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ARTICLE INFO ABSTRACT

Keywords: Recently, the instantaneous geometric invariants have proved to be a fundamental tool for the
Comp]{:mt mer_‘ham._s.ms design i analysis of the motion generated by flexure hinges. In this paper, the invariants are applied to
Clomph:mt mechanisms synthesis the synthesis of compliant mechanisms at the output port level. The motion of the moving plane
Hlexuces S associated to the output port is deseribed through fundamental geometric entities, that are the
Instantaneous geometric invariants i e ! i i g i
a inflection circle, the cubic of stationary curvature, and its derivative. The proposed synthesis

procedure aims to reshape the output port to embody the special points on the plane, that are the
Ball's and the Burmester’s points, approximating straight and circular paths to the third and to the
fourth order, respectively. The method is implemented for the design of a compliant mechanism
and numerical simulations are conducted to verify the theoretical results. A discussion of the
advantages and disadvantages of the method is presented.

1. Introduction

Due to their advantages over the traditional rigid-body systems, compliant mechanisms are being increasingly implemented in
many industrial and research fields, as robotics [1-3], precision engineering [4-6], aerospace [7-9], and micro-electromechanical
systems [10-13]. In accordance with this trend, many investigations have been presented in the literature, proposing analysis and
modeling methods both at the flexure level [14-16] and at the mechanism level [17-19].

Numerous studies have also focused on the synthesis aspect, developing advanced procedures to overcome the intrinsic challenges
of compliant systems, that are kinematics and statics coupling, geometric nonlinearities, and complex topologies. Generally, the
methods presented in Literature propose a synthesis at the mechanism level, aiming to delineate an elastic suspension, that is a compliant
structure with lumped or distributed compliance, able to meet assigned design requirements under specific constraints. These methods
can be classified in topology optimization, kinematics-based, building block [20,21], and projective [22-24] approaches.

Topology optimization seeks the optimal material layout in the design space that meets the assigned requirements, in terms of
objective functions and constraints. Material properties and element density are some of the possible variables in the algorithm
models. Discrete or continuum parametrizations can be implemented in the procedure [25-27].

Topology-optimization approaches have been employed for the design of fully, partially, and contact-aided compliant mechanisms
[28-31]. Beyond structural performance, such strategies have further been used for path generation, where the topology or geometry
is modified to obtain precise paths for prescribed points [32-34].

Kinematics-based approaches comprise the rigid-body replacement and the freedom and constraint topology. Starting from a
rigid-body mechanism layout, the rigid-body-replacement method consists of designing a compliant mechanism by replacing the tra-
ditional kinematic pairs with flexure hinges. This step is usually performed by resorting to a pseudo-rigid body model, which relates the
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load-displacement relation of the rigid and of the elastic mechanisms. Several pseudo-rigid body models can be considered, charac-
terized by different numbers of degrees of freedom [35,36] or determined according to different kinematic criteria [37,38]. The
freedom and constraint topology approach proposes a library of vector spaces, derived from screw theory, projective geometry, and
exact-constraint design, for defining a compliant mechanism with specified mobility [39,40]. This method has been applied in the
design of systems with different topologies [41,42] and to compliant tr: ission mechani [43].

The building block method defines the compliant mechanism as a network of compliant structures described by the load-
displacement relations between the input and output ports [44,45]. Recently, the geometry of concatenation has been described
through several design rules developed from the relations between eigentwists and eigenwrenches [46]. According to the compliant
building elements approach, the quantitative information of a compliant system have been encoded in a parametric matrix, and a
library of compliant elements was presented to generate the initial stage topological designs [47].

A geometric framework based on projective geometry, in particular on the antipolarity transformation between poles of displace-
ments and lines of action, led to the description of the load-displacement relation in terms of the ellipse of elasticity [48,49].

As previously mentioned, the methods described above focus on the mechanism level, defining the elastic suspension according to
requirements usually formulated in terms of degrees of freedom or constraint, and of compliance or stiffness directions. However, the
synthesis problem can be addressed from another standpoint, at the output port level. In fact, a compliant mechanism can be seen as a
two-port system, consisting of an elastic suspension connecting a moving body to the fixed frame. The output port is the moving body
subject to the design requirements, expressed in terms of motion laws or load-displacement relations. The output port synthesis aims to
meet the functional requirements with an already defined compliant structure, by exploiting the field of displacements of the moving
body. An example of application of this approach is the point compliance synthesis method presented in Ref. [23,24]. The points
of the moving body have been characterized through the spectral analysis of their corresponding compliance matrix. The synthesis
problem has been reduced to a normalized geometric problem formulated as an algebraic system with closed-form solutions.

Recent investigations resorted to the instantaneous geometric invariants for the analysis of flexure hinges with variable cross-
section, initial curvature, or subject to combined loads [50-52]. In particular, they have been exploited for the study of the high-order
kinematics of constant-curvature flexures [53]. As fundamental tools in the design of rigid-body mechanisms, the invariants were
introduced by Krause [54] and developed by Veldkamp, Bottema, and Roth [55,56]. Recently, they have been considered for the
description of the kinematics of the hyperbolic plane [57], for the computation of generalized Burmester’s points [58,59], and for the
determination of the high-order centrodes and Bresse's circles of slider-crank mechanisms [60,61]. With respect to classical motion
generation methods based on the kinematic fields of rigid bodies, the proposed synthesis operates on the displacement field resulting
from the deformations of an elastic suspension.

In this paper, the geometric invariants are applied to the synthesis of compliant mechanisms at the output port level. Given an
assigned elastic suspension, the motion of the moving plane is described through the inflection circle, the cubic of stationary curvature,
and its derivative. Then, the output port is specifically modeled to include the special points on the plane that approximate straight
and circular paths to the third and to the fourth order, respectively. This study constitutes, to the best of the author knowledge, the
first application of instantaneous geometric invariants, up to fourth order, to the synthesis of compliant mechanisms.

The manuscript is organized as follows. In Section 2, the kinematic background is introduced. The motions at the element and at
the mechanism level are described in Sections 3 and 4, respectively. The synthesis procedure is detailed in Section 5 and implemented,
for the design of a compliant four-bar mechanism, in Section 6. The advantages and disadvantages of the method are discussed in
Section 7. Conclusions are reported in Section 8.

2. Instantaneous geometric invariants

With reference to Fig. 1, the reference frames = {0, X, Y} and < = {0, x, y} represent the fixed and the moving plane, respectively.
The motion of a point P of the moving plane with respect to the fixed reference can be described by

Xin) = X, (1) + x cos ((1)) — ysin (),
Y1) = Y, () + xsin () + ycos (¢(1). 1)

where X, ¥, and ¢ are real functions of the time ¢, and (x. y) are the coordinates of P in <, not dependent on 1. By assuming d¢/di = 1
and ¢ = () for 1 = (), ¢ =t becomes the independent variable, and X, and ¥, become function of ¢. The generic value of ¢ represents
one pose of the mobile plane with respect to the fixed one, and Eq. (1) can be rewritten as

X=X +xcos¢p— ysing, (2)
Y=Y, +xsing+ veose. 3)

The previous equations provide a geometry-based description of the motion, useful for the analysis of the motion properties that do
not depend on time. The first derivatives of Eq. (3) read

XMW =X~ xsing— yeos ¢, @
YW=y 4 xcosgp— ysing. (5)
By making use of Eq. (3) and Section 2, the equations of the fixed centrode A can be easily obtained as

Ax=Xp =X, -¥YD, ©
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Fig. 1. Reference frames and nomenclature.

Ay =Yp =¥, + XN, @)

[q. (7) represent, in 7, the loci of the instantaneous center of rotation P; during the motion of the moving plane defined by the
variable ¢. The loci of P, in the moving reference frame < can be obtained as

to=xp=XVsing - ¥eos g, 8

x
Iy=yp =¥ Vsing+ X" cos¢p. @)
Knowing the centrodes and the position of P; at ¢» = 0, the description of the motion can be formulated by introducing two canonical
reference frames. The fixed canonical frame, 7 = lPljf?}, associated to the fixed centrode 4, has origin in the instantaneous center
of rotation P, and ¥-axis tangent to the centrodes in P,. The moving canonical frame, < = { P,¥7}, associated to the moving centrode
1, is coincident to F at ¢ =10.
The instantaneous geometric invariants are defined as
(1) 'y
Dhois’ - TP i (10)
d[i,n n ﬂ'g&"
namely the n-order derivatives of the coordinates X p, and "Y-Pl of the instantaneous center of rotation P, with respect to the independent
variable ¢. Considering the reference configuration (¢ = 0), and by introducing the notation

a,

x = amx, . yi - "'y, ) an
o dd}'” o d¢ﬂ
the invariants can be written as
am=by=a=b=a=0, (12)
2 2

by = ‘/(xf' +¥0) 4 (5P -2, 3)
1 - ;

ay = (X9 + X0 (1D - XD) - (YO +¥0) (XD + Y1), (14)
1 5 oo

by = ;((xfuxi“)(xg-‘ YY)+ (¥ ) (v - xV)) . (15)
Tivey : : :

2y = b_((xr[;ﬂ_ Y;”}(Yolz' _ XLI]) _(yJ4J+XL]I](XéZI 42 yn[ls}) 2 (16)

by = (XD = YD) (XD 4 D) + (194 X0) (12 - X)) . a”)

The invariants are first implemented to find the orientation of the canonical reference frame 7. More specifically, the unit vectors
of the X¥— and ¥ — axis are given by

5 (Y2 X - X2y .
b ¥ 4 X : b r?_ x® : s

Once 7 is determined, the position of the generic point P and its geometric derivatives, with respect to the canonical frame at the
instant ¢» = 0, can be written in terms of the geometric invariants as

Xy =%, Yoz7=7F, (19)
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X =7, Filk=y, (20)
=z Yo =k =, (21
=45 ¥ =b-%, (22)
W=0+%. TP=b+7. (23)

Then, the geometric characteristics of the motion are described in 7* by the following entities:

curvature,

e I
T by, (24)

(2 +7)7

center of curvature £,

o 5 b5y by
JFats§— - =, = — ri 25
e s e =) “

inflection circle 7, from Lq. (24), the locus of the points with zero curvature «,

PP -b5=0; (26)

the point I € I, antipode of P, is the inflection pole;
cubic of stationary curvature, that is the locus of the points with stationary curvature, obtained by imposing equal to zero the
derivative of the curvature « at ¢ = 0,

(7 + 3@y ¥ + by )+ 336, (3% + 7 — by7) = 0 27)

Ball's point, defined as the intersection of the cubic of stationary curvature with the inflection circle (other than the velocity pole),

= o byay baay
{xsa-yBa}E by —5—— . a3 : (28)
ay+ b; a; + b%

derivative of the cubic of stationary curvature,

GFT+ P+ F + T+ 6P +e T+ aF +a7=0. 29)
where ¢ = 5by +4ay — by, 2 = —dazby — 962, ¢35 = 3B2, ¢4 = —ay —4bs, 5 = —3b2, g = dbabs.

Since the Ball’s point is obtained as the intersection of Eq. (27) with Eq. (26), its trajectory has four contact points with a straight
line for three infinitesimal, subsequent rotations of the moving plane. In addition, the real solutions of the system composed of
Egs. (27) and (29) give the coordinates of the Burmester points, which are points with a trajectory that, for four infinitesimal,
subsequent rotations of the moving plane, have five contact points with the osculating circle.

3. Motion description at the element level

According to the formulation presented in Section 2, the instantaneous geometric invariants can be calculated once the coordinates
of the point o, origin of the moving frame <, are defined as functions of the variable ¢. In case of constant-curvature flexures, with
uniform cross-section and subject to end-moment load, the functions

Xy =X, (), (30)
¥, = Yd). (31)

can be obtained in closed form.
With reference to Fig. 2(a), under the Euler-Bernoulli assumptions, the moment-curvature relation can be written as

dg _ M

T FEL (32)
where s is the arc-length coordinate, d8/ds is the curvature, M is the internal bending moment, and £/ is the bending stiffness. The
figure shows the elastic element, in neutral and deflected configurations, and the fixed and moving reference frames. The origin O
of the fixed frame F{0. X, Y is coincident to the anchored end of the beam axis, and the Y-axis is collinear to the axis chord OE.
The mobile frame <{o, x, v} has origin o coincident to the free-end E of the beam axis. For ¢ = 0, the frames < and F have the same
orientation.

At the generic instant ¢, the pose of the moving frame with respect to the fixed one can be determined from Eq. (32), by separating

variables, using the chain rule of differentiation, and integrating, as [62]

M

¢ =57l @3
sin

Xg= ""{f’ L 34
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Fig. 2. Straight-axis flexure in neutral (black) and deformed (gray) configurations: geometric description of the motion. (a): instantaneous center of
rotation P, inflection cirele (I), cubic of stationary curvature and its derivative (s and r, respectively) Ball's point (B,), and Burmester’s points (B, ).
(b): approximated straight trajectory a of the Ball's point, and approximated circular trajectory u of the Burmester’s point with center of curvature
Q.

(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

L ekt (35)
@

where L is the length of the flexure axis. Therefore, according to the notation introduced in Section 2, the non-dimensional functions

sin (¢h)
X, = ; (36)

¢

T

Y, = —j‘ @ 37

define the path p of the free-end section in function of ¢, and can be used to find the centrodes Eqgs. (7) and (9) and the canonical
references Eq. (18), and to evaluate Eqs. (13) to (17). Once the geometric invariants are obtained, the geometric entities described
in Section 2 can be straightforwardly determined [53].

The results are reported in Fig. 2. More specifically, Fig. 2(a) shows the instantaneous center of rotation, the inflection circle, the
cubic of stationary curvature and its derivative, the Ball's and the Burmester’s points. If L. = |0 E]| is the length of the beam’s axis, P
lies on the X —axis with abscissa X = L/2. The Ball's point B, lies also on the X —axis with abscissa X = 2L/3, and it is coincident
to the inflection pole 7, antipodal of P, on the inflection circle. The diameter of the inflection circle is | P, B,| = L/6. The coordinates
of the Burmester’s point are B, = (13[[16:—&;’;/48} with center of curvature Qp = (3/16; \/EMS}.

The approximated straight trajectory of the Ball's point, and the approximated circular trajectory of the Burmester’s point, with
its center of curvature, are shown in Fig. 2(b).
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Fig. 3. Straight-axis flexure under a combined load.

It is worth noting that, for uniform flexures under end-moment load, Eq. (33) expresses a direct relation between the moment M
and the angle ¢, representing the orientation of the moving frame with respect to the fixed one. The path of the free-end section is
defined, and its pose depends only on the value of M. Therefore, this case is conservative, and the formulation based on the geometric
invariants leads to closed-form expressions.

However, a more general scenario is reported in Fig. 3. The free-end section is subject to a moment M and to a force F inclined
at the angle . The pose of the free-end section is given by [35,62]

L= ’ de ‘ .
i \/% [cos(d — yr) — cos(f —w)] + (% )z

Xg = /d’ cos 8de ‘ N
' \/%EC"S@—W]—cm(ﬁ?_wn_'_(%)z

Y= Ad’ siné d@ - .

F ) a2
\/EEt.oa[{,ﬁ—w]—u)silg—lﬂ”+(ﬂ)

The solution of Eqs. (38)-(40) is not trivial, since it involves geometric and load parameters. The angle ¢, unknown in forward
problems, appears as the upper limit of the integral and in the radicand. The occurrence of one or more inflection points should also
be taken into account. Generally, it is not possible to find closed-form solutions of the system of Egs. (38)-(40). Several strategies
have be considered for the solution, including elliptic integrals, non-linear shooting, Adomian decomposition, integral approaches,
hypergeometric functions [14,63-67].

Besides the issue regarding the solution, it is important to note that this case is not conservative, since the path p of the point £
depends on M, F, and y, namely, on the loading history. Furthermore, a result in the form of Eqs. (30) and (31), achieved in the
conservative case through Eqs. (36) and (37), should be obtained. This problem becomes more challenging at the mechanism level,
as explained in the next section.

4. Motion description at the mechanism level

A planar compliant mechanism can be schematically represented by the two-port model depicted in Fig. 4. The body T, that serves
as the output port, is connected to the ground through the elastic suspension M.

The application of the actuation or external loads determines the motion of T, that moves describing the path p, according to the
loading history. The path is defined by the deflection of the elastic suspension that, in the general case, is composed of series and
parallel arrangements of non-uniform flexures. Therefore, the determination of p is not trivial, as mentioned in the previous section
considering uniform beams and discussing Eqs. (38)-(40). Further details regarding the nonlinear analysis at the mechanism level
can be found in Refs. [17,18].

The objective of this investigation is to develop a synthesis procedure at the output port level. The method exploits the field of
displacements of the output port body and defines the body geometry that meets the functional requirements. In this context, the
structure of the suspension M, the path p, and the set of poses of T, resulting from a nonlinear analysis step, are the known data
of the problem. It is worth noting that, at the mechanism level, the nonlinear analysis provides only the displacement field of the
output port. The internal forces associated with such deformation depend on the material properties and on the flexural rigidity of
the flexures, which are not specified in the present formulation. For this reason, the synthesis procedure relies exclusively on the

6
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Fig. 4. Two-port model of a compliant mechanism.

kinematic information, namely the path p and the corresponding poses of 7. The imposed motion fully characterizes the behaviour
of the compliant mechanism for the purposes of the output-port synthesis. The shape of T' constitutes the unknown of the problem
and is determined through the synthesis procedure detailed in the next section.

5.

Synthesis of the output port

The synthesis at the output port level starts from the given compliant mechanism, with defined output port and applied load. The

procedure can be summarized as follows.

1.

Introduce the fixed frame 7 = {0, X, Y} to the ground and the moving frame < = {0, x. y} to the output port body. According to
the applied loads, find the relative motion. More specifically, find the poses (position and orientation) of < with respect to 7. The
coordinates [X,.Y,} define the path p of the origin. Each point of the path is associated to the angle ¢, that defines the relative
orientation of the two frames.

. From the set of data {X,.Y,.¢}, find the functions X (¢) and ¥,(¢). Note that the fourth-order kinematics requires function of

o Tat
class €4, that is

X,(¢), Y,(¢) € CH. (41)

. Calculate the derivatives

1§} 4 1) 4
XD, X9y v “2)

. Calculate, according to Eqs. (12) to (17), the geometric invariants

ay, by, oy, by

. Calculate the geometric entities of the motion: the inflection circle Eq. (26), the cubic of stationary curvature Eq. (27) and its

derivative Eq. (29), the Ball's point Eq. (28), the Burmester’s points (as intersection of the cubic and its derivative) and their center
of curvature Eq. (25).

. Redefine the shape of the output port body in order to include the points of the moving plane that satisfy the design requirements.

In the next section, the synthesis procedure is applied to the synthesis of a compliant four-bar mechanism.
Synthesis of the output port of a compliant four-bar mechanism

The assigned compliant mechanism is depicted in Fig. 5. The compliant system incorporates both straight and curved flexure

hinges, reflecting some of the possible design choices aimed at satisfying different design requirements, such as predictable rotational
behavior, reduced axis drift, or improved stress distribution. Since the proposed synthesis procedure relies solely on the kinematic
field generated by the existing compliant suspension, it remains applicable regardless of the specific hinge geometry. The output port
T is the coupler, whereas the motion is generated through an applied rotation to the body connected to the frame through a revolute
joint in O. The fixed and moving frames, 7 and <, respectively, are represented in the figure.

7
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Fig. 5. Compliant mechanism, output port T and motion input.
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Fig. 6. Data points and fitting of X_(¢) (a) and ¥, (¢) (b).

Finite element simulations are performed with the commercial software Ansys, taking into account geometric nonlinearities. A
fixed support has been applied to the cross-section in A. The input motion has been modelled by imposing an increasing rotation,
up to 10 deg. A two-dimensional simulation was performed using PLANE182 elements, with local mesh refinement applied in corre-
spondence with the flexible members.

Position and orientation of the moving frame are acquired for each value of the applied displacement through the set of coordinates
X, Y, b

The functions X, (¢ and ¥,i¢b) have been obtained by curve fitting, resorting to the polynomials:

X (@)= pod* + pot’ +pad’ + pud + s (43)
Y ()= pdt + pad’ +pad’ + pad+pys. (44)

Fourth-order polynomial fitting is adopted as it provides the simplest analytical representation ensuring C* continuity, which is
required for evaluating the instantaneous geometric invariants up to fourth order. The data point and the fitting curves are reported
in Fig. 6.

From Egs. (43) and (44) and their derivatives Eq. (42), it is possible to calculate, according to Egs. (12) to (17), the geometric
invariants, and the geometric entities of the motion, according to Eqs. (25) to (29).

The results are reported in Fig. 7, showing the inflection circle, the cubic of the stationary curvature and its derivative, and the
Ball's and the Burmester's points.

Once the positions of the points of interest have been obtained, the output port is reshaped accordingly, as shown in Fig. 8. In
the illustrative case, the Ball point and two of the four Burmester points (B8,, and B,,) are embedded in the redesigned geometry.

8
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Fig. 7. Inflections circle, cubic of the stationary curvature and its derivative, Ball’s and Burmester’s points.

B,

Fig. 8. Reshaping of the output port for the inclusion of the Ball’s and Burmester's points. Initial shape shown in dashed lines.

The remaining Burmester points are intentionally omitted to maintain geometric clarity, as incorporating all four would not provide
additional insight for the purpose of demonstrating the synthesis procedure.

To validate the synthesis procedure, finite element simulations were performed on the reshaped compliant mechanism, and the
corresponding results are presented in Fig. 9. The figure reports the trajectories of the Ball point and of the two selected Burmester
points under an input rotation of 20 deg, i.e., twice the rotation prescribed during the determination of these points. This choice
allows assessing the effectiveness of the method beyond the range originally employed for the synthesis. The deflected configuration
is shown together with the theoretical paths of motion. For the Ball point, the theoretical direction is orthogonal to the direction
P, B,, whereas the circular paths associated to the Burmester points are obtained from Eq. 24 and 25. A detailed view of the three
paths is provided in Fig. 10. For the applied rotation, the discrepancies between the numerical and theoretical trajectories of the
Ball's and Burmester's points are negligible.

7. Discussion

In this section, some aspects regarding advantages and limitations of the proposed synthesis procedure are briefly discussed.
The first aspect regards the core of the procedure, based on infinitesimal displacements, and the design of compliant mecha-
nisms, that often requires the design of systems undergoing large deflections. Infinitesimal displacements lead to the definition of

9
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Fig. 9. Compliant mechanism in neutral (contour solid line) and in deflected (cyan) configurations, and numerical and theoretical trajectories of
the Ball's and Burmester’s points.

an approximate path that follow the target one with accuracy that depends on the kinematic order of the implemented approach.
The Ball's and Burmester’s points are determined with geometric entities associated to the third and to the fourth order kinematics,
respectively. This means that the Ball’s point is characterized by a third order contact, or by four infinitesimally separated points in
common with the curve to be approximated. On the other hand, the Burmester's point is characterized by a fourth order contact,
or by five infinitesimally separated points in common with the curve to be approximated. Generally, high-order kinematics at the
infinitesimal level leads to accurate path approximations for finite range of motions. For decades, this feature has been largely ex-
ploited in the rigid-body synthesis, and can be exploited in the design of compliant mechanism undergoing moderately large or even
large deflections.

The second aspect regards the synthesis procedure operating at the output port level. Starting from an already defined compliant
system could be advantageous. In fact, the design of a compliant mechanism, starting from scratch, is generally challenging, consid-
ering the inherent coupling of the kinematic and elastomechanical behaviours. On the other hand, the motion of the output port of
a compliant mechanism, with assigned actuation law, is already defined. Even if the various geometric entities can be obtained, a
feasible solution in terms of Ball's or the Burmester’s points is not guaranteed. In fact, these points are points of intersection that could
not exist or could not belong to a suitable design region. Furthermore, the reshaping process concerns only the output-port body,
leaving the compliant suspension unmodified. As a result, the stiffness characteristics of the mechanism are generally preserved.
Minor dynamic variations due to changes in mass distribution can be mitigated by simple design measures, as mass reduction or
compensating geometry.

The third aspect concerns the purely kinematic nature of the proposed formulation. The nonlinear analysis required prior to
the synthesis provides only the displacement field of the output port, whereas the internal forces depend on parameters that are not
specified in this framework. For this reason, the procedure relies only on the kinematic information needed to construct the geometric
entities of the Ball’s and Burmester’s points and to perform the output-port reshaping.

The fouth aspect regards the sensitivity to the design parameters that, in this case, are the position and the orientation of the
moving frame associated to the output port. Generally, small variation of these parameters could lead to significant variation of the
geometric entities involved in the procedure.

Generally, the complexity of the synthesis problem can be reduced by considering a proper compliant mechanism at the basis of
the procedure, for example by resorting to the rigid-body replacement. In this case, the synthesis based on the geometric invariants
could improve and optimize the output port motion with respect to the target path.

10



M. Verotti Mechanism and Machine Theory 219 (2026) 106320

0 40 50 60 70 80 B0 100

(a)

110

L L L 1

115 120 125 130 135 140 145 150

X
(b)
ik
gk
92 B4 _H_F'___,____F.-J'
4 ___.._____,Bt_ﬁfff
vesl e '.‘-._
86 - ‘I"\_
8af
82f I"\-_
BO I'.
os = 7 o o
X
(c)

Fig. 10. Details of the paths followed by the Ball’s (a) and Burmester’s (b) points, for an input rotation of 20 deg. Theoretical and numerical paths
in dashed and dotted lines, respectively.
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8. Conclusions

In this paper, a procedure for the synthesis of compliant mechanisms at the output port level, based on the instantaneous geometric
invariants, has been presented. The method exploits the field of displacements of the output port of a given compliant mechanism
to determine the points of the moving plane that satisfy the design requirements. More specifically, the motion is characterized
through the inflection circle, the cubic of stationary curvature, and its derivative. These geometric entities lead to the identification
of the special points on the plane, that are the Ball's and the Burmester’s points, approximating straight paths to the third order, and
circular paths to the fourth order, respectively. The procedure has been applied to the synthesis of a compliant four-bar mechanism
and the theoretical results have been validated through nonlinear finite element simulations. The advantage of this method lies in
its ability to modify an existing compliant mechanism, focusing only on reshaping the output port rather than designing the entire
structure from scratch. However, since the motion field is predefined, a feasible solution may not always be available or compatible
with specific application requirements. This approach could also be useful as a subsequent design step, enabling the optimization of
already designed compliant mechanisms to meet target path specifications.
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