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Abstract

Inverse problems are ubiquitous in scientific and engineering applications, where the
goal is to recover an unknown signal from indirect and often corrupted observations.
These problems are typically ill posed, requiring the incorporation of prior information
to ensure stable and meaningful solutions. In recent years, deep generative models have
emerged as powerful tools for encoding complex data distributions, offering a promising
alternative to classical regularization techniques.

This thesis investigates the use of generative models for solving inverse problems,
with a particular focus on medical imaging applications and theoretical advancements in
generative sensing. The work is structured into two main parts.

In the first part, we address the problem of motion artifact correction in brain Magnetic
Resonance Imaging (MRI). We evaluate two primary applications of diffusion models:
deploying them for direct motion correction, and utilizing them for data augmentation to
generate synthetic pairs for supervised training. Through extensive numerical experiments
on real MRI datasets, we quantitatively and qualitatively outline the strengths and
weaknesses of these methods, while highlighting important considerations regarding
model reliability and clinical applicability.

The second part focuses on a theoretical extension of generative approaches to inverse
problems. We introduce an infinite dimensional formulation of generative compressed
sensing, where signals are assumed to lie in the range of a generative operator rather than
being sparse in some predefined basis. Within this framework, we establish recovery guar-
antees and analyze the role of the sampling strategy, showing how adaptive measurements
informed by the generative model can significantly improve reconstruction performance.
Finally we perform numerical experiments, including applications to function space, to
support the theoretical findings.

Overall, this thesis demonstrates that generative models provide a flexible and effective
framework for tackling inverse problems, bridging the gap between practical applications
and theoretical understanding, and opening new directions for data driven reconstruction

methods.

II



Table of Contents

1 Introduction

2

1.1 Inverse Problems . . . . . . .. . . ... ...
1.1.1 Examples of inverse problems . . . . . . . ... ... ... ....
1.1.2 Variational techniques. . . . . . . . . ... ...
1.1.3 The Bayesian approach. . . . . . . .. ... .. ... ... ... .

1.2 Deep Learning . . . . . . . . . . e
1.2.1 Application to inverse problems . . . . . . . . ... ... ... ..

1.3 Generative Modeling for Inverse Problems . . . . . . . . ... ... ...
1.3.1 Generative models examples . . . . . . ... ...
1.3.2 Solving Inverse Problems with Generative Models. . . . . . . ..

1.4 Overview and Contributions .

© © 00 N O k= W N -

[ w—y
Lo =

Diffusion models for motion correction in magnetic resonance imaging 15

2.1 Introduction

2.2

2.3

2.11
2.1.2
2.1.3
2.14
2.1.5
2.1.6

Assessing the use of diffusion models for direct motion artifact correction

Motion

artifacts . . .

Classical techniques .

Deep learning . . . . .

Literature review . . .

Denoising diffusion probabilistic model . . . . . . . .. ... ...

U-net

in brain MRI

2.2.1 Methods . . . . . . . . e
2.2.2 Experiments . . . . . .. ... e
2.2.2.1 Dataset . . . . . ...
2.2.2.2 Experiment Details . . . . . ... ... ... ...
2.2.3 Results . . . .. . . e
2.2.3.1 Parameter Tuning . . . . . .. ... ... ... ...,
2.2.3.2 Transverse View . . . . . . . ..o e e e
2.2.3.3 Sagittal view . . . . ..o L oL
2.2.34 Coronal view . . . . . . . ... ..o
2.2.4 Summary and discussion . . . .. ...
Using diffusion models for data pair generation in MRI motion correction
2.3.1 Dataset . . . . . ...

15
15
16
16
17
18
19

20
20
21
21
21
21
22
23
23
23
24
24
24



TABLE OF CONTENTS

2.3.2

2.3.3

2.34

Implementation details . . . . . . .. ... .. ... ... ... ..
2.3.2.1 Diffusion model . . . ... .. ... ... ... ...
2322 U-mnet . ... .
2.3.2.3 Data and parameter selection . . . . . .. ... ... ..
2.3.2.4 Computational requirements . . . . . .. ... ... ..
Results . . . . . . . .
2.3.3.1 Challenging settings . . . . . .. ... ... ... ....

Summary and discussion . . . . . .. ..o

3 Infinite dimensional generative sensing

3.1 Introduction . . . . . . . . . e

3.2

3.3

3.4

3.1.1
3.1.2

Related work . . . . . . . ...
Structure of the chapter . . . . . . . .. ... ... ... .....

Setup and Main Results . . . . .. ... ... ... ... .........

3.2.1
3.2.2

Local Coherence and Sampling Strategies . . . . . ... ... ..
Recovery Guarantees . . . . . . . . .. ...
3.2.2.1 The Balancing Property . . . . .. ... ... ... ...

Numerical Validation . . . . . . . . . . . . .

3.3.1

3.3.2

Proofs
3.4.1
3.4.2
3.4.3

Experimental Setup and Methodology . . . . . . ... ... ...
3.3.1.1 Dataset and Architecture . . . . . .. ... ... ....
3.3.1.2 Training . . . . .. .. L Lo
3.3.1.3 Fitting the Latent Space . . . ... ... ... .. ...
3.3.1.4 Reconstruction . . . . . . ... . L 0oL
Results . . . . . . . .
3.3.2.1 Local coherence and adaptive sampling . . . . ... ..
3.3.2.2 Adaptive sampling . . . . ... ...
3.3.2.3 Discretization invariance of the reconstruction error . .
3.3.2.4 GMM asregularizer . . . . .. ... ... ... .....
Setup and local coherence . . . . . ... ... ... ... ... ..
Generalized Restricted Isometry Property . . . . . ... ... ..

Recovery bounds . . . . . ... ... Lo

3.5 Summary and discussion . . . . . ...

Bibliography

v

35
35
36
37
38
40
41
42
43
44
44
45
45
46
46
46
47
47
50
51
51
o4
o8
99

63



Chapter 1

Introduction

Thesis outline

This work is divided into three different chapters:

In the first one, we provide an overview of the fundamental concepts required for
the subsequent chapters. We begin by presenting the general framework of inverse
problems, followed by an introduction to deep learning methodologies. We then discuss
how deep learning techniques can be employed to address inverse problems. Finally, we
introduce generative models and examine their application, with particular emphasis on

their role in solving inverse problems.

The second chapter is based on the following two articles, developed in the course
of this thesis:

e P. Angella, V. P. Pastore, and M. Santacesaria, “ Assessing the Use of Diffusion
Models for Motion Artifact Correction in Brain MRI,” in Proceedings of
the 2025 IEEE 22nd International Symposium on Biomedical Imaging (ISBI).

o P. Angella et al., “DIMA: Diffusing Motion Artifacts for Unsupervised
Correction in Brain MRI Images,” IEEE Access, vol. 13, 2025.

These works constitute a direct application of the proposed framework, focusing on

motion artifact correction in MRI through the use of diffusion models.

The last chapter is based on the preprint:

e P. Angella, V. P. Pastore, and M. Santacesaria, “Infinite Dimensional Genera-
tive Sensing,” arXiv preprint arXiv:2603.03196, 2026.

This work extends the proposed framework to the infinite-dimensional setting, providing a
theoretical and methodological foundation for generative approaches to inverse problems

in functional spaces.
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Figure 1.1: Inverse problem example.

1.1 Inverse Problems

An inverse problem is the task of recovering information of interest from indirect and
noisy measurements. To model this, consider two Hilbert spaces X and Y, with x € X
the quantity we want to recover, y € Y the observed measurements, A : X — Y a
measurement operator, and € € Y the noise that affects out measurement. We can then
model our setup with

y=Ax+e.

This framework can be made more general, for instance A may be nonlinear or the noise
non additive, but this formulation is sufficient for the present discussion. We can call
the problem of obtaining y from x given A the “direct” one that is generally easy, while
the opposite or “inverse” one is usually much harder. Inverse problems are an area of
fundamental importance since they have applications in many fields such as medical
imaging, geophysics, signal processing, industrial testing, and others [1, 2].

To understand the challenge of solving inverse problems, it is helpful to first define
what makes a mathematical problem “well posed”. According to Jacques Hadamard [3],

a problem is well posed if it satisfies three properties:

1. Existence: There is at least one solution z for every observation y, meaning the

range of the operator covers the observation space.
2. Uniqueness: There is at most one solution x for every observation .

3. Stability: The solution depends continuously on the data, such that a bounded

perturbation in y guarantees a bounded perturbation in x.

In practice, inverse problems are often ill posed, meaning they violate one or more

of these properties. Some examples of inverse problems are as follows.
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1.1.1 Examples of inverse problems

Deblurring. In many imaging systems, the measured image is a smoothed version of the
object being imaged. Here A measure by acting as a convolution operator, Ax = k * x
for some blur kernel £ (also known as a point spread function) on some domain € [4].

The continuous formulation is given by:

(Ax)(t) = /Qk:(t —7)z(7)dT

and recovery of x amounts to inverting this smoothing integral.

Computed Tomography (CT). In CT imaging, A is the Radon transform, which
maps a function z defined on a two dimensional domain to its line integrals over a
collection of directions [5]. For a line L, g parameterized by distance s and angle 6, the

measurement is:

y(s,0) = /L x(r)de.

In practice, this means we can determine the internal density of an object (like a human
body) simply by measuring how X rays are absorbed from various angles, avoiding
destructive procedures.

Fourier subsampling. In applications like magnetic resonance imaging (MRI), we
ideally want to sample the complete Fourier transform of the signal being reconstructed.
In practice, however, it is only feasible to acquire a subset of the required data [6].
Because we are missing frequencies, the number of acquired measurements is significantly
smaller than the total number of unknown image pixels. We can express this linear

inverse problem mathematically as
y=JFor+¢

where y represents the subsampled data and Fq is the undersampled Fourier operator.
Since this system is strictly underdetermined, there are infinitely many potential images x
that perfectly match the acquired measurements in the frequency space. This ambiguity
directly violates the uniqueness property required for a well posed problem.
Denoising. Finally we have a task at the edge of inverse problems and imaging, it
arises when A = I, the identity operator. Here the measurements are a direct observation

of the signal but with some corruption given by the noise:
y=x+¢

and the task is to recover x from the noisy observation y.
Since the commonalities between all this different models, different strategies have

been developed to tackle them.

'Image credit: https://compphys.go.ro/nuclear-magnetic-resonance-and-fourier-transform/
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Figure 1.2: The measurement obtained by an MRI scan and the reconstructed image.

1.1.2 Variational techniques.

Unregularized Recovery. The most direct approach to solving the inverse problem
y = Ax + € is to look for a signal x whose forward projection Az best matches the
observed measurements y. This leads to the classical least squares formulation, which

minimizes the discrepancy between the predicted and observed data:
inll Az — 2
min|| Az — |3

This formulation assumes that the measurement noise € is small enough and that the
forward operator A is sufficiently well conditioned. When A has full column rank, the

minimizer admits the closed form solution given by the Moore-Penrose pseudoinverse [7]:
Test = (ATA)71 ATy,

While this solution is optimal in the least squares sense, it becomes highly unstable when
the inverse problem is ill posed. In particular, if AT A is poorly conditioned or nearly
singular, even small perturbations in the measurements can be greatly amplified in the
reconstructed signal. As a result, the recovered solution may be dominated by noise and
therefore unusable in practice.

Regularization Techniques. A common strategy to mitigate the instability of
inverse problems is to incorporate additional prior information about the solution. This
general principle is referred to as regularization, where the reconstruction problem is
augmented with a penalty term that promotes desirable properties in the recovered
signal.

A broad class of methods can be written in the variational form:
min Az — y|3 + A R(x),

where R(x) is a regularization functional encoding prior assumptions, and A > 0 controls
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the trade-off between data fidelity and prior enforcement.
One of the most classical choices is Tikhonov regularization [8], corresponding to a
quadratic penalty:
R(z) = |Tz|3,

where the operator I' reflects structural assumptions on the solution. For instance, I' = I
penalizes large amplitudes, while differential operators promote smoothness. In this case,

the problem admits the closed-form solution
zy = (ATA+ 2TTT) 1 ATy,

Beyond quadratic penalties, more sophisticated regularizers have been introduced to
better capture the underlying structure of signals. A prominent example is Total Variation
(TV) regularization[9], which promotes piecewise constant solutions by penalizing the
gradient magnitude, making it particularly effective for imaging applications with sharp
edges. Similarly, sparsity-promoting regularizers such as ¢;-norm[10] penalties encourage
solutions with few nonzero coefficients in a suitable representation.

In general, the regularization term improves stability by controlling the effective
conditioning of the inverse problem and suppressing the amplification of noise during
inversion, at the cost of introducing bias. Different choices of R(x) reflect different prior
assumptions and lead to different reconstruction properties, highlighting the importance
of selecting a regularizer consistent with the structure of the underlying signal.

Compressed Sensing. While quadratic regularization encourages smooth solu-
tions, many real world signals possess a different form of structure: they are sparse
(meaning most of their components are exactly zero) or compressible (meaning they
can be accurately represented by just a few nonzero coefficients) after an appropriate
transformation. This observation motivates the framework of compressed sensing [11,
12]. The key assumption is that the signal 2 can be represented using only a small
number of significant coefficients in some basis or dictionary W. Instead of penalizing

energy, compressed sensing promotes sparsity through an ¢ regularization term:
1 2
min o || Az —yll3 + Az

The ¢; norm acts as a convex surrogate for the nonconvex ¢y sparsity measure and
encourages solutions with many coefficients exactly equal to zero. Remarkably, under
suitable conditions on the measurement operator A, such as the Restricted Isometry
Property (RIP) [13], this convex optimization problem can recover the true sparse signal
exactly from a surprisingly small number of measurements. Specifically, a matrix A
satisfies the Restricted Isometry Property of order s if there exists a restricted isometry
constant ds € (0,1) such that the following condition holds for all vectors x with at most

§ nonzero entries:
(1= &)z < [lAz]3 < (1 + &)ll3.

This property guarantees that the measurement matrix A nearly preserves the Euclidean
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length of all sparse signals, ensuring that they are not mapped to the null space of the
operator. This insight has had a profound impact on fields such as medical imaging,
where it enables accelerated acquisition strategies. In particular, for matrices with i.i.d.

subgaussian entries, the RIP of order s holds with high probability once the number of

=ofom(2))

showing that the required sampling rate scales with the sparsity s rather than the ambient

measurements satisfies

dimension n [14].

1.1.3 The Bayesian approach.

An alternative and conceptually powerful perspective is provided by Bayesian inference,
where the inverse problem is formulated in terms of probability distributions [15, 16]. In
this framework, both the unknown signal and the measurements are treated as random
variables.

Bayes theorem combines the likelihood of observing the data given a candidate

solution with prior knowledge about the signal:

p(ylz)p(x)
ply)

Here, p(y|z) represents the likelihood, which describes the measurement process and

p(zly) =

noise model, while p(x) encodes prior beliefs about the structure of the signal. The
denominator p(y) represents the marginal likelihood or evidence. It acts purely as a
normalizing constant to ensure the posterior is a valid probability distribution that
integrates to exactly one. Because it does not depend on the unknown signal x, it is
safely ignored during the optimization steps used to find specific point estimators.

A commonly used estimator is the Maximum A Posteriori (MAP) estimate, which

selects the most probable solution given the observed data:

zypap = argmin (—log p(y|z) — log p(z))

This formulation reveals a deep connection between probabilistic inference and classical
regularization. In particular, assuming Gaussian noise leads to a quadratic data fidelity
term, while choosing a Gaussian prior on x results in a quadratic regularization penalty.
Under these assumptions, the MAP estimator coincides exactly with the Tikhonov regu-
larized solution [17]. This equivalence highlights how many deterministic reconstruction
methods can be interpreted as special cases of Bayesian inference with specific prior
assumptions.

Besides the MAP estimate, the Bayesian framework naturally accommodates other
point estimators derived from the posterior distribution. A prominent example is the

Conditional Mean estimator, which minimizes the mean square error. It is defined as the
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expected value of the posterior:

- / rp(zly)de.

While the MAP estimate identifies the peak of the probability density, the Conditional
Mean provides the center of mass, which can be more robust for complex or highly
skewed distributions.

Another foundational estimator is the Maximum Likelihood (ML) estimate. Unlike
MAP, the ML approach does not incorporate any prior knowledge about the signal,
implicitly assuming a uniform prior. It seeks the solution that maximizes the probability
of the observed data:

Ty = arg mgxp(ykc) = argmin (—log p(y|x))

The ML estimate is particularly useful when prior information is unavailable or when
the data is informative enough to overwhelm the prior. However, for ill posed inverse
problems, ML estimation often leads to unstable or noisy solutions, underscoring the
necessity of the prior term in the MAP formulation.

Perhaps the most significant advantage of this probabilistic formulation, compared
to the variational approach, is the ability to quantify uncertainty. Variational methods
typically yield a single deterministic solution without any measure of confidence. In
contrast, the Bayesian method yields the entire posterior distribution p(z|y). This
comprehensive statistical description allows us to evaluate exactly how certain a solution
is by computing covariance matrices or credible regions. Consequently, we can rigorously
assess the reliability of the reconstructed signal and understand which features are strictly

determined by the data versus those driven by prior beliefs.

1.2 Deep Learning

Deep learning has emerged as a powerful paradigm for solving complex computational
tasks, including inverse problems [18, 19]. At its core, deep learning relies on artificial
neural networks, which are composed of interconnected layers of artificial neurons [20].
A standard feedforward network applies a series of linear transformations followed by
nonlinear activation functions, allowing it to approximate highly complex mapping
functions between inputs and outputs. Mathematically, a neural network fy with L
layers and learnable parameters § = {W, bl}lel can be expressed as a composition of
functions:

foly) =o(Wro(...o(Wiy+b1)...) +bL)

where W; are the weight matrices, b; are the bias vectors, and o represent a pointwise
nonlinear activation function such as the ReLU, which is defined as ReLu(z) = max(0, x).

For spatial data such as images, Convolutional Neural Networks (CNNs) have be-
come the standard architecture [21]. Instead of fully connected layers, CNNs utilize

convolutional filters that slide across the input, capturing local patterns like edges and
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textures. This translation invariant property makes them exceptionally well suited for

imaging inverse problems like deblurring and medical image reconstruction.

1.2.1 Application to inverse problems

The most straightforward application of deep learning to inverse problems is the end to
end supervised approach [22]. Given a large dataset of N paired noisy measurements and
ground truth signals {(y;, z;)};, a neural network fy, belonging to a high dimensional
class of parameterized functions, is trained to directly map the observation to the clean
signal. This is achieved by finding the optimal parameters #* that minimize a chosen

empirical loss function £, such as the mean squared error:

0" = arg min ;E(fO(yi)axi)'

The minimum is usually obtained by using stochastic gradient descent. While the
data-driven mapping fy can be extremely fast during inference, it often lacks guarantees
of physical consistency with the forward model A and struggles to generalize outside
the training distribution. Furthermore, standard supervised networks often yield overly
smoothed reconstructions when faced with highly ill posed problems, as they tend to
output the conditional mean of all possible solutions rather than a sharp image.

A common alternative is the postprocessing approach [23]. Here, an initial recon-
struction Z is obtained using a simple analytical method, such as the pseudoinverse Af,
and a neural network fy is subsequently trained to remove artifacts and restore high

frequency details. The final estimate is formulated as:

Test = f@ (ATy)

To address these limitations and bridge the gap between pure data-driven methods
and classical model based approaches, researchers developed physics-informed deep
learning strategies.

A prominent example is deep unrolling, also known as algorithm unrolling [24]. This
technique takes a classic iterative optimization algorithm, such as proximal gradient
descent, and truncates it to a fixed number of iterations. The standard proximal gradient

step to minimize a data fidelity term with a regularization penalty R(z) is given by:
Trp1 = prox, gy — vAT (Azy — y))

where ~ is the step size and AT is the adjoint operator. In deep unrolling, the handcrafted
proximal operator prox.p is replaced by a learnable convolutional neural network Hg,

at each iteration k. The unrolled update rule becomes:
Ths1 = Ho, (v — yAT (Azy, — y))

By mimicking these iterations, these hybrid models combine the mathematical reliability
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and strict fidelity to the measurement physics with the expressive power of deep learning.

Another highly successful framework is the plug and play prior methodology [25].
Instead of explicitly defining a mathematical penalty like the Tikhonov matrix, plug
and play methods replace the regularization step in an iterative algorithm, such as
Half Quadratic Splitting, with an advanced pretrained neural network denoiser D,.
The optimization splits into two alternating steps. First, a data consistency update is
computed:

1 P
zx = argmin iHAzx —yl5+ 5”37 — vp—1]3,

followed by a denoising update that acts as the learned prior:
V = DU(Zk)‘

With this approach, these methods combine the interpretability of physical models with
the unparalleled representational power of deep networks.

Despite these advances, deterministic networks still struggle to fully quantify uncer-
tainty or reconstruct fine high frequency details in strictly underdetermined scenarios.
To capture the full posterior distribution and generate highly detailed and realistic recon-
structions, the field is increasingly shifting towards probabilistic approaches, specifically

generative modeling [26].

1.3 Generative Modeling for Inverse Problems

While classical methods rely on handcrafted priors, generative models aim to learn the
true underlying probability distribution of the data, denoted as p(x), directly from a
large dataset. By capturing the complex statistical dependencies within the data, these
models serve as exceptionally powerful priors for solving ill posed inverse problems [27].
The most prominent families of generative models include Normalizing Flows, Variational

Autoencoders, Generative Adversarial Networks, and Diffusion Models.

1.3.1 Generative models examples

Normalizing Flows. Normalizing flows construct complex distributions by applying a
sequence of invertible and differentiable transformations to a simple base distribution,
such as a standard Gaussian [28]. Let z be a latent variable sampled from a simple
prior pz(z), and let f be an invertible mapping such that = f(z). Using the change of
variables formula, the probability density of the target data distribution px(x) can be

det (W) ‘ .

The primary advantage of normalizing flows is this exact likelihood computation, which

computed exactly:

px(z) = pz(f~(2))

allows for direct maximum likelihood training. After training, new data can be generated
straightforwardly by sampling a latent variable z ~ pz(z) from the simple base distribu-

tion and passing it through the learned transformation x = f(z). However, designing
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expressive yet strictly invertible transformations can be architecturally restrictive, which
limits the flexibility of this particular approach.

Variational Autoencoders (VAEs). VAEs are probabilistic models that map data
into a lower dimensional latent space [29]. They consist of a probabilistic encoder g (z|x)
that approximates the intractable true posterior, and a generative decoder pg(z|z)
that reconstructs the data from the latent representation z. Since direct likelihood

maximization is intractable, VAEs are trained by maximizing the Evidence Lower Bound:

L(0,¢) = Eq, (z|z)[log po(z|2)] — Drr(qs(z]2)[|p(2)).

Here, the first term ensures reconstruction fidelity, while the Kullback-Leibler divergence
Dy, penalizes deviations of the approximate posterior from the prior p(z). After
training, new samples are generated by drawing a latent variable z ~ p(z) from the
prior distribution and passing it through the decoder network to produce x ~ py(z|z).
VAEs are computationally efficient and provide a well structured latent representation,
but the probabilistic decoding process often leads to blurry samples compared to other
generative models.

Generative Adversarial Networks (GANs). GANs take a completely different
approach by framing generation as a two player game between a Generator G and a
Discriminator D [30]. The generator attempts to produce realistic data x = G(z) from
noise z ~ p,, while the discriminator tries to distinguish between real data from the
dataset pgqiq and fake data produced by the generator. The optimization is a minimax

objective:
minwax V (D, G) = Eyup,,,, [l0g D(@)] + Eevy, log(1 — D(G(2)]

Through this adversarial training process, the generator learns a mapping from the
latent space to the data distribution. Once training is complete, generating new data
is straightforward: a random latent vector z is sampled from the prior distribution
and passed through the generator to produce a synthetic sample x = G(z). GANs are
renowned for producing exceptionally sharp and realistic images. However, they suffer
from training instability and mode collapse, where the generator only learns a small
subset of the data distribution, making them sometimes unreliable for inverse problems
in critical applications.

Diffusion Models. Currently representing the state of the art in generative modeling,
diffusion models operate by gradually corrupting data with Gaussian noise over a series
of steps until the signal is completely destroyed, and then learning to reverse this process
[31, 32]. In the continuous time formulation, the forward corruption process is described

by a stochastic differential equation:
dx = f(z,t)dt + g(t)dw,

where w is the standard Wiener process, f(z,t) is the drift coefficient, and g(¢) is the

diffusion coefficient [26]. The remarkable property of this process is that its reversal is

10
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Forward SDE (data — noise)
x(0) dx = f(x,t)dt + g(t)dw

score function

.e tx [£(x,8) — ¢ 0fF o o) + o)

Reverse SDE (noise — data)

Figure 1.3: Diffusion model scheme.?

also a stochastic differential equation, given by:

dx = [f(x,t) — g(t)*V log pe(w)]dt + g(t)dw.

Here, w is a reverse time Wiener process, and V, logpi(z) is the score function of
the perturbed data distribution. A neural network is trained to estimate this score
function via score matching. After training, new data can be generated by starting from
pure Gaussian noise and numerically simulating the reverse time stochastic differential
equation, progressively removing noise until a structured sample from the learned data
distribution is obtained. Diffusion models offer stable training and unprecedented sample
quality, though iterative sampling can be computationally expensive due to the large

number of denoising steps required.

1.3.2 Solving Inverse Problems with Generative Models.

Once trained, a generative model implicitly or explicitly represents the prior distribution
p(x) of the signals of interest. This learned distribution can be incorporated into either
the Bayesian or the variational framework for inverse problems, where the goal is to
recover an unknown signal z from indirect and noisy measurements y. Recollecting the

Bayesian formulation

p(zly) < p(ylx)p(x)

where , the likelihood term p(y|x) enforces consistency with the measurements, while
the prior p(x) captures the natural structure of the signals, generative models provide
a powerful way to represent the prior distribution. Instead of designing handcrafted
regularizers such as sparsity-promoting ones or total variation, the model learns complex
structures directly from data, including textures, anatomical constraints, and long range

correlations. Once the model is trained, the inverse problem becomes one of sampling

2Score based Generative Modeling through Stochastic Differential Equations [26]

11
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from or optimizing over the posterior distribution p(x|y).
Different classes of generative models lead to different reconstruction strategies. For
example, when using generative adversarial networks or variational autoencoders, the

signal is typically parameterized through a latent variable z, such that
x = G(z).

The inverse problem, in the variational formulation, can then be solved by searching for

a latent code that best explains the measurements [33]:
2* = argmin || AG(2) — y||*.
z

The reconstruction is subsequently obtained as #* = G(z*). This formulation restricts
the solution to lie on the range of the generator, which can significantly reduce the
dimensionality of the problem and enforce strong structural priors. Such approaches have
been successfully applied to compressed sensing, image super resolution, and inpainting,
where the generator fills in missing or corrupted information in a realistic manner.
Normalizing flows offer another attractive framework because they provide an explicit
and tractable likelihood [34]. Since the mapping between latent variables and data is
invertible, it is possible to directly evaluate the density p(x) and compute gradients of
the log likelihood. This enables optimization based methods that explicitly combine the

likelihood and prior terms:

&* = argmaxlog p(y|a) + log p().

The exact likelihood available in flow based models makes them particularly appealing
for Bayesian inference and uncertainty quantification in inverse problems.

Diffusion models provide yet another paradigm, which has recently emerged as one
of the most powerful approaches for solving inverse problems [35]. In this framework,
the generative model learns the score function V,logp(x) of the data distribution. This
quantity can be directly incorporated into posterior sampling procedures. By applying

Bayes theorem at the level of the score, we obtain

Vi logp(zly) = Vi logp(x) + V, log p(y|x).

The first term in the right hand side corresponds to the unconditional score learned from
data, while the second term enforces measurement consistency with the forward model.

This decomposition enables a wide range of reconstruction algorithms based on
stochastic differential equations or Langevin dynamics. Starting from pure noise, the
algorithm iteratively refines the sample by following the posterior score, gradually
producing solutions that both resemble realistic data and satisfy the measurement
constraints. One of the key advantages of this approach is its flexibility: the same
pretrained generative model can be used to solve many different inverse problems simply
by modifying the likelihood term [36].
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This framework has been successfully applied to a wide variety of imaging tasks
[37]. In magnetic resonance imaging (MRI), diffusion-based priors can reconstruct high
quality images from highly undersampled Fourier measurements, significantly accelerating
acquisition times [38]. In computed tomography (CT), generative priors can mitigate
artifacts arising from sparse view or low dose acquisitions [39]. In image inpainting, the
model can plausibly reconstruct missing regions by conditioning on the known pixels
[40]. Similarly, in super resolution problems the model generates high resolution details
that are consistent with the observed low resolution measurements [41].

Beyond imaging, generative priors have also been applied to problems such as
deblurring, phase retrieval, and seismic imaging [37, 42]. In each of these cases, the learned
data distribution provides a powerful constraint that helps resolve ambiguities inherent
in the forward model. By combining statistical learning with physical measurement
models, generative approaches offer a principled and flexible framework for tackling high

dimensional inverse problems that would otherwise be extremely challenging to solve.

1.4 Overview and Contributions

This thesis is organized into two main parts, each focusing on different aspects of the
proposed framework for solving inverse problems using generative models.

The first part, based on the two papers [43, 44], focuses on practical applications,
with particular emphasis on medical imaging. In Chapter 2, we investigate the use of
diffusion models for motion artifact correction in brain MRI, one of the most common
sources of image degradation, typically caused by involuntary patient movement during
acquisition. Such artifacts can significantly impair image quality and, consequently,
the reliability of downstream clinical analysis. Within this context, we show how
generative models, specifically diffusion models, can be effectively employed to perform
image restoration in a data-driven yet principled manner. We obtain reconstruction
methods that leverage learned data distributions while maintaining a clear connection
to the underlying physical acquisition process. This combination allows for improved
reconstruction quality compared to traditional approaches, particularly in challenging
scenarios. At the same time, we critically analyze the limitations of these methods,
emphasizing that their application may raise significant trustworthiness and reliability
concerns if not properly handled. In particular, the use of generative priors can lead
to the introduction of hallucinated features or the suppression of clinically relevant
details, which is especially problematic in sensitive domains such as medical imaging.
The proposed approaches are validated on realistic scenarios using real-world data,
demonstrating both their robustness and their effectiveness in handling complex, real
world degradations. These experiments highlight not only the potential of diffusion-based
methods for motion correction, but also the importance of careful methodological design
and evaluation when deploying generative models in practice.

The second part, in Chapter 3 which is based on the preprint [45], we introduce
an infinite dimensional formulation of generative sensing, a methodology inspired by

classical compressed sensing. In contrast to standard sparsity-based assumptions, we

13



Introduction

model the unknown signal as belonging to the range of a generative model, thereby
replacing handcrafted priors with learned ones. This perspective enables a principled
extension of generative approaches to infinite-dimensional (functional) settings. We
provide a rigorous mathematical framework for this formulation, establishing conditions
under which stable and accurate recovery is possible. This infinite-dimensional viewpoint
allows us to generalize classical finite-dimensional results and sheds new light on the
role of learned priors in inverse problems. Finally, we support the theoretical findings
with numerical experiments, focusing on the reconstruction of solutions to Darcy flow

problems.
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Chapter 2

Diffusion models for motion
correction in magnetic resonance

imaging

2.1 Introduction

Magnetic Resonance Imaging (MRI) [46, 47] is a powerful medical imaging technique.
However, the technique suffers from a critical limitation: patients must remain extraor-
dinarily still during imaging. This immobility requirement creates significant challenges
across different patient groups. Young children, claustrophobic individuals, and elderly
patients often struggle to remain motionless for extended periods. Additionally, some
movements are simply unavoidable, such as those caused by breathing and heart function.
The motion-induced artifacts in MRI are uniquely complex, stemming directly from
the image formation process. Unlike traditional photography, where movement creates
localized blurring, MRI’s image construction involves sampling points in Fourier space
(known as k-space). In this domain, even minor local movements can dramatically
distort the entire image [48]. This occurs because MRI images are created by sampling
points from the Fourier transform of the object and then computing an inverse Fourier
transform with incomplete data. As an inverse problem, these motion-induced errors can
be substantially amplified. To mitigate these challenges, researchers have developed two
primary intervention strategies: prospective and retrospective techniques. Prospective
methods are implemented during the scanning process, such as collecting redundant data
points at different times to compensate for patient movement. However, these approaches
are often machine-specific, technique-dependent, and can increase overall scan duration.
Retrospective techniques, in contrast, focus on correcting artifacts after the image has

been captured. Our proposed method belongs to this second category.

2.1.1 Motion artifacts

While MRI offers superior soft tissue contrast and non-invasive imaging capabilities

without ionizing radiation, its relatively long acquisition times make it susceptible
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to patient movement, which can result in various image artifacts including ghosting,
blurring, geometric distortion, and reduced peak signal-to-noise ratio (PSNR). These
artifacts can compromise diagnostic accuracy and automated analysis, potentially leading
to false positives or negatives, and may necessitate scan repetition, which increases
costs and delays treatment. Motion correction approaches can be classified by several
factors: motion type (rigid translation/rotation vs. deformable), timing (inter-image,
inter-scan, or intra-scan), pattern (periodic, quasi-periodic, continuous, or sporadic),
and in 2D imaging, whether the motion occurs in-plane or through-plane. While faster
imaging techniques have reduced acquisition times from dozens of minutes to seconds,
these improvements often involve trade-offs in resolution, contrast, or SNR. The ongoing
development of motion correction techniques reflects the critical importance of addressing
this fundamental challenge in MRI technology, as improving motion correction capabilities

directly impacts clinical outcomes and research validity [49].

2.1.2 Classical techniques

Classical methods to mitigate motion artifacts in MRI primarily focus on reducing patient
movement and correcting the acquired data. Physical restraints and breath-holding
techniques are employed to minimize motion during image acquisition. Prospective
motion correction [50] actively adjusts scan parameters in real-time to compensate for
detected movement, while retrospective methods apply post-processing algorithms to
realign and correct motion-affected image segments. Additionally, navigator echoes,
temporal filtering, and multi-shot acquisition strategies with motion-robust reconstruction
algorithms [48] can help reduce the impact of motion on image quality. These techniques,
while effective, often require careful optimization and may not fully address complex

motion patterns, particularly in challenging clinical scenarios.

2.1.3 Deep learning

Recent advances in deep learning have enabled significant progress in retrospective
motion artifact correction for MRI [46, 47]. These methods rely on training machine
learning models, predominantly deep neural networks, through supervised approaches
where data quality is paramount. Two primary strategies exist for obtaining suitable
training data. The first involves acquiring paired scans of the same subject—one
motion-free and one with motion artifacts. However, this approach presents substantial
limitations: such paired acquisitions rarely occur in clinical practice, requiring expensive
dedicated experiments that may not accurately represent involuntary patient movements
encountered in real-world scenarios. The second approach involves simulating motion
artifacts through k-space manipulation, which while eliminating the need for additional
scans, requires detailed knowledge of the MRI acquisition parameters and may produce
artifacts that inadequately represent clinical reality. Owur contribution was divided
in two different efforts. In [43] we showed that directly using generative models, in
particular diffusion models, can produce high-quality reconstructions but they are also

susceptible to hallucination. This poses risks in diagnostic applications. Nonetheless,
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we critically evaluated their use for correcting motion artifacts in 2D brain MRI scans.
In [44] we proposed a method to address the limitation of requiring paired data for
training by utilizing unpaired motion-affected and motion-free images from routine
clinical examinations. This eliminates the requirement for k-space modification or
sequence-specific technical information, thereby enabling broader application across

various scanning protocols and hardware configurations.

2.1.4 Literature review

Prospective methods either use sampling patterns that sample the same points in the
k-space at different times to estimate and correct the patient motion [51, 52] or use
external tracking devices such as cameras to achieve the same objective [53, 54]. Among
the retrospective methods we cite the ones using compressed sensing techniques [55,
56] that leverage a priori knowledge on MR images to perform the motion correction
task. Numerous deep learning approaches have been proposed for MRI motion artifact
correction. In [57], CNNs were used for motion correction in 3D MRI data, while [58]
employed a conditional generative adversarial network (cGAN) for artifact reduction.
[59] introduced a deep residual network with densely connected multi-resolution blocks,
and [60] developed stacked U-Nets with self-assisted priors, such as contiguous slices, for
improved corrections. In [61], a neural network-based regularization term was integrated
with Autofocusing, a classic optimization-based method, and [62] employed a diffusion
model for motion correction. Recently, [63] proposed an annealed score-based diffusion
model, which consists in iteratively applying forward and reverse diffusion processes. All
of these methods rely on supervised learning and require paired motion-corrupted and
motion-free images, which are often unavailable and necessitate the simulation of motion
artifacts.
Different approaches [64, 65, 66, 67, 68] faced the data availability problem by using an
image-to-image translation framework, exploiting general techniques such as [69], and with
a framework inspired by [70]. Exploiting synthetic data, these methods enabled artifact
removal without paired training data through innovative approaches like adversarial
autoencoders, k-space subsampling, and novel reconstruction methods, thereby enhancing
image quality across respiratory, brain, and dynamic imaging scenarios. Specifically, in
[64], the authors employ an adversarial network to learn the translation mappings between
the motion-affected and motion-free images; in [65] instead they trained an adversarial
autoencoder network in a way that forces the encoder to remove motion artifacts; in
[66] they developed an unsupervised deep learning scheme through outlier rejecting
bootstrap sub-sampling and aggregation, using data in the k-space; [67] introduced an
adversarial framework with a new generator architecture and loss function to perform
unsupervised correction; finally in [68] they improved the vanilla CycleGAN by adding
loss regularization with a module that estimates the motion severity of the input image.
All these works were originally evaluated on synthetic or proprietary datasets.
However, a subsequent study [71] provided a comparative evaluation of the aforementioned

techniques using the MR-ART dataset, which we also use in this work. The work [71] also
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introduced the first application of diffusion models for motion artifact correction, where
motion-free images are generated directly from their motion-affected counterparts. Their
diffusion-based method significantly outperformed state-of-the-art approaches based on
image-to-image translation.

Other works have used diffusion models in relevant tasks. For instance [72] proposed a
method that performs MRI reconstruction jointly with motion-free estimation to improve
image quality. In [73] they developed conditional diffusion models for various tasks,
applying them to medical imaging problems. Finally [74] also addressed the problem of
motion correction using a multi-phase approach that includes a diffusion model. Similarly

to previous works, we exploited diffusion models for motion artifact correction like [71].

2.1.5 Denoising diffusion probabilistic model

Denoising Diffusion Probabilistic Models (DDPMs), commonly referred to as Diffusion
Models for brevity, are generative models that create data by reversing a diffusion process.
In the forward diffusion process, Gaussian noise is progressively added to an initial data
point xq (e.g., an MRI image) over T timesteps, resulting in a sequence of latent variables

X1,...,X7. Each transition is governed by the following rule:

q(x¢|xe—1) = N (x5 vorxe—1, (1 — ap)T),

where oy are hyperparameters of the variance schedule parameters. The reverse process,

that is learned with a neural network, learns to denoise each x; to recover x;_1:

Po(x—1]x¢) = N (x¢—1; pro (%1, 1), (1 — a)T).

This architecture enables DDPMs to generate samples by progressive denoising starting
from pure Gaussian noise.

The values that regulate the amount of noise added, and consequently the amount
that needs to be removed, are the coefficients oy, which are fixed a priori. From these,

we can define

t
(jét = H Qg
s=1
which represents the amount of the original signal preserved after ¢ noising steps, and

0,52 =1—-oy
that denotes the amount of noise added at each step. For a more in depth theoretical
discussion, we refer the reader to [75]. In our two works we leveraged the DDPM to either
introduce or remove motion artifacts. A DDPM typically generates images by starting
from random noise and performing 7' denoising steps. In our approach, described in
Algorithm 1, we adapt the DDPM to begin with an initial image, add Gaussian noise
progressively up to a certain step n (where n < T'), and then allow the model to denoise

for the remaining n steps. This method provides bidirectional capabilities depending on
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the training domain. If the model is trained on motion-free images and is fed motion-
affected ones during inference, it effectively removes motion artifacts. Alternatively, it
can introduce realistic motion artifacts if trained on motion-affected images, by starting
with a motion-free image. In either scenarios, simulating the forward diffusion process
up to step n followed by partial denoising retains the original structural characteristics
while applying the desired transformation. The choice of n is critical to achieving a
balance; if n is too large, the resulting images may appear exaggerated or unrealistic,
diverging from the characteristics of real world data. Conversely, if n is too low, the
modifications may not be prominent enough, making them ineffective for generating
meaningful paired training data or properly restoring the image. By tuning n, we ensure
that the generated images are both realistic and diverse, enabling the creation of high

quality paired datasets for supervised training.

Algorithm 1 Diffusion-based motion simulation. The algorithm is used to add simulated
motion artifacts to motion-free images; this is done after training the network eg on the
motion-affected images

1. input Y, n, {a, &, 00}y s €0
2: 7~ N(O, I)
30 Xp =V, Y+ (1 —ay)z
4: fort=n,...,1do
5: ift>1z~N(0,I),elsez=0
6: Xt 1 = \/% (Xt — \}%69(Xt,t)) + 042
7: end for
8: return xg
2.1.6 U-net

In [44] following the generation of simulated data, we employ a U-Net architecture [76] to
learn a mapping between motion-corrupted images and their artifact-free counterparts.
The U-Net’s design is particularly well-suited for biomedical image analysis due to its
encoder-decoder structure with skip connections, which preserves fine spatial details
while capturing hierarchical feature representations. To train the network, we utilize
paired datasets where motion-affected images (simulated via our framework) serve as
inputs, and their corresponding ground-truth, artifact-free images act as targets. During
training, we optimize using the SSIM loss function. U-Nets also appear in [43] but only as
a baseline, supervised method. Once trained, the U-Net operates as a standalone artifact
correction model, processing unseen motion-degraded images in inference. To validate
performance, we quantify restoration accuracy using as metrics structural similarity
index (SSIM), mean squared error (MSE) and peak signal-to-noise ratio (PSNR).
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Figure 2.1: Our implementation follows a two-phase approach. In the first phase, a
diffusion model (DDPM) is trained on a dataset of motion artifact-affected images. In the
second phase, the trained model is used to introduce motion artifacts into clean images,
generating paired datasets. These pairs enable supervised training in the subsequent
step. See Algorithm 1 for more details.

Motion affected  Ground truth 50

Figure 2.2: DDPM motion artifact correction with different time steps n.

2.2 Assessing the use of diffusion models for direct motion

artifact correction in brain MRI

In this section, we focused on comparing two different methods for motion correction,
both of which operate under the assumption that paired data of motion-affected and
motion-free images are unavailable. This assumption holds because such paired scans
can only be obtained through dedicated experiments, which are not feasible in standard

clinical practice.

2.2.1 Methods

The first of the two methods compared involves a U-Net trained in a supervised manner
using synthetically generated motion-affected images. The second method employs an
unconditional diffusion model, specifically a Denoising Diffusion Probabilistic Model
(DDPM) [75], trained only on motion-free images to accomplish the same task (see Fig.
2.1 for a schematic overview).

The key challenge lies in adapting the DDPM for motion correction, as it typically

generates images by starting from random noise and performing 7' denoising steps. In
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our approach, described in Algorithm 1, we instead begin with the motion-affected image,
add Gaussian noise up to a certain step n (where n < T'), and then allow the model
to denoise for the remaining n steps. The choice of n is crucial: if too high, the model
may hallucinate details; if too low, the correction will be insufficient (see Fig. 2.2 for a
qualitative example).

To evaluate the performance of the various approaches, we employ standard metrics
for motion artifact correction assessment: the Structural Similarity Index Measure
(SSIM), Normalized Mean Squared Error (NMSE), and Peak Signal-to-Noise Ratio
(PSNR).

2.2.2 Experiments
2.2.2.1 Dataset

All experiments are conducted using the MR-ART dataset [77], which contains brain MRI
scans of 144 patients, captured both while they remained still and while moving their
heads to introduce motion artifacts. As mentioned earlier, having paired data like this is
uncommon. Therefore, we employ data from Olsson et al. [78], which includes simulated
motion artifacts. The dataset consists of 3D volumes, from which sagittal, coronal, and
transverse views were extracted for use in the experiments. Our preprocessing step
includes normalization and registration between the motion-free and motion-affected

images from MR-~ART, as the volumes are often misaligned.

2.2.2.2 Experiment Details

All experiments are conducted on an NVIDIA A30 GPU using the PyTorch framework.
The architecture of the U-Net follows the original of [76], while the diffusion model is
based on the architecture of [79]. Specifically, 500 timesteps were used. For DDPM
training, the learning rate was set to 5 x 1072, and for the U-Net at 1 x 1073, in both
cases the batch size was 6. Early stopping was applied to all models to prevent overfitting
on the training set. A subset of 30 patients was used for training, 10 for validation,
and 25 for testing. This approach was adopted to ensure efficient use of computational

resources while maintaining robust performance.

2.2.3 Results

We first describe our parameter-tuning procedure, and then report the obtained results
on the three available anatomical planes. Our analysis compares three approaches:
(1) our diffusion model approach, (2) a U-Net trained on synthetic images from [78],
and (3) a benchmark U-Net trained directly on paired motion-affected and motion-free
images from the ground truth dataset. This last approach serves as an upper bound for
performance, as it uses real paired data that would typically be unavailable in clinical

settings.
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Motion affected Ground truth UNet Real UNet Synth Diffusion
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Figure 2.3: Comparison of the different approaches on all three views.

Ground truth UNet Real UNet Synth Diffusion

Figure 2.4: Example of hallucination of the DDPM.

2.2.3.1 Parameter Tuning

In the original MR-ART dataset, each clean image is paired with two corresponding
images featuring induced motion. Therefore, for each U-Net training session, we utilize
two synthetic motion-affected images for every motion-free image. In [78], four sets of
synthetic images were produced for each reference image. For a fair comparison, we select
the best two synthetic images by training a U-Net on each possible combination (referred
to as A, B, C, and D) and selecting the one yielding the best results on the validation
set. All sets produce very similar outcomes, with slightly better performance for the BC
set. Thus, we select this set to compare with our diffusion model-based approach. An
important parameter is the timestep at which to start the denoising process. Here, there
is a trade-off between artifact removal and hallucination by the model, as shown in Fig.
2.2. We selected 150 timesteps as it provided an optimal balance between reconstruction

quality and the extent of hallucinations.
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Label SSIM NMSE PSNR

UNet Real  0.858 +0.079 0.059 +0.054 22.9+2.7
UNet Synth  0.844 +0.088  0.055+0.062 24.5+2.8
Diffusion 0.839 £ 0.073  0.047 £0.0b3 24.9+24

Table 2.1: Transverse view metrics.

Label SSIM NMSE PSNR

UNet Real  0.782 +0.055 0.084 +0.119 21.9+2.1
UNet Synth  0.741+0.060 0.0985+0.124 22.2+1.9
Diffusion 0.666 +=0.180 0.1324+0.182 22.0+ 3.4

Table 2.2: Sagittal view metrics.

2.2.3.2 Transverse view

In the transverse view, the Diffusion model performs best for NMSE and PSNR, while
the UNet achieves the highest SSIM. The UNet Synth model performs decently but
slightly trails behind the Diffusion model in NMSE and PSNR, despite being close to
the UNet in SSIM. See Fig. 2.3 (middle) for a qualitative comparison of the motion-free
images predicted with the investigated approaches. In this view, DDPM is not prone to
hallucination. To better frame the obtained results in the state-of-the-art, we report the
performance on the transverse view available from [71], exploiting popular generative
models including CycleGAN [80], Pix2Pix [69], and a conditional diffusion probabilistic
model. Our investigated methods outperform the available state-of-the-art results for
all the evaluation metrics. Notably, the transverse is the only view employed in the
literature existing on motion artifact correction with diffusion models for the MR-ART
dataset [71].

2.2.3.3 Sagittal view

For the sagittal view, the UNet performs the best in terms of SSIM and NMSE, though
the UNet Synth slightly surpasses it in PSNR. The Diffusion model performs poorly in
this view, with significantly higher NMSE and a much lower SSIM (See Fig. 2.3 (top)
for a qualitative comparison) Furthermore, DDPM is prone to hallucination, affecting

predicted motion-free images (see Fig. 2.4 for an example).

2.2.3.4 Coronal view

In the coronal view, the UNet Synth performs the best overall, with the highest SSTM
and PSNR, though the UNet has a lower NMSE. The Diffusion model does well in NMSE

Label SSIM NMSE PSNR

UNet Real  0.806+0.103 0.064 £0.054 22.6+2.9
UNet Synth  0.810+0.121 0.074 £0.065 23.5+2.8
Diffusion 0.765+0.108  0.068+0.061 23.5+2.5

Table 2.3: Coronal view metrics.
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and PSNR but falls behind in SSIM compared to the UNet models, with predicted
motion-free images affected by hallucination. See Fig. 2.3 (bottom) for a qualitative

comparison.

2.2.4 Summary and discussion

This study critically evaluates the use of diffusion models for correcting motion artifacts
in 2D brain MRI scans. Our findings reveal that while diffusion models can achieve
competitive performance with supervised methods in certain scenarios, their effectiveness
varies significantly with data heterogeneity and anatomical planes. The primary challenge
lies in balancing reconstruction quality against the risk of hallucinations, which could
be particularly problematic in diagnostic settings. Our results suggest that diffusion
models hold promise for MRI motion artifact correction, but their clinical application
requires careful consideration of specific use cases and potential risks. Future work should
focus on developing methods to detect and mitigate hallucinations, exploring hybrid
approaches that combine the strengths of both diffusion and supervised methods, and

conducting clinical validation studies to assess the impact on diagnostic accuracy.

2.3 Using diffusion models for data pair generation in MRI

motion correction

In this section, we explore the use of diffusion models to generate motion artifact—corrupted
MRI images from clean scans. These synthetic data enable supervised learning by provid-

ing paired clean and corrupted images for training a network to remove motion artifacts.

2.3.1 Dataset

Our experiments were conducted using two datasets. The first dataset is the MR-ART
dataset [77], which includes brain MRI scans from 144 patients, where we extracted
around 100 images from each scan for each possible view (sagittal, transversal and
coronal). For each patient, there are three scans: one motion-free scan acquired while
the patient remained still and two motion-affected scans acquired while the patient
purposefully moved their head to induce artifacts. Additionally, we utilized simulated
motion artifact data provided in [78], which generated four motion-affected simulations
for each motion-free scan in the MR-ART dataset. This is done through k-space alteration
techniques that mathematically model the complex physical processes underlying image
degradation during magnetic resonance scanning, we point out that generating this
simulations requires knowing the details of the particular MRI sequences used to acquire
the scans. The second dataset [81], which we refer to as IN-SCANNER, counsists of
MRI scans from 25 patients, each with one motion-free and one motion-affected scan.
It is important to note that paired motion-free and motion-affected MRI scans are
exceptionally rare, particularly for non-brain MRI. This scarcity arises because accidental

patient movement during scans is challenging to capture in a controlled manner. The
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motion artifacts in the MR-ART dataset were generated through purposeful movement,
which differs from the unintentional and often irregular motion seen in real-world clinical
settings. Both datasets comprise 3D volumes, from which we extracted slices from all
possible acquisition planes (sagittal, transversal and coronal) for our experiments. As
part of the preprocessing pipeline, we applied normalization and performed registration
to align the motion-free and motion-affected images in the MR-ART dataset, as the

volumes were often misaligned.

2.3.2 Implementation details
2.3.2.1 Diffusion model

We trained a Denoising Diffusion Probabilistic Model (DDPM) based on the implemen-
tation from [79]. The model consists of a U-net architecture that accepts both an image
and an integer representing the denoising time-step as inputs. We trained this DDPM on
motion-affected images from 30 patients in the dataset (for reference, there are around
120 images for each patient), using an additional 15 for validation. 500 time-steps were
used and we implemented early stopping to prevent overfitting.

We use a linear noise scheduler for o7, ranging from 0.02 to 0.03. The U-Net used
as the denoiser features an encoder that progressively reduces the spatial resolution
through four stages with channel sizes of [1,2,4, 8]. Each stage consists of four residual
blocks. Self-attention is applied at the 32 x 32 resolution using multi-head attention with
four heads. The decoder mirrors the encoder, incorporating upsampling operations and
skip connections to fuse encoder features at corresponding resolutions. These patients’
data were excluded from all subsequent experiments to maintain data independence.
To generate synthetic motion-affected images starting from the available motion-free
ones, and employing the trained diffusion model, we select an integer n smaller than
the total number of time-steps, add noise to each image slice according to the DDPM
scheduler’s specifications, and feed the noisy image to be denoised at the n-th timestep
(see Algorithm 1). This process can be repeated multiple times to improve the result
by simply taking the image generated and feeding it back to the DDPM, repeating
the process. This approach is used because running multiple iterations allows for the
introduction of more artifacts while minimizing hallucinations, compared to a single,
deeper denoising process with more steps. There is a crucial balance to strike when
choosing the timestep value. A timestep that’s too large results in heavily hallucinated
images, while one that’s too small produces images too similar to the originals. Either
extreme yields pairs that are less useful for training. See Figure 2.6 for a qualitative
comparison of our diffusion-based motion artifact simulation with real motion artifacts
from the MR-ART dataset and synthetic motion artifact from [78].

2.3.2.2 U-net

For rigorous comparative analysis, we simultaneously trained identical U-net neural
network architectures using three alternative image sets. The first alternative training set

is comprised of ground truth images sourced directly from the MR-ART dataset, providing
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a baseline of what can be obtained with paired data. The second alternative training set
consisted of images with simulated motion artifacts generated by [78]. Finally we have our
own proposed method that uses synthetic images created by the diffusion model trained
on real motion-affected images. In all cases we use the original motion-free images paired
with the motion-affected real/simulated ones for training. By employing diverse image
sets to train these networks, we developed a solid experimental framework that allows us
to thoroughly assess the effectiveness and adaptability of our generation method. This
methodical comparison allows us to assess not only the efficacy of our proposed method,
but also its potential advantages over traditional motion artifact correction techniques.
Our experimental design intentionally maintained consistent network architectures across
all training scenarios, ensuring that any observed performance differences could be
attributed directly to variations in the training data rather than network structure. This
approach provides a motion-free, controlled methodology for understanding the nuanced

challenges of motion artifact correction in medical imaging.

2.3.2.3 Data and parameter selection

All U-net networks were trained with a learning rate of 0.001, a batch size of 6, and the
Structural Similarity Index Measure (SSIM) [82] as the loss function. We implemented
early stopping to prevent overfitting. The test set consisted of ground truth pairs from
the MR-ART dataset, and performance was evaluated using four metrics: Structural
Similarity Index Measure (SSIM), Normalized Mean Squared Error (NMSE), Peak Signal-
to-Noise Ratio (PSNR) and Learned Perceptual Image Patch Similarity (LPIPS)[83].
The MR-ART dataset pairs each motion-free reference image with two motion-affected
variants. To maintain consistency in our U-Net training, we adopted the same approach
by using two simulated motion-affected images per motion-free image in both simulated
methods. Since the dataset provided by [78] contains four distinct sets of motion-
affected images (A, B, C, and D) for each reference image, we conducted separate U-Net
training experiments for every possible combination of these sets (results in Table 2.4).
This systematic approach enabled us to identify the optimal image set for training.
In addition to image sets, we investigated the number of patients required to achieve
optimal performance, as motion simulations are computationally expensive. We trained
all U-Net configurations using 10, 30, and 50 patients while maintaining a fixed validation
set of 15 patients. These tests were performed exclusively on sagittal slices, with the
selected parameters subsequently applied to the other two image views. During training,
validation was performed using the same input images as those in the training set.
However, to more accurately represent real-world performance, the data selection results
(SSIM metrics shown in Figure 2.7) were calculated using original paired images from
the MR-ART dataset. The results show that 30 patients represents a sufficient sample
size, showing significant improvement over 10 patients while performing comparably to
50 patients. Detailed metrics for U-Nets trained with 30 patients across different training
sets are presented in Table 2.4.

Notably, all combinations yielded highly similar results. We ultimately selected
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Sets  SSIM NMSE PSNR LPIPS

AB 0.704 £0.067 0.117+£0.06 21.3+£20 0.126 +0.044
AC 0.705+£0.069 0.113+£0.071 21.3+£2.2 0.126 £0.045
AD 0.703+£0.070 0.114+0.064 21.3£2.2 0.129 +0.046
BC 0.709£0.068 0.112+0.063 21.44+21 0.125+0.044
BD 0.704 £0.068 0.112+£0.059 21.3+2.1 0.129+£0.045
CD 0.707+0.069 0.117+0.063 21.1+2.1 0.126 +0.044

Table 2.4: Performance metrics for different dataset combinations of the data made
available by [78].

Set  Denoising steps Iterations
T 120 4
Z 170 5
H 280 2
J 330 1

Table 2.5: Parameters of motion simulation for the diffusion model.

combination "BC" due to its marginally higher SSIM and lower NMSE values, though we
emphasize that no significant differences exist between combinations. For consistency,
we also evaluated four potential data simulation parameters (H, J, T, and Z) against
the control set and those from [78]. The parameters for each set, shown in Table 2.5,
primarily involved the number of denoising steps, which determines how far deep in
the DDPM architecture the process starts, and iterations, meaning how many times
Algorithm 1 is repeated. These values were heuristically selected to balance motion
artifacts and hallucinations. Following the same protocol, we tested all combinations with
10, 30, and 50 patients (results in Figure 2.8), again identifying 30 patients as sufficient.
Detailed metrics for these U-Nets appear in Table 2.6. While results showed smaller
variations between parameter choices, we selected combination TZ due to its slight
performance advantage. We emphasize that the patients used for parameter selection

were distinct from those in the final test set.

Label SSIM NMSE PSNR LPIPS

HJ 0.686 +£0.068 0.122+£0.061 19.5+2.0 0.208 £0.044

HT 0.709 £0.077  0.106 £0.058 20.8£2.3 0.162+0.041

HZ 0.706 +£0.074  0.11 £ 0.058 20.1£2.1 0.155+0.045

JT 0.711 £0.071  0.109£0.059 20.3+2.1 0.159 £ 0.048

JZ 0.714 £0.068 0.111 £0.067 20.0£2.0 0.163 +0.045

TZ 0.713 £0.068 0.106 £0.057 20.5+2.1 0.128 +0.047

Table 2.6: Performance metrics for different dataset combinations of our simulated

images.
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Label SSIM NMSE PSNR LPIPS
SIMUNET [78] 0.786 +£0.035 0.064 +0.016 23.6=+1.0 0.125+0.044
DIMA 0.788 +0.036 0.058 +0.017 23.0+1.2 0.128 4 0.047
SUPUNET 0.820 £ 0.030 0.052+0.015 235+ 1.3 0.147 + 0.039
CycleGAN [71]  0.670 0.225 21.7

Pix2Pix [71] 0.640 0.242 21.4

Unet [71] 0.730 0.195 22.5

Diff [71] 0.680 0.191 21.9

Table 2.7: Experiments results for the sagittal acquisition plane. The difference of
PSNR between our 3 implemented methods is not statistically significant. All the other
pairs of results are.

2.3.2.4 Computational requirements

All experiments presented in this work were performed on an NVIDIA RTX A5000 GPU
with 24 GB of VRAM. On this hardware, training the diffusion model with a dataset of
6,500 images takes approximately 25 seconds per epoch. During inference, generating a
new image—starting from Gaussian noise and performing all denoising steps—requires
around 30 seconds. Training the U-Nets is considerably faster, taking only a few seconds
per epoch. The inference time of the U-Nets, which are the only components intended
for deployment in clinical settings, is on the order of milliseconds per image and requires
at most 3 GB of VRAM.

2.3.3 Results

We compare the performance of different U-Net models trained under varying conditions.

To facilitate this analysis, we refer to the following methods:

1. SIMUNET: A U-Net trained with traditional motion simulation techniques,
utilizing data from [78].

2. DIMA: A U-Net employing our proposed diffusion-based motion simulation tech-

nique.

3. SUPUNET: A U-Net trained in a supervised manner using pairs of real motion-
affected and motion-free images, serving as an upper-bound benchmark for the

performance of the two preceding methods.

A paired t-test was performed for each experiment. Results are statistically significant (
p < 0.01 ) unless otherwise indicated in the caption.

The comparative performance across different anatomical views and datasets reveals
several key insights. See Figure 2.10 for a qualitative comparison. For sagittal views
(Table 2.7), our approach demonstrates comparable performance with the ground truth
benchmark (SSIM: 0.788 4 0.036 vs 0.820 £ 0.030), while substantially outperforming
traditional architectures like CycleGAN and Pix2Pix. The view-specific analysis reveals
interesting variations in performance. While our method shows results in line to the
simulation-based approach in all the views (SSIM: 0.852+0.037 vs 0.85840.034, Table 2.8,
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Label SSIM NMSE PSNR LPIPS

SIMUNET [78] 0.858 £0.034 0.046 +0.019 23.7+1.5 0.085+0.028
DIMA 0.852£0.037 0.047£0.019 23.1+£15 0.091+0.030
SUPUNET 0.863 £0.029 0.064 £0.015 22.0£1.2 0.120 £0.027

Table 2.8: Experiments results for the transversal acquisition plane. The difference of
NMSE between SIMUNET and DIMA is not statistically significant. All the other pairs
of results are.

Label SSIM NMSE PSNR LPIPS

SIMUNET [78] 0.806 +0.040 0.059 £0.020 23.6+1.3 0.085+0.028
DIMA 0.807 £0.057 0.053 +0.020 234+1.4 0.096 £+ 0.026
SUPUNET 0.832£0.034 0.055+0.017 22.8+£1.3 0.125+0.028

Table 2.9: Experiments results for the coronal acquisition plane. The difference of
SSIM between SIMUNET and DIMA is not statistically significant. All the other pairs
of results are.

and SSIM: 0.80740.057 vs 0.806+0.040, Table 2.9), it performs better compared to ground
truth benchmark in the transversal view. This anatomical dependency likely reflects
differences in motion artifact complexity across imaging planes, with transversal views
potentially containing more challenging rotational artifacts that our current simulation
parameters capture less effectively. Crucially, when tested on the completely independent
IN-SCANNER dataset (Table 2.10), for which we used 11 patients for the training of the
diffusion model, 11 for the training of the U-nets and 4 in test, our approach demonstrates
to generalize well, with SSIM (0.743 £+ 0.076) and PSNR (23.2 £+ 1.7 dB) metrics closely
matching performance obtained when training with real pairs (SSIM: 0.761 4+ 0.065,
PSNR: 22.8 £ 1.5 dB). This is particularly notable given that our method requires no
k-space manipulation or sequence-specific knowledge - a significant practical advantage

over traditional acquisition-dependent approaches.

2.3.3.1 Challenging settings

In cases where motion artifacts are particularly severe, our method may reconstruct
structures inaccurately. This occurs when the original data are so strongly degraded that
recovering the underlying image information becomes nearly impossible. In practical
applications, it is therefore important to assess the level of degradation in the motion-
affected images before applying motion correction, as excessively corrupted inputs may

lead to unreliable reconstructions. We show an example of such a case in figure 2.9.

Label SSIM NMSE PSNR LPIPS
DIMA 0.743 £0.076  0.155+£0.054 23.2+1.7 0.145=+0.009
SUPUNET 0.761 £0.065 0.156 £0.046 22.8+1.5 0.125+0.010

Table 2.10: Experiments results for the alternative IN-SCANNER dataset, for the
sagittal acquisition plane.
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2.3.4 Summary and discussion

In this work, we proposed a novel technique that leverages diffusion models to address the
challenge of requiring paired data for machine learning training in MRI motion artifact
correction. By utilizing diffusion models, our approach generates high-quality synthetic
paired data, effectively circumventing the need for real paired datasets, which are often

difficult to obtain in medical imaging. Three key findings emerge:

1. Our simulation framework achieves performance comparable to state-of-the-art

motion artifact simulation while eliminating the need for k-space manipulation

2. View-specific performance variations suggest opportunities for plane-adaptive pa-

rameter tuning

3. The strong cross-dataset generalization indicates clinical applicability beyond

controlled simulation environments

The marginal performance differences between methods (typically less than 3% SSIM
variation) suggest that the choice between approaches may ultimately depend on clinical
constraints rather than pure metric superiority. Our method provides a viable alter-
native for scenarios requiring model-agnostic acquisition compatibility. Importantly,
our method achieved these results without requiring k-space sampling information or
detailed knowledge of the MR sequence parameters, representing a significant practical
advantage over simulation-based approaches. The consistent performance across different
anatomical views, combined with competitive metrics compared to both simulated and
real reference data, demonstrates the robustness of our approach for clinical applications.
However, challenges such as computational cost and the need to simulate more complex
motion patterns remain areas for improvement. Furthermore, this framework could
be extended to tackle more general blind inverse problems, such as image deblurring
or super-resolution, where paired data is scarce and underlying degradation processes
are unknown. These results encourage further exploration of diffusion-based methods
not only in MRI but also across broader imaging domains, potentially revolutionizing
unsupervised correction techniques.

In future work it would also be insightful to include clinical evaluation from experts
to validate both the quality of the generated artifacts as well as the performance of the

method as a whole.
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Motion affected image  Diffused images at timestep ¢ Gaussian noise

" Timestep( Tt \ S
DDPM training

Denoising Unet

Unet training
\\Motion corrected images /

Figure 2.5: Our implementation follows a two-phase approach. In the first phase, a
diffusion model (DDPM) is trained on a dataset of motion artifact-affected images. In the
second phase, the trained model is used to introduce motion artifacts into clean images,
generating paired datasets. These pairs enable supervised training in the subsequent
step. See Algorithm 1 for more details.
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Figure 2.6: Example of the two motion simulation techniques used next to the original
images.
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Figure 2.7: Graph comparing the performance obtained using different simulation
parameters from [78] with varying numbers of patients.
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Figure 2.8: Graph comparing the performance obtained using different simulation
parameters in our proposed methods with varying numbers of patients.

WITHOUT MOTION WITH MOTION DIMA

Figure 2.9: Example of the performance of DIMA on a particularly challenging motion-
affected image.
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Figure 2.10: Example of the output of the various U-nets on the test set. From left to
right: ground truth motion-free and motion-affected images, three different outputs of
the three different networks.
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Chapter 3

Infinite dimensional generative

sensing

3.1 Introduction

The recovery of high dimensional signals from limited measurements is a fundamental
challenge in signal processing, medical imaging, and scientific computing. Classical
compressed sensing theory [12, 11] revolutionized this field by establishing that signals
admitting a sparse representation in some basis can be recovered from a number of linear
measurements proportional to their sparsity, rather than their ambient dimension, up to
a logarithmic factor.

With the advent of machine learning, the rigidity of the sparsity assumption has been
challenged by the emergence of deep generative models [29, 30, 84]. A substantial body of
work in the literature has demonstrated that generative priors where the unknown signal is
restricted to lie in the range of a low dimensional generator G: C¥ — CV can outperform
sparsity-based classical methods, often requiring significantly fewer measurements [85,
86, 87, 88, 89]. This aligns with the manifold hypothesis [90]: signals concentrate on
low-dimensional geometries that exhibit deformation stability and anisotropic regularity
[91, 92].

In the finite dimensional setting, theoretical guarantees for these approaches rely on
Restricted Isometry Properties [13, 14], which ensure that the measurement operator
preserves in some way the geometry of the generator’s range. The problem lies in the
fact that many inverse problems of practical interest such as those arising in Partial
Differential Equations, Magnetic Resonance Imaging, or Computed Tomography are
inherently infinite dimensional [2]. The underlying signals are functions in Hilbert spaces,
not fixed-length vectors as the literature usually assumes.

Discretizing these problems a priori leads to distinct theoretical and practical issues,
such as the “inverse crime” or a dependency on mesh resolution that obscures the true
complexity of the signal [93]. This makes the generalization of the deep prior approach
to compressed sensing dependent on a proper infinite-dimensional formulation. That is
exactly the objective of this work.

We model the inverse problem as recovering an unknown function xq € £?(N) from
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noisy, weighted evaluations of a unitary operator F (e.g., the Fourier transform). We
assume g lies in the range of a Generalized Generative Network G: C¥ — ¢2(N), a class
of deep ReLLU networks acting between finite dimensional spaces with a final linear layer
that has £2(N) as co-domain. Taking the finite-dimensional results of [88] as our starting
point, this work generalizes their framework to the infinite-dimensional setting.

In this chapter we give the following contributions:

e We introduce an infinite dimensional notion of local coherence, which quantifies
the alignment between the generative model’s range and the measurement basis.
We derive an optimal, coherence based sampling distribution p* that minimizes

the sample complexity.

e We establish a Gen-RIP for infinite dimensional operators. We prove that the
number of samples m required for a stable embedding of the generator’s range
scales logarithmically with the intrinsic dimension k& and polynomially with the

local coherence s, independent of the ambient dimension.

e We extend our analysis to consider probability distributions that are not sup-
ported on the entire domain. We introduce a balancing property to control the

approximation error in these practical scenarios.

e Through numerical experiments on Darcy flow, we demonstrate that coherence
based sampling significantly outperforms uniform sampling. Furthermore, we
uncover a counter intuitive phenomenon where lower resolution generators yield
superior reconstruction accuracy in undersampled regimes, suggesting that limited

resolution acts as a beneficial implicit regularizer.

Finally, we remark that while our framework is formulated in an infinite-dimensional
ambient space, the generative priors considered here are inherently finite-dimensional,

mapping a low-dimensional latent code to a finite-dimensional subspace of /2(N).

3.1.1 Related work

Infinite dimensional compressed sensing. The transition from finite to infinite dimensional
compressed sensing was driven by the need to avoid the so called inverse crime and the
discretization errors found in classical formulations. The theory of generalized sampling
established that stable recovery of functions is possible using genuinely infinite dimensional
measurement models, provided that discretization is handled properly [94] (see [93] for
extensions to nonlinear inverse problems). Based on this, a theory of compressed sensing
in infinite dimension was developed [95, 96, 97, 98, 99]. This framework has since been
extended to a variety of bases and sampling strategies. In particular, rigorous recovery
guarantees have been derived for sparse expansions in Legendre polynomial bases [100],
as well as for sampling schemes exhibiting local or structured behavior, for which oracle
type local recovery guarantees have been established [101]. More recently, a unified
theory of infinite dimensional compressed sensing for inverse problems has been developed

[102, 103]. This framework enables the recovery of signals from local measurements (such
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as those arising from the Radon transform) without discretizing the forward operator,
although the associated guarantees primarily focus on wavelet-based sparsity rather than
learned generative priors.

Infinite dimensional generative models. The extension of deep generative models
to function spaces has emerged as an active area of research, motivated by the need
for resolution invariant representations. While early approaches largely focused on
scaling discrete architectures, more recent work formulates generative modeling directly
in Hilbert spaces. Representative examples include infinite dimensional Variational
Autoencoders and score-based diffusion models defined on function spaces, which aim
to learn probability measures over infinite dimensional domains [104, 105]. Particularly
relevant to our setting is the class of Continuous Generative Neural Networks [106],
and of Functional Autoencoders [107], which are explicitly designed to learn resolution
independent mappings between finite dimensional latent spaces and function spaces (e.g.,
L?(R%)). This makes them a natural candidate for the generator G in our theoretical
framework.

Implicit Generative Priors. In the last few years, score-based generative models
and diffusion probabilistic models have emerged as a dominant paradigm for solving
inverse problems [26, 37]. Unlike the explicit low-dimensional generator G : CF — H
employed in our framework, these methods typically utilize an implicit prior given by
score function, enabling high-quality reconstruction through stochastic sampling processes
such as Langevin dynamics (see [108] for a recent review). While these approaches often
achieve state-of-the-art perceptual quality, our work focuses on the rigorous recovery
guarantees enabled by the deterministic geometry of explicit low-dimensional manifolds.

Operator Learning and Scientific Machine Learning. Our work is also relevant to
the rapidly growing field of scientific machine learning, and in particular to operator
learning [109], where neural networks are trained to approximate mappings between
infinite dimensional function spaces. Architectures such as the Fourier Neural Operator
(FNO) [110] and DeepONet [111] have demonstrated strong empirical performance in
the solution of parametric partial differential equations. Generative approaches have
also been explored in this context, for instance GenMod combines generative modeling
with spectral representations to efficiently approximate the solution manifold of PDEs
with random inputs [112]. See [113, 114] for error analysis and approximation theory
results. These methods share our goal of resolution independence, but they typically
rely on large supervised datasets to learn the forward or inverse operator directly. In
contrast, our theory offers a complementary perspective, with the potential to inform
optimal data acquisition strategies for training neural operators or for recovering inputs

in data-scarce regimes.

3.1.2 Structure of the chapter

The rest of the chapter is organized as follows. Section 3.2 formulates the infinite-
dimensional inverse problem and defines the class of Generalized Generative Networks

used as priors. We introduce the concept of infinite-dimensional local coherence to derive
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optimal sampling strategies and establish the balancing property to handle non-admissible
distributions, and we present our main recovery guarantees. Section 3.3 validates this
framework numerically by applying Functional Autoencoders [107] to the Darcy flow
problem. Section 3.4 contains the proofs of the main results, including the derivation
of the Generalized Restricted Isometry Property (Gen-RIP) and the error bounds for
the recovered signal. Finally, Section 3.5 summarizes the contributions and discusses

limitations and open directions.

3.2 Setup and Main Results

In this section, we establish the mathematical framework for solving inverse problems
in infinite dimensional spaces using generative priors, this setup is a generalization,
and closely follows [88]. Suppose we have a physical process modeled by an infinite
dimensional unitary operator F': ¢?(N) — ¢2(N). Our objective is to recover an unknown

signal 2o € £2(N) given a noisy measurement vector b, such that:
b=SDFzxy+n,

where S is a subsampling operator, D a weighting operator (both defined below) and n
represents measurement noise.

Classical Compressed Sensing relies on sparsity in a fixed basis. Here, we depart from
sparsity and instead assume that the signal x( lies near the range of a deep generative

model. Specifically, we constrain the solution to reside in the range of a generator:

G: CF— 2(N).
To formalize this prior, we introduce the definition of a generalized generative network
suitable for our setting.

Definition 3.2.1 ((k, d)-Generalized Generative Network). Fix the integers 2 < k :=
ko < .. < kg We fix weight matrices W® e Ckixki-1 as well as a linear map
W: CFa +— (2(N). We define a (k, d)-Generalized Generative Network as a function
G: C* — (2(N) given by:

G(z) =Wo (W(d)a ( W@ (W(l)z>)) ,
where o is the ReLU activation function, defined as:
o(x) = max(0, ).

This is the natural extension of classical generative networks whose codomain is finite
dimensional, the only difference is that we apply, as the final layer, a linear map W into
an infinite dimensional space. Crucially, we restrict the intermediate linear maps W to
finite-dimensional codomains. Allowing them to map to infinite-dimensional spaces would

render the generator’s range infinite-dimensional, thereby invalidating the theoretical
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argument presented in the sequel. In an infinite dimensional setting, uniform sampling
is not achievable. Therefore, we must adopt a variable density sampling strategy. We
introduce a probability distribution p on N which tells us how indices are selected.
To analyze this process, we define the associated sampling, weighting, and projection

operators.

Definition 3.2.2. Let p be a probability distribution on N. Let {e;};cn denote the
canonical basis of 2(N). We define the sampling operator S : £2(N) — C™ as the linear

map composed of m i.i.d. random vectors si, ..., 8, in £2(N), such that
P(s; = ej) =pj, VjeN,Vie[m],

where we have denoted [m] = {1,...,m}. The action of S is defined component-wise by
the inner product:
(Sz)i = (z,8), Viem)].

To ensure that our estimator remains unbiased and to normalize the energy of the

sampled components, we utilize a diagonal weighting operator D.

Definition 3.2.3. Given p a probability distribution of N we define a weight operator
D : ?(N) — ¢%(N) so that

(D), = \%7, for p; > 0
;=

0, for p; =0

Furthermore, we identify the support of our sampling distribution via the operator
I. This operator essentially acts as a projection onto the indices that have a non-zero

probability of being sampled.

Definition 3.2.4. Given p a probability distribution of N we define the operator
I:2(N) — 2(N)
I == diag(lsuppp)-

With these operators in place, our recovery strategy is formulated as an optimization
problem. We seek a latent vector Z that minimizes the data consistency error in the
measurement domain:

Z € argmin||b — SDFG(2)|.
z€Ck

We outline that D here is simply a weight operator needed to balance p since in general

it will lead to a nonuniform sampling. The recovered signal is then given by:
T =G(2).

Our ultimate analytical goal is to derive an upper bound on the reconstruction error
|&—xo||. The overall setup is similar to the finite dimensional case, with the key difference
that we can handle both the infinite dimensional nature of the data and probability

distributions that are not supported on the entire domain. In particular, the ability to
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deal with distributions that fail to sample certain relevant coordinates is also important
in the finite dimensional setting, but it has not been addressed in previous works in the

literature.

3.2.1 Local Coherence and Sampling Strategies

To guarantee a better recovery rate, the sampling distribution p must be matched to the
“geometry" of the operator F' relative to the signal model. If F' maps the signal model to
specific coordinates in £2(N), we must sample those coordinates with higher probability.
This alignment is captured by the concept of local coherence, borrowed from classical
compressed sensing [115] and extended to generative models in [88].

Let U C £2(N) be a union of N convex cones (Y, C;. We define A(U) == UY., span(C;)|

As for intuition, we should think about U as the range of our generator

Definition 3.2.5. Let {e;};en denote the canonical basis of /2(N). Given a unitary
operator F on ¢?(N), we define its i-th row as the vector F; := F*e;. Given a finite union
of convex cones U C ¢?(N) contained in a finite-dimensional subspace, we define the local

coherence (a;);en of U with respect to F' as

o = sup |{(x, F})| = sup |(Fx)|. (3.1)
z€AU),||z||=1 r€AU),|lz|=1

We can show that this is well defined in our framework of finite dimensional subspaces

with the following lemma.

Lemma 3.2.6. Let F': (?(N) — (2(N) be a unitary operator and let U C (2(N) be a
finite union of convex cones contained in a subspace of dimension v, o = (a;);en the

local coherence of U as defined in (3.1). Then
ac A (N) and |af? <2

This is trivial in the finite case but not in the infinite dimensional one. The local
coherence «; quantifies the maximum correlation between the i-th measurement basis
vector and any normalized difference vector in the model set. A sampling distribution is

considered “good” if it sufficiently covers indices with high coherence.

Definition 3.2.7. Given F unitary in £2(N) and a finite union of convex cones U C ¢?(N)
contained in a finite-dimensional subspace, and p a probability distribution on N. Let
(cvi)ien be the local coherence of F' with respect to U. We will call p4(F, p) the smallest

constant for which
aj < py(F,p)y/pj Vj:pj >0

holds. If y¢(F,p) is such that
aj < py(F,p)y/pj Vj €N,

we will say that p is admissible.

40



Infinite dimensional generative sensing

An admissible distribution ensures that no indices with non zero coherence are
ignored. The following lemma identifies the optimal sampling distribution that minimizes

the required sample complexity.

Lemma 3.2.8. Given F unitary in ¢2(N) and a finite union of convex cones U C £%(N)
contained in a finite-dimensional subspace, the minimum of py(F,p) over all admissible

p is achieved by p* where
2
= (3.2
Y el |

in which case py(F,p*)? = ||a||?.

We observe that the optimal distribution p* corresponds to sampling according to
the normalized Christoffel function (often referred to as statistical leverage scores). This
strategy is fundamental to optimal least squares approximation, as analyzed in [116] and

recently reviewed in [117].

Our analysis often requires the assumption g (F,p) > 1. As shown in Lemma 3.4.5
below, this condition is mild; it effectively rules out pathological cases (e.g., vanishing
coherence) and provides a practical criterion for numerical verification. Moreover, Lemma

3.4.4 establishes that this condition holds automatically whenever p is admissible.

3.2.2 Recovery Guarantees

We state our main recovery result. This theorem provides an error bound for the
recovered signal #. It distinguishes between the general case (where the sampling might
ignore some active indices) and the ideal case where the distribution is admissible.

We adopt standard Minkowski notation for set operations; specifically, for a given
set A, we denote its difference set as A — A:={a—b|a,b e A}.

Theorem 3.2.9. Let F be a unitary operator on (*(N), and let p be a probability
distribution on N with associated operators S, D, and I. Let G be a (k,d)-generalized
generative network, and let T = R(G)— R(G) be its difference set, such that ur(F,p) > 1.

If the number of measurements m € N satisfies

2 4
m > 16p7(F,p)? [delog < ekkd) + log (ekﬂ ,

then, with probability at least 1 — ¢, for any xo € (2(N), b := SDFxy + 1, o+ =z —
Hg(c) (7o), and estimator & € R(G) satisfying [|[SDFZ —b| < mingepr(e||SDFx —b|[+¢,
the following holds:

R 2 R - R
& = 2oll < llatll + /= [21SDFat| 4 2llnl + ¢] + ||F P (@ — Ha(@0)|. - (3:3)

Furthermore, if p is an admissible distribution, the final tail term vanishes and the

bound simplifies to:

" 2 .
& = @oll <l |l + /= [21SDFa*| + 2llnll +¢]. (34)
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We observe that the best choice for the sampling probability distribution is the one

outlined in Lemma 3.2.8, so if « is the local coherence of F' with respect to T, then the

2 4
m > 16]al2 {delog < ekd) +log (kﬂ .
€

bound becomes

k

When p is admissible, the resulting bounds coincide with those known in the finite
dimensional setting [87, 88]. In contrast, the case of non admissible p yields genuinely
new bounds, representing a novel contribution in both the finite dimensional and infinite

dimensional regimes.

Remark 3.2.10. Due to the weighting operator D in our measurement model b =
SDFzx( + n, the noise contribution in the final bound scales as ﬁ“n” This provides a
favorable asymptotic behavior, as the error vanishes for finite-energy noise, or remains

strictly bounded for noise models scaling with /m.

3.2.2.1 The Balancing Property

In many infinite dimensional scenarios, an admissible distribution (which requires p; > 0
whenever a; > 0) might be impractical if the coherence has infinite support, or if
we are constrained to sample only a finite subset of indices. In such cases, the term
|ItF(z — Hpg @) (w0))]| in Theorem 3.2.9 does not vanish. To control this error, we
introduce the balancing property, a concept borrowed from infinite dimensional compressed

sensing [95].

Definition 3.2.11. Given F unitary in £2(N) , p a probability distribution on N, with
I its associated operators. G a (k,d)-generalized generative model. We say that the

balancing property is verified for 6 € (0, 1), if
I+ Fllpe|| < 0.

This property essentially requires that the energy of the signals in the model range is
concentrated on the support of the sampling distribution p. If this holds, we can still

derive a strong recovery bound, albeit with an amplification factor of (1 —6)~1.

Remark 3.2.12. One might question whether the balancing property is a realistic as-
sumption. We note that for any desired tolerance 6 > 0, any unitary operator F', and
any finite-dimensional generative model G, there exists a distribution p such that the
balancing property holds. To see this, consider a uniform distribution over the first ¢
indices, py(n) = %Ilm, and let I; be the corresponding operator projecting onto these first
¢ coordinates. Its orthogonal complement, I j, projects onto the remaining tail indices.

Let V denote the finite-dimensional subspace containing the range R(G), and let
R = F(V). We have:

I Fily|| < sup || a].
z€R,|z]|=1

To bound this tail energy, let (uy, ..., u,) be an orthonormal basis for R. Any unit vector

x € R can be expressed as x = > i cju; with Y°7_; |¢;|?> = 1. By the Cauchy-Schwarz
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inequality, the n-th component satisfies |7,,|*> < >°7_; |(ui)n|?. Summing over the tail
yields:

\
sup el = sup D faaP < 0D [(uial®

zER,[|z|=1 TE€R,||z[|=1 > p n>fi=1

Since each basis vector u; belongs to £?(N), the finite sum of their tail energies must
strictly vanish as £ — oco. Thus, Hf j-F ITy|| — 0. Therefore, by choosing a sufficiently

large support size ¢, we can satisfy the balancing condition for any arbitrary 6.

Corollary 3.2.13. Given F unitary in ¢2(N), p a probability distribution on N, m € N
with S and D its associated operators. Let G be a (k,d)-generalized generative network
and T = R(G) — R(G) such that uy(F,p) > 1. Then if the balancing property is verified
for 8 € (0,1) and

%k Ak
m > 16p7(F, p)? [delog < ekd) + log ()} ,
€

the following holds with probability at least 1 — &
for any x¢ € L?(N), let b= SDFxo+n where n € C™ and , 2+ = xg — Hp@)zo - Let
& € R(G) satisfy |SDF# — b|| < mingepq)||SDFx —b|| +&. Then

N 1 1 2 L R
|1‘—1L"0H§1_9<||$ |+ [2ISDFe H+2Hn|+e]>

In other words, we retain the same form of stability guarantees as in the admissible
case, at the cost of a worse constant, while using a sampling strategy that allows us to
handle non admissible and thus more realistic probability distributions such as the one

presented in the remark above.

3.3 Numerical Validation

The theoretical guarantees derived in the previous chapters are formulated within the
infinite-dimensional Hilbert space #2(N). While this continuum formulation provides
rigorous bounds, direct numerical verification in the exact continuum limit is computa-
tionally infeasible. Consequently, any numerical validation relies on finite dimensional
discretizations. To ensure that our observations are not merely artifacts of specific grid
choices, but rather accurate reflections of the underlying function-space theory, it is
crucial to employ an architecture that operates consistently across varying resolutions.
To this end, we leverage the Functional Autoencoder (FAE) framework introduced by
[107]. Unlike standard discrete autoencoders, FAEs are designed to be natively mesh free,
learning operators that map between function spaces rather than fixed Euclidean vectors.
By adopting this architecture, we can empirically demonstrate the central claim of this
work: that the proposed recovery guarantees and adaptive sampling strategies are robust
to the discretization dimension. In the following sections, we apply this framework to the
Darcy flow equation, a classic application for scientific machine learning. We perform

experiments across varying spatial resolutions, ranging from 32 x 32 to 128 x 128, to
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verify that the reconstruction error and local coherence estimates exhibit asymptotic
behavior consistent with the theoretical infinite dimensional limit, independent of the

specific mesh granularity used during training.

3.3.1 Experimental Setup and Methodology

The following sections detail the numerical validation of our theoretical framework,
specifically addressing the inverse problem associated with the steady state Darcy flow

equation [118] [119]. This governing equation, defined as:
=V (a(x)Vu(z)) = f(z), =,

describes fluid flow through a porous medium on a bounded domain 2 € R?, where a(x)
represents the permeability coefficient of the medium, u(z) denotes the resulting pressure

field (the solution), and f(x) is the source term.

Our objective is to recover the pressure field v € L?(Q) from a finite set of noisy

Fourier measurements. Formally, we consider the inverse problem
b= SDFu+n,

where F denotes the discrete Fourier transform at a high-fidelity resolution (fixed
at 128 x 128 in our experiments), S is a sampling operator that selects a subset of m
frequencies based on a specific probability distribution (uniform or coherence-based), D is
the associated weighting operator to ensure unbiasedness, and 7 represents measurement
noise. Since the noise dependence was not the main focus of this work, all the experiments
are performed with noiseless measurements. We approach this ill-posed problem by
restricting the solution to the range of a FAE, G : R¥ — L2(1Q), trained to approximate
the solution manifold of the Darcy flow. The reconstruction is performed by searching

for the optimal latent code Z that minimizes the data fidelity loss:

4 = argmin||SDF(U,G,(z)) — b||3,
z€Rk
where G, is the generator trained at resolution r, and U, is a fixed upscaling operator
mapping the generator’s output to the measurement resolution. This formulation allows
us to decouple the generation resolution from the measurement resolution, testing the

resolution-invariance of our recovery guarantees.

3.3.1.1 Dataset and Architecture

We validate our framework using the Darcy flow dataset provided in [110], whose specific
implementation details are given in [110, Appendix A.3.2]. These solutions exhibit
complex, multi scale features that challenge standard linear reconstruction methods. The
original dataset contains 2048 images at 421 x 421 resolution, that for out experiments
we resize to 32 x 32, 64 x 64 and 128 x 128.
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We utilize the FAE introduced in [107]. However, a critical modification is made
to the architecture: we replace the Gaussian Error Linear Unit (GeLU) activation
functions with Rectified Linear Units (ReLU). The original FAE architecture consists of
an encoder and a decoder, both parametrised as mesh-invariant neural networks. The
encoder integrates a pointwise kernel network over the input domain, augmenting spatial
coordinates with 16 random Fourier features before passing them through two hidden
layers of width 64, producing a 64-dimensional latent code via a subsequent linear map.
The decoder is a coordinate network that jointly takes the latent vector and a query
coordinate as input, again augmented with 16 random Fourier features, and propagates
them through five hidden layers of width 100 to produce the reconstructed function value
at that coordinate. This coordinate-based, mesh-invariant design allows both networks
to be evaluated on arbitrary discretizations independent of the resolution used during
training. In the original formulation, GeLLU activations are used throughout both the
encoder and decoder; in our implementation, we substitute these with ReLU activations,
this modification is necessary to ensure the network is within the theoretical guarantees
developed in this work. Apart from this substitution, the rest of the network is kept
identical to the original implementation and satisfies the assumptions required for our

theoretical analysis.

3.3.1.2 Training

To demonstrate the resolution independent capabilities of the FAE, the training is carried
out at three distinct spatial resolutions: 32 x 32, 64 x 64, and 128 x 128. The FAE training
is performed in an entirely unsupervised manner. The network, consisting of an encoder
£ and a decoder D, is optimized to compress the input function into a low dimensional
latent representation z € R* (in our experiments k = 64) and subsequently decompress
it back to the original function domain. The objective is to minimize the reconstruction
error while learning a discretization invariant representation of the physical operator.
We adopt the same training protocol described in [107], and specifically, we train our
FAE for 50,000 epochs, with a learning rate equal to 0.001 and a batch size of 32.

3.3.1.3 Fitting the Latent Space

Once the autoencoder training is completed, the decoder can be utilized independently
as a generator G(z) once we can sample z from the latent distribution. However the
aggregated posterior distribution of the encoded training data often does not match a
standard Gaussian as in variational autoencoders [29]. Consequently, simple Gaussian
sampling would likely yield latent codes that map to out of distribution functions. To
accurately capture the non-Gaussian structure of the learned latent manifold, we fit a
Gaussian Mixture Model (GMM) with K = 10 components to the latent codes of the

training data:

K
p(z) =) mN (2]p, Ti). (3.5)
i=1
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This GMM serves two critical roles: it provides a valid generative mechanism for
sampling, and it acts as a structured prior during the recovery phase, allowing us to

penalize solutions that drift away from the support of the training distribution.

3.3.1.4 Reconstruction

The recovery problem is formulated as finding the latent space element z that best matches
the observed sub-sampled Fourier measurements. A crucial aspect of our implementation
is the handling of multi-resolution generators against a fixed high-resolution ground truth
that we fix at 128 x 128. Let ugarger be the ground truth signal at that resolution. For
a generator G, trained at resolution r (where r € {32,64,128}), we solve the following

optimization problem:

2 = argmin | SDF (UG, (2)) — SDF (tsarget)|*
zERF
where U!?® denotes a bicubic upscaling operator that maps the generator output to
the target resolution, and F, S, and D are the equivalent of the operators introduced
in section 3.2, with the difference that now we have to operate in finite dimension,
so F is the FFT in dimension 128 x 128, S is the sampling operator that samples m
Fourier coefficient based on the probability we have chosen (in our experiments either
the one induced by the local coherence or uniform), and finally D weights the samples in
the same manner. This formulation ensures that all models are evaluated against the
same high-fidelity physical ground truth regardless of their internal resolution. We also
ensure that the sampling operator is the same across different output dimensions since
everything is up-scaled before measurement via the Fourier transform and sampling are
performed. The optimization is performed using the Adam optimizer with a learning
rate of 0.01 for 500 iterations. We employ an implementation that optimizes latent codes
for multiple test instances simultaneously. We evaluate performance using the Mean

Squared Error (MSE) on the spatial domain as the metric.

3.3.2 Results

We now present the results of our experiments. We used half of our datasets, so 1024
images, at the 3 different, for the training of the general model as well to fit the GMM
model to the latent space. The other half of the images are used to compute their
reconstruction from the undersampled Fourier transform. All the numerical results that

follows are means across all the images of this test set.

3.3.2.1 Local coherence and adaptive sampling

To compute the optimal sampling distribution (3.2), one would need to evaluate the
local coherence (Definition 3.2.5). However, this quantity is not explicitly computable,
so we approximate it via a Monte Carlo procedure.

Specifically, we generate N = 1024 samples from the trained GMM, pass them through

the generator, and upscale the outputs to the target resolution. We then compute the
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maximum magnitude of the corresponding Fourier coefficients across these samples,
obtaining

of = max |(FUP(Gr(=)),

9

where r € {32,64,128} and j indexes the Fourier frequencies. The sampling probabilities
p; are then obtained by normalizing «j. The dependence on r arises because generators
trained at different resolutions exhibit different local coherence structures. We compare
this adaptive sampling strategy against a uniform sampling baseline.

From a theoretical perspective, local coherence should depend on normalized dif-
ferences of signals in the model range rather than on individual samples. Motivated
by this observation, we also tested an alternative Monte Carlo estimator based on
self-differences. Concretely, given a batch of generated images {u;}2,, we computed
all pairwise differences u; — u;, normalized each difference, applied a channel-wise two-
dimensional Fourier transform, and then maximized the modulus across the batch of
normalized differences. The resulting coherence proxy was squared and normalized to
obtain sampling probabilities.

While this estimator is more closely aligned with the theoretical definition of local
coherence, it consistently underperformed the simpler maximum magnitude estimator
described above. Empirically, the original strategy based on maximizing the Fourier
magnitude of individual generated samples led to a sampling distributions with improved
reconstruction performance.

Figure 3.1 compares the two approaches with the naive approach of uniform sampling.
Despite its stronger theoretical motivation, the self-difference estimator does not translate

into improved empirical performance in our setting.

3.3.2.2 Adaptive sampling

To evaluate the reconstruction performance, we vary the number of measurements m on
a logarithmic scale, ranging from 1% to 32% of the total number of Fourier coefficients.
This allows us to analyze the asymptotic behavior of the recovery error as the sampling
density increases. As shown in Figure 3.2, adaptive sampling significantly outperforms
the uniform baseline in the undersampled regime, exhibiting superior efficiency for a
fixed error threshold. As the sampling rate increases, the two strategies asymptotically
converge to comparable error levels. Moreover, this behavior is consistent across models
trained on data from all three discretizations considered. In Figure 3.3, we provide a

qualitative comparison of the reconstruction results at different sampling rates.

3.3.2.3 Discretization invariance of the reconstruction error

The main objective of this experiment is to show that the reconstruction performance
is mostly invariant with respect to the output dimension. In Figure 3.4, we report the
recovery error for three different models, each trained at one of the three discretization
levels considered, and evaluated while generating outputs at three different resolutions
(namely 32 x 32, 64 x 64, and 128 x 128).
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Figure 3.1: Comparison between the original maximum-magnitude based coherence
estimator and the self-difference based estimator. Although the latter is theoretically
better aligned with the definition of local coherence, the former yields superior empirical
performance (model trained and with output in 64 x 64 resolution).
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Figure 3.2: Reconstruction error versus sampling rate for uniform and adaptive Fourier
sampling.

We observe that, in the asymptotic regime where a sufficient number of measurements
is available, the recovery error is primarily determined by the training resolution of the
model, and is essentially independent of the target output dimension. In contrast, in the

severely undersampled regime, the model resolution has a mild impact on performance,

48



Infinite dimensional generative sensing
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Figure 3.3: Reconstruction examples comparing uniform and adaptive sampling at
different rates (model trained on 64 x 64 resolution).

with lower output dimensions leading to slightly better reconstructions.

Figure 3.5 qualitatively illustrates the reconstruction performance across varying
output dimensions. We observe that in the sparse sampling regime, the recovery is
dominated by low frequency features, which naturally favors models generating at lower
resolutions. Furthermore, in the regime of abundant samples, models trained on lower
resolutions exhibit superior performance. This behavior can be understood through
the lens of the spectral bias of neural networks [120], which shows that deep networks
prioritize learning low-frequency functions. In the severely undersampled regime, the
available measurements primarily constrain the low-frequency components of the signal.
A high-resolution generator, having a larger capacity, is prone to "hallucinating’ high-
frequency artifacts that lie in the null space of the measurement operator. In contrast, a
lower-resolution generator acts as an explicit low-pass filter, effectively regularizing the
inverse problem by suppressing these spurious high-frequency components and ensuring

the recovery aligns with the spectral bias inherent to neural networks.
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Figure 3.4: Recovery error across different training and output discretizations.

49



Infinite dimensional generative sensing

Coefficients sampled (%)
2% 4% 8% 16%  32% G.T.

64 32

Output resolution

128

Figure 3.5: Example reconstructions for varying output resolutions (model trained on
64 x 64 resolution)

3.3.2.4 GMM as regularizer

In this experiment, we investigate the effect of incorporating the latent prior (3.5) as
an explicit regularization term in the reconstruction optimization. Instead of solving a
purely data fidelity problem, we augment the objective with a penalty that encourages
latent variables to remain in regions of high probability under the fitted GMM. This
promotes solutions that are more consistent with the latent distribution learned during
training. Unlike the previous experiments, this study is not concerned with resolution
invariance.

The resulting optimization problem can be written as

2 =arg H}Cin”SD}'(UTIQSGT(z)) - SD]-"(utarget)H2 + X (—logp(z)),
z€R
where p(z) is the GMM prior defined in (3.5) and A > 0 controls the strength of the
regularization.

Rather than fixing A a priori, we perform a parameter-tuning procedure to identify
the most effective regularization strength by using 10% of our dataset as validation.
Specifically, for a discrete set of candidate values of A, we compute the mean reconstruction
error averaged across all sampling levels m. The value of A that minimizes this aggregated
error is then selected as the optimal regularization parameter, in our case we found
A = 107*. The performance obtained with this tuned regularizer is subsequently
compared against the unregularized case (A = 0) for the remaining data points.

Figure 3.6 reports the reconstruction performance using the optimally tuned reg-
ularization parameter as a function of the number of measurements. In the severely
undersampled regime, the inclusion of the GMM prior leads to a clear improvement
over the unregularized approach, as the prior effectively constrains the optimization to
regions of the latent space corresponding to plausible generator outputs. In this context,
plausible or realistic refers to samples that are likely under the generator induced data
distribution, rather than to any external notion of physical realism.

As the number of measurements increases, the data fidelity term becomes increasingly
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informative, and the advantage of regularization progressively diminishes. In the high
sampling regime, the unregularized formulation performs better than the regularized
one, indicating that the measurements alone are sufficient to accurately identify the
latent code without introducing bias from the prior. Overall, these results highlight the
complementary roles of the measurement operator and the latent prior, with the latter

being most beneficial when observational information is limited.
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Figure 3.6: Comparison between our proposed method and classical compressed sensing

(CS).

3.4 Proofs

We now provide all the results and proofs needed for the results of chapter 2

3.4.1 Setup and local coherence

Let us start by characterizing the range of a (k, d)-Generalized Generative Network, in

particular obtaining that its range is contained in a finite dimensional space.

Lemma 3.4.1. Let 2 < k = ko < ... < kg and G be a (k,d)-Generalized Generative
Network. Then R(G) is a union of no more than N at-most k dimensional polyhedral

cones where

Qekd)kd

N <
< (%

Proof. The proof follows the counting argument of [87, Lemma S2.2]. We observe that
the geometric mean of the layer widths is bounded by the maximum width k4. Therefore,
the range of the penultimate layer, G(z) = o(W@ ... o(W1)2)), resides in RF¢ and is
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a union of at most N < (%

)kd polyhedral cones. The final layer of our generator is
a linear operator W : C* — [2(N). Since W is a linear map from a finite-dimensional
space, it is necessarily bounded. A bounded linear operator maps a polyhedral cone in
the domain to a polyhedral cone in the codomain (specifically, the image is the conic hull
of the images of the generators). Thus, the geometric structure of the union of cones is

preserved in [2(N) without increasing the number of components N. O

Remark 3.4.2. Since R(G) is a union of at most NV k-dimensional cones we observe that

the Minkowski sum 7 = R(G) — R(G) is a union of at most N? 2k-dimensional cones.

Let us now prove that local coherences are well defined.

Proof of Lemma 3.2.6. Let (;);c|;) be a basis of A(U) and (Fj := F*e;)jen the row of

F which form an orthonormal basis of 2(N) since F' is unitary. Then we can consider

aj = sup  [(Fj, Y el = [(Fj, Y @il

ceCr: lefl=1 i€[r] i€[r]

where ¢; ; are the coefficients attaining the supremum (which is achieved as a maximum

by compactness). Then we can conclude with

Yoaf=) (Fj, ) Gjei)’

jEN JEN i€(r]
2
=> (Z Ez‘,j<Fja§0i>)
JEN \:i€]r]

<ry Y@ (F e’
JeENig[r]

<ry > ()’
jENie[r]

=7 Y Y (Fjp)?
i€lr] JeEN

:rz lpi]|2 = 7% < 4-o00. O
i€[r]

The following two lemmas establish conditions under which g, (F,p) > 1, which are
essential for our main results. In particular, the second lemma guarantees that this

condition holds whenever p is admissible.

Lemma 3.4.3. Let F be a unitary operator in (2(N), U C (>(N) be a finite union of
convex cones contained in a finite-dimensional subspace, and p be a probability distribution
on N. If there exists a unit vector @ € A(U) such that |I[Fa|| = 1, then py(F,p) > 1.

Proof. Consider 3; = (F'i1);. We have that 1i4(F,p) > B for the smallest B that verifies

ngB\/;tTj Vj:pj >0,
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we can take the squared norm on both sides to obtain

IIFal| < B,
since we look for the smallest constant that verifies the inequality and ||[[Fd| = 1 we
conclude that B =1 and uy(F,p) > B =1 O

Lemma 3.4.4. Let F be a unitary operator on (*(N), and let U C (*(N) be a finite
union of convex cones contained in a finite-dimensional subspace. If p is an admissible

probability distribution on N, then

pu(F,p) > 1.

Proof. By Lemma 3.4.3, we only need to show there exists & € A(U) with ||| = 1
such that ||[Fa|| = 1, but this holds for all of them. If (Fu); # 0, then by definition
aj > 0. The admissibility of p guarantees that p; > 0 for all such j, meaning the
projection I acts as the identity on F'4. Since F' is a unitary operator, we conclude
I[Fal| = |Fa| = |4l = 1. O

Intuitively, to guarantee g (F,p) > 1, it suffices for the sampling distribution to
place its support on a set of coordinates whose cumulative squared coherence is at least
1. This ensures the measurement operator provides sufficient coverage of the generator’s

range, as formalized in the following lemma.

Lemma 3.4.5. Given F unitary in (>(N), U C (*(N) a finite union of convex cones
contained in a finite-dimensional subspace, and a probability distribution p with I the

projection on the support of p. If we have
ol > 1, (3.6)
then py(F,p) > 1.
Proof. From the definition of py(F,p), if we denote with € the support of p we have
of < pu(F,p)’p; Vi€
Summing this inequality over all indices in :

> of <D mu(Fp)’pj = mu(F.p)* Y pj.

JEQ JjEQ JEQ

Therefore,

> a? < pu(F,p)>.
JEQ

/J'U(va) > Z Oé?.
\/ JEQ
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Thus, if (3.6) holds, it follows directly that pz(F,p) > 1. O

Finally we prove how we can characterize the best probability distribution for signal

recovery using coherence.

Proof of Lemma 3.2.8. We simply have to observe that ajz < uy(F,p)?pj for all j € N

and then compute

> a2 <N u(F,p)?p;

jEN jEN

which implies ||||? < py(F, p)?. O

3.4.2 Generalized Restricted Isometry Property

We now present two results establishing that our sensing operator preserves the geometry
of the signal set. This behavior is analogous to the Restricted Isometry Property (RIP)
in classical compressed sensing; accordingly, we refer to it as the Generalized Restricted
Isometry Property (Gen-RIP).

Definition 3.4.6 (Generalized Restricted Isometry Property). Let K C £2(N) be a signal
set of interest and let F be a unitary operator and p a probability distribution on N with
associated operators S, D, and I. We say that A satisfies the Generalized Restricted
Isometry Property (Gen-RIP) over K with constant 6 € (0, 1) if

1 ~
sup | —||SDFz|? — | [Fz|? <
z€lC,|lal|=1 177V

To establish this property for our sensing operator, we begin with an auxiliary result.

Lemma 3.4.7 (Matrix Bernstein [121, Theorem 5.4.1]). Let X1, ..., Xy be independent,

mean zero, n X n symmetric random matrices, such that || X;|| < K almost surely for all

t2/2
zt SQnexp —m y

i. Then, for every t > 0, we have

"

where 0% = HZf\Ll EX?

N

S

i=1

Now we give the first results that applies to general sets U.

Lemma 3.4.8. Let F be a unitary operator on (*(N), and let U C (*(N) be a r-
dimensional subspace. Let p be a probability distribution on N with associated operators
S, D, and I, such that uy(F,p) > 1. Then, fore € (0,1) and § € (0,1], we have that

1 N
IP)[ sup | —||SDFz|> — |[IFz|?| < 8| >1—¢
m

welt,a]=1

provided
4 (F, p)?
m > HuEp)” (2r>
62 €
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Proof. Since U C ¢%(N) is an r-dimensional subspace, we can fix an orthonormal basis
(13)iepr) for it. We then define the operator Py : £*(N) — C” by

(Pu(@))i = (@, ¥i)
We observe that P, Py = Iy, i.e. * = P;Pyx for all x € Y. Let us now compute

sup

1
—||SDFz|?
zeld ||z|=1 11

1 R
= sup |—||SDFP};Pyx|* - |IFB;
el |la]=1 1M

= sup
ueCrnSr—1
1
= — sup
m yecrnsr—1

1 x
— | SDFFjul?

u* [(SDFP)" (SDFF;) —m (TFFR;)" (1FR;)] u].
We can write this as the operator norm

1 .
l HPL{F*DS*SDFPL*, — mPyF*IFP|| =
m

HZ PuF Dsl *D— 1} FPM}

First we observe that
E[Ds;siD] = 1.

To simplify the notation, for each i € [m], we define the random vector v; € C" as
v; = PMF*DSZ‘.

Since D is self-adjoint, the outer product is exactly vv] = Py F*Ds;s; DFFj. This

allows us to express the operator sum as

m
PyF*DS*SDFPBj = v},
=1

This allows us to write the expectation of each term in the sum as:
E[vjv} — PyF*IF P} = PyF*E[Ds;s;D — I|F P, = 0.

Consequently, the random matrices comprising the sum are mean-zero. Next, we
bound their operator norms almost surely. Let us evaluate the Euclidean norm of v;.
Suppose the random vector s; realizes as the canonical basis vector e; for some j € N.
We then have:

Jvill = | P I Deg|

1 *
= —|[PuF"ejl|
VPj
1 *
=—— sup [(z, F"ej)
VPj xeUnB
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< pu(F,p) = p,

where the inequality follows directly from the definition of the local coherence a; and
the sampling parameter py(F,p). Since this bound holds for any realization e;, we have

|lvi|| < p almost surely. We can now bound the operator norm of each mean-zero matrix:
lviv; — PuF* TR B < o]l + | PuF TF R < 4 +1 < 242,

where we used the rank-one identity ||v;v}|| = |lv;||*> < p?, the operator norm bound
| PyF*IFPj|| <1, and our assumption that p > 1.

Then we compute

m

o’ =|> E {(viv;‘ - PuF*fFPZj)Q H
=1 . A )
_ R * *
= ue@%%r-l <u, 12::1 (IE [vv] v;V]] (PUF IFPU) ) u>
m m R 2
< sup <U,Z||v,||2E[vzv:]u> —ZHPL{F*IFPL“;UH
ueCrnSr—1 i=1 i=1

m
< swp 3 {uE on]u)
ueCrnsSr—1 i=1

< pPm.

The second equality holds because the operator inside the norm is positive semi-definite,
meaning its operator norm coincides with the supremum of its quadratic form over the
unit sphere. The subsequent inequalities follow by dropping the non-positive subtracted
term and applying the bound ||E[v;v]]| = ||PuF*fFPi*{|| <1.

From this, we apply the Matrix Bernstein inequality (Lemma 3.4.7) with dimension

r, variance parameter o2 < mu?, and spectral bound L < 242, obtaining:

2/2
P{ 27}§27‘exp<—27/22 .
mp= + gpsy

This bound translates to the operator norm over the subspace. Since Fj; is an isometry

i [PuF* {Dsis;‘D - f} FP;,}
=1

from C" to U, the condition above is equivalent to:

2/2
P sup > X < 2rexp —% .
z€U,||z||=1 m mu“ + FHY

Substituting § = %, the exponent becomes:

1 )
—||SDFz|* — |[[Fz|?
m

B (mdé)?/2 B mé?
mp? + 2pmé o221+ 26)

Assuming § < 1, we have (1+ 26) < 5/3 < 2, which implies 2(14125) > L. This yields the
3
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simplified bound:

52
P sup >0 <2rexp —m—2 .
welt J|e =1 Ap

Finally, requiring the right-hand side to be at most ¢,

2re ( m52> <eg
rexp | — <e,
42

we conclude that the condition holds provided that

Ay (F, p)? 2
62 €

1 R
—||SDFz|* - || [Fz|?
m

We now present our main Generalized Restricted Isometry Property (Gen-RIP)
result, which establishes that the restricted isometry holds for signals within the range

of a (k,d)-generalized generative network.

Theorem 3.4.9 (Gen-RIP). Let F be a unitary operator on (*(N) and let p be a
probability distribution on N with associated operators S, D, and I. Let G be a (k,d)-
generalized generative network and T = R(G) — R(G). Fore >0, 6 € (0,1), assume the

number of measurements satisfies

4 2 4
m > dur(Fp)” [delog (26]{;d> + log (kﬂ ,
62 k €

where we assume pr(F,p) > 1. Then, with probability at least 1 — €, the following holds:

1 R
~|SDFa|? ~ |[[Fa|?| < 5
m

sup

Proof. By Lemma 3.4.2, T is a collection of at most N? 2k-dimensional sub-spaces.

Therefore we can write 7 = Uévzl Lj, and apply on each £; Lemma 3.4.8 with ¢/ > 0

-

1 )
—||SDF|?® — || Fx|?
m

and obtain

1 R
—||SDF|? — [[[Fx|*
m

P { sup

N
gZP{ sup

i leesllzl=1

g

To find the requested rate for m, we set € = ¢/N? in Lemma 3.4.8, which requires:

2 2
m> Apu(F,p) log <2kN> _ Apy(F,p) [ngz +log (4/-6)] .
52 € 52 €

< N¢'.

Substituting the bound log N < kd log (%kkd) from Lemma 3.4.1 yields the desired

sample complexity. O
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3.4.3 Recovery bounds

Now we have everything we need to prove the main theorem and corollary.

Proof of Theorem 38.2.9. Recall z 1=z — (e (zo). By the definition of the estimator

and the triangle inequality, we have
|SDFz —b|| < min ||SDFz —b| +¢
zE€R(G)

< HSDFHR(G)(Z‘()) — bH + £

= HSDF:& + nH +é

<||spFzt|| + fInll + .
By assumption, the number of measurements m is sufficiently large such that, by Corollary
3.4.9, the measurement operator SDF satisfies the restricted isometry property over

the difference set 7 = A(R(G)) with constant § = 1/2, with probability at least 1 — e.
Therefore, since the difference vector Z — (g (7o) € A(R(G)), we obtain

ISDF# —b|| = HSDF (# — r(e) (o)) — SDFa* — nH
> ||SDF (2 - g (@0)) | - [sDFz| = In]

>[5 liF (& =t ton) | - 50 - o

Assembling the two inequalities gives

[1F (3 = Mg xO)H<\/7{ 2||SDFat| + 2l +¢] -

Applying the triangle inequality and utilizing the unitarity of F', we derive the general
bound:

& = zoll < [[w0 — Mgy (20)| + & = Tre (2o)
ngLH+HIAF & = g (o)) | + | FHF (@ = Trig)(20))|
22 VI

fu H+7 &+ |[IHF (3 - g (w0))].

<[]+ 25 st +

This proves (3.3).

For the second part, assume p is admissible. We observe that I*Fu = 0 for all
u € A(R(G)). This holds because if the local coherence satisfies o; > 0, admissibility
dictates that p; > 0, implying the orthogonal projection component I ng = (. Conversely,
if oj = 0, the j-th component is strictly zero by the definition of local coherence. Since
& —Tlr(@)(r0) € A(R(G)), the tail term HIAJ-F(J% — g (xo))H vanishes entirely, yielding
(3.4). O

Proof of Corollary 3.2.13. We simply need to observe that
[P (@ gy (20))| = || I Fllge) (@ — 20) | < 0]12 - 2ol
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simply substituting in (3.3) we obtain the thesis. O

3.5 Summary and discussion

In this work we have established a theoretical foundation for infinite dimensional genera-
tive compressed sensing. By properly formulating the problem in ¢?(N) and accounting
for the discretization gap we have shown that generative priors can be effectively used for
functional recovery. We introduced the concept of infinite dimensional local coherence
and utilized it to derive optimal sampling strategies. Our numerical experiments on Darcy
flow validated these theoretical insights demonstrating that coherence based sampling
significantly reduces the number of measurements required for accurate reconstruction.

Furthermore our empirical results revealed a valuable interaction between model
resolution and sampling density. We found that in data scarce regimes employing a lower
resolution generator with explicit upscaling provides a form of implicit regularization
that stabilizes the inverse problem. Our findings suggest that the optimal generative
prior is not necessarily the one with the highest fidelity, but rather the one that best
matches the spectral content of the available measurements. By limiting resolution, we
leverage the spectral bias of the network [120] to stabilize the inversion in data-scarce
regimes.

While our theoretical framework is robust, it relies on the assumption that the
generator employs piecewise linear activations (e.g., ReLU) to ensure the range is
contained within a union of finite-dimensional polyhedral cones. Extending this theory
to networks with smooth activations, such as GeLU or SiLU, remains an open theoretical
challenge. Additionally, while our theory provides error bounds in the presence of
measurement noise, our numerical validations were primarily focused on the noiseless
regime. Future work could explore the empirical robustness of this framework under
varying noise levels and distributions. Finally, translating these infinite-dimensional
Gen-RIP guarantees to other practical measurement operators (especially non-unitary),
such as the Radon transform for continuous computed tomography, is the natural next

step.
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Conclusions

Inverse problems remain a fundamental challenge across many scientific and engi-
neering disciplines, often requiring sophisticated methodologies to recover meaningful
information from indirect or corrupted measurements. This thesis explored the use
of generative models as flexible and data driven tools for addressing such problems,
combining both practical applications and theoretical analysis.

In the first part of the thesis, we addressed the problem of motion artifacts in
magnetic resonance imaging, a crucial challenge given the widespread use of MRI
scanners in clinical practice. Since paired datasets of motion corrupted and motion
free scans are scarce, we chose to tackle the problem using generative modeling, which
only requires unsupervised learning. In particular, this work investigated the use of
diffusion models in two different settings. First, as a reconstruction tool that, once
conditioned on a motion-corrupted image, generates the corresponding motion-free one.
Here, numerical experiments showed that hallucinations pose a significant challenge
for clinical applications. Second, we explored the use of diffusion models as generators
of realistic synthetic paired data for supervised learning. This methodology proved
capable of producing synthetic pairs that enable effective supervised training without
relying on detailed knowledge of the MRI acquisition sequence, which is required by
classical synthetic data generation approaches. Experiments on real MRI datasets showed
competitive correction performance, highlighting the practical potential of generative
approaches in clinically relevant scenarios. An interesting direction for future research
would be to extend this framework to other blind inverse problems, as its agnostic nature
with respect to the forward model makes it potentially applicable beyond MRI motion
correction.

The second part of the thesis focused on generative compressed sensing, a framework
inspired by compressed sensing in which, rather than assuming sparsity in a given basis,
signals are modeled as belonging to the range of a generative operator. In particular,
we studied the case of infinite dimensional signals, so where the generator also has
an infinite dimensional range. Our goal was to derive theoretical recovery guarantees,
specifically bounds on the number of measurements required to recover the signal up
to a prescribed error. To achieve this, we introduced a generalized restricted isometry
property, which enabled us to prove the main result of this section: a sampling rate that
scales linearly with the intrinsic dimension of the generator, as expected. Moreover, we
proved the existence of an optimal sampling strategy based on local coherence, which
can be defined explicitly, although in practice it must be approximated. We validated
our analysis through numerical experiments on the Darcy flow problem, confirming our
theoretical findings. In particular, the optimal sampling strategy proved significantly
more efficient than uniform sampling, while recovery rates remained equivalent across
different resolutions. This behavior provides strong evidence that the proposed framework
successfully captures the underlying infinite dimensional structure of the problem. A
natural direction for future work would be to extend these theoretical guarantees to

broader classes of generators, since the current results hold only for a relatively restricted
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family of generative models.
Overall, this work shows that generative models provide a robust and flexible data-
driven paradigm for solving inverse problems, contributing both to real-world applications

and to a rigorous mathematical understanding of these tasks.
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