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 A B S T R A C T

This paper proposes the use of the Finite Difference Displacement Integration (FDDI) technique for the 
numerical analysis of columns subjected to flexural buckling. The proposed method for buckling analysis is 
based on the approach suggested by other researchers, who have used the Curvature Based Displacement 
Interpolation (CBDI) technique. The CBDI technique, formulated within the realm of geometrically nonlinear 
force-based frame elements, employs a Lagrange interpolation of the cross-section bending curvature. However, 
this has shown numerical instability when numerous quadrature cross-sections are placed along the element 
length. Consequently, the proposed buckling analysis method is revisited with the incorporation of the FDDI 
technique, which employs a finite difference approximation of the cross-section compatibility conditions, 
yielding a more robust, yet computationally equivalent numerical method. Numerical tests are conducted to 
evaluate the efficacy of the proposed method, demonstrating that the FDDI effectively eliminates numerical 
difficulties and reliably converges to the exact solution.
1. Introduction

Flexural buckling is an essential phenomenon to consider in the 
design and safety assessment of vertical structural components, includ-
ing bridge piers and slender columns, as it can markedly decrease 
the load bearing capacity of the structure. However, flexural buckling 
depends on the flexural stiffness, which may vary throughout the 
height of the element due to nonprismatic geometries or material 
alterations such as plasticity, damage, corrosion, or other factors. In 
these cases, determining the buckling response is complicated and 
requires advanced mathematical procedures. Analytical approaches fre-
quently include solving differential equations that characterize the 
column behavior with variable stiffness functions [1–4]. Since closed-
form solutions are not always available, simplified [5–8] or numerical 
approaches [9,10] are frequently employed. These require the use of 
sophisticated numerical methods and advanced software, like finite 
element buckling analysis.

Scott and Denavit [11] proposed a method for calculating the 
buckling loads of simple columns with arbitrarily variable flexural stiff-
ness. They exploited the Curvature Based Displacement Interpolation 
(CBDI) method for geometrically nonlinear force-based frame elements 
and defined a linear buckling eigenvalue problem starting from the 
definition of the derivative of the column transverse displacements with 
respect to the element axial force. The method directly accounts for 
possible stiffness variation along the axis, as the eigenvalue problem 
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relies on the definition of the compatibility matrix between the element 
transverse displacements and cross-section bending curvatures, as well 
as the flexibility matrix that describes the stiffness variation of the 
column.

The CBDI was originally introduced in [12] to compute the trans-
verse displacements in two-dimensional (2D) Euler–Bernoulli beams, by 
Lagrange interpolation and double integration of the bending curva-
tures along the element axis. De Souza [13] expanded the technique to 
three-dimensional (3D) elements, while Jafari et al. [14] and Rezaiee-
Pajand and Gharaei-Moghaddam [15] covered the case of Timoshenko 
elements, by combining the interpolation and integration of the bend-
ing curvatures with that of the shear strains (Curvature and Shear Based 
Displacement Interpolation — CSBDI).

More recently, the CBDI (or CSBDI) technique has been used suc-
cessfully for enhanced applications by various authors [16–18]. How-
ever, some works, e.g. [19], mention that this approach might pose 
numerical issues, due to oscillatory behavior of the Lagrange inter-
polation. The work in [11] also shows that, when the CBDI is used 
for buckling analysis, with a high number of quadrature cross-sections 
along the element, the method is numerically unstable and fails to 
converge to the correct solution. Di Re and Benaim Sanchez [20] 
corroborated these observations, revealing that, when many quadra-
ture cross-sections are considered along the element, numerical errors 
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Fig. 1. Element local reference system: element basic nodal forces and cross-section 
transverse displacement.

arise due to the ill-conditioning of the governing compatibility ma-
trix. As a result, while preserving the same formal architecture of 
the key governing equations, they devised an alternative technique, 
for geometrically nonlinear force-based frame elements, that avoids 
these problems, namely the Finite Difference Displacement Integration 
(FDDI). This new technique makes use of a finite difference (FD) 
approximation of the transverse displacement second order derivative, 
which is equal to the bending curvature, for Euler–Bernoulli beams. 
However, in [20], the FDDI is applied only to the general model of a 
force-based frame element under geometrically nonlinear behavior, and 
application to buckling analysis is not explored.

This work discusses the adoption of the FDDI for the flexural 
buckling analysis of columns with arbitrarily variable stiffness. The 
method proposed by [11] is reexamined by replacing the derivations 
based on the CBDI technique with the alternative definitions obtained 
from the FDDI, to solve the problems related to the ill-conditioning of 
the curvature interpolation matrices. After reviewing the force-based 
beam equilibrium equations, from which the CBDI and FDDI techniques 
are derived, the definition of the eigenvalue problem for buckling 
analysis of a general column is described in a unified formulation that 
alternatively permits the adoption of either the CBDI or the FDDI. 
Hence, two numerical tests are performed to study the effectiveness of 
the proposed strategy.

2. Beam equilibrium and transverse displacement computation

Referring to the Euler–Bernoulli beam theory, where shear defor-
mations are neglected, a 2D beam model is considered. This has a 
straight element axis 𝑥, connecting the end nodes 𝑖 and 𝑗, and transverse 
cross-sections parallel to the orthogonal 𝑦-𝑧 plane.

If a simply-supported configuration is considered, as in Fig.  1, the 
basic element forces 𝐪 =

{

𝑝𝑥 𝑗 𝑚𝑧 𝑖 𝑚𝑧 𝑗
}𝑇  acting at the nodes are 

the axial force 𝑝𝑥 𝑗 at node 𝑗, and the bending couples 𝑚𝑧 𝑖 and 𝑚𝑧 𝑗
at nodes 𝑖 and 𝑗, respectively. These must be in equilibrium with the 
beam internal forces (stress resultants) 𝐬(𝑥) = {

𝑁(𝑥) 𝑀𝑧(𝑥)
}𝑇 , i.e. the 

cross-section normal force 𝑁(𝑥) and the bending moment 𝑀𝑧(𝑥), which 
are work-conjugate to the cross-section generalized strains 𝐞(𝑥), i.e. the 
elongation 𝜀𝐺(𝑥) and bending curvature 𝜒𝑧(𝑥), respectively.

The equilibrium conditions between 𝐬(𝑥) and 𝐪 are expressed in the 
element deformed configuration, based on the second-order geometry 
assumption, i.e. the nonlinear coupling between the axial and shear 
internal forces is neglected [12,13]. Therefore, the following matrix 
expression results: 

{

𝑁(𝑥)
𝑀𝑧(𝑥)

}

⏟⏞⏞⏞⏟⏞⏞⏞⏟
𝐬(𝑥)

=
[

1 0 0
𝑣(𝑥) 𝑥

𝐿 − 1 𝑥
𝐿

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐛(𝑥)

⎧

⎪

⎨

⎪

⎩

𝑝𝑥 𝑗
𝑚𝑧 𝑖
𝑚𝑧 𝑗

⎫

⎪

⎬

⎪

⎭

⏟⏟⏟
𝐪

(1)

where 𝐛(𝑥) is the equilibrium matrix that depends on the cross-section 
transverse displacements 𝑣(𝑥) (Fig.  1), while 𝐿 is the undeformed 
element length.
2 
To determine the displacement field 𝑣(𝑥), two alternative numerical 
techniques are employed, namely the Curvature Based Displacement In-
terpolation (CBDI) [12,13] and the recently proposed Finite Difference 
Displacement Integration (FDDI) [20]. These give the displacement 
values at 𝑛 monitored cross-sections, 𝑥1, 𝑥2, … , 𝑥𝑛, along the beam 
axis, where the bending curvature 𝜒𝑧(𝑥) is assumed to be known. 
In general, these cross-sections coincide with the quadrature points 
adopted to numerically perform the integration of the nodal force vec-
tor and flexibility matrix. The monitored cross-section displacements 
and curvatures are collected in the following vectors:
𝐕 =

{

𝑣(𝑥1) 𝑣(𝑥2) … 𝑣(𝑥𝑛)
}𝑇 (2)

𝐗𝑧 =
{

𝜒𝑧(𝑥1) 𝜒𝑧(𝑥2) … 𝜒𝑧(𝑥𝑛)
}𝑇 (3)

and the relationship between 𝐕 and 𝐗𝑧 is as follows: 
𝐕 = 𝐇𝜒 𝐗𝑧 (4)

where 𝐇𝜒  is a 𝑛 × 𝑛 matrix, differently defined depending on whether 
the CBDI or FDDI technique is applied.

2.1. CBDI technique

In the CBDI, the curvatures 𝜒𝑧(𝑥) is interpolated along the element 
axis through Lagrange polynomials and double integration is performed 
to obtain the displacements 𝑣(𝑥), i.e.: 
d2𝑣(𝑥)
d𝑥2

= 𝜒𝑧(𝑥) → 𝑣(𝑥) = ∬ 𝜒𝑧(𝑥)d𝑥 + 𝑐1 𝑥 + 𝑐2 (5)

being 𝑐1 and 𝑐2 integration constants to be determined by imposing the 
boundary conditions. It results [12,13,15,18]: 
𝑣(𝜉) = 𝐡𝜒 (𝜉)𝐗𝑧 (6)

where the normalized abscissa 𝜉 = 𝑥
𝐿  is introduced and 𝐡𝜒 (𝜉) is a 

row vector that collects the integrals of the Lagrange polynomials. This 
vector is defined by introducing the Vandermonde matrix 𝐆 of the 𝑛
monitored (quadrature) cross-sections, i.e.: 
𝐡𝜒 (𝜉) = 𝐿2

[

1
2

(

𝜉2 − 𝜉
) 1

6

(

𝜉3 − 𝜉
)

… 1
𝑛(𝑛+1)

(

𝜉 𝑛+1 − 𝜉
)

]

𝐆−1 (7)

with: 

𝐆 =
⎡

⎢

⎢

⎣

1 𝜉1 … 𝜉 𝑛−1
1

⋮ ⋮ ⋱ ⋮
1 𝜉𝑛 … 𝜉 𝑛−1

𝑛

⎤

⎥

⎥

⎦

(8)

Hence, matrix 𝐇𝜒  in Eq. (4) is obtained by evaluating 𝐡𝜒 (𝜉) at all 𝑛
abscissas: 

𝐇𝜒 =
⎡

⎢

⎢

⎣

𝐡𝜒 (𝜉1)
⋮

𝐡𝜒 (𝜉𝑛)

⎤

⎥

⎥

⎦

(9)

According to [19], the use of a large number of quadrature cross-
sections along the beam can cause numerical difficulties for the CBDI 
approach. Indeed, in this case, an oscillatory Lagrange interpolation of 
the curvatures can create oscillatory variation in the displacements, 
resulting in inaccurate solutions. The work by Di Re and Benaim 
Sanchez [20] confirms this result, showing that numerical errors also 
appear due to the ill-conditioning of matrix 𝐆, thus resulting nearly 
singular and difficult to invert. The same work also proves that, in 
some simulations, the problem can be alleviated if the inverse of the 
matrix 𝐆 is computed using the Moore–Penrose pseudoinverse [21], 
or by employing advanced methods, such as LU or QR factoriza-
tions [22]. Indeed, these methods permit a more precise numerical 
evaluation of the inverse of matrix 𝐆, even when this matrix is ill-
conditioned. However, these only mitigate the error, without solving 
the problem, and, in many applications, do not guarantee the accuracy 
of the solution. As shown in the numerical tests reported in Section 4, 
for buckling analysis, the use of the Moore–Penrose pseudoinverse 
(or equivalently the LU or QR factorizations) does not improve the 
solution, which strongly deviates from the correct results when the 
number of quadrature cross-sections increases.
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Fig. 2. Partition between the central and the end cross-sections.

2.2. FDDI technique

The FDDI technique relies on the same differential relationship be-
tween curvatures 𝜒𝑧(𝑥) and transverse displacement 𝑣(𝑥) second order 
derivative as in Eq. (5). However, in this case, the relationship is im-
posed at all monitored cross-sections and the transverse displacement 
second order derivative is evaluated by means of FD approximations.

If the two end cross-sections of the element are included in the 
monitored set (with 𝑛 ≥ 3), the simply-supported configuration imposes 
that 𝑣(0) = 𝑣(𝐿) = 0 (Fig.  2). Therefore, the differential relationship 
in Eq. (5) can be written for all central cross-sections by expressing 
the second order derivative of 𝑣(𝑥) as a linear combinations of the 
transverse displacements 𝐕 [23–26]. In compact matrix form, it results: 

⎡

⎢

⎢

⎢

⎢

⎣

𝛿(2)2 2 𝛿(2)2 3 … 𝛿(2)2 𝑛−1

𝛿(2)3 2 𝛿(2)3 3 … 𝛿(2)3 𝑛−1
⋮ ⋮ ⋱ ⋮

𝛿(2)𝑛−1 2 𝛿(2)𝑛−1 3 … 𝛿(2)𝑛−1 𝑛−1

⎤

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝜟(2)𝑐

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑣(𝑥2)
𝑣(𝑥3)
⋮

𝑣(𝑥𝑛−1)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

⏟⏞⏞⏞⏟⏞⏞⏞⏟
𝐕𝑐

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜒𝑧(𝑥2)
𝜒𝑧(𝑥3)

⋮
𝜒𝑧(𝑥𝑛−1)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
𝐗𝑧 𝑐

(10)

where 𝐕𝑐 and 𝐗𝑧 𝑐 collect the transverse displacements and curvatures, 
respectively, for the central cross-sections, i.e.:
𝐕 =

{

𝑣(𝑥1) 𝐕𝑇
𝑐 𝑣(𝑥𝑛)

}𝑇 =
{

0 𝐕𝑇
𝑐 0

}𝑇 (11)

𝐗𝑧 =
{

𝜒𝑧(𝑥1) 𝐗𝑇
𝑧 𝑐 𝜒𝑧(𝑥𝑛)

}𝑇 (12)

and 𝛿(2)𝛼 𝛽 , with 𝛼, 𝛽 = 2,… , 𝑛 − 1, are the FD coefficients that define 
the second order derivative approximation [20]. These coefficients are 
computed by means of the Lagrange interpolation approach [26], once 
a specific FD scheme is selected and identified by the scheme order 𝑝. 
In particular, the ℎth row of matrix 𝜟(2)

𝑐  contains the FD coefficients 
associated to the central cross-sections, required to approximate the 
second order derivative of 𝑣(𝑥) at the ℎth abscissa 𝑥ℎ. Hence, for 
each row of the matrix, 𝑝 of the 𝑛 cross-sections are selected (𝑝-point 
FD scheme) and the associated coefficients are computed, while the 
others are set to zero. The general non-zero coefficient 𝛿(2)ℎ 𝑞 , associated 
to the 𝑞th cross-section, is computed as the second order derivative, 
evaluated at 𝑥ℎ, of the Lagrange polynomial 𝜆𝑞(𝑥) associated to the 𝑞th 
cross-section, which, in terms of normalized abscissa 𝜉, results as: 

𝛿(2)ℎ 𝑞 =
d2 𝜆𝑞(𝑥)
d 𝑥2

|

|

|

|

|

|𝑥=𝑥ℎ

= 1
𝐿2

d2 𝜆𝑞(𝜉)
d 𝜉2

|

|

|

|

|

|𝜉=𝜉ℎ

(13)

This computation is simple when the quadrature cross-sections are 
evenly spaced along the element axis. In fact, in this case, the Lagrange 
polynomials assume the same expression for all cross-sections, except 
for the first and last ones, and thus the FD coefficients are almost all 
equal, requiring little calculation. In the general case of non-uniformly 
distributed cross-sections, the computation is more demanding. In fact, 
this requires the definition of all the different Lagrange polynomials and 
their derivatives, for all different cross-sections, according to Eq. (13). 
However, Fornberg’s recursive algorithm [20,27] exists to perform this 
computation very efficiently, without defining the Lagrange polynomial 
3 
Fig. 3. Cross-section considered for the 5-point FD scheme, highlighting in blue those 
associated to non-zero coefficients (depicted for 𝑛 = 7). (For interpretation of the 
references to color in this figure legend, the reader is referred to the web version 
of this article.)

expressions. To the author knowledge, this algorithm is the best method 
for computing FD coefficients and is employed in this work.

As an example, Fig.  3 shows the case of the 5-point scheme. This 
constructs the FD approximation at the ℎth abscissa over 5 consecutive 
cross-sections, always including that at 𝜉ℎ = 𝑥ℎ

𝐿 , based on a centered 
scheme (e.g. Fig.  3b for central cross-section 4), i.e. [𝜉ℎ−2, 𝜉ℎ−1, 𝜉ℎ,
𝜉ℎ+1, 𝜉ℎ+2]. Exception is made for the first and last central cross-
sections, for which an asymmetric forward-centered and backward-
centered scheme is used, respectively (Figs.  3a and c).

The determination of the coefficients 𝛿(2)𝛼 𝛽 permits the definition of 
matrix 𝜟(2)

𝑐 , which is always non-singular [20,26]. Hence, the central 
cross-section transverse displacements are obtained as follows: 
𝐕𝑐 =

(

𝜟(2)
𝑐
)−1 𝐗𝑧 𝑐 (14)

Finally, by reintroducing the null end values, matrix 𝐇𝜒  is obtained, as 
required in Eq. (4): 

𝐇𝜒 =

⎡

⎢

⎢

⎢

⎣

𝐎𝑛

𝐎𝑛−2
(

𝜟(2)
𝑐
)−1 𝐎𝑛−2

𝐎𝑛

⎤

⎥

⎥

⎥

⎦

(15)

being 𝐎𝑛 a null row vector with length 𝑛, and 𝐎𝑛−2 a null column vector 
with length 𝑛 − 2.

3. Definition of the buckling analysis

Scott and Denavit [11] have shown that, for negligible distributed 
loads, buckling loads in simple columns, even with variable flexural 
stiffness, can be determined from the definition of the derivative of the 
transverse displacement 𝑣(𝑥) with respect to the axial force of the beam, 
that is, d𝑣(𝑥)d𝑝𝑥 𝑗

.
Starting from Eq. (4), this derivative, computed for all cross-

sections, results as: 
d𝐕
d𝑝𝑥 𝑗

= 𝐇𝜒
d𝐗𝑧
d𝑝𝑥 𝑗

(16)

where the derivatives d𝐗𝑧
d𝑝𝑥 𝑗

 are obtained as: 

d𝐗𝑧 = diag
{d𝐗𝑧

}

d𝐍 + diag
{ d𝐗𝑧

} d𝐌𝑧 (17)
d𝑝𝑥 𝑗 d𝑁 d𝑝𝑥 𝑗 d𝑀𝑧 d𝑝𝑥 𝑗
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being 𝐍 and 𝐌𝑧 column vectors that collect the axial forces and 
bending moments, respectively, of all cross-sections. From Eq. (1), the 
derivatives of these internal forces with respect to 𝑝𝑥 𝑗 are equal to: 
d𝐍
d𝑝𝑥 𝑗

= 𝟏 and
d𝐌𝑧
d𝑝𝑥 𝑗

= 𝐕 + d𝐕
d𝑝𝑥 𝑗

𝑝𝑥 𝑗 (18)

where 𝟏 is a column vector of length 𝑛, with all entries equal to 1. 
Moreover, the derivatives of the curvatures with respect to the internal 
forces correspond to the second row of the cross-section flexibility 
matrix 𝐟𝑠(𝑥), which governs the constitutive relationship between the 
internal forces 𝐬(𝑥) and strains 𝐞(𝑥), i.e., in the general incremental 
form: 
{

d𝜀𝐺(𝑥)
d𝜒𝑧(𝑥)

}

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
d𝐞(𝑥)

=
⎡

⎢

⎢

⎣

d𝜀𝐺 (𝑥)
d𝑁

d𝜀𝐺 (𝑥)
d𝑀𝑧

d𝜒𝑧(𝑥)
d𝑁

d𝜒𝑧(𝑥)
d𝑀𝑧

⎤

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐟𝑠(𝑥)

{

d𝑁(𝑥)
d𝑀𝑧(𝑥)

}

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
d𝐬(𝑥)

(19)

For linear elastic isotropic homogeneous material, the cross-section 
flexibility results as: 

𝐟𝑠(𝑥) =
[

𝐸𝐴 −𝐸𝑆𝑧
−𝐸𝑆𝑧 𝐸𝐼𝑧

]−1

(20)

where 𝐸 is the material Young’s modulus and 𝐴, 𝑆𝑧 and 𝐼𝑧 are the 
area, the first moment and second moment of area of the cross-section, 
respectively.

Hence, indicating with 𝑓𝑠 𝑖𝑗 (𝑥𝑘) the term in row 𝑖 and column 𝑗 of 
the flexibility matrix 𝐟𝑠(𝑥 = 𝑥𝑘), it is set: 

d𝐗𝑧
d𝑁 =

⎡

⎢

⎢

⎣

𝑓𝑠 21(𝑥1)
⋮

𝑓𝑠 21(𝑥𝑛)

⎤

⎥

⎥

⎦

= 𝐅𝑠 21 and
d𝐗𝑧
d𝑀𝑧

=
⎡

⎢

⎢

⎣

𝑓𝑠 22(𝑥1)
⋮

𝑓𝑠 22(𝑥𝑛)

⎤

⎥

⎥

⎦

= 𝐅𝑠 22 (21)

and thus Eq. (17) results as: 
d𝐗𝑧
d𝑝𝑥 𝑗

= diag
{

𝐅𝑠 21
}

𝟏 + diag
{

𝐅𝑠 22
}

(

𝐕 + d𝐕
d𝑝𝑥 𝑗

𝑝𝑥 𝑗

)

(22)

The expression on the right-hand side of Eq. (22) can be rearranged 
by introducing matrix 𝐅∗

𝑠 , which is a block-diagonal matrix that collects 
all flexibility matrices of all cross-sections, i.e.: 
𝐅∗
𝑠 = diag

{

𝐟𝑠(𝑥1), 𝐟𝑠(𝑥2), … , 𝐟𝑠(𝑥𝑛)
}

(23)

and matrices 𝐅̄𝑠 and ̄̄𝐅𝑠 defined as [20]: 

𝐅̄𝑠 = 𝐏∗ 𝐅∗
𝑠 and ̄̄𝐅𝑠 = 𝐏∗ 𝐅∗

𝑠 𝐏
∗𝑇 = diag

{

𝐅𝑠 22
}

(24)

where 𝐏∗ is an 𝑛 × 2𝑛 extraction matrix that, in the first identity of 
Eq. (24), extracts from 𝐅∗

𝑠 all rows related to 𝜒𝑧, i.e. rows 2, 4, 6,… , 2𝑛, 
while, in the second identity, it extracts from 𝐅∗

𝑠 the rows related to 𝜒𝑧
and, from these, the columns related to 𝑀𝑧; in other words: 

𝐏∗ =

⎡

⎢

⎢

⎢

⎢

⎣

0 1 0 0 … 0 0
0 0 0 1 … 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 0 … 0 1

⎤

⎥

⎥

⎥

⎥

⎦

(25)

Hence, it results: 
d𝐗𝑧
d𝑝𝑥 𝑗

= 𝐅̄𝑠 𝐁̄ + 𝑝𝑥 𝑗
̄̄𝐅𝑠

d𝐕
d𝑝𝑥 𝑗

(26)

where 𝐁̄ =
[

𝐛𝑇 (𝑥1) 𝐛𝑇 (𝑥2) … 𝐛𝑇 (𝑥𝑛)
]𝑇  lists the equilibrium ma-

trices of all monitored cross-sections. Finally, the derivative of 𝐕 with 
respect to 𝑝𝑥 𝑗 (Eq. (16)) becomes: 
d𝐕
d𝑝𝑥 𝑗

= 𝐇𝜒 𝐅̄𝑠 𝐁̄ + 𝑝𝑥 𝑗 𝐇𝜒
̄̄𝐅𝑠

d𝐕
d𝑝𝑥 𝑗

(27)

or, collecting the terms and introducing a 𝑛 × 𝑛 identity matrix 𝐈𝑛: 
(

𝐈𝑛 − 𝑝𝑥 𝑗 𝐇𝜒
̄̄𝐅𝑠

) d𝐕
d𝑝 = 𝐇𝜒 𝐅̄𝑠 𝐁̄ (28)
𝑥 𝑗

4 
Fig. 4. Analytical solution for the critical buckling modes of a prismatic column.

Critical buckling is obtained when the matrix in parentheses of 
Eq. (28) is singular or, equivalently, when 𝑝𝑥 𝑗 satisfies the eigenvalue 
problem 

(

𝐈𝑛 − 𝑝𝑥 𝑗 𝐇𝜒
̄̄𝐅𝑠

)

𝐕 = 𝟎, for a non-zero vector 𝐕, that is, by 
changing the sign of 𝑝𝑥 𝑗 so that compressive axial force is positive, for 
the eigenpairs 

{

𝜆 = 1
𝑝𝑥 𝑗

; 𝐕
}

 that solve the following eigenproblem: 
(

−𝐇𝜒
̄̄𝐅𝑠

)

𝐕 = 𝜆𝐕 (29)

i.e., the eigenvalues and eigenvectors of matrix 𝐀 = −𝐇𝜒
̄̄𝐅𝑠.

To be noted is that, assumed that the two end cross-sections of the 
element are included in the set, this approach permits to compute the 
first 𝑛 − 2 buckling modes.

Moreover, it is worth to remark that the procedure presented here-
after is valid for columns with simply-supported end restraints (Fig.  1). 
Extension to different boundary conditions is possible by modification 
of matrix 𝐇𝜒 , governing Eq. (4). This would enable the analysis of a 
wider range of real-world samples, such as aging cantilevered bridge 
piers. However, the discussion of this extension is beyond the scope of 
this work and is left for future studies.

4. Numerical applications

To address the performance of the proposed procedure based on the 
FDDI and show that this does not suffer from numerical issues, two of 
the numerical tests conducted in [11] are considered in the following: a 
simple prismatic column and a column with a weakened cross-section.

For all numerical analyses, the monitored cross-sections are as-
sumed as equally spaced along the column length, and the two column 
end points are included (as in the Trapezoidal quadrature rule). More-
over, the FDDI technique always adopts a 5-point FD scheme (FDDI5). 
For the CBDI technique, the inverse of the Vandermonde matrix 𝐆
(Eqs. (7) and (8)) is computed through the Moore–Penrose pseudoin-
verse [21] to show that, regardless of the numerical improvement 
provided by the Moore–Penrose pseudoinverse, the technique is still 
unstable for large numbers of quadrature cross-sections. Computations 
are performed is Matlab® , version 2023b.

4.1. Prismatic column

A linear elastic column with length 𝐿 and uniform flexural inertia 
𝐸𝐼  is considered. Fig.  4 shows the reference configuration and the 
𝑧
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Fig. 5. Normalized buckling loads of the prismatic column for an increasing number of monitored cross-sections.  (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.)
first two buckling mode shapes resulting from the standard analytical 
solution, reported in the same picture, being 𝑘 the mode number.

The numerical solution obtained with the proposed approach uses 
a 𝑛 × 𝑛 diagonal matrix ̄̄𝐅𝑠 = diag

{

1
𝐸𝐼𝑧

, 1
𝐸𝐼𝑧

,… , 1
𝐸𝐼𝑧

}

 and provides the 
first 𝑛 − 2 buckling modes as eigenvalues and eigenvectors of matrix 
𝐀 = −𝐇𝜒

̄̄𝐅𝑠.
The precision of this solution is investigated in Fig.  5 This shows 

the buckling loads for (a) the FDDI and (b) the CBDI technique, 
normalized with respect to the corresponding analytical values, for an 
increasing number 𝑛 of monitored cross-sections. The approach using 
the FDDI technique is always stable and converges to the exact solution 
(normalized value equal to 1) as 𝑛 grows. In fact, the curves in Fig.  5a 
show that, for a given 𝑛, the method always provides accurate values 
of the first 40% of the 𝑛− 2 available buckling modes; while, the error 
on the remaining modes is lower than 50%. As a result, as 𝑛 increases, 
an increasing number of modes is accurately obtained.

The CBDI does not show the same trend, as observed in [11]. 
Although the solution is accurate for low values of 𝑛, and even more 
precise of the FDDI, it starts to diverge from the analytical one as 𝑛
increases, due to the numerical errors in matrix 𝐇𝜒 . The work in [20] 
demonstrates that this is due to the ill-conditioning of the Vandermonde 
matrix 𝐆, whose inverse is required in Eq. (7). Although the Moore–
Penrose pseudoinverse is adopted to compute 𝐆−1, in the buckling 
analysis, this ill-conditioning leads to an eigensolution where the higher 
buckling loads appear as complex conjugate pairs. The values of the 
normalized stability variable 𝑃𝑐𝑟 𝐿2

𝐸𝐼𝑧
 are reported in Table  1. Similar 

observations hold for the buckling mode shapes plotted in Fig.  6 for 
(a) 𝑛 = 5, (b) 𝑛 = 10 and (c) 𝑛 = 20.

Notably, to perform the plot in Fig.  5b, the complex magnitude 
(complex norm) of the complex buckling loads is considered as critical 
load value.

4.2. Weakened column

Wang et al. [5] derived an analytical solution for the first buckling 
load of a prismatic Euler–Bernoulli column under uniform axial force, 
assuming that the cross-section at a certain location 𝑎 along the height 
𝐿 is weaker than the remainder of the column. This solution is derived 
by modeling the column as two segments hinged at 𝑎 and adding a 
5 
Table 1
Values of the stability variable 𝑃𝑐𝑟 𝐿2

𝐸𝐼𝑧
 obtained for the prismatic column with the CBDI 

technique.
 Buckling mode Monitored cross-sections
 5 10 15 20  
 1 9.87 9.87 9.87 9.87  
 2 38.40 39.48 39.48 39.48  
 3 75.29 88.76 88.83 88.83  
 4 156.68 157.91 157.91  
 5 333.96 ± 117.98 𝑖 246.63 161.31  
 6 293.29 ± 28.83 𝑖 359.35 246.74  
 7 755.52 ± 586.45 𝑖 355.36  
 8 744.85 ± 458.80 𝑖 484.11  
 9 530.33 ± 49.78 𝑖 1252.20 ± 1271.90 𝑖 
 10 533.93 1287.10 ± 1111.40 𝑖 
 11 622.09  
 12 748.17  
 13 956.85 ± 362.77 𝑖  
 14 913.15 ± 236.34 𝑖  

discrete rotational spring with stiffness 𝛾 = 𝑘𝐸𝐼𝑧
𝐿  (Fig.  7), being 𝑘 ≤ 1 a 

stiffness scaling coefficient.
In [11], the same column is analyzed with the proposed numerical 

procedure by averaging the effects of the discrete spring. Specifically, 
the first buckling load of the column is obtained as the first eigenvalue 
of matrix 𝐀 = −𝐇𝜒

̄̄𝐅𝑠, where ̄̄𝐅𝑠 is the 𝑛 × 𝑛 flexibility matrix defined 
as: 
̄̄𝐅𝑠 = diag

{

1
𝐸𝐼𝑧

,… , 1
𝐸𝐼𝑧

, 1
𝛼 𝐸𝐼𝑧

, 1
𝐸𝐼𝑧

,… , 1
𝐸𝐼𝑧

}

(30)

i.e., where the flexibility of the cross-section located at 𝑎 is increased 
through factor 𝛼. The value of 𝛼 is obtained considering that the 
flexibility 𝑓𝑠𝑝𝑟𝑖𝑛𝑔 = 1

𝛾  of the discrete rotational spring is in series with 
the flexibility 𝑓𝑐𝑜𝑙𝑢𝑚𝑛 = 𝐿𝑎

𝐸𝐼𝑧
 of the column over the length 𝐿𝑎, associated 

to the corresponding monitored cross-section. For equally-spaced cross-
sections that include the two ends of the column, it results 𝐿𝑎 = 𝐿

𝑛−1 , 
as in the trapezoidal quadrature rule. Hence, the equivalent column 
flexibility 𝑓 𝑒𝑞

𝑐𝑜𝑙𝑢𝑚𝑛 =
𝐿𝑎

𝛼 𝐸𝐼𝑧
 that accounts for the spring is equal to: 

𝑓 𝑒𝑞 =
𝐿𝑎 = 𝑓𝑠𝑝𝑟𝑖𝑛𝑔 + 𝑓𝑐𝑜𝑙𝑢𝑚𝑛 =

𝐿 +
𝐿𝑎 (31)
𝑐𝑜𝑙𝑢𝑚𝑛 𝛼𝐸𝐼𝑧 𝑘𝐸𝐼𝑧 𝐸𝐼𝑧
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Fig. 6. Buckling mode shapes of the prismatic column obtained for an increasing number of monitored cross-sections.
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Fig. 7. Simply-supported column with a discrete rotational spring.

Hence, solving Eq. (31) for 𝛼 gives: 

𝛼 = 𝑘
𝑘 + 𝑛 − 1

(32)

Fig.  8 compares the numerical results achieved with the CBDI 
(dotted blue curves with crosses) and FDDI (dashed red curves with 
dots) techniques, for different values of 𝑘, adopting (a) 6, (b) 9, (c) 12, 
(d) 15 and (e) 51 monitored cross-sections for the entire column. The 
analytical solution in [5] (solid dark gray curves) is also plotted for 
reference.

Moreover, for the case 𝑛 = 51 (Fig.  8e), a second reference solution 
is reported (black crosses). This is obtained by performing buckling 
analysis in Abaqus finite element software. For this analysis, the column 
is modeled with the B21 2-node beam elastic elements, adopting a 
uniform mesh with element size of 𝐿∕100. To avoid shear deformation 
influence, the actual computation is performed considering 𝐿 = 1m
and a square cross-section of size 0.01m.

As in the prismatic column test, the CBDI offers adequately reliable 
results only for low values of 𝑛. When the number of monitored cross-
sections is increased to enhance the solution, the technique diverges 
due to numerical issues, despite the use of the Moore–Penrose pseu-
doinverse. In contrast, the FDDI technique consistently converges to the 
analytical results, even for very high values of 𝑛, as illustrated in Fig. 
8e for 𝑛 = 51.

Table  2 and Fig.  9 report the first seven buckling loads and mode 
shapes, respectively, derived using the FDDI technique for 𝑛 = 51 (solid 
red curves), and considering two weakening levels (𝑘 = 5 and 0.5) 
and two positions of the weakened cross-section (𝑎∕𝐿 = 0.2 and 0.5). 
These practically coincide with the Abaqus solution, reported in the 
same plots as dashed black curves. As expected, when 𝑘 increases, the 
stiffness of the column becomes more involved in the buckling modes 
than that of the discrete spring and the buckling load increases. This 
also increases when the weakened cross-section is placed far away from 
the mid-height.

It is interesting to note that, when the weakened cross-section is at 
mid-height, i.e. 𝑎∕𝐿 = 0.5 (Figs.  9b and c), modes 2, 4, and 6 do not 
depend on the weakening parameter 𝑘, as these modes do not trigger 
the deformation of the mid-height cross-section and, thus, are the same 
as for a intact column.

5. Conclusions

This work explores the use of the Finite Difference Displacement 
Integration (FDDI) [20] for the numerical procedure proposed by Scott 
and Denavit [11] to compute the buckling modes of columns with arbi-
trarily variable stiffness along the height. The procedure is based on the 
7 
Table 2
Values of the stability variable 𝑃𝑐𝑟 𝐿2

𝐸𝐼𝑧
 obtained for the weakened column with the FDDI 

technique for 𝑛 = 51.
 Buckling mode Weakened cross-section parameters
 𝑘 = 5 𝑘 = 5 𝑘 = 0.5 𝑘 = 0.5  
 𝑎∕𝐿 = 0.2 𝑎∕𝐿 = 0.5 𝑎∕𝐿 = 0.2 𝑎∕𝐿 = 0.5 
 1 8.45 6.91 2.65 1.71  
 2 28.23 39.48 16.87 39.48  
 3 72.09 65.34 63.15 43.83  
 4 147.15 157.91 140.43 157.91  
 5 246.73 192.28 246.73 163.69  
 6 300.99 355.28 257.35 355.28  
 7 402.65 394.69 388.20 363.25  

eigenvalue analysis of matrix 𝐇𝜒 , relating the transverse displacements 
of the column to the bending curvatures, multiplied by the cross-section 
flexibility matrix ̄̄𝐅𝑠.

In the original proposal [11], matrix 𝐇𝜒  is the influence matrix 
of the Curvature Based Displacement Interpolation (CBDI) [12,13], 
which becomes ill-conditioned when many quadrature cross-sections 
are placed along the element. In the present work, maintaining the 
exact same architecture of the procedure, the definition of matrix 𝐇𝜒
is replaced with that resulting from the FDDI technique, expressing, in 
a similar fashion, the FD approximation of the transverse displacement 
second order derivative.

The numerical tests reveal that using the FDDI effectively permits to 
avoid the numerical issues associated with the CBDI. The use of several 
cross-sections along the column height is crucial for capturing the pre-
cise values of the critical buckling loads, especially when higher modes 
are of interest. In these cases, the CBDI technique fails to describe 
the column buckling behavior, diverging from the correct solution. In 
contrast, the FDDI technique is always stable and converges to the 
exact results. For low values of 𝑛, where the CBDI remains reliable, 
the FDDI achieves a similar level of accuracy without increasing the 
computational cost.

Hence, with the introduction of the FDDI technique, the proposed 
numerical procedure is an accurate simple method to numerically eval-
uate the buckling response of columns with variable cross-section ge-
ometry, weakened at interior locations or undergoing nonlinear yield-
ing and damage. In situations where the flexural stiffness of a column 
varies along its height, this computation necessitates the employment of 
complex numerical approaches, such as finite element analysis. Conse-
quently, advanced finite element software capable of performing buck-
ling analysis is required. In contrast, the proposed method can be effi-
ciently implemented in various programming languages (e.g., Matlab®
or Python) with minimal coding effort, thereby providing a fast, yet 
reliable, solution.

It is important to note that the methodology described in this study 
refers to simply-supported columns, under the assumption of Euler–
Bernoulli beam theory. Nevertheless, by exploiting the FD approach, 
this methodology can be seamlessly extended to accommodate various 
boundary conditions, thereby permitting the analysis of a wide range of 
real-world specimens, including deteriorating cantilevered bridge piers. 
Furthermore, the effects of shear deformations could be incorporated.
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Fig. 8. Values of the stability variable 𝑃𝑐𝑟 𝐿2

𝐸𝐼𝑧
 obtained for the first buckling mode of the weakened column.
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Fig. 9. Buckling mode shapes obtained for the weakened column: red solid curves for the FDDI technique with 𝑛 = 51 and black dashed curves for the Abaqus solution. (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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