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ARTICLE INFO ABSTRACT

Communicated by Professor Massimiliano We consider an evolution model with nonlinear diffusion of porous medium type in competition
Morini with a nonlocal drift term favoring mass aggregation. The distinguishing trait of the model is
2010 MSC: the choice of a nonlinear (s, p) Riesz potential for describing the overall aggregation effect. We
35K44 investigate radial stationary states of the dynamics, showing their relation with extremals of suit-
35R11 able Hardy-Littlewood-Sobolev inequalities. In the case that aggregation does not dominate over
49K20 diffusion, radial stationary states also relate to global minimizers of a homogeneous free energy

functional featuring the (s, p) energy associated to the nonlinear potential. In the limit as the frac-
tional parameter s tends to zero, the nonlocal interaction term becomes a backward diffusion and
we describe the asymptotic behavior of the stationary states.
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1. Introduction

We are interested in stationary solutions of aggregation-diffusion models of the form
0,p = Ap™ — ydiv(pVS(p))  in(0,+00) x RV, 1.1)

where p = p(x, ) represents a mass density whose evolution is driven by a porous medium diffusion (m > 1) and a nonlocal interaction
modeled by a potential S that accounts for long range effects. Here, y > 0 is the sensitivity constant measuring the interaction
strength. Equations of the form (1.1) typically appear in mathematical biology as macroscopic models of interacting particles/agents
[1-5], such as the Keller-Segel model of chemotaxis [6-12]. These models usually feature linear potentials in convolution form, i.e.,
S(p) is the convolution of p with some suitable radial convolution kernel accounting for mutual interaction forces.

Among the most relevant modeling examples is the Newtonian or the Riesz (attractive) potential, appearing in the Keller-Segel
model and its many variants, which is given by

S(p) =K * p. (1.2)
Here, the kernel K| is defined for 0 < s < N /2 as
N I'(N/2 -
K0 = e PN ey, = 2 HEEZY, (1.3)
? ? N
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$(s,p)$


$(s,p)$


$s$


\begin {equation}\label {evolution} \partial _t \rho =\Delta \rho ^m-\chi \,\mathrm {div}(\rho \,\nabla \mathcal S(\rho ))\qquad \mbox {in}\, (0,+\infty )\times \mathds R^N,\end {equation}


$\rho =\rho (x,t)$


$m>1$


$\mathcal S$


$\chi >0$


$\mathds R^2$


$\mathds R^2$


$m>0$


$\mathcal S(\rho )$


$\rho $


\begin {equation}\label {rieszintro}\mathcal S(\rho )=K_s\ast \rho .\end {equation}


$K_s$


$0<s<N/2$


\begin {equation}\label {rie}K_s(x) := c_{N, s}\,|x|^{2\,s-N},\qquad c_{N, s} := \pi ^{-\frac {N}{2}}\,2^{-2s}\,\frac {\Gamma \left (N/2-s\right )}{\Gamma (s)},\end {equation}


$\hat K_s(\xi )=|\xi |^{-2s}$


$\hat u(\xi ):=\int _{\mathds R^N}e^{-ix\cdot \xi }u(x)\,dx$


$s=1$


$N\ge 3$


\begin {equation*}\mathcal {F}_{s}(\rho ) = \frac {1}{m-1} \int _{\mathds {R}^N} \rho ^m\, - \frac \chi 2\int _{\mathds R^N}\rho \,K_s\ast \rho ,\end {equation*}


$\mathcal F_s$


$M>0$


\begin {equation}\label {YM} \mathcal {Y}_M = \mathcal {Y}_{M, m} := \left \{\rho \in L^1_+(\mathds {R}^N) \cap L^m(\mathds {R}^N)\,: \,\,\int _{\mathds {R}^N } x \,\rho (x)\, dx = 0, \,\, \int _{\mathds {R}^N} \rho (x)\, dx = M\right \},\end {equation}


$\mathcal F_s$


$\mathcal F_s$


$\mathcal F_s$


$\mathcal Y_M$


$\mathcal F_s$


\begin {equation}\label {def:dilation} \rho ^{\lambda }(x) := \lambda ^N\rho (\lambda x), \qquad \mbox { } x\in \mathds {R}^N,\,\, \lambda > 0.\end {equation}


\begin {equation*}\mathcal F_s(\rho ^\lambda )=\frac {\lambda ^{N\,(m-1)}}{m-1}\,\int _{\mathds R^N}\rho ^m - \frac {\chi \, \lambda ^{N-2s}}{2}\,\int _{\mathds R^N}\rho \,K_s\ast \rho .\end {equation*}


$m=2-2s/N$


$m$


$\lambda \to +\infty $


$N=2$


$s=1$


$2$


$K_1(x)=-\tfrac 1{2\pi }\log |x|$


$m=m_c=1$


$\int _{\mathds R^N}\rho \log \rho $


$M_c$


$8\pi /\chi $


$M>M_c$


$M=8\pi /\chi $


$s=1, N\ge 3$


$M_c$


$m=2-2/N$


$M=M_c$


$0<s<1$


$m=2-2s/N$


$M>0$


$\mathcal F_s$


$\mathcal Y_M$


$m<2-2s/N$


$\mathcal F_s$


$\mathcal Y_M$


$M>0$


$s=1$


${(s,p)}$


\begin {equation}\label {spintro}\mathcal S=\mathcal K_{s,p},\end {equation}


$1 < p < \infty $


$0<s\,p < N$


$\mathcal {K}_{s, p}$


$(s,p)$


\begin {equation*}\mathcal {K}_{s,p}(\rho ) := K_{s/2}\ast (K_{s/2} \ast \rho )^{p'-1}.\end {equation*}


$p'$


$p$


$1/p + 1/p' = 1$


$\rho $


$\mathcal K_{s,p}$


$(s,p)$


\begin {equation*}\mathcal I_{s,p}(\rho )=\frac 1{p'}\int _{\mathds R^N}\rho \,\mathcal K_{s,p}(\rho )=\frac 1{p'}\int _{\mathds R^N}(K_{s/2}\ast \rho )^{p'},\end {equation*}


$\eps \to 0$


\begin {equation*}\mathcal I_{s,p}(\rho +\eps \varphi )=\mathcal I_{s,p}(\rho )+\eps \int _{\mathds R^N}(K_{s/2}\ast \rho )^{p'-1}K_{s/2}\ast \varphi +o(\eps )= \mathcal I_{s,p}(\rho )+\eps \int _{\mathds R^N}\mathcal K_{s,p}(\rho )\,\varphi +o(\eps )\end {equation*}


$\varphi $


$\mathcal K_{s,p}$


$\mathcal I_{s,p}$


\begin {equation*}\mathcal {F}_{s,p}(\rho ) = \frac {1}{m-1} \int _{\mathds {R}^N} \rho ^m\,dx - \frac \chi {p'}\,\mathcal I_{s,p}(\rho )\end {equation*}


$K_s$


$p=2$


$\mathcal K_{s,2}(\rho )=K_s\ast \rho $


$\mathcal F_{s,2}(\rho )=\mathcal F_s(\rho )$


$p\neq 2$


\begin {equation*}\mathcal F_{s,p}(\rho ^\lambda )=\frac {\lambda ^{N\,(m-1)}}{m-1}\,\int _{\mathds R^N}\rho ^m - \lambda ^{N\,(m_c-1)}\,\frac {\chi }{p'}\,\int _{\mathds R^N}(K_{s/2} \ast \rho )^{p'},\end {equation*}


\begin {equation}\label {mcintro} m_c:=p'-\frac {s\,p'}{N}\end {equation}


$m$


$m>m_c$


$m=m_c$


$m<m_c$


$m=m_c$


\begin {equation*}m>(p^*_s)',\qquad \mbox {where}\qquad p_s^*:=\frac {N\,p}{N-s\,p},\end {equation*}


$H>0$


\begin {equation}\label {ourHLS} \|K_{s/2} \ast h\|^{p'}_{p'} \le H\,\|h\|_1^{p'\,\vartheta _0} \,\|h\|_m^{p'\,(1-\vartheta _0)} \qquad \mbox { for every } h \in L^{1}_+(\mathds {R}^N) \cap L^m(\mathds {R}^N),\end {equation}


$0 < \vartheta _0 < 1$


\begin {equation*}\vartheta _0 := 1 -\frac {m'}{p^*_s} = \frac {1}{(p^*_s)'}\,\frac {m - (p^*_s)'}{m-1}.\end {equation*}


\begin {equation}\label {ELintro} \rho ^{m-1}=a\left (\mathcal K_{s,p}(\rho )-\mathcal C\right )_+\qquad \mbox {in}\, \mathds R^N\end {equation}


$a,\mathcal C$


$p=2$


$u:=K_s\ast \rho $


\begin {equation*}(-\Delta )^su=a^{\frac 1{m-1}}\left (u-\mathcal C\right )^{\frac 1{m-1}}_+,\end {equation*}


$(x)_+:=\max \{x,0\}$


$m\ge m_c$


$\mathcal F_{s,p}$


$m=m_c$


\begin {equation}\label {massa-critica} M_c:= \left (\frac {p^*_s}{\chi \,H^*_{m_c,s,p}}\right )^{\frac {N}{sp'}},\end {equation}


$H^*_{m,s,p}$


$1 < p < \infty $


$0<s\,p < N$


$m>(p_s^*)'$


$\mathds R^N$


$a>0,\mathcal C>0$


$m> m_c$


$h$


$\lambda >0$


$h^\lambda $


$\mathcal F_{s,p}$


$\mathcal Y_{M}$


$M=\|h\|_1$


$M>0$


$\mathcal F_{s,p}$


$\mathcal Y_{M}$


$m=m_c$


$h$


$M_c$


$\mathcal F_{s,p}$


$\mathcal Y_{M_c}$


$\mathcal F_{s,p}(h)=0$


$\mathcal F_{s,p}$


$\mathcal Y_M$


$M=M_c$


$a,\mathcal C$


$\lambda $


$m>m_c$


$M>0$


$\mathcal F_{s,p}$


$\mathcal Y_{M}$


$-\infty $


$(p_s^*)'<m<m_c$


\begin {equation}\label {ELintro2} \rho ^{m-1}=\frac {m-1}{m}\left (\chi \mathcal K_{s,p}(\rho )-\mathcal Q\right )_+\qquad \mbox {in}\, \mathds R^N\end {equation}


$\mathcal F_{s,p}$


$\mathcal Q>0$


$p=2$


$m>m_c$


$m>(p_s^*)'$


$p=2$


$s\to 0$


$K_s$


$s$


\begin {equation*}\partial _t\rho =\Delta \rho ^m-\frac {\chi }{p'}\,\Delta \rho ^{p'}.\end {equation*}


$\mathcal F_{s,p}$


$s\to 0$


$L^m$


$L^{p'}$


\begin {equation}\label {limit-functional} \mathcal F_0(\rho )=\frac 1{m-1}\int _{\mathds R^N}\rho ^m-\frac \chi {p'}\int _{\mathds R^N}\rho ^{p'}.\end {equation}


$\mathcal F_0$


$\mathcal Y_M$


$m-p'$


$m_c$


$p'$


$s=0$


$m<p'$


$\mathcal F_{s,p}$


$\mathcal Y_M$


$s$


$m<(p_s^*)'$


$s$


$m\ge p'$


$p=2, m>2$


$1 < p < \infty $


$0<s\,p < N$


$m\ge p'$


$M>0$


$\rho _s$


$\mathcal F_{s,p}$


$\mathcal Y_M$


$s\in (0, N/p)$


$m>p'$


$\rho _s\to \rho _0$


$L^q(\mathds R^N)$


$1<q<+\infty $


$s\to 0$


$\rho _0$


$\mathcal F_0$


$\mathcal Y_M$


$m=p'$


$\inf _{\mathcal Y_M} \mathcal F_s\to \inf _{\mathcal Y_M} \mathcal F_0$


$s\to 0$


$\rho _s\to 0$


$\mathds R^N$


$0<\chi <p$


$\rho _s\to M\delta _0$


$\chi >p$


$p=2$


$p\neq 2$


$p=2$


$m,s$


$s=1$


$p\neq 2$


$1<m\le (p_s^*)'$


$\mathcal Q=0$


$p=2$


$\mathds {R}^N$


$N \ge 1$


$x_0 \in \mathds {R}^N$


$r > 0$


$B_r(x_0)$


$N-$


\begin {equation*}B_r(x_0) = \left \{ x \in \mathds {R}^N : |x-x_0| < r\right \}.\end {equation*}


$|\,\cdot \,|$


$N-$


$1 \le p \le \infty $


$L^p_{\rm loc}$


$L^p$


$\|\,\cdot \,\|_{p}$


$L^p(\mathds R^N)$


$\Omega \subseteq \mathds {R}^N$


$W^{1,p}(\Omega )$


$BV(\Omega )$


$\Omega $


\begin {equation*}C^{0,\alpha }(\Omega ) := \left \{u \in C^0(\Omega ) \cap L^\infty (\Omega ): \sup _{\underset {x \neq y}{x, y \in \Omega ,}} \frac {|u(x) - u(y)|}{|x-y|^\alpha } < \infty \right \}.\end {equation*}


$u \in C^{0,\alpha }_{\rm loc}(\Omega )$


$u \in C^{0,\alpha }(\Omega ')$


$\Omega '$


$\Omega $


$C^{0,1}(\Omega )$


$\Omega $


$\rho \in L^1(\mathds {R}^N)$


$\lambda > 0$


$\rho $


$\lambda $


\begin {equation*}\|\rho \|_{1} = \|\rho ^\lambda \|_{1},\end {equation*}


$\rho \in \mathcal {Y}_M$


$\rho ^\lambda \in \mathcal {Y}_M$


$\lambda > 0$


$\mathcal Y_M$


$\rho \in L^1(\mathds {R}^N)$


$\rho \in L^1(\mathds {R}^N)$


$\rho ^*$


$\mathds R^N$


$\mathds R^N$


$f$


$K_s\ast f$


$K_s$


\begin {equation*}\hat {K_s}(\xi ) = |\xi |^{-2\,s}.\end {equation*}


$c_{N, s}$


\begin {equation}\label {eqn:asym-behav} \lim _{s \to 0} \frac {c_{N,s}}{s} = \frac {\Gamma \,\left (\frac {N}{2}\right )}{\pi ^{\frac {N}{2}}} = \frac {2}{N\,\omega _N}.\end {equation}


$1 \le q < r \le \infty $


$0<s\,q < N$


$s\,r > N$


$h \in L^q(\mathds {R}^N) \cap L^r(\mathds {R}^N)$


\begin {equation*}\|K_{s/2} \ast h\|_\infty \le \alpha _s\,\|h\|_q + \beta _s\,\|h\|_r,\end {equation*}


$\alpha _s = \alpha (N, q, s)$


$\beta _s = \beta (N, r, s) > 0$


\begin {equation}\label {asym-bound-l-infinito-riesz1} \lim _{s \to 0} \frac {\alpha _s}{s} = \begin {cases} \pi ^{-\frac {N}{2}} \Gamma \left (\frac {N}{2}\right ) \left (\omega _N(q-1)\right )^{\frac {q-1}{q}} \qquad &\mbox { if } q > 1, \\ \\ \pi ^{-\frac {N}{2}} \Gamma \left (\frac {N}{2}\right ) \qquad &\mbox { if } q=1, \end {cases}\end {equation}


\begin {equation}\label {asym-bound-l-infinito-riesz2} \lim _{s \to 0} \beta _s = 1 \qquad \mbox { if } r = \infty .\end {equation}


$q>1$


\begin {equation*}q' > \frac {N}{N-s} \qquad \mbox { and } \qquad r' < \frac {N}{N-s}.\end {equation*}


$x \in \mathds {R}^N$


\begin {equation}\label {stima-holder-potenziale} \begin {split} \frac {(K_{s/2} \ast h)(x)}{c_{N, s/2}} &= \int _{\mathds {R}^N \setminus B_1(x)} \frac {h(y)}{|x-y|^{N-s}}\,dy + \int _{B_1(x)} \frac {h(y)}{|x-y|^{N-s}}\,dy \\ &\le \left (\int _{\mathds {R}^N \setminus B_1} \frac {dy}{|y|^{(N-s)\,q'}}\right )^{\frac {1}{q'}}\,\|h\|_q + \left (\int _{B_1} \frac {dy}{|y|^{(N-s)\,r'}}\right )^{\frac {1}{r'}}\,\|h\|_r \\ &= \left (\frac {N\,\omega _N}{(N-s)\,q' - N}\right )^{\frac {1}{q'}}\|h\|_q + \left (\frac {N\, \omega _N}{N - (N-s)\,r'}\right )^{\frac {1}{r'}}\|h\|_r , \end {split}\end {equation}


\begin {equation*}\alpha _s = \alpha \left (N,s,q\right ) := c_{N,s/2} \left (\frac {N\omega _N}{(N-s)\,q' - N}\right )^{\frac {1}{q'}},\end {equation*}


\begin {equation*}\beta _s = \beta \left (N,s,r\right ) :=c_{N, s/2} \left (\frac {N \omega _N}{N - (N-s)\,r'}\right )^{\frac {1}{r'}}.\end {equation*}


$\alpha _s$


$\beta _s$


$q=1$


$q \searrow 1$


\begin {equation*}\frac {(K_{s/2} \ast h)(x)}{c_{N, s/2}} \le \|h\|_1 + \left (\frac {N\,\omega _N}{N - (N-s)\,r'}\right )^{\frac {1}{r'}}\|h\|_r.\end {equation*}


$\alpha _s = c_{N, s/2}$


$\beta _s$


$1 < q < \infty $


$0<s\,q < N$


$h \in L^q(\mathds {R}^N)$


\begin {equation*}K_{s/2} \ast h \in L^{q^*_s}(\mathds {R}^N), \qquad \mbox { where }\,\, q^*_s = \frac {N\,q}{N-s\,q}.\end {equation*}


$\overline {H}_s = \overline {H}(N, s, q) > 0$


\begin {equation}\label {hls-inequality-con-asym} \|K_{s/2} \ast h\|_{q^*_s} \le \overline {H}_s\,\|h\|_{q}, \qquad \mbox { with }\,\, \limsup _{s \to 0} \overline {H}_s \le 1.\end {equation}


$h \in L^1(\mathds {R}^N) \cap L^m(\mathds {R}^N)$


$m>q$


\begin {equation}\label {ineq:hls} \|K_{s/2} \ast h\|_{q^*_s} \le \overline {H}_s\,\|h\|_1^{\vartheta }\,\|h\|^{1- \vartheta }_m, \qquad \mbox { where }\,\, \vartheta = \frac {1}{q}\frac {m-q}{m-1}.\end {equation}


\begin {equation*}r:= q, \quad \lambda := N-s \quad \mbox { and so } \quad p:= (q^*_s)',\end {equation*}


\begin {equation*}\begin {split} \int _{\mathds {R}^N} \varphi \,\left (K_{s/2} \ast h\right )\,dx = c_{N, s/2}\,\iint _{\mathds {R}^N \times \mathds {R}^N} \frac {\varphi (x)\,h(y) }{|x-y|^{N-s}}\,dxdy \le C\left (N,q, s\right )\,c_{N, s/2}\,\|h\|_{q}, \end {split}\end {equation*}


$\varphi \in L^{(q_s^*)'}(\mathds {R}^N)$


$\|\varphi \|_{(q^*_s)'} = 1,$


$C\left (N, q, s\right )$


\begin {equation*}\begin {split} \overline {H}_s &= \overline {H}\left (N, q, s\right ):= C\left (N, q, s\right )\,c_{N, s/2} \\ &\le c_{N, s/2}\,\frac {N}{s}\,\omega _N^{(N-s)/N}\,\frac {1}{q\,(q^*_s)' }\, \left (\left (\frac {(N-s)/N}{1-1/(q^*_s)'}\right )^{(N-s)/N} + \left (\frac {(N-s)/N}{1-1/q}\right )^{(N-s)/N}\right ). \end {split}\end {equation*}


\begin {equation*}\limsup _{s \to 0} \overline {H}_s \le 1.\end {equation*}


$L^p-$


$q$


$(p_s^*)'$


$p$


$\mathcal {F}_{s,p}$


$1 < p < \infty $


$0<s\,p < N$


\begin {equation}\label {ineq:hls-particolare} \|K_{s/2} \ast h\|_{p'} \le H_s\,\|h\|_{(p^*_s)'} \quad \mbox { for every } h \in L^{(p^*_s)'}(\mathds {R}^N),\end {equation}


$H_s = H\left (N, s, p\right ) > 0$


\begin {equation}\label {bound-costante-hls} H_s \le c_{N, s/2}\,\frac {N}{s}\,\omega _N^{(N-s)/N}\,\frac {1}{p\,(p^*_s)' }\, \left (\left (\frac {(N-s)/N}{1-1/p}\right )^{(N-s)/N} + \left (\frac {(N-s)/N}{1-1/(p^*_s)'}\right )^{(N-s)/N}\right ),\end {equation}


$\limsup _{s \to 0} H_s \le 1.$


$m > (p^*_s)'$


\begin {equation}\label {ineq-hls-2} \|K_{s/2} \ast h\|_{p'} \le H_s\,\|h\|_1^{\vartheta _0} \,\|h\|_m^{1-\vartheta _0} \quad \mbox { for every } h \in L^{1}(\mathds {R}^N) \cap L^m(\mathds {R}^N),\end {equation}


$0 < \vartheta _0 < 1$


\begin {equation}\label {esponente-interpol} \vartheta _0 = \vartheta _0(m, N, p, s) := \frac {1}{(p^*_s)'}\,\frac {m - (p^*_s)'}{m-1} = 1 -\frac {m'}{p^*_s}.\end {equation}


\begin {equation*}(p^*_s)' = \frac {N\,p}{N\,(p-1) + s\,p} \in \left (1,\,N/s\right ),\end {equation*}


$q := (p^*_s)'$


$q^*_s = p'$


$H_s = H\left (N, s, p\right ) := \overline {H}(N,s,(p^*_s)') > 0$


$L^p-$


$\mathcal {F}_{s,p}$


$s \to 0$


$1 < q < p$


$h \in L^q(\mathds {R}^N) \cap L^p(\mathds {R}^N)$


\begin {equation*}\lim _{s \to 0}\|K_{s/2} \ast h - h\|_{p} = 0.\end {equation*}


$h \in L^p(\mathds {R}^N)$


$\varepsilon > 0$


$0 < \delta < 1$


\begin {equation}\label {kurokawa1} \int _{\mathds {R}^N} |h(x- y) - h(x)|^p\,dx < \varepsilon , \quad \mbox { for } |y| < \delta ,\end {equation}


\begin {equation*}K_{s/2}(x) = c_{N, s/2}\,|x|^{s-N}\,1_{B_\delta }(x) + c_{N, s/2}\,|x|^{s-N}\,1_{B_\delta ^c}(x) =: K_{s/2}^0(x) + K_{s/2}^\infty (x),\end {equation*}


\begin {equation}\label {kurokawa-triangolo} \|K_{s/2} \ast h - h\|_p \le \|K_{s/2}^0 \ast h - h\|_p + \|K^\infty _{s/2} \ast h\|_p.\end {equation}


\begin {equation}\label {kurokawa2} \int _{B_\delta } |y|^{s-N}\,dy = N\,\omega _N\,\int _0^\delta \varrho ^{s-1}\,d\varrho = N\,\omega _N\,\frac {\delta ^s}{s},\end {equation}


$c_{N, s/2} \int _{B_\delta } |y|^{s-N} h(x)\,dy$


\begin {equation*}\begin {split} \|K_{s/2}^0 \ast h - h\|_p \le c_{N, s/2}&\left (\int _{\mathds {R}^N} \left |\int _{B_\delta } |y|^{s-N}\left (h(x- y) - h(x)\right )dy \right |^p dx\right )^{\frac {1}{p}}\\ &+ \left (c_{N, s/2} - \frac {s}{N\omega _N\delta ^s}\right )\left (\int _{\mathds {R}^N} \left |\int _{B_\delta } |y|^{s-N}h(x)dy\right |^pdx\right )^{\frac {1}{p}}. \end {split}\end {equation*}


\begin {equation*}\|K_{s/2}^0 \ast h - h\|_p \le N\,\omega _N\,\frac {\delta ^s}{s}\,\left [c_{N, s/2}\,\varepsilon + \left (c_{N, s/2} - \frac {s}{N\,\omega _N\,\delta ^s}\right )\|h\|_p\right ].\end {equation*}


\begin {equation}\label {primo-pezzo} \limsup _{s \to 0} \|K_{s/2}^0 \ast h - h\|_p \le \varepsilon .\end {equation}


$s$


$\beta , r$


\begin {equation}\label {ass-kurokawa} 0 < \beta < N\left (\frac {1}{q} - \frac {1}{p}\right ) \quad \mbox { and } \quad r^*_\beta = p,\end {equation}


$q < r < p$


$0 < s < \beta $


\begin {equation*}|y|^{s-N} = |y|^{(s-\beta ) + (\beta - N)} \le \delta ^{s-\beta }\,|y|^{\beta - N} \le \delta ^{-\beta }\,|y|^{\beta - N}, \quad \mbox { for } |y| \ge \delta ,\end {equation*}


$0 < \delta < 1$


\begin {equation*}\begin {split} \|K_{s/2}^\infty \ast h\|_p = c_{N, s/2}\,\left (\int _{\mathds {R}^N} \left |\int _{B^c_\delta } |y|^{s-N}\,h(x-y)\,dy\right |^pdx\right )^\frac {1}{p} \le c_{N, s/2}\,\delta ^{-\beta }\,\left \|K_{\beta /2} \ast |h|\right \|_p. \end {split}\end {equation*}


$h \in L^r(\mathds {R}^N)$


$\left \|K_{\beta /2} \ast |h|\right \|_p < \infty $


\begin {equation*}\lim _{s \to 0} \|K_{s/2}^\infty \ast h\|_p = 0,\end {equation*}


$1 < p < \infty $


$0<s\,p < N$


$m > (p^*_s)'$


$\vartheta _0 = 1 - m'/p^*_s$


\begin {equation}\label {extremal-functional-hls} H^*_{m, s}:= \sup \left \{\frac {\|K_{s/2} \ast h\|_{p'}^{p'}}{\|h\|_1^{p'\vartheta _0} \|h\|^{p'(1-\vartheta _0)}_{m}}: h \in L^1(\mathds {R}^N) \cap L^m(\mathds {R}^N) \setminus \{0\}\right \},\end {equation}


$p'$


$H^*_{m,s} \le H_s^{p'}.$


$H^*_{m, s}$


\begin {equation*}h \mapsto \frac {\|K_{s/2} \ast h\|_{p'}^{p'}}{\|h\|_1^{p'\vartheta _0} \|h\|^{p'(1-\vartheta _0)}_{m}}, \qquad h \in L^1(\mathds {R}^N) \cap L^m(\mathds {R}^N) \setminus \{0\},\end {equation*}


\begin {equation*}\mu \mapsto \mu \,h,\,\, \mbox { for } \mu > 0, \qquad \mbox { and } \qquad \lambda \mapsto \lambda ^N\,h(\lambda \,x),\,\, \mbox { for } \lambda > 0.\end {equation*}


$1 < p < \infty $


$0<s\,p < N$


$m > (p^*_s)'$


$h_s \in L_{+}^1(\mathds {R}^N) \cap L^m(\mathds {R}^N)$


$\|h_{s}\|_1 = \|h_s\|_m =1$


$h_s \in L_{+}^1(\mathds {R}^N) \cap L^m(\mathds {R}^N)$


$h_s = h^*_s(\cdot - y)$


$y \in \mathds {R}^N$


$(h_j)_{j \in \mathds {N}}$


$H^*_{m,s}$


\begin {equation*}\lim _{j \rightarrow \infty } \frac {\|K_{s/2} \ast h_j\|_{p'}^{p'}}{\|h_j\|_1^{p'\,\vartheta _0} \|h_j\|^{p'\,(1-\vartheta _0)}{}_{m}} = H^*_{m,s}, \quad \mbox { with }\,\, h_j \in L^1(\mathds {R}^N) \cap L^m(\mathds {R}^N) \setminus \{0\},\quad \mbox { for }\,\, j \in \mathds {N}.\end {equation*}


$h_j \ge 0$


$K_{s/2} \ast h_j \le K_{s/2} \ast |h_j|$


\begin {equation}\label {norm-ass-ex} \|h_j\|_1 = \|h_j\|_{m} = 1, \qquad \mbox { for } j \in \mathds {N}.\end {equation}


$h_j$


\begin {equation*}\widetilde {h_j}(x) = \lambda _j\,h_j(\mu _j\,x), \quad \mbox { with }\,\, \mu _j = \left (\frac {\|h_j\|_1}{\|h_j\|_m}\right )^{\frac {1}{N} \frac {m}{m-1}},\quad \lambda _j = \frac {\mu _j^N}{\|h_j\|_1},\quad \mbox { for }\,\, j \in \mathds {N}.\end {equation*}


\begin {equation*}\begin {split} \|K_{s/2} \ast \widetilde {h_j}\|_{p'}^{p'} = \int _{\mathds {R}^N} \Bigg |\int _{\mathds {R}^N} |x-y|^{s-N}\,\lambda _j\,h(\mu _j\,y) dy\Bigg |^{p'}dx = \frac {\lambda ^{p'}}{\mu ^{s\,p'+N}} \|K_{s/2} \ast h_j\|_{p'}^{p'}, \end {split}\end {equation*}


\begin {equation*}\|\widetilde {h_j}\|_1 = \frac {\lambda }{\mu ^N}\,\|h_j\|_1, \qquad \|\widetilde {h_j}\|_m = \frac {\lambda }{\mu ^{\frac {N}{m}}}\,\|h_j\|_m,\end {equation*}


$j \in \mathds {N}$


\begin {equation*}\begin {split} \frac {\|K_{s/2} \ast \widetilde {h_j}\|_{p'}^{p'}}{\|\widetilde {h_j}\|_1^{p'\,\vartheta _0}\|\widetilde {h_j}\|_m^{p'\,(1-\vartheta _0)}} &= \frac {\lambda _j^{p'}}{\lambda _j^{p'\,\vartheta _0} \lambda _j^{p'\,(1-\vartheta _0)}}\frac {\mu _j^{N\,p'\,\vartheta _0 + \frac {N}{m}\,p'\,(1-\vartheta _0)}}{\mu _j^{s\,p' +N}} \frac {\|K_{s/2} \ast h_j\|_{p'}^{p'}}{\|h_j\|^{p'\,\vartheta _0} \|h_j\|_m^{p'\,(1-\vartheta _0)}} \\ &= \frac {\|K_{s/2} \ast h_j\|_{p'}^{p'}}{\|h_j\|^{p'\,\vartheta _0} \|h_j\|_m^{p'\,(1-\vartheta _0)}}, \end {split}\end {equation*}


$j \in \mathds {N}$


$h_j$


$j \in \mathds {N}$


$\varphi _j \in L^{p}(\mathds {R}^N)$


$\|\varphi _j\|_{p} = 1$


\begin {equation*}\|K_{s/2} \ast h_j\|_{p'} = \int _{\mathds {R}^N} \varphi _j\,\left (K_{s/2} \ast h_j\right )\,dx.\end {equation*}


$\varphi ^*_j$


$h_j^*$


$\varphi _j$


$h_j$


\begin {equation*}\begin {split} \|K_{s/2} \ast h_j\|_{p'} = c_{N, s/2}\iint _{\mathds {R}^N \times \mathds {R}^N}\frac {\varphi _j(x)\,h_j(y)}{|x-y|^{N-s}}dxdy \le c_{N, s/2}\iint _{\mathds {R}^N \times \mathds {R}^N} \frac {\varphi ^{*}_j(x)\,h_j^{*}(y)}{|x-y|^{N-s}}dxdy. \end {split}\end {equation*}


$\|\varphi _j^*\|_p=1$


\begin {equation*}\|K_{s/2} \ast h_j\|_{p'} \le \|K_{s/2} \ast h^*_j\|_{p'},\end {equation*}


$h_j$


$\|h_j\|_1 = \|h_j\|_{m} = 1$


$j \in \mathds {N}$


$h_j$


$R > 0$


\begin {equation*}\begin {split} 1 = \|h_j\|_1 \ge N\,\omega _N\, \int _0^{R} \xi _j(r)\, r^{N-1}\,dr \ge N\,\omega _N \,\xi _j(R)\, \int _{0}^{R} r^{N-1}\, dr = \omega _N\, \xi _j(R)\, R^N, \end {split}\end {equation*}


$\xi _j(|x|) := h_j(x)$


$h_j$


$j \in \mathds {N}$


\begin {equation*}1 = \|h_j\|^m_{m} \ge \omega _N\,\xi _j(R)^{m}\,R^N,\end {equation*}


\begin {equation}\label {prop:xi} \sup _{(R, \infty )}|\xi _j| \le \frac {1}{\omega _N}\,\min \left \{\frac {1}{R^N}, \frac {1}{R^{N/m}}\right \} =: \omega (R), \qquad \mbox { for every } R > 0,\,\, j \in \mathds {N}.\end {equation}


\begin {equation*}\int _{R}^{\infty } |\xi '_j(r)|\,dr \le \omega (R), \qquad \mbox { for every } R > 0,\,\, j \in \mathds {N}.\end {equation*}


$(\xi _j)_j$


$\xi $


$(R, \infty )$


$R > 0$


\begin {equation}\label {point-convergence-helly} \lim _{j \to \infty } h_j(x) = \lim _{j \rightarrow \infty } \xi _j(|x|) = \xi (|x|) =: h_{s}(x), \qquad \mbox { for every } x \in \mathds {R}^N \setminus \{0\}.\end {equation}


$h_{s}$


\begin {equation}\label {domina-il-minimo} 0 \le h_{s}(x) \le \omega (|x|) =: v(x), \qquad \mbox { for every } x \in \mathds {R}^N \setminus \{0\}.\end {equation}


\begin {equation}\label {funzione-dominante} v \in L^{q}(\mathds {R}^N), \qquad \mbox { for every } 1 < q < m.\end {equation}


\begin {equation}\label {fatou} \|h_s\|_1 \le 1 \qquad \mbox { and } \qquad \|h_s\|_m \le 1,\end {equation}


$h_{s} \in L^1(\mathds {R}^N) \cap L^m(\mathds {R}^N).$


\begin {equation}\label {pointwise-convergence} \left ( K_{s/2} \ast h_{s} \right )(x) = \lim _{j \to \infty } \left (K_{s/2} \ast h_j \right ) (x) \le \left (K_{s/2} \ast v\right )(x), \qquad \mbox { a.e. } x \in \mathds {R}^N.\end {equation}


\begin {equation*}\left (K_{s/2} \ast h_j\right )(x) = c_{N, s}\int _{\mathds {R}^N}\frac {h_j(y)}{|x-y|^{N-s}}dy \le c_{N, s}\int _{\mathds {R}^N}\frac {v(y)}{|x-y|^{N-s}}dy = \left (K_{s/2} \ast v\right )(x).\end {equation*}


\begin {equation*}\left (K_{s/2} \ast v\right )(x) < \infty , \qquad \mbox { a.e. } x \in \mathds {R}^N.\end {equation*}


$K_{s/2} \ast v \in L^{p'}(\mathds {R}^N)$


\begin {equation*}H^*_{m,s} = \lim _{j \rightarrow \infty } \|K_{s/2} \ast h_j\|_{p'}^{p'} = \|K_{s/2} \ast h_s\|^{p'}_{p'} \le \frac {\|K_{s/2} \ast h_s\|^{p'}_{p'}}{\|h_{s}\|_1^{p'\,\vartheta _0} \|h_s\|^{p'\,(1-\vartheta _0)}_m},\end {equation*}


$H^*_{m,s}$


$L^1(\mathds {R}^N) \cap L^m(\mathds {R}^N)$


\begin {equation*}\|h_{s}\|_1^{p'\vartheta _0} \|h_s\|^{p'(1-\vartheta _0)}_m = 1.\end {equation*}


$\|h_{s}\|_1 = \|h_{s}\|_m = 1$


$h_s \in L^1_{+}(\mathds {R}^N) \cap L^m(\mathds {R}^N) \setminus \{0\}$


$K_{s/2} \ast h_s \in L^{p'}(\mathds {R}^N)$


$\varphi \in L^p(\mathds {R}^N)$


\begin {equation*}\|K_{s/2} \ast h_s\|_{p'} = \int _{\mathds {R}^N} \varphi \,(K_{s/2} \ast h_s)\,dx.\end {equation*}


\begin {equation*}\begin {split} \|K_{s/2} \ast h_s\|_{p'} = c_{N, s/2}\,\iint _{\mathds {R}^N \times \mathds {R}^N} \frac {\varphi (x)\,h_s(y)}{|x-y|^{N-s}}\,dxdy \le \iint _{\mathds {R}^N \times \mathds {R}^N} \frac {\varphi ^{*}(x)\,h_s^{*}(y)}{|x-y|^{N-s}}dxdy \end {split}\end {equation*}


$\varphi = \varphi ^*(\cdot - y)$


$h_s = h^*_s(\cdot - y)$


$y \in \mathds {R}^N$


$\protect \mathcal  {Y}_M$


$M > 0$


$h_{s, M} \in \mathcal {Y}_M$


\begin {equation*}h_{s, M} := M\,h_s,\end {equation*}


$h_s$


$\|h_s\|_1=1$


$1 < p < \infty $


$0<s\,p < N$


$m > (p^*_s)'$


$h_0 \in L_{+}^1(\mathds {R}^N) \cap L^m(\mathds {R}^N)$


\begin {equation}\label {eqn_el} \mathcal {A}_s\, h_0^{m-1} = \Big (\mathcal {K}_{s,p}(h_0) - \mathcal {C}_s \Big ){}_{+}\qquad \mbox { in } \mathds {R}^N,\end {equation}


\begin {equation}\label {costanti-eulero-lagrange} \mathcal {A}_s= \frac {m'}{p^*_s}\frac {\|K_{s/2} \ast h_0\|_{p'}^{p'}}{\|h_0\|_m^m}, \qquad \mathcal {C}_s = \left (1-\frac {m'}{p^*_s}\right )\,\frac {\|K_{s/2} \ast h_0\|_{p'}^{p'}}{\|h_0\|_1} > 0.\end {equation}


\begin {equation*}\mathcal {G}_s(h):= H^*_{m,s}\,\|h\|_1^{p'\,\vartheta _0}\,\|h\|_{m}^{p'\,(1-\vartheta _0)} - \|K_{s/2} \ast h\|_{p'}^{p'}, \qquad \mbox { for } h \in L_{+}^1(\mathds {R}^N) \cap L^m(\mathds {R}^N)\setminus \{0\},\end {equation*}


$H^*_{m,s}$


$\vartheta _0$


$h_0$


$h_0$


$\varphi \in C^\infty _0(\mathds {R}^N)$


\begin {equation}\label {variazioni} \psi := \varphi \,h_0, \qquad \varepsilon _0:= \frac {1}{2 \|\varphi \|_\infty }, \qquad h_\varepsilon := h_0 + \varepsilon \,\psi \ge 0, \qquad \mbox { for } 0 \le |\varepsilon | < \varepsilon _0.\end {equation}


$h_0$


\begin {equation*}\mathcal {G}_s(h_\varepsilon ) \ge \mathcal {G}_s(h_0) =0, \qquad \mbox { for every } 0 \le |\varepsilon | < \varepsilon _0,\end {equation*}


\begin {equation}\label {variazione-prima} \frac {\rm d}{\rm d\varepsilon } \biggr \rvert _{\varepsilon = 0} \mathcal {G}_s(h_\varepsilon ) = 0.\end {equation}


\begin {equation}\label {var-prima-conto} \mathcal {G}_s(h_\varepsilon ) = H^*_{m,s}\,\|h_0 + \varepsilon \,\psi \|_1^{p'\,\vartheta _0}\,\|h_0 + \varepsilon \,\psi \|_{m}^{p'\,(1-\vartheta _0)} - \|K_{s/2} \ast (h_0 + \varepsilon \,\psi )\|_{p'}^{p'}.\end {equation}


$\varepsilon $


\begin {equation*}\int _{\mathds {R}^N} (h_0+\varepsilon \psi )\,dx = \int _{\mathds {R}^N} h_0\,dx + \varepsilon \int _{\mathds {R}^N}\psi \,dx, \quad \mbox { for } 0 < |\varepsilon | < \varepsilon _0.\end {equation*}


\begin {equation*}(h_0 + \varepsilon \,\psi )^m - h_0^m = \varepsilon \int _{0}^1\thinspace m\,(h_0 + \varepsilon \,t\, \psi )^{m-1}\, \psi \,dt, \qquad \mbox { a.e. in } \mathds {R}^N,\,\, \mbox { for } 0 < |\varepsilon | < \varepsilon _0.\end {equation*}


$\mathds {R}^N$


$\varepsilon $


\begin {equation}\label {integrale1} \int _{\mathds {R}^N} \dfrac {\left (h_0 + \varepsilon \,\psi \right )^m - h_0^m}{\varepsilon }\,dx = \int _{0}^1 \mathscr {H}_\varepsilon (t)\,dt,\end {equation}


\begin {equation*}\mathscr {H}_{\varepsilon }(t) = m\int _{\mathds {R}^N} \left (h_0 + \varepsilon \,t\,\psi \right )^{m-1} \psi \,dx, \qquad \mbox { for } t \in [0, 1].\end {equation*}


\begin {equation*}|\mathscr {H}_\varepsilon (t)| \le m\,\|h_0 + \varepsilon \,t\,\psi \|_m^{\frac {m}{m'}}\,\|\psi \|_m \le m\,\left (\|\psi \|_m + \varepsilon _0\,\|\psi \|_m\right )^{\frac {m}{m'}}\,\|\psi \|_m, \qquad \mbox { for } t \in [0,1],\end {equation*}


$0 <|\varepsilon | < \varepsilon _0$


\begin {equation*}\int _{\mathds {R}^N} \left (h_0 + \varepsilon \,\psi \right )^m\,dx = \int _{\mathds {R}^N} h_0^m\,dx + \varepsilon \int _{\mathds {R}^N} m\,h_0^{m-1}\psi \,dx + o(\varepsilon ), \qquad \mbox { as } \varepsilon \to 0.\end {equation*}


$\mathds {R}^N$


\begin {equation*}\left (K_{s/2} \ast \left (h_0 + \varepsilon \,\psi \right )\right )^{p'} - \left (K_{s/2} \ast h_0\right )^{p'} = \varepsilon \,p' \int _0^1 \left (K_{s/2} \ast \left (h_0 + \varepsilon \,t \psi \right )\right )^{p'-1} \left (K_{s/2} \ast \psi \right )\,dt,\end {equation*}


$0 < |\varepsilon | < \varepsilon _0$


$\mathds {R}^N$


$\varepsilon $


\begin {equation}\label {integrale2} \begin {split} \int _{\mathds {R}^N}\frac {1}{\varepsilon }\left [\left (K_{s/2} \ast \left (h_0 + \varepsilon \,\psi \right )\right )^{p'} - \left (K_{s/2} \ast h_0\right )^{p'}\right ]dx = \int _{0}^1 \mathscr {K}_\varepsilon (t) dt, \end {split}\end {equation}


\begin {equation*}\mathscr {K}_\varepsilon (t) = p'\int _{\mathds {R}^N} \left (K_{s/2} \ast \left (h_0 + \varepsilon \,t\,\psi \right )\right )^{p'-1} \left (K_{s/2} \ast \psi \right )\,dx, \qquad \mbox { for } t \in [0, 1].\end {equation*}


\begin {equation*}\begin {split} |\mathscr {K}_\varepsilon (t)| &\le p'\,\|K_{s/2} \ast (h_0+ \varepsilon \,t\,\psi )\|_{p'}^{\frac {p'}{p}}\,\|K_{s/2} \ast \psi \|_{p'} \\ &\le p'\,H^*_{m,s}\,\|h_0 + \varepsilon \,t\,\psi \|_1^{\frac {p'}{p}\,\vartheta _0} \|h_0 + \varepsilon \,t\,\psi \|_m^{\frac {p}{p'}\,(1-\vartheta _0) } \|\psi \|_1^{\vartheta _0} \|\psi \|^{1-\vartheta _0}_m, \end {split}\end {equation*}


$H^*_{m,s}$


$\vartheta _0$


\begin {equation*}|\mathscr {K}_\varepsilon (t)| \le p'\,H^*_{m,s}\,\left (\|h_0\|_1 + \varepsilon _0\,\|\psi \|_1\right )^{\frac {p'}{p}\,\vartheta _0}\,\left (\|h_0\|_m + \varepsilon _0\,\|\psi \|_m\right )^{\frac {p'}{p}\,(1-\vartheta _0)}\,\|\psi \|_1^{\vartheta _0}\,\|\psi \|^{1-\vartheta _0}_m,\end {equation*}


$t \in [0,1]$


$0 < |\varepsilon | < \varepsilon _0$


\begin {equation*}\begin {split} \int _{\mathds {R}^N} \left (K_{s/2} \ast \left (h_0 + \varepsilon \,\psi \right )\right )^{p'}dx &= \int _{\mathds {R}^N} \left (K_{s/2} \ast h_0\right )^{p'}dx + \varepsilon \,p'\int _{\mathds {R}^N} \left (K_{s/2} \ast h_0\right )^{p'-1}\left (K_{s/2} \ast \psi \right )dx + o(\varepsilon ) \\ &= \int _{\mathds {R}^N} \left (K_{s/2} \ast h_0\right )^{p'}dx + \varepsilon \,p'\,\int _{\mathds {R}^N} K_{s/2} \ast \left (K_{s/2} \ast h_0\right )^{p'-1}\,\psi \,dx + o(\varepsilon ), \end {split}\end {equation*}


$\varepsilon \to 0$


\begin {equation*}H^*_{m,s} = \frac {\|K_{s/2} \ast h_0\|_{p'}^{p'}}{\|h_0\|_1^{p'\,\vartheta _0}\, \|h_0\|_m^{p'\,(1-\vartheta _0)}},\end {equation*}


\begin {equation*}\begin {split} \frac {\rm d}{\rm d\varepsilon } \biggr \rvert _{\varepsilon = 0} \mathcal {G}_s(h_\varepsilon ) =& p'\,\vartheta _0\,\frac {\|K_{s/2} \ast h_0\|_{p'}^{p'}}{\|h_0\|_1}\,\int _{\mathds {R}^N} \psi \,dx + p'\,(1-\vartheta _0)\,\frac {\|K_{s/2} \ast h_0\|_{p'}^{p'}}{\|h_0\|_m^m}\,\int _{\mathds {R}^N} h^{m-1}_0\,\psi \,dx \\ &- p'\,\int _{\mathds {R}^N} K_{s/2} \ast \left (K_{s/2} \ast h_0\right )^{p'-1}\,\psi \,dx. \end {split}\end {equation*}


\begin {equation*}\int _{\mathds {R}^N} \left (p'\vartheta _0\frac {\|K_{s/2} \ast h_0\|_{p'}^{p'}}{\|h_0\|_1} + p'(1-\vartheta _0)\frac {\|K_{s/2} \ast h_0\|_{p'}^{p'}}{\|h_0\|_m^m}h_0^{m-1} - p'K_{s/2} \ast (K_{s/2} \ast h_0)^{p'-1}\right )\varphi \,h_0\,dx = 0,\end {equation*}


$\varphi \in C^\infty _0(\mathds {R}^N)$


$h_0$


$\mathds R^N$


$\vartheta _0$


\begin {equation}\label {el-dentro-supp-hls} \frac {m'}{p^*_s}\frac {\|K_{s/2} \ast h_0\|_{p'}^{p'}}{\|h_0\|_m^m}\,h_0^{m-1} = \mathcal {K}_{s,p}(h_0) - \left (1-\frac {m'}{p^*_s}\right )\,\frac {\|K_{s/2} \ast h_0\|_{p'}^{p'}}{\|h_0\|_1}\qquad \mbox { in } {\rm supp}(h_0).\end {equation}


$h_0$


$\varphi \in C^\infty _0(\mathds {R}^N) \setminus \left \{0\right \}$


\begin {equation*}h_\varepsilon := h_0 + \varepsilon \,\varphi , \quad \mbox { for } \varepsilon \ge 0.\end {equation*}


$\varphi \ge 0$


$\varepsilon \ge 0$


$h_\varepsilon \ge 0$


$h_0$


$\mathcal {G}$


\begin {equation*}\lim _{\varepsilon \to 0^+} \frac {\mathcal {G}(h_\varepsilon ) - \mathcal {G}(h_0)}{\varepsilon } \ge 0.\end {equation*}


\begin {equation*}\int _{\mathds {R}^N} \left (p'\,\vartheta _0\,\frac {\|K_{s/2} \ast h_0\|_{p'}^{p'}}{\|h_0\|_1} + p'\,(1-\vartheta _0)\,\frac {\|K_{s/2} \ast h_0\|_{p'}^{p'}}{\|h_0\|_m^m}\,h_0^{m-1} - p'\,K_{s/2} \ast (K_{s/2} \ast h_0)^{p'-1}\right )\,\varphi \,dx \ge 0,\end {equation*}


$\varphi \in C^\infty _0(\mathds {R}^N)$


\begin {equation}\label {el-fuori} p'\,\vartheta _0\,\frac {\|K_{s/2} \ast h_0\|_{p'}^{p'}}{\|h_0\|_1} - p' K_{s/2} \ast \left (K_{s/2} \ast h_0\right )^{p'-1}(x) \ge 0\qquad \mbox { in } {\rm supp}(h_0)^c.\end {equation}


$\mathcal {A}_s$


$\mathcal {C}_s$


$H^*_{m, s}$


\begin {equation*}\mathcal {A}_s = \frac {m'}{p^*_s}\,H^*_{m, s}\,\|h\|_{m}^{p'-m}\,\left (\frac {\|h\|_m}{\|h\|_1}\right )^{p'\,\left (\frac {m'}{p^*_s} - 1\right )}, \qquad \mathcal {C}_s = \left (1-\frac {m'}{p^*_s}\right )\,H^*_{m, s}\,\|h\|_1^{p'-1}\,\left (\frac {\|h\|_m}{\|h\|_1}\right )^{\frac {p'\,m'}{p^*_s}}.\end {equation*}


$L^\infty -$


$1 < p < \infty $


$0<s\,p < N$


$m > (p^*_s)'$


$h_s \in L_{+}^1(\mathds {R}^N) \cap L^m(\mathds {R}^N)$


$h_s \in L^\infty (\mathds {R}^N)$


$h_s$


${\rm supp}(h_s)$


$h_s$


$h_s$


$\mathds R^N$


${\rm supp}(h_s) = \mathds {R}^N$


$h_s \in L^{(p^*_s)'}(\mathds {R}^N)$


$\mathcal {K}_{s,p}(h_s) \in L^{p^*_s}(\mathds {R}^N)$


$\lim _{|x| \to \infty } \mathcal {K}_{s,p}(h_s)(x) = 0$


$h_s$


$\mathcal {K}_{s,p}(h_s)$


\begin {equation}\label {vanishes_at_infty} \mathcal {K}_{s,p}(h_s)(x)^{p^*_s}\,\omega _N\,|x|^N \le \int _{B_{|x|}}\mathcal {K}_{s,p}(h_s)(y)^{p^*_s}\,dy \le \|K_{s/2} * h_s\|^{p^*_s}_{p^*_s},\end {equation}


$\left \{\mathcal {K}_{s,p}(h_s) > \mathcal {C}_s\right \} = B_{R_0}$


$0 \le R_0 < \infty $


$\mathcal {C}_s > 0$


$h_s = 0$


$\mathds {R}^N \setminus B_{R_0}$


$h_s \in L^\infty (\mathds {R}^N)$


$m_1 := m$


$s\,m_1 \ge N$


$s\,m_1 < N.$


$s\,m_1 \ge N$


$h_s \in L^1(\mathds {R}^N) \cap L^{m_1}(\mathds {R}^N)$


$h_s \in L^r(\mathds {R}^N)$


$1 < r < N/s$


\begin {equation*}K_{s/2} \ast h_s \in L^{\theta }(\mathds {R}^N), \qquad \mbox { for every } N/(N-s) < \theta < \infty ,\end {equation*}


\begin {equation*}(K_{s/2} \ast h_s)^{p'-1} \in L^{\theta \,(p-1)}(\mathds {R}^N), \qquad \mbox { for every } N/(N-s) < \theta < \infty .\end {equation*}


$s\,p < N$


\begin {equation*}\lim _{\theta \to \frac {N}{N-s}} \theta \,(p-1) < N/s.\end {equation*}


\begin {equation*}(K_{s/2} \ast h_s)^{p'-1} \in L^{\theta _1}(\mathds {R}^N) \cap L^{\theta _2}(\mathds {R}^N), \qquad \mbox { for some } \theta _1 < N/s \mbox { and } \theta _2 > N/s.\end {equation*}


$K_{s/2} \ast \left (K_{s/2} \ast h_s\right )^{p'-1} \in L^\infty (\mathds {R}^N)$


$h_s \in L^\infty (\mathds {R}^N)$


$s\,m_1 < N$


$h_s \in L^1(\mathds {R}^N) \cap L^{m_1}(\mathds {R}^N)$


$K_{s/2} \ast h_s \in L^r(\mathds {R}^N) \cap L^{(m_1)^*_s}(\mathds {R}^N)$


$N/(N-s) < r < (m_1)^*_s$


\begin {equation*}(K_{s/2} \ast h_s)^{p'-1} \in L^{r(p-1)}(\mathds {R}^N) \cap L^{(m_1)^*_s(p-1)}(\mathds {R}^N), \qquad \mbox { for every } N/(N-s) < r < (m_1)^*_s.\end {equation*}


$(m_1)^*_s\,(p-1) \ge N/s$


$h_s \in L^\infty (\mathds {R}^N)$


$(m_1)^*_s\,(p-1) < N/s$


\begin {equation*}K_{s/2} \ast (K_{s/2} \ast h_s)^{p'-1} \in L^{((m_1)^*_s\,(p-1))^*_s}(\mathds {R}^N).\end {equation*}


\begin {equation*}h_s \in L^{m_2}(\mathds {R}^N),\end {equation*}


\begin {equation*}m_2 := (m-1)\,((m_1)^*_s\,(p-1))^*_s = \frac {N\,(m-1)\,(p-1)\,m_1}{N-s\,p\,m_1},\end {equation*}


$m_2 > m_1$


$m > (p^*_s)'.$


$k \in \mathds {N} \setminus \{0\}$


$m_i < N/s$


$1 \le i \le k$


\begin {equation}\label {def-parametri-integrabilità} m_{k+1} := (m-1)\,((m_k)^*_s\,(p-1))^*_s = \frac {N\,(m-1)\,(p-1)\,m_k}{N-s\,p\,m_k}.\end {equation}


$m_{k+1} > m_{k}.$


\begin {equation}\label {hp-ind} m_{i+1} > m_i, \qquad \mbox { for every } 1 \le i \le k-1.\end {equation}


$m > (p^*_s)'$


\begin {equation*}m > \frac {(N-s\,m)\,p}{N\,(p-1)} = \frac {(N-s\,m_1)\,p}{N\,(p-1)} > \frac {(N-s\,m_k)\,p}{N\,(p-1)},\end {equation*}


\begin {equation*}m > \frac {(N-s\,m_k)\,p}{N\,(p-1)} \quad \Longleftrightarrow \quad m_{k+1} > m_k,\end {equation*}


\begin {equation}\label {esplode} \lim _{k \to \infty } m_k = +\infty .\end {equation}


$\overline {k}$


$m_{\overline {k}} \ge N/s$


$m_k \ge m$


\begin {equation*}\frac {m_{k+1}}{m_k} = \frac {N\,(m-1)\,(p-1)}{N-s\,p\,m_k} \ge \frac {N\,(m-1)\,(p-1)}{N-s\,p\,m} = \frac {m_2}{m_1}, \qquad \mbox { for every } k \ge 1.\end {equation*}


\begin {equation*}\frac {m_2}{m_1} > 1 \quad \Longleftrightarrow \quad m > (p^*_s)'.\end {equation*}


\begin {equation*}\liminf _{k \to \infty } \frac {m_{k+1}}{m_k} > 1,\end {equation*}


$1 < p < \infty $


$0<s\,p < N$


$m > (p^*_s)'$


$h_s \in L_{+}^1(\mathds {R}^N) \cap L^m(\mathds {R}^N)$


$0 < s < 1/2$


\begin {equation*}\begin {cases} \MMM h_s \in C^{0, 1}(\mathds {R}^N), \qquad &\mbox { if } m \le 2,\KKK \\ \\ h_s \in C^{0, \frac {1}{m-1}}(\mathds {R}^N), \qquad &\mbox { if } 2 < m < m^*, \\ \\ h_s \in C^{0, \gamma }(\mathds {R}^N), \qquad &\mbox { if } m^* \le m, \end {cases}\end {equation*}


$m^* = \dfrac {2 - 2s}{1-2s}$


$\gamma \in \left (0, \dfrac {2\,s}{m-2}\right )$


$s \ge 1/2$


\begin {equation*}h_s \in C^{0, \gamma }(\mathds {R}^N), \qquad \mbox { where } \gamma = \min \left \{1, \frac {1}{m-1}\right \}.\end {equation*}


$h_{s}$


$C^\infty -$


$0 < s < 1/2$


$1 \le q < \infty $


$W^{s,q}(\mathds {R}^N)$


\begin {equation*}W^{s,q}(\mathds {R}^N) = \left \{u \in L^q(\mathds {R}^N) : [u]_{W^{s,q}(\mathds {R}^N)} < \infty \right \},\end {equation*}


$[\,\cdot \,]_{W^{s,q}(\mathds {R}^N)}$


\begin {equation*}[u]_{W^{s,q}(\mathds {R}^N)} := \left (\iint _{\mathds {R}^N \times \mathds {R}^N} \frac {|u(x) - u(y)|^q}{|x-y|^{N+s\,q}}\,dxdy\right )^{\frac {1}{q}}.\end {equation*}


$\mathcal L^{s,q}(\mathds R^N)$


$1< q <\infty $


\begin {equation*}\mathcal {L}^{s,q}(\mathds {R}^N) = \{u \in L^q(\mathds {R}^N): u = K_{s/2} \ast h, \mbox { for some } h \in L^q(\mathds {R}^N)\},\end {equation*}


\begin {align}\label {embedding1} \mathcal {L}^{s,q}(\mathds {R}^N) \hookrightarrow W^{s,q}(\mathds {R}^N), \qquad \mbox { for } q \ge 2,\end {align}


\begin {align}\label {embedding2} W^{s,q}(\mathds {R}^N) \hookrightarrow C^{0, \gamma }(\mathds {R}^N), \qquad \mbox { where } \gamma = s-N/q, \mbox { for } q > N/s.\end {align}


$h_s$


\begin {equation}\label {inclusione-fondamentale} h_s \in L^1(\mathds {R}^N) \cap L^\infty (\mathds {R}^N) \quad \mbox { and }\quad K_{s/2} \ast h_s \in L^q(\mathds {R}^N), \quad \mbox {for every } N/(N-s) < q \le \infty .\end {equation}


$N/(N-s) < N/s$


$0 < s < 1/2$


\begin {equation*}K_{s/2} \ast h_s \in \mathcal {L}^{s,q}(\mathds {R}^N), \qquad \mbox { for every } q > N/s.\end {equation*}


\begin {equation*}K_{s/2} \ast h_s \in C^{0, \gamma }(\mathds {R}^N), \qquad \mbox { where } \gamma = s - N/q, \mbox { for } q > N/s.\end {equation*}


$h_s$


$K_{s/2} \ast h_s$


$\lim _{|x| \to \infty } (K_{s/2}* h_s)(x) = 0$


$K_{s/2} \ast h_s$


$(K_{s/2} \ast h_s)^{p'-1} \in C^{0, \gamma }_{\rm loc}(\mathds R^N)$


\begin {equation*}(-\Delta )^{s/2}\,\mathcal {K}_{s,p}(h_s) = (K_{s/2} \ast h_s)^{p'-1} \qquad \mbox { in } \mathds {R}^N,\end {equation*}


\begin {equation}\begin {split} \|\mathcal {K}_{s,p}(h_s)\|_{C^{0, \gamma + s}(B_{1/2})} \le c \left (\|\mathcal {K}_{s,p}(h_s)\|_{L^\infty (\mathds {R}^N)} + \|(K_{s/2} \ast h_s)^{p'-1}\|_{C^{0, \gamma }(B_{1})}\right ), \end {split} \label {Xeqn50-4.25}\end {equation}


$c = c(N,s) > 0$


$s<1/2$


$\gamma +s$


$\gamma =s-N/q$


\begin {equation*}\begin {split} &\|\mathcal {K}_{s,p}(h_s)\|_{L^\infty (B_{R/2})} + R^{\gamma +s}\,[\mathcal {K}_{s,p}(h_s)]_{C^{0, \gamma +s}(B_{R/2})} \\&\quad \le c\,\left (\|\mathcal {K}_{s,p}(h_s)\|_{L^\infty (\mathds {R}^N)} + R^s\,\|(K_{s/2} \ast h_s)^{p'-1}\|_{L^\infty (B_R)} + R^{\gamma +s}\,[(K_{s/2} \ast h_s)^{p'-1}]_{C^{0,\gamma }(B_R)}\right ), \end {split}\end {equation*}


$R>0$


\begin {equation}\label {schauder} \begin {split} \|\mathcal {K}_{s,p}(h_s)\|_{C^{0, \gamma + s}(B_{R/2})} \le C \left (\|\mathcal {K}_{s,p}(h_s)\|_{L^\infty (\mathds {R}^N)} + \|(K_{s/2} \ast h_s)^{p'-1}\|_{C^{0, \gamma }(B_{R})}\right ), \end {split}\end {equation}


$C = C(N,s,R,\gamma ) > 0$


\begin {equation*}\mathcal {K}_{s,p}(h_s) \in C^{0, \gamma +s}(B_{R/2}), \qquad \mbox { where } \gamma = s - N/q, \mbox { for } q > N/s.\end {equation*}


\begin {equation*}h_s^{m-1} \in C^{0, \gamma + s}(B_{R/2}), \quad \mbox { for every } R > 0.\end {equation*}


$h_s$


\begin {equation}\label {boot-stima-prelim-2} h_s \in C^{0, (\gamma + s)\alpha }(\mathds {R}^N), \quad \mbox { where } \alpha = \min \left \{1, \frac {1}{m-1}\right \} \mbox { and } \gamma = s - N/q, \mbox { for } q > N/s.\end {equation}


$\MMM (p_s^*)'\KKK < m \le 2.$


\begin {equation*}K_{s/2} \ast h_s \in C^{0, \gamma + 2s}_{\rm loc}(\mathds {R}^N),\end {equation*}


$\gamma + 2s$


$K_{s/2} \ast h_s$


\begin {equation*}(K_{s/2} \ast h_s)^{p'-1} \in C^{0, \gamma + 2s}_{\rm loc}(\mathds {R}^N).\end {equation*}


$\gamma + 2s > 1$


$(K_{s/2} \ast h_s)^{p'-1} \in C^{0,1}_{\rm loc}(\mathds {R}^N)$


$\mathcal {K}_{s,p}(h_s) \in C^{0, 1}_{\rm loc}(\mathds {R}^N)$


$m\le 2$


$h_s$


$h_s \in C^{0, 1}(\mathds {R}^N)$


$\gamma + 2s < 1$


\begin {equation*}\mathcal {K}_{s,p}(h_s) \in C^{0, \gamma + 3s}_{\rm loc}(\mathds {R}^N),\end {equation*}


$\gamma + 3\,s$


$2s$


$s$


$p$


$\mathcal K_{s,p}$


$p$


$\mathcal K_{s,2}$


$p=2$


$j \ge 1$


\begin {equation}\label {scelta_h} \frac {1}{2\,(j+1)} < s < \frac {1}{2\,j},\end {equation}


$\gamma _j := \gamma + (j-1)\,2\,s = 2\,s\,j - {N}/{q},$


$q > N/s$


$1-2\,s <\gamma _j < 1.$


$j$


$\mathcal {K}_{s,p}(h_s) \in C^{0, \gamma _j + 2s}_{\rm loc}(\mathds {R}^N) \subseteq C^{0, 1}_{\rm loc}(\mathds {R}^N),$


$\gamma _j + 2s > 1$


${\rm supp}(h_s)$


$m\le 2$


$h_s \in C^{0,1}(\mathds {R}^N)$


$2 < m < m^*$


$h_s$


\begin {equation*}(K_{s/2} \ast h_s)^{p'-1} \in C^{0, \frac {\gamma +s}{m-1} + s}_{\rm loc}(\mathds {R}^N), \qquad \mbox { where } \gamma = s - N/q, \mbox { for } q > N/s,\end {equation*}


$(\gamma +s)/(m-1) + s$


\begin {equation*}\mathcal {K}_{s,p}(h_s) \in C^{0, \frac {\gamma +s}{m-1} + 2\,s}_{\rm loc}(\mathds {R}^N),\end {equation*}


$(\gamma +s)/(m-1) + 2\,s$


$\gamma + 2\,s/(m-1) + 2\,s > 1$


$h^{m-1}_s \in C^{0, 1}(\mathds {R}^N)$


$h_s \in C^{0, \frac {1}{m-1}}(\mathds {R}^N)$


$\gamma + 2\,s/(m-1) + 2\,s < 1$


$h_s$


$h_s^{m-1} \in C^{0, \frac {\gamma +s}{m-1} + 2\,s}(\mathds {R}^N),$


\begin {equation*}h_s \in C^{0, \gamma _1}(\mathds {R}^N), \qquad \mbox { where } \gamma _1 = \frac {\gamma +s}{(m-1)^2} + \frac {2\,s}{m-1},\end {equation*}


$(\gamma +s)/(m-1) + 2\,s$


$\gamma = s - N/q$


$q > N/s$


$h_s$


$h^{m-1}_s \in C^{0, 1}(\mathds {R}^N)$


$h_s \in C^{0, \frac {1}{m-1}}(\mathds {R}^N),$


$m \ge m^*.$


$h_s^{m-1}$


$1/2 \le s$


$0 < s < 1/2$


$C^\infty -$


$h_{s}$


$W^{1,1}(\mathds R^N)$


$1 < p < \infty $


$0<s\,p < N$


$m > (p^*_s)'$


$h_s \in L^1_+(\mathds {R}^N) \cap L^m(\mathds {R}^N)$


$h_{s} \in W^{1,1}(\mathds {R}^N)$


$\mathcal {F}_{s,p}$


$\mathcal Y_M$


$m > m_c$


$1 < p < \infty $


$0<s\,p < N$


$m > m_c$


$\chi , M > 0$


\begin {equation*}\mathcal {Y}_M \ni \rho \mapsto \Lambda (\rho ): = \left (\frac {\| K_{s/2} \ast \rho \|_{p'}^{p'\,(m-1)}}{\|\rho \|_m^{m\,(m_c-1)}} \right )^{\frac {1}{m-m_c}},\end {equation*}


\begin {equation*}\kappa : = \left (\frac {\chi }{p'}\right )^{\frac {m-1}{m-m_c}} \left (\frac {p'}{p^*_s}\right )^{\frac {m_c-1}{m-m_c}} \left (\frac {m_c - m}{m-1}\right ).\end {equation*}


$\rho \in \mathcal {Y}_M$


$\lambda _{*}(\rho )$


$\rho $


\begin {equation*}\mathcal {F}_{s,p}(\rho ^\lambda ) \ge \mathcal {F}_{s,p}(\rho ^{\lambda _{*}(\rho )}) = \kappa \,\Lambda (\rho ) \quad \mbox {for every } \lambda > 0, \qquad \mbox {with equality only if } \lambda = \lambda _{*}(\rho ).\end {equation*}


\begin {equation}\label {fattore-dilatazione-rho00} \lambda _{*}(\rho ) = \left (\frac {\chi }{p^*_s}\,\frac { \|K_{s/2} \ast \rho \|_{p'}^{p'} }{\|\rho \|_m^m }\right )^{\frac {1}{N\,(m-m_c)}}.\end {equation}


$\rho \in \mathcal {Y}_M$


$\lambda >0$


\begin {equation}\label {defi:functional-lambda} \lambda \mapsto f_{\rho }(\lambda ) := \mathcal {F}_{s,p}(\rho ^\lambda ) = \frac {\lambda ^{N\,(m-1)}}{m-1}\,\|\rho \|_m^m - \lambda ^{N\,(m_c-1)}\,\frac {\chi }{p'}\,\|K_{s/2} \ast \rho \|_{p'}^{p'}.\end {equation}


$1 < p < N/s$


$N/(N-s) <p' < \infty ,$


$m_c = p'(1-s/N) > 1.$


$\lambda $


\begin {equation}\label {criticality} \frac {{\rm d}}{{\rm d}\lambda } \mathcal {F}(\rho ^\lambda ) = N\,\lambda ^{N\,(m-1) - 1}\,\|\rho \|_m^m - \frac { N\,\left (m_c-1\right )\,\chi }{p'} \lambda ^{N\,(m_c-1)-1}\,\|K_{s/2} \ast \rho \|_{p'}^{p'} = 0.\end {equation}


$\lambda _{*}(\rho )$


\begin {equation*}\lim _{\lambda \to +\infty } \mathcal {F}_{s,p}(\rho ^\lambda ) = +\infty \qquad \mbox { and } \qquad \lim _{\lambda \to 0} \mathcal {F}_{s,p}(\rho ^\lambda ) = 0.\end {equation*}


\begin {equation*}\begin {split} \mathcal {F}_{s,p}(\rho ^{\lambda _{*}(\rho )}) =& \frac {1}{m-1} \left (\frac {\chi }{p^*_s}\frac {\|K_{s/2} \ast \rho \|_{p'}^{p'}}{\|\rho \|_m^m}\right )^{\frac {m-1}{m-m_c}} \|\rho \|^m_m - \frac {\chi }{p'} \left (\frac {\chi }{p^*_s}\frac {\|K_{s/2} \ast \rho \|_{p'}^{p'}}{\|\rho \|_m^m}\right )^{\frac {m_c-1}{m-m_c}} \|K_{s/2} \ast \rho \|_{p'}^{p'} \\ =& \kappa \,\Lambda (\rho )<0\KKK , \end {split}\end {equation*}


$\Lambda $


$\kappa $


$m = m_c$


$1 < p < \infty $


$0<s\,p < N$


$\chi , M > 0$


$\rho \in \mathcal {Y}_M$


\begin {equation*}\frac {\chi }{p'}\,H^*_{m_c,s}\,\left (M_c^{p' \frac {s}{N}} - M^{p'\frac {s}{N}}\right ) \|\rho \|_{m_c}^{m_c} \le \mathcal {F}_{s,p}(\rho ) \le \frac {\chi }{p'}\,H^*_{m_c,s}\,\left (M_c^{p' \frac {s}{N}} + M^{p'\frac {s}{N}}\right ) \|\rho \|_{m_c}^{m_c},\end {equation*}


$H^*_{m_c,s}$


$M_c$


$\rho \in \mathcal {Y}_M$


\begin {equation*}\begin {split} \mathcal {F}_{s,p}(\rho ) = \frac {\|\rho \|^{m_c}_{m_c}}{m_c-1} - \frac {\chi }{p'} \|K_{s/2} \ast \rho \|_{p'}^{p'} &\ge \left (\frac {1}{m_c - 1} - \frac {\chi }{p'}\,H^*_{m_c,s}\,M^{p' \frac {s}{N}}\right )\|\rho \|^{m_c}_{m_c} \\ &= \frac {\chi }{p'}\,H^*_{m_c,s}\left (M_c^{p' \frac {s}{N}} - M^{p'\frac {s}{N}}\right ) \|\rho \|_{m_c}^{m_c}, \end {split}\end {equation*}


$M_c$


\begin {equation*}\mathcal {F}_{s,p}(\rho ) \le \frac {\chi }{p'}\,H^*_{m_c,s}\left (M_c^{p' \frac {s}{N}} + M^{p'\frac {s}{N}}\right ) \|\rho \|_{m_c}^{m_c},\end {equation*}


$\mathcal {F}_{s,p}$


$\mathcal {Y}_M$


$m$


$\protect \mathcal  {F}_{s,p}$


$1 < p < \infty $


$0<s\,p < N$


$\chi >0$


$M > 0$


\begin {equation*}\inf _{\rho \in \mathcal {Y}_M} \mathcal {F}_{s,p}(\rho ) = \begin {cases} -\infty , \quad &\mbox { if } 1 < m < m_c,\\ \\ \nu _s, \quad &\mbox { if } m = m_c, \\ \\ \mu _s, \quad &\mbox { if } m > m_c, \end {cases}\end {equation*}


$\mu _s = \mu \left (N, p, s, \chi , m, M\right ) < 0$


$\nu _s = \nu _s\left (N,p,s, \chi , M\right )$


\begin {equation*}\nu _s = \begin {cases} 0, \qquad &\mbox { if } 0< M \le M_c,\\ \\ -\infty , \qquad &\mbox { if } M > M_c, \end {cases}\end {equation*}


$M_c$


$\rho \in \mathcal {Y}_M$


$f_{\rho }(\lambda ):=\mathcal {F}_{s,p}(\rho ^\lambda )$


$\lambda >0,$


$m>1$


$1 < m < m_c$


$\lambda \nearrow \infty $


$M>0,$


\begin {equation*}\inf _{\rho \in \mathcal {Y}_M} \mathcal {F}_{s,p}(\rho ) = \lim _{\lambda \to \infty } f_\rho (\lambda ) = -\infty .\end {equation*}


$m > m_c$


\begin {equation}\label {grazie} \Lambda (\rho )^{\frac {m-m_c}{m-1}} = \frac {\|K_{s/2} \ast \rho \|^{p'}_{p'}}{\|\rho \|_m^{\frac {m}{m-1} \frac {p'}{p^*_s}} } = \frac {\|K_{s/2} \ast \rho \|^{p'}_{p'}}{\|\rho \|_m^{p'\,(1-\vartheta _0)} }\MMM =M^{p'\vartheta _0}\,\left (\frac {\|K_{s/2} \ast \rho \|^{p'}_{p'}}{M^{p'\vartheta _0}\,\|\rho \|_m^{p'\,(1-\vartheta _0)} }\right )\KKK .\end {equation}


$m>m_c>(p_s^*)'$


\begin {equation*}\sup _{\rho \in \mathcal {Y}_M} \Lambda (\rho ) \MMM \in (0,+\infty )\KKK \end {equation*}


$M>0$


\begin {equation*}\inf _{\rho \in \mathcal {Y}_M}\mathcal F_{s,p}(\rho )=\inf _{\rho \in \mathcal {Y}_M}(\kappa \,\Lambda (\rho ))=\kappa \sup _{\rho \in \mathcal {Y}_M} \Lambda (\rho )\end {equation*}


$\kappa <0$


\begin {equation*}\mu _s = \mu (N, p, s, \chi , m ,M) := \inf _{\rho \in \mathcal {Y}_M} \mathcal {F}_{s,p}(\rho ) \in (-\infty , 0).\end {equation*}


$m = m_c$


$0< M \le M_c$


$\rho \in \mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$\rho ^\lambda $


\begin {equation*}\|\rho ^\lambda \|_{m_c}^{m_c} = \lambda ^{N(m_c-1)}\|\rho \|_{m_c}^{m_c}, \qquad \mbox { for }\,\, \lambda > 0.\end {equation*}


$m_c > 1$


$\lambda \searrow 0$


\begin {equation}\label {quasi-critico} \inf _{\rho \in \mathcal {Y}_M} \mathcal {F}_{s,p}(\rho ) = \lim _{\lambda \to 0} \mathcal {F}_{s,p}(\rho ^\lambda ) = 0 .\end {equation}


$M > M_c.$


$h_s$


$\lambda >0$


\begin {equation*}\rho _\lambda (x):= M\,\lambda ^N\,h_s(\lambda \,x) \in \mathcal {Y}_M.\end {equation*}


\begin {equation*}\begin {split} \mathcal {F}_{s,p}(\rho _\lambda ) &= \frac {\|\rho _\lambda \|_{m_c}^{m_c}}{m_c-1} - \frac {\chi }{p'}\,\|K_{s/2} \ast \rho _\lambda \|_{p'}^{p'} = \lambda ^{2\,N\,m_c - N}\,\frac {M^{m_c}}{m_c-1} - \frac {\chi }{p'}\,\lambda ^{(N-s)\,p' - N}\,M^{p'}\,H^*_{m_c,s} \\ &= \lambda ^{p'\,(N-s)}\,\frac {p^*_s}{p'}\,M^{p'} \left [\frac {1}{M^{\frac {s\,p'}{N}}} - \frac {1}{M_c^{\frac {s\,p'}{N}}}\right ] < 0, \end {split}\end {equation*}


$\lambda \to \infty $


$\mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$m \in (1, m_c)$


$M > 0$


$m = m_c$


$\mathcal Y_M$


$M \in (M_c, \infty ).$


$M \in (0, M_c)$


$\mathcal {F}_{s,p}$


$\mathcal {Y}_M$


$m > 1$


$\rho $


$\mathcal {F}_{s,p}$


\begin {equation}\label {identita-pot-minimi} \frac {\chi }{p^*_s} \|K_{s/2} \ast \rho \|^{p'}_{p'} = \|\rho \|_{m}^{m}.\end {equation}


$m>1$


$\rho $


$1<m<m_c$


$\rho $


$\{\rho ^\lambda \}_{\lambda >0}$


$m=m_c$


$\mathcal F_{s,p}(\rho )=0$


$\mathcal {F}_{s,p}$


$\protect \mathcal  {F}_{s,p}$


$1 < p < \infty $


$0<s\,p < N$


$m \ge m_c$


$M > 0$


$\rho _s \in \mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$\mathcal {Y}_M$


$\rho _s$


$\rho _{s}$


$m > m_c$


$M>0$


$\rho _{s} \in \mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$\mathcal Y_M$


$m = m_c$


$\rho _{s} \in \mathcal {Y}_{M_c}$


$\rho _{s}$


$\mathcal {F}_{s,p}$


$\mathcal Y_{M_c}$


$m > m_c$


$M>0$


$\rho _s \in \mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$\mathcal Y_M$


$\rho _s$


$\Lambda $


$\mathcal {Y}_M$


$\Lambda $


$\rho _{s}$


$\rho _{s} \in \mathcal {Y}_M$


$\mathcal Y_M$


\begin {equation*}\Lambda (\rho _s)\ge \Lambda (\rho )\qquad \mbox {for every } \rho \in \mathcal Y_M,\end {equation*}


\begin {equation*}\widetilde {\rho _s} := \rho _{s}^{\lambda _{*}(\rho _{s})},\end {equation*}


$\lambda _{*}(\rho _{s})$


$\widetilde {\rho _s}$


$\mathcal {F}_{s,p}$


$\mathcal {Y}_M$


$\rho \in \mathcal {Y}_M$


$\rho _{s}$


$\Lambda $


\begin {equation*}\mathcal F_{s,p}(\widetilde {\rho _s})=\mathcal F_{s,p}(\rho _s^{\lambda _*(\rho _s)})=\kappa \,\Lambda (\rho _s)\le \kappa \,\Lambda (\rho )\le \mathcal F_{s,p}(\rho )\end {equation*}


$\kappa $


$m = m_c$


$\rho _{s} \in \mathcal {Y}_{M_c}$


$\mathcal {F}_{s,p}$


$\mathcal Y_{M_c}$


$\mathcal {F}_{s,p}(\rho _{s}) = 0$


\begin {equation}\label {cor-hls-vs-minimi1} \frac {1}{m_c - 1}\,\|\rho _{s}\|_{m_c}^{m_c} = \frac {\chi }{p'}\,\|K_{s/2} \ast \rho _s\|_{p'}^{p'}.\end {equation}


\begin {equation}\label {cor-hls-vs-minimi} \frac {\|K_{s/2} \ast \rho _{s}\|_{p'}^{p'}}{M_c^{\frac {p'\,s}{N}}\,\|\rho _{s}\|_{m_c}^{m_c}} = H^*_{m_c, s},\end {equation}


$\rho _{s} \in \mathcal {Y}_{M_c}$


$\mathcal {F}_{s,p}(\rho _{s}) = 0$


$\rho _s$


$\mathcal F_{s,p}$


$\mathcal Y_{M_c}$


$\mathcal {F}_{s,p}$


$1 < p < \infty $


$0<s\,p < N$


$\chi , M > 0$


$m > m_c$


$\rho _s \in \mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$\mathcal {Y}_M$


\begin {equation}\label {euler-lagrange-eqnfinale} \frac {m}{m-1}\rho _s^{m-1} = \Big (\chi \,\mathcal {K}_{s,p}(\rho _{s}) - \mathcal {D}_s\Big ){}_{+} \qquad \mbox { in } \mathds {R}^N,\end {equation}


\begin {equation}\label {ds}\mathcal {D}_s: = \left (\frac {p^*_s - m'}{M} \right ) \|\rho _{s}\|_m^m = \left (\frac {p^*_s - m'}{M} \right ) \frac {\chi }{p^*_s}\|K_{s/2} \ast \rho _{s}\|_{p'}^{p'}.\end {equation}


$W^{1,1}(\mathds R^N)$


$m=m_c$


$M = M_c$


$\rho _{s} \in \mathcal {Y}_M$


$\rho _{s}$


$m>m_c$


$\rho _s$


${\lambda _*(\rho _s)}=1$


$\lambda _*$


$m=m_c$


$M=M_c$


$\mathcal F_{s,p}(\rho _s)=0$


$m>m_c$


$\mathcal D_{s}$


$\mathcal F_{s,p}$


$\mathcal Y_M$


\begin {equation*}\mathcal {D}_s = \left (\frac {p^*_s - m'}{M} \right ) \|\rho _{s}\|_m^m = \left (\frac {p^*_s - m'}{M} \right ) \frac {\chi }{p^*_s}\|K_{s/2} \ast \rho _{s}\|_{p'}^{p'} = \left (\frac {p^*_s - m'}{M} \right ) \frac {(m_c-1)(m-1)}{m_c - m} \mathcal {F}_{s,p}(\rho _{s}),\end {equation*}


$\mathcal F_{s,p}$


$\mathcal F_{s,p}$


$\mathcal Y_M$


$(p^*_s)' < m < m_c$


$\mathcal D_s$


$\rho $


$\mathcal F_{s,p}$


$\mathcal Y_M$


$\mathcal Q$


$\mathcal Q$


$\mathcal D_s$


$M>0$


$M$


$M$


$M$


$s\to 0$


$\rho _s$


$s$


$0$


$m_c$


$p'$


$s$


$m < p'$


$m = p'$


$m > p'$


$m < p'$


$m < (p_s^*)'$


$s$


$\inf _{\rho \in \mathcal {Y}_M} \mathcal {F}_{s,p} = -\infty $


$\mathcal {F}_{s,p}$


$m = p'$


$m > p'$


$m > p'$


$(\rho _{s})_{s \in (0,N/p)}$


$\mathcal {F}_{s,p}$


$s \searrow 0$


$\mathcal {Y}_M$


$\mathcal {F}_0$


$\mathcal {F}_{s,p}$


$\Gamma -$


$\mathcal {F}_0$


$\mathcal {Y}_M$


$L^{p'}(\mathds {R}^N)$


$\mathcal F_0$


$1 < p < \infty $


$m > p'$


$\mathcal {F}_0$


$\mathcal {Y}_M$


\begin {equation}\label {minimo-gamma-limite} \rho _0(x) = \left (\frac {\chi }{p}\right )^{\frac {1}{m-p'}} 1_{B_{R_0}}(x), \qquad \mbox { where }\,\, R_0 = \left (\frac {M}{\omega _N}\left (\frac {p}{\chi }\right )^{\frac {1}{m-p'}} \right )^{\frac {1}{N}}.\end {equation}


$\rho \in \mathcal {Y}_M$


$\rho _\lambda $


\begin {equation*}\mathcal {F}_0(\rho ^\lambda ) = \frac {\lambda ^{N(m-1)}}{m-1} \|\rho \|^m_m - \frac {\chi }{p'} \lambda ^{N(p'-1)} \|\rho \|_{p'}^{p'},\end {equation*}


\begin {equation*}\begin {split} \frac {\rm d}{\rm d\lambda } \mathcal {F}_0(\rho ^\lambda ) = N\lambda ^{N(m-1) -1} \|\rho \|^m_m - \frac {\chi }{p} N \lambda ^{N(p'-1)-1} \|\rho \|_{p'}^{p'} = N\,\lambda ^{N(p'-1)-1}\left [\lambda ^{N(m-p')} \|\rho \|^m_m - \frac {\chi }{p} \|\rho \|_{p'}^{p'}\right ], \end {split}\end {equation*}


$\lambda > 0$


$\lambda $


\begin {equation}\label {lambda-minimo} \lambda _*(\rho ) := \left (\frac {\chi }{p}\,\frac {\|\rho \|_{p'}^{p'}}{\|\rho \|_m^m}\right )^{\frac {1}{N(m-p')}},\end {equation}


$\lambda \mapsto \mathcal {F}_0(\rho ^\lambda )$


$\lambda > 0$


\begin {equation*}\mathcal {F}_0(\rho ^{\lambda _{*}(\rho )}) = \kappa \,\Lambda (\rho ),\end {equation*}


\begin {equation*}\kappa = -\left (\frac {\chi }{p}\right )^{\frac {m-1}{m-p'}} \qquad \mbox { and } \qquad \Lambda (\rho ) = \frac {\|\rho \|_{p'}^{p'\,\frac {m-1}{m-p'}}}{\|\rho \|_m^{m\,\frac {p'-1}{m-p'}}}.\end {equation*}


$\mathcal {F}_0$


$\mathcal {Y}_M$


$\Lambda $


$\Lambda $


\begin {equation*}\widetilde {\mathcal {Y}}_M := \left \{\rho \in \mathcal {Y}_M\,:\, \rho \mbox { is radially symmetric and nonincreasing} \right \}.\end {equation*}


$\rho \in \widetilde {\mathcal {Y}}_M$


\begin {equation*}\|\rho \|_{p'}^{p'} \le M^{\frac {m-p'}{m-1}}\,\|\rho \|_m^{m\,\frac {p'-1}{m-1}} \quad \Longleftrightarrow \quad \Lambda (\rho ) \le M,\end {equation*}


$\rho _{0}$


$\rho _0(x) = c\,1_F(x),$


$F \subseteq \mathds {R}^N$


$\rho _0 \in \widetilde {\mathcal {Y}}_M$


$\|\rho _0\|_1 = M$


$F = B_R$


$R > 0$


$c = M/|B_R|$


$\rho _{0}$


$\mathcal {F}_0$


$\lambda _*(\rho _0) = 1$


\begin {equation*}M = \Lambda (\rho _{0}) = \left (\frac {p}{\chi }\right )^{\frac {m-1}{m-p'}}\,\frac {M^m}{|B_R|^{m-1}},\end {equation*}


$\mathcal {F}_{s,p}$


$\mathcal {F}_{s,p}$


$\rho _{0}$


$1 < p < \infty $


$0<s\,p < N$


$m > p'$


$\chi , M > 0$


$\rho _s \in \mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$\mathcal {Y}_M$


$s\in (0,N/p)$


\begin {equation*}\limsup _{s \to 0} \mathcal {F}_{s,p}(\rho _{s}) < 0\quad \mbox {and} \quad \limsup _{s \to 0} \mathcal {D}_s > 0\end {equation*}


$\mathcal {D}_s > 0$


$\rho _s$


$\rho _{0}$


\begin {equation*}\lim _{s \to 0} \|K_{s/2} \ast \rho _{0} - \rho _{0}\|_{p'} = 0.\end {equation*}


$\rho _{s}$


$\rho _{0}$


\begin {equation*}\begin {split} \limsup _{s \to 0} \mathcal {F}_{s,p}(\rho _{s}) \le \lim _{s \to 0} \mathcal {F}_{s,p}(\rho _{0}) = \frac {M}{m-1} \left (\frac {\chi }{p}\right )^{\frac {m-1}{m-p'}} - M \frac {\chi }{p'} \left (\frac {\chi }{p}\right )^{\frac {p'-1}{m-p'}} < 0, \end {split}\end {equation*}


$m > p'$


$\mathcal {D}_s$


$\mathcal F_0$


$m=p'$


$M>0$


$\inf _{\mathcal Y_M}\mathcal F_0=0$


$0<\chi \le p$


$\inf _{\mathcal Y_M}\mathcal F_0=-\infty $


$\chi > p$


$\rho ^\lambda $


$\rho \in \mathcal Y_M$


$\lambda $


$+\infty $


$0$


$p=\chi $


$s \searrow 0$


$m>p'$


$\rho _{s}$


$1 < p < \infty $


$0<s\,p < N$


$m > p'$


$\chi , M > 0$


$\rho _s \in \mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$\mathcal {Y}_M$


$s\in (0,N/p)$


$s_0\in (0,N/p)$


\begin {equation*}\sup _{s \in (0, s_0)}\|\rho _{s}\|_{\infty } < \infty \qquad \mbox { and } \qquad \sup _{s \in (0, s_0)} \|\rho _{s}\|_m < \infty .\end {equation*}


$\rho _{s}$


\begin {equation}\label {eqn:stime-puntuali} \|\rho _s\|_{\infty } = \rho _s(0) \qquad \mbox { and } \qquad \rho _s(x) \le \frac {M}{\omega _N |x|^N} \qquad \mbox { for every } x \in \mathds {R}^N \setminus \{0\},\end {equation}


$s$


\begin {equation*}M \ge \int _{B_{|x|}} \rho _{s}\, dy \ge \int _{B_{|x|}} \rho (x)\, dy = \rho _{s}(x)\, \omega _N\, |x|^N, \qquad \mbox { for every } x \in \mathds {R}^N \setminus \{0\}.\end {equation*}


\begin {equation*}\begin {split} \frac {m'}{\chi } \rho _{s}(0)^{m-1} &\le K_{s/2} \ast (K_{s/2} \ast \rho _{s})^{p'-1}(0) \\ &= c_{N, s/2}\,\int _{B_1} |y|^{s-N} \left (K_{s/2} \ast \rho _s\right )^{p'-1}(y)dy + c_{N, s/2}\int _{B^c_1} |y|^{s-N} \left (K_{s/2} \ast \rho _s\right )^{p'-1}(y)dy\\ &\le c_{N, s/2}\,\left (\frac {N\omega _N}{s}\right )\,\|K_{s/2} \ast \rho _{s}\|^{p'-1}_\infty + c_{N, s/2}\,\frac {N \omega _N}{(N-s)\,p' + N}\,\|K_{s/2} \ast \rho _{s}\|_{p'}^{\frac {p'}{p}}\\ &\le c_{N, s/2}\,\left (\frac {N\omega _N}{s}\right )\,\left (\alpha _s\,M + \beta _s\,\rho _{s}(0)\right )^{p'-1} + c_{N, s/2}\,\frac {N \omega _N}{(N-s)\,p' + N}\,H_s^{p'-1}\,\|\rho _{s}\|^{p'-1}_{(p^*_s)'}, \end {split}\end {equation*}


$q:=1$


$r:= \infty $


\begin {equation*}\int _{\mathds {R}^N} \rho _{s}^{(p^*_s)'}\,dx = \int _{B_{1}} \rho _{s}^{(p^*_s)'}\,dx + \int _{B^c_1} \rho _{s}^{(p^*_s)'}\,dx \le \omega _N\,\rho _{s}(0)^{(p^*_s)'} + \left (\frac {M}{\omega _N}\right )^{(p^*_s)'} \,\frac {1}{N\left ((p^*_s)'-1\right )}\end {equation*}


\begin {equation*}\begin {split} \frac {m'}{\chi } \rho _{s}(0)^{m-1} \le & c_{N, s/2}\,\left (\frac {N\,\omega _N}{s}\right )\,\left (\alpha _s\,M + \beta _s\,\rho _{s}(0)\right )^{p'-1} \\ &+ c_{N, s/2}\frac {N\,\omega _N\,H_s^{p'-1}}{(N-s)\,p' + N}\left (\rho _{s}(0)^{(p^*_s)'}\omega _N + \left (\frac {M}{\omega _N}\right )^{(p^*_s)'} \frac {1}{N\,\left ((p^*_s)'-1\right )}\right )^{\frac {p'-1}{(p^*_s)'}}. \end {split}\end {equation*}


\begin {equation*}\limsup _{s \to 0} \rho _{s}(0) = +\infty ,\end {equation*}


$\rho _{s}(0)^{p'-1}$


\begin {equation*}\begin {split} \frac {m'}{\chi } \rho _{s}(0)^{m-p'} \le & c_{N, s/2}\,\left (\frac {N\,\omega _N}{s}\right )\,\left (\frac {\alpha _s\,M}{\rho _s(0)} + \beta _s\right )^{p'-1} \\ &+ c_{N, s/2}\frac {N\,\omega _N\,H_s^{p'-1}}{(N-s)\,p' + N}\left (\omega _N + \left (\frac {M}{\omega _N}\right )^{(p^*_s)'} \frac {\rho _{s}(0)^{-(p^*_s)'}}{N\,\left ((p^*_s)'-1\right )}\right )^{\frac {p'-1}{(p^*_s)'}}. \end {split}\end {equation*}


$\limsup $


$s \searrow 0$


$\infty $


$m > p'$


$\alpha _s, \beta _s, H_s$


$c_{N, s/2}$


$s_0 >0$


$S:=\sup _{s \in (0, s_0)} \rho _{s}(0) < \infty .$


$\|\rho _{s}\|_m$


$s \in (0, s_0)$


$\|\rho _{s}\|_m \le S^{\frac {1}{m'}}\,M^{\frac {1}{m}}, \mbox { for } s \in (0, s_0),$


$L^p$


${\protect \rm  supp}(\rho _{s})$


$1 < p < \infty $


$0<s\,p < N$


$m > p'$


$\chi , M > 0$


$\rho _s \in \mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$\mathcal {Y}_M$


$s\in (0,N/p)$


$s_0 \in (0,N/p)$


$R_0 > 0$


${\rm supp}(\rho _{s}) \subseteq B_{R_0}$


$0 < s < s_0$


$s_0$


$B_{R_s} = {\rm supp}(\rho _{s})$


\begin {equation*}\limsup _{s \to 0} R_s = +\infty .\end {equation*}


$R_s > 1$


$s$


\begin {equation}\label {equilimitatezza-norma-pot} \|K_{s/2} \ast \rho _{s}\|_{p'} \le H_s\,\|\rho _{s}\|_{(p^*_s)'} \le H_s\,M^\vartheta \,\|\rho _{s}\|^{1-\vartheta }_\infty \le L, \qquad \mbox { for } s \in (0, s_0),\end {equation}


$\vartheta = 1/(p^*_s)'$


$L > 0$


$s_0$


$x \in \partial B_{R_s}$


\begin {equation}\label {quasi} \begin {split} \frac {1}{\chi }\,\mathcal {D}_s &= K_{s/2} \ast \left (K_{s/2} \ast \rho _{s} \right )^{p' - 1}(x) = c_{N, s/2}\,\int _{B_1} | y|^{s-N} \left (\left (K_{s/2} \ast \rho _{s}\right )(x-y)\right )^{p'-1}\,dy \\& \quad + c_{N, s/2}\,\int _{B^c_1} |y|^{s-N} \left (\left (K_{s/2} \ast \rho _{s}\right )(x-y)\right )^{p'-1}\,dy \\ &=: \mathcal {A}_1 + \mathcal {A}_2. \end {split}\end {equation}


$p' > N/(N-s)$


$(s-N)\,p' + N < 0$


\begin {equation*}\begin {split} \mathcal {A}_2 &\le c_{N,s/2}\,\left (\int _{B_{1}^c} |y|^{(s-N)p'}\,dy \right )^{\frac {1}{p'}} \,\left (\int _{B_{1}^c} \left ((K_{s/2} \ast \rho _{s})(x-y)\right )^{p'}\,dy\right )^{\frac {1}{p}} \\ &\le c_{N,s/2} \,\frac {N\omega _N}{(N-s)\,p' + N} \,\|K_{s/2} \ast \rho _{s}\|_{p'}^{\frac {p'}{p}}. \end {split}\end {equation*}


\begin {equation}\label {limiteA2} \lim _{s \to 0}\mathcal {A}_2 = 0.\end {equation}


\begin {equation*}\begin {split} \mathcal {A}_1 = c_{N, s/2} \int _{B_1} | y|^{s-N} \left (\left (K_{s/2} \ast \rho _{s}\right )(x-y)\right )^{p'-1}\,dy \end {split}\end {equation*}


$\rho _{s}$


$K_{s/2} \ast \rho _{s}$


\begin {equation*}L \ge \left (\int _{\mathds {R}^N} |K_{s/2} \ast \rho _{s}|^{p'}\,dy \right )^{\frac {1}{p'}} \ge \left (\int _{B_{|x|}} |K_{s/2} \ast \rho _{s}|^{p'}\,dy\right )^{\frac {1}{p'}} \ge \left (\omega _N |x|^N \right )^{\frac {1}{p'}}\,\left (K_{s/2} \ast \rho _{s}\right )(x),\end {equation*}


$x \in \mathds {R}^N \setminus \{0\}$


$|x| = R_s > 1$


\begin {equation*}|x-y| \ge |x| - |y| \ge R_s - 1, \qquad \mbox { for } y \in B_1,\end {equation*}


\begin {equation*}\begin {split} \mathcal {A}_1 \le L\,\omega _N^{-\frac {1}{p}}\,c_{N, s/2}\,\int _{B_1} |y|^{s-N} |x-y|^{-\frac {N}{p}}\,dy &\le \frac {L\,\omega _N^{-\frac {1}{p}}}{\left (R_s - 1\right )^{\frac {N}{p}}}\,c_{N, s/2}\,\int _{B_{1}} |y|^{s-N}\,dy \\ &= \frac {L\,\omega _N^{-\frac {1}{p}}}{\left (R_s - 1\right )^{\frac {N}{p}}}\,c_{N, s/2}\,\left (\frac {N\omega _N}{s}\right ). \end {split}\end {equation*}


$\lim _{s \to 0} \mathcal {A}_1 = 0,$


$\limsup _{s \to 0} \mathcal {D}_s = 0,$


$1 < p < \infty $


$0<s\,p < N$


$m > p'$


$\chi , M > 0$


$\rho _s \in \mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$\mathcal {Y}_M$


$s\in (0,N/p)$


$s_0 \in (0, N/p)$


$( \rho _s )_{s \in (0, s_0)}$


$W^{1,1}(\mathds R^N)$


$(s_k)_{k \in \mathds {N}} \subseteq (0, s_0)$


$0$


$(\rho _{s_k})_{k\in \mathds N}$


$L^1(\mathds R^N)$


$\rho $


$\rho \in \mathcal Y_M\cap L^\infty (\mathds R^N)$


\begin {equation*}\lim _{k \to \infty } \|\rho _{s_k} - \rho \|_q = 0, \qquad \mbox { for every } q \in [1, \infty ). \KKK \end {equation*}


$m>p'$


$1 < p < \infty $


$0<s\,p < N$


$m > p'$


$\chi , M > 0$


$\rho _s \in \mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$\mathcal {Y}_M$


$s\in (0,N/p)$


\begin {equation*}\lim _{s \to 0} \|\rho _{s} - \rho _{0}\|_q = 0, \qquad \mbox { for every } q \in [1, \infty ),\end {equation*}


$\rho _{0}$


$(s_k)_{k \in \mathds {N}}$


$0$


$\rho \in \mathcal {Y}_M \cap L^\infty (\mathds {R}^N)$


\begin {equation}\label {hp-convergenza-forte} \lim _{k \to \infty } \|\rho _{s_k} - \rho \|_m = 0.\end {equation}


\begin {equation*}\begin {split} \|K_{s_k/2} \ast \rho _{s_k} - \rho \|_{p'} &\le \|K_{s_k/2} \ast \left (\rho _{s_k} - \rho \right )\|_{p'} + \|K_{s_k/2} \ast \rho - \rho \|_{p'} \\ &\le H_s\,(2\,M)^{\vartheta _0}\, \|\rho _{s_k} - \rho \|_m^{1-\vartheta _0} + \|K_{s_k/2} \ast \rho - \rho \|_{p'}. \end {split}\end {equation*}


$\vartheta _0$


$s_k$


$1-m'/p>0$


$k\to +\infty $


\begin {equation*}\lim _{k \to \infty } \|K_{s_k/2} \ast \rho - \rho \|_{p'} = 0,\end {equation*}


$H_s$


\begin {equation*}\lim _{k \to \infty } \|K_{s_k/2} \ast \rho _{s_k} - \rho \|_{p'} = 0.\end {equation*}


\begin {equation*}\lim _{k \to \infty } \mathcal {F}_{s_k,p}(\rho _{s_k}) = \frac {\|\rho \|_m^m}{m-1} - \frac {\chi }{p'} \|\rho \|_{p'} = \mathcal {F}_0(\rho ).\end {equation*}


$\widetilde {\rho } \in \mathcal {Y}_M$


$\rho _{s_k}$


\begin {equation*}\mathcal {F}_0(\rho ) = \lim _{k \to \infty } \mathcal {F}_{s_k,p}(\rho _{s_k}) \le \lim _{k \to \infty } \mathcal {F}_{s_k,p}(\widetilde {\rho }) = \mathcal {F}_0(\widetilde {\rho }).\end {equation*}


$\rho $


$\mathcal {F}_0$


$\mathcal {Y}_M$


$\rho _{0}$


$(s_k)_{k \in \mathds {N}}$


$(\rho _{s})$


$\rho _{0}$


$L^q(\mathds {R}^N)$


$q \in [1, \infty )$


$\Gamma -$


$1 < p < \infty $


$\chi , M > 0$


$m > p'$


$s \to 0$


$\mathcal {F}_{s,p}$


$\Gamma -$


$\mathcal {F}_0$


$\mathcal {Y}_M$


$L^{p'}(\mathds {R}^N)$


$(\rho _{s})_{s \in (0, N/p)} \subset \mathcal {Y}_M$


$\rho \in \mathcal {Y}_M$


\begin {equation}\label {hp:gamma-conv} \lim _{s \to 0} \|\rho _{s} - \rho \|_{p'} = 0.\end {equation}


\begin {equation*}\begin {split} \|K_{s/2} \ast \rho _{s} - \rho \|_{p'} &\le \|K_{s/2} \ast (\rho _{s} - \rho )\|_{p'} + \|K_{s/2} \ast \rho - \rho \|_{p'} \\ & \le H_s\,\|\rho _{s} - \rho \|_{(p^*_s)'} + \|K_{s/2} \ast \rho - \rho \|_{p'} \\ & \le H_s\,\|\rho _{s} - \rho \|^{\vartheta }_{1}\,\|\rho _{s} - \rho \|^{1-\vartheta }_{p'} + \|K_{s/2} \ast \rho - \rho \|_{p'}, \end {split}\end {equation*}


$\vartheta = 1 - p/p^*_s$


\begin {equation*}\lim _{s \to 0} \|K_{s/2} \ast \rho - \rho \|_{p'} = 0,\end {equation*}


\begin {equation*}\lim _{s \to 0} \|K_{s/2} \ast \rho _{s} - \rho \|_{p'} = 0,\end {equation*}


\begin {equation*}\mathcal {F}_0(\rho ) \le \liminf _{s \to 0} \mathcal {F}_{s,p}(\rho _{s}).\end {equation*}


$\rho \in \mathcal {Y}_M$


$\rho _{s} := \rho $


$s$


\begin {equation*}\limsup _{s \to 0} \mathcal {F}_{s,p}(\rho _s) = \mathcal {F}_0(\rho ),\end {equation*}


$m = p'$


$\chi \neq p$


$\chi = p$


$1 < p < \infty $


$0<s\,p < N$


$M > 0$


$m = p'$


$\rho _s \in \mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$\mathcal {Y}_M$


$s\in (0,N/p)$


\begin {equation*}\lim _{s \to 0} \|\rho _s\|_{\infty } = \MMM -\lim _{s\to 0}\mathcal F_{s,p}(\rho _s)\KKK = \begin {cases} 0, \qquad &\mbox { if } 0 < \chi < p,\\ \\ +\infty , \qquad &\mbox { if } \chi > p. \end {cases}\end {equation*}


$\chi >p$


$\rho _s\to M\delta _0$


$s\to 0$


$\rho _{s}$


$\boxed {0 < \chi < p}$


\begin {equation*}\MMM \limsup _{s \to 0} \rho _{s}(0) > 0.\KKK \end {equation*}


\begin {equation*}\begin {split} \frac {p}{\chi }\,\rho _{s}(0)^{p'-1} \le &\; c_{N, s/2}\,\left (\frac {N\omega _N}{s}\right )\,\left (\alpha _s\,M + \beta _s\,\rho _{s}(0)\right )^{p'-1} \\ &+ c_{N, s/2}\,\frac {N\,\omega _N\,H_s^{p'-1}}{(N-s)\,p' + N}\left (\rho _{s}(0)^{(p^*_s)'}\,\omega _N + \left (\frac {M}{\omega _N}\right )^{(p^*_s)'} \frac {1}{N\,\left ((p^*_s)'-1\right )}\right )^{\frac {p'-1}{(p^*_s)'}}. \end {split}\end {equation*}


$\rho _{s}(0)^{p'-1}$


\begin {equation*}\begin {split} &\frac {p}{\chi } - c_{N, s/2}\left (\frac {N\omega _N}{s}\right )\,\left ( \frac {\alpha _s\,M}{\rho _{s}(0)} + \beta _s\right )^{p'-1} \\ &\quad \le c_{N, s/2}\frac {N \omega _N\,H_s^{p'-1}}{(N-s)\,p' + N}\,\left (\omega _N + \left (\frac {M}{\omega _N\,\rho _{s}(0)}\right )^{(p^*_s)'}\,\frac {1}{N\,((p^*_s)' -1)}\right )^{\frac {p'-1}{(p^*_s)'}} = o(s). \end {split}\end {equation*}


$s \to 0$


$\rho _s$


$s\to 0$


$\mathcal F_{s,p}(\rho _s)\to 0$


$\boxed {\chi > p}$


$\mathcal {F}_0$


$m = p'$


$\rho \in \mathcal {Y}_M$


\begin {equation*}\lim _{\lambda \to \infty } \mathcal {F}_0(\rho ^\lambda ) = \lim _{\lambda \to \infty } \lambda ^{N\,(p'-1)}\,\left (\frac {1}{p'-1} - \frac {\chi }{p'}\right )\,\|\rho \|_{p'}^{p'} = -\infty ,\end {equation*}


$\rho ^\lambda \in \mathcal {Y}_M$


$\rho $


$\lambda $


\begin {equation*}\inf _{\rho \in \mathcal {Y}_M} \mathcal {F}_0 = -\infty .\end {equation*}


$\beta < 0$


$\overline {\rho } \in \mathcal {Y}_M$


$\mathcal {F}_0(\overline {\rho }) < \beta .$


\begin {equation*}\lim _{s \to 0} \|K_{s/2} \ast \overline {\rho } - \overline {\rho }\|_{p'} = 0,\end {equation*}


$\rho _{s}$


\begin {equation*}\limsup _{s \to 0} \mathcal {F}_{s,p}(\rho _{s}) \le \limsup _{s \to 0} \mathcal {F}_0(\overline {\rho }) = \mathcal {F}_0(\overline {\rho }) < \beta .\end {equation*}


$\beta $


\begin {equation}\label {asintotico-m=p'} \lim _{s \to 0} \mathcal {F}_{s,p}(\rho _{s}) = -\infty \quad \mbox { and } \quad \lim _{s \to 0} \mathcal {D}_s = +\infty .\end {equation}


\begin {equation*}R_0 := \limsup _{s \to 0} R_s > 0,\end {equation*}


$R_s = {\rm supp}(\rho _{s})$


$(s_k)_{k \in \mathds {N}} \subseteq (0,1)$


\begin {equation}\label {cazzatella} \lim _{k \to \infty } R_{s_k} = \limsup _{s \to 0} R_s = R_0.\end {equation}


$\overline {R} = R_0/2$


$B_{R_{s_k}}:= {\rm supp}(\rho _{s_k})$


$x \in \partial B_{R_{s_k}}$


\begin {equation}\label {quasi-asin-m=p'} \begin {split} \frac {1}{\chi }\,\mathcal {D}_{s_k} &= K_{{s_k}/2} \ast \left (K_{{s_k}/2} \ast \rho _{{s_k}} \right )^{p' - 1}(x) \\ &= c_{N, {s_k}/2} \int _{B_{\overline {R}}} | y|^{{s_k}-N} \left (\left (K_{{s_k}/2} \ast \rho _{{s_k}}\right )(x-y)\right )^{p'-1}dy \\&\qquad + c_{N, {s_k}/2} \int _{B^c_{\overline {R}}} |y|^{{s_k}-N} \left (\left (K_{{s_k}/2} \ast \rho _{{s_k}}\right )(x-y)\right )^{p'-1}dy =: \mathcal {A}_1 + \mathcal {A}_2. \end {split}\end {equation}


$\mathcal {A}_1$


\begin {equation*}\left (\omega _N |x|^N \right )^{\frac {1}{p'}}\,\left (K_{{s_k}/2} \ast \rho _{{s_k}}\right )(x) \le L, \qquad \mbox { for every } x \in \mathds {R}^N \setminus \{0\},\end {equation*}


$|x| = R_{s_k} > \overline {R}$


$k$


\begin {equation*}|x-y| \ge |x| - |y| \ge R_{s_k} - \overline {R}, \qquad \mbox { for } y \in B_{\overline {R}},\end {equation*}


\begin {equation}\label {limite-1} \mathcal {A}_1 \le c_{N, {s_k}/2}\,\left (\frac {N\omega _N}{{s_k}}\right )\,\frac {L\,\omega _N^{-\frac {1}{p}}}{\left (R_{s_k} - \overline {R}\right )^{\frac {N}{p}}}.\end {equation}


$\mathcal {A}_2$


\begin {equation}\label {limite-2} \begin {split} \mathcal {A}_2 &\le c_{N,{s_k}/2}\, \left (\int _{B_{1}^c} |y|^{({s_k}-N)\,p'}\,dy \right )^{\frac {1}{p'}} \left (\int _{B_{1}^c} \left ((K_{{s_k}/2} \ast \rho _{{s_k}})(x-y)\right )^{p'}\,dy\right )^{\frac {1}{p}} \\ &\le c_{N,{s_k}/2} \,\frac {N\,\omega _N}{(N-{s_k})\,p' + N}\, \|K_{{s_k}/2} \ast \rho _{{s_k}}\|_{p'}^{\frac {p'}{p}} \\ &\le E\,c_{N,{s_k}/2}\,\left (\frac {\mathcal {D}_{s_k}}{{s_k}}\right )^{\frac {1}{p}}, \end {split}\end {equation}


\begin {equation*}E = E\left (N,p, \chi , M\right ):= \frac {N\omega _N}{(N-1)\,p' + N}\,\left (\frac {M}{\chi }\,\frac {N}{p}\right )^{\frac {1}{p}}.\end {equation*}


$\mathcal {D}_{s_k}^{\frac {1}{p}}$


\begin {equation*}\frac {1}{\chi }\,\mathcal {D}_{s_k}^{1- \frac {1}{p}} \le c_{N, {s_k}/2}\,\left (\frac {N\omega _N}{{s_k}}\right )\,\frac {L\,\omega _N^{-\frac {1}{p}}}{\left (R_{s_k} - \overline {R}\right )^{\frac {N}{p}}} + E\,c_{N,{s_k}/2}\,\left (\frac {1}{{s_k}}\right )^{\frac {1}{p}}.\end {equation*}


$k \to \infty $


\begin {equation*}\lim _{s \to 0} R_s = 0,\end {equation*}


$\rho _{s} \in \mathcal {Y}_M$


$\rho _s$


$s\to 0,$


$\chi = p$


$1 < p < \infty $


$0<s\,p < N$


$M > 0$


$m = p'$


$\chi = p$


$\rho _s \in \mathcal {Y}_M$


$\mathcal {F}_{s,p}$


$\mathcal {Y}_M$


$s\in (0,N/p)$


\begin {equation*}\lim _{s \to 0} \mathcal {F}_{s,p}(\rho _{s}) = 0 \qquad \mbox { and } \qquad \lim _{s \to 0} \mathcal {D}_s = 0.\end {equation*}


\begin {equation*}\limsup _{s \to 0} \mathcal {F}_{s,p}(\rho _{s}) \le \limsup _{s \to 0} \mu _s \le 0.\end {equation*}


\begin {equation}\label {claim-1} \limsup _{s \to 0} \|\rho _{s}\|_{p'} < \infty .\end {equation}


\begin {equation*}\mathcal {F}_{s,p}(\rho _{s}) = -\frac {s\,p}{N-s\,p}\,\|\rho _{s}\|_{p'}^{p'},\end {equation*}


\begin {equation*}\liminf _{s \to 0} \mathcal {F}_{s,p}(\rho _{s}) = 0,\end {equation*}


\begin {equation*}H_s^{p'} \ge H^*_{p', s} = \frac {\|K_{s/2} \ast \rho _s\|_{p'}^{p'}}{M^{p'\frac {s}{N}}\, \|\rho _{s}\|^{p'\,\left (1-\frac {s}{N}\right )}_{p'}} = \frac {p^*_s}{p}\,\left (\frac {\|\rho _{s}\|_{p'}^{p'}}{M^{p'}} \right )^{\frac {s}{N}},\end {equation*}


$H_s$


\begin {equation}\label {claim-2} \limsup _{s \to 0} H_s^{\frac {1}{s}} < \infty .\end {equation}


\begin {equation}\label {quasi-finito} \begin {split} H_s^{\frac {1}{s}} &\le \mathcal {B}_s^{\frac {1}{s}}\,\left (\frac {N-s}{N}\right )^\frac {N-s}{N\,s}\,\left (\frac {\left (p'\right )^{\frac {N-s}{N}} + (p^*_s)^{\frac {N-s}{N}}}{(p^*_s)'\,p}\right )^\frac {1}{s} \\ &\le \mathcal {B}_s^{\frac {1}{s}}\,\left (\frac {N}{N-s\,p}\right )^{\frac {1}{s}} \le \mathcal {B}_s^{\frac {1}{s}}\,\left (1 + \frac {s\,p}{N-p}\right )^{\frac {1}{s}}, \end {split}\end {equation}


\begin {equation*}\mathcal {B}_s:= \frac {c_{N, s/2}}{s}\,N\,\omega _N^{\frac {N-s}{N}}.\end {equation*}


$\lim _{s \to 0} \mathcal {B}_s = 1$


\begin {equation*}\begin {split} \mathcal {B}_s = \frac {1}{2}\, \frac {\pi ^{-\frac {N}{2}}\,2^{-s}\,\Gamma \left (\frac {N-s}{2}\right )}{\Gamma \left (\frac {s}{2} +1\right )}\,N\,\left (\frac {\pi ^{\frac {N}{2}}}{\Gamma \left (\frac {N}{2} +1\right )}\right )^{\frac {N-s}{N}}, \end {split}\end {equation*}


$s \in (0, N/p)$


$\mathcal {B}_s$


$s= 0$


\begin {equation*}\lim _{s \to 0} \frac {\mathcal {B}_s-1}{s} < \infty .\end {equation*}


$\mathcal {D}_s$


$m > p'$


$m = p'$
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and in terms of Fourier transform we have I%S(g) = |&]72 (with (&) := /]RN e~ "*€y(x) dx). The particular case of the Newtonian po-
tential corresponds to s = 1 if N > 3. With the choice (1.2), the free energy of the system is

1 X
F(p) = — m— L K, * p,
5(p) m—1/]RN” Z/RNPX*/)

featuring the competition among the diffusion term and the total interaction energy associated to the mean field potential. Functional
F, has to be analyzed among mass densities in the following class (defined for any given M > 0)

Vot = Vpim = {p e LL®RN)n L"(RN) : / xp(x)dx =0, / p(x)dx = M}, 1.4)
RN RN

which naturally arises by taking into account that the evolution problem is formally preserving mass, center of mass and positivity.
F, is a Lyapunov functional for the dynamics. In fact, (1.1)-(1.2) can be seen as the gradient flow of 7, with respect to the square
Wasserstein distance, see [13,14]. In the search for stationary solutions to the evolution problem (1.1)-(1.2), it is therefore natural to
look for minimizers (if existing) of F, over Y), and, more generally, for critical points satisfying suitable Euler-Lagrange equations.
We also stress a crucial property of functional F,, which is the homogeneity with respect to the mass invariant dilations

pHx) 1= AN p(Ax), xeRN, A>0. (1.5)

Indeed, we have

AN (m=1) XAN—Zs
Fs(p’l) = / "= / pK, = p.
m-—1 RN 2 RN

As a consequence, aggregation and diffusion are in balance if m =2 — 2s/N, which is called the fair competition regime [13]. If m is
below this threshold, aggregation dominates and concentrating all the mass at a single point (that is, letting 4 — +o0) is energetically
favorable.

The classical Keller-Segel model [9] of chemotaxis, in its simplest mathematical formulation [8,15-18] is a fair competition
model, formally obtained by letting N =2, s =1 so that the convolution kernel is the Newtonian kernel (in dimension 2 it is
understood that K (x) = —% log |x]), and by letting the diffusion be linear m = m, = 1 (the diffusion term in the free energy becomes
Jrw plogp). Tt is well known that a critical mass M, exists in such a model (whose explicit value is 8 /), and that global-in-time
solutions for the associated Cauchy problem exist if the mass is not above the critical mass, while blow up in finite time occurs
if M > M,. Moreover, stationary states exist only if M = 8x/y, see [1,2,19,20]. The above properties of the classical Keller-Segel
model generalize to fair competition models in higher dimension: it has been proven in the Newtonian potential case s =1, N >3
in [21] that a critical mass M, still appears for m =2 —2/N, that its value can be written in terms of the best constant of suitable
Hardy-Littlewood-Sobolev (HLS) inequalities, and that stationary states exist only if M = M. The validity of analogous properties for
more singular Riesz potentials 0 < s < 1 has been shown in [13,22], still in the fair competition regime m = 2 — 25/N. On the other
hand, the diffusion dominated regime has been considered in [23], and in such case stationary states exist for every choice of the
mass M > 0 and can be obtained as minimizers of 7, over Y,,. In the aggregation dominated regime m < 2 — 2s/N the free energy
F, is not bounded from below over Y,, (whatever the choice of M > 0), but stationary states of the dynamics can still be obtained,
as seen in [24], as solutions to the Euler-Lagrange equation associated with the free energy (see also [25] for the Newtonian case s = 1).

2. Main results
2.1. (s, p) potential, stationary states and HLS inequalities

In this work we shall investigate the nonlinear potential counterpart of the previous results about stationary states, by considering
an interaction described by the nonlinear Riesz potential, which has been introduced in [26], see also [27], [28, Section 4.2], [29,
Section 5.4] and the references therein. We let

S=K 2.1

5.p°

where 1 < p < c0,0<sp< N, and K, stands for the nonlinear (s, p) Riesz potential given by

K p(p) 1= Ky (Kgpp * p)p’_l.

Here, p’ is the conjugate exponent of p, i.e., 1/p+ 1/p’ = 1. The total interaction energy of the mass density p associated to the
nonlinear potential K , (the (s, p) energy) is given by

1 1 /
1,00 = 17 /]RN P K, (p) = 17 </]RN (K * n

where the second equality is due to Plancherel theorem, which also implies that for ¢ — 0

I, (p+ep) =1, ,(p) + 8/N(KS/2 * p)”,_lKS/z *@+ole) =1 ,(p)+ E/N K, p(0) @+ oe)
R R

2
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for every test function ¢, showing that indeed K, , is the functional derivative of Z ,. The free energy is therefore

1 X
Foplp) = p— /]R,N p"dx — 7 I, ,(p)
and the evolution equation (1.1)-(2.1) is formally its Wasserstein gradient flow. The composition property of K, shows that for p =2
we are reduced to the linear potential case: K;,(p) = K, * p and F,(p) = F(p). For p # 2 the free energy is still a homogeneous
functional, satisfying

AN(m—l) / N X ,
F. 4 = — m_ ) (me=1) £ K x p)f s
5p(P1) = —— —~ 7 RN( s/2 % P)

where
/

g SP
is the critical exponent. Therefore, we still recognize three regimes according to the value of the diffusion exponent m: we are in the
diffusion dominated regime if m > m,, in the fair competition regime if m = m_, and in the aggregation dominated regime if m < m,.

We perform the analysis of stationary states of (1.1)-(2.1). As in the linear potential case, we show that a critical mass appears
only if m = m,. Moreover, we show that stationary states are strictly related to optimizers of the following Hardy-Littlewood-Sobolev
(HLS) type inequality, stating that if

N
m> (pj)’, where pj = ~ _‘l;p,

there exists a constant H > 0 such that
’ ’o1_
1K, * A7 < H AN 2 a2 7% for every h e LL(RN)n L"(RY), (2.3)
s/2 P 1 +
where 0 < 9, < 1 is given by
m 1 m- (294
pr @) m-1

We shall prove existence and regularity properties of optimizers of (2.3), which will be shown to be solutions of the nonlocal equation

9y =1~

" =a(K(m-C), RN 2.4

for suitable values of the positive constants a,C. We notice that for p =2, in terms of u := K * p the above equation becomes the
fractional semilinear PDE

1 L
(=Au=amiu-0",

which is the fractional plasma equation investigated in [24]. The terminology for such a semilinear equation is due to the fact that
the nonlinearity in the right hand side, where (x), := max{x,0}, appears in some classical models of plasma physics [30,31]. The
following is our first main result, which provides the main properties of the HLS optimizers. In the case that m > m,, these results can
be translated in a statement about minimizers of the free energy 7, ,. In this regard, a critical mass appears for m = m,, given by

N
p; 7
M, = —>— . (2.5)
‘ (’( Hrl,s,p)

where H 5 is the best constant in (2.3).

Theorem 1. Let 1 <p<oo, 0 <sp<N, m> (p). The best constant in the HLS inequality (2.3) is attained. Each optimizer is radially
nonincreasing (up to translation), compactly supported, Holder regular in RN and smooth in the interior of its support. It satisfies (2.4) for
suitable values of the constants a > 0,C > 0.

If m > m,, then for each optimizer h of the HLS inequality (2.3) there exists a unique scaling factor A > 0 such that h* is (up to translation)
a minimizer of functional F; , over ¥,,, where M = ||hl|,; conversely for every M > O minimizers of T, , over Y, exist and are optimizers
of (2.3).

If m=m,, then each optimizer h of the HLS inequality (2.3) having mass M, is (up to translation) a minimizer of F;, over Yy, and
F, p(h) = 0; conversely minimizers of F; , over Y, exist if and only if M = M, and are optimizers of (2.3).

Existence of optimizers of (2.3) is a standard application of Riesz rearrangement inequalities along with compactness theorems for
radially decreasing functions. For an optimizer, the constants a, C can be explicitly expressed, as well as the optimal dilation factor A
in the case m > m,, as seen through the proof. It is not difficult to check that for every M > 0 the infimum of ¥, , over Y, equals —co
if (p¥)’ < m < m,. However, an optimizer of the HLS inequality is still satisfying (2.4), hence after a suitable mass invariant dilation it
satisfies the Euler-Lagrange equation

mto =l m-0),  inRY (2.6)

m
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associated with functional 7, ,, where Q > 0 is a constant playing the role of Lagrange multiplier for the mass constraint. As such, it is
(up to translation) a radially nonincreasing stationary state for (1.1)—(2.1) as we discuss in Section 5. About the regularity properties
in Theorem 1, we mention that boundedness of optimizers has been proved in [23] by a purely variational argument in the case
p =2, m > m,, which consists in the construction of a suitable bounded competitor for every unbounded candidate. Such an argument
seems not straightforward in the nonlinear potential setting, therefore we prove boundedness by classical bootstrap methods, based
on HLS inequalities and on (2.4), that are working for every m > (p*)’. We stress that Theorem 1 generalizes the previous results in
the literature about inequality (2.3): in the case p =2 it is also called the Lane-Emden inequality and has been studied in [13,32].
Interestingly, other generalizations have been recently investigated in [33], in relation with the Choquard equation, which still leads
to radially decreasing compactly supported optimizers for suitable choices of the parameters therein.

2.2. Asymptotic behavior of stationary states as s — 0

As observed in [14] by considering that K, is an approximate identity for small s, the aggregation term can be considered as
an approximation of a backward diffusion process, so that the evolution model (1.1)-(2.1) formally becomes the forward-backward
diffusion equation

0p = Ap" — 1, Ap.
p

Similarly, the associated free energy 7, , formally becomes, in the limit s — 0, the following functional featuring the competition of
L™ and L? norms

1
=g [ =L [ @7
RN P JRN

Clearly, the minimization problem for functional F, in the class V), is strongly influenced by the sign of m — p/, which is reflected
in the fact that the critical exponent m, from (2.2) is equal to p’ if s = 0. If m < p/, then functional 7, , does not have minimizers
over Yy, for every small enough s, and moreover m < (p})’ for every small enough s, so that we are not in the range of parameters of
Theorem 1. Therefore, in our second main result, which is the following, we restrict to m > p’. The result for p =2, m > 2 is given in
[14].

Theorem 2. Let | <p<oand0<sp< N.Letm>p, M > 0. Let p, be a minimizer of F,p over Yy for every s € (0, N /p).

If m> p/, then p, — p, strongly in L1(RN) for every 1 < q < +o0 as s — 0, where p,, is the unique radially decreasing minimizer of F, over
Y,» which is the characteristic function of a ball.

Else if m= p/, we have infy, F, —infy, F, as s — 0. Moreover, p; — 0 uniformly on RN if 0< y < p, and p, —» M§, in the sense of
measures if y > p.

Let us conclude this section with a discussion on possible further extensions and open problems. First of all, uniqueness (up to
translations) of stationary states of given mass (or of optimizers of the HLS inequality (2.3) up to the natural scaling) would require
a further, deep analysis. It has been proved in the case p = 2 by different methods in [24,32,34,35], and each of them could be
suitable for treating the nonlinear potential case as well. The stability result of the HLS inequality in [32] could also be potentially
generalized to p # 2. Second, radiality of every stationary solution to (1.1)-(2.1) is not guaranteed. Such a property has been proven
in [23] in the linear potential case p = 2 under some restrictions on m, s (building on the result from [36] for s = 1). It remains an
open problem to extend such result for the case p # 2. It would prove that all the steady states of the dynamics are actually radially
decreasing. Moreover, it would also be interesting to investigate stationary states of the dynamics, meant as solutions to (2.6), in the
regime 1 < m < (p!)': in this range radially decreasing solutions are expected to exists only for Q = 0 and to be smooth, positive and
vanishing at infinity, since this behavior has been proven for p =2 in [24].

3. Preliminaries
3.1. Notation and functional framework
The dimension of the ambient space RY will be N > 1. For x, € RY and r > 0, the symbol B,(x,) stands for the euclidean
N —dimensional open ball
B.(xp) = {x eRN : |x-xpl < r}.

As usual, we will denote with | - | the N—dimensional Lebesgue measure. For 1 < p < oo, the standard Lebesgue spaces are denoted
by Lf’oc and L?, and we will use the shortcut notation || - ||, for the LP(RN) norms. For an open set Q C RV, the notation W !»(Q) and
BV () stand respectively for the usual Sobolev space and the usual space of bounded variation functions on Q. We use the following
notation for the Holder spaces

@) :=due @ n L@ : sup MU L
X,yEQ, [x —y|*
X#y
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We say that u € C]?)’Z(Q) if u € C%%(Q') for every open set Q' that is compactly contained in Q. In particular C%'(Q) is the space of
bounded Lipschitz functions on Q.For every p € L'(R") and 1 > 0, the mass invariant dilation of p by factor A is given by (1.5). Since

llolly = llo* 11,
if p € V), then also p* € Y,,, for every A > 0, where ,, is defined by (1.4).

With an abuse of notation, we will say that a radially symmetric function p € L'(R") is nonincreasing if its radial profile is
nonincreasing. The radially symmetric nonincreasing rearrangement of a function p € L'(R") will be denoted by p*. For the precise
definition and its properties, we refer the reader to [37, Chapter 3]. We recall that the convolution among two nonnegative radially
nonincreasing functions on R is still radially nonincreasing on R", see [38]. In particular, if f is radially nonincreasing nonnegative,
sois K * f.

The Fourier transform of the Riesz kernel K, defined in (1.3) is given by (see for example [39, Lemma 1, Chapter V] or also [29,
Theorem 2.8] and [40, Proposition 12.10])

K& =187
Moreover, for the normalization constant cy ; in (1.3) we have the following limiting behavior
r(3)
c
lim ENs _ 2 2 3.1

N = :
s=0 5 r7 Na)N

3.2. Basics on Riesz potentials

We now recall some facts we will need throughout the whole paper.
Lemmal. Letl<g<r<oo,0<sq<Nandsr> N. Forevery h€ L{RN)n L"(R") we have
IKy/2 # hllo < allally + B Al

for some positive constant a; = a(N, g, s) and f; = f(N, r, s) > 0. Moreover, we have

N =1

7 T(4)(ong-1) s ifag> 1,
m%% = (3.2)
s—=0 § N

n‘?F(g) ifag=1,

and

ling)ﬁx =1 if r=oo0. (3.3)
id

Proof. Case g > 1. Our assumptions imply that

and r < N .
N -5 N -—3s

Then, for every x € RV, Hélder’s inequality yields

(K2 * h)(x) _ / h(y) dyt / h(y) dy
CN,s/2 RV\B,(x) |Xx = y|N~* By lx—yIN=s

1
a

dy q dy v
: </1RN\B. IyI(N“‘”’) 1AMl + <~/Bl IyI(N“‘“') Il G

1
N oy r N oy lE
= <m> liall, + <m) Al

which gives the desired conclusion with

) Noy
a;=a(N,s,q) i=cnsp N-s9¢d-N/)

/

q >

=

Noy rl’
By =P(N,s,r) 1=cy m )

By recalling (3.1), we get the claimed asymptotic behaviors (3.2)-(3.3) for «, and f,.

Case g = 1. We pass to the limit for ¢ \, 1 in (3.4) obtaining

1

(K /p * h)(x) N 7

S <l + (¢) Il
CN.s/2 N—-(N-—-s)r
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This yields our claimed estimate with a; =cy ;/, and g, as before. By recalling (3.1), we eventually get the desired asymptotic
behaviors. O

Next we introduce the Hardy-Littlewood-Sobolev type inequalities that are crucial in this work.

Lemma 2 (Hardy-Littlewood-Sobolev type inequality). Let1 < g < coand0 < sq < N. For every h € LY(R"), we have
Ngq
N-sq

K,y * he L% (RY), where q* =

More precisely, there exists a sharp constant H, = H(N, s, q) > 0 such that

1Ky hll,s < H IRl with limsup H, < 1. (3.5)

s—0
In particular, for every h € L'(RN)n L"™(RN), m > g, we have

—_ _ 1m—gq
1Kyyo Al TN WAL, where 8= 2. (3.6)

Proof. Inequality (3.5) follows by using in duality the well-known Hardy-Littlewood-Sobolev Inequality [37, Theorem 4.3]. Indeed,
with the notation therein used, if we plug the following
r:=q, A:=N-s andso p :=(qj)’,

we get that

x) h(y)
/ o (K Y/2*11 dx =cy //]RN L), dxdy < C(N,q,8) ey 0 IRl

«BN [x = yIN=

for every ¢ € L@ (RN) with llollgy =1, which allows to conclude. The constant C(N, g, s) denotes the sharp constant of [37,
Theorem 4.3(1)] and as shown therein we have

H,=H(N.q.5) :=C(N.q.5)cn )

cor N _w-oyn _1 (N = )/N NI =)/
TN TN q(g;) \\1-1/(g}) 1-1/q '

By (3.1), we infer that

lim supﬁS <I1.

s—=0

Eventually, by the interpolation inequality in L?—spaces, we also get (3.6). O

For our purposes, it will be convenient to rewrite (3.5) and (3.6) with g replaced by (ps*)’ , given that p is the nonlinear Riesz
potential exponent appearing in functional F, ,. It reads as follows

Corollary 1. Letl <p<ooand0< sp< N. We have

IKyy2 % Ally < Hy llRll ey for every h e L& ®RY), 3.7)
where the sharp constant H, = H(N, s, p) > 0 satisfies
Ho<ew o N -0/ _1 <(N ~9)/N )WW + <—(N —9/N )wﬁw (3.8)
PEIR TN pe \\ T=1/p =1/} ’
in particular lim sup,_,o H; < 1. Moreover, if m > (pj)/ we have
K,y * hlly < H, A1 14l " for every h € L'(RY) n L"(RY), 3.9)
where 0 < 9, < 1 is given by
1 m=@Y m
9y =39y(m,N,p,s) i=— ——— =1—- —. (3.10)
0 @) m—1 I
Proof. We have
Np
Y =——7-—-— €, N/s),
((29) NGo-D+sp ( /9)

thus the exponent ¢ := (p})’ satisfies the assumptions of Lemma 2. Since ¢* = p/, inequality (3.6) can be rewritten as (3.7) where the
sharp constant H; = H(N, s,p) := E(N .S, (p;‘)’ ) > 0 satisfies (3.8). By the interpolation inequality in LP—spaces we also get (3.9). O

The following theorem is due to Kurokawa. It will be used in Section 6 to establish convergence results for minimizers of ¥, , as
s — 0, see Theorem 4 and Proposition 8. We recall its elegant proof below.

6
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Theorem 3 ([41]). Let 1 < q < p. For every h € LY(RN) n LP(RN), we have

lim [|K, /> * h = hll, = 0.

Proof. Since h € LP(RN), for every £ > 0 we can find 0 < 6 < 1 such that

/ |h(x —y) — h(x)|Pdx <e, for|y| <3,
RN

see for instance [42, Proposition 17.1]. We set

Kopp() = ey o X1 1, (0) + e g X1 150 (0) =2 KD () + K35, (),

so we have

1Ky b= hll, S IKS), 5 b= hll, + IIKS, * All,.

For the first addendum, since
5 5
/ [y N dy=Nwy / o 'do=Naoy =,
B 0 s

by adding and subtracting cy / /; B, | YIS~V h(x) dy, we get
0
1KS), * h=hll, < CN,:/2</]RN

N
* ("N’S/Z " Naoyo® > </RN

/ N (hGx = 3) = Ay
B;

1
P »
dx)

=N h(x)dy

By Minkowski’s integral inequality, (3.11) and again (3.13) we get

s

0 o s
1K), h=hll, < Noy 5 [CN,S/z €+ (CN,s/z - m) ||h||p]~

By (3.1), we then obtain

lim sup ||1<§’/2 #h—h||, <e.
5s—0

To estimate the second term in the right hand side of (3.12) for small s, we take g, r so that

0</3<N<l—l> and r;:p,
q9 p

in particular g < r < p. Without loss of generality, we can assume that 0 < s < f# and observe that

[S7N = |y|6=PHI=N) < 55PN < 57 |y PN,

[y =y

being 0 < 6 < 1. This entails that

K, = h|, = =N p(x — y)d
1K) * All, CN,s/2</]RN ‘/B§ [yl (x—y)dy

for |y| > 6,

P ?
dx> < en 87 |[Kpp % 1nl| -
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(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

Since h € L"(RN), by (3.15) and by the Hardy-Littlewood-Sobolev inequality (3.5) we then obtain that HK 52 * 1Al ” < oo and so
P

lim [[KS,  hll, = 0,

by (3.1). By spending this information and (3.14) in (3.12), we get the desired conclusion.

4. Extremals of the HLS type inequality

4.1. Existence: The lieb-oxford method

In this section, we discuss the existence of extremals of the Hardy-Littlewood-Sobolev type inequality (3.9).

Letl<p<coand0<sp< N.Letm> (p}) and 8§, = 1 —m'/p}. The following quantity

/
1Ky A%

H* =supd ———— " — : he L'RM)n L"@RN)\ {0} §,

m,s

P9 17 1=90)
Al Al

4.1)

is the sharp constant in the Hardy-Littlewood-Sobolev type inequality (3.9) raised to the power p’. By (3.8) this quantity is finite,

/
since we have H} < HY .
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Remark 1. The quotient definining H’ = given by

1K, y2 = hll - N
hl—)W, he L'(R")n L™(R™Y)\ {0},
1 m

is invariant under the actions of the two families of trasformations
s uwh, for u>o0, and A AN h(Ax), for A>0.
This property will be crucially exploited in Lemma 3 below.

We now infer the existence of extremals for (4.1) by using a classical argument by Lieb and Oxford (see for instance [43, Appendix
A] and [44, Theorem 2.5]).

Lemma 3 (Existence of extremals). Let 1 <p<coand0<sp< N. Let m> (p?)'. There exists a radially symmetric and nonincreasing
function h; € LL(RN) n L™(RN) realizing the supremum in (4.1) and satisfying |||, = ||hll,, = 1.
Moreover, every function h, € LL(]RN )N L™(RN) attaining the supremum in (4.1) is such that h; = h*(- — y), for some y € RV.

Proof. Step 1: reduction to normalized radially symmetric and nonincreasing functions. Let (4;);c)y be a maximizing sequence
of feasible competitors for H;: , i.e.

1Ky by 11

s/2 ¥ s 1N N .

lim =H} . with h;e L'®RY)nL"@®RN)\ {0}, for jeIN.
= A -8, ™

We can assume that h; > 0, since K, * h; < K/, * |h;| pointwisely. We can further assume that
120y = 1AM, = 1, for j € IN. “4.2)

This is not restrictive, since we could replace each approximant ; with a rescaled version given by

L m N
_ Ayl \ % 7 ul
hi(x)=4; h;(u;x), with y =< ! ) j=—"—, for jeN.
1,1, 7,1,
Indeed, we have
P/ ’
~ I
Ky * 7, = = N 4y by )y dx = =2 K % I,
s T RN | JRN o p PN
and
~ ) ~ P
Mgl = g Wl Wiyl = =5 Wyl
u o
for every j € IN. This yields
~ ’ Np' 9 +ﬁp’(l—1‘) ) 4
1K/ hylI%, A : o K hyll%,
~ o (=90 7 9,7 (1=9) s p/+N ! (1-8)
[ T A ALY A u? [l 117" %011 15, =%
’
1Ko 5 A 115

g P (1-9)°
1 17" % 1 1y =0

for every j € IN.
Eventually, we claim that it is not restrictive to assume that & ; is radially nonincreasing, for every j € IN. Indeed, take ¢ ; € LP(RN)
with ||g; |, = 1 such that

1Ko s tylly = [0 (K =)

We denote with ¢? and &7 the radially symmetric nonincreasing rearrangement of ¢; and h;, respectively. By using the Riesz’s
rearrangement inequality [37, Theorem 3.7], we get

. pWh G
1Ksp2 f'”""‘fof/Z//RMRN ey XS CN”"’//RNXM v X4

Since ||(p;f I, = 1, passing to the supremum on the right hand side we obtain
1Ko hjlly < WKy By

which proves our claim.
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Step 2: the supremum is achieved. Thanks to Step 1 we can assume that 4; is a nonnegative radially symmetric nonincreasing
function with ||&; ||, = ||4;ll,, = 1, for every j € IN. By using spherical coordinates, by the monotonicity of 4;, we can infer that for
every R > 0 we have

R R
L=kl = Noy / @V dr 2 N oy &(R) / PN ldr = wy &(R) RV,
0 0
where &;(|x|) := h;(x) is the one-dimensional radial profile of 4, for every j € IN. Similarly, we have
1= lr; |7 > wy &(R™RY,
that is

1 . 1 1
< — —,——— ¢ =: w(R), fi R>0, jeNN. 4.3
(;1:13) &1 < on mm{ RN RN/ } w(R) or every Jj (4.3)

Lebesgue’s differentiation theorem for monotone functions (see [45, Corollary 3.29] for instance) entails that
o0
/ |§l’.(r)| dr < w(R), for every R > 0, j € IN.
R

By means of a diagonal argument and Helly’s Selection Theorem (see [42, Proposition 19.1c]), we can extract a subsequence (not
relabeled) of nonincreasing functions (¢;); converging everywhere to a nonincreasing function ¢ in (R, o), for every rational number
R > 0. This implies that

Jim £;(x) = lim &(Ix]) = &xD) = h,(0), for every x € RN \ {0}. 4.4)
By collecting the previous information, we infer that &, is a radially nonincreasing function satisfying

0 < hy(x) < o(|x]) =: v(x), for every x € RN \ {0}. (4.5)
Observe that

ve LIRN), for every 1 < g < m. (4.6)
By using (4.2) and (4.4), Fatou’s Lemma entails that

[lAgll; <1 and A, < 1, 4.7)
thus in particular 2, € L'(RN) n L"(RY). Moreover, we have

(Ky/p % hy)(x) = lim (Kspo % ;) (x) < (K % 0)(x), ae xRN, (4.8)

Indeed, from (4.3) we get the inequality in (4.8) and

h;(y) v(y)
K h)(x) = I av< dv= (K .
( 5/2 ¥ /)(x) CN.s /IRN P V<N /IRN —lx v y ( 52 % u)(x)
From (4.6) and the properties of the Riesz potential (see [39, Theorem 1, Chapter V])
(K2 % 0)(x) < oo, a.e. xeRN.

Then, by using (4.4) and Lebesgue’s Dominated Convergence Theorem, we obtain the equality in (4.8). Observe that, by using (4.6)
and Corollary 1, we have K, x v € L” (RM). By using Lebegue’s Dominated Convergence Theorem, by (4.8) and by recalling (4.2),
we infer that

’
||Ks/2 * hslllp)/

m,s

5 Y o_ v
Hys = Jim 1Koyl = 1Ky Al < P00y, 17 (1=9)
12l ™ gl

where in the last inequality we also used (4.7). Then, the maximality of H :m among functions in L'(RY) n L”(RY) entails that

A1 g 12,00 = 1.

This combined with (4.7) gives that || A ||, = ||All,, =
To complete the proof, we are only left out to prove that every other nonnegative extremal of (4.1) must be radially nonincreasing
up to translations. Assume that A, € Li(]RN yn L™@RN)\ {0} satisfies equality in (4.1). In light of Corollary 1 we know that K| /2 %

h, € L” (RVN), thus we take ¢ € L?(R") such that
1Ky # hylly = /]R 0Ky s h)dx.
By using the Riesz’s rearrangement inequality in strict form [37, Theorem 3.9], we get

@(x) hy(y) // @ (x) K ()
K h = dxdy < ——dxd
K2 % hslly = en sy //JRNXRN |x — y|N=s /[ |x — y|N=s N

with equality holding only if ¢ = ¢*(- — y) and h, = h*(- — y), for some y € R This proves our claim and ends the proof. O

9
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Remark 2 (Extremals in V),). Under the assumptions of Lemma 3, we can infer that for every prescribed mass M > 0 there exists a
nonnegative radially symmetric nonincreasing function 4, ,, € ), realizing the supremum in (4.1). More precisely, it is obtained as

hgp =M hyg,

where &y is an extremal of (3.9) provided by Lemma 3 (thus satisfying ||4,||; = 1) with barycenter at the origin.
4.2. Euler-Lagrange equation

The Euler-Lagrange equation satisfied by nonnegative extremals of (3.9) is derived below. We share arguments from [46, Theorem
3.11.

Lemma4. Letl<p<ooand0<sp< N.Letm> (pj)’. For every extremal h, € LL(]RN) N L™(RN) of the HLS (3.9), we have
At = (]Cw,(ho) -c, )+ in RN, (4.9)
where
1K, > * holl”) 1K, )2 * holl”,
r 1R 2 * Ny s/2 ¥ Mo
A =m0y cs=<1——>M>o. (4.10)
D 7ol P 170l
Proof. We set
. /9 ! (19, !
Gy(h) := Hy RN ™ 1Al = 1Ky« hIE, for he LL@RN)n L"RM)\ {0},

where H,’:,,S and 9, are respectively given by (4.1) and (3.10). Let h, be as in the statement. We shall make perturbations of A that
preserve positivity. We take ¢ € C3°(IRN ) and set
1
s h, :
2|l ¢
By the optimality of A, we have

v = g@hg, £ i= =hy+ey >0, for 0 < |e| < . (4.11)
Gy(hy) > Gy(hy) =0, for every 0 < |¢] < g,

this entails that
% E=0g5<hg) =0. (4.12)
We have
Gu(h) = H;, iy +ewll) ™ llhg + e wllh, ™ = 1K, 5 (g + e w7 (4.13)

We expand to the first order, with respect to the variable ¢, the three integral terms appearing in the rightmost term. For the first
one, it is clear that

/ (hg +£u/)dx=/ hodx+£/ ydx, for0< |e] <eg.
RN RN RN
For the second integral term, we have
1
(ho +ey)" —hy = 5/ m(hy +ety)" ydt, a.e.in RV, for0 < |e| < ¢,
0

By integrating over RY, dividing by ¢ and using Fubini theorem we obtain

h -y
/ (rey)"—ny /%’(z)dt (4.14)
RN

&€

where we set
%’E(I):m/ (ho+etw)" " wdx, fort € [0, 1].
RN
By Holder’s inequality and (4.11), we infer that

|7 0] < MI|h0+£tu/I|,Z," 1wl < m (1wl + €0 1 ll) ™ 1wl fort €[0,1],

for every 0 < |e| < &,. By using Lebesgue’s Dominated Convergence Theorem in (4.14)
/ (ho +£y/)mdx:/ h(')”dx+5/ mh(')"_lyjdx+o(e), ase — 0.
RN RN RN

10
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For the third integral term, we have a.e. in R the following identity

1
(K2 % (ho +su/))p/ — (K % ho)p’ = ep'/o (K2 % (ho +etu/))p/71 (K2 % w) dt,

for 0 < |¢| < &,. By integrating over RY, dividing by ¢ and by Fubini’s theorem

N €&

! / 1
/R 1 [(Ks/z # (ho+ew))” = (Koo # )" ]dx = /0 T (ndt, (4.15)

where we set
(1) = p'/ (K2 # (o + en,/))""1 (K2 # w) dx, for 1 € [0, 1].
RN

By Holder’s inequality and the HLS-type inequality (3.9), we get

/

I
[ Z O <P/ 1IKpp % (ho +ety)ll 7 1Ky wll

- £ 7= g g,
<p H, hy+etyll” “llhg+etyll, 1174111171 M
where H,y and 9, are respectively given by (4.1) and (3.10). By Minkowski’s inequality, we further have

1-9,

2y 2 (1-9y) 9
’ 17| I 17/

FAGIEY4 Hp . (lolly + €0 Mlwlly) 7 °° (gl + €0 W ly)

for r € [0, 1], for 0 < |e] < &,. Thus we can use Lebesgue’s Dominated Convergence Theorem in (4.15), obtaining
’ / /-1
/ (K2 * (g +ew))’ dx:/ (Ks/z*ho)p dx+£p// (KS/Z*hO)p (K2 % w)dx + oe)
RN RN RN

’ /1
= ./]RN (Ko * ho) dx+ep /]RN K # (Koo * ho)" ™ wdx + o(e),

as € - 0, where the last identity follows from Plancherel’s theorem. By collecting the previous asymptotic expansions and by using
that

p,
_ IKs/2 * holl,
ms /9 ! (1-8¢)
(T TN
from (4.13) we get
4 4
Gy =8 ||Ks/z*ho||p// ; n 19)||Ks/2"‘ho||p,/ il
=p' 9 ——— ydx+p (1-98) ———— wdx
0 O ikl RN O kgl Jra 0
/-1
-p /]RN K,/ * (KS/Z * ho)p wdx.

By recalling (4.11) and (4.12), this entails that

d

de

€

hm! —p'KS/z * (K * ho)”’_1 @ hydx =0,

/ J/

/ ) 1Ko ho”; , IKy/s ho”ﬁ;
g ——— - 7

RN lAolim 0

+p(1-9y)
1Al 0

for every ¢ € C(‘;"(IRN ). By the positivity of &, on its support (which is either a ball or R", as a consequence of Lemma 3) and by
recalling the expression of 9, given by (3.10), we obtain

/
w WK % holly, )
— W = ICW(hO) - ( in supp(hy). (4.16)

’
- m/> ||K3/2 * hOlIZ/
i kgl 0

o ol
In order to deduce a condition outside the support of h,, we take any nonnegative function ¢ € C3°(IRN )\ {0} and set
h, :=hy+ep, fore>0.

Since ¢ > 0 and ¢ > 0, we have &, > 0 thus by minimality of A, for G we infer

jim ) =90)

e—0t £

By arguing as before, we get

/ ’
X Ko = bally 1-9 1Koz * Fally B K s (K % h)? | @dx >0
+ - - * * ,
/RN P, PO T o P K e R e o e dx

11
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for every nonnegative function ¢ € Cg"(]RN ). This entails that

Vi
IKs/2 * holl,,
1701l
The proof is thereby complete, in light of (4.16) and (4.17). O

/—1 .
P9, =P Ky (Kypp % hg)’ ™ ()20 in supp(hg)°. (4.17)

Remark 3. We can express the constants .A; and C; in (4.10) in terms of H :we have

’ awa
-1 pm
m s (10 P (»f ) m' —1 (N4l IS
A, =—H* _||A|” '"< 1 , C,=(1-=)H"_|n° n .
Soopr s Tm 1Al : P ms T 71l

4.3. Regularity properties
Next we show that any extremal of the HLS inequality (3.9) has compact support and it is bounded. We rely on a bootstrap argument
based on the combination of the HLS inequality (3.5) and Lemma 1.

Lemma 5 (L*-bound and compactness of the support). Let 1 <p<oco and 0 <sp< N. Let m > (p¥). For every extremal h, €
LL@®RN)n L™(RN) of the HLS inequality (3.9), we have that h; € L®(RN). Moreover, the support of h is compact.

Proof. We start by proving that supp(/,) is compact. Recall that by Lemma 3, the function &, is radially symmetric and nonin-
creasing, thus the support of 4, and its superlevel sets are either balls or R"¥. By contradiction, assume that supp(h,) = R". Our
assumptions entail that 4, € L(pf)/(]RN ) and so, by using twice the HLS inequality (3.5), we infer that K, ,(h;) € L% (RN). We claim
that limy,|_,, K, ,(h,)(x) = 0. Indeed, since h, is a nonnegative radially symmetric and nonincreasing function, so is the function
K, p(hy), see [38]. By spending the previous information, we get

K, () oy 1x|N < / Ky p(h)GY* dy < [|Kypp * gl (4.18)

By

yielding our claim. In particular, we infer that {ICs,p(hS) >C,} =By , for some 0 < Ry < oo, where C; > 0 is given by (4.10). Then, by
using (4.9), we get that A, =0 on RV \ B Rry» Which is a contradiction.

We now prove that h, € L*(R"Y). We set m; := m and distinguish two cases according to whether sm; > N or sm; < N.

Case 1: smy > N. Since h, € L'(RV)n L™ (RV), in particular h, € L"(RN) for every 1 < r < N /s. By Corollary 1, we infer that
Ky % hy € LY(RN), for every N/(N —s) < 0 < co,

and so
(Kyj % hyy' =t € LOP-D@RN), for every N/(N — ) < 0 < co.

Since s p < N, we have

lim 6(p—1)< N/s.
g N

N-s
These considerations entail that
(K, * h)' "' e LOY@N)n LE2@Y), for some 9, < N /s and 6, > N /s.
/
By Lemma 1, we then obtain K, * (K, * hy)" " € L*(RN). In turn, from the Euler-Lagrange equation Lemma 4, we conclude that
hy € L2(RN).

Case 2: sm; < N. Since h; € L'(RN) n L™ (RN), from the HLS inequality (3.5), we infer that K, * o, € L"(RY)n LS (RN), for
every N /(N —s) < r < (m)%. This entails that

(K, * hy' "l e L'e~D(RN) A Lmie-DRN), for every N /(N —s) <r < (m))*.

If (my)% (p— 1) > N /s, by arguing as in Case 1, we conclude that ; € L®(RN) and we stop. If otherwise (m)i (p—1) < N/s, by the
HLS inequality (3.5) we infer

Ky (Ky)y hs)p/—l e Lm)§ (=D RM).
In turn, from the Euler-Lagrange equation, this implies that
hy € L™(RM),

where we have set
N(m-1)(p-1)m

my t=(m—1D((m)] (p—1); = N —spm,

12
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and observe that m, > m,, being this condition equivalent to m > (p})’. In general, let k € IN \ {0} and assume that m; < N /s for every

1 <i < k. We define
. . N@m-1)(p—1)ymy
Mgt = = D (n)] (0= D)) = ——g— 2.
We want to prove by induction that m; ; > m,. Our inductive assumption reads as
m > my, forevery 1 <i<k-1.
Since m > (p¥)’, we have

(N=sm)p _ (N—sm)p (N—-sm)p

m> = >
N@p-1) N@p-1 N@p-1)
where in the last inequality we used (4.20). In particular
No-1) k+1 k>

as we can infer by recalling (4.19). We now claim that

lim m; = +c0.
k—oo

(4.19)

(4.20)

(4.21)

This would entail that for some k we must have mi 2 N /s, thus, by arguing as in Case 1, this would also end the proof. Since m; > m,

we have
M1 _ Nm—-1)(p—-1) S Nm-1)(p-1 _m

= > for every k > 1.
my, N —spmy N-—-spm m;
Moreover, as we have already observed

m
25l = m> (p¥).
my

The last two facts entail that

m

L k+1

lim inf —*
k— oo my

> 1,

and so our claim (4.21). O

In the next lemma, we can readily adapt the argument of [23, Theorem 8] to infer Holder regularity for extremals of (3.9).

Lemma 6 (Holder regularity). Let 1 <p < oo and 0 <sp< N. Let m> (p?). For every extremal h; € L' (RN) n L™(R") of the HLS

inequality (3.9), we have

e for0<s<1/2

hy € COYRN), ifm<2,
0L N 2 *
hy € Com=1(RY), if2<m<m*,
hy € CO7(RN), if m* < m,
where m* = =——25 and y € (O A)
1-2s "m—2
e fors>1/2

hy € CO7(RN), where y =min{1,;1}.
e

Moreover, hg has C®—regularity in the interior of its support.

Proof. First, we assume 0 < s < 1/2. We will take advantage of the embeddings between Bessel potential spaces, fractional Sobolev
spaces and Holder spaces. We briefly recall that for 1 < g < o the fractional Sobolev space W*4(RN) is given by

WHRN) = {u € LY®RN) : [ulysamn) < 0},

where [ - ]y s.qg vy denotes the Gagliardo-Slobodeckii seminorm

1
. [u(x) — u(y)|4 4
el saceeny = (//RleRN [x — y|N+sa dxdv)

13
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The Bessel potential spaces £4(R"), where 1 < g < o, are defined through the Fourier transform, see for instance [39, Section
V.3], [47, Section 2.2.2], [48, Section 27.3]. They can be characterized as
£YRN) = (ue LIRN) : u= K, * h, for some h € LIRN)},

see for example [49, Theorem 2] (or also [48, Theorem 26.8, Theorem 27.3]). By recalling [39, Theorem 5, pag. 155] and [50,
Theorem 4.47], the following continuous embeddings holds true:

LH9RN) & WHIRY),  forg>2, (4.22)
and

WSIURN) o O (RN), where y = s — N/q, for g > N /s. (4.23)
Let A, be as in the statement. By Lemma 3, we can assume it is radially nonincreasing. By Lemmas 1, 4 and 5, we have that

h, € L'BY)nL®@RY) and K, x hg € LY(RN), forevery N/(N —s)<q < co. (4.24)
In particular, since N/(N —s) < N /s for every 0 < s < 1/2, we have that

Ky * hy € LY9YRN), for every g > N /s.
In view of the embeddings (4.22) and (4.23), this entails that

K,y # hy € CO7(RN), where y = s — N/q, for ¢ > N/s.

Since A, is a nonnegative radially nonincreasing function, so is of K /2 % h (see [38]). By reasoning as in (4.18), we then infer that
lim)y|_ o (K2 * hy)(x) = 0. Moreover, the function K, * h; attains only strictly positive values, and so it is bounded away from zero

on compact sets. For these reasons we get (K, * hy e CIOO’CV(]RN ). Then, by taking into account (4.24) and the identity
(—AY2 K, (h) = (Kyp + h)P ™0 in RV,
we are in position to apply [51, Corollary 3.5]. This yields the Holder estimate
Wy rllcorssca, 5y < € (I p (Dl Loy + 1Koz * B o cay) ) (4.25)

for a constant ¢ = ¢(N,s) > 0 (notice that since s < 1/2, then y + s is not an integer as y = s — N /¢). By suitably rescaling the last
inequality, we get

”Ics,p(hs)”L""(BR/z) +R™ [Ics.p(hs)]cov}’“(BR/z)
. ,_ . ,_
<c (”]Cx,,;(hs)”Lw(]RN) + R ||(KS/2 * ho)? l||Loo(3R) + R [(Kp * hy)? l]CO-V(BR)>’
for every R > 0. In particular, this entails

Wyl corsscig sy < C (Il smgan,y + 1Ky % 7 Mo gy ). (4.26)
for a suitable constant C = C(N, s, R,y) > 0, and so

K, ,(hy) € COTH(Bg ), where y = s — N/q, for ¢ > N/s.
From the Euler-Lagrange equation provided by Lemma 4, this entails that

h~' e C¥7*S(Byy),  for every R > 0.
By using the fact that 4, has compact support, we infer

hy € CO+9%(RN), where a = min { 1, ﬁ } andy =s— N/q, for g > N/s. (4.27)
Now we distinguish three cases.
Case 1: (pj)’ < m < 2. By using (4.24) and (4.27), from [51, Corollary 3.5] we have that

Ks/2 * hs € CO,YJrZS(RN)s

loc

if y + 25 is not an integer. Since K, * h, is bounded and bounded away from zero on compact sets, as before we deduce

(Kypp % b~ € QI @),

loc

If y + 25 > 1, we get (K * hS)”"1 € CIOO’CI(RN) and so also K, ,(h,) € C&CI(RN). Thus, in light of Lemma 4, using that m < 2 and the
compactness of the support of h,, we get h, € C*(R") as desired. On the other hand, if y + 2s < | we newly apply [51, Corollary
3.5] and (4.26) obtaining that

K, ,(hy) € CLTH5RY),

loc

14
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if y + 3 s is not an integer. Observe that we gained 2s derivatives starting from (4.27), and the gain in regularity depends therefore on
s but not on p. In other words, the regularity gain provided by the nonlinear potential K, , does not depend on p and it is the same
of the linear potential K, ,. Thus, the proof gets reduced to the case p = 2 which is given in [23, Theorem 8]. For this reason, we just
sketch the conclusion of the argument, omitting some details. We take an integer j > 1 such that

20+ 1) 2j’
and sety; =y +(j—1)2s=2sj— N/q, where ¢ > N/s is choosen large enough so that 1 —2s5 <y; < 1. This is a feasible choice
thanks to (4.28). By iterating the previous argument j times starting from (4.27), we get K, ,(h,) € ch +2S(IRN )C CI?); (RN), being

loc
v; +2s > 1 by construction. By using the Euler-Lagrange equation provided by Lemma 4 and the compactness of supp(h,) from Lemma 5

and since m < 2, we conclude that h, € C*(RV).

(4.28)

Case 2: 2 < m < m*. Starting from (4.27), we can improve the Holder regularity of 4, by a bootstrap argument, as in the previous
case. We give the details of one iteration, in order to clarify that the same argument used in the proof of [23, Theorem 8] still holds.
In light of (4.24) and (4.27), we can apply [51, Corollary 3.5] to infer that

rEs
m—

0. s
(K * hs)”,‘1 ecC, lJrY(IRN), where y =s— N/q, forg> N/s,

C
if (¥ + 5)/(m — 1) + s is not an integer. By newly applying [51, Corollary 3.5], we obtain
0,542 N
KS,P(hs) € C]oc R,
if (y +5)/(m — 1) + 2 s is not an integer. By reasoning as in the previous case, if y + 2s/(m — 1) + 25 > 1, we have h:f"l e COY(RN) and

so hg € Co'ﬁ (RN). On the other hand, if y +2s/(m — 1) + 2 s < 1, by always using the Euler-Lagrange equation provided by Lemma 4
and the fact that s, has compact support, we obtain h"~! € CO'%”S(]RN ), which entails that
y+s 2s
m-12 m-1
if (v + 5)/(m — 1) + 2 s is not an integer, where y = s — N /g, for ¢ > N /s. In general, by iterating this argument following [23, Theorem

1
8], we can improve the Holder regularity of A, to infer that A”~! € C%!(RN), which yields h, € C*#-T(RN), as desired.

hy € COT1(RM), where y, =

Case 3: m > m*. We can proceed with the same bootstrap argument, however without reaching Lipschitz regularity of A"~!. We observe
that [23, Remark 2], to which we refer, still holds and gives the desired result.

In order to conclude, we observe that the case 1/2 < s is simpler than the case 0 < s < 1/2 and can be treated in the same way,
up to some minor modifications, as done in [23, Theorem 8]. Eventually, by using the same argument of [23, Theorem 10], from
Lemmas 4 and 5, we obtain the C*®—regularity of 4, in the interior of its support. [

We end this section by remarking that the extremals of (4.1) are always in WI1(RN):

Corollary 2. Let 1 <p<ocoand0<sp< N. Let m > (p*)'. For every function h, € LL(RN) n L"(RN) attaining the supremum in (4.1),
we have hy, € WII(RN).

Proof. The desired conclusion follows from Lemmas 3-5 by arguing as in [14, Proposition 2.10]. O
5. Minimizers of the energy functional

In this section, we analyze minimizers of functional F, , over Y, thus concluding the proof of Theorem 1. We start by considering
the diffusion dominated regime, that is the case m > m,.

Proposition 1 (Diffusion dominated regime). Let1 <p<ooand0<sp < N. Let m > m, and let y, M > 0. Define the functional

1
1Ky 5 oIl )
VydpeAQp) i=| ——F

m(m,—1) ’

llollm

which is invariant by mass-invariant dilations. Let moreover

m—1 me—1
T T
)4 pE m—1

For every p € Y, there exists a unique positive number A, (p), called the optimal dilation factor of p, such that

A /1* _ . . . _
Fp(p") 2 Fy ,p ) = k A(p) for every 1> 0, with equality only if A = A,(p).
It is expressed as

1
!\ N m—mg)
¥ IIKs/z*pIIZ, N (mmme)
4 (5.1)
2 Lol

15
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Proof. Let p € Y,,. For 1> 0, we consider the function given by

AN(mfl)
m—1

. ) N@m.—1) X /
A [ () i=F ") = ol — AN (me=D K2 ol (5.2)

Recall that, since 1 < p < N/s, we have N /(N —s) < p’ < o0, thus m, = p’(1 — s/N) > 1. By optimizing with respect to 4, we get

N(mc_l)

d —1)— % —1)— /
370 =N AN > AN DK o pllf, = 0. (5.3)

The unique extremal is given by (5.1). Clearly, at 4.(p), the function given by (5.2) attains a global minimum, and notice also that
we have

. Ay : Ay —
A]_l)]’lloc Fyp(p®) = +o0 and }11_% Fp(p") = 0.

Furthermore, by using (5.1) we can write

L m=l L\ Ml
K. P\ mmg K. P\ m-me
F. (pM?) = L | x 1Kz *p”P' loll™ - V4 1M 1K,y ||p’
s.p P o 1 * m p m / * m s/2 p V4
m P [lollm | p: ol
=k A(p) <0,

where A and « are defined as in the statement. [

For the fair competition regime, that is m = m., we have the following two sided-estimate for the energy, which extends [21,
Proposition 3.4].

Proposition 2 (Fair competition regime). Let1 <p<ooand0<sp< N. Let y, M > 0. For every p € Y,,, we have

X s p’% P~ me X gy P’ﬁ s m,
5 s \Me ™ = MO Jlpllng S Topp) < 25 Hy, ( Me ™+ MEN ol

where H s is given by (4.1) and M, is given by (2.5).
Proof. For every p € Y, by recalling (4.1), we get

m
oIl

m.—1

1
-1

X / X /s )
Fyplo) = = SN % ol > (m — 2 Hy M ~>||p||ZC

=L ny, S<M£’ - MP’%>||p||,".1f,
P .
where M, is given by (2.5). On the other hand, by recalling (2.2), we also have

X 5 s .
Fal <5 Hm<M ¥4 M’ N>||p||2,
which yields the claimed estimate. O

We can now recognize the infimum of the energy functional 7, , on Y, corresponding to different values of the diffusion exponent
m. This is the content of the following proposition.

Proposition 3 (Infimum of 7, ). Let1<p<oo, 0<sp< N andlet y > 0. For every M > 0, we have

—00, ifl<m<m,,
inf F, =4V, i m=m,,
peyM s,p(p) s f c

Hss if m>m,,

for some pg; = u(N,p,s, y,m, M) <0, where v, = v(N, p, s, y, M) is given by

0, ifo<M< M,

—00, ifM>M,
being M, the critical mass introduced in (2.5).

Proof. As in the beginning of the proof of Proposition 1, we take p € Y, and consider the function f,(4) := Fv’p(pl), A > 0, whose
expression is given by (5.2) for every m > 1.

16
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If 1 <m < m,, by sending A /' o we infer that, for every M > 0,

pggM Fyplp) = lim f,(4) = —co.

If m > m,, from Proposition 1 and by recalling (2.2) and (3.10), we get

’ / /
wome WK % 0lll, 1Ky 5 pll” K,z % pll?
N s/ /p/ _ s/,(] q[),f :Mp"90 S/—,(]p’q) . (5.4)
||p||'&;% llolly M7 ||pllp, "0
m

Since m > m, > (p*)’, the Hardy-Littlewood-Sobolev type inequality (3.9) entails therefore that

sup A(p) € (0,+00)
PEYM

for every M > 0. In turn, by Proposition 1

Jnf Fo(p)= inf (A = sup AQ)

PEYM

since k < 0, thus

us = pu(N,p,s, x,m,M) := Fsp(p) € (=00,0).

inf
PEY M
If m = m,, we need to distinguish two cases.

Case 0 < M < M,. We take p € V), and test the energy F, , with its mass invariant dilations p* given by (1.5). By the change of
variable formula, we have

o e = AN Dljplne,  for > 0.
Since m, > 1, using Proposition 2 and sending 4 \, 0 we get

: —1; Ay —
Jf Fo(p) =m0 = 0. (5.5)

Case M > M,. Let h, be the unit mass extremal (with barycenter at the origin) of the HLS-type inequality (3.9), provided by Lemma 3.
We set for every 4 > 0

p,(x) := M AN hy(Ax) € V).
By recalling (2.2) and (2.5), we have

loallnt 5 / M
_ _x P _ 2Nme—-N M7 X (N-s)p'-N pnp g
Fs,p(pi) = m, — 1 p, ”KS/Z * pﬂ”pl =4 ¢ m, — 1 p/ A M Hm‘.,s
P*
=N 2yt L L <o
P sy st
M~y MmN

from which, by sending 4 — oo, we get the desired conclusion. O

Remark 4. By the previous proposition, we infer that there are no minimizers in Y, of the energy functional 7 , in the aggregation
dominated regime m € (1,m,), whatever the value of the mass M > 0. In the fair competition regime, m = m,, still there are no
minimizers in Y, for prescribed mass M € (M., ). Also for values of the mass M € (0, M,), there are no minimizers of Fspin Vay,
in light of the leftmost inequality in Proposition 2.

Remark 5. By inspecting the proof of Proposition 1 we can infer that, for every m > 1, any critical point p of 7, , necessarily satisfies
the relevant identity

X P
p_j”KS/z * ﬂ||p/ = |lolly,- (5.6)

Indeed, (5.2) holds for every m > 1. Therefore imposing criticality of p only with respect to mass invariant dilations, i.e. imposing
(5.3), yields (5.6). Notice that if 1 < m < m, then p is a maximum, and not a minumum, in the family {p*} ;>0- Notice also that, in the
case m = m,, (5.6) is equivalent to F; ,(p) = 0.

Next, we discuss the relation between extremals of (3.9) and minimizers of Fype

Corollary 3 (Extremals HLS vs minimizers of Fs’p). Letl<p<ooandO0<sp<N.

Let m > m. and let M > 0. If p; € V), attains the infimum of the energy functional F; ,, among functions in Y, then p is an extremal
of the Hardy-Littlewood-Sobolev type inequality (3.9), that is p, attains the supremum in (4.1).

Viceversa, for m > m,, if M >0 and p, € Y, is an extremal of the Hardy-Littlewood-Sobolev type inequality (3.9), then its optimal
dilation, in the sense of Proposition 1, attains the infimum of F , over Yy;. If m = m, and p; € Y, is an extremal of the Hardy-Littlewood-
Sobolev type inequality (3.9), then p is a minimizer of F , over Yy, .

17
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Proof. Assume first that m > m., M > 0. Let p; € Y, be a minimizer of 7 , over ). By Proposition 1, we infer that p; maximizes
A among functions in Y,,, where A is the functional defined therein. In particular, by Remark 1 and by (5.4), p, is an extremal of
the Hardy-Littlewood-Sobolev type inequality (3.9). On the other hand, let p; € ¥,, be an extremal of the Hardy-Littlewood-Sobolev
inequality (3.9) (existence of an extremal in Y, is guaranteed by Remark 2). Therefore it also satisfies

Ap,) > Ap)  forevery p € Yy,
in view of (5.4) and Remark 1. Its optimal dilation in the sense of Proposition 1, which is still an extremal of (3.9) in light of Remark 1,
is given by

~ . ey
By = ol

for A,(p,) as in (5.1). We claim that p; minimizes the energy functional 7, , among all functions in Y,,. Indeed, for every p € Y, by
using the maximality of p,, the invariance by dilations property of A and Proposition 1, we have

Fyp(50) = Fyp0i %)) = k Alpy) < K Ap) < Ty ,(p)

where the first inequality comes by recalling that « is negative. This proves the claim.
If m = m,, take any minimizer p; € yM( of F, , over yMC. By Proposition 3 we have Fip(ps) =0, that is

1
m, —1

c

By recalling (2.5) and (4.1), this entails that

e _ X 4
loslime = 5 1Kz * pills- (5.7)

/
1K 2 Ps||£,
P g* (5.8)

u me,s’
MY lpy e
as desired. On the other hand, let p, € yMc be an extremal of (3.9). Then, always by recalling (2.5), (5.8) implies (5.7) that is
F, p(ps) = 0, proving that p, minimizes F,p over yMc in view of Proposition 3. [
The equation satisfied by the global minimizers of 7 ,, provided by Corollary 3, reads as follows.

Lemma?7. Letl <p<ocoand0<sp< N, andlet y, M > 0. For m> m,, if p; € V), is a minimizer of F, , over Yy, then it solves

%p;n%:(ﬂcs,p(ps)—q% in RN, (5.9)
with
pi—m pi—m\ 4 /
D, 1= (B iy = (B ) Z s =l 510

In particular, it is bounded with compact support, radially nonincreasing, W' (R ) and satisfies the Holder regularity properties of Lemma 6.
The same holds for m = m,, by taking M = M.

Proof. Let p, € V), be as in the statement. By Corollary 3, we have that p, is an extremal of the Hardy-Littlewood-Sobolev type
inequality (3.9). In light of Lemma 4, it satisfies (4.9). If m > m,, Proposition 1 implies that p, coincides with its optimal dilation,
i.e., 4,(p,) = 1, where 4, is given by (5.1), so that (5.6) holds. If m = m_, then Remark 4 and Lemma 3 imply M = M, and F ,(p,) =0
which in turn directly yields (5.6). By inserting (5.6) in (4.10), we see that (4.9) becomes (5.9)-(5.10). By Corollary 2, Lemmas 5 and
6 we then infer the desired conclusions. [

Remark 6. For future purposes we record the following identities, valid for m > m,, involving the constant D, appearing in the
Euler-Lagrange equation (5.9) satisfied by a minimizer of 7 , over Yy,:

py—m' pi—m\ y o[ Pi=m' N\ (m, - D(m—1)
DS=< sl = (=, p—}kllks/z»«psn,,,= i ——————F, (),

which follows from (5.10) and the definition of Fop-

Remark 7. The conclusion of Lemma 7 holds also for continuous radially decreasing critical points of F; , over Y, in the case
(p;‘)/ < m < m,. These are defined as continuous radially decreasing solutions to (5.9), with D; still expressed by (5.10). Indeed, a first
variation argument along the line of Lemma 4 proves that the Euler-Lagrange equation that is necessarily satisfied by a continuous
radially decreasing critical point p of Fs ps constrained to Y,,, is of the form (2.6), for some suitable constant Q having the role of
Lagrange multiplier for the mass constraint. Moreover O necessarily coincides with D, from (5.10) in view of the criticality condition
(5.6). Existence of such critical points, for every mass M > 0, is deduced from the existence of radially decreasing extremals of the
HLS inequality (3.9) having mass M and satisfying (5.6), which is guaranteed by Lemma 3 and Remark 1: notice indeed that an
extremal of mass M satisfies (5.6) after taking a mass invariant dilation (thus preserving extremality), see Remark 5. A HLS extremal
having mass M and satisfying (5.6) does satisfy (5.9)-(5.10), thanks to Lemma 4, as seen by plugging (5.6) in (4.9)-(4.10). The further
regularity of such critical points is then deduced in the same way starting from the Euler-Lagrange equation, see Lemmas 5, 6 and
Corollary 2.

Proof of Theorem 1. The first part of Theorem 1 follows by Lemmas 3-6. The second part follows by Corollary 3 and Lemma 7. O
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6. The limit s — 0

This section is devoted to study the asymptotic behavior of the minimizers p,, provided by Corollary 3, as s tends to 0. Since the
critical exponent m, given by (2.2) tends to p’, as s goes to zero, we need discuss separately three cases according to whether m < p/,
m=p orm>p.

If m < p/, we have m < (pj)/ for s small enough. By Proposition 3, we get inf peVy Fsp == thus there are no minimizers of F, ,,
and not even stationary states obtained from extremals of the HLS inequality according to Remark 7. The case m = p’ (that we call
the limiting fair competition regime) will be discussed in Section 6.3. The limiting diffusion dominated regime m > p’ is the most
interesting one and it will be treated in the first part of this section. The main property is contained in Theorem 4 below: we will prove
that if m > p, any family of minimizers (p,),e(,n ;) Of the free energy functional 7, , provided by Corollary 3 strongly converges as
s\, 0 to the unique minimizer in Y, of a limit functional 7. In addition, 7 , I'—converges to F;, on Y,,, with respect to the strong

. / Py
convergence in L” (R"V), see Proposition 8.

6.1. The limit functional

Concerning the limit functional 7|, defined by (2.7) we have the following

Proposition 4. Let 1 < p < oo and m > p'. There exists a unique radially symmetric and nonincreasing minimizer of F, in Y,,, given by

1

1 _1 \N
po(x) = <£) " 1BRU (x), where R, = M <£) " . (6.1)
p

O \X

Proof. Let p € Y,, and let p, be its mass invariant dilation given by (1.5). We have

N(m-1)

Fo(p) = 4

m_ X NG =Dy P
g el = AN,

and
d W _ g Nm=D=1y im _ X ap aNG@'=D=1y P _ NG =D)=1| yN@m=p"yy ym _ Xy P
dkPO(p )=Ni oIl » N2 lloll, = N 4 A lolly, » ol |5

for 4 > 0. By optimizing in 4, we find that

1
N(m—p")

/
lloll”
x 1ly ’ (6.2)

A
= Tl

is the unique global minimum of A — Fo(p’l), for A > 0. We then have
Fo(p™?) = & Ap),

where

s m—1

m—1 Ly
P lloll , "
K=—<£) ! and A= —2—.

mZ 71,
loll, ™™

In order to minimize the functional 7, on Y,, we can equivalently maximize A. Moreover, by symmetrization, we can look for
maximizer of A in the restricted class of

P /

Yy = {p € Yy : pisradially symmetric and nonincreasing}.

By using Holder’s inequality, we get that for p € J~7M

’
m—p =1

’ m=p’ mE=
lolll, <M=t lipll,, "' = A<M,

and the equality is satisfied by a function p,, if and only if py(x) = ¢ 1 z(x), for some measurable set F C RV, see [37, Theorem 2.3
(ii.b)] for example. Since p, € Y,, and by using that ||py|l;, = M, we infer that F = By, for some R > 0, and ¢ = M /| B;|. Moreover,
since p, minimizes F|, it must coincide with its optimal dilation given by (6.2), i.e. 1,(py) = 1. This entails that

m—1

p\ mo’ M™
M=Ap)= (2 M
o) (x) Byl

from which we infer (6.1). O

In the next result we infer information on the limiting behavior of the minimum value of 7 ,, by testing the energy F; , with p,.

P2
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Corollary 4. Letl <p<coand0<sp < N.Letm> p' andlet y, M > 0. If p, € Y, is aminimizer of F , over Y, for every s € (0, N /p),
then we have

limsup 7 ,(p,) <O and limsup D, >0
s—=0

5s=0

where D, > 0 is the constant related to p, appearing in Lemma 7.
Proof. Let p, be as in Proposition 4. By using Theorem 3, we have
lim [1K,> % po = polly = 0.

By the minimality of p, and by using the explicit expression of p, this entails that

a
. . M (x\rV X[ x\m"

1 F. (p,) <limF, =—(£ -ML( £ <0,
P TP < I o) m—1<11> p’(P)

where the last inequality follows since m > p’. By recalling Remark 6, we also get the announced asymptotic behavior of D,. O

Remark 8. Concerning the limit functional F,, in the case m = p/, for any M > 0 it is clear that inf yy Fo=0 if 0 < y < p and that
infy Fy=—ocoif y > p. These properties are obtained by taking dilations p* for any given p € Y, and by sending 4 to +co and to 0,
respectively. The infimum is not realized, except for the trivial case p = y.

6.2. The limiting diffusion dominated regime

Next, we discuss the limiting behavior of the minimizers for s \, 0, in the case m > p’.

Proposition 5 (Equiboundedness of p,). Let ] <p<ooand 0<sp< N.Let m> p’' and let y, M > 0. Let p; € Y, be a minimizer of
F, over Yy, for every s € (0, N /p). Then there exists s, € (0, N /p) such that

sup llpyllo <o and  sup Iyl < .
s€(0,50) s€(0,50)

Proof. From Corollary 3 and Lemma 7 we know that p, is a radially symmetric nonincreasing Holder continuous function. This yields
that

Iolle=p©®  and  p0<—2—  forevery xe RN\ {0}, 6.3)
oy |x|N

for every s. The first fact is clear, and the second one follows since we have

e
B

By using the Euler-Lagrange equation (4.9) and Holder’s inequality we get

psdyz/B p(x)dy:ps(x)a)lelN, for everyxe]RN\{O}.

Ix] Ix|

/ /
"’7;:5(0)'"-1 <Ky # Ky # 0" H(0)

_ /1 _ /—1
=y /B YN (K pp # p5)" T 0dy+en g /BC N (Ko # 0)" ™ (0dy
1 1

’

Noy o Noy &
<engn 1K p2 # psllly™ +enspo N-sp+N 1Ky * ol §

Noy Pl Noy /1 -1
< CN,S/Z < > (as M + ﬂs pS(O)) + CN,S/Z (N — S)p’ TN H‘Yp llps”fpr)”

where in the last line we used Lemma 1 with data ¢ := 1 and r := o0 and the HLS inequality (3.7). By spending again (6.3), we infer

)/ )/ 0/ " (pt)’
@ gy = O " (LS <w .(0)@5)/ + M 1
ps P P N Ps — —_
RN B, B ON N(pry -1)

By collecting the last two inequalities, we get

1

/ Now /_
m;/)s(o)m_l <Ctns/2 < N ) (ay M + B, py(0))°

/1 @Y @5
Naoy H’ o M\ 1 ’
tenspn g\ O oy H (=) )
N,S/2(N_S)p/+N Ps N oy N((pjf)/_l)

By contradiction, we assume now that

lim sup p,(0) = 400,
5s—0
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and we divide both sides of the previous inequality by pS(O)”/‘l. We get

m’ . NCUN A M -l
0 e (0 (42 1,
7 N.,s/2 s PS(O) S

/-1
Naoy HP/—I M (V94 P ,(0)_(”?)/ (F;%T-)’
renp I ()7 piorl Y
(N =-s)pP+ N N N((p’;)’—l)
By taking the limsup as s \, 0 on both sides of the last estimate, we get that the leftmost term diverges to + oo, being m > p’. On the other
hand, by recalling the asymptotic behaviors of a,, f,, H, and cy ,/, given respectively in Lemma 1, Corollary 1 and formula (3.1), we

infer that the rightmost term stays finite. This yields a contradiction and so there must exist 5, > 0 such that S := sup¢( ) £5(0) < o0.
We conclude the proof by observing that we can also infer the equiboundendness of ||p,]l,, for s € (0, s,), since we have ||p,ll,, <

1 1
Sn Mm, for s € (0, sy), in light of the interpolation inequality in L? spaces. [

Proposition 6 (Equiboundedness of supp(p,)). Letl <p<ooand0<sp< N.Letm> p’ andlet y, M > 0. Let p; € V), be a minimizer
of F , over Y\ for every s € (0, N /p). Then there exist s, € (0, N/p) and R, > 0 such that supp(p,) C By, for every 0 < s < s;.

Proof. Let s, given by Proposition 5. We set B = supp(p,) and by contradiction, we assume that

limsup Ry = +oo0.
s—0

This entails that R, > 1, for small value of s. We preliminary observe that, from Corollary 1 and Proposition 5, we have
1Ko # pylly < Hyllpglley < HoMP llp I < L, for s € (0, 50), (6.4)
where 9 = 1/(p)’ and L > 0 is a constant dending only on s,. We take x € 0By , and by using Lemma 7 we get

/_ /
%Ds =K+ (Ko p,)" 0= ey /B 1N (Koo % p,)(x = )" ' dy
1

+ N2 ./BC |y|S_N((KS/2 * px)(x —y))p - dy (6.5)
i

= A+ A,

We estimate the last two integrals separately, starting from the second one. By using Holder’s inequality (we observe that, by assump-
tion p’ > N/(N —s), so we have (s — N)p' + N < 0) we have

1 1
, o , »
Ay ey (/ |y|¢s=NP dY> (/ ((Kyn * p)(x — »)’ dY>
B B

1

/
Y
Nawy

<cengp N9y N 1Kz psll -
So by using (3.1) and (6.4) we get
lim.A, = 0. (6.6)

We now consider the first integral
- /1
Al =CN,S/2/ |y|S N((KS/Z *ps)(x_y))p dy
By

Since p, is nonincreasing, so is K /2 % Py (see [38]). Then, by using also (6.4), we get

1

o
L> (/ IKs/z*pyl”/dy>p > </
RN B,

for every x € RN \ {0}. Since |x| = R, > 1, by the triangle inequality we have

4 i
1K,y psl” dy> > (o |xI)7 (Ky * ) (),

Ixl

[x—yl>Ix| -y 2R, -1, forye By,

thus
1

- -N - La)N” -N
A <Lo engp /B I x =yl ? dy < ——cenp2 /B [y~ dy
1 1

(RS - 1)7
_1
LcoN” Naoy
= ~ EN.s/2 B .
(RS - 1)7

By recalling (3.1) and (6.2), we eventually get that lim;_,,.4; = 0, and so also limsup,_,, D, = 0, by (6.5) and (6.6). This contradicts
Corollary 4 and gives the desired result. [
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Proposition7. Let1 <p<ooand0<sp< N. Letm> p/, let y, M >0 and let p; € V), be a minimizer of F p over Yy for every s €
(0, N/p). There exists s, € (0, N /p) such that the family of minimizers (p,)e(,s,) is equibounded in WLLRN). Moreover, if (s;)rew S (0, so)
converges to 0, then the family (p;, )ren admits limit points in the strong L'(RN) topology, and if p is a limit point along a not relabeled
subsequence we have p € Yy, N L®(RN) and

lim flp,, —pll, =0,  forevery g € [1,c0).
k—o0

Proof. The proof is the same of [14, Lemma 3.7] by using Propositions 5 and 6. O

The main result of this section regarding the case m > p’ reads as follows

Theorem 4. Letl <p<ocoand0<sp< N.Letm> p',let y, M > 0andlet p; € ¥), be a minimizer of F , over V), for every s € (0, N /p).
Then

limlp, — poll, 0. for every g € [1.0).
where p, is given by (6.1).
Proof. By using Proposition 7, there exists a sequence (s;).cn converging to 0 and a function p € ¥), n L*(RY) such that
lim [lp,, — pll,, = 0. 6.7)
k—o
By the triangle inequality and the HLS-type inequality (3.9), we get
K2 % pa = 2l < 11Ky 2 % (0, = 2)lly + 1Ko 2 % 0=l
1-9
<H, @M llpg, —plly ™ + 11Ky, 1 % p = pll -
where 9§, is given by (3.10), it depends on s, and converges to 1 —m’/p > 0 as k — +oco. By Theorem 3, we have
Jim 11K, /2% p = plly =0,
thus from the previous inequality, from (6.7) and from the bound on H; by Corollay 1, we get
Jim [IK,, /> # oy, = plly = 0.

This entails that

ol x
o 17||ﬂ||,/ = Folp).

For every p € Yy, by using the previous equality, the minimality of p;, and Theorem 3, we infer

Fo() = Jim o y(pe) < lim Py () = Fo(p).

Am Fy o) =

This proves that p must be a minimizer of 7, in ;, and so by Proposition 4 it must coincide with p,. By the arbitrariness of (s;)cen>
we eventually get that the whole family (p,) strongly converges to p, in LY(RN), for every g € [1,0). O

We further have the following I'-convergence result.

Proposition 8. Let1 < p <ocoand y, M > 0. Let m > p'. For s — 0, the functional F, , [—converges to F, on Y, with respect to the strong
convergence in L” (RN).

Proof. Let (p,);e0,n/p C Yu and p € Yy, be such that
tim [1p, = pll = 0. ©6:8)
By the triangle inequality and the Hardy-Littlewood-Sobolev inequality (3.7) we have
1Ky % oy = plly < 1Kypp # (g = Pl + 1K,y % p = plly
< Hgllps = plley + 11Kpa % p = plly
< Hllog = ol llos = oll ;" + 1Ko % p = ol
where 8 = 1 — p/p%. By Theorem 3, we have
tim (1K * p = pl,y =0,
wich entails that
lim (1K, % p = plly =0,
where we also used our assumption (6.8). By Fatou’s lemma and by spending the last information, we infer
Folp) < lirsrlj(glf Fyp(ps)-
On the other hand, let p € Y, we set p, := p, for every s. By using again Theorem 3 we have
lirzlj(:lp Fsp(p5) = Folp),
From the last two facts we obtain the claimed result. O
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6.3. The limiting fair competition regime

We now analyze the limiting behavior of the minimizers in the remaining case m = p’ thus concluding the proof of Theorem 2.
We treat separately the cases y # p and y = p, starting from the first one.

Theorem 5. Let | <p<coand0<sp< N.Let M >0 and m=p'. If p; € Yy, is a minimizer of F, , over Y, for every s € (0, N /p),
then we have

0, fo<y<p,
11_{% ”p: ”oo == 11_{% Fs,p(ps) =
+00, if x> p.
Moreover, if y > p we have p, > M 8, in the sense of measures as s — 0.

Proof. By Corollary 3, we have that p, is radially symmetric and nonincreasing. We discuss separately two cases.

If , we argue by contradiction and assume that

lim sup p,(0) > 0.

s—0
By arguing as in the proof of Proposition 5, we infer that

Nw

f ps(o)p/_] < CN,:/Z <_N> (as M + ﬁs ps(o))P,_l

p-1

/-1 (090 @EY
N oy H? oy M\ 1 Ps
+c — N |0 oy + | — _— .
NSZ(N —s)p + N\ N\ oy N ((pr) - 1)

By dividing both sides of the previous inequality by p,(0)”~!, we can rewrite it as

/1
p Noy ay M p
x C’“/z( 5 )(ps«»“*)

- Noy H!™' " +< M >“’§>' 1 W_O(S)
SNSEN =+ N UV T oy ,0) N =D '

By sending s — 0 and by using (3.1), (3.2) and (3.3), we get a contradiction. Therefore p, converges uniformly to zero as s — 0, which
also implies ; ,(p,) = 0, by Corollary 1.

If , we consider the limit functional F,, given by (2.7) with m = p/. For p € Y,,, we have
: Ay im g NG-D (L X Vo
Jim Fy(p*) = lim 2 <p, il lloll, = —oo,

where p* € ), is the mass invariant dilation of p by factor 4, given by (1.5). This entails that

inf 7y = —co.
PEYM

Then if g < 0, we can take p € V), such that F,(p) < f. By using that
tim (1K * 7 = 7l = 0,
thanks to Theorem 3, and by the minimality of p, we then obtain
lim s(;lp Fip(ps) < lim s(;xp Folp) = Fy(p) < p.
Rid S

By the arbitrariness of § and by using Remark 6, this yields

limF, ,(p)=~co and  limD, = +oo. (6.9)

s—0
By contradiction, we assume that

Ry :=limsup R, > 0,

s=0

where we set R, = supp(p,), as in Proposition 6. We take a sequence (s;)cn C (0, 1) converging to zero and such that

lim R, =limsup R, = R,. (6.10)

Sk
k—oo s=0

23



F. Bozzola and E. Mainini Nonlinear Analysis 271 (2026) 114129

We set R = Ry/2 and BRsk := supp(p;, ). For x € 0BRSk by using Lemma 7 we have
1 -1
; Dsk = Ksk/2 * (Ksk/Z * psk) ()
sp—N P
= CN,sk/z/B [y ((Kx,‘/z * /’xk)(x —Y)> dy 6.11)
R
p-1

TN s 2 /BC |,V|s"_N<<Ksk/2 * Psk)(x - y)) dy=:A; + A
®

For A, by arguing as in Proposition 6, we have that

1

(wylx|N) 7 (Ksk/z*psk)(x)sL, for every x € RV \ {0},
and, since [x| = R, > R for k large enough, by the triangle inequality we have

Ix—yIZIXI—IyIZRSk—R for y € By,

This entails that

Na)N) La)N”

Ay Seng, < o

- (6.12)
(. 7)

For A,, by using Holder’s inequality we have

1 1

rd 4 »

Ay Sen < / |y|“k-N>ﬂ’dy> ( / (CPEYREEE) dy>
By B

/

Noy £ (6.13)
SN2 N—sor+N K, /2 % oy Iy

1
D, \»
<Ecyyp 5 )

where in the last equality we used Remark 6 and we set

1
. Nowy M N\»
£= s = it ()

1
By spending (6.12) and (6.13) in (6.11) and by dividing for D/ , we get

Sk

1

1

1

1=t Noy Lo,/ 1\7»

;Dsk/’ SCN,xk/2< 5 N +EcN,sk/2 g .
(k, %)’

In light of (3.1), (6.9) and (6.10), by sending k — oo, the last inequality yields a contradiction. This implies that

lim R, =0,

s—=0

thus, since p, € Y, we must have that p, converges to a point mass at the origin as s — 0, as desired. Along with (6.9), this concludes
the proof. O

Proposition 9 (Case y =p). Let1 <p<ooand0<sp<N.Let M >0, m=p' and y = p. If p; € V), is a minimizer of Fyp over Yy
for every s € (0, N /p), then we have

lim7, () =0 and limD, = 0.

s—0

Proof. We recall that by Proposition 3, we have

lim sup 7 ,(p,) < limsup p; < 0.
s—0

s

We claim that

limsup [|p,y < 0. (6.14)
5s—0
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Since we have

sp
Fs,p(ps) =-

N-—-sp
by Remark 6, this would entail that

/
o117

liminf 7, ,(p,) = 0.

and so the desired result. By recalling (4.1) and Corollary 3, we have that

/ '\ N
N

- Koy palley e (ol

HY > HY, = === |

e o (%)
M7V lpgll,

where H; is given as in Corollary 1 and the last equality follows from (5.6). Our claim (6.14), will follow by proving that

1
limsup HS < 0. (6.15)

5s—0
By (3.8), we have
‘ LN s (p’)NN_S +()'F
HS S BsS ( —S> Ns - s
N @' p

N
1 1 1
<B [N <B: (1+-22-)",
N-—-sp N-p

where we set

(6.16)

.

c
= NV

s s N

B

By (3.1), we have lim,_,, B, = 1, and we can write

N-s

BS = 5 N 1’5 2 9

S

r(E +1) r(%+ 1)
for every s € (0, N /p). Since B, is smooth in a neighborhood of s = 0, we have

B, —1
lim < 0.
s—0 N

By spending this information in (6.16), we get (6.15) which in turn implies (6.14). Eventually, by recalling Remark 6 we infer the
desired asymptotic behavior also for D;. O

Proof of Theorem 2. If m > p/, the claimed result is contained in Theorem 4. If m = p/, the conclusion follows by Theorem 5,
Proposition 9 and Remark 8. O
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