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2 DE STEFANI et al.

1 INTRODUCTION

Let (𝑅,𝔪) be a Noetherian local ring of prime characteristic 𝑝 > 0 and Krull dimension 𝑑. The
Hilbert–Kunz multiplicity of an𝔪-primary ideal 𝐼 ⊆ 𝑅 is defined as

eHK(𝐼) = lim
𝑞→∞

𝓁𝑅(𝑅∕𝐼
[𝑞])

𝑞𝑑
,

where 𝑞 = 𝑝𝑒 and 𝐼[𝑞] = (𝑥𝑞 ∣ 𝑥 ∈ 𝐼) denotes the 𝑞th Frobenius power of 𝐼. This invariant was
first studied by E. Kunz [20], even though its existence as a limit was only proved several years
later by P.Monsky [24]. As the name suggests, it has similarities with the classical Hilbert–Samuel
multiplicity

e(𝐼) = lim
𝑛→∞

𝑑!𝓁𝑅(𝑅∕𝐼
𝑛)

𝑛𝑑
.

Other than being defined in a similar fashion, the two invariants share some common features. For
instance, if𝑅 is formally unmixed, then e(𝔪) = 1 if and only if𝑅 is regular, if and only if eHK(𝔪) =
1. The first equivalence is a classical result due to P. Samuel (in the equal characteristic case [35])
and M. Nagata (in the general case [25]), while the second is a much more recent result due to
K.I. Watanabe and K.I. Yoshida [42, Theorem 1.5] (see also [17]). Except for some similarities,
however, the behavior of the two invariants is generally quite different. For instance, e(𝐼) is always
a nonnegative integer, while eHK(𝐼) can be irrational [4].
As one invariant is defined in terms of Frobenius powers 𝐼[𝑞], and the other in terms of ordinary

powers 𝐼𝑛, it is quite natural to wonder how the two interplay with each other. In particular, one
can study the lengths 𝓁𝑅

(
𝑅∕(𝐼[𝑞])𝑛

)
as a function of both 𝑞 and 𝑛. For any given 𝑞, the classical

theory of Hilbert polynomials guarantees that there exists 𝑛0 = 𝑛0(𝐼, 𝑞) such that, for all 𝑛 ⩾ 𝑛0,

𝓁𝑅
(
𝑅∕(𝐼[𝑞])𝑛

)
= e0(𝐼

[𝑞])

(
𝑛 + 𝑑 − 1

𝑑

)
− e1(𝐼

[𝑞])

(
𝑛 + 𝑑 − 2

𝑑 − 1

)
+⋯ + (−1)𝑑 e𝑑(𝐼

[𝑞])

for some integers e𝑖(𝐼[𝑞]), 𝑖 = 0, … , 𝑑, calledHilbert coefficients of 𝐼[𝑞]. Note that e0(𝐼[𝑞]) = e(𝐼𝑞) =
𝑞𝑑 e(𝐼). In [9, Theorem 3.2], Hanes proved that

𝓁𝑅
(
𝑅∕(𝐼[𝑞])𝑛

)
=

(
e(𝐼)

𝑑!
𝑛𝑑 + 𝑂(𝑛𝑑−1)

)
𝑞𝑑,

which, in particular, shows that lim
𝑛→∞

𝑑! eHK(𝐼
𝑛)

𝑛𝑑
= e(𝐼) [8, Corollary II.7]. With the goal of under-

standing the term 𝑂(𝑛𝑑−1), V. Trivedi first (for standard graded algebras and equigenerated
homogeneous ideals [39]), and I. Smirnov afterward (for any𝔪-primary ideal in a local ring [37]),
show that

eHK(𝐼
𝑛) = e(𝐼)

(
𝑛 + 𝑑 − 1

𝑑

)
− lim
𝑞→∞

e1(𝐼
[𝑞])

𝑞𝑑

(
𝑛 + 𝑑 − 2

𝑑 − 1

)
+ 𝑜(𝑛𝑑−1),

and that the limit lim
𝑞→∞

e1(𝐼
[𝑞])

𝑞𝑑
exists. Motivated by this result, and by the shape of the Hilbert poly-

nomials, in [37], Smirnov poses two questions and a conjecture regarding the asymptotic behavior
of the function 𝑛 ↦ eHK(𝐼

𝑛):
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HILBERT–KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 3

(Q1) 𝐿𝑖(𝐼) ∶= lim
𝑞→∞

e𝑖(𝐼
[𝑞])

𝑞𝑑
exists as a limit for all 𝑖 = 0, … , 𝑑.

(Q2) eHK(𝐼𝑛) =
∑𝑑
𝑖=0(−1)

𝑖𝐿𝑖(𝐼)
(𝑛+𝑑−1−𝑖

𝑑−𝑖

)
for all 𝑛 ≫ 0.

(C) Assume further that 𝑅 is weakly F-regular, analytically unramified and Cohen–Macaulay.
Then, 𝐿1(𝐼) = e(𝐼) − eHK(𝐼) if and only if 𝐼 is stable, that is, 𝐼2 = 𝐼𝐽 for a minimal reduction
𝐽 of 𝐼.

Conjecture (C) is actually stated in [37] without the assumption that 𝑅 is weakly F-regular.
Without this condition, it is shown in [2] that the conjecture has actually negative answer. Note
that (Q1) is trivial for 𝑖 = 0, and it is known for 𝑖 = 1 by [37]. Therefore, (Q1) is open for 𝑖 = 2, … , 𝑑.
Regarding (C), we observe that if 𝐼 is stable, then 𝐿1(𝐼) = e(𝐼) − eHK(𝐼) is already known to hold,
even without the assumption that 𝑅 is weakly F-regular and analytically unramified; see [43,
Theorem 1.8 (2)].
Some progress toward answering these problems was achieved in [2]. In Section 2, we present

more cases in which the answers are positive: ideals whose powers are of finite projective dimen-
sion in numerically Roberts rings, and parameter ideals in generalized Cohen–Macaulay rings. In
Sections 3 and 4, we study the problem in bigger generality. The novelty of our approach stems
from considering an asymptotic invariant defined in terms of the Ratliff–Rush closure 𝐼̃ of an ideal
𝐼 (see Section 3 for more details). If 𝐼 is𝔪-primary, we prove that the limit

ẽHK(𝐼) = lim
𝑞→∞

𝓁𝑅(𝑅∕𝐼[𝑞])

𝑞𝑑
,

exists (see Proposition 3.6) under mild assumptions, and we show that this invariant has strong
connections with (Q1) and (Q2) for rings of dimension 2. Our main findings can be summarized
as follows.

Theorem A (Theorems 4.1 and 4.9). Let (𝑅,𝔪) be a 2-dimensional excellent Cohen–Macaulay
reduced local ring, and 𝐼 be an𝔪-primary ideal. Then

(1) 𝐿2(𝐼) exists as a limit, and therefore (Q1) has a positive answer.
(2) For all 𝑛 ≫ 0, we have

ẽHK(𝐼
𝑛) =

2∑
𝑖=0

(−1)𝑖𝐿𝑖(𝐼)

(
𝑛 + 1 − 𝑖

2 − 𝑖

)
.

(3) Conjecture (C) holds true.

As an immediate consequence of (2), we deduce that (Q2) has a positive answer for an ideal 𝐼
in a 2-dimensional excellent Cohen–Macaulay reduced local ring if and only if ẽHK(𝐼𝑛) = eHK(𝐼𝑛)
for all 𝑛 ≫ 0. We also give a characterization of this equality in terms of tight closure, see Propo-
sition 3.11. In general, one always has ẽHK(𝐼𝑛) ⩽ eHK(𝐼𝑛), and in Section 4, we give an estimate of
the difference between these invariants (see Proposition 4.15).
We prove that (Q2) has a positive answer in several cases.

TheoremB (Theorems 4.3 and 4.8).Let (𝑅,𝔪) be a two-dimensionalCohen–Macaulay local ring.

(1) If there exists a regular local ring 𝑆 ⊇ 𝑅 such that the inclusion is module-finite, then (Q2) has a
positive answer for every𝔪-primary ideal 𝐼 of 𝑅.
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4 DE STEFANI et al.

(2) If 𝐼 ⊆ 𝑅 is an𝔪-primary ideal such that e2(𝐼) = 0, then 𝐿2(𝐼) = 0. Moreover, for all 𝑛 ≫ 0, we
have

eHK(𝐼
𝑛) = e(𝐼)

(
𝑛 + 1

2

)
− 𝐿1(𝐼)𝑛.

In particular, (Q2) has a positive answer for 𝐼.

Finally, in Section 5, we collect some evidence that (Q2) might have negative answer, in gen-
eral. We exhibit a 2-dimensional hypersurface ring (𝑅,𝔪) for which we suspect that eHK(𝑚𝑛) ≠

ẽHK(𝔪
𝑛) for infinitely many 𝑛 > 0. This is supported by some computational evidence, obtained

by means of Macaulay2 calculations [6].

2 SOME POSITIVE ANSWERS

We start by analyzing some special cases where the two questions (Q1),(Q2) and the conjecture
(C) have positive answer. Some of them might be already known to experts, but we decided to
include them here for the sake of completeness.

2.1 Numerically Roberts rings

We recall that a Cohen–Macaulay local ring (𝑅,𝔪) is called numerically Roberts if eHK(𝐼) =
𝓁𝑅(𝑅∕𝐼) for every𝔪-primary ideal 𝐼 of finite projective dimension.
Examples of numerically Roberts rings include complete intersections, 2-dimensional Cohen–

Macaulay local rings, and 3-dimensional Gorenstein local rings. For basic properties and more
examples of numerically Roberts rings, we refer the reader to [22, Theorem 1.1].

Proposition 2.1. Let (𝑅,𝔪) be a numerically Roberts ring of dimension 𝑑, and let 𝐼 ⊆ 𝑅 be an𝔪-
primary ideal such that pd𝑅(𝐼𝑛) < ∞ for every 𝑛 > 0. Then, 𝐿𝑖(𝐼) = e𝑖(𝐼) for every 𝑖 = 0, … , 𝑑, and
eHK(𝐼

𝑛) =
∑𝑑
𝑖=0(−1)

𝑖𝐿𝑖(𝐼)
(𝑛+𝑑−1−𝑖

𝑑−𝑖

)
. Moreover, 𝐿1(𝐼) = e(𝐼) − eHK(𝐼) if and only if 𝐼 is stable.

Proof. Let 𝜎(𝐼) denote the postulation number of 𝐼, that is, the largest integer for which Hilbert
function and Hilbert polynomial of 𝐼 do not coincide. By a result of C. Peskine and L. Szpiro [28],
if 𝐼𝑛 has finite projective dimension, then so does (𝐼𝑛)[𝑞] for any 𝑞 = 𝑝𝑒. For 𝑛 > 𝜎(𝐼), we then
have

𝓁𝑅(𝑅∕(𝐼
𝑛)[𝑞]) = eHK((𝐼

𝑛)[𝑞])

= 𝑞𝑑 eHK(𝐼
𝑛)

= 𝑞𝑑𝓁𝑅(𝑅∕𝐼
𝑛)

= 𝑞𝑑

[
𝑑∑
𝑖=0

(−1)𝑖 e𝑖(𝐼)

(
𝑛 + 𝑑 − 1 − 𝑖

𝑑 − 𝑖

)]

=

𝑑∑
𝑖=0

(−1)𝑖
(
𝑞𝑑 e𝑖(𝐼)

)(𝑛 + 𝑑 − 1 − 𝑖
𝑑 − 𝑖

)
.
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HILBERT–KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 5

Since, for any fixed 𝑞, this happens for all 𝑛 > 𝜎(𝐼), we have that e𝑖(𝐼[𝑞]) = 𝑞𝑑 e𝑖(𝐼) for every 𝑖 =
0, … , 𝑑. Thus, clearly, 𝐿𝑖(𝐼) = e𝑖(𝐼) for every 𝑖 = 0, … , 𝑑. Dividing the above expression by 𝑞𝑑 and
taking limits 𝑞 → ∞ gives that

eHK(𝐼
𝑛) =

𝑑∑
𝑖=0

(−1)𝑖𝐿𝑖(𝐼)

(
𝑛 + 𝑑 − 1 − 𝑖

𝑑 − 𝑖

)
.

Finally, since 𝐿1(𝐼) = e1(𝐼) and eHK(𝐼) = 𝓁𝑅(𝑅∕𝐼), the fact that 𝐿1(𝐼) = e(𝐼) − eHK(𝐼) is equivalent
to 𝐼 being stable follows from the result of C. Huneke [15] and A. Ooishi [27]. □

Two immediate corollaries are as follows.

Corollary 2.2. If (𝑅,𝔪) is a regular local ring, then (Q1),(Q2),(C) hold true.

Corollary 2.3. Let (𝑅,𝔪, 𝑘) be a𝑑-dimensional complete numerically Roberts ring, and let𝑥1, … , 𝑥𝑑
be a system of parameters. Let 𝐴 = 𝑘⟦𝑥1, … , 𝑥𝑑⟧ ⊆ 𝑅, and 𝐽 ⊆ 𝐴 be a (𝑥1, … , 𝑥𝑑)-primary ideal.
Then (Q1),(Q2),(C) hold true for the ideal 𝐼 = 𝐽 ⋅ 𝑅.

Proof. It suffices to observe that, since 𝑅 is Cohen–Macaulay, it is a finitely generated free 𝐴-
module. It follows that pd𝑅(𝐼𝑛) = pd𝐴(𝐽𝑛) < ∞ for all 𝑛. □

2.2 Parameter ideals in generalized Cohen–Macaulay rings

We say that a local ring (𝑅,𝔪) of dimension 𝑑 is generalized Cohen–Macaulay if 𝓁𝑅(𝐻𝑖𝔪(𝑅)) < ∞
for every 𝑖 = 0, … , 𝑑 − 1. Note that, if 𝑅 is equidimensional, it is generalized Cohen–Macaulay if
and only if 𝑅𝔭 is Cohen–Macaulay for every 𝔭 ∈ Spec(𝑅) ⧵ {𝔪}.

Proposition 2.4. Let (𝑅,𝔪) be a generalized Cohen–Macaulay local ring of dimension𝑑, and 𝐽 ⊆ 𝑅
be aparameter ideal.Wehave𝐿𝑖(𝐽) = 0 for all 𝑖 = 1, … , 𝑑. In particular, questions (Q1) and (Q2) have
positive answer for 𝐽.

Proof. If 𝑑 = 0 the conclusion is void, hence true. Assume that 𝑑 ⩾ 1. Since 𝑅 is gen-
eralized Cohen–Macaulay, there exists an integer 𝑁 > 0 such that e𝑖(𝐽) is a function of
𝓁𝑅(𝐻

0
𝔪(𝑅)), … ,𝓁𝑅(𝐻

𝑑−1
𝔪 (𝑅)) for any 𝑖 = 1, … , 𝑑 and any parameter ideal 𝐽 ⊆ 𝔪𝑁 [36]. In partic-

ular, if 𝐽 is a parameter ideal, then there exists 𝑞0 such that e𝑖(𝐽[𝑞]) is independent of 𝑞 for any
𝑞 ⩾ 𝑞0.
It follows that

𝐿𝑖(𝐽) = lim
𝑞→∞

e𝑖(𝐽
[𝑞])

𝑞𝑑
= 0

for every 𝑖 = 1, … , 𝑑. Finally, by [43, Lemma 1.3], we have that

eHK(𝐽
𝑛) = e(𝐽)

(
𝑛 + 𝑑 − 1

𝑑

)
for every integer 𝑛. □
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6 DE STEFANI et al.

Remark 2.5. The special case of Proposition 2.4 in which 𝑅 is Buchsbaum was already covered by
[2, Theorem 1.3]. Also, note that Conjecture (C) is trivial for parameter ideals.

3 PRELIMINARIES AND GENERALMETHODS

Let (𝑅,𝔪) be a 𝑑-dimensional Cohen–Macaulay local ring, and 𝐼 be an𝔪-primary ideal. A col-
lection of ideals 𝔽 = {𝐹𝑛} such that 𝑅 = 𝐹0 ⊋ 𝐹1 ⊇ … is called an 𝐼-filtration if 𝐼𝐹𝑛 ⊆ 𝐹𝑛+1 for all
𝑛 ⩾ 0. Note that 𝐹1 is an𝔪-primary ideal, since it contains 𝐼. Also, note that we do not assume
that 𝐹𝑚 ⋅ 𝐹𝑛 ⊆ 𝐹𝑛+𝑚 for 𝑛,𝑚 ⩾ 0, as we will not need to impose this condition. We say that 𝔽 is
an 𝐼-good filtration if 𝐼𝐹𝑛 = 𝐹𝑛+1 for all 𝑛 ≫ 0. Let 𝐽 be a minimal reduction of 𝔽, that is, an ideal
minimal with respect to containment in 𝐼 such that 𝐹𝑛+1 = 𝐽𝐹𝑛 for 𝑛 ≫ 0. If 𝑅∕𝔪 is infinite, we
may assume that 𝐽 is generated by a regular sequence 𝑥1, … , 𝑥𝑑. Let 𝑟𝐽(𝔽) be the reduction number
of 𝔽with respect to 𝐽, that is, the smallest 𝑛 such that𝐹𝑛+1 = 𝐽𝐹𝑛. For an integer 𝑛 ⩾ 0, let 𝑣𝔽(𝑛) =
𝓁𝑅(𝐹𝑛∕𝐽𝐹𝑛−1). Let𝐻𝔽(𝑛) = 𝓁𝑅(𝑅∕𝐹𝑛) be the Hilbert–Samuel function of 𝔽, which in our assump-
tions for 𝑛 ≫ 0 coincides with the Hilbert Polynomial 𝑃𝔽(𝑛) =

∑𝑑
𝑖=0(−1)

𝑖 e𝑖(𝔽)
(𝑛+𝑑−1−𝑖

𝑑−𝑖

)
. Given a

numerical function𝐻 ∶ ℤ → ℕ satisfying𝐻(𝑛) = 0 for 𝑛 ≪ 0, we will denote by Δ𝐻 ∶ ℤ → ℕ the
function defined as Δ𝐻(𝑛) = 𝐻(𝑛) − 𝐻(𝑛 − 1). For 𝑗 ⩾ 1, we inductively define Δ𝑗 = Δ(Δ𝑗−1). If
𝔽 is a filtration as above, we will use the convention that 𝐹𝑛 = 𝑅 and 𝓁𝑅(𝑅∕𝐹𝑛) = 0 for 𝑛 < 0. In
particular, we will regard𝐻𝔽 as a function defined over ℤ by setting𝐻𝔽(𝑛) = 0 for 𝑛 < 0.
Let 𝐺(𝔽) =

⨁
𝑛⩾0 𝐹𝑛∕𝐹𝑛+1. Our assumptions guarantee that 𝐺(𝔽) is a graded module over the

associated graded ring𝐺(𝐼) =
⨁

𝑛⩾0 𝐼
𝑛∕𝐼𝑛+1. We call𝐺(𝔽) the associated gradedmodule of the fil-

tration 𝔽. If we assume that depth(𝐺(𝔽)) ⩾ 𝑑 − 1, then we have some useful relations between the
invariants we have defined, see [7, 14] and [33, Theorem 2.5] for the case of filtrations of modules.

Proposition 3.1. Let (𝑅,𝔪) be a 𝑑-dimensional Cohen–Macaulay local ring, 𝐼 be an𝔪-primary
ideal, and 𝔽 be an 𝐼-good filtration. Assume that depth(𝐺(𝔽)) ⩾ 𝑑 − 1. Then,

(1) Δ𝑑 (𝑃𝔽(𝑛) − 𝐻𝔽(𝑛)) = 𝑣𝔽(𝑛).
(2) Δ𝑑 (𝑃𝔽(𝑛)) = e0(𝔽) = e0(𝐼).
(3) Δ𝑑 (𝐻𝔽(𝑛)) =

∑𝑑
𝑖=0(−1)

𝑖
(𝑑
𝑖

)
𝓁𝑅 (𝑅∕𝐹𝑛−𝑖).

(4) e𝑖(𝔽) =
∑
𝑛⩾𝑖

(𝑛−1
𝑖−1

)
𝑣𝔽(𝑛) for 𝑖 = 1, … , 𝑑.

We recall the definition of Ratliff–Rush closure of an ideal.

Definition 3.2. Let 𝑅 be a Noetherian ring, and let 𝐼 ⊆ 𝑅 be a regular ideal, that is, an ideal
containing a regular element. The Ratliff–Rush closure of 𝐼 is defined as 𝐼̃ =

⋃
𝑛⩾1(𝐼

𝑛+1 ∶ 𝐼𝑛).

As pointed out in [32], (̃−) is not a closure “in the usual sense;” for instance, it is not always
true that 𝐼 ⊆ 𝐽 implies that 𝐼̃ ⊆ 𝐽. Since 𝑅 is Noetherian, for any regular ideal 𝐼, there exists 𝑛 ≫ 0

such that 𝐼̃ = 𝐼𝑛+1 ∶ 𝐼𝑛. Moreover, 𝐼𝑁 = 𝐼𝑁 for any𝑁 ≫ 0, possibly depending on 𝐼 (see [30]). We
refer the interested reader to [32] for more details on this operation.
Now assume that (𝑅,𝔪) has characteristic 𝑝 > 0. For any 𝑞 = 𝑝𝑒, consider the filtration 𝔽𝑞 =

{𝔽𝑞,𝑛} =
{(̃
𝐼[𝑞]

)𝑛}, which can be proved to be 𝐼[𝑞]-good. We also let 𝔽𝑞 = {𝔽𝑞,𝑛} with 𝔽𝑞,𝑛 =(
𝐼[𝑞]

)𝑛. In the case of the latter, we will write 𝑃𝐼[𝑞] , 𝐻𝐼[𝑞] , and e𝑖(𝐼[𝑞]) in place of 𝑃𝔽𝑞 ,𝐻𝔽𝑞
, and

e𝑖(𝔽𝑞), respectively. We now collect some basic facts about 𝔽𝑞.
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HILBERT–KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 7

Proposition 3.3. With the above notation, for any 𝑞 = 𝑝𝑒, we have that

(1) depth(𝐺(𝔽𝑞)) ⩾ 1.
(2) 𝑟(𝔽𝑞) ⩽ 𝑟, where 𝑟 = 𝑟𝐽(𝐼) is the reduction number of the filtration {𝐼𝑛}with respect to aminimal

reduction 𝐽.
(3) If dim(𝑅) = 2, then for all 𝑛 ⩾ 𝑟 − 1, we have𝐻𝔽𝑞

(𝑛) = 𝑃𝔽𝑞 (𝑛).

Proof. (1) follows from [30, (2.3.1)] and [10, (1.2)], and (3) is an immediate consequence of (2)
and Proposition 3.1 (1). For (2), first observe that 𝐽[𝑞] is a minimal reduction of 𝐼[𝑞]. Moreover,
if 𝐼𝑟+1 = 𝐽𝐼𝑟, then by taking Frobenius powers, we obtain that (𝐼[𝑞])𝑟+1 = 𝐽[𝑞](𝐼[𝑞])𝑟, and thus,
𝑟(𝐼[𝑞]) ⩽ 𝑟 for all 𝑞. We conclude by [32, Proposition 4.5] and the main result of [23]. □

In what follows, = 𝑅[𝐼𝑡] will denote the Rees algebra of 𝐼, and′ = 𝑅[𝐼𝑡, 𝑡−1] the extended
Rees algebra. For any 𝑞, we let′

𝑞 = 𝑅[𝐼
[𝑞]𝑡, 𝑡−1]. Let 𝐽 = (𝑥1, … , 𝑥𝑑) be a minimal reduction of 𝐼,

and set 𝐽𝑞 = (𝑥
𝑞
1
𝑡, … , 𝑥

𝑞

𝑑
𝑡). By an analog of the Grothendieck–Serre’s formula for the Rees algebra

(see [18] and [3]), we have that for all 𝑛 ∈ ℤ and all 𝑞 = 𝑝𝑒,

𝑃𝐼[𝑞] (𝑛) − 𝐻𝐼[𝑞] (𝑛) =

𝑑∑
𝑖=0

(−1)𝑖 e𝑖(𝐼
[𝑞])

(
𝑛 + 𝑑 − 1 − 𝑖

𝑑 − 𝑖

)
− 𝓁𝑅(𝑅∕(𝐼

[𝑞])𝑛)

=

𝑑∑
𝑖=0

(−1)𝑖𝓁𝑅(𝐻
𝑖
𝐽𝑞
(′

𝑞))𝑛).

Given a ℤ-graded module𝑀, we let 𝑎(𝑀) = sup{𝑛 ∈ ℤ ∣ 𝑀𝑛 ≠ 0}.

Proposition 3.4. Let (𝑅,𝔪) be a 𝑑-dimensional local ring. Then, 𝑎(𝐻𝑑
𝐽𝑞
(′

𝑞)) ⩽ 𝑎(𝐻
𝑑
𝐽1
(′)) for all

𝑞 = 𝑝𝑒.

Proof. Let 𝑥1, … , 𝑥𝑑 be a system of parameters in 𝑅, and let 𝑛 ∈ ℤ be such that𝐻𝑑
𝐽1
(′)𝑛 = 0. Now

let 𝜂 ∈ 𝐻𝑑
𝐽𝑞
(′

𝑞)𝑛. From the description of local cohomology in terms of the 𝐶̌ech complex, we

can write 𝜂 as the equivalence class of an element 𝛼𝑡𝑛+𝑑𝑠

(𝑥
𝑞
1
𝑡⋯𝑥𝑞

𝑑
𝑡)𝑠
modulo the image of the localization

map:

and the fact that 𝜂 has degree 𝑛 means that 𝛼 ∈ (𝐼[𝑞])𝑛+𝑑𝑠. Thus, we can write 𝛼 =
∑𝑚
𝑖=1 𝑟𝑖𝛼

𝑞
𝑖
for

some 𝛼𝑖 ∈ 𝐼𝑛+𝑑𝑠. Using again the 𝐶̌ech complex description, we can see each 𝜂𝑖 =
[

𝛼𝑖𝑡
𝑛+𝑑𝑠

(𝑥1𝑡⋯𝑥𝑑𝑡)𝑠

]
as

an element of 𝐻𝑑
𝐽1
(′)𝑛, and thus 𝜂𝑖 = 0 by assumption. This means that there exist integers 𝑁𝑖

such that

(𝑥1⋯𝑥𝑑)
𝑁𝑖𝛼𝑖 ∈

(
𝑥
𝑁𝑖+𝑠

1
, … , 𝑥

𝑁𝑖+𝑠

𝑑

)
𝐼(𝑑−1)(𝑁𝑖+𝑠)+𝑛.

Setting𝑁 = max{𝑁𝑖 ∣ 𝑖 = 1, … ,𝑚} and raising the above relations to the 𝑞th Frobenius power, we
obtain that

(𝑥1⋯𝑥𝑑)
𝑁𝑞𝛼

𝑞
𝑖
∈

(
𝑥
𝑞(𝑁+𝑠)
1

, … , 𝑥
𝑞(𝑁+𝑠)

𝑑

)
(𝐼[𝑞])(𝑑−1)(𝑁+𝑠)+𝑛
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8 DE STEFANI et al.

for all 𝑖 = 1, … ,𝑚. In particular, the same relation holds for 𝛼:

(𝑥1⋯𝑥𝑑)
𝑁𝑞𝛼 ∈

(
𝑥
𝑞(𝑁+𝑠)
1

, … , 𝑥
𝑞(𝑁+𝑠)

𝑑

)
(𝐼[𝑞])(𝑑−1)(𝑁+𝑠)+𝑛,

and this precisely means that 𝜂 = 0. □

In what follows, 𝐹𝑒∗(𝑅) will denote 𝑅 viewed as a module over itself via the 𝑒th iterate of the
Frobenius map 𝐹𝑒 ∶ 𝑅 → 𝑅, 𝐹(𝑟) = 𝑟𝑝𝑒 , for any integer 𝑒 ⩾ 1. In case 𝑒 = 1, we will write 𝐹 in
place of𝐹1. The ring𝑅 is said to be F-finite if𝐹∗(𝑅) is a finitely generated𝑅-module. This condition
is equivalent to 𝐹𝑒∗(𝑅) being a finitely generated 𝑅-module for some 𝑒 ⩾ 1, and also equivalent to
𝐹𝑒∗(𝑅) being a finitely generated 𝑅-module for all 𝑒 ⩾ 1.
The next lemma is a minor modification of [29, Theorem 4.3 (i)].

Lemma 3.5. Let (𝑅,𝔪) be an F-finite reduced local ring of dimension 𝑑, and {𝐼𝑒}𝑒∈ℕ be a sequence
of ideals satisfying:

(a) There exists an𝔪-primary ideal 𝐼 such that 𝐼[𝑝𝑒] ⊆ 𝐼𝑒 for all 𝑒, and
(b) 𝐼[𝑝]𝑒 ⊆ 𝐼𝑒+1.

Then, lim
𝑒→∞

𝓁𝑅(𝑅∕𝐼𝑒)
𝑝𝑒𝑑

= 𝜂 exists, and there exists a constant 𝐶 independent of the sequence {𝐼𝑒} such

that 𝜂 − 𝓁𝑅(𝑅∕𝐼𝑒)
𝑝𝑒𝑑

⩽
𝐶

𝑝𝑒
for all 𝑒 ∈ ℕ.

Proof. Let 𝑘 = 𝑅∕𝔪. Let Assh(𝑅) = {𝔮 ∈ Ass(𝑅) ∣ dim(𝑅∕𝔮) = 𝑑}. Since 𝑅 reduced, we have that
𝑅𝔮 is a field for every 𝔮 ∈ Assh(𝑅). Moreover, since 𝑅 is F-finite, for every 𝔮 ∈ Assh(𝑅) by [21,
Proposition 2.3], we have that 𝐹∗(𝑅)𝔮 ≅ 𝐹∗(𝑅𝔮) ≅ 𝑅

⊕𝑝𝛾

𝔮 , where 𝛾 = 𝑑 + log𝑝 ([𝐹∗(𝑘) ∶ 𝑘]). Since
the modules 𝑅⊕𝑝𝛾 and 𝐹∗(𝑅) agree when localized at 𝑊 = 𝑅 ⧵

⋃
𝔮∈Assh(𝑅) 𝔮, there is an exact

sequence

such that𝐶𝑊 = 𝑇𝑊 = 0. The assumption 𝐼[𝑝]𝑒 ⊆ 𝐼𝑒+1 gives thatΦ(𝐼
⊕𝑝𝛾

𝑒 ) ⊆ 𝐼𝑒𝐹∗(𝑅) ⊆ 𝐹∗(𝐼𝑒+1), and
thus, there is an induced exact sequence

The assumption that 𝐼[𝑝𝑒+1] ⊆ 𝐼𝑒+1 gives 𝐼[𝑝
𝑒]𝐹∗(𝑅) ⊆ 𝐹∗(𝐼𝑒+1), and thus 𝐼[𝑝

𝑒] ⊆ ann𝑅(coker(Φ)).
Since coker(Φ) is a quotient of 𝑇, we conclude that

𝓁𝑅(𝐹∗(𝑅∕𝐼𝑒+1)) ⩽ 𝑝
𝛾𝓁𝑅(𝑅∕𝐼𝑒) + 𝓁𝑅(coker(Φ)) ⩽ 𝑝

𝛾𝓁𝑅(𝑅∕𝐼𝑒) + 𝓁𝑅(𝑇∕𝐼
[𝑝𝑒]𝑇).

Note that 𝓁𝑅(𝐹∗(𝑅∕𝐼𝑒+1)) = 𝑝𝛾−𝑑𝓁𝑅(𝑅∕𝐼𝑒+1), therefore dividing by 𝑝𝛾+𝑒𝑑 the above estimates, we
get

𝓁𝑅(𝑅∕𝐼𝑒+1)

𝑝(𝑒+1)𝑑
⩽

𝓁𝑅(𝑅∕𝐼𝑒)

𝑝𝑒𝑑
+

𝓁𝑅(𝑇∕𝐼
[𝑝𝑒]𝑇)

𝑝𝛾+𝑒𝑑
.
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HILBERT–KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 9

Now, if 𝐼 is generated by 𝜇 elements, then 𝐼𝜇𝑝𝑒 ⊆ 𝐼[𝑝𝑒], and thus,

𝓁𝑅(𝑇∕𝐼
[𝑝𝑒]𝑇) ⩽ 𝓁𝑅(𝑇∕𝐼

𝜇𝑝𝑒𝑇) ⩽ 𝐷𝜇dim(𝑇)𝑝𝑒 dim(𝑇)

for some 𝐷 that only depends on 𝑇 and 𝐼, since 𝓁𝑅(𝑇∕𝐼𝜇𝑝
𝑒
𝑇) is eventually a polynomial of degree

dim(𝑇) in the variable 𝜇𝑝𝑒. Note that, since 𝑇𝔮 = 0 for all 𝔮 ∈ Assh(𝑅), we have that dim(𝑇) ⩽
𝑑 − 1. Set 𝐶 = 𝐷𝜇𝑑−1𝑝−𝛾, and note that it is independent of the sequence {𝐼𝑒}. From the above
estimates, we conclude that

𝓁𝑅(𝑅∕𝐼𝑒+1)

𝑝(𝑒+1)𝑑
⩽

𝓁𝑅(𝑅∕𝐼𝑒)

𝑝𝑒𝑑
+
𝐶

𝑝𝑒
,

and the lemma follows from [29, Lemma 3.5 (i)]. □

As a consequence of Lemma 3.5, we obtain the existence of the limit of Ratliff–Rush closures
of Frobenius powers of an ideal.

Proposition 3.6. Let (𝑅,𝔪) be an excellent reduced local ring of dimension 𝑑 > 0. If 𝐼 ⊆ 𝑅 is an
𝔪-primary ideal, then the following limit exists:

ẽHK(𝐼; 𝑅) ∶= lim
𝑞→∞

𝓁𝑅(𝑅∕𝐼[𝑞])

𝑞𝑑
.

Proof. Since𝑅 is excellent, its completion is reduced.Moreover, we have that 𝐼̃ 𝑅 = 𝐼𝑅 since𝑅 → 𝑅

is faithfully flat [10, (1.7)]. Thus, we may assume that 𝑅 is complete. By [13, Lemma 6.13], there
exists an𝐹-finite reduced ring 𝑆 such that𝑅 → 𝑆 is faithfully flat, purely inseparable, and𝔪𝑆 is the
maximal ideal of 𝑆. Such a ring is obtained from 𝑅 via the “so-called” Γ construction. Since 𝑅 → 𝑆

is faithfully flat, if 𝐽 is an ideal of 𝑅 containing a regular element, we have that 𝐽𝑆 = 𝐽𝑆 [10, (1.7)].
Moreover, the condition that𝔪𝑆 is the maximal ideal of 𝑆 guarantees that 𝓁𝑅(𝑅∕𝐽) = 𝓁𝑆(𝑆∕𝐽𝑆)
for any 𝔪-primary ideal 𝐽 ⊆ 𝑅. Since 𝑅 is reduced, (𝐼[𝑞])𝑛 contains a regular element for every
𝑞 = 𝑝𝑒 and every 𝑛 > 0. From all these facts, it follows that

𝓁𝑅

(
𝑅

(̃𝐼[𝑞])𝑛

)
= 𝓁𝑆

(
𝑆

(̃𝐼[𝑞])𝑛𝑆

)
= 𝓁𝑆

(
𝑆

˜((𝐼𝑆)[𝑞])𝑛

)
.

By replacing 𝑅 with 𝑆, we may therefore assume that 𝑅 is reduced and F-finite. It now suffices to
show that the sequence {𝐼𝑒}with 𝐼𝑒 = 𝐼[𝑝

𝑒] satisfies the assumptions of Lemma 3.5: if 𝑡 ∈ ℕ is such
that 𝐼[𝑝𝑒] = (𝐼[𝑝𝑒])𝑡+1 ∶𝑅 (𝐼[𝑝

𝑒])𝑡, then

𝐼[𝑝𝑒]
[𝑝]
=

[
(𝐼[𝑝

𝑒])𝑡+1 ∶𝑅 (𝐼
[𝑝𝑒])𝑡

][𝑝]
⊆ (𝐼[𝑝

𝑒+1])𝑡+1 ∶𝑅 (𝐼
[𝑝𝑒+1])𝑡 ⊆ 𝐼[𝑝𝑒+1].

Moreover, 𝐼[𝑝𝑒] ⊆ 𝐼[𝑝𝑒] for all 𝑒. □

If no confusion on the ambient ring may arise, we will denote ẽHK(𝐼; 𝑅) simply by ẽHK(𝐼).
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10 DE STEFANI et al.

Remark 3.7. We point out that ẽHK(𝐼) may differ from eHK(𝐼) in general. In fact, let (𝑅,𝔪) be a
regular local ring of dimension 𝑑, and 𝐼 ⊆ 𝑅 be an𝔪-primary ideal such that 𝐼 ≠ 𝐼̃. Let 𝑡 > 0 be
such that 𝐼̃ = 𝐼𝑡+1 ∶ 𝐼𝑡. By flatness of Frobenius on 𝑅, for all 𝑞 = 𝑝𝑒, we have that

𝐼[𝑞] ⊇ (𝐼[𝑞])𝑡+1 ∶ (𝐼[𝑞])𝑡 = (𝐼𝑡+1 ∶ 𝐼𝑡)[𝑞] = 𝐼̃[𝑞].

It follows that

𝓁𝑅

(
𝑅

𝐼[𝑞]

)
⩽ 𝓁𝑅

(
𝑅

𝐼̃[𝑞]

)
= 𝑞𝑑𝓁𝑅

(
𝑅

𝐼̃

)
< 𝑞𝑑𝓁𝑅

(
𝑅

𝐼

)
= 𝓁𝑅

(
𝑅

𝐼[𝑞]

)
and, in particular, ẽHK(𝐼) < eHK(𝐼). An explicit example of such an ideal in dimension 2 is 𝑅 =
𝑘⟦𝑥, 𝑦⟧, with 𝑘 a field, and 𝐼 = (𝑥4, 𝑥3𝑦, 𝑥𝑦3, 𝑦4). In fact, in this case, 𝑥2𝑦2 ∈ 𝐼̃ ⧵ 𝐼.
An alternative proof of the existence of ẽHK(𝐼) for excellent reduced local rings can be obtained

using uniform estimates as in [40, Theorem 3.6] or [38, Corollary 5.5]. However, with the approach
of Lemma 3.5 based on [29], one can get further information on the convergence of 𝓁𝑅(𝑅∕𝐼[𝑞])∕𝑞𝑑
to its limit ẽHK(𝐼). To this end, we record another slight variation of a result of Polstra and Tucker.

Proposition 3.8. Let (𝑅,𝔪) be an F-finite reduced local ring of dimension 𝑑, and {𝐼𝑡,𝑒}𝑡,𝑒∈ℕ be a
sequence of ideals such that:

(a) 𝐼[𝑝]𝑡,𝑒 ⊆ 𝐼𝑡,𝑒+1 for all 𝑡 and 𝑒,
(b) 𝐼𝑡,𝑒 ⊆ 𝐼𝑡+1,𝑒 for all 𝑡 and 𝑒,
(c) there exists an𝔪-primary ideal 𝐼 such that 𝐼[𝑝𝑒] ⊆ 𝐼𝑡,𝑒 for all 𝑡 and 𝑒.

If we set 𝐼𝑒 =
∑
𝑡∈ℕ 𝐼𝑡,𝑒, then lim𝑒→∞

𝓁𝑅(𝑅∕𝐼𝑒)
𝑝𝑒𝑑

exists as a limit, and

lim
𝑡→∞

lim
𝑒→∞

𝓁𝑅(𝑅∕𝐼𝑡,𝑒)

𝑝𝑒𝑑
= lim
𝑒→∞

𝓁𝑅(𝑅∕𝐼𝑒)

𝑝𝑒𝑑
= lim
𝑒→∞

lim
𝑡→∞

𝓁𝑅(𝑅∕𝐼𝑡,𝑒)

𝑝𝑒𝑑
.

Proof. The proof is analogous to that of [29, Theorem 6.3], using Lemma 3.5 in place of [29,
Theorem 4.3 (i)]. □

Corollary 3.9. Let (𝑅,𝔪) be an F-finite reduced local ring of dimension 𝑑 > 0, and 𝐼 ⊆ 𝑅 be an
𝔪-primary ideal. Then,

ẽHK(𝐼) = lim
𝑡→∞

lim
𝑒→∞

𝓁𝑅(𝑅∕𝐼𝑡,𝑒)

𝑝𝑒𝑑
,

where 𝐼𝑡,𝑒 = (𝐼[𝑝
𝑒])𝑡+1 ∶𝑅 (𝐼

[𝑝𝑒])𝑡 .

We show that a transformation rule along finite map holds for ẽHK.

Proposition 3.10. Let (𝑅,𝔪) ⊆ (𝑆, 𝔫) be a finite extension of excellent local domains of dimension
𝑑 > 0, and 𝐼 ⊆ 𝑅 be an𝔪-primary ideal. Then,

ẽHK(𝐼; 𝑅) =
[𝑆∕𝔫 ∶ 𝑅∕𝔪]

rank𝑅(𝑆)
lim
𝑞→∞

𝓁𝑆(𝑆∕𝐼[𝑞]𝑆)

𝑞𝑑
.
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HILBERT–KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 11

In addition, if 𝑆 is flat over 𝑅, then

ẽHK(𝐼; 𝑅) =
[𝑆∕𝔫 ∶ 𝑅∕𝔪]

rank𝑅(𝑆)
ẽHK(𝐼𝑆; 𝑆).

Proof. Let 𝑟 = rank𝑅(𝑆), and 𝑠 = [𝑆∕𝔫 ∶ 𝑅∕𝔪]. Since 𝑆, as an 𝑅-module, is isomorphic to 𝑅⊕𝑟
when localized at 𝑅 ⧵ {0}, we have short exact sequences 0 → 𝑅⊕𝑟 → 𝑆 → 𝐶1 → 0 and 0 → 𝑆 →

𝑅⊕𝑟 → 𝐶2 → 0, with dim(𝐶1) < 𝑑 and dim(𝐶2) < 𝑑. The exactness on the left is due to the fact that
both 𝑅⊕𝑟 and 𝑆 are torsion-free 𝑅-modules. Tensoring the first sequence with 𝑅∕𝐼[𝑞] and counting
lengths, we obtain

𝓁𝑅
(
𝑆∕𝐼[𝑞]𝑆

)
− 𝑟𝓁𝑅

(
𝑅∕𝐼[𝑞]

)
⩽ 𝓁𝑅(𝐶1∕𝐼[𝑞]𝐶1)

⩽ 𝓁𝑅(𝐶1∕𝐼
[𝑞]𝐶1)

⩽ 𝓁𝑅(𝐶1∕𝐼
𝜇(𝐼)𝑞𝐶1),

where we use that 𝐼𝜇(𝐼)𝑞 ⊆ 𝐼[𝑞] by the pigeonhole principle and that 𝐼[𝑞] ⊆ 𝐼[𝑞]. Since the func-
tion 𝑛 ↦ 𝓁𝑅(𝐶1∕𝐼

𝑛𝐶1) is eventually a polynomial of degree dim(𝐶1), we can find 𝐷1 > 0 such
that 𝓁𝑅(𝐶1∕𝐼𝜇(𝐼)𝑞𝐶1) ⩽ 𝐷1(𝜇(𝐼)𝑞)dim(𝐶1) ⩽ 𝐸1𝑞𝑑−1, where 𝐸1 ∶= 𝐷1𝜇(𝐼)𝑑−1 is a constant indepen-
dent of 𝑞. A similar argument applied to the second short exact sequence gives the existence of a
constant 𝐸2 > 0 independent of 𝑞 such that

𝑟𝓁𝑅
(
𝑅∕𝐼[𝑞]

)
− 𝓁𝑅

(
𝑆∕𝐼[𝑞]𝑆

)
⩽ 𝐸2𝑞

𝑑−1.

By setting 𝐸 ∶= max{𝐸1, 𝐸2}, we therefore get that||||𝓁𝑅(𝑆∕𝐼[𝑞]𝑆) − 𝑟𝓁𝑅(𝑅∕𝐼[𝑞])|||| ⩽ 𝐸𝑞𝑑−1
for some constant 𝐸 > 0 independent of 𝑞. Dividing by 𝑞𝑑 and taking limits gives that

𝑟ẽHK(𝐼; 𝑅) = lim
𝑞→∞

𝓁𝑅(𝑆∕𝐼[𝑞]𝑆)

𝑞𝑑
.

Finally, note that 𝓁𝑅(𝑆∕𝐼[𝑞]𝑆) = 𝑠𝓁𝑆(𝑆∕𝐼[𝑞]𝑆), and the first claimed equality is now proved. If 𝑅 →
𝑆 is flat, we have that 𝐼[𝑞]𝑆 = 𝐼[𝑞]𝑆 = (̃𝐼𝑆)[𝑞] by [10, (1.7)]. Note that 𝐼 contains a regular element
since 𝑅 is a domain of positive dimension and 𝐼 is𝔪-primary. The second claimed equality now
follows as well. □

By definition, we have ẽHK(𝐼) ⩽ eHK(𝐼) for any𝔪-primary ideal 𝐼. We now give a characteriza-
tion of the equality ẽHK(𝐼) = eHK(𝐼) in terms of tight closure, in the spirit of [12, Theorem 8.17].
Let 𝑅◦ be the complement of the union of the minimal primes of 𝑅. We recall that, given an ideal
𝐼 ⊆ 𝑅, its tight closure is

𝐼∗ =
{
𝑥 ∈ 𝑅 ∣ there exists 𝑐 ∈ 𝑅◦ such that 𝑐𝑥𝑞 ∈ 𝐼[𝑞] for all 𝑞 = 𝑝𝑒 ≫ 0

}
.
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12 DE STEFANI et al.

Recall that a local ring (𝑅,𝔪) is said to be formally equidimensional if its𝔪-adic completion 𝑅 is
equidimensional.

Proposition 3.11. Let (𝑅,𝔪) be an excellent, formally equidimensional, reduced local ring of dimen-
sion 𝑑 > 0, and 𝐼 be an 𝔪-primary ideal. Then, ẽHK(𝐼) = eHK(𝐼) if and only 𝐼[𝑞] ⊆ (𝐼[𝑞])∗ for all
𝑞 = 𝑝𝑒.

Proof. First assume that 𝐼[𝑞] ⊆ (𝐼[𝑞])∗ for all 𝑞 = 𝑝𝑒. By [13, Theorem6.1], there exists a test element
𝑐 ∈ 𝑅◦, that is, an element 𝑐 such that dim(𝑅∕(𝑐)) < 𝑑 and 𝑐𝐽∗ ⊆ 𝐽 for any ideal 𝐽 of 𝑅. Consider
the exact sequence

Since all modules involved have finite length, we have that the first and last ones have the same
length. Moreover, we have that 𝑐𝐼[𝑞] ⊆ 𝑐(𝐼[𝑞])∗ ⊆ 𝐼[𝑞], so that

0 ⩽ 𝓁𝑅

(
𝐼[𝑞]

𝐼[𝑞]

)
⩽ 𝓁𝑅

(
𝐼[𝑞] ∶𝑅 𝑐

𝐼[𝑞]

)
= 𝓁𝑅

(
𝑅

(𝐼[𝑞], 𝑐)

)
⩽ 𝐷𝑞𝑑−1

for a constant 𝐷 > 0 that only depends on 𝐼 and 𝑐. Dividing by 𝑞𝑑 and taking limits gives that
ẽHK(𝐼) = eHK(𝐼).
Conversely, suppose that there exists 𝑞0 such that 𝐼[𝑞0] ⊈ (𝐼[𝑞0])∗. Since the first ideal always con-

tains 𝐼[𝑞0], by [12, Theorem 8.17], we have that eHK(𝐼[𝑞0]) > eHK(𝐼[𝑞0]). But then, since
(
𝐼[𝑞0]

)[𝑞]
⊆

𝐼[𝑞0𝑞] holds for all 𝑞, we conclude that

0 < lim
𝑞→∞

𝓁𝑅
(
(𝐼[𝑞0])[𝑞]∕𝐼[𝑞0𝑞]

)
𝑞𝑑

⩽ lim
𝑞→∞

𝓁𝑅
(
𝐼[𝑞0𝑞]∕𝐼[𝑞0𝑞]

)
𝑞𝑑

= 𝑞𝑑0 (eHK(𝐼) − ẽHK(𝐼)). □

4 RESULTS IN DIMENSION 2

Throughout this section, unless otherwise stated, we will assume that (𝑅,𝔪) is a 2-dimensional
Cohen–Macaulay local ring. Without loss of generality, by replacing 𝑅 with 𝑅[𝑥]𝔪𝑅[𝑥] if needed,
we may also assume that 𝑅∕𝔪 is infinite. Throughout, we will use the convention that any
nonpositive power of an ideal is the unit ideal. The following is our main result.

Theorem4.1. Let (𝑅,𝔪) be a 2-dimensional excellent Cohen–Macaulay reduced local ring, and 𝐼 be
an𝔪-primary ideal. Let 𝑟 = 𝑟𝐽(𝐼) be the reduction number of 𝐼 with respect to a minimal reduction
𝐽. With the above notation, we have

(1) 𝐿1(𝐼) = 𝑟 e(𝐼) + ẽHK(𝐼𝑟−1) − ẽHK(𝐼𝑟).
(2) 𝐿2(𝐼) =

(𝑟
2

)
𝑒(𝐼) + 𝑟 ẽHK(𝐼

𝑟−1) − (𝑟 − 1)ẽHK(𝐼
𝑟). In particular,𝐿2(𝐼) exists as a limit and (Q1) has

a positive answer.
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HILBERT–KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 13

(3) The equality ẽHK(𝐼𝑛) =
∑2
𝑖=0(−1)

𝑖𝐿𝑖(𝐼)
(𝑛+1−𝑖
2−𝑖

)
holds for all 𝑛 ⩾ 𝑟 − 1. In particular, (Q2) has a

positive answer for 𝐼 if and only if ẽHK(𝐼𝑛) = eHK(𝐼𝑛) for all 𝑛 ≫ 0.

Proof. Let 𝔽𝑞 = {(̃𝐼[𝑞])𝑛}, which is an 𝐼[𝑞]-good filtration as already observed. We use the notation
introduced in Section 3. By Proposition 3.1 and [30, Theorem 2.1], we have

e𝑖(𝐼
[𝑞]) = e𝑖(𝔽𝑞) =

𝑟∑
𝑛=𝑖

(
𝑛 − 1

𝑖 − 1

)
𝑣𝔽𝑞 (𝑛)

for 𝑖 = 1, 2. Moreover, we get

𝑣𝔽𝑞 (𝑛) = Δ
2
(
𝑃𝔽𝑞 (𝑛) − 𝐻𝔽𝑞

(𝑛)
)

= e(𝐼[𝑞]) − Δ2
(
𝐻𝔽𝑞

(𝑛)
)

= 𝑞2 e(𝐼) −
⎡⎢⎢⎣𝓁𝑅

⎛⎜⎜⎝ 𝑅(̃
𝐼[𝑞]

)𝑛 ⎞⎟⎟⎠ − 2𝓁𝑅
⎛⎜⎜⎝ 𝑅

˜(
𝐼[𝑞]

)𝑛−1 ⎞⎟⎟⎠ + 𝓁𝑅

⎛⎜⎜⎝ 𝑅

˜(
𝐼[𝑞]

)𝑛−2 ⎞⎟⎟⎠
⎤⎥⎥⎦.

Replacing in the above equality, for 𝑖 = 1, we get that

e1(𝐼
[𝑞]) = 𝑟𝑞2 e(𝐼) + 𝓁𝑅

⎛⎜⎜⎝ 𝑅

˜(
𝐼[𝑞]

)𝑟−1 ⎞⎟⎟⎠ − 𝓁𝑅

⎛⎜⎜⎝ 𝑅(̃
𝐼[𝑞]

)𝑟 ⎞⎟⎟⎠.
Dividing by 𝑞2, taking lim𝑞→∞ and using Proposition 3.6, we get the desired statement for 𝐿1(𝐼).
For 𝑖 = 2, the proof is analogous; in particular, the limit 𝐿2(𝐼) exists thanks to Proposition 3.6.
For (3): by Proposition 3.3, we have that 𝑟(𝔽𝑞) ⩽ 𝑟, and for all 𝑛 ⩾ 𝑟 − 1, we have

𝓁𝑅

⎛⎜⎜⎝ 𝑅(̃
𝐼[𝑞]

)𝑛 ⎞⎟⎟⎠ = 𝐻𝔽𝑞
(𝑛) = 𝑃𝔽𝑞 (𝑛) =

2∑
𝑖=0

(−1)𝑖 e𝑖(𝐼
[𝑞])

(
𝑛 + 1 − 𝑖

2 − 𝑖

)
.

Dividing by 𝑞2, taking limits and Proposition 3.6 gives the desired statement. □

We record an immediate consequence of Theorem 4.1 and Proposition 3.11.

Corollary 4.2. Let (𝑅,𝔪) be a 2-dimensional excellent Cohen–Macaulay reduced local ring, and 𝐼
be an𝔪-primary ideal. The following are equivalent:

(1) (Q2) has a positive answer for 𝐼;
(2) eHK(𝐼𝑛) = ẽHK(𝐼𝑛) for all 𝑛 ≫ 0;
(3) (̃𝐼[𝑞])𝑛) ⊆ ((𝐼[𝑞])𝑛)∗ for all 𝑞 = 𝑝𝑒 and all 𝑛 ≫ 0.

Thanks to these equivalences, we obtain that (Q2) has positive answer for a large class of rings:
finite subrings of 2-dimensional regular local rings. The argument is the outcome of some useful
discussions with Smirnov. We thank him for allowing us to include this result here.
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14 DE STEFANI et al.

Theorem 4.3. Let (𝑅,𝔪) be a 2-dimensional excellent Cohen–Macaulay local ring, and suppose
that there exists a regular local ring 𝑆 ⊇ 𝑅 such that the inclusion is module-finite. Then, (Q2) has a
positive answer for any𝔪-primary ideal 𝐼 of 𝑅.

Proof. Let 𝐼 ⊆ 𝑅 be an𝔪-primary ideal. Let 𝐽 = 𝐼𝑆, and choose 𝑛0 such that 𝐽𝑛 = 𝐽𝑛 for all 𝑛 ⩾ 𝑛0.
Let 𝑛 ⩾ 𝑛0 and 𝑞 = 𝑝𝑒. Since 𝑆 is regular, for 𝑡 ≫ 0, we have

(̃𝐽[𝑞])𝑛 = (𝐽[𝑞])𝑛+𝑡 ∶ (𝐽[𝑞])𝑡 =
(
𝐽𝑛+𝑡 ∶ 𝐽𝑡

)[𝑞]
⊆ (𝐽𝑛)[𝑞] = (𝐽𝑛)[𝑞] = (𝐽[𝑞])𝑛.

In particular, we get that(
(̃𝐼[𝑞])𝑛

)
𝑆 ⊆ ˜(𝐼[𝑞])𝑛𝑆 = (̃𝐽[𝑞])𝑛 = (𝐽[𝑞])𝑛 = ((𝐼[𝑞])𝑛)𝑆.

Thus, we have
(
(̃𝐼[𝑞])𝑛

)
𝑆 = ((𝐼[𝑞])𝑛)𝑆 for all 𝑞 = 𝑝𝑒, and by Proposition 3.10, we then get that

ẽHK(𝐼
𝑛; 𝑅) =

[𝑆∕𝔫 ∶ 𝑅∕𝔪]

rank𝑅(𝑆)
lim
𝑞→∞

𝓁𝑆(𝑆∕(𝐽
[𝑞])𝑛)

𝑞𝑑
=
[𝑆∕𝔫 ∶ 𝑅∕𝔪]

rank𝑅(𝑆)
eHK(𝐽

𝑛; 𝑆).

On the other hand, the transformation rule for Hilbert–Kunz multiplicities along finite maps (for
instance, see [16, Theorem 3.16]) guarantees that

eHK(𝐼
𝑛; 𝑅) =

[𝑆∕𝔫 ∶ 𝑅∕𝔪]

rank𝑅(𝑆)
eHK(𝐽

𝑛; 𝑆),

and it follows that eHK(𝐼𝑛; 𝑅) = ẽHK(𝐼𝑛; 𝑅) for all 𝑛 ⩾ 𝑛0. Since 𝑅 is a subring of a regular local
ring, it is reduced. Thus, we conclude thanks to Corollary 4.2. □

We recall the definition of F-signature for a ring of any dimension. Let 𝛼 = log𝑝 ([𝐹∗(𝑘) ∶ 𝑘]),
where 𝑘 = 𝑅∕𝔪.

Definition 4.4. Let (𝑅,𝔪) be an F-finite local ring of dimension 𝑑. For every 𝑒 > 0, write𝐹𝑒∗(𝑅) =
𝑅⊕𝑎𝑒 ⊕𝑀𝑒, where𝑀𝑒 is an 𝑅-module with no free summands. The F-signature of 𝑅 is

s(𝑅) = lim
𝑒→∞

𝑎𝑒

𝑝𝑒(𝑑+𝛼)
.

The existence of the limit was proved in full generality by K. Tucker [40].
For a 2-dimensional local ring 𝑅, we let 𝐿2(𝐼) = lim inf𝑞→∞

𝑒2(𝐼
[𝑞])

𝑞2
and 𝐿2(𝐼) = lim sup

𝑞→∞

𝑒2(𝐼
[𝑞])

𝑞2
.

Proposition 4.5. Let (𝑅,𝔪) be a 2-dimensional F-finite Cohen–Macaulay local ring. For all 𝑞 = 𝑝𝑒,
we have 𝑎𝑒

𝑞𝛼
e2(𝐼) ⩽ e2(𝐼

[𝑞]) ⩽ e2(𝐼)𝓁𝑅(𝑅∕𝔪
[𝑞]). In particular,

e2(𝐼) s(𝑅) ⩽ 𝐿2(𝐼) ⩽ 𝐿2(𝐼) ⩽ e2(𝐼) eHK(𝔪).
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HILBERT–KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 15

Proof. Let 𝐽 = (𝑥, 𝑦) be a minimal reduction of 𝐼, and for 𝑠 ∈ ℕ set 𝐴𝑠 = 𝐼2𝑠 and 𝐵𝑠 = 𝐽[𝑠]𝐼𝑠,
where 𝐽[𝑠] ∶= (𝑥𝑠, 𝑦𝑠). As in Section 3, we denote by ′

𝑞 the extended Rees algebra of 𝐼
[𝑞], and

𝐽𝑞 = (𝑥
𝑞𝑡, 𝑦𝑞𝑡). For every 𝑞 = 𝑝𝑒, by the Grothendieck–Serre’s formula evaluated at 𝑛 = 0 (see [3,

18]) and by [34, Lemma 2.2], we have that

e2(𝐼
[𝑞]) = 𝓁𝑅(𝐻

2
𝐽𝑞
(′

𝑞)0) = 𝓁𝑅

(
𝐴
[𝑞]
𝑠

𝐵
[𝑞]
𝑠

)

for all 𝑠 ≫ 0. For a fixed 𝑞 = 𝑝𝑒, choose 𝑠 ≫ 0 so that 𝓁𝑅(𝐴𝑠∕𝐵𝑠) = e2(𝐼) and 𝓁𝑅(𝐴
[𝑞]
𝑠 ∕𝐵

[𝑞]
𝑠 ) =

e2(𝐼
[𝑞]). Then,

e2(𝐼
[𝑞]) = 𝓁𝑅

(
𝐴
[𝑞]
𝑠

𝐵
[𝑞]
𝑠

)
=
1

𝑞𝛼
𝓁𝑅

(
𝐴𝑠𝐹

𝑒
∗(𝑅)

𝐵𝑠𝐹
𝑒
∗(𝑅)

)
⩾
𝑎𝑒
𝑞𝛼

𝓁𝑅

(
𝐴𝑠
𝐵𝑠

)
=
𝑎𝑒
𝑞𝛼
e2(𝐼).

Dividing by 𝑞2 and taking lim inf gives

𝐿2(𝐼) ⩾ e2(𝐼) lim𝑒→∞

𝑎𝑒
𝑞2+𝛼

= e2(𝐼) s(𝑅).

For the upper bound, as above let 𝑠 be such that 𝓁𝑅(𝐴𝑠∕𝐵𝑠) = e2(𝐼) and 𝓁𝑅(𝐴
[𝑞]
𝑠 ∕𝐵

[𝑞]
𝑠 ) = e2(𝐼

[𝑞]).
Let 𝐵𝑠 = 𝐿0 ⊊ 𝐿1 ⊊ … ⊊ 𝐿𝑛 = 𝐴𝑠 with 𝐿𝑗+1∕𝐿𝑗 ≅ 𝑅∕𝔪 be a composition series of 𝐴𝑠∕𝐵𝑠. Since
𝔪𝐿𝑗+1 ⊆ 𝐿𝑗 we have that 𝔪[𝑞]𝐿

[𝑞]
𝑗+1

⊆ 𝐿
[𝑞]
𝑗
, that is, we have a surjection 𝑅∕𝔪[𝑞] ↠ 𝐿

[𝑞]
𝑗+1
∕𝐿

[𝑞]
𝑗
. It

follows that

e2(𝐼
[𝑞]) = 𝓁𝑅

(
𝐴
[𝑞]
𝑠

𝐵
[𝑞]
𝑠

)
⩽ 𝓁𝑅

(
𝐴𝑠
𝐵𝑠

)
⋅ 𝓁𝑅

(
𝑅

𝔪[𝑞]

)
= e2(𝐼)𝓁𝑅

(
𝑅

𝔪[𝑞]

)
.

Dividing by 𝑞2 and taking lim sup gives the desired statement. □

Proposition 4.6. Let (𝑅,𝔪) be a 2-dimensional F-finite Cohen–Macaulay local ring, and consider
the following conditions:

(1) e2(𝐼) = 0.
(2) e2(𝐼[𝑞]) = 0 for all 𝑞 = 𝑝𝑒.
(3) 𝐿2(𝐼) exists as a limit, and 𝐿2(𝐼) = 0.
(4) 𝐿2(𝐼) = 0

Then, (1)⇒ (2)⇒ (3)⇒ (4). In addition, (1) ⟺ (2) if 𝑅 is F-pure, and they are all equivalent if 𝑅
is weakly F-regular.

Proof. First, recall e2(𝐼) ⩾ 0 by [26]. Moreover, recall that 𝑅 is F-pure if and only if 𝑎𝑒 > 0 for some
(equivalently, for all) 𝑒 > 0. In dimension 2, 𝑅 is weakly F-regular if and only if it is strongly F-
regular [44], and the latter is equivalent to s(𝑅) > 0 in any dimension by [1]. The statement is now
an immediate consequence of Proposition 4.5. □

Remark 4.7. If (𝑅,𝔪) is a 2-dimensional local ring, and 𝐼 is an 𝔪-primary ideal, then by [11],
there exists 𝑛0 such that for 𝑛 ⩾ 𝑛0, the reduction number of 𝐼𝑛 is independent of the choice of
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16 DE STEFANI et al.

a minimal reduction, and it equals either 1 or 2. If 𝑅 is Cohen–Macaulay, it can be shown that
e2(𝐼) = 0 if and only if such a value equals 1.

Theorem 4.8. Let (𝑅,𝔪) be a 2-dimensional Cohen–Macaulay local ring. Assume that e2(𝐼) = 0.
Then, for all 𝑛 ≫ 0, we have

eHK(𝐼
𝑛) = e(𝐼)

(
𝑛 + 1

2

)
− 𝐿1(𝐼)𝑛.

In particular, (Q2) has a positive answer for 𝐼.

Proof. First, we reduce to the case in which 𝑅 is F-finite. Let 𝑘 be the residue field of 𝑅. By Cohen’s
structure theorem, the completion 𝑅 of 𝑅 at𝔪 contains an isomorphic copy of 𝑘. Let 𝑘 denote an
algebraic closure of 𝑘, and let 𝑆 denote the completion of𝑅 ⊗𝑘 𝑘 at the ideal obtained by extending
𝔪. Then, (𝑆, 𝔫) is a complete local ring with residue field 𝑆∕𝔫 ≅ 𝑘. In particular, it is an F-finite
ring. Moreover, themap (𝑅,𝔪) → (𝑆, 𝔫) is faithfully flat with𝔪𝑆 = 𝔫, therefore base changing to
𝑆 does not affect calculations of length, multiplicity or Hilbert coefficients. Thus, after replacing
𝑅 with 𝑆, we may directly assume that 𝑅 is F-finite. Let 𝐽 = (𝑥, 𝑦) be a minimal reduction of 𝐼. For
all 𝑛 > 0, let 𝐽[𝑛] = (𝑥𝑛, 𝑦𝑛). By [34, Lemma 2.2], the condition e2(𝐼) = 0 gives that 𝐼2𝑛 = 𝐽[𝑛]𝐼𝑛 for
all 𝑛 ⩾ 𝑛0, for some 𝑛0. In particular, 𝐼𝑛 is a stable ideal and, as already pointed out, this gives that
𝐿1(𝐼

𝑛) = 𝑒(𝐼𝑛) − eHK(𝐼
𝑛) for all 𝑛 ⩾ 𝑛0 (see [43, Theorem 1.8 (2)], or [37]). For any ideal𝐾, one has

e1(𝐾
𝑛) = 𝑛 e1(𝐾) +

(𝑛
2

)
e(𝐾), and it follows that 𝐿1(𝐼𝑛) = 𝑛𝐿1(𝐼) +

(𝑛
2

)
e(𝐼). Since e(𝐼𝑛) = 𝑛2 e(𝐼),

a direct calculation shows that eHK(𝐼𝑛) = e(𝐼)
(𝑛+1
2

)
− 𝐿1(𝐼)𝑛 for all 𝑛 ⩾ 𝑛0. To conclude the proof,

it suffices to note that 𝐿2(𝐼) = 0 by Proposition 4.6. □

We now turn our attention to Conjecture (C). We prove that it holds true for local rings of
dimension 2.

Theorem 4.9. Let (𝑅,𝔪) be an excellent 2-dimensional analytically unramified weakly F-regular
local ring of characteristic 𝑝 > 0. Then, (C) holds true.

Proof. We only need to show that 𝐿1(𝐼) = e(𝐼) − eHK(𝐼) implies that 𝐼 is stable. By Proposition 3.4,
there exists 𝑛0 such that 𝐻2𝐽𝑞 (

′
𝑞)𝑛 = 0 for all 𝑛 ⩾ 𝑛0 and all 𝑞 = 𝑝

𝑒. For any such 𝑛 and all 𝑞, we
have that

e(𝐼[𝑞])

(
𝑛 + 1

2

)
− e1(𝐼

[𝑞])𝑛 + e2(𝐼
[𝑞]) − 𝓁𝑅(𝑅∕(𝐼

[𝑞])𝑛) = −𝓁𝑅(𝐻
1
𝐽𝑞
(′

𝑞)𝑛) ⩽ 0.

Since 𝑅 is reduced, dividing by 𝑞2 and taking limits, we conclude that eHK(𝐼𝑛) ⩾ 𝑒(𝐼)
(𝑛+1
2

)
−

𝐿1(𝐼)𝑛 + 𝐿2(𝐼) by Theorem 4.1. Since e2(𝐾) ⩾ 0 for any 𝔪-primary ideal 𝐾 [26], we have that
𝐿2(𝐼) ⩾ 0. By [43, Theorem 1.8 (1)], we have that eHK(𝐼𝑛) ⩽ 𝑒(𝐼)

(𝑛+1
2

)
− (e(𝐼) − eHK(𝐼))𝑛. Putting

these facts together and canceling out terms, we get that 𝐿1(𝐼)𝑛 − 𝐿2(𝐼) ⩾ (e(𝐼) − eHK(𝐼))𝑛. If
we assume that 𝐿1(𝐼) = e(𝐼) − eHK(𝐼), then from 𝐿2(𝐼) ⩾ 0, we conclude that 𝐿2(𝐼) = 0, and that
eHK(𝐼

𝑛) = e(𝐼)
(𝑛+1
2

)
− (e(𝐼) − eHK(𝐼))𝑛. The claim now follows from [43, Theorem 1.8 (4)]. □

Remark 4.10. We note that the assumptions of Theorem 4.9 guarantee that 𝑅 is Cohen–Macaulay.
In fact, by [19], we have that excellent rings are the homomorphic image of a Cohen–Macaulay
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HILBERT–KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 17

local ring. This condition, together with the fact that 𝑅 is weakly F-regular, implies that 𝑅 is
Cohen–Macaulay by [13, Theorem (3.4) (c)].

Remark 4.11. For normal ideals in a pseudorational 2-dimensional local ring, (Q1),(Q2) and
(C) trivially hold true. Indeed, in this case, 𝐼 is stable by [31]. Note that by Proposition 4.6 and
Remark 4.7, we have that 𝐿2(𝐼) = 0 in this case.

Recall that, from [37], for 𝑛 ≫ 0, we have that eHK(𝐼𝑛) = e(𝐼)
(𝑛+1
2

)
− 𝐿1𝑛 + 𝑓(𝑛) for some

function 𝑓(𝑛) such that lim𝑛→∞
𝑓(𝑛)

𝑛
= 0. Our next goal is to show that 𝑓(𝑛) is eventually

nonincreasing.

Lemma 4.12. Let (𝑅,𝔪) be a 2-dimensional Cohen–Macaulay local ring, and 𝐽 = (𝑥, 𝑦) be a
parameter ideal. For any 𝑡 > 0 and any ideal 𝐼 ⊆ 𝑅, we have an exact sequence

where Im(𝜑) ⊆ 𝐽 (𝑅∕𝐼)⊕(𝑡+1). In particular, ((𝐼 ∶ 𝐽)∕𝐼)⊕𝑡 ⊆ ker(𝜑).

Proof. As𝑥, 𝑦 is a regular sequence, aminimal free resolution of 𝐽𝑡 is given by theEagon–Northcott
complex (or by Hilbert–Burch, in this case):

Tensoring the above with 𝑅∕𝐼 gives the desired exact sequence, together with the containment
Im(𝜑) ⊆ 𝐽 (𝑅∕𝐼)⊕(𝑡+1). It is therefore clear that ((𝐼 ∶ 𝐽)∕𝐼)⊕𝑡 ⊆ ker(𝜑). □

Corollary 4.13. Let (𝑅,𝔪) be a 2-dimensional Cohen–Macaulay local ring, and 𝐽 be a parameter
ideal. For any ideal 𝐼 ⊆ 𝑅, we have a short exact sequence

Proof. Apply Lemma 4.12 with 𝑡 = 1, and observe that

Tor𝑅1 (𝑅∕𝐼, 𝐽) = ker(𝜑) = {𝑧 ∈ 𝑅∕𝐼 ∣ 𝑧𝐽 ⊆ 𝐼} = (𝐼 ∶ 𝐽)∕𝐼. □

Corollary 4.14. Let (𝑅,𝔪) be a 2-dimensional Cohen–Macaulay local ring, and 𝐽 be a parameter
ideal. For any 𝑡 > 0 and any ideal 𝐼 ⊆ 𝑅 containing 𝐽, we have an isomorphism

(
𝑅

𝐼

)⊕(𝑡+1)
≅
𝐽𝑡

𝐼𝐽𝑡
.
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18 DE STEFANI et al.

Proof. In the notation of Lemma 4.12, it suffices to observe that, since 𝐽 ⊆ 𝐼, we have Im(𝜑) ⊆
𝐽(𝑅∕𝐼)⊕𝑡 = 0. □

Proposition 4.15. Let (𝑅,𝔪) be a 2-dimensional excellent Cohen–Macaulay reduced local ring, and
𝐼 be an𝔪-primary ideal. With the notation introduced above, we have that 𝑓(𝑛 − 1) ⩾ 𝑓(𝑛) ⩾ 𝐿2(𝐼)
for all 𝑛 ≫ 0.

Proof. Let 𝐽 be a minimal reduction of 𝐼. From Lemma 4.12, for every 𝑛, 𝑡 and 𝑞 = 𝑝𝑒, we have an
exact sequence

Again by Lemma 4.12, we have that

(
(𝐼[𝑞])𝑛−1

(𝐼[𝑞])𝑛

)⊕𝑡
⊆

(
(𝐼[𝑞])𝑛 ∶ 𝐽[𝑞]

(𝐼[𝑞])𝑛

)⊕𝑡
⊆ ker(𝜑),

so that we have an exact sequence

Choose 𝑛 ⩾ 𝑟(𝐼). Since 𝑟(𝐼[𝑞]) ⩽ 𝑟(𝐼), we have that (𝐼[𝑞])𝑛(𝐽[𝑞])𝑡 = (𝐼[𝑞])𝑛+𝑡. Counting lengths, we
therefore get

(𝑡 + 1)𝓁𝑅

(
𝑅

(𝐼[𝑞])𝑛

)
− 𝑡𝓁𝑅

(
𝑅

(𝐼[𝑞])𝑛−1

)
⩽ 𝓁𝑅

(
𝑅

(𝐼[𝑞])𝑛+𝑡

)
− 𝓁𝑅

(
𝑅

(𝐽[𝑞])𝑡

)
. (1)

For the moment assume that 𝑞 is fixed, and choose 𝑡 ≫ 0 so that 𝓁𝑅(𝑅∕(𝐼[𝑞])𝑛+𝑡) coincides with
its Hilbert polynomial. As a function of 𝑡, we can write

𝓁𝑅

(
𝑅

(𝐼[𝑞])𝑛+𝑡

)
= e0(𝐼

[𝑞])

(
𝑛 + 𝑡 + 1

2

)
− e1(𝐼

[𝑞])(𝑛 + 𝑡) + e2(𝐼
[𝑞])

=
𝑞2 e(𝐼)

2
𝑡2 +

[
𝑛𝑞2 e(𝐼) +

𝑞2 e(𝐼)

2
− e1(𝐼

[𝑞])

]
𝑡 + 𝑜(𝑡).

Since

𝓁𝑅

(
𝑅

(𝐽[𝑞])𝑡

)
=

(
𝑡 + 1

2

)
𝓁𝑅

(
𝑅

𝐽[𝑞]

)
=
𝑞2 e(𝐼)

2
𝑡2 +

𝑞2 e(𝐼)

2
𝑡,

the inequality (1) becomes

(𝑡 + 1)𝓁𝑅

(
𝑅

(𝐼[𝑞])𝑛

)
− 𝑡𝓁𝑅

(
𝑅

(𝐼[𝑞])𝑛−1

)
⩽

[
𝑛𝑞2 e(𝐼) − e1(𝐼

[𝑞])
]
𝑡 + 𝑜(𝑡).
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HILBERT–KUNZ MULTIPLICITY OF POWERS OF IDEALS IN DIMENSION TWO 19

Dividing by 𝑡 and taking lim𝑡→∞ gives

𝓁𝑅

(
𝑅

(𝐼[𝑞])𝑛

)
− 𝓁𝑅

(
𝑅

(𝐼[𝑞])𝑛−1

)
⩽ 𝑛𝑞2 e(𝐼) − e1(𝐼

[𝑞]).

Now divide by 𝑞2 and take lim𝑞→∞ to get

eHK(𝐼
𝑛) − eHK(𝐼

𝑛−1) ⩽ 𝑛 e(𝐼) − 𝐿1(𝐼).

A direct calculation shows that the quantity on the left-hand side for 𝑛 ≫ 0 is 𝑛 e(𝐼) − 𝐿1(𝐼) +
𝑓(𝑛) − 𝑓(𝑛 − 1), so that we get 𝑓(𝑛) ⩽ 𝑓(𝑛 − 1). For the last claim, it suffices to recall that for all
𝑛 ≫ 0, we have

e(𝐼)

(
𝑛 + 1

2

)
− 𝐿1(𝐼)𝑛 + 𝑓(𝑛) = eHK(𝐼

𝑛) ⩾ ẽHK(𝐼
𝑛) = e(𝐼)

(
𝑛 + 1

2

)
− 𝐿1(𝐼)𝑛 + 𝐿2(𝐼),

which gives 𝑓(𝑛) ⩾ 𝐿2(𝐼). □

Remark 4.16. In the previous proof, we use the trivial containment (𝐼[𝑞])𝑛−1 ⊆ (𝐼[𝑞])𝑛 ∶ 𝐽[𝑞]. If
˜(𝐼[𝑞])𝑛−1 ⊆ (𝐼[𝑞])𝑛 ∶ 𝐽[𝑞] holds true for all 𝑞 ≫ 0, then with the same calculations, one gets that
𝑓(𝑛) ⩽ 𝐿2(𝐼). Since the other inequality is always true, equality holds. In particular, if ˜(𝐼[𝑞])𝑛−1 ⊆

(𝐼[𝑞])𝑛 ∶ 𝐽[𝑞] holds true for all 𝑞, 𝑛 ≫ 0, then (Q2) has positive answer for 𝐼.

5 A POSSIBLE NEGATIVE ANSWER TO (Q2)

We suspect that (Q2) has negative answer, even in dimension 2. Even if at the moment, we are
not able to fully support this claim, we present a ring that seems to contradict the expectations
of (Q2), at least after some experimental calculations performed with Macaulay 2 [6]. Before, we
recall the notion of test ideal. Let 𝑅 be a ring of characteristic 𝑝 > 0. The (finitistic) test ideal of 𝑅
is

𝜏(𝑅) =
⋂
𝐼

(𝐼 ∶𝑅 𝐼
∗),

where the intersection runs over all ideals 𝐼 of 𝑅. If 𝑅 is F-finite, and 𝑐 ∈ 𝑅◦ is such that 𝑅𝑐 is
regular, then 𝑐 has a power that belongs to 𝜏(𝑅); such an element is called a test element. Thus,
if 𝐽 is an ideal which defines the singular locus of 𝑅, we have that 𝐽 ⊆

√
𝜏(𝑅). In particular, if 𝑅

has an isolated singularity at a maximal ideal𝔪, then 𝜏(𝑅) is either the whole ring or it is an𝔪-
primary ideal. If, in addition, 𝑅 is F-pure, then 𝜏(𝑅) is a radical ideal; for instance, see [5, 41]. As a
consequence, if 𝑅 is an F-finite and F-pure isolated singularity at𝔪, then 𝜏(𝑅) ⊇ 𝔪. In addition,
if 𝑅 is not weakly F-regular (that is, there exists an ideal that is not tightly closed), then 𝜏(𝑅) = 𝔪.

Example 5.1. Let 𝑘 be an F-finite field of characteristic 𝑝 ≠ 3, let 𝑅 = 𝑘⟦𝑥, 𝑦, 𝑧⟧∕(𝑥3 + 𝑦3 + 𝑧3),
and𝔪 = (𝑥, 𝑦, 𝑧)𝑅. Note that 𝑅 has an isolated singularity at𝔪, it is F-finite and not weakly F-
regular. If𝑝 ≡ 1 mod 3, then it is also F-pure, and in this case, we then have 𝜏(𝑅) = 𝔪. In this case,
if 𝐽 ⊆ 𝐼 are two ideals, in order to show that 𝐼 ⊈ 𝐽∗, one only has to prove that𝔪𝐼 ⊈ 𝐽. For 𝑝 = 7,
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20 DE STEFANI et al.

calculations performed with Macaulay2 seem to suggest that, for all 𝑛, there exists 𝑞 = 7𝑒 ≫ 0

such that

𝔪 ⋅
(
(𝔪[𝑞])𝑛+1 ∶𝑅 𝔪

[𝑞]
)
⊈ (𝔪[𝑞])𝑛.

When this is the case, we have that ˜(𝔪[𝑞])𝑛 ⊈
(
(𝔪[𝑞])𝑛

)∗, and by Proposition 3.11, we conclude
that eHK(𝔪𝑛) ≠ ẽHK(𝔪

𝑛) for such 𝑛. If this was indeed true for all 𝑛 (or even just for infinitely
many 𝑛), then (Q2) would have negative answer for this ring with respect to the ideal𝔪.

Remark 5.2. If 𝑅 = 𝑘⟦𝑥, 𝑦, 𝑧⟧∕(𝑥3 + 𝑦3 + 𝑧3), and char(𝑘) = 2 or 5, then one can still show that
𝜏(𝑅) = 𝔪 even if 𝑅 is not F-pure. These choices of smaller characteristics could be helpful for
calculations, and perhaps still provide a negative answer to (Q2).

In [32], it is proved that if (𝑅,𝔪) is 2-dimensional Cohen-Macaulay, 𝐼 is an 𝔪-primary ideal,
and 𝐽 = (𝑥, 𝑦) is a minimal reduction of 𝐼 such that 𝐼𝑚+1 = 𝐽𝐼𝑚 and 𝐼𝑚+1 ∶ 𝑥 = 𝐼𝑚, then 𝐼𝑛 = 𝐼𝑛
for all 𝑛 ⩾ 𝑚. Rossi and Swanson also mention that they do not know whether 𝐼𝑚+1 = 𝐽𝐼𝑚 is
sufficient to imply that 𝐼𝑚 = 𝐼𝑚. We show, with the aid of Macaulay 2, that this is indeed not the
case.

Example 5.3. Let 𝑅 = 𝔽2[𝑥, 𝑦, 𝑧]∕(𝑥
3 + 𝑦3 + 𝑧3), let 𝔪 = (𝑥, 𝑦, 𝑧)𝑅 and 𝐽 = (𝑦, 𝑧), which is a

minimal reduction of 𝔪. Note that 𝑟𝐽(𝔪) = 2, and therefore (𝔪[𝑞])3 = 𝐽[𝑞](𝔪[𝑞])2 for all 𝑞 =
2𝑒. Calculations performed with Macaulay2 give that the element 𝑥2𝑦4𝑧13 belongs to (𝔪[8])4 ∶

(𝔪[8])2, and hence to ˜(𝔪[8])2, but not to (𝔪[8])2. To have a local example, note that all these facts
still hold in the localization 𝑅𝔪.
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