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1 | INTRODUCTION

| Daniele De Martini?

Abstract

Statistical hypothesis testing (SHT) is widely employed across numerous scien-
tific disciplines, and a clear understanding of its underlying logic is essential
for the broader scientific community. Here, drawing upon both epistemologi-
cal and statistical perspectives, we aim to clarify—primarily for educational
purposes—the logical relationship between proof by contradiction (PBC) and
SHT. We begin by outlining the logics of SHT and PBC, followed by a discus-
sion of their key similarities and differences. We then explore the pedagogical
value of these analogies and distinctions through illustrative examples. Our
objective is to help prevent common misinterpretations in the application of
SHT, particularly in the interpretation of its outcomes. By elucidating the con-
ceptual parallels between SHT and PBC, we aim to make the logical structure
of SHT more transparent. Finally, we highlight and discuss several critical
aspects relevant to teaching, with the intention of enhancing the pedagogical
effectiveness of instruction in this area.
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scientific journals rely on these methods. Furthermore,
SHT is applied across a wide range of scientific disci-

Statistical tests were originally conceived as a technique
to support, albeit stochastically, the alternative hypothe-
sis. In fact, when Sir Ronald Fisher conducted the famous
experiment with the eight cups of tea, his goal was to pro-
vide his acquaintance, Lady Muriel Bristol, who claimed
to be able to discern whether tea or milk was poured first,
with an opportunity to demonstrate her ability (see the
Lady Tasting Tea experiment; Fisher, 1935).

Today, the use of statistical hypothesis testing (SHT)
is widespread; indeed, many papers published in major

plines, from medicine to engineering, and from physics
to psychology and economics.

For example, about 70% of the papers on the web
page of Nature Communications (as of August 29, 2025)
adopt SHT; applications are more frequent in Biological
Sciences and Health Sciences (almost 100%), and in the
Scientific Community and Society sections. We note that
some of the most relevant recent results in Physical Sci-
ences (e.g., those concerning the Higgs boson [Aad
et al., 2012] and gravitational waves [Abbott et al., 2016]),
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a section of Nature Communications where SHT is
applied less frequently, are also based on SHT. As a fur-
ther example, Boschen (2023) reports that about 85% of
papers in psychology adopted SHT, and Chavalarias et al.
(2016) reports that the vast majority of papers in the bio-
medical literature reported SHT results.

Consequently, a thorough understanding of the under-
lying logic and general characteristics of SHT is of para-
mount importance for the entire scientific community.

It is important to note that many research articles,
across different scientific areas, focus on the p-value
(or even on an asterisk-based scale indicating different
levels of statistical significance). Misinterpretations of p-
values, as well as the overlooking of confidence intervals
and effect sizes, are issues extensively discussed in the lit-
erature (e.g., Goodman, 2008). In this paper, we do not
directly discuss these topics; however, p-values inevitably
enter our analysis insofar as they are part of the standard
machinery of SHT, for instance, in connection with non-
rejection decisions, sample size dependence, and the
assessment of statistical significance. Our focus, instead,
remains on the logical structure of SHT and on the inter-
pretation of its outcomes, rather than on a systematic
treatment of p-values themselves. We argue that the very
logic underlying SHT may be often misunderstood by
those who employ it. In some cases (based on the per-
sonal experience of one of the authors and confirmed by
an anonymous referee), even by those who teach it.

The aim of this paper is to elucidate the logical struc-
ture of SHT by drawing on our combined epistemological
and statistical expertise. We adopt the standard pedagogi-
cal stance that the research question specifies H1, while
the p-value is computed under the null hypothesis HO (the
roles and meanings of H1 and HO will be introduced
explicitly in the next section); we thus aim at clarifying the
logical rationale behind this routine practice through the
analogy between the logic of proof by contradiction (PBC)
in mathematics and that of SHT. Given the inherent ran-
domness of SHT results, we also argue, as a corollary, for
the adoption of appropriate reliability indicators, such as
the Repeatability Probability estimate (RP), which will be
discussed later in the paper and in Appendix 1. Accord-
ingly, the paper targets instructors and students across dis-
ciplines and applied researchers who routinely use SHT,
not only statistics or mathematics students. Moreover, we
are also addressing a broader audience, for example, those
researchers whose motto is “semper discendum est” (‘“one
must always keep learning”).

The paper is organized as follows: in Sections 2 and 3,
we present the two distinct procedures, SHT and PBC,
introducing their respective logical structures; then, in
Sections 4 and 5, we highlight their similarities and dif-
ferences; subsequently, in Section 6, we illustrate what

we believe to be the pedagogical benefits and value of the
results of this comparison; finally, in Section 7, we con-
clude by discussing this topic in the context of statistics
education.

2 | LOGICAL STRUCTURE OF SHT

SHT is typically regarded as a method to assess whether a
predefined hypothesis (HO, the null hypothesis) aligns
with the observed data. However, historically, the pri-
mary goal of statistical tests has been to support the
hypothesis complementary to HO, known as H1. This per-
spective is reflected in Sir Ronald Fisher's statement:
“Every experiment may be said to exist in order only to
give the facts a chance of disproving the null hypothesis”
(Fisher, 1935). Since HO and H1 are complementary
(Lehmann & Romano, 2022), this statement is equivalent
to saying: “Every experiment may be said to exist in order
only to give the facts a chance of supporting the alterna-
tive hypothesis.”

The essence of statistical testing can be summarized
as follows:

1. To support a hypothesis (H1), referred to as the alterna-
tive hypothesis (e.g., “there is a difference between
groups,” “a relationship exists between variables,” or “a
micro-particle not included in the basic model exists™),
start by assuming the complementary hypothesis HO,
known as the null hypothesis, to be true. The null
hypothesis represents a baseline or default position
(e.g., “there is no difference between groups,” “no rela-
tionship exists between variables,” or “a micro-particle
not included in the basic model does not exist”).

2. When performing a statistical test, a function of the
data that reflects the truthfulness of the hypotheses
under consideration, referred to as the test statistic 7, is
defined (e.g., T is the difference between sample means
appropriately standardized, the sample correlation, or
the count of collisions between micro-particles).

3. Next, a set R of possible values for T is established
(which are extreme values for T) “in the direction of
H1.” R is called the rejection region and must have
small probability under HO. The complementary set
NR (NR = R°) represents the non-rejection region and
has high probability under HO. The probabilities associ-
ated with these regions must be specified before run-
ning the experiment. The small probability of
observing values in R under HO is denoted by «a, and in
practice defines the rejection region which, indeed, is
usually labeled R,. Notably, the probability of observ-
ing values in R, under H1 (i.e., the power of the test,
denoted by r) is (usually) greater than « (i.e., 7 > a).
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(Typically, NR is also called an acceptance region, but
this habit is, in fact, misleading, since failure to reject HO,
that is, the fact that the data do not provide sufficient evi-
dence in favor of H1, does not amount to establishing
that HO is true, nor that it is supported by the data. More
precisely, labeling NR as an acceptance region may natu-
rally suggest that, whenever the test statistic falls into
NR, the null hypothesis is accepted as true, or at least as
empirically corroborated. However, this interpretation
conflicts with the logic of SHT, where non-rejection of
HO reflects only the lack of sufficiently strong evidence
against it, not positive evidence in its favor.)

4. Finally, after observing the sample, the value of the
test statistic T is calculated. If the observed value of
T falls within R, we are faced with the following situa-
tion: on one hand, HO is assumed to hold; on the
other hand, the observed value of T lies within a set of
highly unlikely outcomes under HO (a situation that
may seem almost paradoxical). Furthermore, since
this value of T lies “in the direction of H1” we are
compelled to reject HO. This provides experimental
evidence, essentially stochastic support, for H1.

(This reasoning is often illustrated by the court of law
analogy: just as a defendant is presumed innocent unless
the evidence is sufficiently strong to minimize the proba-
bility of a wrong conviction, HO is assumed to hold unless
the evidence against it is sufficiently strong, and the prob-
ability of wrongly rejecting HO is controlled and kept
small. However, this analogy should not be pushed too
far. Unlike legal reasoning, where a defendant who is not
convicted is commonly regarded as innocent, the non-
rejection of HO in SHT does not amount to establishing
its truth, nor to providing positive evidence in its favor.)

It is important to note that H1 does not always merely
represent the presence of an effect or a correlation (e.g., a
non-zero effect or non-zero correlation). More generally,
it may represent an effect or correlation that exceeds a
predefined threshold 6,, with |6y| >0, where 6, is set on
the basis of scientific relevance. Thus, HO does not neces-
sarily represent the absence of an effect or correlation
(the so-called nil hypothesis), but, more broadly, an effect
or correlation that is at most 6.

2.1 | Example

Suppose we want to test whether a new treatment (t) has
a clinically meaningful effect compared to placebo (p).
Given that the test concerns the difference between popu-
lation means, that is, 6 = u; — u,,, the maximum clinical
non-relevant difference is 8, >0. The test is as follows.

1. Define the hypotheses. H1: 8 > 6, (i.e., the new treatment
has a clinically relevant effect), and HO: 6 = 0, (i.e., the
difference is not clinically relevant). Assume HO is true.

2. Consider a sample of size n run under the new treat-
ment, and a second independent sample under pla-
cebo, still of size n, providing the sample means X;
and X,,. So, T = (X; — X, — 6o)/N(2/n).

3. Assuming that the variance in both populations is
1, the distribution of T under HO is, at least approxi-
mately, N(0,1). Extreme values for T “in the direction
of H1” are those in the interval (t, +c0) = R, where
t is sufficiently greater than 0. Then, setting a = 1%
we obtain t = 2.33, and R = (2.33, +o0). For example,
if0 — 6, =0.5and n = 72, then = = 0.75.

4. Given the sample data, if the resulting T > 2.33, then
it is usually said that HO is rejected. In practice, exper-
imental data stochastically support H1.

3 | LOGICAL STRUCTURE OF PBC

The mathematical PBC is the mathematical reasoning
used to demonstrate the truth of a statement by showing
that assuming the opposite leads to a logical contradic-
tion. Here is a clearer explanation:

1. If the goal is to prove that proposition P is true,
assume the opposite or the negation of this proposi-
tion, that is suppose —P is true. The assumption of =P
is the starting point for the proof.

2. Based on the assumption —P, apply legitimate mathe-
matical operations, known facts, and logical rules to
derive conclusions.

3. Reach a contradiction. This could be:

a. A contradiction of a known fact (e.g., 2 = 1, or the
number x is simultaneously even and odd).

b. A contradiction within the logic of the problem
(e.g., assuming A = B leads to a derivation that
A # B, which cannot both be true).

4. Since the assumption —P leads to a contradiction, which
is an impossible situation, it cannot be true (it is false).
Therefore, P (the original proposition) must be true.

Proving the truth of a statement by rejecting its nega-

tion is thus the logic of PBC.

3.1 | Examples

A classic example of a theorem whose proof relies on
PBC is a result from Euclidean geometry, namely the
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Converse of the Alternate Interior Angles Theorem: if a
transversal intersects two lines and the alternate interior
angles formed are congruent, then the two lines are par-
allel. In a PBC, one assumes that the two lines are not
parallel and instead intersect at a point C, together with
their intersections with the transversal, A and B, forming
triangle ABC. Then, by applying the Exterior Angle
Inequality Theorem, a contradiction is obtained.

As a further example, consider the proof that \2 is
irrational, that is that it cannot be expressed as a fraction
of two integers. In this case, assume that 2 is rational
and can be expressed as p/q, where p and q are integers
with no common divisors (that is, their greatest common
divisor is 1).

If V2 = p/q, then 2¢*> = p*. This implies p? is even. If
p” is even, then p must also be even. Let p = 2k for some
integer k. This implies 2g> = 4k?, that is, g°> = 2k°. This
implies g° is even. If > is even, then q must also be even.
If both p and g are even, they are both divisible by 2. This
contradicts the assumption that p and g have no common
divisors. As the assumption that V2 is rational leads to a
contradiction, it cannot be true. Therefore, V2 must be
irrational.

4 | ANALOGIES BETWEEN SHT
AND PBC

There are some notable analogies between SHT in statis-
tics and PBC in mathematics (National Academy of
Sciences—Engineering—Medicine, 2019; Batanero, 2000;
Batanero & Diaz, 2006; Castro Sotos et al., 2007; Falk &
Greenbaum, 1995; Liu & Thompson, 2005).

First, both methods commence with an assumption
that functions as a negation.

In SHT, one starts by assuming the null hypothesis
(HO), which can be interpreted as the negation of the
alternative hypothesis (H1), such that HO = —-H1. For
example, if the objective is to test for the hypothesis
regarding the existence of an effect, difference, or correla-
tion between variables, HO encodes the absence of such
an effect, difference, or correlation (—-H1). Within this
framework, SHT is understood as beginning with the
assumption of =H1 in order to ultimately support H1.

Similarly, in PBC, one assumes the negation of the
target statement. More precisely, one begins with —-P with
the ultimate goal of establishing P.

Second, both methods share a similar logical struc-
ture, reaching their conclusions by defeating the initial
assumption; that is by identifying a specific type of
contradiction.

In the context of SHT, the validity of the null hypoth-
esis HO is questioned by data that are highly unlikely

under the assumption that HO is true. Specifically, one
assumes HO and examines a test statistic T, identifying a
contradiction when the data (particularly the value of the
test statistic) fall within a region “in the direction of H1”
for an experimental result (i.e., R,), which is of small
probability (i.e., the predefined a) if HO is true. Since the
observed data are real and valid, this improbability leads
to the conclusion that HO is false and must therefore be
rejected, supporting the alternative hypothesis HI.
Symbolically:

HO — TinR,=— H1.

For clarity, a represents the “probabilistic threshold
of absurdity.” It is worth noting that this threshold is con-
ventional and context-sensitive, being fixed by the
research design.

In PBC, the validity of the assumption —P is chal-
lenged by statements that contradict either a known fact
(e.g., an axiom) or the initial assumption itself. Specifi-
cally, one assumes —P, derives a contradiction with a
known fact or within the logical framework of the prob-
lem (ctr), and concludes that =P must be false, thereby
proving P. Symbolically:

-P—ctr=P.

Third, both methods establish their target only
indirectly.

Neither SHT nor PBC directly stochastically confirms
or logically proves the respective target claim (the alter-
native hypothesis H1 or P). Rather, each proceeds by
defeating its negation: SHT rejects the null hypothesis HO
on the basis of highly improbable data under HO (i.-
e., T €R,), while PBC derives a logical contradiction
from —P and thus concludes that =P is false (Antonini &
Mariotti, 2008).

5 | KEY DIFFERENCES BETWEEN
SHT AND PBC

Despite the above analogies, there are notable distinc-
tions between SHT and PBC (Otani, 2019).

First, a significant difference lies in the nature of the
“contradiction” identified in the two methods.

In SHT, the “contradiction” is probabilistic rather
than strictly logical, and is better characterized as a state
“analogous to contradiction.” Such a state arises when
the observed data fall within a region that is highly
improbable under the null hypothesis. Therefore, reject-
ing HO reflects statistical improbability, not a formal logi-
cal inconsistency. In contrast, in PBC, the contradiction
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is a strict logical inconsistency within classical logic
(e.g., PA= P). To put it differently, the contradiction that
defeats =P holds only relatively to a stable background of
axioms, rules of inference, and ontological assumptions.
This means that the contradiction arises within a specific
deductive framework.

Second, the relationship between premises and con-
clusions differs significantly between the two methods.

In SHT, even if the premises (which, moreover, gen-
erate the collected data) are true, and the data lead to the
rejection of HO, in conclusion, H1 is not logically proven
but only stochastically supported.

In stark contrast, in PBC, if the premises are true, P is
logically proven and must be necessarily and certainly
true. In other words, while probability and uncertainty
characterize hypothesis testing, necessity and certainty
define PBC. For this reason, SHT has been aptly
described as a “stochastic proof by contradiction”
(Rubin, 2004).

A third difference regards the uniqueness of the
conclusion.

In SHT, the rejection of HO, due to the statistical
improbability of observed data, supports an H1 which
can be quite generic and can be induced by other alterna-
tive hypotheses H2, ..., Hk. In fact, some of the latter may
be wrong, and some others might be stochastically con-
firmed as well and may even be more reasonable, explan-
atory, and fruitful than H1 (for instance, if H1 is “there is
a correlation between violence and video games,” this
correlation could be implied by different hypotheses,
such as H2: “video games cause violence,” H3: “violent
individuals are more likely to play video games,” or H4:
“a third variable increases both violence and video
game use”).

Quite differently, in PBC the falsity of —P logically
entails the truth of P because this method is based on
specific ontological assumptions and inference rules,
such as the law of excluded middle, double negative elim-
ination, and so on. Thus, PBC's force constitutively
depends on adopting such assumptions and principles.
This makes explicit that PBC is conditional on an axiom-
atic framework (definitions, axioms, and inference rules).
In other words, no other statement other than P can be
inferred by the falsity of —P.

A fourth and particularly significant distinction per-
tains to the nature of the premises.

In the context of SHT, premises correspond to the col-
lected data, which are predominantly non-mathematical
in nature and, crucially, are random variables, as they
represent a random sample (Otani, 2019). Moreover, in
SHT what “constrains” the inference (namely the sample
size n, the pre-specified significance level «, the test sta-
tistic, and other modeling assumptions) does not come

from logical axioms but from those practical design
choices. Consequently, reproducing or replicating a sta-
tistical test does not necessarily yield identical outcomes.
For instance, if a test T; results in the rejection of HO,
there is no assurance that subsequent, identical tests T5,
T3, ..., T, will produce the same conclusion. Therefore,
reliability indicators of the result, such as the RP (see
Section 6.2), become essential.

Conversely, in PBC, the premises consist of mathe-
matical statements (e.g., “if p2 is even, then p must also
be even”), which are invariant and universally assumed
to be true. This ensures that once a contradiction is iden-
tified, it holds universally and permanently. In other
words, replicating the proof will invariably lead to the
same conclusion. As a result, reliability indicators for
such proofs are unnecessary.

A fifth difference, implicit in the foregoing but worth
making explicit, concerns what the “bounding”
depends on.

In SHT the decision to reject HO and support H1 cru-
cially depends on contingent design choices and
resources that vary across studies (sample size n, the pre-
specified significance level a, the test statistic, and model-
ing assumptions).

By contrast, in PBC, whether a proof succeeds does
not depend on how it is written or on the number of
cases examined; it depends solely on the accepted axioms,
definitions, and rules of inference.

In short, PBC is constrained by accepted logical
axioms, definitions, and rules of inference, whereas SHT
is constrained by contingent and often varying design
choices.

6 | USEFULNESS OF ANALOGIES
AND VALUE OF DIFFERENCES

First, note that we draw examples from clinical trials,
quality control, and psychology simply because their
adoption is standard in statistics instruction. In fact, the
examples reported in this section are purely illustrative:
the theoretical and pedagogical points we make are
domain general and do not rely on any particular area of
application.

6.1 | Experimental data never
support HO

To highlight the usefulness of analogy between SHT and
PBC, we address one of the most frequent misconcep-
tions arising in the application of statistical tests: the ten-
dency among practitioners (ranging from biologists to
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engineers) to regard the null hypothesis (HO) as true
when it is not rejected. The analogy provides a concep-
tual framework for practitioners to recognize the fallacy
of considering that the null hypothesis is true, or simply
stochastically supported by data, merely because it has
not been rejected (Reeves and Brewer, 1980).

In mathematics, the absence of a contradictory state-
ment derived from an assumption does not lead to the
conclusion that the negation of the assumption (=P) is
true. Similarly, in statistical inference, failing to find data
that are sufficiently improbable under the assumption
that HO is true neither justifies concluding that HO is
true, nor implies that HO has been stochastically
confirmed.

6.1.1 | Example

In the statistical process control (SPC), particularly in
control charts (CCs), it is usual to define HO as represent-
ing the process being under control (e.g., the mean
weight of a package of pasta is 500 g), while H1 repre-
sents the process being out of control (e.g., the mean
weight deviates from 500 g in a way that triggers an out-
of-control signal in the CC). Accordingly, the CC is
planned, and in particular the sample size, such that
deviations of, for instance, 5 g have a 95% probability of
being detected. However, in case of a non-significant test
result (i.e., no rejection of HO), this does not imply that
the process is under control, or that the mean weight is
precisely 500 g, as it is often misinterpreted to mean.
Conversely, to give data the chance of supporting that the
process is under control, a test of equivalence should be
adopted, where H1 represents the mean lying within
500 + 5 g, that is, H1: 495 < u < 505.

6.2 | Results of SHT are stochastic, not
definitive, and therefore require reliability
indicators

Differences between SHT and PBC mainly remark that in
SHT H1 is not logically proven, as in PBC, but merely sto-
chastically confirmed. This distinction is critical because
it serves as a reminder to not overemphasize an eventual
statistical significance. In fact, overreliance on it can lead
to the mistaken belief that a statistically significant result
(T in R,) constitutes definitive “proof” of H1, thereby
misinterpreting the findings and exaggerating the
strength of the evidence. Hence, reliability indicators for
SHT results are, on the one hand, needed, and on the
other hand, they should help in recalling that a signifi-
cant result is not definitive.

Usually, for this purpose, the p-value is adopted, but
it is often misinterpreted (Goodman, 2008) and, more
importantly, it does not directly quantify the reliability of
SHT results (since it reports the value of « that would
have to be set in order for the observed test statistic to fall
on the boundary of R,; this is also rather unhandy and
awkward).

To the contrary, since the outcome of an SHT is
inherently random, any statistically significant result
provides only stochastic support for H1. For this rea-
son, the focus should be on assessing its randomness.
Indeed, in SHT, the implicit randomness of gathered
data means that replicating a statistical test does not
always yield the same result. Given that statistical
inferences are based on sampled data, replication is
crucial for verifying whether an observed effect is con-
sistent across different samples from subsequent
experiments.

In general, reproducibility and replicability are an
absolute necessity in experimental sciences, as Galileo's
scientific method emphasized the repeatability of experi-
ments as a truth indicator. Recall, for example, Galileo's
falling bodies experiment, repeatedly reproduced by
others, that was crucial in demonstrating that reliable
knowledge arises from replicable results, thereby consoli-
dating the foundations of modern physics. Hence, since
experiments involving SHT inherently include random-
ness, reproducibility and replicability become even more
critical in such contexts.

However, achieving reproduction and replication is
not always straightforward. Practical constraints, such as
scarce resources, time, and ethical considerations, can
make reproduction and replication infeasible or economi-
cally unsustainable. Moreover, in some cases, limited or
no reproducibility may stem from intrinsic features of the
phenomenon under investigation, such as context sensi-
tivity, inherent variability, or when the experiment is tied
to historically situated and unique events. In such cases,
the initial conditions of the experiment cannot be recon-
structed, and the reproduction of the empirical event in
its specificity is not feasible. Nevertheless, when the
observed data exhibit a stochastic component and are
analyzed by means of SHT, the inferential outcome,
although referring to a unique empirical event, can still
be legitimately assessed in terms of reliability indicators.
This assessment relies on the assumption that the data-
generating process can be reasonably described by the
same probabilistic law, independently of the impossibility
of concretely repeating the specific historical event. In
this sense, non-replicability concerns the empirical event
in its uniqueness, but not the statistical model adopted to
describe it, nor the inferential procedure applied
to the data.
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6.2.1 | Repeatability Probability estimate as
a reliability indicator

The considerations outlined above, together with rigor-
ous logic, lead us, both in interpreting results and in
adopting reliability indicators, to favor an approach
different from that based on the p-value, namely the
adoption of the RP estimate (also referred to as Repro-
ducibility Probability).

RP is the probability of finding stochastic support for
H1 (i.e., statistical significance) in an identical replication
of the experiment, that is, a further experiment per-
formed under identical research protocol and experimen-
tal conditions (De Martini, 2008). This definition is
context-independent and applies regardless of the appli-
cation domain. The value of RP is unknown, since it
depends on the unknown population distribution from
which the data are sampled; however, RP can be esti-
mated (see Appendix 1, for a brief introduction to RP
estimation). Accordingly, RP estimates quantify the ran-
domness of statistical test-based findings. In other words,
RP serves as an indicator to measure the stability of the
experimental findings.

Notably, RP does not quantify the probability of
repeating the observed event, but rather the probability
of obtaining the same inferential outcome in an ideal rep-
lication of the statistical procedure, conducted under the
same probabilistic assumptions. For this reason, assessing
reliability in terms of RP remains conceptually appropri-
ate even in the presence of experiments that are not
strictly replicable, provided that the adopted statistical is
explicitly stated and justified.

Moreover, some theorems claim that the outcome of
a statistical test can be considered significant if, and only
if, the RP estimate is greater than Y2 (De Martini, 2008;
De Capitani & De Martini, 2015, 2021). This means that
the outcome estimated to be the most repeatable (among
significance/non-significance) is the result.

In practice, when the RP estimate is only slightly
above %2, the test result is significant, but its stability
remains extremely dubious, and further testing is neces-
sary to support H1. On the contrary, if the RP estimate is
substantially higher than 2, the result is significant and
can be considered sufficiently stable, justifying the avoid-
ance of additional studies and experiments.

‘We noticed that, although the issue of reproducibility has
been addressed for several decades (e.g., Goodman, 1992)
and the so-called reproducibility crisis gained prominence
in 2014 (see Anonymous, 2014; McNutt, 2014), in recent
years scholarly attention to this matter appears to have
declined (possibly as a consequence of the COVID-19
emergency), and the adoption of the RP has not yet
become widespread. In our view, the 2014 crisis can be

attributed primarily to a lack of “statistical literacy”
(cf. Gal, 2000, 2003). At the same time, statistical educa-
tion, being an integral component of statistical literacy
(Gal, 2000), requires reconsideration, with a stronger
emphasis on the logic underlying SHT (to which this work
seeks to contribute) and on the implicit randomness of
SHT results, which ultimately motivates the adoption of
RP estimates.

6.2.2 | Example

The clinical trial study NCT01848054 (clinicaltrials.gov)
reports the results of a comparison between two frequen-
cies, 113/128 versus 122/128. The (approximated) Z-test
was significant, as the test statistic was 2.07, exceeding
the critical value of 1.96. The simplest RP estimator gives
RP = 54.4% > Y5, while more precise estimators provide
53.0% and 52.6%. It is immediately clear that the observed
significance is not stable, as the probability of repeating a
significant finding in a subsequent identical experiment
is estimated to be close to 2. The result resembles that of
tossing a fair coin. The p-value of 0.038, which is not very
close to 0.05, might have been misleading regarding the
stability of the significance.

6.3 | Flexibility in different
research areas

Another useful difference between SHT and PBC is that
the former are flexible in their severity depending on the
field of application.

Rejecting HO is (data-)driven by statistical improbabil-
ity, instead of logical inconsistency, and the criterion
defining statistical improbability is not invariable. In fact,
such a criterion depends on the value of a very key
parameter: the Type I error probability a (see Section 2,
point 3). This probability can differ, and it actually does
across studies and disciplines.

(It is worth noting that probability computation of
observed data also depends on the chosen test statistic to
analyze experimental data, but in this general context we
omit to develop this technical aspect).

To put it differently, while PBC relies on strict logical
necessity, SHT involves probabilistic reasoning shaped by
methodological choices made by researchers. This vari-
ability highlights the unavoidable involvement of non-
epistemic values, practical interests, and contextual
scopes in SHT, in contrast to PBC (Douglas, 2000;
Wilholt, 2009).

In particular, we refer to the assessment of so-called
“inductive risk” (i.e., the risk associated with the
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possibility of making a wrong inference when there is
uncertainty, particularly in contexts where rejecting or fail-
ing to reject a hypothesis could lead to morally, socially, or
practically significant consequences) when determining
statistical significance. As (Douglas, 2000) convincingly
emphasizes, the choice of a is not dictated by purely factual
or epistemic criteria, but often involves value judgments
and practical trade-offs, such as balancing the risks given
by false positives (viz. type I errors) and false negatives (viz.
type II errors) results, in a given research context.

Now, it is worth noting that the choice of « also
affects p (i.e., the probability of a type II error,
B =1 — n), given that the other components of the statis-
tical test (e.g., test statistic, sample size, and experimental
settings) remain the same. Specifically, as a decreases,
the power function decreases, leading to an increase of j.

6.3.1 |
contexts

Some examples in different research

In phase III clinical trials, the value of « is relatively high
(e.g., 5%), as it reflects a regulatory and statistical
balance—shaped by considerations of inductive risk—
between controlling the risk of false-positive conclusions
and avoiding the loss of truly effective treatments. A
false-positive result can lead to the approval of a treat-
ment that, although safe, provides no or less-
than-expected clinical benefit, thereby exposing patients
to ineffective therapies and generating ethical concerns
and societal costs. At the same time, maintaining a rela-
tively high o helps limit the risk of false negatives,
thereby reducing the probability that effective treatments
are withheld from patients who may benefit from them.

In SPC, particularly in CCs, « is set at a much lower
level (approximately 0.27%, as in 3-sigma CCs). In this con-
text, a false positive would result in an unnecessary inter-
ruption of the production process, leading to a loss of time
and financial resources that should ideally be minimized.
Conversely, false negatives often correspond to the produc-
tion of non-conforming parts, that is, errors that can some-
times be corrected at a later stage and that, due to tolerance
limits, may incur lower costs (i.e., losses) and risks.

By contrast, in fields such as particle physics, where
the discovery of a new fundamental particle requires
extraordinary evidence, an extremely stringent a thresh-
old is adopted (e.g., 10~7) to minimize the risk of false
positives. In this domain, false negatives can be addressed
through further, more precise, and more powerful
research efforts over time.

In conclusion, the choice of a is not solely a matter of
logic or statistical convention but depends on the specific

context and the consequences of errors. In particular, it is
influenced by the associated costs (economic, scientific,
ethical, and social) and the corresponding potential
losses.

6.4 | Interpreting correlations:
alternative hypotheses in SHT

The non-uniqueness of the conclusion in SHT, that is,
the fact that H1 encompasses several alternative hypothe-
ses, creates opportunities for further research, potentially
leading to deeper, more nuanced, and precise findings. In
other words, alternative hypotheses H2, H3, ..., Hy, which
account for potential confounding variables and contex-
tual factors influencing the results, may also receive sto-
chastic confirmation.

Specifically, when data support the presence of a cor-
relation between two variables (i.e., H1: p # 0), different
causal interpretations remain possible. On the one hand,
if H2 posits a direct causal relationship between the two
variables, H2 may still be false despite rejecting HO. On
the other hand, the observed correlation may instead sug-
gest the existence of a third variable that causally influ-
ences both, leading to an alternative hypothesis H3.

6.4.1 | Example

Consider a study examining the correlation between
playing violent video games and higher scores on aggres-
sion scales. The hypotheses tested are:

HO. There is no correlation between playing vio-
lent video games and aggression scores (p = 0).

H1. A correlation exists between playing vio-
lent video games and aggression scores (p 7 0).

Suppose that HO is rejected on the base of statistical
significance. This result provides stochastic support for
the existence of a correlation, but it does not determine
its causal interpretation. In particular, rejecting HO does
not warrant the conclusion that playing violent video
games causes increased aggression scores (i.e., H2). Sev-
eral alternative hypotheses are compatible with the same
statistically significant result. For instance, one may con-
sider the following ones:

H2. Playing violent video games causes
increased aggression scores (direct causal
hypothesis).
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FIGURE 1 Alternative causal structures compatible with a statistically significant correlation between violent video games usage and

higher aggression scores. H2 represents the direct causal hypothesis, H3 the reverse causation hypothesis, and H4 different confounding

variable hypotheses, in which a third factor influences both variables. All three structures are consistent with rejection of HO, illustrating

that statistical significance alone does not determine causal interpretation.

H3. Individuals with higher aggression scores
tend to engage more frequently with violent
video games (reverse causation hypothesis:
higher aggression scores cause increased vio-
lent video game usage).

H4. One or more third variables, such as fam-
ily environment, socioeconomic status, or
peer influences, cause both increased violent
video game usage and higher aggression
scores (confounding variable hypothesis).

Importantly, the mere rejection of HO may be consistent
with any of these hypotheses. Thus, while the statistical test
stochastically supports the generic alternative hypothesis
H1, it does not discriminate among competing causal expla-
nations, some of which may involve confounding variables
influencing both measured outcomes (see Figure 1).

7 | CONCLUSIONS: TEACHING
STATISTICS

In general, the utility and impact of this article can be
primarily envisioned in relation to the teaching of statis-
tics. Our intended audience includes instructors and stu-
dents of statistics and research methods across
disciplines, as well as applied researchers.

Based on our experience, the logical relationship
between SHT and PBC is not yet part of the standard con-
ceptual framework typically used in statistics education.
Over the past 2 years, the authors have had several for-
mal opportunities, such as seminars and book presenta-
tions, to discuss this relationship with colleagues. In
many of these contexts, the proposed analogy was met
with skepticism or regarded as peripheral, which may
help explain why these ideas are not always systemati-
cally conveyed to students.

Nevertheless, as was the case with (Kuhn, 1970),
there is reason to hope that future generations of educa-
tors will contribute to integrating these perspectives into
statistics education, thereby enhancing conceptual under-
standing of the analogies and differences between SHT
and PBC.

Furthermore, we believe that the integration of
epistemological-philosophical and technical-statistical
components, which constitutes the foundation of this
work, represents a rather original contribution (we did
not find any contribution on this topic that integrated
both aspects). We thus hope that it may enhance the clar-
ity of the subject under discussion.

In particular, the analogies and differences discussed
provide valuable insights into the nature of statistical
tests, particularly in two key aspects: (1) the primary
objective is to provide evidence supporting H1, rather
than to “generically test” the hypotheses; and (2) any
such evidence is inherently stochastic in nature. Conse-
quently, incorporating these reflections into the teaching
of statistics would offer significant pedagogical benefits,
and this document has been written, at least in part, with
that objective in mind.

To date, such considerations have not been systematically
included in statistical textbooks, whether at the advanced or
introductory level, likely for the following reasons.

Mainly, there are notable differences in disciplinary
and historical contexts: mathematical logic and statistics
have distinct goals and traditions. PBC belongs to a
purely deductive framework, whereas statistical tests
operate within an inductive domain characterized by
uncertainty. Statistics, as a discipline, has largely been
developed empirically and with an applied focus,
whereas mathematical logic has followed a more theoret-
ical and axiomatic trajectory. Consequently, the two
fields have evolved in parallel with little interaction,
which may explain why the analogy has not become part
of the standard narrative.
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Moreover, perhaps due to the differences in disciplin-
ary and historical contexts mentioned above, it seems
that statistics instructors are largely unaware of the anal-
ogies (and differences) between SHT and PBC, particu-
larly regarding the logical and philosophical foundations
of statistical tests (a suitable scientific survey might be
conducted in the near future to support these
impressions).

Finally, even if statistics instructors were aware of the
aforementioned logical relationships, they might find
them ill-suited for teaching purposes. In fact, statistical
textbooks are often oriented toward practical applications
rather than the underlying philosophy. The primary goal
is to teach the use of statistical tools rather than to delve
into the logical foundations of the methodology. For
many students, statistics is already a challenging subject,
and introducing comparisons with concepts from formal
logic may have been deemed unhelpful or overly com-
plex. We, on the other hand, believe that these aspects
can contribute to a better understanding of statistical
tests and their use and, indeed, consider them
indispensable.
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APPENDIX 1: REPEATABILITY PROBABILITY
ESTIMATION

The Repeatability Probability (RP) is the so-called “true
power,” that is the power function (or functional) = com-
puted at the true, albeit unknown, value of the parameter
(or distribution) under test (De Martini, 2008). Referring
to Example 1.1, for given values of @ and n, z is a func-
tion of the parameter under test 6, that is, z(a, n, 8), and
the true power is n(a, n, 6, where 6, denotes the
unknown (true) value of 6. Hence, the true power can be
viewed as the probability of observing a statistical signifi-
cant result in an identical replication of the experiment,
that is: RP = z(a, n, 0;). Note that RP is unknown, but it
can be estimated. A naive estimator of RP is obtained
by plugging a point estimate of 6; (i.e., ") into the power
function: RP* = n(a, n, 60"). A more informative and
practically useful estimator is obtained by plugging-in the
median-unbiased estimator of @, that is 6°° such that P
(0°°< 0) = 0.5; in practice #° is the 0.5 lower bound of a
one-sided confidence interval for 6. In this way, we
obtain RP*® = z(a, n, 6°°). It is worth noting that RP%?

fulfills the so-called RP-testing theorem: A statistical test
is significant if and only if RP®® >1/2. In a general para-
metric context (see De Martini, 2008) 0 represents the
noncentrality parameter of the distribution of the test sta-
tistic T, introduced in point 2 of Section 2.

For nonparametric tests, the power is a functional of
the population distribution F, so that RP = z(a, n, F).
Given the empirical distribution function F?, based on
sample data, a bootstrap estimator analogous to RP%’,
say RP>>BC, is defined as the median of the distribution
of z(a, n, F¥), where F* denotes the empirical distribution
function of a sample of size n drawn with replacement
from F?. Moreover, some useful semiparametric RP esti-
mators have been proposed for specific nonparametric
tests (De Capitani & De Martini, 2015, 2016, 2011).

Recently, a class of improved RP estimators has been
developed that consistently reduces the mean squared
error (De Capitani & De Martini, 2021). One such estima-
tor is the Average Conservative estimator, RP*“ = [(o1)
(a, n, &) dy, where " is the y-conservative estimator of
0, that is, the y-lower bound of a one-sided confidence
interval.
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