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Abstract
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thresholds. Our approach is more general; we investigate the F-pure submodules of a
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1 Introduction

Let (R,m) be a commutative Noetherian local ring of prime characteristic p > 0.
Inspired by the test ideal introduced byHochster andHuneke (1990), Hara andYoshida
(2003) defined a version associated to a pair which, in turn, prompted extensions to
R-modules (Schwede 2011; Blickle 2013). Given an R-module M , a Cartier algebra C
on M , an ideal a of R, and a real number t � 0, the test module of the triple (M, C, at )
is a submodule of M that can be thought of as measuring the F-regularity of the triple
(Blickle 2013, Lemma 3.5).

The jumping numbers associated to test ideals and test modules have been the
focus of intense research, with particular emphasis on their discreteness and rationality
(Blickle et al. 2008; Schwede and Takagi 2008; Takagi and Takahashi 2008; Blickle
et al. 2009; Katzman et al. 2009; Blickle et al. 2010), and on their m-adic constancy
(Hernández et al. 2016, 2018; Sato 2021, 2019).When R is regular, the set of jumping
numbers of the test ideals of the pair at , as t varies, coincidewith the set of F-thresholds
of a (Mustaţǎ et al. 2005; Blickle et al. 2008); this fact plays a key role in the proof of
rationality of the jumping numbers of regular algebras of finite type over a field (Blickle
et al. 2008), while also serving a fundamental tool in computations (Hernández 2014,
2015; Bhatt and Singh 2015; González-Villa et al. xxxx). However, the sets of jumping
numbers and of F-thresholds differ in general (e.g., see Hirose 2009; Matsuda et al.
2010; Chiba and Matsuda 2015).

Our main focus herein is the study of F-pure submodules that, roughly speaking,
measure the F-purity of a triple (M, C, at ) (see Definition 3.1). Blickle introduced
F-pure submodules in essentially the same way we present them here (please refer to
Definition 2.14 and Proposition 2.17 for details on the comparison) (Blickle 2013),
while a slightly different notion for rings has also been studied under the name non-
F-pure ideals (Fujino et al. 2011; Schwede 2014).

Our overarching goal is to understand the jumping numbers associated to F-pure
submodules, with the ultimate aim of applying our results to F-thresholds and F-
injective thresholds. Toward our broad goal,we define a family of thresholds associated
to a Cartier algebra C over an R-module M , a submodule N of M , and an ideal a of R
(see Definition 3.3). Our first main result characterizes these Cartier thresholds, which
we denote by ctNC (a), as the jumping numbers of F-pure submodules.

Theorem A (Theorem 3.6) Fix a finitely generated R-module M and let C = ⊕
e Ce

be a Cartier algebra on M such that C1 contains a surjective map. If a is an ideal of
R for which

⋃
e Ce(aM) = M, then the set

{
ctNC (a) | N ⊆ M, a ⊆ √

annR(M/N )
}

coincides with the set of jumping numbers of the F-pure submodules of the triples
(M, C, at ), as t � 0 varies.

In Sect. 5, we realize certainwell-studied numerical invariants as Cartier thresholds.
Toward measuring the F-injectivity of a pair (R, at ) when R is F-rational, Schwede
and Takagi defined the so-called F-injective threshold of a, which is rational when
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a is principal (Schwede and Takagi 2008, Remark 6.4 and Corollary 7.13). Singh,
Takagi, and Varbaro extended this class of numerical invariants to a larger family,
each depending on an integer i � 0 (Singh et al. 2017). The i -th F-injective threshold
of a, fiti (a), is defined in terms of the Frobenius action on an i-th local cohomology
module.

In Theorem 5.6, we prove that this larger family of F-injective thresholds are
jumping numbers of F-pure submodules. Consequently, under certain assumptions,
this family consists of rational numbers and satisfies m-adic constancy.

Theorem B (Corollary 5.7 and Theorem 5.12) Let (R,m) be an F-finite F-injective
local ring of prime characteristic p > 0. If Hi

m(R) �= 0, then the following hold.

1. If a is an ideal of R not contained in any minimal prime, then fiti (a) ∈ Q.
2. Given a parameter f ∈ R such that R/ f R is F-full and F-injective on the punc-

tured spectrum, there exists an integer N for which fiti ( f ) = fiti ( f + h) whenever
h ∈ mN .

Our results also apply to certain F-thresholds of pairs of ideals. Roughly speaking,
an F-threshold is the limit of normalized Frobenius orders of an ideal with respect
to another ideal (see Definition 3.1), and F-thresholds can be defined in any ring
of prime characteristic (Mustaţǎ et al. 2005; Huneke et al. 2008; De Stefani et al.
2018). In Theorem 4.3, we show that for some singular rings, certain F-thresholds
can be realized as Cartier thresholds, though in general, these two notions can differ.
In analogy with Theorem B, we apply our more general theory to obtain results on the
rationality and m-adic constancy of certain F-thresholds.

Theorem C (Corollary 5.15 and Theorem 5.16) Let (R,m) be a complete local F-
finite Gorenstein domain of dimension d, and let J be an ideal of R generated by a
full system of parameters x1, . . . , xd . Then the following hold.

1. Given any ideal a of R, cJ (a) is a rational number.
2. Given f ∈ m, there exists an integer N such that cJ ( f ) = cJ ( f + h) for every

h ∈ mN .

2 Basic properties of F-pure submodules

Throughout, R denotes a commutative Noetherian ring of prime characteristic p > 0.
We also assume that R is F-finite, i.e., the Frobenius map on R is finite. Given an
integer e � 0, a[pe] denotes the pe-th Frobenius power of an ideal a of R, the ideal
generated by the pe-th powers of the elements in a.

2.1 Cartier algebras

We briefly recall the notion of p−e-linear maps and Cartier algebras, and we refer the
reader to Blickle’s work (Blickle 2013) for more details.

Definition 2.1 Let M be a finitely generated R-module. A p−e-linear map on M is
an additive map ϕ : M → M such that rϕ(−) = ϕ(r p

e · −) for all r ∈ R. We
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denote by CeM = Home(M, M) the abelian group of p−e-linear maps on M . Note
that CM = ⊕

e�0 CeM is a ring, and also an R-algebra with structural map induced by

viewing r ∈ R as the “multiplication by r”map as an element of C0M = HomR(M, M).
Note that R is not, in general, central in CM . Given an element ϕ ∈ CnM for some n > 0,
we let R[ϕ] = ⊕

e�0 ϕe ·R, where ϕ0 := idM , and call it the principal Cartier algebra
generated by ϕ.

More generally, a Cartier algebra is defined as follows.

Definition 2.2 A Cartier algebra on R is an N-graded algebra C := ⊕
e�0 Ce such

that for each r ∈ R and ϕ ∈ Ce one has r · ϕ = ϕ · r pe . As in Blickle’s work (Blickle
2013), we assume that the structural map R → C0 is surjective.

If M is a finitely generated R-module, then a subalgebra C = ⊕
e�0 Ce ⊆ CM is a

Cartier algebra if R � C0. Note that R[ϕ] defined as above is always a Cartier algebra
on R.

Throughout this paper, when dealing with a Cartier subalgebra C ⊆ CM , we always
assume that C1 contains a surjective element. In particular, when R[ϕ] is a principal
Cartier subalgebra of CM , we always assume that ϕ ∈ C1M is surjective.

Definition 2.3 We say that a Cartier subalgebra C = ⊕
e�0 Ce of CM is principal if

there exists a surjective element ϕ ∈ C1 such that C = R[ϕ]. If N is an R-submodule of
M , we let Ce(N ) denote the R-submodule of M generated by {ϕ(n) | n ∈ N , ϕ ∈ Ce}.
Finally, we let C(N ) = ∑

e Ce(N ).

We record some basic properties of Cartier algebras.

Proposition 2.4 Let M ⊆ M ′ be R-modules, and C be a Cartier subalgebra of CM ′ .

1. Ce(aM) ⊆ Ce+e′
(a[pe′ ]M) for all e, e′ ∈ N.

2. If the Cartier algebra C is principal, then Ce(aM) = Ce+e′
(a[pe′ ]M) for every ideal

a of R.
3. Ce(a�tpe�M) ⊆ Ce+1(a�tpe+1�M) for every integer e � 0, and real number t � 0.

Proof To see (1), let � ∈ C1 be a surjective map, and let x = ∑
i ϕi (yi ) ∈ Ce(aM)

for some ϕi ∈ Ce and yi ∈ aM . Write yi = ∑
j ai jmi j , with ai j ∈ a and mi j ∈ M .

Since � is surjective, we can find elements m′
i j ∈ M such that �e′

(m′
i j ) = mi j . For

zi = ∑
j a

pe
′

i j m′
i j ∈ a[pe′ ]M , we have that

x =
∑

i

ϕi (yi ) =
∑

i

ϕi

⎛

⎝
∑

j

ai j�
e′
(m′

i j )

⎞

⎠ =
∑

i

ϕi

(
�e′

(zi )
)

∈ Ce+e′
(a[pe′ ]M).

For (2), if � is a surjective generator of C, note that for any x ∈ a, we have

�e+e′
(x pe

′
M) = �e(x�e′

(M)). Since �e′
(M) = M , we obtain the equality. Finally,

�e(aM) = Ce(aM) by our assumptions.
Finally, for part (3), note that Ce(a�tpe�M) ⊆ Ce+1

M ((a�tpe�)[p]M) by (2). Since
(a�tpe�)[p] ⊆ ap�tpe� and p�tpe� � �tpe+1�, this concludes the proof. 	
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Examples 2.5 The following are relevant examples of principal Cartier algebras:

1. The full Cartier algebra of a Gorenstein F-finite F-pure ring is principal.
2. If (R,m) is a complete Cohen-Macaulay F-finite F-injective ring of Krull dimen-

sion d, then the full Cartier algebra of the canonical module ωR is principal. In this
case, the Matlis dual of the Frobenius action on the top local cohomology module
Hd
m(R), the Grothendieck trace of Frobenius, is a generator.

3. If (R,m) is a complete F-finite F-injective ring, then we consider the principal
Cartier algebra on the Matlis dual ωi of Hi

m(R) generated by the Matlis dual F∨ of
the Frobenius map F on Hi

m(R). Note that, since F is injective, its dual F∨ ∈ C1ωi
is surjective.

2.2 F-pure submodules

For completeness, we present some basic properties that F-pure submodules share
with test ideals, which are well-known to experts. The techniques used are in large
part analogous to those employed for test ideals (Blickle et al. 2008; Katzman et al.
2009).

Definition 2.6 Let a be an ideal of R,M a finitely generated R-module, and C a Cartier
algebra on M . Given a real number t � 0, we define the F-pure submodule of M with
respect to a and t as

σ(M, C, at ) =
⋃

e∈N
Ce(a�pet�M).

If a = ( f ) is principal, we write σ(M, C, f t ) instead of σ(M, C, ( f )t ).

By Proposition 2.4(3.), we have an increasing chain of submodules of M :

· · · ⊆ Ce−1(a�pe−1t�M) ⊆ Ce(a�pet�M) ⊆ Ce+1(a�pe+1t�M) ⊆ · · · ⊆ M .

Thus σ(M, C, at ) = Ce(a�pet�M) for all e � 0, because M is Noetherian.
The remainder of this section is devoted to demonstrating that F-pure submodules

have similar features as test ideals.

Proposition 2.7 Let a, b be ideals of R, M a finitely generated R-module and C a
Cartier algebra on M. Given real numbers s, t � 0, the following properties hold.

1. σ(M, C, at ) ⊆ σ(M, C, as) if s � t , or if a ⊆ b.
2. σ(M, C, (a ∩ b)t ) ⊆ σ(M, C, at ) ∩ σ(M, C, bt ).
3. If C is principal, then σ(M, C, at ) + σ(M, C, bt ) ⊆ σ(M, C, (a + b)t ).
4. If W is amultiplicatively closed subset of R, thenW−1C = C⊗RW−1R is aCartier

algebra on W−1M.What’s more, σ(W−1M,W−1C,W−1at ) ∼= W−1σ(M, C, at ).
5. If R is local, then Ĉ = C ⊗R R̂ is a Cartier algebra on M̂, and

σ(M̂, Ĉ, ât ) ∼= σ(M, C, at ) ⊗R R̂.
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6. If C is principal, then σ(M, C, f r/p
e
) = Ce( f r M) for all f ∈ R and e, r ∈ N.

Proof As the claimed properties are well-known and the proofs are similar to those
for test ideals (Blickle et al. 2008; Katzman et al. 2009), we give only a sketch of the
arguments.

To see (1) when s � t , observe that since a�tpe� ⊆ a�spe� for all e � 0, we have
that Ce(a�tpe�) ⊆ Ce(a�spe�). When a ⊆ b, the inclusion follows from the fact that
a�tpe� ⊆ b�tpe� for any e � 0 since a ⊆ b, and (2) follows directly from (1) when
a ⊆ b. For (3), assume that � ∈ C1 is a generator of C, and observe that

�e(a�tpe�M) + �e(b�tpe�M) = �e(a�tpe�M + b�tpe�M) ⊆ �e((a + b)�tpe�M).

The claim follows since σ(M, C, at ) = �e(a�tpe�) and σ(M, C, bt ) = �e(b�tpe�) for
e � 0. The statement in (4) holds because W−1ϕ(a�tpe�M) = ϕ((W−1a)�tpe�M) for
all e � 0 and all ϕ ∈ Ce, so that σ(M, C, at ) = Ce(a�tpe�) for e � 0. The proof of (5)
is analogous to that of (4). For (6), let � ∈ C1 be a generator of C. We have that for
e′ � 0,

σ(M, C, f r/p
e
) = Ce+e′

( f rp
e′
) = �e+e′

( f rp
e′
M).

Since �e+e′
( f rp

e′
M) = �e( f r M), we obtain the desired conclusion. 	


Proposition 2.8 Let M be a finitely generated R-module and C a Cartier algebra on
M. Assume that a is an ideal of R for which C(aM) = M. Then for each t > 0, there
exists ε > 0 such that σ(M, C, at ) = σ(M, C, as) for all s ∈ [t, t + ε). Additionally,
σ(M, C, at ) = Ce(ar ) for all r , e ∈ N such that r

pe ∈ (t, t + ε).

Proof The proof is analogous to the proof of the corresponding statement for test ideals
(Blickle et al. 2008, Proposition 2.14). 	


Proposition 2.8 allows us to define jumping numbers in our context.

Definition 2.9 Let a be an ideal of R,M a finitely generated R-module, and C a Cartier
algebra on M . We say that a real number t > 0 is a σ -jumping number of σ(M, C, a•)
if σ(M, C, at ) �= σ(M, C, at−ε) for all ε > 0.

In Sect. 3, we give an interpretation of the σ -jumping numbers in terms of numerical
invariants that are intimately related to F-thresholds and F-pure thresholds.

Smirnov and Tucker introduced the notion of Cartier signature as a modification of
the F-signature (Smirnov and Tucker 2019). This number is defined in terms of the
trace map on ωR , and thus on its Cartier structure. In a similar spirit, we introduce a
threshold that takes into account Cartier structures on an arbitrary R-module, not just
on ωR .

Definition 2.10 Let a be an ideal of R, M an R-module, and C a Cartier algebra on
M . We define the Cartier-pure threshold of a in M with respect to C as

cpt(M, C, a) = inf{t ∈ R�0 | σ(M, C, at ) �= M}.
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We now seek to compare the modules σ(M, C, at ) to Blickle’s version of F-pure
submodules MCat (Blickle 2013). For this, we recall the following definition.

Definition 2.11 (Blickle 2013, Definition 3.4) Let C be a Cartier algebra on an R-
module M . We say that M is F-regular with respect to C if there is no proper non-zero
C-submodule N ⊆ M that generically agrees with M .

The following is a slightmodification of the definition of test ideal given bySchwede
(2011, Definition 3.16), where we replace the value �tpe� appearing in his definition
with �t(pe − 1)�. Note that R◦ denotes the elements of a Noetherian ring R that are
contained in no minimal prime of R.

Definition 2.12 Fix an ideal a of a Noetherian ring R of characteristic p > 0, and a
Cartier algebra C on R. Given a real number t � 0, τb(R, C, at ) is the smallest nonzero
ideal J such that J ∩ R◦ �= ∅ and for all e � 0, ϕ(a�tpe� J ) ⊆ J for all ϕ ∈ Ce.

Let R be a complete F-finite F-pure local domain that is not strongly F-regular,
and C be the complete Cartier algebra of R. Then σ(R, C, Rt ) = R for every t , but
τb(R, C, Rt ) = τb(R) �= R, where τb(R) is the big test ideal (Hochster and Huneke
1989) (see also Schwede and Tucker 2012).

The ideal τb(R, at , CR) coincideswith Blickle’s notion of test ideals that are defined
as the stable value of a certain decreasing chain of ideals (Blickle 2013, Section 3.3).
Blickle introduced amore general version of test ideals, called test modules, associated
to a Cartier algebra C on a R-module M , which exist under mild assumptions on R
and M (Blickle 2013). If C is finitely generated, then the jumping numbers of the test
modules τ(M, C, a•) are discrete (Blickle 2013, Section 4.3).

Definition 2.13 (Blickle 2013, Definition 3.1) Fix an ideal a of a Noetherian ring R
of prime characteristic p > 0, and a real number t � 0. Let M be a finitely generated
R-module, and C a Cartier algebra on M . The test module τ(M, C, at ) is defined as
the smallest submodule N of M such that

1.
⋂

e�0
Ce(a�pe�N ) ⊆ N , and

2. Nη = σ(M, C, at )η for everygeneric pointη of a component ofSuppR(σ (M, C, at )).

We now recall a characterization of test modules based on Schwede’s proof of the
existence of test ideals, adapted to test modules.

Theorem 2.14 (Schwede 2011, Proofs of Theorem 3.18 and Proposition 3.21) Let C
be a Cartier algebra on an R-module M, and take f ∈ R0 such that M f is strongly
F-regular with respect to C f . Let a be an ideal of R, and let t � 0 be a real number.
There exists m ∈ Z>0 such that

τ(M, C, at ) =
∑

e�0

Cea�t(pe−1)� f mM .

Furthermore, if m′ � m, then

τ(M, C, at ) =
∑

e�0

Cea�t(pe−1)� f m′′
M .

123



Beitr Algebra Geom

Remark 2.15 Suppose that R is a domain. Let C be a Cartier algebra on an R-module
M such that (M, C) is F-regular. Let a �= 0 be an ideal of R, and let t � 0 be a real
number. Then M f is strongly F-regular with respect to C f for every f ∈ a. Thus

τ(M, C, at ) =
∑

e�0

[Cat ]eamM =
∑

e�0

Cea�t(pe−1)�amM

for some m ∈ Z.

The following notation, analogous to standard notation in different contexts, is
adopted for the remainder of this article.

Notation 2.16 Let a be an ideal of R, M a finitely generated R-module, and C aCartier
algebra on M. For a given real number t > 0, we let

σ(M, C, at−ε) =
⋂

λ<t

σ(M, C, aλ).

In a similar fashion, we let MCat−ε = ⋂
λ<t MCaλ , and MCat+ε = ⋃

λ>t MCaλ .

In the following proposition we make precise the comparison between our F-
pure submodules, and the ones defined by Blickle, by showing that σ(M, C, at ) =
MCat+ε . Experts might recognize the difference in how t is approximated as the feature
distinguishing F-purity from sharp F-purity (Hernández 2012, Theorem 0.2).

Proposition 2.17 Suppose that R is a domain. Let C be a Cartier algebra on an R-
module M such that (M, C) is F-regular, and a is an ideal of R. Given a real number
t > 0, there exists ε > 0 such that σ(M, C, at ) = MCas whenever s ∈ (t, t + ε).

Proof By Proposition 2.8, there exists ε > 0 such that σ(M, C, at ) = Ce(ar M) for
all integers r , e > 0 such that t < r/pe < t + ε, and σ(M, C, at ) = σ(M, C, as) for
every s ∈ (t, t + ε). We fix s ∈ (t, t + ε) and take an integer m > s be such that

τ(M, C, as) =
∑

e�0

Cea�s(pe−1)�amM,

which is possible by Remark 2.15. Since the sequence
{ �s(pe−1)

pe

}
is nonincreas-

ing and converges to s, we have that t <
�s(pe−1)�+m

pe < t + ε for e � 0. Then,

σ(M, C, at ) = Ce(a�s(pe−1)�+mM) for e � 0. We conclude that σ(M, C, at ) =⋃
e�0 Ce(a�s(pe−1)�+mM) = MCas . 	

There are examples where σ(M, C, at ) and MCat coincide, and examples where

they differ: Let R = F2[x], and let C be the full Cartier algebra on R. If a = (x p−1)

and t = 1
p−1 , then σ(M, C, at ) = (x) = MCat . In contrast, if a = (x p) and t = 1

p−1 ,
then σ(M, C, at ) = R �= (x) = MCat .

Even if the two modules differ, though, they still have the same jumping numbers.
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Corollary 2.18 Let C be a Cartier algebra on an R-module M, a is an ideal of R, and
t � 0 a real parameter. Then t is a jumping number for σ(M, C, a•) if and only if t is
a jumping number for MCa• . 	

Lemma 2.19 Let M be a finitely generated R-module, and a an ideal of R. If C is a
Cartier algebra on M, then the following conditions are equivalent.

1. cpt(M, C, a) > 0.
2. σ(M, C, at ) = M for some t > 0.
3. C(aM) = M.

Proof The equivalence of (1) and (2) follows from the definition of jumping numbers
because σ(M, C, a0) = M . To see that (2) implies (3) note that M = Ce(a�tpe�M) for
e � 0. Choose e � 0 such that tpe � 1, so that a�tpe� ⊆ a. ThenM = Ce(a�tpe�M) ⊆
Ce(aM) ⊆ M . Finally, for (3) implies (2), fix e such that Ce(aM) = M . Observe that

M = Ce(aM) = Ce(a� 1
pe p

e�M) ⊆ Ce+e′
M (a

� 1
pe p

e+e′ �M) ⊆ M for all e′ � 0, so that

σ(a
1
pe ) = M . 	


The Skoda Theorem for multiplier ideals (Lazarsfeld 2004, Theorem 9.6.21) and
test ideals (Blickle et al. 2008, Theorem 2.25) establishes that the ideal with parameter
t can be obtained from the ideal with parameter t − 1 for t � dim(R) and t � μ(a),
respectively. We now present a Skoda-type result for F-pure submodules. We omit
the proof since it is analogous to the corresponding one for test ideals.

Proposition 2.20 (Blickle et al. 2008, Proposition 2.25) If C is a Cartier algebra on
an R-module M, and an ideal a of R is generated by s elements, then for all t > s we
have

σ(M, C, at ) = a σ(M, C, at−1).

We now note that the set of jumping numbers is closed. The proof of this results
is analogous to the work done by Katzman, Lyubeznik and Zhang for test ideals
(Katzman et al. 2009).

Proposition 2.21 (Katzman et al. 2009, Lemma 2.4) Let a be an ideal of R, M a
finitely generated R-module, and C be a Cartier algebra on M such that C(aM) = M.
Then the set of all σ -jumping numbers of σ(M, C, a•) is closed.

2.3 Discreteness of jumping numbers of F-pure submodules

In this subsection, we identify settings in which the set of σ -jumping numbers is
discrete.

Theorem 2.22 (Blickle 2013, Proposition 4.9 and Theorem 4.18) Let R be an F-finite
ring, M a finitely generated R-module, and C a Cartier algebra on M. If C is finitely
generated as an R-algebra, then the set of jumping numbers of σ(M, C, a•) has no
accumulation points.

123



Beitr Algebra Geom

Proof From Proposition 2.17, the proof follows directly from Blickle (2013, Proposi-
tion 4.9) and Blickle (2013, Theorem 4.18). 	

Proposition 2.23 Let M be a finitely generated R-module, and let C be a Cartier
algebra on M. Suppose that a is an ideal of R such that cpt(M, C, a) > 0 and
SuppR(M/aM) has dimension zero. Then the set of jumping numbers of σ(M, C, a•)
has no accumulation points.

Proof By way of contradiction, suppose that t ∈ R>0 is an accumulation point of
jumping numbers, so that t is also a jumping number by Proposition 2.21. Fix a
sequence {tn} converging to t , which we can assume is increasing by Proposition 2.8.

For nonnegative integers n, letMn = σ(M, C, atn ), so that {Mn}∞n=0 is a descending
chain of modules. Set N = ⋂

n�0 Mn . Let r ∈ N be such that r > t . We observe that

ar M = arCe(M) = Ce
(
(ar )[pe]M

)
⊆ Ce

(
arp

e
M

)
⊆ σ(M, C, ar ) ⊆ Mn

for every n. Then, ar M ⊆ N .
Wenote that Supp(M/ar M) = Supp(M/aM). SinceSupp(M/aM) ⊆ Supp(M/N )

⊆ Supp(M/ar M), we have that Supp(M/aM) = Supp(M/N ).Then,M/N has finite
length, and so, the sequence {Mn} is eventually constant, or, equivalently, thatMn = N
for all n � 0. 	


3 Cartier thresholds as �-jumping numbers

We continue to adopt the notation established in Sect. 2. Before building our setup,
we recall the definition of an F-threshold.

Definition 3.1 (Mustaţǎ et al. 2005; Huneke et al. 2008; De Stefani et al. 2018) Given
proper ideals a, J of R for which a ⊆ J , and an integer e � 0, let ν J

a (pe) = max{t ∈
N | at � J [pe]}. The limit

cJ (a) = lim
e→∞

ν J
a (pe)

pe

exists, and it is called the F-threshold of a with respect to J .

Now consider a Cartier algebra C = ⊕
e Ce on a finitely generated R-module M ,

and any submodule N of M . For a fixed integer e � 0, we define

Ie(N , C) = {x ∈ M | ϕ(x) ∈ N for all ϕ ∈ Ce}.

If the Cartier algebra C is clear from the context, we often write Ie(N ) for Ie(N , C).
Observe that J [pe]M ⊆ Ie(JM) for any ideal J and any R-module M .

Fix finitely generated modules N ⊆ M , and suppose that an ideal a is contained in√
J , where J = annR(M/N ). For all integers e � 0, there exists an integer te such

123



Beitr Algebra Geom

that ate ⊆ J [pe]. For all ϕ ∈ Ce, we have

ϕ(ate M) ⊆ ϕ(J [pe]M) = Jϕ(M) ⊆ JM ⊆ N .

Therefore, the following integer is well-defined:

δN ,C
a (pe) = max{t ∈ N | at M � Ie(N , C)}.

Observe that the dependence onM , even if reflected by the presence of C, is omitted
from the notation in order to avoid making it clunkier.

The following lemma allows us to define an analog of F-thresholds in our context.

Lemma 3.2 Let N ⊆ M be finitely generated R-modules, and C be a Cartier algebra
on M. Assume that there exists a surjective map in C1. Let a be an ideal of R such that
a ⊆ √

J , where J = annR(M/N ). Then

δ
N ,C
a (pe)

pe
� δ

N ,C
a (pe+1)

pe+1 � ν J
a (pe+1)

pe+1

for all integers e � 0.

Proof Let t = δ
N ,C
a (pe). By definition, there exists f ∈ at , an element m ∈ M ,

and a map ϕ ∈ Ce such that ϕ( f m) /∈ N . If � ∈ C1 is a surjective map, then
ψ := ϕ ◦ � ∈ Ce+1. Let u ∈ M be such that �(u) = m. Since � is p−1-linear, we
have

ψ
(
f pu

) = ϕ ( f �(u)) = ϕ ( f m) /∈ N .

Since f pu ∈ atpM , we have that atpM � Ie+1(N , C), and so δ
N ,C
a (pe+1) � tp;

dividing this equation by pe+1 gives the first inequality. For the other inequality,
observe that if s = ν J

a (pe+1)+1, then asM ⊆ J [pe]M ⊆ Ie(N , C). Hence ϕ(asM) ⊆
N for all ϕ ∈ Ce+1

M . Hence s � δ
N ,C
a (pe+1) + 1, giving the second inequality after

dividing by pe+1. 	

Definition 3.3 Under the assumptions of Lemma 3.2, we define the Cartier-threshold
of (M, C, a) with respect to N as

ctNC (a) = lim
e→∞

δ
N ,C
a (pe)

pe
= sup

e�1

δ
N ,C
a (pe)

pe

which is guaranteed to exist.

If J = annR(M/N ), then ctNC (a) is bounded above by the F-threshold cJ (a) by
Lemma 3.2. In fact, the Cartier threshold can be approximated by F-thresholds.
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Theorem 3.4 Let N ⊆ M be finitely generated R-modules, and C be a Cartier subal-
gebra of CM. Furthermore, assume that either C is principal, or that M = R and
C = CR. Let a be an ideal of R contained in

√
J , where J = annR(M/N ). If

Je = annR(M/Ie(N , C)), then

ctNC (a) = lim
e→∞

cJe (a)

pe
.

Proof For all integers e, e′ � 0, we know that

0 � ν
Je
a (pe

′
)

pe′ − ν Je
a (p0) � μ(a). (1)

whereμ(P) denotes the minimal number of generators of an R-module P (De Stefani
et al. 2018, Lemma 3.3). We observe that ν Je

a (p0) = δ
N ,C
a (pe). In fact, if t = ν

Je
a (p0),

then at+1 ⊆ Je, so that at+1M ⊆ JeM ⊆ Ie(N , C). This implies that t � δ
N ,C
a (pe).

Conversely, we know that at � Je. Hence there exists f ∈ at and m ∈ M such that
f m /∈ Ie(N , C). As a consequence, we have that at M � Ie(N , M), and this shows

that t = ν
Je
a (p0) = δ

N ,C
a (pe). Now, taking the limit as e′ → ∞ in (1), and dividing

by pe for e ∈ N, we obtain

0 � cJe (a)

pe
− δ

N ,C
a (pe)

pe
� μ(a)

pe

Given that μ(a)/pe → 0 as e → ∞, this completes the proof. 	

We now observe that when M = R and C is the full Cartier algebra on R, F-pure

thresholds can be realized as Cartier thresholds. In what follows, fpt(a) denotes the
F-pure threshold of a.

Corollary 3.5 Let (R,m, K ) be either a local ring, or a standard graded k-algebra,
that is F-finite and F-pure. Let CR = ⊕

e Home(R, R) be the full Cartier algebra on
R. Then for an ideal a of R, which we assume is homogeneous in the case that R is
graded,

ctmCR
(a) = fpt(a).

Proof Since R is F-pure, N = m, M = R, and C = CR the full Cartier algebra on

R satisfy the assumptions of Theorem 3.4, so that ctmCR
(a) = lime→∞ cJe (a)

pe . Since
Je = Ie(m), we can conclude that ctmCR

(a) = fpt(a) (De Stefani et al. 2018, Theorem
4.6). 	


Our next result is analogous to the fact that the set of F-jumping numbers in a
regular ring equals the set of F-thresholds (Blickle et al. 2008, Corollary 2.30).
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Theorem 3.6 Let M be a finitely generated R-module, and let C be a Cartier algebra
on M. Suppose that a is an ideal of R for which C(aM) = M. Then the set {ctNC (a) |
N ⊆ M, a ⊆ √

annR(M/N )} coincides with the set of jumping numbers of the F-pure
submodules {σ(M, C, at ) | t ∈ R�0}.
Proof First fix a submodule N ofM forwhich a ⊆ √

annR(M/N ), and letα = ctNC (a).
By Proposition 2.8, there exists s > α such that σ(M, C, aα) = σ(M, C, as). Since
s > α � δ

N ,C
a (pe)/pe for all e � 0, we conclude that �spe� � δ

N ,C
a (pe) + 1

for all e � 0. Therefore, Ce(a�spe�M) ⊆ N for all e � 0, and thus σ(M, C, aα) =
σ(M, C, as) ⊆ N . Fixingε > 0, for e � 0, we have that (α−ε)pe � δ

N ,C
a (pe). Hence

a�(α−ε)pe�M � Ie(N , C) for all e � 0, which means that σ(M, C, aα−ε) � N . In
particular,σ(M, C, aα) � σ(M, C, aα−ε). Since this holds for each ε > 0,α = ctNC (a)
is a jumping number of σ(M, C, a•).

Conversely, assume that t is a jumping number so that σ(M, C, at ) � σ(at−ε) for

all ε > 0. We claim that t = ctσ(M,C,at )
C (a). Let e � 0 be such that σ(M, C, at ) =

Ce(a�tpe�M). Then Ce(a�tpe�M) ⊆ σ(M, C, at ), and so, δ
N ,C
a (pe) < �tpe�. Thus,

ctσ(M,C,at )
C (a) � t . By way of contradiction, assume that the inequality were strict. In

this case, ctσ(M,C,at )
C (a)+ ε � t − ε for some ε > 0. If we set α = ctσ(M,C,at )

C (a), we
then have a containment a�(α+ε)pe� ⊇ a�(t−ε)pe�, and

Ce(a�(α+ε)pe�M) ⊇ Ce(a�(t−ε)pe�M) = σ(M, C, at−ε) � σ(M, C, at ).

for e � 0. In particular, there exists ϕ ∈ Ce, an element f ∈ a�(α+ε)pe�, and m ∈ M
such that ϕ( f m) /∈ σ(M, C, at ). Since for e � 0, we have (α + ε)pe � α pe +
1 � δ

σ(M,C,at ),C
a (pe) + 1, we see that aδ

σ(M,C,at ),C
a (pe)+1 � Ie(σ (M, C, at ), C), a

contradiction. Therefore the jumping number t equals the threshold ctσ(M,C,at )
C (a). 	


4 Principally generated Cartier algebras

Throughout this section, (R,m, K ) is a local ring, M is a finitely generated R-module,
and C is a Cartier algebra on M .

4.1 Rationality for�-jumping numbers

Example 4.1 Suppose that R is an F-finite and F-injective Cohen-Macaulay local
ring. If M = ωR is a canonical module for R, then the full Cartier algebra on ωR

is principally generated by the trace map � ∈ C1ωR
(Lyubeznik and Smith 2001,

Proposition 3.10 (1)). Furthermore, under these assumptions � is surjective because
itsMatlis dual is the Frobenius action on Hd

m(R), which is injective since R is assumed
to be F-injective.

We proceed to prove statements that are inspired by the behavior of test ideals in
Gorenstein rings.
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Proposition 4.2 Let a be an ideal of R, M be a finitely generated R-module and
C = R[�] be a principal Cartier subalgebra of CM. If t is a jumping number of
σ(M, C, a•), then so is p · t .
Proof Fix R-modules N ⊆ M for which t = ctNC (a), and for all e � 0, let Ie = Ie(N ).

We claim that p · t = ct I1C (a). If Je = annR(M/Ie), we have that t = lime→∞ cJe (a)
pe

by Theorem 3.4. Note that

p · t = p · lim
e→∞

cJe (a)

pe
= lim

e→∞
cJe (a)

pe
.

We claim that Ie+1 = Ie(I1). In fact, the containment Ie+1 ⊆ Ie(I1) is always true.
For the converse, fix x ∈ Ie(I1). Since � is a generator of C, it is enough to show that
�e+1(xM) ⊆ N . We have that

�e+1(xM) = �
(
�e(xM)

) ⊆ N

because �e(xM) ⊆ I1 by assumption. Hence, again applying Theorem 3.4,

p · t = lim
e→∞

cJe+1(a)

pe
= lim

e→∞
cannR(M/Ie(I1))(a)

pe
= ct I1C (a).

	

We are now prepared to prove one of our main results, showing that under relatively

mild assumptions, the σ -jumping numbers are rational numbers. Our proof does not
apply (or justify) the fact that the set of σ -jumping numbers for an ideal form a discrete
set.

Theorem 4.3 Let a be an ideal of R, M a finitely generated R-module, and C = R[�]
be a principal Cartier subalgebra of CM. If cpt(M, C, a) > 0, then every jumping
number of σ(M, C, a•) is rational.

Proof By Proposition 2.20, it suffices to prove the statement for jumping numbers
t ∈ [0, μ(a)]. If for some e � 0, pet is an integer, then t ∈ Q.

Otherwise, pet /∈ Z for all e � 0. If pet � μ(a), then pet − �pet� + μ(a) − 1 is
also a jumping number by Propositions 2.20 and 4.2. Fix a sequences of nonnegative
integers {ei }∞i=0 and real numbers {ti }∞i=0 inductively as follows: We set e0 = 0 and
t0 = t . Given ei and ti , let ei+1 be an integer greater than ei such that pei+1 t � μ(a),
and let ti+1 = pet − �pet� + μ(a) − 1 ∈ [0, μ(a)]. Since {ti | i � 0} ⊆ [0, 1] is a
finite by Theorem 2.22, there exists j �= s such that t j = ts . Hence

pet − �pet� + μ(a) − 1 = pst − �pst� + μ(a) − 1,

so that t = �pet�−�ps t�
pe−ps ∈ Q. 	


We apply Theorem 4.3 in subsequent sections to show that several invariants of
interest, whose rationality had not previously been established, are always rational.
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4.2 m-adic constancy for principal ideals

The results contained in this subsection are motivated by the problem of m-adic con-
stancy for F-pure thresholds. Specifically, for every f ∈ R, the questions is whether
there exists an integer N � 0 such that

fpt( f ) = fpt( f + h)

for every h ∈ mN . This property is related to the ACC condition for F-pure thresholds,
which was recently established for strongly F-regular rings (Sato 2019) and for ideals
with fixed embedding dimension (Sato 2021). In what follows, we prove m-adic con-
stancy for the first σ -jumping number. This proof generally follows the same line as
work on F-pure thresholds of isolated singularities (Hernández et al. 2018). However,
for this result, we employ homological methods and base p expansions in order to
work in a more general setting.

We first recall some notation and basic facts on base p expansions. Given t ∈ (0, 1],
there exist unique integers t (e) for every e � 1 such that 0 � t (e) � p − 1, and
t = ∑

e�1 t
(e) p−e, and such that the integers t (e) are not eventually zero. The integer

t (e) is called the e-th digit of t (base p), and t = ∑
e�1 t

(e) p−e is called the non-
terminating base p expansion of t .

Definition 4.4 Fix t ∈ (0, 1] and an integer e � 1. We define the e-th truncation of t
(base p) as 〈t〉e = t (1) p−1 + . . . + t (e) p−e, and sometimes write 〈t〉e = . t (1) : t (2) :
. . . : t (e) (base p).

Now suppose that (R,m, K ) is a complete local ring, M a finitely generated R-
module with a principal Cartier subalgebra C = R[�] of CM . Observe that M∨,
the Matlis dual of M , is an Artinian R-module with an injective Frobenius action F
induced by �. Let f ∈ R. For every integer e > 0 and all ν1, . . . , νe ∈ N such that
0 � νi � p − 1, the composition of the maps

M∨ f ν1 F−→ M∨ f ν2 F−→ M∨ −→ · · · f νe−1 F−→ M∨ f νe F−→ M∨

equals the map f u Fe, where u = pe−1ν1 + pe−2ν2 + . . .+ pνe−1 + νe. In particular,
we have

ker( f p〈t〉1F) ⊆ ker( f p
2〈p〉2F2) ⊆ . . . ⊆ ker( f p

e〈t〉e Fe)

⊆ ker( f p
e+1〈p〉e+1Fe+1) ⊆ . . .

for every t ∈ (0, 1].
Lemma 4.5 Let (R,m, K ) be a complete local ring, and M a finitely generated R-
module with a surjective Cartier map �. Let F be the induced Frobenius map on M∨.
Let f ∈ R, and t ∈ (0, 1]. Then

(
M∨/ ker( f p

e〈t〉e Fe)
)∨ ∼= �e( f p

e〈t〉e M),
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Proof Applying Matlis duality to the exact sequence

0 → ker( f p
e〈t〉e Fe) → M∨ f p

e〈t〉e Fe

−→ M∨

we obtain

M
�e( f p

e〈t〉e−)−→ M →
(
ker( f p

e〈t〉e Fe)
)∨ → 0.

Therefore,we see that
(
ker( f p

e〈t〉e Fe)
)∨ ∼= M/�e( f p

e〈t〉e M). Furthermore, applying
Matlis duality to the short exact sequence

0 → ker( f p
e〈t〉e Fe) → M∨ → M∨/ ker( f p

e〈t〉e Fe) → 0,

we obtain

0 →
(
M∨/ ker( f p

e〈t〉e Fe)
)∨ → M → M/�e( f p

e〈t〉e M) → 0.

It follows that
(
M∨/ ker( f p

e〈t〉e Fe)
)∨ ∼= �e( f p

e〈t〉e M), as desired. 	

An immediate consequence is the following corollary.

Corollary 4.6 Let (R,m, K ) be a local ring, and M a finitely generated R-module
with a surjective Cartier map �. Let f ∈ R, and t > 0. Then for all e, e′ > 0 we have

ker( f p
e〈t〉e Fe) = ker( f p

e′ 〈t〉e′ Fe′
) if and only if �e( f p

e〈t〉e M) = �e′
( f p

e′ 〈t〉e′ M).

Proof Since both equalities hold if and only if they are true under completion, we may
assume that R is complete. Suppose that e′ > e, then Lemma 4.5 gives

(
coker

(
ker( f p

e′ 〈t〉e′ Fe′
) ↪→ ker( f p

e〈t〉e Fe)
))∨

= ker

(
M

�e( f pe〈t〉e M)
→ M

�e′
( f p

e′ 〈t〉e′ M)

)

,

and the claim now follows. 	

We now recall the Hartshorne-Speiser-Lyubeznik Theorem (Hartshorne and Speiser
1977; Lyubeznik 1997) for Frobenius actions on Artinian modules (see also Sharp
2007 for a short proof).

Theorem 4.7 (Hartshorne and Speiser 1977; Lyubeznik 1997) Let (R,m, K ) be a
local ring. Let H be an Artinian R-module that has a Frobenius action F. Then there
exists e > 0 such that Fe(�F (H)) = 0, where �F (H) = {x ∈ H | Fe′

(x) = 0 for
some e′ ∈ N}.
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The Hartshorne-Speiser-Lyubeznik Theorem implies the following statement: for
r , e ∈ N with r < pe =: q, there exists B ∈ N such that

ker( f q
B−1r+...+r FeB) = ker(( f r Fe)B) = ker(( f r Fe)B+�)

= ker( f q
B+�−1r+...+r Fe(B+�))

for all � � 0. Therefore, for all �, and r < q we obtain that

�eB( f q
N−1r+...+qr+r M) = �e(B+�)( f q

B+�−1r+...+qr+r M)

The following lemma summarizes this fact.

Lemma 4.8 Let (R,m, K ) be a local ring, and M be a finitely generated R-module
with a surjective Cartier map �. Let F be the induced Frobenius map on M∨. Let
f ∈ R, and let r , e ∈ N be such that r < q := pe. Then, there exists B ∈ N such that
for all � � 0

�eB( f q
B−1r+...+qr+r M) = �e(B+�)( f q

B+�−1r+...+qr+r M)

Proof For each p ∈ Spec(R) there exists Bp for which

�eB( f q
B−1r+...+qr+r M)p = �e(B+�)( f q

B+�−1r+...+qr+r M)p

for all � � 0. Therefore, for each p there exists hp ∈ R � p such that

�eB( f q
B−1r+...+qr+r M)hp = �e(B+�)( f q

B+�−1r+...+qr+r M)hp .

Since {D(hp) | p ∈ Spec(R)} forms anopen cover of the quasicompact spaceSpec(R),
we can find a finite sub-cover {D(h1), . . . , D(ht )}, where each hi ∈ R � pi for some
pi ∈ Spec(R). By letting B = max{Bp1, . . . , Bpt }, we have that

�eB( f q
B−1r+...+qr+r M)p = �e(B+�)( f q

B+�−1r+...+qr+r M)p.

for all p ∈ Spec(R). Then, the equality holds for these modules before localizing at
p. 	


We now introduce some notation. For t > 0, we let σ(M, C, f t−ε) :=⋂
s<t σ(M, C, f s). Note that σ(M, C, f t−ε) ⊇ σ(M, C, f t ) always holds true, and

the containment is strict if and only if t is a jumping number of f .

Proposition 4.9 Let M be a finitely generated R-module and C = R[�] be a principal
Cartier subalgebra of CM. Let t ∈ (0, 1] be a rational number, whose non-terminating
base p expansion is 0.s1 : . . . sa : r1 : . . . : rb. Let q = pb, and γ = 0.r1 : . . . : rb. If
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�bN ( f q
N 〈γ 〉bN M) = �bN+1( f q

(N+1)〈γ 〉b(N+1)M)

for some N ∈ N, then

σ(M, C, f t−ε) = �a+bN ( f p
aqN 〈t〉a+bN M).

Proof Since σ -ideals commute with completion, we may assume that R is complete.
Let s = pa〈t〉a , and r = pb〈γ 〉b. Consider the maps ϕ = f s Fa and φ = f r Fb,
which are endomorphisms of M∨. Because of Corollary 4.6, our assumptions imply
that ker(φN ) = ker(φN+1). Then, for every j � 0 we have

ker(φN+ j+1) = (φ j )−1(ker(φN+1)) = (φ j )−1(ker(φN )) = ker(φN+ j ),

and thus ker(φN ) = ker(φN+ j ). As a consequence, for all j � 0 we have

ker(φN+ jϕ) = ϕ−1 ker(φN+ j ) = ϕ−1 ker(φN ) = ker(φNϕ),

and again by Corollary 4.6 we conclude that

�a+bN ( f p
a+bN 〈t〉a+bN M) = �a+b(N+ j)( f p

a+b(N+ j)〈t〉a+b(N+ j)M)

for all j � 0. Therefore, since for e ∈ N the truncations 〈t〉a+be are strictly less that t
and they converge to t , we finally obtain that

σ(M, C, f t−ε) =
⋂

λ<t

σ(M, C, f λ) by definition

=
⋂

e∈N
σ(M, C, f 〈t〉a+be ) because 〈t〉a+be → t from below

=
⋂

e∈N
�a+be( f p

a+be〈t〉a+be M) by Proposition 2.7(7)

= �a+bN ( f p
a+bN 〈t〉a+bN M).

	

Lemma 4.10 Let (R,m, K ) be a complete local ring, M afinitely generated R-module,
and C = R[�] be a principal Cartier subalgebra of CM. For a fixed f ∈ R, suppose
that M/σ(M, C, f 1−ε) has finite length � as an R-module. Then for every σ -jumping
number t ∈ (0, 1), pa(pb − 1)t ∈ N for some integers a, b � 0 such that a + b � �.

Proof For 1 � j � �, let t j = p j t−�p j t�. If t j = 0 for some j , then p j t ∈ N and the
result follows. Otherwise, each t j is a positive σ -jumping number by Propositions 4.2
and 2.20. Since there are at most � jumping numbers in (0, 1), ti = t j for some
0 � i < j � �. It follows that p j t − pi t = p j−i (pi − 1)t = �p j t� − �pi t� ∈ N, as
desired. 	
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Theorem 4.11 Let (R,m, K ) be a complete local ring, M a finitely generated R-
module, and C = R[�] be a principal Cartier subalgebra of CM. For a fixed f ∈ R,
suppose that M/σ(M, C, f 1−ε) has finite length as an R-module. Then there exists
an integer N � 0 such that

σ(M, C, f t ) = σ(M, C, ( f + h)t )

for all h ∈ m[pN ] and all t ∈ (0, 1). In particular, the sets of σ -jumping numbers of
σ(M, C, f •) and σ(M, C, ( f + h)•) coincide.

Proof Let � be the length of M/σ(M, C, f 1−ε), and set N = �2 + 3� + 2. Then
m[p�]M ⊆ σ(M, C, f 1−ε), and σ(M, C, f 1−ε) = ��( f p

�−1M) by Proposition 4.9.
Then for h ∈ m[pN ],

��+1(( f + h)p
�+1−1M) ⊆ ��(( f + h)p

�−1M) ⊆ ��( f p
�−1M) + ��(hM)

⊆ σ(M, C, f 1−ε) + m[pN−�]M ⊆ σ(M, C, f 1−ε).

Fix generators w1, . . . , ws for σ(M, C, f 1−ε), and for 1 � i � s, choose vi ∈ M for
which ��+1( f p

�+1−1vi ) = wi . Then

��+1(( f + h)p
�+1−1vi ) ∈ ��+1( f p

�+1−1vi ) + ��+1(hM) = wi + ��+1(hM).

Observe that ��+1(hM) ⊆ m[pN−�−1]M ⊆ m�+1M ⊆ mσ(M, C, f 1−ε), and by
Nakayama’s Lemma, {��+1(( f +h)p

�+1−1vi ) | 1 � i � s} generates σ(M, C, f 1−ε).
Thus, we have that

σ(M, C, f 1−ε) ⊆ ��+1(( f + h)p
�+1−1M) ⊆ ��(( f + h)p

�−1M) ⊆ σ(M, C, f 1−ε).

In particular, we see that��+1(( f +h)p
�+1−1M) = ��(( f +h)p

�−1M), and it follows
by Proposition 4.9 that σ(M, C, ( f + h)1−ε) = ��(( f + h)p

�−1M). We conclude
that σ(M, C, f 1−ε) = σ(M, C, ( f + h)1−ε).

Now fix t ∈ (0, 1). If t is a σ -jumping number of f , or of f + h, then
by Lemma 4.10, t = r

pa(pb−1)
for some integers r , a, b � 0 such that a +

b � �. Since � is also an upper bound for the length of M/σ(M, C, f t−ε),
we have that �b(�+1)( f (pb(�+1)−1+...+1)r M) = �b�( f (pb�−1+pb�+...+1)r M), and thus
σ(M, C, f t−ε) = �a+bn( f p

a(pbn−1+...+1)r M) for all n � � by Proposition 4.9.

123



Beitr Algebra Geom

Observe that

�a+b�(( f + h)(p
a+b�−1+...+1)r M) ⊆ �a+b�( f (pa+b�−1+...+1)r M) + �a+b�(hM)

⊆ �a+b�( f p
a(pb�−1+...+1)r M) + m[pN−a−b�]M

⊆ σ(M, C, f t−ε) + m[p�]M
⊆ σ(M, C, f t−ε) + σ(M, C, f 1−ε)

⊆ σ(M, C, f t−ε).

Let α = � a
b �, and similar to above, fix generators w1, . . . , ws forσ(M, C, f t−ε), and

for 1 � i � s, choose vi ∈ M for which �b(�+α+1)( f (pb(�+α+1)−1+...+1)rvi ) = wi .
Then

�b(�+α+1)(( f + h)(p
b(�+α+1)−1+...+1)rvi )

∈ �b(�+α+1)( f (pb(�+α+1)−1+...+1)rvi ) + �b(�+α+1)(hM)

⊆ wi + m[pN−b(�+α+1)]M ⊆ wi + mσ(M, C, f t−ε)

where the last containment follows from the fact that �2+3�+2−b(�+α+1) � �+1,
and thus �b(�+α+1)(hM) ⊆ m�+1M ⊆ mσ(M, C, f 1−ε) ⊆ mσ(M, C, f t−ε). It
follows from Nakayama’s Lemma that {�b(�+α+1)(( f + h)(p

b(�+α+1)−1+...+1)rvi ) |
1 � i � s} is a set of generators for σ(M, C, f t−ε). Then since b(� + α) � a + b�,
we have that

σ(M, C, f t−ε) ⊆ �b(�+α+1)(( f + h)(p
b(�+α+1)−1+...+1)r M)

⊆ �b(�+α)(( f + h)(p
b(�+α)−1+...+1)r M)

⊆ �a+b�(( f + h)(p
a+b�−1+...+1)r M)

⊆ σ(M, C, f t−ε),

forcing all inclusions to be equalities. By Proposition 4.9 we conclude that for n �
� + α, σ(M, C, ( f + h)t−ε) = �a+bn(( f + h)p

a(pbn−1+...+1)r M). Taking n = � + α

and applying Nakayama’s Lemma once more,

σ(M, C, f t−ε) ⊆ �a+bn(( f + h)(p
a+bn−1+...+1)r M)

⊆ �a+bn(( f + h)p
a(pbn−1+...+1)r M).

Therefore,

σ(M, C, f t−ε) ⊆ �a+bn(( f + h)p
a(pbn−1+...+1)r M)

⊆ �a+bn( f p
a(pbn−1+...+1)r M) + �a+bn(hM)

⊆ σ(M, C, f t−ε) + m[p�+1]M ⊆ σ(M, C, f t−ε).
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Since�a+bn(( f +h)p
a(pbn−1+...+1)r M) = σ(M, C, ( f +h)t−ε), the proof is complete.

	


5 Applications to useful numerical invariants

In this section,we discuss relations between F-pure submodules andCartier thresholds
with other types of test modules and their numerical invariants. For example, we
compare F-pure submodules with certain test ideals and test modules (Schwede 2011;
Blickle 2013), andwe relate Cartier thresholds to numerical invariants defined in terms
of local cohomology (Singh et al. 2017), and to F-thresholds (Mustaţǎ et al. 2005;
Huneke et al. 2008).

5.1 Relations with test modules and F-jumping numbers

Here, we compare F-pure submodules with test ideals.

Proposition 5.1 Fix an ideal a of a Noetherian ring R of prime characteristic p > 0,
and a real number t > 0. Let M be a finitely generated R-module, and C a Cartier
algebra on M. Assume that τ(M, C, at ) exists, and that

⋃
e�0 Ce(τ (M, C, at )) = M.

Then σ(M, CM , at ) = τ(M, C, at ).

Proof Choose e′ � 0 so that Ce′
M (τb(a

t , C)) = M . For e � 0, we then have

σ(M, C, at ) = CeM (a�tpe�M)

⊆ Ce(a�tpe�Ce′
M (τb(a

t , C)))

⊆ Ce+e′
M (a�tpe+e′ �τ(M, CM , at ))

⊆ τ(M, CM , at ).

As noted by Blickle (2013, Definition 3.1), the reverse inclusion always holds. 	


5.2 Numerical invariants from local cohomology

In this subsection, we prove that certain numerical invariants introduced by Singh,
Takagi, and Varbaro to study F-injectivity on local cohomology are rational numbers
(Singh et al. 2017). In the graded case, these numbers are closely related to the a-
invariant.

Definition 5.2 Let (R,m, K ) be a local ring of prime characteristic p > 0, and a an
ideal of R such that a∩ R◦ �= ∅. Given a real number t � 0 and an integer i � 0, we
define the at -sharp Frobenius closure of 0 in Hi

m(R) as

0F#a
t

Hi
m(R)

= {v ∈ Hi
m(R) | a�t(pe−1)�Fe

Hi
m(R)

(v) = 0 for e � 0}.
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and the at -Frobenius closure of 0 in Hi
m(R) as

0Fa
t

Hi
m(R)

= {v ∈ Hi
m(R) | a�tpe�Fe

Hi
m(R)

(v) = 0 for e � 0}.

Definition 5.3 (Singh et al. 2017; Schwede and Takagi 2008) Let (R,m, K ) be an
F-finite F-injective local ring of prime characteristic p > 0, and a an ideal of R such
that a ∩ R◦ �= ∅. For each integer i , the i -th F-injective threshold of a, denoted by
fiti (a), is defined by

fiti (a) = sup
{
t ∈ R�0

∣
∣ 0F#a

t

Hi
m(R)

= 0
}

.

We first prove that these thresholds can be obtained from the Frobenius closure,
instead of the sharp Frobenius closure.

Lemma 5.4 Let (R,m, K ) be an F-finite F-injective local ring of prime characteristic
p > 0, and a an ideal of R such that a ∩ R◦ �= ∅. Then

fiti (a) = sup
{
t ∈ R�0

∣
∣ 0Fa

t

Hi
m(R)

= 0
}

.

Proof Let α denote the above supremum. For v ∈ 0F#a
t

Hi
m(R)

, we have that a�t(pe−1)�

Fe
Hi
m(R)

(v) = 0, and so a�tpe�Fe
Hi
m(R)

(v) = 0. Then v ∈ 0Fa
t

Hi
m(R)

, so that 0Fa
t

Hi
m(R)

= 0,

which implies that 0F#a
t

Hi
m(R)

= 0. Hence α � fiti (a).

Now fix t < fiti (a), so that 0F#a
t

Hi
m(R)

= 0, meaning that the only v ∈ Hi
m(R)

satisfying a�t(pe−1)�Fe
Hi
m(R)

(v) = 0 for e � 0 is v = 0. For n > 0, set tn = t(pn −
1)/pn , and notice that for e � n, t(pe−1) � tn pe, so that �t(pe−1)� � �tn pe�. Now,
assuming thata�tn pe)�Fe

Hi
m(R)

(v) = 0 for e � 0,wehave thata�t(pe−1)�Fe
Hi
m(R)

(v) = 0

for e � 0, forcing v = 0. Hence 0Fa
tn

Hi
m(R)

= 0, so that tn � α for every n � 0. Since

tn → t , we have that t � α. We conclude that fiti (a) � α, and the two values must
coincide. 	


We now use Matlis duality to describe fiti (a) as a Cartier threshold.

Lemma 5.5 Let (R,m, K ) be an F-finite F-injective complete local ring of prime
characteristic p > 0, and let a be an ideal of R. Let ωi = (Hi

m(R))∨, �i =
(FHi

m(R))
∨ ∈ C1ωi

, and let Ci = R[�i ]. For every integer e � 0, the following facts
are equivalent:

1. �e
i (aωi ) = ωi .

2. ker(aFe
Hi
m(R)

) = 0.

Proof Fix generators f1, . . . , f� fora, and let θ denote the homomorphism (ωi )
� → ωi

given by ( f1, . . . , f�). Then composition�e
i ◦θ : (ωi )

� → ωi is surjective if and only
if the composition

Hi
m(R)

Fe−→ Hi
m(R)

θT→ (Hi
m(R))�
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is injective. The surjectivity of the first map is equivalent to �e
i (aωi ) = ωi , while the

injectivity of the second map is equivalent to statement (2). 	

We are now ready to state the main result of this subsection.

Theorem 5.6 Let (R,m, K ) be an F-finite F-injective complete local ring of prime
characteristic p > 0, and a = ( f ) be a principal ideal of R such that a ∩ R◦ �= ∅.
Let ωi = (Hi

m(R))∨, �i = (FHi
m(R))

∨ ∈ C1ωi
, and Ci = R[�i ]. Then fiti (a) is the

first jumping number of (ωi , Ci , a).
Proof Let t � 0 be a real number. Recall that σ(ωi , Ci , at ) = �e

i (a
�tpe�ωi ) for all

e � 0.Moreover, by Theorem 4.7 we have that 0Fa
t

Hi
m(R)

= ker(a�tpe�Fe) for all e � 0.

By Lemma 5.5 we conclude that σ(ωi , Ci , at ) = ωi if and only if 0Fa
t

Hi
m(R)

= 0, so that

fiti (a) is the first jumping number of (ωi , Ci , a) by Lemma 5.4. 	

Rationality of the F-injective thresholds is an immediate consequence of Theo-

rem 5.6.

Corollary 5.7 Let (R,m, K ) be an F-finite F-injective local ring of prime characteris-
tic p > 0, and a = ( f ) be a principal ideal of R such that a∩ R◦ �= ∅. If Hi

m(R) �= 0
for some integer i � 0, then fiti (a) is a rational number.

Proof This follows from Theorems 4.3 and 5.6. 	

We turn to advancing the theory F-injectivity using the fiti (m). We use the notion

of an F-full ring.

Definition 5.8 (Blickle 2001, 2004; Ma and Quy 2018) A local ring (R,m, K ) of
prime characteristic p > 0 F-full if for every integer i � 0, the image of the Frobenius
map on Hi

m(R) generates Hi
m(R) as an R-module.

Proposition 5.9 (Ma andQuy 2018, Proposition 3.3 and 3.5) Let (R,m, K ) be a local
ring of prime characteristic p > 0, and f ∈ m a nonzerodivisor on R. If R/ f R is

F-full, then the map Hi
m(R)

· f−→ Hi
m(R) is surjective for every integer i � 0.

Proposition 5.10 Let (R,m, K ) be an F-finite and F-injective local ring of prime
characteristic p > 0. Let ωi = (Hi

m(R))∨ and �i = (FHi
m(R))

∨ ∈ C1ωi
be the dual of

the natural Frobenius action. Assume that R = R/ f R is F-full for some f ∈ R, and
let ωi = (Hi

m(R))∨, on which �i denotes the dual of the natural Frobenius action.
Then the following hold:

1. ωi−1 = ωi/ f ωi .
2. The p−1-linear map �i−1 is the one induced by the map �i ( f p−1−) on ωi/ f ωi .
3. fiti ( f ) = 1 if and only if �i−1 is surjective.

Proof The short exact sequence, with Frobenius actions,

0 R

f p−1F

f
R

F

R

F

0

0 R
f

R R 0
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induces a long exact sequence in local cohomology, with Frobenius actions. By Propo-
sition 5.9, the long exact sequence splits into exact sequences, for each i , of the
following form.

0 Hi−1
m (R)

Fe

Hi
m(R)

f p
e−1Fe

f
Hi
m(R)

Fe

0

0 Hi−1
m (R) Hi

m(R)
f

H i
m(R) 0

Applying Matlis duality, we obtain that the (1). Since Fe is the restriction of f p
e−1Fe

to Hi−1
m (R) ∼= annHi

m(R)( f ), (2) follows by Matlis duality.

For (3), observe that �i−1 is surjective if and only if F is injective, which in turn
holds if and only if Fe is injective for all integers e > 0. Since R is F-injective, we
know that Fe is injective if and only if f p

e−1Fe is injective. Let Ci be the principal
Cartier subalgebra of Cωi generated by �i . Then by Lemma 4.5, �i−1 is surjective if
and only ifσ(ωi , Ci , f (pe−1)/pe ) = �e( f p

e−1ωi ) = ωi for all e, which is equivalent to
the fact that σ(ωi , Ci , f 1−ε) = ωi . Since σ(ωi , Ci , f 1) = f ωi by Proposition 2.7(7),
1 is the first σ -jumping number if and only if R is F-injective, and we are finished by
Theorem 5.6. 	


As an immediate consequence, we find that when R/ f R is F-full, the support of
ωi/σ(ωi , Ci , f 1−ε) coincides with the non-F-injective locus of R/ f R.

Lemma 5.11 Let (R,m, K ) be an F-finite F-injective complete local ring of prime
characteristic p > 0. Assume that R/ f R is F-full for some f ∈ R◦. Given an
integer i � 0, let ωi = (Hi

m(R))∨, �i = (FHi
m(R))

∨ ∈ Hom1(R, R), and let Ci =
R[�i ] ⊆ Cωi . Then for any prime ideal p of R, (ωi/σ(ωi , Ci , f 1−ε))p = 0 if and only
if (R/ f R)p is F-injective.

Proof Suppose that Hi
pRp

((R/ f R)p) �= 0 for some i � 0. Then

(ωi+1/σ(ωi+1, Ci+1, f 1−ε))p = 0

⇐⇒ (σ (ωi+1, Cωi+1 , f 1−ε))p = (ωi+1)p

⇐⇒ ̂(σ (ωi+1, Cωi+1 , f 1−ε))p = ̂(ωi+1)p

⇐⇒ fit
R̂p

i+1( f ) = 1

⇐⇒ F : Hi
p(R̂p/ f R̂p) → Hi

p(R̂p/ f R̂p) is injective

where the completion is taken with respect to the maximal ideal pRp of Rp. Note that
the final equivalence follows from Proposition 5.10. Since

0 �= Hi
p(Rp/ f Rp) ∼= Hi

p(
̂Rp/ f Rp) ∼= Hi

p(R̂p/ f R̂p),

we conclude that (R/ f R)p is F-injective. 	
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Weare now ready to provem-adic constancy for thefiti ( f ), under someassumptions
on R/ f R.

Theorem 5.12 Let (R,m, K ) be an F-finite F-injective local ring of prime charac-
teristic p > 0. Let f ∈ R be a parameter such that R/ f R is F-full and F-injective
on the punctured spectrum. If Hi

m(R) �= 0 for some integer i � 0, then there exists
an integer N � 0 such that fiti ( f ) = fiti ( f + h) whenever h ∈ mN .

Proof For such an i , let ωi = (Hi
m(R))∨, � = (FHi

m(R))
∨ ∈ C1ωi

, and let Ci =
R[�i ]. Since R/ f R is F-full and F-injective on the punctured spectrum, we know
that (ωi/σ(ωi , Ci , f 1−ε))p = 0 for every p � m. We conclude that the R-module
ωi/σ(ωi , Ci , f 1−ε) has finite length. By Theorem 4.11, there exists � 0 such that
σ(ωi , Ci , d1−ε) = σ(ωi , Ci , ( f +h)1−ε) for all h ∈ mN . As a consequence, fiti ( f ) =
fiti ( f + h) for every h ∈ mN . 	

Our framework also extends known results on F-pure thresholds (Hernández et al.
2018).

Corollary 5.13 Let (R,m, K ) be a Gorenstein F-finite F-pure local ring of prime
characteristic p > 0. Let R be a nonzerodivisor such that R/ f R is F-pure on the
punctured spectrum. Then there exists an integer N > 0 such that fpt( f ) = fpt( f +h)

for every h ∈ mN .

Proof This follows at once from Theorem 5.12 and the fact that F-pure thresholds
coincide with F-injective thresholds for F-pure Gorenstein rings. 	


5.3 F-thresholds

We now investigate the F-thresholds defined in Definition 3.1, which were initially
defined for regular rings (Mustaţǎ et al. 2005), and then for general rings (Huneke
et al. 2008), provided certain limits exists. The existence of F-thresholds was later
proved in full generality (De Stefani et al. 2018).

Our method is to interpret F-thresholds as σ -jumping numbers. We start with a
result that uses ideas applied by Polstra and Tucker (2018).

Proposition 5.14 Let (R,m, K ) be a complete local Cohen-Macaulay F-finite domain
of prime characteristic p > 0. If J is an ideal of R generated by a full system of
parameters, then there exists an integer N > 0 with the following property: For all
e > 0, if ϕ(x) ∈ J N for all ϕ ∈ HomR(Fe∗ R, R), then x ∈ J [pe].

Proof Let d = dim R, and suppose that J is generated by the system of parameters
x1, . . . , xd . Let k be a coefficient field of R, and let A = k�x1, . . . , xd� be a Noether
normalization of R. Since R is Cohen-Macaulay, the A-module Fe∗ R is free. Fix
x ∈ R � J [pe]. Since mAR = J , we have that x /∈ (mAR)[pe] or, equivalently,
x /∈ mAFe∗ R. Therefore, x is part of a basis for Fe∗ R. There is an A-linear map
χ : Fe∗ R → A such that χ(x) = 1. Let τ ∈ HomA(R, A), and choose y �= 0 such that
y HomA(R, A) ⊆ τ · A, which is possible because HomA(R, A) is a rank one torsion-
free R-module. Furthermore, we can assume that y ∈ A. Choose N > 0 such that

123



Beitr Algebra Geom

y /∈ mN
A . Consider the homomorphism ϕ ∈ HomR(Fe∗ R, R), defined by the property

yχ = τϕ, as in Polstra and Tucker (2018, Lemma 5.2). Then τ(ϕ(x)) = y · χ(x) =
y /∈ J N . Therefore ϕ(x) /∈ mN

A R = J N , otherwise τ(ϕ(x)) ∈ mN
A , by A-linearity of

τ . 	

An immediate consequence of Proposition 5.14 is the existence of an integer N � 0

for which Ie(J N ) ⊆ J [pe] for all e � 0. In fact, for Gorenstein rings we have equality
when N = 1.

Corollary 5.15 Let (R,m, K ) be a complete local Gorenstein F-finite domain of prime
characteristic p > 0. If J is an ideal of R generated by a full system of parameters,
then Ie(J ) = J [pe] for all e � 0. In particular ct JCR

(a) = cJ (a), where CR denotes
the full Cartier algebra on R. Moreover, if Ce(a) = R for some e � 0 (for instance,
if R is F-rational), then cJ (a) is a rational number.

Proof With the notation from the proof of Proposition 5.14, observe that HomA(R, A)

is a canonicalmodule of R. Therefore,we can choose τ to be a generator of thismodule,
and y = N = 1. This shows that Ie(J ) ⊆ J [pe], while the other containment always
holds. The equality Ie(J ) = J [pe] for all e � 0 immediately yields the equality
ct JC(a) = cJ (a). Finally, under the additional assumption that Ce(a) = R for some
e � 0, the rationality of ct JC(a) follows from Theorems 3.6 and 4.3. Observe that
fpt(a) > 0 when R is F-rational and Gorenstein. Thus, the first jumping number of
(R, C, a) is positive, so that Ce(a) = R for e � 0 by Lemma 2.19. 	

Theorem 5.16 Let (R,m, K ) be a complete local F-finite Gorenstein domain of prime
characteristic p > 0, and let C denote the full Cartier algebra on R. Suppose that
a nonzero element f ∈ m satisfies the following properties: Ce( f R) = R for some
e � 0, and R/ f R is F-pure on the punctured spectrum. Then given an ideal J of
R generated by a full system of parameters, there exists an integer N > 0 such that
cJ ( f ) = cJ ( f + h) for every h ∈ mN .

Proof Note that R/ f R is Cohen-Macaulay and, in particular, it is F-full (Ma and Quy
2018, Remark 2.4 (3)). Theorem 4.11 ensures the existence of an integer N1 such that
if h ∈ mN1 , then σ(R, C, f t ) = σ(R, C, ( f +h)t ) for all t ∈ (0, 1). Let α = ctJCR

( f ).
If α < 1, the result follows by taking N = N1, since

cJ ( f ) = ct JC( f ) = ct JC( f + h) = cJ ( f + h)

by Corollary 5.15.
Now suppose that α � 1. Fix N2 for which mN2 ⊆ J , and set N = max{N1, N2}.

Moreover, let d = �α − 1� and β = α − d. Given h ∈ mN , write ( f + h)d = f d + g
for some g ∈ J . By Proposition 2.20, for all integers 0 � i � β, we have that

σ(R, C, ( f + h)d+i ) = ( f + h)dσ(R, C, ( f + h)i )

= ( f d + g)σ (R, C, ( f + h)i ) = ( f d + g)σ (R, C, f i )

Since g ∈ J , we have that ( f d + g)σ (R, C, f i ) ⊆ J if and only if f dσ(R, C, f i ) =
σ(R, C, f d+i ) ⊆ J . The proof of Theorem 3.6 shows that α is the supremum over
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real numbers t � 0 for which σ(R, C, f t ) � J }. It follows that α = ct JC( f + h), and
proceeding as we did when α < 1 completes the proof. 	
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