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Abstract: We study the classical and quantum KMS conditions within the context of
spin lattice systems. Specifically, we define a strict deformation quantization (SDQ) for
a S?-valued spin lattice system over Z¢ generalizing the renown Berezin SDQ for a
single sphere. This allows to promote a classical dynamics on the algebra of classical
observables to a quantum dynamics on the algebra of quantum observables. We then
compare the notion of classical and quantum thermal equilibrium by showing that any
weak*-limit point of a sequence of quantum KMS states fulfils the classical KMS condi-
tion. In short, this proves that the semiclassical limit of quantum thermal states describes
classical thermal equilibrium, strenghtening the physical interpretation of the classical
KMS condition. Finally we provide two sufficient conditions ensuring uniqueness of
classical and quantum KMS states: The latter are based on an version of the Kirkwood-
Salzburg equations adapted to the system of interest. As a consequence we identify a
mild condition which ensures uniqueness of classical KMS states and of quantum KMS
states for the quantized dynamics for a common sufficiently high temperature.
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1. Introduction

The description of thermal equilibrium is a well-established and extensively studied topic
in classical and quantum statistical mechanics [15,28,35,54]. Adopting the algebraic
approach, where observables of the physical system of interest are modelled by a C*-
algebra 2|, classical and quantum thermal equilibrium are characterized by two slightly
different yet related conditions, called classical and quantum Kubo-Martin-Schwinger
(KMS) conditions, cf. [32,33].

Specifically, a quantum system is described in term of an abstract non-commutative
C*-algebra 2 —thorough all paper we will only be interested in algebras with a unit.
Time evolution is modelled by a strongly continuous one-parameter group t > 7; of *-
automorphisms on 2 with infinitesimal generator §. Within this setting a state @ € S(2()
—that s, a linear, positive and normalized functional w: 2 — C—iscalled (8, §)-KMS
quantum state, 8 € [0, 00), if

w(atig(b)) = w(ba), (1)

for all pairs a, b € 2 of analytic elements for 7, ¢f. [15]. The quantum (8, §)-KMS condi-
tion (1) selects those states on 2 which are interpreted as describing thermal equilibrium
with respect to T at a fixed inverse temperature 8, cf. [33]—here 8 = 0 corresponds to
infinite temperature.

The description of thermal equilibrium for a classical system is slightly different, cf.
[1,2,22]. In this scenario the observables of a classical physical system are described
by a commutative Poisson C*-algebra . We recall that a Poisson structure over a
commutative C*-algebra 2 is given by a bilinear map {, }: 2 x % — 2l defined on a
dense *-subalgebra 2 C 2 which fulfils:

{a, b} = —{b, a}, {a, b}* = {a*, b*}, {a, bc} = {a, b}c + b{a, ¢},
{a, {b, c}} = {{a, b}, ¢} +{b, {a, c}},

forall a, b, ¢ € 9. Given B € [0, +o0) and a x-derivation & : A — A, a state w € S(RA)
is called (B, §)-KMS classical state if

w({a, b}) = B (bé(a)), 2)

for all a, b € 2. Once again § is regarded as the infinitesimal generator of the time
evolution on 2 and g is interpreted as an inverse temperature.

The quantum KMS condition has received a lot of attention and has been investigated
in several scenarios [15,35,54]. In particular the physical content of Eq. (1) has been
investigated, cf. [33,50], providing concrete justifications for its interpretation. Con-
versely, there are fewer investigations on the classical KMS condition (2). The latter has
been introduced in [32] and further developed in [1,2,26,31,49] in the context classical
system of infinitely many particles. The classical KMS condition has been investigated
also in the context of pure Poisson geometry in [6-9, 14,24], moreover, its relation with
the Dobrushin-Landford-Ruelle (DLR) [19-21,38] probabilistic approach to classical
thermal equilibrium was investigated in [23] while its connection to the notion of Gibbs
measures for non-linear Hamiltonian systems was studied in [4,5,16,47].

The physical justification of the classical KMS condition (2) seems to be less studied.
In particular, in [32] condition (2) has been formally derived by considering a suitable
semiclassical limit of the quantum KMS condition (31). The first goal of this paper is to
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provide a mathematically rigorous version of this derivation within the setting of strict
deformation quantization, c¢f. Theorem 3.5.

Strict (or C*-algebraic) deformation quantization (SDQ) provides a mathematically
rigorous setting to study the quantization of a classical system [39,52]. This framework
is not only suitable to investigate the semiclassical limit of states of a quantum system
with a fixed, but arbitrary number of degrees of freedom cf. [40,43], but it can also be
applied to describe the macroscopic properties of quantum systems over an infinitely
extended lattice [22,41,42,56,57] or the semi-classical properties of condensates [48].

From a mathematical point of view, a SDQ requires the notion of bundle of C*-algebra
which we briefly recall following [40, App. C.19], [12, Section IV.1.6]. Setting Z, /2 :=
Z/2U{oo} and given a collection {£ ; }jef/z of C*-algebras, we denote by ]_[jef/2 A
the associated full C*-direct product, which is the C*-algebra made by sequences
(aj)jem, a; € 2A;, such that ”(a/)jem||njem9lj = sup; [lajller; < oo. Within
this setting a continuous bundle of C*-algebras over Z, /2 (with fibers {2 i} j em)
is a C*-subalgebra 2 C Hjem 2A; such that: (i) (”aj”jem) € C(Z)2) for all
(aj)jef/2 € 2, where C(T/Z) denotes the space of sequences (O‘J')jem’ aj € C,

such that o = lim;j o o3 (ii) xa € A forall a € A and o € C(Z4/2). A strict
deformation quantization (SDQ) is then defined by the following data:

1. A commutative Poisson C*-algebra 2, with Poisson structure {, }: iiloo X Q'[oo —
Aoos -
2. A continuous bundle of C*-algebras [18] 24 C Hjem Ajs ‘
3. A family of linear maps, called quantization maps, Q;: Ao — A;, j € Z4/2,
such that: )
(a) goo(a) = a for all a € s, moreover, Q;(a)* = Q;(a*) and (Qj(a))jem €
A,
(b) Foralla, b e Qloo the Dirac-Groenewold-Rieffel (DGR) condition holds:

Jim [[Q;(ta. b)) —i2j + DIQ;j(®@). Q;(®)]]g, =0. (3)

(c) Forall j € Z,/2, Qj(ﬁl) is a dense *-subalgebra of 2 ;.

In this framework j € Z, /2 is interpreted as a semiclassical parameter —in fact, i :=
1/(2j + 1) is the proper semiclassical parameter— and j — oo corresponds to the
semiclassical limit. Given a sequence (w;) ez, /2 of states such that w; € S(2;), the
semiclassical limit is obtained considering the weak*-limit points of the sequence (w; o
Q) jez, 2 of functionals over 2o, —each such weak*-limit point defines a state on .

In this paper we provide a concrete, yet general SDQ model where the relation
between classical and quantum KMS conditions (1)—(2) can be studied rigorously. In
particular we will focus on S2-valued spin lattice systems on I' := Z¢, d € N, cf.
[15,28], which are described by the renown quasi-local algebras BCI;O, B;. The latter are
C*-inductive limits of corresponding C*-inductive systems { B} s er, {B; }aer where,
for any finite region A € T, Bgo (resp. B j‘.\) denotes the algebra of observables localized
in A for the classical (resp. quantum) system, cf. Section 2.1. Within this setting classical
and quantum KMS states have been investigated in detail [15,28]. Moreover, this setting
fits within the framework of the Berezin quantization, which identifies a SDQ for the

physical system associated with finite regions, cf. [10,44].
Within this framework we may summarize our results as follows:



163  Page 4 of 40 N. Drago, L. Pettinari, C. J. F. van de

() In Theorem 2.5 we construct a SDQ for the spin lattice system associated to the
infinite region I', extending the results of [ 10,44]. This completes the framework in
which we will subsequently investigate the properties of the semiclassical limits of
KMS quantum states. It is worth to mention that the study of thermal equilibrium
leads to physically relevant results only for infinitely extended systems: Thus,
the construction of our SDQ is well-suited for the purposes of this study, cf. 1-1
below.

(II) We study the properties of weak*-limit points of KMS quantum states, in par-
ticular, in Theorem 3.5 we prove that they all fulfil the KMS classical condition
(2). This provides a rigorous derivation of the classical KMS condition from the
quantum KMS condition along the line of [32].

(IIT) We investigate further the relationship between classical and quantum thermal
equilibrium with a specific focus on phase transitions. The latter describe the
uniqueness/non-uniqueness of KMS states and are of utmost relevance for de-
scribing when a physical system undergoes an abrupt change in its macroscopic
behaviour, e.g. gas-to-liquid condensation. It is common folklore that classical
and quantum phase transition at non-vanishing temperature should be in bijec-
tion. Yet, to the best of our knowledge, no mathematically rigorous proof of this
claim has been given. In Sect. 4 we prove that, within the model S*-valued lat-
tice spin system considered in Sect. 2, under a sufficiently mild assumption, cf.
(44), classical and quantum KMS states are unique for temperatures higher than a
common sufficiently high threshold temperature. This results is a consequence of
Theorems 4.1, 4.7 which provides two new sufficient conditions for the unique-
ness of KMS classical and quantum states. Thus, our result is in line with the
claimed equivalence between classical and quantum phase transitions.

It is worth to point out that our results are companions of other existing works in
this area. In particular, [44] already described an abstract framework which covers the
Berezin SDQ for a lattice system in a finite region. Our result 1 generalizes this setting for
a specific model but allowing to deal with a spin lattice system on an infinitely extended
region: This is important because physically interesting results on thermal equilibrium,
e.g. phase transitions, can only be described on infinitely extended system. Concerning
1, in [25] the semiclassical limit of KMS quantum states has been investigated under
an assumption which is an abstract version of our Lemma 3.4. In [3] the classical and
quantum KMS conditions were related for the case of the Bose-Hubbard system on a
finite graph. Similarly, [58] deals with the semiclassical limit of Gibbs quantum and
classical states, i.e. KMS states on a spin lattice system associated with a finite region:
From this point of view, our result 1 can be seen as a generalization of [58] to a physically
more interesting scenario. Finally, concerning 1, Theorems 4.1, 4.7 are inspired by [15,
Prop. 6.2.45], which provides a sufficient condition for uniqueness of KMS quantum
states with an argument based on a quantum version of the Kirkwood-Salzburg equations.
Our result provides a classical analogous of [15, Prop. 6.2.45], moreover, it strengths
some of its conclusion—specifically the j-dependence of the inverse critical temperature,
cf- Remark 4.9. It is also worth to point out that our results cover the regime of high
temperatures. For low temperatures it was shown in [11] that, whenever chessboard
estimates can be used to prove a phase transition in the classical model, the corresponding
quantum model will have a similar phase transition provided 8% < j.

The paper is organized as follows. Section 2 describes the model of interest and
construct a SDQ suitable for our purposes. Section 3 deals with the semiclassical limit
of KMS quantum states, proving that each weak*-limit point fulfils the classical KMS
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condition (2). This requires a few technical results, c¢f. Lemmata 3.2-3.4. Finally Sect. 4
deals with the topic of classical and quantum phase transitions. In particular, Sect. 4.1
is devoted to the proof of a uniqueness result for KMS classical states, while Sect. 4.2
deals with an analogous result for KMS quantum states. Eventually the relation between
these results is discussed, c¢f. Remark 4.9, leading to the proof that, under reasonably
mild assumptions, classical and quantum phase transitions are absent for temperatures
higher than a common threshold temperature.

2. Berezin SDQ on a Lattice System

The goal of this section is to provide a SDQ in the sense of Berezin for a classical lattice
system. For definiteness we will consider the lattice 74, d € N, where to each site
x € Z4 one associates the spin space S?, in the classical case, or C2/+! Jj € Z+/2,in the
quantum case. Here j will play the role of a semiclassical parameter, the semiclassical
limit being j — oo. Within this setting the Berezin SDQ Q;: C (S?) —> M, i+1(C)
identifies a classical-to-quantum map between the algebras of observables associated
to the system [10]. We will prove that such SDQ can be lifted to a quantization on the
associated quasi local-algebra on the whole I', ¢f. Proposition 2.5, i.e. for the infinitely
extended classical system. This generalizes [44] where the Berezin SDQ for a classical
system localized in a finite region A € Z? was considered.

In Sect. 2.1 we briefly introduce the data for the classical and quantum system on a
single site x € Z*. Section 2.2 recollects the relevant properties of the standard Berezin
deformation quantization, which will play a role also for the discussion in Sect. 4. Finally,
Sect. 2.3 extends the result of [44] by constructing a Berezin SDQ for the infinitely
extended classical system on I'.

2.1. Classical and quantum lattice systems on I'. In this section we will briefly sum-
marize the data of the classical and quantum spin system we will consider for the rest
of the paper, cf. [15,22,28].

At a classical level, we will consider the lattice =74 d e N. The spin configu-

ration space := §? at each x € Z¢ is a closed symplectic manifold. By definition,

the algebra of classical observables at x € Z? is the C*-algebra = C (S)ZC),
the latter being also a Poisson C*-algebra with Poisson bracket {, }p. defined on

= C(S2).
For any finite region A € Z¢ the algebra of classical observables Bé\o associated
with A is defined by B := ®

now|S3 1= ®,cn S = (SH)A]. Notice that B2 is a Poisson C*-algebra with Poisson

vep Boo = C (Si) where the spin configuration space is

bracket{, }pa : BA x B — B2 defined on the dense -sub-algebra| B2, | := C>®(S%)

and associated with the symplectic structure of Si.

In the thermodynamic limit one identifies the C*-algebra Bgo of quasi-local classical

observables on I" with Bgo := C(Sr), where = (SH is compact in the product
topology. It is worth to point out that Bgo is the C*-direct limit of the C*-direct system
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{Bé‘o} aezd- The latter is characterized by the C*-injective maps

Ao, pA A Ao . A
(0 BAY > BY . Rlan, =an® Q) I Van, €BY. &)
xeA1\Ao

where Ag C A1 € Z9 while I, € B denotes the constant function I = 1. Denoting
by (A BA — BL the associated C*-inclusion maps we observe that

Bl = U M BY (5)
NS4

is a dense *-subalgebra of BL, . With a standard slight abuse of notation in what follows

we will identify Bé\o and LABé\O, therefore, we will drop the inclusions maps A, Lﬁ;
As described in [23], Bgo is a Poisson C*-algebra with Poisson structure defined on

Bgo In particular one observes that the maps Lﬁ? : Bé\oo — Bé\ol are Poisson, namely

A ~ A Ag ~
LA? {aA(y aA()}BAO = {LA?aA(y LA?aAO}BAl . (6)
o0 o0
Out of Eq. (6) the Poisson structure {, } BL, is defined by
3 T T
{, }Bgol B, x By, — B, {aAl’aAz}Bgo = {aAl,aAz}Bé\CIUAz. @)
Notice that, in fact,
{aApaAz}BAlUAZ = {aAlvaAz}BAlmAz . (8)
o0 oo

On the quantum side, we will consider a spin lattice system over I, where each site
x € T is associated with a finite dimensional algebra of non-commutative observables.

Specifically, let j € Z,/2 and let := M4 (C): The latter will be considered the
algebra of quantum observables at each site x € I'—as we will see in Sect. 2.2 j will play

the role of a semiclassical parameter. For any A € I' we then set BJA = Q®,cp Bj-

Then the collection {B]/.‘} Aer form a C*-direct system, cf. [15,54], with injective C*-
maps denoted by, with a slight abuse of notation,

A A A A A
60D BR - B, 30Ap = A ® @ I VAx €B, (9
xeA1\ Ao

where Ao C Ay € I' while /; € B is the identity matrix.

The algebra B; of quantum observables in the thermodynamic limit is the C*-direct

limit of the C*-direct system { B JA } aer. With a slight abuse of notation we will denote by

A B jA — B; the associated C*-inclusion maps. In particular BJF =Uper AB ]A

is a dense x-algebra of B;, moreover, ||t ap |l gr = |laa |l ga forallay € B][.‘. Similarly
J J

to the classical case we will identify B;\ and (B ]A and drop the inclusion maps 1%, Lﬁ?
when not strictly necessary.
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2.2. Berezin SDQ for a single site system. This section focuses on the standard Berezin
quantization of the sphere S? [10,13,17,27,46,53]. We will recall without proof the
main results, pointing out useful consequences which we were not able to find in the
existing literature, cf. Remark 2.2.

To begin with we consider the Lie group SU(2) and denote by {Ji}f’: | the gener-
ators of the corresponding Lie algebra su(2) with commutation relations [J1, J2] =
i J3 and extended cyclically. Adopting the standard physicist’s notation we denote by
: SU(2) — M3j11(C) the irreducible representation of SU (2) of spin j € Z, /2,
cf. [29, Section 5.4]. We will denote by

lj,m) € CH*Y me{—j, ..., ]}, (10)

the orthonormal basis of C2/+! made by the eigenvectors of DY (J3), the latter denoting
the infinitesimal generator of DWW (e 1y —we adopt the bra-ket notation, cf. [45]. In
particular

DY) j,m)y =mlj,m)  (jomlj.m') =& .
The coherent state associated with o € S? ~ SU(2)/U (1) is defined by
lj,o) = DY ()], j) = DD (e = 10@ vy 5 jy | (11)

where (¢ (0),0(c)) € (—m, ) x (0, ) are the spherical coordinates associated with
o. By a standard argument, cf. [46], the family of coherent states {|j, o)}, sz form an
over-complete set in C2/*! in the sense that

/sz lj.o)(j,olduj(o) =1, 12)

where the integral in the left-hand side is computed in the weak sense while | j, o) (j, o|
denotes the orthogonal projector along |, o) —here u; denotes the standard measure

on S? normalized so that u j(S2) =2j+1.
At this stage the Berezin quantization map Q;: B, — B is defined by the weak
integral

Qja) = /Sza(d)lj,U)(j,Glduj(U)- 13)

It is worth observing that Q j(a) > 0 whenever a > 0, moreover, || Q ;(a) ||B/. < llallBy, -
Furthermore, setting

aj(o) :=(j,0|Qj@)lj,o)= /Sza(cr/)lu,alj, o)Pduje’), aeC(S?),
(14)
one findsa; € C (S?) and a;j — a in the sup-norm. Within this setting the data

M2 (©) € Zy)2 g ' L )Qjay) jeZy)2
Bj = {C(SZ) T QBB Qjap = YT

identify a SDQ over a suitably defined bundle of C*-algebras Il jeTi3 Bj, cf.
[40, Thm. 8.1]. From a physical point of view, the semiclassical parameter is identified

w1th =@j+D7L
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Example 2.1. For later purposes, we report in this example the fairly explicit computation
of the Berezin quantization of a generic spherical harmonic, cf. [46]. In more details, let

€ C°(S?) be the spherical harmonic with parameter ¢ € Z,, m € [—{, £] N Z:
Explicitly we set
(£ —m)

Yem(o) = (“—m),’Pz,m[cosewneim"’(”) : (15)

where Py, denotes the Legendre polynomial of order £, m. Notice that this choice
of normalization is such that || Ye mll;2(s2, ) = 1, moreover, [Yemllp,, < 1, cf [55,

Cor. 2.9]. The set {Yy u}e.m is a complete orthogonal system for Lz(Sz, 1) made by
orthogonal but not L?-normalized vectors. With this convention we also have [45, Section
3.6.2]

Yem(@) = (€.m|DY(0)]€,0) = D}, (o). (16)

where Dfr{!)k(a) := (j,m|DY(0)|], k) denotes the Wigner D-matrix. By direct in-

spection we find
(J,mi1Qj(XYem)lj, m2) = /sz Yem(o)(j,milj, o)(j,0olj, m2)du;(o)

O ) T
- /sz Dr(n’)o(a)Dr(,{l)’j(a)Dr(,{Z)’j(U)duJ-(U)

Jsmi

= Gy m: j.my €C0,0: 4. »

¢ j'finlijz,frlz
denotes the Clebsch-Gordan coefficients, cf. [45, Section 3]. We recall in particular
that CG?;f"ml; P R, moreover, the coefficient vanishes unless m = m; + my and
|j1 — j2| < j < j1 + jo. For later convenience it is also worth recalling that, for all

o eS?,

where we used Schur orthogonality relations, cf. [37, Section 4.10], while

Jitj2
(1) (J2) _ Z Jymi+my J.ki+ka )
Dml,kl (O)Dﬂu,kz(a) - CGjmnl;jz,WtzCGjl,kl:jz,kz DM1+M2J<1+/<2(0) ’
J=lji1—Jj2l

which for the particular case of k| = kp = 0 and j € Z, reduces to

li1+j2 o )
. ) — Js J.m )

Vi Yimy = D CG o 0CGH i s Yimims - a7

J=lji1—=J2l
Overall we find

o . J . /
JsJ J,m+m . TN /

Qj(Yem) =CGyi o Y CGynt |jm+m)(j,m'|. (18)

m'=—j

In particular Q ;(Ye ) = 0for £ > 2j.
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Remark 2.2. In Sect. 4, cf. Theorem 4.7, we will profit of the following well-known
properties of the Berezin quantization map Q;: C (Sz) — M3 ;41 (C). The latter have
interesting and crucial consequences that we could not find in the existing literature and
which we describe in the present remark. To begin with, let

tr(A*B), (19)

1

A|B)ys =
(A[B)ys 2+l
be the normalized Hilbert—Schmidt scalar product between A, B € M1 (C). The irre-
ducible representation DUV : SU®2) — M> j+1(C), induces a new unitary representation

: SU((2) — B(M3;+1(C)), where M» 41 (C) is regarded as an Hilbert space with
scalar product (| ),q, defined by

DY (R)(A) := Adpi ) (A) = DY (R)ADYV (R)*. (20)

By direct inspection D) (R) is unitary with respect to the Hilbert—Schmidt scalar prod-
uct (19) on M341(C), moreover R > DU)(R) is a unitary representation of SU(2).
Though DY) is irreducible, DY is not irreducible and by Peter—Weyl Theorem, cf. [29,
§5.2], it decomposes into irreducible representations { D) }eez, 2- Notably the Berezin
quantizationmap Q;: C (S?) — M>;+1(C) of Equation (13) can be used to provide the
explicit decomposition of D) in its irreducible components. To this avail, let

SU®2)> R+ ReBL*S? no)) (Ra)(o) :=a(R o), (1)

be the usual left-action unitary representation of SU (2)—with a slight abuse of notation
we dropped the isomorphism SU (2)/{£I} ~ SO(3). When necessary will denote
by Ji the infinitesimal generator of R for R = e~/k. It is well known that the left-
action representation decomposes into the irreducible representations of SU(2) with
integer spin by considering the L?-decomposition of L2(S?, 1) in spherical harmonics.
Actually, restricting the action of R to the vector space spanned by {Y¢ i }me[—e,¢1nz leads
to a representation which is unitary equivalent to D).
At this stage we may observe that, by direct inspection,

Q,»<1?a>=/S2a<R—la)|j,o><j,o|du,-<o)=/S2a(a)|j, Ro)(j, Ro| du;(0)
= DY(R) / a(0)|j,o)(j,oldu;j(@)DYV(R)* = DV(R)Q;(a), (22)
S2

where a € C(S?) while we used the rotation invariance of u j and the fact that
DY(R)|j, o) = @R |j Ro) for a(o, R) € R, ¢f. [46]. Thus, Q; intertwines be-
tween the left-action representation and DU, Moreover, it is well-known that
(Qj(@)]Q(@))us = /sz /Sza(a)a’(a/)lu,alj, o) 2 dpj(o)dpo(o”)
= <a|é})L2(Sz,/}.0) = <éj|a/)L2(Sz,u()) s (23)

where we used both Egs. (13)-(14).
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Equations (22)—(23) have crucial consequences in the decomposition of DY, In

particular, Eq. (22) implies that Ra i =laoR™ j» i.e. the left-action representation
and the check-operator commute. At an infinitesimal level this implies

Aszli/ = [ASZG]j . (24)
where we observed that A2 = Zi:l JAk2 Together with Eq. (23), Eq. (24) implies that
Yeml; =cje¥em, (25)

where c; ¢ is explicitly computed using Eq. (18), ¢f. Example 2.1:

20+1
cjo = Yem|Yeml ;)22 up) = m(Qj(YZ,mNQj(Y(,m))HS

J
i 2¢+1 /
_ JsJ 2 JomAm' 2 2
- (CGK,O;J 7 2j+1 Z (CGIZ m:./',m’) (CG€ 0/, ]) ’

where in the last line we used the symmetry property of the Clebsch-Gordan coefficients,
cf. [37, Section 8].
Equations (23)—(25) imply that

{Qi(Yem) | €€{0,...,2j}, me[—L,LINZY},

form a complete orthogonal system in M ;,1(C) with respect to the Hilbert—Schmidt
scalar product (19). (As an aside, we observe that this fact provides a quick proof
of that Q;: ] By, — Bj is surjective: Indeed, for any A; € B; we may consider

aj .= Z m—_g AgmYem € Boo where Ay, = [|Q;(Ye, m)”}_ls (Qj(Yem)lAj)us
sothat A; = Q j(aj).) Moreover, Eq. (22) ensures that Q ; intertwines between the left-
action representation R — R and D). Since R —> R is unitary equivalent to D) when
restricted to the vector space spanned by {Y¢ , }me[—¢,¢)nz, it follows that DW s unitary
equivalent to D® when restricted to the vector space spanned by {Q ; (Y¢, ) }me[—e, 010z
Thus, DY is not irreducible and decomposes into direct sum of the irreducible represen-

tations of SU (2) with total spin £ € {0, ..., 2}, each of which taken with multiplicity
one.

2.3. Berezin SDQ on I'. The goal of this section is to prove that the Berezin SDQ
Q;: Boo — Bj, cf. Equation (13), lifts to a SDQ QF Bl — BF between the corre-
sponding algebras of quasi-local observables for the correspondlng infinitely extended

systems. )
To this avail we recall that in [44] the Berezin SDQ Q: B, — B; has been lifted to

a SDQ Q? : Bé\o — B]A for any finite region A € I'. In a nutshell, this boils down to
define Q j\ by linear extension of the tensor product map )., Q and checking that the
data B, B2, {Q}} ez, ) fulfil the requirement of a SDQ—here | BY |:= @), cp B« A

non-trivial task in this setting is to prove that Bﬁ is again a bundle of C*-algebras over
Z+/2: This is addressed in full generality in [44] by using the results of [36].
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To extend the results of [10,44] to the case of an infinitely extended system over I" we
need to identify a suitable continuous bundle of C*-algebras B,l; cJl Tz B]r, where

B; are the quasi-local algebras introduced in Section 2.1. Eventually we will define
suitable quantization maps er : Bgo — B; abiding by the requirements 3a-3c-3b of a
SDQ.

Remark 2.3. Let {2} iz Tz be a collection of C*-algebras. For later convenience we

recall the following sufficient condition which identifies a continuous bundle of C*-
algebras 24 C [] T3 2(; by defining a dense set of (a posteriori) elements of 2A—cf.

[39, Prop. 1.2.3], [40, Prop. C.124]. In more details, let A C Hjem 2L ; be such that:

1. Forall j € Z/2 the set {a; | (aj)jem € Ql} is dense in 2 ;;
2.Aisa x-algebra; )
3. For all (aj)jem € 2, we have (||aj||91_,.)jef/2 € C(Zy)]2).

Then

Ai=tae [] AjIVe>03j €Zy/2, 30’ €9 ||aj—a/j||2[j<8Vj>j€},
J€ZL2

(26)
is the smallest continuous bundle of C*-algebras over Z, /2 which contains 9.
The following proposition identifies a continuous bundle of C*-algebras B! with
fibers {B;}jem.
Proposition 2.4. Let B c [] ez B} be defined by
B, = Alg(V),

j€zZ2

{Q,MaA) J€Ly)2 |

an J=00

27

where Alg(V) denotes the algebra generated by the vector space V.
Then A fulfils conditions 2.3-2.3-2.3 of Remark 2.3, thus, it identifies a continuous
bundle of C*-algebras B}: over 7, /2 defined by

Bl = (@) ;7731 Ve >0, 3je € Z4/2, 3d’ € Bl : |la; —a/j||37; <eVj>=jl.
‘ (28)

Proof. Tt suffices to prove that Bj: fulfils conditions 2.3-2.3-2.3.

1. Let j € Z4/2 and consider {a; | (af)jem € B}:} - B; —a similar argument
applies for j = oo. Since Q;: Bs — B j is surjective, ¢f. Remark 2.2, the same
holds for Qj.\: Bé\o — B]‘.\ forall A € I'. This implies thatany A € B;\ C B; can
be written as Qj.\(aj,A) for some aj 5 € Bé\o. Thus, A; € {a; | (aj/)j’em € B}:}
because A; = a; for (aj/)j,ef/2 defined by a; := Q;‘,(aj,A) for all j' € Z,/2.

Condition 2.3 follows from the density of B}." in B?.
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2. Condition 2.3 holds because B}: = Alg(V), moreover, V is closed under *-conjugation.
Notice that V is not an algebra because Q;‘ (apap) # Qj.\(aA)Qé\(&A), although
this is true in the limit j — oo.

3. Forany (a;) ;7,73 € V we have

A
aillgr = i a A —> ||a A = ||a, r
Iajllr = 12 @n)ll s —> llaallgy = lasollag,

where we used that (Q;.\(a,\))jez—/2 € B2, therefore, Z4/2 3 j > ||Q§.\(aA)||BA
+ J

is continuous. Condition 2.3 follows from the latter observation together with the fact
that [| 07 (an) Q7' (a}) — OF (aad) |l g 5o, 0and By = Alg(V),

O

We now move to the definition of a SDQ associated with Bl and BL. For later
convenience we observe that, by direct inspection,
A A A A
Qll-oLAO:LAOijO VAo C AeTl. 29)

Theorem 2.5. For j € Z./2 let Q?: Bgo — BJF be the map defined by

QMan) j€Z4/2

Q' (ap) := (30)
aa J =0
where A €T, ap eBé\o CBCI;O
Then the data Bgo, B}: and {Q?}jef/2 define a SDQ.
Proof. We will prove properties 3a-3b-3c.
3a By direct inspection Q]r.(aA)* = Q]r.(af\) for all ap € BL < BL, moreover,
(Q? (ap)) jeza € B}; —cf. Equation (27)—thus, it defines a continuous section of

Bl
3b Forallap,ap € Bé\o we have
Q' (fan, anlpr) = Q' ({an, antps) = 07 (fan, anlgs)
therefore,
|05 (tan. antug) = in7 [ Q] @n). QF @] or

= |04 ({aa. an}pa) — ih;' 104 (@n). Q1 dnl| ya — 0.
J % J J J T >0

where in the last line we used property 3b for the quantization map Qj.\ : Bé\o — B jA

3¢ For j = oo property 3c follows from the density of B in BL.. For j € Z,/2 it
suffices to observe that

rpl I pA ApA A _ Rr
o' B = ot =] orBd =] B)=8].
AET Aer AEr
where we used that Q;.\: BY — Bj‘.\ is surjective together with the definitions of
Bgo and B; Since BJF is dense in B;, the claim follows.
a
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3. The Semiclassical Limit of the Quantum KMS Condition

In this section we will study the notion of classical and quantum thermal equilibrium
for the algebras B ; , J € Z4/2, of classical and quantum observables for the spin lattice
systems over I" introduced in Section 2.1. Thermal equilibrium is described by states

a)’]3 Tes (B]r) fulfilling the KMS condition, cf. Equations (1)—(2): These conditions
cover the notion of both classical and quantum thermal equilibrium.

Our main interest concerns the connection between classical and quantum thermal
equilibrium. Specifically, while the physical justification of the quantum KMS condition
has been the subject of many investigations, cf. [33,50], the classical KMS condition is
usually justified with a formal semi-classical limit of the quantum KMS condition, cf.
[32]. Our main goal is to prove that this derivation can be proved rigorously within the
framework of the SDQ introduced in Sect. 2.

In particular, using the quantization maps Q? : Bgo — B; it is possible to analyse

the semi-classical behaviour of sequences of quantum states (@;) jez, 2, @; € S (B;),
by studying the weak*-limit points of the sequence (w; o Q?) jez, 2 of classical states

on S (Bgo)—it is worth noticing that QE preserves positivity because so does Q;, cf.
Equation (13). At this stage the natural question is whether a sequence of quantum KMS
states (@) jez, /2 leads to weak*-limit points (w; o QE) jez.,s2 which fulfil the classical
KMS condition. This is in fact what happens as we will prove in Theorem 3.5.

In Sect. 3.1 we will recall the notion of classical and quantum KMS condition within
the framework introduced in Sect. 2.1, ¢f: [15,22]. In passing, we will prove a characteri-
zation of the classical KMS condition, c¢f. Lemma 3.2, which is inspired by an analogous
characterization of the quantum KMS condition known with the name of Roepstorff-
Araki-Sewell auto-correlation lower bound, c¢f. [15, Thm. 5.3.15]. Section 3.2 is devoted
to the proof of Theorem 3.5. The latter is based on Lemma 3.2 together with a result
on the semiclassical limit of the quantum derivation associated with the quantum KMS
condition, c¢f. Lemma 3.4.

3.1. Classical and quantum KMS condition on Br and BF In this section we briefly
recall the notion of classical and quantum KMS COIldlthIlS c¢f. Equations (1)—(2), for
the quasi-local algebras Br BL.. Eventually we will move to the investigation of the
semiclassical limit of quantum KMS states.

We will begin with the quantum KMS condition: Since the latter is very well-known,
cf. [15], we will streamline its presentation by focusing on the main details which will
be important for the forthcoming discussion.

The quantum KMS condition (1) relies on the choice of a strongly one-parameter
group on the C*-algebra of interest: For the particular case of BJA and B; suitable
one-parameter groups of automorphisms 72, r1 are identified by considering a family
IE = {®; a}aer of self-adjoint elements ®; 5 € B;\ C B/F We will refer to ®; A
as the potential associated with A € I': For fixed A € I" the quantum Hamiltonian

Hjale€ B]A associated to ®; is defined by Hj A := ZX@A ®; x. The latter induces

a strongly one-parameter group ¢ > r,A on B]A whose generator 8][-‘ is given by

8;\ :=i[Hj a, ]. Within this setting it can be shown that there exists a unique (8, 8;\)—
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KMS quantum state | """ |on Bj‘.\ called quantum Gibbs state and defined by

BA(A) = (=P An)

5, VA, € BY. 31
“ Tr(e PHin) A S B D

J

Uniqueness of (g, 85‘)—KMS quantum states is a manifestation of the relative simple
nature of thermal equilibrium for systems of finite size: Needless to say, this does not
hold any more for infinitely extended system.

Thermal equilibrium on B; is described by a suitable limit procedure A 1 I'. For
that, further mild assumptions on ®; are required: In particular, we will assume that

P> 0: ||y = Zek’"sup Z @ x|l gx < 00. (32)
m>0 €0 x5y !
IX|=m+1

Within assumption (32) it can be shown that & j\ converges strongly on Bjr asAtTto
a C*-derivation : Bj.r — B}.ﬂ which generates a strongly continuous one-parameter
group ¢ — 71 on B;, cf- [15, Thm. 6.2.4]. In particular, 8; is explicitly given by

6T (An) =i ) [®x.Anl=i Y [®x.An] VAreBlCB].

Xer Xer
XNA#D

For later convenience it is worth to recall that forall A5 € B;, A € T', we may compute

o) =3 e A, (33)

n=0

where the series converges in B; for [t| < A/2[|®jlx, ¢f. [15, Thm. 6.2.4].
Thus, assumption (32) ensures the existence of a time evolution on B; and thermal
equilibrium is then described by (B, 81)-KMS quantum states on B;. Notably, the

B, 8;)—KMS condition does not select a unique state in general: Whenever uniqueness
fails a quantum phase transition is said to occur.

Concerning the classical KMS condition (2) for the C*-algebras B2 and BL, we will
again consider a family ¢ = {@a }aer of self-adjoint potentials ¢ € Bé‘o, cf. [23]. For
the classical lattice system in a finite region A € T this suffices to identify a x-derivation

8210 BA — B2 defined by 62 := {, ha}, where = ) xca ®x is called
classical Hamiltonian. Similarly to the quantum case, the (8, Sé‘o)—KMS condition select

a unique state a)gg,A eSS (Bé‘o) called classical Gibbs state and defined by

iz anePhduf

A
o e g Vay € BY . (34)

b (an) ==
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The description of thermal equilibrium for Bgo, i.e. for a classical lattice system on the
infinite region I', requires further assumptions on ¢. A sufficiently mild condition is
provided by

sup ) llexllerss) < oo, (35)

xel XEr
X>x

where ” ”CI(S%\) denote the Cl-norm on Cl ((SZ)|A|)
For a family ¢ = {@a}aer of potentials fulfilling condition (35) we may introduce

a derivation |81, |: Bl — BL defined by

8h(an) =Y {an.oxtgr = Y {an.¢x}gs Van € BA CBY. (36)
Xer Xer
XNA#£D

Notice that, on account of Eq. (8), the sum over X € I isrestricted to X N A # &: This
implies well-definiteness of 850 because of condition (35). Similarly to the quantum case,
8L can be approximated by 8%, that is, 8. (aa) = limx4r 8X (ap) forallay € BS C
B};O. Thermal equilibrium on Bgo is described by considering (8, 850)—KMS classical
states. Once again, the (8, 81 )-KMS classical condition does not identify a unique state
on BL in general, leading to the notion of classical phase transition.

Remark 3.1. (i) We stress that conditions (32)—(35)—see also (37)—are minimal re-
quirements for the discussion of this section. In the forthcoming Sect. 4 we will to
specialize further our assumptions, c¢f. Theorems 4.1-4.7. In applications these con-
ditions are usually met because the family of potentials ® ;, ¢ turn out to be of finite
range, namely there exists m € Z, and d > 0 such that px = 0 (resp. ®; x = 0) if
|X| > m or diam(X) > d.

(i) Remarkably, any weak*-limit point of the sequence (w? ’A) Aer of (B, 8;\)-KMS
quantum states leads to a (8, 8;)—KMS quantum state, cf. [15, Cor. 6.2.19]. The exis-
tence of these weak*-limit points follows from a standard Hahn-Banach and weak*-

o . . B,A
compactness argument. Similar considerations apply to the sequence (ws) )aer
of (B, (Sé\o)-KMS classical states, ensuring the existence of (8, 550)-KMS classical
states.

At this stage, we are in position to set our investigation of the semiclassical limit of
quantum thermal states. Specifically, we will consider a family ¢ = {@a}ser abiding
by the condition

>0: ) eMsup Y lexllersy, < oo (37)
m>0 € x5y
| X |=m+1

The latter implies condition (35), furthermore, it ensures that the family ®; :=
{Q? (pa)}aer of quantum potentials fulfils (32). Thus, we may consider both (8, 8.)-
KMS classical states as well as (S, 8;)-KMS quantum states for such families of classical
and quantum potentials.

We now consider a sequence (a)]’? ,r) jez,/2 Where foreach j € Z, /2 the state a)f T e

S(B{) is a (B, 81;)—KMS quantum state. Since Q;: Bl — B}." preserves positive
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elements, we find that wﬁ T QF € S(By, I )is well- deﬁned—here we implicitly extended

w’j3 Mo QF Br — C using the continuity of a)] " and the density of QF(B ), cf. item

3c. By weak*-compactness of S (BF ) the sequence (a) o Q ) jez./2 has weak*-limit
points: A natural question is whether these satisfy the (,8 8L)- KMS classical condition.

This problem has already been investigated in [58] for the case of a lattice system in
a finite region. Therein it can be shown that the sequence (a)’; A, Q;.\) jez, /2 has alimit
for j — oo, moreover, it holds

lim % o Q = a)goA . (38)

Jj—00 /
In other words the semiclassical limit of the sequence of quantum Gibbs state (31) is the
classical Gibbs state (31). Theorem 3.5 generalizes this result to lattice systems on the
infinite region I'.

3.2. Semi-classical limit of quantum KMS condition. The goal of this section is to prove
Theorem 3.5, which shows that weak*-limit points of KMS quantum states are KMS
classical states.

The proof requires two main ingredients. The first one is a useful characteriza-
tion of the (8, Soro)—KMS classical condition, ¢f. Lemma 3.2: The latter is inspired by
an analogous characterization of (8, 8;)-KMS quantum states, c¢f. Remark 3.3. The
second piece of information is a control of the semiclassical limit of the derivation
6;. Specifically, for any finite region A € I', the DGR condition (3) implies that

h;I(S]/.‘ o Q;‘ — Qj.\ 0 8% — 0 strongly on Bé\o This is a key property which no-
Jj—>00
tably holds also for the lattice system on the entire I, ¢f. Lemma 3.4.
We begin with the characterization of the classical KMS condition. The following

result is essentially the classical version of the Roepstorff-Araki-Sewell auto-correlation
lower bound, cf. [15, Thm. 5.3.15].

Lemma 3.2. Let 2 be a commutative Poisson C*-algebra, let §: A — A be a *-
derivation and consider B € [0,00). A state w € S) is a (B, 8)-KMS classical
state if and only if

—iBw(a*8(a)) = —iw({a, a*}), (39)

foralla e A,

We will call inequality (39) the classical auto-correlation lower bound, cf. Remark
3.3.

Proof of Lemma 3.2. If w € S() is a (B, §)-KMS classical state then it also fulfils the
classical auto-correlation lower bound (39): Indeed, by direct inspection

—iw({a, a*}) = —iBw(a*s(a)).

Conversely, let w € S(2) be such that (39) is fulfilled: We will prove that w fulfils the
(B, 8)-KMS classical condition (2).

To begin with we observe that the classical auto-correlation lower bound implies in
particular that —iw (a*8(a)) > 0 for all a = a* € 2: In particular —iw (a*§(a)) € R for
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all a = a* € 2. This implies that w(6(a)) = O for all a € 9: The proof is a classical
counterpart of [15, Lem. 5.3.16] and will be reviewed for the sake of clarity. In particular
for a = a* € A we find

0 (8(a?) = w(a*8(a)) + w(@*5(a)) = 0.

Thus w(§(a)) = 0 on all positive elements a € 9l: Since finite linear combinations of
the latter elements generate 2 we conclude that w o § = 0.
Thus, w(8(a)) = 0 for all a € 2. Evaluating condition (39) for a* € 92 we find

—ipw(ad(a)) > —iw({a*, a}) = io({a, a*}) > ifw(a*s(a)) = —ifw(ad(a®)).

where we used that w(§(aa™)) = 0 together with the fact that [ is commutative. Thus,
all inequalities must be equalities and we find

w({a, a*}) = Bo(a*s(a)). (40)
Letnow a, b € 9l: Evaluation of (40) for a + b leads to
wleaT) +o({b, a*)) + ({a, b)) + ({6 t"T)
=w({a+b,a" +b*}) = Bw((a+b)"(a+b))
= Bules(@) + B (b*8(a)) + fw (a*5(b)) + B (b*5(D)) .
Equating the terms linear in a we find the (8, §)-KMS classical condition. O

Remark 3.3. The classical auto-correlation lower bound (39) is a classical analogue of
the quantum auto-correlation lower bound, cf. [15, Thm. 5.3.15]. To state the latter let
2 be a non-commutative C*-algebra and let T be a strongly continuous one-parameter
group of x-automorphisms on 2 with infinitesimal generator §. Then v € S() is a
(B, 6)-KMS quantum state if and only if

(41)

—iBo(a*5()) > w(a*a) log (‘”(aa*)>

w(a*a)

for all a in the domain of §. In the latter inequality the function u, v +— ulog(u/v) is
defined by

ulog(u/v) wuv >0
ulog(u/v) ;=10 u=0,v>0
+00 u>0,v=0

Notice that the quantum auto-correlation lower bound (41) trivialises to §-invariance
—i.e. wo § = 0— if A is commutative. As we will see, cf. the proof of Theorem 3.5,
the quantum auto-correlation lower bound (41) reduces to the classical auto-correlation
lower bond (39) only for suitably scaled *-derivations.

We now move to the discussion of the semiclassical limit of 8}7 . To this avail we
observe that the DGR condition (3) implies

fim ”h;laj‘(gf(%)) -0} (% Vap € BY . 42)

The following lemma proves that the same property holds in the thermodynamical limit.
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Lemma 3.4. For all ay € B2 c BL it holds

Jim 1715 (0] @n) ~ Qf 6L

(43)

Proof. Letay € Bé\o. According to Definition (30) we have

1
0 () an) =9} (0} @n) = > [ (@), 0f (wx)].
XNA£D
Similarly, the continuity of Q?: Bgo — B; implies
Q; VI8 (an)l = ( Z {aa, fpx}BA) = Z Q;'\UX({GAyﬂl)X}Bé\O)-
XNA#£D XNA#£D

Overall we have

|17 155 (@5 @) - 25 e an)]

<Y | 7107 @). 0 (001 = 01 (an. ox)ny)

XNA#£D

BjAUX
For each j € Z, /2 the series

1
3 HE[Q;\(“A)» 0¥ (@)1 — 02 ({an. ox) 51 )

XNA£D

BAUX’
J

converges on account of condition (37). We will now prove that it vanishes in the limit
Jj — oo. Notice that each term of the series vanishes as j — 0o on account of the DGR
condition (3). We will now prove that each term can be bounded as

[Q%(an), Q7 (px)] — Q3% (fan, ¢x}pa)

H W xS calloxlieng,
J

for a j-independent constant cy > 0. This will allows to apply dominated convergence,
concluding the proof.
To this avail we consider the Banach space

COSRe, C' SN =C' SN @: BY . Iflor@yoemac = sup £ @n)llerg2, -

2
OpAC ESAC

where ®, denotes the injective tensor product of Banach spaces, ¢f. [51, Section 3.2].
LetT;: Bgo — B{ be the linear operator defined by

T;(bx) ——[Q (@), Q5 bx)1 — Q3% ({aa, bx}pa) »

for all by € BX < BL,, X € I'. By direct inspection we find

175 Bx) N g < eallbxlicrsy)e, o -
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which implies that 7; has a unique extension 7;: C'(S%) ®. BL — B;. Notice that,
the DGR condition (3) entails || 7 (bx) || zr —> Oforall by € ng, X & I'. Moreover,
J j—oo

”Tj (bX)”B}" < ”Tj Hcl(gf\)‘gsgé\c”_)gl; HbX”Cl(Si)éZJgBé‘OC < ”Tj”Cl(gi)@gBé\o"_)B}f ||bX||cl(§§() s

where || T; || 1S%)®: B — BT denotes the operator norm of T;. Thus, if we were able to
prove that sup j 1Tl ()@, BA BF < o0 then condition (37) would entail that

H—[Q @n). 0 @x)1 = 01" (lan x| yox = 2° ITj@0lga -
XﬁA;é J XNA£D !

converges, moreover, it vanishes as j — oo by dominated convergence, concluding the
proof.
Thus, we prove that sup; || T} ||C1(S%)®EB£\OC_)B; < o0. For that let us consider the

linear map
1
T): C'(S}) — BY  TPby) = %[Q,A(am, 0% (ba)] — 0% ({an, balpa) -
We then "lift" TjA to

TAbA) p=j

sy [ Bys el =1, e

PEL/2

where [ | pez.2 B [/} denotes the full C*-direct product, cf. [12]. By direct inspection T jA
is linear and bounded, moreover, the DGR condition (3) implies that

~A ~A
sup || T; (ba) = sup sup [T/ (ba)]pllpa
JeZ.)2 1770z, 29 €z petLy B

sup ||TA(bA)||BA < 0,
JELL]2

forall by € C! (Si). By Banach-Steinhaus Theorem it follows that

sup H T

J€Z+]2

||C1(SA)—>HPE2+/ZB < 0.

We then c‘onsider Fhe inductive tensor product of fjA 2 C! (Sﬁ\) - I peZs)2 B,[,‘ with
Q;.\C : Bé\oc — BJAL , cf- [51, Prop. 3.2]. The latter is the unique bounded linear map

) ®: 0 : C'SH) e BY — [] By ®B},
PELy/2

which extends the algebraic tensor product YA“].A ® Q;.\C, that is,
(T ®: 0% )(ba ® bac) = TN (ba) ® O (bac)

for all by € C'(S3) and bac € BL'. Notice that ]_[pEZ 2 By ® B is a C*-algebra
once completed with its unique C*-cross norm. The uniqueness of such norm is due to the
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fact that B ]‘.\C is the C*-inductive limit of finite dimensional, hence nuclear, C*-algebras,
therefore, it is nuclear as well, cf. [12, Section 11.9.4.5]. We recall that

AA A(,' AA AC'
” j ®€ Q] ||C1(S?\)®€Bé\o[_)HpeZ+/ZB[./7\®B;‘\C ” j ”CI(S?\)_)anZ+/ZB{7\”Q] ||Bé\oc_>B]/-\C
~ A
= ||T: s
” j ”CI(S?\)_’npeZgz Bglz\

therefore, sup; ||7A”jA Qe O ac < oo. Finally, let

A€
j ”Cl (S%)@gBé\oc_)npéZ-f-/z Blj’\®B./

Ti(f) r=1J

& . oleQ2 A€ A A€ 7 o
Tj: €'Y @ BY — [] By ®BY  [T;(N)]) = {0 A

PEL4/2
Then fj is linear and continuous, moreover, by direct inspection
Ti(ba ® bac) = T/ (ba) ® Q% (bac) .
It follows that 7} = ]A"jA ®e Q?C and therefore
ITiler @ennas a7 = WTilc162 00,58~ 11z, o 5082
= IIfjA ®s Q;-\C||cl<s§\)®83§;»np€z+/2 BA®B

_ A
= ”Tj ||CI(S%\)_>npeZ+/2 Bll)\ s
showing that sup; |7 ||C1(Sf\)®ng\o” < 00.
O
We are in position to prove Theorem 3.5, which guarantees that, for any sequence
(a)f ,r) jez. )2 of (B, 5;)-KMS quantum states on B;, any weak*-limit point of the se-
quence (a)’;’F o Q?)jeZJr/z C S(Bgo) isa (g, 850)—KMS classical states. At its core, the
proof is based on the observation that the quantum (5, 5;)—KMS condition coincides

with the quantum (8/ h, hd ;)-KMS condition, & = 2 j + 1, together with the application
of Lemma 3.4 and of the classical auto-correlation lower bound (39).

Theorem 3.5. Forall j € 7.,/2 let wf’r € S(B{) be a (B, 61;)-KMS quantum state on

B;. Then, any weak*-limit point a)gér € S(Bgo) of the sequence (a)?‘r o Q?)jeZJr/g is

a (B, (Sgo)-KMS classical state.

Proof. Up to moving to a subsequence in j we may assume

. . ,r
Bl (ap) = jlgrgowf (0%(an))  Vaa € BL c BL,.

We will prove that a)fg)r fulfils the classical (8, Sgo)—KMS conditions by proving condi-
tion (39), ¢f: Lemma 3.2. To this avail let ay € Bé\o and consider

—iBols (a3 (an)) = jlin;o(—iﬁ)wf’r(Qg(a}k\(sgo(az\)))
= Jim_ (—ip)o " (0% @h) 0F (65 (a))

= lim —iﬂh;lwf’r(Qj.\(a;)ajf(gf(aA))) Lem. 3.4.

j—o00



Classical and Quantum KMS States on Spin Lattice Systems Page 21 of 40 163

At this stage we may apply the quantum auto-correlation lower bound (41) for wf ’r, cf
Remark 3.3:

— ol (01 (@})st (0 (an)) =
(0! (apQA(aA)))
I (0% an) 02 @}))

wf’r(Q?(a}k\)Q;\ (aA)) log <

Thus, the DGR condition (3) leads to

—iBol (b (an)) >

o (102 (@n), Qf<a;)])>
o (0N a}) 02 (an))
i wf’r(Q,A({aA,ax}BaAg))

— hm a) (Q (@y) Q% (an))h 11og<1+

= — lim a) (Q (@}) Q% (an))h 11og(1+

jo0 2j+1 a)f’r(Q?(a}‘\)Qf(aA))
= —i jlggowf (QA({aA,aA}BA ) = —iwh <{aA,a}k\}B§o)'

O

Remark 3.6. Proposition 3.5 has the following important consequence. Let 8 € [0, 00)
be such that there exists a unique (3, SOFO)—KMS classical state on Bgo, i.e., there are no

classical phase transitions at 8. In particular, there exists a unique limit point a)gér €

S(B;) of (w&A)A@F, cf. Remark 3.1. Let (wf’r)je%/g be any sequence such that

a)]’?’r € S(BF) is a (B, 8%)-KMS quantum state on S(BF) for all j € Z,/2. Then,

any limit point of the sequence (a) ) Q )jez,2isa (B, 6 I)-KMS classical state by
Proposition 3.5. However, by assumptlon there is only one of such states, thus, the whole
sequence (a) [ A ov j ) jez, /2 converges to the unique classical (B, Sgo)—KMS classical

states wggf. In other words the absence of classical phase transitions implies that any

sequence of (5, 8;)-KMS quantum states has a semiclassical limit.

In the particular case where there is a unique (3, Sjr)-KMS quantum state wf T on

B; —i.e., there are no quantum phase transitions for all j € Z, /2 at f— the previous
observation boils down to the equality

: ; B.A r_ Ar _ B.A r
Jim, (tim el ) 0 0 =oh" = fim im 0" 0],

where in the last equality we used the result of [58] together with Remark 3.1.

4. Common Absence of CPTs and of QPTs at High Temperatures

In this section we will explore the relation between classical and quantum phase tran-
sitions within the setting of the Berezin quantization on I", ¢f. Section 2. Our goal is to
prove that, under mild conditions, above a common threshold critical temperature there
is absence of both classical and quantum phase transitions, that is, uniqueness of both
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(B, 850)—KMS classical states on Bgo and (B, sTY-KMS quantum states on BJF for all
Jj € Z4/2 holds for B < B, for a given S, € (0, +00).

To this avail we will consider [15, Prop. 6.2.45], which provides a mild sufficient
condition on a family of quantum potential ® ; = {®; A }aer which ensures uniqueness
of the corresponding (8, 8;)—KMS quantum state on B; for all B < B;, where B;
is called quantum critical inverse temperature. This result does not suffices to our
purposes because: (a) there is no clear classical counterpart for the assumption on the
family @ ;; (b) the estimate for the critical inverse temperature §; provided in [15, Prop.
6.2.45] is not uniform in j € Z,/2, spoiling a comparison with the classical critical
inverse temperature —cf. Remark 4.9.

To encompass these issues we revised the proof of [15, Prop. 6.2.45] in order to
produce a new result which is uniform in j € Z, /2. In particular, in Sect. 4.1 we prove
a classical analogous of [15, Prop. 6.2.45], c¢f. Theorem 4.1. The latter result provides
a sufficient condition, cf. (44), on the family of potential ¢ = {@A}aer Which ensures
uniqueness for the corresponding (S, Sgo)—KMS classical state on B(l;o provided 8 < Boo,
Bso being the classical critical inverse temperature. Condition (44) is essentially a
classical version of the one required in [15], ¢f. (72), and essentially boils down to an
estimate on the sup-norm of the derivatives of the potentials 5, A € T'.

Next, we provide a uniqueness result, ¢f. Theorem 4.7, for (8, 8;)-KMS quantum

states on BY associated with the family of quantum potentials ® JA= Q; (¢ ) obtained
by Berezin quantization of the classical potential. The novelty of this result relies on the
bound on the critical inverse temperature, which is now uniform in j € Z. /2, allowing
for a better comparison with the classical critical inverse temperature. Finally, it is shown
that the assumptions of Theorem 4.7 implies those of Theorem 4.1, ¢f. Remark 4.9. For
this class of models, this establishes a sufficient criterion for the absence of both classical
and quantum phase transitions.

4.1. Uniqueness result for classical KMS states. The goal of this section is to prove a
uniqueness result for (8, SOFO)—KMS classical states, cf. Theorem 4.1. The latter identi-
fies a sufficient condition on the classical interaction potentials ¢ = {@a }aer which
ensures uniqueness of (8, Sgo)-KMS classical states on Bgo for sufficiently low g, that
is, at sufficiently high temperature. This result is inspired from [15, Prop. 6.2.45] and
adapted to the classical setting. In the forthcoming sections we will present an analogous
uniqueness result in the quantum setting, cf. Theorem 4.7.

Theorem 4.1. Let ¢ = {pp}aer withp € C* (Si), s > T7/4, be such that

lello,s = E (CAK)™ sup E lpallcas g2y < +00, (44)
m=0 XL | A|=m+1
XEA

where || || c2s %) is the C* -norm on C* ((S*)!*) while Ky > 1and Ca > 1 are defined
by

Z 20+ 1)°/2

Car:=1|1-A s 45
TEYTEShG A= s2llc2s2)— co(s2y (45)

€Ly
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the latter being the operator norm of 1 — Ag : C2(S?) — CO(S?). Then there exists a
unique (B, 850)—KMS classical state on Bgo forall B € [0, Bo.s) where

log2
Bos :

= 082 (46)
2CSAKS ”§0”0,s

The proof of Theorem 4.1 is rather long and will take the whole section. For the sake
of clarity we start by collecting some observations in a series of Remarks 4.2-4.3-4.6.
Together with Lemma 4.4 these will develop all technical tools need for the proof of
Theorem 4.1.

Remark 4.2. For later convenience we will recollect in this remark a few useful obser-
vations concerning the Fourier-Laplace expansion on S? and Si, A Er.

With reference to Example 2.1 we denote by Y, , € By the spherical harmonic
with parameter £ € Z,, m € [—£, £] N Z. With the choice of normalization of Eq. (15)
we have || Yy |l B, < 1, moreover, the set {Yy ;. }¢,, is a complete orthogonal system
for L2(S?, o) made by orthogonal but not L2-normalized vectors. In particular for any
a e L%S?, o) we have the following Fourier-Laplace expansion:

4
a=Y" Y al.mYem. al.m):=QL+1)(Yenla)2s,,) - (47)
Lely m=—L

It is worth recalling that the series in Eq. (47) converges in the L?-norm, moreover, the
series converges uniformly with all derivatives if a € Byo. Furthermore, for ¢, s € Z,

la(e, m)l = L+ D1+ L€+ DI [(Yeu|(1 — Ag2) a) 1252 )
S CAQE+ DI+ L+ DI lallcas gy 1 Yemll 1 s

< »140)
< CLEE+ D21+ e+ D] lall e g -

where Ca has been defined in Eq. (45) while we used the eigenvalues property —Ag2 Yy
= {(€ +1)Y; ;, together with integration by parts and Cauchy-Schwarz inequality. The
bound above ensures the uniform convergence of the series in Eq. (47) provided that
1/2—2s+1 < —1,the additional +1 factor arising from the summation overm € [—¢, €].

The previous considerations generalize to the case of Bé\o, A &€ T. In particular, if
Cp € ZD and mp € ZM, with my € [—Ly, £ ] N Z forall x € A, we set

Yeyums =) Ye,m, € BS . 48)
xeA

The Fourier—Laplace expansion of ap € Bé\o is given by

an=Y Y alnma ey aamp) = ([TCLA+D)Veymalan) 2z )

LA€ZL MA xeA
(49)

where we may estimate

N (20, + DH1/2
ln, < csIM = Z s .
la(la,mp)|l < Cy x];[\ (040, + D laallcas2)
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Remark 4.3. Let o}, € S(BL)) be an arbitrary state on BL. Then o is uniquely
determined by its values on B2 forall A € T'. On account of Remark 4.2—cf. Equation
(47)—it suffices to determine the values

o (Ua,mp) =08 Yoy my), oo, mg) i=wi () =1, (50)

where £, € N® whilem, € Z* are such that m, € [—{, £x]NZ forall x € A. Notice
that we avoided to consider the case £, = 0 for some x € A because of the following
compatibility condition: If £, = O then

ko a.mp) = 0% Yoy my) = 0h Yoy pmay) = @b (Ca\(x)s MA\(x)) -

At this stage we may regard QI;O as an element of a suitable Banach space X. The
latter is defined by

X:={f=(fa)aer| fa: {(ta.mp) € N* x Z% |my € [y, 41N Z Vx € A} — C:
I fllx == sup sup |fa(€an,mp)l < oo}, (51)
AGT lp,mp
where fz € C. It is worth observing that ng € X because of our choice for the
normalization of Yy, ,,, ¢f Example 2.1, which ensures that || ng Ix <1
Summing up, a state a)go es (Bgo) is completely determined by the corresponding
element 0’ € X.

The following Lemma is crucial and shows the relation between the classical (3, 5;)-
KMS condition and the action of SU (2) (in fact, of SO (3)) on Bgo. In particular for all

x € I'let R, € SU(2).Recalling Sect. 2 let € B(L2(S?, no)) be the corresponding
unitary operator on LZ(SZ, o) defined by ﬁxax = dy o R;l. If Ry = exp[Dy], D, €
su(2), we will denote by ﬁx the vector field on S)ZC corresponding to the infinitesimal
generator of Iéx (1), where R, (t) := exp[t D, ] —for definiteness Iéx (1) = exp[—itﬁx].
The action of R, on BZ, can be lifted to B. by setting, for allay € B2 and A € T,
Riap(op) i= ap(o)) with op = (0y)yer, o) = (oy’)yeA being (r; =o, fory # x
while o/ := R 'oy.

Lemma 4.4. Let wff € S(Bgo) bea (B, Sgo)-KMS classical states. Then, forany x € T,
R, € SUQ2) and ap € BL, A €T, it holds

(ugér(a[\) — a)gér (eﬁ YxaxU—Ro)ox IéxaA) ) (52)

Remark 4.5.

(i) Lemma 4.4 is inspired by [24, Prop. 5], where Eq. (52) has been proved in the
context of finite dimensional Poisson manifolds. Equation 52 can be understood as
an adaptation to the present setting.

(ii) Notice that the element ) xox I — Iéx)wx € Bgo can be interpreted as the difference

hr — Iéxhr between the (ill-defined) classical Hamiltonian hp = ) xer ®x and its
R, -rotated version: Loosely speaking, the locality of the involved rotation ensures
that the above difference is finite.
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Proof of Lemma 4.4. Let Dy be the infinitesimal generator of R,. Since S)ZC is a sym-
plectic manifold and ﬁx is a Poisson vector field on S)%, there exists a closed 1-form
oy € Ql(SJZC) such that Dya, = m,(day, ay) for all ay € Bg;o, 7, being the Poisson
bitensor associated with the symplectic 2-form on S2. Let {U,} be an open cover of S2
such that oy = dgy,, gu, € C*(Uy), and let {xy, } be a partition of unity associated
with {U,}. It follows that, for all a, € Bgo

bxax = Z bx(XUxax) = Z{XU,\-a)h 8U, Jx -
Uy Ux

The latter identity and the (8, Sgo)—KMS condition leads to

Wby (Dyap) = —pabs (aA > xw Y s, 90X}) = 5wgér[( > ﬁwx)az\] :

Uy Xox X>ox
(53)

Integration of the latter identity leads to Eq. (52). In more details we first observe that

> U= Rogx = (7 = Ry, hy = > exe€BL,
X>x Xcy

where the limit converges in the B! -norm. We then consider the function

BT BY xcyU—Rc)ox
wy (1) = w5 [6 X>x Rx(t)aA:| ,

where Iéx(t) = exp[—itﬁx]: Notice that
W (eF Dxr =R Ry ) = lim oy (1)
Y1ir
By dominated convergence and on account of Eq. (53) we also have

B.r

BY xcyU—Re(t)ex
—iwy (1) = 0w |:e

X5 (1D Rean] = BRi(an) Y bxéxa)wx)]
Xcy
X>x
B xcyU—Re()ox A
= —poly [e X [Re(anl Y wax}

Xcy
X>x

s~ [ PTxcrU-Raex
+ oo [Dx<e X5x [Rx(t)aA])]

BY xcyU—Re@)ex .
[e X5x [Re(Dapl Y wax}

Xcy
X>x

= Bk

B.I'

BY xcyU—Ramex
+ Bwed |:e

Xox [Ry(t)ap] Z Dx(/’X]

X>x

B.I"

BYxcyI-Re)px
= Bwx [e

X>x [Ry(t)ap] Z ﬁx(/’X] .

XNY 42
X>x
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By direct inspection we also find

lim sup |wy(®)| =0,
Y1 t€10,1]

thus, we have
~ 1
r —R. A . . . . r
wgé (eﬂ 2xsx RUWXRxaA) = }ITH% wy(l) = %lTn} wy (0) +11V1%nF/0 oy (H)dt = wﬁg (ap) .

O

Remark 4.6. Lemma 4.4 suffices to prove Theorem 4.1 for the particular case 8 = 0,
where the assumption (44) on the potential {¢a}aer is not needed. In this case the

unique (0, 850)—KMS classical states a)gg,r coincides with the normalized Poisson trace

oA (@) = [ anendufon). (54

A

Although this can be shown with several methods, it is instructive to prove it with the
help of Lemma 4.4: This leads to a first intuition on the strategy we will employ in the
proof of Theorem 4.1.

Let w&? € S(B};o) be a (0, 350)—KMS classical states: We wish to prove that the

associated element Q&f € X is necessarily of the form

1 A=0o
g‘;*or<eA,mA>=!0 Ao (55)

This implies that a)gg,r abides by Eq. (54) on account of the Fourier-Laplace expansion

(49). To prove Eq. (55) it suffices to observe that Lemma 4.4 implies a)gg)r oR, = a)ggf.

Let A €T, 05 € NA mp € Z%, my € [—4y, 0] NZ forall x € A. For a fixed
x € A we compute

&%V (Up,mp) = 0% (Yeymy) = / @2 (R Ye, my)dRy
SU(2)

- wgg( f kaZA,mAdRX) )
SU(Q2)

where dR, denotes the normalized Haar measure on SU (2). At this stage we observe
that the irreducibility of the left-representation of SU(2) on the space generated by
{Ye, m, }m, entails

/ Ry Yy, m,dRy = 8) 8, . (56)

SUQ) *

This implies

/ IéxYlA,mAde - / Rx Yﬁx,mdex ® YZA\(X)smA\{,\') - 52(5,(,)“ YZA\(J;),mA\(X} =0 s
SU((2) SU(2)

where in the second equality we used that £, € N.
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Proof of Theorem 4.1. Let ob2' ¢ S(BL) be a (B, 8L,)-KMS classical states. We will

consider the associated element ngr € X as described in Remark 4.3: Our goal is to

prove that g&r is the solution to a linear equation in X which is unique under assumption
(44).

To begin with, we choose an arbitrary but fixed bijection I' >~ 7Z and induce an
ordering on I' based on such map. Thus, for any A € I" we may set x := minyep y
where the minimum is taken with respect to the chosen ordering. The choice of the
ordering is only made to select a distinguished point x € A forany A € I'.

Let now ¢4 € N* and my € Z" be such that m, € [—€y, ¢y,]NZ forall y € A.
Proceeding as in Remark 4.6 we compute

I
WP n ma) =B Vi my)

I R
:U)go (/ - Rx)YZA,mAdRX)
SU(2)
= wff(/ ([ —ef ZX?”(I_Iéx)wx)YKA,mAdRX) ’
SU(2)

where in the second equality we used that R, +—> Ry isa unitary irreducible represen-
tation when restricted on the vector space generated by {Y¢_,, }m, while £y € N, ¢f.
Remark 4.6. The third equality is nothing but Eq. (52). The exponential in the last term
can be expanded in a series converging in BL,, thus,

B" r
B nma) ==Y = b H(l Ro)@x, Yoy mydR;
n! SUQ)
n>1 Xl’ ,Xn k=1
xeXN..NX,
IB”
== Z Z [T Cxon Cxy o ak,
a1 X byl TSV k=
xexm ﬂX,lmxl, mxn

By
a)go (fol,mxl "'YZXn,anYZA,mA)v (57)
where we used the Fourier-Laplace expansion discussed in Remark 4.2 and set

Cxteore Exomx) = ([ @exey + D) Yeem, |0 = RO,
yeXi

(2x,y + 1) ) i .
= ’ Y, I— RO - Ag x)° :
(ygk [1+Ex,,y(Ex,,y + DI e |0 = RO = A5z x) (px")Lz(Sik»ug")

X
L2(S%, 10"

where Ag x, = @
2
acting on Sj.

At this stage it is important to carefully analyse the product of the spherical harmonics
appearing in Eq. (57):

yex; As2y denotes the tensor product of the Laplacians Ag |,

Yﬁxl Jmx; le,,,mx,, Yopma

= ( 1_[ YZA-.‘"mAwV) 1_[ YZA,th/\,y YZXl,y”/th,)' o YZXn,ya’/th,)' ’

yeANSS yeS,
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where we set = X U...U X, while l x; € Zf” denotes the extension of £y,

obtained by setting l Xi,y = O0fory ¢ X; —my, is defined similarly. In particular, by
an iterated use of Eq. (17) we find, for all y € §,,,

YE - | | YZ -
AysTA,y Xp,y MXp,y

k=1
eA,y"'eXl.y n
= Z Csy1 Ysyyl”;’Aw“ﬁXl’y I I Yng,thxk,v

Sy,lzle,y_le,_\‘l k=2

n
= Z ( 1_[ C‘YA\"’C)YS}'J!»’;‘A,y*";le,y+~-~+’;an,y ’
Sy, 1s-e58y.n k=1
sy k—1=Cxp,y <8y k SIsy k—1+Ex; v

where ¢;, .k € {1, ..., n} are defined in Eq. (17)—we omitted the m-dependence since
it will not play any role The particular values of ¢, , are not important, however, we
crucially observe that |cy, | < 1. For later Convemence we also observe that

ZA.)""ZXI,;* Sn—],y“'ZXn,y
N(x,, - tx) =[] 3 3
yESn Sy, 1:|EA V_ZXI yl 5)'.n:|5n71.v_zxn yl
< TTT1@0xs+ 0 =TT [T exir s .
yeS, k=1 k=1 yeXy

because Z?;}Ta— p| = 2min{a, b}+1. This implies that, once considering the product over
y € S, and expanding the resulting sum, the product of spherical harmonics considered

above can be written as a sum of at most N({x,, ..., £x,) terms of the form ng mk

where £§ ,m§ k=1,...,N(tx,, ..., Lx,), are built out of £rns,, £x,, .. .an. Ex-
plicitly we have

Yexlymxl T Yixn,mxn YZA,mA

n
= ( 1_[ YZA,yvaJ‘) 1_[ Z (1_[CS)'JC)Ysy,n»’hA,>'+’;‘X1‘y+~~-+’;‘Xn,y

yeANSS YES, Sy, 1ssSyn k=1
NEx,...slxy,)

yEANSS k=1

where the explicit expression of the coefficients C’ (ékn, mlgn) will not matter in the
forthcoming discussion, however, it will be important to observe that |C’ (ﬁkn , mlgn ) <1
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Summing up, any (B, 8,,)-KMS ws, € S(B,,) fulfils

Pl (U, mp) =

> Py z/s [T Cxonexe

S Xy lxprentyy TSV @ k=1
xEXlﬂ F\X,,mxl LMy,
N(x,-lxy,)
10 pk k B.T
mx)dR: Y. Cl(dh mb ol (Yeg w1 Yensmay)-
k=1 " yeanse

Let| X (n, A) | := AUS andset £y, =€ Cansg (e b, o) = Cayify € ANSS

and EX(n Ay = S v if y € §,) and 51m11arly mxm,n) = ms,mansc. Then the above
equality can be written as a linear equation in X, in particular

(1 — LE)ahl =5. (58)
Here § € X and Lgo € B(X) are defined by

1 A=
8,(Cn.mp) = {0 A#‘;, (59)

while for all f € X we set (L f)e =0and

ﬁo@A(eA,mm::—Zﬁ—T > Z fs l_[kaR(ka,mxk)de

n=1 " XXy V@ =
xGXlﬁ ﬂX,lmxl ..... mx,l

NWxy,...tx,)

Z C/(egn’mgn)fx(n,A)“];((n,A)’ mlg((n,A))’ (60)
k=1

for all non-empty A € I' —we recall that we set x := minyep y.

At this stage we may bound ||L§o||93@ in such a way that ||L’§o||3@ < lif Bis

small enough. This will ensure that (58) has a unique solution Q&F € X, therefore,

its associated state wf;f will be the unique (8, Sgo)—KMS classical states on Bgo. (In

passing, the forthcoming estimates will also prove that Lgo is bounded on X.) To this
avail we observe that,

sup [(L5 )A€, mp)l < ||f||xZ— > Z 1‘[|ckax

Easma n>1 " XX fxpaes SUG) k=1
xeXiN.. ﬂXnmXI ..... an

(tx,. mx)| [ ] @exp.y + DdR,,
yEXk
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where we used the bound on |C’(£kn, mlgn)| and on N({x,, ..., {x,). Moreover, pro-
ceeding as in Remark 4.2 we have

n
> /S [TICxer Expomx)l [] @expy + DdR,
£x 5o bx,

U@ = yeXy
X e X
n

(Ux,.y + 12 X,
< Z 2" H( 1_[ 1¢ (CsA) ‘ ”(/)Xk”CZY(S%(k)

1+4x, (£ +1
Expsorly, k=1 yeXk[ Xy (Exey + 1)

n
— 211 l_[(CSAKY)|Xk| ||(PXk ”CZS(S%(]{) ’
k=1
where K has been defined in Eq. (45). It follows that

2B8)" .
sup (LA f)a(€a.mp)l < ||i”l2% > sk ™exdica e, )
k=1

Easma =l X1 Xa
xeX1N...nNX,
1 n
S X
=ik > :;(2/3 Y €Lk |||‘PX||C2S(S§)> :
>l Xer
xeX

Finally, we have

> €K M oxlcagzy = D€K™ Y0 llexllene,
Xel m>=0 | X|=m+1
xeX xeX
< Q€A™ sup YT llexleas gy = CaKsllglo,s -

m=0 Y x|=m+1
xeX

where ||¢||o.s has been defined in Eq. (44). Thus, Lgo € B(X) with
1% llm00 < exp [2C5KsBllollo.s | — 1.

which implies ||L§O||3@ < 1 provided 8 < Po., where Bp s has been defined in
Eq. (46). O

4.2. Uniqueness result for quantum KMS state. The goal of this section is to prove a
uniqueness result for (3, 8;)—KMS quantum states on B;, cf. Theorem 4.7 The latter
applies under hypothesis very similar to those of Theorem 4.1. In fact, Theorems 4.1,
4.7 will imply that, under suitably mild assumptions, for high enough temperatures there
is absence of both classical and quantum phase transitions, ¢f. Remark 4.9. The proof
of Theorem 4.7 is inspired by [15, Prop. 6.2.45], see also [30], although it requires a
different argument to ensure a uniform bound on j € Z. /2.
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Theorem 4.7. Let ¢ = {pp}aer with ¢ € C>* (Sﬁ\), s > 7/4. Let assume that there
exists € > 0 such that

l@lles = D (@K CRY"sup Y lloxllcagg) < +0o, (61)
m=0 YEL X |=m+1
X>y

where Cs > 1 and Ca have been defined in Eq. (45). Then there exists a unique (B, 8;)—
KMS quantum states on B{for all B € [0, Be.s) where

(62)

Bes = — :
o e 2K, Co g

The proof of Theorem 4.7 is similar in spirit to the one of Theorem 4.1. As such, it
requires a few technical observations which we will recollect in the following remark.

Remark 4.8.

(1) Recalling Remark 2.2, the set {Q j (Y¢, ;) | £ € Zy, m € [—£, £]NZ} is an orthogonal
basis of B; = M;;,1(C) with respect to the Hilbert-Schmidt scalar product (19)
—mnotice that Q;(Yy ) = 0if £ > 2, ¢f. Equation (18). In what follows we will
normalize Q ;(Y¢ ) by setting

Yilem = J%Qj(ye’m)7 (63)
where ¢ ¢ > 0 has been defined in Eq. (25): With this choice we find
1
1Y 1.mllus = Wk 1dj1emllp; < 1. (64)
Indeed by direct inspection we have
) 1 1 . 1
19 j1e.m g = C;(Qj(Ye,m)IQj(Yz,m))Hs = 617<Y€,m|Yl,m>L2(Sz,MO) =50l

where we used Egs. (23) and (15). Moreover, for all ¥ € Cczi+l

T
' 2 _ Z Jomm' 20 i N2, 2
||1ZJJ|€,mW|| = Cie (CGZ,m;j,m/) (CG(,();jyj) |<Jam [¥)]
Js m/:_j

J
jom+m' 2, . 2 2
= > €y G m 1P < D,
m'=—j

where we used the explicit expression obtained in Example 2.1. It is worth to mention
that further properties of the matrices Y j¢,,» have been studied in [34].

For any finite region A € I" we define € le.\ by setting

. X A r
Yiieama = @ Yjieom, € Bf C B,
xXeEA
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where £, € Zfr‘ and my € 7 are such that m, € [—£,, £,] for all x € A. Then
Yjteama 1 La € ZE, mp € Z™, my € [—Ly, £x] ¥x € A} is a orthogonal basis of
ij.\ with respect to the Hilbert-Schmidt scalar product (19). In particular,if Ap € ij.\
then

Ap = Z ( H(%X + 1))(5j|z,\,m,\IAA)HSH/\EA,mA , (65)

ba,mpy  XEA

See Eq. (49) for comparison.

(ii) A crucial step in the proof of Theorem 4.1 is the use of Eq. (56), ¢f. Remark 4.6.
Thanks to Eq. (22) an analogous property holds in the quantum setting. Specifically,
by proceeding as in Remark 4.6 we find

- 1 ~
DY (R)Y g mdR = Q(/ RY, dR) =0. (66)
[sm) it Vi \Jsuey "

(iii) Similarly to the classical case, ¢f. Remark 4.3, any state wlr. €S (B;) is uniquely

determined by its associated element Q? € X defined by

Slnmn |1 A=o
LA AT w]r(Hj\eA,mA) AN#D°

Notice that w j is an element of X, ¢f. Remark 4.3, because of the bound
lw;j(n,ma)| = lwj(djienmp)l < ||9j|zA,mA||B§\ <1,

where we used the second inequality in (64).

(iv) For later convenience we also discuss a quantum version of Eq. (17). Indeed, once
again thanks to Eq. (23), an analogous identity holds for the Y’s. This can be either
argued by observing that the Y ¢ ,, are spherical tensors of order £ with respect to the
representation D), cf- [45, Section 3.11], or by direct inspection. In more details,
let€y, 4> € Zy and my, my € Z with my € [—€g, £i], k € {1, 2}. Equation (65) leads
to

Yitermi jtems = D _QCE+ DY jiemysms |9 j1e1.mYjieama dus D jle.my+ms »
14

where the restriction to m = m1+m> is obtained by acting on both side of the equality
with DU (e%%) or by computing the coefficients directly.

Equation (67) can be seen as a quantum version of Eq. (17). Moreover, the coefficient
appearing in Eq. (67) can be computed in a fairly explicit fashion. In particular we
find

Q2L+ DY j1emi+ma 1Y j1er,m1 9 j162,mo ) s

J
— Z cgM oM gl M2
2j +1 Com;j, M= Ly,my; j, My~ ba,ma; j,M
MMy, My=—]

=Jl+D2j+1)

)

l,m ] ] 62
CG@l,ml:lz,rM {Z Ly j }
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where we used a few properties of the Clebsch-Gordan coefficients and the definition
of the 6 j-symbols, cf. [37, Sections 8.7 and 9.1]. Notice that the appearance of the

Clebsch-Gordan coefficient CGﬁ’lmml -0y.m, CDSUTES that the coefficients vanish unless
€1 — €y] < € < £y + £, Moreover, since it is known that the matrix

Cpg :=2p+1/2q+1 {2 ﬁ 2’} ,
is orthogonal, cf. [37, 9.1.1],we have

2L+ DY j1e,mirma 1Y j1er,m1 9 j1ea,modus| < 1.

Overall we have
L1+4o
Yiem djieam = Z QL+ Dcjiemym D jlemirms s lcjleml <1, (67)
=61 —L2]

which will play the same role in the proof of Theorem 4.7 of Eq. (17) in the proof of
Theorem 4.1.

Proof of Thm. 4.7. Let wf’r € S(BY) bea (B, 87)-KMS quantum states and let Qf’r €
X be its associated element of X. Proceeding as in the proof of Theorem 4.1, we will
prove that Qj T is a solution to a linear equation in X which admits a unique solution
under assumption (61)

To this avail we consider the ordering on I" induced by an arbitrary but fixed bijection
I' >~ Z and set x := minyep y for A @ I'. Let £ € N2 and mp € Z* be such that

my € [—Ly, £y] N Z for all y € A. Equation (66) leads to
o (U mp) = o Yienm,)

= a)]ﬁl"(/ [y.iIZA,mA - D(j)(Rx)(léjw,\,m,\)D(j)(Rx)*]de>
SUQ2)

=o'’ (/ Yjienma DV (RO*(I — I};)D(~/)(Rx)de) ,
SUQ2)

where we used Eq. (66) and the (8, 8T)-KMS condition. We observe that DY) (R,) €
B}‘, thus, ri%(D(-/)(Rx)) can be computed using Eq. (33) for 8 < A/2(|® ||, where
CDJ',A = Q?(QDA) We find

Q?’F(KA, mp) = — Z (—nﬂ!)” Z

n>1 D ST Xn
X NSy 1£2

B.r . ) * - )
w; (,/:SU(Z) 1é]|€/\,mAD (Ry) (adQ;(”((ﬂxn) adefl((le))D (Rx)de> s

where Sp := {x}and S, := S,_1 U X, forg > 1,ad4(A’) :=[A, A']. Denoting by

W, := DY (R,)*(ad ~--ad DY'(R,),

07" (wxy) 07 (gxy) )
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we find

Wi = DD (R)* 0 (px)DV(R,) — 0F (9x)) = Q7' (Repx,) — Q7' (9x,)
(68)

and by induction
X4, 5 Xy
Wy = Q" (Repx )Wy—1 —Wg10,;"(¢x,) qg=2,....n. (69)

Out of Egs. (68)—(69) one may find a reasonably explicit expression for W,,. To this avail
let

v | Reox p=+
Xl ex p=-
We consider the set ¥ := {Q;(' (%jftl ) RV Qj.(” an)} with an order relation > defined

by
X W) = 07 Wk, ) == X (k) = 0F (W) = 0wy
= 0T (W)

For two elementsin A, B € ¥ weset A-. B:= ABif A > Band A-. B := BA if
B = A.Then

= Y o o).

pe{E1)

At this stage we proceed similarly to Theorem 4.1 by expanding each ¥ y-term in its

Fourier-Laplace expansion, cf. Remark 4.2. In particular we have for all k € {1, ..., n}
and p € {+, —},
X
Qi Wx) = D CitxipCxeps mxep)Yilex pomnyp Cixep Exips MXpp) =
Expe,psMXy,p
(TT iz, Clxipy + )Y vl ) x;
]@X Py Xi,p.y ZXk,pvak,p Xk L2(S§( ,M()])'
yeXk J
Thus, we find

8,7 _ =p)"
W Uama) == > > o H Xe.p X5 p-
A=l X Xy pe(£l) tx,,p. k=1
XqﬂSq_I;é@ le P me, P

B (y. . .
kasP)de w5 1d}IKA,mAy}Iﬁxl,p(l),mxl,p(l) Raliiine g}lexn,p(m,mx,.p(n) :
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We then expand the product of the Y’s factors by means of Eq. (67) in exactly the same
way we did for the classical spherical harmonics. Setting S, := X; U ... U X,, we find

yjlevaHjll)(l,p(l)smxl,p(l) - ijxn‘p(n)amxl,p(n)
n
( 1_[ 9]\@[\ ysMA v) 1_[ E ( l_[ Cj,S)',k)9S}',na7;lA,y+”~1X1.p(l),y+~--+’;an,p(n).y
yeEANSS YES; Sy, 1s--Syn k=1

N(exl,pw-»fxn,p)

/ k k
1_[ ldj\ZAvy,mA_y) Z Cj,p(ﬁ ' msn)ij’gn‘m’gn ,

yeANSE k=1

where |C’; p(ekn, m’ )| < 1 while

n

N, p ) <[] [] @lxipy +1-

k=1yeXj

Setting again X (n, A) := A U S, we have that for any (8, 8\ )-KMS quantum states

a)’j Tes (Bjr) the corresponding element Qjﬂ T

€ X solves the linear equation

I -LHe=35. (70)

where § € X has been defined in Eq. (59). The operator Lf : X — X is defined by
setting, for all i e X, (Lfi)g = 0 and

UHINONOSESDS Lf.) > X Z /S l_[ 1% p Exgpe

n>t T XX pe(EL Ly . U@ =
XgNSy—1#2 le po- an )
N(ex,lxy)
ko kg k k
ka,p)de Z C},p(zsn’mSn)fx(an)(EX(n,A),p’mX(n,/\),p)’ (71)
k=1
for all non-empty A &€ I' where x := minycp y while £x @A), p,y = £,y for all

yeANS; and €xu p),p,y = Ls,,p,y fory € S,.
It remains to prove that Eq. (70) has a unique solution under assumption (61). To this
avail we observe that

(L Hatea.mpl < I flx Y. i—’: DD

n=1 " Xi..X, pe{£ln
Xqﬂsq_l;é@
x Z / H|C X Cxeprmx )| [ @xeopy + DRy,
Cxp poeenslinp 25U P k=1 yeXy

mxy,p» an P
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where we used the bound on C}’p and N({x, p,...,Lx,, p). Moreover, again as in the
proof of Theorem 4.1, we find

Z /S l_[ 1C x5 p (EXp,ps M X, p)] 1_[ (2lx;,p,y + AR

Exy poeensCXp, U2 = yeXy
mx,.ps mX,l P

n 5/2
2 : l—[ H Qex,py+ 1) S1Xe]
< ( — )C g ||§0X ” 25 (Q2
(14 Lx, pyUx; py+ DI A ellex @t )

(Xl p,u.,exn P k=1 yeXi

= H(K C ™ M lexllca s, ) -
k=1

where Cx and K have been defined in Eq. (45). The above estimate is uniform over
p € {£1}", therefore,

2p)"
(LE frata, ma)l < IfIxd == > H(K D M lgxllengs, -
n>1 ’ X1,..X, k=1
XqﬁSq,l;é@

Finally we apply the following estimate, cf. [15, Prop. 6.2.45]: If ax € Ry forall X € I'
then forall S € I'

Y <Y Ya=YY Y < Yap Y

XNS#D xeS§ Xox xeSm>0|X|=m+1 m>0x€F|X|_m+1
X>x X>x

and by iteration, for §1 = {x} and S, := X, U S, 1,

E ayx len E sup E ox, E ax,  ---ox,

X100 Xn my =07E0 1 X |=m+1 X2, Xn
XyNSy—1#9 X3y XyNSy—1#9
n
< Z H(1+m1+...+mk_1)sup Z ox,
mi,...,m, >0k=1 yer [ Xk |=my+1

X2y

n
<n!8_”e5<2e sup Z ozx> ,
m>0 YU | X|=m+1
X3y

where in the last line we observe that, for all A > 0,

]_[(1 e rmpy) < (Lemy+...+my)" < nle et dHmitsmn)
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Therefore, setting oy := (K;C%)X! lpxlleas g2,y we find
(LE fraea. ma)l

n
<||i||x€82(28I,BKSCZ)"(Z(esKSCZ)’"sup > ||90X||c2s(gg()>

n>1 m=0 YET | X|=m+1
X>y

=l flxe* Y e~ BKCLliglle.s)"
n>1

267 BKCRll@lle.s

- 2871:8KSCSA”¢”8,S '

_ &
= £ lxe*;

where we used assumption (61) and considered 8 < &/2KC ||l¢||¢,s—notice that the
latter value is lower than the previous bound 8 < &/2||®; ||, necessary to ensure the

expansion of rl.ll; (DY (R,)) according to Eq. (33). It follows that L'? € B(X), moreover,
261 BKCyllg]le.s

1- 2871:3KSCSA||§0”8,S

provided that B < B¢, B¢.s being defined by Eq. (62). |

IL%1x < ef

Remark 4.9. (i) By direct inspection assumption (61) implies (45). Thus, condition (61)
is a sufficient condition which guarantees uniqueness of both (8, 3};0)—KMS clas-
sical states and (S, 8; )-KMS quantum states for all j € Z,/2 and for 8 < Be.
In other words, (61) ensures the absence of both classical and quantum phase tran-
sitions at sufficiently high temperature. Furthermore, since ||¢|lo.s < [l¢|ls,s and
e(1+e)~ ! < log 2, it follows that B, s < Bo.s, that is, the corresponding quantum
inverse critical temperature is slightly lower with respect to the corresponding clas-
sical one—This ensures absence of phase transition starting from a common critical
inverse temperature.

Moreover, on account of Proposition 3.5, ¢f. Remark 3.6, in this situation the classical

limit lim jﬁoow'j.”r o Ol of the unique (8, 61)-KMS quantum states ! e S(BT)

J
coincides with the unique (8, Sgo)-KMS classical states wc’fgf es (Bcl;o).

(ii) It is worth to compare Theorem 4.7 with [15, Prop. 6.2.45]. The latter provide a
sufficient condition for the uniqueness of (3, 8;)—KMS for fixed j € Z4/2 which
is similar in spirit to (61)—in fact, Theorem 4.7 has been inspired by this latter
result—namely

lollgr,e ;=D € @i+ D™ Y 10T (@x)lpx <00, (72)
m=>=0 [ X|=m+1 !
X>x

Condition (72) is stronger than (61) because it only uses the B]X -norm of Q;( (ox).
However, it is not uniform of j € Z. /2, in particular, it requires a faster and faster de-
cay behaviour of the potential {¢A } 5 gz¢ as j — o0o. Moreover, the critical quantum
inverse temperature By, (7, A) predicted by [15, Prop. 6.2.45] vanishes as j — oo.
Finally, there is no classical version of condition (72). For all these reasons [15, Prop.
6.2.45] is not suitable for the comparison with the classical setting we are interested
in.
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Instead, Theorem 4.7 leads to a result which is uniform in j, allowing for a simpler
comparison with Theorem 4.1. The latter theorem can be understood as a classical
counterpart of the uniqueness result presented in [15]. From a technical point of view
the uniform behaviour in j is obtained by trading the Boo-norm with the C2*-norm
for a suitably high s.
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