
Università degli Studi di Genova

Dipartimento di Matematica - Dipartimento di Eccellenza

Doctorate program. Cycle XXXVIII

A thesis presented for the degree of

Philosophiae Doctor in Mathematics and Applications

Perazzo algebras, strongly Koszulness, Arithmetic
Complexes, and Vasconcelos invariant

Candidate
Luca Fiorindo

Supervisor
Prof. Aldo Conca

ACADEMIC YEAR 2024�2025





In lovely memory of

Fiorindo Mauro (1968 - 2015) Fiorindo Agostino (1945 - 2025)

Cesaro Paola (1947 - 2025)

To my family

�Posso dire che la mia vita perderebbe gran

parte del suo signi�cato se rinunciassi alla

speranza di ritrovare in qualche modo le

persone che mi sono state più care, se non

credessi alle parole del Credo: aspetto la

risurrezione dei morti e la vita del mondo che

verrà.�

� Ennio De Giorgi



Abstract

The following doctorate thesis is based on four di�erent projects.
They lie in the intersection between Commutative Algebra, Alge-
braic Geometry, and Combinatorics.

The �rst project treats Perazzo 3-folds and the weak Lefschetz
property. We characterise the Hilbert function of Perazzo alge-
bras proving that it has a maximum and a minimum. We use this
classi�cation to fully display the weak Lefschetz property for those
algebras. A classi�cation on minimal Perazzo 3-folds is given to-
gether with a deep study on their geometry and their Jordan type.

The second project investigates strongly Koszul algebras. We
examine the combinatorial structures underlying these algebras
with the aim of describing them in families. Although the re-
sults obtained so far are preliminary, they o�er new insights into
the nature of these algebras.

The third regards the study of cohomology groups of line bun-
dles on �ag varieties. Using recent results of Raicu and Vande-
Bogert, we study �ag varieties on the projective space over the
integers extending many known results. A key ingredient is the
concept of arithmetic complexes, and a uniform identi�cation for-
mula for these complexes.

In the last project, we study the asymptotic properties of the
Vasconcelos number. We prove that the (local) Vasconcelos num-
ber of M{In1

1 � � � Inr
r N is eventually a minimum of �nitely many

linear functions on n � pn1, . . . , nrq P Nr. In the particular case
r � 1, we prove that the Vasconcelos number is eventually linear
and the leading coe�cient can be computed using the theory of
Rees algebras.
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Introduction

Algebra and geometry have always been closely connected. The Babylonians and Greeks were already
translating geometric problems into algebraic ones. The formal development of Algebra came later,
especially during the Islamic Golden Age through the work of mathematicians like Al-Khwarizmi.
In more recent centuries, the contributions of Hilbert, Emmy Noether, Zariski, Grothendieck, and
others shaped what we now know as Algebraic Geometry and Commutative Algebra. During the last
century, Combinatorics emerged as an independent �eld with strong links to Geometry, Topology,
Representation Theory, and Commutative Algebra. At the same time, many of the questions studied
in Commutative Algebra have their origins in Algebraic Combinatorics and Algebraic Geometry. This
exchange of ideas has not only provided new tools for addressing these questions, but has also led to
the development of important concepts within Commutative Algebra itself. With this background, the
present doctoral thesis explores several problems in Commutative Algebra that arise from geometric
questions, conjectures, and results, as well as problems approached through combinatorial methods.

This thesis is based on four distinct projects that constitute the candidate's research activity during
the doctoral period from 2022 to 2025. Each of these projects is presented in a separate chapter,
arranged in chronological order according to their starting date. The four chapters are uni�ed by a
common goal, that is developing an algebraic framework to study problems arising from geometric
contexts. The aim is to continue the study of homogeneous ideals (or equivalently projective varieties)
by mean of their algebraic invariants in order to unravel their intrinsic nature. The thesis concludes
with a brief appendix on the theory of minimal free resolutions and related invariants. There we
consider modules on polynomial rings over a �eld or a general Noetherian ring, and their quotients.

We now proceed by presenting the four projects, summarising the results within.

Perazzo algebras and Lefschetz properties

The study of Lefschetz properties lies at the intersection of several mathematical areas, including
Combinatorics, Algebra, Geometry, and Topology. In 1950, S. Lefschetz proved the so-called "Hard
Lefschetz theorem" in the context of compact Kähler manifolds which imposes strict conditions on
the behaviour of their cohomology rings. This seminal result motivated algebraists to seek purely
algebraic analogues, leading to the modern notions of the weak and strong Lefschetz properties (WLP
and SLP). In recent decades, this research area has gone through a remarkable expansion: This is
shown not only by the constant increase in publications appearing each year, but also by the growing
number of conferences and workshops explicitly devoted to this topic, and by the growing number of
mathematicians interested in these properties. Particular attention has been devoted to the Lefschetz
properties of Gorenstein algebras, whose rich homological structure makes them especially compatible
with this line of study.

In Chapter 1, we investigate the weak Lefschetz property for a special family of Artinian Goren-
stein k-algebras. A classical theorem of Macaulay relates Artinian Gorenstein algebras A together
with homogeneous polynomials f through the Macaulay's inverse system. We denote Af the algebra
associated with the form f . A homogeneous polynomial in krx0, . . . , xnsru1, . . . , ums is called a Perazzo
form if it is of type f � x0p0 � x1p1 � � � � � xnpn � g, where n,m ¥ 2, pi P kru1, � � � , umsd�1 are
algebraically dependent but linearly independent and g P kru1, � � � , umsd. These polynomials are the
building blocks in studying forms with vanishing Hessian in �ve variables [66]. In particular, every
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Perazzo form has zero Hessian since its partial derivatives are algebraically dependent. Using the the-
ory of inverse systems, and the characterisation of Lefschetz properties with higher Hessians (Theorem
1.8), Perazzo forms give rise to a family of Artinian Gorenstein algebras failing the strong Lefschetz
property.

We focus our attention to the �rst non-trivial case, Perazzo 3-folds f � p0x0 � p1x1 � p2x2 living
inside krx0, x1, x2sru, vs. The aim of this chapter is to study the Hilbert function and the WLP of
the Perazzo algebra Af . We provide an explicit formula for computing the Hilbert function involving
the catalecticant matrices of the forms p0, p1, and p2. As a consequence, Hilbert functions of Perazzo
algebras are always unimodal. Furthermore, there exists an upper and a lower bound on their possible
shapes depending only on the degree of f .

By proving general results on WLP over Gorenstein algebras, we are able to characterise Perazzo
algebras having the WLP. We see that it is fully characterised by the Hilbert function, and Af has WLP
if and only if its Hilbert function does not reach the maximum value in "the centre". In particular,
the generic Perazzo algebra, which has the maximum possible Hilbert function, fails the WLP, while
Perazzo algebras with minimum Hilbert function always have WLP. The latter are exceptionally special:
We are able to fully classify them into three classes up to a linear change of variables. Further, we also
characterise them by mean of a geometrical argument involving the reciprocal position of the projective
plane Ppxp0, p1, p2ykq with the Rational Normal Curve in Ppkru, vsd�1q.

The chapter ends with a deep study on Jordan type of Perazzo algebras with minimum Hilbert
function. Since all the algebras have the WLP and fails SLP, we have strong conditions on the generic
Jordan type. We are also interested in studying non-Lefschetz elements and the induced multiplication
maps by mean of the Jordan type. We see that for Lefschetz elements there are only two possible
cases and one of them is the generic Jordan type. We give conditions also on the Jordan type of
non-Lefschetz elements. We also give explicit computations for one of the three families.

Strongly Koszul algebras

The study of minimal free resolutions is a central topic in modern Commutative Algebra and Algebraic
Geometry. They were �rst studied by David Hilbert who was interested in syzygies in polynomial rings.
One of the most important result on this topic is the Hilbert's Syzygy Theorem: every module over a
polynomial ring S has a �nite minimal S-free resolutions. This result opened a new research topic which
resulted in the creation of many new invariants such as the Betti numbers, the projective dimension,
and the Castelnuovo-Mumford regularity.

Set R � S{I with I a non-zero homogeneous ideal contained in m2
S , where mS is the maximal

irrelevant ideal of S. A graded R-module admits an essentially unique minimal free resolution, although
this resolution may be in�nite. In particular, the minimal R-free resolution of the base �eld k � R{mSR
is always in�nite. In this frame, Koszul algebras are a nice generalization of polynomial rings. By a
theorem of Avramov, Eisenbud, and Peeva (Theorem 2.1), the relative regularity regRpkq is either
in�nity or zero. In the latter, we call the algebra Koszul. A graded module M over a Koszul algebra
always has �nite regularity regRpMq which is bounded by the Castelnuovo-Mumford regularity regSpMq
of M seen as S-module.

The family of strong Koszul algebra is the subject of study in Chapter 2. We say that a standard
graded k-algebra R is strongly Koszul if there exists B � ty1, . . . , ynu a k-basis of R1 such that every
colon ideal pya : a P Aq : yb with A � rns and b R A is generated by a subset of B. The aim of
this chapter is to construct a suitable framework with the aim of classifying and characterise all such
algebras. We de�ne the strongly Koszul masks, or simply masks, as a combinatorial object that encodes
some (if not all) of the combinatorial structure underlying a strongly Koszul algebra. Given such a
mark the �rst main question is whether there exists at least one algebra supporting it. If such an
algebra exists the second main question is whether the set of all the algebras supported on the given
mask can be given the structure of an algebraic variety or of a scheme. With these questions in mind,
we prove several results regarding sub-families of strongly Koszul algebras like monomial quadratic
algebras, and quadratic hypersurfaces. We prove that several invariants of a strongly Koszul algebra
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and of its de�ning ideal (such as dimension, Hilbert series and number of generators) can be obtained
from the underlying mask.

We conclude the chapter by introducing a strategy which we believe can be used to construct all
possible algebras satisfying a �xed mask. Given a graded quotient R � S{I, we prove that a set of
generators for I can be constructed from the information contained in the colon ideals pya : a P rksq :
yk�1 for k � 0, . . . , n� 1. Moreover, these generators are constructed explicitly. In particular, if R is
strongly Koszul, such generating set is minimal. Using this parametrization of the ideal de�ning R, we
are working on a potential algorithm to get the equations of the variety of all the algebras supporting
on the given mask. This is still work in progress.

Arithmetic complexes for stable sheaf cohomology

In Algebraic Geometry the study of coherent and quasi-coherent sheaves on projective varieties plays
a prominent role. In our case, we are interested in a special family of varieties called �ag varieties.
Recall that given a vector space V over an algebraically closed �eld k, the �ag variety Fln is de�ned as

Fln :� t0 � V1 � � � � � Vn�1 � V : dimVi � iu.

By their very nature, these varieties can be studied and are interesting form several prospectives
and point of view including Representation Theory and Algebraic Combinatorics. An important and
widely developed line of research today focuses on the study of line bundles on these varieties. The
celebrated Borel-Weil�Bott Theorem provides a complete characterisation of the cohomology of line
bundles in the case where the base �eld k has characteristic zero. This is not the case in positive
characteristic, where the behavior of line bundle cohomology is far more subtle and signi�cantly less
understood. However, some results about the (non) vanishing of the cohomology groups of the line
bundles are known. We focus on the work of Raicu and VandeBogert [116]. They use a connection
between the these line bundles of Fln and the skew-Schur functors Sλzµ applied to the cotangent sheaf
Ω of PpV q (Theorem 3.7). By letting the dimension of V tending to in�nity, they prove that the
cohomology groups stabilises to a group Hj

stpSλzµΩq that they name stable sheaf cohomology groups.
Furthermore, they de�ne explicit arithmetic complexes Ck


 pwq that computes the stable cohomology
for speci�c skew-shapes. This allows them to prove connection formulae that translates to a relation
formulae for the stable cohomology groups for the line bundles.

The content of Chapter 3 arose from a question posed by the two authors during the summer school
PRAGMATIC 2023 - Cohomology and Frobenius and presented as a conjecture in [59]. They ask if it
is possible to generalise these arithmetic complexes to the ring of integer valued polynomials as C
pwq
and �nd an explicit isomorphism

C
px, 1dq � C
p�x� 2d, 1dq,

where x is a variable and d is a positive integer. Raicu and VandeBogert have already proven such
isomorphism in their paper by mean of induction strategy and homological considerations, but no
explicit formula has been found. In this chapter we give an explicit formula for this isomorphism. We
see that the maps representing it depends only on integer values. This allows us to generalise some of
the results within [59] to the projective space over the integers. In particular we prove the following.

Theorem. Let Ω be the cotangent sheaf over PnpZq and Sλ{µ be a skew Schur functor. The following
is true for all i.

iq H ipPnpZq, Sλ{µΩq is independent of n for n " 0, and is denoted by H i
stpSλ{µΩq.

iiq If Sλ{µ is a ribbon Schur functor corresponding to pw0, ..., wdq, then

H i
stpSλ{µΩq � H|w|�ipC
pwq bR Zq.
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iiiq If λ is a two column partition, i.e. the conjugate partition for λ is of the form λ1 � pm, dq for
integers m, d ¥ 0, then

H i
stpSλΩq � Hd�m�ip|C
p�m� d� 1, 1dqr�ds bR Zq,

where |C
p�m� d� 1, 1dq denotes the dual of the complex C
p�m� d� 1, 1dq.
ivq Consider λ as in iiiq and let d ¥ 1, then

H i
stpSλΩq � H2m�2�i

st pSpd�1,1m�dqΩq.

Vasconcelos invariant for graded modules

In Coding Theory, one of the principal tools in evaluating the e�ciency of a linear code is the minimum
distance function. In a recent work [39], the authors introduced the so called Vasconcelos invariant in
studying the regularity index of the minimum distance in the setting of projective Reed-Muller type
codes. This study led to a series of papers and results in di�erent mathematical areas like Commutative
Algebra and Combinatorics, where the Vasconcelos invariant has been generalised and contextualised.
In those papers, despite the connection to Coding Theory had faded, it became clear the mutual
connection with this invariant and other classical algebraic invariants like the Castelnuovo-Mumford
regularity, and the initial degree.

A broad de�nition can be stated as follows. Let R be a Noetherian N-graded ring, and let M be
a Z-graded R-module. Then for every associated prime p P AssRpMq, we de�ne the local Vasconcelos
number as

vppMq :� inftu P Z : there exists x PMu such that p � 0 :R xu,
while the Vasconcelos number of M is de�ned as

vpMq :� inftvppMq : p P AssRpMqu.

Many authors have applied the Vasconcelos invariant vpR{Iq for speci�c ideals I as monomial ideals,
binomial edge ideals, and compared it with the Castelnuovo-Mumford regularity. In Chapter 4 we are
interested in studying its asymptotic behaviour. That is, given homogeneous ideals I1, . . . , Is � R,
and graded modules N � M , what can we say about the (local) Vasconcelos number of M{InN and
InM{InN as a function of n P Ns? Here In � In1

1 � � � Ins
s with n � pn1, . . . , nsq. We must note that the

local Vasconcelos number vppM{InNq is well-de�ned for every n " 0 since the set of associated primes
of M{InN eventually stabilises. The same can be said also for InM{InN .

We translate the computation of the local Vasconcelos number, to a problem of calculating the
initial degree of a suitable graded R-module. By considering some mild assumptions, we are able to
prove that every local Vasconcelos number of all the aforesaid modules is eventually the minimum of
�nitely many linear functions. The same statement holds true also for the Vasconcelos number. In
particular, the leading coe�cients of the linear functions corresponds to the degrees in which the ideals
I1, . . . , Is � R are generated. These results have been proved by considering a wider setting where the
same behaviour is shown for the initial degree.

In the simple case where only one homogeneous ideal I is considered, i.e. s � 1, the minimum
degenerates and the (local) Vasconcelos number is eventually a linear function. The leading coe�cient
is the degree of a generator of a reduction ideal of I. Moreover, we also prove that the leading
coe�cients of indeg

�
InM{In�1N

�
, v
�
InM{In�1N

�
and v

�
M{In�1N

�
are all equal and a formula

involving modules over the Rees algebra RpJq is given.
We then dedicate a section on (non-) examples completing the mentioned results. Finally we discuss

the nature of the Vasconcelos invariant in the local case. We prove some results on the linearity of the
Vasconcelos number in a special case. We see that in general, its behaviour diverges from the graded
cases in unexpected ways.
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Notations and Conventions

Throughout the thesis we adopt the following notations and conventions.

� The end of proof will be signal with a tombstone symbol , the end of a remark by △ , while
the end of an example by ♢ .

� Given a �nite set P , we indicate its cardinality as #P .

� The set of natural numbers N includes the number 0.

� The set Nr of r-tuples of natural numbers n � pn1, . . . , nrq is endowed with the component-wise
addition. By 0 and 1, we denote the r-tuples p0, . . . , 0q and p1, . . . , 1q respectively.

� When a ring is considered, we always intend a unitary, commutative and Noetherian ring.

� We say that a ring R is Nr-graded if there exists a decomposition R � `nPNrRn such that
RnRm � Rn�m for every n,m P Nr. In particular, every homogeneous part Rn is a R0-module.

� If not stated otherwise, a polynomial ring S � Arx1, . . . , xns over a ring/�eld A is considered
standard graded i.e. degpxiq � 1 for every i � 1, . . . , n.

� Let R � `i¥0Ri be a graded ring. A module M over R is say to be graded if M has a Z-graded
module structure: That is, there exists a decomposition M � `nPZMn such that RaMb �Ma�b

for every a P N, and b P Z. In particular, every homogeneous component Mn is a module over
R0.

A homomorhpism of R-modules ϕ : M Ñ N is graded of degree d P Z if ϕpMaq � Na�d for every
d P Z. We say that a homomorphism is graded if it is graded of degree 0.

� Let R be a ring, and M be a R-module. A prime ideal p is associated with M if p � 0 :R m for
some m P M . The set of associated prime ideals is indicated with AssRpMq. If R is N-graded,
and M is a Z-graded R-module, then every associated prime is homogeneous.
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Chapter 1

Perazzo algebras and Lefschetz properties

�It is my experience that proofs involving

matrices can be shortened by 50% if one

throws the matrices out.�

� Emil Artin

In Algebraic Geometry, a projective hypersurface X � V pF q � PN :� PN pkq is said to have vanish-
ing hessian if hesspF q :� detHesspF q vanishes identically. Here, k is an algebraically closed �eld of
characteristic zero, and HesspF q is the classic Hessian matrix. If F has degree d, then hesspF q is
homogeneous of degree pd� 2qpN � 1q. Hypersurfaces with vanishing hessian have been studied very
frequently in the last centuries due to their peculiar geometry. A projective hypersur�ce X � V pF q
is a cone if in a suitable coordiante system, the polynomial F does not involve one of the variables.
Obviously if X is a cone then hesspF q � 0. In 1851 and later in 1859 O. Hesse claimed and proved
that any hypersurface with vanishing hessian is a cone ([78], [79]). Later, in 1876 P. Gordan and
M. Nöther disproved Hesse results proving that in every projective space PN with N ¥ 4 there exist
classes of examples of hypersurfaces with vanishing hessian that are not cones. Their arguments were
based on the facts that X is a cone if and only if the partial derivatives of F are k-linearly dependent,
while X has vanishing hessian if and only if they are k-algebraically dependent. Finally, X is smooth
if and only if the partial derivatives form a regular sequence. They also gave a complete description
of the hypersurfaces in P4, not cones, with vanishing hessian. Subsequent contributions were given
by several authors. The paper went largely unnoticed by the Italian mathematical community until
Perazzo, in 1900, brought it to the attention of many algebraic geometers, including R. Permutti, and
A. Franchetta. We refer to [118] for an exhaustive bibliography.

In recent years, the study of Hessians has gained new attention in Commutative Algebra, in partic-
ular in the study of Lefschetz properties. Recall that a standard graded Artinian k-algebra A has the
weak Lefschetz property (WLP) if multiplication by a generic linear form ℓ has maximal rank in each
degree. Similarly A has the strong Lefschetz property (SLP) if multiplication by ℓs has maximal rank
in each degree for every positive integer s (see De�nition 1.3). Although these properties may seem
easy to check, the general picture is far from being understood. The most known and long-standing
conjecture is that every Artinian Complete Intersection should have the SLP, which �rst appeared in
[117]. For monomial Complete Intersections the conjecture holds true due to a result in [123]. Several
partial results on low codimension can be found for example in [8, 17, 73]. A very recent result proves
the SLP for complete intersections whose dual generator is a binomial [43]. These are just to mention
a few of the many partial results that has appeared from the 1990's till today. Despite the large
literature on this topic, the community remains divided: some researchers believe the conjecture to be
true, while others think otherwise. At moment, a de�nite solution seems to be out of reach.

In the Gorenstein case the Complete Intersection conjecture turns out to be false also for the
WLP. Stanley in [122] gave an example of a Gorenstein algebra with Hilbert function p1, 13, 12, 13, 1q:

9
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An Artinian algebras satisfying the WLP/SLP has a unimodal Hilbert function. More in general, a
non-trivial characterisation in terms of vanishing of Hessians has been found. Indeed, the Artinian
Gorenstein algebra Af with Macaulay dual generator f fails the SLP if hessf � 0. More precisely, Af

fails the SLP if and only if one of certain generalised Hessians, called higher Hessians, of f vanishes,
see J. Watanabe's [129] and J. Watanabe and T. Maeno's [100]. This result has been generalised to
the WLP using the so called mixed Hessians, see R. Gondim and G. Zappalà's [63]. In particular,
hypersurfaces with vanishing hessian all fail the strong Lefschetz Property. A natural question is
whether they have or they fail also the weak Lefschetz Property. This question was considered by R.
Gondim in [62], where he constructed examples of hypersurfaces having and failing the WLP.

In this chapter, we consider the case of P4, where the classi�cation of hypersurfaces with vanishing
hessian is complete. Following the terminology introduced by Gondim in [62] and using homogeneous
coordinates x0, x1, x2, u, v for P4, we say X � V pF q � P4 is a Perazzo hypersurface if F has degree
d ¥ 3, and it can be written as F � p0x0 � p1x1 � p2x2 � g, where p0, p1, p2 are linearly independent
forms of degree d� 1 in u, v, and g is a form in u, v of degree d. Perazzo hypersurfaces have vanishing
hessian since the forms p0, p1, and p2 are always algebraically dependent. On the other hand, according
to [130] and [131], any hypersurface of degree d, with 3 ¤ d ¤ 5 in P4, which is not cone and has
vanishing hessian, is a Perazzo hypersurface. In general, as proved by Gordan and Nöther in [66], all
forms with vanishing hessian, not cones, are elements of Kru, vsr∆s where ∆ is a Perazzo polynomial
of the form p0x0�p1x1�p2x2 (see also [131, Theorem 7.3]). This type of forms de�nes the "Franchetta
hypersurfaces" (see [118] for all the details). If d � 3, for such an f , the k-algebra Af fails the weak
Lefschetz Property by construction. For d � 4 Gondim proved that every Artinian Gorenstein algebra
of codimension 5 has the weak Lefschetz Property [62, Theorem 3.5].

The aim of this chapter is to study Artinian Gorenstein algebras associated with Perazzo 3-folds
of any degree d ¥ 3. After giving some preliminary de�nitions and results in Section 1.1, in Section
1.2 we study Hilbert function of Perazzo algebras. After providing an explicit formula in Proposition
1.22 involving the catalecticant matrices of p0, p1, and p2, we prove in Propositions 1.24 and 1.27 that
the h-vector has a maximum and a minimum, coinciding only if d � 3, 4. Then, we consider the weak
Lefschetz Property in Section 1.3. First, we focus on algebras Af whose Hilbert function attains the
upper or the lower bound, giving a ground base for the general case. Our main results, contained in
Theorems 1.34, 1.35, and 1.46, say that Af has the weak Lefschetz Property if and only if HFAf

does
not reach its maximal possible value in the centre.

In Section 1.4, the focus is given to Perazzo algebras Af having minimum Hilbert function. Using
the theory of Waring rank for forms in 2 variables, we are able to obtain in Theorem 1.51 a complete
list of Perazzo forms with minimum Hilbert function. The classi�cation is in terms of the position
of the linear space π generated by p0, p1, p2 in PpKru, vsd�1q, with respect to the secant varieties of
the rational normal curve Cd�1. It follows that, to ensure the minimality of Af 's Hilbert function, π
has to meet Cd�1, and there are three possibilities: either π is an osculating plane to Cd�1, or it is
tangent to Cd�1 and meets the curve in a second point, or the intersection π X Cd�1 consists of three
distinct points. We conclude with a geometrical study of the polar and Gauss maps associated with
these 3-folds.

In Section 1.5 we will also consider Perazzo algebras Af with minimum Hilbert function, and we
compute their Jordan type following the classi�cation given in the previous section. This computation
is done both for weak Lefschetz and non-weak Lefschetz elements.

The results presented in this chapter were published in [54] in collaboration with Emilia Mezzetti,
and Rosa Maria Miró-Roig, [51], the candidate's Master thesis, and [2] in collaboration with Nancy
Abdallah, Nasrin Alta�, Pietro De Poi, Anthony Iarrobino, Pedro Macias Marques, Emilia Mezzetti,
Rosa Maria Miró-Roig, and Lisa Nicklasson.
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1.1 Preliminaries

Let k be a �eld of characteristic zero, and let A be a graded k-algebra. In this chapter, we only
consider standard graded k-algebras if not speci�ed otherwise. That is A � `i¥0Ai with A0 � k, and
A � krA1s. Under this assumptions A is isomorphic to a quotient of a standard graded polynomial
ring over a homogeneous ideal. If A is also Artinian, then we de�ne the Socle degree to be the integer
d such that the ring A can be written as A � `d

i�0Ai with Ad � 0. The terminology of Socle degree
is especially used when talking about Lefschetz properties. We leave [72, Remark 2.11] as example of
basis reference.

Hilbert function

For a standard graded k-algebra A � `i¥0Ai, its Hilbert function is a numerical function HFA : NÑ N
de�ned as HFAptq � dimkAt. Since the ring A is standard graded, the dimension dimkAt is �nite
for all t ¥ 0; therefore, the function HFA is well-de�ned. When A is also Artinian with Socle degree
d, then the information of the Hilbert function are captured by the Hilbert vector, h-vector for short,
de�ned as p1,HFAp1q, . . . ,HFApdqq P Nd�1. A Hilbert vector h � ph0, h1, . . . , hdq is said to be unimodal
if, for some integer s P N,

h0 ¤ h1 ¤ � � � ¤ hs ¥ hs�1 ¥ � � � ¥ hd.

Analogously, it is called symmetric if

hk � hd�k for every k � 0, 1, . . . ,

Z
d

2

^
.

The main and most known result about Hilbert functions is Macaulay's Theorem. Given integers
n, r ¥ 1, we de�ne the r-th binomial expansion of n as

n �
�
mr

r



�
�
mr�1

r � 1



� � � � �

�
me

e



where mr ¡ mr�1 ¡ � � � ¡ me ¥ e ¥ 1 are uniquely determined integers (see W. Bruns and J. Herzog's
[27, Lemma 4.2.6]). We write

nxry �
�
mr � 1

r � 1



�
�
mr�1 � 1

r



� � � � �

�
me � 1

e� 1



, and

nxry �
�
mr � 1

r



�
�
mr�1 � 1

r � 1



� � � � �

�
me � 1

e



.

Example 1.1. We give some examples of binomial expansions in the following table.

pn, rq p5, 1q p6, 2q p7, 2q p8, 3q

r-th
expansion

�
5

1


 �
4

2


 �
4

2



�
�
1

1


 �
4

3



�
�
3

2



�
�
1

1




nxry
�
6

2



� 15

�
5

3



� 10

�
5

3



�
�
2

2



� 11

�
5

4



�
�
4

3



�
�
2

2



� 13

nxry

�
4

1



� 4

�
3

2



� 3

�
3

2



�
�
0

1



� 3

�
3

3



�
�
2

2



�
�
0

1



� 2
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♢
The functions H : NÑ N that are Hilbert functions of graded standard k-algebras were charac-

terised by Macaulay in [99] (see also [27]). Indeed, given a numerical function H : NÑ N the following
conditions are equivalent:

(i) There exists a standard graded k-algebra A with H as Hilbert function,

(ii) H satis�es the so-called Macaulay's inequality, i. e.

Hp0q � 1, and Hpt� 1q ¤ Hptqxty @t ¥ 1. (1.1)

In some literature, a numerical function satisfying the Macaulay's inequality is also called a O-
sequence. Notice that condition piiq imposes strong restrictions on the Hilbert function of a standard
graded k-algebra and, in particular, it bounds its growth. Another important restriction comes from
the following Green's theorem which we recall for the sake of completeness.

Theorem 1.2. Let A be an Artinian graded k-algebra and let ℓ P A1 be a general linear form. Denote
by phiq the h-vector of A and by ph1iq that of A{pℓq. Then

h1t ¤ phtqxty for all t ¥ 1.

Proof. See [67, Theorem 1].

Lefschetz properties

De�nition 1.3. Let A be an Artinian graded k-algebra. We say that A has the weak Lefschetz Property
(WLP, for short) if there exists a linear form ℓ P A1 such that, for all integers i ¥ 0, the multiplication
map

�ℓ : Ai ÝÑ Ai�1

has maximal rank, i.e. it is injective or surjective. In this case, the linear form ℓ is called a weak
Lefschetz element of A. The set of weak Lefschetz elements forms a Zariski open subset of A1. If A has
the WLP, then this subset is dense in A1, so the general element of A1 is a weak Lefschetz element.
We will often refer to this open set as the Lefschetz locus of A.

If for the general form ℓ P A1 and for an integer j the map �ℓ : Aj�1 ÝÑ Aj does not have maximal
rank, we will say that the algebra A fails the WLP in degree j.

We say A has the strong Lefschetz Property (SLP, for short) if there exists a linear form ℓ P A1

such that, for all integers i ¥ 0 and k ¥ 1, the multiplication map

�ℓk : Ai ÝÑ Ai�k

has maximal rank. Such an element ℓ is called a strong Lefschetz element for A.
Whenever we present A as a quotient of a standard graded polynomial ring R over a homogeneous

ideal I, we will often abuse notation and say that the ideal I has or fails the WLP, or the SLP.

The weak and strong Lefschetz properties were inspired by the work of S. Lefschetz about the
cohomology ring of a complex manifold. In particular, the Hard Lefschetz theorem states that the
cohomology ring associated with any compact Kähler manifold has the strong Lefschetz property
(more details can be found in [97]).

Even if the problem of determining whether a given Artinian standard graded k-algebra has the
WLP/SLP feels like a linear algebra problem, studying Lefschetz properties for families of algebras
turned out to be extremely elusive. Part of the great interest in the WLP stems from the ubiquity of its
presence and there are a long series of papers determining classes of Artinian algebras holding/failing
the WLP but much more work remains to be done (see, for instance, [34] and [103]). The �rst result
in this direction is due to Stanley [123] and Watanabe [128] and it asserts that the WLP holds for an
Artinian complete intersection ideal generated by powers of linear forms.
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Example 1.4. (1) The ideal I � px31, x32, x33, x1x2x3q � R � krx1, x2, x3s fails to have the WLP. Set
A � R{I. We have that for any linear form ℓ � ax1 � bx2 � cx3 P A1 the multiplication map

�ℓ : A2 � k6 ÝÑ A3 � k6

does not have maximal rank. In fact, �x

tx21, x22, x23, x1x2, x1x3, x2x2u, and tx21x2, x21x3, x22x1, x22x3, x23x1, x23x2u

as a basis of A2, and A3 respectively. Then the multiplication map, associated with these bases, is
given by the matrix ��������

b 0 0 a 0 0
c 0 0 0 a 0
0 a 0 b 0 0
0 c 0 0 0 b
0 0 a 0 c 0
0 0 b 0 0 c

�������
,

which has zero determinant. More details on this example can be found in [22, Example 3.1].
(2) The ideal I � px31, x32, x33, x21x2q � R � krx1, x2, x3s has the WLP. We want to prove that

ℓ � x1 � x2 � x3 is a weak Lefschetz element. Since the h-vector of A � R{I is (1,3,6,6,4,1), we only
need to check that the map �ℓ : Ai ÝÑ Ai�1 is injective for i � 1 and surjective for i � 2, 3, 4. This
is equivalent to check that dimkrA{pℓqs2 � 3 and rA{pℓqsi � 0 for i � 3, 4, 5. We have

A{pℓq � R{px31, x32, x33, x21x2, x1 � x2 � x3q
� krx1, x2s{px31, x32, x31 � 3x21x2 � 3x1x

2
2 � x32, x

2
1x2q

� krx1, x2s{px31, x32, x21x2, x1x22q
,

which proves what we want. With similar computations, one can compute the Hilbert functions of the
algebras A{pℓkq for k ¥ 1, and check that I satis�es also the SLP. ♢

Remark 1.5. If an Artinian graded algebra A satisfy the WLP, then its h-vector is unimodal. Since
�ℓ : Ai Ñ Ai�1 is surjective if and only if rA{pℓqsi�1 � 0, we have that the surjectivity of �ℓ : Ai Ñ
Ai�1 implies the surjectivity of �ℓ : Aj Ñ Aj�1 for every j ¥ i. Therefore, once a map is surjective,
all the following ones are as well, implying unimodality of the h-vector. △

Artinian Gorenstein ideals

In this subsection, we will characterise the Lefschetz elements for graded Artinian Gorenstein algebras
A. Given R � krx0, � � � , xns, we denote by S � kry0, � � � , yns the ring of di�erential operators on R,
i.e., yi � B

Bxi
. We suppose that both polynomial rings are standard graded. For any homogeneous

polynomial f P Rd, we de�ne

AnnSpfq :� tp P S | p � f � 0u � S.

It is well known that Af :� S{AnnSpfq is a standard graded Artinian Gorenstein k-algebra. Con-
versely, the theory of inverse systems developed by Macaulay gives the following characterisation of
standard graded Artinian Gorenstein k-algebras.

Proposition 1.6. Set R � krx0, � � � , xns and let S � kry0, � � � , yns be the ring of di�erential operators
on R. Let A � S{I be a standard graded Artinian k-algebra. Then, A is Gorenstein if and only if
there is f P R such that A � S{AnnSpfq. We name f the dual generator of A. Moreover, isomorphic
standard graded Gorenstein Artinian k-algebras are de�ned by forms equal up to a linear change of
variables in R.
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From now on, when we talk about Gorenstein algebras, we will always intend standard graded
Gorenstein Artinian k-algebras. Following the previous proposition, we write Af to intend the Goren-
stein algebra with f as dual generator. The degree of f coincides with the Socle degree of A. Moreover,
one can prove that the h-vector of Af is symmetric.

For Gorenstein algebras, due to the symmetry of their h-vector, we have that A has the strong
Lefschetz property if and only if if there exists an element ℓ P A1 such that the multiplication map

�ℓe�2i : Ai ÝÑ Ac�i

is bijective for i � 0, � � � , te{2u being e the Socle degree of A. In literature, this condition is called
strong Lefschetz Property in the narrow sense.

De�nition 1.7. Let f P krx0, � � � , xnsd be a homogeneous polynomial and let A � S{AnnSpfq be the
associated Artinian Gorenstein algebra. Fix B � twj | 1 ¤ j ¤ ht :� dimAtu � At be an ordered
k-basis. The t-th (relative) Hessian matrix of f with respect to B is de�ned as the ht � ht matrix

Hesstf � pwiwjpfqqi,j ,

whose entries are forms of degree d� 2t.
The t-th Hessian of f with respect to B is the homogeneous polynomial of degree htpd�2tq de�ned

as
hesstf � detpHesstf q.

The 0-th Hessian is just the polynomial f and, in the case dimA1 � n� 1 i.e. f is not a cone, the
1-st Hessian, with respect to the standard basis, is the classical Hessian. It is worthwhile to point out
that the de�nition of Hessians and Hessian matrices of order t depends on the choice of a basis of At

but the vanishing of the t-th Hessian is independent of this choice.
A result due to Watanabe establishes a useful link between the failure of Lefschetz properties

and the vanishing of higher order Hessians. This result has been later generalised for weak Lefschetz
elements in [63] by introducing the mixed Hessians.

Theorem 1.8. Let f P krx0, � � � , xns be a homogeneous polynomial of degree d and let A � S{AnnSpfq
be the associated Artinian Gorenstein algebra. The linear form ℓ � a0y0 � � � � � anyn P A1 is a strong
Lefschetz element of A if and only if hesstf pa0, � � � , anq � 0 for t � 1, � � � , rd{2s. More precisely, up to

a nonzero multiplicative constant, hesstf pa0, � � � , anq is the determinant of the dual of the multiplication

map �ℓd�2t : At ÝÑ Ad�t.

Proof. See [129, Theorem 4] and [100, Theorem 3.1].

Example 1.9. To illustrate Watanabe's theorem, we consider Ikeda's example of an Artinian Gorenstein
algebra of codimension 4 failing WLP (see [86, Example 4.4]). We take

f � x0x
3
2x3 � x1x2x

3
3 � x30x

2
1 P krx0, x1, x2, x3s.

Let S � kry0, y1, y2, y3s be the ring of di�erential operators on R. Using [M2], we compute AnnSpfq
and we get:

AnnSpfq � py0y23, y21y3, y0y1y3, y20y3, y1y22, y0y22 � y1y
2
3, y

2
1y2, y0y1y2, y

2
0y2, y

3
1,

y43, y
2
2y

2
3, y

4
2, y

2
0y

2
1 � 2y32y3, y

3
0y1 � 2y2y

3
3, y

4
0q.

The h-vector of A � S{AnnSpfq is p1, 4, 10, 10, 4, 1q. We apply the above criterion to check that
A fails the WLP in degree 3. To this end, we consider a k-basis of A2:

ty20, y21, y22, y23, y0y1, y0y2, y0y3, y1y2, y1y3, y2y3u.
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The 2-nd Hessian of f with respect to this basis is

Hess2f �

����������������

0 12x0 0 0 6x1 0 0 0 0 0
12x0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 6x3 6x2 0 0 6x0
0 0 0 0 0 0 0 6x3 6x2 6x1

6x1 0 0 0 6x0 0 0 0 0 0
0 0 6x3 0 0 0 0 0 0 6x2
0 0 6x2 0 0 0 0 0 0 0
0 0 0 6x3 0 0 0 0 0 0
0 0 0 6x2 0 0 0 0 0 6x3
0 0 6x0 6x1 0 6x2 0 0 6x3 0

���������������

.

For any pa0, a1, a2, a3q P k4, we have hess2f pa0, a1, a2, a3q � 0. So, for any ℓ P A1, the multiplication
map �ℓ : A2 ÝÑ A3 has zero determinant. Therefore, it is not bijective and we conclude that A fails
the WLP. ♢

We now group together a series of results that are useful to check if an Artinian Gorenstein algebra
has or not the weak Lefschetz property.

Proposition 1.10. Let A � Àd
i�0Ai be a graded Artinian Gorenstein algebra and let ℓ P A1. We

denote lk : Ak Ñ Ak�1 the restriction of the multiplication by ℓ at the k-th homogeneous part. Then
the following statements hold true.

1. If lk0 is injective for some k0 ¤ d, then lk is injective for every k ¤ k0.

2. If lk0 is surjective for some k0 ¥ 0, then lk is surjective for every k ¥ k0.

3. If dimAk0 � dimAk0�1 for some 0 ¤ k0 ¤ d� 1, then ℓ is a weak Lefschetz element if and only
if lk0 is an isomorphism.

4. If dimAk0�1   dimAk0 ¡ dimAk0�1 for some k0, then ℓ is a weak Lefschetz element if and only
if lk0�1 is injective.

Proof. For statements 1.,2., and 3. see [105, Proposition 2.1]. Statement 4. is a direct consequence of
the the �rst two and the following fact: if lk0�1 is injective then the map lk0 : Ak0 Ñ Ak0�1 is surjective.
Since lk0�1 is injective, its dual map l�k0�1 : A

�
k0
Ñ A�

k0�1 is surjective. Since A is a Gorenstein algebra,
we can view this map as l�k0�1 : Ak0 Ñ Ak0�1. This map coincide with the map lk0 : Ak0 Ñ Ak0�1,
thus it is surjective.

By Proposition 1.10 we also deduce the following property for A, an Artinian Gorenstein algebra:
a necessary condition for A to have the weak Lefschetz properties is that

h0   h1   � � �   hs � hs�1 � � � � � hr d2 s � � � � � hd�s ¡ hd�s�1 ¡ � � � ¡ hd

for some integer s. The quantity hs � maxthi : i � 0, . . . , du is called the Sperner number of A (cf.
[72, De�nition 2.39] and [72, Remark 3.7]). So, if we want to check the WLP, Conditions 3., and 4. of
Proposition 1.10 exhaust all possible cases.

As a �nal note, the Hilbert vector of an Artinian Gorenstein algebra, which has the WLP/SLP,
has restrictions on its value. In fact, a similar statement to Macaulay's Theorem can be proved for
Gorenstein algebras involving the Lefschetz properties.

Theorem 1.11. Let h � p1, h1, . . . , hdq be a tuple of non-negative integers. Then there exists an
Artinian Gorenstein k-algebra satisfying the WLP with h as Hilbert vector if and only if h is an SI-
sequence, i.e.

� h is symmetric,
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� h is unimodal,

� ∆h � ph0, h1�h0, . . . , ht�ht�1q satis�es Macaulay's inequality, where t � minti|hi ¥ hi�1u (the
index t makes sure the elements of ∆h are strictly positive).

The same statement holds true also by replacing WLP with SLP.

Proof. See [71, Theorem 1.2] and [7, Theorem 3.2].

Perazzo algebras

De�nition 1.12. Fix N ¥ 4. A Perazzo hypersurface X � PN of degree d is a hypersurface de�ned
by a form f P krx0, . . . , xn, u1 . . . , ums of the following type:

f � x0p0 � x1p1 � � � � � xnpn � g

where n�m � N , n,m ¥ 2, pi P kru1, � � � , umsd�1 are algebraically dependent but linearly independent
and g P kru1, � � � , umsd.

It is worthwhile to point out that usually Perazzo hypersurfaces are assumed to be reduced and
irreducible (see, for instance, [62, De�nition 3.12]). We will insert these hypotheses if it is required.

Example 1.13. As a �rst example of Perazzo hypersurface we have the cubic 3-fold in P4 of equation:

fpx0, x1, x2, u, vq � x0u
2 � x1uv � x2v

2.

It is a cubic hypersurface with vanishing hessian but not a cone. So, it provides the �rst counterexample
to Hesse's claim: any hypersuface X � PN with vanishing hessian is a cone ([78] and [79]). ♢

Hesse's claim, which is true for quadrics, was studied by Gordan and Nöther in [66] for hypersurfaces
of degree d ¥ 3. They proved it is true for N ¤ 3 but it is false for any N ¥ 4. More precisely they
gave a complete classi�cation of the hypersurfaces with vanishing hessian for N � 4 and a series of
examples of hypersurfaces with vanishing hessian not cones for any N ¥ 5. Subsequently Perazzo in
[113] described all cubic hypersurfaces with vanishing hessian for N � 4, 5, 6. The results of Gordan-
Nöther and of Perazzo have been recently considered and rewritten in modern language by many
authors [18], [33], [56], [98], [60], [130] and [131].

Remark 1.14. We recall that the hypersurface de�ned by a polynomial f has vanishing hessian if and
only if the partial derivatives of f are algebraically dependent, and it is a cone if and only if they are
linearly dependent. It follows that the Perazzo hypersurfaces, introduced in De�nition 1.12, have all
vanishing �rst hessian and in general are not cones. △

In P4 the Gordan-Nöther classi�cation states that, for degree d ¤ 5, the hypersurfaces not cones
with vanishing hessian are all Perazzo hypersurfaces, while for degree d ¡ 5, a form of degree d with
vanishing hessian, not cone, is an element of kru, vsr∆s where ∆ is a Perazzo polynomial of the form
p0x0 � p1x1 � p2x2 (see [66] and [131, Theorem 7.3]).

In [100] Maeno and Watanabe found a connection between the vanishing of higher order hessians
and Lefschetz properties, in particular with the SLP; then Gondim in [62] studied the WLP for some
hypersurfaces with vanishing hessian.

In this note, we will concentrate our attention on Perazzo 3-folds X in P4 and our �rst goal will
be to determine the maximum and minimum h-vector for the Gorenstein Artinian algebras associated
with them. We will use the following notations: R � krx0, x1, x2, u, vs is the polynomial ring in 5
variables, S � kry0, y1, y2, U, V s is the ring of di�erential operators on R, and a Perazzo 3-fold X � P4

of degree d is de�ned by a form

f � x0p0pu, vq � x1p1pu, vq � x2p2pu, vq � gpu, vq P Rd. (1.2)
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If d � 3, the corresponding algebras have all the same h-vector, and precisely p1, 5, 5, 1q. In fact,
by Remark 1.14, X not being a cone implies h1 � h2 � 5. So, from now on, we will assume that d ¥ 4
and we write

p0pu, vq � °d�1
i�0

�
d�1
i

�
aiu

d�1�ivi,

p1pu, vq � °d�1
i�0

�
d�1
i

�
biu

d�1�ivi,

p2pu, vq � °d�1
i�0

�
d�1
i

�
ciu

d�1�ivi, and
gpu, vq � °d

i�0

�
d
i

�
giu

d�ivi.

(1.3)

For any 2 ¤ k ¤ td�1
2 u, we de�ne the matrices:

Ak :�

�����
a0 a1 � � � ak�1

a1 a2 � � � ak
...

...
...

ad�k ad�k�1 � � � ad�1

����
, Bk :�

�����
b0 b1 � � � bk�1

b1 b2 � � � bk
...

...
...

bd�k bd�k�1 � � � bd�1

����
,

Ck :�

�����
c0 c1 � � � ck�1

c1 c2 � � � ck
...

...
...

cd�k cd�k�1 � � � cd�1

����
, and Gk :�

�����
g0 g1 � � � gk
g1 g2 � � � gk�1

...
...

...
gd�k gd�k�1 � � � gd

����
.

(1.4)

The matrices Ak, Bk, Ck and Gk are the building blocks of the matrices Mk, Nk and N 1
k that will

play an important role in the proof of our main results. They are de�ned as follows:

Mk :� �Ak|Bk|Ck
�
, Nk :�

��Ak�1

Bk�1

Ck�1

�
 and N 1
k :�

����
Ak�1

Bk�1

Ck�1

Gk

���
. (1.5)

Remark 1.15. (1) The matrices Nk and Mk�1 contain the same 3 blocks of size pd� kq � pk � 1q.
(2) Since Mk � N t

d�k, we have rankMk � rankNd�k.
(3) As we will see in the proof of Propositions 1.24 and 1.27, the h-vector of S{AnnSpfq is minimal

if and only if for all k, 2 ¤ k ¤ td2 u, rankMk � rankN 1
k � 3. △

Jordan type

De�nition 1.16. The Jordan type Pℓ � Pℓ,A of a graded Artinian algebra A and a linear form ℓ of
A1 is the partition of dimkA determining the Jordan block decomposition for the multiplication map
�ℓ : AÑ A.

Example 1.17. Let I � px3, xy, y4q � krx, ys and set A � krx, ys{I. Consider the element ℓ �
x � y P A1. Since the algebra A is Artinian, the element ℓ is idempotent and the only eigenvalue of
the multiplication map �ℓ : A Ñ A is 0. It remains to determine the number and the dimension of
the Jordan normal blocks. It is easy to see that tℓ4, ℓ3, ℓ2, ℓ, 1, xℓ, xu is k-basis of A, and the matrix
representing the multiplication map �ℓ with respect to this basis is��������

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0

0 0 0 0 0 1
0 0 0 0 0 0

�������
.

Thus, we obtain Pℓ,A � p4, 2q. ♢
Remark 1.18. Let Pℓ,A � pp1, . . . , psq be the Jordan type of ℓ in a graded Artinian algebra A.
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1. There are elements z1, . . . , zs P A such that tℓizj : 1 ¤ j ¤ s, 0 ¤ pj � 1u is a k-basis for
A. We name this basis a pre-Jordan basis for the multiplication by ℓ in A. If in addition
ℓpizi � 0 for each i, we call it a Jordan basis. The Jordan blocks are determined by the strings
Sj � tzi, ℓzi, . . . , ℓpi�1ziu, j � 1, . . . , s, and A decomposes as

A � xS1y ` � � � ` xSsy.

2. Since A is standard graded, the elements z1, . . . , zs P A constructing a Jordan basis can be re�ned
using krℓs-linear operation to turn them homogeneous. The krℓs-modules xSjy become graded
and the above decomposition is consistent with the graded structure of A. △

The Jordan type of a linear form ℓ for an Artinian algebra A determines whether or not ℓ is a weak
or strong Lefschetz element of A. In order to explain the connection we need the following de�nition,
and for more details on Artinian algebras and Jordan type the reader is invited to look at [85].

De�nition 1.19 (Dominance order). Given two partitions

P � pp1, p2, . . . , psq, p1 ¥ p2 ¥ � � � ¥ ps

and
Q � pq1, q2, . . . , qtq, q1 ¥ q2 ¥ � � � ¥ qt

of an integer n, the dominance partial order is de�ned as

Q ¤ P if
i̧

j�1

qj ¤
i̧

j�1

pj , for all i ¤ mints, tu.

De�nition 1.20. If H � ph0, . . . , hdq is the h-vector of some Artinian graded algebra A, we can
rearrange its values in a non-increasing order to form a partition of dimkA. The conjugate partition
H_ of H is de�ned as

H_ � ph_0 , . . . , h_r q, where h_i � #tk : hk ¥ iu.
For example, following Example 1.17, the Hilbert function of A � krx, ys{px3, xy, y4q is H �

p1, 2, 2, 1q. Viewing H as a partition, we obtain H � p2, 2, 1, 1q and H_ � p4, 2q. The Young
diagrams of H and H_ are respectively

.

We can see that H_ is obtained by switching rows and columns of H in its Young diagram.

Proposition 1.21. Let A be a graded Artinian algebra with Hilbert function HFA, then

(i) a linear form ℓ is a weak Lefschetz element for A if and only if HFA is unimodal and the number
of parts in Pℓ,A is equal to the Sperner number of A (i. e. the maximum value of HFA);

(ii) a linear form ℓ is a strong Lefschetz element for A if and only if Pℓ,A is the conjugate partition
HF_

A ;

(iii) there is a dense open set U � A1 such that if ℓ is a linear form in U then, with respect to the
dominance order, Pℓ,A ¥ Pℓ0,A, for any ℓ0 P A1.

Proof. See [72, Proposition 3.5] or [85, Proposition 2.10].

In Proposition 1.21 (iii), we call the Jordan type of an element in the open set U the generic linear
Jordan type of A and denote it by PA (see [85, Lemma 2.54, De�nition 2.55]; there the notation for
generic linear Jordan type is P1,A, to distinguish this from the generic Jordan type, coming from a
general element of the maximal ideal). We underline that Pℓ,A ¤ HF_A for every ℓ P A1.
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Computational remarks

While using Macaulay2 [M2], in checking whenever a Perazzo algebra A has the WLP, we use the
following procedure: After computing the hilbert vector phiq of A, we can consider a random linear
form ℓ and compute the hilbert vector ph1iq of A{pℓq and check whether the following equality holds

h1i � maxthi � hi�1, 0u, for i ¥ 1.

The Macaulay2 code is the following.

== Check WLP fo r a s i n g l e l i n e a r e lement
== Assumes A = R/ I i s a Perazzo a l g e b ra

isWLP = ( I ) => (
i f dim I != 0 then error "The quot i ent  i s  not Art in ian . " ;

== Hi l b e r t f unc t i on o f A
s := regularity I ;
HA := for i from 0 to s l i s t hilbertFunction ( i , I ) ;

== Choose a random l i n e a r form
e l l := random(1 , ring I ) ; == random l i n e a r form in R_1
J := I + ideal ( e l l ) ;

== Hi l b e r t f unc t i on o f A/( e l l )
HB := for i from 0 to s l i s t hilbertFunction ( i , J ) ;

== Check the e q u a l i t y :
== HB( i ) = max{ HA( i ) = HA( i =1) , 0 }
for i from 0 to s do (

expected :=
i f i == 0 then HA#0
else max(HA#i = HA#(i =1) , 0 ) ;
i f HB#i != expected then return fa l se ;

) ;
return true ;

) ;

==Check WLP fo r a g iven number o f t r i a l s

isWLPgeneral = ( I , t r i a l s ) => (
for t from 1 to t r i a l s do (

i f not isWLP( I ) then return fa l se ;
) ;
return true ;

) ;

By generating a limited number of linear forms and check the relate h-vector, it is revealed whether
the algebra satis�es WLP. If this is not the case, the probability of the algebra not having the property
is quite high but a proper computation is needed to check that every linear element fails WLP. Usually,
this is done for Gorenstein algebra with Theorem 1.8 and its generalizations. The above script can be
used more in general for Artinian level algebras due to Proposition 1.10. We recall that an Artinian
algebra A with maximal irrelevant ideal m and Socle degree d is called level if 0 :A m � Ad. Every
Gorenstein Artinian algebra is automatically level.
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1.2 Hilbert function of Perazzo 3-folds

In this section we study the Hilbert function of Artinian Gorenstein algebras de�ned by a Perazzo
form. We give explicit formulas to compute it obtaining a result on its minimality and maximality.
Crucial is Theorem 1.31 that proves unimodality of the Hilbert function. We follow notations present
in Section 1.1.

Proposition 1.22. Let f � x0p0pu, vq � x1p1pu, vq � x2p2pu, vq be a form of degree d de�ning a
Perazzo 3-fold in P4. Let h � ph0, h1, . . . , hdq be its h-vector. Then h0 � hd � 1, h1 � hd�1 � 5 and,
for 2 ¤ i ¤ d� 2, hi � 4i� 1�mi � ni, where mi � 3i� rankMi and ni � i� 1� rankNi.

Proof. Recall that the h-vector of an Artinian Gorenstein algebra is symmetric and, hence, we only
have to compute hi for 0 ¤ i ¤ td2 u. We have

hi � dimAi � dimSi � dimAnnSpfqi �
�
4� i

i



� dimAnnSpfqi.

So, we have to compute dimAnnSpfqi for any i, 0 ¤ i ¤ td2 u. Since p0pu, vq, p1pu, vq and p2pu, vq are
k-linearly independent, we have dimAnnSpfq1 � 0 and, hence, h1 � 5.

We observe that, for any i ¥ 2, AnnSpfqi contains py0, y1, y2qi�kpU, V qk, for 0 ¤ k ¤ i�2. Therefore

dimAi ¤
�
4� i

i



�

i�2̧

k�0

pk � 1q
�
i� k � 2

2



� 4i� 1.

We have to compute the numbers

mi � dimpAnnSpfqi X py0, y1, y2qpU, V qi�1q,
ni � dimpAnnSpfqi X pU, V qiq,

and we will get
dimAi � 4i� 1�mi � ni. (1.6)

This can be done because there are no linear dependence relations between the two parts, given the
bi-homogeneous nature of f with respect to the two groups of variables x0, x1, x2 and u, v.

To compute mi we consider a general polynomial of degree i in py0, y1, y2qpU, V qi�1:

pα0U
i�1 � α1U

i�2V � � � � � αi�1V
i�1qy0 � pβ0U i�1 � � � � � βi�1V

i�1qy1 � pγ0U i�1 � � � � qy2.
It belongs to AnnSpfqi if and only if

α0p0,ui�1 � α1p0,ui�2v � � � � � αi�1p0,vi�1 � β0p1,ui�1 � � � � � γ0p2,ui�1 � � � � � γi�1p2,vi � 0.

The partial derivatives of p0, p1, p2 appearing in the above expression have degree d�i; setting equal to
zero the coe�cients of the d� i� 1 monomials in u, v, we get a homogeneous linear system of d� i� 1
equations in the 3i unknowns α0, . . . , αi�1, β0, . . . , βi�1, γ0, . . . , γi�1. The matrix of the coe�cients is
Mi, therefore mi � 3i� rankMi, and we are done.

To compute ni we consider a general polynomial of degree i in U, V :

δ0U
i � δ1U

i�1V � � � � � δiV
i

and we impose that it belongs to AnnSpfqi. We get

pδ0p0,ui � δ1p0,ui�1v � � � � � δip0,viqx0 � pδ0p1,ui � � � � qx1 � pδ0p2,ui � � � � qx2 � 0.

Looking at the coe�cients of x0, x1, x2 and then the coe�cients of the monomials in u, v of degree
d � i � 1 and d � i, we get a homogeneous linear system of 3pd � iq � pd � i � 1q equations in i � 1
unknowns, whose matrix of the coe�cients is Ni. We conclude that ni � i� 1� rankNi. The proof is
complete.
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Remark 1.23. We observe that the expression for hi can also be written in the form hi � rankMi �
rankNi. In fact, if we write a unique linear system to compute the dimension of the space AnnSpfqiX
rpy0, y1, y2qpU, V qi�1 � pU, V qis, the matrix of this linear system results to be

�
0 Ni

Mi 0



.

In the general case, when f is as in (1.2) with g � 0, equality (1.6) is not necessarily true, but
only the inequality dimAi ¥ 4i� 1�mi � ni holds true. An explicit example is provided by the form
f � x0u

9 � x1u
8v � x2v

9 � u5v5.
On the other hand, in this more general situation the matrix associated with the linear system to

be considered to compute hi is
�

0 Ni

Mi Gi



. This implies, for every index i, the series of inequalities

rankMi � rankNi ¤ hi ¤ rankMi � rankN 1
i .

Clearly, every time rankNi � rankN 1
i , we obtain a relation as in Proposition 1.22. This is obviously

the case when g � 0. It is also the case if one of the polynomials p0, p1, p2 is general enough. Indeed,
we observe that Ni has maximal rank if and only if its columns are linearly independent; so if the rank
of one of the matrices Ai�1, Bi�1, Ci�1 is computed by the number of columns then Ni has maximal
rank. This happens if one of the polynomials p0, p1, p2 is general enough in view of [83, Proposition
3.4]. △

Proposition 1.24. Let d ¥ 4. The maximum h-vector of the Artinian Gorenstein algebras S{AnnSpfq
associated with the Perazzo 3-folds of degree d in P4 is:

(1) If d � 4t then

hi �

$'&'%
4i� 1 for 0 ¤ i ¤ t

4t� 2 for t� 1 ¤ i ¤ 2t

hd�i for 2t� 1 ¤ i ¤ 4t

;

(2) If d � 4t� 1 then

hi �

$'&'%
4i� 1 for 0 ¤ i ¤ t

4t� 3 for t� 1 ¤ i ¤ 2t

hd�i for 2t� 1 ¤ i ¤ 4t� 1

;

(3) If d � 4t� 2 then

hi �

$'&'%
4i� 1 for 0 ¤ i ¤ t

4t� 4 for t� 1 ¤ i ¤ 2t� 1

hd�i for 2t� 2 ¤ i ¤ 4t� 2

;

(4) If d � 4t� 3 then

hi �

$'&'%
4i� 1 for 0 ¤ i ¤ t� 1

4t� 5 for t� 2 ¤ i ¤ 2t� 1

hd�i for 2t� 2 ¤ i ¤ 4t� 3

.

Example 1.25. For low values of d, the maximal Hilbert functions in Proposition 1.24 look like the



1.2. Hilbert function of Perazzo 3-folds 22

following.

d � 6 � 4 � 1� 2 h � p1, 5, 8, 8, 8, 5, 1q
d � 7 � 4 � 1� 3 h � p1, 5, 9, 9, 9, 9, 5, 1q
d � 8 � 4 � 2� 0 h � p1, 5, 9, 10, 10, 10, 9, 5, 1q
d � 9 � 4 � 2� 1 h � p1, 5, 9, 11, 11, 11, 11, 9, 5, 1q
d � 10 � 4 � 2� 2 h � p1, 5, 9, 12, 12, 12, 12, 12, 9, 5, 1q
d � 11 � 4 � 2� 3 h � p1, 5, 9, 13, 13, 13, 13, 13, 13, 9, 5, 1q
d � 12 � 4 � 3� 0 h � p1, 5, 9, 13, 14, 14, 14, 14, 14, 13, 9, 5, 1q

♢

Proof of Proposition 1.24. Let f be a form of degree d as in (1.2) with p0, p1, p2, g as in (1.3). Being
the h-vector symmetric, we only have to compute hi for 0 ¤ i ¤ d

2 .
In view of Proposition 1.22 and Remark 1.23, the maximal Hilbert function is obtained when mi, ni

are minimal for any i, i.e. when the ranks of the matrices Mi, N 1
i are as large as possible.

Clearly rankMi ¤ mint3i, d� i� 1u. Therefore

rankMi ¤
#
3i for i ¤ d�1

4 ;

d� i� 1 for i ¥ d�1
4 .

RegardingN 1
i , we observe that, in our situation, i�1 ¤ 3pd�iq�pd�i�1q, so always rankN 1

i ¤ i�1.
This gives upper bounds on hi depending on the class of congruence of the degree d modulo 4, that

are precisely those in the statement of this Proposition.
To conclude the proof, we claim that these bounds are achieved. To this end, we observe that, in

view of the expressions (1.3), the columns of the matrices Ai,Bi, Ci,Gi contain up to a constant the
coe�cients of the partial derivatives of order i � 1 of p0, p1, p2, g respectively. But, if p0, p1, p2, g are
general enough, then, by [83, Proposition 3.4], for any i their partial derivatives of order i � 1 are as
linearly independent as possible in kru, vsd�1�i. This means that the ranks of the matrices Ai,Bi, Ci,Gi

are as large as possible. This proves our claim.

The family given in the proof of Proposition 1.24 is not much explicit because it simply states
that the forms p0, p1, p2 need to be general enough. The following example gives an explicit class of
examples attending the upper bound.

Example 1.26. The following example shows that the upper bound for the h-vector given in Proposition
1.24 is achieved. For any integer d ¥ 5, we write d � 3r � ϵ with 0 ¤ ϵ ¤ 2. We take

p0pu, vq �
r�1̧

i�0

�
d� 1

i



1

i� 1
ud�1�ivi,

p1pu, vq �
2r�1�ϵ¸
i�r

�
d� 1

i



1

i� 1
ud�1�ivi, and

p2pu, vq �
d�1̧

i�2r�ϵ

�
d� 1

i



1

i� 1
ud�1�ivi.

The Artinian Gorenstein algebra S{AnnSpfq associated with the Perazzo 3-fold X � P4 with
equation f � x0p0 � x1p1 � x2p2 has the maximum h-vector described in Proposition 1.24. Indeed,
h0 � 1 and h1 � 5 (because p0, p1 and p2 are k-linearly independent). Moreover, for all 2 ¤ k ¤ td2 u,
we have rankMk � mint3k, d� k � 1u and rankN 1

k � mintk � 1, 4pd� kq � 1u and the result follows
from the equality hk � 4k � 1 �mk � nk with mk � 3k � rankMk and nk � rankN 1

k. More details
can be found in [51, Example 3.20] where the rank of these matrices is explicitly computed. ♢
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To determine the minimum h-vector for the Gorenstein Artinian algebra associated with a Perazzo
3-fold X in P4 we need �rst to recall some results about the growth of the Hilbert function of standard
graded k-algebras and to �x some additional notation. As an application of Macaulay's theorem, we
have:

Proposition 1.27. Let d ¥ 4. Let R � krx0, x1, x2, u, vs and S � kry0, y1, y2, U, V s be the ring of dif-
ferential operators on R. The minimum h-vector of the Artinian Gorenstein algebras A � S{AnnSpfq
associated with the Perazzo 3-folds of degree d in P4 is:

p1, 5, 6, 6, � � � 6, 6, 5, 1q.

Proof. The proof proceeds as follows: we �rst prove that the cited t-uple is less than any possible
h-vector associated with a Perazzo 3-fold, with respect to the termwise order; then, we give examples
of Perazzo forms that have this h-vector. Let

hA � ph0, h1, h2, h3, � � � hd�2, hd�1, hdq

be the h-vector of A. First of all we observe that, arguing as in the proof of Proposition 1.24, we
get that 6 ¤ h2 ¤ 9 which, together with the fact that the h-vector of any standard graded Artinian
Gorenstein algebra is symmetric, gives us that a lower bound for hA looks like

p1, 5, 6, h3, � � � hd�2, 6, 5, 1q.

This concludes the �rst step for d ¤ 5. We will now prove that if d ¥ 6, for any i, 3 ¤ i ¤ d � 3,
hi ¥ 6.

First we assume d ¥ 8. If hj ¤ 5 for some 5 ¤ j ¤ d� 3, using Macaulay's inequality ht�1 ¤ h
xty
t

for all t ¥ 1, we get that hi ¤ 5 for all i ¥ j contradicting the fact that hd�2 � 6. Therefore, hj ¥ 6
for all 5 ¤ j ¤ d� 2 and, by symmetry, we also have h3, h4 ¥ 6.

For d � 6, 7, we must show that h3 ¥ 6. This last equality follows after a straightforward computa-
tion which shows that py0, y1, y2q3 ` py0, y1, y2q2pU, V q � AnnSpfq3, dimtpα0U

2 � α1UV � α2V
2qy0 �

pβ0U2 � β1UV � β2V
2qy1 � pγ0U2 � γ1UV � γ2V

2qy2 P AnnSpfq3u ¤ 6 and dimtδ0U3 � δ1U
2V �

δ2UV 2 � δ3V
3 P AnnSpfq3u ¤ 1. Therefore, h3 � dimS3{AnnSpfq3 ¥

�
7
4

�� 29 � 6.
Summarizing, we have got that for any d ¥ 4 and for 2 ¤ i ¤ d� 2, it holds hi ¥ 6. To �nish the

proof it su�ces to give an example with hi � 6, for any i, 2 ¤ i ¤ d � 2. We take the homogeneous
polynomial of degree d:

fpx0, x1, x2, u, vq � udx0 � ud�1vx1 � vdx2.

It is easy to check that it has the desired h-vector.

Remark 1.28. From Proposition 1.22 it follows that A � S{AnnSpfq has minimum h-vector if and
only if rankMi � rankN 1

i � 3 for any i with 2 ¤ i ¤ td2 u. We note that none of these ranks can be
strictly less than 3 due to the assumption that p0, p1, p2 are linearly independent. △
Remark 1.29. From Propositions 1.24 and 1.27, it follows that for d � 4 the unique possible h-vector
is p1, 5, 6, 5, 1q. Instead, for d � 5, we can obtain only the maximal h-vector p1, 5, 7, 7, 5, 1q, and the
minimal h-vector p1, 5, 6, 6, 5, 1q. For bigger values of d, also some intermediate cases are a priori
possible. △

Lemma 1.30. Let F � x0p0 � x1p1 � x2p2 � g be a Perazzo form of degree d ¥ 4 and let AF be the
associated Artinian Gorenstein algebra. Then, for a general linear form ℓ P AF , the polynomial ℓ � F
de�nes a Perazzo form of degree d� 1.

Proof. We can write ℓ � a0X0 � a1X1 � a2X2 � b0U � b1V for some coe�cients ai, bj P k not all zero.
Then we can exhibit the action of ℓ on F as

ℓ � F � x0p̃0 � x1p̃1 � x2p̃2 �
�
a0p0 � a1p1 � a2p2 � b0

Bg
Bu � b1

Bg
Bv
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with
p̃0 � b0

Bp0
Bu � b1

Bp0
Bv , p̃1 � b0

Bp1
Bu � b1

Bp1
Bv , and p̃2 � b0

Bp2
Bu � b1

Bp2
Bv .

The form ℓ�F has degree d�1 ¥ 3. It remains to prove that the polynomials p̃0, p̃1, p̃2 are linearly
independent, for a general choice of ℓ.

Let ℓ1 � b0u� b1v and consider the map kru, vsd�1 Ñ kru, vsd�2, given by p ÞÑ ℓ1 � p. The kernel
of this map is the one-dimensional space xLd�1y, where L � b1u� b0v � pℓ1qK (a classical result of A.
Terracini and others, see the Apolarity Lemma [84, Lemma 1.15], and a historical note in [84, Page
58]). Now let W � xp0, p1, p2y. Since the pi are linearly independent, W has dimension 3. It does not
�ll the whole space kru, vsd�1, because d� 1 ¥ 3. Since powers of linear forms span kru, vsd�1, there
is an open dense set B in k2 such that for any pb0, b1q P B, the form Ld�1 misses W . So, for any such
pair pb0, b1q, the map

ℓ1 : W Ñ ℓ1 �W
is an isomorphism, and therefore p̃0, p̃1, p̃2 are linearly independent.

Theorem 1.31. The Hilbert function of an Artinian Gorenstein algebra associated with a Perazzo
hypersurface of degree d ¥ 5 in P4 is unimodal.

Proof. We claim that hi   1
2pi� 3qp2d� 3iq for i ¤ d

2 � 1.
To prove the claim, we observe that Proposition 1.24 implies hi ¤ d� 2 for any index i. Therefore

it is enough to prove that, if i ¤ d
2 � 1, then

d� 2   1
2pi� 3qp2d� 3iq, (1.7)

which is equivalent to

d ¡ 3i2 � 9i� 4

2pi� 2q .

Since our assumption ensures that d ¥ 2i� 2, we only need to check that

2i� 2 ¡ 3i2 � 9i� 4

2pi� 2q .

It is immediate to check that this last inequality is satis�ed for all i ¥ 1. Applying [106, Proposition
2.6], we conclude that hi�1 ¥ hi and hence we have the unimodality of the Hilbert function of AF .

Theorem 1.31 does not generalise to PN with N ¡ 4.

Example 1.32. Via computations on [M2], we constructed algebras AF with Hilbert function

p1, 6, 15, 28, 43, 42, 43, 28, 15, 6, 1q,
which is not unimodal. In these examples, F � x0p0� x1p1� x2p2 where p0, p1, p2 are forms of degree
9 in the variables u, v, w, chosen randomly by the computer program. For more on Perazzo n-folds we
refer to [104]. ♢

In the proof of Proposition 1.44 we need to exclude certain vectors as possible h-vectors of Perazzo
algebras. It was pointed out by Mats Boij that the Hilbert function p1, 5, 6, 8, 6, 5, 1q cannot occur for
any Artinian Gorenstein algebra, and this can be proven by using Betti tables of lexicographic ideals
and a cancellation argument. We state the result below. For more about lexicographic ideals we refer
to [99].

Proposition 1.33. There is no Artinian Gorenstein algebra with Hilbert function p1, 5, 6, 8, 6, 5, 1q.
Proof. Let A � R{I be an Artinian Gorenstein algebra with Hilbert function p1, 5, 6, 8, 6, 5, 1q. In [99],
Macaulay proved that there exists a lexicographic ideal Ilex with the same Hilbert function. By [111,
Theorem 1.1], the Betti numbers βijpS{Iq must arise from βijpS{Ilexq by consecutive cancellations.
Using a computer algebra program, e.g. [M2], one can compute the minimal Betti table of S{Ilex
which is
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+-----------------------+

| 0 1 2 3 4 5|

|total: 1 22 67 84 49 11|

| 0: 1 - - - - -|

| 1: - 9 20 20 10 2|

| 2: - 2 5 4 1 -|

| 3: - 4 15 21 13 3|

| 4: - 2 7 9 5 1|

| 5: - 4 16 24 16 4|

| 6: - 1 4 6 4 1|

+-----------------------+

Here we use the convention that the entry at row j and column i is the Betti number βi,i�j . To get
an Artinian Gorenstein algebra A, the Betti number β5,6pS{Ilexq � 2 should be cancelled to zero. This
can only happen if the sum β4,6pS{Ilexq � β6,6pS{Ilexq is at least 2, a contradiction.

1.3 Weak Lefschetz property

In this section we study weak Lefschetz property for Perazzo 3-folds. We start by considering Perazzo
algebras with minimal and maximal Hilbert function. This study gives a base to study the general
case. Between these two parts, it is present an intermezzo about Hilbert function and weak Lefschetz
property for some Artinian Gorenstein algebras.

1.3.1 Perazzo 3-folds with minimal and maximal h-vector

From Theorem 1.8 and Remark 1.14, since the Perazzo 3-folds have vanishing �rst hessian, it follows
that the associated algebras A fail the strong Lefschetz Property. In particular the map

�ℓd�2 : A1 ÝÑ Ad�1

is not an isomorphism for every ℓ P A1. The goal of this section is to analyze whether the Artinian
Gorenstein algebra A associated with a Perazzo 3-fold X � P4 has the WLP. If d � 3, clearly A fails
also WLP. But Gondim has proved that, for any Perazzo 3-fold of degree 4, A has the WLP (see [62,
Theorem 3.5]). More precisely, we will see that, in any degree d ¥ 5, WLP holds when A has minimum
h-vector and fails when it has maximum h-vector.

Theorem 1.34. Let X � P4 be a Perazzo 3-fold of degree d ¥ 5 and equation

f � x0p0pu, vq � x1p1pu, vq � x2p2pu, vq � gpu, vq P Rd � krx0, x1, x2, u, vsd.

Let S � kry0, y1, y2, U, V s be the ring of di�erential operators on R. If A � S{AnnSpfq has maximum
h-vector, then A fails WLP.

Proof. According to the parity of the socle degree of A, we distinguish two cases.
Case 1: d is odd. Write d � 2r� 1.To show that A fails WLP, we will prove that for any L P A1, the
multiplication map

�L : Ar ÝÑ Ar�1

is not bijective. By Theorem 1.8, it is enough to see the vanishing of the r-th Hessian hessrf of
f � x0p0pu, vq � x1p1pu, vq � x2p2pu, vq � gpu, vq with respect to a suitable k-basis B of Ar. First we
can notice that a basis B made of classes with a monomial representative always exists. So, Hessrf is
just a submatrix of dimension hr � hr of the following matrix:� B2rf

BuαBvβBxγ0Bxδ1Bxη2

	
α�β�γ�δ�η�2r

where monomials are lexicographic ordered (for simplicity). Knowing that f is linear in the variables
x0, x1, x2, the above matrix can be partially computed as:



1.3. Weak Lefschetz property 26

��������������������������

B2rf
Bu2r

B2rf
Bu2r�1Bv

� � � B2rf
BurBvr

B2r�1p0
Bu2r�1

B2r�1p0
Bu2r�2Bv

� � � B2r�1p2
BurBvr�1 0 � � � 0

B2rf
Bu2r�1Bv

B2rf
Bu2r�2Bv2

� � � B2rf
Bur�1Bvr�1

B2r�1p0
Bu2r�2Bv

B2r�1p0
Bu2r�3Bv2

. . . B2r�1p3
Bur�1Bvr

0 � � � 0

...
...

. . .
...

...
...

. . .
...

...
. . .

...

B2rf
BurBvr

B2rf
Bur�1Bvr�1 � � � B2rf

Bur�1Bv2r
B2r�1p0
Bur�1Bvr

B2r�1p0
Bur�2Bvr�1 . . . B2r�1p2

Bu2r�1 0 � � � 0

B2r�1p0
Bur�1Bvr

� � � � � � B2r�1p0
Bur�1Bvr

0 � � � � � � 0 0 � � � 0

...
...

. . .
...

...
...

. . .
...

...
. . .

...

B2r�1p2
BurBvr�1 � � � � � � B2r�1p2

Bu2r�1 0 � � � � � � 0 0 � � � 0

0 � � � � � � 0 0 � � � � � � 0 0 � � � 0
...

. . .
. . .

...
...

. . .
. . .

...
...

. . .
...

0 � � � � � � 0 0 � � � � � � 0 0 � � � 0

�������������������������

The three vertical (respectively, horizontal) blocks are composed respectively by r� 1, 3r,

�
r�4
4

��
p4r � 1q columns (respectively, rows). Thus every possible choice of a hr � hr submatrix turns out
to have at least an all zero sub-submatrix of size phr � pr � 1qq � phr � pr � 1qq. We now use the
hypothesis of A to have maximum h-vector and Proposition 1.24 to obtain that hr � 2r� 3. We have
just proved that Hessrf , matrix of dimension p2r�3q�p2r�3q, has an all zero submatrix of dimension
pr � 2q � pr � 2q: this implies that hessrf identically vanishes.

Case 2: d is even. Write d � 2r�2. Note that, since the h-vector is maximum, then hr � hr�1 � hr�2.
Using again the hessian criterion of Watanabe's (Theorem 1.8), we will check that for any ℓ P A1, the
multiplication map

�ℓ2 : Ar ÝÑ Ar�2

is not bijective. This implies that for any ℓ P A1, the multiplication map

�ℓ : Ar ÝÑ Ar�1

is not bijective and, hence, A fails the WLP.
Same adapted argument of the previous case can be used also here. In fact, the matrix to be

considered is Hessrf which is now of size p2r�4q�p2r�4q which is even bigger than the previous case.
Thus, as discussed above, its determinant is always zero.

In contrast with the last result we have that if an Artinian Gorenstein algebra A associated with
a Perazzo 3-fold has minimum h-vector, then A has the WLP.

Theorem 1.35. Let X � P4 be a Perazzo 3-fold of degree d ¥ 5 and equation

f � x0p0pu, vq � x1p1pu, vq � x2p2pu, vq � gpu, vq P R � krx0, x1, x2, u, vsd.
Let S � kry0, y1, y2, U, V s be the ring of di�erential operators on R. If A � S{AnnSpfq has minimum
h-vector, then A has WLP.

Proof. For 5 ¤ d ¤ 7 see Section 1.4 where a full classi�cation of Perazzo 3-folds with minimal h-
vector is given. Assume d ¥ 8. By the minimality assumption, h2 � h3 � � � � � hd�2 � 6. By
Proposition 1.10, if for a general linear form ℓ P A1, the multiplication map

�ℓ : A2 ÝÑ A3

is bijective, then
�ℓ : A1 ÝÑ A2
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is injective, and for all j ¥ 2,
�ℓ : Aj ÝÑ Aj�1

is surjective, therefore A has the WLP. By the symmetry property of Artinian Gorenstein algebras,

�ℓ : A2 ÝÑ A3

is bijective if and only if
�ℓ : Ad�3 ÝÑ Ad�2

is bijective. So, let us prove the bijection of this last map. To this end, for a general linear form ℓ P A1,
we consider the exact sequence:

Ad�3 ÝÑ Ad�2 ÝÑ rS{pAnnSpfq, ℓqsd�2 ÝÑ 0.

It follows that �ℓ : Ad�3 ÝÑ Ad�2 is bijective if and only if rS{pAnnSpfq, ℓqsd�2 � 0. Using the
hypothesis d� 2 ¥ 6 (and, hence, hd�2 ¤ d� 2) and Theorem 1.2 we get

dimrS{pAnnSpfq, ℓqsd�2 ¤ phd�2qxd�2y � 0

which proves what we want.

Remark 1.36. As a consequence of Theorem 1.35, all forms of degree d which de�ne a Perazzo 3-fold
with minimum h-vector are examples of forms with zero �rst order hessian, and all hessians of order t
di�erent from zero, for 2 ¤ t ¤ td2 u. △

For Gorenstein Artinian algebras associated with Perazzo 3-folds X in P4 and with intermediate
h-vector both possibilities occur: there are examples failing WLP and examples satisfying WLP as
next example shows. We will see in the next sections that the crucial information is given by the
h-vector.

Example 1.37. 1.- Let X � P4 be the Perazzo 3-fold of equation

fpx0, x1, x2, u, vq � u6x0 � pu2v4 � u4v2qx1 � v6x2 P krx0, x1, x2, u, vs7.
Let S � kry0, y1, y2, U, V s be the ring of di�erential operators on R. We have

AnnSpfq � xy20, y21, y22, y0y1, y0y2, y1y2, y0V, y2U, y0U2 � 15y1U
2 � 15y1V

2 � y2V
2,

U3V � UV 3, 15y1U
4 � y2V

4, UV 5, V 7, U7y.
Therefore, the Artinian Gorenstein algebra A � S{AnnSpfq has h-vector: p1, 5, 7, 8, 8, 7, 5, 1q.
Using Macaulay2 [M2] we check that for a general linear form ℓ P A1, the multiplication map

�ℓ : A3 ÝÑ A4

is bijective and, hence, A satis�es the WLP. It does not have the SLP because for any linear form
ℓ P A1

�ℓ3 : A2 ÝÑ A5

is not surjective by Theorem 1.8.
2.- Let X � P4 be the Perazzo 3-fold of equation

fpx0, x1, x2, u, vq � u6x0 � u3v3x1 � v6x2 P krx0, x1, x2, u, vs7.
Let S � kry0, y1, y2, U, V s be the ring of di�erential operators on R. We have

AnnSpfq �
@
y20, y

2
1, y

2
2, y0y1, y0y2, y1y2, y0v, y2u, 20y1U

3 � y2V
3, y0U

3 � 20y1V
3, UV 4, U4V, V 7, U7

D
.

Therefore, the Artinian Gorenstein algebra A � S{AnnSpfq has h-vector: p1, 5, 7, 9, 9, 7, 5, 1q.
Computing the third hessian, since it results to be zero, we get that for any linear form ℓ P A1, the
multiplication map

�ℓ : A3 ÝÑ A4

is not bijective and, hence, A fails the WLP. ♢
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1.3.2 Intermezzo on some Artinian Gorenstein algebras

Let A � R{I be a graded Artinian Gorenstein algebra. In this part we prove that speci�c conditions
on the Hilbert function of A ensure the WLP. To this aim we now prove the following lemma.

Lemma 1.38. Let A � AF be an Artinian Gorenstein graded k-algebra and set I � AnnF . Then for
every linear form ℓ P A1 the sequence

0 ÝÑ R

pI : ℓqp�1q ÝÑ
R

I
ÝÑ R

pI, ℓq ÝÑ 0 (1.8)

is exact. Moreover R
pI : ℓq is an Artinian Gorenstein graded algebra with ℓ�F as Macaulay dual generator.

Proof. We get the result cutting the exact sequence

0 ÝÑ pI : ℓq
I

p�1q ÝÑ R

I
p�1q �ℓÝÝÝÑ R

I
ÝÑ R

pI, ℓq ÝÑ 0

into two short exact sequences. The second fact is a straightforward computation.

Proposition 1.39. Let A � R{I be an Artinian Gorenstein algebra of even socle degree d � 2s with
Hilbert function

H � p1, h1, h2, . . . , hs�1, hs, hs�1, . . . , h2, h1, 1q
with h1, . . . , hs consecutive increasing integers and hk ¤ k for some d

2 � 1 ¤ k ¤ d � 1. Then A has
the WLP.

Proof. Consider the exact sequence (1.8) in Lemma 1.38 where ℓ is a general linear form. Denote by
h1k � dimrR{pI, ℓqsk and h̃k � dimrR{pI : ℓqsk. Then hk� h̃k�1 � h1k for all k ¡ 0 and h0 � h10 � 1. Let
k0 be the smallest k such that hk ¤ k. By Theorem 1.2 h1k � 0 for all k ¥ k0, and therefore, h̃k � hk
for all k ¥ k0. Since R{I and R{pI : ℓq are Gorenstein, by symmetry we have h1k � hk � h̃k�1 �
hk � phk � 1q � 1 for all k ¤ d � k0 � 1. Hence, Macaulay's inequality (1.1) forces h1s�1 ¤ 1. If
ph1s�1, h

1
s, h

1
s�1q � p1, 1, 1q then

�
h̃s�2, h̃s�1, h̃s

� � p1, 2, 1q which again contradicts both Macaulay's
theorem and the Gorenstein property of R{pI : ℓq. Hence, h1s�1 � 0 and R{I has the WLP.

Example 1.40. Every Artinian Gorenstein algebra with h-vector

p1, 5, 6, 7, . . . , s� 1, s, s� 1, . . . , 7, 6, 5, 1q

and socle degree at least 6 has the WLP. ♢

As another example of Hilbert function forcing WLP we have:

Proposition 1.41. Every Artinian Gorenstein algebra with h-vector

h0   h1   � � �   ht�1   ht � � � � � hs ¡ hs�1 ¡ � � � ¡ hd�1 ¡ hd

where s ¥ t� 2 and hs ¤ s has the WLP.

Proof. It is enough to check that for a general ℓ P R1 the multiplication map �ℓ : Ad{2 Ñ Ad{2�1

is surjective if d is even, resp. �ℓ : Apd�1q{2 Ñ Apd�1q{2 if d is odd. So, it su�ces to prove that
rR{pI, ℓqst � 0 for t ¥ pd� 1q{2.

Since hs ¤ s, applying Green's theorem we get rR{pI, ℓqss � 0 i. e. the multiplication map
�ℓ : As�1 Ñ As is an isomorphism. By duality the multiplication map �ℓ : At Ñ At�1 is also an
isomorphism. This implies that rR{pI, ℓqst�1 � 0. Therefore, rR{pI, ℓqsi � 0 for i ¥ t � 1 and we are
done.
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Remark 1.42. For a graded Artinian Gorenstein algebra A of codimension n and h-vector satisfying
ht � ht�1 ¤ t, for some t, a result of Gotzmann shows that A is the quotient of the coordinate ring
of a zero-dimensional scheme in Pn�1 of degree ht, see [62] or [84, Proposition C.32] for more details.
Therefore, such an algebra A has the WLP.

The special case of Proposition 1.41 when hs�1 � hs ¤ s� 1 follows from the result of Gotzmann.
△

Example 1.43. Every Artinian Gorenstein algebra with h-vector

p1, 4, 6, 7k, 6, 4, 1q, for k ¥ 5

has the WLP. Gotzmann's result proves it for every k ¥ 6 and the case k � 5 is implied by Proposition
1.41. ♢

1.3.3 The General case

This part is devoted to the proof of Theorem 1.46. The following proposition serves as the basis for
an induction in its proof.

Proposition 1.44. Let Af be an Artinian Gorenstein algebra of socle degree 6 associated with a Perazzo
hypersurface V pfq � P4. The algebra Af fails WLP if and only if the Hilbert function is maximal, i. e.
p1, 5, 8, 8, 8, 5, 1q.

Proof. By Theorem 1.31 and Lemma 1.33

p1, 5, 6, 6, 6, 5, 1q, p1, 5, 6, 7, 6, 5, 1q, p1, 5, 7, 7, 7, 5, 1q,
p1, 5, 7, 8, 7, 5, 1q, and p1, 5, 8, 8, 8, 5, 1q.

are the possible h-vectors for Af . We know that Af has the WLP if its Hilbert function is the minimal
p1, 5, 6, 6, 6, 5, 1q. The case of p1, 5, 6, 7, 6, 5, 1q is covered by Example 1.40. We also know that Af fails
the WLP if it has the maximal Hilbert function p1, 5, 8, 8, 8, 5, 1q. Let us now see that the h-vector
p1, 5, 7, 7, 7, 5, 1q can be excluded.

Assume that Af � R{I has the Hilbert function p1, 5, 7, 7, 7, 5, 1q. Take ℓ a general linear form and
denote by h1 the Hilbert function of R{pI, ℓq. As in the previous case, the Hilbert function of R{pI : ℓq
is p1, 5, a, a, 5, 1q with a � 6 or 7. We consider another general linear form ℓ1 P A1 and the commutative
diagram

0 Ñ rR{pI : ℓqs2 Ñ A3 � rR{Is3 Ñ rR{pI, ℓqs3 Ñ 0
Ó Ó Ó

0 Ñ rR{pI : ℓqs3 Ñ A4 � rR{Is4 Ñ rR{pI, ℓqs4 Ñ 0

where the vertical morphisms are given by the multiplication by ℓ1. If a � 6, R{pI : ℓq has minimal
Hilbert function p1, 5, 6, 6, 5, 1q. Therefore, R{pI : ℓq has the WLP and the �rst vertical map is an
isomorphism. R{pI, ℓq has Hilbert function p1, 4, 2, 1, 1q and so the last vertical map is surjective while
the middle map is not surjective because Af fails the WLP in degree 4. If a � 7, R{pI : ℓq has maximal
Hilbert function p1, 5, 7, 7, 5, 1q. Therefore, R{pI : ℓq fails the WLP while Af has the WLP. Hence the
middle map is an isomorphism which contradicts the fact that the �rst vertical map is not injective.

It only remains to prove WLP in the case that Af has the Hilbert function p1, 5, 7, 8, 7, 5, 1q. In that
case, let ℓ be a general linear form, and note that Af has the WLP if and only if �ℓ : rAf s3 Ñ rAf s4
is surjective.

Write Af � R{I and consider the algebra R{pI : ℓq. By Lemma 1.30 this is a Gorenstein algebra
associated with a Perazzo form of degree �ve. Recall that the Hilbert function of R{pI, ℓq is determined
by the Hilbert functions of R{I and R{pI : ℓq as explained in Lemma 1.38. If R{pI : ℓq has the Hilbert
function p1, 5, 7, 7, 5, 1q then R{pI, ℓq has the Hilbert function p1, 4, 2, 1q. In particular rR{pI, ℓqs4 � 0,
and we are done. The only other possibility for the Hilbert function of R{pI : ℓq is the minimal
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p1, 5, 6, 6, 5, 1q, in which case R{pI, ℓq would have the Hilbert function p1, 4, 2, 2, 1q. We consider another
general linear form ℓ1 P A1 and the commutative diagram

0 Ñ rR{pI : ℓqs2 Ñ A3 � rR{Is3 Ñ rR{pI, ℓqs3 Ñ 0
Ó Ó Ó

0 Ñ rR{pI : ℓqs3 Ñ A4 � rR{Is4 Ñ rR{pI, ℓqs4 Ñ 0

where the vertical morphisms are given by the multiplication by ℓ1. The algebra R{pI : ℓq has the WLP
and hence

�ℓ1 : rR{pI : ℓqs2 ÝÑ rR{pI : ℓqs3
is an isomorphism. Moreover, it is easy to see that

�ℓ1 : rR{pI, ℓqs3 ÝÑ rR{pI, ℓqs4

is surjective as rR{pI, ℓqs4 is a one dimensional space. By the snake lemma

�ℓ1 : rR{Is3 ÝÑ rR{Is4

is surjective, which implies the WLP.

Remark 1.45. Note that the Hilbert function p1, 5, 7, 7, 7, 5, 1q cannot occur for a Perazzo hypersurface,
but can still occur for some Artinian Gorenstein algebra. Indeed, it is the Hilbert function of the algebra
de�ned by the Macaulay dual generator F � x60 � x0x

5
1 � x0x

5
2 � x61 � x62 � u6 � v6. △

We can now give the classi�cation of Artinian Gorenstein algebras associated with Perazzo hy-
persurfaces of degree d ¥ 5 in P4 with the weak Lefschetz property. Recall that such algebras have
Sperner number at most d� 2.

Theorem 1.46. Let Af be an Artinian Gorenstein algebra associated with a Perazzo hypersurface
V pfq � P4 of degree d ¥ 5. Let ph0, h1, . . . , hdq be its h-vector. The algebra Af has the WLP if and
only if #ti | hi � d� 2u ¤ 1.

Proof. Assume �rst that #ti | hi � d � 2u ¥ 2 (resp. ¥ 3) if d is odd (resp. even). Consider the
Hessian of f of order pd � 1q{2 (resp. pd � 2q{2q. To compute it we �x a monomial basis B of the
homogeneous component of Af of degree pd � 1q{2 (resp. pd � 2q{2), formed by d � 2 monomials.
Since there are at most pd� 1q{2 monomials involving only u, v (resp. d{2), the number of monomials
containing some of the variables x, y, z is at least pd � 3q{2 (resp. pd � 4q{2). This implies that in
the Hessian matrix there is a block of zeros of order at least pd� 3q{2 (resp. pd� 4q{2), which forces
the determinant to vanish. Therefore the multiplication map by a general linear form does not have
maximal rank in degree pd� 1q{2 (resp. in degree d{2), and AF fails the WLP.

Let us now assume #ti | hi � d � 2u ¤ 1, and prove that AF has the WLP. We have seen that
the result holds for d � 5, 6. We proceed by induction over d, treating the cases of d even and d odd
separately.

CASE d even. Write d � 2s. The hypothesis #ti | hi � d � 2u ¤ 1 together with Theorem 1.31
implies that hs�1 ¤ d � 1. We let I � AnnF so that AF � R{I. Take a general linear form ℓ P AF

and consider the short exact sequence (1.8). By Lemma 1.30 we know that R{pI : ℓq is an Artinian
Gorenstein algebra associated with the Perazzo form ℓ � F of degree d � 1 � 2s � 1. Denote by h1i
and rhi the Hilbert functions of R{pI, ℓq and R{pI : ℓq, and recall that rhi � hi�1 � h1i�1. Using Green's
theorem (see Theorem 1.2) and the inequality hs�1   d � 2, we get that h1s�1 ¤ 1. If h1s�1 � 0 the
map

�ℓ : rR{Iss ÝÑ rR{Iss�1
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is surjective, and AF has the WLP. Suppose instead h1s�1 � 1. Then, as hs�1 ¤ d�1, we get rhs   d�1.
Therefore, we can apply our induction hypothesis to R{pI : ℓq and conclude that R{pI : ℓq satis�es the
WLP. Consider now another general linear form ℓ1 P R{I and the commutative diagram

0 Ñ rR{pI : ℓqsi�1 Ñ rR{Isi Ñ rR{pI, ℓqsi Ñ 0
Ó Ó Ó

0 Ñ rR{pI : ℓqsi Ñ rR{Isi�1 Ñ rR{pI, ℓqsi�1 Ñ 0
(1.9)

for i � s, and where the vertical morphisms are given by the multiplication by ℓ1. Since R{pI : ℓq
satis�es the WLP, the leftmost vertical map is an isomorphism. On the other hand it is easy to check,
as h1s�1 � 1, that the rightmost vertical map is an epimorphism. By the snake lemma, the middle
vertical map is an epimorphism, which then gives Af the WLP.

CASE d odd. Write d � 2s� 1. By Theorem 1.31 we know that h is symmetric and unimodal. Since
we assume #ti | hi � d � 2u ¤ 1 we have hs � hs�1 ¤ d � 1 in this case. Applying Theorem 1.2 we
get h1s�1 ¤ 1. If h1s�1 � 0 we are already done, so suppose h1s�1 � 1. By Macaulay's inequality then
h1i ¤ 1 for all i ¡ s. Considering the commutative diagram (1.9) we see that the rightmost vertical
map is surjective for i ¡ s. Since R{pI : ℓq is a Perazzo algebra of socle degree 2s it has the WLP, and
therefore the leftmost vertical map in (1.9) is surjective for i ¡ s. We can conclude that the middle
map �ℓ1 : rR{Isi Ñ rR{Isi�1 is surjective when i ¡ s, and by duality also injective for i   s. This
gives the equality h1i � hi � hi�1 for i ¤ s.

Next, we claim that h1i � 1 for some i ¤ s, or equivalently hi � hi�1 � 1. To prove the claim,
consider the possibility that hi ¥ hi�1�2 for each i � 2, . . . , s. Then we would have hs ¥ h1�2ps�1q �
5� 2ps� 1q � d� 2 which would contradict the assumption hs ¤ d� 1.

Now Macaulay's inequality together with the fact that h1i � 1 for some i ¤ s implies h1s � 1.
Finally, we consider the diagram (1.9) with i � s. In this case the leftmost vertical map is injective,
and the rightmost is bijective as h1s � h1s�1 � 1. We conclude that the middle map is injective, and
therefore R{I has the WLP.

Theorem 1.47. Let Af be an Artinian Gorenstein algebra associated with a Perazzo hypersurface
V pfq � P4 of degree d ¥ 5. Assume that AF has the WLP and that ℓ is a weak Lefschetz element.
Then the Hilbert function of Af{pℓq is unimodal.

Proof. Denote the h-vectors of Af and Af{pℓq by h and h1, respectively. As ℓ is a weak Lefschetz
element we have h1 � ∆h, meaning h1i � maxphi � hi�1, 0q. Using [54, Proposition 3.4] we get that
h1 ¤ 4 for every i. Macaulay's inequality (1.1) on h1, for every i ¥ 2, implies that ph1qi�1 ¤ h1i unless
i � 2, h12 � 3 and in that case h13 ¤ 4. This means that h1 is unimodal except when h1 � p1, 4, 3, 4, . . .q.
We will show that there is no Artinian Gorenstein algebra Af associated with a Perazzo hypersurface
V pfq � P4 such that ∆h � p1, 4, 3, 4, . . .q. If such an algebra would exist, it would have Sperner number
at least 12, which implies d ¥ 10. But for d � 10 the vector h does not satisfy the necessary condition
for WLP given in Theorem 1.46. Suppose d ¥ 11. Then h � p1, 5, 8, 12, h4, h5, . . . , h5, h4, 12, 8, 5, 1q.
We will show that h cannot occur as the Hilbert function of Af by showing that h3 � 12 forces h2 � 9.

From Proposition 1.22 we obtain that

rankM2 � rankN2 ¤ h2 ¤ rankM2 � rankN 1
2, and (1.10)

rankM3 � rankN3 ¤ h3 ¤ rankM3 � rankN 1
3, (1.11)

where M2,M3, N2, N3, N
1
2, and N 1

3 are the matrices de�ned in Equation (1.5).
We claim that rankM3 ¥ 8 implies that rankM2 � 6. To show the claim notice that the matrix

obtained by removing the �rst row (or the last row) from M2 is a submatrix of M3. Suppose rankM2  
6 and assume that the last column of M2 is a linear combination of the other columns. This implies
that the last two columns of M3 are in the span of the �rst 7 columns. So rankM3 ¤ 7 and this proves
the claim.
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Observe that rankN 1
3 ¤ 4, so h3 � 12 implies that rankM3 ¥ 8 by Inequality (1.11). In this case

the claim shows that M2 has to have maximal rank, rankM2 � 6. On the other hand, rankM3 ¥ 8
forces at least one of the three blocks A3,B3, or C3, de�ned in Equation (1.4), to have maximal rank,
and therefore N 1

2 and N2 both have maximal rank, that is equal to three. So rankM2 � rankN2 �
rankM2 � rankN 1

2 � 6� 3 � 9 and by Inequality (1.10) we conclude that h2 � 9 which completes the
proof.

Theorem 1.46 and Theorem 1.47 rule out some intermediate possibilities for h-vectors of Perazzo
algebras in between the maximum and minimum h-vectors given by Proposition 1.24, and Proposi-
tion 1.27. In general, it is a di�cult problem to determine whether a h-vector is the Hilbert function
of an Artinian Gorenstein algebra, let alone one coming from a Perazzo hypersurface.

Example 1.48. There is no Artinian Gorenstein algebra associated with a Perazzo hypersurface in P4

with Hilbert function
H � p1, 5, 6, 7, 9, 9, 9, 7, 6, 5, 1q.

If there were an algebra with this Hilbert function, then Theorem 1.46 would imply that it has WLP,
and by Theorem 1.47 ∆H should be unimodal, which is a contradiction. ♢

1.4 Classi�cation of Perazzo 3-folds with minimal h-vector

The goal of this section is to classify all Perazzo 3-folds X in P4 of degree d ¥ 5 whose associated
Artinian Gorenstein algebra S{AnnSpfq has h-vector: p1, 5, 6, 6, � � � , 6, 6, 5, 1q. As a corollary we
will also classify all Perazzo 3-folds X in P4 of degree 5 whose associated Artinian Gorenstein algebra
S{AnnSpfq has the WLP.

We start the section with some technical lemmas and remarks.

Lemma 1.49. Let f1 � p0pu, vqx0�p1pu, vqx1�p2pu, vqx2 and f2 � q0pu, vqx0�q1pu, vqx1�q2pu, vqx2
be two Perazzo 3-folds of degree d in P4 such that xp0, p1, p2yk � xq0, q1, q2yk � kru, vsd�1. Then, the
h-vectors of S{AnnSpf1q and S{AnnSpf2q coincide.

Proof. By [84, Proposition A7] it is enough to prove that f1 and f2 de�ne projectively equivalent 3-folds
in P4. Write q0pu, vq � λ0p0pu, vq � λ1p1pu, vq � λ2p2pu, vq, q1 � µ0p0pu, vq � µ1p1pu, vq � µ2p2pu, vq,
q3 � ν0p0pu, vq � ν1p1pu, vq � ν2p2pu, vq. We have

f2 � q0pu, vqx0 � q1pu, vqx1 � q2pu, vqx2
� pλ0p0pu, vq � λ1p1pu, vq � λ2p2pu, vqqx0 � pµ0p0pu, vq � µ1p1pu, vq � µ2p2pu, vqqx1�

�pν0p0pu, vq � ν1p1pu, vq � ν2p2pu, vqqx2
� pλ0x0 � µ0x1 � ν0x2qp0pu, vq � pλ1x0 � µ1x1 � ν1x2qp1pu, vq � pλ2x0 � µ2x1 � ν2x2qp2pu, vq.

Therefore, f1 and f2 de�ne projectively equivalent hypersurfaces in P4.

We �x integers d ¥ 5 and 2 ¤ k ¤ td2 u. We keep the notations introduced in Section 1.1. If
rankMk � 3, then rankAk ¤ 3, rankBk ¤ 3 and rank Ck ¤ 3. We will now explain the geometrical
meaning of the rank of the matrices Ak,Bk, Ck. To this end, we recall some basic facts about symmetric
tensors in two variables. For more details see [15], [84], and [110].

Let us �x an integer t ¥ 3 and consider the vector space kru, vst of forms of degree t. Its elements can
also be interpreted as symmetric tensors in two variables; by de�nition the Waring rank, or symmetric
rank, of p P kru, vst is the minimum integer r such that there exist linear forms l1, . . . , lr P kru, vs1
such that p � lt1�� � �� ltr. In particular, a symmetric tensor p has Waring rank 1 if p � lt for a suitable
linear form l, i.e. p is a pure power of degree t.

In the projective space Pt, naturally identi�ed with Ppkru, vstq, the set of (equivalence classes of)
forms of Waring rank 1 is the image of the t-tuple Veronese embedding of P1 in Pt, that is the rational
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normal curve Ct of degree t. We recall that, for any r ¥ 1, the r-secant variety of Ct is

σrpCtq �
¤

p1,...,prPCt

xp1, . . . , pry.

Clearly Ct � σ1pCtq � σ2pCtq � � � � , and a general element of σrpCtqzσr�1pCtq is a symmetric tensor
of Waring rank r, but if r ¡ 1 σrpCtq contains also tensors of Waring rank ¡ r. The dimension of
σrpCtq is mint2r � 1, tu. Moreover, for any r   t�1

2 , σr�1pCtq is the singular locus of σrpCtq (see [118,
Proposition 1.2.2 and Corollary 1.2.3]).

We recall also that the tangential surface of Ct, TCt, is the closure of the union of the embedded
tangent lines to Ct. The tangent line at the point lt1 P Ct is the set of tensors that can be written in
the form lt�1

1 l2, with l2 a linear form. Similarly the osculating 3-fold of Ct, T 2Ct, is the closure of the
union of the embedded osculating planes to Ct, and the osculating plane at lt1 is the set of tensors that
can be written in the form lt�2

1 m, with m a form of degree 2.
We are now ready to give the desired interpretation of the rank of the matrices introduced in

Equation (1.4). We state and prove Proposition 1.50 for the form p0 and the matrices Ak; the analogous
results hold true also for p1, p2, and their respectively catalecticant matrices Bk, Ck.

Proposition 1.50. We �x an integer d ¥ 5 and we keep the notations from Equation (1.4). It holds:

(1) If rankAk � 1 for some 2 ¤ k ¤ td�1
2 u (and, hence, for all k), then p0 � ℓd�1 for some

ℓ P kru, vs1.
(2) If rankAk � 2 for some 3 ¤ k ¤ td�1

2 u (and, hence, for all k), then either p0 � ℓd�1
1 � ℓd�1

2 or

p0 � ℓd�2
1 ℓ2 for some ℓ1, ℓ2 P kru, vs1.

(3) If rankAk � 3 for some 4 ¤ k ¤ td�1
2 u (and, hence, for all k), then either p0 � ℓd�1

1 � ℓd�1
2 �

pλℓ1 � µℓ2qd�1 or p0 � ℓd�1
1 � ℓd�2

2 pλℓ1 � µℓ2q for some ℓ1, ℓ2 P kru, vs1 and λ, µ P k�.

Proof. Let r be any integer such that r�1 ¤ k. From [110, Theorem 1.3], it follows that all the minors
of order r � 1 of Ak vanish if and only if rp0s P σrpCd�1q. For r � 1, this gives (1). For r � 2, we get
that if Ak has rank 2, then p0 P σ2pCd�1q. From [15, Corollary 26], it follows that either p0 has Waring
rank 2 or p0 P TCd�1; this proves (2). Similarly, for r � 3, rankAk � 3 implies that p0 P σ3pCd�1q.
So, either the Waring rank of p0 is 3, or p0 belongs to the join of Cd�1 and its tangential surface ([15,
Corollary 26]). This proves (3).

Theorem 1.51. The Artinian Gorenstein algebra S{AnnSpfq associated with a Perazzo 3-fold of degree
d ¥ 5 has h-vector: p1, 5, 6, 6, � � � 6, 6, 5, 1q if and only if, after a possible change of coordinates,
one of the following cases holds:

(i) fpx0, x1, x2, u, vq � ud�1x0 � ud�2vx1 � ud�3v2x2, or

(ii) fpx0, x1, x2, u, vq � ud�1x0 � ud�2vx1 � vd�1x2, or

(iii) fpx0, x1, x2, u, vq � ud�1x0 � pλu� µvqd�1x1 � vd�1x2 with λ, µ P k�.

Proof. As observed in Remark 1.28, the h-vector is minimal if and only if rankMk � rankN 1
k � 3 for

any k. A straigthforward computation shows that for any f as in (i), (ii) or (iii) one has rankMk �
rankN 1

k � 3 for any k and, therefore, S{AnnSpfq has h-vector p1, 5, 6, � � � 6, 5, 1q. To prove the
converse, we �rst observe that if rankMk � rankN 1

k � 3 for any k, then the ranks of Ak,Bk, Ck,Gk are
all bounded above by 3. We analyze �rst the various possibilities for p0, p1, p2.

(I) d ¥ 7 and rankAk � rankBk � rank Ck � 3 for 4 ¤ k ¤ td�1
2 u and p0, p1, p2 all have Waring

rank 3. We use [110, Corollary 1.2]: the spaces of the columns of Ak,Bk, Ck coincide, so there exist
linear forms l1, l2, l3 and suitable constants such that

p0 � λ0l
d�1
1 � µ0l

d�1
2 � ν0l

d�1
3
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p1 � λ1l
d�1
1 � µ1l

d�1
2 � ν1l

d�1
3

p2 � λ2l
d�1
1 � µ2l

d�1
2 � ν2l

d�1
3 .

Since p0, p1, p2 are linearly independent, the matrix

��λ0 µ0 ν0
λ1 µ1 ν1
λ2 µ2 ν2

�
 is invertible, so xp0, p1, p2y �

xld�1
0 , ld�1

1 , ld�1
2 y. In view of Lemma 1.49 in f we can replace p0, p1, p2 with ld�1

0 , ld�1
1 , ld�1

2 .
(II) d ¥ 7 and rankAk � 3 for 4 ¤ k ¤ td�1

2 u, but p0 has Waring rank strictly ¡ 3. So from
Proposition 1.50 (3), p0 is of the form ℓd�1

1 � ℓd�2
2 pαℓ1 � βℓ2q for some ℓ1, ℓ2 P kru, vs1 and α, β P k�.

So up to the change of variables that sends l1 into u, and l2 into v, p0 � ud�1�αuvd�2�βvd�1. Then

M3 �

�������
1 0 0 b0 b1 b2 c0 c1 c2
0 0 0
...

...
0 0 α bd�3 bd�2 bd�1 cd�3 cd�2 cd�1

0 α β bd�2 bd�1 bd cd�2 cd�1 cd

������
.

From rankM3   4 it follows b1 � � � � � bd�3 � c1 � � � � � cd�3 � 0. Therefore

p1 � b0u
d�1 � bd�2uv

d�2 � bd�1v
d�1, p2 � c0u

d�1 � cd�2uv
d�2 � cd�1v

d�1,

and we can replace p0, p1, p2 with ud�1, uvd�2, vd�1.
(III) rankAk � 2 for 3 ¤ k ¤ td�1

2 u and p0 has Waring rank 2, so it can be written p0 � ud�1�vd�1.
Then M3 is as in case (II) with α � 0, β � 1 and

M2 �

�����
1 0 b0 b1 c0 c1
0 0 b1 b2 c1 c2
...

...
...

...
...

...
0 1 bd�2 bd�1 cd�2 cd�1

����
.

From rankM2   4 we deduce that

rank

��� b1 b2
...

...
bd�3 bd�2

��
  2, rank

��� c1 c2
...

...
cd�3 cd�2

��
  2, rank

�
b1 b2 . . . bd�2

c1 c2 . . . cd�2



  2.

Therefore

pb1, . . . , bd�2q � pλd�3, λd�4µ, . . . , µd�3q, pc1, . . . , cd�2q � pσd�3, σd�4ρ, . . . , ρd�3q,

for suitable λ, µ, σ, ρ P k. We get:

p1 � b0u
d�1 � uvppd� 1qλd�3ud�3 �

�
d� 1

2



λd�4µud�4v � � � � q � bd�1v

d�1,

p2 � c0u
d�1 � uvppd� 1qσd�3ud�3 �

�
d� 1

2



σd�4ρud�4v � � � � q � cd�1v

d�1.

We can also write

p1 � b0u
d�1 � uvϕd�3 � bd�1v

d�1, p2 � c0u
d�1 � kuvϕd�3 � cd�1v

d�1

where ϕd�3 is a form of degree d�3 and k P k, because pb1, . . . , bd�2q and pc1, . . . , cd�2q are proportional.
We can assume b0 � c0 � 0 and we get vd�1 P xp0, p1, p2y, hence ud�1, uvϕd�3 P xp0, p1, p2y. Finally,
adding to uvϕd�3 suitable multiples of ud�1, vd�1, we get pλu� µvqd�1 P xp0, p1, p2y.
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(IV) rankAk � 2 for 3 ¤ k ¤ td�1
2 u but p0 has Waring rank ¡ 2, so up to a change of variables

p0 � ud�2v.

M2 �

�����
0 1 b0 b1 c0 c1
1 0 b1 b2 c1 c2
...

...
0 0 bd�2 bd�1 cd�2 cd�1

����

has rank 3, therefore

rank

��� b2 b3 c2 c3
...

...
...

...
bd�2 bd�1 cd�2 cd�1

��
  2,

and arguing in a similar way to (III), we conclude that xp0, p1, p2y is either of the form xud�1, ud�2v, pλu�
µvqd�1y, or xud�1, ud�2v, ud�3v2y.

(V) rankAk � rankBk � rank Ck � 1, then p0, p1, p2 are all pure powers of degree d� 1.
(VI) Let π be the 2-plane generated by the polynomials p0, p1, p2. If d � 5, π � P4 � Ppkru, vs4q.

The tangential variety TC4 has codimension 2, so the intersection π X TC4 � H. If π intersects TC4

outside its singular locus C4, up to a change of variables u3v P π and we conclude as in (IV); otherwise,
we are in the situation of (V). If d � 6, π � P5 � Ppkru, vs5q. Now σ2pC5q has codimension 2 and
therefore π X σ2pC5q � H. Therefore we are either in the situation of (III) or of (IV).

We have proved that for any d ¥ 5, if f de�nes a Perazzo 3-fold and S{AnnSpfq has minimal
h-vector, then the polynomials p0, p1, p2 are as in (i), or (ii), or (iii).

It remains to �nd out how we can choose the polynomial g in each of the cases. From Proposition
1.22 we deduce that the only condition that g has to satisfy is AnnSpp0x0�p1x1�p2x2q3 � AnnSpf �
gq3 � AnnSpfq3. In other words, we impose that g is annihilated by a system of generators of AnnSpfq3.

(i) If fpx0, x1, x2, u, vq � ud�1x0� ud�2vx1� ud�3v2x2� g, we have that AnnSpfq3 � xV 3y and so
g � g0u

d � g1u
d�1v � g2u

d�2v2.
(ii) If fpx0, x1, x2, u, vq � ud�1x0 � ud�2vx1 � vd�1x2 � g, we have that AnnSpfq3 � xUV 2y.

This gives that
°d�1

i�2 gi
�
d
i

�pk � iqipi � 1quk�i�1vi�2 � 0, so g2 � � � � � gd�1 � 0. Thus we get
g � g0u

d � g1u
d�1v � gdv

d.
(iii) If fpx0, x1, x2, u, vq � ud�1x0 � pλu � µvqd�1x1 � vd�1x2 � g, we have that AnnSpfq3 �

xµU2V � λUV 2y. Then we have the condition

d�1̧

i�2

�
k � 3

i� 1



pµgi � λgi�1qud�k�2vi�1 � 0 ðñ µgi � λgi�1 � 0, i � 1, . . . , k � 2.

So we can collect g1 and complete the d-th power to obtain g � aud � bpλu� µvqd � cvd.
Therefore we obtain three di�erent classes as follows:

(i) fpx0, x1, x2, u, vq � ud�1x0 � ud�2vx1 � ud�3v2x2 � aud � bud�1v � cud�2v2 with a, b, c P k, or

(ii) fpx0, x1, x2, u, vq � ud�1x0 � ud�2vx1 � vd�1x2 � aud � bud�1v � cvd with a, b, c P k, or

(iii) fpx0, x1, x2, u, vq � ud�1x0 � pλu� µvqd�1x1 � vd�1x2 � aud � bpλu� µvqd � cvd with λ, µ P k�

and a, b, c P k.

One last change of variables provides the desired classi�cation.

Remark 1.52. As we noticed in Lemma 1.49, the Hilbert function of the algebra S{AnnSpfq depends
only on the plane π � Ppxp0, p1, p2ykq � Pd�1 and not on the choice of the three generators. In
Theorem 1.51 we have proved that the h-vector is minimal if and only if the plane π is in one of the
following positions: it is an osculating plane to the rational normal curve Cd�1 (case (i)), or it contains
the tangent line to Cd�1 at a point and meets Cd�1 also at a second point (case (ii)), or it intersects
Cd�1 at three distinct points (case (iii)). △



1.4. Classi�cation of Perazzo 3-folds with minimal h-vector 36

Remark 1.53. In Theorem 1.51, we have obtained a complete characterisation of the polynomials f such
that A � S{AnnSpfq has minimum h-vector for any d ¥ 5. This allows us to conclude with a direct
veri�cation the proof of Theorem 1.35, proving the WLP of these algebras in the cases 5 ¤ d ¤ 7. △

Corollary 1.54. The Artinian Gorenstein algebra S{AnnSpfq associated with a Perazzo 3-fold of
degree 5 has the WLP if and only if, after a possible change of coordinates, one of the following cases
holds:

(i) fpx0, x1, x2, u, vq � u4x0 � u3vx1 � u2v2x2 P R5, or

(ii) fpx0, x1, x2, u, vq � u4x0 � u3vx1 � v4x2 P R5, or

(iii) fpx0, x1, x2, u, vq � u4x0 � pλu� µvq4x1 � v4x2 P R5 with λ, µ P k�.

Proof. It follows from Theorems 1.51, 1.34, and 1.35.

Note that, as consequence of the results of Gordan-Nöther, Corollary 1.54 gives also a complete
classi�cation of threefolds in P4 with vanishing hessian.

1.4.1 Geometrical considerations

In this section, we give a short geometrical description of the hypersurfaces in Theorem 1.51.
Case (i) corresponds to the union of the classic cubic Perazzo 3-fold in P4 of equation: u2x0 �

uvx1 � v2x2 � 0 with the non-reduced hyperplane of equation: ud�3 � 0. To describe the other two
hypersurfaces, we �rst recall some known geometric properties of hypersurfaces with vanishing hessian.
Let X � V pfq � PN be such a hypersurface with hessf � 0.

We denote by
∇f : PN 99K pPN q�

its polar map de�ned by

∇f ppq �
� Bf
Bx0 ppq,

Bf
Bx1 ppq, . . . ,

Bf
BxN ppq



,

and by
γ : X 99K pPN q�

the restriction of ∇f to X, i.e. the Gauss map of X, associating to each smooth point of X its
embedded tangent space. The image of γ is the dual variety X� of X. Let Z � ∇f pPN q be the closure
of the image of the polar map. Then X� � Z � pPN q� ([118, Corollary 7.2.8]). Moreover, if N � 4, Z
is a cone with vertex a line over an irreducible plane curve, and its dual Z� is a rational plane curve
in P4, naturally identi�ed with the bidual space pP4q�� ([118, Lemma 7.4.13]).

Let X be a Perazzo hypersurface of degree d in P4 of equation (1.2). X contains the line L : x0 �
x1 � x2 � 0 and the plane Π : u � v � 0. From [118, Sections 7.3 and 7.4], it follows that Π is the
singular locus of X with multiplicity d�1; moreover, X� is a scroll surface of degree d, having the line
Π� as directrix. In particular, Π� is also the vertex of Z, and the general plane ruling of the cone Z
meets X� along a line of the scroll. The curve Z� is contained in Π and the hyperplanes containing Π
cut on X, outside Π, a 1-dimensional family Σ of planes: they are all tangent to Z� and meet L. If p
is general in X, then the �bre of the Gauss map γ�1pγppqq is the line xp, p1y where p1 is the tangency
point to Z� of the plane of the family Σ passing through p.

We now see how this picture specialises if we consider the reduced, irreducible Perazzo 3-fold
X1 � P4 of equation

f1px0, x1, x2, u, vq � ud�1x0 � ud�2vx1 � vd�1x2,

case (ii) in Theorem 1.51. We use coordinates z0, . . . , z4 in pP4q�. The equation of Z, which expresses
the algebraic dependence of p0, p1, p2, is zd�1

1 � zd�2
0 z2 � 0; the one of Z� is pd� 1qd�1xd�2

0 x2 � pd�
2qd�2xd�1

1 � 0. They both represent rational curves of degree d�1 with a singular point of multiplicity
d� 2 with only one tangent line.
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In case (iii) we have

f2px0, x1, x2, u, vq � ud�1x0 � pλu� µvqd�1x1 � vd�1x2 with λ, µ P k�.

For low values of d we have checked with the help of Macaulay2 ([M2]) that Z is a cone over a
rational curve of degree d� 1 with pd�2qpd�3q

2 distinct nodes. Its dual Z� results to be a rational curve
of degree 2d � 4. If d � 5, then Z� has degree 6 and it has 3 cuspidal points of multiplicity 3 at
the fundamental points r1, 0, 0s, r0, 1, 0s, r0, 0, 1s and one node; if d � 6, then Z� has cuspidal points
of multiplicity 4 at the fundamental points and 3 nodes; if d � 7, then Z� has cuspidal points of
multiplicity 5 at the fundamental points and 6 nodes.

1.5 Jordan type for minimal Perazzo algebras

In this section, we study the Jordan types of an Artinian Gorenstein algebra corresponding to a Perazzo
threefold of minimal Hilbert function, i. e. of the type p1, 5, 6, . . . , 6, 5, 1q. An explicit classi�cation of
the possible dual generators f of degree d ¥ 5 de�ning a Perazzo threefold with minimal Hilbert
function is given in Theorem 1.51. Following a di�erent and more concrete approach we are able to
compute the Lefschetz locus for such cases.

Proposition 1.55. For Perazzo threefolds with minimal Hilbert function, the Lefschetz elements are
the linear forms a0X0 � a1X1 � a2X2 � b0U � b1V satisfying the following conditions, for the three
types of f listed in Theorem 1.51:

(i) b0 � 0,

(ii) b0b1 � 0,

(iii) b0b1pb0 � λb1q � 0.

Proof. Let S � kry0, y1, y2, U, V s be the ring of di�erential operators. By Theorem 1.35, we have
h2 � h3 � � � � � hd�2 � 6. By Proposition 1.10, A has the WLP if and only if the multiplication map

�ℓ : A2 ÝÑ A3

is an isomorphism for some L P A1. To prove it, we instead check that the multiplication map

�ℓd�4 : A2 ÝÑ Ad�2

is an isomorphism for some L P A1, i.e. the 2-nd Hessian of f does not vanish.

(i) fpx0, x1, x2, u, vq � ud�1x0�ud�2vx1�ud�3v2x2. A basis ofA2 is B � tU2, UV, V 2, y0U, y1U, y2Uu.
So, the 2-nd Hessian is

hess2f � det

�
C B
BT 0



� �pdetBq2,

where C,B are 3� 3 matrices. In particular the matrix B has the form

B � pd� 3q
�� pd� 1qpd� 2qud�4 � �

0 pd� 2qud�4 �
0 0 ud�4

�
.

Since B has non zero determinant, f does not have 2-nd vanishing Hessian. Moreover, the non
Lefschetz elements have the form ℓ � k0y0 � k1y1 � k2y2 � k3V with ki P k.
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(ii) fpx0, x1, x2, u, vq � ud�1x0�ud�2vx1�vd�1x2. A basis of A2 is B � tU2, UV, V 2, y0U, y1U, y2V u.
So, the 2-nd Hessian is

hess2f � det

�
C B
BT 0



� �pdetBq2,

where C,B are 3� 3 matrices. In particular the matrix B has the form

B � pd� 2qpd� 3q
�� pd� 1qud�4 � �

0 ud�4 �
0 0 pd� 1qvd�4

�
.

Since B has non zero determinant, f does not have 2-nd vanishing Hessian. Moreover, the non
Lefschetz elements have the form ℓ � k0y0 � k1y1 � k2y2 with ki P k.

(iii) fpx0, x1, x2, u, vq � ud�1x0 � pλu � µvqd�1x1 � vd�1x2 with λ, µ P k�. A basis of A2 is B �
tU2, UV, V 2, y0U, y1U, y2V u. So, the 2-nd Hessian is

hess2f � det

�
C B
BT 0



� �pdetBq2,

where C,B are 3� 3 matrices. In particular the matrix B has the form

B � pd� 1qpd� 2qpd� 3q
�� ud�4 � 0

0 λ2µpλu� µvqd�4 0
0 � vd�4

�
.

Since B has non zero determinant, f does not have 2-nd vanishing Hessian. Moreover, the non
Lefschetz elements have the form ℓ � k0y0 � k1y1 � k2y2 with ki P k.

In our situation, the Jordan type of the algebra AF is a partition of 6d� 6. Let us start with the
generic linear Jordan type PAF

� pp1, . . . , ptq. We know that a general linear form ℓ P AF satis�es
ℓd � 0, so p1 � d� 1. By Proposition 1.55 above, a general linear form ℓ P AF is a weak Lefschetz
element. So, since the Sperner number is 6, this must be the number of parts in PAF

(see Proposition
1.21). Since AF does not have the SLP, PAF

is strictly dominated by the conjugate of the Hilbert
function: HpAF q_ �

�
d� 1, pd� 1q4, d� 3

�
. The only possibility is

PAF
� �d� 1, pd� 1q3, pd� 2q2�, (1.12)

as any other partition of 6d� 6 with p1 � d� 1 and strictly dominated by HpAF q_ has more than 6
parts.

Remark 1.56. If we consider a general element ℓ1 in the maximal ideal of AF (not necessarily homoge-
neous), we could ask what its Jordan type is (this is the generic Jordan type of AF , see [85, De�nitions
2.1 and 2.55]). We know that this Jordan type is dominated by HpAF q_ and since a general element
in the maximal ideal of AF specialises to a general linear form in pAF q1, its Jordan type dominates
the generic linear Jordan type (see the discussion before Lemma 2.54 in [85]). But if we compare the
partition HpAF q_ with the generic linear Jordan type we have just obtained, we see that there is no
partition between the two in the dominance order, so the generic Jordan type must be equal to one
of these partitions. Since the Jordan type HpAF q_ implies that the vector space pℓ1qd�1pAF q1 has
dimension 5 and this can only be attained if the same happens for pℓ11qd�1pAF q1, where ℓ11 is the linear
summand of ℓ1, we see that the generic Jordan type of AF is PAF

as in (1.12). △
Let us now consider the possible Jordan types for multiplication by any linear form in AF .

Theorem 1.57. Let AF be an Artinian Gorenstein algebra of a Perazzo threefold with minimal Hilbert
function. The two Jordan types�

d� 1, pd� 1q3, pd� 2q2� and
�
d2, pd� 1q2, pd� 2q2�

occur for multiplication by a weak Lefschetz element. For elements in the non-Lefschetz locus, the
following holds regarding the Jordan basis, for the three types of F given in Theorem 1.51.
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(i) All strings are of lengths at most 4,

(ii) The strings have lengths ¥ d� 1 or ¤ 3,

(iii) The strings have lengths ¥ d� 1 or ¤ 2.

Proof. We have already seen that the Jordan type of a general linear form is
�
d� 1, pd� 1q3, pd� 2q2�,

and that this is the only possible Jordan type for a weak Lefschetz element ℓ with ℓd � 0. Let's
consider a weak Lefschetz element ℓ such that ℓd � 0. For instance, take ℓ � b0u � b1v with b0, b1
satisfying the conditions given in Proposition 1.55. In this case the Jordan strings have length at most
d. We claim that the largest part of such a Jordan type is equal to d. By Proposition 1.21 every
Jordan type partition has to be smaller than the generic Jordan type

�
d� 1, pd� 1q3, pd� 2q2� w. r. t.

the dominance order, so there is no partition of 6d� 6 with exactly 6 parts that is dominated by the
generic Jordan type and has parts of length at most d� 1. Thus the largest part has length equal to
d and by symmetry [40, Lemma 4.6] we must have at least 2 parts of length d. So, the Jordan type
in this case is of the form pd2, p3, p4, p5, p6q where p3 � p4 � p5 � p6 � 4d � 6, and since it has to be
dominated by the generic Jordan type we must have pi ¤ d � 1. The only possible partition in this
case is

�
d2, pd� 1q2, pd� 2q2�.

Let's now consider linear forms ℓ � a0X0�a1X1�a2X2� b0U � b1V which are not weak Lefschetz
elements. Note that we always have px, y, zq2 � AnnF . In the case of Theorem 1.51(i), the linear form
ℓ not being a weak Lefschetz element means b0 � 0, according to Proposition 1.55. As every monomial
in x, y, z, v of degree four belongs to AnnF we then have ℓ4 � 0 in AF . Therefore it's impossible to
have a Jordan string of length more than four.

We move on to the case of Theorem 1.51(ii). By Proposition 1.55 we have b0 � 0 or b1 � 0. If
b0 � b1 � 0 we have ℓ2 � 0 in AF , and hence all strings have length at most two. Suppose b0 � 0 and
b1 � 0. We may assume b1 � 1. As xv, yv2 P AnnF we have

ℓs � sa2zv
s�1 � vs, and ℓs�1z � zvs�1,

for any s ¥ 3. This gives us two strings of length d� 1 and d� 1, and they span all polynomials in AF

in only the variables z and v. Using also the fact that uv2 P AnnF we get ℓx � ℓ2y � ℓ3u � 0 in AF ,
and hence all remaining strings must have length at most three. Suppose instead b0 � 1 and b1 � 0.
As zu P AnnF we have

ℓs � sa0xu
s�1 � sa1yu

s�1 � us

for s ¥ 2 and
ℓd�1 � pd� 1qa0xud�2 � ud�1 � 0.

Moreover
ℓd�2x � xud�2, ℓd�2y � yud�2, ℓd�2v � pd� 2qa1yud�3v � ud�2v.

It is straightforward to verify that ℓd�1, ℓd�2x, ℓd�2y, and ℓd�2v acting on F give four linearly in-
dependent elements, and therefore this gives us four Jordan strings of length at least d � 1. We can
also see that the one-dimensional space rAF sd is covered, as ℓd�1x � xud�1 � 0. There is one more
string starting in degree one, and as ℓz � 0 this string has length one. In degree 1   s   d the
monomials vs and zvs�1 span a two dimensional subspace of rAF ss. Both monomials are in the kernel
of multiplication by ℓ2, therefore they cannot be in the span of ℓs, ℓs�1x, ℓs�1y, ℓs�1v, except possibly
when s � d� 2. In any case this shows that the remaining strings have length at most two.

Finally we consider the last case of Theorem 1.51(iii). Here ℓ is non-Lefschetz if b0 � 0, b1 � 0, or
b0 � λb1 � 0. Let's start by assuming b0 � 0 and b1 � 1. In this case

ℓs � sa1yv
s�1 � sa2zv

s�1 � vs when s ¥ 2.

The power ℓd�1 together with

ℓd�2y � vd�2y, ℓd�2z � vd�2z, ℓd�2u � pd� 2qa1yuvd�3 � uvd�2
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are linearly independent, and give us four strings of lengths at least d � 1. As ℓx � 0 the remaining
string starting in degree one will have length one. In degree 1   s   d the elements us�1pλu� vq and
xus�1 are linearly independent, and both in the kernel of multiplication by ℓ2. Hence all remaining
strings have lengths at most two.

The case b0 � 1 and b1 � 0 is treated analogously. Suppose b0 � λb1 � 0. We may assume b0 � λ
and b1 � �1. Note that ypλu� vq P AnnF in this case. We have

ℓs � sλa0xu
s�1 � sa2zv

s�1 � pλu� vqs for s ¥ 2.

It is straightforward to check that ℓd�1 together with

ℓd�2x � xpλu� vqd�2, ℓd�2z � zpλu� vqd�2,

and ℓd�2u � pd� 2qλa0xud�2 � pλu� vqd�2u

form a 4-dimensional space. Hence the Jordan basis has four strings of length at least d�1. As ℓy � 0
in AF we get one string of length one starting in degree one. In higher degree the elements ypu� λvqs
and usv form a two-dimensional space contained in the kernel of multiplication by ℓ2. It follows that
all remaining strings will have length at most two.

Jordan type of a non-Lefschetz element

We do a more thorough study of the possible Jordan types in the case of Theorem 1.51 (i). As the
possible Jordan types of Lefschetz elements were discussed in detail above, let now ℓ � a0X0�a1X1�
a2X2 � b0U � b1V be a non-Lefschetz element. We present the Jordan types, as well as the strings in
a pre-Jordan basis, in each case.

Conditions Pℓ,Af
pre-Jordan basis

a0 P k,
a1 P k,
a2 � 0,
b1 � 0

p4d�2, 2d, 12q
U i ÞÑ ℓU i ÞÑ ℓ2U i ÞÑ ℓ3U i, 0 ¤ i ¤ d� 3
U iV ÞÑ ℓU iV, 0 ¤ i ¤ d� 3
X1 ÞÑ ℓX1, Ud�2 ÞÑ ℓUd�2

X0, U
d�1

a0 P k,
a1 P k,
a2 � 0,
b1 � 0

p32d�4, 22, 12q
U i ÞÑ ℓU i ÞÑ ℓ2U i, 0 ¤ i ¤ d� 3
X2U

i ÞÑ ℓX2U
i ÞÑ ℓ2X2U

i, 0 ¤ i ¤ d� 3
X1 ÞÑ ℓX1, Ud�2 ÞÑ ℓUd�2

X0, U
d�1

a0 P k,
a1 P k,
a2 � 0,
b1 � 0

p23d�6, 16q
U i ÞÑ ℓU i, 0 ¤ i ¤ d� 3
U iV ÞÑ ℓU iV, 0 ¤ i ¤ d� 3
U iV 2 ÞÑ ℓU iV 2, 0 ¤ i ¤ d� 3
X0, X1, X0U,U

d�2, Ud�2V,Ud�1

a0 P k,
a1 � 0,
a2 � 0,
b1 � 0

p22d�2, 12d�2q
U i ÞÑ ℓU i, 0 ¤ i ¤ d� 2
U iV ÞÑ ℓU iV, 0 ¤ i ¤ d� 2
X2U

i, U iV 2, 0 ¤ i ¤ d� 3
X0, U

d�1

a0 � 0,
a1 � 0,
a2 � 0,
b1 � 0

p2d, 14d�6q
U i ÞÑ ℓU i, 0 ¤ i ¤ d� 1
U iV 2, X2U

i, 0 ¤ i ¤ d� 3
U iV,X1U

i, 0 ¤ i ¤ d� 2

We notice that the computations agree with Theorem 1.57. We also remark that these Jordan
types are in a chain with respect to the dominance order:

p4d�2, 2d, 12q ¡ p32d�4, 22, 12q ¡ p23d�6, 16q ¡ p22d�2, 12d�2q ¡ p2d, 14d�6q.



Chapter 2

Strongly Koszul algebras

�If people do not believe that mathematics is

simple, it is only because they do not realise

how complicated life is.�

� John von Neumann

The theory of minimal free resolutions lies at the heart of modern Commutative Algebra and Algebraic
Geometry. It provides a systematic tool in studying modules over polynomials rings, or quasi-coherent
sheaves over projective spaces. A classic theorem of Hilbert states that modules over a polynomial
ring S � krx1, . . . , xns have a �nite minimal free resolution. A generalization of this theorem due to
Auslander, Buchsbaum, and Serre characterise polynomial rings as the only standard graded rings in
which every module has a �nite minimal free resolution. Such a resolution is controlled by the minimal
free resolution of the residue �eld seen as quotient of S by mS � px1, . . . , xnq. When we consider a
quotient R � S{I of S by a homogeneous ideal I, then if I does not contain linear forms, we lose in
general the �niteness of the minimal free resolution. In particular, this is always the case for k � R{mR,
where mR � mSR. However, by imposing conditions on the minimal free resolution of k, we are able
to investigate minimal resolutions of every R-module. This is the basic idea underneath the de�nition
of Koszul algebra (see De�nition 2.2).

The authors of [77] de�ned a particular sub-class of Koszul algebras called strongly Koszul algebras.
They followed the �rst experimentation of Fröberg in [57] in �nding family of Koszul algebras, in a
non-commutative setting, and they were inspired by the observations made in [28] about some special
colon ideals in algebras de�ned by quadratic monomial relations.

Some recent results on strongly Koszul algebras include:

� A characterisation for edge algebras [80].

� A study of monomial ideals' free resolutions in strongly Koszul algebras based on iterated mapping
cones [127].

� A su�cient condition for strongly Koszulness based on "tidy" quadratic RevLex-universal Gröb-
ner basis [42].

� An equivalent condition for toric algebras still based on universal Gröbner bases [101].

In this chapter we introduce the so called strongly Koszul masks (cf. De�nition 2.13) to give a
general tool in studying strongly Koszul algebras. For a standard graded k-algebra, we see that the
conditions imposed on the behaviour of colon ideals pxj1 , . . . , xjsq :R xjs�1 imply strong conditions on
the Hilbert function of R. In particular, a mask generalises this type of relations showing that algebras
�tting the given mask all have the same Hilbert function. The results within this chapter are based
on many discussion with Aldo Conca.

41
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2.1 Preliminaries

Let k be a �eld, S � krx1, . . . , xns be the polynomial ring in n variables over k, and R � S{I be
a graded quotient with I1 � 0. Set mS :� px1, . . . , xnq be the maximal irrelevant ideal of S, and
mR :� mSR. Whenever there is no confusion, we will name xi both the variables in S and their cosets
inside R. The following is a brief introduction to Koszul algebras, and in particular to strongly Koszul
algebras.

Koszul algebras

The Auslander-Buchsbaum-Serre Theorem (Theorem A.9) characterises polynomial rings through the
�niteness of the minimal free resolutions. Therefore, if we consider a graded quotient R � S{I and I
is not generated in degree one, then the minimal free resolution K
 of k � R{mR is in�nite. On the
other hand, the DG-algebra structure on K
 is preserved. In fact, a (usually in�nite) procedure called
Tate complex allows to expand the Koszul complex K
pmRq into a minimal free resolution of k (see
[11]).

Another important side that we can control is the regularity. We have seen in Construction A.5 that
over a polynomial ring, the minimal free resolution of k is linear, i.e. βi,jpkq � 0 whenever i � j. This
is equivalent to say regSpkq � 0. An important result in this direction is the Avramov-Eisenbud-Peeva
Theorem.

Theorem 2.1 (Avramov-Eisenbud-Peeva). Let R be a �nitely generated standard graded k-algebra.
Then the following are equivalent.

1. regRpkq � 0;

2. regRpkq is �nite;
3. regRpMq is �nite for every graded R-module M .

If one of the above equivalent conditions holds, then regRpMq ¤ regSpMq for every graded R-module
M .

Proof. Avramov and Eisenbud proved the equivalence of p1q and p3q [12], while Avramov and Peeva
proved the equivalence between p1q and p2q [13].
De�nition 2.2. Let R be a �nitely generated standard graded k-algebra. Then if one of the equivalent
conditions in Theorem 2.1 is satis�ed, we say that R is Koszul.

Koszul algebras were introduced by Priddy in 1970 in the classical paper [115]. Here he wanted
to formalise a recurring behaviour occurring in many natural examples. He was interested in non-
commutative k-algebras where the base �eld k has a linear minimal resolution K
. In this more
general setting, he introduced the concept of Koszul duality and proved that the Koszul dual algebra
de�nes a minimal free resolution of k. In this sense, the exterior algebra and the polynomial ring are
one dual of the other.

Later, Fröberg in [57] constructed many class of examples of Koszul algebras. For instance, all
algebras with de�ning ideal generated by quadratic monomials is Koszul. Another important class of
examples is quadratic complete intersection which are always Koszul by theory of Tate complexes (see
[11]). A general discussion on Koszul algebras can be found in [35, 37].

Two important tools in checking whenever a given algebra is Koszul are the Gröbner bases, Koszul
�ltrations, and the so called strongly Koszul algebras. The last is studied and discussed in Chapter 2,
while the de�nition of the former are given below.

De�nition 2.3. A k-algebra R � S{I is called G-quadratic if I is generated by a Gröbner basis of
quadrics for some term order. Instead, it is called LG-quadratic if R � R1{py1, . . . , ytq where R1 is
G-quadratic and y1, . . . , yt is a regular sequence in R1 of linear elements. Finally, R is quadratic if I is
generated in degree two.
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De�nition 2.4. A Koszul �ltration F of a k-algebra R is a family of ideals in R satisfying the
conditions:

(1) Every ideal in F is generated by linear forms;

(2) The zero ideal and mR are in F;

(3) For every ideal I P F, there exists J P F, J � I such that J : I P F, and I{J is cyclic.

Moreover, if a set F � t0 � I1 � � � � � In�1 � mRu is a Koszul �ltration of R, we name it a
Gröbner �ag.

Remark 2.5. All these mathematical notions are strictly connected to each other.

G-quadratic LG-quadratic
complete intersection

of quadrics

Koszul quadratic

Gröbner �ag Koszul �ltration

In the above diagram any of the arrows cannot be reversed and explicit court-examples have been
found. By Gröbner �ag, and Koszul �ltration, we mean that the algebra admits such an object. △

Strongly Koszul algebras

De�nition 2.6. Let R be a k-algebra. For every A � rns, we set the ideal JA :� pxi : i P Aq � R.
We say that a R is strongly Koszul, or SK for short, if there exist ty1, . . . , ynu a k-basis of R1 with the
following property: For every A � rns and b P rnszA, there exists B � rns such that JA :R yb � JB.
Here, rns :� t1, 2, . . . , nu for every n P Z¡0.

Remark 2.7. 1. Every strongly Koszul algebra is also Koszul. In fact, the family

F :� tpyi : i P Aq : A � rnsu
is a Koszul �ltration. In particular, the Koszul �ltration's Condition p3q is satis�ed in a stronger
way: For every given pyi : i P Aq � pyj : j P Bq such that pyj : j P Bq{pyi : i P Aq is cyclic then
pyi : i P Aq :R pyj : j P Bq P F.

2. By a linear change of coordinates, we can always suppose that yi � xi. Therefore, from now on
when we talk about strongly Koszul algebras, we intend with respect to the standard basis. △

From now on, we �x coordinates on S, and we are interested only in SK algebras with respect to
those �xed coordinates. Moreover, use the frequent notation JA :� pxi : i P Aq � R for every A � rns.
Example 2.8. Typical examples of strongly Koszul algebras are: algebras de�ned by quadratic monomial
ideals and Veronese algebras Spcq � `i¥0Sci of the polynomial ring S. Both cases relies in computing
explicit colon ideals which can be done using the formula for monomial ideals in the �rst case, and
the fact that Spcq is a direct summand of S in the latter. More in general, if I � S is generated by
monomials of degree ¤ d, then Rpcq is strongly Koszul for every c ¥ d� 1 [37, Thm 13]. ♢
Remark 2.9. If R is a strongly Koszul algebra, then also RA � R{JA is strongly Koszul for every
A � rns. In fact for every B � rns with A � B we have the relation

JBRA :RA
xb � JAYB :R xb

JA
.

Therefore, the information contained in these colon ideals in RA is inherit by the one in R. △
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Remark 2.10. If A � rns and b P rnszA then there is a short exact sequence of graded R-modules

0 ÝÑ R

JA :R xb
p�1q �xbÝÝÑ R

JA
ÝÑ R

JA � pxbq ÝÑ 0.

In particular if R is SK, then all the rings in this short exact sequences are SK as well by Remark
2.9. Moreover, the rings on the sides will involve in principle less variables than the ring in the centre
except when JA :R xb � JA. △

In the following discussion, we consider ways to construct new strongly Koszul algebras A starting
from two known SK algebras A1 and A2. In all constructions, we have that A1 is a retract of A, that
is A1 ãÑ A ↠ A1 and the composition is the identity of A1. This implies the equality I :A1 b � pIA :A
bq XA1 for every ideal I of A1, and b P A1.

Let A1 � krx1, . . . , xns{I and A2 � kry1, . . . , yms{J be two k-algebras with I and J containing no
linear forms.

The �ber product A � A1�K A2 can be presented by a quotient krx1, . . . , xn, y1, . . . , yms{U where
U � I � J � pxiyj : 1 ¤ i ¤ n, 1 ¤ j ¤ mq. Straightforward computations show that for B � rns and
C � rms we have

rpxi : i P Bq � pyj : j P Cqs :A xk � rpxi : i P Bq :A1 xksA� py1, . . . , ymq for k R B,

rpxi : i P Bq � pyj : j P Cqs :A yl � px1, . . . , xnq � rpyj : j P Cq :A2 ylsA for l R C.

In particular, using Remark 2.9, we are able to state the following.

Proposition 2.11. Let A1 and A2 be as above. If A1 and A2 are strongly Koszul then the �ber product
A1 �K A2 is strongly Koszul. Furthermore, �x a coordinate system on A1 �K A2 that is the union of
two coordinate systems on A1 and A2. If A1 �K A2 is strongly Koszul w.r.t. that coordinate system
then both A1 and A2 are strongly Koszul.

In the same manner, one can consider the tensor product A � A1 bK A2 which is isomorphic to
krx1, . . . , xn, y1, . . . , yms{pI � Jq. Moreover, given B � rns and C � rms we get

rpxi : i P Bq � pyj : j P Cqs :A xk � rpxi : i P Bq :A1 xksA� pyj : j P Cq for k R B,

rpxi : i P Bq � pyj : j P Cqs :A yl � pxi : i P Bq � rpyj : j P Cq :A2 ylsA for l R C.

Together with Remark 2.9, a result similar to Proposition 2.11 is stated below.

Proposition 2.12. Let A1 � krx1, . . . , xns{I and A2 � kry1, . . . , yms{J be two k-algebras. If A1

and A2 are strongly Koszul then the tensor product A1 bK A2 is strongly Koszul. Furthermore, �x a
coordinate system on A1bK A2 that is the union of two coordinate systems on A1 and A2. If A1bK A2

is strongly Koszul w.r.t. that coordinate system then both A1 and A2 are strongly Koszul.

2.2 Strongly Koszul mask

Let G � pV,Eq be the oriented graph where V � 2rns and pA,Bq P E if A � B and #pBzAq � 1.
Equivalently, we can write the elements of E as pairs pA, kq where A � rns and k R A.

De�nition 2.13. Given a function M : E ÝÑ 2rns, we say that M is a strongly Koszul mask, or simply
mask, if:

(1) A �MpA, kq for every pA, kq P E;

(2) if A � B, then MpA, kq �MpB, kq for every k R B;

(3) j PMpA, kq ðñ k PMpA, jq for every pA, kq, pA, jq P E;
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(4) MpMpA, kq, jq �MpMpA, jq, kq for every pA, kq P E, and j RMpA, kq;

(5) there exists a map F : 2rns ÝÑ ZJzK satisfying

� F prnsq � 1;

� F pAq �
#
F pAY tkuq � zF pMpA, kqq if A �MpA, kq
1

1�zF pAY tkuq otherwise
, given pA, kq P E.

Notation 2.14. In the remaining parts of this chapter, we will refer many times to Property (5) of
De�nition 2.13 and the function F de�ned in it. We will simply refer to this property as Property (5);
while, we will refer to F as the Hilbert series of M .

Proposition 2.15. Let M : E ÝÑ 2rns be a strongly Koszul mask. Then the Hilbert series of M is
uniquely de�ned.

Proof. Let F and G be two functions both satisfying the two conditions imposed in Property (5). The
aim is to prove that F pAq � GpAq for every A � rns. We argue by decreasing induction on #A, the
cardinality of A. Surely, F prnsq � 1 � Gprnsq. Suppose now that the functions F and G coincide for
every subset of cardinality greater or equal than s�1. Then, for every set A of cardinality s and k R A
we have

F pAq � 1

1� z
F pAY tkuq � 1

1� z
GpAY tkuq � GpAq

if A �MpA, kq, and

F pAq � F pAY tkuq � zF pMpA, kqq � GpAY tkuq � zGpMpA, kqq � GpAq

if A �MpA, kq. This concludes the proof.

The non-trivial part of Property (5) lies in the existence of the function F , which depends only on
M : this gives a restriction on all possible functions M that are a mask as we will see later.

The main idea is to mimic the behaviour of a strongly Koszul algebra R. From the de�nition of SK
algebra, every time relations JA :R xb � JB are established, we can construct a mapMR : E ÝÑ 2rns by
seting MRpA, bq :� B. Properties (1)-(4) follows by the general properties of colon ideals. Property (5)
wants to involve the Hilbert Series of R by de�ning FRpAq :� HSR{JA . One has FRprnsq � HSR{Jrns �
HSK � 1, and the recursive formula is a direct consequence of Remark 2.9.

Question 2.16. For every mask M , is there a strongly Koszul algebra R such that M � MR and
F � FR? If this is not the case, which other properties should one add?

Given a strongly Koszul mask M , if such algebra exists, then we say that M is realisable. The
algebra realising a mask is not unique in general.

Example 2.17. Let I � px2 � λxy � y2q � krx, ys with λ P k. Then we have

0 :R x � 0 0 :R y � 0 pxq :R y � px, yq pyq :R x � px, yq. ♢

Question 2.18. Is it possible to describe algebras having the same mask? That is, given a mask, can
one parametrise all algebras having the same given mask? What type of relations could arise?

In considering both questions, it comes to help the action of Sn on the set of all possible masks. In
fact, a permutation σ of the set rns induces an action on the values of a mask M : E Ñ 2rns, creating a
new mask σM . This corresponds to a permutation of the set of all masks. In particular, the realisable
property is invariant under this action.
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Numerical considerations

Let M : E ÝÑ 2rns be a strongly Koszul mask. Which numerical invariants of a SK algebra realising
M one can deduce from M itself? By Proposition 2.15, the Hilbert series of M is exactly the Hilbert
series of every SK-algebra realising it. Therefore, all algebras realising M have the same dimension,
and their de�ning ideals have the same minimal number of generators. Given the Hilbert series of R,
HSRpzq �

°
i¥0HFpR, iqzi � hpzq{p1� zqd with hp1q � 0, these invariants can be computed as

µpIq �
�
n� 1

2



�HFpR, 2q, and dimR � d. (2.1)

We want to show how to combinatorically compute such numbers from M . To this end, given
pA, kq P E we de�ne

rpA, kq :� cardinality of MpA, kqzA.
Lemma 2.19. Let M be a mask with Hilbert series F : 2rns Ñ ZJzK. For every A � rns, we de�ne
F pA; iq as the integer coe�cient of zi in the series F pAqpzq.

Then, for every A � rns there exists dA P N, and a polynomial hA P Zrzs such that

F pAqpzq � hApzq
p1� zqdA , and hAp1q ¡ 0.

Moreover, it holds F pA; 0q � 1, and F pA, 1q � #prnszAq.
Proof. We proceed by strong induction on m � #prnszAq the cardinality of the complement of A. For
A � rns we obtain hrnspzq � 1 ¡ 0, and drns � 0. In particular, F prns; 0q � 1, and F prns; 1q � 0 �
#prnszrnsq.

Suppose now that the result is true for every set A such that #prnszAq ¤ m. Consider B � rns
with #prnszBq � m� 1, and consider any k R B. By Property (5), there are two cases:

� If B �MpB, kq, then

F pBqpzq � F pB Y tkuq
1� z

� F pB Y tkuq � zF pB Y tkuq � terms in z of degree ¥ 2.

In this case F pB; 0q � F pB Y tku; 0q � 1, and

F pB; 1q � F pB Y tku; 1q � F pB Y tku; 0q � #prnszpB Y tkuqq � 1 � #prnszBq.

Moreover, we set
hB :� hBYtku, and dB;� dBYtku � 1.

� If B �MpB, kq, then

F pBqpzq � F pB Y tkuqpzq � zF pMpB, kqqpzq.

In this case F pB; 0q � F pB Y tku; 0q � 1, and

F pB; 1q � F pB Y tku; 1q � F pMpB, kq; 0q � #prnszpB Y tkuqq � 1 � #prnszBq.

Moreover, we set

hB :� hBYtkup1� zqc�dBYtku � zhMpB,kqp1� zqc�dMpB,kq , and dB :� c,

where c � maxtdBYtku, dMpB,kqu.
In both cases we have that F pBqpzq � hBpzq{p1� zqdB , and hBp1q ¡ 0, together with the correct

formulae for F pB; 0q and F pB; 1q.
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Notation 2.20. With SpAq we intend the group of permutations of a given �nite set A. If A � rns, we
use the notation Sn :� Sprnsq.
Theorem 2.21. Let M : E ÝÑ 2rns be a mask, and let F be its Hilbert series. For every A � rns, we
de�ne F pA; iq as the integer coe�cient of zi in the series F pAqpzq. Then the quantity

µσpMq :� rpH, σp1qq � rptσp1qu, σp2qq � � � � � rptσp1q, . . . , σpn� 1qu, σpnqq

is independent on the permutation σ P Sn. We name this invariant µpMq. In particular, we have the
formula µpMq � �n�1

2

� � F pH; 2q. Suppose further that M is realised by R � S{I. Then the equality
µpMq � µpIq holds true.
Proof. The proof starts by checking the following claim.

Claim. F pA; 2q � F pAY tku; 2q � F pA; 1q � rpA, kq for any pA, kq P E.
Let pA, kq P E, then by Property (5) there are two possible cases:

� If A �MpA, kq, then rpA, kq � 0 and Lemma 2.19 implies

F pA; 2q � F pAY tku; 2q � F pAY tku; 1q � F pAY tku; 0q � F pAY tku; 2q �#prnszpAY tkuqq � 1

� F pAY tku; 2q �#prnszAq � F pAY tku; 2q � F pA; 1q � rpA, kq.

� If A �MpA, kq, then Lemma 2.19 implies

F pA; 2q � F pAY tiu; 2q � F pMpA, iq; 1q � F pAY tku; 2q �#prnszMpA, kqq
� F pAY tku; 2q �#prnszAq �#pMpA, iqzAq � F pAY tku; 2q � F pA; 1q � rpA, iq.

This concludes the proof of the claim. We now use it repeatedly to compute F pH; 2q. Let σ P Sn

be any permutation. Then we have the following series of equalities.

F pH; 2q � F ptσp1qu; 2q � F pH; 1q � rpH, σp1qq � F ptσp1qu; 2q � n� rpH, σp1qq
� F ptσp1q, σp2qu; 2q � F ptσp1qu; 1q � rptσp1qu, σp2qq � n� rpH, σp1qq
� F ptσp1q, σp2qu; 2q � n� pn� 1q � rpH, σp1qq � rptσp1qu, σp2qq
...

� F ptσp1q, . . . , σpnqu; 2q �
ņ

j�1

j � µσpMq

�
�
n� 1

2



� µσpMq.

Here F ptσp1q, . . . , σpnqu; 2q � F prns; 2q � 0 by Property (5). Since F pH; 2q does not depend on the
permutation σ, so does µσpMq. In particular, we obtain the equality µpMq � �n�1

2

�� F pH; 2q.
If M is realised by a SK algebra R � S{I, then Equation (2.1) implies the relation µpMq � µpIq

since F pHq is the Hilbert series of R.

Theorem 2.22. Let M : E ÝÑ 2rns be a mask. For any, A � rns, let dA be de�ned as in Lemma 2.19.
Then

dA � max

"
d P N :

Dσ P SpBq, with B :� tj1, . . . , jcu � rnszA, such that for d di�erent indices
m1, . . . ,md P rcs it holds rpAY tσpj1q, . . . , σpjmsqu, σpjms�1qq � 0, for s � 1, . . . , d

*
.

Suppose further that M is realised by R. Then we get the equality

dimR � max

"
d P N :

Dσ P Sn such that for d di�erent indices m1, . . . ,md P rns
it holds rpAY tσp1q, . . . , σpmsqu, σpms�1qq � 0, for s � 1, . . . , d

*
.
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Proof. By Lemma 2.19, the series F pAq can be written as F pAqpzq � hApzq{p1 � zqdA , where dA is a
non-negative integer, and hAp1q ¡ 0. Following the proof of Lemma 2.19, given pA, kq P E, there are
two possible cases.

� If A �MpA, kq then rpA, kq � 0, and dA � dAYtku � 1, or;

� If A �MpA, kq then rpA, kq ¡ 0, and dA � maxtdAYtku, dMpA,kqu.

The �rst part is now completed arguing by strong induction on m � #prnszAq. The key point is
how to construct a maximizing sequence of A from the maximizing sequences of AYC with C � rnszA.
When MpA, kq � A then dA increases by one as well as the number of times when rpA, kq � 0. Instead,
if A �MpA, kq then in the maximizing sequence the number of times when

rpAY tσpj1q, . . . , σpjmsqu, σpjms�1qq � 0

has not changed.
The second part follows from Equation 2.1, Lemma 2.19, and the fact that F pHq is the Hilbert

series of R.

Example 2.23. We give an explicit example on how to use Theorems 2.21 and 2.22.
Set n � 2, and consider the mask de�ned as

MpH, 1q � t2u MpH, 2q � t1, 2u
Mpt1u, 2q � t1, 2u Mpt2u, 1q � t2u

It is not hard to check that the Hilbert series of M is de�ned as

F pHq � 1� z � z2

1� z
� 1� 2z � z2 � . . . , F pt1uq � 1� z, F pt2uq � 1

1� z
, F pr2sq � 1.

From M , we can add weights on the edges of the graph G. Given pA, kq P E we give to this edge
the weight rpA, kq. In this example we obtain

t1, 2u

t1u t2u

H

1

1

0

2

On the two possible paths joining H and r2s, we can see that the sum of the weight is constant and
equal to 2 � �n�1

2

�� F pH; 2q as stated in Theorem 2.21. Secondly, we can see that for every A � rns
the maximum of the number of times that a zero appears in a path joining A to r2s is equal to dA. In
particular, dH � 1. This is guaranteed by Theorem 2.22.

The mask M is also realisable and it is realised by the algebra R � krx, ys{py2, xyq for any �eld k.
One should notice that dimR � 1, and µpy2, xyq � 2. ♢

Remark 2.24. Theorem 2.21, together with the weight given to the graph G gives a visual hint in
checking if a given map M : E Ñ 2rns is a mask. This is clearly weaken than checking Property (5),
but it is computationally faster and it gives a easier way to eliminate maps that are not strongly Koszul
correspondences. △
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Monomial ideals

As already mentioned, all monomial ideals de�ne a strongly Koszul algebra. In particular, one notices
that for a k-algebra R de�ned by a monomial ideal it follows:

JA :R xb � JA � 0 :R xb, for all pA, bq P E.

We say that a mask is determined by atoms if MpA, kq � A YMpH, kq for all pA, kq P E. It is clear
that a mask of a monomial algebra is de�ned by atoms. The following result proves the opposite
implication.

Proposition 2.25. Every strongly Koszul mask determined by atoms is realisable, and it is realised by
a unique algebra which is de�ned by monomial relations.

Proof. Let M be a mask determined by atoms. Then consider the following monomial ideal

I � pxixj : j PMpH, iq, 1 ¤ i ¤ nq.

The condition j P MpH, iq implies that inside the algebra one has xixj � 0 or equivalently xixj
must lie in the de�ning ideal. A elementary computation shows that MS{I �M .

Let J be another quadratic ideal, non necessarily monomial, such that S{J is SK, and MR{J �M .
We want to prove that J � I. From the previous argument we have I � J . On the other hand, since
MS{I �M �MR{J , we have that they share the same Hilbert Series F pHq, where F depends only on
M . Therefore, I and J have the same number of minimal generators which all lie in degree two; then,
they must be equal.

Hypersurfaces

We now focus on the case I � pfq with f P S � krx1, . . . , xns with deg f � 2. We would like to
characterise SK hypersurfaces.

Remark 2.26. By Theorems 2.21 and 2.22, if M is a realisable mask, we have the following necessary
and su�cient condition for M to be realised by a hypersurface: For every permutation σ P Sn, there
exists a unique index cσ P N such that

rptσp1q, . . . , σpmqu, σpm� 1qq �
#
1 if m � cσ

0 otherwise
.

In particular, if R � S{pfq realises M , then for every j P MpA, kqzA we must have f � λxjxk P
pxi : i P Aq2 � S2 for some λ P kzt0u. This implies that xjxk P suppfq. △

The following lemma shows that the support of f is the crucial information about the strongly
kosulness of S{pfq.
Lemma 2.27. Consider xaxb P S2 and let f � λxaxb � f0 and g � xaxb � f0 with f0 P S2 such that
xaxb R suppf0q and λ P kzt0u. Then the algebra S{pfq is strongly Koszul if and only if the algebra
S{pgq is. In particular, MS{pfq �MS{pgq.

Proof. We may assume without loss of generality that f0 � 0, otherwise pfq � pgq, and there is
anything to prove.

First, we underline that the support of f and the support of g by de�nition. Suppose that S{pfq
is SK. Consider pA, kq P E. We want to compute C :� pJA � pgqq :S xk, where JA � pxi : i P Aq � S.
There are several cases to consider.

� If a, b R AYtku, then by Remark 2.26 we have pJA�pfqq :S xc � JA�pfq. We want to prove that
C � JA�pgq. Let ℓ P C and ℓ R JA�pgq. Without loss of generality, we can suppose that ℓ does
not depend on txi : i P Au. From ℓ P C one has ℓxk �

°
iPA hixi � hg. Since ℓ does not depend
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on txi : i P Au, the equality reduces to ℓxk � hg. If h � 0, then we have ℓ � 0 which concludes
the proof. Otherwise, suppose by contradiction that h � 0. From the equality ℓxk � hg, one
obtains that xk|gh. Since xk is a prime element it must divide one of the two elements. Since
k � a, b we have xb ∤ g. Therefore xa|h, but this also gives a contradiction because we would
have that ℓ P pgq which is false by assumption. Therefore, h � 0 implying ℓ � 0.

� If a � k and b R A, then

pJA � pfqq :S xa � pJA � pfqq �
#
pxbq if f0 P JA

0 if f0 R JA
.

We now prove that

C � pJA � pgqq �
#
pxbq if f0 P JA

0 if f0 R JA
.

There are two possible cases.

� If f0 P JA, then JA � pfq � JA � pxaxbq � JA � pgq and therefore

C � pJA � pfqq :S xa � JA � pfq � pxbq � JA � pf0q � pxbq � JA � pgq � pxbq.

� If f0 R JA, given ℓ P C and ℓ R JA�pgq, we want to prove that ℓ � 0. The argument will be
similar to the one given above. Without loss of generality, we can suppose that ℓ does not
depend on txi : i P Au. From ℓ P C one has ℓxa �

°
iPA hixi � hg. Since ℓ does not depend

on txi : i P Au, the equality reduces to ℓxa � hg. If h � 0, then we have ℓ � 0 which
concludes the proof. Otherwise, suppose by contradiction that h � 0. From the equality
ℓxa � hg, one obtains that xa|gh. Since xa is a prime element it must divide one of the two
elements. If xa|g then xa|f , or in other words f � xa � u. Since pfq is strongly Koszul, and
u P pfq : xa the only option is that u is a constant multiple of variable, and f0 � 0 giving
a contradiction. Therefore xa|h, but this also gives a contradiction because we would have
that ℓ P pgq which is false by assumption. Therefore, h � 0 implying ℓ � 0.

� If a R A and b � c, then by symmetry one can argue as in the previous case.

� If a P A or b P A then
C � pJA � pf0qq :S xc � pJA � Iq :S xc

and the property is veri�ed.

The opposite implication can be proved in the same manner by studying each case separately.

De�nition 2.28. Given a quadratic form f , we de�ne the graph Gf � prns, Ef q as follows: ti, ju P Ef
if and only if xixj P suppfq.
Theorem 2.29. The algebra R � S{pfq is strongly Koszul with respect to the standard system of
coordinates if and only if the graph Gf does not admit as induced subgraph one the following two
connected graphs

(1) (2)
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Proof. By iterating Lemma 2.27, we may assume that the coe�cients of f are all 1.
Let R � S{pfq be a SK algebra. Suppose by contradiction that Gf contains one of the above two

subgraphs as an induced subgraph. It means that after quotienting R by the variables not involved
in the subgraph, one obtains an algebra isomorphic to krx1, x2, x3s{px1px2 � x3qq in the �rst case, or
to krx1, x2s{px1px1 � x2qq in the second case. In both cases, the resulting algebra is not SK giving a
contradiction by Remark 2.9.

On the other hand, suppose Gf does not contain the above sub-graphs. We want to prove that R is
SK by strong induction on n the number of variables of the polynomial ring S. For n � 2 all possible
graphs are listed below with the corresponding form. By explicit computations, one concludes that
the corresponding algebras are all SK.

g1 � 0

g2 � xy

g3 � x2 � xy � y2

g4 � x2 � y2

g5 � x2

g6 � y2

In the general case, we start by considering the colons pfq :S xi. We have that

pfq :S xi �
#
pfq if xi ∤ f
pℓq if f � ℓxi

where ℓ is the sum of some variables. There are three possible cases for ℓ:

1. if ℓ is a variable, then we checked the property for this case;

2. if ℓ � xj � xk � . . . with j � k, and j, k � i, then Gf contains the left sub-graph giving a
contradiction;

3. if ℓ � xi�xj � . . . with i � j, then Gf contains the right sub-graph giving again a contradiction.

In the other column ideals one has ppfq � JAq :S xb � ppf̃q � JAq :S xb, where f̃ is obtained from f
by evaluating the variables txi : i P Au in 0. Now Gf̃ is obtained from Gf by restriction on rnszA.

Therefore the algebra associated with f̃ satis�es the induction hypothesis and the thesis follows.

Low number of variables

For n � 2 it is possible to explicitly compute all masks and verify that they all are realisable.

Theorem 2.30. For n � 2, up to permutation, there are 8 masks which are all realisable. These
correspond to all possible quadratic monomial ideals of S � krx, ys together with J1 � pxy, ax2 � by2q
as a, b P kzt0u, and J2 � pλ1x

2 � λ2xy � λ3y
2q as λ1, λ3 P kzt0u and λ2 P k.

Proof. The proof proceeds by an elimination process by considering all possible values that a map
M : E Ñ 2rns could assume. Then using these information we compute all possible SK algebras
R � S{I each connected to the given mask.

We consider the case MpH, 1q � t1, 2u. This implies that Mpt2u, 1q � t1, 2u. For the set MpH, 2q
there are only two possibilities.

� If MpH, 2q � t1, 2u, then automatically Mpt1u, 2q � t1, 2u. In this case M is generated by atoms
and the ideal I � px2, xy, y2q is the only ideal realising M .

� If MpH, 2q � t1u, then there are again two cases.
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� If Mpt1u, 2q � t1, 2u, then M is generated by atoms and there is only one ideal I � px2, xyq.
� If Mpt1u, 2q � t1u, then Theorem 2.21 implies that M cannot be a mask.

The other cases can be treated as the �rst case above. There are four possibilities: The map M
is generated by atoms which implies a unique monomial ideal class; The map M is generated by a
hypersurface which is treated by Theorem 2.29; For the ideal J2 case one sees that x2, y2 can not lie in
the generating ideal and the conditions on the generator ax2 � by2 are automatic from the conditions
imposed by M . Finally, Theorem 2.21 implies that the remaining cases are not masks. We give a quick
summarise of these algebras below, except for the trivial case I � 0.

� MpH, 1q � t1, 2u
� MpH, 2q � t1, 2u ùñ I � px2, xy, y2q;
� MpH, 2q � t1u ùñ I � px2, xyq.

� MpH, 1q � t1u
� MpH, 2q � t2u ùñ I � px2, y2q;
� MpH, 2q � H ùñ I � px2q.

� MpH, 1q � t2u
� MpH, 2q � t1, 2u ùñ I � pxy, y2q;

� MpH, 2q � t1u ùñ
#
I � pxyq if Mpt2u, 1q � t2u,
I � J1 if Mpt2u, 1q � t1, 2u.

� MpH, 1q � H
� MpH, 2q � t2u ùñ I � py2q;
� MpH, 2q � H ùñ I � J2.

Concerning the case n � 3, we can use CoCoA [1] to sample on Strongly Koszul algebras. We
discover 120 possible di�erent realisable masks. In particular, there are 64 � 26 � 2pn�1

2 q masks
determined by atoms, and 56 non-monomial masks. By considering the action of S3 on these masks,
we obtain 28 non-monomial masks. These computations have been done over the ring Z{2Z and
Z{101Z. We note that these computations are incomplete since we do not have the exact number of
masks in the case n � 3 and further.

On the generating set

Let R � S{I be a graded quotient of a polynomial ring S � krx1, . . . , xns by a general homogeneous
ideal I. We put ourselves in the following situation. Suppose that we don't know the ideal I, but we
would like to understand a set of generators for I. Since we are only allow to search information inside
the ring R, we look at the following colon ideals

pxj : j P risq :R xi�1 � pxj : j P risq � pfi,k : 1 ¤ k ¤ aiq � R.

We shall suppose that the forms fi,k do not depend on the variables x1, . . . , xi. We do not suppose
that they are minimal set of generators. This information is equivalent to know the generators of

ppxj : j P risq � Iq :S xi�1 � pxj : j P risq � I � pFi,k : 1 ¤ k ¤ aiq � S

for every i � 0, . . . , n � 1. Then, also the elements Fi,k do not depend on txj : j P risu. From this
point, some elements of I are determined by the given information. In fact, we have that Gi,k :�
Fi,kxi�1 �

°
jPrisHi,k,jxj P I for some suitable polynomials Hi,k,j P S.
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Theorem 2.31. Consider the polynomials Fi,k, Hi,k,j, and Gi,k as described above. Then I � pGi,k :
0 ¤ i ¤ n� 1, 1 ¤ k ¤ aiq.
Proof. Since every polynomial Gi,k lies inside I, one containment is obvious.

Set U :� pGi,k : 0 ¤ i ¤ n � 1, 1 ¤ k ¤ aiq. Suppose by contradiction that U � I. Let   be the
GRevLex term order on S such that x1   x2   � � �   xn. Consider the following set

A :� tin phq : h P IzUu.

Since A � H, by [96, Thm 1.4.19], there exists an element g P IzU such that in pgq is a minimum of
A. Without loss of generality we can choose g being homogeneous of degree deg g � d. The monomial
in pgq can be written as in pgq � mxs where m involves only the variables xs, . . . , xn. Then we can
write g � g0xs�g1 with g1 not involving the variable xs. In particular, in pg0q � m. Since mxs is the
leading term of g, we must have that g1 P px1, . . . , xs�1q. This implies that g0 P pI � px1, . . . , xs�1qq :S
xs, but by the minimality of in pgq and the construction of m we have that g0 is not in I neither in
px1, . . . , xs�1q. Therefore there exists forms Li and L1j such that

Hg :� g0 �
s�1̧

i�1

Lixi �
as�1̧

j�1

L1jFs�1,j P I.

Since degHg   deg g we have that in Hg   in g and therefore Hg P U � I. Consider the element
g � Hgxs P I. We want to prove that g � Hgxs P U which gives a contradiction since g R U . Let's
write down the expression of g �Hgxs

g �Hgxs � g0xs � g1 � g0xs �
s�1̧

i�1

Lixixs �
¸

L1jFs�1,jxs

� g1 �
s�1̧

i�1

Lixixs �
as�1̧

j�1

L1jGs�1,jxs �
as�1̧

j�1

s�1̧

t�1

L1jHi,k,txt

Then g � Hgxs P U if and only if g1 �
°s�1

i�1 Lixixs �
°as�1

j�1

°s�1
t�1 L

1
jHi,k,txt P U . But, this last

element, which is in I, lies inside px1, . . . , xs�1q. Therefore, its leading term is surely smaller than
in pgq, implying that it must lie in U by the minimality of in pgq in A. The contradiction comes from
assuming A is not empty, and the proof is completed.

As shown in the following example, even if we suppose that fi,k is a minimal generating set inside
the colon ideal, we can not prove that tGi,k : 0 ¤ i ¤ n� 1, 1 ¤ k ¤ aiu is a minimal set of generators
for I.

Example 2.32. Let I � px2 � y2, xzq � S � krx, y, zs, and set R � S{I. Then 0 :R y � pyzq,
pyq :R x � py, x, zq, and py, xq :R z � py, xq. In this case a0 � 1, a1 � 2, a2 � 0, and we obtain the
polynomials G0,1 � y2z, G1,1 � x2 � y2, G1,2 � xz. Surely I � pG0,1, G1,1, G1,2q, but they are not
minimal since G0,1 � zG1,1 � xG1,2. ♢

If R is strongly Koszul, then the elements Fi,k can be taken as variables. Since Gi,k are quadratic,
linearly independent, in number exactly µpIq by Theorem 2.21, and since I is quadratic by assumption,
we obtain the following result.

Corollary 2.33. If R � S{I is strongly Koszul, then the ideal I is minimally generated by tGi,k : 0 ¤
i ¤ n� 1, 1 ¤ k ¤ aiqu.

Regarding Question 2.18, we consider the following construction. Let M be a realisable mask. The
generators of algebras realising M can be found using Corollary 2.33: We know that these generators
are of the form Gi,k � XkXi�1 �

°
jPrisHi,j,kXj where the linear polynomials Hi,j,k are unknown.

Therefore we can replace every Hi,j,k with polynomials of the type a1i,j,kX1 � � � � � ani,j,kXn P Srasi,j,ks.
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At this point we want to �nd relations that these coe�cients have to satisfy to ensure the restrictions
given by M . That is, we want to �nd equations and inequalities in the variables asi,j,k such that the
evaluation map ev : Srasi,j,ks Ñ S associated with a solution turns S{evpIq into a strongly Koszul
algebra with mask M . This method is still work in progress, but we believe that with the right
adjustments it could have good potentials.

This idea is better explained in the following example.

Example 2.34. Set n � 3, and S � krx, y, zs. Consider the following realisable mask

MpH, xq � H,MpH, yq � H,MpH, zq � H,

MpA, kq � r3s for pA, kq P E, and A � H.

One possible algebra that realise it is given by I � py2�xz, yz�x2, z2�xyq. All algebras realising
M have dimension 1 and Hilbert series p1� 2zq{p1� zq.

Step 1. We de�ne the polynomials Gi,k, using polynomial parameters

G1 � y2 � pa1x� a2y � a3zqx, G2 � yz � pb1x� b2y � b3zqx, G3 � z2 � pc1x� c2y � c3zqx.
They lie inside S̄ � Srai, bi, cis. Let J � pG1, G2, G3q � S̄. Given an evaluation map ev : S̄ Ñ S
that maps the parameters to coe�cients in k, we may consider the ideal evpJq, and the quotient
RpJq :� S{evpJq. We start by �nding equations that the evaluation map must satisfy in such a way
that 0 :RpJq x � 0, pyq :RpJq x � px, y, zq, px, yq :RpJq z � px, y, zq.

First, we want to compute J : x inside S̄. This ideal is exactly the projection on the last coordinate
of the syzygy module syzpG1, G2, G3, xq (cf. [96, Lemma 3.2.13]). Since tG1, G2, G3, xu is a Gröbner
basis, we get J : x � J � pf1, f2q where

f1 :� pb1x� b2y � b3zqy � pa1x� a2y � a3zqz, f2 :� pc1x� c2y � c3zqy � pb1x� b2y � b3zqz.
Therefore, J : x � J if and only if f1, f2 P J . Since all the polynomials are quadratic in the variables
x, y, z we have that J : x � J if and only if rkM ¤ 3 where M is the matrix

M �

������
�a1 �a2 �a3 1
�b1 �b2 �b3 1
�c1 �c2 �c3 1

b1 �a1 b2 b3 � a2 �a3
c1 �b1 c2 c3 � b2 �b3

�����
.

Instead, the conditions pJ � pxqq : y � px, y, zq and pJ � px, yqq : z � px, y, zq are always satis�ed since
J � pxq � py2, yz, z2q � pxq.

The a�ne variety describing the algebras satisfying 0 :R pxq � 0, pxq :R pyq � px, yq :R pzq �
px, y, zq is de�ned by the system of equations$''''''&''''''%

b2b3 � a3c2 � b1 � 0

b22 � a2c2 � b3c2 � b2c3 � c1 � 0

b1b2 � b3c1 � a1c2 � b1c3 � 0

a3b2 � a2b3 � b23 � a3c3 � a1 � 0

a2b1 � a1b2 � b1b3 � a3c1 � 0

. (2.2)

Step 2: Now we have to impose the other colon conditions. Using Macaulay2 [M2], one can
compute these colons and obtain the following results.

J :S y � J � pf1, yf2,�b2f1 � b3f2 � z2pa3b2 � a2b3 � b23 � a3c3 � a1q � yzpb2b3 � a3c2 � b1q
� xzpa2b1 � a1b2 � b1b3 � a3c1q

J :S z � J � pf2,�b2f1 � xypb1b2 � b3c1 � a1c2 � b1c3q�
� y2pb22 � a2c2 � b3c2 � b2c3 � c1q � yzpb2b3 � a3c2 � b1qq
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pJ � pyqq :S x � py, xb1 � zb3, xa1 � za3, x
2c1 � xzc3 � z2q

pJ � pzqq :S x � pz, xc1 � yc2, xb1 � yb2, x
2a1 � xya2 � y2q

pJ � pyqq :S z � J � pyq � pxb3c1 � xb1c3 � zb1, xa3c1 � xa1c3 � za1, za3b1 � za1b3,

xa3b1 � xa1b3, xzb1 � z2b3, xza1 � z2a3q
pJ � pzqq :S y � J � pzq � pyb2c1 � yb1c2, xb2c1 � xb1c2, xa2c1 � xa1c2 � yc1,

xyc1 � y2c2, xa2b1 � xa1b2 � yb1, xyb1 � y2b2q
pJ � pxqq :S z � px, y, zq

pJ � px, yqq :S z � px, y, zq
pJ � px, zqq :S y � px, y, zq

We can see that the only new conditions to obtain the desired algebra are:#
c1b2 � c2b1 � 0

b1a3 � b3a1 � 0
. (2.3)

These are not equalities because we need some elements to appear in the colon ideal. For example
pJ�pzqq : x is generated by tz, xc1�yc2, xb1�yb2, x

2a1�xya2�y2u. After evaluating the parameters,
this ideal is equal to px, y, zq if and only if xc1 � yc2 and xb1 � yb2 are linearly independent, that is
c1b2 � c2b1 � 0.

Therefore
For example, another algebra with the same mask is generated by

y2 � p3x� 4y � zqx, yz � px� 2zqx, z2 � p�2x� y � 7zqx. ♢
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Chapter 3

Arithmetic complexes for stable sheaf

cohomology

�A mathematician is a person who can �nd

analogies between theorems; a better

mathematician is one who can see analogies

between proofs and the best mathematician can

notice analogies between theories. One can

imagine that the ultimate mathematician is

one who can see analogies between analogies.�

� Stefan Banach

A central problem connecting representation theory and Algebraic Geometry is the calculation of sheaf
cohomology of line bundles on complete �ag varieties over an algebraically closed �eld k. Recall that
for every natural number n, the �ag variety Fln parametrises complete �ags of a n-dimensional vector
space V , where a complete �ag of V is a �ltration 0 � V1 � � � � � Vn�1 � V with dimk Vi � i.
In characteristic zero, the Borel�Weil�Bott theorem (Theorem 3.5) provides a complete description of
these cohomology groups: Each line bundle admits at most one nonzero cohomology group, which itself
realises an irreducible representation of the general linear group. In positive characteristic, however,
the situation is markedly more subtle. Raicu and VandeBogert [116], for example, demonstrated that
the number of irreducible constituents in a �ltration of such cohomology groups cannot be bounded by
any polynomial in the cohomological degree, the dimension of the �ag variety, and the combinatorial
data de�ning the line bundle. Despite these complications, several signi�cant results are known in
positive characteristic: Kempf's vanishing theorem (Theorem 3.6), Andersen's characterisation of the
nonvanishing of the �rst cohomology group [9], and Donkin's complete classi�cation in dimension three
[44].

The central developments most relevant to this chapter are contained in a recent paper of Raicu
and VandeBogert [116]. They used an established connection between the cohomology of line bundles
on �ag varieties and the groups HjpPpV q, SλzµΩq, where Sλzµ is a skew-Schur functor and Ω is the
cotangent sheaf of the projective space PpV q. Remarkably, they show that these groups carry a trivial
action of the general linear group that depend only on the combinatorial data of λzµ,and not on the
ambient dimension n � dimk V , once n is su�ciently large. They denote these dimensionally stable
groups by Hj

stpSλzµΩq, referring to them as the stable sheaf cohomology groups. Furthermore, for
certain skew-partitions they construct explicit arithmetic complexes Ck


 pwq which computes the stable
cohomology and reveal nontrivial symmetric relations.

The purpose of this chapter is to extend the framework of Raicu and VandeBogert to projective
space over the integers. In the �rst section, we review the background on line bundles over �ag
varieties, present in detail the results of Raicu and VandeBogert, and introduce a generalization of

57
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their arithmetic complexes. The second section is devoted to Theorem 3.19, which constitutes the
technical heart of the chapter: Here we establish a uniform identi�cation between two arithmetic
complexes arising from distinct data. The proof is intricate and requires a sequence of preparatory
lemmata to make the argument transparent. This identi�cation leads to the third and �nal section,
where, employing the methods of Raicu and VandeBogert, we extend their results to the case of
projective space de�ned over the integers.

The results presented in this chapter were published in [55] in collaboration with Ethan Reed,
Shahriyar Roshan Zamir, and Hongmiao Yu. The project started at the research school PRAGMATIC
2023 - Cohomology and Frobenius.

3.1 Preliminaries

In this and following sections, k will be an algebraically closed �eld of characteristic charpkq � p, where
p is either zero or a prime number.

Partitions and Schur functors

A partition λ � pλ1, . . . , λnq is an element of Nn such that λ1 ¥ � � � ¥ λn. We de�ne the size of λ as
|λ| � °i λi. Then λ is an integer partition of the number |λ|, i.e. a possible way to write |λ| as sum
of positive numbers.

A nice way to visualise a partition is through its Young diagram. A Young diagram is a �nite
collection of boxes, disposed on a grid, align to the left, and with row-lengths in a non-increasing
order. Given a partition λ � pλ1, . . . , λnq, its Young diagram consists of |λ| boxes arranged in n rows:
The i-th row consists of λi boxes.

Some special types of partitions, that will recur frequently in this chapter, are

� Hook partitions. They are of type λ � pm, 1dq where 1d means that the number 1 is repeated d
times. They take their name from the shape of their Young diagrams which resemble a hook.

� Two-column partitions. These partitions have a Young diagram consisting of two columns. They
have the form λ � p2m, 1d�mq for d ¥ m ¥ 1. Its conjugate partition is λ_ � pd,mq. We recall
from De�nition 1.20 that the conjugate partition is de�ned as

λ_ � pλ_0 , . . . , λ_r q, where λ_i � #tk : λk ¥ iu.

One of the main tools in studying cohomology groups of line bundles on �ag varieties are Schur
functors. These functors, each depending on a partition, interpolate between the exterior algebra func-
tor and the symmetric algebra functor in an attempt to generalise them. In the theory of vector spaces
over �elds of characteristic zero, it is standard to de�ne Schur functors using the Young symmetrisers.
But, in our setting where the �eld has any characteristic this approach is not suitable and a di�erent
equivalent de�nition is needed. This uses the notions of exterior algebra and symmetric algebra. Let
be V be a k-vector space. For every k ¥ 0, the antisystematization map ∆k :

�k V ãÑ bkV is de�ned
as

∆kpf1 ^ � � � ^ fkq �
¸
σ

sgnpσqfσp1q b � � � b fσpkq.

Let λ P Nr be a partition with conjugate partition λ_ � pλ_1 , . . . , λ_t q. Two natural maps are
de�ned:

αλ :
�λ1 V b � � � b�λr V ÝÑâ

|λ|

V

which is the tensor product of the antisystematization maps ∆λi
:
�λi V ãÑ bλi

V , and

βλ :
â
|λ|

V ÝÑ Symλ_1 V b � � � b Symλ_t V
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de�ned as

βλpf1 b � � � b f|λ|q � f1fλ1�1fλ1�λ2�1 � � � fλ1�����λr�1�1 b f2fλ1�2fλ1�λ2�2 � � � b � � � .

Let λ � pλ1, . . . , λnq P Nn be a partition. The Schur functor associated with the partition λ is an
endo-functor Sλ : Veck ÝÑ Veck, where Veck is the category of vector spaces over the �eld k. For a
k-vector space V , it is de�ned as SλV � Imβλ � αλ. Given a linear map φ : V ÑW , the naturality of
the tensor product, and the exterior and symmetric powers yields the commutative diagram

�λ1 V b � � � b�λr V
Â

|λ| V Symλ_1 V b � � � b Symλ_t V

�λ1 W b � � � b�λr W
Â

|λ|W Symλ_1 W b � � � b Symλ_t W

αλ βλ

αλ βλ

.

The right-most vertical map restricts to a linear map Sλφ : SλV Ñ SλW .

Example 3.1. We see some easy examples of Schur functors.

� For λ � pm, 0, . . . , 0q, it follows Sλ � Symm.

� For λ � p1m, 0, . . . , 0q, it follows Sλ �
�m. Here 1m means that the integer 1 is repeated m times.

� Set λ � p2, 1q. Then SλpV q is the subspace of Sym2 V b V generated by

v1v2 b v3 � v2v3 b v1, with v1, v2, v3 P V. ♢

Theorem 3.2. If charpkq � 0, then for a given vector space V of dimension n, the set tSλV : λ1 ¤ nu
gives a complete set of distinct irreducible polynomial representations of the general linear group GLpV q.
Proof. See [58, Section 8.2], in particular to Theorem 2.

Remark 3.3. If charpkq ¡ 0, then GLpV q is not longer linearly reductive. Moreover, the Schur functors
SλV are indecomposable ([38, Thm 3.8]), but not irreducible in general. For example in characteristic
p the Schur module Sp,0pxe1, e2yq � Symppxe1, e2yq, the submodule generated by tep1, ep2u is proper and
invariant under the action of the general linear group. A class of Schur functors that are irreducible
in every characteristic is exterior algebras ([134, Ex. 2.7 (a)]). △

The concept of Schur functors can be generalised also to skew-partitions. A skew-partition λzµ is
given by two partitions λ � pλ1, . . . , λnq, µ � pµ1, . . . , µnq P Nn such that λi ¥ µi for all i � 1, . . . , n.
Every partition is also a skew-partition with µ � 0. The best way to illustrate skew-partitions is by
using Young diagrams: λzµ is obtained by removing the Young diagram of µ in the Young diagram of
λ. For example, let λ � p4, 4, 2q and µ � p3, 3, 0q then the skew-partition λzµ is

A skew-partition λzµ is said to be a ribbon if the resulting Young diagram is connected and it does
not contain any 2 � 2 box. The connected condition is imposed by saying that µi   λi�1 whenever
λi�1 ¡ 0. The only ribbons that are also partitions are hook partitions.

The size of a ribbon is de�ned as |λzµ| � °pλi � µiq. It will often be convenient to encode the
data of a ribbon of size m as a partition w1�� � ��wd � m where wi is the number of boxes appearing
in the ith column. This is very useful since every ribbon of size m corresponds to a unique partition
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of m. The following �gure is an example of a ribbon shape where µ � p3, 2, 2q, λ � p4, 4, 3, 3q and
w � p1, 1, 3, 2q.

Let λzµ be a skew-partition, and let λ_, respectively µ_, be the conjugate partition of λ, re-
spectively µ. As in the standard case we need to de�ne two maps whose composition will de�ne the
skew-Schur functor. We consider the Ferres matrix associated with λzµ that is a square λ1 � λ1-
matrix pai,jq de�ned as follows. We set ai,j � 1 for µi � 1 ¤ j ¤ λi, and ai,j � 0 for 1 ¤ j ¤ µi or
λi�1 ¤ j ¤ λ1. In other words, ai,j is 1 if in the Young diagram of λzµ there is a box in position pi, jq,
and 0 otherwise.

The map αλzµ :
�λ1�µ1 V b � � � b �λn�µn V ÝÑ Â

ai,j
V is de�ned as the tensor product of the

antisystematization maps

∆i :
�λi�µi V ÝÑ â

ai,j�1

V ÝÑâ
ai,j

V, with i � 1, . . . , λ1

The map βλzµ :
Â

ai,j
V ÝÑ Symλ_1 �µ_1 V b � � � b Symλ_n�µ_n V is de�ned as the tensor product of

the multiplication maps

mj :
â
ai,j

V ÝÑ â
ai,j�1

V ÝÑ Symλ_j �µ_j V, with j � 1, . . . , λ1.

Eventually, the skew-Schur functor Sλzµ : Veck ÝÑ Veck associated with the skew-partition λzµ is
de�ned similarly as in the standard case. For a vector space V we de�ne SλzµV :� Imβλzµ �αλzµ, while
for a linear map φ : V ÑW we obtain a commutative diagram which de�nes Sλzµφ : SλzµV Ñ SλzµW .
Whenever µ � 0, it follows the identity Sλzµ � Sλ.
Example 3.4. Let λ � p2, 2, 1q, µ � p1, 0, 0q P N3 be two partitions. Then for every vector space V , the
skew-Schur functor SλzµV is the subspace of Sym2 V b Sym2 V generated by

v2v4 b v1v3 � v3v4 b v1v2, with v1, . . . , v4 P V.

This computation can be visualised using the Young diagram of λzµ

and the following diagram

V
b�2V
b
V

V
b

V b V
b
V

Sym2 V b Sym2 V

αλzµ

βλzµ
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The tensor product V b4 � V b6 that corresponds to indices where ai,j � 1, is aligned as the boxes
in the skew-shape λzµ. The map αλzµ pointing from left to right shows how the antisystematization
maps are arranged. While, the map αλzµ pointing from top to bottom shows which elements need to
be multiplied. ♢

As a �nal note, since sheaves over projective varieties are locally vector spaces over the �eld k,
one can extend the de�nition of Schur functors to the category of quasi-coherent sheaves over some
projective scheme/variety. More information on Schur functors can be found in [6], [25] and [134].

3.1.1 Line bundles over �ag varieties and their cohomology

Let V be a k-vector space of dimension n. The (complete) �ag variety Fln is the set of complete �ags
in V , that is

Fln :� t0 � V1 � � � � � Vn�1 � V : dimVi � iu.
It is trivial that Fln � Grp1, V q � � � � � Grpn � 1, V q where Grpj, V q is the Grassmannian variety of
j-dimensional vector subspaces of V . Using the Plücker embedding Grpk, V q ãÑ Pp�k V q, Fln injects
into a multi-projective space making it a multi-projective varieties. The subject of study are line
bundles on a �xed �ag variety Fln. The Picard group PicpFlnq is the set of line bundles on Fln up to
isomorphisms of vector bundles together with the tensor product operation. To compute this group,
we need to use some tools from Representation Theory.

The general linear group GLpV q acts on the �ag variety by permuting its elements. In particular,
every complete �ag can be obtained as the image of the action of some element in GLpV q to the
standard �ag

0 � xe1yk � xe1, e2yk � � � � � xe1, . . . , en�1yk � V,

where B :� te1, . . . , enu is a �xed basis of V . Therefore, one obtains an isomorphism Fln � GLpV q{B.
Here B is the Borel sub-group of the upper triangular matrices by �xing the basis B on V . It represents
the elements that act trivially on the standard �ag. Using Representation Theory arguments we obtain
a complete description of the Picard group of Fln as

PicpFlnq � Zn

p1, . . . , 1qZ .

This implies that there exist L1, . . . ,Ln line bundles on Fln such that every line bundle on Fln, up to
isomoprhism, is parametrised by λ � pλ1, . . . , λnq P Zn and it can be written as

Opλq :� Lλ1
1 b � � � b Lλn

n .

Moreover such special line bundles satisfy the relation L1b� � �bLn � OFln , where OFln is the structure
sheaf of the variety Fln. The Li's are also called the tautological line bundles of Fln and they can be
explicitly constructed. Consider the tautological quotient bundle Qi with �ber V {Vn�i at the point
0 � V1 � � � � � Vn�1 � V P Fln. Then we get Li � kerpQi ↠ Qi�1q. The interested reader can �ll in
the gaps by reading [58, Sec. 9.1].

A central problem connecting Representation Theory and Algebraic Geometry is the calculation of
sheaf cohomology of these line bundles. We recall that the sheaf cohomology is de�ned as follows: Let
pX,OXq be a ringed space, then one considers the global sections functor from ModX the category of
sheaves of OX -modules to Ub the category of Abelian groups

ΓpX,�q : ModX Ñ Ub.

It is well-known that this functor is left-exact, but not right exact in general. So, it natural to consider
its right derived functors H ipX,�q. Then we de�ne the sheaf cohomology modules of a sheaf F being
the Abelian groups H ipX,Fq. From its very de�nition we have that H ipX,�q � 0 for i   0, and
H0pX,�q � ΓpX,�q. A famous result of Grothendieck states that if X is a Noetherian topological
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space of dimension n, then H ipX,�q � 0 for i ¡ n. For more and complete information on this topic
we refer to [74, Chapter III].

In the characteristic zero case, the Borel-Weil-Bott theorem computes the sheaf cohomology groups
and shows that line bundles have at most one non-zero cohomology group which is an irreducible
representation of the general linear group. We recall the theorem below.

Theorem 3.5 (Borel-Weil-Bott). If charpkq � 0, then the following holds true.

� There exists at most one index i such that H ipFln,Opλqq � 0.

� When H ipFln,Opλqq � 0, then it is an irreducible representation of SLn.

� If λt � t � λs � s for some t � s, then H ipFln,Opλqq � 0 for every i.

Proof. See [19] and [20].

In positive characteristic the sheaf cohomology groups can be much more complicated. For instance,
Raicu and VandeBogert [116] showed that the number of irreducible factors in a �ltration of the
cohomology groups cannot be bounded by a polynomial in terms of the cohomological degree, dimension
of the �ag variety, and the combinatorial data de�ning the line bundle. Nonetheless, some general
results have been proved. One of the �rst works in a positive characteristic setting is Gri�th's Ph.D.
thesis (cf. [69]) where he studied Fl3 constructing families of line bundles having more than one non-
vanishing cohomological group. Andersen in [9] gave a characterisation of non-vanishing of the �rst
cohomology group, while Donkin in [44] presented a full description of the cohomology groups when
the underlying vector space is 3-dimensional completing Gri�th's work. The most notable result in a
characteristic free settings is the Kempf vanishing theorem which states as follows.

Theorem 3.6 (Kempf vanishing theorem). Given λ P Zn such that λ1 ¥ λ2 ¥ � � � ¥ λn, we have
H ipFln,Opλqq � 0 for i ¡ 0, and H0pFln,Opλqq � Sλkn, where Sλ is a Schur functor.

Proof. The �rst instance was proved by Kempf in [91], [92], and [93]. The �nal version of this theorem
is due to Haboush in [70], and by Andersen in [10] where they improved and simpli�ed Kempf results
and arguments.

The principal paper that we are now discussing, and also the one that inspired the work of this
chapter, is due to Raicu and VandeBogert [116]. The idea behind their paper is one can study certain
line bundles by instead studying Schur functors applied to the cotangent sheaf Ω of PpV q. The coherent
sheaf Ω is classically de�ned as the shea��cation of

Àn
i�1 Sp�1qdxi{

°
xidxi, where S � SymV �

krx1, . . . , xns.

Theorem 3.7. Let Ω be the cotangent sheaf of the projective space Pn�1. Let λ P Nn be a partition
with λn � 0. Then for every j ¥ 0 we have

HjpFln,Opµqq � HjpPn�1, SλΩpeqq,

where µ � pe� |λ|, λ1, λ2, . . . , λn�1q P Zn, and e P Z.

Proof. This is a direct consequence of [25, Thm 9.8.5].

To give an idea of why this result is very important, we now give an example giving explicit
computations. This example is claimed by many authors to be due to Mumford or his student Gri�th.
Despite, no proper references are given, it is undeniable that the two authors were very interested in
the topic and Gri�th's Ph.D. thesis [68] (cf. [69]) considered the case of �ags in 3-dimensional vector
spaces over �elds of positive characteristic. Moreover, it shows that the zero and nonzero characteristic
cases are much di�erent and the Borel-Weil-Bott Theorem is false in this context.
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Example 3.8. Let n � 3, p � 2, together with λ � p2, 0, 0q and µ � p�2, 2, 0q. Then one has

HjpFl3,Opµqq � HjpP2, SλΩq � HjpP2, Sym2Ωq.

Since, we are in characteristic 2, it holds the short exact sequence

0Ñ F 2ΩÑ Sym2ΩÑ�2ΩÑ 0, (3.1)

where F 2 is the 2-nd Frobenius power functor. The cohomology groups of F 2Ω and
�2Ω are known in

this case and their are equal to

HjpP2, F 2Ωq �
#
k if j � 1

0 if j � 1
, HjpP2,

�2Ωq �
#
k if j � 2

0 if j � 2
.

Equation (3.1) induces a long exact sequence on the cohomology groups obtaining the �nal result

HjpFl3,Opµqq �
#
k if j � 1, 2

0 otherwise
. ♢

In their paper, Raicu and VandeBogert consider the idea of "stabilizing" the cohomology groups
by letting the dimension of the vector space V tend to in�nity. To make this coherent, every time a
partition λ P Nr is considered, the same partition can be viewed inside Nn for n ¥ r by adding as
many 0s as needed at the partition's end. The same concept can be also applied to skew-partitions.
With this setting they proved the following.

Theorem 3.9. Let k be an algebraically closed �eld. Consider a skew-partition λzµ. Then, for every
j ¥ 0, the cohomology group HjpPpknq, SλzµΩq have a trivial GLn�1pkq-action, and is independent on

n as n " 0. We denote this group as Hj
stpSλzµΩq.

Proof. See [116, Theorem 4.1 and Theorem 4.2]. In these theorems, the authors prove the result for
general polynomial functors, but for our purposes we are only interested to their applications to the
Schur functors.

In the particular case that the skew-partition is a ribbon or a two-column partition, Raicu and
VandeBogert constructed explicit "arithmetic complexes" Ck


 pwq, depending on a tuple w, to compute
these cohomology groups. Moreover, they are able to �nd a relation formula between two-column
partitions and hook partitions. We postpone the de�nition of arithmetic complexes in Section 3.1.2:
There we generalise Raicu and Keller de�nition of arithmetic complexes to prove results over the
projective on Z.

Theorem 3.10. Let Ω be the cotangent sheaf over Pnpkq and Sλ{µ be a skew Schur functor. The
following is true for all i.

iq If Sλ{µ is a ribbon Schur functor corresponding to w � pw0, ..., wdq, then

H i
stpSλ{µΩq � H|w|�ipCk


 pwqq.

iiq If λ is a two column partition with conjugate partition λ_ � pm, dq for integers m, d ¥ 0, then

H i
stpSλΩq � Hd�m�ip|Ck


 p�m� d� 1, 1dqr�dsq,

where |Ck

 p�m� d� 1, 1dq denotes the dual of the complex Ck


 p�m� d� 1, 1dq.
iiiq Consider λ as in iiq and let d ¥ 1, then

H i
stpSλΩq � H2m�1�i

st pSpd�1,1m�dqΩq.
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3.1.2 Arithmetic Complexes

Let R be the ring of integer-valued polynomials, that is

R � tfpxq P Qrxs : fpnq P Z for every n P Zu � tfpxq P Qrxs : fpnq P Z for every n " 0u.

For every polynomial p P R and n P Z¡0, we de�ne the (generalised) binomial coe�cient�
p

n

�
:� ppp� 1q � � � pp� n� 1q

n!
P R.

We recall the following equalities which hold for binomial coe�cients:

1. If k P N then
�
k
n

� � �kn�. In particular, if k   n, then
�
k
n

� � 0.

2. If k P Z 0, then
�
k
n

� � p�1qn�n�k�1
n

�
. More in general,

�
p
n

� � p�1qn�n�p�1
n

�
for any p P R.

We also adopt the conventions
�
p
0

� � 1 and
�
p
n

� � 0 for p P R and n P Z 0.

Proposition 3.11. The ring R is a Z-free sub-algebra of Qrxs. Moreover, The binomial coe�cients�
x
n

�
for n ¥ 0 form a Z-module basis for R.

The ring R is used for example in the study of Hilbert polynomials. We should remark that R is
not Noetherian since the ascending chain of ideals�

x

1

�
R �

�
x

1

�
R�

�
x

2

�
R �

�
x

1

�
R�

�
x

2

�
R�

�
x

3

�
R � � � �

does not stabilises. Information about this topic and more general constructions can be found in [29].
In this chapter, our main objects of study are C
pwq with w � pw0, . . . , wdq P R � Nd�1. For a

combinatorial description, consider the undirected, weighted path graph of d� 1 vertices and d edges:

w0
 w1
 w2
 wd�1
 wd

Figure 3.1: Undirected Weighted Path Graph with Vertex Weights w

where wi's denote weights on the vertices. Given d, t P N such that 1 ¤ t ¤ d � 1 for any weak
composition of d� t� 1, that is non-negative integers pλt, . . . , λ1q such that

°t
i�1 λi � d� t� 1, there

is a unique decomposition of the above path graph into t disjoint intervals Iλi
of length λi. If λi � 0

then Iλi
consists of a single vertex.

The weight of an interval Iλ, denoted ωpIλq, is the sum of the weights of its vertices. For instance,
the weights of the intervals in Figure 3.2 are ωpIλ4q � w0, ωpIλ3q � w1 � w2 � w3, ωpIλ2q � w4, and
ωpIλ1q � w5 � w6.

w0
 w1
 w2
 w3
 w4
 w5
 w6

Iλ4 Iλ3 Iλ2

Iλ1

Figure 3.2: A decomposition for d � 6, t � 4, and pλ4, λ3, λ2, λ1q � p0, 2, 0, 1q.

De�nition 3.12. De�ne the arithmetic complex, C
pwq � C
pw0, . . . , wdq, as follows: for each k P Z,

Ckpwq :�
à

°t
i�1 λi�k

R � fpλt,...,λ1q � R`pdkq,

where t � d�k�1 ¥ 1, and fpλt,...,λ1q corresponds to a basis element of Ckpwq. Note the basis elements
of Ckpwq are in bijective correspondence with decompositions of the path graph in Figure 3.1. The
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di�erential Bk is computed by removing a single edge from an interval of a basis element of Ckpwq.
More precisely,

Bk : Ckpwq ÝÑ Ck�1pwq

fpλt,...,λ1q ÞÑ
ţ

j�1

λj̧

i�1

p�1qt�j

�
ωpIλj

q
ωpIλj

ztiuq
�
fpλt,...,λj�1,i�1,λj�i,λj�1,...,λ1q,

where Iλztiu denotes the subinterval of Iλ to the right of the i-th edge (counting starting at the left).

The de�nition of arithmetic complex Ck

 de�ned by Raicu and VandeBogert in [116, Section 5] can

be recovered as follows. Consider an element w0 P k. Then the evalutation morphism ev : R Ñ k
that maps x into w0 gives to k a structure of R-module. Consider now the arithmetic complex
C
px,w1, ..., wdq with w1, . . . , wd P N. Then we can evaluate the complex at x � w0 and tensor with k
to obtain

Ck

 pw0, w1, ..., wdq � C
px,w1, ..., wdq|x�w0

bR k.

Similarly, one can de�ne CZ

 pwq with w0 P Z by evaluating C
px,w1, ..., wdq on x � w0 and then

tensoring with Z.

Example 3.13. Consider the graph in Figure 3.2. Let j � 3 and i � 2. Let Iµ3 � Iλ3zt2u, the interval
consisting of a single vertex with weight w3. The corresponding coe�cient is ��w1�w2�w3

w3

�
.

w0
 w1
 1 w2
 2 w3
 w4
 w5
 w6

Iλ4 Iλ3 Iλ2

Iλ1

p�1q4�3r ωpIλ3
q

ωpIλ3
zt2uq

s��rw1�w2�w3
w3

s
��

w0
 w1
 w2
 w3
 w4
 w5
 w6

Iµ5

Iµ4 Iµ3 � Iλ3zt2u Iµ2
Iµ1

♢

Our focus is when w0 � x or w0 � �x � 2d, and w1 � � � � � wd � 1 with the aim of establishing
an isomorphism between C
px, 1dq and C
p�x� 2d, 1dq.
Remark 3.14. When w0 � �x�2d the following binomial identity is used in computing the di�erentials:��x�m

n

�
� p�1qn

�
x�m� n� 1

n

�
for m,n P Z. △
Example 3.15. Computations with Macaulay2 [M2] exemplify an isomorphism from C
px, 1dq to C
p�x�
2d, 1dq for d � 2, 3, 4.

0 // R

p1q

��

� rx�2
2 s

x�2



// R2

��

p�2, x�1 q
// R

��

// 0

p1q �
1 1
0 �1

� p1q

0 // R � rx�3
2 s

�x�2


// R3

p�2, �x�3 q
// R // 0
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0 // R

p1q

��

�
� rx�3

3 s
rx�3

2 s
x�3

�


// R3

��

��3 x�1 0
�3 0 rx�2

2 s
0 �2 x�2

�
// R3

��

p 2, �2, x�1 q
// R

��

// 0

�
�1 �2 �1
0 1 1
0 0 �1

	 �
�1 0 �1
0 �1 �3
0 0 1

	
p�1q

0 // R �
��rx�5

3 s
rx�4

2 s
�x�3

�


// R3��3 �x�5 0

�3 0 rx�5
2 s

0 �2 �x�4

�// R3

p 2, �2, �x�5 q
// R // 0

0 R R4 R6 R4 R 0

0 R R4 R6 R4 R 0

�
����
rx�4

4 s
rx�4

3 s
rx�4

2 s
x�4

�
���


p1q

�
�������

�4 x�1 0 0
�6 0 rx�2

2 s 0

�4 0 0 rx�3
3 s

0 �3 x�2 0
0 �3 0 rx�3

2 s
0 0 �2 x�3

�
������


�
� 1 3 3 1

0 �1 �2 �1
0 0 1 1
0 0 0 �1

�



�
��

3 �2 0 x�1 0 0
3 0 �3 0 x�1 0
0 2 �3 0 0 rx�2

2 s
0 0 0 2 �2 x�2

�
�


�
���

1 0 0 2 0 1
0 1 0 5 1 4
0 0 1 0 4 6
0 0 0 �1 0 �1
0 0 0 0 �1 �3
0 0 0 0 0 1

�
��


�
� �2

2
�2
x�1

�


T

� 1 0 0 1
0 1 0 3
0 0 1 5
0 0 0 �1

�
p1q

�
����
rx�7

4 s
�rx�6

3 s
rx�5

2 s
�x�4

�
���


�
�������

�4 �x�7 0 0
�6 0 rx�7

2 s 0

�4 0 0 �rx�7
3 s

0 �3 �x�6 0
0 �3 0 rx�6

2 s
0 0 �2 �x�5

�
������


�
��

3 �2 0 �x�7 0 0
3 0 �3 0 �x�7 0
0 2 �3 0 0 rx�7

2 s
0 0 0 2 �2 �x�6

�
�


�
� �2

2
�2

�x�7

�


T

♢

In Example 3.15, the isomorphism maps in homological degree d� t� 1 can be obtained using the
following formulas:

t � 1 : fλ1 ÞÑ fµ1 ,

t � 2 : fpλ2,λ1q ÞÑ
¸

µ1�µ2�d�1

p�1qd�µ2

�
µ1

λ1



� fpµ2,µ1q,

t � 3 : fpλ3,λ2,λ1q ÞÑ
¸

µ1�µ2�µ3�d�2

p�1qd�µ3

�
µ1

λ1


�
λ1 � µ1 � µ2 � 2

λ1 � µ1 � λ2 � 2



� fpµ3,µ2,µ1q.

A generalization of this pattern is given by α
 : C
px, 1dq ÝÑ C
p�x� 2d, 1dq where for an arbitrary
d the map αd�t�1 : Cd�t�1px, 1dq ÝÑ Cd�t�1p�x� 2d, 1dq is de�ned as

αd�t�1pfpλt,λt�1,...,λ1qq �
¸

µ1�����µt�d�t�1

p�1qd�µt

t�2¹
s�0

�°s
j�1pλj � µjq � µs�1 � 2s°s
j�1pλj � µjq � λs�1 � 2s



fpµt,µt�1,...,µ1q.

The main result of the next section is that α
 is indeed an isomorphism of complexes.
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3.2 Uniform identi�cation of aritmethic complexes

This section is devoted to the proof of Theorem 3.19 which is broken into two parts. First, it is shown
that α
 de�nes a homomorphism of complexes (using lemmata 3.16 and 3.17). Next, Lemma 3.21
shows that the matrices in α
 are invertible by using an ordering of the basis, as explained in Remark
3.20. Finally, Corollary 3.22 provides a more speci�c description of those matrices.

Lemma 3.16. Let d, t P N, t ¥ 1. For weak compositions λ � pλt, . . . , λ1q of d � t � 1, and µ �
pµt�1, µt, . . . , µ1q of d� t, de�ne the following quantities:

Akpλ, µq :�
k�2¹
s�0

�°s
m�1pµm � λmq � µs�1 � 2s°s
m�1pµm � λmq � λs�1 � 2s



,

Bkpλ, µq :�
t�1¹

s�k�1

�°s�1
m�1pµm � λmq � µs � µs�1 � 2s� 1°s

m�1pµm � λmq � 2s� 1



,

gkpλ, µ; zq :�
� °k�1

m�1pµm � λmq � µk � 2pk � 1q°k�1
m�1pµm � λmq � λk � z � 2pk � 1q



,

hkpλ, µ; zq :�
�°k

m�1pµm � λmq � µk�1 � z � 2pk � 1q � 2°k
m�1pµm � λmq � 2pk � 1q � 1



,

where k � 1, . . . , t and z P Z. Then the following hold

i) g1pλ, µ;λ1 � 1q � 0;

ii) Akpλ, µq � gkpλ, µ; 0q � Ak�1pλ, µq and hkpλ, µ; 0q � gk�1pλ, µ;λk�1 � 1q, for 1 ¤ k ¤ t� 1;

iii) Bkpλ, µq � Bk�1pλ, µq � hk�1pλ, µ;λk�1 � 1q, for 1 ¤ k ¤ t� 2;

iv) Atpλ, µq � gtpλ, µ; 0q � 0.

Proof. The proof proceeds by explicit computations. Notice that g1pλ, µ;λ1 � 1q � �
µ1

�1

� � 0. Given
k � 1, . . . , t� 1, part iiq follows from the observations

Akpλ, µq � gkpλ, µ; 0q�
k�2¹
s�0

�°s
m�1pµm � λmq � µs�1 � 2s°s
m�1pµm � λmq � λs�1 � 2s



�
�°k�1

m�1pµm � λmq � µk � 2pk�1q°k�1
m�1pµm � λmq � λk � 2pk�1q




�
k�1¹
s�0

�°s
m�1pµm � λmq � µs�1 � 2s°t
m�1pµm � λmq � λs�1 � 2s



�Ak�1pλ, µq

and

gk�1pλ, µ;λk�1 � 1q �
�°k

m�1pµm � λmq � µk�1 � 2k°k
m�1pµm � λmq � 2k � 1



�
�°k

m�1pµm � λmq � µk�1 � 2pk � 1q � 2°k
m�1pµm � λmq � 2pk � 1q � 1



� hkpλ, µ; 0q.

Furthermore, if k � 1, . . . , t� 2 then

hk�1pλ, µ;λk�1 � 1q �
�°k�1

m�1pµm � λmq � µk�2 � λk�1 � 1� 2k � 2°k�1
m�1pµm � λmq � 2k � 1



�
�°k

m�1pµm � λmq � µk�1 � µk�2 � 2k � 1°k�1
m�1pµm � λmq � 2k � 1



,
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and the equality Bk�1pλ, µq � hk�1pλ, µ;λk�1 � 1q � Bkpλ, µq is obtained.
Finally, if Atpλ, µq �

±t�2
s�0

�°s
m�1pµm�λmq�µs�1�2s°s
m�1pµm�λmq�λs�1�2s

� � 0 then�°s
m�1pµm � λmq � µs�1 � 2s°s
m�1pµm � λmq � λs�1 � 2s



�
�°s

m�1pµm � λmq � µs�1 � 2s

µs�1 � λs�1



� 0

for s � 0, . . . , t � 2, or equivalently µj ¥ λj for j � 1, . . . , t � 1. Since
°t

j�1 λj � d � t � 1 and°t�1
j�1 µj � d� t, it follows that µt � λt   0 and thus

gtpλ, µ; 0q�
�°t�1

m�1pµm � λmq � µt � 2pt�1q°t�1
m�1pµm � λmq � λt � 2pt�1q



�
�°t�1

m�1pµm � λmq � µt � 2pt�1q
µt�λt



�0.

These observations yield the identity below which completes the proof of part ivq.

Atpλ, µq � gtpλ, µ; 0q �
#
Atpλ, µq � 0 if Atpλ, µq � 0

0 � gtpλ, µ; 0q if Atpλ, µq � 0
� 0.

Lemma 3.17. Under the assumptions of Lemma 3.16

t�1̧

k�1

p�1qt�kAkpλ, µq �Bkpλ, µq �
�
hkpλ, µ;λk � 1q � gkpλ, µ;λk � 1q

� gkpλ, µ; 0q � hkpλ, µ; 0q
�
� �Atpλ, µq � gtpλ, µ;λt � 1q.

Proof. For k � 1, . . . , t� 2, Lemma 3.16 iiq and iiiq imply

Akpλ, µq�Bkpλ, µq�gkpλ, µ; 0q�hkpλ, µ; 0qAk�1pλ, µq�Bk�1pλ, µq�gk�1pλ, µ;λk�1 � 1q�hk�1pλ, µ;λk�1 � 1q.

In the case k � t� 1, Bt�1pλ, µq � 1 and so by Lemma 3.16 iiq the following equation holds:

At�1pλ, µq �Bt�1pλ, µq � gt�1pλ, µ; 0q � ht�1pλ, µ; 0q � Atpλ, µq � gtpλ, µ;λt � 1q.

The following chain of equalities �nish the proof, where p�q uses Lemma 3.16 iq:
t�1̧

k�1

p�1qt�kAkpλ, µq �Bkpλ, µq � gkpλ, µ; 0q � hkpλ, µ; 0q

�
t�2̧

k�1

p�1qt�kAkpλ, µq �Bkpλ, µq � gkpλ, µ; 0q � hkpλ, µ; 0q �At�1pλ, µq �Bt�1pλ, µq � gt�1pλ, µ; 0q � ht�1pλ, µ; 0q

�
t�2̧

k�1

p�1qt�kAk�1pλ, µq �Bk�1pλ, µq � hk�1pλ, µ;λk�1 � 1q � gk�1pλ, µ;λk�1 � 1q �Atpλ, µq � gtpλ, µ;λt � 1q

���
t�1̧

k�1

p�1qt�kAkpλ, µq �Bkpλ, µq � hkpλ, µ;λk � 1q � gkpλ, µ;λk � 1q �Atpλ, µq � gtpλ, µ;λt � 1q.

The following combinatorial formula can be found in [124, Corollary 4]. We give here a di�erent
and easier proof.

Lemma 3.18. For any non-negative integers a, b, c P N, the following identity of integer-valued poly-
nomials in Qrys holds true.

¸
j¥0

�
b

j


�
y � a

a� b� 1� j

��
y � a� b� c� j

c� j

�
�
�

y � a� c

a� b� c� 1

��
a� c� 1

c

�
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Proof. Clearly Lemma 3.18 holds for b � 0. So we may assume b ¥ 1. We will show both sides of
the equation have the same generating function. Let A � a � c and B � y � a � c. Let t and u be
variables. First multiplying the right hand side by tc, summing over c ¥ 0, we get�

B

A� b� 1

� ¸
c¥0

�
A� 1

c

�
tc �

�
B

A� b� 1

�
p1� tqA�1,

and then multiplying by uA and summing over A ¥ 0,

¸
A¥0

�
B

A� b� 1

�
p1�tqA�1uA � p1�tqbub�1

¸
A¥0

�
B

A� b� 1

�
rp1�tq�usA�b�1 � ub�1p1�tqbp1�u�tuqB.

Note the index of summation for A starts at 0 because b ¥ 1.
Replacing A and B in the left hand side, multiplying by uA and summing over A ¥ 0 we get

¸
j¥0

�
b

j


�
B � b� j

c� j

�� ¸
A¥0

�
B � c

A� c� b� 1� j

�
uA
	
�
� ¸
j¥0

�
b

j


�
B � b� j

c� j

���
ub�c�1�jp1� uqB�c

	
.

We can start the summation from A � 0 because if j ¡ c the summand is zero, hence j ¤ c and we
have j � 1� c� b ¤ 0. Then, multiplying by tc and summing over c ¥ 0 we get

¸
j¥0

�
b

j



ub�1�jp1� uqB �

¸
c¥0

�
B � b� j

c� j

�
tcp1� uq�cuc

�
¸
j¥0

�
b

j



ub�1p1� uqB�jtj �

¸
c¥0

�
B � b� j

c� j

�� tu

1� u

	c�j

�
¸
j¥0

�
b

j



ub�1p1� uqB�jtj �

�
1� tu

1� u

�B�b�j

�
¸
j¥0

ub�1tj

p1� uqb � p1� u� tuqB�b�j

�ub�1p1� u� tuqB
p1� uqb �

¸
j¥0

�
b

j



� tj � p1� u� tuqb�j � ub�1p1� u� tuqB

p1� uqb � p1� t� u� tuqb

�ub�1p1� tqbp1� u� tuqB.

We have obtained both the right and the left hand side of Lemma 3.18 are the coe�cient of the
term uAtc of the same generating function, and are thus equal.

We are ready to prove the main theorem of this section.

Theorem 3.19. For every integer d ¥ 1, there exists an isomorphism of complexes

C
px, 1dq � C
p�x� 2d, 1dq.

Proof. Consider the map αd
d�t�1 : Cd�t�1px, 1dq ÝÑ Cd�t�1p�x� 2d, 1dq de�ned as

αd
d�t�1pfpλt,λt�1,...,λ1qq

�
¸

µ1�����µt�d�t�1

p�1qd�µt

t�2¹
s�0

�°s
j�1pλj � µjq � µs�1 � 2s°s
j�1pλj � µjq � λs�1 � 2s



fpµt,µt�1,...,µ1q

which is a homomorphism for t ¥ 1, presented by a
�

d
t�1

�� � d
t�1

�
matrix. When there is no ambiguity

the superscript d is removed and the map is denoted by αd�t�1. To prove α
 is an isomorphism of
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complexes entails demonstrating α
 is a morphism of chain complexes and each αd�t�1 is represented
by an invertible matrix. The former is established �rst, that is

αd�tpBxd�t�1pfpλt,...,λ1qqq � B�x�2d
d�t�1 pαd�t�1pfpλt,...,λ1qqq (3.2)

for each t and basis element fpλt,...,λ1q of Cd�t�1px, 1dq. Lemma 3.21 addresses the invertibility of
αd�t�1. Taking tfpµt�1,...,µ1qu as a basis of Cd�tp�x� 2d, 1dq results in equalities

B�x�2d
d�t�1 pαd�t�1pfpλt,...,λ1qqq �

¸
µ1�����µt�1�d�t

cpµt�1,...,µ1qfpµt�1,...,µ1q,

αd�tpBxd�t�1pfpλt,...,λ1qqq �
¸

µ1�����µt�1�d�t

c̃pµt�1,...,µ1qfpµt�1,...,µ1q,

for some coe�cients cpµt�1,...,µ1q and c̃pµt�1,...,µ1q. Equation (3.2) is proved by �xing µt�1, . . . , µ1 and
the following sequence of steps, the details of which constitute the remainder of this proof.

Step 1: Compute B�x�2d
d�t�1 pαd�t�1pfpλt,...,λ1qqq and cpµt�1,...,µ1q.

Step 2: Compute αd�tpBxd�t�1pfpλt,...,λ1qqq and c̃pµt�1,...,µ1q.

Step 3: Compare the coe�cients cpµt�1,...,µ1q and c̃pµt�1,...,µ1q.

Step 1. Let us �rst determine the basis elements fpϵt,...,ϵ1q of Cd�t�1p�x � 2d, 1dq, such that in the
sum for B�x�2d

d�t�1 pfpϵt,...ϵ1qq, the basis element fpµt�1,...,µ1q appears with non-zero coe�cient. By de�nition
of B�x�2d

d�t�1 such an fpϵt,...,ϵ1q is of the form

fpµt�1,....,µk�2,µk�1�µk�1,µk�1,...,µ1q

for some 1 ¤ k ¤ t. More concretely, for k � t, in the sum B�x�2d
d�t�1 pfpµt�1�µt�1,µt�1,...,µ1qq the coe�cient

of fpµt�1,...,µ1q is ��x� 2d� µt�1 � µt � 1

µt � 1

�
� p�1qµt�1

�
x� 2d� µt�1 � 1

µt � 1

�
.

For k   t, in the sum B�x�2d
d�t�1 pfpµt�1,....,µk�2,µk�1�µk�1,µk�1,...,µ1qq the coe�cient of fpµt�1,...,µ1q is given

by

p�1qt�k

�
µk�1 � µk � 2

µk � 1



.

The coe�cient of fpµt�1,....,µk�2,µk�1�µk�1,µk�1,...,µ1q in the sum for αd�t�1pfpλt,...,λ1qq is computed
next. For k   t, the coe�cient is given by

p�1qd�µt�1 �
t�1¹

s�k�1

�°s�1
m�1pµm � λmq � µs � µs�1 � 2s� 1°s

m�1pµm � λmq � 2s� 1



k�2¹
s�0

�°s
m�1pµm � λmq � µs�1 � 2s°s
m�1pµm � λmq � λs�1 � 2s



�
�°k�1

m�1pµm � λmq � µk � µk�1 � 2k � 1°k�1
m�1pµm � λmq � λk � 2k � 2




� p�1qd�µt�1Bkpλ, µq �Akpλ, µq �
�°k�1

m�1pµm � λmq � µk � µk�1 � 2k � 1°k�1
m�1pµm � λmq � λk � 2k � 2



where Ak, Bk are as de�ned in Lemma 3.16.

The coe�cient for k � t is

p�1qd�pµt�1�µt�1q
t�2¹
s�0

�°s
m�1pµm � λmq � µs�1 � 2s°s
m�1pµm � λmq � λs�1 � 2s



� p�1qd�pµt�1�µt�1qAtpλ, µq.
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Thus Equation (3.3) displays the coe�cient of fpµt�1,µt,...,µ1q in the composition B�x�2d
d�t�1 pαd�t�1pfλt,...,λ1qq.

cpµt�1,...,µ1q � p�1qd�µt�1

�
t�1̧

k�1

�
p�1qt�k

�°k�1
m�1pµm � λmq � µk � µk�1 � 2k � 1°k�1

m�1pµm � λmq � λk � 2k � 2



�

�
�
µk�1 � µk � 2

µk � 1



�Akpλ, µq �Bkpλ, µq

�
�
�
x� 2d� µt�1 � 1

µt � 1



Atpλ, µq

�
.

(3.3)

Step 2. By De�nition 3.12

Bxd�t�1pfpλt,...,λ1qq �
λţ

i�1

�
x� λt

λt � i� 1



fpi�1,λt�i,λt�1,...,λ1q

�
t�1̧

k�1

λķ

i�1

p�1qt�k

�
λk � 1

i



fpλt,...,λk�1,i�1,λk�i,λk�1,...,λ1q.

Applying αd�t to the basis elements appearing in the above summation, it follows

αd�tpfpi�1,λt�i,λt�1,...,λ1qq �
¸

µ1�����µt�1�d�t

p�1qd�µt�1

t�2¹
s�0

�p°s
t�1 λt � µtq � µs�1 � 2s

p°s
t�1 λt � µtq � λs�1 � 2s



�

�
� °t�1

m�1pµm � λmq � µt � 2pt� 1q°t�1
m�1pµm � λmq � λt � i� 2pt� 1q



fpµt�1,µt,...,µ1q

�
¸

µ1�����µt�1�d�t

p�1qd�µt�1Atpλ, µq � gtpλ, µ; iqfpµt�1,µt,...,µ1q,

and

αd�tpfpλt,...,λk�1,i�1,λk�i,λk�1,...,λ1qq

�
¸

µ1�����µt�1�d�t

p�1qd�µt�1

k�2¹
s�0

�p°s
t�1 λt � µtq � µs�1 � 2s

p°s
t�1 λt � µtq � λs�1 � 2s



�

�
� °k�1

m�1pµm � λmq � µk � 2pk � 1q°k�1
m�1pµm � λmq � λk � i� 2pk � 1q



�
�°k

m�1pµm � λmq � µk�1 � i� 2k°k
m�1pµm � λmq � 2k � 1



�

�
t�1¹

s�k�1

�°s�1
m�1pµm � λmq � µs � µs�1 � 2s� 1°s

m�1pµm � λmq � 2s� 1



fpµt�1,µt,...,µ1q

�
¸

µ1�����µt�1�d�t

p�1qd�µt�1Akpλ, µq � gkpλ, µ; iq � hkpλ, µ; iq �Bkpλ, µqfpµt�1,µt,...,µ1q,

where gkpλ, µ;�q, and hkpλ, µ;�q are de�ned in Lemma 3.16. The above computations result in

pαd�t � Bxd�t�1qpfpλt,...,λ1qq �
λţ

i�1

�
x� λt

λt � i� 1

�
αd�tpfpi�1,λt�i,λt�1,...,λ1qq

�
t�1̧

k�1

λķ

i�1

p�1qt�k

�
λk � 1

i



αd�tpfpλt,...,λk�1,i�1,λk�i,λk�1,...,λ1qq

�
¸

µ1�����µt�1�d�t

c̃pµt�1,...,µ1qfpµt�1,µt,...,µ1q,

where

c̃pµt�1,...,µ1q � p�1qd�µt�1

�
λţ

i�1

�
x� λt

λt � i� 1

�
Atpλ, µq � gtpλ, µ; iq

�
t�1̧

k�1

p�1qt�k

�
λķ

i�1

�
λk � 1

i



Akpλ, µq � gkpλ, µ; iq �Bkpλ, µq � hkpλ, µ; iq

��
.

(3.4)
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Step 3. The �nal step is to exhibit the coe�cient c̃pµt�1,...,µ1q of fpµt�1,...,µ1q in Equation (3.4) is equal
to cpµt�1,...,µ1q, i.e. the expression in Equation (3.3). This is proven with the aid of Lemma 3.18, and
the the well-known Vandermonde's identity�

m� n

r



�
¸
k¥0

�
m

k



�
�

n

r � k



with m,n, r P N. (3.5)

These formulas along with Lemma 3.16 are used to rewrite the inner sums in c̃pµt�1,...,µ1q as having
index i ¥ 0, which are later recognized as a product of binomial coe�cients. By the above discussion
and the fact that

�
x�λt

λt�i�1

� � 0 for i ¡ λt � 1,

λţ

i�1

�
x� λt

λt � i� 1

�
Atpλ, µq � gtpλ, µ; iq

�Atpλ, µq
�¸

i¥0

�
x� λt

λt�i� 1

�
gtpλ, µ; iq � gtpλ, µ;λt � 1q

�
�
�
x� λt

1� λt

�
Atpλ, µqgtpλ, µ; 0qloooooooooomoooooooooon
�0 by Lemma 3.16 ivq

�Atpλ, µq
�¸

i¥0

�
x� λt

λt � i� 1

��°t�1
m�1pµm � λmq � µt � 2pt� 1q

µt � λt � i



loooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

�p
°t�1
m�1pµm�λmq�µt�λt�x�2pt�1q

µt�1 q by Equation (3.5)

�gtpλ, µ;λt � 1q
�

�Atpλ, µq
��

x� 2d� µt�1 � 1

µt � 1

�
� gtpλ, µ;λt � 1q

�
,

as λ1 � � � � � λt � d� t� 1 � µ1 � � � � � µt�1 � 1. For the other summation appearing,

t�1̧

k�1

p�1qt�k

�
λķ

i�1

�
λk � 1

i



Akpλ, µqgkpλ, µ; iqBkpλ, µqhkpλ, µ; iq

�

�
t�1̧

k�1

p�1qt�kAkpλ, µqBkpλ, µq
�¸
i¥0

�
λk � 1

i



gkpλ, µ; iqhkpλ, µ; iq

� gkpλ, µ; 0qhkpλ, µ; 0q � gkpλ, µ;λk � 1qhkpλ, µ;λk � 1qs

�
t�1̧

k�1

p�1qt�kAkpλ, µqBkpλ, µq
�¸
i¥0

�
λk � 1

i



gkpλ, µ; iqhkpλ, µ; iq

�

�
t�1̧

k�1

p�1qt�kAkpλ, µqBkpλ, µq rgkpλ, µ; 0qhkpλ, µ; 0q � gkpλ, µ;λk � 1qhkpλ, µ;λk � 1qs

�
t�1̧

k�1

p�1qt�kAkpλ, µqBkpλ, µq
�¸
i¥0

�
λk � 1

i



gkpλ, µ; iqhkpλ, µ; iq

�
�Atpλ, µqgtpλ, µ;λt � 1q

where the last equality follows by Lemma 3.17. Moreover, by applying Lemma 3.18 with y �°k�1
m�1pµm � λmq � 2pk � 1q, a � µk, b � λk � 1 and c � µk�1 � 1, we obtain

¸
i¥0

�
λk � 1

i



gkpλ, µ; iq � hkpλ, µ; iq �

¸
i¥0

�
λk � 1

i


�°k�1
m�1pµm � λmq � 2pk � 1q � µk

µk�λk � i




�
�°k�1

m�1pµm � λmq � 2pk � 1q � µk � pλk � 1q � pµk�1 � 1q � i

µk�1 � 1� i



�
�°k�1

m�1pµm � λmq � µk � µk�1 � 2k � 1

µk � λk � µk�1 � 1



�
�
µk � µk�1 � 2

µk�1 � 1



.
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It follows that

t�1̧

k�1

p�1qt�k
� λķ

i�1

�
λk � 1

i



Akpλ, µq � gkpλ, µ; iq �Bkpλ, µq � hkpλ, µ; iq

	
�

t�1̧

k�1

p�1qt�kAkpλ, µq �Bkpλ, µq
��°k�1

m�1pµm � λmq � µk � µk�1 � 2k � 1

µk � λk � µk�1 � 1



�
�
µk � µk�1 � 2

µk�1 � 1


�
�Atpλ, µq � gtpλ, µ;λt � 1q

and the claimed equality below concludes that α
 is a morphism of chain complexes.

c̃pµt�1,...,µ1q � p�1qd�µt�1

�
Atpλ, µq

�
x� 2d�µt�1�1

µt � 1



�

t�1̧

k�1

p�1qt�kAkpλ, µqBkpλ, µq

�
�°k�1

m�1pµm � λmq � µk � µk�1 � 2k � 1

µk � λk � µk�1 � 1


�
µk � µk�1 � 2

µk�1 � 1


�
� cpµt�1,...,µ1q.

The following remark introduces an order on the basis of Ckpwq to facilitate understanding of the
matrices corresponding to the maps constructed in Theorem 3.19.

Remark 3.20. Let t, k P N, t ¡ 0. De�ne an order © on the set of weak compositions of k with t parts

St,k �
#
pat, at�1 . . . , a1q P Nt |

ţ

i�1

ai � k

+
as follows: for a � pat, . . . , a1q, b � pbt, . . . , b1q P St,k, consider the associated monomials xa11 � � �xatt
and xb11 � � �xbtt . De�ne a © b if xa11 � � �xatt ¥RLex xb11 � � �xbtt with respect to the reverse lexicographic
order on the monomials. In other words, a © b if a � b or the �rst non-zero entry of the vector of
integers a� b � pat � bt, . . . , a1 � b1q is negative.

For each d P N and for each w � pw0, . . . , wdq P R� Nd�1, denote the basis of Cd�t�1pwq by
BpCd�t�1pw0, w1, . . . , wdqq � tfar1s , far2s , � � � | aris P St,d�t�1u,

where superscript ris denotes the i-th basis element under the ordering aris © ari�1s for all i ¥ 1. For
example,Robinson-Schensted correspondence. The article contains a section treating the basic results
about the passage to initial ideals and algebras. ar1s � p0, . . . , 0, d � t � 1q is the biggest element in

St,d�t�1 and arp d
t�1qs � pd�t�1, 0, . . . , 0q is the smallest one. Fix w0 and let d � 4 and t � 3. The basis

of C2pw0, . . . , w4q is ordered as BpC2pw0, . . . , w4qq � tfp0,0,2q, fp0,1,1q, fp0,2,0q, fp1,0,1q, fp1,1,0q, fp2,0,0qu. In
particular, denote the bases of Cd�t�1px, 1dq and Cd�t�1p�x� 2d, 1dq by

BpCd�t�1px, 1dqq � tfλr1s , fλr2s , � � � | λris P St,d�t�1u,
BpCd�t�1p�x� 2d, 1dqq � tfµr1s , fµr2s , � � � | µrjs P St,d�t�1u.

Since λris and µrjs are in St,d�t�1 for each i, j ¥ 1, they are comparable and λris � µrjs if and
only if i � j. Whence λris © µrjs if and only if i ¤ j. Moreover for the map αd�t�1 constructed
in Theorem 3.19, the pi, jq-th entry of the matrix of αd�t�1 with respect to the above order is
pλris, µrjsq � rαd�t�1spf

λris
,f

µrjs
q for each 1 ¤ i, j ¤ � d

t�1

�
, that is,

αd�t�1 �

��������

pλr1s, µr1sq pλr2s, µr1sq . . . pλris, µr1sq . . .

pλr1s, µr2sq pλr2s, µr2sq . . . pλris, µr2sq . . .
...

...
...

pλr1s, µrjsq pλr2s, µrjsq . . . pλris, µrjsq . . .
...

...
...

�������� . △
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Lemma 3.21. With respect to the basis order introduced in Remark 3.20, the matrices corresponding
to the maps αd�t�1, 1 ¤ t ¤ d � 1, constructed in Theorem 3.19 are upper triangular, with diagonals
made up of 1's and �1's, and hence are invertible.

Proof. Let λ � pλt, λt�1, . . . , λ1q and µ � pµt, µt�1, . . . , µ1q be compositions such that fλ P BpCd�t�1px, 1dqq
and fµ P BpCd�t�1p�x� 2d, 1dqq. Observe that

rαd�t�1spfλ,fµq � p�1qd�µt

t�2¹
s�0

�°s
j�1pλj � µjq � µs�1 � 2s°s
j�1pλj � µjq � λs�1 � 2s



� 0

if and only if
�°s

j�1pλj�µjq�µs�1�2s

µs�1�λs�1

� � 0 for s � 0, . . . , t � 2. This is equivalent to µj ¥ λj for
j � 1, . . . , t� 1, which means

λ � µ or

$'&'%
µj ¥ λj for each 1 ¤ j ¤ t� 1,

µj ¡ λj for some 1 ¤ j ¤ t� 1, and

µt   λt

(3.6)

as
°t

i�1 λi �
°t

i�1 µi. Hence by the de�nition of ©, rαd�t�1spfλ,fµq � 0 implies µ © λ. Consequently

rαd�t�1spfλ,fµq �
#
0 if λ © µ and µ � λ,

p�1qd�µt if µ � λ.

Thus for fλris and fµrjs , the identity

rαd�t�1spf
λris

f
µrjs

q �
#
0 if i   j,

1 or � 1 if i � j

proves αd�t�1 is upper triangular, with diagonals made up of 1's and �1's.
Corollary 3.22. Using the basis order introduced in Remark 3.20, and for each integer 1 ¤ t ¤ d� 1,
the matrices corresponding to the maps constructed in Theorem 3.19 are of the form

αd
d�t�1 �

��� p�1qd1pd�1
t�2q γdd�t�1

0 αd�1
d�t

��

with γdd�t�1 a

�
d�1
t�2

�� �d�1
t�1

�
matrix, and 1pd�1

t�2q is the identity matrix of size
�
d�1
t�2

�
.

Remark 3.23. The blocks on the left and right correspond to the basis elements fλ in the domain
with λt � 0 and λt � 0 respectively. Likewise, the blocks on top and bottom correspond to the basis
elements fµ in the codomain satisfying µt � 0 and µt � 0 respectively. This decomposition re�ects the
fact that C
px, 1dq is the mapping cone of a morphism ϕx : C
px� 1, 1d�1q ÝÑ C
p1dq as described in
[116]. There the proof is for w0 an integer, but it extends immediately to the case w0 a polynomial
(checking this requires showing the commutativity of some diagrams, which if true for in�nitely many
specializations to w0 an integer must also be true for w0 a polynomial). As a basic property of mapping
cones, the fact that αd


 is a morphism of complexes means that the following diagram commutes up to
homotopy given by γ
:

C
px� 1, 1d�1q C
p�x� 2d� 1, 1d�1q

C
p1dq C
p1dq

αd�1



ϕx ϕ�x�2d

p�1qd

Note that αd�1

 : C
px � 1, 1d�1q Ñ C
p�x � 2d � 1, 1d�1q makes sense as the formula for αd�1


 is
independent of x.

Eventually, using induction on d, Corollary 3.22 implies that αd
k has determinant �1 giving a second

proof of its invertibility. △
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Proof of Corollary 3.22. Let αd�1
d�t : Cd�tpx, 1d�1q ÝÑ Cd�tp�x�2d�2, 1d�1q be as de�ned in Theorem

3.19. For fλ, fµ satisfying λt, µt ¥ 1, by the de�nition of αd



rαd
d�t�1spfλ,fµq � p�1qd�µtloooomoooon

p�1qpd�1q�pµt�1q

t�2¹
s�0

�°s
j�1pλj � µjq � µs�1 � 2s°s
j�1pλj � µjq � λs�1 � 2s




� rαd�1
d�t spfpλt�1,λt�1,...,λ1q

,fpµt�1,µt�1,...,µ1q
q

Thus, the lower right block of αd
d�t�1 is indeed αd�1

d�t as desired.
If µ © λ and λt � 0, then rαd�t�1spfλ,fµq � 0 if and only if λ � µ by Equation (3.6). In this case

rαd
d�t�1spfλ,fµq �

$&%p�1qd�0
±t�2

s�0

�°s
j�1pµj�µjq�µs�1�2s°s
j�1pµj�µjq�µs�1�2s

� � p�1qd if λ � µ,

0 if λ � µ.

Moreover, notice that there are
�
d�1
t�2

�
-many pµt, . . . , µ1q's in St,d�t�1 such that µt � 0. It follows that

the upper left corner is p�1qd1pd�1
t�2q and the lower left corner is 0 as desired.

3.3 Flag varieties over the integers

This section explains the relationship between stable sheaf cohomology for Pnpkq and PnpZq and the
homology groups of C
pwq as well as a streamlined proof of [116, Theorem 6.12] via Theorem 3.19.
Recall, as given in [116], the connection between C
pwq and stable sheaf cohomology of ribbon and
two column partition Schur functors applied to Ω, the cotangent sheaf of projective space. The case
w0 ¥ 1 corresponds to a ribbon, λ{µ. In [116, Theorem 5.4] it is proven that the stable cohomology of
Sλ{µΩ is the same as the homology of Ck


 pwq with an appropriate shift.
Additionally, in [116, Theorem 5.7(2)] it is shown for λ a two column partition, i.e. the conjugate

partition λ1 � pm, dq with integers m, d ¥ 0, the stable cohomology groups of SλΩ are given by the
homology groups of Ck


 p�m � d � 1, 1dq up to a shift. Notice the �rst weight is negative, whereas in
the previous case all of the weights are positive. Further, they demonstrate the ranks of the homology
groups of Ck


 p�m� d� 1, 1dq and Ck

 pm� d� 1, 1dq are the same via recursive formulas for the ranks

and induction, motivating the conjecture that forms the basis of this paper. Theorem 3.19 gives a
direct proof of this identi�cation, and shows moreover that for �xed d this identi�cation is uniform
with respect to these complexes.

Theorem 3.24 (Raicu-VandeBogert). Let λ be a partition with two columns, i.e. the conjugate par-
tition is of the form λ1 � pm, dq for some integers m, d ¥ 0. Then for all i,

H i
stpSλΩq � H2m�1�i

st pSpd�1,1m�dqΩq.

Proof. The composition associated with the hook µ � pd � 1, 1m�dq is w � pm � d � 1, 1dq. If x is
evaluated to be m� d� 1 in Theorem 3.19, then

H i
stpSλΩq

[116, Theorem 5.7(2)]� Hi�mpC
p�m� d� 1, 1dq bR kq
Theorem 3.19� Hi�mpC
pm� d� 1, 1dq bR kq [116, Theorem 5.4]� H2m�1�i

st pSpd�1,1m�dqΩq.
Theorem 3.19 also gives a uniform identi�cation for projective space over the integers.

Theorem 3.25. Let Ω be the cotangent sheaf over PnpZq and Sλ{µ be a skew Schur functor. The
following is true for all i.

iq H ipPnpZq, Sλ{µΩq is independent of n for n " 0, and is denoted by H i
stpSλ{µΩq.
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iiq If Sλ{µ is a ribbon Schur functor corresponding to pw0, ..., wdq, then

H i
stpSλ{µΩq � H|w|�ipC
pwq bR Zq.

iiiq If λ is a two column partition, i.e. the conjugate partition for λ is of the form λ1 � pm, dq for
integers m, d ¥ 0, then

H i
stpSλΩq � Hd�m�ip|C
p�m� d� 1, 1dqr�ds bR Zq,

where |C
p�m� d� 1, 1dq denotes the dual of the complex C
p�m� d� 1, 1dq.
ivq Consider λ as in iiiq and let d ¥ 1, then

H i
stpSλΩq � H2m�2�i

st pSpd�1,1m�dqΩq.

Proof. By [5], skew Schur functors have universal resolutions by tensor products of exterior powers over
arbitrary commutative rings. Therefore, Sλ{µΩ admits a resolution which has terms given by direct
sums of tensor products of exterior powers of Ω. If d � |λ| � |µ| � p°λiq � p°µiq, then these tensor
powers of exterior powers of Ω will be of the form��d1 Ω

	
bOPnpZq � � � bOPnpZq

��dh Ω
	
, for some h and

¸
di � d.

The cohomology of such sheaves is given by

H i
�
PnpZq,

��d1 Ω
	
bOPnpZq � � � bOPnpZq

��dh Ω
		

�
#
Z, i � d,

0, otherwise,
(3.7)

assuming that n ¥ d. This calculation is followed by a double induction argument on the number of
factors h and the size of the last factor dh using the long exact sequence on cohomology and the short
exact sequence

0Ñ�dΩÑ�dpZn�1q bOPnpZq OPnpZqp�dq Ñ
�d�1ΩÑ 0 (3.8)

for d ¥ 1. Also, necessary for this calculation is the fact that

Hj
�
PnpZq,

��d1 Ω
	
bOPnpZq � � � bOPnpZq

��dh Ω
	
p�iq

	
� 0

for all i in the range 1 ¤ i ¤ n� d and all j (again under the assumption that n ¥ d). This fact can
similarly be proven using induction and Equation (3.8).

By Equation (3.7), applying the hypercohomology spectral sequence [132, Proposition 5.7.9] to this
resolution results in a single nonzero row on the �rst page. This nonzero row is then a chain complex of
free abelian groups, which has homology groups matching the sheaf cohomology groups for Sλ{µ up to
a shift. Further, these chain complexes will be the same for n ¥ d, so H ipPnpZq, Sλ{µΩq is independent
of n for n ¥ d proving iq.

In the special case when Sλ{µ is a ribbon or two column Schur functor, the complexes of free abelian
groups described above can be derived from explicit resolutions for the skew Schur functor. Such a
resolution for ribbons is given by [116, Theorem 5.1], and such a resolution for two column partitions
is given by [4, Section 4] or [116, Theorem 5.6]. Finally, the di�erential maps can be derived by noting
that [116, Theorem 4.9 ii)] generalises to projective space over the integers, which states that the map
induced on cohomology

Hjp�a�bΩq Ñ Hjp�aΩq bZ Hjp�bΩq
is multiplication by

�
a�b
a

�
. The statement of iiq and iiiq is then obtained by taking homology, in

analogy with the statement of [116, Theorem 5.4] and [116, Theorem 5.7(2)].
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As C :� C
p�m�d�1, 1dqbRZ is a complex of �nitely generated free abelian groups, the universal
coe�cient theorem [75, Thm 3.2]

0Ñ Ext1RpHn�1pCq,Zq ÝÑ HnpqCq ÝÑ HomRpHnpCq,Zq Ñ 0 (3.9)

gives a relationship between its homology groups with the homology groups of its dual. Since d ¡ 1,
the complex C
p�m� d� 1, 1dq bR Q is exact, as the sheaf SλΩ now considered over Q has zero sheaf
cohomology groups by the Borel-Weil-Bott theorem. Thus, the homology of C is only torsion.

Since the homology C is only torsion we have

HomRpHnpCq,Zq � 0 for every n ¥ 0.

Moreover, for every n ¥ 1, using the exact sequence

0Ñ Z ÝÑ Q ÝÑ Q{ZÑ 0,

we obtain a long exact sequence by applying the covariant functor HompHn�1pCq,�q that implies

Ext1RpHn�1pCq,Zq � HomRpHn�1pCq,Q{Zq � Hn�1pCq. (3.10)

Equation (3.9), and Equation (3.10) yields

H i
stpSλΩq � Hd�m�ip|C
p�m� d� 1, 1dqr�ds bR Zq � Hi�m�1pC
p�m� d� 1, 1dq bR Zq.

The rest of the proof of ivq proceeds in analogy with our proof of Theorem 3.24 above now using iiq
and iiiq instead of [116, Theorem 5.4] and [116, Theorem 5.7(2)].

Remark 3.26. Of particular interest is the di�erence between Theorem 3.24 and Theorem 3.25 (iv).
We can see they are almost equal, but for a homological degree shift of one on the right-hand side. △
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Chapter 4

Vasconcelos invariant for graded modules

�Algebra is the o�er made by the devil to the

mathematician...All you need to do, is give

me your soul: give up geometry�

� Michael Atiyah

Coding theory lies in the intersection theoretical computer science, combinatorics, and algebra, study-
ing the design and properties of codes. Codes are fundamental tools for error detection and correction
in data transmission and storage, and they also �nd applications in cryptography and data compres-
sion. In this context, a code is not necessarily an encryption algorithm, but rather a structured way
of encoding messages to ensure reliability, e�ciency, and/or security.

The main idea of coding theory is quite simple. It wants to introduce redundancy into a message so
that errors occurring during transmission or storage can be detected and, in an ideal world, corrected.
This principle is crucial in many aspects of modern life. For instance, compact discs (CDs), DVDs,
and Blu-ray discs rely on error-correcting codes to ensure the proper functioning of the device even
when the surface is damaged. In a similar way, while using solid-state drives, and cloud storage
services, it guarantees data integrity against hardware failures or corruption. On the communications
side, it ensures the reliability of data transmission in mobile phones, Wi-Fi networks, and satellite
communications, where signals must pass through noisy channels. In cryptography, coding-theoretic
ideas contribute to the design of secure communication protocols and post-quantum cryptographic
schemes.

As an example, suppose a communication channel has been established between Genoa and Eraclea.
This channel may be formed in many di�erent ways, such as a wire connection or a satellite link.
Information is transmitted through the channel as a sequence of bits, where each bit takes one of two
values: 0 or 1. Inevitably, the channel is subject to noise, which introduces the possibility that a bit is
altered during transmission��ipping from 0 to 1, or vice-versa with some small probability. Examples
of noise are: interference with other devices, distortion, and natural electric disturbance coming from
the atmosphere.

To ensure that the receiver reads our message correctly, error-correcting codes are employed. We
present three of the most classical examples: parity-check code, repetition code, and Hamming codes.

� Parity bit. The parity bit is a single bit that counts whenever the number of ones appear in
a given string is even 0 or odd 1. Starting from a string of data, a single parity bit is added
(usually in the last position) to the string forming the messages that needs to be delivered. This
methods ensures that if a single error occurs, the receiver can detect the error, but it cannot be
corrected. For instance, both the messages p1, 0, 0, 1; 0q and p1, 1, 0, 1; 1q can be in�uenced by a
single error to become p1, 1, 0, 1; 0q.

� Repetition code. In this code every bit of the string is repeated n times while transmitting our
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message. The length of the message increases by n times; but, as this length increases, more
errors can be detected and corrected. For example, for n � 3 the string p1, 0, 0q is sent as
p1, 1, 1, 0, 0, 0, 0, 0, 0q. This code can detect and �x at most n�1

2 errors using a majority-decision
based system.

� Hamming (7,4). A Hamming code pm,nq is used with messages of length n, encoding them into
a message of length m by adding as many parity bits as needed. In this speci�c case, we require
encoding a 4-bit string into a 7-bit message. Each of the 3 parity bits is not associated with
all the data, but only with part of it. The following Venn diagram illustrates how to explicitly
employ the code.

p2

d1

p1

d4

d2

d3
p3

Figure 4.1: The message pd1, d2, d3, d4q is encrypted as pp1, p2, d1, p3, d2, d3, d4q

We see that every circle represents a parity bit of the data contained in the circle itself, while in
the possible intersections of the three circles lie the message. This code is able to detect at most
two errors, and it can �x the message if only one error has occurred.

In coding theory, as we can notice in these examples, two opposing needs must be balanced. On
one side, we seek codes powerful enough to detect and correct as many errors as possible with high
reliability. On the other side, we aim to keep the encoded message as short as possible, ideally close in
length to the original data. The three examples above lie in the family of linear codes, which we now
give a proper de�nition.

Consider a �eld k that contains the possible values available for a single bit of information. Consider
any injective linear map GT : ks Ñ kn given by the multiplication of the transpose of a matrix G.
The linear code C associated with G is the image of the map GT . In other words, a linear code is
the set of vectors lying in a certain vector sub-space. To emphasize the dimensions of the domain and
co-domain, we say that C is a rn, ss code. In real-world situations, the base �eld is �nite; therefore,
one should imagine a �nite number of codewords.

The principal tool used to evaluate the e�ciency of the code is given by the minimum distance or
Hamming distance. First, one can de�ne a metric on kn using the weight function

wtpvq :� #tj : vj � 0u, for v P kn.

In particular, the distance between the disturbed message and the original message is equal to the
number of errors. The minimum distance function is given by

δpCq :� mintwtpvq : v P Czt0uu.
By linearity, this number describes the minimum distance between two di�erent codewords. Therefore,
δpCq describes how many errors the code is able to handle. This is the case since the ball of radius
δpCq � 1 centred in a codeword de�nes an area where all disturbed messages should collide to the
centre in the processing of correcting the errors.
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A generalization of this function is given by the r-generalised Hamming weight of a linear code C
which is de�ned as

δrpCq :� min
D�C,dimD�r

#tj : Dv P D, vj � 0u.
This gives a �ner criterion in comparing di�erent linear codes. In fact, by taking r � 1, one recovers

the minimum distance function δpCq. A �rst property that can be proved is their monotonicity.

Proposition 4.1. Given a rn, ss code C, then we have the following series of inequalities

1 ¤ δ1pCq   δ2pCq   � � �   δspCq ¤ n.

Proof. See [112, Prop. 3.3.2].

A di�erent way to appreciate this invariant is by de�ning the concept of dual code. Given a rn, ss
code C, then the dual code CK is the orthogonal space to C with respect to the usual scalar product:
this is a rn, n � ss code. Its de�ning matrix H is called the parity-check matrix of the code C and it
represents the linear equations of the vector space C.

Proposition 4.2. Given a rn, ss code C, then we have

tn� 1� δrpCq : 1 ¤ r ¤ su \ tδtpCKq : 1 ¤ t ¤ n� su � rns.
Proof. See [112, Prop. 3.3.5].

Projective Reed-Muller type codes

Let X � tP1, . . . , Pnu � Ps�1 � Ppksq be a �nite set of points in some projective space. Consider the
polynomial ring S � krt1, . . . , tss �

À
d¥0 Sd, and let I � IpXq the coordinate ideal of X. For every

positive integer d ¥ 1, it is de�ned the evaluation map

evd : Sd ÝÑ kn

f ÞÑ pfpP1q, . . . , fpPnqq
by evaluating a homogeneous polynomial in every point of X. The function is not well-de�ned since a
point in a projective space has coordinates de�ned up to a non-zero scalar. To avoid this problem, since
the homogeneous coordinates of a point in Ps�1 are de�ned up to a scalar multiple, we assume that the
�rst non-zero coordinate of each point in X is 1, obtained by multiplying by an appropriate non-zero
scalar. The projective Reed-Muller type code associated with the set X and the integer d is given by
CdpXq :� Im evd. The r-generalised Hamming weight is indicated as δXpd, rq :� δrpCXpdqq. The general
focus in studying these codes is establishing connections between the cryptographic invariants of CX
and the algebraic invariants of I(see for example [45], [65]). We focus our attention to two particular
papers [64], [39] in which the authors gave particular attention to the generalised Hamming distance.
In particular, a general formula for computing the Hamming distance is provided.

Theorem 4.3. [64, Thm 4.5] Let Fd,r be the (possibly empty) set of r-tuples of d-forms in S that are
linear independent in S{I. Then

δXpd, rq � degpS{Iq � max
FPFd,r

"
deg

S

I � pF q
*
.

This result inspired the authors of [39] in introducing the Vasconcelos invariant of a homogeneous
ideal in a polynomial ring over a �eld. If I � S is a homogeneous ideal, then for every associated prime
p P AssRpIq the local Vasconcelos number is

vppIq :� inftd ¥ 0 : there exists f P Rd such that p � I :R fu.
Meanwhile, the Vasconcelos number is de�ned as vpIq :� inftvppIq : p P AsspIqu. This invariant has
been named after the mathematician Wolmer V. Vasconcelos (1937-2021). Recent treatises about his
most known results, and his legacy are [21] and [114].

Using this invariant they are able to prove the following result.
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Theorem 4.4. [39, Cor 4.7] Let I � IpXq � S be the de�ning ideal of a set of points X � Ps�1. Then

δXp1, 1q ¡ δXp2, 1q ¡ � � � ¡ δXpv, 1q � δXpk, 1q, for all k ¥ v,

where v � vpIq is the Vasconcelos number of I.

The seminal results in [39] inspired mathematicians to investigate this invariant in di�erent ar-
eas spanning between Commutative Algebra and Combinatorics, discovering connections with other
di�erent invariants. For instance, a combinatorial interpretation is shown in [89, Thm. A] for the Vas-
concelos invariant of a binomial edge ideal using the connected domination number. A similar result
is also obtained in [88, Thm. 3.5] for square-free monomial ideals. In [39, p. 16], the authors connect
the Vasconcelos invariant to the degree of �nite projective varieties. Various (in)equalities between
Castelnuovo-Mumford regularity and v-number are established in [39, Thm. 4.10], [88, Thm. 3.13],
[121, p. 905], [119, Thm. 3.8], [16, Thm. 4.19], [53, Prop. 2.2 and Rmk. 2.3] and [120, Thm. A].

The aim of this chapter is to generalise the de�nition of (local) Vasconcelos number for graded
module M over a �nitely generated Noetherian ring R. In particular, we want to extend the outcomes
of [50], and [36] in this setting by proving results on the asymptotic behaviour of the local Vasconcelos
numbers of M{In1

1 � � � Inr
r N where N � M is a graded sub-module, and I1, . . . , Ir are homogeneous

ideal of R. A key tool is Lemma 4.15 which relates the problem of computing the Vasconcelos invariants
with the computation of the initial degree of some graded R-module. To this end we introduce proper
preliminaries and general considerations on the theory of initial degree, its iteration with the theory
of Gröbner degenerations, and Vasconcelos number. Then, the focus is shifted, in Section 4.2, to the
asymptotic properties of both the Vasconcelos number and the initial degree. We distinguish the case
when only the power of a single ideal is considered (i.e. r � 1), and the general case. One should notice
that Theorem 4.31 is a generalization of Theorem 4.22, as well as Theorem 4.35 is a generalization of
Theorem 4.28. However, in the single ideal case, more speci�c results and descriptions are obtained.
We end this section with a series of (non)examples, and explicit computations. The original results of
Section 4.2 are based on the work present in [53], and [52] in collaboration with Dipankar Ghosh. The
chapter ends with considerations about Vasconcelos number in local rings. This is based on discussions
with Luís Duarte.

4.1 Preliminaries

We start by giving some preliminary de�nition and results about initial degree and Vasconcelos number.
Results about Gröbner degeneration and initial degree have been inspired by [25, Sec. 8.3].

Setup 4.5. Let R � R0rx1, . . . , xds be a commutative Noetherian N-graded ring, not necessarily stan-
dard graded. Let M be a �nitely generated Z-graded R-module. Let N be a graded submodule of M
(e.g., N � aM for some homogeneous ideal a of R).

Let I be a homogeneous ideal of R. Let J � I be a homogeneous reduction ideal of I (possibly,
J � I), i.e. J is a homogeneous ideal such that JIm � Im�1 for some m P N. Further, suppose J is
generated by homogeneous elements y1, . . . , yc of degree d1 ¤ � � � ¤ dc respectively.

For each 1 ¤ i ¤ r, suppose Ii is a homogeneous ideal of R generated in degrees di,j for 1 ¤ j ¤ ai.
Set I :� I1 � � � Ir. For n � pn1, . . . , nrq P Nr, denote In :� In1

1 � � � Inr
r .

We use the following notations frequently. With Setup 4.5,

N :M I :� tx PM : Ix � Nu, ΓIpMq :�
¤
n¥1

�
0 :M In

�
and AnnM pIq :� 0 :M I.

The �rst instances of the notion ideal reduction can be mapped to the work of Northcott, and Rees
[109]. Their object of study were blow-up algebras which are strictly connected to the one of Rees
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algebras. Given an ideal I in some ring R, the Rees algebra associated with an ideal I is the standard
N-graded ring de�ned as

RpIq :�à
i¥0

Iiti � R` It` I2t2 ` . . . .

The variables t is a silent variable which is usually added to recall easily the degree of a certain element
in RpIq, and to make this object easier to handle. The concept of blow-up algebra is closely related
to the one of Rees algebra, since the coordinate ring of a blow-up of a variety V pIq � ProjR is RpIq.
In the same way, given an R-module M , the Rees module as

RpI,Mq �à
i¥0

IiMti

which is a N-graded RpIq-module. At the same time, when dealing with a �nite number of ideals
I1, . . . , Ir, the Rees algebra of I1, . . . , Ir is de�ned as

RpI1, . . . , Irq :�
à
nPNr

In1
1 � � � Inr

r tn1
1 � � � tnr

r ,

and the Rees module of M with respect to the ideals I1, . . . , Ir is

RpI1, . . . , Ir;Mq :� à
nPNr

In1
1 � � � Inr

r Mtn1
1 � � � tnr

r .

As already mentioned, a reduction of I is an ideal J � I such that JIk � Ik�1 for some k P N.
It follows immediately that In � Jn�kIk for every n ¥ k. Whenever R is a graded ring, and I is a
homogeneous ideal, it comes in handy to consider homogeneous ideal reductions. Strictly related to
reductions, and in particular to minimal reductions are super�cial elements and super�cial sequences.
Another way of introducing ideal reductions is through Rees algebras. In fact, J is a reduction of I if
and only if RpJq is a �nitely generated algebra over RpIq. For more details on this topic, we refer to
the classic reference [82].

4.1.1 Initial degree

Following Setup 4.5, the initial degree of a Z-graded module M is de�ned as

indegpMq :� inftn P Z : Mn � 0u.
For consistency, we impose indegp0q � �8. If M is non-zero and �nitely generated, then its initial
degree is �nite.

Lemma 4.6. Let R be a Noetherian N-graded ring, and L,M,N be Z-graded R-module. Then the
following holds true.

(1) indegpMpaqq � indegpMq�a, where Mpaq is the graded Z-graded R-module whose nth graded part
is Mn�a for every n P Z.

(2) If L ãÑM is a graded injection of degree 0, then indegpMq ¤ indegpLq.
(3) If 0Ñ LÑM Ñ N Ñ 0 is a graded short exact sequence, then indegpMq � mintindegpLq, indegpNqu.
(4) If 0 �M1 � � � � �Mq �M is a chain of graded submodules, then indegpMq � mintindegpMi�1{Miq :

0 ¤ i ¤ q � 1u.
Proof. Statements (1)-(2) follow from the very de�nition of initial degree. For Statement (3), we can
restrict the exact sequence to the nth graded part, and obtain that Mn � 0 if and only if Nn � Ln � 0.
Finally, from the chain of submodules, one derives the following graded exact sequences

0ÑMi ÑMi�1 ÑMi�1{Mi Ñ 0 for 1 ¤ i ¤ q � 1.

The last result is then a direct consequence of Statement (3).
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We are interested in the behaviour of initial degree under Gröbner perturbation. The theory of
Gröbner basis can be de�ned also in polynomial rings over general rings with some precautions.

Consider a polynomial ring S � ArX1, . . . , Xns over a Noetherian ring A. Similarly to polynomial
rings over a �eld, the ring S is a free A-algebra whose canonical basis is given by the set of monomials
of S namely MonpSq.
De�nition 4.7. A monomial order is a total order   on MonpSq satisfying the properties:

(1) 1   m for every m PMonpSq;
(2) if m1,m2,m3 PMonpSq with m1   m2, then m1m3   m2m3.

Proposition 4.8. Every monomial order   on MonpSq is a well-ordering, that is every non empty
subset of MonpSq has a minimal element.

Proof. Consider a non empty subset M of MonpSq, and consider the ideal I generated by M in R.
Since the ring A is Noetherian, by the Hilbert Basis Theorem, the ideal I is �nitely generated. In
particular, by [107, Thm 1.3.6], it has a unique set of minimal generators all lying in M . Now we
notice that, by the de�nition of monomial order, if m1|m2, then m1   m2 for every pair of monomials.
Therefore, every element in the generating set has to be minimal for S.

Given an element f P S, we can write this element as f � a1m1 � � � � � atmt where ai P Azt0u
and m1, . . . ,mt are monomials listed in descending order. Then m1 is called the initial monomial of
f , while the initial term is in pfq � a1m1. For a given ideal I � S, the initial ideal is a monomial
ideal de�ned as in pIq � pin pgq : g P Iq. By convention, in p0q � 0.

Remark 4.9. In the case that A is a �eld, when considering the initial ideal, it is alike to de�ne the
initial ideal with the initial monomial or the initial term. However, in the general case when A is not
a �eld, the two notions arise two di�erent ideals.

For example, consider the ideal I � p4x� y, 5y � z, zx� y2q � Zrx, y, zs. We de�ne the following
term oder: Consider ma � xa1ya2za3 ,mb � xb1yb2zb3 P MonpZrx, y, zsq with a � pa1, a2, a3q, b �
pb1, b2, b3q P N3. Then

ma   mb if and only if degma   degmb, or

degma � degmb and the last nonzero entry of b� a P Z3 is negative.

This term order is known in the literature as Graded Reverse Lexicographic order or GRevLex in short.
Then, using [M2], the initial ideal is in pIq � p5y, 4x, z2, yz, xz, y2, xyq, while by considering the initial
monomials, the obtained ideal would have been px, y, z2q. △

Theorem 4.10. Fix a term order   on S. Let I be an ideal of S, then there exists a �nite system of
generators G � tf1, . . . , fqu of I such that the ideal in pIq is generated by tin pf1q, . . . , in pfqqu. The
set G is called a Gröbner basis for I.

Proof. See [3, Corollary 4.1.17].

Remark 4.11. Theorem 4.10 and De�nition 4.7 Propertyp2q ensure every monomial in in pIq can be
written as the initial term of some element in I. In fact, let G � tf1, . . . , fqu be a Gröbner basis for I.
Then given a monomial cm P in pIq with c P A, and m PMonpSq, it follows cm � °u

j�1 cjmjin pfij q
for cj P A, mj P MonpSq, and for some indices j1, . . . , jr which can repeat. Using Property p2q, one
has the equality ckmjin pfij q � in pckmjm

1fij q. Therefore we get cm � °u
j�1 in pckmjfij q.

When summing two, or in general more, elements, it is not true that in pf � gq � in pfq� in pgq
because some cancellations can occur. For example, in krxs, for any term order  , we have in px2 �
x3q � x2, and in px4�x2q � �x2, but x3 � in ppx2�x3q�px4�x2qq ­ 0 � in px2�x3q�in px4�x2q.

However, in this case we have that the sum of the initial terms is cm, and the only monomial in
MonpMq appearing in this sum is exactly m. Therefore, no cancellations occur and one obtain the
equality cm � in p

°u
j�1 cjmjfij q where

°u
j�1 cjmjfij P I. △
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4.12. For our purposes, we consider the generalized theory of Gröbner bases, extending it from ideals
to modules. Let F be a �nitely generated free S-module, and let BF :� te1, . . . , esu be the standard
basis of F . Then, as an A-module, F is generated by the set tXei : X P MonpSq, 1 ¤ i ¤ su of terms.
A natural way to construct a term order on F is to �x a term order   on S, and de�ne

Xiei   Xjej if and only if i   j, or i � j and Xi   Xj .

A more general approach is to consider the symmetric algebra Rre1, . . . , ess and view F as the R-
submodule generated by e1, . . . , es. Then any term order on the symmetric algebra restricts to a term
order on the free module. Finally, as in the classical case, one can now consider initial term of every
element of F . Given a subset U of F , the initial submodule of U is de�ned to be

in pUq :� the A-submodule of F generated by tin puq : u P Uu.

It turns out that if U is an S-submodule of F , then in pUq is also an S-submodule of F . Indeed,
in pUq is always an A-submodule of F . Moreover, if U is an S-submodule of F , then in pUq is closed
under multiplication by elements of S, since in pUq is closed under multiplication by monomials and
any polynomial in S is an A-linear combination of monomials. Analogous results to Proposition 4.8
and Theorem 4.10 continue to hold in this setting. More details on this topic can be found in [3,
Chapter 3] and [96, Sec. 1.4].

We are now ready to prove that the initial degree behaves nicely under Gröbner deformation. The
main idea of the following result is that by taking the initial module, no graded components can appear
and/or disappear.

Proposition 4.13. Let F be a Zr�1-graded �nitely generated free S-module. Set a term order   on
F . Let U be a nonzero multigraded submodule of F . For every n P Zr, denote Upn,�q :�

À
lPZ Upn,lq

and Fpn,�q :�
À

lPZ Fpn,lq. Then

indeg
�
Fpn,�q{Upn,�q

� � indeg
�
Fpn,�q{ in pU qpn,�q

�
for every n P Zr.

Proof. We use the setup as discussed in 4.12, i.e., rankpF q � s, and F is generated as an A-module
by the terms tXei : X P MonpSq, 1 ¤ i ¤ su. Fix n P Zr. In order to prove the desired equality, it
is enough to show that, for every k P Z, Fpn,kq � Upn,kq if and only if Fpn,kq � in pU qpn,kq. We �x
k P Z.

Suppose Fpn,kq � Upn,kq. Since Fpn,kq is generated, as an A-module, by the terms of F of degree
pn, kq, it remains una�ected by taking the initial submodule. Therefore, one has the equality Fpn,kq �
in pUpn,kqq. Now we notice that in pUpn,kqq � in pU qpn,kq. Indeed, given an element u P Upn,kq � U ,
its initial term in puq has degree pn, kq, hence in puq P in pU qpn,kq. Thus Fpn,kq � in pUpn,kqq �
in pU qpn,kq � Fpn,kq, which implies that Fpn,kq � in pU qpn,kq.

For the reverse implication, we proceed by contradiction: Suppose that Fpn,kq � in pU qpn,kq, but
Fpn,kq � Upn,kq. Since Fpn,kq is generated as an A-module by the terms of F of degree pn, kq, there
exists an element Xei P Fpn,kq ∖ Upn,kq for some X P MonpSq and 1 ¤ i ¤ s. By the well-ordering of
monomial orders, we can suppose that this is the smallest term in Fpn,kq ∖ Upn,kq.

Since Fpn,kq � in pU qpn,kq, there exists a homogeneous element u P Upn,kq such that in puq � Xei
by Remark 4.11. The element u can be written as u � Xei�u1, where the monomials in u1 are smaller
than Xei. By the minimality of Xei, it follows that u1 must lie in Upn,kq. Hence Xei � u�u1 P Upn,kq,
which is a contradiction.

4.1.2 Vasconcelos number

The de�nition of (local) Vasconcelos number in [39] can be very easly generalised to our setup as
follows.
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De�nition 4.14. For each p P AssRpMq, the local Vasconcelos number of M at p is the number
vppMq :� inftu P Z : there exists x P Mu such that p � 0 :R xu. Then, the Vasconcelos number of M
is vpMq :� inftvppMq : p P AssRpMqu. By convention, vp0q � 8.

Inspired by [36, Lem. 1.2], we interpret vppMq as the initial degree of certain graded module as
follows. It highly generalises [39, Prop. 4.2].

Lemma 4.15. With Setup 4.5, let p P AssRpMq. Set Xp :� tq P AssRpMq : p � qu. Let V � R if
Xp � H, otherwise V �±qPXp

q. Then

vppMq � indeg
�
AnnM ppq{AnnM ppq X ΓV pMq�.

Proof. Let v � vppMq and w � indeg
�
AnnM ppq{AnnM ppq X ΓV pMq�. Then, by de�nition of vppMq,

there exists a non-zero element x P Mv such that p � p0 :R xq. Hence px � 0, i.e., x P AnnM ppq. We
prove that x R AnnM ppq X ΓV pMq, equivalently, x R ΓV pMq. If V � R, then ΓV pMq � 0, and there
is nothing to prove. We may assume that V � R, i.e., Xp � H. If possible, assume that x P ΓV pMq.
Then V mx � 0 for some integer m ¥ 1. Thus V m � p0 :R xq � p, which implies that V � p. Hence,
since V �±qPXp

q, it follows that q � p for some q P Xp. This is a contradiction because p � q (by the
de�nition of Xp). So x R AnnM ppqXΓV pMq. Thus the image of x in AnnM ppq{AnnM ppqXΓV pMq is a
non-zero homogeneous element of degree v. Therefore v ¥ w. It remains to prove the other inequality,
i.e., v ¤ w.

Suppose y PMw induces a non-zero element of AnnM ppq{AnnM ppqXΓV pMq. Then y P AnnM ppq∖
ΓV pMq. In particular, py � 0, i.e., p � p0 :R yq. If the equality holds, i.e., p � p0 :R yq, then v ¤ w.
So it is enough to prove that p � p0 :R yq. If possible, assume that p � p0 :R yq. Note that p0 :R yq
is a proper ideal, i.e., AssRpR{p0 :R yqq � H. Considering the map R Ñ M given by r ÞÑ ry, there is
an injective R-module homomorphism R{p0 :R yq ãÑ M . So AssRpR{p0 :R yqq � AssRpMq. Thus, for
each q P AssRpR{p0 :R yqq, one has that p � p0 :R yq � q P AssRpR{p0 :R yqq � AssRpMq, which yields
that q P Xp. Therefore AssRpR{p0 :R yqq � Xp. In particular, Xp � H. Set V1 :� ±qPAssRpR{p0:Ryqq q.
Hence, from a primary decomposition of p0 :R yq, one deduces that there is an integer m ¥ 1 such
that V m

1 � p0 :R yq, i.e., V m
1 y � 0. Since AssRpR{p0 :R yqq � Xp, it follows that V � V1. So

V my � V m
1 y � 0. Thus y P ΓV pMq, which is a contradiction. Therefore p � p0 :R yq.

4.16. With Setup 4.5, further assume that R is standard graded. Set R� :� À
n¥1Rn. Consider R-

modules H i
R�
pMq, the ith local cohomology module of M with respect to the ideal R�. Set aipMq :�

end
�
H i

R�
pMq� � maxtj P Z : H i

R�
pMqj � 0u for every j ¥ 0. Then, the Castelnuovo-Mumford

regularity of M is given by

regpMq :� maxtaipMq � i : 0 ¤ i ¤ dimpRqu,
Note that H0

R�
pMq � ΓR�pMq. It follows that a0pMq � end

�
ΓR�pMq� ¤ regpMq. For a recent

account and overview on this topic, in the settings of this chapter, see [25, Chapter 8] and [26].

The v-number and regularity of a graded module can be compared as follows.

Proposition 4.17. With Setup 4.5, assume that R is standard graded. Denote R� :� À
n¥1Rn.

Assume there exists p P AssRpMq such that R� � p, then vppMq ¤ regpMq. In particular, if
depthpR�,Mq � 0, then vpMq ¤ regpMq.
Proof. Consider p P AssRpMq such that R� � p, and set v � vppMq. Then there exists a non-
zero element x P Mv such that p � p0 :R xq. Since R� � p, it follows that R�x � 0. Thus
x P ΓR�pMq X Mv �

�
ΓR�pMq�

v
, which implies that v ¤ end

�
ΓR�pMq� ¤ regpMq. This proves

the �rst part. If depthpR�,Mq � 0, then R� � �
qPAssRpMq q, which yields that R� � p for some

p P AssRpMq (by prime avoidance), and hence vpMq ¤ vppMq ¤ regpMq.
From now on, we go back to the general case (Setup 4.5). The v-number of a module is less than

or equal to that of any of its submodule.
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Proposition 4.18. Let L be a graded submodule of M . Then

(1) vppMq ¤ vppLq for each p P AssRpLq.
(2) vpMq ¤ vpLq.
Proof. Let p P AssRpLq, and v � vppLq. Then there exists x P Lv such that p � p0 :R xq. Since
x P Lv � Mv, one obtains that p P AssRpMq and vppMq ¤ v � vppLq. It remains to prove the second
part. Since vp0q � 8, we may assume that L � 0, equivalently, AssRpLq is non-empty. Let w � vpLq.
Then w � vqpLq for some q P AssRpLq. Since AssRpLq � AssRpMq, it follows that q P AssRpMq. By
the �rst part, vqpMq ¤ vqpLq � w. Hence vpMq ¤ vqpMq ¤ w � vpLq.

4.2 Asymptotic properties of Vasconcelos number and initial degree

A classical result of Brodmann [23] states that both the sets AssRpInM{In�1Mq and AssRpM{InMq
are eventually constants. Set ApIq :� AssRpR{Inq for all n " 0. Recently, in [36], Conca proved
that when R is domain, for each p P ApIq, the function vppR{Inq is eventually linear in n, i.e.,
vppR{Inq � an�b for all n " 0, where a and b are some constants. When R is a polynomial ring over a
�eld, this result has been shown independently by Ficarra-Sgroi in [50, Thm. 3.1]. With Setup 4.5, the
sets AssRpInM{InNq and AssRpM{InNq are also eventually constants due to McAdam-Eakin [102,
Prop. 2] (cf. 4.20) and Katz-West [90, Prop. 5.2] respectively. So a natural question arises whether the
functions vpInM{InNq and vpM{InNq are eventually linear in n? Another motivation of this question
came from a result of Trung-Wang [126, Thm. 3.2] that regpInMq is eventually a linear function of
n. This was proved earlier for polynomial rings over a �eld by Cutkosky-Herzog-Trung [41, Thm. 1.1]
and Kodiyalam [95] independently.

At the same time similar results are also proved when multiple ideals are involved. By [76, Cor. 1.2],
the sets AssRpM{InNq and AssRpInM{InNq stabilize (possibly to two di�erent sets) for all n " 0.
Similar results regarding Castelnuovo-Munford regularity are proved in this general setting: when R
is a standard graded algebra over a �eld, in [61, Cor. 4.4], it is shown that regpInMq is bounded above
by a linear function in n. Later, Bruns-Conca in [24, Thm. 2.2] proved that asymptotically regpInMq
is, in fact, the maximum of �nitely many linear functions in n.

Notation 4.19. With Setup 4.5, we denote

AM
N pIq :� AssRpM{InNq and BM

N pIq :� AssRpInM{InNq for all n " 0,

and
AM

N pIq :� AssRpM{InNq and BM
N pIq :� AssRpInM{InNq for all n " 0.

4.2.1 Single ideal case

4.20. In [102, Prop. 2], McAdam-Eakin proved that if R is a Noetherian standard graded algebra over
R, then AssRpRnq is eventually constant. This proof can be easily modi�ed to give the result for a
�nitely generated graded R-module M, see [133, Thm. 3.4]. Note that the Rees module RpI,Mq is
�nitely generated graded over the Rees algebra RpIq. Since N is a submodule of M , the Rees module
RpI,Nq is a graded submodule of RpI,Mq. So the quotient H :� À

n¥0 I
nM{InN is a �nitely

generated graded module over RpIq. Thus, by [133, Thm. 3.4], it follows that the set AssRpInM{InNq
is constant for all n " 0.

With Setup 4.5, we actually have a bigrading structure on H �Àn¥0 I
nM{InN .

4.21. With Setup 4.5, let degpxiq � fi for 1 ¤ i ¤ d. Let RpJq �ÀnPN Jn be the Rees algebra of J .
We consider it as an N2-graded ring by setting

RpJqpn,lq � pJnql
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for each pn, lq P N2. Then RpJq can be written as RpJq � R0rx1, . . . , xd, y1, . . . , ycs, where degpxiq �
p0, fiq for 1 ¤ i ¤ d and degpyjq � p1, djq for 1 ¤ j ¤ c. We recall that in Setup 4.5 we have supposed
J � py1, . . . , ycq and degR yj � dj . Consider the Rees module RpI,Mq �ÀnPZ I

nM . By convention,
InM � 0 whenever n   0. Setting RpI,Mqpn,lq :� pInMql for pn, lq P Z2, we make RpI,Mq a Z2-
graded module over RpJq. Since J is a reduction ideal of I, the module RpI,Mq is �nitely generated
over RpJq. With similar gradation, RpI,Nq is a Z2-graded RpJq-submodule of RpI,Mq. So the
quotient H :� RpI,Mq{RpI,Nq is a �nitely generated Z2-graded module over RpJq.

We deduce Theorem 4.25 from the following more general result.

Theorem 4.22. Let T � R0rx1, . . . , xd, y1, . . . , ycs be a bigraded ring over a commutative Noetherian
ring R0, where degpxiq � p0, fiq for 1 ¤ i ¤ d and degpyjq � p1, djq for 1 ¤ j ¤ c, where d1 ¤ d2 ¤
� � � ¤ dc. Let L be a �nitely generated Z2-graded T -module. Set δ :� inf

!
j : yj R

a
AnnT pL q

)
. Set

R :� R0rx1, . . . , xds, where degpxiq � fi for 1 ¤ i ¤ d. Denote Lpn,�q :�
À

lPZ Lpn,lq for each n P Z.
Then, Lpn,�q is a Z-graded R-module for each n P Z. Moreover, either Lpn,�q � 0 for all n " 0, or

Lpn,�q � 0 for all n " 0. In the second case, δ is �nite, and the following holds true:

(1) indeg
�
Lpn,�q

� � dδ � n� b1 for all n " 0, and for some b1 P Z;

(2) vp
�
Lpn,�q

� � ap �n�bp for all n " 0 whenever p P AssR
�
Lpn,�q

�
for all n " 0, and for some bp P Z

and ap P tdj : δ ¤ j ¤ cu (both integers depending only on the prime p);

(3) v
�
Lpn,�q

� � dδ � n� b2 for all n " 0, and for some b2 P Z.

Proof. Note that xiLpn,�q � Lpn,�q for each n P Z and 1 ¤ i ¤ d. Thus, restricting the scalars from T to
R, the set Lpn,�q forms a Z-graded R-module. From the construction of Lpn,�q, the bigraded module L
can be written as L �ÀnPZ Lpn,�q. Since yjLpn,�q � Lpn�1,�q, we may consider L �ÀnPZ Lpn,�q as
a Z-graded module over an N-graded ring T � Rry1, . . . , ycs, where degpyjq � 1 for 1 ¤ j ¤ c, and R is
the 0th graded component of T in this gradation. Since we are only changing the grading (from bigraded
to graded), L � À

nPZ Lpn,�q is also �nitely generated as a graded module over T � Rry1, . . . , ycs.
Consequently, by [133, Thm. 3.4], there exists n0 such that AssR

�
Lpn,�q

� � AssR
�
Lpn0,�q

�
for all

n ¥ n0. Denote AL :� AssR
�
Lpn0,�q

�
. Clearly, if AL is an empty-set, then Lpn,�q � 0 for all n ¥ n0.

In the other case, AL � H, and we have that Lpn,�q � 0 for all n ¥ n0. Since Lpn,�q � 0 for n " 0,
we must have that py1, . . . , ycq �

a
AnnT pL q, and hence δ is a �nite number.

(1) Consider an N2-graded polynomial ring S � R0rX1, . . . , Xd, Y1, . . . , Ycs overR0, where degpXiq �
p0, fiq for 1 ¤ i ¤ d and degpYjq � p1, djq for 1 ¤ j ¤ c. There is a natural graded ring homomorphism
S Ñ T . Via this homomorphism, L is a �nitely generated Z2-graded S-module as well. Hence, by
[32, Prop. 3.1]1, there exist a1 P tdj : 1 ¤ j ¤ cu and b1 P Z such that

indeg
�
Lpn,�q

� � indeg
�
TorR0 pLpn,�q, R0q

� � a1n� b1 for all n " 0. (4.1)

We show that a1 � dδ, where δ � inf
!
j : yj R

a
AnnT pL q

)
. As a graded module over T �

Rry1, . . . , ycs, let

L �ÀnPZ Lpn,�q be generated by homogeneous elements of degree ¤ n1. (4.2)

For 1 ¤ j   δ, since yj P
a
AnnT pL q, there exist kj such that y

kj
j P AnnT pL q. Set n2 :� pδ � 1q �

maxtkj : 1 ¤ j   δu. So py1, . . . , yδ�1qkL � 0 for all k ¥ n2. Thus, for every n ¥ n1 � n2, one has

1Note that [32, Prop. 3.1] is proved using a result [14, Thm. 4.6] of Bagheri-Chardin-Hà. As [14, Thm. 4.6] holds
with this grading, we have the output of [32, Prop. 3.1] in this setup as well.
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that

Lpn,�q �
à
i¤n1

py1, . . . , ycqn�iLpi,�q

� à
i¤n1

à
k¤n�i

py1, . . . , yδ�1qkpyδ, . . . , ycqn�i�kLpi,�q

� à
i¤n1

à
k¤n2

py1, . . . , yδ�1qkpyδ, . . . , ycqn�i�kLpi,�q.

Moreover, for every n ¥ n1�n2, note that yδLpn,�q � 0. Indeed, if yδLpn,�q � 0 for some n ¥ n1�n2,
then yn�i�1

δ Lpi,�q � yδLpn,�q � 0 for all i ¤ n1, and hence yδ P
a
AnnT pL q, a contradiction. Thus

one concludes that

indeg
�
Lpn�1,�q

�� indeg
�
Lpn,�q

� � degpyδq � dδ for all n " 0. (4.3)

Consequently, the statement (1) follows from (4.1) and (4.3).
(2) Let p P AssR

�
Lpn,�q

�
for all n " 0, equivalently, p P AL . Set Xp :� tq P AL : p � qu.

Let V � R if Xp � H, otherwise V � ±
qPXp

q. Let M � AnnL ppq{AnnL ppq X ΓV pL q. Note that

yj P
a
AnnT pL q �

a
AnnT pM q for all 1 ¤ j   δ. Since T is Noetherian, and L is �nitely generated,

the (sub)quotient M is also a �nitely generated Z2-graded module over T , where the grading of M
is induced by that of L . In particular, Mpn,�q �

À
lPZ Mpn,lq is same as AnnLpn,�q

ppq{AnnLpn,�q
ppq X

ΓV pLpn,�qq. Therefore, in view of Lemma 4.15 and (1), one has that vp
�
Lpn,�q

� � indegpMpn,�qq �
apn� bp for all n " 0, and for some ap P tdj : δ ¤ j ¤ cu and bp P Z.

(3) Note that AL is a (non-empty) �nite set. By the de�nition of v-numbers, v
�
Lpn,�q

� �
inftvp

�
Lpn,�q

�
: p P AL u for all n ¥ n0. Hence from (2) and the observation made in 4.23, the function

v
�
Lpn,�q

�
is eventually linear, i.e., v

�
Lpn,�q

� � a �n�b2 for all n " 0, and for some a P tdj : δ ¤ j ¤ cu
and b2 P Z. Clearly, dδ ¤ a. It is enough to show that a ¤ dδ.

Since the module L is Noetherian, the chain of submodules

p0 :L yδq � p0 :L y2δ q � p0 :L y3δ q � � � �

stabilizes. So there exists m0 ¥ 1 such that p0 :L ymδ q � p0 :L ym0
δ q for all m ¥ m0. In particular,

p0 :Lpn1,�q
ymδ q � p0 :Lpn1,�q

ym0
δ q for all m ¥ m0, where n1 is as in (4.2). We prove that p0 :Lpn1,�q

ym0
δ q

is a proper R-submodule of Lpn1,�q. If possible, let p0 :Lpn1,�q
ym0
δ q � Lpn1,�q. Then ym0

δ Lpn1,�q � 0.
Denote indegpL q :� inftn : Lpn,�q � 0u. Setting l :� maxt0,� indegpL qu, for all indegpL q ¤ n ¤ n1,
one has that ym0�n1�l

δ Lpn,�q � ym0�n�l
δ Lpn1,�q � 0 as n � l ¥ 0. Therefore, since L is generated by

homogeneous elements of degree ¤ n1, one concludes that ym0�n1�l
δ Lpn,�q � 0 for all n P Z, and hence

yδ P
?
AnnT L , a contradiction. Thus p0 :Lpn1,�q

ym0
δ q � Lpn1,�q.

We show that v
�
Lpn,�q

� ¤ v
�
Lpn1,�q{

�
0 :Lpn1,�q

ym0
δ

�	 � pn � n1q � dδ for all n ¥ n1 � m0. For

every n ¥ m ¥ 0, the natural map Lpn�m�1,�qp�dδq yδÑ Lpn�m,�q{
�
0 :Lpn�m,�q

ymδ
�
induces a graded

injective R-module homomorphism

Lpn�m�1,�q�
0 :Lpn�m�1,�q

ym�1
δ

�p�dδq yδÑ Lpn�m,�q�
0 :Lpn�m,�q

ymδ
� . (4.4)

Here Mp�hq denotes a graded R-module with Mn�h as its n-graded component. So, by de�nition of
v-numbers, vpMp�hqq � vpMq�h. Thus, by Proposition 4.18.(2), for every n ¥ m ¥ 0, the map (4.4)
yields that

v

�
Lpn�m,�q�

0 :Lpn�m,�q
ymδ
�� ¤ v

�
Lpn�m�1,�q�

0 :Lpn�m�1,�q
ym�1
δ

��� dδ. (4.5)
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Using this inequality repeatedly starting from m � 0, one obtains that

v
�
Lpn,�q

� ¤ v

�
Lpn�1,�q�

0 :Lpn�1,�q
y1δ
��� dδ ¤ v

�
Lpn�2,�q�

0 :Lpn�2,�q
y2δ
��� 2 � dδ ¤ � � �

¤ v

�
Lpn1,�q�

0 :Lpn1,�q
yn�n1
δ

��� pn� n1q � dδ

� n � dδ � v
�
Lpn1,�q{

�
0 :Lpn1,�q

ym0
δ

�	� n1 � dδ for all n ¥ n1 �m0.

It follows that a ¤ dδ, and hence a � dδ.

4.23. Let r be a positive integer. Let ai, bi P Z for i � 1, . . . , r. De�ne fpnq � inftain� bi : 1 ¤ i ¤ ru
for all n P N. Then fpnq � an� b for all n " 0, where a :� infta1, . . . , aru and b :� inftbi : ai � a, 1 ¤
i ¤ ru.

Now we are in a position to prove Theorem 4.25. Here, in order to describe the leading coe�cient
of vpInM{InNq, we need the following.

4.24. With Setup 4.5, considering the (graded) module H :� RpI,Mq{RpI,Nq over the Rees algebra
RpJq, set δ :� inf

!
j : yj R

b
AnnRpJqpH q, 1 ¤ j ¤ c

)
.

Theorem 4.25. With Setup 4.5 and Notation 4.19, let BM
N pIq be a non-empty set. Then, for every

p P BM
N pIq, there exist a P tdδ, . . . , dcu and b P Z such that vppInM{InNq � an� b for all n " 0, where

δ is as in 4.24. Furthermore, both the functions indegpInM{InNq and vpInM{InNq are eventually
linear in n with the same leading coe�cient dδ P td1, . . . , dcu.
Proof. With the discussion made in 4.21, H :� RpI,Mq{RpI,Nq is a �nitely generated Z2-graded
module over RpJq � R0rx1, . . . , xd, y1, . . . , ycs, where degpxiq � p0, fiq for 1 ¤ i ¤ d and degpyjq �
p1, djq for 1 ¤ j ¤ c. Note that Hpn,�q :�

À
lPZ Hpn,lq is given by RpI,Mqpn,�q{RpI,Nqpn,�q, which is

same as InM{InN . Therefore, in view of Theorem 4.22, one deduces that:

(1) indegpInM{InNq is eventually linear in n with the leading coe�cient dδ;

(2) for every p P BM
N pIq, the function vppInM{InNq is eventually linear in n with the leading coe�cient

inside the set tdδ, . . . , dcu;
(3) vpInM{InNq is eventually linear in n with the leading coe�cient dδ.

This completes the proof of the theorem.

As a consequence of Theorem 4.25, we obtain a linear bound of vpM{InNq.
Corollary 4.26. With Setup 4.5 and Notation 4.19, let p P BM

N pIq. Then p P AM
N pIq, and there

exist a P tdδ, . . . , dcu and b P Z such that vppM{InNq ¤ an � b for all n " 0, where δ is as in 4.24.
Furthermore, vpM{InNq ¤ dδn� e for all n ¥ 1, and for some e P Z.

Proof. Let p P BM
N pIq. Since InM{InN is a (graded) R-submodule of M{InN for all n ¥ 0, it follows

that BM
N pIq � AM

N pIq. So p P AM
N pIq. In view of Theorem 4.25, there exist a P tdδ, . . . , dcu and

b P Z such that vppInM{InNq � an � b for all n " 0. On the other hand, by Proposition 4.18.(1),
vppM{InNq ¤ vppInM{InNq for all n " 0. Combining these two results, vppM{InNq ¤ an� b for all
n " 0.

For the second part, in view of Proposition 4.18.(2) and Theorem 4.25, there exists n0 such that
vpM{InNq ¤ vpInM{InNq � dδn � b1 for all n ¥ n0, and for some b1 P Z. Note that M � IN .
Otherwise, if M � IN , then M � InN for all n ¥ 1, and hence AM

N pIq is an empty set, a contradiction.
So M � IN . Consequently, M � InN , and vpM{InNq is �nite for every n ¥ 1. Set e as the maximum
value among b1 and

�
vpM{InNq � dδn

�
, 1 ¤ n   n0. It follows that vpM{InNq ¤ dδn � e for all

n ¥ 1.
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In the proof of Theorem 4.28, we use the following lemma.

Lemma 4.27. Consider the setting de�ned in Setup 4.5. We suppose also that p0 :M Iq � 0. Let u
and a be homogeneous ideals of R such that I � u. Then, for all n " 0,

AnnM{In�1N puq
AnnM{In�1N puq X ΓapM{In�1Nq �

AnnInM{In�1N puq
AnnInM{In�1N puq X ΓapInM{In�1Nq .

Proof. Note that pIn�1N :M uq � pIn�1M :M uq � pIn�1M :M Iq � InM for all n " 0, where the last
equality follows from [23, Lem. (4)]. So

pIn�1N :M uq � pIn�1N :M uq X InM � pIn�1N :InM uq for all n " 0.

Going modulo In�1N both sides, as graded submodules of InM{In�1N ,

AnnM{In�1N puq � AnnInM{In�1N puq for all n " 0. (4.6)

As pInM{In�1Nq X ΓapM{In�1Nq � ΓapInM{In�1Nq, (4.6) further induces that

AnnM{In�1N puq X ΓapM{In�1Nq � AnnInM{In�1N puq X ΓapM{In�1Nq (4.7)

� AnnInM{In�1N puq X ΓapInM{In�1Nq

for all n " 0. Combining (4.6) and (4.7), one obtains the desired equalities.

Now we give the following.

Theorem 4.28. With Setup 4.5 and Notation 4.19, let p0 :M Iq � 0.

(1) Let p P AM
N pIq be such that I � p. Then, there exist a P td1, . . . , dcu and b P Z such that

vppM{InNq � an � b for all n " 0. Moreover, if BM
IN pIq � AM

N pIq, then vppInM{In�1Nq �
vppM{In�1Nq for all n " 0.

(2) Let AM
N pIq � H, and In0M � N for some n0 pe.g., N � M , or N � aM for some homogeneous

ideal a satisfying I � ?
aq. Then, the functions

indeg
�
InM{In�1N

�
, v

�
InM{In�1N

�
and v

�
M{In�1N

�
all are eventually linear in n with the same leading coe�cient dγ P td1, . . . , dcu, where

γ � inf
!
j : yj R

b
AnnRpJqpG q, 1 ¤ j ¤ c

)
and G :� RpI,Mq{RpI, INq. In addition, if BM

IN pIq � AM
N pIq, then

v
�
InM{In�1N

� � v
�
M{In�1N

�
for all n " 0.

(3) When p0 :M y1q � 0 and d1 ¥ 1, the leading coe�cient in (2) is dγ � d1.

Proof. (1) Considering IN in place of N in 4.21, one has that G � RpI,Mq{RpI, INq is a �nitely
generated Z2-graded module over RpJq, where RpJq is an N2-graded ring with the same gradation as
in 4.21. Using the prime ideal p P AM

N pIq, set Xp :� tq P AM
N pIq : p � qu. Let V � R if Xp � H,

otherwise V �±qPXp
q. Let L � AnnG ppq{AnnG ppqXΓV pG q. Then L is also a �nitely generated Z2-

graded module over RpJq, where the bigrading in L is induced by that of G . So Lpn,�q �
À

lPZ Lpn,lq

is same as AnnGpn,�q
ppq{AnnGpn,�q

ppq XΓV pGpn,�qq, where Gpn,�q � InM{In�1N . Hence, since I � p, in
view of Lemma 4.27,

Lpn,�q �
AnnM{In�1N ppq

AnnM{In�1N ppq X ΓV pM{In�1Nq for all n " 0.
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Finally, by Lemma 4.15 and Theorem 4.22.(1), there exists an integer b1 such that vppM{In�1Nq �
indegpLpn,�qq � dδpn� b1 for all n " 0, where

δp � inf
!
j : yj R

b
AnnRpJqpL q, 1 ¤ j ¤ c

)
. (4.8)

Setting bp :� b1 � dδp , one obtains that vppM{InNq � dδpn � bp for all n " 0. This proves the �rst
part of (1). For the second part of (1), further assume that BM

IN pIq � AM
N pIq. Analyzing the proof

above, one obtains that vppInM{In�1Nq � vppGpn,�qq � indegpLpn,�qq � vppM{In�1Nq for all n " 0,
where the last two equalities follow from Lemma 4.15 and the two di�erent expressions of Lpn,�q.

(2) Note that AM
N pIq is a �nite non-empty set. Since In0M � N for some n0, it can be veri�ed

that each p P AM
N pIq satis�es I � p. Hence, from the proof of (1), one observes that Gpn,�q �

InM{In�1N � 0 for all n " 0 (otherwise, if Gpn,�q � 0, then Lpn,�q � 0, and hence vppM{In�1Nq � 8
for all n " 0, a contradiction). Thus BM

IN pIq is also a non-empty set. This will be used later while
applying Theorem 4.25. Note that vpM{In�1Nq � inftvppM{In�1Nq : p P AM

N pIqu for all n " 0.
Therefore, since each p P AM

N pIq contains I, by (1) and 4.23, one concludes that vpM{In�1Nq is
eventually linear in n with the leading coe�cient dτ , where τ :� inftδp : p P AM

N pIqu and δp is

described in (4.8). We prove that τ � γ. First, notice that in the proof of (1), if yj P
b
AnnRpJqpG q,

then yj P
b
AnnRpJqpL q. This yields that δp ¥ γ for every p P AM

N pIq. Hence τ ¥ γ. Secondly,

in view of Proposition 4.18.(2), vpM{In�1Nq ¤ vpInM{In�1Nq for all n ¥ 0. Here the leading
coe�cient of the asymptotic linear function vpM{In�1Nq is same as dτ , while the leading coe�cients
of indegpInM{In�1Nq and vpInM{In�1Nq are equal to dγ by Theorem 4.25. Thus, comparing the
leading coe�cients, it follows that dτ ¤ dγ , which implies that τ ¤ γ. So τ � γ. It proves the �rst
part of (2). Since each p P AM

N pIq contains I, the second part of (2) follows from (1).
(3) Assume that p0 :M y1q � 0 and d1 ¥ 1. In view of (2), it is enough to show that γ � 1, i.e.,

y1 R
b
AnnRpJqpG q. If possible, let y1 P

b
AnnRpJqpG q. Then ys1G � 0 for some s ¥ 1. Therefore,

since Gpn,�q � InM{In�1N , one obtains that ys1I
nM � In�s�1N for all n ¥ 0. Since J is a reduction

ideal of I, there exists n1 such that JIn1 � In1�1, and hence JnIn1 � In1�n for all n ¥ 1. Therefore,
ys1I

n1M � In1�s�1N � Js�1In1N . Since p0 :M Iq � 0, In0M � N and M � 0, it follows that
In1N � 0 and In1M � 0. Moreover, since J � py1, . . . , ycq and p0 :M y1q � 0, one derives that
indegpys1In1Mq � sd1 � indegpIn1Mq and indegpJs�1In1Nq � ps� 1qd1 � indegpIn1Nq. Thus

sd1 � indegpIn1Mq � indegpys1In1Mq
¥ indegpJs�1In1Nq [as ys1I

n1M � Js�1In1N ]

� ps� 1qd1 � indegpIn1Nq
¥ ps� 1qd1 � indegpIn1Mq [as In1N � In1M ],

which is a contradiction as d1 ¥ 1. So y1 R
b
AnnRpJqpG q, and hence dγ � d1.

Analyzing the proof of Theorem 4.28, we make the following remarks.

Remark 4.29. Let n ¥ 1 be such that AssRpInM{In�1Nq � AssRpM{In�1Nq.

(1) In Theorem 4.28.(1), vppInM{In�1Nq � vppM{In�1Nq whenever I � p P AssRpInM{In�1Nq
and pIn�1N :M Iq � InM , because the equality of the quotients in Lemma 4.27 holds whenever
pIn�1N :M Iq � InM .

(2) Thus, in Theorem 4.28.(2), one has that vpInM{In�1Nq � vpM{In�1Nq whenever pIn�1N :M
Iq � InM and In0M � N for some n0. △
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4.2.2 Asymptotic behaviour - general case

4.30. The additive group Zr, of r-tuples n � pn1, . . . , nrq of integers with componentwise addition, is
endowed with the componentwise order, that is n ¥ m if ni ¥ mi for all i � 1, . . . , r. By 0 and 1,
we denote the r-tuples p0, . . . , 0q and p1, . . . , 1q respectively. Let ej for 1 ¤ j ¤ r denote the standard
basis of Zr as a free Z-module. For m,n P Zr, set m � n :� m1n1 � � � � �mrnr, which is the usual dot
product of m and n. For a property (P), by writing �(P) holds true for all n " 0", we mean �there
exists m P Nr such that (P) holds true for all n ¥ m".

The following result is a generalization of Theorem 4.22. We use the theory developed above for
the initial degree.

Theorem 4.31. Let T � R0rx1, . . . , xd, y1,1, . . . , y1,a1 , . . . , yr,1, . . . , yr,ar s be a Zr�1-graded ring over a
commutative Noetherian ring R0, where degpxiq � p0, fiq for 1 ¤ i ¤ d and degpyi,jq � pei, di,jq for
1 ¤ i ¤ r, 1 ¤ j ¤ ai. Assume that fi ¥ 0 for 1 ¤ i ¤ d. Let L be a �nitely generated Zr�1-graded
T -module. Set R :� R0rx1, . . . , xds, where degpxiq � fi for 1 ¤ i ¤ d. Denote Lpn,�q :�

À
lPZ Lpn,lq

for each n P Zr.
Note that R is an N-graded ring, and Lpn,�q is a Z-graded R-module for each n P Zr. Moreover,

the set AssRpLpn,�qq stabilizes to a set, say AL , for all n " 0. It follows that Lpn,�q � 0 for all
n " 0, or Lpn,�q � 0 for all n " 0. Assume the second case. Suppose F pnq � indeg

�
Lpn,�q

�
, or

F pnq � vp
�
Lpn,�q

�
for p P AL , or F pnq � v

�
Lpn,�q

�
for all n P Zr.

Then, there exist ω1, . . . , ωs P Zr and c1, . . . , cs P Z, depending on F , such that

F pnq � mintωj � n� cj : 1 ¤ j ¤ su for all n " 0,

where the ith component ωji of the coe�cient vector ωj lies in tdi,1, . . . , di,aiu for 1 ¤ i ¤ r and
1 ¤ j ¤ s. Recall that ωj � n � ωj1n1 � � � � � ωjrnr for n P Zr.

Proof. By writing T � Rry1,1, . . . , y1,a1 , . . . , yr,1, . . . , yr,ar s with degpyi,jq � ei for 1 ¤ i ¤ r, 1 ¤ j ¤ ai,
we can realize T as a Noetherian standard Nr-graded ring over T0 � R. Thus L � À

nPZr Lpn,�q

becomes a �nitely generated Zr-graded T -module. So, by [133, Thm. 3.4.(i)], the set AssRpLpn,�qq
stabilizes to a set, say AL , for n " 0. If AL is an empty set, then Lpn,�q � 0 for all n " 0. In the
second case, assume that AL �� H. In this case, Lpn,�q �� 0 for all n " 0.

(1) We �rst prove that indeg
�
Lpn,�q

�
is asymptotically the minimum of �nitely many linear func-

tions. Consider the polynomial ring

T :� RrY1,1, . . . , Y1,a1 , . . . , Yr,1, . . . , Yr,ar s,

where degpfq � p0, degRpfqq for f P R and degpYi,jq � pei, di,jq. Then L can be regarded as a
T -module via the natural ring homomorphism T Ñ T . We start by presenting L as a quotient
F {U , where F is a Zr�1-graded free T -module, and U is a multigraded submodule of F . Then, by
taking any term order   on F , as explained in 4.12, consider the initial submodule in pU q. From
Proposition 4.13, it follows that indeg

�
Lpn,�q

� � indeg
�
Fpn,�q{pin pU qqpn,�q

�
. Next consider a chain

of multigraded submodules

0 � M 0 � M 1 � � � � � M s � F {pin pU qq

in such a way that any consecutive quotient M j{M j�1 is isomorphic to a quotient of T by a monomial
prime ideal (up to a degree shift). In particular, by restricting the chain to the pn, �q graded component
and by applying Lemma 4.6.(4), we obtain

indeg
�
Lpn,�q

� � min
!
indeg

�
M j

pn,�q{M j�1
pn,�q

	
: 1 ¤ j ¤ s

)
.

Hence it is enough to show that indeg
�
M j

pn,�q{M j�1
pn,�q

�
is asymptotically a linear function in n whose

leading coe�cients are taken from the degrees di,j . Thus, we reduce to the case that L � pT {J qp�u,�bq
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for some u P Zr and b P Z, where J � J0T � pYi,j : Yi,j R V q for some prime ideal J0 of R and
for some subset V of the set of the variables tY1,1, . . . , Y1,a1 , . . . , Yr,1, . . . , Yr,aru. Since Lpn,�q �� 0
for all n " 0, the intersection V X tYi,1, . . . Yi,aiu is not an empty set for every 1 ¤ i ¤ r. Set
wi :� mintdi,j : 1 ¤ j ¤ ai, Yi,j P V u for i � 1, . . . , r, and w :� pw1, . . . , wrq. Hence, since
L � pT {J qp�u,�bq, it follows that

indeg
�
Lpn,�q

� � w � pn� uq � b � w � n� b̃,

where b̃ :� b� w � u. Note that here we need the condition that fi ¥ 0 for 1 ¤ i ¤ d.
(2) We now prove that vp

�
Lpn,�q

�
for p P AL is asymptotically the minimum of �nitely many

linear functions. Given p P AL , denote Xp :� tq P AL : p � qu. Set V :�±qPXp
q (in the critical case

Xp � H, set V :� R). Let M � AnnL ppq{AnnL ppqXΓV pL q. Since T is Noetherian, and L is �nitely
generated, the quotient M is also a �nitely generated Zr�1-graded T -module, whose grading is induced
by that of L . In particular, Mpn,�q �

À
lPZ Mpn,lq is same as AnnLpn,�q

ppq{AnnLpn,�q
ppq X ΓV pLpn,�qq

for every n P Zr. Therefore, Lemma 4.15 together with (1) yields the desired result for vp
�
Lpn,�q

�
.

(3) Note that AL is a non-empty �nite set. By the de�nition of Vasconcelos invariant, v
�
Lpn,�q

� �
inftvp

�
Lpn,�q

�
: p P AL u for all n " 0. Hence, by (2), v

�
Lpn,�q

�
is eventually the minimum of �nitely

many linear functions whose leading coe�cients are taken from the degrees di,j .

Remark 4.32. The condition fi ¥ 0 is a strong condition that makes sure the previous theorem holds
true. Indeed, suppose that fi   0 for some i � 1, . . . , d, and xi is L -regular. Then, by taking
0 � ℓ P Lpn,�q, the element xki �ℓ is non-zero in Lpn,�q for every k P N, which implies that indegpLpn,�qq �
�8. △

Under some additional conditions, the functions indeg
�
Lpn,�q

�
and v

�
Lpn,�q

�
in Theorem 4.31 are

eventually linear in n, as shown below.

Theorem 4.33. With the hypotheses as in Theorem 4.31, without loss of generality, assume that
di,1 ¤ di,2 ¤ � � � ¤ di,ai for 1 ¤ i ¤ r. Suppose y1,1 � � � yr,1 R

?
AnnL . Then, the functions

indeg
�
Lpn,�q

�
and v

�
Lpn,�q

�
become linear for all n " 0 with the same leading coe�cients given

by δ :� pd1,1, d2,1, . . . , dr,1q.
Proof. Set yn :� yn1

1,1 � � � ynr
r,1 for n P Nr. Then degpynq � pn, δ � nq for all n P Nr. Suppose L �À

nPZr Lpn,�q is generated by homogeneous elements of degree ¤ m. We �rst prove the following
claims:

Claim 1. There exists ℓ P N such that p0 :L ynq � p0 :L yℓ�1q for every n ¥ ℓ � 1.
Claim 2. For every n P N,

�
0 :Lpm,�q

yn�1
�
is a proper submodule of Lpm,�q.

Claim 3. For every n P Zr and ν P Nr, one has

indeg
�
Lpn,�q

� ¤ indeg

�
Lpn�ν,�q�

0 :Lpn�ν,�q
yν
��� δ � ν.

The same inequality holds for the v-numbers and the local v-numbers at every associate prime of the
quotient R-module in the right hand side.

Proof of Claim 1. Since the module L is Noetherian, the chain of submodules

p0 :L y1q � p0 :L y2�1q � p0 :L y3�1q � � � �

stabilizes. So there exists ℓ ¥ 1 such that p0 :L yn�1q � p0 :L yℓ�1q for every n ¥ ℓ. Fix n P Nr such
that n ¥ ℓ � 1. Set α :� maxtni : 1 ¤ i ¤ ru. Then one has ℓ � 1 ¤ n ¤ α � 1, which implies that

p0 :L yℓ�1q � p0 :L ynq � p0 :L yα�1q.
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Since the submodules on both sides coincide by the construction of ℓ, they must all coincide to p0 :L
yℓ�1q. This proves Claim 1.

Proof of Claim 2. If possible, let p0 :Lpm,�q
yn�1q � Lpm,�q. Then yn�1Lpm,�q � 0. Since L is

�nitely generated in degrees ¤ m, it follows that y1 � y1,1 � � � yr,1 P
?
AnnL , which is a contradiction.

So p0 :Lpm,�q
yn�1q � Lpm,�q.

Proof of Claim 3. Fix n P Zr and ν P Nr. Consider the T -module homomorphism L Ñ L
given by multiplication with yν . Since degpyνq � pν, δ � νq, it induces an injective graded R-module
homomorphism

Lpn�ν,�q�
0 :Lpn�ν,�q

yν
�p�pδ � νqq yν

ÝÑ Lpn,�q. (4.9)

Here Mp�mq denotes the graded R-module with Mn�m as its nth graded component. By the de�nition
of v-numbers, vppMp�mqq � vppMq �m for all p P AssRpMq. Claim 3 now follows from (4.9) using
the basic properties of initial degrees and [53, Prop. 2.5].

Set n0 :� m� ℓ � 1. Combining the three claims above, for every n ¥ n0, considering ν � n�m in
Claim 3, one obtains that

indeg
�
Lpn,�q

� ¤ indeg

�
Lpm,�q�

0 :Lpm,�q
yn�m

��� pδ � pn�mqq (4.10)

� δ � n� indeg

�
Lpm,�q�

0 :Lpm,�q
yℓ�1

��� pδ �mq   8. (4.11)

Thus, there exists c P Z such that

indeg
�
Lpn,�q

� ¤ δ � n� c for all n ¥ n0. (4.12)

On the other hand, in Theorem 4.31, it is shown that there exist ω1, . . . , ωs P Zr and c1, . . . , cs P Z
such that

indeg
�
Lpn,�q

� � mintωj � n� cj : 1 ¤ j ¤ su for all n " 0, (4.13)

where the ith component ωji of the coe�cient vector ωj lies in tdi,1, . . . , di,aiu for 1 ¤ i ¤ r and
1 ¤ j ¤ s. In particular, by the given hypothesis, ωj ¥ δ for 1 ¤ j ¤ s, which yields that ωj � n ¥ δ � n
for all n P Nr. Thus, combining (4.12) and (4.13), there exists b P Z such that

δ � n� b ¤ indeg
�
Lpn,�q

� ¤ δ � n� c for all n " 0. (4.14)

Hence, for every �xed ν " 0, one has that

mpδ � νq � b ¤ indeg
�
Lpmν,�q

� ¤ mpδ � νq � c for all m " 0. (4.15)

On the other hand, for every �xed ν " 0, by (4.13), the function indeg
�
Lpmν,�q

�
is linear in m for

all m " 0, in fact, there exists some j P t1, . . . , su such that indeg
�
Lpmν,�q

� � mpwj � νq � cj for all
m " 0. In view of (4.15), the leading coe�cient must be the same as δ � ν. So wj � ν � δ � ν for all
ν " 0. Since wj ¥ δ, it follows that wj � δ. Thus there exists j P t1, . . . , su such that wj � δ. Set
a :� mintcl : 1 ¤ l ¤ s, wl � δu. Then, by (4.13),

indeg
�
Lpn,�q

� � δ � n� a for all n " 0.

Similar inequalities as in (4.10) and (4.11) for v-numbers yield that

vpLpn,�qq ¤ δ � n� e for all n " 0,

where e P Z. These are the inequalities like (4.12). Now, arguing in the same manner as for the
function indegpLpn,�qq, one obtains that vpLpn,�qq is eventually linear in n with the leading coe�cients
given by δ.
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Remark 4.34. In the proof of Theorem 4.33, denote the quotient R-module considered in (4.11) by V ,
i.e., V :� Lpm,�q{

�
0 :Lpm,�q

yℓ�1
�
. Then, the injective homomorphisms in (4.9) yield that AssRpV q �

AssRpLpn,�qq for all n ¥ n0. Hence, for every �xed p P AssRpV q, following the same steps as (4.10)
and (4.11),

vppLpn,�qq ¤ δ � n� h for all n " 0,

where h P Z. These inequalities are obtained under the same considerations as (4.12). Now, arguing in
the same manner, for p P AssRpV q, one sees that vppLpn,�qq is eventually linear in n with the leading
coe�cients given by δ. △

We are now in a position to prove the main theorems.

Theorem 4.35. With Setup 4.5 and Notation 4.19, the following statements hold.

(1) For each p P BM
N pIq, there exist w1, . . . , ws P Nr and c1, . . . , cs P Z such that

vppInM{InNq � mintwk � n� ck : 1 ¤ k ¤ su
for n " 0. Moreover, if wk � pwk1, wk2, . . . , wkrq, then wki P tdi,1, . . . , di,aiu.

(2) If p0 :M Ikq � 0 for all k � 1, . . . , r, and IsM � N for some s P Nr, then for each p P AM
N pIq, the

same result holds true for vppM{InNq, i.e., vppM{InNq is asymptotically the minimum of �nitely
many linear functions in n.

(3) With the same hypotheses of p2q, given p P BM
IN pIq phence p P AM

N pIqq, the functions vppInM{In�1Nq
and vppM{In�1Nq coincide for all n " 0.

Proof. Suppose R � R0rx1, . . . , xds, where degpxiq � fi for 1 ¤ i ¤ d. Let Ii be generated by
homogeneous elements yi,1, . . . , yi,ai , where degpyi,jq � di,j for 1 ¤ j ¤ ai. We consider the Rees ring
R � RpI1, . . . , Irq with Nr�1-graded structure given by Rpn,mq � pInqm for all pn,mq P Nr�1. Thus,
R can be identi�ed with the multigraded ring T as described in Theorem 4.31.

(1) Let RpI1, . . . , Ir;Mq denote the Rees module of M with respect to the ideals I1, . . . , Ir. Set
L :� RpI1, . . . , Ir;Mq{RpI1, . . . , Ir;Nq, where the grading is given by Lpn,lq :� pInM{InNql. Clearly,
L is a �nitely generated Zr�1-graded R-module. Hence Theorem 4.35.(1) is a direct consequence of
Theorem 4.31.

(2) Let p P AM
N pIq. Set Xp :� tq P AM

N pIq : p � qu. Let V � R if Xp � H, otherwise V �±
qPXp

q. Consider G :� RpI1, . . . , Ir;Mq{RpI1, . . . , Ir; INq, which is a �nitely generated Zr�1-graded
R-module. We now consider L :� AnnG ppq{AnnG ppq X ΓV pG q. This is also a �nitely generated
Zr�1-graded R-module, where the grading is induced by the one in G . Using the notations as in
Theorem 4.31, observe that

Lpn,�q �
AnnInM{In�1N ppq

AnnInM{In�1N ppq X ΓV pInM{In�1Nq for all n P Nr.

Since IsM � N , it follows that I � p. Therefore

pIn�1N :M pq � pIn�1M :M pq � pIn�1M :M Iq � InM for all n " 0,

where the last equality is obtained by [94, Lem. 1.3.(ii)]. Hence, a similar proof as that of Lemma 4.27
yields

Lpn,�q �
AnnM{In�1N ppq

AnnM{In�1N ppq X ΓV pM{In�1Nq for all n " 0.

By Lemma 4.15, one has the equality vppM{In�1Nq � indegpLpn,�qq for all n " 0. Theorem 4.35.(2)
is now a consequence of Theorem 4.31.

(3) Given p P BM
IN pIq. Then p P AM

N pIq. Following the notations as in the proof of (2), the functions
vppInM{In�1Nq and vppM{In�1Nq coincide for all n " 0 since they both are asymptotically equal to
indegpLpn,�qq by Lemma 4.15.
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Remark 4.36. Using the assumptions and notations of Theorem 4.35, it is clear that given p P BM
IN pIq �

AM
N pIq, the functions vppInM{In�1Nq and vppM{In�1Nq coincide as long as pIn�1N :M pq � InM . △
The following result is a direct consequence of Theorem 4.35.

Corollary 4.37. With Setup 4.5, the v-number vpInM{InNq eventually becomes either 8, or the
minimum of �nitely many linear functions in n. The same holds for the function vpM{InNq under the
additional conditions that p0 :M Ikq � 0 for all k � 1, . . . , r, and IsM � N for some s P Nr.

When R � R0rX1, . . . , Xds is a (graded) polynomial ring over a Noetherian integral domain R0,
Corollary 4.37 yields that vpR{Inq eventually is the minimum of �nitely many linear functions in n.
Our next theorem shows that vpR{Inq is, in fact, eventually a linear function in n, where the leading
coe�cients are given by the initial degrees of I1, . . . , Ir. This result is surprising because regpR{Inq is
not always eventually linear even when R is a polynomial ring over a �eld, as shown in [24, Ex. 3.1]
by Bruns-Conca.

Theorem 4.38. Let R � R0rX1, . . . , Xds be an N-graded polynomial ring (not necessarily standard
graded) over a Noetherian integral domain R0, and let I1, . . . , Ir be non-zero homogeneous ideals such
that indegpIiq ¥ 1 for at least one i. Then, the functions vpR{Inq, vpIn{In�1q and indegpIn{In�1q
eventually become linear in n with the same leading coe�cients given by pd1, . . . , drq, where di :�
indegpIiq for 1 ¤ i ¤ r.

Proof. Suppose R � R0rX1, . . . , Xds, where degpXiq � fi for 1 ¤ i ¤ d. Here fi ¥ 0 for 1 ¤ i ¤ d. Let
Ii be generated by homogeneous elements yi,1, . . . , yi,ai , where degpyi,jq � di,j for 1 ¤ j ¤ ai. Without
loss of generality, we may assume that di,1 ¤ di,2 ¤ � � � ¤ di,ai for 1 ¤ i ¤ r. Then indegpIiq � di,1 for
1 ¤ i ¤ r. Consider the Rees ring R � RpI1, . . . , Irq, which can be identi�ed with the multigraded
ring T as described in Theorem 4.31. Set L :� RpI1, . . . , Irq{IRpI1, . . . , Irq. Then L is a �nitely
generated Nr�1-graded R-module. Now, we follow the notations as in Theorems 4.31 and 4.33.

We prove that the initial degree and the global v-number of Lpn,�q � In{In�1 are eventually linear
in n with the same leading coe�cients given by δ. For this, in view of Theorem 4.33, it is enough to
show that y :� y1,1 � � � yr,1 R

a
AnnRpL q. If possible, let y P

a
AnnRpL q. Then ysL � 0 for some

s ¥ 1. Since Lpn,�q � In{In�1 and degpyq � p1, δ � 1q, it follows that ysIn � In�ps�1q�1 for all n P Nr.
Denote |δ| :� δ � 1. As R is an integral domain, In � 0, in addition indegpysInq � s|δ| � indegpInq and
indegpIn�ps�1q�1q � ps� 1q|δ| � indegpInq. Thus

s|δ| � indegpInq � indegpysInq
¥ indegpIn�ps�1q�1q [as ysIn � In�ps�1q�1]

� ps� 1q|δ| � indegpInq,

which is a contradiction as |δ| ¥ 1. So y R
?
AnnL . This proves the result for the functions vpIn{In�1q

and indegpIn{In�1q.
Note that p0 :R Iiq � 0 for 1 ¤ i ¤ r. So, by Theorem 4.35.(2), there exist u1, . . . , us P Zr and

g1, . . . , gs P Z such that

vpR{Inq � mintuj � n� gj : 1 ¤ j ¤ su for all n " 0, (4.16)

where the ith component uji of the coe�cient vector uj lies in tdi,1, . . . , di,aiu for 1 ¤ i ¤ r. In
particular, uj ¥ δ for 1 ¤ j ¤ s. Hence, since vpR{In�1q ¤ vpIn{In�1q for all n P Nr (cf. [53,
Prop. 2.5.(2)]), there exist g, h P Z such that

δ � n� g ¤ vpR{Inq ¤ δ � n� h for all n " 0. (4.17)

Following the arguments as shown in the proof of Theorem 4.33, one obtains that vpR{Inq is eventually
linear with the leading coe�cients given by δ.
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4.2.3 Examples

Here we present several examples that complement our main results. Computations using Macaulay2
[M2] were helpful in constructing some of these examples. For the reader's convenience, we describe
the Macaulay2 commands used.

4.39. Using Lemma 4.15, we only need to compute generators of (usually complicated) modules. This
can be done using the Macaulay2 command mingens, which also orders the generators in increasing
degree. Other commands we use include ass, which computes the associated prime ideals of modules
over a polynomial ring or over quotients of a polynomial ring by a homogeneous ideal, and saturate,
which computes modules of the form ImJn :R m8. For modules over other rings, for example in 4.52,
the command primaryDecomposition is required, since the command ass does not return any result.
By applying radical to the output of primaryDecomposition, one can compute the associated primes.

Example 4.40. Let R � krX,Y s be a standard graded polynomial ring in two variables over a �eld k.
Set M :� R{pXY bq, I :� pXaq, p :� pXq, q :� pY q and m :� pX,Y q, where a and b are some positive
integers. Then p0 :M Iq � qbM � 0. Moreover, the following hold true.

(1) AssRpInMq � tqu, indegpInM{In�1Mq � indegpInMq � an and

vpInMq � vqpInMq � an� pb� 1q for all n ¥ 1.

(2) AssRpM{IMq � tpu if a � 1, and AssRpM{InMq � tp,mu whenever an ¥ 2.

(3) AssRpInM{In�1Mq � tmu and vpInM{In�1Mq � an� pa� b� 2q for all n ¥ 1.

(4) vppM{IMq � 0 if a � 1, and vppM{InMq � b whenever an ¥ 2.

(5) vmpM{InMq � an� pb� 2q whenever an ¥ 2.

(6) vpM{IMq � 0 if a � 1, and vpM{InMq � b whenever an ¥ 2. ♢

Proof. Let n ¥ 1. Then, InM � pXan, XY bq{pXY bq. It follows that

indegpInM{In�1Mq � indegpInMq � an.

As AssRpInMq � AssRpMq � tp, qu, and pInMqp � 0, one gets that AssRpInMq � tqu. Write the
images of X and Y in M as x and y respectively. The main relation of x and y that we have in M
is xyb � 0. So p0 :M Iq � qbM � 0. Note that each element of InM can be written as xanfpx, yq for
some polynomial fpx, yq over k. Therefore xanyb�1 P pInMqan�b�1 and q � p0 :R xanyb�1q. Clearly,
an � b � 1 is the least possible degree of a homogeneous element of InM whose annihilator is q. It
follows that vpInMq � vqpInMq � an� pb� 1q for all n ¥ 1. This proves (1).

The quotient M{InM � R{pXan, XY bq for all n ¥ 1. So AssRpM{InMq � tp,mu if an ¥ 2.
If a � 1, then M{IM � R{pXq, hence AssRpM{IMq � tpu and vppM{IMq � 0. In the case,
when an ¥ 2, one has that p � �pXan, XY bq :R Y b

�
and m � �pXan, XY bq :R Xan�1Y b�1

�
. These

two equalities do not hold if Y and Xan�1Y b�1 are replaced respectively by any other homogeneous
element of lower degree. Thus, one obtains (2), (4) and (5). Consequently, (6) follows.

For (3), let n ¥ 1. Note that AssRpInM{In�1Mq � AssRpM{In�1Mq � tp,mu by (2). Therefore,
since pInMqp � 0, one concludes that AssRpInM{In�1Mq � tmu. Since InM � pXan, XY bq{pXY bq,
the element xan�a�1yb�1 P InM{In�1M has the smallest possible degree such thatm � AnnRpxan�a�1yb�1q.
Therefore vpInM{In�1Mq � an� pa� b� 2q.

Remark 4.41. In Example 4.40, we notice the following.

(1) The functions vppM{InMq and vpM{InMq of n are eventually constants. Note that p0 :M Iq � 0.
It particularly ensures that the hypothesis p0 :M Iq � 0 in Theorem 4.28 cannot be removed.
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(2) The functions indegpInM{In�1Mq and vpInM{In�1Mq (for all n ¥ 1) both are linear with the
same leading coe�cient (as in Theorem 4.25), however their constant terms are di�erent, namely 0
and pa� b� 2q respectively. Moreover, the di�erence pa� b� 2q can be arbitrarily large depending
on a and b. △

Example 4.42. Let R � krX,Y s{pXY q over a �eld k with degpXq � degpY q � 1. Write the images of
X and Y in R as x and y respectively. Then R � krx, ys. Set m :� px, yq and I :� pxd1 , yd2q, where
d1 ¤ d2 are some positive integers. Then, vpR{Inq � vmpR{Inq � d1n � 1 and regpR{Inq � d2n � 1
for every n ¥ 1. ♢

Proof. Let n ¥ 1. Since xy � 0, it follows that In � pxd1n, yd2nq. Therefore R{In along with the
gradation can be written as

k ` pkx` kyq ` pkx2 ` ky2q ` � � � ` pkxd1n�1 ` kyd1n�1q ` kyd1n ` � � � ` kyd2n�1.

Clearly, m � p0 :R xd1n�1q, and d1n � 1 is the least possible degree of a homogeneous element of
R{In whose annihilator is m. So vpR{Inq � vmpR{Inq � d1n � 1. Since R{In has �nite length,
regpR{Inq � endpR{Inq � d2n� 1.

Remark 4.43. (1) Unlike [36, Thm. 1.1], Theorem 4.28 can be applied for a Noetherian graded ring
which is not a domain. The ring R in Example 4.42 is not a domain, however p0 :R Iq � 0, and vpR{Inq
is linear with the leading coe�cient d1.

(2) In Example 4.42, if d1   d2, then the di�erence regpR{Inq � vpR{Inq � pd2 � d1qn can be
arbitrarily large depending on n. △
Example 4.44. Let R � krX,Y, Zs be a standard graded polynomial ring in three variables over a �eld
k. Set m :� pX,Y, Zq. Consider M :� R{pX3, XY 4q and I :� pX,Y 2, Z3q. Then p0 :M Iq � 0.
Moreover, the following hold true.

(1) AssRpInM{In�1Mq � AssRpM{InMq � tmu for all n ¥ 1.

(2) indegpInM{In�1Mq �

$''&''%
n if n � 0, 1, 2
n� 1 if n � 3
n� 3 if n � 4
2n if n ¥ 5

(3) vpM{In�1Mq � vpInM{In�1Mq �

$''&''%
n� 3 if n � 0, 1, 2
n� 4 if n � 3
n� 6 if n � 4
2n� 3 if n ¥ 5

♢

Proof. Since M � R{pX3, XY 4q, the element Z3 P I is M -regular, and hence p0 :M Iq � 0. Note
that InM � �

In � pX3, XY 4q�{pX3, XY 4q, M{InM � R{�In � pX3, XY 4q� and InM{In�1M ��
In � pX3, XY 4q�{�In�1 � pX3, XY 4q� for all n ¥ 0. We use x, y, z for the classes of X,Y, Z in M
respectively.

(1) Let n ¥ 1. Note that I and In annihilate InM{In�1M and M{InM respectively. Therefore
every associated prime ideal of each of these modules contains I � pX,Y 2, Z3q, and hence this prime
ideal must be same as m.

(2) A non-zero element of the least possible degree in the module InM{In�1M for 0 ¤ n ¤ 4 is
given by 1, x, x2, x2y2 and x2y2z3 of degree 0, 1, 2, 4 and 7 respectively. For n ¥ 5, the module InM
is generated by

x2y2pz3qn�3, x2pz3qn�2, xy2pz3qn�2, xpz3qn�1 and py2qjpz3qn�j for 0 ¤ j ¤ n,

and their total degrees in M are respectively

3n� 5, 3n� 4, 3n� 3, 3n� 2 and 3n� j for 0 ¤ j ¤ n.
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Among these degrees, 2n is the least possible value. Thus y2n is a non-zero element of the least possible
degree in InM{In�1M proving p2q.

(3) Consider n ¥ 0. By (1), vpM{In�1Mq � vmpM{In�1Mq. Moreover, in view of Lemma 4.15,
one has that

vpM{In�1Mq � vmpM{In�1Mq � indeg
�pIn�1M :M mq{In�1M

�
. (4.18)

Claim: We claim that pIn�1M :M Iq � InM for all n ¥ 0. The claim is equivalent to that��pX3, XY 4q � In�1
�
:R I

� � pX3, XY 4q � In for all n ¥ 0.
For n ¥ 5, the monomial ideal ppX3, XY 4q � In�1q is minimally generated by

X3, XY 4, X2Y 2pZ3qn�2, X2pZ3qn�1, XY 2pZ3qn�1, XpZ3qn
and pY 2qjpZ3qn�1�j for 0 ¤ j ¤ n� 1.

Therefore, using [49, Sec. 3.2.2], one has that��pX3, XY 4q � In�1
�
:R X

	
�
�
X2, Y 4, XY 2pZ3qn�2, XpZ3qn�1,

Y 2pZ3qn�1, pZ3qn
	
,��pX3, XY 4q � In�1

�
:R Y 2

	
�
�
X3, XY 2, X2pZ3qn�2, XpZ3qn�1,

pY 2qjpZ3qn�j , 0 ¤ j ¤ n
	

and��pX3, XY 4q � In�1
�
:R Z3

	
�
�
X3, XY 4, X2Y 2pZ3qn�3, X2pZ3qn�2,

XY 2pZ3qn�2,XpZ3qn�1, pY 2qjpZ3qn�j , 0 ¤ j ¤ n
	
.

Now
��pX3, XY 4q � In�1

�
:R I

�
is the intersection of the three ideals shown above. Moreover, the

intersection of two monomial ideals is constructed by taking the lcm of pairs of generators one from
each ideal. So the resulting ideal is exactly pX3, XY 4q � In, which is minimally generated by

X3, XY 4, X2Y 2pZ3qn�3, X2pZ3qn�2, XY 2pZ3qn�2, XpZ3qn�1 and pY 2qjpZ3qn�j

where j is varying in 0 ¤ j ¤ n.
The cases n � 0, . . . , 4 would require more attention, but instead they can be veri�ed using any

mathematical software (e.g., Macaulay2 [M2]). Thus the claim is veri�ed.
Using the above claim, since I � m, it follows that

pIn�1M :M mq � pIn�1M :M Iq � InM for every n ¥ 0. (4.19)

For n � 0, 1, . . . , 4, using Macaulay2 [M2], one obtains that a non-zero homogeneous element in
pIn�1M :M mq{In�1M of minimum possible degree is given by

yz2, xyz2, x2yz2, x2y3z2 and x2y3z5 respectively.

Hence, in view of (4.18), for 0 ¤ n ¤ 4, vpM{In�1Mq � 3, 4, 5, 7 and 10 respectively. Let n ¥ 5.
Then, since m � pIn�1M :R y2n�1z2q and y2n�1z2 R In�1M , one has that m � pIn�1M :R y2n�1z2q.
Moreover, one can check that if g P InM with degpgq   2n � 3, then m � pIn�1M :R gq. Therefore,
using (4.18) and (4.19), it follows vmpM{In�1Mq � 2n� 3.

In view of Remark 4.29 and the above claim, one obtains that vpInM{In�1Mq � vpM{In�1Mq for
all n ¥ 0.

Remark 4.45. In Theorem 4.28, the leading coe�cient of the function vpM{InNq is not necessarily same
as indegpIq. In Example 4.48, the leading coe�cient of vpM{InMq is 2, however indegpIq � 1. In this

example, X P
a
AnnRpMq �

b
AnnRpIqpG q, but Y 2 R

b
AnnRpIqpG q, where G � RpI,Mq{RpI, IMq.

It also ensures that the condition p0 :M y1q � 0 in Theorem 4.28.(3) cannot be removed. △
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Example 4.46. Let R � krx, ys be a standard graded polynomial ring in two variables x and y over a
�eld k. Set I :� px, y2q, J :� px2, yq, and m :� px, yq. Then, for all m,n P N with m � n ¥ 1, the
following hold.

(1) AssRpR{ImJnq � tmu and vpR{ImJnq � vmpR{ImJnq � m� n.

(2) [24, Ex. 3.1] regRpR{ImJnq � maxtm� 2n� 1, 2m� n� 1u. ♢

Proof. Fix m,n P N not both zero. Since x, y P ?ImJn, AssRpR{ImJnq � tmu. Note that the ideal
ImJn � px, y2qmpx2, yqn is given by

pxm, xm�1y2, xm�2y4, . . . , xy2m�2, y2mqpx2n, x2n�2y, x2n�4y2, . . . , x2yn�1, ynq
� pxm�2n, xm�2n�2y, xm�2n�4y2, . . . , xm�2yn�1, xmyn,

xm�2n�1y2, xm�2n�3y3, xm�2n�5y4, . . . , xm�1yn�1, xm�1yn�2, . . . ,

x2ny2m, x2n�2y2m, x2n�4y2m�2, . . . , x2y2m�n�1, y2m�nq.

Clearly, m � pImJn :R xm�1yn�1q � pImJn :R xm�1yn�1q, and m � n is the least possible degree
of a homogeneous element of R{ImJn whose annihilator is m. So the assertion in (1) follows. For
the equality in (2), note that regRpR{ImJnq � regRpImJnq � 1 � maxtm � 2n � 1, 2m � n � 1u by
Corollary A.17.

In the following example, none of vpR{ImJnq and vpImJn{Im�1Jn�1q are eventually linear in
pm,nq. Here, we use the notation endpMq :� suptn : Mn � 0u, where M is a non-zero graded
R-module.

Example 4.47. Let S � krX,Y s be a standard graded polynomial ring in two variables X and Y over
a �eld k. Set R :� krX,Y s{pXY q, and denote the images of X and Y in R as x and y respectively.
Then R � krx, ys. Set I :� px, y2q, J :� px2, yq, and m :� px, yq. Then, p0 :R Iq � 0 and p0 :R Jq � 0.
Moreover,

(1) AssRpR{ImJnq � tmu � AssRpIm�1Jn�1{ImJnq whenever m,n ¥ 1.

(2) vpR{ImJnq � mintm� 2n� 1, 2m� n� 1u for all m,n P N with m� n ¥ 2.

(3) regSpR{ImJnq � maxtm� 2n� 1, 2m� n� 1u for all m,n P N with m� n ¥ 1.

(4) vpIm�1Jn�1{ImJnq � vpR{ImJnq for all m,n ¥ 1. ♢

Proof. Fix m,n P N not both zero. It follows

ImJn � px, y2qmpx2, yqn � pxm, y2mqpx2n, ynq � pxm�2n, y2m�nq.

Then, AssRpR{ImJnq � tmu. Since IJ annihilates Im�1Jn�1{ImJn, every associated prime of this
module will contain IJ , and hence must be the same as m. So (1) follows. Considering the gradation of
R{ImJn, since R{ImJn has �nite length, by Corollary A.17 it follows regSpR{ImJnq � endpR{ImJnq �
maxtm � 2n � 1, 2m � n � 1u whenever m � n ¥ 1. It shows (3). When m � n ¥ 2, one has that
m � pImJn :R xm�2n�1q � pImJn :R y2m�n�1q. Moreover, there is no other homogeneous element
f P R of degree di�erent from m � 2n � 1 and 2m � n � 1 such that m � pImJn :R fq. Thus, (2)
follows. For (4), observe that the images of xm�2n�1 and y2m�n�1 in Im�1Jn�1{ImJn are non-zero
elements, where m,n ¥ 1.

In the next example, both vmpM{ImJnMq and vpM{ImJnMq are asymptotically not linear in
pm,nq. Moreover, in this example, all four functions induced by the local and global v-numbers are
asymptotically distinct functions.
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Example 4.48. Let R � krX,Y, Zs be a standard graded polynomial ring in three variables over a
�eld k. Consider the module M :� R{pXY q, and the ideals I :� pX,Z2q, J :� pY,Z3q, p :� pX,Zq,
q :� pY, Zq and m :� pX,Y, Zq. Then, p0 :M Iq � 0 and p0 :M Jq � 0. Moreover, for all m,n ¥ 1, the
following hold.

(1) AssRpM{ImJnMq � tp, q,mu.
(2) vmpM{ImJnMq � mint2m� n� 1,m� 3nu.
(3) vppM{ImJnMq � 2m� n� 1 and vqpM{ImJnMq � m� 3n� 1.

(4) vpM{ImJnMq � mint2m� n� 1,m� 3n� 1u. ♢

Proof. Fix m,n ¥ 1. The ideal ImJn � pXY q is generated by

XY,XmZ3n, Xm�1Z3n�2, Xm�2Z3n�4, . . . , XZ2m�3n�2,

Y nZ2m, Y n�1Z2m�3, Y n�2Z2m�6, . . . , Y Z2m�3n�3, Z2m�3n.

Since M{ImJnM � R{pImJn � pXY qq, considering the primary decomposition of the monomial ideal
ImJn � pXY q, one obtains (1).

Denote the images of X, Y and Z in M as x, y and z respectively. Then xy � 0. Moreover, the
R-module ImJnM is generated by

xmz3n, xm�1z3n�2, xm�2z3n�4, . . . , xz2m�3n�2,

ynz2m, yn�1z2m�3, yn�2z2m�6, . . . , yz2m�3n�3, z2m�3n.

Therefore, m � pImJnM :R yn�1z2m�2q � pImJnM :R xm�1z3n�1q. On the other hand, there are
no elements of smaller degree in M{ImJnM whose annihilator is m. Therefore, vmpM{ImJnMq �
mint2m� n� 1,m� 3nu, which shows (2).

In the same manner, one sees that

� an element which realises vppM{ImJnMq is ynz2m�1;

� an element which realises vqpM{ImJnMq is xmz3n�1.

This implies (3) and (4), which completes the proof.

Remark 4.49. In Example 4.48, both vppM{ImJnMq and vqpM{ImJnMq eventually become linear,
but vpM{ImJnMq � mintvppM{ImJnMq, vqpM{ImJnMqu is not eventually linear. Moreover, asymp-
totically, vpM{ImJnMq and vmpM{ImJnMq are two di�erent functions. △

The following example ensures that, despite Theorem 4.38, one cannot expect that every local
v-number for products and powers of several ideals eventually becomes linear even over a polynomial
ring over a �eld.

Example 4.50. Let R � krx, y, zs be a standard graded polynomial ring over a �eld k. Consider the
ideals I � px2, yz2q and J � py2, xz2q. Set p :� px, yq, q :� px, zq, r :� py, zq, and m :� px, y, zq. Then,
for every m,n ¥ 1, the following hold.

(1) AssRpR{ImJnq � tp, q, r,mu.
(2) vmpR{ImJnq � 2m� 2n� 2.

(3) vppR{ImJnq � mint3m� 2n� 1, 2m� 3n� 1u.
(4) vpR{ImJnq � vqpR{ImJnq � vrpR{ImJnq � 2m� 2n� 1.

(5) AssRpIm�1Jn�1{ImJnq � tp, q, r,mu, and the (local) v-numbers of the modules Im�1Jn�1{ImJn

and R{ImJn coincide. ♢
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Proof. Fix m,n ¥ 1. The ideals Im and Jn are generated by

tpx2qspyz2qm�s � x2sym�sz2m�2s : 0 ¤ s ¤ mu and
tpy2qtpxz2qn�t � xn�ty2tz2n�2t : 0 ¤ t ¤ nu respectively.

Hence ImJn � �
xn�2s�tym�s�2tz2pm�n�s�tq : 0 ¤ s ¤ m, 0 ¤ t ¤ n

�
. The statement in (1) follows

from the primary decomposition of this monomial ideal. For better understanding, the reader may
consider the case m,n � 1.

In view of Lemma 4.15, the local v-numbers are given by

vmpR{ImJnq � indeg
�pImJn :R mq{ImJn

�
and

vapR{ImJnq � indeg

�
ImJn :R a

pImJn :R aq X pImJn :R m8q



for a P tp, q, ru,

where ImJn :R m8 � �ℓ¥1pImJn :R mℓq. Note that

pImJn :R pq X pImJn :R m8q � pImJn :R pq X pImJn :R z8q,
pImJn :R qq X pImJn :R m8q � pImJn :R qq X pImJn :R y8q,
pImJn :R rq X pImJn :R m8q � pImJn :R rq X pImJn :R x8q.

The assertions (2), (3) and (4) can be obtained from the following observations:

x2m�1y2nz3, x2my2n�1z3 P pImJn :R mq∖ ImJn, (4.20)

ym�2n�1z2m�2, x2m�n�1z2n�2 P pImJn :R pq∖ pImJn :R z8q, (4.21)

x2m�1y2n�1z P pImJn :R qq∖ pImJn :R y8q, (4.22)

and x2m�1y2n�1z P pImJn :R rq∖ pImJn :R x8q. (4.23)

These are the monomials of the minimum possible degree contained in the right-hand sides above, and
therefore they compute the respective local v-numbers.

The monomials listed in (4.20), (4.21), (4.22) and (4.23) all lie in Im�1Jn�1. The annihilator
ideals of these monomials in Im�1Jn�1{ImJn provide the associated prime ideals tp, q, r,mu of the
module Im�1Jn�1{ImJn. Due to the minimality of the degrees, these monomials also compute the
respective local v-numbers of the same module, which coincide with that of R{ImJn. Thus, assertion
(5) follows.

Remark 4.51. The assumption IsM � N for some s P Nr, in Theorem 4.35.(2) and Corollary 4.37, seems
to be necessary because in the critical case I �

a
AnnRpNq, the function vppM{InNq is eventually

constant for each p P AM
N pIq. However, we are unaware of any example in which InM � N for every

n P Nr, I �
a
AnnRpNq, and vppM{InNq is not eventually the minimum of linear functions. Some

attempts of explicit computations have been made in the case r � 1. As shown in [53], the same
hypotheses lead to a linear behaviour. Due to these attempts, we feel that the condition IsM � N ,
which is merely technical but still true in many cases, could be relaxed to a more natural one. △

The following example shows that the condition �R0 is an integral domain" in Theorem 4.38 is
crucial.

Example 4.52. Set R0 :� Kra, bs{pabq, where a, b are indeterminates over a �eld K. Let R � R0rx, ys
be a polynomial ring over R0, and consider the homogeneous ideals I � px2, bxq and J � py2, ayq.
Then, for any m,n ¥ 1, one has

indegpImJn{Im�1Jn�1q � mint2m� n,m� 2nu.

♢
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Proof. Fix m,n ¥ 1. The ideals Im and Jn are generated by

tpx2qspbxqm�s � xs�mbm�s : 0 ¤ s ¤ mu and
tpy2qtpayqn�t � yt�nan�t : 0 ¤ t ¤ nu respectively.

Since ab � 0 in R0, it follows that the product ImJn is generated by�
x2myt�nan�t, xs�my2nbm�s : 0 ¤ s ¤ m, 0 ¤ t ¤ n

�
.

We note that the elements in R0 have zero degree. Moreover, we can see that x2myn and xmy2n do
not lie in Im�1Jn�1. Therefore, the result follows.

4.3 Vasconcelos number for local rings

In this section, we explore the case of local rings trying to understand the problems and questions that
this setting could have. Let pA,mq be a local ring. The m-adic evaluation is a map ν : AÑ N de�ned
as

νpaq � inftn ¥ 0 : a P mnzmn�1u.
As in the graded case, given a non-zero ideal I � m we can de�ne the local Vasconcelos number as

vppIq :� inftn ¥ 0 : Df P A such that νpfq � n, p � I :A fu for p P AssApIq,

and the Vasconcelos number as vpIq :� inftvppIq : p P AssApIqu.
Example 4.53. Consider the Noetherian local domain A � kJx, yK{px2 � y3q with maximal ideal m �
px, yq � A. Then the m-adic evaluation of the powers of x P A can be computed as follows

νpxnq �
#
3k if n � 2k,

3k � 1 if n � 2k � 1.

This non-linear behaviour can be used to construct a interesting example of Vasconcelos number
in the local case. Consider the ideal I � pxq. First, we see that the radical ideal

?
In � px, yq given

n ¥ 2. Therefore the set of associated primes are AsspInq � tpx, yqu. Using a similar argument as
given in the proof of Lemma 4.15, we get

tf P A : p � In :A fu � pIn :A pqzIn.

Therefore, for n ¥ 2, the Vasconcelos number is computed as

vpInq � vmpInq � νpxn�1y2q �
#
3k if n � 2k,

3k � 2 if n � 2k � 1.

We can see that the Vasconcelos number fails to be linear. Instead, there exists two linear functions

αpnq � 3

2
n, and βpnq � 3

2
n� 1

2

such that vpInq � αpnq on even integers, and vpInq � βpnq on odd integers. This kind of function is
called periodically linear. Moreover, we have

lim
nÑ8

vpInq
n

� 3

2

which is not a integer, but rather a rational number. This was not the case in the graded setting where
the above limit was always an integer corresponding to the degree of a generator of the ideal. ♢
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The above examples shows that speci�c hypothesis for the ring are needed to obtain valuable
results. In contrast, to the graded case, being a quotient of a regular local ring is not enough to ensure
the right setting. The crucial point is that the m-adic evaluation does not handle good enough the
product operation. For a general local ring the inequality νpabq ¥ νpaq � νpbq, for a, b P A holds
true, but equality could not hold as we have seen in Example 4.53. One way to ensure equality is by
introducing the associated graded ring of a local ring. Let pA,mq be a local ring, then the associated
graded ring is the N-graded ring

grmpAq :�
à
n¥0

mn{mn�1.

It is immediate to see that the degree of a element in this graded ring corresponds to its m-adic
evaluation. If grmpAq is a domain, then the product of two elements there is always non-zero implying
that νpabq � νpaq � νpbq, for any a, b P A. For more information about this topic, see for example
[108].

Theorem 4.54. Let pR,mq be a Noetherian local ring such that grmpRq is a domain. Let I be an
ideal of R such that p0 : Iq � 0. By [23], the set AsspInq stabilizes to a set Ass8pIq for n su�ciently
large. Consider p P Ass8pIq. Then vppInq is eventually a linear function of n with leading coe�cient
in tνpa1q, . . . , νparqu, where ta1, . . . , aru is a minimal set of generators of I.

Proof. The �rst part proceeds like the proof of Theorem 4.28, so we are going to just give a quick idea.
Let RpIq � Rra1t, . . . , arts be the Rees algebra of I and, following Lemma 4.15, let

H �à
n¥0

In : P

pIn : P q X ΓV pR{Inq .

We know that vP pInq � inftvpaq : a is nonzero in Hnu, where Hn � In:P
In:pP�Q8q . In general RpIq

and H are not bigraded, but H is a �nitely generated RpIq-module because it eventually coincides
with the RpIq-module AnnSppq{AnnRpIqppq X ΓV pSq where S � RpIq{IRpIq. Using the property
vpabq � vpaq � vpbq for all a, b P R, we can construct a bigraded structure on both RpIq, and H. Then
one proceeds as in the proof of Theorem 4.28.
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Appendix A

Minimal free resolutions and related

invariants

�There's a syzygy in the alignment of our

hearts that leaps beyond the mere meandering

of stars. �

� Beryl Dov

This appendix is a overview on the theory of minimal free resolutions, regularity, and Koszul algebras
containing no original results. We use as basis reference [25, 30, 46, 47, 87, 132].

Throughout this chapter let k be a �eld, S � krx1, . . . , xns � `n¥0Sn be the polynomial ring in n
variables over k, and R � S{I � `n¥0Rn be a graded quotient. Set mS :� `n¥1Sn, and mR � `n¥1Rn

be respectively the maximal irrelevant ideals of S and R. Eventually, let π : S Ñ R be the canonical
projection sending each polynomial into its equivalent class in R.

For a graded R-module M , a modern approach on studying and understanding the nature of M is
to look at free resolutions of M , with particular attention to its minimal free resolution.

A free resolution of M (as a R-module) is a chain complex of free graded R-modules

F
 : � � � Ñ Fi Ñ � � � Ñ F2 Ñ F1 Ñ F0,

together with a graded map ϵ : F0 ÑM such that

F

ϵÝÑM Ñ 0

is an exact complex. In literature, it is common to add "Ñ 0" at the end of the complex, and say that
F
 is a free resolution for M if and only if it is quasi-isomorphic to the chain complex 0 Ñ M Ñ 0.
A free resolution F
 of M is said to be minimal if for every chain map φi : Fi Ñ Fi�1 we have
φipFiq � mFi�1 for every i ¥ 1.

Theorem A.1. Let M be a graded R-module. Let F
 and G
 be two minimal free resolutions of M .
Then there exists a graded isomorphism of chain complexes F
 ÝÑ G
 inducing the identity map on
M . Therefore, there exists a unique minimal free resolution up to isomorphism. Moreover, every free
resolution of M contains the minimal free resolution as a direct summand.

Proof. See [46, Theorem 20.2].

Let F
 be the minimal free resolution of M . Since every term of the complex can be written as

Fi �
à
j¥0

Rp�jqβR
i,jpMq,
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we name βR
i,jpMq the graded Betti numbers of the module M , while βR

i pMq :� °j βi,jpMq � rank Fi

denotes the ith Betti number of M . The superscript indicates the ring R used for resolving the module
M . As the next example will show, the ambient ring is crucial in studying the minimal free resolution
of M . We should say that free resolutions study the properties of M seen as module over some suitable
ring R.

Example A.2. Let S � krxs, R � krxs{pxnq and consider the module structure on the residue �eld
given by the quotient k � R{mR. Then its minimal free resolution as R-module is

� � � Ñ Rp�pk � 1qnq xn�1ÝÝÝÑ Rp�kn� 1q xÝÑ Rp�knq xn�1ÝÝÝÑ � � � xÝÑ Rp�nq xn�1ÝÝÝÑ Rp�1q xÝÑ R.

However, k has also a module structure over S, in fact k � S{mS . As a S-module, the minimal
free resolution of k is

0Ñ Sp�1q xÝÑ S Ñ 0.

The two resolutions behave in a very di�erent way. More in general, the �eld k as a module
over polynomial ring S has a very distinguished minimal free resolution called Koszul complex, while
by considering it as a module over a quotient ring R � S{I, its minimal resolution can be quite
unsteady. ♢

Example A.2 gives a �rst example that shows the importance of the ambient ring. More in general
given a graded R-module M , the canonical projection S Ñ R induces a natural structure of graded
S-module on M . The double behaviour of M as a S-module and R-module has been a central research
topic in the last decades.

The crucial point on the uniqueness of the minimal free resolution is that the graded Betti numbers
depends only on the module M and on its module structure and not on the resolution itself. This fact
is more clearer by using the Tor functor, that we now brie�y introduce. For a more extensive treat see
[132, Chapter 2] or [27, Sec 6.2].

For any R-module M consider the covariant endo-functor � bR M : R � mod Ñ R � mod that
sends a module N into the tensor product N bR M . This functor restricts to an endo-functor of
the sub-category of �nitely generated graded R-modules if the the starting module M is graded and
�nitely generated. This functor is right-exact, i.e. for any exact sequence 0 Ñ N1 Ñ N2 Ñ N3 Ñ 0,
the sequence N1 bR M Ñ N2 bR M Ñ N3 bR M Ñ 0 is exact. Therefore, we may consider the
derived functors Li of �bR M and de�ne the Tor functor as ToripN,Mq :� LipNq. More concretely,
ToripN,Mq is de�ned as follows: Consider FN


 a free resolution (non necessarily graded) of the module
N , then one has TorRi pN,Mq � HipFN


 bRMq. The de�nition is independent on the choice of the free
resolution.

Analogously, one may consider the functor N bR � which takes the tensor product on the left. In
this case, a free-resolution FM


 of the module M is needed and one obtains the equality TorRi pN,Mq �
HipM bR FM


 q. More in general, one has the equality TorRi pN,Mq � HipFN

 bR FM


 q. If both M and
N are graded modules, TorRi pN,Mq inherits a graded structure for every n ¥ 0.

Proposition A.3. Let M be a graded R-module. Consider the R-module structure on k given by the
quotient R{mR. Then for every i, j ¥ 0 one has the equality

βR
i,jpMq � dimkTor

R
i pM,kqj .

Proof. See [47, Proposition 1.7].

Two important invariants that measure the behaviour of the minimal free resolution are the pro-
jective dimension and the regularity. Consider a graded R-module M with minimal resolution F
. We
de�ne the projective dimension of M to be

pdR M � infti : Fi � 0u.



109 Appendix A. Minimal free resolutions and related invariants

We say that M has a �nite resolution if its projective dimension is �nite. The (relative) regularity of
M is de�ned as

regR M � suptj � i : βi,jpMq � 0u.
In the particular case when M is a module over S, the integer regSpMq is also called in literature the
Castelnuovo-Mumford regularity of M . We will see that despite, the relative regularity which depends
on the ring R, the Castelnuovo-Mumford regularity is a more an intrinsic property of the module M
itself.

The condition φipFiq � mFi�1 for every i ¥ 1 of the minimal resolution implies that in the matrices
representing each chain map are �lled with elements of positive degree, and therefore βR

i,jpMq � 0 for
every j   i. To better visualise the graded Betti numbers in a compact way, it is useful to de�ne the
Betti table of a module. This is a table where the position pi, jq is �lled with the value βR

i,i�jpMq. Even
if at �rst glance it seems counter-intuitive, displaying Betti numbers turns out to be quite useful and
practical. For instance, the last non-zero column represents the projective dimension, while the last
non-zero row represents the regularity of the module.

Example A.4. Let S � krx, y, zs, and consider the module M � R{px2, xyz, z2y2, z5q. Using [M2], we
obtain the minimal free resolution of M as S-module.

0Ñ Rp�8q2

�
���������

z4 0
0 z3

�y 0
x �y
0 x

�
��������


ÝÝÝÝÝÝÝÝÝÝÑ

Rp�4q
`

Rp�5q
`

Rp�7q3

�
������
�yz 0 �z5 0 0
x �yz 0 �z4 0
0 x 0 0 �z3
0 0 x2 xy y2

�
�����


ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ

Rp�2q
`

Rp�3q
`

Rp�4q
`

Rp�5q

�
������

x2

xyz
z2y2

z5

�
�����


T

ÝÝÝÝÝÝÝÝÑ R

Therefore the Betti table of M is

+-----------------+

| 0 1 2 3|

|total: 1 4 5 2|

| 0: 1 - - -|

| 1: - 1 - -|

| 2: - 1 1 -|

| 3: - 1 1 -|

| 4: - 1 - -|

| 5: - - 3 2|

+-----------------+

The zeros appearing in the Betti table are replaced with a dash symbol "-". ♢

Construction A.5. We want to compute the graded Betti number of k � S{mS as an S-module.
Following [27, Section 1.6], we consider the exterior algebra associated with the ring S. This is denoted
by

�
S and it has a graded structure de�ned as

�
S �

nà
i�0

�iS.

The exterior algebra construction de�nes a wedge product which is an alternating operation, that
is

x^ y � p�1qa�by ^ x, where x P�aS, y P�bS, and

x^ x � 0, if x P�S has a odd degree.
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Every homogeneous part
�sS is a S-module generated by txj1 ^ � � � ^ xjs : 1 ¤ j1   � � �   js ¤ nu.

On
�
S is de�ned a di�erential operator B :

�
S Ñ �

S that is a graded R-linear homomorphism of
degree �1. The map B is constructed by setting

Bpxj1 ^ � � � ^ xjsq �
ş

k�1

p�1qk�1xjkxj1 ^ � � � ^ xxjk ^ � � � ^ xjs ,

where xxjk means that the element xjk is omitted.
By explicit computations, it is possible to check that B2 � 0. This fact is equivalent to say that

K
px1, . . . , xnq : 0Ñ
�nS Ñ�n�1S Ñ � � � Ñ�1S Ñ S Ñ 0

is a chain complex. Moreover, the homomorphism B satis�es the Leibniz rule: For any pair of homo-
geneous elements x, y P�S we have

Bpx^ yq � Bpxq ^ y � p�1qdeg xx^ Bpyq.

The pair p�S, Bq is a �nitely generated DG-algebra (The interested reader can look in [11] for more
information on DG-algebras).

The complex K
px1, . . . , xnq is called the Koszul complex associated with the sequence x1, . . . , xn.
In literature, it can be denoted also as K
pmSq by considering a coordinate-free construction. Since
x1, . . . , xn is a regular sequence in S, the Koszul complex K
px1, . . . , xnq is a minimal free resolution
of k. In particular, βS

i,ipkq � rank
�iS � �

n
i

�
, and βS

i,jpkq � 0 for i � j, implying pdS k � n, and
regS k � 0. ♢

De�nition A.6. Construction A.5 can be generalised to any graded quotient R � S{I. We de�ne the
Koszul complex K
pmRq obtained from the DG-algebra

�
R. For any R-module M , it is also de�ned

the chain complex K
pmR;Mq :� K
pmRq bR M called the Koszul homology of M

The most important result regarding free resolution of modules over a polynomial ring is Hilbert's
Syzygy theorem [81] which states as follows.

Theorem A.7. Let M be a Z-graded module over a polynomial ring S � krx1, . . . , xns. Then the
minimal free resolution of M is �nite, and pdS M ¤ pdS k � dimS � n.

Proof. From Proposition A.3, for every i ¥ 0 we have the formula

βipMq � dimkToripM,kq.

To compute Toripk,Mq we can proceed as follows. We consider the minimal free resolution of k
given by the Koszul complex K
px1, . . . , xnq. Then

ToripM,kq � HipK
pmS ;Mqq.

Since the the Koszul complex has length n, then we have βipMq � 0 for i ¥ n � 1 giving the desired
result.

Remark A.8. In Theorem A.7, the di�erence between the dimension of S and the projective dimension
of M can be computed with the Auslander�Buchsbaum formula [46, Thm 19.9] and it turns out being
the depth of M , i.e. the maximal length of a regular sequence in M . △

As shown in the following theorem, when considering a graded quotient R, K
pmRq is not a minimal
free resolution of k as a R-module except for few exceptions. In particular, whenever the minimal
resolution of k is �nite then K
pmRq resolves k. The following theorem can be seen as a generalization
of Hilbert's Syzygy theorem.
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Theorem A.9 (Auslander-Buchsbaum-Serre). Let R � S{I be a standard graded k-algebra, with S a
polynomial ring. Then the following are equivalent.

1. R is a polynomial ring, i.e. I is generated by linear forms;

2. pdR k is �nite;

3. pdR M is �nite for every R-module M .

In particular, pdR M ¤ pdR k for any R-module M , and the Koszul complex K
pmRq is a minimal
free resolution of k � R{mR.

Remark A.10. Tate in [125] studied a inductive construction called Tate complex to obtain the minimal
free resolution of k starting from K
pmRq. We refer to [11] for more generalities and proofs on this
topic. △

The interest in Betti numbers is also due to their relation with the information given by the Hilbert
function.

Proposition A.11. Let M be a �nitely generated graded S-module with Betti numbers βS
i,jpMq. Set

ϕj :�
°

i¥0p�1qiβS
i,jpMq P Z for every j P Z. By Theorem A.7 and since M is �nitely generated, only

�nitely many ϕj are non-zero. Then the Hilbert function of M is determined by the formula

HFM pdq �
¸
jPZ

ϕj

�
n� d� j � 1

n� 1



.

Equivalently, the Hilbert series of M can be written as

HSM �
°

jPZ ϕjt
j

p1� tqn .

Proof. By Theorem A.7, the minimal free resolution of M looks like

0Ñà
jPZ

Sp�jqβS
p,jpMq Ñ � � � Ñà

jPZ
Sp�jqβS

1,jpMq Ñà
jPZ

Sp�jqβS
0,jpMq ϵÝÑM Ñ 0,

where p is the projective dimension of M . By restricting the above exact sequence to its d-th homo-
geneous part, we obtain a exact sequence of �nitely dimensional k-vector spaces where the right-most
part is Md. Therefore, the formulae are direct consequence of the Rank�nullity theorem for exact
sequences.

Remark A.12. The integers ϕj in Proposition A.11 can be obtained by the Hilbert function inductively
by inverting the given formula. But, the exact value of the Betti numbers cannot be deducted in
general by only the Hilbert function. In fact, there are plenty examples of modules having same
Hilbert function, but di�erent Betti table. △

Koszul homology

As we have seen in the proof of Theorem A.7, in the polynomial case, the Koszul homology K
pmS ;�q
measures the graded Betti numbers of a given graded S-module. Consider now a graded quotient
R � S{I. Given a graded R-module M , what does K
pmR;Mq computes? It turns out that it still
computes the graded Betti numbers of M as S-module as shown below.

Proposition A.13. Let R � S{I be a graded quotient of a polynomial ring S � krx1, . . . , xns by a
homogeneous ideal I. Consider a graded R-module M . The projection π : S Ñ R induces a S-module
structure on M compatible with its grading. Then, it follows

βS
i,jpMq � dimkHipK
pmR;Mqqj , for every i, j P N.

Therefore, one has the formula

regSpMq � suptj � i : HipK
pmR;Mqqj � 0u.
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Proof. By Theorem A.7, we have the formula βS
i,jpMq � dimkHipK
pmS ;Mqqj for every i, j P N. It

remains to compare the two complexes K
pmS ;Mq and K
pmR;Mq. By de�nition, given an element
f P S we have that the multiplication map �f : M Ñ M is de�ned as m � f :� πpfqm for every
m PM . Consider now ϕs :

�sM Ñ �s�1M the s-th chain map of K
pmS ;Mq. From the de�nition of
Koszul complex, ϕi is a k-linear combination of multiplication maps. Since any element in S acts on M
through the action of R on M , we obtain HipK
pmS ;Mqq � HipK
pmR;Mqq for every i � 1, . . . , n.

Characterization using local cohomology

We now brea�y introduce the local cohomology of a R-module M with support on an ideal I, and its
relation with the Betti numbers of M .

Consider a homogeneous ideal I � R. Then the Gamma functor ΓI : R�modÑ R�mod is de�ned
as ΓIpMq :� Yi¥00 :M In. Since ΓI is left-exact, we may consider its right derived functors that we
denote as Hj

I . For every R-module M , we name Hj
I pMq the j-th local cohomology module of M with

support on I. Here we state some basic properties of local cohomology.

Proposition A.14. Let M be an R-module.

(1) For each j ¥ 0, Hj
I pMq is I-torsion, that is ItHj

I pMq � 0 for some t P N .

(2) If
?
I � ?

J , then Hj
I pMq � Hj

JpMq for every j ¥ 0.

(3) The projection π : S Ñ R induces a graded isomorphism Hj
JpMq � Hj

πpJqpMq for every j ¥ 0,
where J is a homogeneous ideal in S.

Proof. See [87, Prop. 7.3] and [87, Prop. 7.15 (2)].

One of the �rst vanishing theorems for local cohomology states that the cohomology modules vanish
after the dimension of the base ring.

Proposition A.15. Let I � R an ideal. Then for every M �nitely generated module it follows:

(1) For i ¥ dimM � 1, it follows H i
IpMq � 0. In particular, H i

IpMq � 0 for every i ¥ dimR.

(2) Let depthpI,Mq be the maximal length of a M -regular sequence in I, then

depthpI,Mq � infti P N : H i
IpMq � 0u.

Proof. For p1q see [87, Prop 9.15], while for p2q see [87, Thm 9.1].

We now focus on the case I � mR. For every R-module M , we de�ne the integers

aipMq :� suptj : H i
mR
pMqj � 0u, for i ¥ 0.

The invariant aipMq is always a �nite number since H i
mR
pMq is an Artinian module by Proposi-

tion A.14(1). These invariant can be used to compute the regularity of M as a S-module.

Theorem A.16. Let M be �nitely generated graded R-module. Then

regSpMq � maxtaipMq � i : 0 ¤ i ¤ nu.

Proof. The case R � S is proved in [47, Thm 4.3]. For the general case, Proposition A.14(3) implies
Hj

mR
pMq � Hj

mS
pMq as graded S-modules which concludes the proof.

Corollary A.17. Let M be a graded R-module of �nite length. Then regSpMq � maxtd : Md � 0u.
Proof. Since M has �nite length, a power of mR annihilates M . This implies that H0

mR
pMq �

ΓmRpMq �M , andHj
mR
pMq � 0 for j ¥ 1. Then the �nal result is a consequence of Theorem A.16.
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Castelnuovo-Mumford regularity for Noetherian rings

In recent time, the theory of regularity has been generalised to the case when the residue �eld k is
replaced with a Noetherian ring. In this case, the classical condition of minimality does not subsist,
and one needs to adjust it. For a recent account and overview on this topic, in the settings of this
part, see [25, Chapter 8] and [26].

Consider a polynomial ring S � S0rx1, . . . , xns where S0 is a Noetherian ring. Let R � S{I be a
graded quotient. Set S� � `i¥1Si � px1, . . . , xnqS, and R� � `i¥1Ri. Finally, let M be a �nitely
generated Z-graded R-module. Using the projection π : S Ñ R, M has also a structure of �nitely
generated graded S-module.

A free resolution F
 of M as a S-module is minimal if at each step

� � � Ñ Fi�1
ϕi�1ÝÑ Fi

ϕiÝÑ Fi�1 Ñ . . . ,

the kernel of ϕi is minimally generated by the image of a basis of Fi�1 through ϕi�1. In this section,
we will only consider free resolutions over the ring S.

In this setting, unless S0 is a local ring, the same module can be minimally generated by set of
elements of di�erent cardinality. Therefore, Theorem A.1 cannot be generalised. However, the degrees
in which these generators lie are an invariant of the module. For every R-module M , one can de�ne

t0pMq :� mintd P Z : M is minimally generated by`i¤d Miu.
Then, even if there is no notion of Betti numbers, one can de�ne the Castelnuovo-Mumford regu-

larity of M by mean of di�erent, but equivalent de�nitions.

� Local cohomology. Let H i
R�
pMq be the ith cohomology module of M with support on R�.

Then we set aipMq � suptj P Z : H i
R�
pMqj � 0u. Let also gradepR�,Mq � minti P N :

H i
R�
pMq � 0u. The regularity of M is de�ned as

regpMq � maxtaipMq � i : 0 ¤ i ¤ nu � maxtaipMq � i : depthpR�,Mq ¤ i ¤ nu,
where the second equality is a consequence of Proposition A.15p2q.

� Koszul homology. Consider the Koszul homology H
pR�,Mq that is the homology groups of
the Koszul complex. As in Proposition A.13, we have H
pR�,Mq � H
pS�,Mq. We generalise
the t0 invariant as

tipMq � maxtj P Z : HipS�,Mqj � 0u, for i � 0, . . . , n.

Then the regularity given by Koszul homology is de�ned as

reg1pMq � maxttipMq � i : i � 0, . . . , nu � maxttipMq � i : i � 0, . . . , n� depthpS�,Mqu,
where the second equality is a consequence of [27, Thm 1.6.17].

� Minimal free resolutions. Let F
 be a minimal free resolution of M . The regularities of F


are de�ned as
reg2pF
q � suptt0pFiq � i : i � 0, . . . , n� depthpS�,Mqu,

and
reg3pF
q � suptt0pFiq � i : i P Nu.

Theorem A.18. Let M be a �nitely generated graded R-module, and let F
 be a minimal free resolution
of M . Then

regpMq � reg1pMq � reg2pF
q � reg3pF
q.
Proof. See [25, Thm 8.1.3].
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A hystorical note on Castelnuovo-Mumford regularity

The �rst step through the formal de�nition of regularity has been attributed to Castelnuovo in his
classical paper [31]. There, he was studying complete linear systems, or divisors in modern terminology,
over projective curves using the so called "basedpoint-free pencil trick". It is said that this trick
was taught by Zariski, student of Castelnuovo, to all his students including Mumford. In the aim of
generalizing Castelnuovo's results, Mumford introduced the concept of d-regularity for coherent sheaves
on some projective space. Let F be a coherent sheaf on PN

k , where k is an algebraically closed �eld
of characteristic zero. We say that F is d-regular if H ipPN ,Fpd � iqq � 0 for every i ¥ 1. Then
one de�nes the Castelnuovo-Mumford regularity regF as the least integer r such that F is r-regular.
If M � `dPZH

0pPN
k ,Fpdqq, then one has regS M � regF , where S � krx0, . . . , xN s. This is direct

consequence of the characterisation of regularity with local cohomology, together with the theory of
�ech complexes [87, Thm 7.13], and their application on the computation of sheaf cohomology [87,
Thm 13.21]. The modern and standard de�nition of regularity as given in this appendix is due to
Eisenbud and Goto in [48].
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