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2 | DE STEFANI ET AL.

1 | INTRODUCTION

Let (R, m) be a Noetherian local ring of prime characteristic p > 0 and Krull dimension d. The
Hilbert-Kunz multiplicity of an m-primary ideal I C R is defined as

£r(R/I1]
epx () = qll_{{)lo %,

where g = p® and 19l = (x4 | x € I) denotes the gth Frobenius power of I. This invariant was
first studied by E. Kunz [20], even though its existence as a limit was only proved several years
later by P. Monsky [24]. As the name suggests, it has similarities with the classical Hilbert-Samuel
multiplicity

e(I) = lim M.

n— oo n

Other than being defined in a similar fashion, the two invariants share some common features. For
instance, if R is formally unmixed, then e(m) = 1ifand only if R is regular, if and only if ey (m) =
1. The first equivalence is a classical result due to P. Samuel (in the equal characteristic case [35])
and M. Nagata (in the general case [25]), while the second is a much more recent result due to
K.I. Watanabe and K.I. Yoshida [42, Theorem 1.5] (see also [17]). Except for some similarities,
however, the behavior of the two invariants is generally quite different. For instance, e(I) is always
a nonnegative integer, while ey (I) can be irrational [4].

As one invariant is defined in terms of Frobenius powers I'9], and the other in terms of ordinary
powers I", it is quite natural to wonder how the two interplay with each other. In particular, one
can study the lengths 7y (R /I [q])”) as a function of both g and n. For any given g, the classical
theory of Hilbert polynomials guarantees that there exists n, = ny(I, q) such that, for all n > n,

fR<R/(IWJ)"> — eO(Iqu)<n + ;i - 1) _ el(Iqu)<n Zi; 2> + ot (=1 ed(I[qJ)

for some integers e; (I laly, i = 0, ..., d, called Hilbert coefficients of 7). Note that e, laly = e(19) =
q? e(I). In [9, Theorem 3.2], Hanes proved that

£u(RIG9Y) = (%nd , o<nd—1>)qd,

which, in particular, shows that lim d!e‘y’l—‘;m) = e(I) [8, Corollary I1.7]. With the goal of under-
n—oo

standing the term O(n?-1), V. Trivedi first (for standard graded algebras and equigenerated
homogeneous ideals [39]), and I. Smirnov afterward (for any m-primary ideal in a local ring [37]),
show that

— e, (119 _
(™) = e(])(" +;i 1) _C}i_,n;lo 1(qd )<n -(;—i ) 2> +o(nd™),

lq]
and that the limit qlim %dq) exists. Motivated by this result, and by the shape of the Hilbert poly-

nomials, in [37], Smirnov poses two questions and a conjecture regarding the asymptotic behavior
of the function n — ey (I"):
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HILBERT-KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 3

(lal
Q) LD := lim, % exists as a limit for all i = 0, ..., d.

(Q2) e = XL (~1YL,n)("4~1") forall n > 0.
(C) Assume further that R is weakly F-regular, analytically unramified and Cohen-Macaulay.
Then, L,(I) = e(I) — ey (I) if and only if I is stable, that is, I? = IJ for a minimal reduction
JofI.

Conjecture (C) is actually stated in [37] without the assumption that R is weakly F-regular.
Without this condition, it is shown in [2] that the conjecture has actually negative answer. Note
that (Q1) is trivial for i = 0, and it is known for i = 1 by [37]. Therefore, (Q1) isopen fori = 2, ..., d.
Regarding (C), we observe that if I is stable, then L;(I) = e(I) — eyg(I) is already known to hold,
even without the assumption that R is weakly F-regular and analytically unramified; see [43,
Theorem 1.8 (2)].

Some progress toward answering these problems was achieved in [2]. In Section 2, we present
more cases in which the answers are positive: ideals whose powers are of finite projective dimen-
sion in numerically Roberts rings, and parameter ideals in generalized Cohen-Macaulay rings. In
Sections 3 and 4, we study the problem in bigger generality. The novelty of our approach stems
from considering an asymptotic invariant defined in terms of the Ratliff-Rush closure T of an ideal
I (see Section 3 for more details). If I is m-primary, we prove that the limit

2/ﬂR(R/IT‘ﬂ)

epx) = 0

k]

exists (see Proposition 3.6) under mild assumptions, and we show that this invariant has strong
connections with (Q1) and (Q2) for rings of dimension 2. Our main findings can be summarized
as follows.

Theorem A (Theorems 4.1 and 4.9). Let (R, m) be a 2-dimensional excellent Cohen—-Macaulay
reduced local ring, and I be an m-primary ideal. Then

(1) L,(I) exists as a limit, and therefore (Q1) has a positive answer.
(2) Foralln > 0, we have

eHK(I">—Z( 1)L (1)(”“ )

(3) Conjecture (C) holds true.

As an immediate consequence of (2), we deduce that (Q2) has a positive answer for an ideal I
in a 2-dimensional excellent Cohen-Macaulay reduced local ring if and only if € (I") = e (I™)
for all n > 0. We also give a characterization of this equality in terms of tight closure, see Propo-
sition 3.11. In general, one always has ez (I") < egg(I™), and in Section 4, we give an estimate of
the difference between these invariants (see Proposition 4.15).

We prove that (Q2) has a positive answer in several cases.

Theorem B (Theorems 4.3 and 4.8). Let (R, m) be a two-dimensional Cohen-Macaulay local ring.

(1) Ifthere exists a regular local ring S D R such that the inclusion is module-finite, then (Q2) has a
positive answer for every m-primary ideal I of R.
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4 | DE STEFANI ET AL.

(2) IfI C Ris an m-primary ideal such that e,(I) = 0, then L,(I) = 0. Moreover, for all n > 0, we
have

n+1

egx") = e(D( )

> —L(Dn.

In particular, (Q2) has a positive answer for I.

Finally, in Section 5, we collect some evidence that (Q2) might have negative answer, in gen-
eral. We exhibit a 2-dimensional hypersurface ring (R, m) for which we suspect that ey (m") #
€qg (m™") for infinitely many n > 0. This is supported by some computational evidence, obtained
by means of Macaulay?2 calculations [6].

2 | SOME POSITIVE ANSWERS

We start by analyzing some special cases where the two questions (Q1),(Q2) and the conjecture
(C) have positive answer. Some of them might be already known to experts, but we decided to
include them here for the sake of completeness.

2.1 | Numerically Roberts rings

We recall that a Cohen-Macaulay local ring (R, m) is called numerically Roberts if eyx(I) =
¢r(R/I) for every m-primary ideal I of finite projective dimension.

Examples of numerically Roberts rings include complete intersections, 2-dimensional Cohen-
Macaulay local rings, and 3-dimensional Gorenstein local rings. For basic properties and more
examples of numerically Roberts rings, we refer the reader to [22, Theorem 1.1].

Proposition 2.1. Let (R, m) be a numerically Roberts ring of dimension d, and let I C R be an m-
primary ideal such that pdg(I") < oo for every n > 0. Then, L,(I) = ¢;(I) for every i = 0, ..., d, and
eI = Z?zo(—l)iLi(I)(”JrZ:il_‘). Moreover, L,(I) = e(I) — ey (I) if and only if I is stable.

Proof. Let o(I) denote the postulation number of I, that is, the largest integer for which Hilbert
function and Hilbert polynomial of I do not coincide. By a result of C. Peskine and L. Szpiro [28],
if I" has finite projective dimension, then so does (I")l4! for any q = p°. For n > o(I), we then
have

CRrR/IM) = e (UM
= q% ey (™)

= q Cr(R/I™)

d
_d e n+d-—1-—i
P l;)( ve(" 4] )]

d
i d—1-i
- Zevetee) ("I )

i=0
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HILBERT-KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO | 5

Since, for any fixed g, this happens for all n > o(I), we have that e;(119]) = g% e;(I) for every i =
0,...,d. Thus, clearly, L;(I) = e;(I) for every i = 0, ..., d. Dividing the above expression by q% and
taking limits ¢ — oo gives that

d
i d—1-1i
m=Y )L™t :
e = R0 (" 57 )
Finally, since L;(I) = e;(I) and e (I) = £x(R/I), the fact that L, (I) = e(I) — ey (I) is equivalent
to I being stable follows from the result of C. Huneke [15] and A. Ooishi [27]. O

Two immediate corollaries are as follows.
Corollary 2.2. If (R, m) is a regular local ring, then (Q1),(Q2),(C) hold true.

Corollary 2.3. Let (R, m, k) be a d-dimensional complete numerically Roberts ring, and let x,, ..., X4
be a system of parameters. Let A = k[xq,...,x4] CR, and J C A be a (x,, ..., xy)-primary ideal.
Then (Q1),(Q2),(C) hold true for the ideal I = J - R.

Proof. 1t suffices to observe that, since R is Cohen-Macaulay, it is a finitely generated free A-
module. It follows that pdz(I") = pd4,(J") < oo for all n. O

2.2 | Parameter ideals in generalized Cohen-Macaulay rings

We say that a local ring (R, m) of dimension d is generalized Cohen-Macaulay if £ (H in (R)) < o0
for everyi = 0,...,d — 1. Note that, if R is equidimensional, it is generalized Cohen-Macaulay if
and only if R, is Cohen-Macaulay for every p € Spec(R) \ {m}.

Proposition 2.4. Let (R, m) be a generalized Cohen-Macaulay local ring of dimensiond, andJ C R
bea parameterideal. We have L;(J) = Oforalli = 1, ..., d. In particular, questions (Q1) and (Q2) have
positive answer for J.

Proof. If d =0 the conclusion is void, hence true. Assume that d > 1. Since R is gen-
eralized Cohen-Macaulay, there exists an integer N > 0 such that e;(J) is a function of
£R(HC (R)), ..., £x(HI~L(R)) for any i = 1,...,d and any parameter ideal J C m" [36]. In partic-
ular, if J is a parameter ideal, then there exists q, such that e;(J lal) is independent of g for any
q 2 qo.

It follows that

(yldl
L= 1im 3D
q

— 00 q

foreveryi = 1,...,d. Finally, by [43, Lemma 1.3], we have that

enx(J") = e(J)<n +3 B 1>

for every integer n. Ll
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6 | DE STEFANI ET AL.

Remark 2.5. The special case of Proposition 2.4 in which R is Buchsbaum was already covered by
[2, Theorem 1.3]. Also, note that Conjecture (C) is trivial for parameter ideals.

3 | PRELIMINARIES AND GENERAL METHODS

Let (R, m) be a d-dimensional Cohen-Macaulay local ring, and I be an m-primary ideal. A col-
lection of ideals F = {F,} such that R = F, 2 F; 2 ... is called an I-filtration if IF,, C F,,, for all
n > 0. Note that F; is an m-primary ideal, since it contains I. Also, note that we do not assume
that F,, - F,, C F,,,, for n,m > 0, as we will not need to impose this condition. We say that F is
an I-good filtration if IF,, = F, ; for all n > 0. Let J be a minimal reduction of F, that is, an ideal
minimal with respect to containment in I such that F, ; = JF,, for n > 0. If R/m is infinite, we
may assume thatJ is generated by a regular sequence x;, ..., x4. Let 7;(F) be the reduction number
of F with respect to J, that is, the smallest n such that F,,, ; = JF,. For aninteger n > 0, let vp(n) =
¢r(F,/JF,_1).Let H(n) = £x(R/F,) be the Hilbert-Samuel function of F, which in our assump-
tions for n > 0 coincides with the Hilbert Polynomial Pg(n) = Z?zo(—l)i ei([F)("Jr;i:il_i). Given a
numerical function H : Z — N satisfying H(n) = 0for n <« 0, we will denote by AH : Z — N the
function defined as AH(n) = H(n) — H(n — 1). For j > 1, we inductively define A/ = A(AJ™1). If
F is a filtration as above, we will use the convention that F,, = R and £3(R/F,) = 0 for n < 0. In
particular, we will regard H as a function defined over Z by setting Hp(n) = 0 for n < 0.

Let G(F) = @50 F1/Fp41- Our assumptions guarantee that G(F) is a graded module over the
associated graded ring G(I) = D, ["/1 n+1, We call G(F) the associated graded module of the fil-
tration F. If we assume that depth(G(F)) > d — 1, then we have some useful relations between the
invariants we have defined, see [7, 14] and [33, Theorem 2.5] for the case of filtrations of modules.

Proposition 3.1. Let (R, m) be a d-dimensional Cohen—-Macaulay local ring, I be an m-primary
ideal, and F be an I-good filtration. Assume that depth(G(F)) > d — 1. Then,

(D) A (Pp(n) — Hp(n)) = vg(n).
(2) AL (Pe(n)) = ey(F) = eoU)-
@) AL (H(n) = Ty (=1 ($) £x (R/F,,y).

@ &F) =X, (1)) ven) fori=1,....d.

We recall the definition of Ratliff-Rush closure of an ideal.

Definition 3.2. Let R be a Noetherian ring, and let I C R be a regular ideal, that is, an ideal
containing a regular element. The Ratliff-Rush closure of I is defined as T = Uns1 (@ nH ),

As pointed out in [32], (?) is not a closure “in the usual sense;” for instance, it is not always
true that I C J implies that T C J. Since R is Noetherian, for any regular ideal I, there exists n > 0
such thatT = I"*! : ". Moreover, IN = IV for any N > 0, possibly depending on I (see [30]). We
refer the interested reader to [32] for more details on this operation.

Now assume that (R, m) has characteristic p > 0. For any q = p¢, consider the filtration ﬁq =
{Font= {(I[Q])n}, which can be proved to be Il7-good. We also let Fy = {Fg,} with F,, =

(I [‘1])”. In the case of the latter, we will write Pjq, H;1q, and e;(I14)) in place of P¢ . Hg , and

e;(F,), respectively. We now collect some basic facts about Fq.
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HILBERT-KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 7

Proposition 3.3. With the above notation, for any q = p¢, we have that

1) depth(G(Fy)) > 1.

2) r([Fq) < r, wherer = r;(I) is the reduction number of the filtration {I" } with respect to a minimal
reduction J.

(3) Ifdim(R) = 2, then foralln > r — 1, we have Hgﬁq (n) = Pg,;q (n).

Proof. (1) follows from [30, (2.3.1)] and [10, (1.2)], and (3) is an immediate consequence of (2)
and Proposition 3.1 (1). For (2), first observe that J19! is a minimal reduction of 119!, Moreover,
if I"*! = JI", then by taking Frobenius powers, we obtain that (I laly+1 = jlal(rlaly and thus,
r(1191) < r for all . We conclude by [32, Proposition 4.5] and the main result of [23]. O

In what follows, R = R[It] will denote the Rees algebra of I, and R’ = R[It,t~!] the extended
Rees algebra. For any g, we let R; =R[I lal, t71]. LetJ = (x4, .., X4) be a minimal reduction of I,

and setJ, = (xi]t, s xgt). By an analog of the Grothendieck-Serre’s formula for the Rees algebra
(see [18] and [3]), we have that for all n € Z and all q = p°,

d

Pig(n) — Hyig(n) = Z(_l)i ei(l[q])<n + fi :ll B i) - fR(R/(I[q])”)

i=0
d . .
= g(—le(H;q(Rg))n).

Given a Z-graded module M, we let a(M) = sup{n € Z | M,, # 0}.
Proposition 3.4. Let (R, m) be a d-dimensional local ring. Then, a(qu (R;)) < a(H}i1 (R")) forall
q=Dp"
Proof. Let xq, ..., x, be a system of parameters in R, and let n € Z be such that H }1] (R"),, = 0. Now
letn € H ﬁq (R;)n. From the description of local cohomology in terms of the Cech complex, we

n+ds
can write 7 as the equivalence class of an element (x;";—;qm modulo the image of the localization
map: b
B RO 0,75 (R})
=1V ) (D (xd) gDl
and the fact that 7 has degree n means that a € (I19)*+45, Thus, we can write « = Y\, r;a! for
v _¢n+ds
some ; € I"*9, Using again the Cech complex description, we can see each 7, = [(x“;[—xt)s]
txy

an element of H?I(R’ ),.» and thus 7; = 0 by assumption. This means that there exist integers N;
such that

. N; N; — .
ey - x)Niet; € (x ‘+S,...,xdl+s>I(d D(N;+s)+n_

1

Setting N = max{N, | i = 1, ..., m} and raising the above relations to the gth Frobenius power, we
obtain that

(x) -+ x)Nlal € (x‘f(NH), ...,xg(N+S))(I[‘J])(d—l)(N+s)+n

a ‘0 '02TZ69rT
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8 | DE STEFANI ET AL.

foralli =1,..., m. In particular, the same relation holds for a:
(xy - x)Vla € <X?(N+S), m,xg(N+S))(I[q])(d—l)(N+s)+n’
and this precisely means that 7 = 0. [l

In what follows, F¢(R) will denote R viewed as a module over itself via the eth iterate of the
Frobenius map F¢ : R —» R, F(r) = rP°, for any integer e > 1. In case e = 1, we will write F in
place of F!. The ring R is said to be F-finite if F, (R) is a finitely generated R-module. This condition
is equivalent to F¢(R) being a finitely generated R-module for some e > 1, and also equivalent to
F¢(R) being a finitely generated R-module for all e > 1.

The next lemma is a minor modification of [29, Theorem 4.3 (i)].

Lemma 3.5. Let (R, m) be an F-finite reduced local ring of dimension d, and {I,},cy be a sequence
of ideals satisfying:

(a) There exists an m-primary ideal I such that I'P°1 C I, for all e, and
®) 1P C Iy

fR(R/Ie)
ped

Then, lim = 1) exists, and there exists a constant C independent of the sequence {I,} such
e—>00

fR(R/Ie)
ed

thatn — < %foralle eN.

Proof. Letk = R/m. Let Assh(R) = {q € Ass(R) | dim(R/q) = d}. Since R reduced, we have that
R, is a field for every q € Assh(R). Moreover, since R is F-finite, for every q € Assh(R) by [21,
Proposition 2.3], we have that F «(R)g=F *(Rq) = R?p y, where y =d + logp ([F.(k) : k]). Since
the modules R®?" and F,(R) agree when localized at W =R \ |J qeAssh(r) > there is an exact
sequence

(63}

0 C RO®P F.(R) T 0

such that Cy, = Ty, = 0. The assumption IP! C I, | gives that ®(I®?") € I,F,(R) C F.(,,,), and
thus, there is an induced exact sequence

4
(£ (i
- —_—>
Ie * Ie+1

) — 5 coker(®) —— 0.

The assumption that 1l C 1 o1 gives T [PIF,(R) C F.(I,41), and thus I [Pl ¢ annR(coker(E)).
Since coker(®) is a quotient of T, we conclude that

Cr(F,(R/1,41)) < P €R(R/1,) + Cp(coker(®)) < p' £x(R/1,) + £ (T /1PIT).

Note that Zx(F,(R/1,,,)) = p"~%¢x(R/1,.,), therefore dividing by p”*°? the above estimates, we
get

l,ﬂR(R/Ie_H) < fR(R/Ie) N fR(T/I[p"JT)
pletdd = ped pred

a ‘0 '02TZ69rT
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HILBERT-KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 9

Now, if I is generated by u elements, then I#° C I'P°], and thus,
Cr (T/I[P"]T) < fR(T/IMPeT) < Dpdim(@) pedim(?)

for some D that only depends on T and I, since £x(T /I*P°T) is eventually a polynomial of degree
dim(T) in the variable up®. Note that, since T,=0 for all q € Assh(R), we have that dim(T) <
d —1. Set C = Du4~1p~7, and note that it is independent of the sequence {I,}. From the above
estimates, we conclude that

fR(R/Ie+1) < fR(R/Ie) +£
p(e+1)d = ped pC’

s

and the lemma follows from [29, Lemma 3.5 (i)]. O

As a consequence of Lemma 3.5, we obtain the existence of the limit of Ratliff~Rush closures
of Frobenius powers of an ideal.

Proposition 3.6. Let (R, m) be an excellent reduced local ring of dimension d > 0. If I C R is an
m-primary ideal, then the following limit exists:

(R /1)
e iy S

Proof. Since R is excellent, its completion is reduced. Moreover, we have that TR = IRsinceR - R
is faithfully flat [10, (1.7)]. Thus, we may assume that R is complete. By [13, Lemma 6.13], there
exists an F-finite reduced ring S such that R — S isfaithfully flat, purely inseparable, and mS is the
maximal ideal of S. Such a ring is obtained from R via the “so-called” I" construction. Since R — S
is faithfully flat, if J is an ideal of R containing a regular element, we have that JS = TS [10, (1.7)].
Moreover, the condition that mS is the maximal ideal of S guarantees that £x(R/J) = £5(S/JS)
for any m-primary ideal J C R. Since R is reduced, (I19!)" contains a regular element for every
g = p¢ and every n > 0. From all these facts, it follows that

)\ a) )
(Ilalyn (Ilahyns (IS)layn

By replacing R with S, we may therefore assume that R is reduced and F-finite. It now suffices to

show that the sequence {I,} with I, = IlP*] satisfies the assumptions of Lemma 3.5: if t € N is such

—_—

that 111 = (1P hyt+1 - o (11P°]) | then
II’F(;‘J[PJ _ (I[pe])H_l :R (I[pe])t [p] C (I[pe+1])l+1 :R (I[pe+1])t gﬁp?ﬁ]

Moreover, I1P°] C ITJe] for all e. O

If no confusion on the ambient ring may arise, we will denote € (I; R) simply by &g (D).
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10 | DE STEFANI ET AL.

Remark 3.7. We point out that &7 (I) may differ from ey (I) in general. In fact, let (R, m) be a
regular local ring of dimension d, and I C R be an m-primary ideal such that I #T. Let t > 0 be
such that T = I**1 : I'. By flatness of Frobenius on R, for all ¢ = p¢, we have that

1lal o (laly+1 : (glalyt = (pt+1 ; ptylal = Flal,

R R d R d R) R
— | < — | = — =
i) <lam) = a(F) <l =)

and, in particular, égx(I) < ey (I). An explicit example of such an ideal in dimension 2 is R =
k{x,y[, with k a field, and I = (x*, x3y, xy3, y*). In fact, in this case, x>y?> € T \ I.

It follows that

An alternative proof of the existence of € (I) for excellent reduced local rings can be obtained
using uniform estimates as in [40, Theorem 3.6] or [38, Corollary 5.5]. However, with the approach

of Lemma 3.5 based on [29], one can get further information on the convergence of Zx(R/Il41) /¢
to its limit € (I). To this end, we record another slight variation of a result of Polstra and Tucker.

Proposition 3.8. Let (R, m) be an F-finite reduced local ring of dimension d, and {I, .}, ,cn be a
sequence of ideals such that:

() I[[[:,] c It es1foralltande,
(b) I, CIyy, foralltande,
(© there exists an m-primary ideal I such that I'P°] C I, forallt ande.

fR( / e)
ped

IfwesetI, = Yo\ I then eILm exists as a limit, and

o CRR/) L CpR/L) L CR(R/T)
lim lim ———— = lim = lim lim —————.

t—00 e—>00 pe e— 0o pe‘ e—00 t—>00 ped

Proof. The proof is analogous to that of [29, Theorem 6.3], using Lemma 3.5 in place of [29
Theorem 4.3 (i)]. O

Corollary 3.9. Let (R, m) be an F-finite reduced local ring of dimension d > 0, and I C R be an
m-primary ideal. Then,

CrR/I
&x(@) = lim lim M,

t—o0e—0 ped
where I, , = ([IP1y+1 2 (11P°Ty

We show that a transformation rule along finite map holds for ¢

Proposition 3.10. Let (R, m) C (S, n) be a finite extension of excellent local domains of dimension
d > 0, and I C R be an m-primary ideal. Then,
[S/n: R/m] £5(S/1141S)

rankg(S) g-w q- '

eqx(3R) =
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HILBERT-KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 11

In addition, if S is flat over R, then

[S/n : R/m]

eaqe(;R) =
eux (13 R) rankp(S)

&arIS; S).

Proof. Let r = rankg(S), and s = [S/n : R/m]. Since S, as an R-module, is isomorphic to R®"
when localized at R \ {0}, we have short exact sequences 0 > R®" - S - C; - 0and 0 - S —
R®" - C, — 0,withdim(C;) < d and dim(C,) < d. The exactness on the left is due to the fact that

both R®" and S are torsion-free R-modules. Tensoring the first sequence with R /ITfﬁ and counting
lengths, we obtain

£x(S/11918) = reg R/ ) < £4(Cy /1T01CY)
< £R(Cy/19cy)

< CR(Cy/1MaCy),

where we use that 144 C 119] by the pigeonhole principle and that 119 C 1141, Since the func-
tion n - £(C,/I"C,) is eventually a polynomial of degree dim(C,), we can find D; > 0 such
that Zx(C, /T*D4C,) < D, (u(D@)4 ™) < E;q%1, where E; : = D;u(I)?~! is a constant indepen-
dent of q. A similar argument applied to the second short exact sequence gives the existence of a
constant E, > 0 independent of q such that

rép (R/ﬁtﬂ) — ¢y <S/ﬂ7ﬂs) < Eq L.
By setting E := max{E,, E,}, we therefore get that

< Eq®!

fR<S/I[715> - rfR(R/IT‘ﬂ)

for some constant E > 0 independent of g. Dividing by g and taking limits gives that

£o(S/11d1S
e = iy ST

Finally, note that £x(S /IT‘{J S) =st4(S/ 1ld] S), and the first claimed equality is now proved. If R —
S is flat, we have that [lals = m = (IS’—Y‘JIJ by [10, (1.7)]. Note that I contains a regular element
since R is a domain of positive dimension and I is m-primary. The second claimed equality now
follows as well. O

By definition, we have e (I) < ey (I) for any m-primary ideal I. We now give a characteriza-
tion of the equality e (I) = ey (I) in terms of tight closure, in the spirit of [12, Theorem 8.17].
Let R° be the complement of the union of the minimal primes of R. We recall that, given an ideal
I C R, its tight closure is

I'= {x € R | there exists ¢ € R° such that cx9 € I for all ¢ = p® > 0}.
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12 | DE STEFANI ET AL.

Recall that a local ring (R, m) is said to be formally equidimensional if its m-adic completion R is
equidimensional.

Proposition 3.11. Let (R, m) be an excellent, formally equidimensional, reduced local ring of dimen-
sion d > 0, and I be an m-primary ideal. Then, é;x(I) = eyx(I) if and only 114! C 11ahy* for all
q=p

Proof. First assume that 1l ¢ (1'91y* forall g = p°. By [13, Theorem 6.1], there exists a test element
¢ € R°, that is, an element ¢ such that dim(R/(c)) < d and ¢J* C J for any ideal J of R. Consider
the exact sequence

o M@ R R R
Ilal Ilal Ilal " (1l4), ¢)

Since all modules involved have finite length, we have that the first and last ones have the same
length. Moreover, we have that cIlal C ¢(119))* € 119), so that

1ldl 1y c R d-1
e —EE )= —2— ) < Dg
"ﬂR( 1[q1> fR( 71l ’R i, ¢) q

for a constant D > 0 that only depends on I and c. Dividing by q¢ and taking limits gives that
eax (D) = egg (D). _
Conversely, suppose that there exists g, such that Il%] ¢ (1 [90])*, Since the first ideal always con-

— ——\ gl
tains I1%!, by [12, Theorem 8.17], we have that ey (I19%!) > ey (I1%!). But then, since (I lqoj) C

I194] holds for all g, we conclude that

x ((I[QO])[Q]/[[%‘]]) x (1[qoq]/1[qoq])
. . _d o~
0< CIILIEO p < qlglolo = = gy (egx () — egg (). 0O

4 | RESULTS IN DIMENSION 2

Throughout this section, unless otherwise stated, we will assume that (R, m) is a 2-dimensional
Cohen-Macaulay local ring. Without loss of generality, by replacing R with R[x],,g[y if needed,
we may also assume that R/m is infinite. Throughout, we will use the convention that any
nonpositive power of an ideal is the unit ideal. The following is our main result.

Theorem 4.1. Let (R, m) be a 2-dimensional excellent Cohen-Macaulay reduced local ring, and I be
an m-primary ideal. Let r = r;(I) be the reduction number of I with respect to a minimal reduction
J. With the above notation, we have

D) L) = reld) + g™ — &g ).
) L,(D) = (;)e(I) +réegrI™1 — (r — 1)eégg(I"). In particular, Ly(I) exists as a limit and (QI) has
a positive answer.
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HILBERT-KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO | 13

(3) The equality &g (I") = Zizzo(—l)iLi(I)(";r:i) holds for all n > r — 1. In particular, (Q2) has a
positive answer for I if and only if egg(I") = ey I™) for all n > 0.

Proof. Let ﬁFVq = {(1lalyn}, which is an I'9]-good filtration as already observed. We use the notation
introduced in Section 3. By Proposition 3.1 and [30, Theorem 2.1], we have

el =eFp) =Y (’j_‘ll)v@ﬁqm)

n=i

fori = 1,2. Moreover, we get
oF, () = A2 (P@q(n) - Hﬁq(n))

= e(1l?) - a*(He ()

= Pel) - | | =B |- 20| =B |+ 7| =R
(1tal)" (nq])"—l (I[q])”—z

Replacing in the above equality, for i = 1, we get that

e (119)) = rg? e(l) + £ —2— | - £ =2— |
(rlahy! (1tal)”

Dividing by g2, taking lim,_, ,, and using Proposition 3.6, we get the desired statement for L, (I).
For i = 2, the proof is analogous; in particular, the limit L,(I) exists thanks to Proposition 3.6.
For (3): by Proposition 3.3, we have that r(ﬁfq) < r,and forall n > r — 1, we have

2
R i n+1-—i
to| =2 | = 1z () = P (m) = <—1>’e-(ﬂq1>< . )
(I[‘J] ) n q q ; t 2—1
Dividing by g, taking limits and Proposition 3.6 gives the desired statement. O

We record an immediate consequence of Theorem 4.1 and Proposition 3.11.

Corollary 4.2. Let (R, m) be a 2-dimensional excellent Cohen-Macaulay reduced local ring, and I
be an m-primary ideal. The following are equivalent:

(1) (Q2) has a positive answer for I;
(2) exg™) =egg™) foralln > 0;
(3) (lahn) c (('9y?)* forall g = p® and all n > 0.

Thanks to these equivalences, we obtain that (Q2) has positive answer for a large class of rings:
finite subrings of 2-dimensional regular local rings. The argument is the outcome of some useful
discussions with Smirnov. We thank him for allowing us to include this result here.
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14 | DE STEFANI ET AL.

Theorem 4.3. Let (R, m) be a 2-dimensional excellent Cohen—-Macaulay local ring, and suppose
that there exists a regular local ring S 2 R such that the inclusion is module-finite. Then, (Q2) has a
positive answer for any m-primary ideal I of R.

Proof. LetI C R be an m-primary ideal. LetJ = IS, and choose n,, such that J? = J" foralln > n
Letn > ny and q = p®. Since S is regular, for ¢ > 0, we have

(lahyn = (glayw+ . (glaly = (Jrt :Jr)[ql c (Ml = (gmylal = (slalyr,
In particular, we get that
(@ahr)s ¢ alalys = (laly = 1y = (@lahys.
Thus, we have ((HQT);’) S = ((1'ay")s for all ¢ = p¢, and by Proposition 3.10, we then get that

[$/n: R/m] | £5(S/CA)Y) _[S/n : R/m]
rankg(S) g-e q- "~ rankg(S)

eax(I";R) = enx ™ S).
On the other hand, the transformation rule for Hilbert-Kunz multiplicities along finite maps (for
instance, see [16, Theorem 3.16]) guarantees that

[S/n : R/m]

eux (" R) = ank,(S)
R

eHK(Jn; S)’

and it follows that ey (I"; R) = egg(I™; R) for all n > n,. Since R is a subring of a regular local
ring, it is reduced. Thus, we conclude thanks to Corollary 4.2. O

We recall the definition of F-signature for a ring of any dimension. Let a« = log,, ([F.(k) : k],
where k = R/m.

Definition 4.4. Let (R, m) be an F-finite local ring of dimension d. For every e > 0, write F¢(R) =
R®% @ M,, where M, is an R-module with no free summands. The F-signature of R is

e
S(R) - ell)l’l;lo pe(d+a)

The existence of the limit was proved in full generality by K. Tucker [40].

lq]
For a 2-dimensional local ring R, we let L,(I) = lim i nf ez(l D and L2(I ) = limsup ez(; )
q-

q—)OO

Proposition 4.5. Let (R, m) be a 2-dimensional F-finite Cohen—-Macaulay local ring. Forall ¢ = p°,
we have Z—; e,(I) < ez(I[q]) < ez(I)fR(R/m[q]). In particular,

e,(Ds(R) < L,(I) < Ly(I) < e;(T) ey (m).
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HILBERT-KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO | 15

Proof. LetJ = (x,y) be a minimal reduction of I, and for s € N set A, =I** and B, = JBIs,
where JIS! ;= (x%,y%). As in Section 3, we denote by R:] the extended Rees algebra of I lal and
Jq = (x9¢, y9t). For every q = p®, by the Grothendieck-Serre’s formula evaluated at n = 0 (see [3,
18]) and by [34, Lemma 2.2], we have that

A[Q]
e,(119)) = £x(H} (R))o) = £ ==
q Bqu

for all s > 0. For a fixed g = p®, choose s > 0 so that £(A,/B,) = e,(I) and fR(qu]/Byl]) =
ez(Ilqj). Then,

[q] e
A 1 AFE(R) a A a
14y = ¢ S )= — ) s e (Z2) = Ze).
= R(B“”) ¢ R<BsFi(R)> g R<Bs> g= 20

N

Dividing by ¢g* and taking lim inf gives

a
= e,(I) s(R).

e
24a
q

Lz(I) 2 eZ(I) eanc;lo

For the upper bound, as above let s be such that #(A,/B,) = e,(I) and £x(AlY /Bl7) = e,(119)).
Let By=Ly G Ly & ... &L, =Awith L;,,/L; = R/m be a composition series of A;/B;. Since

mL;,; C L; we have that mlquEi]l C LE.q], that is, we have a surjection R/m!4 » Lg‘i]l/qu]. It

follows that
@ = e B0 <o (5) e ) = exiyen (2o
€ _R@\RB_S'Rm[q] =& R\ Talal /)
Dividing by g and taking lim sup gives the desired statement. [l

Proposition 4.6. Let (R, m) be a 2-dimensional F-finite Cohen-Macaulay local ring, and consider
the following conditions:

) ey(1) =0.
2) ez(Iqu) = 0forall g = p°.

(3) L,(I) exists as a limit, and L,(I) = 0.
4) L,()=0

Then, (1) = (2) = (3) = (4). In addition, (1) <> (2) if R is F-pure, and they are all equivalent if R
is weakly F-regular.

Proof. First, recall e,(I) > 0 by [26]. Moreover, recall that R is F-pure if and only if a, > 0 for some
(equivalently, for all) e > 0. In dimension 2, R is weakly F-regular if and only if it is strongly F-
regular [44], and the latter is equivalent to s(R) > 0 in any dimension by [1]. The statement is now
an immediate consequence of Proposition 4.5. O

Remark 4.7. If (R, m) is a 2-dimensional local ring, and I is an m-primary ideal, then by [11],
there exists n, such that for n > n,, the reduction number of I" is independent of the choice of
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16 | DE STEFANI ET AL.

a minimal reduction, and it equals either 1 or 2. If R is Cohen-Macaulay, it can be shown that
e,(I) = 0 if and only if such a value equals 1.

Theorem 4.8. Let (R, m) be a 2-dimensional Cohen-Macaulay local ring. Assume that e,(I) = 0.
Then, for all n > 0, we have

eg") = e(I)<n -2i- 1) = Li(Dn.

In particular, (Q2) has a positive answer for I.

Proof. First, we reduce to the case in which R is F-finite. Let k be the residue field of R. By Cohen’s
structure theorem, the completion R of R at m contains an isomorphic copy of k. Let k denote an
algebraic closure of k, and let S denote the completion of R ®, k at the ideal obtained by extending
m. Then, (S, n) is a complete local ring with residue field S/n = k.In particular, it is an F-finite
ring. Moreover, the map (R, m) — (S, n) is faithfully flat with mS = n, therefore base changing to
S does not affect calculations of length, multiplicity or Hilbert coefficients. Thus, after replacing
R with S, we may directly assume that R is F-finite. LetJ = (x, y) be a minimal reduction of I. For
alln > 0, let JI") = (x", y"). By [34, Lemma 2.2], the condition e,(I) = 0 gives that I?" = Jinlpn for
all n > n,, for some n,,. In particular, I" is a stable ideal and, as already pointed out, this gives that
L(I") = e(I") — egg(I™) forall n > n, (see [43, Theorem 1.8 (2)], or [37]). For any ideal K, one has
e (K") =ne (K)+ (g) e(K), and it follows that L, (I") = nL,(I) + (;’) e(I). Since e(I") = n?e(l),
adirect calculation shows that ey (I") = e(I) (";1) — L,(nforall n > n. To conclude the proof,
it suffices to note that L,(I) = 0 by Proposition 4.6. O

We now turn our attention to Conjecture (C). We prove that it holds true for local rings of
dimension 2.

Theorem 4.9. Let (R, m) be an excellent 2-dimensional analytically unramified weakly F-regular
local ring of characteristic p > 0. Then, (C) holds true.

Proof. We only need to show that L;(I) = e(I) — egg(I) implies that I is stable. By Proposition 3.4,
there exists n,, such that H ]2 (Rg)n =0foralln > ny and all g = p®. For any such n and all g, we
q

have that

e([[q])<n -ZF 1) _ el(I[q])n + ez(I[‘ﬂ) _ fR(R/(I[Q])n) = _fR(H}q(R;)n) <0.

Since R is reduced, dividing by ¢ and taking limits, we conclude that ey (I") > e(I )(";1) -
L,(I)n + L,(I) by Theorem 4.1. Since e,(K) > 0 for any m-primary ideal K [26], we have that
L,(I) > 0. By [43, Theorem 1.8 (1)], we have that ey (I") < e(I)(”;l) — (e(I) — egg(D)n. Putting
these facts together and canceling out terms, we get that L,(I)n — L,(I) > (e(I) — epgg(D)n. If
we assume that L, (I) = e(I) — egx(I), then from L,(I) > 0, we conclude that L,(I) = 0, and that
eqrI™) = e(I)(";rl) — (e(I) — eyg(D)n. The claim now follows from [43, Theorem 1.8 (4)]. [

Remark 4.10. We note that the assumptions of Theorem 4.9 guarantee that R is Cohen-Macaulay.
In fact, by [19], we have that excellent rings are the homomorphic image of a Cohen-Macaulay
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HILBERT-KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO | 17

local ring. This condition, together with the fact that R is weakly F-regular, implies that R is
Cohen-Macaulay by [13, Theorem (3.4) (¢)].

Remark 4.11. For normal ideals in a pseudorational 2-dimensional local ring, (Q1),(Q2) and
(C) trivially hold true. Indeed, in this case, I is stable by [31]. Note that by Proposition 4.6 and
Remark 4.7, we have that L,(I) = 0 in this case.

n+1
2

= 0. Our next goal is to show that f(n) is eventually

Recall that, from [37], for n > 0, we have that ey (I") = eI )(
f
n

) —Lin + f(n) for some

function f(n) such that lim,_,
nonincreasing.

Lemma 4.12. Let (R, m) be a 2-dimensional Cohen-Macaulay local ring, and J = (x,y) be a
parameter ideal. For any t > 0 and any ideal I C R, we have an exact sequence

ot o(t+1)
R ® ¢
o— ey — (8)" = (8)

where Im(p) € J (R/D®HY. In particular, (I : 7)/1)®" C ker(gp).

Proof. As x,y isaregular sequence, a minimal free resolution of J* is given by the Eagon-Northcott
complex (or by Hilbert-Burch, in this case):

x 0 0.. 0
-y x 0. 0

0 s R®! . RO+ gt

Tensoring the above with R/I gives the desired exact sequence, together with the containment
Im(p) CJ (R/I)@([H). It is therefore clear that (I : J)/I)®" C ker(p). O

Corollary 4.13. Let (R, m) be a 2-dimensional Cohen-Macaulay local ring, and J be a parameter
ideal. For any ideal I C R, we have a short exact sequence

0 R _» R 632*>i*>0
I1:J 1 1J ’

Proof. Apply Lemma 4.12 with t = 1, and observe that
TorX(R/I,J) =ker(p) ={z €R/I |z C I} = (I : J)/I. ]

Corollary 4.14. Let (R, m) be a 2-dimensional Cohen-Macaulay local ring, and J be a parameter
ideal. For any t > 0 and any ideal I C R containing J, we have an isomorphism

<R >Q)(t+l) Jt

1 -
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Proof. In the notation of Lemma 4.12, it suffices to observe that, since J C I, we have Im(¢p) C
J(R/T)® = 0. O

Proposition 4.15. Let (R, m) be a 2-dimensional excellent Cohen—-Macaulay reduced local ring, and
I be an m-primary ideal. With the notation introduced above, we have that f(n — 1) > f(n) > L,(I)

foralln > 0.

Proof. LetJ be a minimal reduction of I. From Lemma 4.12, for every n,t and q = p¢, we have an
exact sequence

ot S(t+1)
R t R ’ R (][q])t
0—— Torlf <W’ (el > <(I[q])” > <(I[q])" ) (Ilalyn(Jlaly:

Again by Lemma 4.12, we have that

[qlyn—1\ ®! lqlyn - ylql\ ®!

so that we have an exact sequence

R \* o [ R \* lay 0
(Ilghn—1 (Ilghyn (Ilahyn(Jlahyt '

Choose n > r(I). Since r(I19!) < r(I), we have that (1la)y?(slalyt = (1la}y»** Counting lengths, we
therefore get

R R R R
s Df’*((ﬂqbn) ) MR((IMJ)"—1> S f’*((ﬂql)nﬁ) ) fR((ﬂqJ)t)' W

For the moment assume that q is fixed, and choose ¢ > 0 so that £x(R/(I lalyn+1) coincides with
its Hilbert polynomial. As a function of ¢, we can write

@(ﬁ) = eou[‘”)(”‘ v 1) — e, U1+ 1)+ &,(119)

g e(l)

= —q2 e(l) tz + I:nq2 e(I) + T - el(I[q]) L+ O(I)

2

Since

R _(t+1 R\ _¢*e(D),  q*e)
fR((quDf)_( 2 >£R<ﬁ>‘ >t b

the inequality (1) becomes

_R )\ _ _R 2 o(]) — e (114
(t+1)fR<(Iqu)n> tl/ﬂR((I[q])n—l) < [nq e(I) — e, (I') |t + o(t).
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HILBERT-KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 19

Dividing by ¢ and taking lim,_, . gives

L— L 2 _ [q]
“(Umw> t%<QMy4><”qu) ey (119).

Now divide by g2 and take lim,_, , to get

epx ™) — e ("1 < me(I) — Ly(D).

A direct calculation shows that the quantity on the left-hand side for n > 0 is ne(I) — L,(I) +
f(m) — f(n —1), so that we get f(n) < f(n — 1). For the last claim, it suffices to recall that for all
n > 0, we have

("3 1) ~LaOn+ 10 = e G =" § 1) =~ LaCOn+ L0

which gives f(n) = L,(I). [l

Remark 4.16. In the previous proof, we use the trivial containment (119))»=1 c (rlehyr : jlal, 1f
(I/[ZI]\)VT—1 c (l9hyr : jlal holds true for all g > 0, then with the same calculations, one gets that
f(n) < Ly(I). Since the other inequality is always true, equality holds. In particular, if (IET)T—l -
(1talyr : jlal holds true for all g, n > 0, then (Q2) has positive answer for I.

5 | APOSSIBLE NEGATIVE ANSWER TO (Q2)

We suspect that (Q2) has negative answer, even in dimension 2. Even if at the moment, we are
not able to fully support this claim, we present a ring that seems to contradict the expectations
of (Q2), at least after some experimental calculations performed with Macaulay 2 [6]. Before, we
recall the notion of test ideal. Let R be a ring of characteristic p > 0. The (finitistic) test ideal of R
is

t®) = (A I,

1

where the intersection runs over all ideals I of R. If R is F-finite, and ¢ € R° is such that R, is
regular, then c has a power that belongs to 7(R); such an element is called a test element. Thus,
if J is an ideal which defines the singular locus of R, we have that J C 1/7(R). In particular, if R
has an isolated singularity at a maximal ideal m, then 7(R) is either the whole ring or it is an m-
primary ideal. If, in addition, R is F-pure, then 7(R) is a radical ideal; for instance, see [5, 41]. As a
consequence, if R is an F-finite and F-pure isolated singularity at m, then 7(R) 2 m. In addition,
if R is not weakly F-regular (that is, there exists an ideal that is not tightly closed), then 7(R) = m.

Example 5.1. Let k be an F-finite field of characteristic p # 3, let R = k[x,y,z] /(x> + y* + z?),
and m = (x,), z)R. Note that R has an isolated singularity at m, it is F-finite and not weakly F-
regular. If p = 1 mod 3, then it is also F-pure, and in this case, we then have 7(R) = m. In this case,
if J C I are two ideals, in order to show that I € J*, one only has to prove that mI € J. For p = 7,
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calculations performed with Macaulay2 seem to suggest that, for all n, there exists g = 7 > 0
such that

m- ((m[q])n+1 " m[q]) ¢ (mlalyr,

When this is the case, we have that (mlal)" ¢ ((m[q])")*, and by Proposition 3.11, we conclude
that ey (m™) # egg(m™) for such n. If this was indeed true for all n (or even just for infinitely
many n), then (Q2) would have negative answer for this ring with respect to the ideal m.

Remark 5.2. If R = k[x,y,z] /(x> + y* + z*), and char(k) = 2 or 5, then one can still show that
7(R) = m even if R is not F-pure. These choices of smaller characteristics could be helpful for
calculations, and perhaps still provide a negative answer to (Q2).

In [32], it is proved that if (R, m) is 2-dimensional Cohen-Macaulay, I is an m-primary ideal,
and J = (x,y) is a minimal reduction of I such that I"**! = JI™ and I"**! : x = I"", then I" = I"
for all n > m. Rossi and Swanson also mention that they do not know whether I m+l — Jrm ig
sufficient to imply that I = I". We show, with the aid of Macaulay 2, that this is indeed not the
case.

Example 5.3. Let R = F,[x,y,z]/(x3 +y> +2%), let m = (x,y,z)R and J = (y, z), which is a
minimal reduction of m. Note that r;(m) = 2, and therefore (mlaly3 = jlal(mlal)? for all g =
2¢. Calculations performed with Macaulay?2 give that the element x?y*z'? belongs to (m!8))* :
(m!31)2 and hence to (;[\8]_)/2, but not to (m!8)2. To have a local example, note that all these facts
still hold in the localization R,;,.
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