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Optimal control of parabolic equations by spectral decomposition*
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This paper deals with an optimal control problem of Bolza type for a class of parabolic equa-
tions. It consists in finding the initial datum that minimises a cost functional, which comprises
an energy term on the control and a regulation term given by a distributed cost on the state,
and such that the final state lies within a prescribed distance to a given target. Beyond the
particularities of the chosen problem, our aim here is to propose a new methodology —based
on a spectral decomposition of the operator governing the evolution of the system—, describe
its implementation for this kind of problem, and finally perform some preliminary numerical
experiments to assess its behavior.

Keywords: optimal control; parabolic equations; spectral decomposition; convex
optimization

AMS Subject Classification: 49M05; 90C30

1. Introduction

Let H be a Hilbert space and let A : H — H be a closed, positive semidefinite, self-
adjoint linear operator with dense domain D(.A) and compact resolvent. We denote
by {Si};> the strongly continuous semigroup of nonexpansive linear operators
generated by —A (see [18, Section 1.2]). More precisely, given u € H, for every
t > 0, we have S;u = y(t), where y : [0,400) — H is the solution of the initial-
value problem

{ _?;/(((73 : ;Lél.y(t) for t > 0 (1)

The keynote example is A = —A, the Dirichlet Laplacian in L?($), for which (1)
is the heat equation on the bounded domain €.

The system (1) is controllable to a target state y' € H in time T > 0 if there is
u € H such that

Sru =y’ (2)
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This may or may not be the case, depending on the operator A. If A is the gradient
of a convex function (which is the case for the Laplace operator in L?(Q)), then
Siu € D(A) for all ¢ > 0 and all w € H (see [7, Théoreme 3.2]). Therefore, no
target state yI € H\ D(A) can be attained. Even if it can, the identification of the
appropriate initial condition is difficult due, in part, to the irreversible character
of dissipative systems like (1). Nevertheless, it is possible to prove (using a simple
orthogonality argument) that the range of S; is dense in H for all t > 0. As a
consequence, the system (1) is approximately controllable to any target state y”
in the sense that, for every € > 0, there exists an initial datum «w € H such that

|Sru—y" || < e. (3)

Given a tolerance € > 0, a control time 7 > 0, and a target state 3!, we search
for an initial condition v € H such that (3) is satisfied and a given functional
J : H — R is minimized. More precisely, we consider the problem

(P) min {7 (u) : [|Sru — y'llm <e},

where J(u) is given by

a 1 (7
7w = Sl +5 [ A IS =y (@) I . ()

with a > 0, 8 € L?(0,T;R,) and y? € L? (0, T; H).

The first term in the cost functional J can be interpreted as a cost that penalizes
high energy initial conditions, weighted by a constant a that accounts for the
relative importance of this criterion in the total value. The second term, known as
a regulation term, is a distributed cost that penalizes deviations from the reference
trajectory y¢ along the interval [0, T], weighted by the function 3, which may have
different forms depending on the applications. For instance,

e a discount factor 5(t) = e % with discount rate b > 0, gives a higher impor-

tance to what happens in the near future;
e a characteristic function 5(t) = x7(t) applies a uniform regulation only on
T C[0,T7.

If B = 0, problem (P) can be solved by the Hilbert Uniqueness Method (HUM,
see [13] and Subsection 2.3 below), which relies on the Fenchel-Rockafellar duality
for convex optimisation. Numerical treatment of a penalised version of the corre-
sponding dual problem involves the implementation of iterative schemes (see, for
instance, [6]). For a general weight function f (¢) the dual problem of (P) requires
a more sophisticated treatment.

Initial condition identification is an important problem in evolution equation
theory and has been addressed by different methods [4, 14, 16, 17], some including
optimization and optimal control techniques [6, 10, 12, 15, 21]. See also [2], and the
references therein, for other applications of optimal control in inverse problems.

The problems addressed in [6, 10, 15], for instance, are closely related to (P),
although they consider other choices for the cost or different functional frameworks.
Further, the techniques employed aim at recovering the solution by applying an
iterative numerical scheme, especially to the dual problem.

Classical convex optimization techniques in Hilbert spaces also provide iterative
methods that can be applied to problem (P). See [5, 19] for the general theory and



examples.

There is a rich literature concerned with distributed optimal control problems
of partial differential equations. That is, when the controls acts along the time
interval [0, T']. This is not the focus of this research, but the interested reader may
consult, among many others, [1], where semigroup methods are used, or [20] for
second-order optimality conditions. Also, a quite comprehensive treatment of the
topic can be found in [22].

In this paper, we follow a different approach, exploring spectral representation of
the solution by eigenfunctions of A, which eventually leads us to an explicit expres-
sion of the optimal final state § = S in terms of the given problem data. The
obtained expression, combined with standard optimal control arguments enable
construction of a one-shot algorithm providing an approximate solution.

Given p > 0, the resolvent operator of A with index p is R/j‘ = (ul + A)~L.

Clearly, if A is symmetric, the same is true for R/“jl. Moreover, if A is closed,
positive semidefinite and self-adjoint, and if x> 0, then [9, Theorem 2| and [7,
Proposition 2.2] together imply that Rf is everywhere defined and nonexpansive.

The following result is a direct consequence of [8, Theorem 6.11]:

LEMMA 1.1 Let H be separable and let A be a positive semidefinite, self-adjoint
operator with compact resolvent. Then, there exist an orthonormal basis (on),,cn
of H, and a nonnegative, nondecreasing sequence (Ap)nen such that each ¢, is an
eigenfunction of A with eigenvalue \,, and lim, . A\, = +00.

Observe that the Laplace operator satisfies the hypotheses of Lemma 1.1.

In the following sections, we shall present a simple methodology to recover ap-
proximate solutions for problem (P) using spectral techniques. Roughly speaking,
the idea is to use the optimality condition given by the Lagrange multiplier theory
and construct the multiplier by means of the spectral decomposition of the opera-
tor A described in Lemma 1.1. Surprisingly enough, the whole problem is reduced
to finding the unique root of a bounded, strictly increasing function defined in R.

Observe also that the problem of finding the spectral decomposition of A in
H is independent of the optimization of the cost J. Once this decomposition is
available, the optimal control problem is solved almost instantaneously (see Section
4). Therefore the spectral decomposition can be considered as a preprocessing
step. Once this information has been obtained, it can be stored for future use.
In particular, if some of the parameters of the problem (cost functional, target
state) have to be modified or updated for any reason. Further, one can reasonably
conjecture that a similar approach might be useful for second-order (wave-like)
equations (as in [3]).

The paper is organised as follows: In Section 2, we provide a characterisation of
the solution to problem (P) and derive an explicit formula in a form of the Fourier
series. In Section 3, we provide a priori bounds on truncated Fourier approxima-
tions and describe a one-shot algorithm for the numerical recovery of the optimal
control and the final state with prescribed precision for the latter. Numerical ex-
amples based on the obtained algorithm for the case of the 1D heat equation are
provided in Section 4, with and without the regulation term. Further comments
and remarks are given in Section 5.



2. Characterisation and explicit formula for the solution

In this section, we obtain a characterisation for the optimal initial state @ and the
corresponding final state §j = Sp.

2.1. Optimality condition

We begin by recalling some basic notions of convex analysis (for further details,
see [19]). The subdifferential of a proper convex function ® : H — R U {+oc0} at
point ug € H is

0P (ug) ={ve H: ®(u) > P (ug) + (v, u—wuy) Yuec H}.

The normal cone of a nonempty closed convex set C' C H at a point ug € H is
defined as

Ne(ug) ={veH: (v, u—uy) <0 YueC},

and it is the subdifferential of the indicator function of the set C'; namely:

0 ifyeC
Ic(y):{ v

+oo else.
Problem (P) can be restated as

min {J (u) + I (Stu)}, (5)

where B stands for the closure of the ball B, (yT) of radius € and center y”.
Since the function J+4IpoS is proper, strongly convex and lower-semicontinuous,

problem (P) has a unique solution, that we denote by @ (see, for instance, [19,

Corollary 2.20]). Moreover, by Fermat’s Rule [19, Theorem 3.24|, along with the

Moreau-Rokafellar Theorem [19, Theorem 3.30] and the Chain Rule [19, Proposi-
tion 3.28], 4 is the unique point of H satisfying the inclusion

T
0€0(J+1508) (@) = aa+/ B(1)S: (S — %) dt + S5 (5).  (6)
0
Let us write
T
= [ swsut o (7)
0
and, for v € H,
T
Mu = / B(t) S!S dt. (8)
0

It follows that inclusion (6) holds if, and only if, there exists an element § in Nz (9)
such that

at+ Ma = f — Shi. (9)



On the other hand, let & denote the unique solution of the unconstrained problem

4 =argmin J (u), (10)
ueH

and let § = Sru be the corresponding final state. The control @ satisfies
au+ Mu = f, (11)

where f and M are defined as above. More precisely, for all v € H, we have

T
i, o) + /O B.(t) (Sit — v, Sv) dt = 0. (12)

The next result provides the first characterisation for the optimal control u:

PROPOSITION 2.1 If ¢ > ||§ — y”||u, then @ = @. Otherwise, the optimal final
state verifies § € OB, and the element g € Nz (4§) given in (9) has the form

f]zjx(zj—yT) for some A > 0.

Proof. If ¢ > ||§ — y*||u, then § € B and so @ is admissible and, clearly, optimal.
Assume now that ¢ < ||§ — y7||g. We want to show that the optimal final-state
lies on the boundary of the target-ball B. Suppose, on the contrary, that ¢ € IntB.
Take v € (0, (e — |9 — y" ||m)/||7 — 9lli), and define

uy=u+y(@—1u)=(1-7)a+ya.
Since the corresponding final state y, = Sru, satisfies

lyy =yl =19+ @ =9) =y lm < 19—y lu + 115 —dllu <e,

it follows that u, is admissible. Observe that both J (u,) and J (@) are strictly
greater than J (@).
Now compute

T
T () = (1= )2 J (i) 422 (@) (1 — 7) 7 (a<a,a>H + [ iy si- v dt) .

Using (12) with v = 4, we obtain

(2 "B (S oy it). (13)



Using again (12), this time with v = @, we can express the last integral as
T T T
| p@sa— gty di== [ 5@ ISa- 'l e [ 50 (Sa- o S d
0 0 0

T

[ By e+l

=—2J (a)
Thus, (13) becomes

J(uqy) = J (@) + v (v —2) (J (&) — J (1))
Since J (@) — J(u) > 0, for every v < 2, we have J (uy) < J (@), which is a
contradiction. B
For the last statement, note that for any point y on the boundary of B the

corresponding normal cone N j5(y) consists of vectors pointing in the direction of
T
y—uy. O

From now on, we will suppose € < ||7—%" ||zz. Otherwise, the solution of problem
(P) simply coincides with the solution of the uncostrained one, determined by
equation (11).

For each ¢ > ¢ = J (u), define

W.={y € H: y=Sru for some u € H with J (u) < c}. (14)
Notice that (W;)>¢ is a nested family of nonempty closed convex sets centered at

7, that increases with c.
If ¢ = ||4]| g is the norm of the optimal control, we have

é:min{cER+: WcﬂBa(yT)#@}zmin{ce]RJr: ||HC(yT) —yTHHSE},

where I, : H — H is the orthogonal projection operator onto the set W.. More-
over, the optimal final state satisfies

g=TL (y"). (15)

This situation is depicted in Figure 1.




Remark 2.2 Using the previous lemma, optimality condition (6) becomes
(aI—i— M+ Xs;sT) a=f+ ST, A>o.

In particular, (P) is equivalent to the unconstrained problem
T .
N KT I d 2 A T2
— = t) ||Stw — v (1) || 5dt + = ||STu —
ggg{QlluerQ/o B0 1S =y (1) 3t + 5 IS —y I ¢
whose optimality condition is precisely (6).

2.2. Spectral characterisation

In order to obtain explicit formula for the solution @, we rely on the eigendecom-
position of the space H induced by the operator A from (1). Let (¢,),cy be an
orthonormal basis of H, where each ¢, is an eigenfunction of A with eigenvalue
An. The existence of such sequences follows from Lemma 1.1. As usual, we denote
by vy, the n-th Fourier coefficient of y € H in this basis. Recall that (y,)nen € £2
and ||y||3, = 3,.cn ¥2. In particular, we can write B as

B, (yT) = {Zyngpn € H: Z(yn _yg)Q < 52} .

For each n € N, define

a 17 22t 2, T
ay = +/ B(t)e “*tdt | e
22/,

T
b= = [0 o an (16)
0

o=y s () a

Observe that a, > 0 and ¢, > 0. With this notation, the function J can be
rewritten as

J(u) = Z (anyr% + bnyn + cn) s (17)
n
where y, = upe 7 is the n-th Fourier coefficient of the final state y = Syu. The
set W, defined in (14) can be now characterised as

n

n

Remark 2.3 To fix the ideas, suppose that the weights of our optimal control
problem are @ = 2 and 8 = 0. In that case, W, is the set of final states that are
attained from an initial datum whose norm is less than or equal to ¢. The balls

of controls u? < c are deformed by the semigroup into infinite-dimensional



ellipsoids W, of final states, whose axial lengths are determined by the frequencies:
the larger A,, the shorter the axis parallel to ¢,. Since \,, — 400, no set W, can
contain a ball around the origin.

A similar characterisation of W, remains in general, for an arbitrary choice of the
weights o and . Due to the imposed reference trajectory y¢, the centre of corre-
sponding ellipsoid will be displaced from the origin to the final state corresponding
to the solution ¢ of the unconstrained problem.

Explicit expressions for its Fourier coefficients are provided by the following
result:

THEOREM 2.4 Let ¢ € (0, g — yTIIH) The Fourier coefficients of the optimal
final state 5 are given by

N y'rll;ir?bn

= 1
In =7 + 2%ay,’ (19)

where the constant 4 > 0 is the unique solution of

oy (et s <

Proof. First, we develop a general expression for the projections of y” onto the
ellipsoids W, which we express as

We={yeH: ¢(y) <c},

with 9 (y) = 3 any2 + bpyn + cp. Since 1 is differentiable, the Fourier coefficients

n
of the normal direction to W, at a point y on its boundary are given by
(VY(y)),, = 2anyn + bn, neN.

Using (15), we have

for some positive constant 4. The last two relations together imply (19).

To determine the constant 4, we use the condition ||§j — y”||gz = ¢ from Propo-
sition 2.1, which implies (20) in view of (19). It remains to show that the cited
equation has one and only one positive solution for every € € (0, ||§ — y” || 7). Define

(21)

2
2%%? + bn)
1+ 2vay,

N ~y (
GN() =) gn(7) for g.(7)= (
n=1



For every v in (0, +00), we have

b 2
< T, “n
gn () < (yn +5 )

n

<2(y7) 42 (671)2

2ap,
T Jo Bt ey (1) dt

(a + fOT B (t) 6—2’\"tdt) e2AT

s (W B@e ™ty @yar)’

<2 (yg) +2 a2e23T

2 2
<2(yp) + 2 1813201y 19512201

Since (y!) and (y?) belong to ¢2, Weierstrass M-test implies that, as N — 400,
Gn converges uniformly on [0,+00) to its pointwise limit, which is precisely the
function G defined in (20). It ensues that

b 2
. _ . _ T n
Jim En gn (7) = 4 g (7) = > <yn +2an> : (22)

n

Using the optimality condition (11) for the unconstrained problem, we obtain

oy, + / B (t) e Pta, dt = / B(t)e Mtyd (1) dt.
It follows that

by, —fOTﬁ( e Mbyd () dt AT

27 = = —€ ’an = _gTH
an AT <a+f0 B (t) e=2Ant dt)

and so, (22) becomes

dim GO) =Y (- uh) =5 v
n

We finish the proof by showing that G is strictly increasing. To this effect, compute

2
27 (2an Y& + bn)
(1+ 2’7an)3

g () =

and notice that, for every v > v9 > 0,

| gn () | < n

4v2a2 Y0 o?

2
4y (4@% (yg) +bi> < i ((yT)2+l)3L> < i ((yT)2+ ”5”%2(077’) ||yg“%2(o7T)

)



where the last term is again summable. We obtain that G’ is the limit of G'y,
uniformly converging in (g, +00) for every vy > 0:

G (y) =

szy (an v +bn)”
(1+ 27an)3 ’

n

We conclude that G (0) = 0, lir}ra G(y) =7 -y"|% and G’ () > 0 for every
y—+oo

~v > 0. In particular, equation (20) has exactly one positive solution for every
ee (0,119 —y"llm). O

Theorem 2.4, combined with the spectral decomposition, provides an explicit
formula for the solution of our optimal control problem.

COROLLARY 2.5 The solution of the optimal control problem (P) is given by
= Z Unpn = Z e)‘"Tg)ngpn, (23)
n n

where the Fourier coefficients (Jn)nen of the final state § are given by (19).

Remark 2.6 Formula (19) can also be obtained directly from the optimality re-
lation (9) combined with the results of Proposition 2.1. However, the approach
presented in this paper, although of the same technical com- plexity, provides in
addition a geometrical interpretation of the solution.

2.3. Further remarks

We finish this section by discussing another approach based on the Fenchel-
Rockafellar duality for convex optimisation (see, for instance, [19, Section 3.6.2]),
which yields the following;:

PROPOSITION 2.7 The dual of problem (P) is given by

(P*) —min {—(S7v, @) — J(u) + (,y" ) a +ellvlm},

where (o + M)u = -Sjv + f.

Proof. Recall that problem (P) is formulated as

irélg{J(u) +15(Sru)}.

From definition of Fenchel-Rockafellar duality (see, for instance, [19, Section 3.6.2]),
the dual problem (P*) is

— min {J*(=S70) + T ()}

where ®* is the Fenchel conjugate of ®. On the one hand, we have

J* (=Srv) = 2161113[{<—5%% wu —J(w)} = —(Srv, v ) — J(u),

10



where @ is the solution of
T
0= —Sv — aii - / 808 (Sa—y' (1) dt
0

In other words, (o« + M)u = -S;v + f.
On the other hand,

It (v) =sup (v,u)g = sup (v, y' +ew)yg = (v,y" ) g +e|vllu.
ueB weB1(0)
Summing the two functions we obtain the expression for (P*). O
If B =0, then u* = —%, and we recover the classical problem that is subject

to the Hilbert Uniqueness Method (see [6]):

. ]- * 2 T
—irél;]l{aHST’UHH + <U, Yy >H +€’UHH}7

which can be treated numerically by some iterative algorithm. However, for general
B, the dual problem requires a more complex numerical treatment. On the other
hand, the approach presented in this section provides a direct, explicit formula for
the solution in terms of the given problem data.

3. Numerical recovery of the solution

By means of Theorem 2.4 and Corollary 2.5, the optimal control 4 and final state g
can be determined explicitly in terms of the given problem data once the equation
(20) is solved for 4.

Observe that both the explicit formulae for @ and ¢, as well as the equation
(20) itself, are given in terms of infinite series. For practical purposes, a suitable
truncation procedure must be carried out in order to approximate the solution
numerically.

In this section we obtain an a priori error estimate of the approximation, and
describe in detail a numerical algorithm providing the result within a given preci-
sion.

3.1. Error estimation

Let us first consider the truncated version of the equation (20). To this end, recall
the definition of G given in (21). We have the following result, which follows from
the uniform convergence of the sequence (Gn)nen to G:

LEMMA 3.1 For every ¢ < ||§ — yT||n there exists an N. € N such that for every
N > N. the equation

Gy (v) =€ (24)

has a unique solution, which we denote by yn. Moreover, Y (Y as N — +00.

We introduce the truncated approximation of the optimal final state, denoted by
7", whose Fourier coefficients are constructed by equation (19) with 4 replaced by

11



An. In other words,

T 2
~N . N Yp —INbn

= E ,  with == 25
Yn Pn 1 Yn 1+ 29Nan ( )

n=1

Denoting y/V = Zﬁ[:o yI o, and y&N (t) = Z;V:O ye (t) ¢, the truncated series
representation of the target final state and the reference trajectory in the dis-
tributed cost, respectively, we obtain the following approximation estimate:

THEOREM 3.2 Let e < ||§—y" ||, and let 4% be a truncated approzimation of the
optimal final state given by (25). Then the following estimate holds:

41810 1
TN+ — Gy oV 2,

~N ~112 T
197 =9l < 4lly a2eDnT 2(0,T;H)-

Proof. First, we have

+o0 N +o0
~ ~ ~ ~ \2
15N = 9l1E = (o @Y —a)"+ Y @? (26)
n=1 n=1 n=N-+1

In view of Theorem 2.4, for the last term in (26), we have

Ay 22
e~ (r —Aba)
. @)= ) YR
n=N+1 noner I+ 27an)
+ 2 .
§ [ 260 | 20m
W L+ 29a,)? (14 25an)?
400 ) b 27]
<2 35 {00 (1)
Qn
n=N+1 -
- 2
+oo T —/\nt d
:2||T_ T,N”Z +2 fo 5( ()dt
Y Yy H
N1 _e)‘"T <a+f0 B (t) e=2Ant dt)
2 1813200y 1917200
SQHyT_yT,NH%{_'_Q Z (0’52)€2AW,T (0,7)
n=N+1
T T,N||2 HBHz 07) . d dN 2
<2lly" —y gy +2 To2eDNT H ’ HLQ(O,T;H)' (27)

In order to estimate the first sum on the right-hand side of (26), note that from
Gy (ANn) = €2 = G (¥), it follows that

iv: AN QGnyn + bn, ) _ y (2any17~; +bn) ’ . f y (2anerL + bn) ’
1+ 29nay 1+ 29a, B 1+ 29a,

n=1 n=N+1

12



Manipulating the left-hand side and estimating the right-hand one, we have

N 2a,yL + b 2 = by \ 2
PP ~ ~ A AnA nYn n < T Un
=3t tas [ttt e $ (i e

which implies

N
n=1

2
2anyL +by) (AN — 4 = by \ 2
(1 + 29nay) (1 4 29a,) o 2an,

in view of the trivial inequality 45 — 4 < Ay + 7 + 4a,¥x. Using (28), we obtain

2
i (QN — 9 )2 _ i\f: (2‘1"95 + bn) (v — %)
ot n n — (1 + 2’?Nan) (1 + 2fyan)
400 b 2
< > <y§f + 2")
n=N+1 n

18117
T T,N L2(0,T) | d d,N
<2y’ -y H%;+2W\Iy " eomsmy,  (29)

where the last inequality follows from the same procedure as in (27). We conclude
by summing (27) and (29). O

Remark 3.3 The relationship between the Fourier coefficients of the control and
corresponding final state, namely u,, = e*Ty,,, gives a similar approximation esti-
mate for the optimal control. More precisely,

N N
N = Z ﬁfzvgpn = Z e)\"TyszSDn (30)
n=1 n=1
is the initial state corresponding to the truncated approximation ¢ given by (25).
Then, clearly,
15 = glla < e e —alla.

Moreover, if the target y” is reachable, then

4118117
N - N L2(0,T) | d d,N
[a™ —allf < 4flu” — u"NFH + ——5= Iy = v T2 0mm);

where u!' is the initial state corresponding to the given target y”.

Using Theorem 3.2, we can determine the number N of Fourier coefficients needed
to obtain the desired precision for the truncated optimal final state, in terms of
the approximations for the data y” and y<.

3.2. Description of the algorithm

Recall that the problem formulation comprises the following data:

13



e A target final state y? € H, along with a tolerance ¢ > 0;

o A weight o > 0 for the energy cost of the control; and

e A reference trajectory for the distributed cost y¢ € L? (0,T; H), and a corre-
sponding nonnegative weight function 3 € L? (0,7).

We choose a precision p > 0 for the approximation error. The following procedure
produces the approximate optimal final state ¢, with precision p:

Step 1. Determine NV such that
18117 2
T T,N |12 L2(0,T) | d d,N 2 p
maX{Hy -y ||H77a262)\NT ly* —y HLz(o,T;H) < ]

Step 2. Compute ey = limy_,0c GN (7).

Step 3. For ¢ > ey the approximative solution is ¢V = @V = ZN —217;’" Pn.

n=1
Otherwise, proceed to Step 4.

Step 4. Solve equation (24) numerically to find 4y (bisection method or other).

Step 5. Compute the final state ¢ using (25), and the optimal control @~ by (30).

4. Numerical examples

In order to illustrate this method, we study the classical heat equation on the one-
dimensional domain Q = (0,7) with homogeneous Dirichlet boundary condition
and final time T' = 0.01. More precisely, S;u = y (t), where y is the solution of the
partial differential equation

dy—Ay=0 (0,7)x(0,T)
v =0 {0, 7} x (0,7) (31)
y(0) = u (0,).

In both simulations, we used the eigenfunctions of the Dirichlet Laplacian

2
o (x) = \/7 sin (kx) , k>1,
T

with correspondent eigenvalues A\, = k2, as an orthonormal basis for H = L? (0, 7).
Computations were performed on an equispaced grid with 10* elements.

4.1. Energy minimization

This first example is concerned with the following problem:

N . a TN
(P), @ € argmin {5”““%2 : Sru € B; (yT)} .
ueL?(0,m)

with no prescribed reference trajectory.

14



The coefficients (16) in this case take the form a, = %62>\"T and b, = ¢, =
0, while solutions of the unconstrained problem are trivial, i.e. § = @ = 0. In
particular,

lim G (v) = lly" |7

Y—+00

The setting of the experiment is the following:

e a=1(8=0);
e N = 100 Fourier coeflicients.

Given a reachable final target y”, we want to investigate the differences between
the initial datum u” that generates the target and the solution of the optimal
control problem for various values of e.

We introduce

u = <efx2 — 1) (e*(m*L)Q — 1) sin (2x3) ,

and choose u” = u!, the Fourier representation of u by first N = 100 coefficients.
Accordingly, the final target, given as y” = Spu’, has a finite series representation.

All three functions, u,u”,y” are represented in Fig. 2. Note that representation
of u by N = 100 Fourier coefficients provides a perfect match of the corresponding
plots.

T

0.6 T T T T

041 —y Bl

02 1

-0.2 4

04 1 L 1 1 1 1

Figure 2.: TOP: comparison between u and its approximation by /N Fourier coeffi-
cients (indistinguishable). BoTTOM: final target y7 = Syu?.

We select three different values of ¢ (and consequently, different values of 4y; see
Fig. 3), namely

e? = [107%,0.5,0.99] - [|y" |13,

to cover intermediate and extreme situations. For all the three values of €, the
execution time was 0.4 seconds.
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—Ily" 3

—Gn(v) |
= (97, GN(ON))

v

Figure 3.: Function Gy () with asymptotic value ||y”||2. for v — +oo. Marked
with stars, the solutions 4y corresponding to the three values of € chosen.

For the smallest value of £, one should expect the optimal control @ to be close to
u”', but with a smaller L2 norm. On the other hand, for € close to the critical value
lly"||zz, the corresponding 4 should be close to 0, the solution of the unconstrained
problem.

oV VS ul 7V VS yT

e =0.00026562

€ =0.18688

A /\/\(\(\AVAV EEA N
AL e Y.

o

£ =0.26429

Figure 4.: LEFT: for the three values of €, comparison between the data that gen-
erates the target u” and the solution of the optimal control problem @~ . RiGHT:
same for the final states (y? and §%).

This prediction is confirmed by the numerical simulations (Fig. 4). For small € we
note slight discrepancies between @V and u”, which, however, disappear with time,
and the corresponding solutions become indistinguishable when they reach the
final state. A higher tolerance increases the initial discrepancies, which also become
evident at the final time, since, according to Proposition 2.1, ||§—y’||z: = €. Finally,
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as the tolerance approaches the critical value lim, G(y) = [|y”||2., the solution
becomes indistinguishable from the solution # of the unconstrained problem.

ﬂnN VS uf ?%V VS yg

e =0.00026562

¢ =0.18688

0.2

TT Iy i
1 [T

-0.2
0 10

e =0.26429

Figure 5.: LEFT: for the three values of €, comparison between the first 35 Fourier
coefficients of the data that generates the target u” and the solution of the optimal
control problem @V. RIGHT: same for the corresponding final states (y’ and §").

The analysed behaviour can be also checked at the level of Fourier spectral
decomposition: Fig. 5 represents the first 35 coefficients of u” and the target y”, in
comparison with the coefficients of the initial and final solution (whose subsequent
coefficients are essentially zero). When ¢ is small, coefficients @) and u? coincide
for low n, while discrepancies emerge for higher frequencies. However, at the final
state level this distinctions vanish due to the strong dissipation effects of the heat
equation for high frequencies. As the tolerance ¢ increases, the solution coefficients
converge to the zero value, corresponding to the solution @ = 0 of the unconstrained
problem. This is confirmed by the decreasing values of the energy functional (Table

1). The first row of the table corresponds to the norm of the initial datum u”.

L e | J (@) |
0 0.2235
1070 [[yT 3. | 0.1772
0.5-lyT]7. | 0.0057
0.99 - [[yT]|3. | 1.486e°

Table 1.: Values of the energy functional J for the solution corresponding to dif-
ferent tolerances ¢.
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4.2. Energy minimization and regulation

For the second numerical experiment, we include the regulation term that forces
the state towards a reference trajectory on a subinterval [t1, t2] of the time horizon
[0, 7). In particular, we set §2, T as in the previous experiment and

a=10"%

B(t) = Ly, 4, (t), with t1 = T/3 and ty = 27'/3;

y? (x,t) as a smoothing regularization (through classical mollifier) of the func-
tion z +—— 1(;, 4, (z), with 21 = 7/5 and 29 = 27/5;

yT (z) as a smoothing regularization (again, through mollifier) of the function
T L, 2, (7), With 3 = 37/5 and x4 = 47/5.

The trajectory target and the final-state one are illustrated in Fig. 6.
We can compute explicitly the coefficients associated to the ellipsoids W, in (18):

a 17 oAt T _ Qoo L on (Tt oa.(T—ts)
an = §+506(t)€ ndt e“\n :56 n +R<e n 1_6 n 2)’

AT ’ —Ant, d _ yg A (T—t2) A (T—t1)) .
bn = —€ B (t) € Yn, (t) dt = € € )
0 An

T d\?
Cp = ;/0 B (t) ys (t)* dt = (yg) (t2 —t1).

To guarantee a priori fixed precision of p = 1073 on ||y — 9|2, due to Theorem
3.2, we need to use N = 185 Fourier coefficients.

Again, for the numerical experiments, we used three different values of ¢; the
smallest is a value close to zero, the second an intermediate one and the biggest is
a value close to the limit of Gy () for v — +o0 (see Fig. 7, where we represent
also the function G). The elapsed time, for all the three values of ¢, is 0.3 seconds.

From Figures 8 and 9, we see that the results confirm what intuition suggests:
for small €, the final solution stays close to the target final state; so most of the
mass is concentrated on the right side of the domain. On the opposite, when ¢ is
large (more freedom in the constraint), the optimisation of the energy requires the
mass to be concentrated on the left. This to guarantee that the solution will be
close to the reference trajectory y? for the distributed cost between times ¢; and
ts. Finally, the intermediate value of € is a compromise. A trade-off is necessary
because of term «l|u|?. in the functional .J, that induces the minimization of the
energy of the initial datum.

| e | J(aw) |
0.1 -2, | 0.0032
0.47- <%, [ 0.0010

2| 0.0001

Table 2.: Values of the energy functional J computed in the solutions corresponding
to different tolerances e, where ey = 11111 Gn (7).
y—400
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Figure 6.: ToP: reference trajectory y? for the distributed cost. BoTTOM: target
final state y”', in comparison with their reconstructions after Fourier decomposition
(indistinguishable).

06

04

02F 7GN(/7)
= (97, GN(AN))

~ %10°

Figure 7.: The function G. The chosen values of €, and the corresponding 4y, are
marked with stars.

5. Conclusions

We have presented a numerical method for the finding the initial datum that min-
imises the cost functional J, which comprises an energy term on the control and
a regulation term given by a distributed cost on the state, and such that the final
state lies within a prescribed distance to a given target. The new methodology we
have developed is based on a spectral decomposition of the operator A governing
the evolution (1) of the system. It consists in a one-shot (not iterative) algorithm
that reduces the problem to finding the unique zero of a bounded, strictly increas-
ing function in R. As a consequence, once this decomposition is available —which
can be done off-line and saved for future use—, the optimal control problem is
solved almost instantaneously. The preliminary numerical experiments provided
here prove the method to be fast and effective, and deserve future study. Also, in
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Figure 8.: Solution % of the control problem obtained by the proposed algorithm
for the three values of e.

view of applications, it would be interesting to include a L' term in the cost, in
order to induce sparsity of the initial condition. The geometric analysis carried out
in Subsection 2.1 is the same. The nature of the method also suggests that other
kinds of evolution equations, in particular, of higher order, can be dealt with using
this procedure.
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