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Abstract

The following doctorate thesis is based on four different projects.
They lie in the intersection between Commutative Algebra, Alge-
braic Geometry, and Combinatorics.

The first project treats Perazzo 3-folds and the weak Lefschetz
property. We characterise the Hilbert function of Perazzo alge-
bras proving that it has a maximum and a minimum. We use this
classification to fully display the weak Lefschetz property for those
algebras. A classification on minimal Perazzo 3-folds is given to-
gether with a deep study on their geometry and their Jordan type.

The second project investigates strongly Koszul algebras. We
examine the combinatorial structures underlying these algebras
with the aim of describing them in families. Although the re-
sults obtained so far are preliminary, they offer new insights into
the nature of these algebras.

The third regards the study of cohomology groups of line bun-
dles on flag varieties. Using recent results of Raicu and Vande-
Bogert, we study flag varieties on the projective space over the
integers extending many known results. A key ingredient is the
concept of arithmetic complexes, and a uniform identification for-
mula for these complexes.

In the last project, we study the asymptotic properties of the
Vasconcelos number. We prove that the (local) Vasconcelos num-
ber of M /I --- I N is eventually a minimum of finitely many
linear functions on n = (ny,...,n,) € N". In the particular case
r = 1, we prove that the Vasconcelos number is eventually linear
and the leading coefficient can be computed using the theory of
Rees algebras.
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Introduction

Algebra and geometry have always been closely connected. The Babylonians and Greeks were already
translating geometric problems into algebraic ones. The formal development of Algebra came later,
especially during the Islamic Golden Age through the work of mathematicians like Al-Khwarizmi.
In more recent centuries, the contributions of Hilbert, Emmy Noether, Zariski, Grothendieck, and
others shaped what we now know as Algebraic Geometry and Commutative Algebra. During the last
century, Combinatorics emerged as an independent field with strong links to Geometry, Topology,
Representation Theory, and Commutative Algebra. At the same time, many of the questions studied
in Commutative Algebra have their origins in Algebraic Combinatorics and Algebraic Geometry. This
exchange of ideas has not only provided new tools for addressing these questions, but has also led to
the development of important concepts within Commutative Algebra itself. With this background, the
present doctoral thesis explores several problems in Commutative Algebra that arise from geometric
questions, conjectures, and results, as well as problems approached through combinatorial methods.
This thesis is based on four distinct projects that constitute the candidate’s research activity during
the doctoral period from 2022 to 2025. Each of these projects is presented in a separate chapter,
arranged in chronological order according to their starting date. The four chapters are unified by a
common goal, that is developing an algebraic framework to study problems arising from geometric
contexts. The aim is to continue the study of homogeneous ideals (or equivalently projective varieties)
by mean of their algebraic invariants in order to unravel their intrinsic nature. The thesis concludes
with a brief appendix on the theory of minimal free resolutions and related invariants. There we
consider modules on polynomial rings over a field or a general Noetherian ring, and their quotients.
We now proceed by presenting the four projects, summarising the results within.

Perazzo algebras and Lefschetz properties

The study of Lefschetz properties lies at the intersection of several mathematical areas, including
Combinatorics, Algebra, Geometry, and Topology. In 1950, S. Lefschetz proved the so-called "Hard
Lefschetz theorem" in the context of compact Kahler manifolds which imposes strict conditions on
the behaviour of their cohomology rings. This seminal result motivated algebraists to seek purely
algebraic analogues, leading to the modern notions of the weak and strong Lefschetz properties (WLP
and SLP). In recent decades, this research area has gone through a remarkable expansion: This is
shown not only by the constant increase in publications appearing each year, but also by the growing
number of conferences and workshops explicitly devoted to this topic, and by the growing number of
mathematicians interested in these properties. Particular attention has been devoted to the Lefschetz
properties of Gorenstein algebras, whose rich homological structure makes them especially compatible
with this line of study.

In Chapter [I| we investigate the weak Lefschetz property for a special family of Artinian Goren-
stein k-algebras. A classical theorem of Macaulay relates Artinian Gorenstein algebras A together
with homogeneous polynomials f through the Macaulay’s inverse system. We denote A the algebra

associated with the form f. A homogeneous polynomial in k[xo, ..., zy][u1,. .., un] is called a Perazzo
form if it is of type f = xopo + Tip1 + -+ + Tppn + g, where n,m > 2, p; € k[uy, -+, um|s—1 are
algebraically dependent but linearly independent and ¢ € k[uy,--- ,um]q. These polynomials are the

building blocks in studying forms with vanishing Hessian in five variables [66]. In particular, every



Perazzo form has zero Hessian since its partial derivatives are algebraically dependent. Using the the-
ory of inverse systems, and the characterisation of Lefschetz properties with higher Hessians (Theorem
, Perazzo forms give rise to a family of Artinian Gorenstein algebras failing the strong Lefschetz
property.

We focus our attention to the first non-trivial case, Perazzo 3-folds f = pgzg + p121 + poxo living
inside k[zg, 21, x2][u,v]. The aim of this chapter is to study the Hilbert function and the WLP of
the Perazzo algebra Ay. We provide an explicit formula for computing the Hilbert function involving
the catalecticant matrices of the forms pg, p1, and po. As a consequence, Hilbert functions of Perazzo
algebras are always unimodal. Furthermore, there exists an upper and a lower bound on their possible
shapes depending only on the degree of f.

By proving general results on WLP over Gorenstein algebras, we are able to characterise Perazzo
algebras having the WLP. We see that it is fully characterised by the Hilbert function, and Ay has WLP
if and only if its Hilbert function does not reach the maximum value in "the centre". In particular,
the generic Perazzo algebra, which has the maximum possible Hilbert function, fails the WLP, while
Perazzo algebras with minimum Hilbert function always have WLP. The latter are exceptionally special:
We are able to fully classify them into three classes up to a linear change of variables. Further, we also
characterise them by mean of a geometrical argument involving the reciprocal position of the projective
plane P({po, p1, p2)x) with the Rational Normal Curve in P(k[u,v]s—1).

The chapter ends with a deep study on Jordan type of Perazzo algebras with minimum Hilbert
function. Since all the algebras have the WLP and fails SLP, we have strong conditions on the generic
Jordan type. We are also interested in studying non-Lefschetz elements and the induced multiplication
maps by mean of the Jordan type. We see that for Lefschetz elements there are only two possible
cases and one of them is the generic Jordan type. We give conditions also on the Jordan type of
non-Lefschetz elements. We also give explicit computations for one of the three families.

Strongly Koszul algebras

The study of minimal free resolutions is a central topic in modern Commutative Algebra and Algebraic
Geometry. They were first studied by David Hilbert who was interested in syzygies in polynomial rings.
One of the most important result on this topic is the Hilbert’s Syzygy Theorem: every module over a
polynomial ring S has a finite minimal S-free resolutions. This result opened a new research topic which
resulted in the creation of many new invariants such as the Betti numbers, the projective dimension,
and the Castelnuovo-Mumford regularity.

Set R = S/I with I a non-zero homogeneous ideal contained in mQS, where mg is the maximal
irrelevant ideal of S. A graded R-module admits an essentially unique minimal free resolution, although
this resolution may be infinite. In particular, the minimal R-free resolution of the base field k = R/mgR
is always infinite. In this frame, Koszul algebras are a nice generalization of polynomial rings. By a
theorem of Avramov, Eisenbud, and Peeva (Theorem [2.1]), the relative regularity regr(k) is either
infinity or zero. In the latter, we call the algebra Koszul. A graded module M over a Koszul algebra
always has finite regularity regp (M) which is bounded by the Castelnuovo-Mumford regularity reggq (M)
of M seen as S-module.

The family of strong Koszul algebra is the subject of study in Chapter [2l We say that a standard
graded k-algebra R is strongly Koszul if there exists B = {y1,...,yn} a k-basis of R; such that every
colon ideal (y, : a € A) : y, with A < [n] and b ¢ A is generated by a subset of B. The aim of
this chapter is to construct a suitable framework with the aim of classifying and characterise all such
algebras. We define the strongly Koszul masks, or simply masks, as a combinatorial object that encodes
some (if not all) of the combinatorial structure underlying a strongly Koszul algebra. Given such a
mark the first main question is whether there exists at least one algebra supporting it. If such an
algebra exists the second main question is whether the set of all the algebras supported on the given
mask can be given the structure of an algebraic variety or of a scheme. With these questions in mind,
we prove several results regarding sub-families of strongly Koszul algebras like monomial quadratic
algebras, and quadratic hypersurfaces. We prove that several invariants of a strongly Koszul algebra
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and of its defining ideal (such as dimension, Hilbert series and number of generators) can be obtained
from the underlying magk.

We conclude the chapter by introducing a strategy which we believe can be used to construct all
possible algebras satisfying a fixed mask. Given a graded quotient R = S/I, we prove that a set of
generators for I can be constructed from the information contained in the colon ideals (y, : a € [k]) :
Yyra+1 for k =0,...,n — 1. Moreover, these generators are constructed explicitly. In particular, if R is
strongly Koszul, such generating set is minimal. Using this parametrization of the ideal defining R, we
are working on a potential algorithm to get the equations of the variety of all the algebras supporting
on the given mask. This is still work in progress.

Arithmetic complexes for stable sheaf cohomology

In Algebraic Geometry the study of coherent and quasi-coherent sheaves on projective varieties plays
a prominent role. In our case, we are interested in a special family of varieties called flag varieties.
Recall that given a vector space V over an algebraically closed field k, the flag variety Fl,, is defined as

Fl, . ={0cVic---cV, 1€V :dimV, =4}.

By their very nature, these varieties can be studied and are interesting form several prospectives
and point of view including Representation Theory and Algebraic Combinatorics. An important and
widely developed line of research today focuses on the study of line bundles on these varieties. The
celebrated Borel-Weil-Bott Theorem provides a complete characterisation of the cohomology of line
bundles in the case where the base field k has characteristic zero. This is not the case in positive
characteristic, where the behavior of line bundle cohomology is far more subtle and significantly less
understood. However, some results about the (non) vanishing of the cohomology groups of the line
bundles are known. We focus on the work of Raicu and VandeBogert [116|. They use a connection
between the these line bundles of Fl,, and the skew-Schur functors Sy, applied to the cotangent sheaf
Q of P(V) (Theorem [3.7). By letting the dimension of V tending to infinity, they prove that the
cohomology groups stabilises to a group Hgt(S)\\#Q) that they name stable sheaf cohomology groups.
Furthermore, they define explicit arithmetic complezes C¥(w) that computes the stable cohomology
for specific skew-shapes. This allows them to prove connection formulae that translates to a relation
formulae for the stable cohomology groups for the line bundles.

The content of Chapter [3|arose from a question posed by the two authors during the summer school
PRAGMATIC 2023 - Cohomology and Frobenius and presented as a conjecture in [59]. They ask if it
is possible to generalise these arithmetic complexes to the ring of integer valued polynomials as C,(w)
and find an explicit isomorphism

Co(z,1%) = Cy(—z — 2d,19),

where x is a variable and d is a positive integer. Raicu and VandeBogert have already proven such
isomorphism in their paper by mean of induction strategy and homological considerations, but no
explicit formula has been found. In this chapter we give an explicit formula for this isomorphism. We
see that the maps representing it depends only on integer values. This allows us to generalise some of
the results within [59] to the projective space over the integers. In particular we prove the following.

Theorem. Let ) be the cotangent sheaf over P"(Z) and Sa/u be a skew Schur functor. The following
1s true for all i.

i) H'(P™(Z),S)/,) is independent of n for n» 0, and is denoted by H.,(Sy/,82).

ii) If Sy, is a ribbon Schur functor corresponding to (wo, ..., wq), then

H.,(S3,0) = Hppy—i(Co(w) ®r Z).



i1i) If X is a two column partition, i.e. the conjugate partition for X is of the form N = (m,d) for
integers m,d = 0, then

H{{(832) = Hasm—i(Co(—m = d = 1,1%)[~d] @R Z),
where E’j(—m —d —1,1%) denotes the dual of the complex Cy(—m —d —1,19).
iv) Consider \ as in iii) and let d > 1, then

Hy(S3Q) = H" 7 (S(as1,1m-4)Q).

Vasconcelos invariant for graded modules

In Coding Theory, one of the principal tools in evaluating the efficiency of a linear code is the minimum
distance function. In a recent work [39], the authors introduced the so called Vasconcelos invariant in
studying the regularity index of the minimum distance in the setting of projective Reed-Muller type
codes. This study led to a series of papers and results in different mathematical areas like Commutative
Algebra and Combinatorics, where the Vasconcelos invariant has been generalised and contextualised.
In those papers, despite the connection to Coding Theory had faded, it became clear the mutual
connection with this invariant and other classical algebraic invariants like the Castelnuovo-Mumford
regularity, and the initial degree.

A broad definition can be stated as follows. Let R be a Noetherian N-graded ring, and let M be
a Z-graded R-module. Then for every associated prime p € Assg(M), we define the local Vasconcelos
number as

vp(M) := inf{u € Z : there exists x € M, such that p = 0 :g x},

while the Vasconcelos number of M is defined as
v(M) := inf{v,(M) : p € Assr(M)}.

Many authors have applied the Vasconcelos invariant v(R/I) for specific ideals I as monomial ideals,
binomial edge ideals, and compared it with the Castelnuovo-Mumford regularity. In Chapter 4] we are
interested in studying its asymptotic behaviour. That is, given homogeneous ideals I1,...,I; € R,
and graded modules N < M, what can we say about the (local) Vasconcelos number of M /I2N and
I2M/I2N as a function of n € N*? Here I = [} - - - I with n = (ny,...,ns). We must note that the
local Vasconcelos number v, (M /I®N) is well-defined for every n » 0 since the set of associated primes
of M/I®N eventually stabilises. The same can be said also for I*M /I2N.

We translate the computation of the local Vasconcelos number, to a problem of calculating the
initial degree of a suitable graded R-module. By considering some mild assumptions, we are able to
prove that every local Vasconcelos number of all the aforesaid modules is eventually the minimum of
finitely many linear functions. The same statement holds true also for the Vasconcelos number. In
particular, the leading coefficients of the linear functions corresponds to the degrees in which the ideals
Ii,...,Is € R are generated. These results have been proved by considering a wider setting where the
same behaviour is shown for the initial degree.

In the simple case where only one homogeneous ideal [ is considered, i.e. s = 1, the minimum
degenerates and the (local) Vasconcelos number is eventually a linear function. The leading coefficient
is the degree of a generator of a reduction ideal of I. Moreover, we also prove that the leading
coefficients of indeg (I"M/I"*'N), v(I"M/I"*'N) and v(M/I"*'N) are all equal and a formula
involving modules over the Rees algebra R(J) is given.

We then dedicate a section on (non-) examples completing the mentioned results. Finally we discuss
the nature of the Vasconcelos invariant in the local case. We prove some results on the linearity of the
Vasconcelos number in a special case. We see that in general, its behaviour diverges from the graded
cases in unexpected ways.



Acknowledgements

Many are the actors and actresses in the great theatre of the University of Genova and beyond who
made possible for me to be here today, writing my PhD thesis. The guidance of my supervisor Prof.
Aldo Conca has always been crucial in every part of this project, from its very first steps, and finally,
after three years, to its conclusion. I thank him for all the efforts he made, the patience, and the
support. I really think that without him I would not be able to present this thesis, proud of my work,
and the results [ have achieved. The door of his office was and is still always open for advice, discussion
on Mathematics, from the most trivial questions to the most hard ones.

It is impossible not to mention my research experience in Germany. I warmly thank Prof. Volkmar
Welker for his hospitality during my research visit in Marburg. I really hope we can cross out paths
again in the future.

A special thank to my co-authors, for their expertise, guidance, and friendship: Emilia Mezzetti,
Rosa Maria Miro-Roig, Nancy Abdallah, Nasrin Altafi, Pietro De Poi, Anthony larrobino, Pedro
Macias Marques, Lisa Nicklasson, Ethan Reed, Shahriyar Roshan Zamir, Hongmiao Yu, Dipankar
Ghosh, Thai Thanh Nguyen, Alexandra Seceleanu, Srishti Singh, Bek Chase, Thiago Holleben, and
Emanuela Marangone.

Of particular remark, it is my affection and gratitude to Prof. Emilia Mezzetti who have witnessed
my long journey in Mathematics, from the first university exam in Trieste, through first a Bachelor
thesis and then a Master thesis. Not mentioning the endless support for obtaining a doctorate position,
and also now while I am finding my place in the world. Secondly, not for importance, to Prof. Rosa
Maria Miro-Roig for showing me the beauty of research and for always supporting my career.

For the duration of my doctorate program I have been partially supported by INAAM - GNSAGA
of which I am currently a member, and I recognise their valuable help in the realisation of this thesis
and the results within.

I would also express my gratitude to Prof. Kangjin Han and Prof. Alexandru Constantinescu, for
reading carefully this thesis, for their helpful comments and suggestions, together with the commission
that today exams my thesis, Prof. Alexandru Constantinescu, Prof. Alessandro De Stefani, and Prof.
Emanuele Ventura.

"It’s not the destination that matters, but the journey". I have never felt that these words were
more fitting than for this PhD. I am truly grateful that Stefano Galanda and Gabriel Schmid have
entered my life. From the very first day where, a little afraid of this Tyrolean duo, I stepped into your
office, to this very moment and on, I have deeply cared for and loved you both. Completing each other,
we were able to climb this enormous mountain like in Forte Diamante. Even if I was tired and I was
telling myself T had to stop, you continued to support me, help me, and finally, with the bag on the
front, after giving you the right of way, we finally reached the top. There we are eventually able to
look together at the fantastic view over Genova, and over our futures. I hope this is not a good-bye,
but a new possibility for sharing new memories and adventures. As you always remind me, twice in
history we were part of the same country and maybe we are also now under the flag of Mathematics.
For the countless game nights far far away in Nervi, for the billiard games, the walks by the see and
much more.

To Eliana Tolosa Villareal for being the best friend and office mate that anyone could ask for.
Everything can be said about our office, but no one can deny that the scandal and gossip core of the
department lied in office 811. You have always been very supporting, cheering, and radiant and this



helped me you don’t know much in pursuing my dreams and to keep pushing forward. We have been
a shoulder to lean on to each other and I am grateful for this. T am just disappointed we didn’t have
more opportunities to know better each other.

A cheer to the many mathematicians, friends, colleagues with in common the same passion that
once Andrea Bocelli sang in "Vivo per Lei". I will try to name them as many as possible, but surely
this list cannot be ever be completed: Hongmiao Yu, Luis Duarte, Laura Carini, Andrea Poggio,
Andrea Sanguineti, Emilian "Emi" Ouvrard, Enrico Da Ronche, Cecilia "Ceci" Campani, Filippo Pa-
pallo, Alessanro Frassineti, Lorenzo Luciano Morelato, Anna "Annina" Ulivi, Ignacio "Nacho" Munoz
Jimenez, Lisa Seccia, the Jessico Calcetto dream team, Muhammad Shoaib, Jack Carter, Luca Mas-
tella, Irene Villa, Barbara Betti, Lorenzo Pollani, and Iqra Khan. Together with the fresh men and
women Pietro Tullio Falzoni, Constantin Meili, Gaia Veronica Milanese, Andrea Pistolesi, Peem Ubon-
sri, Isabella Mastroianni, and Samuele Gagliardo.

To a special friend and spiritual guide Don Davide Carraro, whom I know since I was a kid and
you were not a priest yet. You have always been a friend I could talk to and with whom I was able to
find peace within myself.

To the friends on the other side of Italy, Trieste. Thank you for your friendship even from so far
away. To Erica De Toni and her "strong" approach to life, Rodolfo Tolloi, Valentina Bais, Pierluigi
"Pier" Breda, Filippo "Pippo" Di Tommaso, Gaia De Lazzari, and Giulia Vanone.

I want you to know how much I value the whole secretary, housekeeper, and all-rounder of the
Department of Mathematics. For their hard work, for the small talk, and for their laughter. A
particular, gratitude goes to Tony for the free coffee breaks, and to the Simona’s duo.

Eventually, a big thank you to my whole family, to whom this thesis is dedicated. To my mother,
Carmen, who has always been there to support and help me. It is indeed true that "la mamma ¢é
sempre la mamma': without her passion, strength, and unwavering effort, I would never have reached
this point. To my father, Mauro, from whom I learned tenacity, dedication, and the value of patience.
To my two brothers, Mattia and Gabriele, for their constant encouragement, their humour, and their
ability to bring light in the stressful darkness. To each one of my relatives, the grandparents Agostino,
Novella, Giuseppe "Bepi", Paola, uncles and aunts Lorenzo, Fabia, Alessandro, Ilenia, Renato together
with my cousins Andrea, Alessia, Noemi, Elia, Giovanni and Vittoria. To the long distance, but always
close relatives Franco, Fausta, Mauro, Angelica, Ilaria, Sebastiano, and Chiara.

With deep gratitude,

ol

Luca Fiorindo



Notations and Conventions

Throughout the thesis we adopt the following notations and conventions.

The end of proof will be signal with a tombstone symbol [ , the end of a remark by A , while
the end of an example by $ .

Given a finite set P, we indicate its cardinality as #P.
The set of natural numbers N includes the number 0.

The set N” of r-tuples of natural numbers n = (nq,...,n,) is endowed with the component-wise
addition. By 0 and 1, we denote the r-tuples (0,...,0) and (1,...,1) respectively.

When a ring is considered, we always intend a unitary, commutative and Noetherian ring.

We say that a ring R is N"-graded if there exists a decomposition R = @enr R, such that
R, Ry, © Ry qm for every n,m € N". In particular, every homogeneous part R,, is a Ryp-module.

If not stated otherwise, a polynomial ring S = A[z1,...,x,] over a ring/field A is considered
standard graded i.e. deg(z;) =1 for every i = 1,...,n.

Let R = ®;>0R; be a graded ring. A module M over R is say to be graded if M has a Z-graded
module structure: That is, there exists a decomposition M = @,z M, such that R, M, < M,

for every a € N, and b € Z. In particular, every homogeneous component M, is a module over
Ry.

A homomorhpism of R-modules ¢ : M — N is graded of degree d € Z if p(M,) © Ny, 4 for every
d € Z. We say that a homomorphism is graded if it is graded of degree 0.

Let R be a ring, and M be a R-module. A prime ideal p is associated with M if p =0 :gp m for
some m € M. The set of associated prime ideals is indicated with Assp(M). If R is N-graded,
and M is a Z-graded R-module, then every associated prime is homogeneous.






Chapter 1

Perazzo algebras and Lefschetz properties

“It is my experience that proofs involving
matrices can be shortened by 50% if one
throws the matrices out.”

— Emil Artin

In Algebraic Geometry, a projective hypersurface X = V(F) c PV := PN (k) is said to have vanish-
ing hessian if hess(F') := det Hess(F') vanishes identically. Here, k is an algebraically closed field of
characteristic zero, and Hess(F') is the classic Hessian matrix. If F has degree d, then hess(F) is
homogeneous of degree (d — 2)(N + 1). Hypersurfaces with vanishing hessian have been studied very
frequently in the last centuries due to their peculiar geometry. A projective hypersurfice X = V(F)
is a cone if in a suitable coordiante system, the polynomial F' does not involve one of the variables.
Obviously if X is a cone then hess(F) = 0. In 1851 and later in 1859 O. Hesse claimed and proved
that any hypersurface with vanishing hessian is a cone ([78], |[79]). Later, in 1876 P. Gordan and
M. Néther disproved Hesse results proving that in every projective space PV with N > 4 there exist
classes of examples of hypersurfaces with vanishing hessian that are not cones. Their arguments were
based on the facts that X is a cone if and only if the partial derivatives of F' are k-linearly dependent,
while X has vanishing hessian if and only if they are k-algebraically dependent. Finally, X is smooth
if and only if the partial derivatives form a regular sequence. They also gave a complete description
of the hypersurfaces in P4, not cones, with vanishing hessian. Subsequent contributions were given
by several authors. The paper went largely unnoticed by the Italian mathematical community until
Perazzo, in 1900, brought it to the attention of many algebraic geometers, including R. Permutti, and
A. Franchetta. We refer to [118|] for an exhaustive bibliography.

In recent years, the study of Hessians has gained new attention in Commutative Algebra, in partic-
ular in the study of Lefschetz properties. Recall that a standard graded Artinian k-algebra A has the
weak Lefschetz property (WLP) if multiplication by a generic linear form ¢ has maximal rank in each
degree. Similarly A has the strong Lefschetz property (SLP) if multiplication by ¢° has maximal rank
in each degree for every positive integer s (see Definition . Although these properties may seem
easy to check, the general picture is far from being understood. The most known and long-standing
conjecture is that every Artinian Complete Intersection should have the SLP, which first appeared in
[117]. For monomial Complete Intersections the conjecture holds true due to a result in [123]. Several
partial results on low codimension can be found for example in [8, /17, [73]. A very recent result proves
the SLP for complete intersections whose dual generator is a binomial [43]. These are just to mention
a few of the many partial results that has appeared from the 1990’s till today. Despite the large
literature on this topic, the community remains divided: some researchers believe the conjecture to be
true, while others think otherwise. At moment, a definite solution seems to be out of reach.

In the Gorenstein case the Complete Intersection conjecture turns out to be false also for the
WLP. Stanley in [122] gave an example of a Gorenstein algebra with Hilbert function (1,13,12,13,1):
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An Artinian algebras satisfying the WLP/SLP has a unimodal Hilbert function. More in general, a
non-trivial characterisation in terms of vanishing of Hessians has been found. Indeed, the Artinian
Gorenstein algebra Ay with Macaulay dual generator f fails the SLP if hessy = 0. More precisely, Ay
fails the SLP if and only if one of certain generalised Hessians, called higher Hessians, of f vanishes,
see J. Watanabe’s [129] and J. Watanabe and T. Maeno’s |[L00]. This result has been generalised to
the WLP using the so called mixed Hessians, see R. Gondim and G. Zappald’s [63]. In particular,
hypersurfaces with vanishing hessian all fail the strong Lefschetz Property. A natural question is
whether they have or they fail also the weak Lefschetz Property. This question was considered by R.
Gondim in [62], where he constructed examples of hypersurfaces having and failing the WLP.

In this chapter, we consider the case of P4, where the classification of hypersurfaces with vanishing
hessian is complete. Following the terminology introduced by Gondim in [62| and using homogeneous
coordinates xg, z1, x2,u,v for P4, we say X = V(F) < P* is a Perazzo hypersurface if F' has degree
d = 3, and it can be written as F' = poxg + p121 + p2x2 + g, where pg, p1, p2 are linearly independent
forms of degree d — 1 in u, v, and ¢ is a form in u, v of degree d. Perazzo hypersurfaces have vanishing
hessian since the forms pg, p1, and po are always algebraically dependent. On the other hand, according
to [130] and [131], any hypersurface of degree d, with 3 < d < 5 in P*, which is not cone and has
vanishing hessian, is a Perazzo hypersurface. In general, as proved by Gordan and Nother in [66], all
forms with vanishing hessian, not cones, are elements of K|[u,v|[A] where A is a Perazzo polynomial
of the form poxo+pi121 +paza (see also [131, Theorem 7.3]). This type of forms defines the "Franchetta
hypersurfaces" (see [118| for all the details). If d = 3, for such an f, the k-algebra Ay fails the weak
Lefschetz Property by construction. For d = 4 Gondim proved that every Artinian Gorenstein algebra
of codimension 5 has the weak Lefschetz Property [62, Theorem 3.5].

The aim of this chapter is to study Artinian Gorenstein algebras associated with Perazzo 3-folds
of any degree d = 3. After giving some preliminary definitions and results in Section in Section
[1.2] we study Hilbert function of Perazzo algebras. After providing an explicit formula in Proposition
involving the catalecticant matrices of pg, p1, and pa, we prove in Propositions and that
the h-vector has a maximum and a minimum, coinciding only if d = 3,4. Then, we consider the weak
Lefschetz Property in Section First, we focus on algebras A; whose Hilbert function attains the
upper or the lower bound, giving a ground base for the general case. Our main results, contained in
Theorems [1.34] [1.35] and |1.46} say that Ay has the weak Lefschetz Property if and only if HF 4, does
not reach its maximal possible value in the centre.

In Section the focus is given to Perazzo algebras A; having minimum Hilbert function. Using
the theory of Waring rank for forms in 2 variables, we are able to obtain in Theorem a complete
list of Perazzo forms with minimum Hilbert function. The classification is in terms of the position
of the linear space 7 generated by po,p1,p2 in P(K[u,v]s 1), with respect to the secant varieties of
the rational normal curve Cy_;. It follows that, to ensure the minimality of A;’s Hilbert function, =
has to meet Cy_ 1, and there are three possibilities: either 7 is an osculating plane to Cy_1, or it is
tangent to Cy_1 and meets the curve in a second point, or the intersection m n Cy_1 consists of three
distinct points. We conclude with a geometrical study of the polar and Gauss maps associated with
these 3-folds.

In Section we will also consider Perazzo algebras Ay with minimum Hilbert function, and we
compute their Jordan type following the classification given in the previous section. This computation
is done both for weak Lefschetz and non-weak Lefschetz elements.

The results presented in this chapter were published in [54] in collaboration with Emilia Mezzetti,
and Rosa Maria Mir6-Roig, [51], the candidate’s Master thesis, and |2| in collaboration with Nancy
Abdallah, Nasrin Altafi, Pietro De Poi, Anthony larrobino, Pedro Macias Marques, Emilia Mezzetti,
Rosa Maria Mir6-Roig, and Lisa Nicklasson.



11 Chapter 1. Perazzo algebras and Lefschetz properties

1.1 Preliminaries

Let k be a field of characteristic zero, and let A be a graded k-algebra. In this chapter, we only
consider standard graded k-algebras if not specified otherwise. That is A = @;>04; with 4y = k, and
A = k[A;]. Under this assumptions A is isomorphic to a quotient of a standard graded polynomial
ring over a homogeneous ideal. If A is also Artinian, then we define the Socle degree to be the integer
d such that the ring A can be written as A = ®L jA; with A4 # 0. The terminology of Socle degree
is especially used when talking about Lefschetz properties. We leave |72, Remark 2.11| as example of
basis reference.

Hilbert function

For a standard graded k-algebra A = @;>0A;, its Hilbert function is a numerical function HF 4: N - N
defined as HF 4(¢t) = dimy A;. Since the ring A is standard graded, the dimension dimy A; is finite
for all £ = 0; therefore, the function HF 4 is well-defined. When A is also Artinian with Socle degree
d, then the information of the Hilbert function are captured by the Hilbert vector, h-vector for short,
defined as (1, HF o(1),...,HF 4(d)) € N1 A Hilbert vector h = (hg, h1, ..., hg) is said to be unimodal
if, for some integer s € N,

ho<hy <--<hs=hsy1 22 hg

Analogously, it is called symmetric if

d
hy = hq_ for every k =0,1,..., [2J .

The main and most known result about Hilbert functions is Macaulay’s Theorem. Given integers
n,r = 1, we define the r-th binomial expansion of n as

= () () e ()
r r—1 e
where m, > m,_1 > --- > me > e > 1 are uniquely determined integers (see W. Bruns and J. Herzog’s
|27, Lemma 4.2.6]). We write

o my +1 N my—1 +1 P me + 1 and
r+1 T e+1
- my — 1 n my_1— 1 n n me — 1
= r r—1 e '

Example 1.1. We give some examples of binomial expansions in the following table.

(n,r) (5,1) (6,2) (7,2) (8,3)

comen | (1) ()
1 (5) =1 ()= ()
o | ()= G)=0 000 () () (D)=
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o

The functions H: N — N that are Hilbert functions of graded standard k-algebras were charac-
terised by Macaulay in [99] (see also [27]). Indeed, given a numerical function H: N — N the following
conditions are equivalent:

(i) There exists a standard graded k-algebra A with H as Hilbert function,

(ii) H satisfies the so-called Macaulay’s inequality, i. e.

H(0)=1,and H(t+1) < HH)® vt > 1. (1.1)

In some literature, a numerical function satisfying the Macaulay’s inequality is also called a O-
sequence. Notice that condition (i7) imposes strong restrictions on the Hilbert function of a standard
graded k-algebra and, in particular, it bounds its growth. Another important restriction comes from
the following Green’s theorem which we recall for the sake of completeness.

Theorem 1.2. Let A be an Artinian graded k-algebra and let £ € Ay be a general linear form. Denote
by (h;) the h-vector of A and by (hl) that of A/(¢). Then

h; < (ht)<t> for all t > 1.

Proof. See |67, Theorem 1]. O

Lefschetz properties

Definition 1.3. Let A be an Artinian graded k-algebra. We say that A has the weak Lefschetz Property
(WLP, for short) if there exists a linear form ¢ € A; such that, for all integers ¢ > 0, the multiplication
map

xl:A; — Aixq

has maximal rank, i.e. it is injective or surjective. In this case, the linear form ¢ is called a weak
Lefschetz element of A. The set of weak Lefschetz elements forms a Zariski open subset of A;. If A has
the WLP, then this subset is dense in Aj, so the general element of Ay is a weak Lefschetz element.
We will often refer to this open set as the Lefschetz locus of A.

If for the general form ¢ € A; and for an integer j the map x/: A;_; — A, does not have maximal
rank, we will say that the algebra A fails the WLP in degree j.

We say A has the strong Lefschetz Property (SLP, for short) if there exists a linear form ¢ € A;
such that, for all integers ¢ > 0 and k£ > 1, the multiplication map

x0F A — Ajip

has maximal rank. Such an element ¢ is called a strong Lefschetz element for A.
Whenever we present A as a quotient of a standard graded polynomial ring R over a homogeneous
ideal I, we will often abuse notation and say that the ideal I has or fails the WLP, or the SLP.

The weak and strong Lefschetz properties were inspired by the work of S. Lefschetz about the
cohomology ring of a complex manifold. In particular, the Hard Lefschetz theorem states that the
cohomology ring associated with any compact K&hler manifold has the strong Lefschetz property
(more details can be found in [97]).

Even if the problem of determining whether a given Artinian standard graded k-algebra has the
WLP/SLP feels like a linear algebra problem, studying Lefschetz properties for families of algebras
turned out to be extremely elusive. Part of the great interest in the WLP stems from the ubiquity of its
presence and there are a long series of papers determining classes of Artinian algebras holding/failing
the WLP but much more work remains to be done (see, for instance, [34] and [103]). The first result
in this direction is due to Stanley [123] and Watanabe [128] and it asserts that the WLP holds for an
Artinian complete intersection ideal generated by powers of linear forms.
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Ezample 1.4. (1) The ideal I = (23,23, 23, v12923) € R = Kk[z1, 72, 73] fails to have the WLP. Set
A = R/I. We have that for any linear form ¢ = axy + bxy + cx3 € A; the multiplication map

x0: Ay = kb — A3 = Kb
does not have maximal rank. In fact, fix
2.2 .2 2 2 2 2 2 2
{xf, 25, 23, x122, T123, T2w2}, and {x]xe, xix3, T5X1, THT3, TZ3T1, T3T2}

as a basis of As, and Aj respectively. Then the multiplication map, associated with these bases, is
given by the matrix

SO oo o o

o0 Q@ © O
TR OO OO
OO O O R
SO0 O o 2 O
o OO OO

0

which has zero determinant. More details on this example can be found in [22, Example 3.1].

(2) The ideal T = (23,23, 23, 2%23) € R = Kk[x1, 72, 23] has the WLP. We want to prove that
¢ =11 + x9 + x3 is a weak Lefschetz element. Since the h-vector of A = R/I is (1,3,6,6,4,1), we only
need to check that the map x¢: A; — A;11 is injective for ¢ = 1 and surjective for ¢ = 2,3,4. This
is equivalent to check that dimy[A/(¢)]2 = 3 and [A/(£)]; = 0 for i = 3,4,5. We have

A/(f) = R/(«I%,$%7$§,I%$2,l‘l +IE2 +$3)
>~ k[zy, xo]/(23, 23, 23 + 3230 + 3m123 + 23, 2329)
= k[xlﬂ xﬂ/(l’?, .T%, ‘T%x% 33193%)

which proves what we want. With similar computations, one can compute the Hilbert functions of the
algebras A/(¢*) for k > 1, and check that I satisfies also the SLP. &

Remark 1.5. If an Artinian graded algebra A satisfy the WLP, then its h-vector is unimodal. Since
x{: A; — Aji+1 is surjective if and only if [A/(¢)];+1 = 0, we have that the surjectivity of x¢: A; —
A;11 implies the surjectivity of xf : A; — Aj; 1 for every j > i. Therefore, once a map is surjective,
all the following ones are as well, implying unimodality of the h-vector. A

Artinian Gorenstein ideals

In this subsection, we will characterise the Lefschetz elements for graded Artinian Gorenstein algebras
A. Given R = k[zg,- -+ ,x,], we denote by S = K[yo, - ,yn] the ring of differential operators on R,
lLe, y, = 6%7-‘ We suppose that both polynomial rings are standard graded. For any homogeneous
polynomial f € Ry, we define

Anng(f) :={pe S|p-f=0}c=S.

It is well known that A; := S/Anng(f) is a standard graded Artinian Gorenstein k-algebra. Con-
versely, the theory of inverse systems developed by Macaulay gives the following characterisation of
standard graded Artinian Gorenstein k-algebras.

Proposition 1.6. Set R = k[xq, -+ ,z,] and let S = K[yo, - - ,yn| be the ring of differential operators
on R. Let A = S/I be a standard graded Artinian k-algebra. Then, A is Gorenstein if and only if
there is f € R such that A = S/Anng(f). We name f the dual generator of A. Moreover, isomorphic
standard graded Gorenstein Artinian k-algebras are defined by forms equal up to a linear change of
variables i R.
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From now on, when we talk about Gorenstein algebras, we will always intend standard graded
Gorenstein Artinian k-algebras. Following the previous proposition, we write Ay to intend the Goren-
stein algebra with f as dual generator. The degree of f coincides with the Socle degree of A. Moreover,
one can prove that the h-vector of A; is symmetric.

For Gorenstein algebras, due to the symmetry of their h-vector, we have that A has the strong
Lefschetz property if and only if if there exists an element £ € A; such that the multiplication map

AR A — A

is bijective for ¢ = 0,---,|e/2] being e the Socle degree of A. In literature, this condition is called
strong Lefschetz Property in the narrow sense.

Definition 1.7. Let f € k[xzo, - ,2,]q be a homogeneous polynomial and let A = S/ Anng(f) be the
associated Artinian Gorenstein algebra. Fix B = {w; | 1 < j < h := dim A;} < A; be an ordered
k-basis. The t-th (relative) Hessian matriz of f with respect to B is defined as the hy x h; matrix

Hess = (wiw;(f))i;,

whose entries are forms of degree d — 2t.
The t-th Hessian of f with respect to B is the homogeneous polynomial of degree h;(d — 2t) defined
as
hess} = det(Hessﬁc).

The 0-th Hessian is just the polynomial f and, in the case dim Ay = n+ 11i.e. f is not a cone, the
1-st Hessian, with respect to the standard basis, is the classical Hessian. It is worthwhile to point out
that the definition of Hessians and Hessian matrices of order ¢ depends on the choice of a basis of A;
but the vanishing of the ¢-th Hessian is independent of this choice.

A result due to Watanabe establishes a useful link between the failure of Lefschetz properties
and the vanishing of higher order Hessians. This result has been later generalised for weak Lefschetz
elements in [63] by introducing the mized Hessians.

Theorem 1.8. Let f € k[xg, -+ ,x,] be a homogeneous polynomial of degree d and let A = S/ Anng(f)
be the associated Artinian Gorenstein algebra. The linear form £ = agyo + -+ - + anyn € A1 is a strong
Lefschetz element of A if and only if hess}(ao, ceean) #0 fort=1,---,[d/2]. More precisely, up to
a nonzero multiplicative constant, hess‘}(ao, <+ ay) is the determinant of the dual of the multiplication
map x042 Ay — Agy.

Proof. See [129, Theorem 4| and [100, Theorem 3.1]. O

Ezxample 1.9. To illustrate Watanabe’s theorem, we consider Ikeda’s example of an Artinian Gorenstein
algebra of codimension 4 failing WLP (see [86, Example 4.4]). We take

3 3 3,..2
f = zoryws + 2170075 + 2527 € K[20, 71, 72, 23]

Let S = k[yo,y1, Y2, y3] be the ring of differential operators on R. Using [M2]|, we compute Anng(f)
and we get:

Anng(f) = (Yoy2, Yiys, Yoy1Ys, Yays, Y1Ys, Yols — Y1Us, iy, YoU1Y2; Va2, Ui,

Y3, Y3Y3. Yas Yo Ut — 295Y3. Yoy — 2Y213, Yo)-

The h-vector of A = S/Anng(f) is (1, 4, 10, 10, 4, 1). We apply the above criterion to check that
A fails the WLP in degree 3. To this end, we consider a k-basis of Aj:

(W, 3, Y2, Y2, Yoy, Yoy, Yoy, Y1Y2, Y13, Y2y3 )
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The 2-nd Hessian of f with respect to this basis is

0 1229 0 0 6z O O O 0 0
1229 O o 0 0O 0 0 0 0 0

0 0 0 0 0 6z3 622 0 0 6z

0 0 0 0 0 0 0 6x3 6xy 624

Hegs2 — | 621 0 0 0 6z 0O 0 0 0 0
f 0 0 6z3 0 O O O 0 0 6xo

0 0 6z O O O O 0O 0 O

0 0 0 6z 0 0 0 0 0 0

0 0 0 6z 0 0 0 0 0 6a3

0 0 6%0 61’1 0 61‘2 0 0 61’3 0

For any (ag, a1, as,a3) € k*, we have hess?(ao,al,ag,ag) = 0. So, for any ¢ € Ay, the multiplication
map xf: Ao —> Aj has zero determinant. Therefore, it is not bijective and we conclude that A fails
the WLP. &

We now group together a series of results that are useful to check if an Artinian Gorenstein algebra
has or not the weak Lefschetz property.

Proposition 1.10. Let A = @?:0 A; be a graded Artinian Gorenstein algebra and let £ € Ay. We
denote l : A — Agx.q the restriction of the multiplication by £ at the k-th homogeneous part. Then
the following statements hold true.

1. If ly, is injective for some ko < d, then Iy, is injective for every k < ko.
2. If l, is surjective for some ko = 0, then l}, is surjective for every k > ko.

3. If dim Ay, = dim Ag,41 for some 0 < kg < d — 1, then { is a weak Lefschetz element if and only
if Uy, 1s an isomorphism.

4. If dim Ay, < dim Ay, > dim Ay, for some ko, then { is a weak Lefschetz element if and only
if lgy—1 15 injective.

Proof. For statements 1.,2., and 3. see [105, Proposition 2.1|. Statement 4. is a direct consequence of
the the first two and the following fact: if Iy,_; is injective then the map Iy, : Ax, = Ag,+1 is surjective.
Since lg,—1 1s injective, its dual map I |+ Ay — Ap  is surjective. Since A is a Gorenstein algebra,
we can view this map as lzo_l : Ag, = Agy+1. This map coincide with the map Iy, : Ax, = Ako+1,
thus it is surjective. O

By Proposition we also deduce the following property for A, an Artinian Gorenstein algebra:
a necessary condition for A to have the weak Lefschetz properties is that

h0<h1<"'<hs:hs+1:"':h[i]:"':hdfs>hdfs+1>"'>hd
2

for some integer s. The quantity hs = max{h; : i = 0,...,d} is called the Sperner number of A (cf.
[72, Definition 2.39| and |72, Remark 3.7]). So, if we want to check the WLP, Conditions 3., and 4. of
Proposition exhaust all possible cases.

As a final note, the Hilbert vector of an Artinian Gorenstein algebra, which has the WLP /SLP,
has restrictions on its value. In fact, a similar statement to Macaulay’s Theorem can be proved for
Gorenstein algebras involving the Lefschetz properties.

Theorem 1.11. Let h = (1,hq,...,hq) be a tuple of non-negative integers. Then there exists an
Artinian Gorenstein k-algebra satisfying the WLP with h as Hilbert vector if and only if h is an SI-
sequence, 1.€.

e h is symmetric,
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e h is unimodal,

e Ah = (ho,h1—ho,...,hi —hi_1) satisfies Macaulay’s inequality, where t = min{i|h; = h;y1} (the
index t makes sure the elements of Ah are strictly positive).

The same statement holds true also by replacing WLP with SLP.

Proof. See |71, Theorem 1.2| and |7, Theorem 3.2]. O

Perazzo algebras

Definition 1.12. Fix N > 4. A Perazzo hypersurface X < PV of degree d is a hypersurface defined
by a form f € k[zg,...,Zn,u1...,un] of the following type:

f=xopo+x1p1+ -+ Tppn +g

where n+m = N, n,m = 2, p; € k|uy, -+, upm]q4—1 are algebraically dependent but linearly independent
and ge k[ub T 7um]d~

It is worthwhile to point out that usually Perazzo hypersurfaces are assumed to be reduced and
irreducible (see, for instance, |62, Definition 3.12]). We will insert these hypotheses if it is required.

Ezample 1.13. As a first example of Perazzo hypersurface we have the cubic 3-fold in P4 of equation:

flxo, 1,20, u,v) = zou? + Tuv + w902
It is a cubic hypersurface with vanishing hessian but not a cone. So, it provides the first counterexample
to Hesse’s claim: any hypersuface X < P with vanishing hessian is a cone (|78] and [79]). &

Hesse’s claim, which is true for quadrics, was studied by Gordan and Nother in [66] for hypersurfaces
of degree d = 3. They proved it is true for N < 3 but it is false for any N = 4. More precisely they
gave a complete classification of the hypersurfaces with vanishing hessian for N = 4 and a series of
examples of hypersurfaces with vanishing hessian not cones for any N > 5. Subsequently Perazzo in
[113] described all cubic hypersurfaces with vanishing hessian for N = 4,5,6. The results of Gordan-
No6ther and of Perazzo have been recently considered and rewritten in modern language by many
authors [18], [33], [56], [98], [60], [130] and [131].

Remark 1.14. We recall that the hypersurface defined by a polynomial f has vanishing hessian if and
only if the partial derivatives of f are algebraically dependent, and it is a cone if and only if they are
linearly dependent. It follows that the Perazzo hypersurfaces, introduced in Definition [I.12] have all
vanishing first hessian and in general are not cones. A

In P* the Gordan-N&ther classification states that, for degree d < 5, the hypersurfaces not cones
with vanishing hessian are all Perazzo hypersurfaces, while for degree d > 5, a form of degree d with
vanishing hessian, not cone, is an element of k[u, v][A] where A is a Perazzo polynomial of the form
poxo + p1x1 + paxa (see [66] and [131, Theorem 7.3|).

In [100] Maeno and Watanabe found a connection between the vanishing of higher order hessians
and Lefschetz properties, in particular with the SLP; then Gondim in [62] studied the WLP for some
hypersurfaces with vanishing hessian.

In this note, we will concentrate our attention on Perazzo 3-folds X in P* and our first goal will
be to determine the maximum and minimum h-vector for the Gorenstein Artinian algebras associated
with them. We will use the following notations: R = k[zg, z1, %2, u,v] is the polynomial ring in 5
variables, S = k[vo, 1,92, U, V] is the ring of differential operators on R, and a Perazzo 3-fold X < P*
of degree d is defined by a form

f = xopo(u,v) + z1p1(u, v) + zapa(u,v) + g(u,v) € Ry. (1.2)
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If d = 3, the corresponding algebras have all the same h-vector, and precisely (1,5,5,1). In fact,
by Remark X not being a cone implies h; = hy = 5. So, from now on, we will assume that d > 4
and we write

d 1 ¢d
po(u,y) = zl=01 (dzi) d 1—1i z
puo) = Yy (a7 (1.3)
pa(u,v) = Zb;o (dj) w1yt and
glu,v) = X (z)gl it
For any 2 < k < |42], we define the matrices:
ap ay R bo by R
a1 as e a by by by
Aj = ) ) R By, = . ) ]
Ag—k  Od—k+1 “**  Qd—1 ba—k ba—k+1 -+ ba—1 (1.4)
Co C1 o Ckg—1 go g1 Tt 9k
C1 C2 T Ck g1 g2 o Gkl
Cr = ) ) ) , and G := )
Cd—k Cd—k+1 *°° Cd—1 9d—k Y9d—k+1 9gd

The matrices Ay, By, C; and G, are the building blocks of the matrices My, Ny and N}, that will
play an important role in the proof of our main results. They are defined as follows:

A Ap1
B
My, := (Al Bi|Cr) , Ni:= | Bgs1 | and  Nj := C:+11 . (1.5)
Ck+1 g-]:

Remark 1.15. (1) The matrices Ny and My, contain the same 3 blocks of size (d — k) x (k + 1).

(2) Since My = N!_, we have rank M}, = rank Ny_.

(3) As we will see in the proof of Propositions[1.24] and [L.27] the h-vector of S/ Anng(f) is minimal
if and only if for all k, 2 < k < |4], rank My, = rank N} = 3. A

Jordan type

Definition 1.16. The Jordan type P, = Py 4 of a graded Artinian algebra A and a linear form ¢ of
Aj is the partition of dimy A determining the Jordan block decomposition for the multiplication map
x{: A— A

Ezample 1.17. Let I = (2, 2y,y*) < k|z,y] and set A = k[z,y]/I. Consider the element ¢ =
x +y € Aj. Since the algebra A is Artinian, the element ¢ is idempotent and the only eigenvalue of
the multiplication map x¢: A — A is 0. It remains to determine the number and the dimension of
the Jordan normal blocks. It is easy to see that {¢*,¢3 ¢ ¢ 1,2, x} is k-basis of A, and the matrix
representing the multiplication map x/¢ with respect to this basis is

0

O OO O OO
O OO O OO
O RO O OO

O OO O O
O Ol O =
O OO = OO

Thus, we obtain P 4 = (4,2). &
Remark 1.18. Let Py 4 = (p1,...,ps) be the Jordan type of £ in a graded Artinian algebra A.
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1. There are elements z1,...,2zs € A such that {{’z; : 1 < j < 5,0 < p; — 1} is a k-basis for
A. We name this basis a pre-Jordan basis for the multiplication by £ in A. If in addition
fPiz; = 0 for each i, we call it a Jordan basis. The Jordan blocks are determined by the strings
S; = {zi,lzi,..., 0Pz}, j=1,... s and A decomposes as

A={(S1)® - D{Ss).
2. Since A is standard graded, the elements z1, ..., zs € A constructing a Jordan basis can be refined

using k[/]-linear operation to turn them homogeneous. The k[¢]-modules (S;) become graded
and the above decomposition is consistent with the graded structure of A. AN

The Jordan type of a linear form ¢ for an Artinian algebra A determines whether or not £ is a weak
or strong Lefschetz element of A. In order to explain the connection we need the following definition,
and for more details on Artinian algebras and Jordan type the reader is invited to look at [85).

Definition 1.19 (Dominance order). Given two partitions

P=(p1,p2,--»ps)y, P1LZpaZ - =Dy

and

\Y

Q:(QhQQw-th); Q1>(12 th

of an integer n, the dominance partial order is defined as

(2 (2
Q<Pif ) g <) pj forall i<min{s,t}.
j=1 j=1
Definition 1.20. If H = (hg,...,hq) is the h-vector of some Artinian graded algebra A, we can
rearrange its values in a non-increasing order to form a partition of dimy A. The conjugate partition
HY of H is defined as
HY = (hy,...,h)), where h) = #{k: hy > i}.

For example, following Example [1.17, the Hilbert function of A = k[z,y]/(z®, 2y, y*) is H =
(1, 2, 2, 1). Viewing H as a partition, we obtain H = (2, 2, 1, 1) and HY = (4, 2). The Young
diagrams of H and H" are respectively

We can see that HY is obtained by switching rows and columns of H in its Young diagram.
Proposition 1.21. Let A be a graded Artinian algebra with Hilbert function HF 4, then

(i) a linear form ¢ is a weak Lefschetz element for A if and only if HF 4 is unimodal and the number
of parts in Py 4 is equal to the Sperner number of A (i. e. the mazimum value of HF 4);

(i1) a linear form { is a strong Lefschetz element for A if and only if Py 4 is the conjugate partition
HFE ) ;

(iii) there is a dense open set U S Ay such that if € is a linear form in U then, with respect to the
dominance order, Py g = Py, A, for any {y € A;.

Proof. See |72, Proposition 3.5] or [85, Proposition 2.10]. O

In Proposition m (iii), we call the Jordan type of an element in the open set U the generic linear
Jordan type of A and denote it by P4 (see |85, Lemma 2.54, Definition 2.55]; there the notation for
generic linear Jordan type is Pj 4, to distinguish this from the generic Jordan type, coming from a
general element of the maximal ideal). We underline that P, 4 < HF} for every £ € A;.
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Computational remarks

While using Macaulay2 [M2|, in checking whenever a Perazzo algebra A has the WLP, we use the
following procedure: After computing the hilbert vector (h;) of A, we can consider a random linear
form ¢ and compute the hilbert vector (h}) of A/(¢) and check whether the following equality holds

h; = max{hi - hi_l,O}, for ¢ > 1.

The Macaulay2 code is the following.

— Check WLP for a single linear element
— Assumes A = R/I is a Perazzo algebra

isSWLP = (1) — (
if dim I != 0 then error "The_quotient_is_not_Artinian.";

— Hilbert function of A
s := regularity I;
HA := for i from 0 to s list hilbertFunction(i, 1);

— Choose a random linear form
ell := random(1,ring 1); — random linear form in R_1
J = I + ideal(ell);

— Hilbert function of A/(ell)
HB := for i from 0 to s list hilbertFunction(i, J);

— Check the equality:
— HB(i) = maz{ HA(i) — HA(i—1), 0 }
for i from 0 to s do (
expected :=
if i = 0 then HA#0
else max(HA#i — HA#(i—1), 0);
if HB#i != expected then return false;
);
return true;

);
—Check WLP for a given number of trials

isWLPgeneral = (I, trials) —> (
for t from 1 to trials do (
if not isWLP(I) then return false;
)
return true;
)

By generating a limited number of linear forms and check the relate h-vector, it is revealed whether
the algebra satisfies WLP. If this is not the case, the probability of the algebra not having the property
is quite high but a proper computation is needed to check that every linear element fails WLP. Usually,
this is done for Gorenstein algebra with Theorem and its generalizations. The above script can be
used more in general for Artinian level algebras due to Proposition [[.I0] We recall that an Artinian
algebra A with maximal irrelevant ideal m and Socle degree d is called level if 0 :y m = Ay. Every
Gorenstein Artinian algebra is automatically level.
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1.2 Hilbert function of Perazzo 3-folds

In this section we study the Hilbert function of Artinian Gorenstein algebras defined by a Perazzo
form. We give explicit formulas to compute it obtaining a result on its minimality and maximality.
Crucial is Theorem that proves unimodality of the Hilbert function. We follow notations present
in Section [T}

Proposition 1.22. Let f = xzopo(u,v) + x1p1(u,v) + xop2(u,v) be a form of degree d defining a
Perazzo 3-fold in P*. Let h = (ho, h1,...,hq) be its h-vector. Then hg = hq = 1,h; = hg_y = 5 and,
for2<i<d—2, hy =4i+1—m; —n;, where m; = 3i — rank M; and n; = ¢ + 1 — rank V;.

Proof. Recall that the h-vector of an Artinian Gorenstein algebra is symmetric and, hence, we only
have to compute h; for 0 < i < [%J We have

441

h; = dim A; = dim S; — dim Anng(f); = (
i

) — dim Anng(f);.

So, we have to compute dim Anng(f); for any i, 0 < i < [%J Since po(u,v), p1(u,v) and pa(u,v) are
k-linearly independent, we have dim Anng(f); = 0 and, hence, h; = 5.
We observe that, for any i > 2, Anng(f); contains (yo,y1,y2)" *(U, V), for 0 < k < i—2. Therefore

dim 4; < <4J,”> —Zzz(kﬂ)(i_k”) — 4i+ 1.
7 = 2
We have to compute the numbers
m; = dim(Anng(f); 0 (yo, y1,y2) (U, V)71,
n; = dim(Anng(f); n (U, V)?),

and we will get
dimA; =4i+1—m; —n;. (16)

This can be done because there are no linear dependence relations between the two parts, given the
bi-homogeneous nature of f with respect to the two groups of variables zg, 1, z2 and u,v.
To compute m; we consider a general polynomial of degree i in (yo,y1,v2)(U, V)L

(U™ + U2V + -+ it VT yo + (BoU ™ 4+ 4+ Bica VI Dyn + (U™ + -+ ).
It belongs to Anng(f); if and only if

QP ui-1 + Q1P yi-2 T o0 Q—1Pg pi-1 F Boplyuiq T+ YoPoyi-t o Yic1Po pi = 0.

The partial derivatives of pg, p1, p2 appearing in the above expression have degree d —i; setting equal to
zero the coefficients of the d —¢ + 1 monomials in u, v, we get a homogeneous linear system of d —¢ +1
equations in the 37 unknowns ag,...,a;—1,80,---,8i—1,70,- - -, Yi—1- The matrix of the coefficients is
M;, therefore m; = 3¢ — rank M;, and we are done.

To compute n; we consider a general polynomial of degree ¢ in U, V:

(SoUi + 61Ui_1V + e+ (SZVZ
and we impose that it belongs to Anng(f);. We get
(60p0,ui + 51p07ui—1v +oee 5ip0,vi)$0 + (50])17”1 + )1'1 + (50p27ui +- ).1‘2 = 0.

Looking at the coefficients of zq, x1, 2 and then the coefficients of the monomials in u, v of degree
d—1i—1and d — i, we get a homogeneous linear system of 3(d — i) + (d — i + 1) equations in i + 1
unknowns, whose matrix of the coefficients is NV;. We conclude that n; = ¢ + 1 — rank IV;. The proof is
complete. O



21 Chapter 1. Perazzo algebras and Lefschetz properties

Remark 1.23. We observe that the expression for h; can also be written in the form h; = rank M; +
rank ;. In fact, if we write a unique linear system to compute the dimension of the space Anng(f); N

[(yo, Y1, y2)(U, V)i=1 + (U, V)?], the matrix of this linear system results to be ( ]\3 ]XZ > .

In the general case, when f is as in (1.2)) with g # 0, equality (1.6 is not necessarily true, but

only the inequality dim A; > 4¢ + 1 — m; — n; holds true. An explicit example is provided by the form

f = zou? + 2100 + z90° + udvP.

On the other hand, in this more general situation the matrix associated with the linear system to
0 | N;

AR ) This implies, for every index ¢, the series of inequalities
7 7

be considered to compute h; is (

rank M; + rank N; < h; < rank M; + rank N;.

Clearly, every time rank V; = rank N/, we obtain a relation as in Proposition This is obviously
the case when g = 0. It is also the case if one of the polynomials pg, p1, p2 is general enough. Indeed,
we observe that IV; has maximal rank if and only if its columns are linearly independent; so if the rank
of one of the matrices A;11, B;t1, C;x1 is computed by the number of columns then N; has maximal

rank. This happens if one of the polynomials pg, p1, p2 is general enough in view of |83, Proposition
3.4]. A

Proposition 1.24. Let d > 4. The mazimum h-vector of the Artinian Gorenstein algebras S/Anng(f)
associated with the Perazzo 3-folds of degree d in P* is:

(1) If d = 4t then

4i+1 forO0<i<t
hi=<4t+2 fort+1<i<2t ;
ha—; for2t +1 <1< 4t

(2) If d =4t + 1 then

ha—; for2t+1<i<4t+1

(3) If d = 4t + 2 then

4i+1 forO0<i<t
hi =<4t +4 fort+1<i<2t+1 ;
ha_; for2t +2<i <4t +2

(4) If d = 4t + 3 then

4i4+1 for0<i<t+1
hi=<X4t+5 fort+2<i<2t+1
ha—; for2t+2<i<4t+3

Example 1.25. For low values of d, the maximal Hilbert functions in Proposition look like the
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following.
d=6=4-1+2 h=1(1,5,8,8,8,5,1)
d=7=4-14+3 h=1(1,5,9,9,9,9,5,1)
d=8=4-24+0 h=1(1,5,9,10,10,10,9,5,1)
d=9=4-2+1 h=(1,5,9,11,11,11,11,9,5,1)
d=10=4-2+4+2 h=(1,5,9,12,12,12,12,12,9,5,1)
d=11=4-2+3 h=1(1,5,9,13,13,13,13,13,13,9,5,1)
d=12=4-3+0 h=(1,5,9,13,14,14,14,14,14,13,9,5,1)

o

Proof of Proposition[1.24 Let f be a form of degree d as in (1.2) with po,p1,p2, ¢ as in (1.3)). Being
the h-vector symmetric, we only have to compute h; for 0 < < g

In view of Proposition and Remark the maximal Hilbert function is obtained when m;, n;
are minimal for any 4, i.e. when the ranks of the matrices M;, N/ are as large as possible.
Clearly rank M; < min{3i,d — ¢ + 1}. Therefore

3i for i < &L,
rank M; < R gt
d—i+1fori>= %=

Regarding N/, we observe that, in our situation, i+1 < 3(d—i)+(d—i+1), so always rank N/ < i+1.

This gives upper bounds on h; depending on the class of congruence of the degree d modulo 4, that
are precisely those in the statement of this Proposition.

To conclude the proof, we claim that these bounds are achieved. To this end, we observe that, in
view of the expressions , the columns of the matrices A;, B;,C;,G; contain up to a constant the
coefficients of the partial derivatives of order i — 1 of pg, p1,p2, g respectively. But, if pg, p1, po, g are
general enough, then, by [83, Proposition 3.4], for any 4 their partial derivatives of order i — 1 are as
linearly independent as possible in k[u, v]4 ;. This means that the ranks of the matrices A;, B;,C;, G;
are as large as possible. This proves our claim. O

The family given in the proof of Proposition is not much explicit because it simply states
that the forms pg, p1, po need to be general enough. The following example gives an explicit class of
examples attending the upper bound.

Example 1.26. The following example shows that the upper bound for the h-vector given in Proposition
1.24]is achieved. For any integer d = 5, we write d = 37 + € with 0 < € < 2. We take

r—1
d—1\ 1 4.
ol 0) = 2, (i:%+1ml v

i=0
2r—14-e
d—1\ 1 4 .,
p1(u,v) = Z ( . ) - u 'v*, and
= 1 1+ 1
d—1
d=1\ 1 44
pg(u,v)—.Z < ; >i+1u v'.
1=2r-+¢€

The Artinian Gorenstein algebra S/Anng(f) associated with the Perazzo 3-fold X < P* with
equation f = zopy + z1p1 + Tape has the maximum h-vector described in Proposition [[.24] Indeed,
ho = 1 and hy =5 (because pg, p1 and ps are k-linearly independent). Moreover, for all 2 < k < [gj,
we have rank M), = min{3k,d — k + 1} and rank N; = min{k + 1,4(d — k) + 1} and the result follows
from the equality hy = 4k + 1 — my, — ng with my = 3k — rank My, and nj = rank N;. More details
can be found in [51, Example 3.20] where the rank of these matrices is explicitly computed. &
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To determine the minimum h-vector for the Gorenstein Artinian algebra associated with a Perazzo
3-fold X in P* we need first to recall some results about the growth of the Hilbert function of standard
graded k-algebras and to fix some additional notation. As an application of Macaulay’s theorem, we
have:

Proposition 1.27. Let d > 4. Let R = k[zg, x1,x2,u,v] and S = k[yo,y1,y2, U, V] be the ring of dif-
ferential operators on R. The minimum h-vector of the Artinian Gorenstein algebras A = S/Anng(f)
associated with the Perazzo 3-folds of degree d in P* is:

(1,5, 6,6, --- 6, 6, 5, 1).

Proof. The proof proceeds as follows: we first prove that the cited t-uple is less than any possible
h-vector associated with a Perazzo 3-fold, with respect to the termwise order; then, we give examples
of Perazzo forms that have this h-vector. Let

hA = (ho, h1, h2, h3, hd—27 hd—h hd)

be the h-vector of A. First of all we observe that, arguing as in the proof of Proposition [1.24] we
get that 6 < ha < 9 which, together with the fact that the h-vector of any standard graded Artinian
Gorenstein algebra is symmetric, gives us that a lower bound for h 4 looks like

(1’ 5’ 6? h3> hd—?a 65 57 ]-)

This concludes the first step for d < 5. We will now prove that if d > 6, for any i, 3 < i < d — 3,
h; = 6.

First we assume d = 8. If h; <5 for some 5 < j < d — 3, using Macaulay’s inequality hy1 < h,@
for all t > 1, we get that h; <5 for all i > j contradicting the fact that hy_o = 6. Therefore, h; > 6
for all 5 < j < d — 2 and, by symmetry, we also have hs, hy = 6.

For d = 6,7, we must show that hs = 6. This last equality follows after a straightforward computa-
tion which shows that (yo,y1,y2)% ® (Y0, y1,y2)*(U, V) < Anng(f)3, dim{(coU? + ac;UV + aaV?)yo +
(,60U2 + 66UV + 52V2)y1 + (’70U2 + UV + ’ygVQ)yg € Anns(f)g} < 6 and dim{50U3 + 51U2V +
5UV? + 63V3 € Anng(f)3} < 1. Therefore, h3 = dim S3/ Anng(f)3 > (Z) —29 =6.

Summarizing, we have got that for any d > 4 and for 2 < i < d — 2, it holds h; = 6. To finish the
proof it suffices to give an example with h; = 6, for any i, 2 < i < d — 2. We take the homogeneous
polynomial of degree d:

d d—1

flxo, 1, w2, u,v) = uzy + u vry + vias.

It is easy to check that it has the desired h-vector. O

Remark 1.28. From Proposition it follows that A = S/ Anng(f) has minimum h-vector if and
only if rank M; = rank N/ = 3 for any ¢ with 2 < ¢ < [%J We note that none of these ranks can be
strictly less than 3 due to the assumption that pg, p1, p2 are linearly independent. A

Remark 1.29. From Propositions and [1.27] it follows that for d = 4 the unique possible h-vector
is (1,5,6,5,1). Instead, for d = 5, we can obtain only the maximal h-vector (1,5,7,7,5,1), and the
minimal h-vector (1,5,6,6,5,1). For bigger values of d, also some intermediate cases are a priori
possible. A

Lemma 1.30. Let F' = xgpg + x1p1 + T2p2 + g be a Perazzo form of degree d = 4 and let Ap be the
associated Artinian Gorenstein algebra. Then, for o general linear form £ € Ap, the polynomial £ o F
defines a Perazzo form of degree d — 1.

Proof. We can write £ = agXo + a1X1 + a2 X2 + boU + b1V for some coefficients a;, b; € k not all zero.
Then we can exhibit the action of £ on F' as
dg

- - - og
loF = xgpo + x1p1 + T2p2 + (aopo + aip1 + asp2 + bo% + bl&v)
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with
]50250%4-{)1%, P1 Zbo%—i—bl%, and  po Zbo%+b1%.

The form £o F has degree d —1 = 3. It remains to prove that the polynomials py, p1, p2 are linearly
independent, for a general choice of £.

Let ¢/ = bpu + byv and consider the map k[u,v]s—1 — k[u,v]4_2, given by p — ¢ op. The kernel
of this map is the one-dimensional space (L?~1), where L = byu — bov = (#)* (a classical result of A.
Terracini and others, see the Apolarity Lemma |84, Lemma 1.15], and a historical note in [84, Page
58]). Now let W = (pg, p1,p2). Since the p; are linearly independent, W has dimension 3. It does not
fill the whole space k|u,v]q4—1, because d — 1 = 3. Since powers of linear forms span k|u,v]s—1, there
is an open dense set B in k? such that for any (bg, b1) € B, the form L% misses W. So, for any such
pair (bg, b1), the map

0:-W—0oW

is an isomorphism, and therefore py, p1, p2 are linearly independent. O

Theorem 1.31. The Hilbert function of an Artinian Gorenstein algebra associated with a Perazzo
hypersurface of degree d =5 in P* is unimodal.

Proof. We claim that h; < $(i + 3)(2d — 3i) for i < 4 — 1.
To prove the claim, we observe that Proposition implies h; < d + 2 for any index ¢. Therefore
it is enough to prove that, if i < g — 1, then

d+2 < (i +3)(2d — 3i), (1.7)
which is equivalent to
3% +9i+4
2(i + 2)
Since our assumption ensures that d > 2¢ + 2, we only need to check that
32+ 9i+4
2(i + 2)

d >

2042 >

It is immediate to check that this last inequality is satisfied for all ¢ > 1. Applying [106, Proposition
2.6], we conclude that h; 1 = h; and hence we have the unimodality of the Hilbert function of Ap. O

Theorem does not generalise to PV with N > 4.

Ezample 1.32. Via computations on [M2|, we constructed algebras A with Hilbert function
(1, 6, 15, 28, 43, 42, 43, 28, 15, 6, 1),

which is not unimodal. In these examples, F' = xopg + x1p1 + x2p2 where pg, p1, p2 are forms of degree
9 in the variables u, v, w, chosen randomly by the computer program. For more on Perazzo n-folds we
refer to [104]. ¢

In the proof of Proposition we need to exclude certain vectors as possible h-vectors of Perazzo
algebras. Tt was pointed out by Mats Boij that the Hilbert function (1,5,6,8,6,5,1) cannot occur for
any Artinian Gorenstein algebra, and this can be proven by using Betti tables of lexicographic ideals
and a cancellation argument. We state the result below. For more about lexicographic ideals we refer
to [99].

Proposition 1.33. There is no Artinian Gorenstein algebra with Hilbert function (1,5,6,8,6,5,1).

Proof. Let A = R/I be an Artinian Gorenstein algebra with Hilbert function (1,5,6,8,6,5,1). In |99,
Macaulay proved that there exists a lexicographic ideal Ijex with the same Hilbert function. By 111},
Theorem 1.1], the Betti numbers (3;;(S/I) must arise from S;;(S/liex) by consecutive cancellations.
Using a computer algebra program, e.g. [M2|, one can compute the minimal Betti table of S/l
which is
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o mmmmmmmmmmmmm e +
| 0 1 2 3 4 5|
Jtotal: 1 22 67 84 49 11]
| 0:1 - - - - -
| 1: - 9 20 20 10 2]
| 2: - 2 5 4 1 |
| 3: - 415 21 13 3|
| 4: - 2 7 9 5 1]
| 5: - 4 16 24 16 4|
| 6: - 1 4 6 4 1|
o +

Here we use the convention that the entry at row j and column ¢ is the Betti number 3;,4;. To get
an Artinian Gorenstein algebra A, the Betti number 5 6(S/liex) = 2 should be cancelled to zero. This
can only happen if the sum £46(S5/lex) + B6,6(S/l1ex) is at least 2, a contradiction. d

1.3 Weak Lefschetz property

In this section we study weak Lefschetz property for Perazzo 3-folds. We start by considering Perazzo
algebras with minimal and maximal Hilbert function. This study gives a base to study the general
case. Between these two parts, it is present an intermezzo about Hilbert function and weak Lefschetz
property for some Artinian Gorenstein algebras.

1.3.1 Perazzo 3-folds with minimal and maximal h-vector

From Theorem and Remark since the Perazzo 3-folds have vanishing first hessian, it follows
that the associated algebras A fail the strong Lefschetz Property. In particular the map

x 012 A — Ay

is not an isomorphism for every ¢ € Ay. The goal of this section is to analyze whether the Artinian
Gorenstein algebra A associated with a Perazzo 3-fold X < P* has the WLP. If d = 3, clearly A fails
also WLP. But Gondim has proved that, for any Perazzo 3-fold of degree 4, A has the WLP (see [62,
Theorem 3.5]). More precisely, we will see that, in any degree d > 5, WLP holds when A has minimum
h-vector and fails when it has maximum h-vector.

Theorem 1.34. Let X c P* be a Perazzo 3-fold of degree d =5 and equation
[ = zopo(u,v) + z1p1(u, v) + 2p2(u,v) + g(u,v) € Ry = k[zo, z1, 22, u, v]a-

Let S = K[yo, y1,y2, U, V] be the ring of differential operators on R. If A =S/ Anng(f) has mazimum
h-vector, then A fails WLP.

Proof. According to the parity of the socle degree of A, we distinguish two cases.
Case 1: d is odd. Write d = 2r + 1.To show that A fails WLP, we will prove that for any L € A1, the
multiplication map

xL:A, — Ariq

is not bijective. By Theorem [1.8] it is enough to see the vanishing of the r-th Hessian hess’} of
f = zopo(u,v) + x1p1(u,v) + wop2(u, v) + g(u,v) with respect to a suitable k-basis B of A,. First we
can notice that a basis B made of classes with a monomial representative always exists. So, Hess; is
just a submatrix of dimension h, x h;, of the following matrix:

( a2rf

ouovs é’a:g é’x‘f 81:727 ) a+B+y+5+n=2r

where monomials are lexicographic ordered (for simplicity). Knowing that f is linear in the variables
xo, 1, T2, the above matrix can be partially computed as:
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aQ'rf a2rf . aQrf a2r71p0 02r71p0 . 62'r71p2 0 L 0
ou?r ou?r—1ov ourov” ou?r—1 ou?r—20v ourovr—1
aQT‘f aQ’r'f aQrf aZr—lpo aQr—lpO 627'—1p3
ou?r—1ov ouwr=29v2 T Pur—1ounTT | GuZr—20v ou2r=30v2 """ ou'—Iov" 0 -0
62'rf 62rf . aQrf a2r71p0 aQrflpU 62'r71p2 0 o 0
ou ov” our—1lopr+l our—Lov2r our—lovr  our—20vrtl ou?r—1
62r—1p0 aQr—lpo
P e e 0 e e 0 0 --- 0
927*71 62r71
W .. ‘e Wr_l’f 0 .. ‘e 0 0 --- 0
0 e e 0 0 e e 0 0 --- 0
0 0 0 X 0 0 0

The three vertical (respectively, horizontal) blocks are composed respectively by r + 1, 3r, (TZ4) —
(4r 4+ 1) columns (respectively, rows). Thus every possible choice of a h, x h, submatrix turns out
to have at least an all zero sub-submatrix of size (h, — (r + 1)) x (h, — (r + 1)). We now use the
hypothesis of A to have maximum h-vector and Proposition to obtain that h, = 2r + 3. We have
just proved that Hess';, matrix of dimension (2r +3) x (27 +3), has an all zero submatrix of dimension

(7 +2) x (r +2): this implies that hess’; identically vanishes.

Case 2: dis even. Write d = 2r+2. Note that, since the h-vector is maximum, then h, = h,, 1 = hyq9.
Using again the hessian criterion of Watanabe’s (Theorem [1.8]), we will check that for any ¢ € Ay, the
multiplication map

x0?: A, — Aygg

is not bijective. This implies that for any £ € Ay, the multiplication map
xl: A — Ay

is not bijective and, hence, A fails the WLP.

Same adapted argument of the previous case can be used also here. In fact, the matrix to be
considered is Hess’ which is now of size (2r +4) x (2r +4) which is even bigger than the previous case.
Thus, as discussed above, its determinant is always zero. O

In contrast with the last result we have that if an Artinian Gorenstein algebra A associated with
a Perazzo 3-fold has minimum h-vector, then A has the WLP.

Theorem 1.35. Let X < P* be a Perazzo 3-fold of degree d =5 and equation
f=zopo(u,v) + z1p1(u, v) + 22p2(u,v) + g(u,v) € R = k[zo, 21, 22, U, v]4-

Let S = K[yo, y1,y2, U, V] be the ring of differential operators on R. If A =S/ Anng(f) has minimum
h-vector, then A has WLP.

Proof. For 5 < d < 7 see Section where a full classification of Perazzo 3-folds with minimal h-
vector is given. Assume d > 8. By the minimality assumption, ho = hg = -+ = hg 9 = 6. By
Proposition [[.10] if for a general linear form ¢ € A1, the multiplication map

l: Ay —> As

is bijective, then
xl: Ay — As
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is injective, and for all j > 2,
x{: Aj —> Aj+1

is surjective, therefore A has the WLP. By the symmetry property of Artinian Gorenstein algebras,
XL A2 — A3
is bijective if and only if
xl: Ag—3 — Ag_2

is bijective. So, let us prove the bijection of this last map. To this end, for a general linear form ¢ € Ay,
we consider the exact sequence:

Ag-3 — Ag—o2 — [S/(Anng(f),£)]q—2 — 0.
It follows that x¢: Aj_3 —> Ag—2 is bijective if and only if [S/(Anng(f),¢)]s—2 = 0. Using the
hypothesis d — 2 > 6 (and, hence, hg o < d — 2) and Theorem we get
dim[S/(Anng(f), a2 < (ha—s)ea2y = 0
which proves what we want. O
Remark 1.36. As a consequence of Theorem [1.35] all forms of degree d which define a Perazzo 3-fold

with minimum h-vector are examples of forms with zero first order hessian, and all hessians of order ¢

different from zero, for 2 <t < [%J AN

For Gorenstein Artinian algebras associated with Perazzo 3-folds X in P* and with intermediate
h-vector both possibilities occur: there are examples failing WLP and examples satisfying WLP as
next example shows. We will see in the next sections that the crucial information is given by the
h-vector.

Ezample 1.37. 1.- Let X < P* be the Perazzo 3-fold of equation
f(zo, z1, 2, u,v) = ubzg + (u?0? + uv?)z + 1025 € k[zo, 1, z2,u,v]7.

Let S = Kk[yo, Y1, y2, U, V] be the ring of differential operators on R. We have

Anng(f) = W2, ¥2, v3, Yoyt Yoz, Y192, Yo Vs yalU, yoU? + 15y1U% — 154,V — 4o V2,
UV —UV3, 151U — o VAL UV, VT, U,

Therefore, the Artinian Gorenstein algebra A = S/Anng(f) has h-vector: (1, 5, 7, 8, 8, 7, 5, 1).
Using Macaulay2 [M2| we check that for a general linear form ¢ € A;, the multiplication map

xl: A3 — Ay

is bijective and, hence, A satisfies the WLP. It does not have the SLP because for any linear form
{e Al
x03: Ay —> As

is not surjective by Theorem [1.§]
2.- Let X c P* be the Perazzo 3-fold of equation

f(zo, 21, 29, u,v) = ubzo + udvdzy + 0029 € k[z0, 21, 29, U, v]7.
Let S = Kk[yo, y1, y2, U, V] be the ring of differential operators on R. We have
Anng(f) = Y3, ¥3, Y3, Your, Yoo, Y1y, You, y2u, 20y1 U2 — 4o V3 yoU> — 20y, V3, UV, UV, VT, UT).

Therefore, the Artinian Gorenstein algebra A = S/Anng(f) has h-vector: (1, 5, 7, 9, 9, 7, 5, 1).
Computing the third hessian, since it results to be zero, we get that for any linear form ¢ € A;, the
multiplication map

x{: A3 — Ay

is not bijective and, hence, A fails the WLP. &
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1.3.2 Intermezzo on some Artinian Gorenstein algebras

Let A = R/I be a graded Artinian Gorenstein algebra. In this part we prove that specific conditions
on the Hilbert function of A ensure the WLP. To this aim we now prove the following lemma.

Lemma 1.38. Let A = Ap be an Artinian Gorenstein graded k-algebra and set I = Ann F. Then for
every linear form £ € Ay the sequence

R R R
—> —
I (Z,0)

0 (1.8)

1s exact. Moreover (IiRZ) is an Artinian Gorenstein graded algebra with (o F as Macaulay dual generator.

Proof. We get the result cutting the exact sequence

(I:0) R <t R R
0 — (-1 —(—1 — —_ 0
7 I( )—)I( )—)I—)(I,E)_)
into two short exact sequences. The second fact is a straightforward computation. O

Proposition 1.39. Let A = R/I be an Artinian Gorenstein algebra of even socle degree d = 2s with
Hilbert function
H = (17 hlv h27 ey hs—17 h’87 h5—17 ceey h27 h17 1)

with hy, ..., hs consecutive increasing integers and hy < k for some % +1<k<d-1. Then A has
the WLP.

Proof. Consider the exact sequence in Lemma ~vvhere { is a general linear form. Denote by
hj, = dim[R/(I,¢)]; and hj, = dim[R/(I: ¢)];. Then hy—hjp_1 = h} for all k > 0 and hg = h, = 1. Let
kg be the smallest k such that hy < k. By Theorem hfg = 0 for all £ = kg, and therefore, fzk = hy
for all & > ko. Since R/I and R/(I: {) are Gorenstein, by symmetry we have h) = hy — hj_1 =
hi — (h — 1) = 1 for all k < d — kg + 1. Hence, Macaulay’s inequality forces bl < 1. If
(h! whiy) = (1,1,1) then (ﬁs_g,ﬁs_l,ﬁs) = (1,2,1) which again contradicts both Macaulay’s

s—17"%s»

theorem and the Gorenstein property of R/(I: ¢). Hence, b}, ; = 0 and R/I has the WLP. O
Example 1.40. Every Artinian Gorenstein algebra with h-vector
(1,5,6,7,...,s—1,s,s—1,...,7,6,5,1)
and socle degree at least 6 has the WLP. &
As another example of Hilbert function forcing WLP we have:

Proposition 1.41. Every Artinian Gorenstein algebra with h-vector
ho<hi <~ <h_1<hg=--+=hg>hgg1>>hg 1> hg
where s 2t + 2 and hg < s has the WLP.

Proof. 1t is enough to check that for a general £ € Ry the multiplication map x£: Agrp — Agpniy
is surjective if d is even, resp. x{: Ag_1y2 — Aw+1)2 if d is odd. So, it suffices to prove that
[R/(I,£)]y =0 fort = (d+1)/2.

Since hs < s, applying Green’s theorem we get [R/([,¢)]s = 0 i.e. the multiplication map
xl: As 1 — Ag is an isomorphism. By duality the multiplication map x¢: A; — A;11 is also an
isomorphism. This implies that [R/(I,¢)]¢+1 = 0. Therefore, [R/(I,£)]; = 0 for i > t + 1 and we are
done. O
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Remark 1.42. For a graded Artinian Gorenstein algebra A of codimension n and h-vector satisfying

h: = hyy1 < t, for some ¢, a result of Gotzmann shows that A is the quotient of the coordinate ring

of a zero-dimensional scheme in P"~! of degree hy, see [62] or [84, Proposition C.32] for more details.
Therefore, such an algebra A has the WLP.

The special case of Proposition when hs_1 = hy < 5 — 1 follows from the result of Gotzmann.

A

Ezample 1.43. Every Artinian Gorenstein algebra with h-vector
(1,4,6,7%,6,4,1), fork=5

has the WLP. Gotzmann’s result proves it for every k£ = 6 and the case k = 5 is implied by Proposition
1.41] &

1.3.3 The General case

This part is devoted to the proof of Theorem [1.46] The following proposition serves as the basis for
an induction in its proof.

Proposition 1.44. Let Ay be an Artinian Gorenstein algebra of socle degree 6 associated with a Perazzo
hypersurface V(f) < P*. The algebra Ay fails WLP if and only if the Hilbert function is mazimal, 1. e.
(1,5,8,8,8,5,1).

Proof. By Theorem and Lemma[1.33

(1,5,6,6,6,5,1), (1,5,6,7,6,5,1), (1,5,7,7,7,5,1),
(1,5,7,8,7,5,1), and (1,5,8,8,8,5,1).

are the possible h-vectors for Ay. We know that Ay has the WLP if its Hilbert function is the minimal
(1,5,6,6,6,5,1). The case of (1,5,6,7,6,5,1) is covered by Example . We also know that Ay fails
the WLP if it has the maximal Hilbert function (1,5,8,8,8,5,1). Let us now see that the h-vector
(1,5,7,7,7,5,1) can be excluded.

Assume that Ay = R/I has the Hilbert function (1,5,7,7,7,5,1). Take ¢ a general linear form and
denote by A’ the Hilbert function of R/(I,¢). As in the previous case, the Hilbert function of R/(I: ¢)
is (1,5,a,a,5,1) with a = 6 or 7. We consider another general linear form ¢ € A; and the commutative
diagram

0 — [R/(I:0]: —» As=[R/I]s — [R/(,0)]s — 0
! l !
0 — [R/UI:0)]s - As=[R/I]s — [R/(,0]ls — 0

where the vertical morphisms are given by the multiplication by ¢'. If a« = 6, R/(I: ¢) has minimal
Hilbert function (1,5,6,6,5,1). Therefore, R/(I: ¢) has the WLP and the first vertical map is an
isomorphism. R/(I,¢) has Hilbert function (1,4,2,1, 1) and so the last vertical map is surjective while
the middle map is not surjective because A fails the WLP in degree 4. If a = 7, R/(I: £) has maximal
Hilbert function (1,5,7,7,5,1). Therefore, R/(I: ¢) fails the WLP while Ay has the WLP. Hence the
middle map is an isomorphism which contradicts the fact that the first vertical map is not injective.

It only remains to prove WLP in the case that A has the Hilbert function (1,5,7,8,7,5,1). In that
case, let £ be a general linear form, and note that A; has the WLP if and only if x¢: [A¢]3 — [Af]a
is surjective.

Write Ay = R/I and consider the algebra R/(I: ¢). By Lemma this is a Gorenstein algebra
associated with a Perazzo form of degree five. Recall that the Hilbert function of R/(I, /) is determined
by the Hilbert functions of R/I and R/(I: {) as explained in Lemma[L.38 If R/(I: ¢) has the Hilbert
function (1,5,7,7,5,1) then R/(I,¥¢) has the Hilbert function (1,4,2,1). In particular [R/(I,¢)]4 = 0,
and we are done. The only other possibility for the Hilbert function of R/(I: ¢) is the minimal
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(1,5,6,6,5,1), in which case R/(I,¢) would have the Hilbert function (1, 4,2,2,1). We consider another
general linear form ¢/ € A; and the commutative diagram

0 — [R/UI:0]2 — As=[R/llz — [R/(I,0]z — 0
! ! l
0 — [R/(I:0]s — As=[R/]s — [R/(,0)ls — 0

where the vertical morphisms are given by the multiplication by ¢. The algebra R/(I: ¢) has the WLP
and hence

x0': [R/(I: £)]s — [R/(I: 0)]3

is an isomorphism. Moreover, it is easy to see that
<l [R/(I,0)]s — [R/(1,0)]4
is surjective as [R/(I, )], is a one dimensional space. By the snake lemma
<t': [R/T)s —> [R/1];
is surjective, which implies the WLP. O

Remark 1.45. Note that the Hilbert function (1,5,7,7,7,5,1) cannot occur for a Perazzo hypersurface,
but can still occur for some Artinian Gorenstein algebra. Indeed, it is the Hilbert function of the algebra
defined by the Macaulay dual generator F' = 2§ + xox} + x5 + 29 + 2§ + ub + 5. A

We can now give the classification of Artinian Gorenstein algebras associated with Perazzo hy-
persurfaces of degree d > 5 in P* with the weak Lefschetz property. Recall that such algebras have
Sperner number at most d + 2.

Theorem 1.46. Let Ay be an Artinian Gorenstein algebra associated with a Perazzo hypersurface
V(f) € P* of degree d = 5. Let (ho,h1,...,hg) be its h-vector. The algebra Ay has the WLP if and
only if #{i | hi =d+2} < 1.

Proof. Assume first that #{i | h; = d + 2} > 2 (resp. = 3) if d is odd (resp. even). Consider the
Hessian of f of order (d —1)/2 (resp. (d —2)/2). To compute it we fix a monomial basis B of the
homogeneous component of Ay of degree (d —1)/2 (resp. (d — 2)/2), formed by d + 2 monomials.
Since there are at most (d + 1)/2 monomials involving only w, v (resp. d/2), the number of monomials
containing some of the variables x,y, z is at least (d + 3)/2 (resp. (d + 4)/2). This implies that in
the Hessian matrix there is a block of zeros of order at least (d + 3)/2 (resp. (d + 4)/2), which forces
the determinant to vanish. Therefore the multiplication map by a general linear form does not have
maximal rank in degree (d + 1)/2 (resp. in degree d/2), and Ap fails the WLP.

Let us now assume #{i | h; = d + 2} < 1, and prove that Ar has the WLP. We have seen that
the result holds for d = 5,6. We proceed by induction over d, treating the cases of d even and d odd
separately.

CASE d even. Write d = 2s. The hypothesis #{i | h; = d + 2} < 1 together with Theorem [1.3]]
implies that hsy1 < d+ 1. We let I = Ann F' so that Ap = R/I. Take a general linear form ¢ € Ap
and consider the short exact sequence (1.8). By Lemma we know that R/(I: ¢) is an Artinian
Gorenstein algebra associated with the Perazzo form ¢ o F' of degree d — 1 = 2s — 1. Denote by A/
and h; the Hilbert functions of R/(I,¢) and R/(I: ¢), and recall that hi = his1 — hi. . Using Green’s
theorem (see Theorem and the inequality hsy1 < d + 2, we get that Al ; < 1. If b} ; = 0 the
map

<t: [R/I]s —> [R/T]ss1
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is surjective, and Ap has the WLP. Suppose instead i ; = 1. Then, as hy 1 < d+1, we get hy < d+1.
Therefore, we can apply our induction hypothesis to R/(I: ¢) and conclude that R/(I: ¢) satisfies the
WLP. Consider now another general linear form ¢ € R/I and the commutative diagram

0 - [R/(I:0]i-n — [R/l; — [R/(LOl — O
! l I (1.9)
0 — [R/(I:0)i — [R/[]isn — [R/,0)]ita — O

for i = s, and where the vertical morphisms are given by the multiplication by ¢. Since R/(I: ¢)
satisfies the WLP, the leftmost vertical map is an isomorphism. On the other hand it is easy to check,
as hl,, = 1, that the rightmost vertical map is an epimorphism. By the snake lemma, the middle
vertical map is an epimorphism, which then gives A; the WLP.

CASE d odd. Write d = 2s + 1. By Theorem [I.3T] we know that h is symmetric and unimodal. Since
we assume #{i | h; = d+ 2} <1 we have hy = hgy; < d + 1 in this case. Applying Theorem we
get hl , < 1. If bl ; = 0 we are already done, so suppose h,,; = 1. By Macaulay’s inequality then
hi <1 for all i > s. Considering the commutative diagram we see that the rightmost vertical
map is surjective for ¢ > s. Since R/(I: £) is a Perazzo algebra of socle degree 2s it has the WLP, and
therefore the leftmost vertical map in is surjective for ¢ > s. We can conclude that the middle
map x{': [R/I]; — [R/I];y1 is surjective when ¢ > s, and by duality also injective for i < s. This
gives the equality h, = h; — h;_1 for i < s.

Next, we claim that h, = 1 for some i < s, or equivalently h; = h;_1 + 1. To prove the claim,
consider the possibility that h; > h;_1+2 for each i = 2,...,s. Then we would have hy > h1+2(s—1) =
5+ 2(s — 1) = d + 2 which would contradict the assumption hy < d + 1.

Now Macaulay’s inequality together with the fact that h, = 1 for some ¢ < s implies h, = 1.
Finally, we consider the diagram (1.9) with ¢ = s. In this case the leftmost vertical map is injective,
and the rightmost is bijective as h}, = hl,_; = 1. We conclude that the middle map is injective, and
therefore R/I has the WLP. O

Theorem 1.47. Let Ay be an Artinian Gorenstein algebra associated with a Perazzo hypersurface
V(f) < P* of degree d = 5. Assume that Ap has the WLP and that ¢ is a weak Lefschetz element.
Then the Hilbert function of Ar/(€) is unimodal.

Proof. Denote the h-vectors of Ay and Af/(¢) by h and A/, respectively. As ¢ is a weak Lefschetz
element we have h’ = Ah, meaning h, = max(h; — h;—1,0). Using [54, Proposition 3.4] we get that
I < 4 for every i. Macaulay’s inequality on A/, for every i > 2, implies that (h');y1 < h} unless
i =2, hl, = 3 and in that case by < 4. This means that A’ is unimodal except when b’ = (1,4,3,4,...).
We will show that there is no Artinian Gorenstein algebra Ay associated with a Perazzo hypersurface
V(f) < P*such that Ah = (1,4,3,4,...). If such an algebra would exist, it would have Sperner number
at least 12, which implies d = 10. But for d = 10 the vector h does not satisfy the necessary condition
for WLP given in Theorem Suppose d = 11. Then h = (1,5,8,12, ha, hs, ..., hs, hg, 12,8,5,1).
We will show that h cannot occur as the Hilbert function of Ay by showing that hg = 12 forces hy = 9.
From Proposition we obtain that

rank My + rank Ny
rank M3 + rank N3

rank My + rank N3, and (1.10)
rank M3 + rank N3, (1.11)

2 <
<

<h
< hsg
where My, Ms, No, N3, N, and N} are the matrices defined in Equation (1.5).

We claim that rank M3 > 8 implies that rank My = 6. To show the claim notice that the matrix
obtained by removing the first row (or the last row) from Ms is a submatrix of M3. Suppose rank My <
6 and assume that the last column of My is a linear combination of the other columns. This implies
that the last two columns of M3 are in the span of the first 7 columns. So rank M3 < 7 and this proves
the claim.
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Observe that rank Ni < 4, so hg = 12 implies that rank M3 > 8 by Inequality . In this case
the claim shows that My has to have maximal rank, rank Ms = 6. On the other hand, rank M3 > 8
forces at least one of the three blocks As, Bs, or Cs, defined in Equation , to have maximal rank,
and therefore N and Ny both have maximal rank, that is equal to three. So rank My + rank Ny =
rank My + rank N}, = 6 + 3 = 9 and by Inequality we conclude that hy = 9 which completes the
proof. O

Theorem and Theorem rule out some intermediate possibilities for h-vectors of Perazzo
algebras in between the maximum and minimum h-vectors given by Proposition and Proposi-
tion In general, it is a difficult problem to determine whether a h-vector is the Hilbert function
of an Artinian Gorenstein algebra, let alone one coming from a Perazzo hypersurface.

Ezample 1.48. There is no Artinian Gorenstein algebra associated with a Perazzo hypersurface in P4
with Hilbert function
H=(1,5,6,7,9,9,9,7,6,5,1).

If there were an algebra with this Hilbert function, then Theorem would imply that it has WLP,
and by Theorem AH should be unimodal, which is a contradiction. &

1.4 Classification of Perazzo 3-folds with minimal h-vector

The goal of this section is to classify all Perazzo 3-folds X in P* of degree d > 5 whose associated
Artinian Gorenstein algebra S/ Anng(f) has h-vector: (1, 5, 6, 6,---, 6, 6, 5, 1). As a corollary we
will also classify all Perazzo 3-folds X in P* of degree 5 whose associated Artinian Gorenstein algebra
S/ Anng(f) has the WLP.

We start the section with some technical lemmas and remarks.

Lemma 1.49. Let f1 = po(u, v)zo+p1(u,v)x +p2(u, v)ze and fo = qo(u,v)xo+q1(u,v)x1 +q2(u, v)xs
be two Perazzo 3-folds of degree d in P* such that {py,p1,p2)x = {qo,q1,q2)x < K[u,v]q—1. Then, the
h-vectors of S/ Anng(f1) and S/ Anng(fa) coincide.

Proof. By [84, Proposition A7] it is enough to prove that f; and fo define projectively equivalent 3-folds
in ]P)4' Write QO(ua U) = )‘OPO(U’ U) + )\1P1 (U, /U) + )\2]92(“, U)) q1 = ,uopo(u, U) + pip1 (uv U) + p2p2 (ua U)7
qs = vopo(u, v) + v1p1(u, v) + vapa(u,v). We have

fo = qolu,v)xo + q1(u,v)x1 + g2(u, v)xs
= (Aopo(u,v) + Aip1(u, v) + Xapa(u,v))xo + (Hopo(u, v) + ip1(u, v) + papa(u, v))z1+
+(vopo(u, v) + v1p1(u, v) + vapa(u, v)) w2
= (Aoxo + pox1 + vox2)po(u, v) + (Mxo + p1x1 + vix22)p1(u, v) + (A2xo + pox1 + vox2)p2(u, v).

Therefore, f; and fo define projectively equivalent hypersurfaces in P*. O

We fix integers d = 5 and 2 < k < [%J We keep the notations introduced in Section ! If
rank My = 3, then rank A; < 3, rank By < 3 and rankC; < 3. We will now explain the geometrical
meaning of the rank of the matrices Ag, By, Cx. To this end, we recall some basic facts about symmetric
tensors in two variables. For more details see [15], [84], and [110].

Let us fix an integer ¢ > 3 and consider the vector space k[u, v]; of forms of degree t. Its elements can
also be interpreted as symmetric tensors in two variables; by definition the Waring rank, or symmetric
rank, of p € k[u,v]; is the minimum integer r such that there exist linear forms I,...,l, € k[u,v];
such that p = I} +---+I%. In particular, a symmetric tensor p has Waring rank 1 if p = [! for a suitable
linear form [, i.e. p is a pure power of degree t.

In the projective space P!, naturally identified with P(k[u,v];), the set of (equivalence classes of)
forms of Waring rank 1 is the image of the ¢-tuple Veronese embedding of P! in P!, that is the rational
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normal curve C; of degree t. We recall that, for any r > 1, the r-secant variety of C} is

O'T(Ct) = U <p17"'7p7“>'

plv"'7p7‘ect

Clearly Cy = 01(Ct) < 02(Cy) < ---, and a general element of 0,.(C;)\o,—1(Ct) is a symmetric tensor
of Waring rank =, but if » > 1 ¢,(C;) contains also tensors of Waring rank > r. The dimension of
or(Cy) is min{2r — 1,¢}. Moreover, for any r < 52, ,_1(C}) is the singular locus of 0,.(C}) (see [118,
Proposition 1.2.2 and Corollary 1.2.3|).

We recall also that the tangential surface of Cy, T'CYy, is the closure of the union of the embedded
tangent lines to Cy. The tangent line at the point I} € C; is the set of tensors that can be written in
the form lfllg, with o a linear form. Similarly the osculating 3-fold of Cy, T?Cy, is the closure of the
union of the embedded osculating planes to C, and the osculating plane at [} is the set of tensors that
can be written in the form li*Qm, with m a form of degree 2.

We are now ready to give the desired interpretation of the rank of the matrices introduced in
Equation . We state and prove Propositionfor the form pg and the matrices Ay; the analogous
results hold true also for py, p2, and their respectively catalecticant matrices By, Cy.

Proposition 1.50. We fiz an integer d = 5 and we keep the notations from Equation (1.4)). It holds:

(1) If rank Ay, = 1 for some 2 < k < [%J (and, hence, for all k), then py = (41 for some
¢ € k[u,v];.

(2) If rank Ay = 2 for some 3 < k < [%J (and, hence, for all k), then either py = £4=1 + ¢4=1 or
Py = Bcll_zfg for some {1, 05 € k[u,v];.

(8) If rank Ay = 3 for some 4 < k < [%J (and, hence, for all k), then either py = f‘li_l + fg_l +
(M1 + pl2)41 or py = ECIIA + 5372()\61 + ply) for some 01,0y € k|u,v]; and A\, p € k*.

Proof. Let r be any integer such that r+1 < k. From |110, Theorem 1.3|, it follows that all the minors
of order 7 + 1 of Ay, vanish if and only if [pg] € 0,(C4—1). For r = 1, this gives (1). For r = 2, we get
that if Ay has rank 2, then pg € 02(Cy—1). From |15, Corollary 26|, it follows that either pyp has Waring
rank 2 or pg € TCy_q; this proves (2). Similarly, for r = 3, rank Ay = 3 implies that py € 03(Cy—_1).
So, either the Waring rank of pg is 3, or pp belongs to the join of Cy 1 and its tangential surface (|15,
Corollary 26]). This proves (3). O

Theorem 1.51. The Artinian Gorenstein algebra S/ Anng(f) associated with a Perazzo 3-fold of degree
d =5 has h-vector: (1, 5, 6, 6, --- 6, 6, 5, 1) if and only if, after a possible change of coordinates,
one of the following cases holds:

d— d—2 d—3,2

(1) f(zo, 1,22, u,v) = u g + u vz + w30y, or

d— d—2 d—1

(ii) f(xo, w1, 22,u,v) = u? oy + ul2vz; + v9 ey, or

(i1) f(xo, 21,22, u,v) = vz + Mu + pv) ey + v ey with A, p e k*.

Proof. As observed in Remark , the h-vector is minimal if and only if rank M}, = rank N; = 3 for
any k. A straigthforward computation shows that for any f as in (i), (i) or (iii) one has rank M} =
rank N;, = 3 for any k and, therefore, S/ Anng(f) has h-vector (1, 5, 6, --- 6, 5, 1). To prove the
converse, we first observe that if rank M}, = rank N] = 3 for any k, then the ranks of Ay, By, Cy, G, are
all bounded above by 3. We analyze first the various possibilities for pg, p1, po.

(I) d > 7 and rank Ay = rank By, = rankCy, = 3 for 4 < k < [%J and pog, p1, p2 all have Waring
rank 3. We use [110, Corollary 1.2]: the spaces of the columns of Ay, By, Cy coincide, so there exist
linear forms I, l2, I3 and suitable constants such that
191

Po = Ao + pold ™+ ppd?
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p1 = All(liil + Mllgil + Vllgfl

Py = )\2l(1171 + Mglgil + I/ngil.

Ao Mo Mo
Since pg,p1,p2 are linearly independent, the matrix | A\; p; vq | is invertible, so {pg,p1,p2) =
Ao g V2

<lg_1, l‘f_l, lg_1>. In view of Lemma in f we can replace pg, p1, p2 with lg_l, l‘f_l, lg_l.

(II) d > 7 and rank Ay = 3 for 4 < k < ||, but pp has Waring rank strictly > 3. So from
Proposition m (3), po is of the form {71 4 £372(auly + Be2) for some £y, f5 € k[u,v]; and a, B € k*.

So up to the change of variables that sends l; into u, and Iy into v, pg = u® ! + auv® 2 + v 1. Then

1 0 0 bo by by Cco C1 C2

0 0 O
My = |
0 0 a bg—3z bg—2 bg_1 cq—3 c4—2 Cq—1
0 a B bgaz bg1 by cg2 cg1 g
From rank M3 < 4 it follows by = -+ = by_3 = ¢; = --- = ¢4—3 = 0. Therefore

p1 = bgud_l + bd_guvd_2 + bd_lvd_l, pa = coud_1 + cd_guvd_2 + cd_lvd_l,

and we can replace pg, p1, p2 with 41, wvd 2 v¢1,
(III) rank Ay, = 2for 3 < k < [%J and po has Waring rank 2, so it can be written py = w4~ 40?1,
Then Ms is as in case (IT) with « =0, 8 =1 and

1 0 b b1 Co C1
0 0 b1 b2 C1 C2
0 1 bg2 bg1 ca2 cqg
From rank Ms < 4 we deduce that

bl bg c1 Co
rank | o[ <2, rank [ . | <2, rank (bl by ... bd2> .

bg—3 bg—2 C4—3 Cd—2

Therefore
(biy. .. bg—g) = NI3 X4 0wt (er, ... came) = (0073, 0% 4, L pdY),

for suitable A\, u, 0, p € k. We get:

d—1
p1 = boud ™! + uv((d — DA 4 ( ))\d_4uud_4v o) F by

p2 = cou™! + uv((d — 1)o?3u?3 +

We can also write

d—1 d—1

p1 = bou’ !+ w3 + bi_10", po = cout Tt + kuvda_z + cq1v

where ¢4_3 is a form of degree d—3 and k € k, because (b1, ...,bq—2) and (cy, ..., c4_2) are proportional.
We can assume by = cg = 0 and we get v¥~! € (pg, p1, p2), hence u=' uvgy_3 € {po,p1,p2). Finally,
adding to uv¢g_s suitable multiples of u®=1, v¥~1 we get (\u + pv)?=! € {po, p1, p2).
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(IV) rank Ay, = 2 for 3 < k < [d—‘glj but pp has Waring rank > 2, so up to a change of variables

po = ut2v.

01 bo b1 Co C1

1 0 b1 b2 C1 Co

My =

0 0 bg2 ba1 cig2 caa

has rank 3, therefore
bg b3 (&) C3
rank < 2,

ba—2 bag—1 ci2 ci1

and arguing in a similar way to (III), we conclude that {pg, p1, p2) is either of the form (u®1 u?=2v, (Au+
lw)d—1>7 or <ud_1, ud_Qv, ud_3v2>.

(V) rank Ay = rank By, = rank Cy, = 1, then pg, p1, p2 are all pure powers of degree d — 1.

(VI) Let 7 be the 2-plane generated by the polynomials pg, p1,p2. If d = 5, 7 = P* = P(k[u, v]4).
The tangential variety T'Cy has codimension 2, so the intersection m N T'Cy # . If m intersects T'Cy
outside its singular locus Cy, up to a change of variables u?v € 7 and we conclude as in (IV); otherwise,
we are in the situation of (V). If d = 6, 7 <« P° = P(k[u,v]5). Now 02(C5) has codimension 2 and
therefore m N 09(C5) # . Therefore we are either in the situation of (IIT) or of (IV).

We have proved that for any d > 5, if f defines a Perazzo 3-fold and S/Anng(f) has minimal
h-vector, then the polynomials pg, p1, pe are as in (i), or (ii), or (iii).

It remains to find out how we can choose the polynomial g in each of the cases. From Proposition
we deduce that the only condition that g has to satisfy is Anng(poxo + p121 + p222)s = Anng(f —
9)3 = Anng(f)s. In other words, we impose that g is annihilated by a system of generators of Anng(f)s.

() If f(xo, 21,72, u,v) = ultwg + u?2vry +ui 30229 + g, we have that Anng(f)z = (V) and so
g = goud + g1ud_1v + ggud_QUQ.

(ii) If f(xo,x1,22,u,v) = ullzg + v 2vw; + v9 1oy 4+ g, we have that Anng(f)3 = (UV?).
This gives that Z?;Ql gz(‘f)(k —4)i(i — Dub="1"=2 = 0,80 go = --- = gg1 = 0. Thus we get
g = gou + gru v + ggot.

(iii) If f(xo,z1, w2, u,v) = v lzg + (Au + pv)?lzy + v¥ 1y + g, we have that Anng(f)s =
(uU?V — A\UV?). Then we have the condition

d—1
k—3 ’
Z (z B 1> (g = A\gix )u 201 =0 = pugi—Agi1 =0, i=1,...,k—2.
i=2

So we can collect g; and complete the d-th power to obtain g = au® + b(Au + pv)? + cv®.
Therefore we obtain three different classes as follows:

(1) f(zo,x1, 22, u,v) = vz + w20z + u30%2s + au? + bu?1v + cu?"?v? with a,b,c e k, or
(ii) f(zo, 21,22, u,v) = u 2y + vl 20z + v 20 + aud + budlv + cv? with a,b,c €k, or

(iii) f(xo, 1,22, u,v) = u¥ oo + Au + pv)* oy + 04 ey + au? + b(Au + pw)? + cv? with A, p € k*
and a,b,c € k.

One last change of variables provides the desired classification. O

Remark 1.52. As we noticed in Lemma the Hilbert function of the algebra S/ Anng(f) depends
only on the plane 7 = P((po,p1,p2)x) < P! and not on the choice of the three generators. In
Theorem we have proved that the h-vector is minimal if and only if the plane 7 is in one of the
following positions: it is an osculating plane to the rational normal curve Cy_; (case (1)), or it contains
the tangent line to Cy_1 at a point and meets Cy_1 also at a second point (case (ii)), or it intersects
Cy—1 at three distinct points (case (iii)). A
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Remark 1.53. In Theorem we have obtained a complete characterisation of the polynomials f such
that A = S/ Anng(f) has minimum h-vector for any d > 5. This allows us to conclude with a direct
verification the proof of Theorem proving the WLP of these algebras in the cases 5 <d < 7. A

Corollary 1.54. The Artinian Gorenstein algebra S/ Anng(f) associated with a Perazzo 3-fold of
degree 5 has the WLP if and only if, after a possible change of coordinates, one of the following cases
holds:

(i) f(xo,r1,22,u,v) = utzg + vdvr; + u?v?zy € Rs, or

Aro + vz +viag € Rs, or

(M’) f(ﬂfo,xl,x%u’”) =U
(iii) f(xo, 1,22, u,v) = ulzg + (Au + pv)*z; +vizs € Ry with \, u € k*,

Proof. Tt follows from Theorems [T1.51], [T.34], and [T.35] O

Note that, as consequence of the results of Gordan-N&ther, Corollary gives also a complete
classification of threefolds in P* with vanishing hessian.

1.4.1 Geometrical considerations

In this section, we give a short geometrical description of the hypersurfaces in Theorem [L.51]

Case (i) corresponds to the union of the classic cubic Perazzo 3-fold in P4 of equation: u?zg +
uvzy 4+ v2xe = 0 with the non-reduced hyperplane of equation: u¢=3 = 0. To describe the other two
hypersurfaces, we first recall some known geometric properties of hypersurfaces with vanishing hessian.
Let X = V(f) = PN be such a hypersurface with hessy = 0.

We denote by

VPV s (PV)*

its polar map defined by
_(9f of of
Vip) = (axo (p), . (), P (p)> ,

v X --» (IP’N)*

and by

the restriction of Vs to X, i.e. the Gauss map of X, associating to each smooth point of X its

embedded tangent space. The image of 7 is the dual variety X* of X. Let Z = V;(PY) be the closure
of the image of the polar map. Then X* ¢ Z < (PV)* (|118, Corollary 7.2.8]). Moreover, if N = 4, Z
is a cone with vertex a line over an irreducible plane curve, and its dual Z* is a rational plane curve
in P4, naturally identified with the bidual space (P4)** (|118, Lemma 7.4.13]).

Let X be a Perazzo hypersurface of degree d in P* of equation . X contains the line L : xg =
x1 = x9 = 0 and the plane Il : w = v = 0. From [118, Sections 7.3 and 7.4], it follows that II is the
singular locus of X with multiplicity d — 1; moreover, X* is a scroll surface of degree d, having the line
IT* as directrix. In particular, IT* is also the vertex of Z, and the general plane ruling of the cone Z
meets X* along a line of the scroll. The curve Z* is contained in II and the hyperplanes containing IT
cut on X, outside II, a 1-dimensional family 3 of planes: they are all tangent to Z* and meet L. If p
is general in X, then the fibre of the Gauss map v !(y(p)) is the line {(p,p’) where p’ is the tangency
point to Z* of the plane of the family 3 passing through p.

We now see how this picture specialises if we consider the reduced, irreducible Perazzo 3-fold
X, c P* of equation

fi(zo, v1, 22, u,v) = u "tz +u

case (ii) in Theorem We use coordinates zp, . .., 24 in (P*)*. The equation of Z, which expresses
the algebraic dependence of pg, p1, p2, is szl — zg*ng = 0; the one of Z* is (d — 1)d_1x372x2 + (d —
2)d*2x‘f_1 = 0. They both represent rational curves of degree d—1 with a singular point of multiplicity

d — 2 with only one tangent line.

d_2vx1 + vd_lxg,
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In case (iii) we have

fo(zo, 21, T2, 1, v) = u Loy + (\u + pv)d Loy + v? tzy with A, e k*.

For low values of d we have checked with the help of Macaulay2 (|[M2]) that Z is a cone over a
rational curve of degree d — 1 with W distinct nodes. Its dual Z* results to be a rational curve
of degree 2d — 4. If d = 5, then Z* has degree 6 and it has 3 cuspidal points of multiplicity 3 at
the fundamental points [1,0,0], [0, 1,0],[0,0,1] and one node; if d = 6, then Z* has cuspidal points
of multiplicity 4 at the fundamental points and 3 nodes; if d = 7, then Z* has cuspidal points of
multiplicity 5 at the fundamental points and 6 nodes.

1.5 Jordan type for minimal Perazzo algebras

In this section, we study the Jordan types of an Artinian Gorenstein algebra corresponding to a Perazzo
threefold of minimal Hilbert function, i.e. of the type (1,5,6,...,6,5,1). An explicit classification of
the possible dual generators f of degree d > 5 defining a Perazzo threefold with minimal Hilbert
function is given in Theorem Following a different and more concrete approach we are able to
compute the Lefschetz locus for such cases.

Proposition 1.55. For Perazzo threefolds with minimal Hilbert function, the Lefschetz elements are
the linear forms agXo + a1 X1 + asXa + boU + b1V satisfying the following conditions, for the three
types of f listed in Theorem |1.51):

(i) bo # 0,
(ii) bob1 # 0,
(ii) boby (bo + Abp) # 0.

Proof. Let S = Kk[yo,y1,y2,U, V] be the ring of differential operators. By Theorem [1.35] we have
ha = hg = -+ = hy_o = 6. By Proposition [I.10, A has the WLP if and only if the multiplication map

xl: Ay —> As
is an isomorphism for some L € A;. To prove it, we instead check that the multiplication map
x 0 Ay —> Ay o
is an isomorphism for some L € Ay, i.e. the 2-nd Hessian of f does not vanish.

(i) f(xo,x1,x2,u,v) = wt g +ud2vr +u? 302z, A basisof Ay is B = {U2, UV, V2 yoU, 1 U, yU}.

So, the 2-nd Hessian is

hessfc = det ( BCT lg ) = —(det B)?,

where C, B are 3 x 3 matrices. In particular the matrix B has the form

(d—1)(d — 2)ud* ® #
B=(d-3) 0 (d—2udt  «
0 0 ud=4

Since B has non zero determinant, f does not have 2-nd vanishing Hessian. Moreover, the non
Lefschetz elements have the form ¢ = koyo + k1y1 + koyo + k3V with k; € k.
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(ii) f(zo,x1, w2, u,v) = u 2o+ ud"2v2 +v? 2. A basis of Ayis B = {U%, UV, V2, yoU, 91U, 42V}
So, the 2-nd Hessian is
C B
hess; = det ( BT 0 ) — —(det B)?,

where C, B are 3 x 3 matrices. In particular the matrix B has the form

(d—Dud=*  « *
B = (d—2)(d—3) 0 ud=* s
0 0 (d— 1)

Since B has non zero determinant, f does not have 2-nd vanishing Hessian. Moreover, the non
Lefschetz elements have the form ¢ = kgyo + k1y1 + koyo with k; € k.

(iii) f(zo,x1,z2,u,v) = ulzg + Au + )2y + v¥ ey with A\, € k*. A basis of Ay is B =
(U2, UV, V2, 40U, y1U,y2V'}. So, the 2-nd Hessian is

hessfc = det ( ngT jg ) = —(det B)?,

where C, B are 3 x 3 matrices. In particular the matrix B has the form

Ud_4 % 0
B =(d-1)(d—-2)(d—3) 0 ANu(du+pw)d= 0
0 % Ud_4

Since B has non zero determinant, f does not have 2-nd vanishing Hessian. Moreover, the non
Lefschetz elements have the form ¢ = kgyo + k1y1 + koyo with k; € k. O

In our situation, the Jordan type of the algebra A is a partition of 6d — 6. Let us start with the
generic linear Jordan type P4, = (p1,...,p:). We know that a general linear form ¢ € Ap satisfies
¢ %0, so py =d+ 1. By Proposition above, a general linear form ¢ € Ap is a weak Lefschetz
element. So, since the Sperner number is 6, this must be the number of parts in P4, (see Proposition
. Since Ap does not have the SLP, Py, is strictly dominated by the conjugate of the Hilbert
function: H(Ap)Y = (d+1,(d — 1)*,d — 3). The only possibility is

Pa, = (d+1,(d—1)% (d—2)?), (1.12)

as any other partition of 6d — 6 with p; = d + 1 and strictly dominated by H(Ar)Y has more than 6
parts.

Remark 1.56. If we consider a general element ¢’ in the maximal ideal of Ap (not necessarily homoge-
neous), we could ask what its Jordan type is (this is the generic Jordan type of A, see |85, Definitions
2.1 and 2.55]). We know that this Jordan type is dominated by H(Ar)Y and since a general element
in the maximal ideal of Ar specialises to a general linear form in (Ap)1, its Jordan type dominates
the generic linear Jordan type (see the discussion before Lemma 2.54 in [85]). But if we compare the
partition H(Ap)Y with the generic linear Jordan type we have just obtained, we see that there is no
partition between the two in the dominance order, so the generic Jordan type must be equal to one
of these partitions. Since the Jordan type H(Ap)Y implies that the vector space (¢)¥1(Ap); has
dimension 5 and this can only be attained if the same happens for (¢;)?*(Ar);, where £} is the linear
summand of ¢/, we see that the generic Jordan type of A is P4, asin (1.12). A

Let us now consider the possible Jordan types for multiplication by any linear form in Ap.

Theorem 1.57. Let Ap be an Artinian Gorenstein algebra of a Perazzo threefold with minimal Hilbert
function. The two Jordan types

(d+1,(d-1)3(d—2)*) and (d*(d—1)*(d—-2)?)

occur for multiplication by a weak Lefschetz element. For elements in the non-Lefschetz locus, the
following holds regarding the Jordan basis, for the three types of F given in Theorem [1.5]]
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(i) All strings are of lengths at most 4,
(i) The strings have lengths > d — 1 or < 3,
(iii) The strings have lengths > d — 1 or < 2.

Proof. We have already seen that the Jordan type of a general linear form is (d +1,(d—1)3,(d - 2)2),
and that this is the only possible Jordan type for a weak Lefschetz element ¢ with ¢4 # 0. Let’s
consider a weak Lefschetz element £ such that ¢¢ = 0. For instance, take £ = bou + bjv with by, by
satisfying the conditions given in Proposition [I.55] In this case the Jordan strings have length at most
d. We claim that the largest part of such a Jordan type is equal to d. By Proposition [I.21] every
Jordan type partition has to be smaller than the generic Jordan type (d + 1, (d — 1)*, (d — 2)?) w.r.t.
the dominance order, so there is no partition of 6d — 6 with exactly 6 parts that is dominated by the
generic Jordan type and has parts of length at most d — 1. Thus the largest part has length equal to
d and by symmetry [40, Lemma 4.6] we must have at least 2 parts of length d. So, the Jordan type
in this case is of the form (d?, p3,ps, p5, ps) where p3 + ps + ps + ps = 4d — 6, and since it has to be
dominated by the generic Jordan type we must have p; < d — 1. The only possible partition in this
case is (d?, (d —1)%, (d — 2)?).

Let’s now consider linear forms ¢ = agXg + a1 X1 + a2 Xo + boU + b1V which are not weak Lefschetz
elements. Note that we always have (x,%, )2 € Ann F. In the case of Theorem M(i), the linear form
£ not being a weak Lefschetz element means by = 0, according to Proposition As every monomial
in x,y, z,v of degree four belongs to Ann I we then have ¢* = 0 in Ap. Therefore it’s impossible to
have a Jordan string of length more than four.

We move on to the case of Theorem [L.5Ifii). By Proposition we have byg = 0 or by = 0. If
bg = by = 0 we have ¢ = 0 in A, and hence all strings have length at most two. Suppose by = 0 and
by # 0. We may assume b; = 1. As xv,yv? € Ann F we have

05 = sagzv® L+ 0%, and 'z =zl
for any s = 3. This gives us two strings of length d + 1 and d — 1, and they span all polynomials in Ap
in only the variables z and v. Using also the fact that uv? € Ann F we get ¢z = %y = {3u = 0 in Ap,
and hence all remaining strings must have length at most three. Suppose instead by = 1 and b; = 0.
As zu € Ann F' we have
05 = sapru® ' + sayyut Tt +uf

for s > 2 and
07 = (d = Dagrud2 + ud=1 2 0.

Moreover
0972 = g2 0072 = gud2 12 = (d — 2)aryut o + w2,

It is straightforward to verify that ¢4=1, ¢9=2z, ¢?=2y and ¢?—2v acting on F' give four linearly in-
dependent elements, and therefore this gives us four Jordan strings of length at least d — 1. We can
also see that the one-dimensional space [Ar]q is covered, as £9 'z = zud=! # 0. There is one more
string starting in degree one, and as ¢z = 0 this string has length one. In degree 1 < s < d the
monomials v* and 2v°~! span a two dimensional subspace of [Ar]s. Both monomials are in the kernel
of multiplication by ¢2, therefore they cannot be in the span of ¢5, £z, ¢5~1y, 5=, except possibly
when s = d — 2. In any case this shows that the remaining strings have length at most two.

Finally we consider the last case of Theorem [I.51fiii). Here ¢ is non-Lefschetz if by = 0, by = 0, or
bo + Ab1 = 0. Let’s start by assuming bg = 0 and by = 1. In this case

s—1

0% = sa1yv® ™! + sagzv® ™! +0°  when s > 2.

The power ¢9~! together with

£d72 d—2 Ed*Q d—2 Ed72 d—2

u = (d—2)ayyuww? 3 + wv
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are linearly independent, and give us four strings of lengths at least d — 1. As ¢z = 0 the remaining
string starting in degree one will have length one. In degree 1 < s < d the elements u*~!(\u — v) and
zu®~! are linearly independent, and both in the kernel of multiplication by ¢2. Hence all remaining
strings have lengths at most two.

The case by = 1 and b; = 0 is treated analogously. Suppose bg + A\by = 0. We may assume bg = A
and by = —1. Note that y(Au —v) € Ann F in this case. We have

1

05 = shagru®~t — saszv ™l 4+ (\u —v)® for s > 2.

It is straightforward to check that ¢?~! together with

gde d—2 6d72 d—2
)

x =xz(Au —v) z=z(Au—v)"%,

and (972 = (d — 2)Xagzu®™? + (Mu —v)42u

form a 4-dimensional space. Hence the Jordan basis has four strings of length at least d—1. As fy =0
in Ap we get one string of length one starting in degree one. In higher degree the elements y(u + A\v)*
and u®v form a two-dimensional space contained in the kernel of multiplication by ¢2. It follows that
all remaining strings will have length at most two. O

Jordan type of a non-Lefschetz element

We do a more thorough study of the possible Jordan types in the case of Theorem m (i). As the
possible Jordan types of Lefschetz elements were discussed in detail above, let now ¢ = agXg + a1 X1 +
asXo + bgU + b1V be a non-Lefschetz element. We present the Jordan types, as well as the strings in
a pre-Jordan basis, in each case.

Conditions ‘ Poa, ‘ pre-Jordan basis

ap € k, U U PU - BU,0<i<d—3
a €k, (492,24 12) UV > UV,0<i<d—3

as # 0, o X1 0X, U2 s U2

by #0 )((),Ud*1

ap € k, U WU - PUL0<i<d—3

a1 €k, (324492 12) XoUl > (XUl > 2 XU 0<i<d—3
as =0, o X1'—>€X1, Ud—2 . pyd—2

b1 #0 Xo, U4t

ap € k, Ul Uh0<i<d—3

a1 €k, (234-6, 16) UV = UV,0<i<d—3

as # 0, ’ UV UV2 0<i<d—3

by =0 Xo, X1, XoU, Ud72,Ud72V, U1

ap € k, U UL0<i<d—2

ay # 0, (222, 1242 UV = UV, 0<i<d~2

as =0, ’ XoUL UV 0<i<d—3

b1 =0 Xo, U4t

Z?ig’ Ui (U, 0<i<d—1

0 — 0 (24,14476) | U'V2, XU, 0<i<d—3

b1:07 UV, XU, 0<i<d—2

We notice that the computations agree with Theorem [I.57] We also remark that these Jordan
types are in a chain with respect to the dominance order:

(4(1—2’ 2d, 12) > (32d—4’227 12) > (23d—67 16) > (22(1—2’ 12d—2) > (2d’ 14d—6)‘



Chapter 2

Strongly Koszul algebras

“If people do not believe that mathematics is
simple, it is only because they do not realise
how complicated life is.”

— John von Neumann

The theory of minimal free resolutions lies at the heart of modern Commutative Algebra and Algebraic
Geometry. It provides a systematic tool in studying modules over polynomials rings, or quasi-coherent
sheaves over projective spaces. A classic theorem of Hilbert states that modules over a polynomial
ring S = k[x1,...,2z,] have a finite minimal free resolution. A generalization of this theorem due to
Auslander, Buchsbaum, and Serre characterise polynomial rings as the only standard graded rings in
which every module has a finite minimal free resolution. Such a resolution is controlled by the minimal
free resolution of the residue field seen as quotient of S by mg = (z1,...,2,). When we consider a
quotient R = S/I of S by a homogeneous ideal I, then if I does not contain linear forms, we lose in
general the finiteness of the minimal free resolution. In particular, this is always the case for k = R/mpg,
where mp = mgR. However, by imposing conditions on the minimal free resolution of k, we are able
to investigate minimal resolutions of every R-module. This is the basic idea underneath the definition
of Koszul algebra (see Definition [2.2)).

The authors of [77] defined a particular sub-class of Koszul algebras called strongly Koszul algebras.
They followed the first experimentation of Fréberg in [57] in finding family of Koszul algebras, in a
non-commutative setting, and they were inspired by the observations made in [28] about some special
colon ideals in algebras defined by quadratic monomial relations.

Some recent results on strongly Koszul algebras include:

e A characterisation for edge algebras [80).

e A study of monomial ideals’ free resolutions in strongly Koszul algebras based on iterated mapping
cones [127].

e A sufficient condition for strongly Koszulness based on "tidy" quadratic RevLex-universal Gréb-
ner basis [42].

e An equivalent condition for toric algebras still based on universal Grobner bases [101].

In this chapter we introduce the so called strongly Koszul masks (cf. Definition to give a
general tool in studying strongly Koszul algebras. For a standard graded k-algebra, we see that the
conditions imposed on the behaviour of colon ideals (zj,,...,x;,) :r xj,,, imply strong conditions on
the Hilbert function of R. In particular, a mask generalises this type of relations showing that algebras
fitting the given mask all have the same Hilbert function. The results within this chapter are based
on many discussion with Aldo Conca.

41
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2.1 Preliminaries

Let k be a field, S = k[z1,...,z,] be the polynomial ring in n variables over k, and R = S/I be
a graded quotient with I; = 0. Set mg := (x1,...,2,) be the maximal irrelevant ideal of S, and
mp := mgR. Whenever there is no confusion, we will name x; both the variables in S and their cosets
inside R. The following is a brief introduction to Koszul algebras, and in particular to strongly Koszul
algebras.

Koszul algebras

The Auslander-Buchsbaum-Serre Theorem (Theorem characterises polynomial rings through the
finiteness of the minimal free resolutions. Therefore, if we consider a graded quotient R = S/I and I
is not generated in degree one, then the minimal free resolution K, of k = R/mpg is infinite. On the
other hand, the DG-algebra structure on K, is preserved. In fact, a (usually infinite) procedure called
Tate complex allows to expand the Koszul complex K,(mpg) into a minimal free resolution of k (see
[11)).

Another important side that we can control is the regularity. We have seen in Construction[A.5|that
over a polynomial ring, the minimal free resolution of k is linear, i.e. f3; j(k) = 0 whenever ¢ # j. This
is equivalent to say regg(k) = 0. An important result in this direction is the Avramov-Eisenbud-Peeva
Theorem.

Theorem 2.1 (Avramov-Eisenbud-Peeva). Let R be a finitely generated standard graded k-algebra.
Then the following are equivalent.

1. regp(k) = 0;
2. regp(k) is finite;
3. regp(M) is finite for every graded R-module M.

If one of the above equivalent conditions holds, then regr(M) < regg(M) for every graded R-module
M.

Proof. Avramov and Eisenbud proved the equivalence of (1) and (3) [12], while Avramov and Peeva
proved the equivalence between (1) and (2) [13]. O

Definition 2.2. Let R be a finitely generated standard graded k-algebra. Then if one of the equivalent
conditions in Theorem [2.1] is satisfied, we say that R is Koszul.

Koszul algebras were introduced by Priddy in 1970 in the classical paper [115]. Here he wanted
to formalise a recurring behaviour occurring in many natural examples. He was interested in non-
commutative k-algebras where the base field k has a linear minimal resolution K,. In this more
general setting, he introduced the concept of Koszul duality and proved that the Koszul dual algebra
defines a minimal free resolution of k. In this sense, the exterior algebra and the polynomial ring are
one dual of the other.

Later, Froberg in [57] constructed many class of examples of Koszul algebras. For instance, all
algebras with defining ideal generated by quadratic monomials is Koszul. Another important class of
examples is quadratic complete intersection which are always Koszul by theory of Tate complexes (see
[11]). A general discussion on Koszul algebras can be found in |35, |37].

Two important tools in checking whenever a given algebra is Koszul are the Grobner bases, Koszul
filtrations, and the so called strongly Koszul algebras. The last is studied and discussed in Chapter [2]
while the definition of the former are given below.

Definition 2.3. A k-algebra R = S/I is called G-quadratic if I is generated by a Grébner basis of
quadrics for some term order. Instead, it is called LG-quadratic if R =~ R'/(y1,...,y:) where R’ is
G-quadratic and yq,...,y; is a regular sequence in R’ of linear elements. Finally, R is quadratic if I is
generated in degree two.
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Definition 2.4. A Koszul filtration § of a k-algebra R is a family of ideals in R satisfying the
conditions:

(1) Every ideal in § is generated by linear forms;
(2) The zero ideal and mp are in §;
(3) For every ideal I € §, there exists J € §, J < I such that J : I € §, and I/J is cyclic.

Moreover, if a set § = {0 c I} < --- < I,—1 < mp} is a Koszul filtration of R, we name it a
Grobner flag.

Remark 2.5. All these mathematical notions are strictly connected to each other.

) ) complete intersection
G-quadratic =——= LG-quadratic <——

ﬂ of quadrics

Koszul quadratic

I

Grébner flag ——= Koszul filtration

In the above diagram any of the arrows cannot be reversed and explicit court-examples have been
found. By Grobner flag, and Koszul filtration, we mean that the algebra admits such an object. A

Strongly Koszul algebras

Definition 2.6. Let R be a k-algebra. For every A  [n], we set the ideal J4 := (z; : i € A) € R.
We say that a R is strongly Koszul, or SK for short, if there exist {y1,...,yn} a k-basis of Ry with the
following property: For every A € [n]| and b € [n]\A, there exists B € [n] such that J4 :gr yp» = JB.
Here, [n] := {1,2,...,n} for every n € Z~.

Remark 2.7. 1. Every strongly Koszul algebra is also Koszul. In fact, the family
S:={(yi:ieA): Ac[n]}

is a Koszul filtration. In particular, the Koszul filtration’s Condition (3) is satisfied in a stronger
way: For every given (y; : i € A) < (y; : j € B) such that (y; : j € B)/(y; : i € A) is cyclic then
(yi:i€A):p(y;:je B)€eg.

2. By a linear change of coordinates, we can always suppose that y; = x;. Therefore, from now on
when we talk about strongly Koszul algebras, we intend with respect to the standard basis. A

From now on, we fix coordinates on S, and we are interested only in SK algebras with respect to
those fixed coordinates. Moreover, use the frequent notation Jy := (x; : i € A) € R for every A C [n].

Example 2.8. Typical examples of strongly Koszul algebras are: algebras defined by quadratic monomial
ideals and Veronese algebras S(©) = @205, of the polynomial ring S. Both cases relies in computing
explicit colon ideals which can be done using the formula for monomial ideals in the first case, and
the fact that S is a direct summand of S in the latter. More in general, if I < S is generated by
monomials of degree < d, then R(®) is strongly Koszul for every ¢ > d — 1 |37, Thm 13]. &

Remark 2.9. If R is a strongly Koszul algebra, then also R4 = R/J4 is strongly Koszul for every
A € [n]. In fact for every B < [n] with A < B we have the relation
JAUB R Tp

Ja ’

Therefore, the information contained in these colon ideals in R, is inherit by the one in R. A

JpRA Ry Th =
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Remark 2.10. If A < [n] and b € [n]\A then there is a short exact sequence of graded R-modules

00— R — b i_)i_)()

Ja iR Tp Ja Ja + (xp)

In particular if R is SK, then all the rings in this short exact sequences are SK as well by Remark
Moreover, the rings on the sides will involve in principle less variables than the ring in the centre
except when Jy :p xp = Ja. A

In the following discussion, we consider ways to construct new strongly Koszul algebras A starting
from two known SK algebras A; and As. In all constructions, we have that A is a retract of A, that
is A} — A — A; and the composition is the identity of A;. This implies the equality [ :4, b= (IA:4
b) N Ay for every ideal I of Ay, and b€ Aj.

Let Ay = k[x1,...,2,]/] and Az = Kk[y1,...,ym]/J be two k-algebras with [ and J containing no
linear forms.

The fiber product A = A; x i Ag can be presented by a quotient k[z1,...,Zn, y1,...,Ym]/U where
U=I1+J+ (zy;:1<i<n,1<j<m). Straightforward computations show that for B < [n] and
C < [m] we have

[(i:ieB)+(y;:jeC)]axp=[(xi:1€B):a, o] A+ (y1,...,ym) for k¢ B,
[(zi:ieB)+(y;: 7€) iay=(x1,...,2n) +[(y; : 7€ C)ia, yi] A forl ¢ C.
In particular, using Remark we are able to state the following.

Proposition 2.11. Let Ay and As be as above. If Ay and Ay are strongly Koszul then the fiber product
Ay xg As 1s strongly Koszul. Furthermore, fix a coordinate system on Ay x i Ao that is the union of
two coordinate systems on Ay and As. If Ay xi As is strongly Koszul w.r.t. that coordinate system
then both A1 and As are strongly Koszul.

In the same manner, one can consider the tensor product A = Ay ®x Ao which is isomorphic to
klz1,...,Zn, Y1, -, Ym]/(I + J). Moreover, given B € [n] and C < [m] we get

[(;i:ieB)+(y;j:j€C)]iaxy =[(x;:i€ B):a, vx]A+(yj:jeC) for k¢ B,
[(i:ieB)+(y;:je€C)iay=(r;:i€B)+[(yj:jeC) 4, y|A forl¢C.

Together with Remark a result similar to Proposition is stated below.

Proposition 2.12. Let A; = k|z1,...,2,]/] and Ay = K|y1,...,ym]/J be two k-algebras. If Ay
and As are strongly Koszul then the tensor product A1 ® Ao s strongly Koszul. Furthermore, fit a
coordinate system on A1 @k Ag that is the union of two coordinate systems on Ay and As. If A1 QK Ao
15 strongly Koszul w.r.t. that coordinate system then both A1 and As are strongly Koszul.

2.2 Strongly Koszul mask

Let G = (V, E) be the oriented graph where V = 2l and (4,B) € E if A € B and #(B\A) = 1.
Equivalently, we can write the elements of F as pairs (A, k) where A € [n] and k ¢ A.

Definition 2.13. Given a function M : E —s 2" we say that M is a strongly Koszul mask, or simply
magk, if:

(1) A< M(A, k) for every (A, k) € E;
(2) if A< B, then M(A,k) € M(B, k) for every k ¢ B;
(3) je M(A k) < ke M(A,j) for every (A, k),(A,j) € E;
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(4) M(M(A, k), ) = M(M(A, ), k) for every (A, k) € F, and j ¢ M(A, k);
(5) there exists a map F : 2["1 — 7Z[2] satisfying

o F([n]) =1;
. F(A) = F(AU{k}) +2F(M(Ak)) if Ag M(A k)
- L F(Au {k}) otherwise

1—2z

, given (A, k) € E.

Notation 2.14. In the remaining parts of this chapter, we will refer many times to Property of
Definition and the function F' defined in it. We will simply refer to this property as Property (B));
while, we will refer to F' as the Hilbert series of M.

Proposition 2.15. Let M : E —> 2"l be a strongly Koszul mask. Then the Hilbert series of M is
uniquely defined.

Proof. Let F and G be two functions both satisfying the two conditions imposed in Property . The
aim is to prove that F'(A) = G(A) for every A < [n]. We argue by decreasing induction on #A, the
cardinality of A. Surely, F(([n]) = 1 = G([n]). Suppose now that the functions F' and G coincide for
every subset of cardinality greater or equal than s+ 1. Then, for every set A of cardinality s and k ¢ A
we have

F(A4) = —1F(AU (k) = - G(A U {k}) = G(A)

1—2
if A= M(A, k), and

F(A) = F(Au{k})+2F(M(A k) = GA U {k}) + 2G(M(A,k)) = G(A)
if A< M(A,k). This concludes the proof. O

The non-trivial part of Property lies in the existence of the function F', which depends only on
M: this gives a restriction on all possible functions M that are a mask as we will see later.

The main idea is to mimic the behaviour of a strongly Koszul algebra R. From the definition of SK
algebra, every time relations J4 :g xp = Jp are established, we can construct a map Mp : K — oln] by
seting Mp(A,b) := B. Properties (1)-(4) follows by the general properties of colon ideals. Property
wants to involve the Hilbert Series of R by defining Fr(A) := HSg/,,. One has Fr([n]) = HSg/;,, =
HSg = 1, and the recursive formula is a direct consequence of Remark

Question 2.16. For every mask M, is there a strongly Koszul algebra R such that M = Mp and
F = Fr? If this is not the case, which other properties should one add?

Given a strongly Koszul mask M, if such algebra exists, then we say that M is realisable. The
algebra realising a mask is not unique in general.

Ezample 2.17. Let I = (2 + Ay + y?) € k[x,y] with X € k. Then we have
O:pz=0 0:py=0 (2):ry=I(zy) ) :rz=(zy). %

Question 2.18. Is it possible to describe algebras having the same mask? That is, given a mask, can
one parametrise all algebras having the same given mask? What type of relations could arise?

In considering both questions, it comes to help the action of S, on the set of all possible masks. In
fact, a permutation o of the set [n] induces an action on the values of a mask M : E — olnl creating a
new mask oM. This corresponds to a permutation of the set of all masks. In particular, the realisable
property is invariant under this action.
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Numerical considerations

Let M : E —> 2["] be a strongly Koszul mask. Which numerical invariants of a SK algebra realising
M one can deduce from M itself? By Proposition the Hilbert series of M is exactly the Hilbert
series of every SK-algebra realising it. Therefore, all algebras realising M have the same dimension,
and their defining ideals have the same minimal number of generators. Given the Hilbert series of R,
HSRp(z) = X2 HF (R, i)z" = h(2)/(1 — 2)® with h(1) # 0, these invariants can be computed as

(1) = (” ;r 1) —HF(R,2), and dimR =d. (2.1)

We want to show how to combinatorically compute such numbers from M. To this end, given
(A, k) € E we define
r(A, k) := cardinality of M (A, k)\A.

Lemma 2.19. Let M be a mask with Hilbert series F : 2"l — Z[z]. For every A < [n], we define
F(A;i) as the integer coefficient of 2* in the series F'(A)(2).
Then, for every A c |n] there exists dg € N, and a polynomial hy € Z|z] such that

ha(z)

F(A)(z) = ma

and ha(1) > 0.

Moreover, it holds F(A;0) = 1, and F(A,1) = #([n]\A).
Proof. We proceed by strong induction on m = #([n]\A) the cardinality of the complement of A. For

A = [n] we obtain hp,)(z) =1 > 0, and d,) = 0. In particular, F([n];0) = 1, and F([n];1) = 0 =
#([n\[n])-

Suppose now that the result is true for every set A such that #([n]\A) < m. Consider B c [n]
with #([n]\B) = m + 1, and consider any k ¢ B. By Property (f), there are two cases:

e If B= M(B,k), then

_ F(BU{k})
1—=z

In this case F(B;0) = F(B u {k};0) =1, and

F(B)(2) = F(Bu {k}) + 2F(B u {k}) + terms in z of degree > 2.

F(B;1) = F(Bu{k};1) + F(B v {k};0) = #([n]\(B v {k})) + 1 = #([n]\B).

Moreover, we set
hp = hBu{k}a and dg; = dBu{k} + 1.

e If B M(B, k), then
F(B)(z) = F(B u {k})(z) + 2F(M (B, k))(2).
In this case F(B;0) = F(B U {k};0) = 1, and
F(B;1) = F(Bu {k};1) + F(M(B,k);0) = #([n]\(B u {k})) + 1 = #([n]\B).
Moreover, we set
hp = hpopy (1 — 2)°7 980 4 2hyp (1 — 2)M@EN - and dp =,
where ¢ = max{dp k), drr(B.x)}-

In both cases we have that F(B)(z) = hp(z)/(1 — 2)%8, and hp(1) > 0, together with the correct
formulae for F(B;0) and F(B;1). O
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Notation 2.20. With S(A) we intend the group of permutations of a given finite set A. If A = [n], we
use the notation S, := S([n]).

Theorem 2.21. Let M : E —> 2[" be a mask, and let F be its Hilbert series. For every A C [n], we
define F(A;i) as the integer coefficient of 2 in the series F(A)(z). Then the quantity

po (M) :=r(,o(1)) +r({o()}, 0(2) +--- +r({c(1),...,0(n —1)},0(n))

is independent on the permutation o € S,,. We name this invariant u(M). In particular, we have the
formula pu(M) = ("H) F(;2). Suppose further that M is realised by R = S/I. Then the equality
u(M) = u(I) holds true.

Proof. The proof starts by checking the following claim.
Claim. F(A;2) = F(Au {k};2) + F(A;1) —r(A, k) for any (A, k)e E
Let (A, k) € E, then by Property there are two possible cases:

o If A= M(A,k), then r(A, k) =0 and Lemma [2.19 implies
F(A4;2) = F(Au {k}12) + F(Au (k1) + F(A U {k}0) = F(A U {k}2) + #([n\(A  {k})) + 1
=F(Au{k}2)+#(n\A) = F(Au {k};2) + F(A;1) —r(A, k).
o If AS M(A, k), then Lemma [2.19) implies
F(A;2) = F(A G (i}:2) + F(M(A,i); 1) = F(A U {(k}:2) + #([n]\M(A4, k)
= F(A U {k}2) + #([n]\A) — #(M(A,)\A) = F(A U {k}:2) + F(A;1) — 7(4,1).

This concludes the proof of the claim. We now use it repeatedly to compute F((;2). Let 0 € S,
be any permutation. Then we have the following series of equalities.

F(Z;2) = F(lo(1)};2) + F(2;1) = r(J,0(1)) = F({o(1)};2) + n = r(J,0(1))
= F({o(1),0(2)};2) + F({e(D)}; 1)—7“({ (D}, 0(2)) +n—r(d,a(1))
= F({o(1),0(2)};2) +n+(n=1) =r(F,0(1)) = r({o(1)},0(2))

= F({o(1),...,om)}2) + Y j = o (M
j=1

=@;§—%ww

Here F({o(1),...,0(n)};2) = F([n];2) = 0 by Property (5)). Since F(J;2) does not depend on the
permutation o, so does p,(M). In particular, we obtain the equality u(M) = (”H) F(;2).

If M is realised by a SK algebra R = S/I, then Equation implies the relation u(M) = u(I)
since F'(¥) is the Hilbert series of R. O

Theorem 2.22. Let M : E — 2™ be a mask. For any, A c [n], let da be defined as in Lemma .
Then

d4 = max {d EN- - Jo € §(B), with B := {j1,...,jc} = [n]\A, such that for d different indices d} .
1

.,mgq € |c| it holds r(A v {c(j1),.-.,0(ms)},0(Gme+1)) =0, fors=1,...,
Suppose further that M is realised by R. Then we get the equality

dim R = max {d EN - Jo € S,, such that for d different indices mq,...,mq € [n] d} '

it holds r(A v {o(1),...,0(ms)},0(mss1)) =0, fors=1,...,
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Proof. By Lemma m the series F(A) can be written as F(A)(z) = ha(2)/(1 — 2)%, where d4 is a
non-negative integer, and h4(1) > 0. Following the proof of Lemma given (A, k) € E, there are
two possible cases.

o If A= M(A k) then r(A,k) =0, and dg = da ) + 1, or;
o If AS M(A,k) then r(A,k) > 0, and da = max{dao k), dar(ak)}-

The first part is now completed arguing by strong induction on m = #(|n]\A). The key point is
how to construct a maximizing sequence of A from the maximizing sequences of AuC with C < [n]\A.
When M (A, k) = A then d4 increases by one as well as the number of times when r(A, k) = 0. Instead,
it A M(A,k) then in the maximizing sequence the number of times when

T(A Y {a(j1)7 s 7U(jm,s)}7 U(jms-i-l)) =0

has not changed.
The second part follows from Equation [2.1] Lemma [2.19] and the fact that F(&¥) is the Hilbert
series of R. 0

Example 2.23. We give an explicit example on how to use Theorems and [2.22]
Set n = 2, and consider the mask defined as

M(g,1) = {2} M(J,2) ={1,2}
M({1},2) = {1,2}  M({2},1) = {2}

It is not hard to check that the Hilbert series of M is defined as

1+2z—22 2 1
F(@):ﬁzl—i—Qz—i-z +..., F({1}) =1+=z, F({2}):1_Z, F(2]) = 1.

From M, we can add weights on the edges of the graph G. Given (A, k) € E we give to this edge
the weight r(A, k). In this example we obtain

{1,2}

{1}/ &{2}
S A

On the two possible paths joining ¢ and [2], we can see that the sum of the weight is constant and
equal to 2 = (”;1) — F(;2) as stated in Theorem Secondly, we can see that for every A c [n]
the maximum of the number of times that a zero appears in a path joining A to [2] is equal to d4. In
particular, dg = 1. This is guaranteed by Theorem m

The mask M is also realisable and it is realised by the algebra R = k[z,y]/(y?, zy) for any field k.

One should notice that dim R = 1, and u(y?, zy) = 2. O

Remark 2.24. Theorem together with the weight given to the graph G gives a visual hint in
checking if a given map M : £ — o[l is a mask. This is clearly weaken than checking Property ,
but it is computationally faster and it gives a easier way to eliminate maps that are not strongly Koszul
correspondences. A
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Monomial ideals

As already mentioned, all monomial ideals define a strongly Koszul algebra. In particular, one notices
that for a k-algebra R defined by a monomial ideal it follows:

Ja:gpxy=Ja+0:gxp, forall (A,b)e E.

We say that a mask is determined by atoms it M (A, k) = Au M(J, k) for all (A, k) € E. It is clear
that a mask of a monomial algebra is defined by atoms. The following result proves the opposite
implication.

Proposition 2.25. Fvery strongly Koszul mask determined by atoms is realisable, and it is realised by
a unique algebra which is defined by monomial relations.

Proof. Let M be a mask determined by atoms. Then consider the following monomial ideal
1= ([Eix]‘ :jEM(@,i),l SRS TL)

The condition j € M((F,i) implies that inside the algebra one has x;x; = 0 or equivalently x;z;
must lie in the defining ideal. A elementary computation shows that Mg, = M.

Let J be another quadratic ideal, non necessarily monomial, such that S/J is SK, and Mgy =M.
We want to prove that J = I. From the previous argument we have I < J. On the other hand, since
Mg;r = M = Mg, ;, we have that they share the same Hilbert Series F'((J), where I depends only on
M. Therefore, I and J have the same number of minimal generators which all lie in degree two; then,
they must be equal. O

Hypersurfaces

We now focus on the case I = (f) with f € S = k[z1,...,2,] with deg f = 2. We would like to
characterise SK hypersurfaces.

Remark 2.26. By Theorems [2.21] and if M is a realisable mask, we have the following necessary
and sufficient condition for M to be realised by a hypersurface: For every permutation o € S,,, there
exists a unique index ¢, € N such that

1 ifm=c,

r({e(1),...,0(m)},o(m + 1)) = {

0 otherwise

In particular, if R = S/(f) realises M, then for every j € M (A, k)\A we must have f — Az xj €
(w;:i€ A)g Sy for some A € k\{0}. This implies that x;z, € sup(f). A

The following lemma shows that the support of f is the crucial information about the strongly
kosulness of S/(f).

Lemma 2.27. Consider xqoxp € So and let f = Axqxp + fo and g = xqxp + fo with fo € So such that
xoxpy & sup(fo) and A € kK\{0}. Then the algebra S/(f) is strongly Koszul if and only if the algebra
S/(g) is. In particular, Mg 5y = Mg (g)-

Proof. We may assume without loss of generality that fy # 0, otherwise (f) = (g), and there is
anything to prove.

First, we underline that the support of f and the support of g by definition. Suppose that S/(f)
is SK. Consider (A, k) € E. We want to compute C := (J4 + (9)) :5 xk, where J4 = (x; : i€ A) < S.
There are several cases to consider.

o Ifa,b¢ Au{k}, then by Remark [2.26|we have (Ja+(f)) :5 v = Ja+(f). We want to prove that
C=Ja+(g). Let £ C and £ ¢ J4+ (g). Without loss of generality, we can suppose that ¢ does
not depend on {z; : i € A}. From £ € C one has lx = )}, 4 hixz; + hg. Since ¢ does not depend
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on {x; : i € A}, the equality reduces to ¢z = hg. If h =0, then we have ¢ = 0 which concludes
the proof. Otherwise, suppose by contradiction that A # 0. From the equality fx; = hg, one
obtains that xi|gh. Since xj is a prime element it must divide one of the two elements. Since
k # a,b we have z}, t g. Therefore x,|h, but this also gives a contradiction because we would
have that ¢ € (g) which is false by assumption. Therefore, h = 0 implying ¢ = 0.

o Ifa=Fkand b¢ A, then

() if foe Ja

(Ja+(f)) :sxa=(JA+(f))+{o if fo¢ Ja

We now prove that
(zp) if foe Ja

c=<JA+<g>>+{O rer

There are two possible cases.

o If fo € Jyu, then Jy + (f) = Ja + (zaxp) = Ja + (g9) and therefore
C=Ja+(f)) s @a=Ja+(f)+ (@) =Ja+ (fo) + (xs) = Ja+ (g) + (zs)-

o If fo¢ Ja, given € C and £ ¢ J4 + (g), we want to prove that £ = 0. The argument will be
similar to the one given above. Without loss of generality, we can suppose that ¢ does not
depend on {x; : i € A}. From ¢ € C one has lx, = ), 4 hix; + hg. Since ¢ does not depend
on {z; : i € A}, the equality reduces to fx, = hg. If h = 0, then we have { = 0 which
concludes the proof. Otherwise, suppose by contradiction that A # 0. From the equality
lx, = hg, one obtains that z,|gh. Since z, is a prime element it must divide one of the two
elements. If x4|g then x,|f, or in other words f = x4 * u. Since (f) is strongly Koszul, and
u € (f) : xo the only option is that u is a constant multiple of variable, and fy = 0 giving
a contradiction. Therefore z,|h, but this also gives a contradiction because we would have
that £ € (g) which is false by assumption. Therefore, h = 0 implying ¢ = 0.

e If a¢ A and b = ¢, then by symmetry one can argue as in the previous case.

o Ifae Aorbe A then
C=(Ja+(fo):sxe=(Ja+1):s5z

and the property is verified.
The opposite implication can be proved in the same manner by studying each case separately. [

Definition 2.28. Given a quadratic form f, we define the graph G = ([n], &) as follows: {i,j} € &
if and only if x;z; € sup(f).

Theorem 2.29. The algebra R = S/(f) is strongly Koszul with respect to the standard system of
coordinates if and only if the graph Gy does not admit as induced subgraph one the following two
connected graphs
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Proof. By iterating Lemma [2.27] we may assume that the coefficients of f are all 1.

Let R = S/(f) be a SK algebra. Suppose by contradiction that G; contains one of the above two
subgraphs as an induced subgraph. It means that after quotienting R by the variables not involved
in the subgraph, one obtains an algebra isomorphic to k[x1, z2, z3]/(x1(x2 + x3)) in the first case, or
to k[z1, z2]/(x1(x1 + 22)) in the second case. In both cases, the resulting algebra is not SK giving a
contradiction by Remark [2.9]

On the other hand, suppose G does not contain the above sub-graphs. We want to prove that R is
SK by strong induction on n the number of variables of the polynomial ring S. For n = 2 all possible
graphs are listed below with the corresponding form. By explicit computations, one concludes that
the corresponding algebras are all SK.

e o g1 =0 O O g1 = 2% +y?

—o g2 =y O P g5 = z?

O w-srari o O wr

In the general case, we start by considering the colons (f) :g z;. We have that
) ifxitf
(f) s mi= () . i
0y if f=dlx
where £ is the sum of some variables. There are three possible cases for £:
1. if £ is a variable, then we checked the property for this case;

2.if ¢ = zj +xp + ... with j # k, and j,k # 4, then Gy contains the left sub-graph giving a
contradiction;

3. if { = x; +x;+... withi # j, then Gy contains the right sub-graph giving again a contradiction.

In the other column ideals one has ((f) + Ja) :5 @ = ((f) + Ja) :5 @3, where f is obtained from f
by evaluating the variables {z; : i € A} in 0. Now G5 is obtained from Gy by restriction on [n]\A.

Therefore the algebra associated with f satisfies the induction hypothesis and the thesis follows. [

Low number of variables
For n = 2 it is possible to explicitly compute all masks and verify that they all are realisable.

Theorem 2.30. For n = 2, up to permutation, there are 8 masks which are all realisable. These
correspond to all possible quadratic monomial ideals of S = k[x,y] together with J, = (xy, ax? + by?)
as a,b € kK\{0}, and Jo = (\12% + Xazy + A3y?) as A1, A3 € kK\{0} and X2 € k.

Proof. The proof proceeds by an elimination process by considering all possible values that a map
M: E — 2[" could assume. Then using these information we compute all possible SK algebras
R = S/I each connected to the given mask.

We consider the case M (7, 1) = {1,2}. This implies that M({2},1) = {1, 2}. For the set M (,2)
there are only two possibilities.

o If M(F,2) = {1,2}, then automatically M ({1},2) = {1,2}. In this case M is generated by atoms
and the ideal I = (22, zy,3?) is the only ideal realising M.

o If M(,2) = {1}, then there are again two cases.
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o If M({1},2) = {1,2}, then M is generated by atoms and there is only one ideal I = (22, zy).
e If M({1},2) = {1}, then Theorem implies that M cannot be a mask.

The other cases can be treated as the first case above. There are four possibilities: The map M
is generated by atoms which implies a unique monomial ideal class; The map M is generated by a
hypersurface which is treated by Theorem ; For the ideal J case one sees that z2, y? can not lie in
the generating ideal and the conditions on the generator az? + by? are automatic from the conditions
imposed by M. Finally, Theorem implies that the remaining cases are not masks. We give a quick
summarise of these algebras below, except for the trivial case I = 0.

2,2) ={1,2} = I = (2% 2y,y%);
7,2) = {1} = I = (2% 2y).

o M(,2) ={1,2} = I = (2y,9°);
) T= () i M({211) = {2},
* M@2)={l} = {I: T M({2)1) = {1,2).
o M(,1) =
o M(Z,2) = {2} = I=(y%);
o« M(F,2) =@ = I =Js. 0

Concerning the case n = 3, we can use CoCoA [1] to sample on Strongly Koszul algebras. We
n+1
discover 120 possible different realisable masks. In particular, there are 64 = 26 = 2("2") masks

determined by atoms, and 56 non-monomial masks. By considering the action of S3 on these masks,
we obtain 28 non-monomial masks. These computations have been done over the ring Z/27Z and
Z/1017Z. We note that these computations are incomplete since we do not have the exact number of
masks in the case n = 3 and further.

On the generating set

Let R = S/I be a graded quotient of a polynomial ring S = k[z1,...,x,] by a general homogeneous
ideal I. We put ourselves in the following situation. Suppose that we don’t know the ideal I, but we
would like to understand a set of generators for I. Since we are only allow to search information inside
the ring R, we look at the following colon ideals

(xj:jelil)irxivi=(zj:jeli]) + (fix:1<k<a;) R

We shall suppose that the forms f; ; do not depend on the variables z1,...,z;. We do not suppose
that they are minimal set of generators. This information is equivalent to know the generators of

((xJJE[Z])—i-I) :sa:,qu:(xj:je[i])+]+(Fi7k:1gksai)cS

for every i = 0,...,n — 1. Then, also the elements F;; do not depend on {z; : j € [i]}. From this
point, some elements of I are determined by the given information. In fact, we have that G;; :=
Fipwip1 — Zje[i] H;y jx; € I for some suitable polynomials H; . ; € S.
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Theorem 2.31. Consider the polynomials F, H; 1 ;, and Gy, as described above. Then I = (G, :
0<i<n—1,1<k<a).

Proof. Since every polynomial G, lies inside I, one containment is obvious.
Set U := (G : 0<i<n—1,1<k < q;). Suppose by contradiction that U & I. Let < be the
GRevLex term order on S such that 1 < 9 < --- < . Consider the following set

A= {inc(h): he I\U}.

Since A # ¢, by [96, Thm 1.4.19], there exists an element g € I\U such that in-(g) is a minimum of
A. Without loss of generality we can choose g being homogeneous of degree deg g = d. The monomial

in<(g) can be written as in-(g) = mxs where m involves only the variables x, ..., x,. Then we can
write g = goxs + g1 with g1 not involving the variable 5. In particular, in<(go) = m. Since mas is the
leading term of g, we must have that g1 € (x1,...,25-1). This implies that go € (I + (x1,...,25-1)) 5
xs, but by the minimality of in-(g) and the construction of m we have that go is not in I neither in
(x1,...,25-1). Therefore there exists forms L; and L; such that

s—1 as—1

Hg =g — Z Llil — Z L;'stl,j el.
i=1 j=1

Since deg H, < deg g we have that in. H, < in.g and therefore H, € U < I. Consider the element
g — Hyxs € I. We want to prove that g — Hyxs € U which gives a contradiction since g ¢ U. Let’s
write down the expression of g — Hyx,

s—1
g — Hyas = goxs + g1 — gows + Y, Liwizs + Y L Fy 1 jas
i=1
s—1 as—1 as—1s—1
= g1+ ), Limiws + Y, LiGo 1jme— >, Y LiHipym
i=1 j=1 j=1t=1
Then g — Hyxzs € U if and only if g1 + 2;:11 Lix;xs — ?:11 Zf;ll LiH; e € U. But, this last
element, which is in I, lies inside (x1,...,2s—1). Therefore, its leading term is surely smaller than
in<(g), implying that it must lie in U by the minimality of in-(g) in A. The contradiction comes from
assuming A is not empty, and the proof is completed. O

As shown in the following example, even if we suppose that f; 5 is a minimal generating set inside
the colon ideal, we can not prove that {G; : 0 <i<n—1,1 <k < q;} is a minimal set of generators
for I.

Ezample 2.32. Let I = (2% + y%,22) € S = k[x,9,2], and set R = S/I. Then 0 :g y = (y2),
(y) :r © = (y,x,2), and (y,x) :g z = (y,x). In this case a9 = 1,a; = 2,a3 = 0, and we obtain the
polynomials Go1 = Y2z, Gi1 = 2 + 12, Gi2 = xz. Surely I = (Go,1,G1,1,G12), but they are not
minimal since G071 = ZGl,l - CL‘GLQ. <>

If R is strongly Koszul, then the elements F;; can be taken as variables. Since G} are quadratic,

linearly independent, in number exactly p(I) by Theorem and since [ is quadratic by assumption,
we obtain the following result.

Corollary 2.33. If R = S/I is strongly Koszul, then the ideal I is minimally generated by {G; : 0 <
i<n—1,1<k<a)}.

Regarding Question we consider the following construction. Let M be a realisable mask. The
generators of algebras realising M can be found using Corollary [2.33] We know that these generators
are of the form G, = XpX;11 — Zje[i] H; ; 1 X; where the linear polynomials H; ; are unknown.

Therefore we can replace every H; jj with polynomials of the type a}j X1+ +al  Xn € S[af]— )



2.2. Strongly Koszul mask o4

At this point we want to find relations that these coefficients have to satisfy to ensure the restrictions
given by M. That is, we want to find equations and inequalities in the variables a] ;i such that the
evaluation map ev: S[aj;,] — S associated with a solution turns S/ev(l) into a strongly Koszul
algebra with mask M. This method is still work in progress, but we believe that with the right
adjustments it could have good potentials.

This idea is better explained in the following example.

FEzxample 2.34. Set n = 3, and S = k[z,y, z]. Consider the following realisable mask

M(@al‘) = QaM(gay) = @,M(@,Z) = @7
M(A, k) = [3] for (A, k) € E, and A # &,

One possible algebra that realise it is given by I = (y? —xz,yz — 22, 22 — xy). All algebras realising

M have dimension 1 and Hilbert series (1 + 2z)/(1 — z).
Step 1. We define the polynomials G j, using polynomial parameters

G =1y — (a1x + agy + azz)x, Go =yz— (byx + boy + b3z)x, G3= 22— (c1x + coy + c32)w.

They lie inside S = S[a;,b;,¢;]. Let J = (G1,Go,G3) = S. Given an evaluation map ev : § — S
that maps the parameters to coefficients in k, we may consider the ideal ev(J), and the quotient
R(J) := S/ev(J). We start by finding equations that the evaluation map must satisfy in such a way
that 0 :piyy © =0, (y) iy © = (2,9, 2), (T, ¥) i) 2 = (3,9, 2).

First, we want to compute J : x inside S. This ideal is exactly the projection on the last coordinate
of the syzygy module syz(G1, G2, Gs,x) (cf. |96, Lemma 3.2.13|). Since {G1,G2,G3,z} is a Grobner
basis, we get J : x = J + (f1, f2) where

J1:= (biz + boy + b32)y — (@12 + a2y + a3z)z, f2:= (c12 + c2y + c32)y — (bix + boy + b32)z2.

Therefore, J : x = J if and only if fi, fo € J. Since all the polynomials are quadratic in the variables
x,y,z we have that J : x = J if and only if rk M < 3 where M is the matrix

—a1 —agy —as 1

—b1 —by —b3 1
M = —C1 —Cy —C3 1
by —ay by b3—ax —a3
ct  —by co cg—by —b3

Instead, the conditions (J + (z)) : y = (x,y, 2) and (J + (x,y)) : 2 = (z,y, 2) are always satisfied since
I+ (2) = (v, y2,2°) + (2).

The affine variety describing the algebras satisfying 0 :g (z) = 0,(z) g (y) = (x,y) g (2) =
(x,y, z) is defined by the system of equations

bobs —agco + b1 =0

b% — ascy + bgco —bocg —c1 =0

< biby + bgcy —ajca —bieg3 =0 . (2.2)
agbo — asbs + b% —aszcg —a; =0

asby — a1by — b1bs + azc; =0

Step 2: Now we have to impose the other colon conditions. Using Macaulay2 [M2], one can
compute these colons and obtain the following results.
J sy =J+ (fr,yfa, —bafi — b3 fa — 2*(agba — azbs + b3 — ascs — a1) — yz(babs — agca + by)
+ zz(agby — arby — bibs + ascq)
J g z=J+ (fo, —baf1 + xy(biba + bzc; — ayco — bics)+
+ y2(b3 — agey + bzcy — bycs — c1) + yz(babs — azcy + by))
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(J+ (v)) :s x = (y,xby + zb3, xag + zas, v2c1 + vzeg — 22)
(J + (2)) :s x = (2,zc1 + yca, xby + ybg,x2a1 + zyas — y2)
J+ )) s z=J+ (y) + (xbsc; — xbies + zby, xagey — xajcs + zay, zasby — zay b,

—_~

zasby — zaibs, xzby + 2%b3, xza1 + 22a3)
(J+(2)) :sy=J + (2) + (ybacy — ybico, xbocy — xbico, wazcy — xajcs — yey,
zyer + yPea, xashy — zarby — ybi, yby + y>bo)
(J + (7)) 15 2 = (7,9, 2)
(J +(2,9) 15 2 = (2,9, 2)
(J +(2,2) 15y = (2,9, 2)

We can see that the only new conditions to obtain the desired algebra are:

{Clbg —c9b; #0 (2 3)

biag — bga; # 0

These are not equalities because we need some elements to appear in the colon ideal. For example
(J+(2)) : x is generated by {z, zc1 +yca, by +yba, 22a1 +2yas —y?}. After evaluating the parameters,
this ideal is equal to (z,y, z) if and only if zc; + yco and xby + yby are linearly independent, that is
Clbg — Cgbl T 0.

Therefore

For example, another algebra with the same mask is generated by

Y — Bz 44y + 2)x, yz— (v +22)x, 22— (=2x+y—T2)x O
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Chapter 3

Arithmetic complexes for stable sheaf
cohomology

“A mathematician is a person who can find
analogies between theorems; a better
mathematician is one who can see analogies
between proofs and the best mathematician can
notice analogies between theories. One can
imagine that the ultimate mathematician is
one who can see analogies between analogies.”

— Stefan Banach

A central problem connecting representation theory and Algebraic Geometry is the calculation of sheaf
cohomology of line bundles on complete flag varieties over an algebraically closed field k. Recall that
for every natural number n, the flag variety Fl,, parametrises complete flags of a n-dimensional vector
space V, where a complete flag of V is a filtration 0 € V} € --- € V1 € V with dimy V; = .
In characteristic zero, the Borel-Weil-Bott theorem (Theorem provides a complete description of
these cohomology groups: Each line bundle admits at most one nonzero cohomology group, which itself
realises an irreducible representation of the general linear group. In positive characteristic, however,
the situation is markedly more subtle. Raicu and VandeBogert [116], for example, demonstrated that
the number of irreducible constituents in a filtration of such cohomology groups cannot be bounded by
any polynomial in the cohomological degree, the dimension of the flag variety, and the combinatorial
data defining the line bundle. Despite these complications, several significant results are known in
positive characteristic: Kempf’s vanishing theorem (Theorem , Andersen’s characterisation of the
nonvanishing of the first cohomology group [9], and Donkin’s complete classification in dimension three
[44].

The central developments most relevant to this chapter are contained in a recent paper of Raicu
and VandeBogert [116]. They used an established connection between the cohomology of line bundles
on flag varieties and the groups HY(P(V),Sy,£2), where Sy, is a skew-Schur functor and Q is the
cotangent sheaf of the projective space P(V'). Remarkably, they show that these groups carry a trivial
action of the general linear group that depend only on the combinatorial data of A\u,and not on the
ambient dimension n = dimy V', once n is sufficiently large. They denote these dimensionally stable
groups by Hgt(SA\MQ), referring to them as the stable sheaf cohomology groups. Furthermore, for
certain skew-partitions they construct explicit arithmetic complezes CX(w) which computes the stable
cohomology and reveal nontrivial symmetric relations.

The purpose of this chapter is to extend the framework of Raicu and VandeBogert to projective
space over the integers. In the first section, we review the background on line bundles over flag
varieties, present in detail the results of Raicu and VandeBogert, and introduce a generalization of

57
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their arithmetic complexes. The second section is devoted to Theorem which constitutes the
technical heart of the chapter: Here we establish a uniform identification between two arithmetic
complexes arising from distinct data. The proof is intricate and requires a sequence of preparatory
lemmata to make the argument transparent. This identification leads to the third and final section,
where, employing the methods of Raicu and VandeBogert, we extend their results to the case of
projective space defined over the integers.

The results presented in this chapter were published in [55] in collaboration with Ethan Reed,
Shahriyar Roshan Zamir, and Hongmiao Yu. The project started at the research school PRAGMATIC
2023 - Cohomology and Frobenius.

3.1 Preliminaries

In this and following sections, k will be an algebraically closed field of characteristic char(k) = p, where
p is either zero or a prime number.

Partitions and Schur functors

A partition A = (A1,...,A,) is an element of N such that A; > --- > \,,. We define the size of X as
Al = >, Ai. Then X is an integer partition of the number ||, i.e. a possible way to write |A| as sum
of positive numbers.

A nice way to visualise a partition is through its Young diagram. A Young diagram is a finite
collection of boxes, disposed on a grid, align to the left, and with row-lengths in a non-increasing
order. Given a partition A = (A1,...,\,), its Young diagram consists of || boxes arranged in n rows:
The i-th row consists of \; boxes.

Some special types of partitions, that will recur frequently in this chapter, are

e Hook partitions. They are of type A = (m, 1?) where 1¢ means that the number 1 is repeated d
times. They take their name from the shape of their Young diagrams which resemble a hook.

e Two-column partitions. These partitions have a Young diagram consisting of two columns. They
have the form A = (27,19°™) for d > m > 1. Its conjugate partition is A\¥ = (d,m). We recall
from Definition that the conjugate partition is defined as

AV = (N, \Y), where \ = #{k : N\ = i}.

One of the main tools in studying cohomology groups of line bundles on flag varieties are Schur
functors. These functors, each depending on a partition, interpolate between the exterior algebra func-
tor and the symmetric algebra functor in an attempt to generalise them. In the theory of vector spaces
over fields of characteristic zero, it is standard to define Schur functors using the Young symmetrisers.
But, in our setting where the field has any characteristic this approach is not suitable and a different
equivalent definition is needed. This uses the notions of exterior algebra and symmetric algebra. Let
be V be a k-vector space. For every k = 0, the antisystematization map Ay : NV — @,V is defined
as

Ap(fi Ao A fi) =D 880(0) fo) @+ ® fogiy-

Let A € N" be a partition with conjugate partition AV = (AY,...,A). Two natural maps are
defined:
oy /\>‘1V®---®/\)"“V—>®V
[A]

which is the tensor product of the antisystematization maps Ay, : ANV o ®y,V, and

Bx: ®V—>Sym)‘1vV®---®Sym/\th
Al
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defined as

BA[1® @ fia) = fifsi+ 1S+ aat1 Payretr 141 @ fafav2fa4x042 @

Let A = (A1,...,\n) € N be a partition. The Schur functor associated with the partition A is an
endo-functor Sy: Vecy — YVecy, where Yecy is the category of vector spaces over the field k. For a
k-vector space V, it is defined as SyV = Im ) o ay. Given a linear map ¢ : V — W the naturality of
the tensor product, and the exterior and symmetric powers yields the commutative diagram

/\’\1V®---®/\A’“V M ®I>\\V L Sym’\lvV®---®Sym/\th

l i l

MW @--- @AW —22, QW D sy W@ SymN W

The right-most vertical map restricts to a linear map Syp: S\V — S)\W.

Ezxample 3.1. We see some easy examples of Schur functors.
e For A = (m,0,...,0), it follows Sy = Sym™.
e For A = (1™,0,...,0), it follows Sy = A™. Here 1™ means that the integer 1 is repeated m times.

e Set A = (2,1). Then Sy(V) is the subspace of Sym? V ® V generated by

v1v2 Q@ U3 — vou3 @ v, with vy, vo,v3 € V. &

Theorem 3.2. If char(k) = 0, then for a given vector space V' of dimension n, the set {S\V : \; < n}
gives a complete set of distinct irreducible polynomial representations of the general linear group GL(V').

Proof. See |58, Section 8.2], in particular to Theorem 2. O]

Remark 3.3. If char(k) > 0, then GL(V') is not longer linearly reductive. Moreover, the Schur functors
S,V are indecomposable (|38, Thm 3.8]), but not irreducible in general. For example in characteristic
p the Schur module S, o({e1, e2)) = SymP({e1, e2)), the submodule generated by {el, e} is proper and
invariant under the action of the general linear group. A class of Schur functors that are irreducible
in every characteristic is exterior algebras ([134, Ex. 2.7 (a)]). A

The concept of Schur functors can be generalised also to skew-partitions. A skew-partition A\u is
given by two partitions A = (A1,..., A\n), 1 = (1, .., pn) € N* such that \; > p; for alli =1,... n.
Every partition is also a skew-partition with 4 = 0. The best way to illustrate skew-partitions is by
using Young diagrams: A\u is obtained by removing the Young diagram of x in the Young diagram of
A. For example, let A = (4,4,2) and p = (3,3,0) then the skew-partition A\\w is

=

A skew-partition A\u is said to be a ribbon if the resulting Young diagram is connected and it does
not contain any 2 x 2 box. The connected condition is imposed by saying that u; < A;11 whenever
Ai+1 > 0. The only ribbons that are also partitions are hook partitions.

The size of a ribbon is defined as [AN\p| = > (A — pi). It will often be convenient to encode the
data of a ribbon of size m as a partition wy + - - - + wy = m where w; is the number of boxes appearing
in the ¢th column. This is very useful since every ribbon of size m corresponds to a unique partition

L[]
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of m. The following figure is an example of a ribbon shape where p = (3,2,2), A = (4,4,3,3) and
w = (17 17 37 2)

L]

Let A\ be a skew-partition, and let \Y, respectively ¥, be the conjugate partition of A, re-
spectively p. As in the standard case we need to define two maps whose composition will define the
skew-Schur functor. We consider the Ferres matriz associated with A\u that is a square A; x A;-
matrix (a; ;) defined as follows. We set a;; = 1 for p; +1 < j < A\, and a;5 = 0 for 1 < j < p; or
Ai+1 < j < Aq. In other words, a; ; is 1 if in the Young diagram of X\p there is a box in position (¢, j),
and 0 otherwise.

The map ayy,: Ny Q... ANy ®am’ V is defined as the tensor product of the
antisystematization maps

Ap: NTHY — RV — RV, withi=1,...,\

ai’j:1 a; 5

The map By, : ®a¢ ; V — SymM "M V ®--- ® Sym™ "1 V is defined as the tensor product of
the multiplication maps

mj: ®V—> ® V — Sym™ A4V, with j=1,..., .

i, aij=1

Eventually, the skew-Schur functor Sy, : Vecy, — Yecy associated with the skew-partition M\p is
defined similarly as in the standard case. For a vector space V' we define Sy\,V := Im Sy, 0 ay\,,, while
for a linear map p: V' — W we obtain a commutative diagram which defines Sy, Sx\,V — Sy, W.
Whenever p = 0, it follows the identity Sy, = Sax.

Ezample 3.4. Let A = (2,2,1), 4 = (1,0,0) € N be two partitions. Then for every vector space V, the
skew-Schur functor Sy,,V" is the subspace of Sym? V ® Sym? V' generated by

VU4 ® V13 — V3v4 ® V12, With vy, ..., v4 € V.

This computation can be visualised using the Young diagram of \\u

and the following diagram

1% 1%
® ®
Ny D yev
® ®
1% 1%

J/ﬁ A\p

Sym? V ® Sym? V
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The tensor product V®* c V®6 that corresponds to indices where a;; = 1, is aligned as the boxes
in the skew-shape \\p. The map @y, pointing from left to right shows how the antisystematization
maps are arranged. While, the map a,, pointing from top to bottom shows which elements need to
be multiplied. &

As a final note, since sheaves over projective varieties are locally vector spaces over the field k,
one can extend the definition of Schur functors to the category of quasi-coherent sheaves over some
projective scheme/variety. More information on Schur functors can be found in [6], [25] and [134].

3.1.1 Line bundles over flag varieties and their cohomology

Let V be a k-vector space of dimension n. The (complete) flag variety Fl, is the set of complete flags
in V, that is
Fl, ={0cVic---cV,.1 2 V:dimV; =i}.

It is trivial that Fl, < Gr(1,V) x --- x Gr(n — 1,V) where Gr(j,V) is the Grassmannian variety of
j-dimensional vector subspaces of V. Using the Pliicker embedding Gr(k,V) — ]P’(/\k V), Fl,, injects
into a multi-projective space making it a multi-projective varieties. The subject of study are line
bundles on a fixed flag variety Fl,,. The Picard group Pic(Fl,) is the set of line bundles on Fl,, up to
isomorphisms of vector bundles together with the tensor product operation. To compute this group,
we need to use some tools from Representation Theory.

The general linear group GL(V') acts on the flag variety by permuting its elements. In particular,
every complete flag can be obtained as the image of the action of some element in GL(V) to the
standard flag

0c ek G ler, e G- S{ety . en—1 )k &V,

where B := {e1,...,e,} is a fixed basis of V. Therefore, one obtains an isomorphism Fl,, ~ GL(V)/B.
Here B is the Borel sub-group of the upper triangular matrices by fixing the basis B on V. It represents
the elements that act trivially on the standard flag. Using Representation Theory arguments we obtain
a complete description of the Picard group of Fl,, as

Pic(Fl,)) = ————.
ic(Fln) a,.... 1z

This implies that there exist L4, ..., Ly, line bundles on Fl, such that every line bundle on Fl,, up to

isomoprhism, is parametrised by A = (A1,...,\,) € Z™ and it can be written as

ON) =LY @@Ly

Moreover such special line bundles satisfy the relation £1®:--®L,, = Op,,, where Opy,, is the structure
sheaf of the variety Fl,,. The £;’s are also called the tautological line bundles of Fl, and they can be
explicitly constructed. Consider the tautological quotient bundle Q; with fiber V/V,,_; at the point
0cVic---cV,_1 SV eFl, Then we get L; = ker(Q; —» Q;—_1). The interested reader can fill in
the gaps by reading [58, Sec. 9.1].

A central problem connecting Representation Theory and Algebraic Geometry is the calculation of
sheaf cohomology of these line bundles. We recall that the sheaf cohomology is defined as follows: Let
(X,Ox) be a ringed space, then one considers the global sections functor from 9%odx the category of
sheaves of Ox-modules to b the category of Abelian groups

(X, —): Modox — Ub.

It is well-known that this functor is left-exact, but not right exact in general. So, it natural to consider
its right derived functors H*(X, —). Then we define the sheaf cohomology modules of a sheaf F being
the Abelian groups H*(X,F). From its very definition we have that H*(X,—) = 0 for 4 < 0, and
HY(X,—) = T'(X,—). A famous result of Grothendieck states that if X is a Noetherian topological
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space of dimension n, then H'(X,—) = 0 for i > n. For more and complete information on this topic
we refer to |74, Chapter III].

In the characteristic zero case, the Borel-Weil-Bott theorem computes the sheaf cohomology groups
and shows that line bundles have at most one non-zero cohomology group which is an irreducible
representation of the general linear group. We recall the theorem below.

Theorem 3.5 (Borel-Weil-Bott). If char(k) = 0, then the following holds true.
o There exists at most one index i such that H'(Fl,, O()\)) # 0.
o When H'(Fl,,O(\)) # 0, then it is an irreducible representation of SLy,.
o If \; —t =\ — s for some t # s, then H'(Fl,, O(\)) = 0 for every i.
Proof. See [19] and [20]. O

In positive characteristic the sheaf cohomology groups can be much more complicated. For instance,
Raicu and VandeBogert [116] showed that the number of irreducible factors in a filtration of the
cohomology groups cannot be bounded by a polynomial in terms of the cohomological degree, dimension
of the flag variety, and the combinatorial data defining the line bundle. Nonetheless, some general
results have been proved. One of the first works in a positive characteristic setting is Griffith’s Ph.D.
thesis (cf. [69]) where he studied Fl3 constructing families of line bundles having more than one non-
vanishing cohomological group. Andersen in [9] gave a characterisation of non-vanishing of the first
cohomology group, while Donkin in [44] presented a full description of the cohomology groups when
the underlying vector space is 3-dimensional completing Griffith’s work. The most notable result in a
characteristic free settings is the Kempf vanishing theorem which states as follows.

Theorem 3.6 (Kempf vanishing theorem). Given \ € Z™ such that A\ = Ao = -+ = A\, we have
H{(Fl,,O()\)) =0 fori >0, and H°(Fl,, O()\)) = S\k", where Sy is a Schur functor.

Proof. The first instance was proved by Kempf in [91], [92], and [93]. The final version of this theorem
is due to Haboush in [70], and by Andersen in [10] where they improved and simplified Kempf results
and arguments. O

The principal paper that we are now discussing, and also the one that inspired the work of this
chapter, is due to Raicu and VandeBogert [116]. The idea behind their paper is one can study certain
line bundles by instead studying Schur functors applied to the cotangent sheaf Q2 of P(V'). The coherent
sheaf € is classically defined as the sheafification of @', S(—1)dz;/ > xidx;, where S = SymV =
k[z1,..., 2]

Theorem 3.7. Let Q be the cotangent sheaf of the projective space P"~1. Let A € N™ be a partition
with A, = 0. Then for every j = 0 we have

HI (Fl,,, O()) = H' (P"~1,8,Q(e)),
where p = (e — ||, A1, A2,..., Ap_1) €Z"™, and e € Z.
Proof. This is a direct consequence of [25, Thm 9.8.5]. O

To give an idea of why this result is very important, we now give an example giving explicit
computations. This example is claimed by many authors to be due to Mumford or his student Griffith.
Despite, no proper references are given, it is undeniable that the two authors were very interested in
the topic and Griffith’s Ph.D. thesis [68] (cf. [69]) considered the case of flags in 3-dimensional vector
spaces over fields of positive characteristic. Moreover, it shows that the zero and nonzero characteristic
cases are much different and the Borel-Weil-Bott Theorem is false in this context.
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Ezample 3.8. Let n = 3, p = 2, together with A = (2,0,0) and u = (—2,2,0). Then one has
HI(Fl3,0(un)) = H (P?,S\Q) = H’(P?, Sym? Q).
Since, we are in characteristic 2, it holds the short exact sequence
0 — F2Q — Sym? Q — A2Q — 0, (3.1)

where F?2 is the 2-nd Frobenius power functor. The cohomology groups of F2Q and A*Q are known in
this case and their are equal to

k ifj=1
0 ifj#1’

k ifj=2

HI (P2, F2Q) = T
0 ifj#2

HI(P? N2 Q) = {

Equation (3.1) induces a long exact sequence on the cohomology groups obtaining the final result

k ifj=1,2

0 otherwise

HI(Fl3, 0(n)) = { ¢

In their paper, Raicu and VandeBogert consider the idea of "stabilizing" the cohomology groups
by letting the dimension of the vector space V tend to infinity. To make this coherent, every time a
partition A € N” is considered, the same partition can be viewed inside N for n = r by adding as
many 0Os as needed at the partition’s end. The same concept can be also applied to skew-partitions.
With this setting they proved the following.

Theorem 3.9. Let k be an algebraically closed field. Consider a skew-partition N\u. Then, for every
j =0, the cohomology group H(P(k™),S5\,Q) have a trivial GL,_1(k)-action, and is independent on
n as n > 0. We denote this group as H],(Sxy, ).

Proof. See |116, Theorem 4.1 and Theorem 4.2]. In these theorems, the authors prove the result for
general polynomial functors, but for our purposes we are only interested to their applications to the
Schur functors. O

In the particular case that the skew-partition is a ribbon or a two-column partition, Raicu and
VandeBogert constructed explicit "arithmetic complexes" CX(w), depending on a tuple w, to compute
these cohomology groups. Moreover, they are able to find a relation formula between two-column
partitions and hook partitions. We postpone the definition of arithmetic complexes in Section [3.1.2}
There we generalise Raicu and Keller definition of arithmetic complexes to prove results over the
projective on Z.

Theorem 3.10. Let Q be the cotangent sheaf over P"(k) and Sy, be a skew Schur functor. The
following is true for all i.

i) If Sy, is a ribbon Schur functor corresponding to w = (wo, ..., wq), then
H2, (S 8) = Hiyj—i(C(w)).

i1) If X is a two column partition with conjugate partition \¥ = (m,d) for integers m,d = 0, then

HE,(8x02) = Haym +(CX(=m — d = 1,1%)[d]),
where 6’/}‘(—m —d —1,1%) denotes the dual of the complex CX(—m —d — 1,1%).

iii) Consider X as in ii) and let d > 1, then

HL(SxQ) = HY ' (S(gi1,1m-0)2)-
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3.1.2 Arithmetic Complexes
Let R be the ring of integer-valued polynomials, that is

R = {f(z) e Q[z] : f(n) € Z for every n € Z} = {f(x) € Q[z] : f(n) € Z for every n » 0}.
For every polynomial p € R and n € Z~(, we define the (generalised) binomial coefficient

[p] _pp—1-p—n+tl)

n n!

We recall the following equalities which hold for binomial coefficients:

1. If ke N then [*] = (¥). In particular, if k < n, then (¥) = 0.

2. If k € Z~o, then [fl] =(-1)" (”4“71). More in general, [7] = (—1)”["7571] for any p € R.

n

We also adopt the conventions [g] =1 and [z] =0for pe Rand n € Z_y.

Proposition 3.11. The ring R is a Z-free sub-algebra of Q[x]. Moreover, The binomial coefficients
[ﬂ forn =0 form a Z-module basis for R.

The ring R is used for example in the study of Hilbert polynomials. We should remark that R is
not Noetherian since the ascending chain of ideals

Glre i lme |f]re [o)r e [5)Re

does not stabilises. Information about this topic and more general constructions can be found in |29].
In this chapter, our main objects of study are C,(w) with w = (wo,...,wq) € R x N1 For a
combinatorial description, consider the undirected, weighted path graph of d 4+ 1 vertices and d edges:

Figure 3.1: Undirected Weighted Path Graph with Vertex Weights w

where w;’s denote weights on the vertices. Given d,t € N such that 1 <t < d + 1 for any weak
composition of d —t + 1, that is non-negative integers (¢, ..., A1) such that 22:1 X =d—t+1, there
is a unique decomposition of the above path graph into t disjoint intervals Iy, of length A\;. If A; = 0
then I, consists of a single vertex.

The weight of an interval I, denoted w(Iy), is the sum of the weights of its vertices. For instance,
the weights of the intervals in Figure are w(ly,) = wo, w(ly,) = w1 + w2 + w3, w(ly,) = wy, and
w(I/\l) = w5 + wWg.

wo w1 w2 w3 w4 ws we
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
I, Iy, Iy, Iy,

Figure 3.2: A decomposition for d = 6, t = 4, and (Mg, A3, A2, A1) = (0,2,0,1).

Definition 3.12. Define the arithmetic complex, C.(w) = Cu(wy, ..., wq), as follows: for each k € Z,

d
Crw) = B R fp.an = RO,
25:1)‘1‘:]C

wheret = d—k+1 =1, and f(,, .. x,) corresponds to a basis element of C (w). Note the basis elements
of Ci(w) are in bijective correspondence with decompositions of the path graph in Figure . The
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differential 0 is computed by removing a single edge from an interval of a basis element of C(w).
More precisely,

O : Cr(w) — Cr_1(w)

t
TOe) P Z

j=1i=1

- CU(I)\].)
(_1)t J |:w(]'/\ \{Z}):| f(Au,>\J+17Z—17>\J—’L,)\J71,,Al)?

where I)\{i} denotes the subinterval of I) to the right of the i-th edge (counting starting at the left).

The definition of arithmetic complex CX defined by Raicu and VandeBogert in [116, Section 5] can
be recovered as follows. Consider an element wg € k. Then the evalutation morphism ev: R — k
that maps z into wg gives to k a structure of R-module. Consider now the arithmetic complex
Co(z, w1, ..., wq) with wy, ..., wy € N. Then we can evaluate the complex at x = wp and tensor with k
to obtain
C*(wg, wr, ..., wq) = Cu(z, w1, ey W) [g—wo OR K.

Similarly, one can define CZ(w) with wg € Z by evaluating C,(x, w1, ...,wq) on & = wg and then
tensoring with Z.

Ezample 3.13. Consider the graph in Figure[3.2} Let j = 3 and i = 2. Let I,,; = I),\{2}, the interval

. . . . . . . . w er er(
consisting of a single vertex with weight ws. The corresponding coefficient is —[ ! wi 3].
wo w1 1 w2 2 w3 wq ws we
[ ) [ ) [ ] [ ] [ ] [ ) [ )
I Iy I, Iy
437 @Uxg) 71_ Twitwatw
l(l) [W(I)\3\3{2})]7 [ ! wg 3]
wo w1 w9 w3 w4 ws We
[ ] [ ) L [ ] [ ] [ ] [ ]
Ilts IN4 [u3 = IAs\{z} IM2 Iﬂl
¢
Our focus is when wg = z or wg = —z — 2d, and w; = --- = wg = 1 with the aim of establishing

an isomorphism between C,(xz,1%) and C,(—xz — 2d, 19).
Remark 3.14. When wy = —z—2d the following binomial identity is used in computing the differentials:

[—x—m] :(_1)n[:v+m+n—1]

n n

for m,n € Z. A

Ezample 3.15. Computations with Macaulay2 [M2] exemplify an isomorphism from C, (x, 1¢) to C,(—2—
2d,1%) for d = 2,3, 4.

0 R ‘ R 0
(1) (6 4) (1)
| l |

0 R 3 0
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—_o\T
x+4 0 -3 0 [123] : ( _22 )
0 R T+4 R4 0 0 -2 =z4+3 R 0 -2 x+2 R4 r+1 R 0
1002 0 1
13 3 1 0105 1 4 100 1
0-1-2-1 001 0 4 6 010 3
(1) 00 1 1 00010 —1 001 5 1)
00 0 -1 000 0 —1-3 000 —1
J 0000 0 1 J
4 6 4
0 [*47] —4—z-7 0O 0 R 3-20 —2—7 0 0 R o \T 0
+6 -6 0 z+7 0 30 -3 0 —ax=7 O 2
-['3] 4 0 [ (2) ] [ 02 -3 0 o [*37] -2
["37] 3 00 0 2 -2 —a6 =T
29 0 -3 —26 0
e +6
0 -3 0 [12 ]
0 0 —2 —z-5

In Example [3.15] the isomorphism maps in homological degree d — ¢ + 1 can be obtained using the
following formulas:

tzl:f)q '_)fup

- H1
t=2: f()\g)q) = Z (_1)d H2 ()\1> . f(#z,lil)’

p1+pe=d—1

_ H1 AL+ 1+ pe + 2
t=3: — —1)¢ “3( > ( ) - fo .
CRRERSY u1+u2+ZM:3=d—2( ) A1) \A1+ 1+ A2+ 2 Juss pzpm)

A generalization of this pattern is given by a, : Cy(x, 19) — Cy(—2 — 2d, 1) where for an arbitrary
d the map ag_s41 : Cg—pp1(2,1%) —> Cy_yp1(—x — 2d,1%) is defined as

_ Z (_1)d*/ﬁt ﬁ (Zj’:l(Aj + N’j) + pst1 + 28

Oédftﬁ*l(f()\t,)\t_l,..‘,)\l)) - ZS ()\] +M]) +)\s+1 +2S> (lt oot —1 5oy pt1 )

p1teetpr=d—t+1 s=0 j=1

The main result of the next section is that a, is indeed an isomorphism of complexes.
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3.2 Uniform identification of aritmethic complexes

This section is devoted to the proof of Theorem which is broken into two parts. First, it is shown
that a, defines a homomorphism of complexes (using lemmata and . Next, Lemma
shows that the matrices in a, are invertible by using an ordering of the basis, as explained in Remark
.20l Finally, Corollary provides a more specific description of those matrices.

Lemma 3.16. Let d,t € N, t > 1. For weak compositions X\ = (M\¢,..., A1) of d—t+ 1, and u =
(1, oty - - -y 1) of d —t, define the following quantities:

k—2
Ap(A\, p) = H (Z 1(m + Am) + prsp1 + 23)7

20 \Xme1 (B + Am) + Asy1 +2s

t—1 s—1
Bk()\,u) = H (Zm_l(lu’ ) 12 Hs+1 >’

s=k+1 Dt (i + Am) +2s =1

an_:ll(um + Am) + pE + 2(k - 1)
g s 2) = | e
Dot (m + Am) F A — 2 +2(k = 1)
2%:1(#771 + )\m) + U1 — 2+ 2(k — 1) + 2
hk(A,,U/, Z) = k )
2t (Hm + M) +2(k = 1) +1
where k =1,...,t and z € Z. Then the following hold
i) g1\ A+ 1) =0;
ii) Ap(A 1) - g, 150) = A1 (A, 1) and hig(X, 150) = grr (A 5 Adgg1 + 1), for 1<k <t —1;
“”L) Bk(/\vu) = BkJrl(/\vM) ' h’kJrl(Ahu; )\k+1 + 1)7 fOT I<k<t- 2;.

Proof. The proof proceeds by explicit computations. Notice that g1 (A, pu; A\ + 1) = (ﬁll) = 0. Given
k=1,...,t—1, part ii) follows from the observations

Mm + A + fsr1 + 28) _ (Zﬁ;ﬁ (ftm + Am) + g + 2(k‘—1))

= m)
AN 1) - gre(A, 130 —81_!) Am) + Ast1+25) A5 (i + A) + Mg + 2(k—1)
Am)
Am)

+ psy1 + 28

=A A,
+ Asi1 + 25) k—H( 'u)

and

Zk —1(fm + M) + pgp1 + 2k7)
)‘7 7>\ +1) = me
Grat s Mt 1) ( S (i + A + 2k — 1
- <2ﬁ11(ﬂm 4 A+ et + 20k — 1) +2
2.

= hg(A, 1;0).
E - (im + ) + 206 — 1) + 1 ) k(A 1:0)

Furthermore, if k = 1,...,¢t — 2 then

S (bm + A )+Nk+2_>\k+1—1+2k+2>
By 1O\ 3 Aog g + 1) =
k1 (A 15 kg1 ) ( ZkH( e Am) + 2k + 1

(Zﬁm:l(“m + Am) + ka1 + prg2 + 2k + 1)
S (o + Am) + 2k + 1 ’
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and the equality Br1(\, pt) - hi+1(A, g3 Aer1 + 1) = Bg(A, ) is obtained.

Finally, if Ay(\, ) = [T075 (S0 Ty 11107 # 0 then

(anl(ﬂm + Am) + o1 + 28) _ (Z;ﬂﬂm + Am) + psp1 + 25) 20
anzl(ﬂm + )\m) + )\s+1 + 2s Hs+1 — )\s+1

for s = 0,...,t — 2, or equivalently u; = \; for j = 1,...,t — 1. Since 22:1)‘1‘ =d—t+1 and
Sty = d—t, it follows that y1, — A, < 0 and thus

S (o + Am) + e+ 2(t—1))

S (o + Am) + g+ 2(t—1) _
Zi;:ll(,um + Am) + A+ 2(t-1) 0.

A, 0)=
9t (A, 115 0) ( L=

These observations yield the identity below which completes the proof of part iv).

A ) - p0) = 4 A0 AN 200, 0
0-ge(A, p;0)  if Ag(A\, ) =0

Lemma 3.17. Under the assumptions of Lemma |(3.16

t—1

Z (_1)t_kAk()‘v M) : Bk(A’ M) : [hk(A’ 5 )‘/c + 1) : gko‘a 22 )\k; + 1)
k=1

+ gk (A, 1;0) - hk(/\,u;o)] = = A\ ) - ge (A s A+ 1),
Proof. For k=1,...,t — 2, Lemma|[3.16] i) and iii) imply
Ak, 1) Bre(As 10)-g1 (A5 15 0) P (A, 1853 0) A1 (A 1) Byt (A 10)-gro 1 (A g5 Ar + 1) R (A, 13 A1 + 1).
In the case k =t —1, By_1(A, u) = 1 and so by Lemma i) the following equation holds:
Arm1 (A 1) - Be—1(As 1) - ge—1 (A, 115,0) = By—1 (A, p30) = Ae(A, 1) - g (A g5 A + 1),

The following chain of equalities finish the proof, where (x) uses Lemma i):

-
|
—

(—1)" FAR(\, ) - Br(\, 1) - gi(X, 1130) - b (A, 5 0)

T E
Il
N =

(_]-)tikAk()‘a /’L) ) Bk()\a /’L) ) gk()\7 3 0) * hk()‘a 3 0) - At—l()‘a /’L) ) Bt—l(Aa ,LL) ’ gt—l()\7 3 O) * ht—1(>\7 3 O)

T o
Il
N =

(—1)  F A1 (N 1) - Brrr N 1) Pt (O 15 Mot + 1) - gt O 3 Mer + 1) — Ai(\ 1) - ge(\ s M + 1)

T

*

1
t—1
DUDTFAR 1) - B ) - e 5 M+ 1) - g s Ap 1) = AN 1) - ge(A, s Mg + 1), O
k=1

The following combinatorial formula can be found in [124, Corollary 4|. We give here a different
and easier proof.

Lemma 3.18. For any non-negative integers a,b,c € N, the following identity of integer-valued poly-
nomials in Q[y] holds true.

2 b y+a yt+ta+bt+c—j| | y+ta+c a+c+1
jJla—b+1+7 c—3j la—b+c+1 c

7=0
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Proof. Clearly Lemma holds for b = 0. So we may assume b > 1. We will show both sides of
the equation have the same generating function. Let A =a +cand B =y +a + c. Let ¢t and u be
variables. First multiplying the right hand side by t¢, summing over ¢ = 0, we get

[A—B;+ 1] 2, [Ajl]tcz {A—Ji+1](1+t)AH,

c=0

and then multiplying by u and summing over A >0

> [ B ](1+t)A“uA 1+t)butt ) [ ] [(1+8)-u]A 0 = w1 (1 +6)° (1 +u+tu) P

A0 A-b+1 it

Note the index of summation for A starts at 0 because b > 1
Replacing A and B in the left hand side, multiplying by u* and summing over A > 0 we get

SO IS LoD ) -5 OP e,

j=0 A0 J=0

We can start the summation from A = 0 because if j > ¢ the summand is zero, hence j < ¢ and we
have j + 1 — ¢ —b < 0. Then, multiplying by t¢ and summing over ¢ = 0 we get

b . B+b—
> (.)ub_l_J(l—i-u)B-Z[ * ]]tc(l—i-u) e
j=o0 M =20 c—J
b - B+b—
= (.)ub‘l(Hu)B‘W-Z[ N j}<1 )
jzo0 M =0 c=J T u
B+b—j b 1
b . tu ti .
= (.)ubl(l +u)Pi (1 + 1 ) =) — a (1 +u + tu)BHod
j=0 J +u j>0 +'Z,L
b—1 B b—1 B
u’TH1 4 u + tu) b , w14 u+tu)
= T30y -Z(j)-tf-(1+u+tu)“= T ap (1t u At tu)®

j=0
b1 4+ 61 + u + tu)?

We have obtained both the right and the left hand side of Lemma [3.18] are the coefficient of the

term ut¢ of the same generating function, and are thus equal. O
We are ready to prove the main theorem of this section.

Theorem 3.19. For every integer d = 1, there exists an isomorphism of complezes
Cu(z,19) = Oy (—x — 2d,1%).

Proof. Consider the map O‘ill—t+1 :Cyip1(2,1%) — Cyq_y1(—x — 2d, 1) defined as

d
ad7t+l (f()\z,>\t71,...,>\1))

- Z (—1)d—m ﬁ (23 1(Aj + ) + prsy1 + 25

f sHt—15ey
Jt bt et ] 5=0 Z LN F ) F A + 25) (Bt =15 11)

which is a homomorphism for ¢ > 1, presented by a ( tfll) X (tfll) matrix. When there is no ambiguity
the superscript d is removed and the map is denoted by ag_t¢41. To prove a, is an isomorphism of
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complexes entails demonstrating «a, is a morphism of chain complexes and each ag4_¢1 is represented
by an invertible matrix. The former is established first, that is

aag—t(5_ i1 (Fonn) = 072 a1 (o) (3.2)

for each t and basis element fi, . ) of Ca—¢y1(z, 1%). Lemma addresses the invertibility of
d—t+1- Taking {f(,,, ... .)} as a basis of Cy_y(—z — 2d, 1) results in equalities

—x—2d _
5dirt+1 (ad—t+1(f(xt,...,>\1))) = Z Clptgye, Hl)f(l‘t+1 ----- B1)
1+t 1 =d—t
i (0% pir (. N= > @ f
d—t\0d—t4+1\J (¢, 01) (1 s001)d (Rt 1,05p01 )0

1+t 41 =d—t

for some coefficients c(,,,,, . ;) and &y, . ). Equation (3.2)) is proved by fixing psy1,..., 1 and
the following sequence of steps, the details of which constitute the remainder of this proof.

Step 1: Compute 0,7 (ad—t+1(f(At,...,>\1))) and (1)
Step 2: Compute ad_t(é’j_tﬂ(f(At’m’)\l))) and Clitpsr,pin)-

Step 3: Compare the coefficients ¢y, .. ) and Cu,, . )

Step 1. Let us first determine the basis elements f(, . ) of Ci—i11(—2 — 2d, 1), such that in the
sum for é’d xtffl(f(eh 1)), the basis element f(,, ., . ) appears with non-zero coefficient. By definition

of 07%-%¢ such an fier

d— t+1 ,,,,,, ¢ is of the form

f(Mt+1 ------ P 2,tk+1F e+ 1,0 001)

for some 1 < k < t. More concretely, for k = ¢, in the sum 0 wt+21d(f(ut+1+ut+17ut_1,...,u1)) the coefficient

of f(ut+1,~~~,/11) I8
_gj—2d+ut+1+ut+1 :(_1)Mt+1 $+2d—ﬂt+1—1
pe + 1 pe + 1 .

r—2d
For k < 2 in the sum aal t+1 (f(/lt+17----7l/«k+27ﬂk’+l+,U«k>+1aﬂk—17---nul))
by

(_1)1‘/7]6 Mk+1 + p + 2 )
pi +1

the coefficient of f(,,,, . u) 1S given

The coefficient of fi,, 1 . uropnss et 1,p) 0 the sum for ag ¢ 11(f(x,,..a;)) is computed

next. For k < t, the coefficient is given by

1 S—
(_1)d_l‘t+1 . tl_[ <Z ' (Nm + A ) + s + psy1 + 2s — 1)
Zmzl(um + )\m) +2s—1

s=k+1
'ﬁ( V(e + X)) + prssn +2s) _ (Z’fn_ll(um + Am) + g+ prr1 + 2k — 1)
- Lt + M) + A1 + 25 S (i + Am) + A + 2k — 2

k-1

m + Am) + e + +2k—-1
= (_1)d—#t+1Bk()\’,u) . Ak()\a/l) . <Zm IIEMI ) M Hk+1 )
S (i + Am) + A + 2k — 2

where Ay, B, are as defined in Lemma [3.16
The coefficient for &k =t is

t—2 s
(_1)d—(ltt+1+ut+1) H (Zml(um . /\m) A 28) = (_1)d_(ut+1+ut+1)At()‘7,u)'

s=0 Zfﬂ:l(lu’m + )\m) + )\S-‘rl + 2s
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Thus Equation 1} displays the coefficient of f(,, ., ., in the composition 6;’3&216[(ad_t+1 (Frerni))

----- 1)

t—1 k-1
C(Mt ) = (_1)d—ut+1 Z <(_1)t—kz (Zmllgﬂ;n + )\m) + pp + pe+1 + 2k — 1) ‘

Ly _
- SEL (i + Am) + A + 2k — 2
k=1 ! (3.3)

Pt + pg + 2 $+2d—ut+1—1)
: A\ ) - B ) |+ A0 |
( L ) (O ) - B m) ( o O n)

Step 2. By Definition

z e T+ N
Od—t+1(Fnnn) 2 Nl Jl=1 M =i 1000

)\k-i-l
22 f(>‘t7 Ak 18— LA = A 1,0, A1)
k—1i=1

Applying ag_; to the basis elements appearing in the above summation, it follows

t—2 s
—u 1A ) s + 28
At (flim1 M =i 1, h1)) = 2 (—1)Fren H <(Z§ 1At ) i >
s=0

14t 1 =d—t (Zt:l )‘t + /,Lt) + AS-‘,—l + 2s
( S (i + Am) + e+ 2(t — 1) >f
S (fn A+ Am) + Ay — i 2(t — 1)) et

= > (=) Ay, 1) - 9o (N 139) Flpag s o)
p1tet 1 =d—t

and

ad—t(f(kt ----- )\k+17i_17)\k_i:>\k—17---7)\1))

k—2 s
= 2 (_l)d*/ﬁt-f—l H ((Ztl At + ) + ps1 + 28>.
s=0

p 4t frpg 1 —d—t (D=1 At + i) + Aspr + 28
( SE L (tm + Am) + g, +2(k — 1) ) ' <2ﬁ=1(um 4 A s — 0+ 2k)'
S (i + Am) + A — i+ 2(k — 1) S (n + Am) + 2k — 1
_ ﬁ Sty (i + Am) + s + pro1 + 25 — 1 f
s=k+1 2;:1(Mm + )\m) +2s—1 (ke 1 it )

= Z (_1)d_#t+1Ak()‘a/‘6) : gk()‘nu’a ’L) : hk()‘auvl) : Bk()‘aM)f(,uprl,,ut,...,ul)a
p14e 1 =d—t

where gi(\, u; —), and hg (A, u; —) are defined in Lemma The above computations result in

= i T+ A
(d—t © Fg_ys1)(frenn)) = Z; N—id1 At (flim1 =i A1)
t—1 Ak
A+ 1
+ 2 Z t k( )adt(f(At7"'7Ak+17i17Ak’i7Ak'—l7"'7A1))
k=11i=

= 2 Clpatt st F (s sttt )
p1teFppp1=d—t

where

At
- d 1t x + )\t .
Clupgryeempr) = AT Hext [ ; [/\t i+ 1] ()\,,u) -gt()\,u, Z)

(3.4)
t—1
+ (‘Utk(z (Ak;r 1> Ap(A 1) - gk (A, 139) - Bi(A, 1) - hie(A, 3 Z))]

k=1 =1
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Step 3. The final step is to exhibit the coefficient &, ) Of fuiy,...up) in Equation (3.4) is equal
t0 C(yy41,...,1)s 1-€- the expression in Equation 1' This is proven with the aid of Lemma and
the the well-known Vandermonde’s identity

(m:”> - kgo (TZ) ' (rfk) with m,n,r € N. (3.5)

These formulas along with Lemma are used to rewrite the inner sums in ¢, . ,,) as having
index ¢ = 0, which are later recognized as a product of binomial coefficients. By the above discussion

and the fact that [)\f:)‘il] =0 fori> A + 1,

i[ A ]At(%u)-gt(%u;i)

S it
40 8) ( S0 | - s + 1)) [N a0
0 =0 by Lemtnaiv)
= Ar(\, 1) (Z;) [Atxjﬁ 1] (anil(um :tAf)At++M; - 1)> —ge (A s A + 1))
) :(:i,;ll(um+xm3t+ff+xz+1+z(t—1>) by Equation ’
=440 ) ([x e e+ 1>>,

as A1+ +M=d—t+1=p +---+ 1 + 1. For the other summation appearing,

t—1
(1)

Ak
3 (AH 1) Ak )N 1238 Be(O\, )i (A, Z‘>]

i=1

0 wB 0 | 5 () e

[ i>0

A, 15 0)hi (A, 15 0) — g (A, s Mg 4+ DR (N, s A + 1)]

(=1)"F AR (A, 1) Bi (A, ) Z()\k:1>gk(%u;i)hk(&u;i)]

| i>0

Il
T— Eo
e

T

|

o~ Q

S
=~ =

o+
DNy

(=) F A\, 1) B\, 1) [gre (N, 123 0) (A, 1£5,0) + ge (N, s M + DO\, 3 A +1)]

o+
D)

(=)' F AR\, 1) B (A, 1) [Z (Ak:r 1>gk(%u; (A, s i)] + A\, ge(A, s A + 1)

k 120

where the last equality follows by Lemma Moreover, by applying Lemma with y =
Zkil (Lo +Am) +2(k—1), a = pg, b = A\ + 1 and ¢ = pg41 + 1, we obtain

m=1 S (Ak + 1)91&% D) = Y ()\k + 1) <zg;1(um + Am) 4 2(k - 1) +uk>

=0 >0 ¢ H— Ak +

Il
—_

_ (an_11(ﬂm +Am) +2(k = 1) + pp + (A + 1) + (g1 +1) — Z)
pr+1 +1—1

_ (2%:11(/‘771 + Am) + ke + pgr + 2k — 1) . (,Uk + ppe1 + 2)
p — A+ ka1 + 1 a1 +1 )
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It follows that

t—1 Ak
S0 () A a0 B i)

7

k=1 i=1
=1 k—1
A 2k —1 2
= DDA ) - B ) (Zml(“m ¥ Am) g+ e + ) . (uk * H )
k=1 P — A+ pgyr + 1 fie1 + 1
FAA 1) - ge (A s A + 1)
and the claimed equality below concludes that «, is a morphism of chain complexes.
5 _ T+ 2d—pp1—1 =1 _
sy = 1 00 ) DDA B
pe +1 =
(anil (b + Am) + pe + preg1 + 2k — 1) (,uk + pr+1 + 2) . .
e — Mg + pear + 1 pre1 +1 (Be4150011)

The following remark introduces an order on the basis of C(w) to facilitate understanding of the
matrices corresponding to the maps constructed in Theorem [3.19]

Remark 3.20. Let t,k e N, t > 0. Define an order > on the set of weak compositions of k with ¢ parts

¢
Stk = {(ataat—l--wal) eN'| Zai = If}
i—1

as follows: for a = (at,...,a1), b = (b,...,b1) € Sy, consider the associated monomials z{* - -z}
and 28" .-z, Define a > b if 2§ - 2% Zgpex a0 -+~ 2¥ with respect to the reverse lexicographic
order on the monomials. In other words, a > b if a = b or the first non-zero entry of the vector of
integers a — b = (a; — by, ..., a1 — by) is negative.

For each d € N and for each w = (wy,...,wq) € R x N~1 denote the basis of Cy_;41(w) by

B(Cysi1(wo,wi, -, wa)) = {1, faz, -+ | ol € Std—t+1}

where superscript [i] denotes the i-th basis element under the ordering ald > ali+1 for all i > 1. For
example,Robinson-Schensted correspondence. The article contains a section treating the basic results
about the passage to initial ideals and algebras. altl = (0,...,0,d —t + 1) is the biggest element in

d
St.d—t+1 and al2)1 = (d—t+1,0,...,0) is the smallest one. Fix wg and let d = 4 and ¢t = 3. The basis

of Ca(wo, ..., wy) is ordered as B(Ca(wo, ..., ws)) = {f(0,0,2)7f(0,1,1)7 f(0,2,0)7f(1,0,1)7 f(1,1,0)7f(2,0,0)}~ In
particular, denote the bases of Cy_;+1(z,1%) and Cy_siq(—2 — 2d, 1%) by

B(CdftJrl(xu ld)) = {f)\[l] ) f)\[Q]7 e | )\[l] € St,dftle}v
B(Ca vi1(—x—2d,1%) = {foun, e, | uP e Spa via}.
Since Al and pl] are in St d—t+1 for each 4,7 > 1, they are comparable and A= plil if and

only if ¢ = j. Whence A1 > uUl if and only if i < j. Moreover for the map Qy_;,q constructed
in Theorem [3.19, the (i,j)-th entry of the matrix of a, , , with respect to the above order is

()\[i]vﬂ[j]) = [ad*Hl](fA[i] £ for each 1 < 4,5 < (tfl), that is,

Qg4 = D D o . A
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Lemma 3.21. With respect to the basis order introduced in Remark [3.20, the matrices corresponding

to the maps ag_¢11, 1 <t < d+ 1, constructed in Theorem are upper triangular, with diagonals
made up of 1’s and —1’s, and hence are invertible.

Proof. Let A\ = (At, M\ 1,..., A1) and oo = (g, i1, - - -, po1) be compositions such that fy € B(Cy_y41(x, 1%))
and f, € B(Cy_y11(—z — 2d,19)). Observe that

t—2 s
. SO+ 1) + peyt + 2s>
. _ _1 d Mt J

[oa-rsi) gy = (D] <Z;1(Aj +4j) + Asp1 + 25

s=0
if and only if (Z§=1(2jifi)/\+fj+l+25) # 0 for s = 0,...,t —2. This is equivalent to p; > \; for
j=1,...,t—1, which means
i = A; foreach 1 <j<t—1,
A=pu or pj >N forsomel<j<t—1, and (3.6)

fe < A
as Zle A = Zzt':1 pi- Hence by the definition of >, [ag—t+1](s,,7,) # 0 implies p > A. Consequently

[ | 0 if A>pand p# A\,
a _ =
d—t+11(fx,fu) (_1)d—m if = A

Thus for fyr) and f,r, the identity

[ ] 0 if 1 < j,

Ag_ =

d—t+1 (f)\[z] fy‘[j]) lor —1 lf'L — ]

proves ag_;41 is upper triangular, with diagonals made up of 1’s and —1’s. O

Corollary 3.22. Using the basis order introduced in Remark and for each integer 1 <t < d+1,
the matrices corresponding to the maps constructed in Theorem are of the form

(—1)d]l(;l:21) ‘ V-1

d—1
0 | ot

d _
Qg_ty1 =

d—l)'

with 'yfii_t“ a (d_l) X (d_l) matriz, and ]l(d—l) 1s the identity matriz of size (t_2

t—2 t—1 -1

Remark 3.23. The blocks on the left and right correspond to the basis elements fy in the domain
with Ay = 0 and A # 0 respectively. Likewise, the blocks on top and bottom correspond to the basis
elements f,, in the codomain satisfying p; = 0 and p; # 0 respectively. This decomposition reflects the
fact that C,(x,1%) is the mapping cone of a morphism ¢, : Co(z + 1,197 — C,(19) as described in
[116]. There the proof is for wy an integer, but it extends immediately to the case wp a polynomial
(checking this requires showing the commutativity of some diagrams, which if true for infinitely many
specializations to wy an integer must also be true for wgy a polynomial). As a basic property of mapping
cones, the fact that a? is a morphism of complexes means that the following diagram commutes up to
homotopy given by ~,:

d—1
Co(z+1,191) 2 C(—z —2d +1,14°1)

ld)z ld’—w—Qd

C.(19) 1) C.(1%)

Note that ad~! : Cy(x +1,1971) - C,(—x — 2d + 1,1%7!) makes sense as the formula for ad~! is
independent of x.

Eventually, using induction on d, Corollary implies that az has determinant +1 giving a second
proof of its invertibility. A
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Proof of Corollary[3.23 Let agj : Cg—y(z, 1971y — Cy_y(—2—2d+2,1971) be as defined in Theorem
. For fx, fu satisfying A¢, s = 1, by the definition of ad

t—2

[0l = D" ] (Z] 1(Aj + 115) + st +25)

. ( m 1 5=0 Zj=1()‘j + 1) + Xsg1 + 28
IR

[ad t](f(/\t LA 1o A)  F (g =Lt ve1))

Thus, the lower right block of ag_t +1 18 indeed aZ:tl as desired.
If p > Aand A =0, then [ag—s11] (s, 5,) # 0 if and only if A = p by Equation 1} In this case

d—0 V(g tpg)+pst1428y o nd iey
[ 1)) = ~D" T (Zg—l(uj+ .7')+us+1+2s) = (DT A=
— AoJ

it A # p.
Moreover, notice that there are (‘f 21) -many (fi¢, ..., H1)’s in Sy q_¢41 such that g, = 0. It follows that
the upper left corner is (—l)dﬂ(dﬂ) and the lower left corner is O as desired. O
t—2

3.3 Flag varieties over the integers

This section explains the relationship between stable sheaf cohomology for P"(k) and P™(Z) and the
homology groups of C,(w) as well as a streamlined proof of [116, Theorem 6.12] via Theorem [3.19]
Recall, as given in [116], the connection between C,(w) and stable sheaf cohomology of ribbon and
two column partition Schur functors applied to €2, the cotangent sheaf of projective space. The case
wp = 1 corresponds to a ribbon, A/u. In [116, Theorem 5.4] it is proven that the stable cohomology of
Sy/uf? is the same as the homology of CX(w) with an appropriate shift.

Additionally, in [116, Theorem 5.7(2)] it is shown for A a two column partition, i.e. the conjugate
partition \' = (m,d) with integers m,d > 0, the stable cohomology groups of Sy are given by the
homology groups of CX(—m —d — 1,1%) up to a shift. Notice the first weight is negative, whereas in
the previous case all of the weights are positive. Further, they demonstrate the ranks of the homology
groups of CX(—m —d —1,1%) and CX(m — d + 1,1%) are the same via recursive formulas for the ranks
and induction, motivating the conjecture that forms the basis of this paper. Theorem gives a
direct proof of this identification, and shows moreover that for fixed d this identification is uniform
with respect to these complexes.

Theorem 3.24 (Raicu-VandeBogert). Let A be a partition with two columns, i.e. the conjugate par-
tition is of the form X' = (m,d) for some integers m,d = 0. Then for all i,

Hﬁt(S,\Q) = Hszgnﬂfi(g(dﬂ,lm—d)ﬁ)
Proof. The composition associated with the hook p = (d + 1,1 %) is w = (m —d + 1,1%). If z is
evaluated to be m — d + 1 in Theorem [3.19] then

[L16} Theorem 5.7(2)]

Hi(S)\Q) Hi(Co(—m —d - 1,17) ®@r k)

Theorem [3.19] [L116, Theorem 5.4]

Hi p(Co(m —d+ 1,1 ®r k) HZ (S g1, 1m-a)Q). O
Theorem also gives a uniform identification for projective space over the integers.

Theorem 3.25. Let Q be the cotangent sheaf over P™(Z) and Sa/u be a skew Schur functor. The
following 1s true for all i.

i) H'(P™(Z),S)/,) is independent of n for n > 0, and is denoted by HZ,(Sy/, ).
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ii) If Sy, is a ribbon Schur functor corresponding to (wo, ..., wq), then
H(S) /) = Hpy—i(Co(w) Qr Z).

i1i) If X is a two column partition, i.e. the conjugate partition for X is of the form N = (m,d) for
integers m,d = 0, then

H{{(832) = Hosm—i(Co(—m = d = 1,1%)[~d] ®r Z),
where 5’/.(—m —d —1,1%) denotes the dual of the complex Co(—m —d —1,19).
iv) Consider \ as in iii) and let d > 1, then

Hy($3Q) = H" 7 (S(as1,1m-0)Q).

Proof. By [5], skew Schur functors have universal resolutions by tensor products of exterior powers over
arbitrary commutative rings. Therefore, Sy/,(} admits a resolution which has terms given by direct
sums of tensor products of exterior powers of Q. If d = |A| — |u| = (O] A\i) — (O] i), then these tensor
powers of exterior powers of {2 will be of the form

(A" Q) @)+ @insy (A" ), for some hand Y di = d.
The cohomology of such sheaves is given by

Z, i=d,

] (3.7)
0, otherwise,

H' (P"(Z), (Nil Q) ®pnz) ** Obn ) (/\dh Q)) - {

assuming that n = d. This calculation is followed by a double induction argument on the number of
factors h and the size of the last factor dj, using the long exact sequence on cohomology and the short
exact sequence

0= ANQ = AZ"™ ) @pyn sy Opnizy(—d) > AT Q-0 (3.8)

for d > 1. Also, necessary for this calculation is the fact that

for all 7 in the range 1 < i < n —d and all j (again under the assumption that n > d). This fact can
similarly be proven using induction and Equation (3.8]).

By Equation , applying the hypercohomology spectral sequence [132} Proposition 5.7.9] to this
resolution results in a single nonzero row on the first page. This nonzero row is then a chain complex of
free abelian groups, which has homology groups matching the sheaf cohomology groups for Sy, up to
a shift. Further, these chain complexes will be the same for n > d, so H*(P"(Z),S)/,{?) is independent
of n for n > d proving ).

In the special case when S, is a ribbon or two column Schur functor, the complexes of free abelian
groups described above can be derived from explicit resolutions for the skew Schur functor. Such a
resolution for ribbons is given by [116] Theorem 5.1|, and such a resolution for two column partitions
is given by [4} Section 4] or [116, Theorem 5.6]. Finally, the differential maps can be derived by noting
that [116, Theorem 4.9 ii)| generalises to projective space over the integers, which states that the map
induced on cohomology

HI (NP Q) - HI (AN Q) @z HI (N Q)

is multiplication by (azb). The statement of i7) and 4ii) is then obtained by taking homology, in

analogy with the statement of [116, Theorem 5.4] and [116, Theorem 5.7(2)].
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AsC := Cy(—m—d—1,1Y)®RZ is a complex of finitely generated free abelian groups, the universal
coefficient theorem [75, Thm 3.2]

~

0 — Exth(H,_1(C),Z) — H"(C) — Hompg(H,(C),Z) — 0 (3.9)

gives a relationship between its homology groups with the homology groups of its dual. Since d > 1,
the complex Cy(—m —d —1,1%) ® Q is exact, as the sheaf Sy now considered over Q has zero sheaf
cohomology groups by the Borel-Weil-Bott theorem. Thus, the homology of C is only torsion.

Since the homology C is only torsion we have

Hompg(H,(C),Z) = 0 for every n > 0.
Moreover, for every n = 1, using the exact sequence
07— Q— Q/Z—0,
we obtain a long exact sequence by applying the covariant functor Hom(H,_1(C), —) that implies
Exth(H,—1(C),Z) = Homg(H,_1(C),Q/Z) = H,_1(C). (3.10)
Equation , and Equation vields
H(SxQ) = Hyym i(Co(=m — d — 1,19 [=d] @r Z) = Hi—m-1(Co(—m — d — 1,1%) Qg Z).

The rest of the proof of iv) proceeds in analogy with our proof of Theorem above now using i)
and 47) instead of [116, Theorem 5.4] and [116, Theorem 5.7(2)]. O

Remark 3.26. Of particular interest is the difference between Theorem and Theorem (iv).
We can see they are almost equal, but for a homological degree shift of one on the right-hand side. A
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Chapter 4

Vasconcelos invariant for graded modules

“Algebra is the offer made by the devil to the
mathematician...All you need to do, is give
me your soul: give up geometry”

— Michael Atiyah

Coding theory lies in the intersection theoretical computer science, combinatorics, and algebra, study-
ing the design and properties of codes. Codes are fundamental tools for error detection and correction
in data transmission and storage, and they also find applications in cryptography and data compres-
sion. In this context, a code is not necessarily an encryption algorithm, but rather a structured way
of encoding messages to ensure reliability, efficiency, and/or security.

The main idea of coding theory is quite simple. It wants to introduce redundancy into a message so
that errors occurring during transmission or storage can be detected and, in an ideal world, corrected.
This principle is crucial in many aspects of modern life. For instance, compact discs (CDs), DVDs,
and Blu-ray discs rely on error-correcting codes to ensure the proper functioning of the device even
when the surface is damaged. In a similar way, while using solid-state drives, and cloud storage
services, it guarantees data integrity against hardware failures or corruption. On the communications
side, it ensures the reliability of data transmission in mobile phones, Wi-Fi networks, and satellite
communications, where signals must pass through noisy channels. In cryptography, coding-theoretic
ideas contribute to the design of secure communication protocols and post-quantum cryptographic
schemes.

As an example, suppose a communication channel has been established between Genoa and Eraclea.
This channel may be formed in many different ways, such as a wire connection or a satellite link.
Information is transmitted through the channel as a sequence of bits, where each bit takes one of two
values: 0 or 1. Inevitably, the channel is subject to noise, which introduces the possibility that a bit is
altered during transmission—{flipping from 0 to 1, or vice-versa with some small probability. Examples
of noise are: interference with other devices, distortion, and natural electric disturbance coming from
the atmosphere.

To ensure that the receiver reads our message correctly, error-correcting codes are employed. We
present three of the most classical examples: parity-check code, repetition code, and Hamming codes.

e Parity bit. The parity bit is a single bit that counts whenever the number of ones appear in
a given string is even 0 or odd 1. Starting from a string of data, a single parity bit is added
(usually in the last position) to the string forming the messages that needs to be delivered. This
methods ensures that if a single error occurs, the receiver can detect the error, but it cannot be
corrected. For instance, both the messages (1,0,0,1;0) and (1,1,0,1;1) can be influenced by a
single error to become (1,1,0,1;0).

e Repetition code. In this code every bit of the string is repeated n times while transmitting our
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message. The length of the message increases by n times; but, as this length increases, more
errors can be detected and corrected. For example, for n = 3 the string (1,0,0) is sent as
(1,1,1,0,0,0,0,0,0). This code can detect and fix at most "Tfl errors using a majority-decision
based system.

e Hamming (7,4). A Hamming code (m,n) is used with messages of length n, encoding them into
a message of length m by adding as many parity bits as needed. In this specific case, we require
encoding a 4-bit string into a 7-bit message. LEach of the 3 parity bits is not associated with
all the data, but only with part of it. The following Venn diagram illustrates how to explicitly
employ the code.

Figure 4.1: The message (d1,ds,ds, dy) is encrypted as (p1,p2,d1, ps, d2, ds, dy)

We see that every circle represents a parity bit of the data contained in the circle itself, while in
the possible intersections of the three circles lie the message. This code is able to detect at most
two errors, and it can fix the message if only one error has occurred.

In coding theory, as we can notice in these examples, two opposing needs must be balanced. On
one side, we seek codes powerful enough to detect and correct as many errors as possible with high
reliability. On the other side, we aim to keep the encoded message as short as possible, ideally close in
length to the original data. The three examples above lie in the family of linear codes, which we now
give a proper definition.

Consider a field k that contains the possible values available for a single bit of information. Consider
any injective linear map G7 : k¥ — k" given by the multiplication of the transpose of a matrix G.
The linear code C associated with G is the image of the map G7. In other words, a linear code is
the set of vectors lying in a certain vector sub-space. To emphasize the dimensions of the domain and
co-domain, we say that C' is a [n, s| code. In real-world situations, the base field is finite; therefore,
one should imagine a finite number of codewords.

The principal tool used to evaluate the efficiency of the code is given by the minimum distance or
Hamming distance. First, one can define a metric on k™ using the weight function

wt(v) := #{j : v; # 0}, for v e k™

In particular, the distance between the disturbed message and the original message is equal to the
number of errors. The minimum distance function is given by

0(C) := min{wt(v) : v e C\{0}}.

By linearity, this number describes the minimum distance between two different codewords. Therefore,
0(C) describes how many errors the code is able to handle. This is the case since the ball of radius
0(C') — 1 centred in a codeword defines an area where all disturbed messages should collide to the
centre in the processing of correcting the errors.
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A generalization of this function is given by the r-generalised Hamming weight of a linear code C
which is defined as

57«(0) = DcC%}SlD:r #{j :dve D, v # 0}.

This gives a finer criterion in comparing different linear codes. In fact, by taking » = 1, one recovers
the minimum distance function §(C'). A first property that can be proved is their monotonicity.

Proposition 4.1. Given a [n,s]| code C, then we have the following series of inequalities
1 <01(C) < 02(C) < --- < 65(C) < n.
Proof. See [112, Prop. 3.3.2]. O

A different way to appreciate this invariant is by defining the concept of dual code. Given a [n, s]
code C, then the dual code C™ is the orthogonal space to C' with respect to the usual scalar product:
this is a [n,n — s] code. Its defining matrix H is called the parity-check matriz of the code C and it
represents the linear equations of the vector space C.

Proposition 4.2. Given a |n,s| code C, then we have
n+1-06,(C):1<r<stu{o(CHy:1<t<n—s}=]n]
Proof. See [112, Prop. 3.3.5]. O

Projective Reed-Muller type codes

Let X = {Py,..., P,} =« P°~! = P(k®) be a finite set of points in some projective space. Consider the
polynomial ring S = kl[t1,...,ts] = @ 2054, and let I = I(X) the coordinate ideal of X. For every
positive integer d = 1, it is defined the evaluation map

evg : Sqg — k"
[ (P, f(P))

by evaluating a homogeneous polynomial in every point of X. The function is not well-defined since a
point in a projective space has coordinates defined up to a non-zero scalar. To avoid this problem, since
the homogeneous coordinates of a point in P*~! are defined up to a scalar multiple, we assume that the
first non-zero coordinate of each point in X is 1, obtained by multiplying by an appropriate non-zero
scalar. The projective Reed-Muller type code associated with the set X and the integer d is given by
Cy(X) := Imevy. The r-generalised Hamming weight is indicated as dx(d,r) := 6,(Cx(d)). The general
focus in studying these codes is establishing connections between the cryptographic invariants of Ck
and the algebraic invariants of I(see for example [45], [65]). We focus our attention to two particular
papers [64], [39] in which the authors gave particular attention to the generalised Hamming distance.
In particular, a general formula for computing the Hamming distance is provided.

Theorem 4.3. [64, Thm 4.5] Let Fq, be the (possibly empty) set of r-tuples of d-forms in S that are
linear independent in S/I. Then

Ox(d,r) = deg(S/I) — nax {deg I—i—S(F)} .

E]:dw

This result inspired the authors of [39] in introducing the Vasconcelos invariant of a homogeneous
ideal in a polynomial ring over a field. If I < S is a homogeneous ideal, then for every associated prime
p € Assg(I) the local Vasconcelos number is

vp(I) :=inf{d > 0 : there exists f € Ry such that p = I : f}.

Meanwhile, the Vasconcelos number is defined as v([) := inf{v,(I) : p € Ass(I)}. This invariant has
been named after the mathematician Wolmer V. Vasconcelos (1937-2021). Recent treatises about his
most known results, and his legacy are [21] and [114].

Using this invariant they are able to prove the following result.
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Theorem 4.4. [39, Cor 4.7] Let I = I(X) € S be the defining ideal of a set of points X = P*~1. Then
Ox(1,1) > 0x(2,1) > -+ > dx(v, 1) = ox(k, 1), forall k> v,
where v = v(I) is the Vasconcelos number of I.

The seminal results in [39] inspired mathematicians to investigate this invariant in different ar-
eas spanning between Commutative Algebra and Combinatorics, discovering connections with other
different invariants. For instance, a combinatorial interpretation is shown in [89, Thm. A| for the Vas-
concelos invariant of a binomial edge ideal using the connected domination number. A similar result
is also obtained in [88, Thm. 3.5| for square-free monomial ideals. In |39, p. 16|, the authors connect
the Vasconcelos invariant to the degree of finite projective varieties. Various (in)equalities between
Castelnuovo-Mumford regularity and v-number are established in [39, Thm. 4.10], [88, Thm. 3.13],
[121], p. 905], [119, Thm. 3.8], [16, Thm. 4.19], [53, Prop. 2.2 and Rmk. 2.3] and [120, Thm. A].

The aim of this chapter is to generalise the definition of (local) Vasconcelos number for graded
module M over a finitely generated Noetherian ring R. In particular, we want to extend the outcomes
of [50], and [36] in this setting by proving results on the asymptotic behaviour of the local Vasconcelos
numbers of M /I --- I N where N c M is a graded sub-module, and I, ..., I, are homogeneous
ideal of R. A key tool is Lemma[£.15| which relates the problem of computing the Vasconcelos invariants
with the computation of the initial degree of some graded R-module. To this end we introduce proper
preliminaries and general considerations on the theory of initial degree, its iteration with the theory
of Grobner degenerations, and Vasconcelos number. Then, the focus is shifted, in Section [4.2] to the
asymptotic properties of both the Vasconcelos number and the initial degree. We distinguish the case
when only the power of a single ideal is considered (i.e. r = 1), and the general case. One should notice
that Theorem is a generalization of Theorem as well as Theorem is a generalization of
Theorem [4.28] However, in the single ideal case, more specific results and descriptions are obtained.
We end this section with a series of (non)examples, and explicit computations. The original results of
Section 4.2 are based on the work present in [53], and [52] in collaboration with Dipankar Ghosh. The
chapter ends with considerations about Vasconcelos number in local rings. This is based on discussions
with Luis Duarte.

4.1 Preliminaries

We start by giving some preliminary definition and results about initial degree and Vasconcelos number.
Results about Grébner degeneration and initial degree have been inspired by |25, Sec. 8.3].

Setup 4.5. Let R = Ry[x1,...,z4] be a commutative Noetherian N-graded ring, not necessarily stan-
dard graded. Let M be a finitely generated Z-graded R-module. Let N be a graded submodule of M
(e.g., N = aM for some homogeneous ideal a of R).

Let I be a homogeneous ideal of R. Let J < I be a homogeneous reduction ideal of I (possibly,
J =1),i.e Jis a homogeneous ideal such that JI™ = I"™*! for some m € N. Further, suppose J is
generated by homogeneous elements yi,...,y. of degree di < --- < d. respectively.

For each 1 <@ < r, suppose I; is a homogeneous ideal of R generated in degrees d; ; for 1 < j < a;.
Set1:=1---1,. Forn=(n,...,n,) €N, denote I* := I{"* --. I]'.

We use the following notations frequently. With Setup [.5]

Ny l:i={zeM:Ixc N}, Ty(M):=|](0:mI")
nz1
and Annp/(I) :=0:ps 1.
The first instances of the notion ideal reduction can be mapped to the work of Northcott, and Rees
[109]. Their object of study were blow-up algebras which are strictly connected to the one of Rees
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algebras. Given an ideal I in some ring R, the Rees algebra associated with an ideal I is the standard
N-graded ring defined as N
Z(I) =PIt =RoltaI’®....

=0
The variables ¢ is a silent variable which is usually added to recall easily the degree of a certain element
in Z(I), and to make this object easier to handle. The concept of blow-up algebra is closely related
to the one of Rees algebra, since the coordinate ring of a blow-up of a variety V(I) c ProjR is Z(I).
In the same way, given an R-module M, the Rees module as

Z(I, M) =P I'Mt

120
which is a N-graded Z(I)-module. At the same time, when dealing with a finite number of ideals
Ii,..., I, the Rees algebra of I, ..., I, is defined as
A(Iy,... . I):= @ It Ity -1,

neN”

and the Rees module of M with respect to the ideals Iy, ..., I, is
R(Ly,...,I; M):= @ ITH - I Mty -t

neN”

As already mentioned, a reduction of I is an ideal J < I such that JI*¥ = I**! for some k € N.
It follows immediately that I™ = J"KI* for every n > k. Whenever R is a graded ring, and I is a
homogeneous ideal, it comes in handy to consider homogeneous ideal reductions. Strictly related to
reductions, and in particular to minimal reductions are superficial elements and superficial sequences.
Another way of introducing ideal reductions is through Rees algebras. In fact, J is a reduction of I if
and only if Z(J) is a finitely generated algebra over Z(I). For more details on this topic, we refer to
the classic reference [82].

4.1.1 Initial degree
Following Setup [4.5] the initial degree of a Z-graded module M is defined as
indeg(M) := inf{n € Z : M,, # 0}.

For consistency, we impose indeg(0) = +oo0. If M is non-zero and finitely generated, then its initial
degree is finite.

Lemma 4.6. Let R be a Noetherian N-graded ring, and L, M, N be Z-graded R-module. Then the
following holds true.

(1) indeg(M (a)) = indeg(M )+ a, where M(a) is the graded Z-graded R-module whose nth graded part
18 My1q for every n € Z.

(2) If L — M is a graded injection of degree 0, then indeg(M) < indeg(L).
(3) If0 > L - M — N — 0 is a graded short exact sequence, then indeg(M) = min{indeg(L),indeg(N)}.

(4) If0 < My & --- & My = M is a chain of graded submodules, then indeg(M ) = min{indeg(M;;1/M;) :
0<i<qg-—1}

Proof. Statements (1)-(2) follow from the very definition of initial degree. For Statement (3), we can
restrict the exact sequence to the nth graded part, and obtain that M,, = 0 if and only if NV,, = L, = 0.
Finally, from the chain of submodules, one derives the following graded exact sequences

0— M; > M1 > M /M; >0 forl<i<g—1

The last result is then a direct consequence of Statement (3). O
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We are interested in the behaviour of initial degree under Grébner perturbation. The theory of
Grobner basis can be defined also in polynomial rings over general rings with some precautions.

Consider a polynomial ring S = A[X,...,X,] over a Noetherian ring A. Similarly to polynomial
rings over a field, the ring S is a free A-algebra whose canonical basis is given by the set of monomials
of S namely Mon(S).

Definition 4.7. A monomial order is a total order < on Mon(S) satisfying the properties:
(1) 1 <m for every m € Mon(S);
(2) if m1,ma,m3 € Mon(S) with m1 < ma, then mims < mams.

Proposition 4.8. Every monomial order < on Mon(S) is a well-ordering, that is every non empty
subset of Mon(S) has a minimal element.

Proof. Consider a non empty subset M of Mon(S), and consider the ideal I generated by M in R.
Since the ring A is Noetherian, by the Hilbert Basis Theorem, the ideal I is finitely generated. In
particular, by [107, Thm 1.3.6], it has a unique set of minimal generators all lying in M. Now we
notice that, by the definition of monomial order, if m|ma, then m; < mg for every pair of monomials.
Therefore, every element in the generating set has to be minimal for S. O

Given an element f € S, we can write this element as f = aymg + - -+ + agm; where a; € A\{0}
and myq, ..., m; are monomials listed in descending order. Then m; is called the initial monomsial of
f, while the initial term is in-(f) = aymy. For a given ideal I < S, the initial ideal is a monomial
ideal defined as in-(I) = (in<(g) : g € I). By convention, in(0) = 0.

Remark 4.9. In the case that A is a field, when considering the initial ideal, it is alike to define the
initial ideal with the initial monomial or the initial term. However, in the general case when A is not
a field, the two notions arise two different ideals.

For example, consider the ideal I = (4z + ¥, 5y + 2, 2z — y?) < Z[x,y, z]. We define the following
term oder: Consider m, = x%y®2% my = xP1y22% ¢ Mon(Z[z,y,2]) with a = (a1, az2,a3),b =
(bl, bQ, bd) € N3. Then

mgq < my if and only if degm, < degmy, or

deg mg = degmy, and the last nonzero entry of b — a € Z? is negative.

This term order is known in the literature as Graded Reverse Lexicographic order or GRevLex in short.
Then, using [M2], the initial ideal is in<(I) = (5y, 4z, 22, yz, 2z, y*, xy), while by considering the initial
monomials, the obtained ideal would have been (z,, 22). A

Theorem 4.10. Fiz a term order < on S. Let I be an ideal of S, then there ezists a finite system of
generators G = {f1,..., fg} of I such that the ideal in-(I) is generated by {in<(f1),...,in<(fy)}. The
set G is called a Grébner basis for I.

Proof. See |3, Corollary 4.1.17]. O

Remark 4.11. Theorem and Definition Property(2) ensure every monomial in in.(I) can be
written as the initial term of some element in /. In fact, let G = {f1,..., f;} be a Grobner basis for I.
Then given a monomial em € in(I) with c € A, and m € Mon(S), it follows cm = >37_, ¢ymjin<(f;;)
for ¢; € A, mj € Mon(S), and for some indices ji, ..., j, which can repeat. Using Property (2), one
has the equality cxymjin<(fi;) = in<(cpm;m’f;;). Therefore we get cm = 377 in<(ckm; fi;).

When summing two, or in general more, elements, it is not true that in<(f +g) = in<(f) +in<(g)
because some cancellations can occur. For example, in k[z], for any term order <, we have in_(z? +
23) = 22, and in(z* —2%) = —22, but 23 = in_ (22 +2%) +(z*—2?)) 2 0 = in- (2?2 +23) +in-(z* —2?).

However, in this case we have that the sum of the initial terms is ¢m, and the only monomial in
Mon(M) appearing in this sum is exactly m. Therefore, no cancellations occur and one obtain the
equality em = in<(3i_; ¢ym;fi;) where >3 cjm;fi; € I. A
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4.12. For our purposes, we consider the generalized theory of Grobner bases, extending it from ideals
to modules. Let F' be a finitely generated free S-module, and let Br := {e1,...,es} be the standard
basis of F'. Then, as an A-module, F' is generated by the set {Xe; : X € Mon(S),1 < i < s} of terms.
A natural way to construct a term order on F' is to fix a term order < on S, and define

Xie; < Xjej if and only if i < j, or¢ = j and X; < Xj.

A more general approach is to consider the symmetric algebra R|ey,...,es] and view F as the R-
submodule generated by ey, ...,es. Then any term order on the symmetric algebra restricts to a term
order on the free module. Finally, as in the classical case, one can now consider initial term of every
element of F'. Given a subset U of F', the initial submodule of U is defined to be

in.(U) := the A-submodule of F' generated by {in<(u): ue U}.

It turns out that if U is an S-submodule of F', then in.(U) is also an S-submodule of F. Indeed,
in-(U) is always an A-submodule of F'. Moreover, if U is an S-submodule of F', then in(U) is closed
under multiplication by elements of S, since in.(U) is closed under multiplication by monomials and
any polynomial in S is an A-linear combination of monomials. Analogous results to Proposition
and Theorem continue to hold in this setting. More details on this topic can be found in [3|
Chapter 3] and [96, Sec. 1.4].

We are now ready to prove that the initial degree behaves nicely under Grébner deformation. The
main idea of the following result is that by taking the initial module, no graded components can appear
and /or disappear.

Proposition 4.13. Let .# be a Z" ' -graded finitely generated free S-module. Set a term order < on
F. Let U be a nonzero multigraded submodule of F. For every n € 2", denote Uy sy = @iz Yn,1)
and cg\(ﬂy*) = @ZGZ ﬁ(&l). Then

indeg (F )/ U n,»)) = indeg (F )/ (X )(n,2)) for everyne L'

Proof. We use the setup as discussed in i.e., rank(.#) = s, and Z is generated as an A-module
by the terms {Xe; : X € Mon(S),1 < i < s}. Fix n € Z". In order to prove the desired equality, it
is enough to show that, for every k € Z, F(, 1) = U if and only if F(,, 1y = In (%) (n 1) We fix
keZ.

Suppose F (k) = Un,k)- Since F(, 1) is generated, as an A-module, by the terms of .F of degree
(n, k), it remains unaffected by taking the initial submodule. Therefore, one has the equality F(, xy =
In<(%(n,k))- Now we notice that in< (%))  in<(%)n,r)- Indeed, given an element u € %, 1y © %,
its initial term in(u) has degree (n, k), hence in<(u) € in<(%) ). Thus Fp) = (Y np)) S
(%) nk)y S F(nk), Which implies that F, )y = (%) (n1)-

For the reverse implication, we proceed by contradiction: Suppose that F(, 1) = in<(%)(u,k), but
Fingk) # Uny)- Since F(y, iy is generated as an A-module by the terms of % of degree (n, k), there
exists an element Xe; € F gy \ %,k for some X € Mon(S) and 1 < i < s. By the well-ordering of
monomial orders, we can suppose that this is the smallest term in ﬁ(&k) N U k)

Since F(n iy = < (% )(nk), there exists a homogeneous element u € %y 1) such that in<(u) = Xe;
by Remark [4.11] The element u can be written as u = Xe; +u1, where the monomials in u; are smaller
than Xe;. By the minimality of Xe;, it follows that u; must lie in %, 1). Hence Xe; = u—u1 € %y 1),
which is a contradiction.

4.1.2 Vasconcelos number

The definition of (local) Vasconcelos number in [39] can be very easly generalised to our setup as
follows.
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Definition 4.14. For each p € Assp(M), the local Vasconcelos number of M at p is the number
vp(M) := inf{u € Z : there exists € M, such that p = 0 :g z}. Then, the Vasconcelos number of M
is v(M) := inf{vy (M) : p € Assgr(M)}. By convention, v(0) = oo.

Inspired by [36], Lem. 1.2], we interpret v,(M) as the initial degree of certain graded module as
follows. It highly generalises |39], Prop. 4.2].

Lemma 4.15. With Setup let p € Assp(M). Set X, := {q € Assg(M) : p S q}. Let V =R if
Xp =&, otherwise V =[x, a- Then

vp(M) = indeg ( Annps(p)/ Annpr(p) N Ty (M)).

Proof. Let v = vy(M) and w = indeg (Annps(p)/ Annps(p) N Ty (M)). Then, by definition of v, (M),
there exists a non-zero element x € M, such that p = (0 :g x). Hence pz = 0, i.e., x € Annps(p). We
prove that = ¢ Annp(p) N 'y (M), equivalently, « ¢ I'v(M). If V = R, then I'v(M) = 0, and there
is nothing to prove. We may assume that V' # R, i.e., X, # . If possible, assume that x € I'y(M).
Then V™z = 0 for some integer m > 1. Thus V™ < (0 :g x) = p, which implies that V < p. Hence,
since V' = [ [ cx, 4, it follows that q < p for some g € X;. This is a contradiction because p & g (by the
definition of X;). So = ¢ Annps(p) NIy (M). Thus the image of z in Annys(p)/ Annps(p) NIy (M) is a
non-zero homogeneous element of degree v. Therefore v > w. It remains to prove the other inequality,
e, v < w.

Suppose y € M,, induces a non-zero element of Annys(p)/ Annps(p) "Iy (M). Then y € Annps(p)
Ty (M). In particular, py = 0, i.e., p € (0 :g y). If the equality holds, i.e., p = (0 :g y), then v < w.
So it is enough to prove that p = (0 :g y). If possible, assume that p < (0 :g y). Note that (0 :r y)
is a proper ideal, i.e., Assp(R/(0 :g y)) # . Considering the map R — M given by r — ry, there is
an injective R-module homomorphism R/(0 :g y) — M. So Assr(R/(0 :r y)) S Assg(M). Thus, for
each q € Assg(R/(0 :g y)), one has that p & (0:gr y) € q € Assr(R/(0 :r y)) S Assr(M), which yields
that q € X,,. Therefore Assg(R/(0:r y)) S X,. In particular, X, # &. Set Vi := [ Licassn(r/(0:ny)) 9-
Hence, from a primary decomposition of (0 :g y), one deduces that there is an integer m > 1 such
that Vi < (0 :g y), i.e.,, V]™y = 0. Since Assr(R/(0 :g y)) S X, it follows that V' < Vi. So
Vmy < V™y = 0. Thus y € T'y (M), which is a contradiction. Therefore p = (0 :r y). O

4.16. With Setup further assume that R is standard graded. Set R := @,,-; R,. Consider R-
modules Hj, (M), the ith local cohomology module of M with respect to the ideal R.. Set a;(M) :=
end (H}%+(M)) = max{j € Z : Hli%+ (M); # 0} for every j = 0. Then, the Castelnuovo-Mumford
regularity of M is given by

reg(M) := max{a;(M) +i:0 <i < dim(R)},

Note that H%+(M) = I'g, (M). Tt follows that ag(M) = end (I'r, (M)) < reg(M). For a recent
account and overview on this topic, in the settings of this chapter, see [25, Chapter 8| and [26].

The v-number and regularity of a graded module can be compared as follows.

Proposition 4.17. With Setup assume that R is standard graded. Denote Ry := @,- Ry.
Assume there exists p € Assp(M) such that Ry < p, then vy(M) < reg(M). In particular, if
depth(Ry, M) =0, then v(M) < reg(M).

Proof. Consider p € Assp(M) such that Ry < p, and set v = vy(M). Then there exists a non-
zero element © € M, such that p = (0 :g x). Since R, < p, it follows that Ryx = 0. Thus
relp (M)nM, = (FR+(M))U, which implies that v < end (P, (M)) < reg(M). This proves
the first part. If depth(R,,M) = 0, then R C UqEAssR(M) q, which yields that R, < p for some
p € Assp(M) (by prime avoidance), and hence v(M) < v,(M) < reg(M). O

From now on, we go back to the general case (Setup . The v-number of a module is less than
or equal to that of any of its submodule.
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Proposition 4.18. Let L be a graded submodule of M. Then
(1) vo(M) < wp(L) for each p € Assr(L).
(2) v(M) <wv(L).

Proof. Let p € Assp(L), and v = vp(L). Then there exists x € L, such that p = (0 :gr z). Since
x € L, € M,, one obtains that p € Assp(M) and v, (M) < v = vy(L). It remains to prove the second
part. Since v(0) = o0, we may assume that L # 0, equivalently, Assr(L) is non-empty. Let w = v(L).
Then w = vg(L) for some q € Assp(L). Since Assr(L) S Assr(M), it follows that q € Assr(M). By
the first part, vq(M) < vq(L) = w. Hence v(M) < vg(M) < w = v(L). O

4.2 Asymptotic properties of Vasconcelos number and initial degree

A classical result of Brodmann [23] states that both the sets Assgp(I"M /I M) and Assg(M/I"M)
are eventually constants. Set A(I) := Assg(R/I") for all n » 0. Recently, in [36], Conca proved
that when R is domain, for each p € A(I), the function v,(R/I™) is eventually linear in n, i.e.,
vp(R/I") = an+0b for all n » 0, where a and b are some constants. When R is a polynomial ring over a
field, this result has been shown independently by Ficarra-Sgroi in [50, Thm. 3.1]. With Setup the
sets Assp(I"M/I"N) and Assr(M/I"N) are also eventually constants due to McAdam-Eakin |102,
Prop. 2] (cf. and Katz-West [90, Prop. 5.2| respectively. So a natural question arises whether the
functions v(I"M/I"N) and v(M /I"N) are eventually linear in n? Another motivation of this question
came from a result of Trung-Wang [126, Thm. 3.2] that reg(I"M) is eventually a linear function of
n. This was proved earlier for polynomial rings over a field by Cutkosky-Herzog-Trung [41, Thm. 1.1]
and Kodiyalam [95] independently.

At the same time similar results are also proved when multiple ideals are involved. By |76, Cor. 1.2],
the sets Assp(M/I2N) and Assgp(I®*M/I2N) stabilize (possibly to two different sets) for all n » 0.
Similar results regarding Castelnuovo-Munford regularity are proved in this general setting: when R
is a standard graded algebra over a field, in [61, Cor. 4.4], it is shown that reg(I2M) is bounded above
by a linear function in n. Later, Bruns-Conca in |24, Thm. 2.2| proved that asymptotically reg(I*M)
is, in fact, the maximum of finitely many linear functions in n.

Notation 4.19. With Setup we denote
AM(I) := Assp(M/I"N) and BXM(I) := Assp(I"M/I"N) for all n » 0,

and
AM(T) := Assp(M/IEN) and BY¥ (1) := Assp(IZM/IZN) for all n > 0.

4.2.1 Single ideal case

4.20. In [102, Prop. 2|, McAdam-Eakin proved that if R is a Noetherian standard graded algebra over
R, then Assg(R,) is eventually constant. This proof can be easily modified to give the result for a
finitely generated graded R-module M, see [133, Thm. 3.4|. Note that the Rees module #Z(I, M) is
finitely generated graded over the Rees algebra Z(I). Since N is a submodule of M, the Rees module
Z#(I,N) is a graded submodule of Z(I, M). So the quotient J# := @, .o I"M/I"N is a finitely
generated graded module over Z(I). Thus, by [133, Thm. 3.4], it follows that the set Assg(I"M/I"N)
is constant for all n >» 0.

With Setup we actually have a bigrading structure on J# = @, oo ["M/I"N.

4.21. With Setup let deg(z;) = f; for 1 < i < d. Let Z(J) = @, J" be the Rees algebra of J.
We consider it as an N2-graded ring by setting

() nay = (T
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for each (n,l) € N2. Then %(J) can be written as Z(J) = Ro[x1,...,%4,Y1,- -, Y], where deg(z;) =
(0, f;) for 1 <4 < d and deg(y;) = (1,d;) for 1 < j < ¢. We recall that in Setup [£.5 we have supposed
J = (y1,...,Y.) and degr y; = d;j. Consider the Rees module Z(I,M) = @, I"M. By convention,
I"M = 0 whenever n < 0. Setting Z(I, M), := (I"M); for (n,l) € Z?, we make Z(I, M) a Z°-
graded module over Z(J). Since J is a reduction ideal of I, the module Z(I, M) is finitely generated
over Z(J). With similar gradation, Z(I, N) is a Z*-graded Z(J)-submodule of Z (I, M). So the
quotient 7 := Z(I, M)/%(I,N) is a finitely generated Z2-graded module over Z(J).

We deduce Theorem from the following more general result.

Theorem 4.22. Let T = Ro|x1,...,2Z4,Y1,---,Yc| be a bigraded ring over a commutative Noetherian
ring Ro, where deg(xz;) = (0, f;) for 1 < i < d and deg(y;) = (1,d;) for 1 < j < c, where di < dp <
- < d.. Let Z be a finitely generated Z2-graded T-module. Set § := inf {j (Y ¢ «/AnnT(.i”)}, Set
R:= Ro[x1,...,24], where deg(x;) = f; for 1 < i <d. Denote Ly, 4y := @yez ZLiny) for each n € Z.

Then, £y ) 15 a Z-graded R-module for each n € Z. Moreover, either £, vy = 0 for alln > 0, or
L) # 0 for all n > 0. In the second case, § is finite, and the following holds true:

(1) indeg (aiﬂ(n*)) =ds-n+ by for all n » 0, and for some by € Z;

(2) vy (.,iﬂ(n*)) = ap-n+by for all n » 0 whenever p € Assg (D%(n,*)) Jor alln » 0, and for some by, € Z
and ay € {d; : 6 < j < ¢} (both integers depending only on the prime p);

(3) v (Df(n*)) =ds-n+ by for alln > 0, and for some by € 7.

Proof. Note that z; %, 4y © L« for eachn € Z and 1 < ¢ < d. Thus, restricting the scalars from 7" to
R, the set Z,, , forms a Z-graded R-module. From the construction of %, ., the bigraded module £
can be written as £ = @,z L(n,%)- Since ;L 4) S Lnt1,5), We may consider £ = @,z L(n,«) a3
a Z-graded module over an N-graded ring T = R[y1, ..., yc], where deg(y;) = 1 for 1 < j < ¢, and R is
the Oth graded component of 7" in this gradation. Since we are only changing the grading (from bigraded
to graded), £ = @, ., Z(n,x) is also finitely generated as a graded module over T' = Rlyi,...,yc]-
Consequently, by [133, Thm. 3.4|, there exists ng such that Assg (,,iﬂ(n*)) = Assp (,,2”(,107*)) for all
n = ng. Denote Ay := Assp (.f(nm*)). Clearly, if A is an empty-set, then £, ) = 0 for all n > ny.
In the other case, Ag # &, and we have that £, ,y # 0 for all n > ng. Since £, ) # 0 for n.» 0,
we must have that (y1,...,9.) € 1/Annp(.¥), and hence ¢ is a finite number.

(1) Consider an N2-graded polynomial ring S = Ro[X1,..., X4, Y1,. .., Y] over Ry, where deg(X;) =
(0, f;) for 1 < i < d and deg(Y;) = (1,d;) for 1 < j < c. There is a natural graded ring homomorphism
S — T. Via this homomorphism, .# is a finitely generated Z2-graded S-module as well. Hence, by
[32, Prop. 3.1][], there exist a; € {d; : 1 < j < ¢} and by € Z such that

indeg (cﬁn*)) = indeg (ToroR(oiﬂ(m*), Ro)) = ain + by for all n » 0. (4.1)

We show that a; = ds, where § = inf {j Ly ¢ W/AnnT(X)}. As a graded module over T =
Rly1,...,yc], let

£ = @pez ZLn,») be generated by homogeneous elements of degree < n1. (4.2)

For 1 < j < 6, since y; € /Anny (%), there exist k; such that y;-cj € Annp(Z). Set ng := (0 — 1) -
max{k; : 1 < j < &}. So (y1,...,ys_1)¥% = 0 for all k > ny. Thus, for every n > nj + na, one has

'Note that [32, Prop. 3.1] is proved using a result [14, Thm. 4.6] of Bagheri-Chardin-Ha. As [14, Thm. 4.6] holds
with this grading, we have the output of [32, Prop. 3.1] in this setup as well.
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that

Dzﬂ(n,*) = C—D (yb R yc)n_iozﬂ(i,*)

i<ni

P D .- Ys-1)" (s, - ,yc)"fifka%,*)

i<ny k<n—i

= @ @ (yl) SRR yé—l)k(yév s )yC)n_i_k"%i,*)'

<n1 k<no

Moreover, for every n = n1 +ng, note that ys£(, ) # 0. Indeed, if y5.%, ) = 0 for some n = ny +na,
then ygl_iﬂ.,?@,*) S Y5Z(n,x) = 0 for all © < ny, and hence ys € Annp (%), a contradiction. Thus
one concludes that

indeg (iﬂ(nJrL*)) — indeg (iﬂ(m*)) = deg(ys) = ds for all n » 0. (4.3)

Consequently, the statement (1) follows from and (4.3)).

(2) Let p € Assg (,iﬂ(n*)) for all n » 0, equivalently, p € Agy. Set X, := {q e Ay : p & q}.
Let V = Rif Xy = &, otherwise V' = []icx, 4. Let .# = Anng(p)/Anny(p) n Ty (). Note that
y; € A/Anny (L) € A/Anny () for all 1 < j < 8. Since T is Noetherian, and & is finitely generated,
the (sub)quotient .# is also a finitely generated Z2-graded module over T, where the grading of ./#
is induced by that of Z. In particular, #(y, ») = @ez A (n,) is same as Anng(n’*)(p)/Anng(nv*) (p) N
v (Zn,x))- Therefore, in view of Lemma and (1), one has that v, (£, 4)) = indeg( 4, .)) =
apn + by for all n » 0, and for some ap € {d; : 6 < j < ¢} and b, € Z.

(3) Note that Ay is a (non-empty) finite set. By the definition of v-numbers, v (iﬂ(n*)) =
inf {v, (.iﬂ(nv*)) :p e Ay} for all n = ng. Hence from (2) and the observation made in , the function
v (.,iﬂ(n*)) is eventually linear, i.e., v (.,?(n*)) = a-n+by for all n » 0, and for some a € {d; : 6 < j < ¢}
and by € Z. Clearly, ds < a. It is enough to show that a < ds.

Since the module .Z is Noetherian, the chain of submodules

Oz ys) S(0:zy3) S (0:py;) S

stabilizes. So there exists mg > 1 such that (0 :¢ 35*) = (0 :¢ y§°) for all m > mg. In particular,
(02, 4 ¥5') = (0:g, , y5°) for all m = mg, where ny is as in (£.2). We prove that (0 L Y5 )
is a proper R-submodule of Z,,, .. If possible, let (0 L ) Ys'®) = ZLiny ). Then yi* L, 4 = 0.
Denote indeg(.Z) := inf{n : £, ,) # 0}. Setting [ := max{0, — indeg(Z)}, for all indeg(-Z) < n < ny,
one has that yg”ﬁ"l”i”(m*) c ygnoJr"Hof(m’*) =0 as n+ 1 > 0. Therefore, since £ is generated by
homogeneous elements of degree < ny, one concludes that y?°+"1+l&7l’*) = ( for all n € Z, and hence

ys € vV Annp £, a contradiction. Thus (0 Ly ) Ys'*) G Liny )
We show that v (£, ) < U(iﬂ(m,*)/(o L yf;"")) + (n —ny) - dg for all n = ny + mp. For
every n = m > 0, the natural map Z{,,_,—1 ) (—ds) £ g(n,m,*)/(o L) ygn) induces a graded

injective R-module homomorphism

gn—m *®
(—ds) & (nom) (4.4)
(0 :Pg)(n—m,*) y5 )

%n—m—l,*)

(0 :z(n—m—l,*) ygn+1)

Here M(—h) denotes a graded R-module with M,,_} as its n-graded component. So, by definition of
v-numbers, v(M(—h)) = v(M) + h. Thus, by Proposition 4.18|(2), for every n = m > 0, the map (4.4))

yields that
D%nfm * gn*m* *
U( ( ’)m>§v( ( 1’)m+1>+d5. (4.5)
(0 :fg(nfm,*) y5 ) (0 :%nfmfl,*) y5 )
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Using this inequality repeatedly starting from m = 0, one obtains that

0 (L) <[ 2020} i g [Tz )y g
’ (O “Lin-1,%) yé) (O “Ln—2,%) yé)

Z
§U<( (m,*)n m)) +(n—n1)'d6

0: ‘i(nl *) Ys

=n-ds+ v(ﬁnh*)/(O L ygn°)> —nq-ds for all n = ny + my.

It follows that a < ds, and hence a = ds. O
4.23. Let r be a positive integer. Let a;,b; € Z for i = 1,...,r. Define f(n) = inf{an +b; : 1 <i < r}
for all n € N. Then f(n) = an+b for all n » 0, where a := inf{a1,...,a,} and b := inf{b; : a; = a,1 <
i <}

Now we are in a position to prove Theorem [£.25] Here, in order to describe the leading coefficient
of v(I"M/I"N), we need the following.

4.24. With Setup {4.5| considering the ( graded ) module 5 := Z(1,M)/%(1, N) over the Rees algebra

H(J), set § :=inf {7 :y; & \/Anng p(H }

Theorem 4.25. With Setup and Notation m let B%(I) be a non-empty set. Then, for every
p e BM(I), there exist a € {ds, ...,d.} and b€ Z such that vy(I"M /I"N) = an+b for all n > 0, where
& is as in[4.24] Furthermore, both the functions indeg(I"M/I"N) and v(I"M/I"N) are eventually
linear in n with the same leading coefficient ds € {d1,...,d.}.

Proof. With the discussion made in H = R, M)/Z(I,N) is a finitely generated Z>-graded
module over Z(J) = Ro[z1,...,24,Y1,.--,Yc], where deg(z;) = (0, f;) for 1 < i < d and deg(y;) =
(1,d;) for 1 < j < c. Note that jf(n %) 1= Diez Hin,) 18 given by Z(I, M) 4)/ %L, N)(n,«), Which is
same as I"M /I"N. Therefore, in view of Theorem one deduces that:

(1) indeg(I™M/I™N) is eventually linear in n with the leading coefficient ds;

(2) for every p € BN (I), the function v, (I"M /I N) is eventually linear in n with the leading coefficient
inside the set {ds,...,d.};

(3) v(I"M/I™N) is eventually linear in n with the leading coefficient d;.

This completes the proof of the theorem. O
As a consequence of Theorem we obtain a linear bound of v(M/I"N).

Corollary 4.26. With Setup and Notation let p € BM(I). Then p € AM(I), and there
exist a € {ds,...,d.} and b € Z such that vy(M/I"N) < an + b for all n » 0, where 6 is as in [£.24]
Furthermore, v(M/I"N) < dsn + e for all n = 1, and for some e € Z.

Proof. Let p € BN (I). Since I"M/I"N is a (graded) R-submodule of M/I"N for all n > 0, it follows
that BM (1) = AM(I). So p € AN(I). In view of Theorem there exist a € {ds,...,d.} and
b € Z such that v,(I"M/I"N) = an + b for all n » 0. On the other hand, by Proposition [£.18(1),
V(M /I"N) < v,(I"M/I"N) for all n » 0. Combining these two results, vp(M/I”N) an + b for all
n » 0.
For the second part, in view of Proposition (2) and Theorem there exists ng such that
v(M/I"N) < v(I"M/I"N) = dsn + b for all n = ng, and for some V' € Z. Note that M # IN.
Otherwise, if M = IN, then M = I"N for all n > 1, and hence AX (1) is an empty set, a contradiction.
So M # IN. Consequently, M # I"N, and v(M/I”N) is finite for every n = 1. Set e as the maximum
value among ' and (v(M/I"N) — dgn), 1 < n < ng. It follows that v(M/I"N) < dsn + e for all
n>=1. ]
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In the proof of Theorem [4.28] we use the following lemma.

Lemma 4.27. Consider the setting defined in Setup . We suppose also that (0 :py I) = 0. Let u
and a be homogeneous ideals of R such that I € u. Then, for all n » 0,

ADHM/In+1N(u) _ AnnInM/1n+1N(u)
ADHM/I7L+1N(U) M FQ(M/InJrlN) AnnlnM/]n-HN(u) M ]_“a(ITLM/InJrlN) '

Proof. Note that (I"*'N :py u) € (I"MM :pp w) € (I M 23y I) = I™M for all n > 0, where the last
equality follows from |23, Lem. (4)]. So

(I""IN pru) = (TN s w) 0 I"M = (I"UN 2y u) for all no» 0.
Going modulo I" "' N both sides, as graded submodules of I"M /I N,
Annyy ey () = Anngn g/ v (u) for all no» 0. (4.6)

As (I"M /T N) A To(M/I"IN) = Ty (I"M /I"TIN), further induces that

Annyyypney (W) A To(M/T"N) = Anngnggpneny (W) 0 To(M/T'FIN) (4.7)

= Annpn /ey () 0 To(I"M /TN
for all n » 0. Combining and , one obtains the desired equalities. O
Now we give the following.

Theorem 4.28. With Setup and Notation let (0:p I) = 0.

(1) Let p € AM(I) be such that I < p. Then, there exist a € {dy,...,d.} and b € Z such that
vp(M/I"N) = an + b for all n » 0. Moreover, if BY,(I) = AN(I), then v,(I"M/I"*IN) =
vp(M/I"IN) for all n > 0.

(2) Let ANN(I) # &, and I"°M < N for some ng (e.g., N = M, or N = aM for some homogeneous
ideal a satisfying I  1/a). Then, the functions

indeg (I"M/I"™'N), v(I"M/I"*'N) and v(M/I"*'N)

all are eventually linear in n with the same leading coefficient d, € {d1,...,d.}, where

v = inf {j yj ¢ 4/ Anng ) (9),1<j < C}

and G = R(I,M)/%(I,IN). In addition, if B}, (1) = AN(I), then

o(I"M/IT"'N) = v(M/I"*'N) for alln > 0.

(3) When (0 :ar 1) = 0 and dy = 1, the leading coefficient in (2) is d = d;.

Proof. (1) Considering IN in place of N in [4.21] one has that ¥ = Z(I, M)/%(I,IN) is a finitely
generated Z>-graded module over Z(J), where %(J) is an N%>-graded ring with the same gradation as
in 4.21] Using the prime ideal p € AN (1), set X, := {qe AN (I):p S q}. Let V = Rif X, = &,
otherwise V' = ]_[lep q- Let £ = Anng(p)/ Anng (p) nT'y(¥). Then £ is also a finitely generated Z>2-
graded module over Z(J), where the bigrading in . is induced by that of 4. So Z,, ) = Dz Liny)
is same as Anng, . (p)/Anng, . (p) " Tv (s «)), where 4, ,) = I"M/I"IN. Hence since I € p, in
view of Lemma [4.27],

Annpy/an (p)

f 11 .
Annyg i (p) o Ty (TN 072> 0

Linx) =
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Finally, by Lemma and Theorem (1), there exists an integer by such that v,(M/I"TIN) =
indeg(Z(y, ) = ds,n + b1 for all n » 0, where

5p:inf{j:yj¢4/Ann%(J)($),l <j<c}. (4.8)

Setting by := b1 — ds,, one obtains that vy(M/I"N) = ds,n + by, for all n » 0. This proves the first
part of (1). For the second part of (1), further assume that B (I) = AX(I). Analyzing the proof
above, one obtains that vy (I"M/I"*'N) = vy(¥, +)) = indeg(Ly,4)) = vp(M/I"IN) for all n » 0,
where the last two equalities follow from Lemma and the two different expressions of £, 4.

(2) Note that AX(I) is a finite non-empty set. Since I"°M < N for some ng, it can be verified
that each p € AXM(I) satisfies I < p. Hence, from the proof of (1), one observes that Yin,x
I"M/I"IN # 0 for all n » 0 (otherwise, if Yin,x) = 0, then Z(,, ,) = 0, and hence vp(M/I"IN) = w0
for all n » 0, a contradiction). Thus BM(I) is also a non-empty set. This will be used later while
applying Theorem [£.25] Note that v(M/I"*'N) = inf{v,(M/I"*'N) : p € AM(I)} for all n » 0.
Therefore, since each p € AM(I) contains I, by (1) and [4.23| one concludes that v(M/I"*IN) is
eventually linear in n with the leading coefficient d., where 7 := inf{d, : p € AN (I)} and 6, is

described in (4.8). We prove that 7 = 7. First, notice that in the proof of (1), if y; € 1 /Anng;)(9),

then y; € |/Anng (). This yields that , > « for every p € AM(I). Hence 7 > 4. Secondly,

in view of Proposition §.18](2), v(M/I""'N) < v(I"M/I"*IN) for all n > 0. Here the leading
coefficient of the asymptotic linear function v(M/I""1N) is same as d,, while the leading coefficients
of indeg(I"M/I"*1N) and v(I"M/I""IN) are equal to d, by Theorem M Thus, comparing the
leading coefficients, it follows that d; < d,, which implies that 7 < 7. So 7 = 7. It proves the first
part of (2). Since each p € AN (I) contains I, the second part of (2) follows from (1).

(3) Assume that (0 :pr y1) = 0 and dy = 1. In view of (2), it is enough to show that v = 1, i.e.,
Y1 & A/Anngn(¥). If possible, let y; € 4 /Anng;)(¢). Then yi% = 0 for some s > 1. Therefore,
since 9, ) = 1"M/I"*' N, one obtains that y§1"M < I"***IN for all n > 0. Since J is a reduction
ideal of I, there exists n; such that JI™ = I"™*! and hence J"I™ = [™*" for all n > 1. Therefore,
yi MM c [MTsHIN = JsHiMiN. Since (0 iy I) = 0, ™M < N and M # 0, it follows that
I"'N # 0 and I™ M # 0. Moreover, since J = (y1,...,y.) and (0 :pr y1) = 0, one derives that
indeg(y{I™ M) = sdy + indeg(I™ M) and indeg(J**1I™ N) = (s + 1)d; + indeg(I™ N). Thus

sdy + indeg(I™* M) = indeg(y; I"* M)
> indeg(JSTUI™N) s y{I™ M < JHI ™M N

= (s + 1)d; +indeg(I™' N)
> (s + 1)dy +indeg(I™ M) [as I™ N < I™ M|,

which is a contradiction as di = 1. So y1 ¢ 4/Anng;)(¥), and hence d, = d;. O

Analyzing the proof of Theorem {.28] we make the following remarks.
Remark 4.29. Let n > 1 be such that Assg(I"M/I"*IN) = Assp(M/I"TIN).
(1) In Theorem [{.28)(1), v,(I"M/I"**N) = v,(M/I""*N) whenever I < p € Assg(I"M/I"*'N)

and (I""IN :p; I) = I"M, because the equality of the quotients in Lemma holds whenever
(I"*IN oy I) = I"M.

(2) Thus, in Theorem [¥.28/(2), one has that v(I"M/I""IN) = v(M/I""1N) whenever (I""1N 1,
I) =I"M and I"™M < N for some ng. A
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4.2.2 Asymptotic behaviour - general case

4.30. The additive group Z", of r-tuples n = (ny,...,n,) of integers with componentwise addition, is
endowed with the componentwise order, that is n = m if n; = m; for all i =1,...,7. By Oand]l,
we denote the r-tuples (0,...,0) and (1,...,1) respectively. Let ¢; for 1 <j <r denote the standard

basis of Z" as a free Z-module. For m,n € Z", set m - n := ming + -+ mrnr, which is the usual dot
product of m and n. For a property (P), by writing “(P) holds true for all n » 0", we mean “there
exists m € N” such that (P) holds true for all n > m".

The following result is a generalization of Theorem [4.22] We use the theory developed above for
the initial degree.

Theorem 4.31. Let T = Ro[Z1, .-, Ty Y11+ sYlars- -+ Yrls-- - Yra,] be a Z' 1 -graded ring over a
commutative Noetherian ring Ry, where deg(z;) = (0, f;) for 1 < i < d and deg(y; ;) = (e;,di;) for
1<i<r, 1<j<a;. Assume that f; >0 for 1 <i < d. Let £ be a finitely genemted 7' -graded
T-module. Set R := Ro[z1,...,7q], where deg(z;) = f; for 1 <i < d. Denote Ly 4y := Diez Liny)
for each neZ".

Note that R 1s an N-graded ring, and £, 4 15 a Z-graded R-module for each n € Z". Moreover,
the set Assr(Z(p,x)) stabilizes to a set, say Ag, for all n » 0. It follows that £, .y = 0 for all
n» 0, or Ly # 0 for alln > 0. Assume the second case. Suppose F(n) = indeg (.iﬂ(ﬂ,*)), or
F(n) = vy (,,2”(27*)) forpe Ay, or F(n) =v (oﬁﬁ’*)) forallneZ.

Then, there exist wy,...,w, €Z" and cy,...,cs € Z, depending on F', such that

F(@)zmin{gj-ﬂ+cj:1§j§s} for all n » 0,

where the ith component wj; of the coefficient vector w; lies in {d;1,...,diq,} for 1 < i < r and
1 <5 <s. Recall that Wi n=wjing + -+ wjny forneZ".

Proof. By writing T = R[y1,1,---,Y1,a15-- - Yr1s- -1 Yra,] With deg(y; ;) =eifor 1 <i<r, 1<) <ay,
we can realize T' as a Noetherian standard N"-graded ring over Ty = R. Thus ,,2” (—DneZT ,,?(n £)
becomes a finitely generated Z’-graded T-module. So, by [133, Thm. 3.4.(i)], the set Assp(-Zp )
stabilizes to a set, say Ag, for n » 0. If Ay is an empty set, then £, ,) = 0 for all n » 0. In the
second case, assume that Ay + . In this case, £, 4) 0 for all n » 0.

(1) We first prove that indeg (.,?iﬂy*)) is asymptotically the minimum of finitely many linear func-
tions. Consider the polynomial ring

T = R[Y1,17' . '7}/1,1117 . '7}/;‘,17 R 7Yr,a7~]7

where deg(f) = (0,degr(f)) for f € R and deg(Y;;) = (e;,di;). Then £ can be regarded as a
T-module via the natural ring homomorphism 7 — T. We start by presenting . as a quotient
F|U , where F is a Z'"!-graded free T-module, and % is a multigraded submodule of .#. Then, by
taking any term order < on .#, as explained in consider the initial submodule in.(%). From
Proposition it follows that indeg (£, 4)) = indeg (F (. «)/(In<(%))(n,4))- Next consider a chain
of multigraded submodules

0= c M S G M5 = F)(in(U))

in such a way that any consecutive quotient .27 /.#7~" is isomorphic to a quotient of 7~ by a monomial
prime ideal (up to a degree shift). In particular, by restricting the chain to the (n, *) graded component
and by applying Lemma [4.6](4), we obtain

indeg (,,2”(&*)) = min{indeg (///j 7*)///13'71)) 1< < 5}.

(n (n,*

Hence it is enough to show that indeg ( (n £ /./// ) is asymptotically a linear function in n whose
leading coeflicients are taken from the degrees d; ;. Thus we reduce to the case that £ = (T/J)(—u, —b)
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for some v € Z" and b € Z, where J = JoT + (Vi : Yi; ¢ V) for some prime ideal Jy of R and
for some subset V' of the set of the variables {Y11,...,Y14,,...,Y1,...,Y;4,.}. Since L ¥ 0
for all n » 0, the intersection V n {Yj1,...Yj,,} is not an empty set for every 1 < ¢ < r. Set
w; == min{d;; : 1 < j < a;,Y;; € V}fori=1,...,r, and w := (wy,...,w,). Hence, since

L = (T/J)(—u,—b), it follows that
indeg (L v) =w-(n—w) +b=w-n+b,

where b := b — w - u. Note that here we need the condition that f; = 0 for 1 <i < d.

(2) We now prove that vy (.i”(ﬂ’*)) for p € Ay is asymptotically the minimum of finitely many
linear functions. Given p € Ay, denote Xy := {g€ Ay :p & q}. Set V := ][y, q (in the critical case
Xy =, set V= R). Let # = Anng(p)/ Anng(p) nI'y(Z). Since T' is Noetherian, and .Z is finitely
generated, the quotient ./ is also a finitely generated Z"!-graded T-module, whose grading is induced
by that of Z. In particular, #(;, «) = @)ez, M (n1) is same as Anng,,  (p)/Anng, . (p) " Tv (L))
for every n € Z". Therefore, Lemma together with (1) yields the desired result for v, (.,2”(&*)).

(3) Note that A is a non-empty finite set. By the definition of Vasconcelos invariant, v (.,iﬂ(ﬂv*)
inf {v, (Df(ﬂy*)) :pe Ay} for all n > 0. Hence, by (2), v (Dﬁn,*)) is eventually the minimum of finitely
many linear functions whose leading coefficients are taken from the degrees d; ;. O

Remark 4.32. The condition f; > 0 is a strong condition that makes sure the previous theorem holds
true. Indeed, suppose that f; < 0 for some i = 1,...,d, and z; is Z-regular. Then, by taking
0 # £ € Z(pn ), the element x¥.0 is non-zero in Zn,») for every k € N, which implies that indeg(-Z{;, «)) =
—a0. A

Under some additional conditions, the functions indeg (.32’(@,*)) and v (.i”(ﬂy*)) in Theorem are

eventually linear in n, as shown below.

Theorem 4.33. With the hypotheses as in Theorem [.31] without loss of generality, assume that
di1 < dip < -+ < djg;, for 1 <@ < r. Suppose yi11---yr1 ¢ VANn.Z. Then, the functions
indeg (.32’”(@7*)) and v (.,?iﬂj*)) become linear for all n > 0 with the same leading coefficients given
by Q = (d171, d271, . 7d7",1)'

Proof. Set y™ := y{”l . --yﬁrl for n € N". Then deg(y™) = (n, 6 - n) for all n € N". Suppose £ =
Drezr Lin,x) 18 generated by homogeneous elements of degree < m. We first prove the following
claims:

Claim 1. There exists £ € N such that (0:¢ y?) = (0:¢ y*!) for every n > £- 1.

Claim 2. For every n e N, (0 L) y”'l) is a proper submodule of £, 4.

Claim 3. For every n € Z" and v € N", one has

Lin—
indeg (,,?(ﬁ*)) < indeg (( . (n—v,*) V)) +5-v.

The same inequality holds for the v-numbers and the local v-numbers at every associate prime of the
quotient R-module in the right hand side.

Proof of Claim 1. Since the module .Z is Noetherian, the chain of submodules
0:2yH)S(0:2y* S (0:xy*t) s

stabilizes. So there exists £ > 1 such that (0 1o y™1) = (0 : o y*L) for every n > . Fix n € N” such
that n > £-1. Set o := max{n; : 1 <7 < r}. Then one has £-1 < n < «-1, which implies that

0:2y1) S (0:2y%) S (0:2 y*Y).
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Since the submodules on both sides coincide by the construction of ¢, they must all coincide to (0 : ¢
y*L). This proves Claim 1.

Proof of Claim 2. If possible, let (0 L) y"l) = ZLim,x)- Then y”'loiﬂ(m,*) = 0. Since .Z is
finitely generated in degrees < m, it follows that y* = y11 -+ 4,1 € v Ann %, which is a contradiction.
S0 (07, o Y'Y G Limw)-

Proof of Claim 3. Fix n € Z" and v € N". Consider the T-module homomorphism & — &
given by multiplication with y¥. Since deg(y%) = (v, ¢ - v), it induces an injective graded R-module
homomorphism

Dg/ﬂ(n—y *) v
o) (5o Y L 4.9
(PR Rl ) o

Here M (—m) denotes the graded R-module with M,,_,, as its nth graded component. By the definition
of v-numbers, v,(M(—m)) = vy(M) + m for all p € Assg(M). Claim 3 now follows from using
the basic properties of initial degrees and |53, Prop. 2.5].

Set ng :=m + ¢-1. Combining the three claims above, for every n > n, considering v =n —m in
Claim 3, one obtains that

Lim

indeg (Lpa) < indeg ( L ) + (8- (n—m)) (4.10)

( ‘Zﬂ,*) y, 7)

Lim
=0 -n + indeg (H)“) —(d-m) < 0. (4.11)

( “Lim,w) Y ’)
Thus, there exists ¢ € Z such that

indeg (,,2”(2*)) <d-n+cforaln=ng. (4.12)

On the other hand, in Theorem {.31] it is shown that there exist wy,...,w, € Z" and c¢1,...,¢s € Z
such that

indeg (D%(ﬂ,*)) =min{w;-n+¢;: 1< j<s} foralln >0, (4.13)
where the ith component wj; of the coefficient vector w; lies in {di1,...,diq} for 1 < i < r and
1 < j < s. In particular, by the given hypothesis, w; = d for 1 < j < s, which yields that w; - n > d-n

for all n € N". Thus, combining and (£.13)), there exists b € Z such that
d-n+b<indeg (.,2”@7*)) <d-n+c foraln>D0. (4.14)
Hence, for every fixed v » 0, one has that
m(8 - v) + b < indeg (Lmy,)) <m(d-v)+c¢ for all m > 0. (4.15)

On the other hand, for every fixed v » 0, by , the function indeg (.,iﬂ(mz,*)) is linear in m for
all m » 0, in fact, there exists some j € {1,..., s} such that indeg (,,?(m%*)) = m(w; - v) + ¢; for all
m » 0. In view of , the leading coefficient must be the same as § - v. So w;- v = J - v for all
v >» 0. Since w; > ¢, it follows that w; = . Thus there exists j € {1,...,s} such that w; = 0. Set

a:=min{¢; : 1 <1 < s,w; = ¢}. Then, by (4.13)),

indeg (,,2”(2*)) =¢d-n+aforalln>»0.

Similar inequalities as in (4.10]) and (4.11)) for v-numbers yield that

V(Zn,x)) <0-n+eforaln>0,

where e € Z. These are the inequalities like (4.12)). Now, arguing in the same manner as for the
function indeg(Z(y,«)), one obtains that v(Z(, +)) is eventually linear in n with the leading coefficients
given by 4. O
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Remark 4.34. In the proof of Theorem denote the quotient R-module considered in (4.11)) by V/,
ie, V.= .,s,ﬂ(m’*)/(o L) yf'l). Then, the injective homomorphisms in (4.9) yield that Assg(V) €
AsSp(Zn ) for all n > n,. Hence, for every fixed p € Assg(V), following the same steps as (4.10))

and (£11),

Vp(Ln,x)) S 0-n+ hforall n >0,

where h € Z. These inequalities are obtained under the same considerations as (4.12). Now, arguing in
the same manner, for p € Assg(V'), one sees that vy(Z(, 4)) is eventually linear in n with the leading
coefficients given by d. A

We are now in a position to prove the main theorems.
Theorem 4.35. With Setup and Notation the following statements hold.

(1) For each p € BN (I), there ewist wy,...,w, € N and cy,...,cs € Z such that
vp(I*M/I"N) = min{w;, -n+c¢;: 1 <k < s}
for n» 0. Moreover, if w;, = (Wg1, Wk2, - - ., Wkr), then wi; € {d;1,...,diq,}.

(2) If (0:ps 1) = 0 for all k =1,...,r, and I5M S N for some s € N", then for each p € AX(T), the
same result holds true for vy(M/IN), i.e., vy(M/I2N) is asymptotically the minimum of finitely
many linear functions in n.

(3) With the same hypotheses of (2), given p € BY(I) (hence p € AN (X)), the functions v, (I2M /I2TLN)
and vy (M /I2TIN) coincide for all n > 0.

Proof. Suppose R = Ry|z1,...,x4], where deg(z;) = f; for 1 < ; < d. Let I; be generated by
homogeneous elements v; 1, ..., ¥iq;, where deg(y; ;) = d; ; for 1 < j < a;. We consider the Rees ring
# = R(I,..., 1) with N""-graded structure given by Z(, ) = (I") for all (n,m) € N'*1. Thus,
Z can be identified with the multigraded ring T" as described in Theorem (.31}

(1) Let Z(I1,...,1I,; M) denote the Rees module of M with respect to the ideals Iy,...,I.. Set
L =R(,....1I;; M)/%(I, ..., 1I; N), where the grading is given by Z,, ;) := (I*"M /I*N);. Clearly,
Z is a finitely generated Z"*!-graded %Z-module. Hence Theorem M(l) is a direct consequence of
Theorem

(2) Let p € AN(I). Set X, := {qe A¥(X) : p < q}. Let V = Rif X, = , otherwise V =
quxp q. Consider ¥ := Z(I1,...,I,; M)/%(I4,.. L.;IN)7 which is a finitely generated Z""!-graded
Z-module. We now consider 02” = Anng(p)/ Anng(p) N I'y(¥¢). This is also a finitely generated
Z' ! graded %-module, where the gradlng is induced by the one in 4. Using the notations as in
Theorem observe that

Anngay, /In+1N (p)
Anngn gty (p) 0 Ty (I2M /IZHLN)

Ling) = for all n e N".

Since IEM < N, it follows that I € p. Therefore
(2N p) € (I2IM oy p) € (I2FEM 23y T) = I2M for all n » 0,

where the last equality is obtained by [94, Lem. 1.3.(ii)]. Hence, a similar proof as that of Lemma [4.27]
yields

Annyy ey (p)
Annyy ey (p) 0 Ty (M/IZFLN)

By Lemma m, one has the equahty vp(M/I2FIN) = indeg(Z(p,+)) for all n » 0. Theorem @(2)
is now a consequence of Theorem

(3) Given p € B (I). Thenp € A% (I). Following the notations as in the proof of (2), the functions
vp (1M /I2TLN) and vy (M /I2TLN) coincide for all n » 0 since they both are asymptotically equal to
indeg(Z{,+)) by Lemma m O

for all n » 0.

'Lﬂ(ﬂ,*) =
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Remark 4.36. Using the assumptions and notations of Theorem it is clear that given p € Bi%(I)
AM(T), the functions v, (I2M /T2 2 N) and vy (M /T2 N) coincide as long as (ITHLN 13y p) € I2M. A

The following result is a direct consequence of Theorem [4.35

Corollary 4.37. With Setup the v-number v(I2M /I2N) eventually becomes either o, or the
minimum of finitely many linear functions in n. The same holds for the function v(M /I2N) under the
additional conditions that (0 :py Ix) =0 for all k=1,...,r, and IEM < N for some s € N".

When R = Ry[X1,...,X4] is a (graded) polynomial ring over a Noetherian integral domain Ry,
Corollary yields that v(R/I™) eventually is the minimum of finitely many linear functions in n.
Our next theorem shows that v(R/I%) is, in fact, eventually a linear function in n, where the leading
coefficients are given by the initial degrees of I,..., I,. This result is surprising because reg(R/I) is
not always eventually linear even when R is a polynomial ring over a field, as shown in |24, Ex. 3.1]
by Bruns-Conca.

Theorem 4.38. Let R = Ro[X1,...,X4] be an N-graded polynomial ring (not necessarily standard
graded) over a Noetherian integral domain Ry, and let I1, ..., I, be non-zero homogeneous ideals such
that indeg(I;) = 1 for at least one i. Then, the functions v(R/I%), v(I%/I2*) and indeg(I2/I2+1)
eventually become linear in n with the same leading coefficients given by (di,...,d,), where d; :=
indeg(I;) for 1 <i <.

Proof. Suppose R = Ro|X1,...,X4], where deg(X;) = f; for 1 <i < d. Here f; > 0for 1 <i <d. Let
I; be generated by homogeneous elements y; 1, ..., Yiq,, where deg(y; ;) = d; j for 1 < j < a;. Without
loss of generality, we may assume that d;; < dj2 < -+ < djq, for 1 <i < r. Then indeg(l;) = d;; for
1 < i < r. Consider the Rees ring #Z = #(11,...,1,), which can be identified with the multigraded
ring T as described in Theorem [£.31] Set & := #(Iy,...,1;)/1%(I1,...,I;). Then £ is a finitely
generated N""1_graded %Z-module. Now, we follow the notations as in Theorems and

We prove that the initial degree and the global v-number of £, 4 = I2/12"L are eventually linear
in n with the same leading coefficients given by d. For this, in view of Theorem [£.33] it is enough to
show that y := y11---yr1 ¢ /Anng(Z). If possible, let y € /Anng(.Z). Then y*.Z = 0 for some
s = 1. Since Ly, ) = I2/12+L and deg(y) = (1, & - 1), it follows that y*I% € T2+(6+DL for all n e N.
Denote [§| := §-1. As R is an integral domain, I* # 0, in addition indeg(y*I%) = s|d| + indeg(I*) and
indeg(I2+(+11) = (5 4 1)|8] + indeg(I2). Thus

s|d| + indeg(I™) = indeg(y°I™)

> indeg(IﬂJr(SH)'l) [as y*I% < IE+(5+1)'1]

= (s +1)|9] + indeg(I™),

which is a contradiction as |§] = 1. So y ¢ v/Ann_#. This proves the result for the functions v(I%/I2+1)
and indeg(I2/I2+1).

Note that (0 :g ;) = 0 for 1 < i < r. So, by Theorem [£.35(2), there exist uy,...,u, € Z" and
gi,-..,9s € Z such that

v(R/T*) = min{u; -n+g;: 1< j < s} foralln >0, (4.16)

where the ith component wuj; of the coefficient vector u; lies in {di1,...,dig} for 1 <i < r. In
particular, u; = 0 for 1 < j < s. Hence, since v(R/I*") < v(I2/I2) for all n € N™ (cf. [53,
Prop. 2.5.(2)]), there exist g, h € Z such that

don+g<v(R/I*)<d-n+h foraln>»0. (4.17)

Following the arguments as shown in the proof of Theorem [4.33] one obtains that v(R/I) is eventually
linear with the leading coefficients given by 4. O
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4.2.3 Examples

Here we present several examples that complement our main results. Computations using Macaulay2
[M2] were helpful in constructing some of these examples. For the reader’s convenience, we describe
the Macaulay2 commands used.

4.39. Using Lemma we only need to compute generators of (usually complicated) modules. This
can be done using the Macaulay2 command mingens, which also orders the generators in increasing
degree. Other commands we use include ass, which computes the associated prime ideals of modules
over a polynomial ring or over quotients of a polynomial ring by a homogeneous ideal, and saturate,
which computes modules of the form I"™J" :gp m®. For modules over other rings, for example in 4.52],
the command primaryDecomposition is required, since the command ass does not return any result.
By applying radical to the output of primaryDecomposition, one can compute the associated primes.

Example 4.40. Let R = k[X,Y] be a standard graded polynomial ring in two variables over a field k.
Set M := R/(XY?), I:=(X%), p:=(X), q:=(Y)and m:= (X,Y), where a and b are some positive
integers. Then (0 :ps I) = q°M # 0. Moreover, the following hold true.

(1) Assr(I"M) = {q}, indeg(I"M /1" M) = indeg(I"M) = an and
v(I"M) = vg(I"M) = an + (b—1) for all n > 1.

2) Assp(M/IM) = {p} if a =1, and Assg(M/I"M) = {p, m} whenever an > 2.

3) Assp(I"M/I" M) = {m} and v(I"M /"1 M) = an + (a + b — 2) for all n > 1.

(2)
(3)
(4) vp(M/IM) =0if a = 1, and vy(M/I"M) = b whenever an > 2.
(5) vm(M/I"M) = an + (b — 2) whenever an > 2.
(6)

6) v(M/IM)=0if a =1, and v(M/I"M) = b whenever an > 2. O
Proof. Let n > 1. Then, I"M = (X XY?)/(XY?). It follows that
indeg(I"M /I" "1 M) = indeg(I"M) = an.

As Assp(I"M) < Assr(M) = {p,q}, and (/" M), = 0, one gets that Assp(I"M) = {q}. Write the
images of X and Y in M as = and y respectively. The main relation of = and y that we have in M
is 2y = 0. So (0 :ar 1) = q°M # 0. Note that each element of I"M can be written as 2 f(x,y) for
some polynomial f(x,y) over k. Therefore z*y*~1 € (I"M)anip—1 and q = (0 :g x?"y*~1). Clearly,
an + b — 1 is the least possible degree of a homogeneous element of I" M whose annihilator is q. It
follows that v(I"M) = vq(I"M) = an + (b — 1) for all n > 1. This proves (1).

The quotient M/I"M =~ R/(X®, XY?) for all n > 1. So Assg(M/I"M) = {p,m} if an > 2.
If a =1, then M/IM = R/(X), hence Assp(M/IM) = {p} and v,(M/IM) = 0. In the case,
when an > 2, one has that p = (X, XY?) :p Y?) and m = (X", XY?) :g X*"~1Y*~1). These
two equalities do not hold if Y and X*~1Y*~1! are replaced respectively by any other homogeneous
element of lower degree. Thus, one obtains (2), (4) and (5). Consequently, (6) follows.

For (3), let n > 1. Note that Assg(I"M/I"* 1 M) € Assp(M /It M) = {p,m} by (2). Therefore,
since (I"M), = 0, one concludes that Assg(I"M/I"*1M) = {m}. Since I"M = (X XY?)/(XY?),
the element zanta—lyb=1 ¢ [P )[/["+1 ) has the smallest possible degree such that m = Annpg(zenta—lyb=1),
Therefore v(I"M/I" M) = an + (a + b — 2). O

Remark 4.41. In Example 4.40] we notice the following.

(1) The functions vy(M /I"M) and v(M/I"M) of n are eventually constants. Note that (0 :ps I) # 0.
It particularly ensures that the hypothesis (0 :py I) = 0 in Theorem cannot be removed.
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(2) The functions indeg(I"M /1" M) and v(I"M /I"**M) (for all n > 1) both are linear with the
same leading coefficient (as in Theorem [4.25]), however their constant terms are different, namely 0
and (a +b—2) respectively. Moreover, the difference (a +b— 2) can be arbitrarily large depending
on a and b. A

Example 4.42. Let R = k[ X,Y]/(XY) over a field k with deg(X) = deg(Y") = 1. Write the images of
X and Y in R as = and y respectively. Then R = k[z,y]. Set m := (z,y) and I := (2% ,y?%), where
dy < dy are some positive integers. Then, v(R/I") = vn(R/I™) = din — 1 and reg(R/I") = dan — 1
for every n > 1. &

Proof. Tet n > 1. Since zy = 0, it follows that I = (z@",y%"). Therefore R/I" along with the
gradation can be written as

Clearly, m = (0 :g %" 1) and din — 1 is the least possible degree of a homogeneous element of

R/I™ whose annihilator is m. So v(R/I") = vn(R/I") = din — 1. Since R/I" has finite length,
reg(R/I") = end(R/I™) = dan — 1. O

Remark 4.43. (1) Unlike [36, Thm. 1.1], Theorem can be applied for a Noetherian graded ring
which is not a domain. The ring R in Example[£.42]is not a domain, however (0 :z I) = 0, and v(R/I™)
is linear with the leading coefficient d;.

(2) In Example if di < da, then the difference reg(R/I") — v(R/I™) = (dy — d1)n can be
arbitrarily large depending on n. A
Ezample 4.44. Let R = k| X, Y, Z] be a standard graded polynomial ring in three variables over a field
k. Set m := (X,Y,Z). Consider M := R/(X?,XY?) and I := (X,Y?,Z3). Then (0 :p; I) = 0.
Moreover, the following hold true.

(1) Assp(I"M/I" 1 M) = Assp(M/I"M) = {m} for all n > 1.
n ifn=0,1,2
n+1l ifn=3

n+3 ifn=4
2n ifn>=5

(2) indeg(I"M/I" 1 M) =

n+3 ifn=0,1,2
n+4 ifn=3
n+6 ifn=4
2n+3 ifn=5

(3) v(M/I" M) = o(I"M/I" M) =

Proof. Since M = R/(X3, XY*), the element Z3 € I is M-regular, and hence (0 :p; I) = 0. Note
that I"M = (I" + (X3, XY*) /(X3 XY*), M/I"M = R/(I" + (X3 XY*)) and I"M/I""'M =
(I” + (X?’,XY‘l))/(IT”rl + (X3,XY4)) for all n = 0. We use x,v, z for the classes of X,Y,Z in M
respectively.

(1) Let n > 1. Note that I and I"™ annihilate I"M /I""'M and M/I"M respectively. Therefore
every associated prime ideal of each of these modules contains I = (X,Y?, Z3), and hence this prime
ideal must be same as m.

(2) A non-zero element of the least possible degree in the module I"M/I"*1M for 0 < n < 4 is
given by 1, z, 22, 2%y? and 22y?23 of degree 0, 1, 2, 4 and 7 respectively. For n > 5, the module I"M
is generated by

$2y2(z3)n—3’ 1,2(23)71—2’ $y2(z3)n—2’ :L'(Z3)n_1 and (yQ)j(Z3)n—j for 0 <] < n,
and their total degrees in M are respectively

3n—53n—4,3n—3,3n—2and 3n—jfor 0 < j < n.
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Among these degrees, 2n is the least possible value. Thus y2” is a non-zero element of the least possible
degree in I"M /"1 M proving (2).
(3) Consider n > 0. By (1), v(M/I"*'M) = vu(M/I""'M). Moreover, in view of Lemma [{.15)
one has that
o(M/I" M) = v (M /I M) = indeg (1" M :pp m)/T" 1 M). (4.18)

Claim: We claim that (I""'M :py I) = I"M for all n > 0. The claim is equivalent to that
(X3, XY1) + I ip I) = (X3, XY4) + 1" for all n > 0.
For n > 5, the monomial ideal ((X3, XY*) + I"*!) is minimally generated by
X37Xy4’X2y2(Z3)n727X2(Z3)nfley2(ZS)n71’X(ZB)n
and (Y3)/(Z3)""1 = for 0 < j <n + 1.
Therefore, using [49, Sec. 3.2.2], one has that
(%X 4 1) g X) = (X278 XY 3232, X (29,
YQ(Z?))nfl, (ZS)n)7
(((X?),XY4) + In—i—l) ‘R Y2) — (X3,XYQ,X2(Z3)R_2,X(Z3)H_1,
(Y2 (23" 9,0<j < n) and
<((X3,XY4) +ITL+1) ‘R Z3) — (X3,XY4,X2Y2(Z3)n_3,X2(Z3)n_2,
XYHZ)" X (2 (Y (20,0 < < n)).
Now (((X3,XY4) + I”H) ‘R I) is the intersection of the three ideals shown above. Moreover, the

intersection of two monomial ideals is constructed by taking the lem of pairs of generators one from
each ideal. So the resulting ideal is exactly (X3, XY?) + I", which is minimally generated by

X3,XY4,X2Y2(Z3)n_3,X2(Z3)n_2,XY2(ZB)n_2,X(Z3)n_1 and (Y2)j(23)n_j

where j is varying in 0 < j < n.

The cases n = 0,...,4 would require more attention, but instead they can be verified using any
mathematical software (e.g., Macaulay2 [M2]). Thus the claim is verified.

Using the above claim, since I € m, it follows that

(I"IM iy m) € (I"TIM 2y T) = 1M for every n > 0. (4.19)

For n = 0,1,...,4, using Macaulay2 [M2|, one obtains that a non-zero homogeneous element in
(I"T1M :pp m)/I"T 1M of minimum possible degree is given by

y2?, vyz?, 2?y2?, 2%y 2? and 22y32° respectively.

Hence, in view of (£.18)), for 0 < n < 4, v(M/I"1M) = 3,4,5,7 and 10 respectively. Let n > 5.
Then, since m € (I""'M :p y?"122) and y?* 122 ¢ I""' M| one has that m = (I""1M 5 32" 7122).
Moreover, one can check that if g € I"M with deg(g) < 2n + 3, then m # (I"*'M :r g). Therefore,
using (£.18) and ({.19)), it follows vy (M /I"T1M) = 2n + 3.

In view of Remark [4.29| and the above claim, one obtains that v(I" M /I"T M) = v(M /1" M) for
alln > 0. O

Remark 4.45. In Theorem [4.28] the leading coefficient of the function v(M /1™ N) is not necessarily same
as indeg(I). In Example [4.48] the leading coefficient of v(M /I"M) is 2, however indeg(I) = 1. In this

example, X € A/Anng(M) € \/Ann%—;(l)(%), but Y2 ¢ \/Anngy(4), where & = 2(1,M)/2%(1,IM).
It also ensures that the condition (0 :p7 y1) = 0 in Theorem [.28](3) cannot be removed. A
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Ezample 4.46. Let R = K[z, y] be a standard graded polynomial ring in two variables x and y over a
field k. Set I := (x,9?), J := (22,y), and m := (z,y). Then, for all m,n € N with m +n > 1, the
following hold.

(1) Assp(R/I™J™) = {m} and v(R/I™J") = vn(R/I™J") = m + n.
(2) [24, Ex. 3.1] regr(R/I™J™) = max{m + 2n —1,2m +n — 1}. O

Proof. Fix m,n € N not both zero. Since z,y € VI™J", Assr(R/I™J") = {m}. Note that the ideal
ImJn = (x,y?)™(2?%,y)" is given by
(xm7 xmflyZ’ xm72y4’ o ’xy2m72’ yZm)(xZn7 m,271722/7 x2nf4y27 o 7x2yn71’ yn)
— ($m+2n, $m+2n—2y’ $m+2n—4y2’ - xm+2yn—1’ xmyn’
y27 xm+2n—3y3’ xm—i—2n—5y47 L ’xm—&-lyn—i-l’ $m_1y”+2, .
2m+n—1

2n, 2m _2n—2_ 2m _2n—4_ 2m-+2 2 2m+n
e Tl y“ x Yy e, Ty ).

xm+2n—1

Y

Clearly, m = (I™J" :g 2™ Yyt = (I™J" :g 2™ 1y"~1), and m + n is the least possible degree
of a homogeneous element of R/I™.J"™ whose annihilator is m. So the assertion in (1) follows. For
the equality in (2), note that regr(R/I™J") = regp(I™J") — 1 = max{m + 2n — 1,2m + n — 1} by

Corollary [A.17] O

In the following example, none of v(R/I™J") and v(I™J"/I™T1J"F 1) are eventually linear in
(m,n). Here, we use the notation end(M) := sup{n : M, # 0}, where M is a non-zero graded
R-module.

Ezample 4.47. Let S = k[X, Y] be a standard graded polynomial ring in two variables X and Y over
a field k. Set R := k[X,Y]/(XY), and denote the images of X and Y in R as = and y respectively.
Then R = k[z,y]. Set I := (x,4?), J := (2?,y), and m := (x,y). Then, (0:g I) =0 and (0 :g J) = 0.
Moreover,

(1) Assgr(R/I™J") = {m} = Assp(I™ 1J""1/I™J") whenever m,n > 1.
(2) v(R/I™J™) = min{m + 2n — 1,2m + n — 1} for all m,n € N with m +n > 2.
(3) regg(R/I™J™) = max{m + 2n — 1,2m + n — 1} for all m,n € N with m +n > 1.
(4) v(Im gt/ rmgn) = o(R/I™JM) for all myn = 1. &
Proof. Fix m,n € N not both zero. It follows
" = (2,y?)™ (22, 9)" = (@™, ") (@, y") = (@™ P,

Then, Assgr(R/I™J") = {m}. Since I.J annihilates I™ 1J""1/[™ J" every associated prime of this
module will contain I.J, and hence must be the same as m. So (1) follows. Considering the gradation of
R/I™J™, since R/I™J" has finite length, by Corollary[A.17]it follows regg(R/I™J") = end(R/I™J") =
max{m + 2n — 1,2m + n — 1} whenever m + n > 1. It shows (3). When m + n > 2, one has that
m = (I"J" ;g 2™ = (™ J" g y?™+n=1). Moreover, there is no other homogeneous element
f € R of degree different from m + 2n — 1 and 2m + n — 1 such that m = (I"™J" :g f). Thus, (2)
follows. For (4), observe that the images of #™*27=! and y?m+n=1 in [m=1jn=1/[™ " are non-zero
elements, where m,n = 1. O

In the next example, both vy (M/I™J"M) and v(M/I™J"M) are asymptotically not linear in
(m,n). Moreover, in this example, all four functions induced by the local and global v-numbers are
asymptotically distinct functions.
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Ezample 4.48. Let R = k[X,Y, Z] be a standard graded polynomial ring in three variables over a
field k. Consider the module M := R/(XY), and the ideals I := (X, Z?), J := (Y, Z3), p := (X, 2),
q:=(Y,Z)and m:= (X,Y,Z). Then, (0:p I) =0 and (0 :py J) = 0. Moreover, for all m,n > 1, the
following hold.

Assp(M/I™J"M) = {p, q, m}.

Proof. Fix m,n > 1. The ideal I"™J" + (XY) is generated by

m r73n m—1 r73n+2 m—2 rz3n+4 2m+3n—2

XY, Xmg3n xm-lg3nt2 xym-2y3ntd  x g ,
n r72m n—1r72m+3 n—2 r72m+6 2m+3n—3 2m—+3n
ynzim yn-lzim+3 yn-27mm+6 y g 7 .

Since M /I™J"M =~ R/(I"J" + (XY)), considering the primary decomposition of the monomial ideal
I'"™J" + (XY), one obtains (1).

Denote the images of X, Y and Z in M as x, y and z respectively. Then xy = 0. Moreover, the
R-module I'"J" M is generated by

meSn’ xm7123n+2’ wm7223n+4 x22m+3n72

gy 5

n _2m n—122m+3

n—2_2m+6
Yz Yy z

2m+3n—3 _2m+3n
, 2 .

7y 7"‘7yz

Therefore, m = (I™J"M :g y"~122m+2) = (I™J"M g 2™ 1237*1). On the other hand, there are
no elements of smaller degree in M/I"™J"M whose annihilator is m. Therefore, v (M/I™J"M) =
min{2m +n + 1, m + 3n}, which shows (2).

In the same manner, one sees that

e an element which realises v, (M /I™J"M) is y"2*™ 1

?

e an element which realises vq(M/I™J"M) is 2™ 23" L.
This implies (3) and (4), which completes the proof. O

Remark 4.49. In Example both vy (M /I™J" M) and vg(M/I™J"M) eventually become linear,
but v(M/I™J" M) = min{v, (M /I™J"M),ve(M/I™J" M)} is not eventually linear. Moreover, asymp-
totically, v(M/I"™J" M) and vy (M /I™J" M) are two different functions. A

The following example ensures that, despite Theorem [£.38] one cannot expect that every local
v-number for products and powers of several ideals eventually becomes linear even over a polynomial
ring over a field.

Ezample 4.50. Let R = k|x,y, 2] be a standard graded polynomial ring over a field k. Consider the
ideals I = (22,y2%) and J = (y%,22%). Set p := (z,7), q:= (z,2), v := (y,2), and m := (z,y, z). Then,
for every m,n = 1, the following hold.

Assp(R/I™J") = {p,q, ¢, m}.
um(R/I™J™) = 2m + 2n + 2.

(1)

(2)

(3) vp(R/I™J™) = min{3m + 2n + 1,2m + 3n + 1}.

(4) v(R/I™J™) = vg(R/I™J") = ve(R/I™J") = 2m + 2n + 1.
(5)

Assp(I™1Jr1/1m™J") = {p,q,t,m}, and the (local) v-numbers of the modules I™ 1 Jjn"1/[m "
and R/I™J" coincide. &
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Proof. Fix m,n = 1. The ideals I and J™ are generated by

{(x2)s(y22)m _ x23ym S 2m 2s -0 g m} and
t

s <
{(12)H(x2?)" ™t = 2"y 22 0 < t < n} respectively.
Hence I J" = (:c”+25_tym_5+2tz2(m+”_5_t) 0<s<m,0<t< n) The statement in (1) follows
from the primary decomposition of this monomial ideal. For better understanding, the reader may
consider the case m,n = 1.

In view of Lemma H4.15] the local v-numbers are given by

vm(R/I™J™) = indeg (I J" :g m)/I™J™) and

o ImJ" g a
va(R/I™J ):mdeg((lmjn BTy T moo)> for a e {p,q,t},

where I™J" :p m® = ;o (I™J" :g m*). Note that

(ImJn IRp)ﬁ(ImJn :Rmoo) (Imjn :Rp)ﬂ(ImJn ‘R ZOO),
(ImJn ‘R q) M (ImJn ‘R moo) = (ImJn ‘R q) M (ImJn ‘R yoo),
(ImJ" gy n (IMJ" g m®) = (I"J" :gv) 0 (I™J" g ™).

The assertions (2), (3) and (4) can be obtained from the following observations:

2m12n3 2m2n13

yze My eI :gm) N\ I™J", (4.20)
ym+2n—122m+2 2m+n—1 2n+2 (ImJn ‘R p) ~ (ImJn ‘R 200)7 (421)
2m 1 2n+1 (Imjn ‘R q) N (ImJn ‘R yOO)’ (422)

and 22mtly . Lo (IMJ" g ) ~ (I™J" i 2%). (4.23)

These are the monomials of the minimum possible degree contained in the right-hand sides above, and
therefore they compute the respective local v-numbers.

The monomials listed in (.20, (4.21)), (4.22) and all lie in I™~1Jn~1 The annihilator
ideals of these monomials in I™~1J"=1/I™J" provide the associated prime ideals {p,q,t,m} of the
module I™ 1J7" 1/ J" Due to the minimality of the degrees, these monomials also compute the
respective local v-numbers of the same module, which coincide with that of R/I™J". Thus, assertion
(5) follows. O

Remark 4.51. The assumption I$M < N for some s € N”, in Theorem[4.35](2) and Corollary [£.37] seems
to be necessary because in the critical case I € 4/Anng(N), the function vy(M/IZN) is eventually
constant for each p € AX(I). However, we are unaware of any example in which I2M & N for every
ne N, I4& 4/Anng(N), and v,(M/I2N) is not eventually the minimum of linear functions. Some
attempts of explicit computations have been made in the case r = 1. As shown in [53|, the same
hypotheses lead to a linear behaviour. Due to these attempts, we feel that the condition IEM < N,
which is merely technical but still true in many cases, could be relaxed to a more natural one. A

The following example shows that the condition “Ry is an integral domain" in Theorem is
crucial.

Ezxample 4.52. Set Ry := K|a,b|/(ab), where a,b are indeterminates over a field K. Let R = Ry|z, y]
be a polynomial ring over Ry, and consider the homogeneous ideals I = (22,bx) and J = (y%, ay).
Then, for any m,n > 1, one has

indeg(I™J"/I™ T ") = min{2m + n, m + 2n}.
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Proof. Fix m,n = 1. The ideals I and J™ are generated by

{($2)s(bx)mfs — strmbmfs .

0 < m} and
{(yQ)t(ay)n—t — yt-‘rnan—t -0 <

<s

t < n} respectively.

Since ab = 0 in Ry, it follows that the product I"™J" is generated by
(meyt+nan—t’ xs—&-manbm—s 0<s< m, 0<t< TL)

We note that the elements in Ry have zero degree. Moreover, we can see that z?™y" and z™y?" do
not lie in I™*+1J"*1. Therefore, the result follows. O

4.3 Vasconcelos number for local rings

In this section, we explore the case of local rings trying to understand the problems and questions that
this setting could have. Let (A, m) be a local ring. The m-adic evaluation is a map v : A — N defined
as

v(a) = inf{n > 0:aem™\m""}.

As in the graded case, given a non-zero ideal I € m we can define the local Vasconcelos number as
vp(I) :=inf{n > 0:3f € A such that v(f) =n,p=1:4 f} for p e Assa(I),

and the Vasconcelos number as v(I) := inf{v,(I) : p € Assa(1)}.

Ezample 4.53. Consider the Noetherian local domain A = k[, y]/(2? — y3) with maximal ideal m =
(z,y) < A. Then the m-adic evaluation of the powers of x € A can be computed as follows

" 3k if n = 2k,
v(z") = .
3k+1 ifn=2k+1.
This non-linear behaviour can be used to construct a interesting example of Vasconcelos number
in the local case. Consider the ideal I = (x). First, we see that the radical ideal vI" = (x,y) given

n = 2. Therefore the set of associated primes are Ass(I") = {(z,y)}. Using a similar argument as
given in the proof of Lemma we get

{feA:p=I" 4 f} =" :ap)\I".
Therefore, for n > 2, the Vasconcelos number is computed as

3k if n = 2k,

In — In — n—1, 2 —
vlI") = ol = v(@™y) {3k+2 if n =2k + 1.

We can see that the Vasconcelos number fails to be linear. Instead, there exists two linear functions

3 3 1
a(n) = 3™ and fB(n) = " t3

such that v(I™) = a(n) on even integers, and v(I™) = f(n) on odd integers. This kind of function is
called periodically linear. Moreover, we have
" 3
lim vI") = —

n—oo n 2

which is not a integer, but rather a rational number. This was not the case in the graded setting where
the above limit was always an integer corresponding to the degree of a generator of the ideal. &
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The above examples shows that specific hypothesis for the ring are needed to obtain valuable
results. In contrast, to the graded case, being a quotient of a regular local ring is not enough to ensure
the right setting. The crucial point is that the m-adic evaluation does not handle good enough the
product operation. For a general local ring the inequality v(ab) > v(a) + v(b), for a,b € A holds
true, but equality could not hold as we have seen in Example .53] One way to ensure equality is by
introducing the associated graded ring of a local ring. Let (A, m) be a local ring, then the associated

graded ring is the N-graded ring
grn(A) := (—Bm”/m”“.

nz=0

It is immediate to see that the degree of a element in this graded ring corresponds to its m-adic
evaluation. If gr.,(A) is a domain, then the product of two elements there is always non-zero implying
that v(ab) = v(a) + v(b), for any a,b € A. For more information about this topic, see for example
[108].

Theorem 4.54. Let (R,m) be a Noetherian local ring such that gr,,(R) is a domain. Let I be an
ideal of R such that (0: 1) = 0. By [23], the set Ass(I™) stabilizes to a set Ass™(I) for n sufficiently
large. Consider p € Ass™(I). Then v,(I") is eventually a linear function of n with leading coefficient
in {v(a1),...,v(a,)}, where {a1,...,a,} is a minimal set of generators of I.

Proof. The first part proceeds like the proof of Theorem [£.28] so we are going to just give a quick idea.
Let R(I) = R[ait,...,a,t] be the Rees algebra of I and, following Lemma let

I":. P
= (I": P) Ty (R/T")

n=0

We know that vp(I") = inf{v(a) : a is nonzero in H,}, where H, = % In general R(I)

and H are not bigraded, but H is a finitely generated R(I)-module because it eventually coincides
with the R(I)-module Anns(p)/ Anng(I)(p) n I'v(S) where S = R(I)/IR(I). Using the property
v(ab) = v(a)+v(b) for all a,b e R, we can construct a bigraded structure on both R(/), and H. Then
one proceeds as in the proof of Theorem [4.28| O
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Appendix A

Minimal free resolutions and related
invariants

“There’s a syzygy in the alignment of our
hearts that leaps beyond the mere meandering
of stars. ”

— Beryl Dov

This appendix is a overview on the theory of minimal free resolutions, regularity, and Koszul algebras
containing no original results. We use as basis reference |25} 30, 46| 47, |87, |132].

Throughout this chapter let k be a field, S = k[z1,...,2,] = @®n>0S5, be the polynomial ring in n
variables over k, and R = S/I = @,>0R, be a graded quotient. Set mg := @,>15,, and mp = @®p>1 R,
be respectively the maximal irrelevant ideals of S and R. Eventually, let 7 : S — R be the canonical
projection sending each polynomial into its equivalent class in R.

For a graded R-module M, a modern approach on studying and understanding the nature of M is
to look at free resolutions of M, with particular attention to its minimal free resolution.

A free resolution of M (as a R-module) is a chain complex of free graded R-modules

Foivoo—oF— o 5 F > ) — Fy,
together with a graded map € : Fyp — M such that
Fo——>M—>0

is an exact complex. In literature, it is common to add "— 0" at the end of the complex, and say that
F.o is a free resolution for M if and only if it is quasi-isomorphic to the chain complex 0 - M — 0.
A free resolution F, of M is said to be minimal if for every chain map ¢; : F; — F; 1 we have
wi(F;) € mF;_q for every i > 1.

Theorem A.1. Let M be g graded R-module. Let F, and G, be two minimal free resolutions of M.
Then there exists a graded isomorphism of chain complexes Fy — G, inducing the identity map on
M. Therefore, there exists a unique minimal free resolution up to isomorphism. Moreover, every free
resolution of M contains the minimal free resolution as a direct summand.

Proof. See |46, Theorem 20.2]. O

Let F, be the minimal free resolution of M. Since every term of the complex can be written as

F, = @R /3112](M

J=0

107
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we name BZR](M) the graded Betti numbers of the module M, while fR(M) := 2 Bij(M) = rank F;
denotes the ith Betti number of M. The superscript indicates the ring R used for resolving the module
M. As the next example will show, the ambient ring is crucial in studying the minimal free resolution
of M. We should say that free resolutions study the properties of M seen as module over some suitable
ring R.

FEzxample A.2. Let S = k[z], R = k[z]/(2™) and consider the module structure on the residue field
given by the quotient k = R/mp. Then its minimal free resolution as R-module is

n—1 n—1

S R(—(k+ D)n) T R(—kn— 1) 5 R(—kn) Z—5 oo 5 R(—n) ©5 R(-1) 5 R

However, k has also a module structure over S, in fact k = S/mg. As a S-module, the minimal
free resolution of k is

0—S(-1) %8 —0.

The two resolutions behave in a very different way. More in general, the field k as a module
over polynomial ring S has a very distinguished minimal free resolution called Koszul complex, while
by considering it as a module over a quotient ring R = S/I, its minimal resolution can be quite
unsteady. &

Example gives a first example that shows the importance of the ambient ring. More in general
given a graded R-module M, the canonical projection S — R induces a natural structure of graded
S-module on M. The double behaviour of M as a S-module and R-module has been a central research
topic in the last decades.

The crucial point on the uniqueness of the minimal free resolution is that the graded Betti numbers
depends only on the module M and on its module structure and not on the resolution itself. This fact
is more clearer by using the Tor functor, that we now briefly introduce. For a more extensive treat see
[132, Chapter 2] or |27, Sec 6.2].

For any R-module M counsider the covariant endo-functor — ®z M : R — mod — R — mod that
sends a module N into the tensor product N ®r M. This functor restricts to an endo-functor of
the sub-category of finitely generated graded R-modules if the the starting module M is graded and
finitely generated. This functor is right-exact, i.e. for any exact sequence 0 — N; — Ny — N3 — 0,
the sequence Ny g M — No ®r M — N3 ®r M — 0 is exact. Therefore, we may consider the
derived functors L; of —®gr M and define the Tor functor as Tor;(N, M) := L;(N). More concretely,
Tor;(N, M) is defined as follows: Consider F2V a free resolution (non necessarily graded) of the module
N, then one has Torl*(N, M) = H;(FN ®g M). The definition is independent on the choice of the free
resolution.

Analogously, one may consider the functor N ® g — which takes the tensor product on the left. In
this case, a free-resolution FM of the module M is needed and one obtains the equality Torf%(N , M) =
H;(M ®r FM). More in general, one has the equality Tor?(N, M) = H;(FN ®g FM). If both M and
N are graded modules, Tor®(N, M) inherits a graded structure for every n > 0.

Proposition A.3. Let M be a graded R-module. Consider the R-module structure on k given by the
quotient R/mp. Then for every i,j = 0 one has the equality

ZJE(M) = dimy TOI'ZR(Ma k);.

Proof. See |47, Proposition 1.7]. O

Two important invariants that measure the behaviour of the minimal free resolution are the pro-
jective dimension and the regularity. Consider a graded R-module M with minimal resolution F,. We
define the projective dimension of M to be

pdp M = inf{i: F; # 0}.
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We say that M has a finite resolution if its projective dimension is finite. The (relative) regularity of
M is defined as

regr M = sup{j —i: 3; (M) # 0}.

In the particular case when M is a module over S, the integer regg(M) is also called in literature the
Castelnuovo-Mumford regularity of M. We will see that despite, the relative regularity which depends
on the ring R, the Castelnuovo-Mumford regularity is a more an intrinsic property of the module M
itself.

The condition ¢;(F;) € mF;_q for every i > 1 of the minimal resolution implies that in the matrices
representing each chain map are filled with elements of positive degree, and therefore 55]-(M ) =0 for
every j < i. To better visualise the graded Betti numbers in a compact way, it is useful to define the
Betti table of a module. This is a table where the position (i, 7) is filled with the value Bﬁﬂ»(M). Even
if at first glance it seems counter-intuitive, displaying Betti numbers turns out to be quite useful and
practical. For instance, the last non-zero column represents the projective dimension, while the last
non-zero row represents the regularity of the module.

Ezample A4. Let S = k[x,y, 2], and consider the module M = R/(2?, zyz, 2%y?, 2°). Using [M2|, we
obtain the minimal free resolution of M as S-module.

20
T
0 23 —yz 0 =2 0 0 z?
-y 0 r —yz 0 —2* 0 R(-2) Yz
T R(—4) 0 T 0 0o -2 © 22y?
5 0 =z D 0 0 2 xy P R(=3) 2°
0 — R(—8) R(-5) @ R
@ ‘ R(—4)
R(-7)3 @
R(-5)
Therefore the Betti table of M is
B +
| 0 1 2 3|
Jtotal: 1 4 5 2]
| 0:1 - - -
| 1: - 1 - -]
| 2: - 1 1 -]
| 3: - 1 1 -
| 4: - 1 - -
| 5: - - 3 2|
B +
The zeros appearing in the Betti table are replaced with a dash symbol "-". &

Construction A.5. We want to compute the graded Betti number of k = S/mg as an S-module.
Following [27, Section 1.6], we consider the exterior algebra associated with the ring S. This is denoted
by AS and it has a graded structure defined as

AS =PNS.
=0

The exterior algebra construction defines a wedge product which is an alternating operation, that
is

Ay =(=1)""y Az, where z € A*S,y e NS, and
x Az =0, if x € AS has a odd degree.



110

Every homogeneous part A*S is a S-module generated by {zj, A---Azj, 11 <j1 <--- < js <n}.
On AS is defined a differential operator 0 : AS — AS that is a graded R-linear homomorphism of
degree —1. The map ¢ is constructed by setting

S
Najy Ao nwg) = Y (=D g a A A, A ATy,
k=1

where 7, means that the element z;, is omitted.
By explicit computations, it is possible to check that 6% = 0. This fact is equivalent to say that

Ko(z1,...,2,) : 0 > N"S > A" 1S oo AL 5§50

is a chain complex. Moreover, the homomorphism ¢ satisfies the Leibniz rule: For any pair of homo-
geneous elements z,y € AS we have

Az Ay) =0(x) Ay + (—1)I8%2 A d(y).

The pair (AS,d) is a finitely generated DG-algebra (The interested reader can look in 11| for more
information on DG-algebras).

The complex K,(x1,...,x,) is called the Koszul complex associated with the sequence z1, ..., z,.
In literature, it can be denoted also as K.(mg) by considering a coordinate-free construction. Since
x1,...,%, is a regular sequence in S, the Koszul complex K,(z1,...,z,) is a minimal free resolution
of k. In particular, ﬁfl(k) = rankA'S = (’Z), and ij(k) = 0 for ¢ # j, implying pdgk = n, and
reggk = 0. &
Definition A.6. Construction can be generalised to any graded quotient R = S/I. We define the

Koszul complex K.(mp) obtained from the DG-algebra AR. For any R-module M, it is also defined
the chain complex K,(mp; M) := K,(mp) ®r M called the Koszul homology of M

The most important result regarding free resolution of modules over a polynomial ring is Hilbert’s
Syzygy theorem [81] which states as follows.

Theorem A.7. Let M be a Z-graded module over a polynomial ring S = K[z1,...,x,]. Then the
minimal free resolution of M is finite, and pdg M < pdgk = dim S = n.

Proof. From Proposition [A.3] for every i > 0 we have the formula
Bi(M) = dimy Tor; (M, k).

To compute Tor;(k, M) we can proceed as follows. We consider the minimal free resolution of k
given by the Koszul complex K,(z1,...,2zy). Then

Tor; (M, k) = H;(K.(mg; M)).

Since the the Koszul complex has length n, then we have ;(M) = 0 for i > n + 1 giving the desired
result. O

Remark A.8. In Theorem [A.7] the difference between the dimension of S and the projective dimension
of M can be computed with the Auslander-Buchsbaum formula [46, Thm 19.9] and it turns out being
the depth of M, i.e. the maximal length of a regular sequence in M. A

As shown in the following theorem, when considering a graded quotient R, K,(mp) is not a minimal
free resolution of k as a R-module except for few exceptions. In particular, whenever the minimal
resolution of k is finite then K,(mpg) resolves k. The following theorem can be seen as a generalization
of Hilbert’s Syzygy theorem.
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Theorem A.9 (Auslander-Buchsbaum-Serre). Let R = S/I be a standard graded k-algebra, with S a
polynomial ring. Then the following are equivalent.

1. R is a polynomial ring, i.e. I is generated by linear forms;
2. pdgpk s finite;
3. pdr M s finite for every R-module M.

In particular, pdp M < pdrk for any R-module M, and the Koszul compler K.(mpg) is a minimal
free resolution of k = R/mpg.

Remark A.10. Tate in [125] studied a inductive construction called Tate complex to obtain the minimal
free resolution of k starting from K,.(mp). We refer to [11] for more generalities and proofs on this
topic. A

The interest in Betti numbers is also due to their relation with the information given by the Hilbert
function.

Proposition A.11. Let M be a finitely generated graded S-module with Betti numbers ﬁfJ(M) Set
¢j = 2i>0(—1)i55j(M) € Z for every j € Z. By Theorem and since M is finitely generated, only
finitely many ¢; are non-zero. Then the Hilbert function of M is determined by the formula

n+d—j7—1
HF 5 (d) = Z@( 0 )
JEZ
Equivalently, the Hilbert series of M can be written as
ZjeZ ¢jtj
(1=t
Proof. By Theorem [A.7], the minimal free resolution of M looks like

0 @ S(—5)™ 5 o 5 P S (=) M - @ S(—5)% D 5 M 0,
JEZ JEZ JEZ

HSy =

where p is the projective dimension of M. By restricting the above exact sequence to its d-th homo-
geneous part, we obtain a exact sequence of finitely dimensional k-vector spaces where the right-most
part is My. Therefore, the formulae are direct consequence of the Rank-nullity theorem for exact
sequences. O

Remark A.12. The integers ¢; in Proposition can be obtained by the Hilbert function inductively
by inverting the given formula. But, the exact value of the Betti numbers cannot be deducted in
general by only the Hilbert function. In fact, there are plenty examples of modules having same
Hilbert function, but different Betti table. A

Koszul homology

As we have seen in the proof of Theorem in the polynomial case, the Koszul homology K,(mg; —)
measures the graded Betti numbers of a given graded S-module. Consider now a graded quotient
R = S/I. Given a graded R-module M, what does K,(mp; M) computes? It turns out that it still
computes the graded Betti numbers of M as S-module as shown below.

Proposition A.13. Let R = S/I be a graded quotient of a polynomial ring S = k[x1,...,z,] by a
homogeneous ideal I. Consider a graded R-module M. The projection w: S — R induces a S-module
structure on M compatible with its grading. Then, it follows

Blsj(M) = dimy H;(K.(mg; M));, for every i,j e N.
Therefore, one has the formula

regg(M) = sup{j — i : H;(K.(mpg; M)); # 0}.
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Proof. By Theorem we have the formula BZS](M) = dimy H;(K,(mg; M)); for every i,5 € N. It
remains to compare the two complexes K,(mg; M) and K,(mpg; M). By definition, given an element
f € S we have that the multiplication map -f : M — M is defined as m - f := w(f)m for every
m € M. Consider now ¢ : A° M — A°"' M the s-th chain map of K,(mg; M). From the definition of
Koszul complex, ¢; is a k-linear combination of multiplication maps. Since any element in S acts on M
through the action of R on M, we obtain H;(K,(mg; M)) =~ H;(K.(mpg; M)) foreveryi=1,...,n. O

Characterization using local cohomology

We now breafly introduce the local cohomology of a R-module M with support on an ideal I, and its
relation with the Betti numbers of M.

Consider a homogeneous ideal I < R. Then the Gamma functor I't : R—mod — R—mo? is defined
as I'1(M) := U;=00 :ps I™. Since I'r is left-exact, we may consider its right derived functors that we
denote as H{. For every R-module M, we name Hj (M) the j-th local cohomology module of M with
support on I. Here we state some basic properties of local cohomology.

Proposition A.14. Let M be an R-module.
(1) For each j =0, Hf(M) is I-torsion, that is ItHg(M) =0 for somete N.
(2) If VI =+/J, then H}(M) ~ Hﬂ(M) for every j = 0.

(8) The projection w : S — R induces a graded isomorphism Hf,(M) ~ Hi(J)(M) for every j = 0,
where J is a homogeneous ideal in S.

Proof. See |87, Prop. 7.3] and [87, Prop. 7.15 (2)]. O

One of the first vanishing theorems for local cohomology states that the cohomology modules vanish
after the dimension of the base ring.

Proposition A.15. Let I © R an ideal. Then for every M finitely generated module it follows:
(1) Fori>dim M + 1, it follows HY.(M) = 0. In particular, Hi(M) = 0 for every i > dim R.
(2) Let depth(I, M) be the mazimal length of a M-regular sequence in I, then

depth(I, M) = inf{i e N : HY{(M) # 0}.

Proof. For (1) see |87, Prop 9.15|, while for (2) see [87, Thm 9.1]. O
We now focus on the case I = mp. For every R-module M, we define the integers
a;(M) :=sup{y : H&R(M)j # 0}, for ¢ > 0.

The invariant a;(M) is always a finite number since H}, (M) is an Artinian module by Proposi-
tion [A.14{(1). These invariant can be used to compute the regularity of M as a S-module.

Theorem A.16. Let M be finitely generated graded R-module. Then
regg(M) = max{a; (M) +i:0 < i< n}.

Proof. The case R = S is proved in [47, Thm 4.3]. For the general case, Proposition [A.14{(3) implies
H (M) = Hj (M) as graded S-modules which concludes the proof. O

Corollary A.17. Let M be a graded R-module of finite length. Then regg(M) = max{d : My # 0}.

Proof. Since M has finite length, a power of mp annihilates M. This implies that Hg(M ) =
Iwp(M)= M, and H%R (M) = 0for j = 1. Then the final result is a consequence of Theorem [A.16{ [J
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Castelnuovo-Mumford regularity for Noetherian rings

In recent time, the theory of regularity has been generalised to the case when the residue field k is
replaced with a Noetherian ring. In this case, the classical condition of minimality does not subsist,
and one needs to adjust it. For a recent account and overview on this topic, in the settings of this
part, see |25, Chapter 8] and [26].

Consider a polynomial ring S = Sp[z1,...,x,]| where Sy is a Noetherian ring. Let R = S/I be a
graded quotient. Set S| = @;>15; = (z1,...,2,)S, and R, = @®;>1R;. Finally, let M be a finitely
generated Z-graded R-module. Using the projection 7 : S — R, M has also a structure of finitely
generated graded S-module.

A free resolution F, of M as a S-module is minimal if at each step

Gi+1 b
o g — F—F 1.,

the kernel of ¢; is minimally generated by the image of a basis of F;1; through ¢;4+1. In this section,
we will only consider free resolutions over the ring S.

In this setting, unless Sy is a local ring, the same module can be minimally generated by set of
elements of different cardinality. Therefore, Theorem cannot be generalised. However, the degrees
in which these generators lie are an invariant of the module. For every R-module M, one can define

to(M) := min{d € Z : M is minimally generated by @;<q M;}.

Then, even if there is no notion of Betti numbers, one can define the Castelnuovo-Mumford regu-
larity of M by mean of different, but equivalent definitions.

e Local cohomology. Let Hﬁh (M) be the ith cohomology module of M with support on R..
Then we set a;(M) = sup{j € Z : Hf%Jr(M)j # 0}. Let also grade(R4+,M) = min{i € N :
Hlilh (M) # 0}. The regularity of M is defined as

reg(M) = max{a;(M) +1i:0 <i<n}=max{a;(M)+i:depth(R;, M) <i < n},
where the second equality is a consequence of Proposition [A.15(2).

e Koszul homology. Consider the Koszul homology H. (R, M) that is the homology groups of
the Koszul complex. As in Proposition [A.13] we have Ho(Ry, M) = H.(S+, M). We generalise
the tg invariant as

ti(M) =max{jeZ: Hy(Sy,M); # 0}, fori=0,...,n.
Then the regularity given by Koszul homology is defined as
reg; (M) = max{t;(M)—i:i=0,...,n} =max{t;(M) —i:i=0,...,n —depth(S;, M)},
where the second equality is a consequence of [27, Thm 1.6.17].

e Minimal free resolutions. Let F, be a minimal free resolution of M. The regularities of F,

are defined as
regy(Fo) = sup{to(F;) —i:1=0,...,n —depth(Sy, M)},

and
regs(F.) = sup{to(F;) —i: i€ N}.

Theorem A.18. Let M be a finitely generated graded R-module, and let F, be a minimal free resolution
of M. Then
reg(M) = reg; (M) = regy(F.) = regz(Fe).

Proof. See |25, Thm 8.1.3]. O
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A hystorical note on Castelnuovo-Mumford regularity

The first step through the formal definition of regularity has been attributed to Castelnuovo in his
classical paper [31]. There, he was studying complete linear systems, or divisors in modern terminology,
over projective curves using the so called "basedpoint-free pencil trick". It is said that this trick
was taught by Zariski, student of Castelnuovo, to all his students including Mumford. In the aim of
generalizing Castelnuovo’s results, Mumford introduced the concept of d-regularity for coherent sheaves
on some projective space. Let F be a coherent sheaf on P, where k is an algebraically closed field
of characteristic zero. We say that F is d-regular if H' (PN, F(d —i)) = 0 for every 4 > 1. Then
one defines the Castelnuovo-Mumford regularity reg F as the least integer r such that F is r-regular.
If M = @uezHO(PY, F(d)), then one has regg M = reg F, where S = k[xo,...,zy]. This is direct
consequence of the characterisation of regularity with local cohomology, together with the theory of
Cech complexes [87, Thm 7.13|, and their application on the computation of sheaf cohomology [87,
Thm 13.21]. The modern and standard definition of regularity as given in this appendix is due to
Eisenbud and Goto in [4§].
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