these results, the computational mesh
was first generated in COMSOL, then imported into the native solver, where the solution
was computed. Thus, identical meshes were used in both the native solver and COMSOL.
In this case, we cannot describe the computational mesh using the parameter 𝑝 typically
employed in the native meshing procedure. It should be noted that the mesh was generated
according to the standard COMSOL meshing rules for the frequency 𝑓𝑚 = 1.5 × 𝑓 . To
satisfy the requirement given by (3.3), we used the following discretization parameter
values: 𝑛𝑠 = 512 and 𝑛 𝑓 = 200.

The distributions of the quantity |D𝑒 |𝑧 shown in Figure 4.14 agree well with the
results obtained from the native solver. The minor oscillations observed in the values
are associated with the specifics of the TD solution and the formulation of the equivalent
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sources given in (3.1). The magnitude of these oscillations noticeably decreases when the
discretization parameters 𝑛𝑠 and 𝑛 𝑓 are refined.

The verification of the BA implementation in COMSOL can be considered partially
complete. Completing the verification of the methodology and its implementation is
a priority for future research. The following chapter describes experiments that can
be validated using the BA methodology implemented in COMSOL, which is of crucial
importance for the overall project.



CHAPTER 5
Experiments on the Interaction of

EM Waves with Moving Media

Experimental investigation is an essential part of the methodology verification process.
We conducted a series of experiments on the interaction of electromagnetic waves with
moving media. However, at the present stage, the obtained experimental results cannot be
interpreted unambiguously. This is due to the fact that in all our experiments, the moving
media possesses a nonzero electrical conductivity 𝜎. The requirement of 𝜎 = 0 for the
media at rest represents the main limitation for the analysis to date [75, sec. 1]. By adhering
to a strictly formal approach, we did not investigate possible acceptable approximations
of 𝜎 ≈ 0 for various 𝛽 and material parameters that would not introduce significant
computational errors and could be considered negligibly small. Such an investigation is
part of the methodology generalization described in Section 6.1.

The charge density present in the media at rest in 𝐿′ undergo Lorentz transformations
when observed from 𝐿 [2] (see Figure 1.1). In moving media, a current arises similar to
the one described in [72]. The surface current modifies the boundary conditions on the
scatterer. For a material with nonzero conductivity at rest, its parameter values 𝜖𝑣, 𝜇𝑣,
𝜉, 𝜁 must also be recalculated, and the formulations presented in Section 1.3 need to be
modified accordingly. Accounting for these effects significantly complicates the analysis
process and requires further investigation.

It is important to note that considering a lossless moving media does not constitute
a methodological limitation of the BA approach. For this reason, it was not addressed
in Section 2.4.2. The main applicability conditions of the BA methodology have already
been described in Sections 1.4 and 2.1 and do not require further clarifications. Moreover,
they can be significantly weakened [28], and the inverse BA procedure has been applied
to highly conducting bodies [13]. Thus, this is a general limitation for computing the

The main content of this section was published in [79] and [80]. The results were also presented
at IEEE International Conference on Microwaves, Communications, Antennas, Biomedical Engineering
and Electronic Systems (COMCAS), held in Tel-Aviv, Israel (2024) and at 6𝑡ℎ International Conference in
Electronic Engineering & Information Technology (EEITE), held in Chania, Greece (2025).
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system’s state 1 (media in motion), and it also applies to traditional difference methods
[30, 49, 51, 75] (see Section 1.5).

At the same time, using a material with 𝜎 = 0 at rest in experiments appears to be
impossible. It is likely that the effect of nonzero conductivity can be minimized (or even
neglected) when studying the motion of gases. In the simplest case, this gas can be air,
whose conductivity under normal conditions varies within the range of𝜎 ∈ [10−14÷10−12]
S/m [81, figs. 7, 15 and sec. 7]. However, designing an experimental setup to study gas
motion proves to be more challenging from an engineering perspective than, for example,
studying liquid motion. It is quite possible that higher-order values of conductivity will
also have little effect on the results. As noted above, this question remains open.

Therefore, we have experimental data, but we lack a reliable method for its interpreta-
tion. In Section 3.4, we noted that one of the important applications of the BA adaptation
in COMSOL could be the validation of experimental data through numerical simulation.
If the simulation results of the weak motion effects match the experimental data, the
methodology can be considered fully verified. Simultaneously, this would also confirm
the practical significance and the potential applicability of these effects, as discussed in
Section 1.6.

5.1 General Characteristics of the Experimental Study

All the experiments we conducted were carried out using a waveguide transmission line
(TL). One of the waveguide ports is excited by the fundamental mode, while a pipe
containing the medium under study is placed inside the TL cavity. The specific parameters
and configurations of the experimental setups are presented in the corresponding section.
Here, we will limit ourselves to a discussion of the general features.

The waveguide measurement method offers several notable advantages. In a waveguide
with a standard cross-section, plane-wave propagation is well described by analytical
models [82]. Importantly, the waveguide cavity is shielded by its metallic walls, forming
a closed system inherently protected from external interference and noise. Moreover, a
section of the waveguide can effectively operate as a cavity resonator [83]. The perturbation
method, widely employed in resonator studies, allows for highly precise measurements
and provides significant flexibility for system adjustments [84, 85, 86]. Additionally,
waveguide transmission lines can incorporate a variety of passive elements to further
enhance measurement accuracy [87]. By optimizing the cross-sectional geometry of the
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waveguide, electromagnetic power can be concentrated, thereby improving sensitivity. It
should be noted that a theoretical study of the propagation of guided waves in a moving
medium has been conducted [88], which supports the analysis presented here.

Figure 5.1: Experimental data processing flowchart (on the left). Generic experimental
installation scheme (on the right).

Figure 5.1 (on the left) presents the measurement scheme used for processing the exper-
imental results. This setup corresponds to a standard configuration for testing flowmeter
devices and their embedded algorithms, which are primarily benchmarked against acoustic
measurement methods [7]. Stationary measurements are employed as a reference for cal-
ibrating the experimental setup. When the number of measurement iterations, denoted by
𝑛, during medium motion is sufficiently large, the magnitude of systematic parasitic effects
is significantly reduced during the subtraction stage. Various regression-based techniques
can then be applied for data post-processing, as discussed in [89]. Furthermore, [90, 91]
explored the feasibility of developing an intelligent system based on self-aware cognitive
radio for the retrieval of material parameters, including weak bianisotropy [92].

It is not difficult to observe that the processing of measurement data for extracting
motion effects is analogous to the difference used in traditional methods. Therefore, for
the experiments conducted, it is critical that the only significant distinction between the
system’s state 0 (media at rest) and state 1 (media in motion) be associated with the effect of
induced bianisotropy. Possible accompanying effects are discussed in detail in Section 5.3.
Minimizing their magnitude and influence is a key objective in the optimization and design
of the experiment [87, 89].

In our experiments, we measure the 𝑆-parameters of the TL. For a single-port mea-
surement in a cavity resonator, we measure 𝑆11, and for a two-port configuration, we
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additionally measure 𝑆21. Thus, the procedure for processing the measurement results is
carried out as follows:

𝐷𝑠 =

|︁|︁|︁|︁|︁|︁|︁|︁𝑆11,0 −

𝑛∑︁
𝑖=1

𝑆11,1,𝑖

𝑛

|︁|︁|︁|︁|︁|︁|︁|︁ , (5.1)

where 𝐷𝑠 represents a difference analogous to D𝑎, but in scalar form. As usual, the
subscripts 0 and 1 correspond to the system at rest and in motion states, respectively. An
analogous procedure is applied to 𝑆21 as well. In the present work, we present results only
for the magnitudes of the 𝑆-parameters.

Figure 5.1 (right-hand side) shows the general scheme of the measurement setup. A
vector network analyzer (VNA) is connected to the waveguide TL via coaxial cables (this
applies to both single-port and two-port configurations). The motion of the liquid inside
the pipe piercing the waveguide cavity is generated by a pump. The simplicity of the setup
is its main advantage. The experiment can be significantly optimized, as the scheme is
flexible and offers great potential for enhancing sensitivity.

Below, we summarize the key aspects of the experiment optimization (see [80]). All
relevant data regarding the construction and operation of the laboratory setup can be found
in [87]. It is worth noting that the moving medium in the waveguide can be equivalently
replaced with a stationary bianisotropic material in order to apply the measurement scheme
described in [90].

We have already noted that the waveguide walls shield the cavity from external EM
noise and interference. During the experiment, we can be confident that external sources
will not significantly distort the measurement results. Thus, the primary source of this
type of noise is the signal generator. Deterministic and stationary noise from the generator
is minimized by subtracting the results of different measurements, as shown on the left
in Figure 5.1. VNA noise is filtered by setting a narrower intermediate frequency (IF)
bandwidth (BW) [93]. Calibration, temperature stability, and adherence to general VNA
operating recommendations also reduce the impact of noise.

Temperature fluctuations in the experiment constitute a major source of inaccuracies
and errors. Maintaining a stable temperature is therefore one of the most critical tasks.
Even a slight deviation of 0.1 degrees Celsius during measurements, however, can intro-
duce significant errors. Nonlinear ferrite elements within the waveguide TL are used to
decouple the directions of the incident and reflected waves [94, p. 475]. This setup im-
poses certain constraints on the guided wave power necessary for reliable effect detection.
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In this regard, further optimization of the waveguide cross-section to better redistribute
power along the TL could produce results of substantial interest. Extensive preliminary
experiments have shown that the cavity resonator approach provides significantly higher
accuracy compared to two-port measurements. In all experiments, the same pump is
used, operating at full power and generating a liquid flow with an average velocity 𝑣𝑎𝑣

of approximately 3.3 m/s. Thus, for all our experiments, 𝛽𝑎𝑣 ≈ 1.1 × 10−8 ∈ 𝛽𝑠𝑙𝑜𝑤 (see
Section 1.6). Double distilled water of identical standard is employed in all experiments.
The conductivity of medium is 𝜎 ≈ 5.5 × 10−6 S/m. The properties of water, in terms
of dielectric spectroscopy and conduction mechanisms, are discussed in [95, sec. 3.1, p.
189].

In all the experiments presented in Section 5.2, we used a coaxial waveguide adapter
Agilent X281A for WR90 TL. This line is standardized for the X-band and consists of
a rectangular waveguides. Agilent adapter is well-known and has an semi-analytical
representation [96]. As the measuring device we used Rohde & Schwarz ZVA-50 with
R&S ZV-Z91 phase-independent coaxial cables. The IF BW value for all experiments
is 1 kHz. A peristaltic industrial pump GZL-50 was used. The input power level was
–10 dBm. The pipe is made of high-density polyethylene (HDPE). The pump and the
waveguide TL are placed on damping supports that absorb vibrations. In all experiment,
a water tanker is used, which creates an overpressure at its lowest point of 4.5 kPa.

5.2 Description of the Conducted Experiments

In this section, we present two complete and valid experimental datasets. The most
significant experimental results were described in [89]. A photograph of the experimental
setup used for the first group of experiments is shown in Figure 5.2. The components used
are also detailed there.

In this case, the measurements were carried out using the cavity resonator method. To
maximize the volume of electromagnetic power interacting with the moving medium, the
pipe was aligned along the wide wall of the waveguide; however, this solution proved to
be ineffective. Temperature and vibration isolation of the hydraulic system and electro-
dynamic components were accomplished using damping and thermal insulation materials
(without spatial separation of them). At the adapter flange plane, a full one-port calibra-
tion was carried out using the standard open–short–match algorithm [93, p. 106]. It is
important to emphasize that during the experiments, the calibration was performed with
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Figure 5.2: Laboratory installation for the first group of experiments: 1 – pipe with water
(at rest or in motion), 2 – pump control, 3 – waveguide with length equal to 𝜆 at 𝑓 = 10
GHz, 4 – check valve, 5 – observation area, 6 – short measure, 7 – flow developing path,
8 – coaxial waveguide adapter.

the waveguide containing the pipe with water at rest. Consequently, measurements taken
with the water at rest serve as a 0 state for all observed effects. Additionally, this approach
is consistent with the cavity perturbation method [83, 85, 86].

Let us provide additional clarifications regarding the setup shown in Figure 5.2 The
scatterer is positioned several wavelengths away from the port for any frequency within
the X-band (item 3) in order to minimize the influence of higher-order modes of the
scattered waves. The check valve (item 4) prevents water from flowing in the opposite
direction when the pump is turned off. To ensure that the flow in the observation area is
fully developed, a straight section of the pipe with a length exceeding ten times its inner
diameter, which is equal to 5.2 mm, is placed before it (item 7). Raw data from one of the
measurements, captured directly on the measurement device, are shown in Figure 5.3.

A photograph of the experimental setup used for the second group of experiments is
shown in Figure 5.4. The second set of experiments was performed in two-port mode.
As noted earlier, this configuration slightly decreases measurement precision but provides
additional data for processing and analysis, particularly the 𝑆21. A key difference in this
setup is that the water pipe is aligned along the waveguide’s narrow wall. This adjustment
significantly enhanced both the stability and accuracy of the measurements. There are
two main reasons for this. First, a semi-analytical solution exists for this geometry, as
described in [97]. This allows us to assess the measurement accuracy for water at rest.
Second, with the flow oriented along the gravity vector (from top to bottom in Figure 5.4),
it becomes more uniform. VNA and the pump are spatially separated now (placed on
different surfaces).
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Figure 5.3: Raw results obtained from the first experimental setup. The image displays
the VNA interface for the |𝑆11 | [dB] parameters measurements during water at rest (blue
line) and water in motion (red line). Displayed frequency range: 9.36 GHz – 9.41 GHz.

Figure 5.4: Laboratory installation for the second group of experiments.

A significant modification in the revised experimental protocol concerns the calibration
of the TL. Calibration performed via waveguide measurements (at the adapter flange
plane) is relatively imprecise, even when all standard recommendations are followed [93,
sec. 3.3]. Using high-precision coaxial measures considerably enhances the calibration
quality. The procedure itself remains unchanged, but for the two-port configuration. We
only shifted the reference plane (the coaxial cable end, as illustrated in Figure 5.4) and
changed the instruments used. Figure 5.5 shows some of the results obtained from these
experiments.
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Figure 5.5: Raw results obtained from the second experimental setup. Frequency depen-
dence of the |𝑆11 | [dB] and |𝑆21 | [dB] parameters measurements during water at rest and
water in motion (𝑛 = 3 successive measurements).

It is possible to compare the |𝑆11 | results from the two independent experiments
presented in Figures 5.3 and 5.5. Here, our main focus is on the trend and magnitude of the
observed effect. We can infer that the experiments exhibit considerable external validity,
and the results are reproducible. The downward trend in the reflection coefficient during
flow initiation remains evident, with a comparable effect on the magnitude. Section 5.4
presents a descriptive analysis of the measurement results obtained from the second setup.

5.3 Accompanying Effects of Motion

The effects of medium motion are not only related to the effects of weak bianisotropy.
Theoretically, these effects should be the only ones present if all the conditions described
in Section 1.1 are satisfied, that is, when all time-dependent effects are excluded. However,
in practice, it is very difficult to achieve this. In this section, we provide a brief description
of the possible accompanying effects.

Table 5.1 summarizes the considered effects and classifies them according to key
qualitative characteristics. The inertia of an effect indicates how quickly it appears when
the system transitions from state 0 to state 1. We do not aim to determine the exact time
it takes for an effect to develop. For qualitative assessment, we only indicate that there
is no inertia if the effect appears below a threshold time for measurement; otherwise, we
indicate that inertia is present. The order of the threshold measurement time is 10−2 s. The
same applies to relaxation. This is a characteristic of the effect that indicates how quickly
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the effect disappears when the system transitions from state 1 to state 0. For some effects,
these characteristics cannot be determined in general, as they occur randomly. As all the
effects under consideration are time-dependent, we characterize their behavior, which can
be a trend, a plateauing trend, periodic, or random. For a trend, inertia determines the rate
of its increase, whereas relaxation determines the rate of its decrease.

Table 5.1: Effects accompanying the media motion in the experiments.

Effect Inertia Relaxation Behavior in time

Deformation Yes Yes Random or plateauing trend
Vibration No No Random or periodic
Cavitation Undefined Undefined Random
Shaping Yes No Random
Pulsation No No Periodic
Friction Yes Yes Trend

Pipe deformation under water flow pressure represents the most unpredictable effect.
The behavior of the scattered field during deformation may be random or exhibit a trend
that eventually reaches a plateau when the maximum mechanical stress in the pipe is
attained. Deformation can disrupt the entire experiment, as relaxation may require a long
time or may not occur at all in the case of inelastic deformation. To mitigate this effect, a
tube made of HDPE plastic is employed. With a wall thickness of 0.79 mm, the pipe can
withstand a maximum pressure of approximately 3 MPa, as determined using the classical
Barlow formula.

The main source of vibration is the peristaltic pump. We minimize the influence
of this effect by all available means, but we still cannot be completely certain of its
absence. Vibrations from the pump can propagate both to the pipe inside the waveguide
and to the coaxial cables connected to the VNA. In the first case, this would result in
micro-Doppler time-dependent effects [98, 99]. Vibrational signals can be either random
or periodic, manifesting as amplitude and phase modulations of the reflected signal.
Typically, this effect can be easily observed without advanced processing, simply by
tracking the measured 𝑆 parameters over a period of time.

In certain cases, cavitation can occur in turbulent flows [3]. The treatment of cavities
forming in the flow is discussed in [100]. The presence of air cavities alters the effective
permittivity of the scatterer. However, in any flow, these cavities move randomly, and their
concentration varies with time. Consequently, this effect resembles random noise. The
same applies to the movement of any other inclusions within the flow.
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When a developed flow encounters any inhomogeneity in the hydraulic system, it
requires additional time before it becomes developed again. This effect is referred to as
flow profile shaping. In our experiments, we are dealing with the turbulent flow. For the
velocity profile function, we have [3]

𝑣(𝜌) =
𝑣𝑎𝑣 (𝜅 + 1) (2𝜅 + 1)

(︂
1 − 𝜌

𝑎𝑖𝑛

)︂ 1
𝜅

2𝜅2 , (5.2)

where 𝜅 is the hydraulic coefficient, which in our case equals 6.4, 𝜌 is the radial coordinate,
and 𝑎𝑖𝑛 is the inner radius of the cylinder (see Figure 4.1). Thus, the maximum velocity in
the profile (𝜌 = 0) is equal to 4.12 m/s. Changes in the velocity profile can be attributed
to motion effects, however, these effects exhibit random behavior in time and are not the
focus of our investigation.

In addition to mechanical vibrations, the pump can also be a potential source of
pulsations in the flow [3]. These pulsations may appear as alternating regions of increased
and decreased pressure within the flow. When comparing pumps by type, including
vibrational and rotary ones, peristaltic pumps exhibit the highest level of pulsations. This
is directly related to their operating principle. These pulsations are low-frequency (a few
hertz), whereas in vibrational pumps they occur at frequencies of tens of hertz, and in
rotary pumps the flow is almost free of pulsations. In a laminar flow, these pulsations can
propagate over a considerable distance from the pump, whereas in a turbulent flow they
are present only in its vicinity. For a peristaltic pump, this effect is strictly periodic and
can be easily detected.

The flow-induced skin friction along the pipe walls can generate a radial temperature
gradient. Skin friction can be assessed using temperature transfer methods [101], ultra-
sonic sensors [102], or micro-electro-mechanical systems [103]. The ratio of thermal
boundary layer to dynamic boundary layer in our case roughly equal to 0.44 and the skin
friction coefficient is 0.009 [79]. Thus, we have a thin boundary layer in which the kinetic
energy is converted into heat with an efficiency equal to Stanton number. In general, this
effect is expected to exhibit a characteristic trend, while also being time-dependent (pos-
sessing macroscopic inertia) and relaxing when the motion ceases (returning to thermal
equilibrium). Flow thermal stabilization to minimize this effect can be crucial in this
context.
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5.4 Descriptive Analysis and Exclusion Method

Figure 5.6 shows the processed data for the |𝑆11 | and |𝑆21 | parameters obtained in the
second group of experiments. The raw data were shown earlier (see Figure 5.5) and the
processing was performed according to (5.1) with 𝑛 = 3. The acquired experimental data
shown in Figures 5.3, 5.5 and 5.6 allow us to derive a number of important characteristics
of the study:

1. An observable effect occurs within the measurement setup, and the main question
is whether this effect is associated with the weak bianisotropy of the moving medium.

2. The observed effect does not exhibit random or periodic behavior and does not
show a significant time dependence.

3. The magnitude of the effect oscillates in the frequency range.

4. There is no measurable inertia and relaxation between the states of the medium.
The results shown in Figures 5.3 and 5.5 are set immediately after the pump is turned
on. The system returns to a rest state without noticeable relaxation processes.

Figure 5.6: Processed |𝑆11 | (blue line) and |𝑆21 | (red line) data obtained from the second
group of experiments.
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In general, the specified characteristics may correspond to an effect associated with the
induced bianisotropy of the moving medium. Nevertheless, as already noted, a definitive
conclusion cannot yet be drawn, and the present analysis is purely descriptive. At the same
time, we can attempt to exclude from consideration a number of effects listed in Table 5.1
that do not satisfy these characteristics. All effects whose time behavior is random or
periodic do not have a significant impact on the results of the conducted experiments. This
is an important conclusion. While we cannot be completely certain that their influence
on the experiment is entirely absent, their magnitude is much lower than that of the effect
observed in the frequency domain. However, we cannot rule out trend behavior in the
observed effect, and this constitutes the main challenge of the present analysis. We did
not observe any transient or relaxation processes during the experiments, but our current
assessment of the influence of deformation and friction effects does not allow us to exclude
them from consideration. A precise quantitative analysis of the influence of these effects
should be carried out, for instance through the multiphysics modeling, which is one of the
objectives of future research.



CHAPTER 6
General conclusion

This work presents the synthesis, analysis, implementation, and verification of a novel
methodology for calculating the effects of media motion on the scattered electromagnetic
field. The synthesis is based on the strict formulation of two electrodynamic problems:
the first describes the system at rest, while the second represents the system with moving
media. By applying the Born approximation to the total field, the difference between these
states is expressed, leading to the formulation of a third problem. Solving the third problem
yields the difference between the system states, which corresponds to the effects associated
with media motion. A procedure was developed to implement the new BA methodology
within a native FE solver. Despite some limitations in its scope, the combination of the
native solver and the new methodology provides a powerful tool for subsequent analysis,
as all elements and parameters of the computational core remain under full control.

We evaluated the algorithmic complexity of the new methodology, which showed
that for the first-order approximation, the complexity is equal to or lower than that of
traditional FE difference methods. In contrast, for the second-order BA, the algorithmic
complexity exceeds that of traditional schemes, but it likely represents the maximum
attainable accuracy for the numerical computation of motion effects. This is due to an
intrinsic methodological feature: the lower the velocity of the object, the more accurate the
BA. We find this property particularly relevant within the context of the problematization
conducted. Moreover, the so-called fake BAs described in Section 2.4.3 combines the
accuracy of analytical calculation methods with the advantage of directly measuring a
small quantity, rather than computing it through the difference.

All limitations of using the BAs methodology in the native FE solver are removed when
this approach is implemented in a commercial CAD system. The adaptation algorithm
in COMSOL Time Explicit EMW Module has been developed. At the same time, to
retain all the advantages of using the own code while enabling the analysis of models with
complex geometries, a system for converting and importing the computational FE mesh
generated in COMSOL was also developed.
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The BAs methodology has been verified. For two-dimensional problems, the verifica-
tion can be considered complete and sufficient, whereas a number of verification issues for
the three-dimensional case were identified in Section 4.2.2. The procedure for applying
the new BAs methodology in COMSOL was also verified. Since we are fully confident
in the performance of the native solver for 2.5D problems, the implementation was tested
using an identical problem formulation.

Finally, we described two series of conducted experiments. The first series can be
regarded as a pilot study. Several significant improvements to the setup were implemented
for the second series, along with a revised procedure. In its current form, the experimental
setup can be considered optimal in terms of the ensuring flow uniformity within the
observation area, minimizing vibrations transmitted from the pump to the observation
area, and calibrating the measurement system. The research results have so far yielded
only a descriptive analysis. We did not observe any significant TD effects during the
experiments.

In summary of the above, our investigation demonstrates that the Born approximation
is particularly effective for calculating effects of motion at non-relativistic velocities,
providing both high accuracy and computational efficiency. Moreover, this approach
allows systematic studies of FD scattering phenomena in arbitrarily shaped scatterers and
velocity fields, making it a powerful tool for both theoretical investigations and practical
applications. Below, we list several quantitative parameters of the conducted study.

According to preliminary estimates, the algorithmic complexity of the methodology
for first-order BA is slightly lower than the algorithmic complexity of the traditional
FE difference method. The algorithmic complexity for second-order BA is higher
by no more than 50% (see Section 2.4.1). In all cases we considered, second-order
BA provides highly accurate results, even in situations beyond double precision
arithmetic limits (see Section 4.2.3).

The use of the methodology in COMSOL significantly increases computational
efficiency compared to the native solver. For certain problems, the computation
time was reduced by up to 83%, under identical mesh construction parameters and
𝛿 values. In some cases, the increase in computational performance reached 600%.

During the verification of the methodology and its implementation in COMSOL,
the parameter 𝛽 took values within the range from 10−4 to 10−9. According to
the classification presented in Section 1.6, the verification employed 𝛽 values from
range 𝛽𝑠𝑙𝑜𝑤 and partially from 𝛽𝑖𝑛𝑡 .
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The median value of the 𝐷𝑠 in the first series of experiments was 1.22 × 10−3 dB.
The maximum |𝐷𝑠 | for |𝑆11 | in the second series of experiments was 0.051 dB,
while for |𝑆21 | it was 0.08 dB.

6.1 Future Developments

In this final section, we will present a list of tasks for the future development of the project.
We evaluate the importance and complexity of each task and establish their priorities. All
tasks are divided into three thematic areas. The first one is the Methodology Generalization
(MG). During our work, we identified several aspects that can be implemented to enhance
the generalizability of the methodology, optimize it, or achieve additional improvements
closely related to the application of the methodology, but not constituting its intrinsic
limitations or properties. The tasks of this work direction are as follows.

Task MG1. Development of a formulation for absorbing boundary conditions to
overcome the issues identified in Section 4.2.2. In addition to completing the verifi-
cation for the three-dimensional problem, the results of this study can significantly
broaden the scope of geometries that can be analyzed.

Task MG2. Application of the BA methodology for analyzing motion effects of lossy
media. Estimation of the acceptable approximation of 𝜎 ≈ 0 and the magnitude
of the effect of nonzero conductivity. In Chapter 5, we already indicated that
the requirement of 𝜎 = 0 for a material at rest is not an intrinsic methodological
limitation. Thus, solving this problem can significantly expand the applicability of
traditional FE difference methods as well.

Task MG3. Development of an approach for reconstructing the effects of weak
bianisotropy in moving materials for a rotating non-axisymmetric body, i.e., in the
presence of strong time-dependent effects. This point is addressed in Section 3.4, and
here we provide some additional information. We consider that in practice it is very
difficult to achieve a rotational state of a body in which the electromagnetic waves
scattered from the object would not experience any TD effects. The methodology
for analyzing weak FD effects should allow these effects to be distinguished, even
if the magnitude of the TD effects is greater. For example, this can be achieved by
subtracting two system states. In state 1, the body is rotating; in state 2, the body
is at rest while the source of the incident waves rotates around it. In state 1, the
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system exhibits both weak bianisotropy effects and TD effects, whereas in state 2,
only the latter are present. Thus, the requirement for the scatterer’s boundaries to
remain stationary and for the absence of time dependence of the velocity vector field,
as indicated in the Section 1.1, can be significantly weakened or even completely
removed.

Task MG4. Investigation of the influence of various methods for selecting the co-
ordinates of points within Ω𝑠 for field evaluation, which are subsequently used to
compute the equivalent sources. Optimization of the strategy for choosing these
point coordinates. Additionally, study of the impact of different interpolation meth-
ods of equivalent sources on the accuracy of results in COMSOL. The justification
for this task is provided in Sections 2.3 and 3.3.

The second area of development is Validity Enhancement (VE). The aim of this work
direction is to enhance both the internal and external validity of the BA methodology and
its implementation in COMSOL, but primarily, of course, the experimental investigation.
The following tasks are identified within this scope.

Task VE1. Complete the verification of the methodology for the three-dimensional
problem in the native solver. Perform the corresponding verification in COMSOL.

Task VE2. Using the methodology implemented in COSMOL to validate the results
of the experiments described in Section 5.2.

Task VE3. As part of the computational study, determine the potential impact of
deformation and friction effects in the experimental setups described in Section 5.2.
The possibility of performing multiphysical and multiscale modeling was consid-
ered, in particular, in Section 3.4. The creation of a digital twin of the experimental
setup (a similar process is described in [104]) will help complete the process of
excluding accompanying effects discussed in Section 5.4.

The third work package is Experimental Studies (ES). Building on the research already
conducted, we will continue to optimize the experimental setup and design new ones. The
main outcome of this direction may include specific recommendations for the development
of new types of sensors for detecting motion effects and devices based on these principles.
The list of tasks is presented below.

Task ES1. The optimization of waveguide cross-sections for TL used in experiment
setup. As noted in [87], a circular waveguide can be used as the TL. At the
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same time, as also mentioned in Section 5.1, a waveguide with a complex cross-
sectional shape may increase measurement sensitivity due to the redistribution of
the electromagnetic power within its cavity.

Task ES2. Conducting experiments in which a gas is used as the moving medium.
The reasons for the necessity of this study are provided at the beginning of Chapter 5.
The development of a new experimental procedure, as well as a new experimental
setup, is an essential part of this task. However, the results of this experiment can be
verified without any additional modifications to the approach for analyzing motion
effects.

Task ES3. Optimization of thermal stabilization method of the moving medium
within the observation area, aimed at minimizing the influence of temperature
variations. Together with passive thermal control methods, it is necessary to apply
active thermal control [105, 106].

Task ES4. The use of the BA methodology application in COMSOL for optimizing
the experimental setup, the incorporation of realistic transmitter and receiver models,
and the solution of the inverse problem to reconstruct the flow velocity profile. This
task is defined as one of the objectives of the adaptation of the methodology in
COMSOL, with several of its aspects outlined in Section 3.4.

Task ES5. The design and implementation of experimental studies, the schemes
of which are shown in Figure 6.1. This represents one of the main conclusions
of work [80]. The figure integrates the classical antenna-based scheme used for
material testing [107]. A moving medium can be investigated using receiving and
transmitting antennas, as illustrated in [69, fig. 1]. Antenna methods hold significant
potential for developing new approaches in flowmetry, including those derived from
the Fizeau-Fresnel scheme. The figure also shows a combined scheme. In the
waveguide resonator, a slot is cut, which is weakly radiating when the media is
at rest. When the media is in motion, due to the gyrotropic effect [108], the slot’s
radiation increases, which is detected by the receiving antenna. As described in [90],
on a similar scheme, the effects of artificial bianisotropy of functional materials can
be measured.

Within each individual list, the tasks are arranged in order of priority. Nevertheless,
several tasks overlap; the completion of some tasks depends on the results obtained from
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Figure 6.1: Priority schemes of experimental setups. On the left – measurement of
media motion effects using the antenna method in free space. On the right – a combined
antenna–TL scheme for conducting the experiment.

others (inputs), and different tasks vary in their level of complexity. Complexity is assessed
based on the availability of a known approach to solving the task, the potential time required
for its completion, and the resources needed to accomplish it. To create a concise plan for
the upcoming research, all this information is summarized in Table 6.1.

Table 6.1: Prioritisation for future research.

Priority Item Inputs Complexity

1 MG1 Average
2 VE1 MG1 Low
3 MG2 Average
4 VE2 MG2 Low
5 MG3 VE1 Average
6 VE3 VE2 Average
7 MG4 Low
8 ES1 Average
9 ES2 High
10 ES3 VE3 Average
11 ES4 MG4, VE1, VE2, VE3 High
12 ES5 MG1, MG3, ES1, ES3, ES4 High

Thus, our primary priority is the completion of the methodology verification stage and
its application in COMSOL. Next, we plan to implement tasks related to the generalization
of the methodology, its optimization, and the expansion of its applicability. Further
experimental studies will follow. It is important to note that the completion of the latest
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task currently set requires not only substantial financial support but also the successful
accomplishment of almost all preceding tasks.

In this regard, the present work stands as a major and self-contained part of a larger
scientific endeavor. The development of a new methodology based on the Born approx-
imation has given rise to a new direction of research that significantly expands both the
practical and theoretical foundations for studying media motion effects. The large number
of tasks for further development only underscores the relevance and significance of the
conducted research.
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APPENDIX A
Native FE Solver with External

Meshing

To enable the creation and use of high-quality meshes of complex objects in native
simulation calculations, as well as the analysis and visualization of their components, an
export/import system was developed. Mesh export to the native solver format is performed
from the internal COMSOL mesh description format (.mphtxt). Import from the native
format is supported into the Standard Tessellation Language (STL) format (.stl), which
can then be visualized and analyzed in any compatible system, including COMSOL itself.

The workflow proceeds as follows. In COMSOL, the parametric geometry of the model
is created, the required computational mesh is generated, and then the mesh is exported
in the intrinsic text format. It is important to note that, for the converter to function
correctly, only data corresponding to domain elements (tetrahedra) and surface elements
(triangles) should be exported. The exported file is parsed by a simple code according to
the native mesh representation format. At the input stage, the program requests the path
to the *.mphtxt file. As output, it generates three files: the coordinates of the vertices, the
vertex indices of the boundary elements, and the vertex indices of the tetrahedra. These
resulting files can then be imported into the native solver for further computation. Thus,
the computational mesh can be considered as imported from COMSOL.

To verify the operation of the converter, we use a previously developed program that
converts mesh data from the native format to the STL format. An STL file is generated
directly from the converted data, without any additional processing. This STL file is then
imported back into COMSOL and compared with the originally created mesh. Since the
native solver does not include tools for displaying or viewing mesh geometry, the converter
that transforms the native mesh into a standardized format makes it possible to visualize
the model geometry in any viewer that supports STL format.

Figure A.1 shows examples used to verify the operation of the developed converter for
COMSOL–native format–STL transformations. Computational meshes for the following
geometries were used: cube, cylinder, unified geometry, geometry with subtraction, and
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Figure A.1: Verification of the mesh import/export system for various geometries. On the
left – meshes exported from COMSOL for conversion to the native solver format. On the
right – meshes imported back into COMSOL after conversion to the native solver format
and subsequent export to STL.

waveguide geometry. The meshes were first exported to the .mphtxt format, then converted
to the native FE solver format, and subsequently converted to the STL format and imported
back into COMSOL. Analysis of the meshes using standard COMSOL tools confirmed
that they are identical and that the conversion process does not alter them.

For the native solver to operate correctly, it is crucial to create an appropriate geometry
in COMSOL. This geometry must account for the specific features of the solver, only
some of them are domain decomposition method, element enumeration, specifics of mesh
geometry reading, etc. We will not go into detail here, but it should be noted that the
geometry must be defined in accordance with these rules. Otherwise, the computation
may either be inefficient in terms of computational resources (primarily due to the element
numbering order) or even incorrect (if the domains in the geometry are improperly defined).
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We analyzed the use of a mesh converted from COMSOL to the native format. Verification
of the native solver’s performance with the imported mesh was carried out using the same
problem that was employed to validate the new BA methodology in 3D (see Figure 4.1,
Table 4.1 and problem description in Section 4.2.2.1).

Figure A.2: Verification of the mesh imported into the native solver by solving the
scattering problem.
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Figure A.2 shows the results of comparing the calculation of the native solver with
the imported mesh to the analytical solution. It can be noted that the plot for the |E0 |𝑧
corresponds to the results obtained earlier (see Figure 4.7 at the bottom). We examined four
different meshes created in COMSOL. The parameter 𝑓𝑚 is the reference frequency used
for mesh generation in COMSOL. It was introduced, in particular, during the verification
of the methodology implementation in Section 4.3. We also tested different meshing rules
for the system’s domains (see Figure 2.1). In some cases, we controlled the mesh only for
the subregion of the scatterer, while the surrounding domain was meshed with a standard
coarse mesh. However, in this case, the mesh was refined near the scatterer’s boundary.
In other cases, the mesh was applied to the entire computational domain, without defining
a separate subregion for the scatterer, resulting in a quasi-uniform mesh throughout the
volume. The results clearly demonstrate two well-known facts [34, 59]: first, with a
controlled increase in the number of elements (i.e., as the parameter 𝑓𝑚 increases), the
solution converges to the exact result; second, uniform meshes generally provide more
accurate results, although in many cases they are not optimal in terms of the required
computational resources.

Next, we present the use of an imported mesh of a complex geometry, which cannot be
created using the native solver alone, for the analysis of a problem of particular interest. As
noted in Section 5.2, numerical analysis of the geometry corresponding to that described
by Nishikata [97] can provide valuable data for optimizing and designing the experiment.
The study of such a problem in one of the commercial CAD systems is presented in [109].
We also considered a similar problem in COMSOL [104].

In Figure A.3, the parametric geometry of the problem, created in COMSOL, is shown
at the top. At the bottom, the mesh imported into the native solver is visualized. A three-
dimensional cavity problem has been formulated. In this case, we can avoid the issues
related to applying BCs on the top and bottom faces of the cylinder, which we encountered
when solving the open three-dimensional problem (see Section 4.2.2.3). This is because
all the electromagnetic power is concentrated inside the waveguide cavity and does not
reach the boundaries of the cylinder’s end faces. However, to minimize their potential
influence, we can place them in the lateral regions, which are semi-spherical radiation
domains with boundaries similar to Sommerfeld surfaces [59, chap. 9] (see also [110]).

It should be noted that when constructing the parametric geometry, the subregion of
the cylinder inside the waveguide was not defined as a separate geometric entity. Thus,
the portion of the pipe located inside the cavity is not visually distinguishable, including
in the mesh geometry. This was done deliberately and is related to the features of the
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Figure A.3: Parametric geometry (top) and computational mesh (bottom) for a pipe
piercing a rectangular waveguide along its narrow wall. Only the surface triangular mesh
is shown.

native solver’s operation, which we mentioned above. To avoid local mesh refinement, we
construct a uniform high-precision mesh throughout the entire waveguide cavity, and then
assign the required material parameters to the elements ∈ Ω𝑠.

We used the model shown in the Figure A.3 to calculate the 𝑆11 and 𝑆21 parameters
in the native solver (the formulation of the cavity problem for bianisotropic material is
given in [77]). Using this model, we can calculate the motion effects both with the
traditional FE difference method and with the new BA methodology. In this section,
we do not present the results of these computations; however, they clearly demonstrated
the necessity of implementing the BA methodology in COMSOL. First, the accuracy of
the native FE approximation did not allow the computational noise level to be reduced
sufficiently to detect the motion effect at the order of 𝛽 ≈ 10−8. Second, the computation
time for fine meshes can be up to seven times higher than that for the same model on an
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identical mesh in COMSOL. Overall, this was expected. The native solver is a powerful
tool for verification, but not for high-performance or optimized computations. It should be
emphasized that the creation of a mesh export/import system from the commercial CAD
significantly enhanced this tool, expanded its range of applicability, and improved the user
experience and ease of mesh analysis.
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