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Abstract

We link small modifications of projective varieties with a C*-action to their GIT
quotients. Namely, using flips with centers in closures of Biatynicki-Birula cells, we
produce a system of birational equivariant modifications of the original variety, which
includes those on which a quotient map extends from a set of semistable points to a
regular morphism. The structure of the modifications is completely described for the
blowup along the sink and the source of smooth varieties with Picard number one with
a C*-action which has no finite isotropy for any point. Examples can be constructed
upon homogeneous varieties with a C*-action associated to short grading of their Lie
algebras.
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1 Introduction

In classical Mumford’s Geometric Invariant Theory (GIT), [20], quotients of projective
varieties by reductive group actions are determined by the choice of a linearization
of an ample line bundle which yields the set of semistable points, an open subset of
the original variety on which the quotient is defined as a morphism; thus GIT requires
passing to quasiprojective varieties.

However, if the group in question is C* the complement of the set of semistable
points is a union of closures of Bialynicki-Birula cells, whose structure is well under-
stood, see [6]. One may then ask if there is a natural equivariant compactification of the
set of semistable points on which the quotient map extends to a regular morphism. This
requires a good understanding of the equivariant birational modifications of varieties
with a C*-action.

The relation of birational geometry with the theory of quotients of C*-actions has
been acknowledged since the early days of the Minimal Model Program or Mori
Theory; see the contributions by Thaddeus and Reid [25, 27] (see also [5, Remark
11.1.2, p.46]) which focused on describing birational transformations in terms of
variation of stability conditions yielding geometric quotients. This concept gave rise
to the notions of Mori Dream Space (MDS) introduced in [12], and total coordinate—
or Cox—ring (see [2]), whose spectrum gives, as GIT quotients, small QQ-factorial
modifications of an MDS.

Wiodarczyk in [28] used C*-actions to prove the Weak Factorization Conjecture,
which asserts that a birational map of smooth projective varieties can be factored as a
sequence of blowups and blowdowns in smooth centers. The key tool in his work was
the notion of birational cobordism, constructed by Morelli in the toric case [19]. This
is a quasiprojective variety with a C*-action, containing two open equivariant subsets
admitting quotients to two birationally equivalent varieties; see [1, 29] for a broader
view on this topic.

In the present paper we deal with equivariant birational modifications of smooth
projective varieties with a C*-action. When the action is equalized, which means that
no point has finite isotropy, after blowing up the source and the sink of the action
(see Sect. 2.1 for definitions) we obtain a variety which admits a system of small
QQ-factorial C*-equivariant modifications (cf. Sect. 4). Some of these modifications
are compactifications of sets of stable points which are P! -bundles over the respective
quotients (Proposition 2.16). Each of these modifications is a projective version of a
cobordism associated to the natural birational map between a pair of GIT quotients.
Namely, each of the varieties that we construct is a C*-equivariant compactification of
a cobordism. Its boundary consists of two divisors—that are the source and the sink of
the action—which are birationally equivalent varieties in Wlodarczyk’s construction
of the cobordism. Roughly speaking, cobordisms represent birational maps, and we
study here their birational modifications.

More precisely, the main results of the paper can be summarized in the following
statement (see Sects. 2.1, 2.2 for notation and definitions of the concepts involved).
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1074 G. Occhetta et al.

For clarity of exposition, we state here only the case in which the extremal fixed point
components are positive dimensional. Our arguments work also in the remaining cases;
a complete description can be found in Sect. 4.

Theorem 1.1 Let X be a smooth complex projective variety of Picard number one
admitting a nontrivial C*-action. Assume that the action is equalized of criticality r,
and that its extremal fixed point components Yy, Y, are not isolated points. Denote by
SX(@,i+1),i=0,...,r — 1, the corresponding geometric quotients. Then:

(1) The varieties SX(i, i + 1) are smooth and the natural birational maps

6X0,1)-->39X1,2)-—>...——=GX@r —1,r)
are flips.
(2) The blowup X" of X along Yo, Yy is a Mori dream space.
(3) Givenapair (i, j) ofindicesi, j € {0, ...,r}, i < j, there exists a unique small

Q-factorial modification X (i, j) of X" that is smooth and admits a C*-action
with extremal fixed point components SX (i,i+1), SX(j, j+1).
(4) Every small Q-factorial modification of X" is constructed as above.

Note that in the above statement we are using the word flip to refer to a D-flip, for
a certain Q-divisor D € Pic(X”) ®7Q (see [12, Definition 1.9]). More concretely,
we will see that the flips appearing in our description are compositions of a smooth
blowup and a smooth blowdown (Sect. 3). In order to prove the previous statement we
will describe completely the small modifications among the varieties X (i, j), showing
that they can be written as a composition of C*-equivariant flips, whose restriction to
the extremal fixed point components are the flips described in Part (1) of the theorem
(Sect. 4).

Outline: We start the paper with a section of preliminaries on C*-actions and their GIT
quotients; we also include some results on C*-invariant linear systems on the variety
X and its blowup X’ along its extremal fixed point components. Section 3 contains
the technical core of the paper: we construct some C*-equivariant flips of varieties
admitting an equalized C*-action with codimension one sink and source, relating
them to flips of these extremal fixed point components (Theorem 3.1). By applying
recursively Theorem 3.1, we prove Theorem 1.1 in Sect. 4, describing completely the
movable cone of the variety X" of the statement and its Mori chamber decomposition.
Finally we illustrate our results by showing how to construct examples of equalized C*-
actions in the framework of representation theory and rational homogeneous spaces
(Sect. 5). In particular we revisit some examples of equalized C*-actions of small
bandwidth, previously presented in [21].
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Small modifications of Mori dream spaces arising from C*-actions 1075

2 Preliminaries
2.1 Actions of complex tori

We will introduce here some notation and conventions on C*-actions. We refer to [4,
9, 21] for further details.

Fixed point components

Given a C*-action on a proper complex algebraic variety X, we denote by X € the
fixed locus of the action, and by Y the set of irreducible fixed point components of the
action, so that we may write

xC= |_| Y.

YeYy

Among these components there are two distinguished ones, called sink and source of
the action, defined by the property of containing, respectively, the limiting points
1

lims 'x, limtx
t—0 t—0

where x € X is a general point. If X is smooth and projective, which will be mostly
our case, every Y € Y is smooth (cf. [14]).

Linearizations and weight maps

Given a C*-action on a normal projective variety X as above, and given a line bundle
L € Pic(X), one may find a linearization of the C*-action on it (cf. [15]), so that
for every ¥ € Y, C* acts on Ly by multiplication with a character m € M(C*) =
Hom (C* C*), that we call weight of the linearization on Y. It is well known that any
two linearizations differ by a character of C¥, so that for every line bundle L there exists
a unique linearization (called normalized) whose weight at the sink is equal to zero.
By fixing an isomorphism M(C*) =~ Z, this linearization defines amap uy: Y — Z,
sending every fixed point component to its weight.

Abusing notation we will denote with the same symbols line bundles and the Cartier
divisors defining them, and use the additive notation for the group operation in Pic (X).
Note that

L (Y) =k (Y), prep(Y) =ur(Y) + pup(Y),

for every L, L' € Pic(X), k € Z,Y € Y. In particular we may extend this definition
to Q-divisors in X, by setting

gL (Y) = qur(¥) € Q, for ¢ €Q, L €Pic(X), Y €VY.
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1076 G. Occhetta et al.

Actions on polarized pairs

A C*-action on a projective variety X, endowed with the weight map p; determined
by an ample Q-divisor L, will be referred to as a C*-action on the Q-polarized pair
(X, L). In this case one may denote by

apg < -+ < ay

the weights w7 (Y), Y € Y, ordered increasingly, and set

Y; = U Y.

nr(Y)=a;

In analogy with the case of Morse theory, the values a; will be called the crifical
values; the number r will be called the criticality of the C*-action. It is well known
that the minimum and maximum of these values are achieved at the sink and the source
of the action, respectively, so that, Yy, Y, are respectively the sink and the source of
the action and, in particular, ag = 0. The value § = a, is called the bandwidth of the
C*-action on (X, L).

The Biatynicki-Birula decomposition
Let X be a proper variety admitting a C*-action as above. Given Y € Y, we denote by

X5(Y) = {x € X| limxi_otx € Y},

- 2.1

B¥(Y) = X:(¥),
the Biatynicki-Birula cells of the action and their closures; we refer to [9] for acomplete
account on the Bialynicki-Birula decomposition and its applications, and to [4] for the
original reference. When considering the action of C* on a Q-polarized pair (X, L)
as above, we will write

Bf = | B*()
ur(Y)=a;
and, for notational reasons, we also set Bl.jE =gfori € Z\{0,...,r}.

If X is smooth, the normal bundle of ¥ in X splits into two subbundles, on which
C* acts with positive and negative weights, respectively

Nyix @ Nt @) eN— (V). (2.2)
We will often use the notation

vE(Y) =tk NF(Y),

VEY) = PNE()Y), VE= U vEY). (2.3)
ur(Y)=a;
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Small modifications of Mori dream spaces arising from C*-actions 1077

The action of C* on X*(Y) is equivariantly isomorphic to the induced action on the
bundles Ni(Y) (see [9, Theorem 4.2] and [4] for the original exposition).

Equalized actions

We say that the action of C* on a proper variety X is equalized at Y € Y if for every
x € (X~ (Y)UXT(Y))\Y the isotropy group of the C*-action on x is trivial. Note
that in the smooth case, the definition of equalization presented here coincides with
the one introduced in [26, Definition 1.6]:

Lemma 2.1 Let X be a smooth variety supporting a C*-action. The action is equalized
if and only if the weights of the action on N*(Y) are all equal to 1 for every fixed
point component Y €Y.

Proof 1t follows from the existence, for every Y € Y, of the C*-equivariant isomor-
phisms X*(Y) >~ NE(Y). o

Moreover, the equalization hypothesis implies that the closure of any 1-dimensional
orbit is a smooth rational curve, whose L-degree may be computed in terms of the
weights at its extremal points. The following statement follows from the AM vs. FM
formula presented in [26]:

Lemma 2.2 (AMvs.FM) Let (X, L) be a Q-polarized pair, with X smooth, supporting
an equalized action of C* and let C be the closure of a 1-dimensional orbit, whose
sink and source are denoted by x_ and xi. Then C is a smooth rational curve of
L-degree equal to jup (x4) — pp(x-).

Proof The smoothness follows from the Biatynicki-Birula decomposition (see [9, The-
orem 4.2]), while the degree statement is precisely [26, Corollary 3.2(c)]. O

B-type actions and bordisms

Following [21], a C*-action on a proper algebraic variety X whose extremal fixed point
components Yy, Y, have codimension one is called a B-type action. In the case in which
X is projective and smooth, by the Biatynicki-Birula decomposition, the restriction
maps Pic(X) — Pic(Y;), j = 0, r, are surjective; we will say that the C*-action is
a bordism (cf. [21, Definition 3.8]) if the restriction maps t;.‘: Pic(X) — Pic(Y;),
Jj =0, r, fit into two short exact sequences:

0 - Z[Y,] — Pic(X) — Pic(Yy) — 0,
0 - Z[Yy] — Pic(X) — Pic(¥,) — 0.

The following equivalence, which is a consequence of [10, Theorem 3] has been
proved in [21, Corollary 3.7].
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1078 G. Occhetta et al.

Lemma 2.3 Let X be a smooth projective variety admitting a C*-action of B-type. The
action of C* on X is a bordism if and only if v (Y) > 2 for every inner fixed point
component Y.

The blowup of a C*-variety along the extremal fixed point components

Examples of B-type C*-actions can be constructed by considering any C*-action on
a proper variety smooth at its extremal fixed point component Y, Y;.. If the action is
equalized at Yy, Y, then the blowup X bof X along Yy, Y, inherits a C*-action that is
of B-type (see [21, Lemma 3.10]). As we will see later on, there is a deep relation
among the birational geometry of X and the birational geometry of the GIT quotients
of X. In order to describe precisely this relation we will need to study certain linear
systems on X”. Let us first introduce some notation.

Notation 2.4 We denote by 8: X” — X the blowup of X along Yy, ¥;, and by Yl.b =
B~ (Y;), i = 0,r, its exceptional divisors. For every 7_, 7, € R satisfying that
0 < 7— < 74 < 6 we introduce the following R-divisor:

L(t_,t0)=B*L —t Yy — (6 — )Y’ e N'(X").

We may now state the following lemma, that will be very important later on.

Lemma 2.5 Let (X, L) be a Q-polarized pair, with X smooth, admitting a C*-action,
equalized at the sink and the source. For everym € N, 1_, 7, € Q such that mL €
Pic(X), 0 < 17— < 1ty < 6§, mt4 € Z, the map B* induces an isomorphism

mty
P H X mLy ~HO X" mL(z-, 1)),

k=mt_
where HO(X, mL)y is the eigenspace of H*(X, mL) on which C* acts with weight k.

Proof Note that * induces a C*-equivariant embedding of HO (X", m(8*L — 7_ Yg -

85— r+)Y,b)) into HO(X, mL). In order to determine its image we use [8, Lemma 2.17]
(that describes locally the invariant sections of a line bundle along a fixed point
component), that allows us to identify HO(X ,mL); with the set of sections of mL
vanishing with multiplicity £ at Yy, and with multiplicity mé — k at Y,, that is with
HO(X, L®" @1 ];O Q1 ;’;‘S_k ). Then the statement follows by pulling back this identifi-

cation to X" via . O
The importance of this lemma relies on the fact that it allows us to describe the base

loci of divisors in X” in terms of the closures of the Biatynicki-Birula cells defined in
(2.1). Let us start by introducing the following notation:
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Small modifications of Mori dream spaces arising from C*-actions 1079

Notation 2.6 In the setup of Lemma 2.5, let 0 = ap < - - - < a, be the critical values
of the action. For every i, j € {0, ..., r} (see Fig. 1) we set

‘Blf" = {x € Xl/LL(limt—>0 tx) < ai} = U B/,
k<i

‘BJ_ = {x € XllLL(limt—>oo tx) > aj} = U By,
k=j

Bjj = 'Bl+ U 'BJ_

We denote by B?j C X" the closure of 8! (Bij\(YoUY,)). Forevery t € [0,8]N
Q, we set

i(t):=min{i|a; >t} -1, j(r)=max{jla; <t}+1 2.4

This notation is set so that, given rational numbers 7_ < 74 in [0, §], we have

Bicien = (U B0 U B

a; T aj >ty

In particular we can state:

Corollary 2.7 Let (X, L) be as in Lemma 2.5. Forevery t_, 14 € [0,8]NQ, 17— < 14,
and for m > 0 such that mt_, mt4 € Z, the following hold:

mt4
BS< @ HO(X, mL)k) = Bi(z_)j(zy)>

k=mt_
b
Bs(mL(t,, r+)) = Bi(h)j(u).

X

B/ B

0=ag a; nr a; a, =0

Fig. 1 The closed subsets BIT", B;
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Proof The first equality is obtained from the fact that, by definition,

T+
Bs( @HO(X, mL)k> =Xn IP( @ HO(X, mL)k>.

k=t_ k<t_ork>tyq

For the second equality, in view of Lemma 2.5, we are left to check that any point
y € (Yg U Yrb)\B?(r,)j(nr) does not belong to Bs(mL(7_, t4)).
In order to do so, we assume, for instance, that y € YOb \B?(L) i) and let

C C X" be the closure of the unique 1-dimensional C*-orbit having y as sink. Denot-
ing by C’ the strict transform of C in X, and being m > 0, we may assume that
HY(X,mL® I¢cr) = 0, so that the C*-equivariant morphism

H(X,mL) — H (X, mLc")

is surjective. In particular the surjectivity is inherited by the corresponding C*-
eigenspaces, so that we have a surjective map

mty mty
EB HO(X, mL), — EB HO(C, mL o).
k=mt_ k=mt_

Applying now Lemma 2.5 we have a surjective map
HY(X", mL(z_, 1)) — HY(C, mL(t_, 7))

By the choice of y, mL(7_, ) has positive degree on C, and the result follows. O

2.2 GIT-quotients of torus actions

Following Mumford’s Geometric Invariant Theory (GIT), given a reductive group G
acting on a variety X, one may consider the problem of describing all the possible
proper geometric and semi-geometric quotients of G-invariant open subsets of X. In
the case in which X is normal and proper, and G = C* the problem was treated in [7],
and the solution was written in terms of the ordered set of fixed point components of X.

Although we will not need the results of [7] in full generality, we recall the
description introduced there, since it provides a very clear geometric insight on the
construction of the quotients we will work with.

Let X be a proper normal complex algebraic variety with a nontrivial action of C*.
As shown in [7], there exists a unique partial order < on Y satisfying that ¥ < Y’ if
XT(Y)YNX(Y) # @, that is, if there exists an orbit converging to a point of ¥ when
t goes to 0o, and to a point of ¥’ when r goes to 0. Note that we have deliberately
inverted the order appearing in [7], in order to make it compatible with the weights
of the fixed point components with respect to positive line bundles: in fact, if L is a
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Small modifications of Mori dream spaces arising from C*-actions 1081

nef Q-divisor in X, the AM vs. FM formula [26, Corollary 2.3], Y < Y’ implies that
ur(Y) < pr (Y.

Definition 2.8 A semi-section of the action is a partition Y = Y_ 1Yo Y satisfying
that

if YeY_UYy and Y <Y, then Y'eY_.

A section of the action is a semi-section such that Yo = @ and Y_, Y, # O.
The following statement is a reformulation of [7, Theorem 2.1]:

Proposition 2.9 Let X be a normal projective variety admitting a C*-action as above.
Given a semi-section 'y = Y_ UYo U Yy of the action, and denoting by U the open
set X'\ (UY€H+ X (Y)U UYEH, X+(Y)), there exists a semi-geometric quotient of
U by the induced action of C*. Furthermore, if the semi-section is a section, then the
quotient of U by C* is geometric.

In this paper we will consider only a certain type of sections and semi-sections,
whose quotients will not only be proper, but projective, since they will be standard
GIT quotients of X. The construction is the following.

Construction 2.10 Let (X, L) be a Q-polarized pair with a nontrivial C*-action, and
denote by 0 = a9 < --- < a, = § the critical values of the action. We obtain a
semi-section (respectively a section) of the action choosing an index i € {0, ..., r}
(resp.i € {0, ..., r — 1}), and setting

Y=Y eYlur¥)<ai—1}, Yo=Y eYlu.¥)=al,
Yy =¥ eYlurY) > aiw1},

(resp. Y- =={Y € Ypnr(Y) < a;}, 9+ ={Y € J|ur(Y) = ait1}). Let us denote
by X*(i, i) (resp. X*(i, i + 1)) the open set X \ (Uycy XT(¥)UUyey, X~ (1)),
and by §X (7, i) (resp. X (i, i + 1)) the corresponding proper semi-geometric (resp.
geometric) quotients. See Fig. 2.

y~ y() y+

ag a; 1 a; 41 [e7n

® ~ GX(i,1)

®
®
®
[

®

sink 00 - 0 source

o ~ o GX (i, + 1)

(] ;-1 a; Qi1 Qy

V- Vi

Fig.2 Weight representation of the semi-geometric and geometric GIT quotients of X
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1082 G. Occhetta et al.

Definition 2.11 For every rational number t € QN [0, §], we define a graded algebra
and a homogeneous ideal

I = @ B (X.mL)y: C Ar = @ H'X.mL)w: C A= P H (X, mL),

m>0 m2=0 m=0
mrez mreZ

where the subindex mt denotes the direct summand of H(X, m L) of C*-weight equal
tomt, and HY(X, mL) is set to be zero if mL ¢ Pic(X).

The construction of the varieties $X (i, i), X (i,i + 1) can be then described in
terms of the original linearization of L by means of Mumford’s Geometric Invariant
Theory (cf. [20, Amplification 1.11, p.40]), as follows.

Proposition 2.12 Let (X, L) be a Q-polarized pair with a nontrivial C*-action with
critical values 0 = ag < --- < a, = 6. Then:

e foreveryi =0,...,r, we have
X¥(i, i) = X\ Vg ®a, A), §X(i,i)=Proj(Ay);
e foreveryi =0,...,r — 1, and every t € (a;, aj+1) N Q, we have
X, i+1)=X\V(;®4,A), 9X(@i,i+1)=Proj(A,).

Definition 2.13 In the above situation, we will call the varieties X (i, i), §X(i,i + 1)
the GIT-quotients of the pair (X, L) by the action of C*.

Remark 2.14 Note that, since the intersection of all the open sets X%(i,i+1) is
nonempty, the varieties GX (i, i + 1) are birationally equivalent. Moreover, the nat-
ural birational maps among them fit in the following commutative diagram, whose
diagonal arrows are contractions:

§X(0,1) ------- > §X(1,2) ... 9X(r—2,7—1) --» §X(r—1,7)
/ NS \ SN
GX gX(1,1) ... o GX(r—1,r-1) X (r,r)

Note also that, by construction, $X (0, 0) = Yo, X (r, r) = Y,, and, since X*(¥) ~
N*(Y) for every Y € Y, the fibers of the diagonal morphisms are weighted projective
spaces (standard projective spaces if the action is equalized).

We observe also that the equalization hypothesis implies that the geometric quo-
tients of X are C*-principal bundles.

Lemma2.15 Let (X, L) be a Q-polarized pair with a nontrivial equalized C*-
action with critical values 0 = a9 < --- < ar = §. The geometric quotients
it X¥(G,i+1) - §X(@,i+1),i=0,...,r — 1, are C*-principal bundles. In
particular, if X is smooth, then its geometric quotients by C* are smooth.
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Small modifications of Mori dream spaces arising from C*-actions 1083

Proof We take an affine open covering {U;} of §X(i,i 4+ 1) such that the inverse
image of every U; is an affine C*-scheme. It is enough to show that nfl U;) — U;
is a C*-principal bundle for every i, and since by Lemma 2.1 we know that the
action of C* has trivial stabilizers, this is a corollary of Luna Slice Theorem (see [20,
Corollary on p. 199]). O

In particular, one may construct a different compactification of X%(i,i + 1) by
considering the natural action of C* on P! and considering the variety

XG,i+1):=X%G,i+D)x"P =Xx%G,i+1)xP'/~,

where (x, 1) ~ (x, A"y if and only if x’ = rx, A’ = A for some t € C* Intuitively
X (i, i + 1) is constructed by adding to X**(i, i + 1) two sections corresponding to the
limit points of the action when ¢ goes to 0 and infinity. The variety X (i,i+1)isaP!-
bundle, projectivization of a decomposable rank two vector bundle on §X (i,i + 1),
and itis birationally equivalent to X by construction. The following statement describes
when the natural map X --» X (i,i+4+1) is a small modification:

Proposition 2.16 Let (X, L) be a Q-polarized pair with a nontrivial equalized B-type
C*-action with critical values 0 = ay < --- < a, = 8, and leti € {0,...,r — 1}

satisfy:

v=(Y) > 1 for every inner fixed component Y s.t. up(Y) < a;, )
) > aiq

v (Y) > 1 for every inner fixed component Y s.t. (Y

Then X is C*-equivariantly isomorphic in codimension one to )?(i, i+1).

Proof Note first that the rational map X --» 5(\(1', i+ 1) is defined on X5(i,i + 1),
and, by the B-type hypothesis, it is also defined on every point of Yy U Y, that lies in
the boundary of an orbit contained in X5%(i, i 4+ 1). In other words, the map is defined
in

X\( Uxonu X‘(Y)>-
urL(M<a; urL(Y)>ait1
Y inner Y inner

Since the hypothesis (f) implies that each of the varieties X=(Y) has codimension
at least two (see [9, Theorem 4.2)), it follows that X --» X (i,i 4+ 1) is defined in
codimension one. O

3 Small modifications of B-type actions and bordisms

In this section we consider the case of a Q-polarized pair (X, D), with X smooth,
admitting a B-type equalized action, and we will show how to construct, under some
assumptions, two C*-equivariant small QQ-factorial modifications of X which are
smooth and of smaller criticality, $X~, $ X, having indeterminacy locus Bl+, B,
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1084 G. Occhetta et al.

Fig.3 Two flips of X D+ . eD—

ar—2 *. 2 as

Nef (X)

D

respectively. The construction is an extension of the one described in [21, Section 8]
in the particular case of bandwidth three actions. The main result we will show is the
following:

Theorem 3.1 Let X be a smooth projective variety and D be an ample Q-divisor on
X, such that (X, D) admits a B-type equalized action of C* of criticality r > 2
and critical values 0, ay, ..., ar. Assume moreover that v—(Y) > 1 for every fixed
point component Y of weight ay. Then there exists a smooth projective variety 8X~
together with a B-type equalized C*-action, and a C*-equivariant small modification
Y~ X --» 8X~, such that:

o the indeterminacy locus of ¥~ is BI";

o the Q-divisor D, := vy (D — tYy) is ample for every T € (ay, az) N Q;

o (8X7, D) has critical values 0,a, — 7, ..., a, — 7, and criticality r — 1.
Moreover, the map ~ sends isomorphically the fixed point components in X of weight
ai, i > 2, to the fixed point components of weight a; — t in $X~, and preserves v
on these components.

Remark 3.2 Note that, by composing the action of C* with the inversion map ¢ — ¢~
(an operation that exchanges the sink and the source of the action), the above statement
implies that if v+ (Y) > 1 for every fixed point component of weight a, 1, there exists
asmall C*-equivariant modification ¥ *: X --+ §X onto a smooth variety admitting
a B-type equalized action, whose indeterminacy locus is B,_,, such that the Q-divisor
D} ==y (D — (8§ — 1)Y,) is ample for every T € (a,—2, ar—1) N Q, and such that
the critical values of (X, D) are 0,a; — 7,...,a,—2 — T.

The situation of Theorem 3.1 may be represented as follows. We consider in N' (X)
the affine plane Sp of classes of the form D — 7_Yy — (§ — 74)Y,, 7—, 74 € R. The
region Nef (X) N 8p meets Nef (§X ™) N Sp on an edge passing by D, = D —a1Yp
and Nef (8X*) N 8p on an edge passing by D} = D — (8 — a,—1)Y,. Each wall-
crossing corresponds to a flip. We have represented the intersections of the cones with
Sp in Fig. 3; a more complete description will be provided in Sect. 4.

The proof will be done in three steps. We will start by showing in Sect. 3.1, by
means of Nakano Contractibility Theorem, that SX ™~ exists as a compact complex
manifold (Corollary 3.7). Then we will proof in Sect. 3.2 that SX ~ is projective, by
analyzing the restriction of ¥ ~: X --+ SX~ to the extremal fixed point components
of X and relating them to the geometric quotients of X. Finally, in Sect. 3.3, we will
check that X~ satisfies all the properties required in the statement.
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3.1 Existence of SX~ as a complex manifold

Let us start by studying the variety B;", which will be indeterminacy locus of
¥~ : X --» 8X~, and proving that it is a projective bundle over Yi, in the sense
that the irreducible components of Bf are projective bundles over the irreducible
components of Y7. Note that Y7 is not assumed to be irreducible, and in fact it may
have irreducible component of different dimensions (see Remark 3.4 below). We will
also identify the normal bundle to Bfr in X.

Proposition 3.3 Let X be a smooth projective variety, and D be an ample Q-divisor
on X, such that (X, D) admits an equalized B-type C*-action, of criticality r > 2.
Then Bl+ C X is the disjoint union of the varieties BY¥(Y), Y € Y, up(Y) = ay, and
each BT (Y) is a projective bundle over Y, of relative dimension v*(Y). Moreover,
denoting by p: BT (Y) — Y the natural projection, and by F a fiber of p we have
Np+ryxlr = Op(=1)®" ),

Remark 3.4 One may construct examples in which Y] has components of different
dimensions. For instance, the variety X = P! x 9"~! (where Q! denotes a smooth
(n — 1)-dimensional quadric) admits an equalized C*-action of bandwidth 3 such that
Yy and Y3 are two isolated points, and both Y; and Y, are the union of a point and
Q”’3 (see [26, Theorem 3.6 (2)]). If we consider the blowup of X along Y and Y3 we
obtain an equalized B-type C*-action with Bl+, B; still reducible with two irreducible
components.

Proof of Proposition 3.3 Note that, since X is smooth and the action is of B-type, then,
by the Biatynicki-Birula Theorem (see for instance [21, Theorem 2.8]) X (Yp)
is isomorphic to a line bundle over Yp; in particular, two components of the form
BT(Y) C Bfr do not intersect and we may write

Bf = |_| B (Y).
Yey
wp(¥=a;

Let Y C Y; be an irreducible component. Consider the set X (Y)\ Y C X which
is isomorphic, by the Biatynicki-Birula decomposition (see Sect. 2.1), to the open set

NtX)\so(Y) € NT(Y),

where sq denotes the zero section of N*(Y). On the other hand, a similar argument
shows that X (Y)\ Y is isomorphic to the open set

N~ (Y0) 1+ vynr \so(BY(Y) N Yo) € N™(Y0) 5+)nvp:

where s, denotes the zero section of N~ (¥p). This is a C*-principal bundle over
BT (Y)N Yy, soits projection to BT (¥) N Yy is a geometric quotient, whose fibers are
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the orbits of the action of C*. Since the action is equalized, C* acts homothetically on
N7 (Y), therefore we get

BT (Y)N Yy ~PNT(Y)Y). 3.1

Note that BT (Y) can be written as the union of two open sets, X (Y), and
N7 (Yo)|+(v)ny,, and the smoothness of BT (Y) follows.

We consider now the blowup B*(Y)” of BT(Y) along Y; it is a P!-bundle over
P(NT(Y)Y) with two sections: one is the exceptional divisor of the blowup, and the
other is the strict transform of Bt (¥) N Yp; this tells us that BT (Y)" can be written as
Ppon+(vyv) (L @ Opov+(r)vy), where L is the conormal bundle of the first section in
Bt (Y)". Since the normal bundle of the exceptional divisor P(N*(¥)") in the blowup
BH(Y)" is Open+(yyvy (—1), it follows that

B-’_(Y)b ~ P(OP(NJr(Y)V)(l) (&) O]p(NJr(Y)v)).
From this it easily follows that
BY(Y) ~ P(NT(Y)" @ Oy). (3.2)

Let F ~ P”" (™ be a fiber of p, and let x| be the intersection point F N Y. We will
show that (Ng+(y)x)jpt = Opt (=D®" () for every line P! C F passing by x;; the
results will then follow from [23, Theorem 3.2.1].

Given such a line P!, we set xo := P! N Yy, and compute the splitting type of the
bundle (Np+(y)x)|p1 by using the vector bundle version of the AM vs FM formula
[21, Lemma 2.17]. Since the action is equalized, the splitting type can be obtained as
the set of differences of the weights of the action on the vector spaces N+ (y)x,x, »
Np+(v)|x,xy» and it is a straightforward computation that these weights are, respec-
tively ((— 1)”7(Y)), (O“f(Y)), with the exponent denoting the occurrence of —1 and O,
respectively. O

Let us now denote by b: X’ — X the blowup of X along B]Jr and by E its excep-
tional divisor, which is the disjoint union of the divisors Ey = IP’(N§+ R X), YeVYy,

up(Y) = ay; recall also the varieties VE(Y), for every Y € Y, defined in (2.3). The
following statement describes E and its irreducible components.

Proposition 3.5 Let (X, D) be as in Proposition 3.3. Then
E~ B xy V.
Proof We will show that for every irreducible component ¥ C Y; we have
Ey ~ BT (Y) xy V™ (Y).

Using Proposition 3.3, given a fiber F of p: BT(Y) — Y, we have that
Np+)xIF = Or(=D®" @ hence Ey is a P () _bundle over a variety Z, and
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Z is necessarily a P*~ )~ bundle over Y, i.e. we have a Cartesian square

+
PY (Y)
Ey ——
pr (-1 pr (-1

v )
Bt(r)— 2 .y

whose maps are projective bundles. Now we note that, since B* (Y) is isomorphic to
X1 (Y) in a neighborhood of Y, then Np+yx))y = N7 (Y), and we have a diagram
composed of two Cartesian squares

<

V=) Ey JZ
Y.

y -~ B+(Y)

In particular, the composition of the two upper horizontal arrows is an isomorphism,
that is Z >~ V~(Y), and the statement follows. O

Since Bfr is C*-invariant, then the action of C* on X extends to X’. This action is
of B-type by construction, and its sink which we denote by ¥ is the strict transform
of Yy via b. Since BlJr intersects Y transversally, it follows that Y is the blowup of
Yy along Bf’ N Yy. We have shown in the proof of Proposition 3.3 (see equation (3.1))
that for each component Y C Y| we have that BY(Y) N Yy ~ P(NT(Y)Y) = VT (Y).
We will describe now the exceptional locus Ey N Y of blYé’

Corollary 3.6 Let (X, D) be as in Proposition 3.3, let Y C Y| be an irreducible com-
ponent of Y1, and Ey be the corresponding irreducible component of the exceptional
divisor E of the blowup b: X' — X. Moreover, let T ~ PY -1 pe any fiber of
VYY) — Y. Then

Nv+myplr = Or(=D®" M Ey 0¥ = PONY4 () y,) = V@) xy V().
Proof Under the identification BT (Y) N Yy = V1 (Y) we may write

Np+@ v+ = Nyt

Since T is a projective subspace of a fiber of BT(Y) — Y, the first equality holds.

Projectivizing the above isomorphism, the inclusion IE”(N‘V,+ )| Yo) C IP’(NB )| X)
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fits into a commutative diagram consisting of two Cartesian squares

]P’(N‘V,+(Y)|YO) = P(Ngﬂmx

l l

vty gty — 2 .y,

) — = V()

This implies that
IP(N;WNYO) ~ V() xy VT (Y). O

Corollary 3.7 Let X be a smooth projective variety, and D be an ample Q-divisor on
X, such that (X, D) admits an equalized B-type C*-action, of criticality r > 2. Let
X' be the blowup of X along B}, with exceptional divisor E, and let Y} C X' be the
strict transform of Yo into X'. Then there exists a proper map

b:X — 88X~

which is the blowup of a smooth proper variety 8X ™~ along a subvariety isomorphic
to V|, whose exceptional divisor is E. Moreover:

° bl’E is the natural projection E ~ Bl+ xyn Vi — V.
° bl’ v 18 the smooth blowup of b'(Y) along V", with exceptional divisor E N Yy ~
0
Vit xy, Vi

Proof The divisor E is not necessarily connected, but we are not claiming yet that
8X ™ is projective, so the statement is local: we will show that there exists a holomor-
phic contraction »’: X’ — 8X~ that is a smooth blowup on an analytic neighborhood
of every component Ey of E, mapping Ey = B1(Y) xy V= (Y) onto a variety iso-
morphic to V= (Y). Let us denote by F/ ~ P"" @) a fiber of the projective bundle
p: Ey — V7 (Y). By the Nakano Contractibility Criterion [3, Theorem 3.2.8] for
the first part of the statement it is enough to show that

EY|F’ ~ OF/(—l).

This follows by noting that, by Proposition 3.5, F’ is asection of Ey — BT (Y) overits
image, that we denote by F, and F is a fiber of p: BT(Y) — Y (see Proposition 3.5).
By Proposition 3.3, Np+yyx)|r =~ Op(—1)®" ) and so the above equality follows
by a straightforward computation.

For the second part of the statement we note that, by Corollary 3.6, " maps Ey N Y
onto a subvariety of b'(Y})) isomorphic to V~(Y), for every component ¥ C Y;. The
fact that b/ 7 is again a smooth blowup follows again by Nakano’s Criterion and by

the first part of Corollary 3.6. O

@ Springer



Small modifications of Mori dream spaces arising from C*-actions 1089

Let us define the rational map ¥~ : X --» X~ as follows:
Y =bob .

Its indeterminacy locus is Bf“ by construction. We will now prove that the C*-action
on X’ descends to 8X —, and identify the corresponding sink.

Corollary 3.8 The map b’: X' — 8X~ induces a B-type equalized C*-action on 8 X,
whose sink is isomorphic to §X (1, 2).

Proof The restriction of the C*-action on X’ to every component Ey = BT (Y) xy
V~(Y) is the fiber product of the natural action of C* on B¥(Y) and V= (Y). In
particular, the fibers of »" are C*-invariant, and the action descends to X .

Note that a priori we do not know if SX ™ is projective; by saying that the action
of C* on it is of B-type and equalized we mean that the sink and the source of the
action are divisors, and that the isotropy group of every point in a 1-dimensional orbit
is trivial.

The B-type property is clear since the extremal fixed point components of X~ are
¥~ (Yo) and ¥~ (Y;). In order to see that the action is equalized we observe that the
image of E into X~ is contained in the image of ¥ (see Corollary 3.7); this implies
that the 1-dimensional orbits of 8X~ do not meet b'(E), and so they are mapped
isomorphically into X. In particular, the isotropy groups of the points in these orbits
are trivial.

In order to study the sink ¥~ (¥p) of SX~, we note first that the open subset
X*(1,2) C X maps isomorphically into X’ and 8X . By construction, the image
¥~ (X%(1,2)) contains all the 1-dimensional orbits in 8 X~ whose limit at co belongs
to ¥~ (Yp); more precisely, we claim that for every point P € ¥~ (Yp) there exists
a unique orbit in ¥~ (X%(1, 2)) whose limit at oo is P. This is obvious if P €
Y (X\ B1+), so we are left to study the case in which P belongs to the complement
of this set in ¥~ (Yp), which is isomorphic to V|~ = P(N~(Y1)Y). Denoting by
p: Vi — Y the natural projection, given a point P € V;” = P(N~(Y})"), by the
Biatynicki-Birula decomposition, there exists a unique orbit in X*(1, 2) whose limit
at oo is the point p(P) with tangent direction P. This completes the proof of the claim.

In particular, we have a bijective morphism from the quotient $X (1, 2) to ¥~ (Yp),
sending every orbit in X55(1, 2) to the limit at co of its image in 8X ~; this map is
bijective by the above claim. Since ¥ ~ (Yy) is smooth (by Corollary 3.7) and §X (1, 2)
is normal, the map is an isomorphism. O

3.2 Projectivity of SX~

Let b: X' — X be the blowup of X along B;", E the exceptional divisor and Y, the
strict transform of Yy. In order to prove that the holomorphic map 4’: X’ — S§X~
provided by Corollary 3.7 is projective, we will show that it admits a supporting Q-
divisor, i.e., there exists a nef Q-divisor on X’ having intersection number zero exactly
on the curves contracted by '
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Proposition 3.9 Under the assumptions of Theorem 3.1, the Q-divisor
D' :=b"(D —1Yy) —(t —aE, 1€ (a1,a0)NQ,

is a supporting divisor of b'.

The proof of this fact is done in two steps. First we show (Lemma 3.10) that the
statement can be reduced to analyzing the behavior of this divisor in Y}; then the
proof is concluded by interpreting b" y as a resolution of the natural map among two

0

geometric quotients of X.

/

v then D’ is a supporting Q-
0

Lemma 3.10 If DI/Y’ is a supporting Q-divisor for b
0

divisor for b'.

Proof The Mori cone of X’ is generated by the numerical classes of C*-invariant
curves (cf. [26, Lemma 1.5]), that is by the classes of closures of 1-dimensional orbits
and by the classes of curves contained in the fixed point components ¥;. Let us note
that Y/ = Y; fori > 2 and Y] = V| . It is easy to show, by using Lemma 2.2, that
D'-C > 0if Cis:

— the closure of an orbit having sink on Yi’, i >1;inthiscase D'-C =b*D-C >0
ifi >2and D’-C > (ap —a1) + (a1 — ) > 0if i =1;

— the closure of an orbit having sink on Yé, and source on Yi/ , i > 2, for which
D.-C=a —1t>0;

— acurve contained in Y/, i > 2, for which we have D'-C = b*D-C > 0.

Moreover D'-C = 0 if C is the closure of an orbit joining Y with Y|, since, by
Corollary 3.7, E-C = —1,hence D'-C =a; — 7t — (t —ay)(—1) =0.

We are left to study the classes of curves contained in Y{ = V;”. We have shown
(Corollary 3.5) that the exceptional divisor E C X’ is a projective bundle over V",
containing V|~ as asection. If C C V|~ were an irreducible curve such that D'-C <0,
we could find an irreducible curve C” in Y N E such that, for some positive integer
m the cycle C' — mC would be numerically proportional to the class [£~] of a line in
a fiber of E — V. Since D’-£~ = 0, we would have D"-C" < 0, hence D"-C' =0
and it would follow that C’ is numerically proportional to £~. Hence also C would be
numerically proportional to £, and therefore contracted by the projection £ — V|,
a contradiction. O

Proof of Proposition 3.9 By means of Corollary 3.8, let us identify the sink of X~
with §X (1, 2). Consider the rational map w‘}o 1 Yy --» §X(1,2) C 8X~. As shown
in the proof of Corollary 3.8, this is the natural map among the geometric quotients
Yo >~ §X(0, 1), §X(1, 2). In particular, it coincides with the restriction of the quotient
map X --» GX(1,2).

Since the action of X is of B-type (so its blowup along its sink and source is
an isomorphism), by applying Proposition 2.12 and Lemma 2.5, the quotient map
X --» §GX(1,2) is given by a linear system of the form |m(D — tYy — (§ — 7)Y;)|,
for t € QN (ay, a2), and m large enough and divisible. Therefore w‘}o is given by a
linear subsystem of |m (D — 1Y) y,].
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Since this rational map is resolved via the blowup b, a supporting divisor of
b': Yy — 9X(1,2) will be of the form

b*((D — tYo)y,) — rEo,

for some r € Q. Imposing that this divisor has degree zero on a curve contracted by
b, we easily get r = T — ay. Then the statement follows by Lemma 3.10. O

3.3 The fixed point components of SX~

First of all we note that, from the results in Sects. 3.1, 3.2, we already know that
the rational map ¥ ~: X --» SX~ has indeterminacy locus B;", and that it is C*-
equivariant with respect to an action on 8X~ that is of B-type and equalized. From
Proposition 3.9 and applying b),, we obtain that D := v (D —1Y)) isampleon 8X,
forevery T € QN (ai, az). Then we are left with studying the fixed point components
of X, and their weights with respect to D .

Note that there exists a linearization of the C*-action on the line bundle O (Yy)
satisfying that p o (v,) (Yo) = 0. Then, by Lemma 2.2, we have that po v, (Y) =1
for any fixed point component Y # Y.

The fixed components in SX ~\ ¢~ (¥p) correspond isomorphically via i~ to the
fixed components in X\Br, thatis to {Y € Y| up(Y) > a1}, and the ranks v* are
obviously preserved by this correspondence. By definition, on each of these compo-
nents we have

mp- (W (Y)) = up—ry,(Y) = up(¥) — 7.

On the other hand the D_-weight of the action at ¥~ (¥p) can be computed at its
general point, for which

tp- (W (Y0)) = p—ry,(Yo) = up(Yo) = 0.

This finishes the proof of Theorem 3.1.

4 Equalized actions and Mori dream spaces

In this section we will show that, under some assumptions, the blowup of a smooth
projective variety X supporting an equalized C*-action is an MDS; we will study its
movable cone, as well as its small Q-factorial modifications. Although our arguments
should work in broader generality, for the sake of clarity we will stick to the case in
which the Picard number of X is one. We will not assume that the sink and the source
of the action are positive dimensional; in that particular case, our arguments provide a
proof for Theorem 1.1. From now on we will work under the following assumptions:

Setup 4.1 X is a smooth projective variety of Picard number one, L € Pic(X) is
ample, and there exists an equalized C*-action on X together with a linearization of
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the action on L. We will assume that X is not P endorsed with the faithful C*-action
that fixes a point and a disjoint hyperplane. We will denoteby0 =ap < --- < a, =4
the weights of the action on the fixed point components, by 8: X° — X the blowup
of X along the sink Yy and the source Y,, and by Yg, Yrb C X" the corresponding
exceptional divisors. Following [21, Lemma 3.10], the action of C* on X extends
equivariantly via j to a B-type action on X”.

Remark 4.2 We note that a variety X as in Setup 4.1 is rationally connected (see [21,
Remark 2.3]), in particular Pic(X) is torsion free, and HY(X,0x) =0.

Remark 4.3 Saying that a variety X with Picard number one is not P together with
the C*-action with a fixed point and a fixed hyperplane is equivalent to say that neither
the sink nor the source of the action are divisors (cf. [22, Lemma 6.3]). Note also
that in the excluded case, X” is the blowup of " along a point, which does not have
nontrivial small Q-factorial modifications.

Before presenting our description of the birational geometry of X’ we will need
some preliminary results on the fixed point components of X. Let us start by recalling
the following statement (cf. [21, Lemma 2.6 (2), Lemma 3.10]):

Lemma 4.4 Let (X, L) be as in Setup 4.1. Then the C*-action on X" is a bordism if
and only if dim (Yyp), dim(Y,) > 0.

In the case in which the extended action on X” is not a bordism, the fixed point
components Y with vE(Y) = 1 are the “closest” to the sink and the source:

Lemma4.5 Let (X, L) be as in Setup 4.1, and assume that Yy (resp. Y, ) is a point.
Then Y1 is irreducible and vt (Y1) = 1 (resp. Y,_1 is irreducible and v=(Y,_1) = 1).
Moreover;, for every other inner fixed point component Y we have v (Y) > 1 (resp.
v (Y) > 1)

Proof If Y C Y is an irreducible component such that v (Y) > 1, then there exists
a positive dimensional family of invariant curves linking a point y € Y and the point
Yy. By bending-and-breaking, this family contains a non integral 1-cycle Z, which is
necessarily C*-invariant.

By means of Lemma 2.2, the equalization of the action implies that Z cannot be
non-reduced and irreducible. On the other hand, if it were reducible the intersection
point of two components would be a fixed point with a weight in between ag and aj,
a contradiction.

The proof is finished recalling [21, Lemma 2.6 (2)], which proves that there exists
a unique irreducible fixed point component on which v is equal to 1. O

Remark 4.6 Let us denote by I(X, L) the set of indices {0, ..., r} satisfying the
hypothesis (f) of Proposition 2.16. The above two lemmas imply that if (X, L) is
as in Setup 4.1, then

{0,....,r — 1} if dim(Yp), dim(¥;,) > 0,
{1,....,r — 1} if dim(Yp) = 0, dim(¥,) > 0,
{0,...,r =2} if dim(Yp) > 0, dim(¥,) =0,
{1,...,r =2} if dim(Yp) = dim(¥,) = 0.

I(X,L) =

@ Springer



Small modifications of Mori dream spaces arising from C*-actions 1093

In particular, by Proposition 2.16, for every i € I(X, L) we have a small modification
X(i,i+ 1) of X" that is a P'-bundle over GX (i, i + 1).

4.1 The movable cone of X* and its stable base locus decomposition

Recall that, given a Q-divisor D € Pic(Y) ®z Q on a normal variety Y, the stable
base locus of D (see [17, Definition 2.1.20]) is defined as

B(D) := ﬂ Bs(mD).

m>0
mDePic(Y)

A Q-divisor D € Pic(Y)®zQ on a normal variety Y is called movable if B(D)
has codimension at least two. If H! (Y, Oy) = 0, then being movable is a numerical
property and we can define the movable cone of Y, denoted Mov(Y), as the convex
cone in N'(Y) generated by the classes of movable divisors. Furthermore, we may
decompose Mov (Y) in chambers on whose interior the stable base locus is constant;
this is called the stable base locus (SBL) decomposition of the movable cone Y (see,
for instance, [13, Section 4.1.3]).

Note that, for a variety X in the situation of Setup 4.1, as in Remark 4.2, we have
that Hl(Xb, Oy») = 0, hence it makes sense to talk about Mov (Xb) and its SBL
decomposition; this is the goal of this Section.

Let us start by describing Mov (X”). For simplicity we will focus on the case in
which the action is a bordism (i.e. dim(Y;) > 0 fori = 0, r), an we will discuss later
how the same arguments apply in the non-bordism case.

Proposition 4.7 In the situation of Setup 4.1, assuming that dim(Y;) > 0,i = 0, r,
then the movable cone of X" is simplicial:

Mov(X”) = Mov(X?) = (L(0, 8), L(0, 0), L(8, 5)).

Proof The divisor L(0, §) = B*L is semiample, hence movable. On the other hand,
by Corollary 2.7, Bs(mL(0, 0)) = BD_L 1» for m > 0. Each irreducible component of
BD_M is either the source or has codimension in X equal to v~ (Y') for an inner fixed
point component Y. By Remark 4.3, Lemmas 4.4 and 2.3, none of these components
is a divisor and L (0, 0) is movable. A similar proof shows that L(§, §) is movable, so
we get an inclusion

(L(0, 8), L(0, 0), L(8, 8)) € Mov(X") € Mov(X?).

On the other hand, we consider the numerical classes of the following curves:
o the closure Cyge, of the general C*-orbit in X°;
e aline C; in a fiber of the projective bundle §: Yib — Y;,i =0,r.
The loci of the deformations of these curves have codimension 0 and 1, respectively,

hence their intersection number with every class in Mov(X") must be nonnegative.
Since, by Lemma 2.2, we have B*L - Cgen = 8, and clearly
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B*L-Ci=0, Y -Con=1, Y/

1

Cj = —dij,
the above nonnegativity conditions can easily be rewritten as
Mov (X”) € (L(0,8), L(0,0), L(3, 9)),

and the statement follows. O

Remark 4.8 The above proof shows that the dual of Mov (X ®) in the case in which
dim(Yp), dim(Y,) > O is the cone generated by the classes [Cgenl, [Col, [C;]. This
follows from the fact that we have the following intersection numbers:

Cgen Co Cr
L(0,6) 8 0 0
L(0,0) 0 0 3
L(,9) 0 8 0

If this condition is not fulfilled, we need to add some extra classes of curves (whose
deformation loci have codimension 1) to the set of generators of Mov(X")Y. For
instance, if dim (Yp) = 0, the deformations of a general irreducible C*-invariant curve
linking Y7 with Y, (which has negative intersection with L (0, 0)) span a divisor in X,
making L (0, 0) not movable.

More concretely, denoting by C; , Co —1 two irreducible C*-invariant curve link-
ing Y7 with Y,, and Yy with Y,_, respectively, an argument similar to the one in the
previous proof gives:

e If dim(Yy) = 0, dim(Y;) > 0, then
Mov(X") = ([Cgenl, [Col. [C/], [C1,/1)Y = (L(0, a1), L(a1, ay), L(8,8), L(0, 8)).
e If dim(Yy) > 0, dim(Y;) = 0, then

Mov(X”) = ([Cgenl, [Col, [Cr1, [Cor—11)"
= (L(Ov O)’ L(ar—lv ar—l)’ L(ar—lv 8)3 L(07 6))

o If dim(Yp) = 0, dim(Y,) = 0, then

Mov(X") = ([Cgenl, [Col, [C1, [C1,], [Cor—11)”
= <L(Os al)v L(al’ al)s L(ar—lv ar—l)v L(ar—lv 8)1 L(O’ 8))

The position of the generators of (an affine slice of) the movable cone in each case
has been represented in Fig. 4.

The SBL decomposition of Mov (X >y can be now read out of the following state-
ment, that is a consequence of Corollary 2.7,
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L(0,0) L(al,al L(ar—1,ar— 1) L(6,6)

L(0,)

Fig.4 The movable cone of X b and its SBL decomposition

Corollary 4.9 For every t_, 14 € [0,8]1NQ, 7— < 4 we have

b
B(L(t— t4)) = Bi() jr,)-

In particular, the chambers of the SBL decomposition of Mov (X >y can be described
as follows. For every set of indices (i, j), 0 <i < j < r, we set

R Liyhy |0<T-o <14 <6, m20
N;j= {mL(T,T+) e N (X°) T_ € (aj, ai+1), T+ € (aj—1,a;)

The previous statement tells us that N; ; is an SBL-chamber whenever it is contained
in Mov (X"), and this is the case for every (i, j), i < j, except in the following two
cases (see Remark 4.8 and Fig. 4):

e Ypisapointand (i, j) = (0, 1);
e Y. isapointand (i, j) = (r — 1,r).

4.2 The Mori chamber decomposition of X

We will now describe the Mori chamber decomposition of the movable cone of X”,
which in general is only known to be a refinement of the stable base locus decompo-
sition of the movable cone (see for instance [16, Remark 2.5]). In our case we will
show:

Theorem 4.10 In the situation of Setup 4.1, the Mori chamber decomposition of X°
equals its SBL decomposition, that is, the Mori chambers of X are the sets N, j C
Mov (X?).

Note that if dim (Yp) = 0 (resp. dim(Y;) = 0) then Mov (X >y does not contain the
chamber Ny | (resp. Ny_1,,); in the case in which X b is a bordism we have a chamber
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2

for every pair of indices (i, j) € {0, ...,r}",i < j.Letus set

M= {(i, /)| Ni,j € Mov(X")}.

In order to prove Theorem 4.10 we will use a recursive argument that allows us to
prove the following more detailed version of it:

Proposition 4.11 In the situation of Setup 4.1, for every (i, j) € M there exists a
smooth projective variety X (i, j), with a B-type equalized C*-action of criticality
J — i, and a C*-equivariant small modification ¢; ; : X --s X(i, j) such that:

(i) the indeterminacy locus of ¢; j does not meet any inner fixed point component
of L-weight ay, fori < k < j;

(ii) @; j maps isomorphically the inner fixed point components of X > of weights ay,
i < k < j to the inner fixed point components of X (i, j), and preserves the
values of v* on these components;

(i) Nef(X(i, j)) = Ni ;.

Proof We start by setting X (0, ) := X°, ¢p , := Id.

By Corollary 4.9, any Q-divisor in Ny , is semiample, hence nef, so we may con-
clude that WJ C Nef(X(0, r)). On the other hand, by the same corollary, movable
Q-divisors outside of Ny , are not semiample, hence not ample, so the equality follows.

Take (i, j) € M and assume that the statement holds for such a pair. We will show
that if (i +1, j) € M, then the statement is also true for (i + 1, j); an analogous
argument yields that the result holds for (i, j — 1) when (i, j — 1) € M.

First of all, we note that assuming that (i + 1, j) € M implies that either

(@ j—i=3or
(b) j—i=2andi <r—2,0r
(©)i=r—2,j=r,anddim(Y,) > 0.

This follows from the description of Mov (X”) given in Proposition 4.7 and Remark 4.8,
and of its SBL decomposition given at the beginning of this section.

Now we use property (ii) to identify the inner fixed point components of X (i, j)
with some inner fixed point components of X”; we also choose an ample Q-divisor
D = (¢;, j)«L(z—, t4) € N; j. By Lemma 2.2, the D-weights of the inner fixed point
components of X(i, j) are aj41 —T—, ..., aj_1 — T_.

Since v* is preserved by ;. ;j on these inner fixed point components, by Lem-
mas 4.4, 4.5, it follows that, in each of the situations (a), (b), (c) described above,
the pair (X (i, j), D) satisfies the hypotheses of Theorem 3.1. We then consider the
smooth C*-equivariant small modification ¥~ : X (i, j) --+ 8X(i, j)~ provided by
that statement and set

X(@+1,/)=8X3,j), @it1,,:=v ogj.
Letusnow show that X (i + 1, j) and ¢; 11, ; satisfy the requirements of the proposition.
Note that the induced C*-action on X (i + 1, j) is equalized of B-type by Theorem 3.1,

so we are left to prove the properties (i), (i), (iii).
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By assumption, the indeterminacy locus of ¢; ; does not meet any fixed point
component of L-weight ax, fori < k < j.On the other hand, as stated in Theorem 3.1,
the indeterminacy locus of ¥y~ does not meet any fixed point component of X (i, j)
of D-weight ap — 7, fori +1 < k < j, that correspond via ¢; ; to the fixed point
components of X of L-weight ai, fori + 1 < k < j, so (i) follows.

Property (ii) follows in a similar way: both ¢; ; and ¥~ map isomorphically the
fixed point components of D-weights a, fori + 1 < k < j.

For part (iii) we denote by Y, the sink of X (i, j), and note that ¥,;” = (¢;, j)x(¥0).
Then, by Theorem 3.1,

Yo (D —71Yy) = (pit1, /) (L= + 7, 74))

is ample on X (i 4 1, j), for every 7 € (a;4+1 — T—, aj+2> — 7). Since this holds for
every L(t_, 74) € N; j, setting t/ .= t_ + 1, we conclude that (§0i+1‘j)*L(‘C/, T4)is
ample on X (i + 1, j) forevery L(z', 74) € Ni41,;.

On the other hand, since the Mori chamber decomposition is a refinement of the
SBL decomposition, the ample cone of X (i + 1, j) must be contained in N;4,;, and
we conclude that Nef (X (i + 1, j)) = Nj41,j. O

We finish this section with some observations regarding the GIT quotients of the
small modifications of X". In the following statement we consider the set of indices
I1(X, L) introduced in Remark 4.6.

Corollary 4.12 In Setup 4.1, for everyi € I(X, L):

(i) the closure of N; i1 is the nef cone of the Pl-bundie 5(\(1', i+1);
(i1) the intersection

A 1 _ Movixny | =0

Niit1 N Cgep = {mL(T, 7) € Mov(X”) ‘ 4 <1 <ai }
is the nef cone of the geometric quotient GX (i,i +1);

(i) the intersection Mov (X?) N C equals Mov(SGX (i,i+1)).

gen

Proof First of all, as noted in Remark 4.6, for each such i the nef cone of X (i,i+1)
is the closure of one of the Mori chambers of X", and the projection XG,i+1) -
GX(i,i+ 1) corresponds to a facet of that chamber. On the other hand, by Proposi-
tion 2.12 and Lemma 2.5

GX(i,i+1) = Proj ( P Hx. mL)mT> = Proj < P HO X" mL(x. z))),
m2=0 m2=0
mrtez mrtez

which implies that L(z, 7) is a supporting Q-divisor of the rational contraction

X" -=» X(@,i+1) - §X(@i,i+1). Since the only chamber containing L(t, 7)

in its boundary is N; ; 11, we conclude that Nef(f(\(i, i+1)) = N; iy, thatis, (i).
Moreover, Nef (5X (i, i + 1)) must be the facet of N; ;11 containing L(z, ), which

is Ni i+1 N Cgep, and so (i) follows.
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In order to proof part (iii) we first note that the geometric quotients GX (i,i + 1)
i € I(X, L), are all isomorphic in codimension one by construction, so we may
conclude by showing that the extremal rays of Mov(X?) N C gJ;m do not correspond to
small contractions. For simplicity let us consider only the left-hand side extremal ray
R, and denote by GX (ig, ip + 1) the geometric quotient whose nef cone contains that
ray; according to Remark 4.6 we have two situations: either ip = 0, or ip = 1.

If ip = 0, the contraction §X(0,1) — §X(0,0) associated to the ray R is the
projective bundle Yg — Yy. If else ip = 1, the contraction §X(1,2) — GX(1,1)
is divisorial: in fact by Lemma 4.5 in this case there is a unique component Y7 of
weight a1, and v (¥]) = 1; therefore the subset of GX(1,2) parametrizing orbits
converging to Y1 at infinity is a divisor (by the Bialynicki-Birula decomposition) that
gets contracted onto Y1 C §X(1, 1). O

Remark 4.13 Similar arguments show that, for every i < j, the geometric (resp. semi-
geometric) quotients of the small modification X(i, j) are the varieties
SXk,k+1),i <k < j—1(resp. §X(k,k), i < k < j). In particular, the sink
and the source of X (i, j) are §X(i,i), $X(J, J)-

Remark 4.14 1In the case in which the sink of the action in X is a point, we have seen
that the simplicial cone generated by L(0, 0), L(0, a1), L(ay, ay) is not contained in
Mov (X"). However, it is still contained in the pseudo-effective cone of X°, and the
Q-divisors contained in it have a geometric interpretation.

In fact, the complete linear system of a large enough integral multiple of a Q-divisor
in (L(0, 0), L(0, a1), L(a1,a1))\(L(0, a1), L(ay, ay)) has a fixed point component
supported in the unique divisor X~ (Y7). In particular, the divisors of the form
mL(t,7), T € QN(0, ay), m > 0, still define rational maps from X b to the geometric
quotient §X (0, 1) = §X(1, 1), as we knew from GIT (see Proposition 2.12).

5 Examples: equalized actions on rational homogeneous manifolds

The paper [21], in which the birational geometry of equalized C*-actions of small
bandwidth was considered, shows that important examples of equalized actions can
be found using Representation Theory. Let us start this section by presenting some
of these. As in Sect. 4, we will be interested in smooth projective varieties of Picard
number one admitting an equalized nontrivial C*-action. We will also consider a
linearization of the action on the ample generator L of Pic (X) and denote the bandwidth
and the criticality of the action by § and r, respectively.

First of all, we will introduce the notation that we will use to describe our varieties
and actions.

Notation 5.1 Let G be a semisimple algebraic group, with Lie algebra g. We consider
a Borel subgroup B C G and a Cartan subgroup H C B C G, denote by @ the
root system of G with respect to H, by W = Ng(H)/H the Weyl group of G, by
A = {ay, ..., a,} the base of positive simple roots of @ induced by B D H, by &+
the set of positive roots determined by B, and by D the Dynkin diagram of G. We will
assume that D is connected, i.e., that the Lie algebra g of G is simple (and we will say
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that G is a simple algebraic group), and that G is simply connected. In particular the
lattice of characters M(H) of H coincides with the lattice of weights of g, generated
by the fundamental dominant weights {w1, . .., w,}.

A fundamental weight w; defines a representation V,,, such that the unique closed
G-orbit in the projectivization IP(Vy,, ) is a rational homogeneous variety. This variety
is completely determined by the choice of a node i in the Dynkin diagram D, hence
we will denote it by D (7).

5.1 Examples withr = 1

The first example of variety admitting an equalized action of Picard number one and
criticality r = 1 is the projective space P", together with the linear action that fixes the
points of a hyperplane H C P" and a point P ¢ H. Other examples of this kind can be
found within the class of horospherical varieties. Following [24], besides P, smooth
projective horospherical varieties of Picard number one are determined by the choice
of some triples (D, i, j), where D is the Dynkin diagram of a simple Lie algebra
and i, j are two nodes of the diagram. One requires the morphisms D(i, j) — D(i),
D(, j) — D(j) to be projective bundles, denotes by L;, L; the pullbacks of the
ample generators of Pic (D (i)), Pic(D(})), and constructs the associated horospherical
variety as the contraction of the decomposable P!-bundle P(L; ® L j) — X via the
corresponding tautological line bundle O(1) (see [21, Section 4] for details). The
variety in question inherits a C*-action induced by the natural one on P(L; @ L),
which has § = r = 1; its (extremal) fixed point components are, clearly, D (i), D(j).
Table 1 contains the complete list of these varieties, and Fig. 5 the description of their
movable cones.

5.2 Examples withr = 2
By [26, Theorem 4.1], the only smooth projective varieties admitting an equalized

action of bandwidth two with isolated extremal fixed points are the smooth quadrics,
B, (1), Du(1).

Table 1 Smooth projective horospherical varieties of Picard number one

D(i) D) n,i,j X

Ap(1) Ap(n) nz2 Dpy1(1)

A (i) Api+1) n=3i<n App1(i+1)
B,(n—-1) B, (n) n>3 Not homogeneous
B3(1) B3(3) Not homogeneous
Cpi+1) Cpn (i) nz2 i<n Not homogeneous
Dy(n—1) D, (n) n>4 B, (n)

F4(2) F4(3) Not homogeneous
Gy (2) G(1) Not homogeneous
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L(0,0) L(1,1)

L(0,1)

Fig.5 The movable cone of X b in the case of criticality one

If X is a rational homogeneous space of Picard number one and L is the ample
generator of Pic(X), examples in which r = 2 can be found among adjoint varieties.
Let us recall that, given a simple Lie algebra g, its adjoint variety is the unique closed
orbit of the action of the adjoint group of g on P(g¥). In [21, Section 7] all the possible
adjoint varieties admitting an equalized C*-action with § = r = 2 have been described
in terms of short gradings of Lie algebras (see Table 2).

We have represented the movable cones of these varieties in Fig. 6. Note that the
arguments in [21, Section 6] provide, for every smooth projective variety X together
with an equalized action with § = r = 2 and non-isolated extremal fixed points,
two small modifications of X” that are P! -bundles. They correspond, in the language
introduced here, to the varieties X (0, 1) and X (1, 2), whose nef cones are the two
triangular chambers in the right hand side of Fig. 6.

Table 2 Adjoint varieties of Picard number one with an equalized action of bandwidth two

type Xad Short gradings Yo, Y2 Y,
Bm Bm(2) 1 Bp—1(1) Bn-1(2)
Dp, D (2) 1 Dp—1(D) Dy—1(2)
Dy Din (2) m—1,m An-1(2) Ap_1(lim —1)
Eg E¢(2) 1,6 Ds5(5) D5(2)
E; E7(1) 7 Eg(1) E6(2)

L(1,1) L(0,0) L(1,1) L(2,2)

L(0,1) L(1,2)
L(0,2) L(0,2)
Mov (Q?) Mov (Xt )

Fig.6 The movable cone of X b in the case of quadrics and of adjoint varieties of criticality two
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Table 3 Varieties of Picard number one with an equalized action of bandwidth three with isolated extremal
fixed points

X Yi.1»

C3(3) v2(A2(1))
A3(3) Ax(1) x A2(2)
D (6) As(2)

E7(7) Ee(D)

L(1,1) L(2,2)
L(0,1) L(2,3)
L(0,2)
Mov (X?)

Fig.7 The movable cone of X b in the case of variety of criticality three and isolated fixed points
5.3 Examples withr = 3

A complete list of smooth projective varieties admitting an equalized action of band-
width three with isolated fixed points is known (see [21, 26]). In the case of Picard
number one the varieties in question are all rational homogeneous and they can be
described in terms of special Cremona transformations and Severi varieties (that appear
as the inner fixed point components Y7, Y> of the action). Their complete list is given
in Table 3.

In [21] it has been shown that the blowup of such a variety along the sink and
the source admits a small modification which is a decomposable P!-bundle (over the
blowup of a projective space along a Severi variety). Again, the nef cone of this P!-
bundle is the closure of the triangular chamber represented in Fig. 7, and the small
modification from X” onto it is a composition of two (commuting) flips of the type
described in Sect. 3.

5.4 Rational homogeneous examples with arbitrary criticality

A description of C*-actions on rational homogeneous varieties of Picard number one
has been given in [11], with particular attention to the actions of minimal bandwidth.
The author describes also when these actions are equalized. For the reader’s conve-
nience we include here some elementary facts that belong to that paper.

Let i be a node of the connected Dynkin diagram D of a group G as in Notation 5.1,
and set X = D) C P(Vy,), L = O]}»(th_)(l)m. In order to study C*-actions on
(X, L), we note first that we may always assume that the action extends to the action
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of H in X by means of a homomorphism j: C* — H. The fixed points of the action
of H on X, as well as the weights of the action on L and on the tangent spaces of
X at those points, can be written in terms of @ and W, so that we may compute the
C*-weights of L and Ty by means of the induced map ;*: M(H) — M(C*). By
choosing an isomorphism M(C*) =~ Z, this map defines a grading of g, whose graded
pieces are

0=b00P o on=ED gu m#0.
aed aed
75 (@)=0 J*(@)=m

One may then easily check that the relation among equalization and shortness of the
grading found in [21, Section 5] holds for every X as above:

Proposition 5.2 The action of C* on X is equalized if the induced 7.-grading on X is
short, that is g, = 0form # —1,0, 1.

A classical example of this kind is the case of the Grassmannian of i-dimensional
subspaces of an (n + 1)-dimensional vector space V, which we denote by X = A, (7).
A similar description can be done in the case of rational homogeneous varieties of type
B, C and D, and also in the exceptional cases, with the help of some representation-
theoretical tools. We refer to [11] for details.

The line bundle_ L is, in this case, the Pliicker line bundle, that provides the embed-
ding of X into P(A' V). One may then construct equalized C*-actions on X by choosing
a decomposition

V=WwoVv,

and a C*-action on V whose weight is 0 on V and 1 on V. Setting k := dim Vj, and
assuming, without loss of generality, thati < k < n —k + 1, one can then check that,
form > 0:

Im = @ [

aedt
a—moyedt

In particular g,, = 0 for m > 1, that is, the grading is short. One may compute that
the fixed point components of the action are

Ak—1(), Ap—1( = D xApp (D), ..., Ap1(D) xApi (i = 1), Ap—i(i),

where we set A, (r + 1) to be a point.

The C*-weights of L on these components will be 0, 1, ...,i — 1, i, respectively.
Note that our result provides a description of the Mori chamber decomposition of the
movable cone of A, (i)’, which is not a Fano variety with the exception of the cases
i = 1, n. In particular, these examples show that one may find, within the class of
rational homogeneous spaces, equalized C*-actions of arbitrary large criticality.

Note that will have isolated extremal fixed points in the following cases:
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e i =k <n+ 1—k (isolated sink),
e | =k =n+ 1 — k (isolated sink and source).

In the latter case the sink and the source of A, (i)” can be both identified with the
projectivization of the space of (n + 1)/2 x (n + 1)/2 matrices, and the birational
map among them is known (we refer to [18] for details) to be induced by the inver-
sion function. This description allows us to decompose the (projectivized) inversion
function as a sequence of a blowup, (n + 1)/2 — 2 flips, and a blowdown.
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