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The students' use of visual representation for stimulating their
metacognitive strategies: Teachers' perspectives
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Visual representation is effective in enhancing mathematical learning and thinking processes. This
study focuses on visual representations automatically provided by a formative assessment platform
to describe students' mathematical strategies. We examined the teachers' perspectives on how the
students' metacognitive strategies could be stimulated by visual representation of strategy (VRS)
provided by a formative assessment platform in assignments for comparing fractions. Twenty-five
teachers participated in this study. Based on different data resources, we were able to identify three
categories where the teachers considered the VRS as a tool for stimulating students' use of
metacognitive strategies. as part of class management, as part of task requirements, and as part of
feedback information.

Keywords: Example-eliciting task, strategy, fraction, visual representation, metacognition.
Introduction and theoretical background

Mathematical strategies refer to the methods used by students to solve problems with mathematical
content, whether their answers are correct or not (Hegedus & Otélora, 2022). Researchers have
reported that students use different strategies to successfully compare fractions, which serve as the
mathematical content of this study. These strategies were included in the mathematical curriculum
and taught in the classroom. The common strategies are using the same numerator, the same
denominator, the benchmark of one whole or one half, the distance of each fraction from one whole,
and finding equivalent fractions by expansion or reduction algorithms to get a common denominator
or numerator. Ellis et al. (2019) argued that investigating mathematical features and properties of sets
of examples may shed light on the students' strategies and thinking. In this study, we used STEP
(Seeing the entire picture) as a formative assessment platform. STEP enables primarily: (a) example-
eliciting tasks (EETs)—a task that includes an interactive diagram and asks students to generate
examples by performing dragging under given constraints (Yerushalmy & Olsher, 2020); (b)
assessing students' mathematical strategies based on automated analysis of the mathematical features
of the students' examples; and (c) reflecting these strategies automatically and visually, which we call
"visual representation of strategy" (VRS) (Kadan-Tabaja & Yerushalmy, 2023). Research shows that
the technological platforms that provide an immediate picture of students’ work may support the work
of teachers and allow for better representation of the mathematical content and more effective student
learning (Olsher, Yerushalmy, & Chazan, 2016). Research shows that students dealing with visual
representation related to examples they had constructed may be more effective for their learning and
further stimulate their thinking process (Robutti, 2010). In this study, we focused on the students'
metacognitive strategies as the thinking process that refers to the learners' knowledge, planning,
monitoring, and evaluating their strategies for learning and thinking in the cognitive process (Pintrich,
2002).
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The novelty of this study lies in integrating the formative assessment platform with the students'
answers to an EET, to represent their mathematical strategies automatically and visually. We
examined the teachers' perspectives on how the students used the VRS that STEP provided to
stimulate their metacognitive strategies. Our research question was: From the teachers' perspective,
how can the students' use of VRS within a formative assessment platform stimulate their
metacognitive strategies?

Research setting

The interactive diagram of the task in this study was based on a similar representation as that
mentioned in the literature (Figure 1) (Arnon et al., 2001), using the STEP platform. Arnon et al.
(2001) studied and reported on students who learned with the Shemesh software, which was designed
to promote conceptual learning of fractions, offering concrete representations of the fraction and the
operations performed on it. Fractions are represented in the discrete Cartesian coordinate system by
a point whose vertical coordinate is the numerator and its horizontal coordinate the denominator. All
equivalent fractions are represented on a straight ray passing through the origin point. The origin and
points on the vertical axis do not represent any fraction. All equivalent fractions are represented on a

straight ray passing through the origin (e.g., % :% = 1%). Points that exist on a ray with a larger slope

represent larger fractions (e.g., §>§). The red point (corresponding to an X in Figure 1) represents the

given fraction (a fixed point), and the green point (corresponding to an empty circle in Figure 1) is
the fraction that the student can drag freely to satisfy the requirement of the task.

The task on which this study was based, students were asked to construct a fraction larger than the
given fraction E represented by the red point by dragging the green point (Figure 2). The task required

students to construct 10 examples of fractions that fit the requirement. Examples were submitted
separately and captured in STEP. In response to the students' submissions of their examples, STEP
visually represented each student's examples on a single screen using blue points and provided
automated analysis both to teachers and students. Automated analysis for teachers represented the
students' identified strategies of choosing examples both verbally and visually (Kadan-Tabaja &
Yerushalmy, 2023). The automated analysis for students included a set of statements describing
strategies of comparing fractions. Students were asked to read and activate each statement, then to
mark which statement they used to choose their examples. Otherwise, to indicate the method they
used to choose their examples. The statements marked by the students were automatically reflected
as VRSs (Figure 3).

NuUmera tor SANUIT\ETQIDV g - Numerator ,--: D Sl‘ D SZ_
7 1
. Es3. Osa.
D N | . U'ss. Use.
— = 2 .________.__,_______.x 3 D S7'
.............. x B BN U A T
h H 1 13
£ Danominator i Denominator ! Dehominator D Else:
E 0 11 Az 13 1a 15 1@ o 1 2 3 4 5 6 7 8 9 10 °- 1 2z = 4 s & s @
Figure 1: The interactive diagram Figure 2: The interactive Figure 3: The automated analysis for
diagram of the task students
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The VRSs are based on automated analysis executed by mathematical algorithms that the researchers
set up in STEP when they designed the task. In Table 1, based on Kadan-Tabaja and Yerushalmy
(2023), we describe the strategies for comparing fractions (marked in underlined lowercase letters)
and the automated VRSs that STEP provides. The teachers were asked to refer to these VRSs when

they related to the students' use of the visual representations.

Table 1: Strategies for comparing fractions and the VRSs

The strategies for comparing fractions

S1. Comparing fractions by using a benchmark of one whole. The VRS takes

the shape of a ray that separates between two regions. The green/red regions
represent all the fractions that are larger/smaller than one, respectively. The
ray between them represents fractions equivalent to one whole. The red
fraction is less than one, and the submitted examples are equal to or larger

than one. Thus, each blue fraction is larger than the red one.

S2. Comparing fractions by using a benchmark of one-half. The VRS takes

the shape of a ray that separates between two regions. The green/red regions

represent all fractions that are larger/smaller than one-half, respectively. The

ray between them represents fractions equivalent to one-half. The red fraction
is less than one-half, and the submitted examples are equal to or larger than

one-half. Thus, each blue fraction is larger than the red one.

S3. Comparing fractions by using the same denominator. The VRS takes the

shape of a ray that is parallel with the vertical axes in X= (the denominator of
the red fraction). All submitted examples (blue) have the same denominator as

the given red fraction.

S4. Comparing fractions by using the same numerator. The VRS takes the

shape of a ray parallel with the horizontal axes in Y= (the numerator of the
red fraction). All submitted examples (blue) have the same numerator as the

given red fraction.

r oo oo

Dehominater

S5. Comparing fractions based on "the numerator and the denominator of the

larger fraction are larger than the numerator and the denominator of the

smaller fraction, respectively." The VRS takes the shape of a region that

represents all fractions that have a larger numerator and denominator than the
given red fraction. This is a misconception, and each blue fraction can be

larger or smaller than the red one.

1 Numerator

Denominator

1 2 3 4 5 6 7 8 9 10 N

12 13 14

S6. The blue fraction is larger than the red one. This strategy is true when the

student’s example fulfills the requirements of the tasks. In the visual
representation, each blue fraction is above the red ray which represents all the
fractions that are equivalent to the red fraction, which means that each blue

fraction is larger than the red one.
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S7. Comparing fractions based on "the denominator of the larger fraction is a L4
multiple of an integer of the denominator of the smaller fraction." The VRS . :

takes the shape of rays that represent all fractions that are parallel with the
vertical axes, X= a x (the denominator of the red fraction), where a is an

integer that is not equal to zero. Thus, each blue fraction can be larger than the

Yl o o

red one.

Methodology

Twenty-five elementary and secondary teachers volunteered to participate in the study. The teachers
took part in 30 hours of teacher development workshops (10 sessions, 3 hours each) conducted by the
first researcher, after which they conducted 4 activities on fractions that contained about 12 tasks. For
this study, we focused on one task. Some of the sessions were held online, while others were
conducted offline (Table 2).

Table 2: Teacher development workshops

Online/offline sessions | Duration The process of teachers’ works in the session

Online 12 hours The teachers worked on the tasks in small groups (including the task in our
study). They discussed the task requirements, the conceptions or
misconceptions, the learning process, the different kinds of feedback, the use
of the automated information that the platform enables. Each group
documented the discussion in Google Slides and represented it in front of all

development workshop participants.

Online 6 hours The teachers were acquainted with the terms “students’ self-regulation,”

“thinking process,” and “metacognitive actions and reflection process.”

Offline 12 hours In the offline sessions of the workshops, each teacher was asked to observe
one student engaging with the tasks through the automated VRS that STEP
enabled, specifically with the task of this study. Then, the teachers were asked

to answer a semi-structured questionnaire containing 10 questions.

Data resources and analysis

To answer the research question, we made use of three resources: (a) video recordings of discussions
in small groups (of five teachers each), with the teachers working on the task using the automated
VRS in the online session. The transcripts of video recordings were analyzed to extract the statements
showing the teachers’ perceptions of how their students handle the task and the automated VRSs and
how these representations may stimulate the students’ metacognitive strategies. (b) While observing
the group discussions, the first researcher took field notes. (c) Each teacher responded to a semi-
structured questionnaire after observing one student working on the task using the automated VRS.
The questionnaire contained ten questions regarding the examples and strategy the student used;
challenges; difficulties faced by the student and the way the student handled them; and the insights
that the teachers gained from the engagement with the task and the VRS to stimulate the students'
thinking and learning. The analysis of the responses to the questionnaire and repeated reading of the
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data from the transcripts allowed classifying the teachers’ perceptions into categories The final
categorization of the data was checked by other researchers for consistency (the questions are listed
in Table 3).

Table 3: List of questions in the questionnaire the teachers answered after observing one student working on the task

using the automated VRSs

1. Provide background information about the previous knowledge of the student.
2. Is there a special reason for choosing this student?

3. What were the characteristics of the fractions that the student chose?

4

5

Which strategy did the student choose while constructing the examples?
Were you able to identify difficulties, common mistakes, or misconceptions while the student was working
on the task?

6. Did the student change his/her choices while constructing his/her examples, and if yes, why?

7.  When the student’s responses when he/she was exposed to the VRS?

8. Do you have any suggestions for changes to the current task or the follow-up tasks? Explain.

9.

1

What are the insights that you gained from the task and the automated assessment? Explain.
0. In your opinion, how can the use of the VRSs enhance the student's learning and thinking process?

We used a qualitative approach to analyze the data. In an open coding process, we examined excerpts
from the teacher's responses and transcripts to describe the categories that would allow us to learn
about how, in the teachers’ opinion, the use of the VRS stimulated the students' metacognitive
strategies. Based on Schoenfeld’s (2013) metacognitive framework, we identified the following
phrases and sentences that may reflect the metacognitive strategies (Table 4).

Table 4: Metacognitive action and statement

Metacognitive When did it occur? The following statement or action may be an example of a
strategy metacognitive strategies
Planning Before beginning a task | To understand what makes a correct answer...

To set specific strategies before beginning a task...

To make it easy... To reread the problem...

Monitoring During the learning and | To check the answers and the strategy while working on the

feedback processes task...

To ask questions...

Evaluating After a learning episode | To summarize the learning or thinking after finishing...

To evaluate the conclusion that was reached...

Results

The findings show that the teachers’ statements according to which the students' use of the VRS may
stimulate their metacognitive strategies can be classified into three categories. Below we describe
these categories, giving examples from the teachers' statements, and point out the metacognitive
strategies that may be stimulated.

a. The VRS is part of classroom management. This category is related to the use of the VRS when
students work on the task individually, in pairs, in small groups, or whole-class discussion. For
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example, one teacher said in the course of an online session: "I think that working on different VRSs
in small groups or pairs may help students rethink their answer and compare it with those of others."
Another teacher answered in the questionnaire: "It will be very interesting to have a discussion about
the different visual representations and to connect them with the strategies for comparing fractions in
the classroom." These two examples show that monitoring is a metacognitive strategy that may be
stimulated by using the VRSs.

b. The VRS is part of task requirements (or task design), as when using the automated VRS as part
of self-reflection before submitting the examples or when the task requirement is specifically related
to the visual representation. One teacher stated: "When the student is asked to reflect on the VRS as
part of the task requirements, this may be a clue for the student in the choice of examples." Another
teacher said in the online session discussion: "We can use the visual representations in tasks to help
students rethink and ask questions about their strategies for comparing fractions." According to the
first example, planning is the metacognitive strategy that may be stimulated by using the VRS. The
second example suggests that monitoring is the metacognitive strategy that may be stimulated by
using the VRSs.

c. The VRS is part of feedback information. This category is related to the use of the automated VRS
when it is related to the correctness, characteristics, and strategy chosen, and to misconceptions or
common mistakes in their examples. For example, one teacher stated that "when the student was
exposed to the VRS, he wondered which VRS he might have received had he used another strategy.
So, the feedback visual representation made the student think again about the task and about his
examples." Another teacher claimed: "The visual representations helped the student check whether
his examples were correct or not; he was also able to check the strategy he used for comparing
fractions visually." The first example demonstrates that monitoring is the metacognitive strategy that
may be stimulated by using the VRSs. The second example demonstrates that evaluating is the
metacognitive strategy that may be stimulated by using the VRSs.

Table 5 shows categorization of the metacognitive strategies described by the teachers.

Table 5. Categorization of the metacognitive strategies described by the teachers

The The visual The visual representation of the The visual representation of

metacognitive representation of the strategy is part of task the strategy is part of

strategy strategy is part of class requirements feedback information
management

Planning The students' use of the VRS may

help them understand what makes a
correct answer for the task; it may
encourage them to look at a broader
range of rich strategies and to
compare the information across
different strategies; and it may help
them visualize the sequence of steps

of their answer.
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Monitoring Clustering the students in | The students' use of the VRS as part | The students' use of the VRS
pairs or small groups for | of the task requirement may help as part of the feedback
work on tasks using the them compare, rethink, and adjust information may lead them to
VRS may help them their strategy. assume responsibility for their
present, compare, and Tt may help expose students o learning and become
discuss their strategies . o L independent thinkers.

strategies and initiate an inquiry
ith other students. This . .
W U process to comply with the task It may help students rethink
may enhance the . . .
requirements; it may encourage their examples and ask
student's mathematical . .
students to generate new strategies questions.
discourse. . .
based on reasoning and exploration.
The students' use of . .
It may support students in assuming
VRSs in the classroom . . .
ownership of their learning process
discussion may help them o .
4 yhelp and responsibility for it.
rethink their answers and
see the problem from It may help students enrich their
different perspectives. strategic example space.
It may encourage students to think
in various modes and understand the
concept from multiple perspectives.

Evaluating The students' use of the The students' use of the VRS may The students' use of the VRS
VRS in the classroom help them assemble the lists of as part of feedback
discussion may expose evaluation criteria of different information may help them
them to new strategies or | strategies by which to assess their evaluate the correctness and
interesting answers, examples. characteristics of their

hich may be used for answers, the strategy the
wit yoeu It may encourage students to wers, gy they
clarification of their . . used to choose their examples,
reconsider their answers before
questions or comments. o and the misconceptions or
submitting them.
common mistakes in them.

Discussion and conclusion

In this study, we used Schoenfeld’s (2013) metacognitive framework to describe, from the teachers’
perspectives, how the visual representation of strategy in an automated assessment platform may
stimulate the students’ metacognitive strategies. Based on the teachers’ responses, we were able to
identify three categories that related to the students’ use of VRSs included in the formative assessment
platform and the way each category may stimulate the students' metacognitive strategies—the use of
the visual representation when it was part of classroom management, part of task requirements, and
part of the feedback information. In each category, teachers stated that monitoring and evaluating
actions may stimulate metacognitive strategies. Planning was identified in the students' use of the
visual representation when it is part of the task requirements. The findings are consistent with the
literature, which reported that visual representation may stimulate the students' mathematical thinking
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(Boonen, 2016) and play a central role in the formative assessment process, as perceived by the
teachers (Kadan-Tabaja, & Yerushalmy, 2023).

From the teachers' perspective, integrating EETs that automatically and visually reflect students'
mathematical thinking into the formative assessment platform appears to stimulate students'
metacognitive strategies. The results of this study open new possibilities for using such VRSs in the
automated assessment processes in the mathematics classroom.
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The paper concerns the use of e-assessment systems to advance students’ example spaces of
mathematical concepts. We report on a pilot study with seven first-year students of linear algebra.
Three students engaged with the static version of the e-task, which asked them to generate three
examples that were as different as possible. The remaining students were prompted by an interactive
e-task that assessed the provided examples and asked for another one with different properties. The
analysis of a single task about matrices showed that the students who worked with the interactive e-
task were more successful than those working with the static e-task, in terms of the number and the
range of generated examples. These preliminary findings open the doors to further study of the design
and use of interactive example-generation tasks in university mathematics education.

Keywords: Assessment, concepts, feedback, learner-generated examples.
Introduction

Example-generation tasks have been suggested as an effective way to promote students’ learning
about concepts (Watson & Mason, 2005), and as a way for researchers (and teachers) to gain insight
into students’ understanding of concepts (Zazkis & Leikin, 2007). E-assessment offers the potential
to provide large undergraduate classes with formative example-generation tasks, giving automated
feedback on a scale that would not be feasible for teachers to do manually (Sangwin, 2003). Such
formative tasks can serve a dual purpose: on the one hand, students’ responses provide the teacher
with assessment information about their students’ knowledge of concepts; on the other hand, the tasks
can also prompt students to consider examples that they might not otherwise think about, thereby
promoting further learning about the concepts. The design of e-assessment tasks that expand students’
understanding of concepts and the capability to generate concept examples has been identified as an
open question that is particularly of interest at the undergraduate level (Kinnear et al., 2022).

Fahlgren and Brunstrom (2023) note the potential of e-assessment tasks that give feedback in the
form of prompts for further examples, with the prompts depending on the examples given so far by
the student. Such an approach would automate the recommended approach in clinical interview
settings, of “asking for ‘another and another’ [example] and for ‘something different’” (Zazkis &
Leikin, 2007, p. 19). Prompting in this way may both stimulate the learners to consider examples
beyond the most immediately obvious ones and provide richer data about the learners’ knowledge.

Here we describe the design and evaluation of interactive example-generation tasks, that prompt
students for further examples based on the examples they have given so far, implemented as
prototypes in an e-assessment system. The tasks address topics in linear algebra, and were devised
and piloted in collaboration with a group of fourth-year students as part of their undergraduate
research project. Our overarching aim was to develop e-assessment tasks that prompt students to
generate a rich range of examples. We were particularly interested in the effect of interactivity on
students’ example-generation activity, so we developed static versions of the tasks to serve as a
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comparison. The research question guiding this study was: how do the examples produced by students
compare between static and interactive e-assessment tasks?

Theoretical background

A central theoretical notion of this study is an example space (Watson & Mason, 2005), which is a
collection of possible examples of a mathematical concept. Watson and Mason define a conventional
example space for a given concept as that “generally understood by mathematicians” (p. 62). Each
individual has their own personal example space, based on their past experience, and will access it in
different ways depending on the situation (e.g., in response to particular cues in a task). The structure
of example spaces can be described by the dimensions of possible variation (DofPV), which are the
features of examples that can vary, and their associated range of permissible change (RofPCh). For
instance, if asked for a quadratic polynomial, one DofPV is the coefficient of x%, for which the RofPCh
is any non-zero real number. Fahlgren and Brunstrom (2023) used these notions to analyse three
example-generation tasks, and we similarly used them to guide the design and analysis of our tasks.

Zazkis and Leikin (2007) proposed a framework for characterizing students’ example spaces, that
includes a focus on accessibility of the examples: what are the most obvious concept examples, and
how readily can students generate examples beyond those. Watson and Mason (2005) offer the
metaphor of “example space as larder”, where finding an example can be thought of as “either
immediately picking out something familiar or having to look for it for a while” (p. 162). According
to the principle of intellectual parsimony, “when solving a problem, one intends not to make more
intellectual effort than the minimum needed” (Koichu, 2010, p. 217), so it may be that students will
not consider less accessible examples without explicit prompting.

Watson and Mason (2005) give advice about designing example-generation tasks that prompt
students for a range of examples. They suggest asking for a sequence of examples satisfying
additional constraints, as the “increasing constraints extend awareness of what is possible” (p. 132).
In this way, example-generation tasks can help to draw learners’ attention to DofPV (or to the extent
of the associated RofPCh) that they were not previously aware of. Arzarello et al. (2011) further argue
that helping students to see structure in example spaces through this sort of prompting is a key role
for teachers. Our study begins to explore how to prompt students in this way using e-assessment.

Method

To investigate the potential for interactive example-generation tasks to probe students’ example
spaces, we developed three prototype tasks for use in clinical interviews with undergraduate students.

Participants and protocol

We invited students taking a first-year linear algebra course to participate in the interviews, near the
end of the semester while they were revising for the final assessment. The course is compulsory for
students on mathematics and computer science degree programmes, and an option for students on
many other degree programmes. The course operates using a flipped classroom design, with
preparatory activities that include weekly e-assessment quizzes (for further details about the course,
see Docherty, 2023). Out of 581 students on the course, 10 students volunteered to participate in the
interviews. During the interview, each student was asked to complete three tasks, with each task in a
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different format: on paper, as a static e-assessment task, and as an interactive e-assessment task. The
task-format combinations were permuted across the 10 interviews, with each task-format combination
occurring 3 or 4 times in total. After the students had completed each task, the interviewer asked them
to explain how they produced their answers, and whether they could give any other types of examples
that had not been covered so far. The interviews were audio-recorded and transcripts were produced
for the relevant episodes. However, our main analysis is based on the students’ concept examples as
recorded by the e-assessment system.

Materials: design of the static and interactive tasks

Three tasks on linear algebra were created for the study, addressing concepts from the course:
Eigenvalues, Span, and Reduced row-echelon form. There were two e-assessment versions of each
task: static and interactive. The static e-assessment version asked students to provide three examples,
and to “try to make each example as different as you can.” The interactive e-assessment version asked
for a single example; depending on the answers given, students were then prompted for further
examples with different properties. Full details for all the tasks can be found at https://osf.io/7wrgz.
In this paper, we focus on the Eigenvalues task, which asked students for examples of matrices with
eigenvalues 1 and 5 (as shown in Figure 1).

Static Interactive
A Give 3 examples of a matrix with eigenvalues 1 and 5. B Give an example of a matrix with eigenvalues 1 and 5.
Try to make each answer as different as you can. P
?7?
77... p
— - Check
L A_ C Give an example of a matrix with eigenvalues 1 and 5.
[1 0] + Correct answer, well done.
L ”_ 05 4 05 1 and 5 are eigenvalues
Check Give an example of a matrix with eigenvalues 1 and 5, that is

not diagonal.

11 11 v Correct answer, well done.
05 0 5 )
7~ 1 and 5 are eigenvalues

Give an example of a matrix with eigenvalues 1 and 5, that is
not upper or lower triangular.

1 [ 1 1] X Incorrect answer.
15 1 5 . .
4 This matrix does not have

eigenvalues 1 and 5. Try again!

Check

Figure 1: The Eigenvalues task: the static version (A) asked for three different examples, while the interactive version

(B) asked for one initial example before prompting for further examples (C).

For the Eigenvalues task, we anticipated that the most accessible example for students would be the
2 x 2 diagonal matrix with entries 1 and 5 on the diagonal. We designed the interactive version to
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prompt for further examples by exploring the DofPV that we identified while devising the task. One
DofPV is the type of matrix: in addition to diagonal matrices, upper/lower triangular and non-
triangular matrices are possible. According to the principle of intellectual parsimony (Koichu, 2010),
we expected that students would first try a triangular example (since that would avoid the need for
any calculation of eigenvalues) and would only resort to constructing a non-triangular example if
specifically prompted to do so. Another DofPV is the size of the matrix, which can be n x n for any n
> 2 (i.e., the range of permissible change is n > 2). This dimension may not be immediately obvious
to students (despite the course dealing with matrices of different sizes), since the two eigenvalues
provided in the task may cue students to think of 2 x 2 examples. Moreover, the task is deliberately
vague in not specifying that 1 and 5 are the only eigenvalues, and in not specifying their multiplicity.

We implemented the interactive tasks in the STACK e-assessment system, using the feedback
messages displayed after a student submitted an answer. If the answer was incorrect, a feedback
message was displayed (e.g., “This matrix does not have eigenvalues 1 and 5. Try again!”); the
student could then change their answer and re-submit. If the answer was correct, the feedback
message included hidden JavaScript code that revealed the next prompt and input box (the code is
available at https://osf.io/7wrgz). We opted to use this relatively simple design, even though it

imposed a constraint on the decisions about which prompt to show next: these decisions could only
be based on the first and last submitted answers, rather than the full sequence of examples provided
so far. In line with this constraint, we developed a flowchart for deciding which prompt to present
next. The flowchart for the interactive Eigenvalues task is shown in Figure 2.

Give an example of
a matrix with
eigenvalues 1 and 5

v

. Y .
Diagonal? =5 not diagonal

Nox /

. Yes not upper- or
Triangular? S PP
lower-triangular

No\ /

First and last Yes
3x3
examples 2x27?

No\ /
First or last have First and last have

Yes

eigenvalues other E— eigenvalues other
than 1 or 57 than 1 or 5?
m lYes
three distinct
eigenvalues 3 x3with1and 5
including 1 and 5 as only eigenvalues

Figure 2: Flowchart showing the properties that were checked to determine the next prompt in the interactive

Eigenvalues task
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Results

The student responses to the Eigenvalues task are shown in Table 1 (interactive version; 3 students)
and Table 2 (static version; 4 students). All students gave the diagonal matrix with entries 1 and 5 as
their first example, confirming our expectation that this would be the most accessible example.

For the interactive version of the Eigenvalues task, after the initial diagonal example, only one of the
three students (S1) proceeded to produce a triangular example as expected (i.e., the triangular
examples were less accessible than we had anticipated). The other two students (S2 and S10) moved
immediately to considering the characteristic polynomial of a general 2 x 2 matrix and produced non-
triangular examples. S2’s example was incorrect; the student was stuck at this point so the interviewer
intervened with a correct example so they could proceed to the next prompt. S1 similarly produced
an incorrect 2 X 2 example when the task prompted them for a non-triangular matrix, however they
switched (unprompted) at that point to consider 3 x 3 examples. When asked to explain their method
after completing the task, S1 said that “there probably is a way” to make a 2 X2 non-triangular
example. All three students were able to produce 3 x 3 examples with the required properties.

Table 1: Student responses to the interactive Eigenvalues task.

Student 1 Student 2 Student 10
[1 0 [1 0 [1 0
0 5 0 5 0 5
Prompt 1  Not diagonal? Not diagonal? Not diagonal?
[1 1 V2 V2 X [3 2]
[interviewer intervened]
Prompt 2 Not triangular? 3x3? 3x3?
[incorrect 2 X2] .00 .00
1 0 0 0 50 0 1 0
1 1 1 0 0 1 0 0 5
0 0 5
Prompt 3 Three distinct Three distinct Three distinct
eigenvalues? eigenvalues? eigenvalues?
1 0 0 1 0 0 1 0 0
0 50 0 50 0 50
0 0 2 0 0 3 0 0 2

Four other students attempted the static Eigenvalues task (see Table 2). Two of the students (S5, S9)
only managed to provide the diagonal example; while both students spent several minutes working
on paper with the characteristic polynomial of a general 2 % 2 matrix, neither was able to generate a
further non-diagonal example, and neither considered larger matrices (although, when prompted at
the end of the interview, both students were able to produce further examples). The other two students
(S6, S7) generated further examples after the diagonal matrix. S7 noted that the task “didn’t say
anything about the multiplicity” when explaining their use of a 3 x 3 matrix for the second example.
They also demonstrated awareness of the generality represented by this example (an upper-triangular
matrix) when explaining their answer: “If it is a triangular matrix then the determinant is the product
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of the leading diagonal. If you take the characteristic polynomial it ends up (x—1)(x—1)(x—5)”. They
were not confident in their final example (“it’s possibly wrong”) but reasoned using the cofactor
expansion for computing determinants, where “I think the zeros would cancel out.” S6 also reasoned
using the cofactor expansion, but gave an incorrect 3 X 3 example. When asked how they produced
this example, they explained that when choosing the matrix entries, “as long as I have one row or one
column of zeros, I can fill in any random values” (i.e., they appeared to overlook the need to consider
the determinant of the bottom-right 2 % 2 sub-matrix). S6 was able to produce a correct non-diagonal
example: an upper-triangular 2 X 2 matrix that they described as “a variation of” their first example.

Table 2: Student responses to the static Eigenvalues task.

Student 5 Student 6 Student 7 Student 9
[1 0 [1 0 1 0] [1 0]
0 5 0 5 0 5 0 5
1 0 1 [ 1
[o ; z] x
1

0 3
o

N U1 OO
-0 Ok W
U1 O O U1 O

5 0

A summary of the results is shown in Table 3, where each student’s examples are classified according
to the two DofPV that we identified for this task: the type of matrix and size of matrix. This enables
comparison between students (and between the two task modalities), in terms of which DofPV they
showed awareness of through their examples (e.g., providing both 2 x2 and 3 x 3 examples shows
awareness of the “size of matrix” DofPV). For the static version, S5 and S9 did not show awareness
of either DofPV since they provided only one example, while S6 and S7 showed awareness of both
DofPV. For the interactive version, all three students showed awareness of both DofPV, although
only S1 provided a triangular example within the “type of matrix” DofPV.

Table 3: Summary of student responses to the Eigenvalues task showing awareness of DofPV as evidenced by correct

(filled disc) or incorrect (hollow disc) examples.

Type of matrix Size of matrix
Diagonal Triangular General 2x2 3x3
Static S5 o )
S9 ° [
S6 ° ° (@) [ (o)
S7 ® ® [ ] [ ] o
Interactive S2 °® o ® °
S10 o o ° °
S1 ° ° ° o o
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Discussion

We developed prototypes of interactive example-generation tasks and tested them with students in a
laboratory setting, alongside static versions of the same tasks. The analysis presented here focused
on one task, about matrices with given eigenvalues. Overall, the interactive version of the task appears
to have been successful in prompting students to consider both DofPV that we had targeted in the
design of the task. This stands in contrast to the static version of the task, where two of the four
students provided only a single example and therefore did not demonstrate awareness of any DofPV
(though they were later able to do this with explicit prompting from the interviewer).

Interactive example-generation tasks have the advantage of providing a controlled approach for
prompting learners to generate examples, which is important when seeking to “make inferences about
participants’ knowledge from the examples they generate” (Zazkis & Leikin, 2007, p. 19). Since all
the prompts in the e-assessment task need to be decided in advance, careful thought should be given
to the sequence of prompts; and where the e-assessment system has powerful mathematical
capabilities, properties can be checked more quickly and reliably than an interviewer or a teacher
could manage to do on the spot. However, the pre-designed prompts may turn out to be sub-optimal
when learners respond in unanticipated ways. For instance, with the Eigenvalues task, S2 and S10
were not prompted to produce a triangular example since they skipped over that step in the anticipated
sequence of “diagonal — triangular — non-triangular” (i.e., the triangular examples were less
accessible than was anticipated). This demonstrates the value of pilot studies in the development of
interactive example-generation tasks, so that the design can be refined in light of students’ responses.

The results of this pilot study of the Eigenvalues task suggest that the flowchart that we developed
(Figure 2) could be refined to ensure that students are prompted to consider the full range of
anticipated DofPV. We have already begun to work on a more sophisticated implementation, that
could make decisions about which prompt to give based on details of the entire sequence of examples
generated so far: for instance, “both of your examples are 2 x 2, can you give one that is 3 x 3?7, or
“could you think of a simpler example, like a triangular matrix?”’. This approach could be combined
with asking for two or three different examples at the outset (similar to Fahlgren & Brunstrom, 2023),
to get some indication of the most accessible examples and the DofPV that the student is aware of,
and thus determine which DofPV would be fruitful ones to explore next.

Two further improvements could be considered for this task, which may also apply to other tasks.
First, it could be worthwhile to offer students hints about how to proceed if they struggle to generate
an example, even for types of example that are expected to be the most accessible. For instance, S2
was unsure how to proceed after their second example was incorrect; the interviewer intervened to
move them on, and without this intervention they may not have had the chance to consider other
DofPV. This sort of intervention could perhaps be formalized, by giving the student the option of
asking for a hint. Second, the task could include prompts for examples that are not possible, to probe
the students’ understanding of the RofPCh for particular DofPV. For instance, students could be asked
to “give an example of a 2 x 2 matrix with eigenvalues 1, 2 and 3 (or enter none if this is not possible)”.

This was a small-scale pilot study of these tasks, so we do not seek to make any strong claims about
the comparison between the interactive and static task formats. However, our findings do suggest that
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the interactive example-generation task was able to stimulate learners to consider a broad range of
examples, and that this range was broader than the one demonstrated by the static task group. Indeed,
students completing the static versions of the tasks admitted to giving up on the instruction to produce
examples that were “as different as possible”. We believe that the interactive example-generation task
format therefore warrants further development and study.
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Leveraging formative assessment to develop students’ mathematical
reasoning through images and student generated language
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A sixth-grade teacher who taught at a highly diverse school in the United States participated in
professional development activities during the 2022-23 school year to learn about and implement an
instructional protocol designed for use during problem-solving lessons. The protocol is intended to
guide teachers to simultaneously attend to developing their students’ mathematical reasoning and
learning of the mathematics register. In a case study undertaken to examine teachers’ use of the
protocol, an example emerged of how formative assessment can be leveraged to support the
development of students’ mathematical reasoning through student generated language and images.
This study contributes to the research literature by demonstrating how the use of formative
assessment can promote the use of language to “carry” a mathematical concept in the sense that
language can help students create a mental image of that concept.

Keywords: Formative assessment, instructional innovation, mathematical reasoning.

Introduction

During the 2022-23 school year, the lead author collaborated with “Ms. Diaz,” a sixth-grade teacher
who taught at a diverse school district in northern New Mexico, USA. Ms. Diaz volunteered to learn
about and use an instructional protocol designed specifically for use during problem-solving lessons.
The protocol, referred to as the “Discursive Mathematics Protocol” (DMP), is intended to be used as
a guide by teachers to support students to develop both their mathematical reasoning and learn the
mathematics register. Additional information about the DMP can be found in Matute (2022). In this
paper, a vignette is shared from one of the problem-solving lessons in which Ms. Diaz implemented
the DMP. The vignette demonstrates how formative assessment can be leveraged to support the
development of students’ mathematical reasoning through student generated language and images.
The following research question is addressed in this study: What is an example of how formative
assessment can used to support students’ mathematical reasoning through student generated
language? Brief reviews of the research literature on formative assessment and the role of language
and images in the learning of mathematical concepts are now provided.

Formative assessment in mathematics

Classroom assessments are used to inform teachers, students and parents about student knowledge
and understanding of mathematical concepts, processes and skills (Wiggins, 1993). There are two
categories of classroom assessments; summative and formative. Summative assessment formats focus
on what students know at a given time (Guskey & Bailey, 2001). Formative assessments differ from
summative assessment in that the focus is not just on summarizing students’ learning, but on using
student learning data to inform instruction. After examining 250 research studies on classroom
assessments, Black and Wiliam (1998) found that when teachers focus on formative assessment,
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student achievement gains are among the largest ever reported for educational interventions.
Formative assessment can include any of the following: classroom observation, inquiry, group work,
whole class discussions, peer assessment, written work, individual interviews, student self-
assessment, and portfolio assessment (Gearhart & Saxe, 2004). The vignette provided below resulted
from the interplay of classroom observation, inquiry, group work, and a whole class discussion.

The role of language and images in the learning of mathematics

Words are referents to mental images (Arnheim, 1969) that teachers can leverage to support their
students’ mathematical reasoning and learning (Gonzales, 2004). As one example, Kieren (1988)
described how students used visual images associated with cutting, symmetry, and numerical halving
to make sense of and express their ideas about the notion of something being a half of a whole. The
deliberate use of images and language is particularly relevant in problem-solving based lessons given
that representations are used to understand problems and devise solutions to those problems (Polya,
1945/1986). In addition, students engage in language-rich activities to problem-solve by making
conjectures, conceiving arguments, and formulating and carrying out proofs (Schoenfeld, 2013). The
study’s theoretical perspective is introduced next followed by an explanation of the research methods.

Theoretical framework

Given the considerable attention given to cognition, sense making, and social discourse in the DMP,
our theoretical framework is social-constructivism (Shepard, 2000). In this study, we viewed
cognition through a measurement lens as students solve a task introduced below, examined students’
mathematical reasoning as they made sense of images and used language to devise solution strategies
and test those strategies (Shepard, 2000), and situated student learning as occurring through their
engagement in discourse in communities of practice (Erath et al., 2021).

Methods and data sources

This study was part of a case study research project that examined the DMP with teachers such as
Ms. Diaz. In case studies, a real-life, bounded system or entity is selected to study within a particular
setting (Yin, 2014). Throughout the 2022-23 school year, the following data was collected:
observation data, videos of teachers and students who provided consent, student work and interviews
with the two participating teachers. The data presented here were collected during one problem-
solving lesson led by Ms. Diaz with her sixth-graders. A co-teaching approach (Cook & Friend, 1995)
was used to plan and deliver the task. During the implementation of the task “Height Requirements”
(See Figure 1), the lead author facilitated whole class discourse with Ms. Diaz as shown below.

At Sea World San Diego, kids are only allowed into the Air 3. Show the allowable heights for the

Bounce if they are between 37 and 61 inches tall. They are only rides on separate number lines.

allowed on the Tide Pool Climb if they are 39 inches tall or 4. Using inequalities and a number

under: line, describe the height of kids

1. Represent the height requirements of each ride in words. who can go on both the Air
Bounce and the Tide Pool Climb.
Explain how you figured this out.
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2. Represent the height requirements of each ride with
inequalities. Explain the meaning of the terms you used for

each of your inequalities.

Adapted from IM: https://tasks.illustrativemathematics.org/content-standards/6/EE/B/8/tasks/2010

Figure 1: Height Requirements Task

We used social-constructivism (Shepard, 2000) to examine students’ mathematical reasoning in
conjunction with how language was generated by Ms. Diaz and her students to communicate ideas.
As will be shown, a vignette emerged as students were attempting to address the task’s fourth question
which involved determining the range of kids’ heights that would allow them to go on the two rides.

Results

In a video vignette described below, the phrase “in between” became a focus of instruction. What
inspired the use of this phrase was that “Elena” used it when describing the shaded portion of her
number line between 37 and 39 in a small group discussion with her peers and the first author. She
shared, “It could just go in between 37 and 39.” After a short discussion in which Elena explained
further, another girl in her small group explained why the answer must be in between 37 and 39:
“Because 37 is how far you have to be for the Air Bounce and 39 is how tall you have to be for the
Tide Pool.” In a whole class discussion, students in the class were asked to revoice Elena’s idea. The
following discussion ensued between two students and the lead author:

1 SI: What she’s basically saying is, like, you know how the Tide Pool ends at 39
and the Air Bounce starts at 37?

2 RK: Yeah.

3 S1: You say 37, 38, and 39 inches could ride both the rides.

4 RK: Kids who are 37, 38 or 39 inches tall?

5 SI: Yeah.

6 RK: What if the kid is 37 and a half inches tall?

7 S2: They can still ride it.

8 RK: Why? Are they still in between 37 and 39 inches tall?

9 SI: Yeah.

At this point, Ms. Diaz encouraged “Luna” to come forward to share her ideas at the front board.
Luna described her double number line answer that shows an overlap of heights that would allow
children to take both rides. Luna then proceeded to modify her written response to the task’s fourth
question displayed on the board by including the phrase “in between” in her response, observed by
the entire class. Others leveraged this phrase as well in their written solutions to the task’s fourth
question, helping them derive the range of kids’ heights that would allow them to go on both rides.

Discussion

The use of formative assessment, specifically an observation made of student generated ideas,
provided the means to engage students in a whole class discussion on the language they produced to
solve the task. In the given vignette, a student’s use of the phrase “in between” led to students making
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sense of the meaning of the overlap of the two number lines. The overlap of two shaded sections of a
number line allowed students a visual means to derive the solution to the task. The vignette shows
how words are referents to mental images (Arnheim, 1969) and how teachers can leverage both
images and language to help students learn mathematics (Gonzales, 2004). Moreover, the vignette
reveals how language can “carry’”” a mathematical concept in the sense that language can help students
create a mental image of that concept. Leveraging a simple phrase such as “in between” demonstrates
how student generated language can support mathematical understanding. This study contributes to
the research literature by giving an example of how the use of formative assessment can promote the
use of language to “carry” a mathematical concept to help students create a mental image of concepts.
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Identifying typical hurdles, common errors and misconceptions in a certain domain is crucial to
deepen our understanding of students’ learning. In this paper, we explore response patterns of 2051
German grade 7 and 8 students shown in the SMART-test “Meaning of Letters”, designed to assess
(mis)conceptions regarding variables, more precisely, the letter-as-object misconception. Using
Latent Class Analysis, we were able to identify six response patterns. These patterns are described
and thoroughly analysed. They urge us to think more deeply about the interplay between
(mis)conceptions and contexts and can help build valid assessment tools to diagnose students’ current
understanding.

Keywords: Online formative assessment, algebra, variables, letter-as-object misconception, latent
class analysis.

Introduction

Assessing students’ (mis)conceptions is a challenging task. SMART (“Specific Mathematics
Assessments that Reveal Thinking”) online tests, that have been developed at the University of
Melbourne since 2008, offer a solution by facilitating easy provision and processing of diagnostic
tasks on students’ conceptual understanding and potential misconceptions. SMART’s extended
analysis detects patterns between diagnostic tasks, revealing insights into students’ understanding and
misconceptions. In addition to this automatic diagnosis, it also provides teachers with explanations,
tasks, and suggestions for targeted interventions (Steinle et al., 2009).

The test investigated here, Meaning of Letters, aims to assess the letter-as-object misconception and
its subtypes based on students’ responses to six multiple-choice tasks. Despite known challenges of
multiple-choice tasks, developers argue that well-designed tasks can effectively unveil students'
thinking: Klingbeil et al. (2024) showed that students’ explanations aligned well with their shown
(mis)understandings in their multiple-choice responses.

In a comprehensive intervention study spanning six federal states in Germany, 2051 7"- and 8"-grade
students undertook the Meaning of Letters test after a few algebra lessons. This paper investigates the
response patterns of these students using Latent Class Analysis (LCA) (Brandenburger & Schwichow,
2023). LCA is a statistical method used to identify unobservable subgroups (latent classes) within a
heterogeneous population based on patterns of responses. This analysis can unravel the
(mis)conceptions in understanding algebraic letters and how they interact.

In the following paragraphs, we introduce the theoretical background behind the Meaning of Letters-
test and the six tasks; next we pose the research question.
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Struggling to understand algebraic letters: the letter-as-object misconception and its subtypes

Arcavi, Drijvers and Stacey (2017) “distinguish five facets of the concept of variable: a placeholder
for a number, an unknown number, a varying quantity, a generalised number, and a parameter” (p.
12). Across these facets, variables stand for or refer to one or more numerical values. Yet, algebra
learners often struggle with this numerical interpretation, and various typical errors and
misconceptions have been identified. One of them, the letter-as-object (LO) misconception, has been
described by Kiichemann in 1981 as the letter being “regarded as a shorthand for an object or as an
object in its own right” (p. 104) and extensively documented over decades (e.g., Akhtar & Steinle,
2017). As part of the foundational Concepts in Secondary Mathematics and Science (CSMS) study
on the mathematical understanding of secondary school students in the United Kingdom, Kiichemann
(1981) utilised the following task: “Blue pencils cost 5 pence each, and red pencils cost 6 pence each.
I buy some blue and some red pencils and altogether it costs me 90 pence. If b is the number of blue
pencils bought and if r is the number of red pencils bought, what can you write down about b and
r?” (p. 107).

While only 10% of tested 14-year-old students provided the correct equation 5b + 67 = 90, 17% gave
b +r =90 as an answer, which might have been read as “blue pencils and red pencils together cost 90
pence” (LO). Interpreting b as “the number of blue pencils” is a possibility here, too; however, this
would still imply a wrong understanding of equations with a number of pencils on one side of the
equation and the price of all pencils on the other. Interestingly, 6% of the students came up with
another kind of equation: 66 + 107 = 90 or 12b + 5r = 90. These students had figured out a possible
solution to the problem first and then used these values as coefficients in their equation. Since the
letters are used as abbreviations for the involved objects (“12 blue pencils and 5 red pencils together
cost 90 pence”), this is regarded as a special form of LO, which we will refer to as the solution-as-
coefficient (SAC) misconception in the following. Another special form of LO is called /etter-as-unit
(LU) when the algebraic letter is interpreted as an abbreviation for a unit (Akhtar & Steinle, 2017),
e.g., in a task about 8 trucks weighing 24 tonnes, the ¢ in the equation 8¢ = 24 would be misinterpreted
as standing for tonnes (not realising that this would not be a correct equality).

Research question

The Meaning of Letters SMART-test polls the understanding of variables and detects the presence of
the letter-as-object misconception, leading to the following research question: Which response
patterns regarding the letter-as-object misconception can be identified among German grade 7 and
8 students based on their responses to the six multiple-choice tasks of the SMART-test Meaning of
Letters?

Methods and Materials
SMART-test Meaning of Letters

For the diagnosis of students, two parallel versions of the SMART-test Meaning of Letters were used
with the A or B version randomised by class. Here, we describe only the A version of the German
translation of the test (see Figure 1; COR indicating the correct response option). The first task type
(Meaning tasks), originating from the work of MacGregor and Stacey (1997), uses only one algebraic
letter and asks students to decide on the meaning of this letter in a linear equation in a given context.
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While the Ducks item uses the initial letter of the involved objects and units, the Bricks item uses the
letter y. Apart from the correct response (cost/height), MC options include the involved objects
(singular and plural; LO) as well as the corresponding unit (LU).

Meaning tasks

Additive tasks

Proportional tasks

z? Ducks

' Garden

/ Biros

Lucy bought 6 ducks for $12. She
wrote the equation 6d = 12. What

does d in Lucy’s equation stand for?
O the cost of one duck (COR)

Payam bought r red rose bushes and [
lilac lavender bushes. The roses cost
€4 each. The lavenders cost €5 each.
Which equation says that the total cost

Biros are sold in packs of 3. Sam
bought p packs and got b biros
altogether.

Choose the correct equation:

O one duck (LO) was €707 O 3p = b (COR)
O ducks (LO) O 4r + 51 =70 (COR) O p=3b(LO)
O dollars (LU) O r+1=70(L0O) O p=3(L0)

O 10r + 61 = 70 (SAC)

O Wheels

At a bike shop there are b bikes
(2 wheels) and t trikes (3 wheels).
Which equation says that there is a
total of 100 wheels in the shop?

O 2b+ 3t =100 (COR)

O b+t =100 (LO)

0O 35b + 10t = 100 (SAC)

O b+p=4(LO)
O 30b = 10p (SAC)

@ Racetrack

‘ Bricks

Tina stacked 9 identically sized bricks
on top of each other making a 99 mm
high tower. She wrote the equation
9y =99. What does y in Tina’s
equation stand for?

O the height of one brick (COR)

O one brick (LO)

O the bricks in the tower (LO)

O millimetres (LU)

A car takes 12 minutes to drive round
this racetrack. A driver drives r times
around the racetrack in m minutes.
Choose the correct equation:

O 12r = m (COR)

O 12m =r (LO)

O r=12(LO)

O 5r = 60m (SAC)

Figure 1: Tasks of Meaning of Letters test (German A version) translated back into English

The second type of task (Additive tasks) is based on Kiichemann (1981). It uses two algebraic letters
(corresponding to the initial letters of involved objects), which are additively connected and restricted
by the given situation. Students are supposed to choose the correct linear equation (in standard form)
for the described context. In the correct equation, the letters represent the number of objects and the
coefficients for the price per object (Garden) and the number of components per object (Wheels),
respectively. The first alternative response option simply adds the variables without any coefficients,
making it possible to interpret the letters as abbreviations for the involved objects (e.g., “Bikes and
trikes have 100 wheels altogether.”; LO). In the equation of the other alternative option, coefficients
equal a possible solution to the problem (that has not been posed) so that the equation can be read as
some solution sentence (e.g., “35 bikes (with 2 wheels each) plus 10 trikes (with 3 wheels each) have
100 wheels altogether.”; SAC). Also, in this case, the letters are read as abbreviations for the involved
objects.

The third task type (Proportional tasks) is derived from the famous “Students and Professors” problem
(Clement et al., 1981):

“There are six times as many students as professors at this university.” Write an equation using S
for the number of students and P for the number of professors.

This is often answered with 65 = P instead of 6P = S. The proportional tasks in the SMART-test have
the same algebraic structure: the two variables are directly proportional to each other. Students are
again asked to choose the equation matching the given situation. In the correct equation, the letters
(matching the initial letters of involved objects/units) stand for the number of objects for both
involved objects (Biros) or for the number of racetrack rounds and the number of minutes
(Racetrack). In both items, the coefficient is the proportionality constant (number of biros per pack
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or number of minutes per round). The first alternative response option is the reverse of the correct
equation, which allows for a LO interpretation (e.g., “A pack contains 3 biros.” or “1 round equals
12 minutes”; LO). For the Racetrack task, the first alternative can also be seen as an LU interpretation
(e.g., “12 minutes equals one round”). However, since it is unclear how exactly students interpret the
letter here, we opted for the more general LO interpretation. The LO interpretation also applies to the
second alternative response although the second variable is missing (e.g., as “A pack has 3.”; LO). In
the equation of the third alternative option, the coefficients correspond to a possible solution (to the
question that has not been asked), which can be interpreted as a kind of solution sentence (e.g., “Sam
bought 10 packs and has 30 biros now.”), indicating the SAC misconception. The Biros task offers
one more response option that features the addition of the two variables without coefficients. Again,
the letters can be interpreted as abbreviations (e.g., as “One biro plus a pack of biros is 4 altogether.”;
LO). This response type does not make sense for the Racetrack task since no different objects but
rounds and minutes would be added.

Participants

In total, 2051 grade 7 and 8 students (aged 12—14) from six federal states of Germany (78% attending
grammar schools, 22% attending non-grammar schools) completed the SMART test. These students
were taught by 103 mathematics teachers, leading to a nested data structure (data are analysed at the
student level, but the students are clustered in classes).

Teachers were asked to administer the SMART online test 1-2 weeks into their teaching sequence
about variables, algebraic expressions and/or equations. Thus, students in grade 7 should have been
familiar with a basic concept of variables and be able to use and manipulate them in easy algebraic
expressions before taking the test. In grade 8, students probably have started focussing on (solving)
equations.

Data analysis

The response patterns of the test were analysed using Latent Class Analysis (LCA) (Brandenburger
& Schwichow, 2023). LCA is a form of structural equation modelling useful for identifying
patterns/groups within categorical responses. These patterns/groups are called latent classes.
Intuitively, one can think of the 2051 participating students as ‘latent classes’. Of course, a description
of 2051 ‘latent classes’ will be hard to interpret. LCA considerably reduces the complexity of the data
by grouping students with similar patterns of responses in one class, bringing down the 2051 ‘latent
classes’ to a comprehensible, clearly distinguishable number of latent classes.

We used SAS Enterprise Guide 8.3 with the PROC LCA for the LCA analysis, considering the nested
data structure. As the students were not required to answer all questions, 49 students of the 2051
(2.3%) left some tasks unanswered. Hot-deck imputation was used to impute these missing values.

Results
Overall response rates to the SMART-test Meaning of Letters

The overall response rates of the participants are shown in Figure 2. Note the low number of correct
answers as well as that LU answers are only possible in task 1 and 2, while SAC answers are only
possible in tasks 3 to 6. The LO misconception was omnipresent in the responses to the meaning and
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proportional tasks; while SAC was present in most responses to the additive tasks.

Meaning tasks Additive tasks Proportional tasks
é, ‘ l / correct
: C% @hae letter-as-object (LO)
17% 34% 26% 11% 18% 9% letter-as-unit (LU)
76% 63% 18% 16% 69% 76% . . .
7% 3%|! 56%'! g :%% I ’ 3%“ 15% solution-as-coefficient (SAC)

Figure 2: Overall response rates to the Meaning of Letters test
Model selection and model fit of LCA

We iteratively built several models with different numbers of classes to choose the appropriate
number of classes for our LCA model. Information criteria (AIC/BIC) and the possibility of giving
meaningful labels to the classes were used to decide the number of classes. The 6-class model had
the best information criteria, the most interpretable latent classes, and no particularly infrequent class.
Table 1 presents the given labels to each class and the prevalence (indicating overall class
membership probability) of each class. There is no order or hierarchy of the classes.

Mean classification probability
Classes with labels Prevalence | Class1 | Class2 | Class3 | Class4 | Class5 | Class 6
Class 1 | LO predominant 23% 85% 2% 5% 1% 6% 1%
Class 2 | LO with SAC 11% 4% 91% 1% 3% 2% 0%
Class 3 | -0 With SAC only in 38% 6% 1% | 91% 2% 1% 0%
additive tasks
Correct meaning tasks N o o N o o o
Class 4 with LO/SAC elsewhere 8% 4% 3% 9% 77% 3% 3%
Class 5 {;?kzpa” from additive 15% 8% 0% | 15% 2% | 70% 4%
Class 6 | Mostly correct 5% 3% 1% 1% 6% 8% 81%

Table 1: Mean classification probability; hit rate in the diagonal (bold)

LCA allows the calculation of the likelihood that a student belongs to each class by analysing their
test responses. A robust LCA model, characterised by high homogeneity among latent classes and
clear class separation, yields for most students a class where the probability of classification is high
for that best-fitting class and low for the others. By calculating the mean classification probability for
all students aggregated along their best-fitting class, we get a grip on the homogeneity and class
separation in our 6-class LCA model. These mean classification probabilities are shown in Table 1:
for example, a student with class 2 as best has a probability of 91% to be in this class (we call this the
‘hit rate’, shown in the diagonal of the table) and only a probability of 4% to be in the first.

Description of the latent classes

In Figure 3, the item-response probabilities for each task are shown for the six classes. In the
following paragraphs, we give a description of each of the classes.

Class 1 (prevalence: 23%) is characterised by LO responses being most likely in all tasks. Even when
the initial letter of the involved object is not used (Bricks), LO is more likely than a correct answer.
The subtype SAC is also possible in additive tasks, but less likely than LO, indicating a relatively
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consistent interpretation of letters as abbreviations for objects. We label this class “LO predominant”

Meaning tasks Additive tasks Proportional tasks

Class i’ ‘ ' D / &3
1. LO predominant 12% 25% 8% 10% 19% 1%
{Prevalence: 23%) 81 |°n ?b% é4% jﬁ?% ?h Yo ?d%
7% 4%!] 28% !] 33% I] 10% [| 13%
2. LO with SAC 8% 33% 15% 0% 8% 6%
(Prevalence: 11%) 88% dﬁ% 4% 1% :‘54% 0%
4% 1% 81bs | 37%
3. LO with SAC only in additive 39, 259, 8% 29, 9%, 294
items 92%[ 73% 2% 0% 79%|0 98%
{Prevalence: 38%) 5% 2% {| 12% 0%
4. Correct meaning items with 89%, 828, 2394, 7o 11% 204
LO/SAC elsewhere 0%l 13% 39, 0% 79% 85%
(Prevalence: 8%) 11% 5%% 93% I] 10% [| 13%
5. LO apart from additive items 16% 24% 91% 39% 29% 8%
(Prevalence: 15%) ?d% ?b%ﬂ 9% D 17% d4°fu 89‘3]’:.
o%| 6%  owl Jaanll 7wl 8%
6. Mostly correct 61% 86% 69% 31% 85% 64%
(Prevalence: 5%) L 30%) 12|l 10%| 7wl 14wl | 33%
9% 20l 21% I é2% 1% 3%

correct . letter-as-object (LO) letter-as-unit (LU) . solution-as-coefficient (SAC)

Figure 3: The six latent classes with their item-response probabilities for every task

Class 2 (prevalence: 11%) is characterised by high probabilities for SAC responses. However, for
Biros a LO response is more likely than a SAC response. In the meaning tasks that do not offer a
SAC option, LO is most likely; a correct response in Bricks is possible. Since this is the class with
the highest probability for SAC in proportional tasks, students in this class seem to be quite convinced
that coefficients stand for (possible) solutions also in different equation types. We label this class “LO
with SAC”.

Class 3 (prevalence: 38%) is characterised by very high probabilities for SAC responses in additive
tasks and high probabilities for LO responses in all other tasks. This indicates a rather consistent
interpretation of letters as abbreviations for involved objects in combination with an interpretation of
coefficients as solutions in additive equations. We label this class “LO with SAC only in additive
tasks”.

Class 4 (prevalence: 8%) is characterised by high probabilities for correct responses in meaning tasks,
high probabilities for SAC in additive tasks, and high probabilities for LO in proportional tasks.
Students in this class seem to be able to identify the correct meaning of an algebraic letter when
directly being asked for it. However, when choosing equations they still fall into the trap of
interpreting letters as abbreviations (and coefficients as solutions in additive equations). We label this
class “Correct meaning tasks with LO/SAC elsewhere”.

Class 5 (prevalence: 15%) is characterised by medium to high probabilities for LO in all tasks other
than additive tasks. While in Garden the correct response is most likely, in Wheels SAC is slightly
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more likely than the correct response. For this response pattern, it is impossible to identify one reason
(see Discussion). We label this class “LO apart from additive tasks”.

Class 6 (prevalence: 5%) is characterised by correct responses being most likely in almost all tasks.
Only in Wheels, SAC is double as likely as the correct response. In Ducks and Racetrack, LO is also
possible but half as likely as the correct response. This indicates at least a partial understanding that
algebraic letters do not stand for abbreviations. We call this class “Mostly correct”.

Discussion and Outlook

Utilising LCA, six distinct response pattern classes were identified, offering detailed insights into the
relationship between students’ comprehension, misconceptions, and test tasks. These classes play a
crucial role in enhancing our understanding of how students interpret algebraic letters across various
contexts. It is important to note that a comprehensive understanding of the implications is an ongoing
research process, and this discussion marks our initial attempt at exploring these insights.

Starting with classes that exhibit at least some correct answers, a notable discovery is that Class 6,
characterised by mostly correct answers, has a low prevalence of 5% and still shows many SAC
responses to the Wheels task. The absence of a class labelled ‘All answers correct’ is not surprising,
as only 21 students (1%) would belong to this class, which contradicts the principle of a good LCA
model that avoids very rare classes. Class 4 (8%) is intriguing, displaying high probabilities for
correct meaning tasks, but struggles when translating this understanding into equations. These
students seem to possess a superficial knowledge of variable meanings, adequate for direct inquiries
about meaning with one variable but insufficient when dealing with equations involving two
variables. This underscores the importance of recognising that merely asking about the meaning of
letters in simple contexts does not necessarily imply a deep and accurate understanding. Class 5 (15%)
is characterised by a very high probability of a correct answer on the Garden task and LO/SAC in
most other tasks. Since these students do not seem to grasp the meaning of letters, it is likely that
these correct responses are not a result of (partial) understanding but of a strategy of combining given
letters and numbers according to the described situation without proper understanding.

Regarding the LO misconception and its subtypes, it is crucial to highlight that the LU misconception
had a minimal occurrence in the meaning tasks. Some students consistently show LO (Class 1, 23%);
however, even in this class, the subtype SAC has a probability of 33% in Wheels. This might indicate
that this task especially fosters students’ urge to come up with a numerical solution. In general, the
subtype SAC is often clearly present in additive tasks only (especially Classes 3 and 4). Such additive
equations can probably be read more intuitively as a solution sentence such as “35 bikes plus 10 trikes
have 100 wheels altogether” compared to proportional tasks that would have to be read as something
like “Sam bought 30 biros in 10 packs”. It is also possible that the additive tasks more easily trigger
some students’ desire to give a solution than proportional tasks. In this respect, Class 2 is exceptional:
the probability for SAC is very high in Racetrack, but only 37% in Biros, while they are both
proportional tasks (with similar response rates, see Figure 2). This might indicate that a SAC
interpretation in proportional equations is more likely when the letters involved refer to non-physical
objects (e.g., rounds in Racetrack) or can be interpreted as units (e.g., minutes in Racetrack).
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The analysis of the identified classes underlines how important the task type, complexity, and context
— including the realness of involved entities and the underlying structure of the equation — seems to
be for correctly interpreting algebraic letters. These are aspects that need to be taken into account for
teaching as well as assessment. For example, problems that focus on a numerical interpretation (like
“Think of a number”) or require operations on both sides of the equation might help to support a
correct interpretation of the equal sign as well as of algebraic letters. Two further questions remain
for future research: How do students transition from these classes after a lesson series about algebraic
letters? And: How can this analysis improve the SMART-test Meaning of Letters diagnosis?
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Computer-based multiple-choice tests reduce teachers' workloads and enable students to receive
immediate feedback on their performance, which is why they are widely used in the education system.
To create a high-quality multiple-choice test, the author has to develop plausible distractors to be
included among the provided answers. Therefore, creating a high-quality test is time-consuming. The
purpose of this paper is to determine the suitability of ChatGPT for generating answer options for
arithmetic and textual multiple-choice questions using Estonian and English prompts as examples,
based on typical mistakes made by students and their similarities and differences with the answer
options created by a human expert. This paper uses ChatGPT3.5 to test if it is possible to generate
answers for multiple-choice questions that are based on given parameters. The results show that it is
possible to generate answer options for multiple-choice questions using ChatGPT.

Keywords: Multiple-choice questions, artificial intelligence, mathematics education, distractors.

Introduction

The capacity of computers to execute cognitive tasks commonly associated with human intelligence,
especially in learning and problem-solving, is defined as artificial intelligence (Al). Al-based systems
are used to support teachers, reduce their workload, and automate assessment (Baker & Smith, 2019).
In addition, Al-based assessment systems make the assessment process easier and faster for teachers
(Kersting et al., 2014). Chat Generative Pre-Trained Transformer (ChatGPT) is an Al technology that
generates conversational interactions based on user prompts (OpenAl et al., 2023). Large language
models (LLM), such as ChatGPT have been pre-trained on huge volumes of textual data and are
therefore able to answer questions with high accuracy, generate text and perform other language-
related tasks (Kasneci et al., 2023). The ChatGPT model has proven its potential in various domains,
including education (Liu et al., 2023).

Automated assessment and multiple-choice questions (MCQs) tools have been used for a long time.
Because a trained language model can answer questions, it can be used to generate multiple-choice
answers for tests. However, experience shows that the generation of a high-quality MCQ depends on
the quality of the prompts (Kiyak, 2023). While it should not be overlooked, a study conducted by
Liu et al., (2023) showed that ChatGPT has rather limited mathematical ability.

In the case of MCQs, the content of the question should be as concise, clear, precise, and unambiguous
as possible, (Kelly, 1916); it should refer to the substance of the problem and the statement followed
by the question to be answered. One answer option is always correct — it is called ’the key’ — and one
or more answer options are always false, known as ‘decoy responses’ or ‘distractors’ (Gierl et al.,
2017; McNichols et al., 2023). The answer options must not be partially true/false (Kelly, 1916).
Distractors must be plausible and linked to the mistakes made by students and they should be
misleading for students but not entirely false, which would make them easy to eliminate (Gierl et al.,

Proceedings of the 14" ERME Topic Conference FAME, 5-7 June 204, Utrecht, The Netherlands — ISBN 978-90-393-7788-8 178


mailto:laura.kuusemets.1@ut.ee

2017; McNichols et al., 2023). If many distractors need be generated, this becomes burdensome for
the test writer (Gierl et al., 2017).

Method

The main objective in using computer-based environments and MCQs, is to reduce teachers' workload
through automated testing. Automated tests with multiple-choice answers are not widespread in the
Estonian education practice, as preparing tasks and multiple-choice answers is time-consuming. Due
to the aging teaching staff in Estonia, mathematics teachers are reluctant to use computer-based
programs because they lack of digital competencies, and their command of English is relatively weak.
If ChatGPT could generate answer options for MCQs in Estonian, the teacher would only have to
enter the questions and answers for the test. As a result, teachers' workload would be significantly
reduced, and teachers would have more time to support the students who need additional tutoring.

The purpose of this paper is to determine the suitability of ChatGPT for generating answer options
for arithmetic and textual MCQs using Estonian and English prompts as examples, based on typical
mistakes made by students and their similarities and differences with the answer options created by s
human expert. In this study, both arithmetical and textual tasks are discussed, both arithmetic skills
and knowledge of rules and theorems are checked in Estonian school mathematics. The topics and
questions for the study have been taken from the textbook "Testid koolimatemaatikas I" (“Tests in
school mathematics I’) by Lea Lepmann, a mathematics didactician at the University of Tartu.
Following the textbook, we compare arithmetic and textual answer options generated by ChatGPT
with those created by a human expert, a mathematics didactician, in terms of their accuracy and the
quality of distractors and keys. When creating the prompt for ChatGPT, the recommendations for
creating multiple-choice answers were taken into account, based on typical mistakes made by
students. The ChatGPT prompt was entered in two languages — Estonian and English. To answer the
research question, the answer options generated by ChatGPT and their correctness and the
comparability of the false answers were analysed and compared with the answer options created by
the mathematics didactician. ChatGPT3.5 has been used to carry out the study, and three research
questions have been formuled:

1) How appropriate are ChatGPT-generated answer options, based on students' typical
mistakes, for multiple-choice questions in an arithmetic task compared to human expert-
generated answer options?

In order to an answer to the research question, four different types of arithmetic tasks were chosen
for one subtopic of Lepmann’s (1991) textbook — addition fractions with same denominators,
subtraction of fraction with mixed numbers, addition and subtraction of fractions with different
denominator.

2) How appropriate are ChatGPT-generated answer options, based on students' typical
mistakes, for multiple-choice questions in a textual task compared to human expert-generated
answer options?

In order to answer the research question, two theory-based textual tasks were chosen from Lepmann's
(1991) textbook — natural and prime numbers. The aim was to check whether ChatGPT understood
the prompt and wether the output was formulated using correct mathematical vocabulary.
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3) What are the differences in answer options between the English and Estonian prompts in
ChatGPT?

ChatGPT prompt can also be in Estonian and can be used for understanding and constructing textual
tasks in the local language, Estonian. To evaluate if ChatGPT can provide didactically correct answer
options in the Estonian language in arithmetic and textual tasks, research questions 1 and 2 must be
analysed.

Results

The results of each prompt are presented as a table, where each answer option is accompanied by its
type: key (k), distractor (d), or incorrect option (i).

1) How appropriate are ChatGPT-generated answer options, based on students' typical
mistakes, for multiple-choice questions in an arithmetic task compared to human expert-
generated answer options?

Prompts 1.1-1.4: Prepare four answer options for the actions , Where one answer option is
correct, and three are incorrect. When preparing incorrect answer options, rely on typical mistakes
made by students.

Prompt 1.1 — After receiving prompts in English and Estonian, ChatGPT prepared four answer
options, one correct and three false (Table 1). There was a correct answer, in both instance and the
generated distractor responses were plausible. The prompt given in Estonian, resulted in a non-
reduced answer (%). For some of the answer options created by Lepmann, a partial calculation step

has been added. There is also a non-reduced fraction (%).

5 3
Table 2. Four answers proposed by ChatGPT for action ;4—;

Output
Input Lepmann, 1991
In Estonian In English
5 3 8 g 8 8
~ .= 2 2 — =—()
17 + 17 o (k) 17 (k) 1717 289

15 15 517+3-17 _ g
~ (@ —(@ EEETAL

1 2 2k
~(@ —(@ 7

8 35 2
~(@ —() 5@

Prompt 1.2 — After receiving a prompt in Estonian, ChatGPT generated four answer options, one
correct and three false (Table 2), i.e., they match the given parameters. Two of the generated distractor
answers were negative, and one option is in a non-reduced form. ChatGPT generated four answer
options for the English prompt, all of which were false. One incorrect answer option was marked as
the key. The wrong answer options were all in a non-reduced form. If the same prompt was given a
second time, ChatGPT created new answer options and indicated the correct answer, but it was in a
non-reduced form (1 z). One option was also in a non-reduced form (2 %), two other answer options
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were not simplified correctly and were not reduced (12 and 22). The answer options created by

Lepmann show a partial calculation step. One of the answer options is in a non-reduced form (2 %).

Table 3. Four answers proposed by ChatGPT for action 4% - 22

Output
Input Lepmann, 1991
In Estonian In English
1 5 1 2 2
sz-22 150 B0 150 @-2+(2-)=2-2=1lw
~13 () 12(d) 22(d) (4_2)+(g_3)=2+g=2_(d)
6 6 6
- g @) 1 % (d) 1% (d) 1 s 1-5
z ; : t-2-(3-3)-2-F=2©
35 35 ZE(d) . .
(4—2)—(g+g) = 2—g= 1(d)

Prompt 1.3 — In response to a prompt in Estonian, ChatGPT generated three answer options, one
correct and three false, i.e., matching the given parameters (Table 3). If the prompt was given in
English, ChatGPT did not produce any answer options that matched the parameters. A wrong answer
was marked as the key, and there was no correct answer option. When the same prompt was given a
second time, the results were partially different; again, a wrong answer was marked as the key, and a
correct answer option was missing. In both cases, there was no correct answer among the outputs. If
ChatGPT was prompted to solve an action, it returned the correct answer with solution steps. Only
then, it generated answer options corresponding to the parameters, and the correct answer option was
in a reduced form. Three of the four answer options created by Lepmann show a partial calculation
step. Only one out of the four answer options was in a non-reduced form (%).

2 5
Table 4. Four answers proposed by ChatGPT for action 3 + ;

Output
Input Lepmann, 1991
In Estonian In English
2 5 29 31 31 8 27435 29
24z — (k) —(d) — (k) 157 =—(d
3 * 7 4 i 4 lz(ld) 2-313-5 %8
B VA O F A I
= - = —(d L
@ 7 ® 2@ 2@ 0O
> L = - -
—(d ~(d ~(@ ;@ Gl

Prompt 1.4 — Having receiveda prompt in Estonian, ChatGPT suggested four answer options, one
correct and three false (Table 4). The output matched the parameters. The distractors are all in a
reduced form. When providing a prompt in English, the output was incorrect the first time. The output
was similar to the output given in Estonian and to the answer options produced by Lepmann.
However, a wrong answer option was marked as correct and it was in a non-reduced form. In response
to a prompt requiring ChatGPT to solve the given operation first and then generate the answer options,
it produced the correct answer option in a reduced form. Two of the generated false answers were
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equal — one in a reduced and the other in a non-reduced form (% and %). Another distractor was also

in a non-reduce form (%). All of the answer options created by Lepmann include calculation steps.

Table 5. Four answers proposed by ChatGPT for action§ — %

Output
Input Lepmann, 1991
In Estonian In English

2 1 1 1 1 2-1 1

S — 5 &) 2@ 5 - =@

3 6
) > () 2 () == =10
3 ( 3 6 3 3
1 3 3 4-1 3 1
- (@ - (d 5@ - =:=5;®
3 2 1 12-3 9 3
2@ 5@ ;@ -~ =;=;@

2) How appropriate are ChatGPT-generated answer options, based on students' typical
mistakes, for multiple-choice questions in a textual task compared to human expert-generated
answer options?

Prompts 2.1-2.4: Prepare four answer options for the assertion " " where one is correct and

three are incorrect. When preparing incorrect answer options, rely on typical mistakes made by
students.

Prompt 2.1 — After receiving a prompt in Estonian, ChatGPT produced an output partially
corresponding to the parameters (Table 5). The marked correct answer is partially true because the
set of natural numbers is closed under addition and multiplication but not under subtraction and
division. For the English prompt, ChatGPT gave an output that partially matches the parameters,
indicating addition as the correct answer while noting subtraction and division as incorrect.

Table 6. Options proposed for the assertion "The set of natural numbers is closed ..."

Output
Input Lepmann, 1991
In Estonian In English
"Naturaalarvude | ®  Liitmise ja lahutamise e  Under addition; (k) e  Ainult liitmise suhtes (Only
o suhtes (Under addition | e  Under subtraction; (d) under addition); (d)
hulk on kinnine and subtraction); (k) e  Under multiplication; | ®  Ainult liitmise, lahutamise ja
S e Jagamise suhtes (Under (d) korrutamise suhtes (Only under
division); (d) e Under division. (d) addition, subtraction); (d)
»The set of | e Murdude suhtes (Under e Ainult liitmise ja korrutamise
natural numbers fractions), (d) suhtes (Only under addition,
, , e Korrutamise suhtes multiplication), (k)
is closed. ... (Under multiplication). o Koigi nelja aritmeetilise tehte
(d) suhtes (Under all four
arithmetical operation). (d)

Prompt 2.2 — In response to a prompt in Estonian, ChatGPT generated an output corresponding to the
parameters (Table 6). For English prompts, however, ChatGPT solved the task completely differently
by generating true/false statements. Each answer option explains why the statement is true/false and
the reasoning is relevant.

Table 7. Options proposed for the assertion “Of the following numbers, 1, 2, 3,4, 5, 6, 7, 8, 9 are prime numbers"
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Output
Input Lepmann, 1991
In Estonian In English
"Jirgmistest arvudest 1, 2, e 2.3 5ja7;(k) . False.'l, 4,6,8and9are | « Ainult1,3,5,7 (only I,
e 1,2,3,5,ja7;(d) not prime numbers (k) 3,5, 7); (d)
34,5 6, 7.8 9 0n|, 54658 () |e True. All the numbers | o  Ainult2,3,5,7 (only 2,
algarvud" e 2.3,4,ja7.(d) are prime; (d) 3,5, 7); (k)
e False.Only2,3,5,7are | e Ainultl,3,5,7,9 (only
"Of the following numbers prime numbers; (d) 1,357 9@
123456 7 8 9are e True. Any single-digit | ¢ K&ik nimetatud arvud (4//
. : number is a prime given numbers). (d)
prime numbers' number. (d)
Discussion

The study results showed that when constructing multiple answers to given operations, the wording
of the parameters in the prompt requires careful consideration. ChatGPT generated multiple-choice
answers based on the parameters.

From the answer options generated by ChatGPT it is evident that they still require human verification.
The generated multiple-choice answers included many mistakes, such as marking a wrong answer
option as the correct one, especially with the English prompt. With the Estonian prompt, ChatGPT
generated the correct answer option and three false options for all the given tasks on the first run.
Most of the false responses were also plausible, which means that ChatGPT can generate suitable
answer options in response to an Estonian prompt. Comparing the answer options generated by
ChatGPT with the options generated by the mathematic didactician Lea Lepmann, there are some
similarities for some tasks but no complete overlaps. For some tasks, no lure responses were the same
for the Estonian prompt, the English prompt, and the response options of the human expert (Table 2).
However, for some tasks, there were response options that occurred in all three (Table 3, 4). With an
English prompt, ChatGPT marked an incorrect answer option as the key 75% of the time on the first
run. Most of the false responses were also plausible, which means that in the case of an English
prompt, the answer options generated by ChatGPT may not be suitable and need to be checked by
teacher. ChatGPT provides suitable answer options if it first solves the action. An important
difference is that the answer options generated by the human expert are structurally different — they
include calculation steps that represent the mistake made in the calculation of fraction. None of the
answer options generated by ChatGPT included calculation steps.

Care must be taken to ensure that the answer options and the task statement are consistent with each
other and the curriculum. In the topic of common fractions, the problem statement should indicate
the expected form of the answer (reduced or non-reduced). Estonian school mathematics requires the
answer to be given in a reduced form. In this case, this should also be described in the stem. In
Estonian school mathematics, fractions are taught in the 6th grade, while calculation with negative
numbers is taught in the 7th grade. Therefore, two answer options can be eliminated from the Estonian
output for Prompt 1.2. If an answer option contains an answer in a form that the students have not yet
learned, they are likely to treat this option as incorrect. According to Girel et al., (2017) an answer
option must not be completely wrong because in this case, students will be able to eliminate the
answer immediately.
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In Prompt 2.1, one can see that ChatGPT makes mathematical mistakes and seems that ChatGPT is
aware of the mistaks but still marks the wrong answer as the key. The testing conducted in this study
showed that ChatGPT can understand the content of the text and generate a textual response in both
Estonian and English. The answers are plausible in Estonian but require linguistic editing. When
comparing the answer options in Estonian and English and the one prepared by the didactician, they
are similar, or only one of the answer options is different. The most significant difference was for
Prompt 2.2, where ChatGPT produced true/false statements for the English prompt, which is
undesirable for MCQs because it intentionally complicates the test.

Nevertheless, there were errors or omissions in compiling the multiple-choice answers. For several
of the statements, ChatGPT gave a wrong or incomplete answer. For both English and Estonian
prompts, there were errors in the mathematical terms or rules in the output. When generating answer
options for arithmetical tasks, ChatGPT performed better with Estonian prompts than with English
prompts. There were many errors in the outputs in response to English prompts, and the correct
answer option often needed to be corrected. Thus, ChatGPT is good at generating multiple-choice
answers based on Estonian prompts. Furthermore, it was found that ChatGPT can understand
Estonian prompts and produce verbal responses. Based on the results, Estonian teachers can use
ChatGPT to create multiple-choice answers, but it does not necessarily result in efficiency gain for
teachers, as all the multiple-choice answers still have to be checked by the teacher.

Conclusion and future work

In this work, ChatGPT was used to see if it could make it easier and faster for teachers to create
multiple-choice answers. The most important findings are that, first, the variability of the distractors
generated by ChatGPT is smaller than the variability of the distractors generated by mathematical
didactician. Second, the keys generated by ChatGPT are incorrect in some cases incorrect. In the case
of Estonian prompts, ChatGPT failed to give a correct answer only in a textual task where it marked
a partially false statement as the key. With English prompts for arithmetic tasks, ChatGPT marked
the correct answer option as the key only 25% of the time in the first attempt. In the case of textual
tasks, it indicated the wrong answer option as the correct one in some of the outputs. The third and
most important result for Estonian mathematic teachers was that ChatGPT generates more evenly
matched responses for Estonian prompts than for English prompts. In some cases, the distractors
generated in Estonian are more plausible than those generated in English, because there were more
answer-options that were non-reduced fractions.

The present work's limitations lie in using an older version of ChatGPT, 3.5, when the newer version
4.0 is more advanced, has newer data, and is better at processing textual information. In this work,
version 3.5 is used because it is available free of charge to everyone, while 4.0 is a paid version. Even
though ChatGPT 4.0 is not free of charge, would be advisable to use the newer version.

In future work, ChatGPT should be given more details on the desired learning outcomes for a given
topic are on students’ common misconceptions in that topic. It should then be investigated whether
ChatGPT can generate more appropriate distractor responses based on the given parameters and, for
each false response, generate feedback that supports the student based on the type of mistake.
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Secondary mathematics teachers’ experiences of using ChatGPT to
design probability and statistics assessment items
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The purpose of this study was to explore secondary mathematics teachers’ experiences of using
ChatGPT to design probability and statistics assessment items. For this purpose, we analyzed 22
secondary mathematics teachers’ conversations with ChatGPT and their survey responses in terms
of their overall experiences with ChatGPT, their intentions to use ChatGPT-generated assessment
items, and affordances and challenges of using ChatGPT to design assessment items. The results
showed that most teachers did not specify the purpose of assessment and only one teacher identified
mathematical errors in the ChatGPT’s responses. The teachers employed a wide range of follow-up
questions in responding to the ChatGPT’s suggestions. The survey results showed that their intentions
to use ChatGPT were polarized. The teachers perceived that ChatGPT provided affordances such as
creativity and efficiency but shared their concerns about mathematical errors, inaccuracy, ethical
issues, and its security.

Keywords: Summative assessment, probability and statistics, Artificial Intelligence (A1), ChatGPT,
secondary mathematics teachers

Introduction

Since Shulman’s seminal work on the pedagogical content knowledge (PCK) as a special amalgam
of content and pedagogy needed for teaching (Shulman, 1986), the scholarship in teacher education
has made a major shift from identifying teacher characteristics toward conceptualizing PCK,
developing instruments to measure PCK, and designing teacher education programs to develop PCK.
Besides the efforts made in the subject-matter specific PCK, researchers have identified the
knowledge needed for teaching with technology in response to the emergence of new digital
technology and the importance of technology competence. This specialized knowledge that teachers
need to teach with technology is conceptualized as Technological, Pedagogical, and Content
Knowledge (TPACK) and it is further specified into sub-domains (Misha & Koehler, 2006). After
the publication of the Second Handbook of Technological Pedagogical Content Knowledge (TPACK)
for Educators in 2016, we have experienced a rapid change and social demands of incorporating
technology in teaching and learning over the past few years. Especially, the emergence of generative
Artificial Intelligence (AI) and the public release of ChatGPT on November 30, 2022 have attracted
more attention from educators, both for the benefits of using Al and concerns about using Al in
teaching and learning.

Given these rapid changes using technology, we aimed to explore the experiences of secondary
mathematics teachers to design probability and statistics assessment items using ChatGPT in Korea.
Because of the nature of grading on a curve and its importance for the college admission in Korea,
many secondary mathematics teachers have experienced challenges in writing assessment items that
can result in a desired item difficulty and item discrimination but can be differentiated from
commercially available workbooks. The advancement of ChatGPT made us to wonder how secondary
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mathematics teachers might use ChatGPT to design assessment items, what experiences they have
with ChatGPT, and whether ChatGPT might resolve their persistent challenges or create new issues
to write assessment items. More specifically, this paper examines the following research questions:
1. What prompts do secondary mathematics teachers use to design probability and statistics
assessment items in ChatGPT?
2. What probability and statistics assessment items do ChatGPT generate? To what extent do
teachers have intentions to use these ChatGPT-generated assessment items?

3. What affordances and challenges do secondary mathematics teachers perceive in using
ChatGPT to design probability and statistics assessment items?

Methods

Using a convenience sampling method (Pattern, 1990), we collected the data from 22 secondary
mathematics teachers who enrolled in a three-credit graduate course in mathematics education in
Korea. After the instructor’s short introduction of ChatGPT, the teachers were instructed to have
conversations with ChatGPT 3.5 approximately for 10-15 minutes to design probability and statistics
assessment items for Grade 11. We asked teachers to design an assessment item for probability and
statistics, a topic that tends to require less use of advanced mathematical expressions or graphical
representations. After conversations with ChatGPT, teachers were asked to complete a short survey
including a URL link for their ChatGPT conversations, one final ChatGPT-generated probability and
statistics assessment item, their overall experiences with ChatGPT, and whether ChatGPT understood
their questions, intentions, and feedback. Additionally, we asked whether they had any mathematical
or pedagogical issues with ChatGPT, the benefits and challenges of using ChatGPT for assessment,
and whether they had intentions to use ChatGPT-generated assessment items using a five-point Likert
scale (1: strongly disagree and 5: strongly agree). Lastly, the teachers were asked to explain their
perceived item difficulty generated by ChatGPT and to evaluate its appropriateness for their students.

First, we analyzed the prompts that teachers used in ChatGPT to design probability and statistics
assessment items. We asked the teachers to share a URL link for their ChatGPT conversations. At
the time of analyzing the data, three links were invalid which resulted in 19 links for the analysis. In
analyzing the teachers’ ChatGPT conversations, it became clear that the strategy and skill of
providing effective prompts are crucial for obtaining desirable responses. This is because ChatGPT
generates responses based on the user’s inputs or prompts. Some reports suggest that ChatGPT has
often provided unvalidated and incorrect information (Einarsson et al., 2023). Considering that
ChatGPT's mathematical skills are not as strong as in other areas (Frieder et al., 2023), it is important
for the users, in this case secondary mathematics teachers, to employ the strategy of using effective
prompts to get the desirable outcomes and assess the validity, accuracy, and credibility of ChatGPT’s
responses. In this paper, we categorized the teachers’ prompts into four categories: 1) Specificity of
the prompts to design an assessment item; 2) Identification of errors in ChatGPT’s responses; 3)
Quality of follow-up questions; 4) Evaluation of ChatGPT’s responses. Table 1 illustrates our coding
rubric to analyze teachers’ prompts to ChatGPT.
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Table 1. Coding rubric for teachers’ prompts to ChatGPT in designing assessment items

Category Description Scoring Rubric
1.Specificity of | Does a teacher’s prompt identify... e I: Address one of the sub-categori'es
prompts e atopic? e 2: Address two of the sub-categorlgs
e adifficulty level? e 3: Address three of the sub-categories
e atarget grade-level? e 4: Address four of the sub-categories
® apurpose?
2.Identifying | Does a teacher identify... ® 0:neither .identiﬁed contextual nor
an error in e a contextual error? mathematical error
, e 2 mathematical error? e [: identified either contextual or
ChatGPT’s mathematical error
responses e 2:identified both contextual and
mathematical error
3.Quality of | ® Is a teacher’s follow-up question o (: accept ChatGPT’s responses without
follow-up based on interpretation or posing any follow-up questions or asking
) evaluation of the ChatGPT’s unrelated questions to ChatGPT’s
questions responses? responses
e Does a teacher’s follow-up e 1: ask a follow-up question to clarify
question further specify or ChatGPT's responses or request simple
challenge the ChatGPT-generated modification (e.g., different format)
item? e 2:ask a follow-question to further specify
ChatGPT’s responses by adding conditions
or related concepts
e 3:ask a follow-up question to challenge the
ChatGPT’s responses or to provide a
specific feedback to ChatGPT
4 Evaluating | ® Does a teacher evaluate e (:no
ChatGPT s ChatGPT’s responses? e 1:yes
responses

To analyze the teachers’ intentions to use ChatGPT-generated assessment items, we recoded disagree
responses (1:strongly disagree and 2:somewhat disagree) to negative and recoded agree responses
(4:somewhat agree and 5:strongly agree) to positive. For the affordances and challenges of using
ChatGPT to design assessment items, we repeatedly read the teachers’ responses and found themes
emerged from their open responses using an inductive coding.

Results
RQ1. Teachers' Prompts Used in ChatGPT

The first analysis focused on determining whether the prompts included key details such as a topic,
difficulty level, target grade-level, and purpose (Category 1). The analysis revealed that 14 out of 19
teachers (74%) received a score of 2 for this category. This score indicates that they provided two
components of their desired assessment items, such as a broad topic and target grade-level, without
specifying the purpose for using the assessment item (e.g., "Please provide a problem about
probability and statistics for high school students"). Only one of the 19 teachers provided all the four
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components, including the goal of an assessment item ("Please rephrase the problem conditions to
assess if a student can derive the solution by using a normalization.")

Second, the analysis of identifying a contextual or mathematical error (Category 2) suggested that
only one out of 19 teachers explicitly mentioned an error in ChatGPT’s responses. For example, the
teacher identified a mathematical error in ChatGPT's explanation of the suggested problem.
Specifically, the teacher stated, "You mentioned that this problem will help students understand the
concept of conditional probability, but your suggested problem is not related to the concept.”

Third, an analysis of the quality of follow-up questions (Category 3) indicated that five teachers
(26%) either accepted the ChatGPT’s suggestions (e.g., “Good. Thank you!”) or asked unrelated
questions to the ChatGPT’s responses (e.g., “Please give me another question”). Additionally, five
teachers (26%) asked a simple parallel question (e.g., “Please give me a more difficult question”);
five teachers (26%) further specified the ChatGPT’s responses (e.g., "Please add a given that uses the
concept of conditional probability"); while four teachers (21%) either provided specific revisions
(e.g., "Please use a lower value for the number of plays to simplify the calculation") or challenge the
ChatGPT’s responses (e.g., "Isn't it possible for people with assigned seats to move among them?").
Figure 1 illustrates an example of one teacher’s ChatGPT conversation. As shown in Figure 1, the
teacher provides specific feedback on ChatGPT-generated assessment item. In response to this
feedback, ChatGPT revised the initial assessment item, using a smaller number for matches and
different probability values. However, solving the problem would still require a calculator.

Teacher: Please create a probability problem related to soccer.
ChatGPT: Of course, I'll create a probability problem related to soccer.

Problem: A certain soccer team has played 20 matches in the league. The probability of this
team winning a match is 40%, and the probability of a draw is 25%. The remainder is considered
a loss. Answer the following questions about this.

Q. What is the probability that this soccer team will win exactly 10 out of 20 matches? (Provide
the calculation up to the second decimal place.)

Teacher: The problem requires a formula that is too complex to solve without a calculator.
please use a lower value for the number of plays to simplify the calculation|

ChatGPT: Great! Let's simplify the problem. Let's create a probability problem related to soccer
with the number of matches reduced to 10.

Problem: A certain soccer team has played 10 matches in the league. The probability of this
team winning a match is 50%, and the probability of a draw is 20%. The rest is considered a loss.
Please answer the following questions about this.

Q. What is the probability that this soccer team will win exactly 5 out of 10 matches?

Figure 1. An example of a teacher’s ChatGPT conversation to design a probability item

This teacher also received high scores in other categories. Specifically, the teacher clarified the
purpose of an assessment item and evaluated ChatGPT-generated assessment item in terms of its
applicability in real-life situations and item difficulty.

Finally, we investigated if there was clear evidence that teachers evaluated responses from ChatGPT.
The analysis indicated that seven out of 19 teachers (37%) assessed the correctness and validity of
ChatGPT-generated assessment item. For example, one of the prompts stated that "Your problem
necessitates overly complex calculations to determine the standard deviation.”
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RQ2. ChatGPT-generated assessment items and teachers’ intentions to use them

For the second research question, we analyzed ChatGPT-generated assessment items that teachers
came up with and their intentions to use these assessment items. As discussed in the previous section,
teachers employed a wide range of prompts to design an assessment item which resulted in a wide
range of assessment items. Table 1 illustrates four teachers’ ChatGPT-generated probability and
statistics assessment items with their intentions to use these items for the assessment (1: strongly
disagree and 5: strongly agree).

Table 1. Examples of ChatGPT-generated assessment items and teachers’ intention to use them

Assessment Item Intention

Teacher A’s ChatGPT-generated assessment item: 4
A class of 10 students sits at a round table with 12 chairs. Two specific students, A and B, must
sit next to each other, and two other students, C and D, must sit facing each other. The remaining
six students can sit at random. Find the number of cases in which the students are seated at the
round table.

Teacher B’s ChatGPT-generated assessment item: 2
Jimin and Junho are playing a coin flip game. The coin is assumed to be a fair coin, and the

probability of getting heads (H) and tails (T) is 1/2 each. The rules of the game are as follows:
1. Jimin and Junho each flip a coin.
2. [Ifit lands on heads (H), they win; if it lands on tails (T), they lose.
3. When both friends start flipping at the same time, Jimin flips first.

Answer the following questions:
1. What is the probability that Jimin wins and what is the probability that Junho wins?
2. What is the probability that Jimin and Junho both win the first two coin tosses?
3. What is the probability that Jimin and Junho flip a total of 5 coins and win exactly 3 of
them?

Teacher C’s ChatGPT-generated assessment item: 4

A soccer team has played 15 games in a league. The team has a 60% chance of winning a game
and a 10% chance of drawing a game. The rest of the games are considered losses. Answer the

following questions:
1. What is the probability that the soccer team will win exactly 10 out of 15 games?
2. What is the probability that this soccer team will win at least 12 out of 15 games?
3. What is the probability that this soccer team will lose or tie at least 5 out of 15 games?

Teacher D’s ChatGPT-generated assessment item: 2
You have a store that sells goods and you have five different types of goods. You need to display
these items in a row, but the store's shelves are circular, so the first and last items are next to

each other, i.e., they are arranged in a circle. Find the number of cases in which the store displays

the five products in a circle.

Teacher A had an intention to use the ChatGPT-generated assessment item (rated 4 in a five-point
Likert scale) but would like to revise the item by changing the number of chairs from 12 chairs to 10
chairs. However, Teacher A did not further explain the justification for this revision. Teacher B did
not have an intention to use the ChatGPT-generated assessment item (rated 2 in a five-point Likert
scale) because the ChatGPT-generated assessment item is simple, easy, and different from the
expected item difficulty. Teacher B also pointed out that the assessment item has some inaccurate
statements. Teacher C had an intention to use the ChatGPT-generated assessment item (rated 4 in a
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five-point Likert scale) but would like to revise the assessment item for the security reason. Teacher
D did not have an intention to use the ChatGPT-generated assessment item (rated 2 in a five-point
Likert scale) because it is quite similar to examples provided in textbooks, so it is more efficient for
teachers to write their own assessment items.

In the survey, teachers have polarized responses about their intentions to use the ChatGPT-generated
assessment items. Among 22 teachers, 10 teachers (45.5%) indicated that they had intentions to use
the ChatGPT-generated assessment items, whereas the same number of teachers (45.5%) indicated
that they did not have intentions to use the ChatGPT-generated assessment items. Two teachers (9%)
responded neutrally about their intentions to use the ChatGPT-generated assessment items. Teachers
who did not have intentions to use these assessment items explained that the ChatGPT-generated
assessment items are too simple and easy, are not aligned well with their instruction, are not aligned
with the curriculum, have inaccurate expressions, have incorrect answers, do not produce items with
the intended item difficulties, are very similar to the textbooks, and are not quite different from items
they can make. Two teachers wrote:

I have very little intention of using it; the difficulty level is very low; the solutions it presents
may not be what the curriculum intends; and I don't think ChatGPT is up to the task of
developing items that accurately assess the competencies that the curriculum wants students to
develop.

I don't intend to use it yet, because the problems that ChatGPT creates are very similar to the
textbooks. Even if I kept asking for new problems, they would just repeat the first problem with
different numbers. In other words, I don't think I would use ChatGPT specifically because it only
gives me typical problems from the textbooks or problem sets I have.

RQ3. Affordances and Challenges of using ChatGPT to design assessment items

In analyzing the teachers’ survey responses, we found that the teachers perceived the affordances of
using ChatGPT in terms of creativity (rich ideas, new types of problems, various contexts, extending
teacher’s limited thinking, and reducing the pains of creating items), efficiency (cost, time, and
speed), specific difficult levels (easy or medium-level difficulty), specific type of assessment
(performance assessment or formative assessment), specific type of items (multiple-choice items),
providing solutions to the problems, diagnosis of errors, creating scoring rubrics, convenience, neutral
(excluding teachers’ own biases or preferences), producing anticipated solutions, and using ChatGPT
for students’ learning. Among these affordances, nine teachers (41%) identified creativity and five
teachers (23%) identified efficiency in cost, time, and speed. However, the teachers identified its
challenges as potential mathematical errors (e.g., incorrect answers, inaccurate solutions, and vague
expressions), misalignment with curriculum, ethical issues (e.g., copyright issues, lack of information
about sources), possibility of teacher’s heavy reliance on ChatGPT, and security issues. In addition
to these potential limitations, the teachers also identified that ChatGPT does not reflect their
interactions with their students during their lessons, insufficient database (not quite different from
commercially available workbooks or textbooks), teacher’s intention for the assessment, the validity
of'assessment created by ChatGPT, inappropriate item difficulty, and insufficient item discrimination.
Among these limitations, eight teachers (36.4%) identified the potential mathematical errors and
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seven teachers (31.8%) concerned about the security of assessment because of its nature of open
source.

Discussions

The purpose of this study was to explore secondary mathematics teachers’ experiences of using
ChatGPT to design probability and statistics assessment items. For this purpose, we analyzed
secondary mathematics teachers’ conversations with ChatGPT and their survey responses about
overall experiences with ChatGPT, their intentions to use ChatGPT-generated assessment items, and
affordances and challenges of using ChatGPT in designing assessment items in Korea. The first
research question examined the prompts that the secondary mathematics teachers used to design
probability and statistics assessment items. The results show that most teachers specified some of the
key details of the assessment items and did not identify mathematical errors or issues in ChatGPT’s
responses. On the other hands, the quality of follow-up questions is widely ranged (five teachers
received score 0, five teachers received score 1, five teachers received score 2, and four teachers
received score 3) and seven teachers evaluated ChatGPT’s responses. The second research question
examined the ChatGPT-generated probability and statistics assessment items after the teachers’
conversations with ChatGPT and their intentions to use these assessment items. The survey results
showed that the teachers had polarized responses to their intentions to use. The third research question
examined what secondary mathematics teachers perceived its affordances and challenges of using
ChatGPT in designing probability and statistics assessment items. Teachers perceived that ChatGPT
provides affordances such as creativity and efficiency but identified limitations of potential
mathematical errors, ethical issues, misalignment with curriculum, misalignment with instruction,
and security of assessment because of its nature of open source.

The results of this study provide implications as follows. First, the analysis of teachers’ prompts to
design assessment items using ChatGPT provides implications that teachers need to be exposed to
different types of prompts they can use in ChatGPT and they need to explore that the prompts they
employed would determine whether they could get the desired outcomes. Without specific prompts,
challenges, or evaluation of ChatGPTs’ responses, some teachers simply accepted the ChatGPT’s
responses or repeated the same prompts to ChatGPT. Especially, many teachers mentioned that
ChatGPT generated too easy items but did not produce the items with the intended item difficulty and
sufficient item discrimination. As an exception, one teacher, who rated the ChatGPT-generated item
as difficult, mentioned that ChatGPT was able to produce a more difficult item once the teacher added
more conditions to the initial ChatGPT-generated item. In this study, we did not provide specific
prompts that teachers can use in ChatGPT because we aimed to explore the quality of prompts that
teachers use. However, we might offer examples of different types of prompts that teachers can use
and then analyze the frequency of using specific prompts or explore how teachers employ different
types of prompts to the same ChatGPT’s responses.

Second, the teachers perceived that ChatGPT was creative, efficient, and convenient as affordances
but addressed mathematical errors, inaccuracy, incorrectness, and vagueness as its major challenges.
It is interesting to observe that many teachers identified these mathematical issues in the survey but
few of them actually addressed these concerns in their conversations with ChatGPT. Facing such
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issues in ChatGPT, teachers should be able to use their mathematical knowledge to critically examine
the mathematical accuracy, correctness, and performance of ChatGPT and address them to ChatGPT.
Another challenges of using ChatGPT in designing assessment items are the misalignment between
ChatGPT-generated items and curriculum in Korea and misalignment between ChatGPT-generated
items and their own instruction. Because of its importance to use the specific grade-level
mathematical vocabulary, concepts, or ideas outlined in the curriculum, it needs to be further
examined whether ChatGPT understands or has an access to the specific curriculum materials and
grade-level expectations in each country.

Lastly, writing assessment items is very stressful for teachers in Korea because students and parents
are very sensitive to the assessment items and often complain if there are any vagueness, errors, or
issues in the assessment and if there are any similarities between assessment items and commercially
workbook items. Because the security of assessment items is one of the most important issues for
teachers in Korea, they might not use the ChatGPT-generated assessment items without any major
revisions or modifications. However, as three teachers commented in the survey, it would be a great
learning opportunity for students to design or discuss a mathematical problem using ChatGPT.
Because teachers experienced that ChatGPT often produced inaccurate, incorrect, and vague
mathematical ideas, they would like to use ChatGPT-generated items as formative assessment for
their students to explore whether students can detect any mathematical errors or issues in ChatGPT’s
responses.
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In this contribution we propose the design of an interdisciplinary STEAM project named “Dark
ages?”. It is based on Project Based Learning (PBL) and outdoor learning, in which digital and
manipulative tools, virtual and real experiences, in the classroom and in the real world, are
intertwined. A formative and summative evaluation proposal is presented, and the first results
analysed. Some results of a survey on how students experienced the project are also presented.

Keywords: Project based learning, outdoor learning, STEAM, formative and summative assessment,
survey, secondary education.

Introduction and Theoretical framework

In many contexts it is stated that one of the tasks of the school is to “educate complexity”, train and
consolidate the skills of reading reality as a complex system, where many variables operate.
Interdisciplinarity can be a way to provide the student with overviews of complexity, in which points
of observation, languages and interpretations intersect. From this perspective an interdisciplinary
STEAM project “Dark ages?” was proposed. The title itself “Dark ages?” is an example of an
interpretation called into question by the question mark. Who says that the Middle Ages are a dark,
backward, and difficult period in European history? When? For what reason? Is that true? The
question mark raises a doubt, asks questions, broadens perspectives, goes beyond the cliché. The aim
of the interdisciplinary project is to bring students to the heart of an era, the medieval one, through
STEAM and other subjects, as literature, history and English literature. Part of the project took place
at school and another directly in the places studied: Siena Cathedral with the Museum and The
Piccolomini bookshop and Pisa with the “Scuola Normale Superiore”, the tower of the clock palace
where Count Ugolino had been locked up and the cemetery where the statue of Fibonacci is. The
following methodologies are used in the activities: Debate, Active Learning, Outdoor Education, Peer
Tutoring, PBL. Furthermore, online research activities and evaluation of digital sources and
resources, laboratory activities related to the creation/sharing of materials in the Moodle institutional
e-learning area and in other shared digital areas as Genial.ly for the digital Escape Room and
Padlet.com, were used in an active learning perspective. The technological tools used were:
GeoGebra, Desmos, 3D print, Fusion 360° software, Teodolite for on-site measurements.

The term STEM refers to teaching and learning in the fields of science, technology, engineering, and
mathematics. STEM education aims to help the next generation of students to solve real-world
problems by utilizing knowledge of multiple disciplines and horizontal competences such as critical
thinking, collaboration, and creativity. The addition of the artistic skills to the science and technology
education gave birth to a new acronym: STEAM (notice the addition of A for arts). Zemelman,
Daniels, and Hyde (2005) provide insight into the ten best STEM pedagogical practices for successful
integration of STEM disciplines. There are as follows; using manipulatives and hands-on learning;
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cooperative learning; discussion and inquiry; questioning and conjectures; (5) using the justification
of thinking; writing for reflection and problem solving; using a problem-solving approach; integrating
technology; teacher as a facilitator approach; using assessment as a part of instruction.

PBL has a lot of potential to enhance 21st century skills and engage students in real-world tasks (e.g.,
Kingston, 2018). It promotes interconnected worldview, links among disciplines, and presents an
expanded view of subject matter (Blumenfeld et al., 1991; Kingston, 2018). Therefore, PBL is a
promising teaching method for integrated science education that can be defined as an effort to
organize or integrate science curriculum content into a meaningful whole by a constructive and
context-based approach that crosses subject boundaries and links learning to real world (Czerniak &
Johnson, 2014).

Learning outside the classroom essentially can be defined as use of resources out of the classroom to
achieve the goals and objectives of learning (Knapp, 2010). The constant focus on textbooks and
formal mathematical practice might invoke a view among students that mathematics is abstract,
distanced and only useful in a in classroom context working only in the textbook. Existing research
on outdoor learning in mathematics indicates positive affective outcomes and possible academic
benefits from learning mathematics in an out-of-school context (Moffett, 2011). Moreover, outdoor
environments, are real-life contexts enabling students to internalise, transfer and apply mathematical
ideas and provides direct experience, and the students need to be active in the learning process. It
lends itself to the Inquiry-based mathematics education a student-centred form of teaching whose
guiding principle is that the students are supposed to work in ways like how professional
mathematicians work (Artigue & Blomhgj, 2013). Lee et al. also suggested community partnerships,
where students collaborate with professionals, as an important component of project based learning.

During the process of teaching and learning, teachers do assessment for learning (formative
assessment) and assessment of learning (summative assessment). Black and Wiliam (2009) after
considering the main features of teaching and learning defined formative assessment as: “Practice in
a classroom is formative to the extent that evidence about student achievement is elicited, interpreted,
and used by teachers, learners, or their peers, to make decisions about the next steps in instruction
that are likely to be better, or better founded, than the decisions they would have taken in the absence
of the evidence that was elicited” (see also Cusi et al. 2017 and Aldon et al. 2017). Inquiry based
learning needs formative assesment due to it process character.

In this contribution we propose the design an interdisciplinary STEAM project such that students are
actors of their own knowledge through collaboration and discovery. The research questions are the
following: How can this type of activity be assessed? How do students perceive this type of activity
and the way to evaluate it?

Methodology and participants

The project was addressed to two 11th grade classes, at Applied Sciences High School of in Udine,
Italy. In this article only one class of 19 pupils will be examined. The methodology used for the
formative assessment was that of continuous monitoring, with related feedback, of the Forums,
Padlets, Logbooks, delivery of the results of the proposed exercises and control via the Moodle
eLearning platform and evaluation of the oral presentation of the works. For the final skills for
summative assessment, we proposed a rubric containing six macro areas summarized by the following
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disjoint descriptors: Collaborate, Evaluate, Read and Understand, Communicate, Digital skills,
Learn. A survey was also proposed at the end of the project to evaluate the appreciation and the
effectiveness of the proposed project. In addition to a descriptive statistical analysis of the closed
questions, a thematic analysis of the open questions was carried out. In the future, a comparative
analysis of the results obtained will be carried out.

The design of the Project and the formative assessment

Interdisciplinary STEAM project requires a completely different way of grading. The normal
teaching activity is also remodelled and reorganized, alternating laboratory/experiential moments
with moments of study/empowerment. A working methodology for “open classes” is adopted: in
some lesson hours, the classes are merged and reorganized into groups based on the proposed activity.
The underlying theme of the project was to analyse a historical era, the Middle Ages, from various
aspects to answer the question: was it really a “dark age?” Among the various parts of the STEAM
project, we will describe those where mathematics plays a predominant role.

Activity 1. “Fibonacci: the man who gave us numbers”. The students discovered unusual or hidden
aspects of medieval (and non-medieval) mathematics through the resolution of a digital Escape Room
and shared among peers the mathematical properties discovered. Before this activity the students only
knew the definition of sequences as particular functions defined on the set of natural numbers. They
had already studied the Fibonacci sequence in the previous school year and this year, with the IT
teacher, they reviewed it together with the recurrence sequences. Among others, in the digital Escape
Room there were also puzzles related to real life contest. As formative assessment the students,
divided into groups, had to discover the solutions to the questions asked, using all the resources they
deemed useful. They had to note down through logbooks the solutions of the questions, with the
strategy used, and the difficulties encountered. The results were shared with the other groups in the
classroom during the lesson. The module on “Fibonacci” concluded with the creation of a physical
Escape Room, revisiting of Dante’s Inferno, which allowed other classes of the Institute to “taste”
the medieval world. It was entirely designed by the students including the divisions of the rooms and
the interdisciplinary puzzles to move from one room to another, included the costumes and sets just
like real directors and actors. They used the Moodle Forum for sharing ideas.

I Question 1/3

NON E' UN IMBROGLIO!

6 E' UNIMBROGLIO!

Figure 1: Digital and physical escape room. The Fibonacci statue.

Activity 2. “The white cathedral of Siena”: a masterpiece of gothic architecture. Students,
divided into groups, were asked to study the Cathedral of Siena from different point of view.

a) From a mathematical point of view: the students studied and (re)built some typical elements using
the dynamic geometry software GeoGebra, such as friezes, rose windows, golden proportions, conics
(see Figure 2 and 3). Individual student products were entered for evaluation in a Padlet.
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Figure 2: Tessellation of a detail of cathedral with GeoGebra and manipulative objects. Find conics.
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Figure 3: Let's search for the golden ratio!

b) From a historical-philosophical-architectural point of view, they studied the floor “Come stelle in
terra” analysing the proposed allegorical meanings. In Figure 4 there are some examples.

Figure 4: Allegorical part

¢) From Technology and Engineering point of view, with Peer tutoring, they tried to 3D print some
elements by developing the Fusion 360° software and learned to use the Teodolite.

Figure 5: 3D print and Teodolite

As final activities of the project they also studied the Unity language to create a virtual museum,

using 360-images. In figure 6 there are some examples.
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Figure 6: Multimedia production
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Activity 3. The outdoor activity: The visit to Pisa and Siena. The visit included laboratories as:
Physical measurements with the laser and with Teodolite, as an application of the trigonometry, using
the plans provided to us directly by the Opera di Siena; mathematical and architectural studies with
related data analysis; take photos, videos with the aim of preparing a virtual museum.

The students had the opportunity to delve deeper into the topics covered thanks to the interventions
of experts: The architect De Benedetti of the of Opera for an architectural, geophysical, and historical-
cultural point of view; Professor Bellissima, with a contribution of music to mathematics, who
discussed Guido d'Arezzo and, starting from the miniatures contained in the Piccolomini Chapel
which show the first forms of musical writing, he led the students to play with functions on the
Cartesian plane which represent the various forms of musical writing from the beginning up to digital
music; Professor Chiantini, who discussed “The fields of fortune”. He starts from a marble mosaic in
the Cathedral of Siena, called “The wheel of fortune”, and proposed a reflection on medieval
cosmology in the light of non-Euclidean geometries.

From formative to summative assessment

In relation to the final skills achieved by the students, we propose a rubric, inspired to The Periodic
Table of Skill, divided into 6 macro areas: Collaborate, Evaluate, Read and understand,
Communicate, Digital skills (Dig Comp 2.1), Learn. The group of teachers has chosen, under the
guidance of the researcher, inspired to the periodic table (Table 1), to use for each macro competence,
some items which are best suited to representing all the disciplines involved. Collaborate includes
respect, group interaction, teamwork, valorisation of one's own and others' abilities, knowing how to

manage conflicts. Evaluate includes respect shared criteria, to be able to reconstruct the operations
carried out. Read and Understand include understanding the deliveries, recognizing the topic,
recognize resolution and argumentative strategies, identify information that responds to one or more
topics, relating implicit and explicit information, recognize the logical-syntactic function of an
argument, critically interpret information. Communicate include, recognize the main theme or
argument of a text or specific parts of it, capture the intentions and the author's point of view, correct
the cultural references used to support the argument. Digital skills include manage data, information
and digital content, share information through digital technologies, develop digital content, integrate
and rework digital content, use digital technologies creatively. Learn include acquiring a specific
working method by making mistakes, apply the main rules and formulas, plan and monitor learning,
deal with problems by identifying the appropriate resources, identifying conceptual nodes and
connecting them, evaluating information to support reasoned conclusions.

Table 1: The Periodic Table of Skills

COLLABORATE EVALUATE READ AND UNDERSTAND

AWARENESS:
Enhancement | L Respect being able Recognize the Recognize
Interactina of their own owing e§pgc f Comprehend theme the strategies
Respect Teamwork " to manage criteria
group and others' N reconstruction deliveries the topic of resolutions and
= conflicts shared 5 o
abilities the operations an object argumentative
performed

Individuate
information Putin
who respond  information report
tooneor implicit and explicit
more topics

Recognize
the function
logical-syntactic
of a topic

To interpret
critically
the information

TO COMMUNICATE DIG COMP 2.1

CONGRUENCE -
FOCUS SCOPEh. e
) Applythe

igital

Share information through  Develop digital
digital technologies col

‘main
rules and formulas.
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The need to have 2 votes on the register led us to unify some macro-sectors. In the first we merged
Collaboration, profitable relationships, respect, civil discussion of ideas, management of other
people's places and objects, theatrical interpretation and problem solving. The second included:
interdisciplinary path, mathematical study, argumentative and expository ability (Table 2.)

Table 2: Student results

Collaboration, profitable relationships, respect, civil discussion of ideas, management of other people's places and
objects, theatrical interpretation and problem solving.

10 8,5 9,5 95 7,5 9 85 9 10 10 95 9 10 9 9 9 10 85 85

Interdisciplinary path, mathematical study, argumentative and expository ability

10- 7 10 8 7 9 8 9- 8 8 10- 7 9 7 10 8 8 8 7

As can be seen, the students' grades, from 0 to 10, were very high thanks to the interdisciplinarity of
the project with a mean of 8 in the first case and 9 in the second. In 8 cases out of 19 the scores for
the two types of judgment were close to each other (with a difference of 1 or 2 point). The scores of
the first evaluation framework were far higher than the second in 10 cases over 19 while just in 1 case
the second type of evaluation gave far better result. There is a positive correlation 0.41 between the
two evaluations, meaning that the two ratings are not independent in the sense that the second is
positively influenced by the first. But this correlation is not very high, which means that the two
assessments managed to capture specific skills that would not have emerged with a single assessment.

The survey

A project evaluation survey was also proposed to the students. We report the results only regarding
4 over 36 questions: 1. Which aspect did you appreciate the most? 2. Which aspect bothered you the
most? 3. I think that evaluating an interdisciplinary activity is adequate and correct. 4. How likely are
you to recommend this activity to another class council at your school?

1. Which aspect did you appreciate the most? The appreciation of the group work and with the other
classes and the visit to Siena were the most used. We report just some sentences in this direction: I
appreciate the concrete observation of what was studied during the visit to Siena; Moments of
discussion, brainstorming, research, and related sharing. The division of the material to be studied
between the classes and between the groups created in the classes. This allows us to delve into a
specific topic in an exhaustive way without being totally unaware of the other aspects related to the
macro topic; I appreciate the exchange of information between classes, especially when one class
exposed something to the other class, the class listening could intervene by adding content or asking
questions.

2. Which aspect bothered you the most? Most students did not find any negative aspects, Just for few
the main problem is the time: required for the project seemed excessive for the fear of having to tackle
the program too quickly, but not enough for visiting the cities.

3. I think that evaluating an interdisciplinary activity is adequate and correct. The possibility for the
answers were: strongly disagree, disagree, neutral, agree and strongly agree. The 42% were strongly
agree, the 26% were agree, the 32% were neutral and nobody disagree or strongly disagree.
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4. How likely are you to recommend this activity to another class council at your school? On a scale
from 0 to 10, only two gave a score of 4, the other was greater than 7 with a total mean of 8.

The project was appreciated, and this serves as an encouragement to design new ones.
Conclusions

The experience of an interdisciplinary activity where different student skills is brought into play is a
challenge for both teachers and stimulating students. PBL involves a dynamic classroom approach,
which emphasizes on long-term learning, interdisciplinary and student-centered activities. Students
need both manipulative and technological objects and need to experience on-site activities. The
possibility of interacting with teachers other than one’s own and with experts is an opportunity to
compare various communication and operational methods and offers opportunities for discussion,
socialization, and integration between students. The activity also facilitates dialogue and
collaboration between teachers, encouraging the sharing of effective strategies.

Students’ assessment should be considered an integral part of instruction. Each instructional activity
could be seen as an opportunity for the teacher to assess as well as for students to learn. Emphasis
should be on formative assessment that aims at supporting students learning. This includes reflection,
self and peer evaluation, and teachers’ feedback throughout the project process. Assessment should
include a specific end-of-project phase that ensures reflection on what was learned as well as the
creation of a project artefact. A public presentation of the project supports students’ communication
skills, can motivate students, and presents an opportunity for feedback. Instead of a presentation, the
product itself can be public.

We believe that A (for arts and design) in STEAM is an important addition from the original STEM
approach. Arts and design permit a more divergent thinking in students, giving space to more creative
solutions to problems. For a real implementation of STEAM, it is needed a radical change in the
educational culture and administration. Curriculum and teacher assessment methods should change
giving importance not only to the concepts but also the acquisition of transversal competences. Our
findings highlight the importance of having an assessment rubric with criteria that addressed both
disciplinary specific skills as well as generic STEM skills.

The excellent results obtained encourage us to promote other projects like this. But evaluating this
type of project is not easy and it is a challenge that teachers are called upon to accept to have students
who are increasingly ready to face the complexity of our times.
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While many studies have focused on the challenges students face in the domain of fractions and the
corresponding pedagogies of teaching and learning, there has been inadequate and disproportionate
attention dedicated to assessment resources, particularly those tailored for formative assessment in
the context of fractions. This study takes a step forward in contributing new insights to this field by
designing fraction proficiency tasks explicitly intended for formative assessment of students’
comprehension of fractions. These fraction proficiency tasks were administered to a class of 35 fifth-
grade students (ages 10—11) with mixed abilities in a primary school in Taiwan to evaluate their
understanding of fractions. Findings of the study offer valuable insights into assessing students’
understanding of fractions and provide a comprehensive view of the diversity in students’
understanding and the extent of these differences. Implications for future studies are also presented.

Keywords: Fractions, fraction proficiency, assessment resources, assessment for learning, formative
assessment.

Introduction

The teaching and learning of fractions persistently present challenges for both teachers and students.
It has been argued that, for many students, learning fractions often involves merely manipulating
symbols to arrive at the correct answer. While they might employ the appropriate fractional terms
and solve some fraction-related problems, several critical aspects of fractions still escape them (Soni
& Okamoto, 2020). Students’ struggles with fractions often stem from the intricate relationships
between various representations and fundamental arithmetic operations (Cramer et al., 2002), wherein
the simultaneous symbolic nature of fractions contributes to these challenges. For mathematicians,
fractions are rational numbers expressible in the form “a / b” where b # 0, rather than simply
representing parts of wholes. They are not just ratios of two natural numbers but also constitute
numbers in themselves.

In school, many children often receive only brief exposure to the concepts and procedures of fractions
and are taught fraction algorithms with minimal emphasis on their conceptual underpinnings (Lenz
et al., 2022). One of the conventional concrete approaches to learning about fractions often involves
thinking in terms of partitioning or equal sharing. It is wise to base this idea on discrete countable
objects, as well as on objects that may require the dissection of a continuous whole. However, this
concrete approach does not cover the entirety of understanding fractions. For instance, the concept of
“equal sharing” is just one among many properties of fractions and, on its own, is not adequate to
convey a meaningful understanding of fractions to children.

Much research has concentrated on the challenges students encounter specifically within the field of
fractions and their associated teaching and learning pedagogies, However, there has been insufficient
and disproportionate attention given to assessment resources, especially for formative assessment,
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specifically designed for fractions. The significance of formative assessment, also referred to as
assessment for learning, lies in its capacity to offer continuous feedback and insights into students’
understanding and progress. This study has taken a step forward in contributing new insights to this
field by designing fraction proficiency tasks explicitly intended for formative assessment of students’
comprehension of fractions. In doing so, it seeks to provide valuable insights into the assessment of
students’ understanding of fractions, offering a comprehensive perspective on the diversity and extent
of challenges encountered by students.

Fraction proficiency tasks

Drawing from Tsai and Li’s (2017) fraction proficiency framework and an extensive review of
fraction-related studies, 15 tasks were designed to assess students’ comprehension levels and identify
areas where they might encounter difficulties in the field of fractions. The content of these 15 tasks
was specifically organized in four major topics to encompass the five dimensions of fraction
proficiency identified by Tsai and Li (2017), which include: (1) the part-whole, measure, quotient,
operator and ratio constructs of fractions, (2) the concept of equivalent fractions, (3) the procedural
fluency for and conceptual understanding of fraction operations, (4) the relationship between
fractions, decimals and percentages, and (5) the transition between different forms of representations
involving fractions. Lesh’s (1981) representation model (Dimension 5) was integral to all tasks that
required students to solve problems by transitioning between representations. In the following
sections, examples of tasks for each topic will be provided.

Topic 1: Five constructs of fractions

Topic 1, centered on five constructs of fractions (Dimension 1), involved designing four tasks aimed
at assessing students' understanding of part-whole, measure, quotient, operator, and ratio constructs
related to fractions. The statements for these four tasks are provided in Table 1.

Topic 2: Equivalent fractions

In Topic 2, focusing on equivalent fractions (Dimension 2), three tasks were formulated to explore
students' comprehension of equivalent fractions and their conceptualization of expanding and
reducing fractions to determine an equivalent form. Table 2 outlines these three tasks.

Topic 3: Multiplication of fractions

Topic 3, emphasizing the multiplication of fractions (Dimension 3), comprised five tasks designed to
assess students' understanding of the reasoning behind their procedural skills in performing fraction
multiplication. The statements for these four tasks are provided in Table 3.

Topic 4: Fractions, decimals and percentages

In Topic 4, three tasks were devised to examine the extent to which students recognize the relationship
between fractions, decimals, and percentages (Dimension 4).
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Table 1: Descriptions for tasks related to Topic 1

Statement of Task

Transitions between
representations

(Dimension 5)

Topic 1

Five constructs of

fractions

(Dimension 1)

What is a fraction?
How would you would explain to someone what a fraction
is? Please offer three different explanations, and one or more
of your explanations needs to relate to a real-life situation.

From the fractional
symbolic representation to
the real-life situation
representation.

Are they reasonable to you? (Students are given a set of
cards that visually represent a fraction)
Please select the cards you consider reasonable and explain
your reasoning behind your choices.

From the pictorial
representation to the
fractional symbolic
representation.

Who spends more?
Mary and John went to McDonalds. Mary spends 1/4 of her
pocket money and John spends 1/2 of his. Do you agree it is
possible that Mary spent more than John? Why do you think
this?

From the real-life situation
representation to the
fractional symbolic
representation.

Which ones are reasonable? (Students are given a set of
cards that visually represent a fraction)
Please look at the cards provided; which of these cards are
reasonable and which are not?

From the pictorial
representation to the
fractional symbolic
representation

Table 2: Descriptions for tasks related to Topic 2

Statement of Task

Transitions between
representations

(Dimension 5)

Topic 2

Equivalent fractions

(Dimension 2)

What are equivalent fractions? (students are given a set of
cards that visually represent an equivalent fraction).
Please write down your observations from these cards, and
then elaborate on how your findings are connected to
equivalent fractions.

From the pictorial
representation to the
fractional symbolic
representation

Match the pairs (students are given a set of cards that
visually represent an equivalent fraction)
Please match equivalent fractions from these cards and then
explain how you paired them.

From the pictorial
representation to the
fractional symbolic
representation

Who gets more?

At two different tables where 2 children were sharing 3
chocolate bars and 6 children were sharing 9 chocolate bars.
These chocolate bars are all the same size.

Please indicate who will receive more and elaborate on your
thought process behind your choice.

From the real-life situation
to the spoken
representation
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Table 3: Descriptions for tasks related to Topic 3

Statement of Task

Transitions between
representations

(Dimension 5)

Let’s fold a paper fraction (Students are given pieces of
colour paper)
Please fold the fractions: 1/8, 1/6 and 1/12 using the paper
provided.

From the fraction symbolic
representation to the
manipulative
representation

Jenny’s birthday party
Jenny wants to invite her three best friends to come to her
party. Each of her three friends can consume 3/4 of a pizza
Please illustrate with a diagram to show the quantity of pizza
Jenny will require, and then provide a mathematical written
representation to represent your drawing.

From the real-world
situation to the pictorial
representation

What do you think 2/3 x 5?
Please provide a real-life scenario that represents the
mathematical operation 2/3 x 5 and then use a drawing to
represent 2/3 x 5.

From the fractional
symbolic representation to
the real-life situation and
to the pictorial

Topic 3 representation
Multiplication of How much cake had Jenny’s brother eaten?
fractions Jenny’s mum made a square-shaped cake for her birthday.

(Dimension 3) At the party, half of the cake was eaten and then the rest was
put in fridge. The next day, Jenny’s brother ate 2/3 of the
remaining part of the cake.

(Students are given pieces of color paper)

How would you fold the paper to illustrate the portion of
cake Jenny’s brother had consumed? Afterwards, provide a
written mathematical representation to explain the folding

method.

From the real-life
representation to the
manipulative
representation

What do you think 1/4x 3/4?
Please provide a real-life scenario that represents the
mathematical operation 1/4x 3/4 and then use a drawing to
represent 1/4x 3/4

From the fractional
symbolic representation to
the real-world
representation and to the
pictorial presentation

Data collection and analysis

This study recruited a class of 35 fifth-grade students (ages 10—11) with mixed abilities from a
primary school in Taiwan to evaluate their understanding of fractions. The four topics covered in the
fraction proficiency tasks had been introduced to the participants in their previous school years as
part of the current mathematics curriculum in Taiwan. The fraction proficiency tasks were given to
all students without time limits for completion. Most students finished within 60 to 70 minutes and
submitted their answer sheets and materials (such as cards and colored folding paper) to their teacher
upon task completion.
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Table 4: Descriptions for tasks related to Topic 4

Transitions between
Statement of Task representations

(Dimension 5)

Topic 4 What is a percentage? From the fractional
Fractions. decimals and Please explain what a percentage is and provide some symbolic representation to
examples from your life where percentages are commonly the real-life situation
percentages .
observed. representation

Dimension 4 ;
( ) To what extent is Tom sure?

When Tom is going to school, his mum asks him if he is

prepared well for his school test today. Tom replies: “Yes”.  From the real-life situation
Mum asks: “Are you sure?”, Tom says: “One hundred per representation to the
cent sure”. Mum asks: “So you will get a full mark home, fractional symbolic
will you?” Tom makes a funny face and says: “Um, um, representation

fifty per cent sure”.
Please explain the meanings of “one hundred per cent sure”
and “fifty per cent sure,” and then demonstrate how
fractions can represent these expressions.

How are they related?

Here are three numbers: 0.4, 2/5 and 40%. From the symbolic
Please explain the relationship between these three numbers representation to the
and how they can be converted from one form to another. spoken representation

Apart from the data collected from the students’ drawings and paper folding exercises, which were
neither numerical nor narrative, much of the data collected was in the form of words. An inductive
coding approach was employed to identify both general and distinctive features from the texts,
following these three steps: identifying and labeling, reducing, and summarizing. This aligns with
Thomas’s (2006) assertion that inductive approaches are designed to facilitate an understanding of
meaning in complex data by developing summary themes or categories derived from the raw data.

The nature of students’ fraction understanding
What can be learned from Topic 1?

This topic, based on Kieren’s (1988) theory, assessed students’ comprehension of the five constructs
of fractions, revealing that their understanding of fractions was either confused or incomplete. Their
grasp of fractions predominantly revolved around the part-whole construct, with minimal
consideration for the equality of each part of the whole. This aligns with existing literature suggesting
an excessive focus on the part-whole construct, hindering students' ability to position fractions on a
number line (Saxe et al., 2013). Moreover, the challenge students faced in positioning 3/5 on a number
line in this study further confirms the findings of Soni and Okamoto (2020), emphasizing students’
struggles in locating fractions accurately on a number line. Another challenge observed was the
students’ inflexible recognition of a fraction’s unit. Chan et al. (2007, p. 26) also argued that “the
units concept is a common conceptual deficiency among students, indicating a significant flaw in
current fraction teaching practices in Taiwan”.
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What can be learned from Topic 2?

An analysis of students’ responses to the tasks in Topic 2 supported earlier research findings (Lamon,
2007) that students’ reasoning of equivalent fractions was rather rule-based. For example, the “Who
gets more” task in Table 2 showed that 20 out of 35 students answered it correctly. However, their
explanations generally referred to “Because 3/2=9/6"; “Because they are equivalent fractions” or “By
using the rule of expansion or reduction, you then know they are the same” to explain how they solved
the task. It is not wrong to describe the equivalence of fractions based on the rules of expansion or
reduction, but there is a danger that students apply “rule-based” explanations without understanding
them (Levenson et al., 2004). This rule-based emphasis is also echoed in Yang’s (2005) finding that
both teachers and students tended to “rely on rule-based methods to explain their reasoning” in the
field of fractions. This suggests the importance of allowing students the opportunity to articulate their
thoughts and construct explanations that are not solely rule-based.

What can be learned from Topic 3?

An understanding of fraction multiplication often challenges students because they have to
distinguish it from multiplication of whole numbers, that is, from repeated addition to multiplicative
reasoning. An operator construct of fractions is fundamental for interpreting the meaning behind the
multiplication of fractions (Thompson & Saldanha, 2003). In this topic, the “What do you think 2/3
x 577 task (see Table 3) shows that multiplication of a whole number and a proper fraction was
presented by more than half of the students as repeated addition (e.g., 2/3 x 5=2/3 +2/3 +2/3 +2/3
+ 2/3). Such additive reasoning, although it provides a useful connection between multiplication and
addition, may not be meaningfully interpreted for multiplying two proper fractions, which would
produce a smaller fraction. This may explain why over half of students encountered challenges in
providing a real-life scenario to represent the mathematical operation 1/4x 3/4 and to depict 1/4 x 3/4
through a drawing when responding to the “What do you think 1/4x 3/4?” task in this topic.

What can be learned from Topic 4?

In this topic, students’ responses to the “What is a percentage?” task (see Table 4) highlighted their
struggles in articulating their reasoning behind percentages. However, their responses to the “How
are they related?” task revealed that 28 out of 35 students were capable of converting procedurally
between these three different forms. This suggests that the students in this study recognised the
quotient construct of a fraction —i.e. 2/5 means 2+ 5 and 0.4 means 4 <10 — and, when dividing the
numerator by the denominator, they had no problem converting from a fraction to a decimal. This
proficiency contrasts with Moss’s (2005) findings, where over half of the students (sixth and eighth
graders in Canada) claimed that “1/8 would be 0.8” when expressed as a decimal. This emphasizes
the critical role of the quotient construct in comprehending the connection between fractions and
decimals. Moreover, the outcomes of this topic demonstrated students’ proficiency in employing
various strategies to convert between fractions, decimals, and percentages, suggesting they
understood the relationships between three different forms that have identical values.

Fraction proficiency tasks for formative assessment of students’ comprehension of fractions

Formative assessment takes various forms, aiding both students and teachers in evaluating learning
objectives and adjusting instruction. Fraction proficiency tasks, as demonstrated earlier, can serve as
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formative assessments, enabling students to demonstrate their skills and identify errors and
misconceptions in fractions. Within the classroom, these tasks can seamlessly integrate into ongoing
formative assessment practices, allowing teachers to gain insights into student progress, deepen
understanding of fractions, and address individual learning needs efficiently. Teachers observe
student engagement, provide immediate feedback, and encourage self-assessment, fostering
metacognitive skills and ownership of learning. Peer assessment can further enhance learning by
providing diverse perspectives and collaborative feedback (Black et al., 2003).

Limitations, implications and directions for future research

This study focused on a specific mathematical area — fractions — and it only examined students’
understanding of fractions based on the Tsai and Li’s (2017) framework. It is recognized that various
other aspects pertaining to fractions might not have been incorporated in these tasks; also, other
related factors might not have been taken into account. The findings are confined by the constraints
of the employed methodology as well as the limitations inherent in the sample. However, the fraction
proficiency tasks presented in this study offer valuable insights into assessing primary students’
understanding of fractions. They provide a comprehensive view of the diversity in students’
understanding and the extent of these differences.

This study shows that the difficulties encountered by students in the present study resonate with those
identified in previous studies. This suggests that fractions continue to pose challenges for students,
even among Taiwanese students who are consistently recognized as high-performing in large-scale
mathematics comparative assessments such as TIMSS and PISA. The findings of this study also offer
assessment resources for teachers to gain a clearer understanding of what students should attain and
what areas they need to develop. This assists in integrating diverse aspects of fraction knowledge,
aiding both students and teachers in comprehending fractions more effectively.

Another implication of this study for fraction assessment involves reconsidering the role of
assessment in contributing to a broader understanding of students' grasp of fractions and their
mathematical knowledge overall. As argued by Saxe et al. (2013), fractions-related topics are often
seen as disconnected. Therefore, further research is needed, particularly in formative assessment,
where evaluating a comprehensive understanding of fractions across multiple facets should take
precedence over isolating one facet from the others.
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Interpreting and extracting information from graphs can be challenging for secondary education
students. While feedback often yields positive effects in correcting student errors, there remains a
gap in understanding how prior knowledge influences performance in the context of functions and
their reactions to feedback. In this study, 68 students solved a task with a graph through an electronic
assessment tool (STACK) that allows multiple opportunities to solve it and progressively provides
feedback for arriving at the solution. Our results reveal that most medium achievers made a standard
error and overcame it after receiving one or two hints, whereas low achievers committed uncommon
mistakes and required at least three hints. Our study also shows different reactions to feedback,; low
achievers were likely to feel overwhelmed when connecting the feedback provided across multiple
attempts as the information was presented individually.

Keywords: Electronic assessment, feedback, functions, graphs, STACK.
Graphs and feedback through e-assessment

Interpreting graphs is essential for secondary education students to tackle real-life situations and
advance academically (Planinic et al., 2012). Research has revealed difficulties around this topic
(Graham & Sharp, 1999; Ortiz-Laso, 2017), often concerning the identification of which graph
features should be used to extract information (Graham & Sharp, 1999). In this line, Ruchniewicz
and Barzel (2019) outlined that electronic assessment (e-assessment) tools help students reflect on
graph interpretation and attain the knowledge needed to solve a mathematical task.

Task-related knowledge can be delivered through diverse feedback varying from simple to
elaborated. Simple feedback relates to how well a task has been performed (Narciss et al., 2022) and
comprises three types: knowledge of result (KR), knowledge of performance (KP), and knowledge
of correct result (KCR; Narciss, 2008). KR provides information about response correctness (e.g.,
correct or incorrect), KP gives the number of correct responses, and KCR delivers the correct task
solution. Elaborated feedback delivers concise information and can be divided into five types:
knowledge on task constraints (KTC), knowledge about concepts (KC), knowledge about mistakes
(KM), knowledge on how to proceed (KH), and knowledge on metacognition (KMC) (Narciss, 2008).
KTC clarifies task nature, subtasks, processing rules, and requirements, for example “The first step
of the correct solution would be...” (Pinkernell et al., 2020, p. 223). KC delivers conceptual
information to reach the solution, such as offering a mathematical definition, whereas KM identifies
mistakes’ location, type and origins, for example “You probably made this error...” (Pinkernell et al.,
2020, p. 223). KH guides the responder to the right solution, correcting specific mistakes and
presenting hints and examples, like “Do not ignore the cards that are negative instances of the given
concept, as they provide useful information” (Narciss, 2013, p. 19). Finally, KMC offers guiding
questions attracting attention to metacognitive strategies (Narciss et al., 2022).
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Previous studies on elaborated feedback have investigated its usefulness according to students’
previous knowledge. Fyfe and Rittle-Johnson (2016) state that both high- and low-achievers benefit
from elaborated feedback, whereas Pinkernell et al. (2020) claim that only low achievers improve.
The type of elaborated feedback also influences its effectiveness; Pinkernell et al. (2020) show that
among German low-achieving secondary education learners, the benefits derived from KM or KTC
surpassed those obtained from KH.

Research focus and methods

To shed light on the effectiveness of elaborated feedback, this study investigated how secondary
education students request and react to feedback provided through an e-assessment tool and how it
influences attaining the correct solution. A sample of 68 students from two high schools in Cantabria,
Spain, was selected. Students were in the third and fourth grades of compulsory secondary education,
aged 14 to 16. They received instruction through textbooks on functions and graphs and represented
three achieving groups: low, medium, and high.

Proposed task and designed feedback

To assess our objectives, we adopted one of the tasks of Ortiz-Laso’s (2017) graph, illustrated in
Figure 1. In her research, student responses were classified into three sets: correct answers (100 min),
expected error (120 min; students did not realize that Juan was not moving between minutes 50-70),
and unexpected errors (non-typical errors related to students’ lack of knowledge on graphs).

Juan leaves home to exercise in a mountain zone. He
starts walking at his usual pace and then alternates
between running and walking at different paces. The
graph in Figure represents his activity, where the x-
axis is time (in minutes) and the y-axis is the distance
from home (in kilometers). How much time does Juan
spend in motion?

Figure 1. Juan's distance from home

To deliver elaborated feedback on the errors classified by Ortiz-Laso, we considered three Narciss’
(2008) categories (KR, KH, and KC) to be displayed through STACK (System for Teaching and
Assessment using a Computer Algebra Kernel). This tutoring system was chosen because it dispenses
specific feedback for each error and tracks every response (Sangwin, 2013). KR feedback was
designed for correct answers, whereas KH and KC were devised for the wrong ones (Figure 2). For
the expected error (120 min), the solvers received automatic KH to reflect on each graph part (A: Is
Juan not moving at any moment?). Then, they also could request progressive hints as follows: extra
KH (A1: What does it mean for the graph to have a horizontal part?), KC related to the constant part
of the graph (A2: The graph indicates the distance between Juan and his home. If the graph is
constant during a period, it means that Juan is not moving during that time.), and further KC
incorporating an explanation about the time variable (A3: Remember that the walk lasted for 120
minutes, and Juan was not moving between minutes 50-70). For unexpected errors, the solvers got
automatic KC that included a graph description (B: The graph shows the distance between Juan and
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his home at each moment. His route finishes when the distance is 0 again). Finally, they also had the
opportunity to request KC and KH to get a task reformulation (B1: The graph shows Juan was outside
for 120 minutes. You are asked how many of those minutes he was moving).

Subjects’
answer

Unexpected
answer

| | |

Feedback A

“120 minutes”

100 minutes™ ‘

Automatic
feedback

‘ ‘Correct! ‘ Feedback B

' i

'i::;‘;;:"k" Feedback B1 } Feedback Al |---- { Feedback A2 }»{ Fuuuhmk.uJ

Figure 2: Offered Feedback

Data collection resulted in a STACK-generated dataset for each student attempt(s), along with
cognitive interviews in which students were asked about the reasons behind their responses and
reactions to feedback. Although a mixed-method approach was applied, data analysis was qualitative
in nature.

Results and discussion

The analysis revealed that about one-third of students achieved the correct solution in the first attempt.
The remaining ones failed on the first attempt, evidencing difficulties related to the interpretation of
graphs, as reported by Graham and Sharp (1999) and Planinic et al. (2012). The first answer varied
according to students’ academic achievement; the medium-achievers normally made the expected
error ‘120 min’, while the low-achievers generally gave a set of unexpected responses. The cognitive
interviews revealed that the latter responses stemmed from a lack of students’ skills to interpret
functions; for example, one of the low-achievers stated: “I was unsure about what to reply because |
didn’t quite understand the graph”. Those who replied 120 min in the first attempt understood the
task context, but they either interpreted the graph globally or did not comprehend the meaning of
having scope 0. In both cases, they provided the correct answer after receiving the first feedback.
During the cognitive interviews, one student stressed: “After reading the feedback, I realized that I
needed to look at every part of the graph [...]. The solution was not the biggest value reached in the
X-axis”.

Differences were also observed in how the students reacted to the feedback. Medium-achievers
tended to be reluctant to ask for feedback, and instead, they reattempted the task. About half of them
got the correct answer after receiving the automatic feedback (A4), while the others required an extra
hint (A1). In contrast, low-achievers were willing to demand extra information before providing a
new answer, and most succeeded after receiving two extra hints. The rest did not request a third one
despite not having reached the solution; they reported feeling overwhelmed and frustrated because
the hints did not appear simultaneously, having to retain information from previous ones. A student
reported: “Some hints were difficult to understand without thinking about the previous ones”. In this
case, the students were unable to solve the task, but they started to reflect on their own work, being
conscious of the need to engage in learning, something already observed by Ruchniewicz and Barzel
(2019). The above suggests that when designing feedback, it should be both concise and presented
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accumulatively, at least for low-achievers. The present results should be interpreted cautiously due
to the reduced sample and the uniqueness of the task. Further research into learning graphs and e-
assessments is needed to support our findings.
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Development and validation of a three-dimensional framework for the
classification of authentic tasks in mathematics
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Global trends in mathematics education place increasing importance on problem-solving skills in
authentic contexts. In this paper, the authors propose a three-dimensional framework for the
classification of authentic tasks in mathematics. These dimensions, which combine the complexity of
the task but can at the same time be analyzed separately, are (1) complexity of the mathematical
model, (2) context of the given problem, and (3) strategic complexity connecting the problem and the
mathematical model. To validate the framework, the levels of complexity for 12 tasks are determined
and students' performance on these tasks is compared. This framework is a valuable tool for
designing both learning and assessment tasks.

Keywords: Authentic task, Mathematical problem, Assessment of complexity.
Introduction

Global trends in learning goals shape the Programme for International Student Assessment (PISA).
PISA's latest mathematics framework highlights the importance of mathematics in today's changing
world driven by new technologies. After graduation, citizens are expected to be creative and engaged,
making non-routine judgments (OECD, 2023a). This means moving beyond the way mathematics is
traditionally taught and prioritizing mathematics learning based on real-life examples (Kaiser &
Schwarz, 2010). The latest PISA results show that Latvian students perform above average in
mathematics at the lower proficiency level, but below average at the higher proficiency level (OECD,
2023b). This indicates that Latvian students need to improve their performance on problem-solving
tasks in which they must think without a pre-known algorithm and in which several solutions are
possible, so that they need to be more creative and evaluate their ideas. In this situation, national tests
are not a driving force either. Previous analyses of Latvian national assessments show a lack of tasks
with authentic contexts and show poor indicators of higher-order thinking skills. This study aims to
develop and validate a multifunctional framework for designing mathematical problems with
authentic contexts at different levels of complexity. A framework would help to build a common
understanding of what characterizes higher-level problems in order to promote the development of
higher-order thinking skills among students.

Literature review

There is no common interpretation of what is considered an authentic task or an authentic context.
Some authors define it not as a property of the problem, but as a property of the connection between
the problem and its solver (Kramarski, Mevarech & Arami, 2002). From this perspective, the same
problem will be authentic for some students and not for others. Others stress that authenticity is
determined by the fact that problems are purposeful and meaningful (Jurdak, 2006). In this study we
assume that tasks in authentic contexts
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require a ‘real-world’ element whether in terms of meaningfulness, relevance and/or application
to the personal lifeworlds of learners, as well as an element of connectedness to other subject
domains and contexts beyond the textbook and school. (Tan & Nie, 2015, p. 22)

When designing mathematical tasks in authentic contexts, it is important to take into account that
their content consists of multiple dimensions. Dimensions are connected in the task but can also be
isolated to be analyzed separately. Pugalee and colleagues (2002) identify four dimensions: thinking
and reasoning, discourse, mathematical tools, and attitudes and dispositions. Paredes and colleagues
(2020) point out three main aspects that should be considered when classifying mathematics tasks:
(1) the context in which the task is placed, (2) the variety of responses to the task, and (3) the level
of cognitive demand activated when solving the task. Maal} (2010) has studied previously created
classification versions and introduced a new, highly detailed scheme for the classification of
mathematical modeling tasks. It categorizes tasks based on their characteristics and specific elements.
Not all these elements affect the complexity of a task. To create assessment tasks, a framework is
needed that outlines how complexity increases. It is crucial for developing an accurate assessment
tool to mark the direction of intervention and improve both teaching and learning.

Methods

In this study three dimensions are distinguished which determine how complex a task is: (1) context
of the given problem, (2) complexity of the mathematical model, (3) strategic complexity connecting
the problem and the mathematical model (Table 1). According to the PISA 2003 Mathematics
framework, each situation is more or less related to the student's world (OECD, 2003). This transfer
distance forms the first dimension. The second dimension is the complexity of the mathematical
model. The Structure of the Observed Learning Outcome (SOLO) taxonomy's (Biggs & Collis, 1982)
unistructural, multistructural and relational levels are the basis for defining this dimension. The third
dimension is about the relationship between a given situation and a mathematical model or the ability
to formulate, interpret and evaluate (OECD, 2023a).

Table 1: Three-dimensional framework for a classification of authentic tasks in mathematics

Level 1 Level 2 Level 3

Context of | A simple, straightforward, | The situation is described using | Complex, relatively new

the problem
and the
mathematical
model

instructions for the task. The
problem allows for one correct
answer.

interpretations.
need to be made.

Assumptions

the given | familiar situation, often in a | several sources of information. | situation. Situation analysis or
problem personal context. Although the situation is | generalization is needed

relatively familiar, it requires a

deeper understanding of the

context.
Complexity A simple mathematical model | Multiple unrelated elements, an | Multiple related  elements,
of consisting of a single content | algorithm, a learned procedure. | requiring a deep understanding
mathematical | element. of mathematical concepts.
model
Strategic There is a clear solution path, | A solution path may be chosen. | The limitations of the context
complexity which may be explicitly or | There is a need to justify/explain | must be considered, assumptions
connecting implicitly  given in  the | the answer as the context allows | must be made and the relevance

of the mathematical model to the
problem must be evaluated.

The solution to the situation may
differ significantly depending on
the mathematical model chosen.
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This study is a first validation step to test whether the complexity of the tasks created by the
framework increases. The created tasks are part of the pilot study for the national numeracy
monitoring in grades 6 and 7. A total of 856 participants took part in the study. The pilot study was
conducted using three different item sets. The total number of items is 27, of which 6 are anchor
items, identical in all tests. Items were coded based on their mathematics topic — A stands for “ratios
and relationships”, G-“geometry”, L-“time and speed”, E-anchor items. The following numbers
represent the task number in the students' worksheets. To ensure reliability, coefficient Cronbach's
alpha was calculated for each set of results. Tasks with an authentic content were selected by experts
according to the following criteria: (1) match at least the first level of the framework in each
dimension, (2) fit the Rasch model. 12 tasks were selected from three item sets for the study. The
Wright maps were analyzed comparing the position of different level items against the anchor items.

Results

The calculated Cronbach's alpha coefficients are 0.76; 0.67; 0.76. Considering that this is the initial
pilot study, we consider these Cronbach's alpha coefficients to be acceptable to ensure reliability. In
Figure 1 all the items selected for the study are framed and the determined complexity level is shown.
For example, in 1/2/3 1 indicates level of the context dimension, 2 the level of complexity of the
mathematical model, and 3 the level of strategic complexity.
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Figure 1. Item positioning in Wright maps of three item sets.

If looking at each set and each dimension separately, tasks with a higher level of complexity are
positioned higher in the Wright maps, indicating that students' performance decreases with increasing
levels of complexity. Item A 6 1 within the first item set does not fit the expected hierarchy in the
second dimension — complexity of the mathematical model. This task requires calculating the
unknown term of a proportion, which is in the curriculum at exactly the time the test is taken. Some
students may have learned this skill, so it could used as a learned algorithm, but some students made
up the solution in the given context.
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Conclusions

The three-dimensional framework for a classification of authentic tasks in mathematics allows to
purposefully increase the level of complexity. It is important to have a step-by-step approach in
learning, but it is also essential in assessment to design tasks so that their complexity increases
gradually to enable as many students as possible to demonstrate their best performance. It is crucial
to further develop and implement the framework.
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In recent years, educators and researchers have paid increasing attention to formative assessment
strategies. We explore an experimental design in which formative assessment strategies intertwine
with digital technology and graded peer tutoring to overcome secondary school students’ difficulties
in proving Euclidean geometry statements. According to the design, each group is decomposed into
three helping students, acting as guides at various levels, and one student needing to be guided to
learn. Each helping student intervenes to activate a specific assessment process in a specific phase
of the activity, supported or not by a digital tool, depending on the peer tutoring role to be performed.
We investigate the use of digital technology and tutoring roles in supporting agents (teacher, students,
peers) to develop formative assessment strategies in teaching and learning Euclidean geometry.

Keywords: Formative assessment, digital tools, roles, graded peer tutoring, proof.

Introduction and conceptual background

Formative assessment (FA) is widely regarded as one of the more effective instructional strategies
employed by teachers, with a growing body of literature and academic research on the topic (Sadler,
1998; Roschelle & Pea, 2002; Irving, 2006; Wiliam & Thompson, 2007; Black & Wiliam, 2009;
Swan & Burkhardt, 2014). FA refers to a wide range of methods used by teachers to conduct in-
process evaluations of student understanding, learning needs, and learning progress during a lesson
or course. What distinguishes an evaluation as formative is how it is used, i.e., as a method in which

evidence about student achievement is elicited, interpreted, and used by teachers, learners, or their
peers, to make decisions about the next steps in instruction that are likely to be better, or better
founded, than the decisions they would have taken in the absence of the evidence that was elicited.
(Black & Wiliam 2009, p. 7)

Research into FA practices has particularly highlighted the role played by so-called connected
classroom technologies (CCT), networked systems of personal computers or handheld devices
specifically designed to be used in classrooms for interactive teaching and learning (Irving, 2006).
CCT supports FA due to their specific features that make them effective tools for FA in accomplishing
the following: (1) monitoring students’ progress, collecting the content of students’ interaction over
longer timespans and over multiple sets of classroom participants; (2) providing students with
immediate private feedback, keeping them oriented on the path to deep conceptual understanding
(Irving, 2006); (3) encouraging students to reflect and monitor their own progress (Roschelle & Pea,
2002). Cusi et al. (2017) designed and implemented CCT-supported digital resources, the worksheets,
to activate FA processes during classroom mathematics activities. The overall goal of FA is to collect
detailed information to improve instruction and student learning while it is taking place.

We design an activity in which digital technology and metacognition support agents in activating FA
processes to overcome students' difficulties in proving a statement in Euclidean geometry. A primary
goal in secondary school is to have students become proficient at writing proofs in Euclidean
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geometry. We refer to formal proofs within the Euclidean axiomatic system as deductive arguments
showing that the assumptions of a statement logically guarantee the conclusion. However, this goal
is rarely met. Many causes for students’ difficulties in proving seem to depend both on how to start a
proof and how to bridge the gap between informal and formal reasoning (Moore, 1994; Weber, 2001).
Research has also shown that using methods of informal reasoning, including visual representations,
can have a positive effect on the outcome of students' proof-writing processes. Visualisation of
diagrams sketching the statement of a theorem and the production of arguments, even if they are not
mathematically rigorous, can lead to identifying the key idea of the proof (Raman, 2003), and the key
idea begins to construct a bridge between argumentation and proof. The effectiveness of starting to
prove a statement in Euclidean geometry from a visual representation is amplified if the diagram is
drawn in dynamical geometry environments (DGEs). The literature regarding the use of DGEs in
proof-related activity has paid attention to conjecture generation and the transition from conjecture
generation to proof production (Baccaglini-Frank & Mariotti, 2010). Many studies have been
conducted to investigate the affordances of DGEs, which include dragging and measuring modalities
that result in the generation and testing of hypotheses by generating various diagrams (Olivero &
Robutti, 2007). A statement to be proved in secondary school Euclidean geometry is frequently
described with reference to a specific diagram representing a certain general class. A diagram, on the
other hand, may represent only one case and thus not capture all the configurations to which the
statement may refer. As a result, a diagram-based deductive proof may be valid only in that case, and
different proofs may be required for different configurations. DGEs can play a significant role in this
type of generalisation because their dragging function allows for easy access to multiple diagrams
while maintaining the geometrical relationships imposed on the diagrams.

Our approach to achieving an efficient FA when facing a Euclidean proof intends to exploit the
benefits DGEs can give students at the beginning phase of a proving process and to do this by actively
engaging them in a peer tutoring setting. Moreneo & Duran (2002) describe peer tutoring (PT) as a
method of cooperative learning based on the creation of pairs of students with an unbalanced
relationship; that is, the tutor and the student needing help do not have equal competencies, but they
share a common goal. The method can be the most intellectually rewarding experience of a student’s
career and serves as an effective way to improve self-esteem (Annis, 2013). Our design considers that
socialisation experiences that occur during peer tutoring can benefit both the tutor and the needing
student by encouraging students to learn at various levels: the interaction with more expert peers plays
a crucial role in students' learning, while the tutoring role develops metacognitive competencies. This
involves the development of planning, monitoring, and critiquing behaviours—all metacognitive
aspects (Schoenfeld, 1992) on which FA must be focused. We report the design and implementation
of a cooperative learning activity that engages secondary school students in interacting according to
a peer tutoring relationship framework based on the graduation of peer tutoring by roles, with the aim
to foster FA processes and help students overcome difficulties in proving in Euclidean geometry.

Theoretical framework and research questions

The theoretical framework for our design, implementation, and analysis of the activity finds its roots
in the combination of the use of technology to enhance FA practices, through the three-dimensional
model of FA (Cusi et al., 2017), and the role of peer tutoring in activating FA processes. Wiliam &
Thompson (2007) introduce five key strategies for FA practices in school settings (WT strategies):
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(a) clarifying and sharing learning intentions and criteria for success; (b) engineering effective
classroom discussions and other learning tasks that elicit evidence of student understanding; (c)
providing feedback that moves learners forward; (d) activating students as instructional resources
for one another; (€) activating students as the owners of their own learning. The three-dimensional
model (Cusi et. al, 2017) considers: the five FA key-strategies described by Wiliam & Thompson;
the three main agents that intervene (teachers, students, peers), and the functionalities through which
technology can support the three agents in developing the FA strategies. The teacher, the student’s
peers, and the student himself or herself are the agents that activate these FA strategies. Through its
three functionalities, the technology can assist the three agents in developing FA strategies: (1)
sending and displaying, which fosters communication among the agents of FA processes (e.g.
sending and receiving messages and files, displaying and sharing screens or documents with the
whole class; (2) processing and analysing, which supports the processing and the analysis of the data
collected during the lessons (e.g., through the sharing of the statistics of students’ answers to polls or
questionnaires, the feedback given directly by the technology to the students while taking tests); (3)
providing an interactive environment, which creates environments where students can interact to
work individually or in groups on tasks or explore mathematical/scientific contents (e.g. through the
creation of interactive boards to be shared by the teacher and students, or through the use of specific
software that provides an environment in which it is possible to explore). We design a framework in
which peer tutoring (PT) is a set of pair relationships in a group graded at different tutoring levels
through assigned roles. In PT, one student guides the other in conducting an assignment or learning
a concept. In practice, an older student, or someone more experienced, helps a younger or
inexperienced student by activating a helping process that accompanies the student in difficulty
through various phases of the learning activity: understanding the assignment, exploration of the
given problem, bridging to formalization, reflection, and finally evaluation. In this strand, looking at
how a tutor behaves when helping a peer, we individuated the helping functions that a helper should
activate to support a peer’s difficulties, identifying them as specific roles. Students are engaged in
group peer tutoring, where each student, except the supported student, is required to play a tutoring
role at a specific level. We define a graded peer tutoring (GPT) within the group, that is, ‘a
decomposed form of peer tutoring that takes shape within the group through assigned roles at various
levels, which depend on the various stages to prove the statement’. Personifying a peer tutoring role
stimulates critical reflection not only at the cognitive level, as it allows students’ engagement in the
mathematical problem, but also at a metacognitive level, as it fosters students’ monitoring skills
related to a role to play in the activity. Specifically, students playing a peer-tutoring role are forced
to reflect on how one learns, learn strategies on how to learn, and, by receiving continuous feedback
from the student who needs to be helped, not only monitor how she or he learns but also improve the
awareness of their own learning.

We face the issue of promoting FA strategies for the development of students’ proving competencies
in Euclidean geometry by offering them structured tutoring opportunities that allow them to become
aware of their own and others’ cognitive processes, enabling them to monitor and coordinate them.

RQ: How can digital technology and metacognitive peer tutoring roles activate formative assessment
processes, helping secondary school students overcome difficulties in Euclidean geometry proofs or
enhance proving competencies? Specifically, how are these factors perceived by students?
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Experimental design and definition of roles

The design of the learning activity foresees helping students face a task requiring proving a statement.
Students work in groups of four, structured so that in each group there is a student needing help and
three helpers interacting supported by digital technology. According to the GPT model we identify
three levels of PT within the group, each corresponding to a specific helping phase that stimulates
specific actions T1, T2, T3, and gives in-progress FA feedback (c), (d), (e): T1: exploring and
verifying, T2: bridging the gap between informal and formal; and T3: monitoring and managing the
entire helping process. Specific, prevalent, but not exclusive, corresponding FA tutoring WT
strategies to be activated are: (c) -T1 providing feedback that moves learners forward; (d) -T2:
activating students as instructional resources for one another; and (e) -T3 activating students as the
owners of their own learning. This tutoring structure is well supported throughout the activity by the
FA functionalities (1), (2), and (3) (Cusi et al., 2017) put in motion using digital tools. We associate
actions, expected FA strategies and functionalities with specific roles. The Jumper (J) is the
protagonist of the formative assessment activity, the receiver of help, to make a cognitive jump that
reduces the knowledge gap between him and the other members of the group; the Digital Explorer
(DE), an intermediate-level tutor, masterfully uses digital tools, helps to understand the statement and
to explore the dynamical configurations of the related diagram through GeoGebra (action T1- strategy
(c) - functionality (1); the Bridging Mind (BM), an intermediate-level tutor with a good knowledge
and proof techniques, helps to bridge the gap between informal visual reasoning and formal reasoning
(action T2 - strategies (c) and (d) - functionality (1) and (2)); the Group Leader (GL) a dual supervisor
of the process, intervening to help other colleagues to elaborate the solution, and of the product, and
has the skills to do this, high digital skills, excellent logical-deductive skills, and an aptitude for
managing (action T3- strategies (¢), (d), (e) - functionalities (1), (2), (3)). The assignment of the roles
gives students the opportunity to find the way to stay on track (J), deepen their knowledge based on
their awareness of what they already know and how to move on, improve their proving skills (DE,
BM), learn how to learn (GL). The assignment is based on the students’ contextual learning state
ascertained by the teacher, and due to its dynamic nature, it changes as the learning states change.

Methodology

The experiment took place in a 10th-grade class of sixteen students in southwestern Italy during the
school year 2017-2018, in Classroom 3.0, an environment with a flexible setting. Students were
required to work in small groups, specifically four groups named HG1, HG2, HG3, and HG4, focused
on collectively helping one of the components. In each group, HGi, three helpers, DEi, BMi, GLi, and
the Jumper Ji were identified by the teacher according to their learning state. Specifically, the Jumper
role was mainly assigned to students completely unfamiliar with the subject, having come from other
classes in the previous study path. The goal was to produce proof of the following statement (Figure
1), present it and post it on a Shelf Padlet, a work to be collectively reviewed and evaluated. At the
end of the activity, all students were asked to express their overall feedback on the experience, the
analysis of which would have given rise to the didactic actions to be undertaken later by the teacher.

Draw a circle with diameter AB and centre C and draw the tangent lines in A and B; a third tangent at a point D of the

circle intersects the other two at P and Q, respectively. Prove that PQ=PA+QB.

Figure 1: The statement to prove

Proceedings of the 14" ERME Topic Conference FAME, 5-7 June 204, Utrecht, The Netherlands — ISBN 978-90-393-7788-8 221




Digital tools supported all phases of the activity. Each HG had at their disposal a digital environment
consisting of various tools and resources: an island station equipped with tablets connected to Internet
and adjacent to traditional boards. All groups were equipped with tablets, one for each student, to
explore the problem through GeoGebra; boards were used to formalise the proof; and Padlet was used
to send, display, and share groups' solutions (GeoGebra and board images) and evaluations of
displayed solutions presented by the jumpers; and finally, all students’ individual feedback.

Data collection and Data analysis

All the data concerning the helping-learning activity has been digitally stored on shared Padlet boards.
The digital environment contains the shelves where students sent and displayed on the LIM:
GeoGebra files of dynamic constructions, images of the boards with the proof of the statement,
evaluations of the jumpers' performances, personal feedback of the experience, and a photo gallery.
Among the collected data we qualitatively analysed evaluations and feedbacks through a systematic
and objective identification of some characteristics of FA processes and strategies (identified in the
literature) and of the factors triggering them. Specifically, we were looking for signs of the key-FA
strategies and functionalities supporting them at the evaluation phase, carried out by the groups, and
at the feedback interview on students’ individual immediate perceptions of the entire activity, by
labelling and classifying sentences according to roles experienced. More in detail, we collected for
each Jumper the groups’ evaluations and, for each individual role, the impressions of the experience.

Findings and discussion

To analyse the impact that the designed components have on the activation of students’ FA strategies
and functionalities, we focus on the evaluations made by groups at the end and on the final interviews.

Evaluation of Jumpers by Helping Groups

In this phase, the HGs evaluate the Js’s performance. Each group evaluates the other Js’ performances
according to some shared criteria: correctness and completeness of the proof, clarity of the
presentation. Ji is not evaluated by the HGi, having already lived FA moments during the tutoring
phases. GL coordinates, manages the internal discussion, processes and analyses (functionality (2))
the answers, and displays on the Padlet the evaluation expressed through a brief judgement (action
T3, functionality (1)). We highlight the peer formative evaluation by looking at the FA signs in the
judgments. The argument about J/ nuances from not very convincing, quite understandable to good:

HG2: J1 argued well and showed that he understood the problem.
HG3: [...] explained the proof in a way quite understandable.
HG4: [...] J1’s exposition was not very convincing, because of the uncertainty about the

Theorem to recall, but then an intuitive hint made it clear.
Looking at /3's evaluation, a lack of self-confidence appears, but HG4 argues the contrary:
HG1: [...] has a bit of hesitancy, exposed the proof of the problem well.

HG2: [...] the proof exposed by J3 was not clear, but thanks to the help of the group, she
was finally able to prove it correctly using logical deductions.

HG4: [...] the exposure was the most exhaustive and convincing of all.

According to HGs, J4’s presentation was the least successful; despite this, the evaluation does not
highlight the failure but tends to justify it. HGs believe that /4 needs to understand that he can make
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the jump with another small effort, that the gap is bridgeable, and that, thanks to this experience, he
has already managed to make progress and prove to himself that success is attainable. It emerges the
educational value that FA strategies can have on fragile students. Students can assume more
responsibility for their own learning and progresses when they are aware of their strengths and areas
for improvement. Globally, evaluations provide feedback that moves learners forward (c), and
activates students as the owners of their own learning (e) through encouraging judgments and
emphasising positive performances, with the aim of trying to remove their initial sense of inadequacy
and reduce the gap between them and the tutors.

Individual feedback organized by role

All the feedbacks share an appreciation for the use of GeoGebra (functionality (3)) and the
organisation in structured PT working groups, and some of them have highlighted other interesting
aspects. We begin with significant excerpts from the answers of the Jumpers, the protagonists of the
tutoring activity. Signs of self~formative assessment take shape when J; says he has become more
familiar with the subject. He recognises his learning improvement, and this is feedback that makes
him feel like the owner of his own learning (e) and moves him forward (c) with a new learning jump:

J1: The experience in 3.0 Classroom allowed us cooperative working. It is particularly
useful to self-assess and to become more familiar with the subject. 1 believe that
these works, aided by digital tools, bring us into contact with the modern world.

J2 exhibits on a subject that he has always refused. He recognises the positive role that his comrades
have played in the process as well as the validity of the experience in moving them forward (c),, not
only for those who are in difficulty but also for already capable students (WT strategies (c), (d), (€)):

J2: Effective and interesting experience. It has helped them expose themselves to the
subject easily, thanks also to the help of friends. It has helped people with some
deficiencies and strengthened some already capable knowledge!

J3 seems to suggest structuring the lessons in future like the one just held; both J3 e J4 emphasise the
role of technologies in providing an interactive environment (functionality (3)) and from a
collaborative perspective and the cooperation to help each other (WT strategy (d)):

J3: The experience we had in the 3.0 Classroom gave us a taste of how the lessons
should be carried out. You can take advantage of software like GeoGebra that
shows the benefits of dynamic geometry, unlike static geometry, in solving a
geometric problem. In addition, using online platforms increases collaboration, and
joining multiple minds to create a single work will surely lead to an optimal result.

J4: It was a genuinely nice and interesting experience. It allowed me to work better
because we worked into groups so that we could compare and help each other, also
thanks to the use of tablets and the GeoGebra software.

Let us now look at some feedback from helping roles DE and BM. DE4 emphasises the importance
of the learning environment, intended not only as a physical place but also as a digital interactive
place. A DE who does not have his own tablet appreciates moving around the classroom equipped
with a device. In terms of functionality, it refers to providing an interactive environment (3) where
students can interact to work individually or in groups on tasks or explore mathematical contents
(Cusi et al., 2017), and the software provides feedback moving students forward (W'T strategy (c)):

DE4: Unlike other activities that usually take place in the classroom, it allows us to learn
encouraging comparison with others and the development of more opinions.
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It emerges that, although each had their own means, they all worked with digital technologies:

BM1: [...] we put ourselves to prove, but we also made use of new technological tools
made available by the school that will certainly help us in the future [...]

With the transition from exploration with GeoGebra to axiomatic BM3 activates an instructional
resource for the Jumper (WT strategy (d)). BM 3, attentive to Jumper success, says:

BM3: The experience was incredibly positive and productive. Working in a group, each
making their own contribution, made me understand that together we can quickly
reach a solution. A strong point for me was the drawing conducted with GeoGebra,
thanks to which the understanding of the proof was easier and more immediate. |
did not find any weaknesses because every group member contributed to the work.

It is interesting to note that cooperation and technology contribute to group and individual growth:

BM4: [...] The possibility of cooperating and comparing each other in a constructive way
contributes to collective and individual growth.

The Leader, although engaged in a tutoring activity (WT strategy (d)), was not bored. He no longer
suggests the ordinary lessons because these are more interesting:

GL2: [...] interesting and engaging because it allows us to work in an unusual way from
ordinary lessons and to collaborate easily thanks to the availability of the material,
pushing us to work better and to attend the lessons with more interest.

GL3 fits the role of leader perfectly, as he gives feedback and moves towards learning to teach,
making his colleagues move towards learning. The appreciation of novelty of the method compared
to the usual, of the interaction, of the comparison with each other activates FA strategies (d), (e):

GL3: [...] A new way of teaching compared to the usual. We were able to interact more
with each other and better express our opinions and for me it was also much easier
because we worked as a group so we could help each other solve problems and
explain them to each other, each with their own ideas.

A cross-cutting objective was to increase the responsibility of leaders towards the community since

a knowledgeable student is often used to working alone because he or she believes that others can
slow down his pace. GL4 captures this feedback (FA Strategy (d), (e)):

GLA4: [...] if you are in a group with people, you are not comfortable with the activity is
counterproductive. However, these activities can be particularly useful to help those
who are having difficulty or to reinforce concepts that are already known.

The potential power of formative assessment for enhancing teaching and learning in mathematics
education is undiscussed and strengthened using digital technology and metacognitive strategies. An
attempt to solve the problem of how to help students overcome difficulties in proving Euclidean
geometry can be made by designing an ad hoc activity. We design and implement an activity in which
digital technology and roles are the driving forces to activate the FA process and functionalities by
structuring groups according to graded peer tutoring in such a way to produce, at each step,
instructions to move forward for the student needing help, supported by digital tools. Regarding the
factors triggering FA processes, the analysis highlights that students appreciate working in structured
groups, interacting with each other by working together, and learning about new platforms in a digital
technology environment. Regarding the evaluation phase, HGs activated the following processes and
strategies: processing and analysing the solution, sent and displayed on Padlet, and the presentation;
using an interactive environment to express the evaluation; providing through the shared evaluation
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feedback that moves learners forward; and stimulating awareness to be the owners of their own
learning. The first results are promising. Further research, both theoretical and practical, is needed.
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Formative assessment is aimed at supporting learning processes. Classification tasks can be used as
a basis for formative assessment, particularly for evaluating students’ understanding of definitions
and object properties. Here, we present six design principles for choosing mathematical objects in
such tasks—across grade-levels and across the curriculum—using literature-based ideas about
categories of objects, family resemblance, hierarchical structures of categories, and intuitiveness.
We demonstrate how we used these principles for designing a digital classification task, and discuss
further areas in which these design principles should be considered.

Keywords: Classification, Assessment, Design principles, Mathematics Education

Introduction

Learning processes in school are evaluated on a regular basis. Such evaluations that take place
throughout a learning process are generally referred to formative assessment. Amongst other possible
purposes it can be used to evaluate how well a learning process is going and to identify room for
improvement. It can be served as aid for the teacher to plan further instructions to address issues that
have been identified (Cizek, 2009). Before actions like these can take place, it is necessary to create
events that serve as basis for assessment. Developing tasks that can be used for the purpose of
formative assessment can be challenging, especially when trying to identify weaknesses in learners
understanding of a given topic. Classification tasks have been found useful for assessing
understanding (Vollrath, 1977). Utilizing these tasks, this contribution takes a conceptual and
theoretical perspective aiming at providing design principles for choosing mathematical objects to be
used in classification tasks for formative assessment. In this sense we use it for the purpose of testing
for students’ conceptions, that can serve as a tool and aid for teachers to plan following instruction.
The principles focus on choosing objects for the classification task derived from ideas of
classifications and relations between categories. These principles are then used to analyze an example
of a digital classification task as well as findings related to that task.

Classification tasks

Classifying (also referred to as categorizing or sorting) means grouping objects that can be treated
equivalent regarding a certain criterion (e.g. any object that can be used to sit on can be classified as
a chair) (Rosch, 1978). It is a process that helps us structure our surroundings, for example by
differentiating between edible and non-edible or living and non-living things (Richler & Palmeri,
2014; Rosch, 1978). It can be considered part or result of a learning process. Therefore, it is not
surprising that it can be found in mathematics curricula all around the world (Mullis et al., 2016).
Using classification tasks, that ask learners to classify given objects provide us with insight into their
knowledge, which is why they are suitable for the purpose of assessment. Here we concur with
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Vollrath (1977), who asserts the importance of classification tasks by stating that they “can make the
students conscious of the characterizing properties of the concept, guide them to a definition and
control their understanding of the definition” (p. 212).

Depending on the choice of objects to be classified and the choice of a classification criterion, certain
features can be highlighted, and student identification of these features may be assessed. Once objects
are chosen and a classification criterion is set, there are still three main options for the design of a
classification tasks (Vollrath, 1978): 1) Tasks in which the objects are not classified, and the
classification criterion is known, e.g., “Given is a set of quadrilaterals; classify each of them based
on the existence of a line of symmetry (Has / Does Not Have)”; 2) Tasks in which the objects are
classified, and the classification criterion is unknown, e.g., “Given are two groups of quadrilaterals;
find the property that all the objects in Group A has and all the objects in Group B do not have”; 3)
Tasks in which the objects are not classified, and the classification criterion is unknown, e.g., “Given
is a set of quadrilaterals; find a property and divide the objects into two groups so that all the objects
in Group A have this property and all the objects in Group B do not have it”.

Different aims can be associated with different types of classification tasks, such as assessing
understanding of a property, initializing development of conceptual understanding, and providing an
overview of the relationship between objects and properties (Vollrath, 1977). While all three variants
can be used for assessing understanding up to an extent, the first one can be used to find out to what
extent a property is being identified in a set of given objects. The second one focusses more on
deriving a definition from the classified objects, whereas the third variant can lead to different
classifications that are not associated with the learning goal. Our focus is on the first variant as it
focusses on applying a definition (of the classification criterion) rather than identifying it.
Furthermore, this kind of task could be designed digitally with correct and incorrect classifications
being automatically identified, so individual assessment could be automated, and immediate feedback
to students could be provided (Feldt-Caesar, 2017).

For designing classification tasks, the suiting set of objects and classification criteria need to be well
defined, so that they will serve the assessment purposes. This yields our first two design principles.

Design Principle 1: Define the classification criterion along with its values. This criterion should be
in line with the curriculum and is strongly related to the assessment requirements. Note that
classification can be done to two groups or more; for example, we can ask students to classify angles
by acuteness (Yes / No) or by their type (Acute, Right, Obtuse, Straight, Reflex). Another example:
For a given set of quadrilaterals, we can define a classification criterion “Has (Property of) Reflective
Symmetry” (Yes / No), “Has (Property of) Rotational Symmetry” (Yes / No), or “Has This Property
of Symmetry” (Reflective / Rotational / None).

Desing Principle 2: Define the set of objects to be classified. This should be in line with the
curriculum and with the assessment requirements. In many cases, it may be easy to rely on pre-defined
mathematical sets of objects, e.g., polygons, two-dimensional geometrical shapes, simple fractions,
integers, etc. A choice should be taken at this point whether each object would belong to a single
classification group. For example, if we chose the classification criterion “Has This Property of
Symmetry” (Reflective / Rotational / None), and we focus on quadrilaterals, we should decide
whether we want to include rectangles, which can be classified to both groups, or not.
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Once classification criterion and the types of objects are chosen, we move on to choosing the specific
objects that will be used in the task. For this, we present the notion of family resemblance.

Relations between categories of objects as the basis for family resemblance

Classifying objects can be complex as it can be done based on various characteristics (Pothos et al.,
2011). In this context, one key term is category, which is defined as a group of objects that are
considered to be equivalent with respect to a criterion (Rosch, 1978). Importantly, as different
classification criteria could be set for the very same set of objects, categories are not given a priori.
For example, in the case of classifying quadrilaterals based on the existence of a line of symmetry
(Has / Does Not Have), all the rectangles would be under a single category and all the parallelograms
would be under single, different category; however, if the classification criterion would be color (Red
/ Blue), a red rectangle and a red parallelogram would be under a single category while a blue
rectangle and a blue parallelogram would be under a single, different category. Even if we limit
ourselves to considering only mathematical properties, different classification criteria may yield
different categories. For example, think of the set of polynomials and the following objects: x; x + 1;
x2, x2 + 1; classifying them by the criterion “Is a Quadric Polynomial” (Yes / No) will yield the
following categories: {x2, x? + 1} (Yes), {x, x + 1} (No), while setting the classification criterion
“Is a Monomial” (Yes / No) will yield different categories: {x, x%} (Yes), {x + 1,x% + 1} (No).
Objects of the same category share family resemblance (Rosch & Mervis, 1975) vis-a-vis the
classification criterion. It is important to state that family resemblance refers to the extent to which
an objects shares features (including irrelevant ones) with other objects of a category. From here, we
derive a third design principle:

Design Principle 3. Identify categories of objects for each classification group. These categories
should be in line with the curriculum and with the assessment requirements. For example, if we chose
to classify based on parity of functions (Even Function / Not Even Function) and we are focused on
the polynomials, possible categories for the “Even Function” group could be: monomials with even
exponent, or quadric polynomials of the form ax? + ¢ (with ¢ # 0); categories for the “Not Even
Function” could be: monomials with odd exponent, or linear polynomials.

In each of these groups, categories can be organized into a hierarchical taxonomy in which the
classification criterion is inherited from a broader category to its sub-categories (Bernabeu et al.,
2022; Rosch & Mervis, 1975). Constructing this hierarchy will help in identifying family
resemblance, hence our fourth design principle:

Design Principle 4: Construct a hierarchical taxonomy of categories for each classification group.
Think of a task for classifying functions based on parity that was presented in the previous paragraph.
The two categories for the “Even Function” group could be seen as stemming from a higher-level
category of polynomials with only even exponents to which another category could belong: constant
polynomials.

Once the taxonomy for each classification group is set up, we can identify objects with different levels
of family resemblance. The longer the path on the hierarchical structure from one category to another,
the lower the family resemblance between objects of those categories. To assess understanding of a
concept, it is important to include in the task objects of different characteristics, from which we derive
another design principle:
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Design Principle 5: For each classification group, choose objects of different levels of family
resemblance.

So far, the choice of objects has been defined by their mathematical characteristics. The final step of
choosing objects has to do with the students’ point of view, specifically regarding their level of
knowledge. For this, we regard the notion of intuition.

Intuition in mathematics education

Identifying an object as having a criterion could be done intuitively — that is, immediately, with
confidence, without the need to justify this choice (Fischbein, 2002). For example, kindergarten
children will identify a 3-sides polygon which has two equal sides and a third side parallel to a
horizontal line as a triangle, while at the same time reject it from being a triangle if “it stands on its
head” (Sinclair & Moss, 2012). Likewise, a circle would be intuitively rejected by kindergarten
children from being a triangle, as it is an intuitive example for a different type of objects (Tsamir et
al., 2008). Thus, an object, or a property of an object could be intuitively identified by students based
on their prior experiences with these objects. In mathematics education textbooks, for example,
geometrical figures are usually presented in an orientation that is parallel to horizontal and vertical
lines. Hence such figures would be identified intuitively, while figures oriented differently would be
less intuitive to identify (ibid). In other words, the intuitiveness of an object reflects on the level of
difficulty it presents to students. For this, we yield the final design principle:

Design Principle 6. For each classification group, choose both intuitive and non-intuitive objects.
Note that intuitiveness and non-intuitiveness of mathematical objects is highly sensitive to the types
of objects and to the classification criterion in matter, so there cannot be general guidelines as how to
design them.

Example of applying the design principles

In this section we have a look at a digital classification task that we have developed and studied
(Hershkovitz et al., 2023; Noster, Hershkovitz, Siller, et al., 2022; Noster, Hershkovitz, Tabach, et
al., 2022). We present it through the lens of the design principles stated above. Considering the
curriculum for these grade levels in both Israel and Germany, where we studied using this task, we
decided to design the task around the concept of symmetry, specifically reflective symmetry.
Following Design Principle 1, we defined the classification criterion and values: Has at Least one
Symmetry Line (Has / Has Not); hence this is a two-way classification task. Following Design
Principle 2, we chose to focus on quadrilaterals, which are known mathematical objects for children
at these ages.

In the context of quadrilaterals, there is a well-established categorization into, e.g., parallelograms,
rectangles, squares, trapezoids, kites; these categories appeared in the textbooks of the populations
we sampled, hence we based our design on them. Following Design Principle 3, we identified the
following categories for the “Has” group: rectangles, squares, and kites; and the following groups for
the “Has Not” group: Parallelograms, and Non-Isosceles Trapezoid.

Another well-established framework that was relevant to our choice of objects was the House of
Quadrilaterals, which describes hierarchical relationships between different categories of
quadrilaterals based on their definitions. This helped us in building taxonomies for the two
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classification groups. Following Design Principle 4, we constructed the following hierarchical
taxonomy for the “Has” group: Squares are sub-category of Recatngles and Kites; Parallelograms
and Non-Isosceles Trapezoids are sub-categories of general non-symmetrical quadrilaterals.

Now, following Design Principle 5, we chose objects to represent different levels of family
resemblance. For the “Has” groups, we first chose a square and rectangle, which share high family
resemblance to each other vis-a-vis reflective symmetry, and a kite, which share low family
resemblance with both. For the “Has Not” group, we first chose three objects with low family
resemblance between them: parallelogram, non-isosceles trapezoid, and a general non-symmetrical
quadrilateral.

Finally, following Design Principle 6, we relied on a framework of intuitive and non-intuitive two-
dimensional geometric objects (Tsamir et al., 2008), and added the notion that shapes with lines of
symmetry that are either horizontal or vertical are more likely to be identified as symmetric than
shapes with diagonal lines of symmetry (Gotz & Gasteiger, 2022). Squares, rectangles, and kites are
generally intuitively perceived as having a line of symmetry, while the general non-symmetry
quadrilateral was built in a way that it would be intuitive to assume it had no lines of symmetry;
parallelograms are non-intuitive as not having a line of symmetry, as children often mix this notion
with rotational symmetry (which parallelogram do have). We added a tilted square, which is non-
intuitive due to the diagonal lines of symmetry, and a rotated parallelogram, yet another non-intuitive
objects, however, note that these two objects share high family resemblance with the square and
parallelogram, respectively. See Figure 1.

one or more lines of symmetry

0 correct
0 incorrect

no lines of symmetry

Ay
DQ

Figure 1: Examples for a digital classification task to differentiate between quadrilaterals with and without reflective

symmetry
Discussion

This contribution aims at providing design principles for choosing mathematical objects to be used
in classification tasks for formative assessment; these principles may be implemented across grade-
levels and across topics. We focused particularly on classification tasks in which a set of objects is
given along with a classification criterion, as this type of tasks provide a productive arena for
assessing individual students’ knowledge and can be easily assessed automatically. Based on the
literature, we have identified the following design principles, that can guide the choice of the
mathematical objects to be classified:
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1. Define the classification criterion along with its values;

2. Define the set of objects to be classified;

3. Identify categories of objects for each classification group;

4. Construct a hierarchical taxonomy of categories for each classification group;

5. For each classification group, choose objects of different levels of family resemblance;
6. For each classification group, choose both intuitive and non-intuitive objects.

While explaining and demonstrating each principle as a “standalone”, we also demonstrate the
application of these principles together, to compose a classification task in a digital environment. Of
course, these design principles should also be tested empirically. For example, the notion of
intuitiveness of objects needs to be taken into field test, and cannot be based solely on the designers’
assumptions (Noster, Hershkovitz, Tabach, et al., 2022). An iterative task design should follow, to
verify the applicability of the design which resulted from applying the principles. Large data
collection and its analysis could further inform the design choices.

As we are aiming at digital assessment tasks, there are also other aspects to be considered, to which
we have not referred. These include for example the issue of feedback use. A digital environment
could provide feedback of different types: simple vs. elaborated; immediate vs. delayed; or feedback
on correctness vs. on strategies being implemented (Attali & van der Kleij, 2017; Shute, 2008;
Tarning, 2018). To the best of our knowledge, there are no conclusive guidelines in the literature as
for the most effective combination of these options for the purpose of serving assessment. This is an
avenue for further research we are planning to pursue.

Another issue to be considered and tested relates to the layout of the objects on the screen. This may
involve aspects like arrangement of the classification areas, e.g., unclassified objects are placed in the
middle, in between the classification areas vs. to the left or right of the classification areas;
arrangement of the objects, e.g., on a grid vs. randomly located; or issues related to size and color.
We consider it an empirical question that needs to be tested based on large data collection, preferably
in a set of randomized controlled studies, which again could lead to an iterative process of refining
the design. To this we shall add more traditional design issues related to user interface, which are
crucial in digital learning environments (Park & Song, 2015; Sagrario & Simbulan, 2007).

While the considerations presented here provide principles for choosing objects for classification
tasks, it should be stated that this is only the first step in task design, as depending on the concrete
task the effects may vary. Task design should be iterative (Liljedahl et al., 2007), but our principles
serve as a foundation for a first predictive analysis, which has proven to be useful in the reflection of
the data.
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Formative assessment (FA) has been shown to have the power to improve student achievement.
Therefore, many professional development (PD) initiatives have been carried out to support teachers
to develop their FA practice. However, accomplishing such practices have been proven difficult.
Among factors that are important for outcomes of PDs are teachers’ beliefs and conceptions. This
study examines the effects of a PD in FA on teachers’ conceptions of assessment and feedback, and
self-reported feedback practices. These variables were measured through a survey in the beginning
and at the end of the PD. Differences between the intervention and a control group were examined
at both time points using factor analytic methods and with t-tests on change scores. For the
intervention group, significant positive differences were found in both the means of important
conceptions and in the strength of relationships, while this was not the case for the control group.

Keywords: Beliefs, conceptions, feedback, formative assessment, professional development.

Introduction

Formative assessment (FA) is a classroom practice in which teachers and/or students elicit evidence
of students’ learning needs through assessment and then adapt teaching and/or learning accordingly.
It has been shown to have the potential to improve student achievement (e.g., Baird et al., 2014).
However, although some professional development programs (PDs) have succeeded in helping
teachers accomplish FA practices that improve student learning (e.g., Andersson & Palm, 2017), they
have often been unsuccessful in accomplishing substantial improvements in teachers’ FA (e.g.,
Randel et al., 2016). Teachers’ conceptions of, or beliefs about, assessment and feedback are among
factors that affect implementation of FA components (Brown et al., submitted). However, studies
examining effects of PDs on teacher conceptions of assessment and feedback are rare, but e.g.,
Deneen and Brown (2016) did not find effects from a course on assessment literacy on teachers’
conceptions of assessment. This paper focuses on the effects of a PD program in FA on mathematics
teachers’ conceptions of assessment and feedback, and self-reported feedback practices.
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Methods
Design

The PD ran as an experimental intervention with control group. A pre- and post-experiment survey
was conducted in a northern Swedish city with a large control group and a small experimental group.
Differences between groups were examined at both time points using factor analytic methods.

Participants

A total of 461 teachers working between school years 1 and 9 responded to the survey. Among them,
257 teachers responded to the survey at both times. They were matched between time 1 (2021) and
time 2 (2023) so the variance over time could be properly evaluated. Expectation maximation was
used to impute the small amount of missing data.

Professional development intervention

The PD was designed based on reviews on characteristics important for PD outcomes (e.g., Heitink
et al., 2016) and on our own previously arranged PDs (e.g., Andersson & Palm, 2017). It was
organized by a research team led by the first author. The researchers and the teachers met once a
month during 3-6 hours for three years. The teachers also met by themselves once a month. The
meetings included lectures about FA and concrete activities for its implementation, as well as group
discussions and analysis of the content and suggested activities. General FA strategies were
concretized for mathematics (e.g., what effective questioning would look like in mathematics). Time
was also put aside for the teachers to plan for implementing FA activities in their classrooms. In the
following meeting the teachers evaluated the try-outs, shared experiences of success and discussed
how they could overcome obstacles and develop the use of a particular activity. The researchers
supported these discussions and intervened with suggestions when deemed useful. The teachers were
supported in their self-regulated learning of FA by being provided an evaluation tool, and time to use
it, for evaluating and setting goals for their practices. Generally, the programme possessed a
formative, process-oriented character and provided support for the teachers to influence the program.

Instruments

The Swedish Teachers Conceptions of Assessment inventory (TCoA) measures three major
constructs. For the purposes of this study, only the conception that assessment improves teaching and
learning (Assessment Improves) was selected as it was most sensitive to the impact of the formative
assessment PD program and is likely to facilitate implementation of FA. This Assessment Improves
factor has 4 1%-order factors (i.e., assessment helps teachers improve teaching, assessment helps
students improve learning, assessment is reliable, and assessment is diagnostic).

The Swedish Teachers Conceptions of Feedback inventory (TcoF) (Brown et al., 2023) consists of
six feedback conceptions and a self-reported Formative Feedback Practices factor. The Formative
Feedback Practices factor is predicted by the two feedback conceptions Feedback Improves
Performance and Students Ignore Feedback. Of the seven factors in the TcoF, only four were retained
in this study (i.e., Students Ignore Feedback, Feedback Improves Performance, Feedback Involves
Students in Peer and Self-feedback, and Formative Feedback Practices) as they were most likely to
be sensitive to the professional development and are likely to facilitate implementation of FA.
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Data analysis

The model we used had assessment conceptions predicting feedback conceptions and practices on the
assumption that feedback generally occurs after assessment events (Hattie & Timperley, 2007). To
account for the repeated measures design, a cross-lagged, bivariate path model with autoregressive
paths (Curran & Bollen, 2001) was tested. Within each time point, the assessment conceptions factor
(Assessment improves) with four dependent scores was regressed onto a general feedback factor.
This general feedback factor had three dependent scores from the retained feedback conceptions
factors, and was regressed onto the Formative Feedback Practices factor. A path from Student
Involvement in Feedback factor to Formative Feedback Practices was added. Autoregressive paths
from each variable at Time 1 were added to the matching variable in Time 2. No cross-lag paths from
Assessment or Feedback factors at Time 1 to Time 2 could be identified. Hence, the model could be
described as a structural path model within time with auto-regressive paths across time. To compare
the model between the two groups, nested invariance testing was conducted (Brown et al., 2017).
Structural equation modeling (SEM) and invariance testing were conducted with AMOS v29.0.0
(IBM, 2022).

Results

Prior to multi-group analysis, the assessment to feedback model with autoregression was found to
have acceptable to good fit for the whole group. Also, the input model for the two-group analysis had
acceptable fit. Invariance testing showed that measurement weights were not equivalent between
groups. Hence, the two groups differed at the unconstrained level, indicating that they were drawn
from two separate populations.

The intervention group differed from the control group in significant and substantial ways that were
most notable after the intervention itself. Based on a t-test of differences on the change score from
pre- to post-intervention time point, the intervention group gained substantially (Cohen’s d > .50) for
Assessment Helps Students Improve; Assessment is Reliable, Feedback Improvement, and Formative
Feedback Practices variables. These differences in changes were due to that the intervention group’s
conceptions of assessment and feedback as well as their feedback practices moved substantially in
favour of formative assessment, while the means for the control group fundamentally remained
constant. Equally notable, there was a positive shift in the strength of the relationships from the
assessment and feedback latent factors to their respective items only in the intervention group.
Throughout, the control group, as would be expected without any focused professional development,
did not change in means or model path values.

Discussion

In contrast to the lack of effects found from the assessment course studied by Deneen and Brown
(2016), the PD in this study improved teachers’ conceptions of assessment and feedback, and their
formative feedback practices. Which PD features that were decisive for the effects cannot be
determined from the study. However, giving the teachers both time and support for planning
implementation in their classes together with support to overcome difficulties may have played a role.
Also, the rather substantive length of the PD may have been a factor since belief change often takes
time and occurs gradually. These are features found to be important for positive outcomes of PD in
FA (Heitink et al., 2016). Finally, the formative character of, and the support for teachers to influence,
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the PD together with support for taking individual and collective responsibility for their own learning
through self-regulated learning processes may have contributed to the positive outcomes. Beliefs are
commonly measured through questionnaires, but a limitation of this study is that the teachers’
practices are self-reported and not observed. Future studies that include observations of teacher
practices and a focus on which PD features that are decisive for outcomes would be valuable.
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Word problem solving in mathematics is essential, and the processes that students follow to solve
them may vary. Consequently, teachers face the challenge of interpreting these strategies, while
students sometimes have difficulties explaining their processes. The analytical readings’ method is
presented as a resource for the assessment of the word problem-solving processes, in addition to
helping students develop skills in this area. In this context, the purpose of this study is to document
reflection, especially among undergraduate mathematics students with an interest in teaching, on
analytical readings as a tool to assess problem solving. Reflections highlight that the analytical
readings’ method allow assesses students' comprehension of the problem, their performed
operations, the reasoning behind them, providing a comprehensive view of the thinking process.

Keywords: Word problems, analytical readings, word problem-solving process, assessment, rational
numbers.

Introduction

Word problem-solving is considered a basic competence that promotes the development of arithmetic
and algebraic thinking (Siegler et al., 2013). Rodriguez (2012) indicated that when solving a word
problem, the student is allowed to “explore, experiment, analyse their progress, change course, reflect
on what they have done, notice how they are thinking and approaching the task, etc.” (p. 154).

Currently, word problems are an essential part of the mathematics education of every student around
the world, and consequently, teachers must have resources to assess the solving process of these word
problems. Therefore, our main objective is to promote the use of the analytical readings’ method as
a tool to assess the process of solving word problems with rational numbers, for this purpose the
reflections of undergraduate mathematics students interested in teaching were documented.

It is clarified that it is not intended to promote the method as the best option or to say that it is the
most efficient way of evaluation, but rather it is presented as another tool to evaluate, with advantages
and disadvantages, which are documented in this study.

Theoretical framework

A word problem is a verbal description of a situation in which a question is posed and the answer to
which can be found by applying mathematical procedures to the numerical data provided in it
(Verschaftel et al., 2020). The word problem-solving process is understood as the student's mental
activity from the moment he encounters a problem that must be solved until the task is finished,
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considering ideas from Polya (1957), Puig and Cerdan (1988) proposed six phases in the resolution
process: reading, comprehension, translation, calculation, solution, and verification.

The reading and comprehension phases were defined separately to emphasize the attention that should
be placed on reading the problem at the beginning of word problem-solving instruction. However,
reading and comprehension are not independent of each other, since they are aspects of the same
operation that has the purpose of understanding the word problem.

The translation phase consists of the identification of the variables involved in the word problem,
both known and unknown, and the relationship between them. In this way, three important aspects
must be considered: what data is going to be handled, what operations or procedures will be carried
out, and in what order.

The calculation phase refers to the execution of operations and algorithms. In this phase, the student's
translation skills no longer intervene, but rather their algorithmic skills. It is important to note that
Puig and Cerdan (1988) consider that “translation and algorithmic skills are usually independent of
each other” (p. 14).

Finally, the solution phase consists of interpreting the numerical result obtained in terms of what is
asked in the word problem, and in the verification phase we proceed to verify that said solution is
adequate. The verification can range from something informal, such as seeing if the result makes
sense (i.e. that there are no negative distances), to something more formal, such as substituting a value
in an equation or solving the problem using a different procedure and compare the results.

One of variables associated with the word problem-solving process is the content variable. This is
related to the mathematical meaning of the problem. The content variable in this study is related to
rational number as operator. These numbers are associated with diverse uses. Based on the
phenomenological analysis of fractions proposed by Freudenthal (1983), and the interpretation of
Valenzuela (2018), five uses of fractions are distinguished at an abstract level: as fracturer, comparer,
measurer, operator, and number. As said before, this work focuses on the operator aspect, that is,
when the fraction acts on a quantity by expanding or reducing it. The operator aspect of the fraction
is related to the phenomena of reproducing, reducing, enlarging, shrinking, expanding, contracting,
etc. This operator aspect of the fractions can be extended to the diverse ways to express a rational
number, such as decimal notation, percentage, and ratios.

Analytical readings’ method

Taking as reference the analysis-synthesis method and the Cartesian method (Puig & Cerdan, 2014),
the analytical readings’ method to solve word problems is proposed, which is used indifferently for
algebraic or arithmetic resolution processes. The method consists of the following five steps: reading
the problem, forming a dictionary of quantities, building a tree graph, calculation, and solution-
verification (see Figure 1).

In the first step, a first reading of the complete problem is done. Then it is read sentence by sentence,
identifying the data presented and the verbs associated with them. Also, the main unknown quantity
must be identified, that is, what needs to be calculated.
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Figure 1: Example of the Analytical readings’ method

To form the dictionary of quantities, the known and unknown variables that appear in the word
problem are identified. This is organized in a table with three columns. The first column indicates
whether the information is a given numerical data or an unknown value that must be calculated. In
the second column, the numerical value of the data or what the unknown variable will be called is
indicated. In the third column, a brief description of the variable is given.

The third step is to build the tree-type graph (Figure 2) following the rules of analysis-synthesis so
that at the end all the numerical data in the problem and the main unknown quantity are obtained.

THE ROOT ——| NODE
_.‘-—"'-‘/—d—_@
NODE NODE
_ ® AN OPERATION
MNODE NODE
/@\ /® +—— AN EDGE
A LEAF — | NODE NODE NODE NODE

Figure 2: Tree-type graph

A tree-type graph has certain unique decomposition properties that allow obtaining a visual
reproduction of the strategy followed in the resolution process (Roy & Roth, 2015). A tree is a data

structure consisting of nodes connected by edges, with the unique property of not containing cycles.
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For the analytical readings’ method, we specifically use a rooted binary tree, in which there is a
topmost node, commonly known as the root of the tree, and each node is linked to zero or two
successor nodes. The nodes without successor nodes are called leaves.

In the fourth step of the method, the calculations that appear in the graph will be conducted, in the
order that it shows. Finally, the fifth step is to write the result in terms of what is asked and verify it.
In the Figure 1, an example of the steps followed in the analytical readings’ method to solve a problem
in shown. It should be noted that during the implementation of the analytical readings’ method, the
transit between its steps should not follow a strict linear order, it is always possible to go back and
forth between the different stages.

Methodology

This qualitative research documents how mathematics students conceive the analytical readings’
method as a tool to assess the word problem-solving process. In the study 13 students of the bachelor's
degree in mathematics at the University of Guadalajara were considered. This is a group with affinity
for teaching. The intervention consisted of three sessions that were part of an optional subject offered
to the students. The worksheets, surveys, and essays were considered for the analysis. These were
complemented with field notes, audio, and video recordings.

In the first session, the analytical readings’ method was studied and explored through a document
that simulated the solution of a word problem solved by a student -Paula-, reflecting in the process
the dictionary of quantities, the tree-type graph, and its solution. The problem in question is the one
shown in Figure 1. For this exploration, teams of 3 or 4 members were formed. Teams are instructed
to discuss what the student meant by what she illustrated, what her procedure was, and whether her
answer is correct. Afterwards, their reflections were presented to the class. Next, the phases in the
word problem-solving process proposed by Puig and Cerdan (1988) were explained. The steps that
make up the analytical readings’ method were delineated, while inviting the students to share their
observations, contributions, and doubts. In this session, two word problems were given to the students
to solve and practice. For each problem, a student goes to the board to solve it using the method
learned, with comments and suggestions from the other students and the teacher's guidance.

In the second session, the students began by solving a problem in teams through the analytical
readings’ method as a review, comparing and discussing the results as a group. Subsequently, the
different aspects of rational numbers and diverse forms to express them were exposed and discussed.
Four problems were answered in teams using the diverse forms to express the rational numbers
studied using the analytical readings’ method (word problems involving fractions, ratios, percentages,
and decimal notation). The dictionary of quantities, tree-type graph and solution of each team were
compared and discussed.

In the third session, the relationship between the analytical readings’ method and the word problem-
solving process was discussed in a debate moderated by the professor. And finally, an anonym survey
was carried out to identify students' opinions on the use of the method.

As a final assignment, the students were asked to write an essay answering the following questions:
1) How is the solver's thought process reflected when solving a word problem in each of the steps of
the analytical readings’ method? 2) How is each phase of the problem-solving process related to the
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steps of the analytical readings’ method? 3) What is the usefulness of the analytical readings’ method
as an assessment tool for teachers?

Results

The results are divided into three sections: the relationship between the steps of the analytical
readings’ method and the phases of the word problem-solving process identified by the students, their
opinions on the advantages and disadvantages of the method as an assessment tool, and their views
on how this method adapts for word problems that involve each form to express the rationale numbers
seen during the intervention.

Relationship between the steps of the analytical readings’ method and the phases of the word
problem-solving process

As described in the methodology, during the third session, the relationship between the analytical
readings’ method and the problem-solving process was discussed by the students. The relationships
found by the students are summarized in Table 1.

Table 1: Relationship between the steps of the method and the phases of the problem-solving process

Steps of the analytical : :
: Phases in the word problem-solving process that are related
readings’ method

The reading and comprehension phases are related with this step of the analytical readings’
Reading the problem | method since the student is instructed to identify the question posed and the main unknown

quantity, that is, what you should be calculated.

The comprehension phase is also related with the step of forming a dictionary of quantities,

because it helps to define the starting point (given numerical data) and know how to classify the

Forming a dictionary information that you consider should be used to reach the solution.

of quantities

Also, a fundamental part of the translation phase is the identification of the variables involved in

the word problem, which are reflected in the dictionary of quantities in an orderly manner.
L Other aspects of the translation phase are what operations or procedures will be carried out and

Building a tree graph . )
in what order? these are reflected in the tree graph.

The step of calculation in the analytical readings’ method, where the calculations that appear in

Calculation the tree graph are conducted in the in the order that it shows, is equivalent to the phase of

calculation in the problem-solving process, when operations and algorithms are executed.

. . .| The solution-verification step of the method is analogous to the solution and verification phases
Solution-verification

of the word problem-solving process.

Advantages and disadvantages of the method as an assessment tool

During the second session, when the teams presented and compared their dictionary of quantities,
tree-type graph and solution of four different problems, each one using the diverse forms to express
the rational numbers, a group dynamic of assessment was carried out. Each team tried to describe the
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thought processes of their partners by reading the method. Subsequently, each student gave their
opinion on the advantages and disadvantages of the analytical readings’ method as an assess tool in
their essays and anonymously in the survey. These opinions are summarized in the Table 2.

Table 2: Advantages and disadvantages of the analytical readings’ method as an assessment tool

Advantages Disadvantages

This method works as a powerful assessment tool, through which it | The analytical readings’ method can be laborious
is not only possible to assess mathematical knowledge but also to | due to the details to be specified in each step; this
assess reasoning, logic and even reading comprehension skills. This mainly has two disadvantages:

tool can provide extra information about the students' thinkin . . .
prov x u U & By virtue of its slow nature, the method is

rOCess. . - .
p restricted to limited uses in a classroom
As teachers, the steps of the analytical readings’ method help us environment where deadlines must be met.

identify the student's points of deficiency. The incorrect construction .
y p y Before it can be used as an assessment tool,

of the dictionary f)f quantities suggests problems with the reading students must be taught to work with this method.
and/or understanding of the text. The erroneous layout of the graph When the method is introduced for the first time,

indicates problems with the translation of the text into mathematical . .
the solution process can be confusing at first,

processes and the incorrect calculation of the data reveals . L
especially the tree-type graphs, since it is a new

deficiencies in the student's arithmetic knowledge. . .
way of representing operations. Therefore, extra
In addition, the method can be very useful for teachers when sessions would be needed for the group to become

grading, as it encourages students to express their procedure in an familiar with the method.

orderly manner.

An example, when discussing the procedure made by a team to solve the next problem:

Problem 1. Melisa and Gerardo are going to paint the house where they both live. Melisa
can paint the house in 3/4 of a day, while Gerardo is able to paint the house in 5/6 of a
day. If they work together, what fraction of a day will it take them to paint the house?

The students highlighted the importance of seeing the variables in the dictionary of quantities. They
argued that if the variable written in the tree graph (Figure 3) had been written in the dictionary, it
would have allowed them to know how their classmates were interpreting the sum of the fractions of
days that Gerardo and Melisa took to paint the house individually, why they carried out this operation,
and therefore better understand what the error was in understanding the problem that led to the wrong
answer. During the discussion, it was also mentioned that the tree graph allowed them to see how the
fractions 3/4 and 5/6 were related, which led their classmates to an error.
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Figure 3: Procedure made by a team while solving problem 1

The use of the analytical readings’ method for solving word problems that involve diverse forms
to express the rational numbers.

As indicated previously, during the intervention the students worked with four different word
problems, which involved fractions, ratios, percentages, and decimal notation. In the survey,
participants were asked to indicate how well they think the method is adapted to solve problems
involving each of these four ways of expressing rational numbers, the options offered were: 1) /¢ does
not fit well -the explanation of my procedure feels forced when I use this method-. 2) /¢ fits well -1
feel that the method helped me explain my procedure in a clear and structured way-. 3) Indifferent -1
don't feel like the method helped or hindered me in my procedure. Each answer had to be justified.

10
8
6 .
A It does not fit well
: 5 I 1 I i el
0 m Indifferent
Word problems Word problems Word problems Word problems
involving fractions  involving percentages involving ratios involving decimal
notation

Figure 4: Students' opinion on the use of the method taking into account the content variable

It can be seen in Figure 4 that the mathematical content variable affects the students' perception of
how well the method is adapted to capture their thinking process and word problem-solving process.
In particular, students think that the analytical readings’ method helped them explain their procedures
in a clearer way when solving word problems that involve fractions, but this is not the case for those
word problems that involve ratios.

Conclusions

The objective of this study was to test the analytical readings’ method, regarding its use to assess the
processes of word problems solving to document the reflections of a group of students. In this regard,
there was evidence that the students considered the analytical readings’ method as an assessment tool
allows the student's mental activity and thought process to be clearly reflected in their procedure when
solving word problems. As each step of the method is related to the phases in the word problem-
solving process, it makes easier to follow the student's progress through each of the phases and, if
there is an error, determine at what point in the resolution process it occurred, and identify its possible

Proceedings of the 14" ERME Topic Conference FAME, 5-7 June 204, Utrecht, The Netherlands — ISBN 978-90-393-7788-8 244



causes. However, according to the students it must be considered that there may be some
disadvantages, such as the difficult, and time it takes to use this method when solving a problem.

The use of the analytical readings’ method discussed in this paper is as an assessment tool, but during
the intervention a topic of discussion among the study participants was the potential of the method as
a teaching tool. The advantages of learning to solve certain types of word problems, for example
those involving fractions, were discussed. The possibility that this method offers was highlighted so
that students can explain their procedures, as well as the development of skills to establish
relationships between the quantities that appear in the problem. Although it was also mentioned that
using this method for the first time could be a challenge for students.
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Exploring formative assessment and peer feedback in technology-
enhanced mathematics learning environments using bar model virtual
manipulatives
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The uptick in the adoption of digital assessment, driven by increased technology integration in
classrooms, not only transforms the assessment approach but also holds crucial implications for how
teachers assign tasks and shape the way students engage in mathematical reasoning. This paper
explores how educators leverage technology to enhance mathematics assessment and feedback.
Using screencast (or screen recording) as a primary method of data collection, interactions of
students solving word problems utilising the bar model, a web-based virtual manipulative, are
recorded. Analysis of data collected may offer insights into students’ specific competencies and
deficiencies and inform teaching practices to meet their’ learning needs. Digital assessment is
broadened to include peer feedback and self-evaluation, facilitated by real-time interaction and idea-
sharing through screen mirroring, another innovation supported by classroom connectivity.

Keywords: Digital assessment, peer feedback, bar model.
Introduction

Technology has significantly impacted the assessment and feedback processes in teaching
mathematics for both summative and formative purposes. The shift from offline to digital assessment
introduces fresh possibilities for evaluating mathematics learning and modifying task structures as
well as the scope of assessed abilities and skills (Drijvers et al., 2016). The concept of a connected
classroom where teachers and students can exchange digital information has persisted for many years
(Stacey & Wiliam, 2013). In recent years, technological advancements have rendered this vision more
attainable. In the study by Clark-Wilson (2010), using classroom aggregation technology for
mathematics was found to have promoted peer assessment as well as self-evaluation. Moreover, it
was observed that teachers used feedback from students to inform the planning of future activities.
These findings show that classroom connectivity offered fresh possibilities for formative assessment,
providing teachers with insights into students’ mathematical thinking. Leveraging classroom
connectivity, multiple devices may be screen mirrored on the class display for side-by-side
comparison and discussion among students. Studies suggest that students adjust their responses when
comparing their work with peers, fostering increased opportunities for peer assessment and self-
evaluation (Stacey & Wiliam, 2013). Drijvers et al. (2016) outline two crucial steps in formative
assessment: collecting data on student achievements and devising strategies to enhance performance.
Screen recordings serve as primary data. Teachers review these recordings and formulate appropriate
measures to improve performance.

Theoretical Background
Framework for technology-mediated feedback

Mayer’s (2002) Cognitive Theory of Multimedia Learning posits that learning is enhanced when
information is presented through multiple modalities, such as visual and auditory channels. Figure 1
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illustrates a cognitive theory of multimedia learning. Mayer asserts that multimedia messages that
engage these cognitive processes are more likely to promote meaningful learning. His findings
support a social agency extension of the cognitive theory of multimedia learning, suggesting that
social cues within multimedia messages activate a conversational schema in learners, prompting
deeper cognitive engagement. This holds significant implications for how the theory will shape peer
feedback and assessment practices. This approach resonates with established conversational theories
like Grice's (1975) conversational norms, which underscore the dedication to comprehending the
other speaker's communication. Two approaches exist for assessing learning: retention tests and
transfer tests (Mayer & Wittrock, 1996). Retention tests assess the capacity for memory recall.
Transfer tests evaluate how effectively learned knowledge is applied to novel situations. He asserts
that transfer tests offer the best assessment of learner understanding. Mayer’s hypothesis proposes
that better transfer is facilitated through interaction and conversation.

MULTIMEDLA SENSORY WORKING LONG-TERM
FRESENTATION  MEMORY MEMORY MEMORY
T
Words Ren [ ot M gouna |oumiing] Vel
integrating Prior
= Knowledge
. || setecting organizing | Pictorial
! Pictures P Eyes J Tmages Images \mGges Modal

Figure 1: A cognitive theory of multimedia learning (Mayer, 2002, p. 103)

Findings suggest that side-by-side comparison techniques, such as Visual Analysis for Image
Comparison (VAICo), offer advantages in terms of speed, clarity, and accuracy in identifying
differences in image data (Schmidt et al., 2013). Figure 2 shows various image sets from diverse
domains, showcasing the method's adaptability across datasets. A crucial aspect of effective data
analysis involves selecting suitable similarity metrics. We suggest teachers adopt this selection
method when choosing screenshots of students’ solution for side-by-side screen comparison to teach
bar model strategies. Rittle-Johnson et al. (2017) underscore the significance of comparison in
conceptual learning, with their classroom-based research supporting its efficacy in algebra
instruction. Mayer (2002) suggests expanding the cognitive theory of multimedia learning to include
social factors affecting learners' engagement in deep cognitive processing, such as combining visual
(e.g., selective screenshots) and verbal (e.g., feedback interaction) models. Building on the body of
research, we argue that when teachers present students' solutions using side-by-side screen for
comparison, they foster real-time sharing and collaboration among students, contributing to
multimedia learning through peer feedback.

Framework for the model method
A distinctive pedagogy of Singapore mathematics, the model method is inspired by Greeno's part-

whole and comparison schemas (Nesher, Greeno & Riley, 1982; Kintsch & Greeno, 1985). Students
use rectangular bars to visualize mathematical relationships, facilitating comprehension of abstract
quantities. For discussion in this study, consider the following illustrations of part-whole and
comparison models.
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Figure 2: Image datasets (Schmidt et al., 2013, p. 6) (b) shapes disappear, re-appear or change their colour (c) retina

images from different patients (d) satellite images of a coastline affected by tsunami in Indonesia (e) images with colour

coded gene expression information

Table 1: Part-whole model for multiplication and division & multiplicative comparison models (Kho et al., 2014, p.
227)

Whole Part-whole model: The total is determined by the multiplication of one
‘ I I | part and the number of parts. Conversely, if we know the total and one
Part factor, we can find the other factor through division.

The model illustrates the concept of multiplication as:

Comparison model: The larger quantity is three times the smaller
[[onepat | < [Numberofpans] = [ whote | quantity, and conversely, the smaller quantity is one-third of the larger
quantity. For example, if the larger quantity represents three units, the
Larger quantity | | [ ] smaller quantity represents one unit. Together, they total four units,

; with a difference of two units between them.
Smaller quantity [ ]

Research Questions

The study seeks to examine digital assessment and feedback through an extension of mathematical
experience using integrated technology. The research questions guiding the study are as follows:

RQ1. How can teachers leverage classroom connectivity to effectively analyse students’ conceptual
deficiencies in word problem solving utilising bar model virtual manipulatives?

RQ2. How can side-by-side screens be utilised for peer feedback in a technology-enhanced
classroom?

Methods

This study analysed students’ digital experiences within technology-enhanced mathematics learning
environments, focusing on formative assessment and feedback. For this research, a programme was
piloted with an elementary school in the Czech Republic involving a cohort of nine Grade 8 (age 14)
participants, during which they engaged in word-problem solving, utilising bar model virtual
manipulatives apps provided within their tablet devices. The study leveraged classroom connectivity
through digitally accessing and analysing students’ mathematical thinking via screencast, i.e.,
recordings of their on-screen interactions while using bar model manipulatives. The students were
given a series of tasks during which on-screen activities were recorded. The pilot programme, led by
the researcher who also served as the teacher, consisted of two 3-hour sessions, one-week apart.
Data collection and analysis

Screencast was utilised as the primary means of collecting data, capturing visual information of
students’ digital interactions. Following data collection, the teacher-researcher commenced the
analysis process by describing and interpreting visual cues within the datasets in the form of analytic
memos. The following sections outline the data collection process, which generated samples for
analysis. This is followed by sorting and selecting samples for class discussion utilising side-by-side
screen. Figure 3 is a flowchart illustrating this process.
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FIGURE 3: INSTRUMENTATION, DATA COLLECTION AND ANALYSIS
Stage 1: Pen and paper task — Baseline establishment
Stage 2: Demo and Task 1 — Standardised demo and Task with virtual manipulatives

Stage 3: Group activities (VM Task Group) and Task 2 (VM Task 2) - Participants collaboratively
solved word problems in groups of four or five. The aim was to assess the impact of group activities
on students and determine if peer feedback is evident thereafter. Task 1, Group Activities and Task 2
were recorded for analysis, concluding Day 1 of the study.

Stage 4: Analysis and sorting - This involved systematically reviewing screen recordings of Task
1, Task 2 and Group Activities and writing analytic memos to capture emerging themes and pattern:

Initial Observations — The recordings were viewed multiple times for initial understanding.

Identifying Patterns — Patterns, themes and significant moments in the interactions were identified
(see Coding). The identification process also included selecting among models with correct solution
and incorrect solutions and sorted according to similarity metrics (Schmidt et al., 2013).

Coding — Codes were applied to segments of the screen output to represent moments of interactions.
Interactions contributing to conceptual understanding: 1) use of the appropriate concept (Table 1), 2)
accuracy in partitioning 3) alignments of parts 4) correct labelling, 5) application of operations

Memo Writing — Specific moments in the videos were annotated, documenting observations,
interpretations and insights corresponding to coded segments.

Interpretation I — Coded segments and memos were analysed to identify broader themes related to
research objectives. For RQ 1, data on interactions highlighting both strengths and weaknesses in the
topic was collected and interpreted. Next steps were formulated to address weaknesses.

Stage S: Display and discuss

Interpretation II — The selected screenshots served as instructional material and were displayed in
class for side-by-side comparison and discussion. Observations were documented and redirected to
Stage 4 for analysis (Figure 2). For RQ 2, reflective prompts (cognitive transfer and image
comparison) guided reflections on students' engagement and comments. Cognitive transfer focused
on identifying their ability to apply learned concepts in new situations. Image comparison related to
their perception of accuracies/inconsistencies in screenshots and observed cross-referencing and
editing of their own model construction.
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Results
Interpretation I

This section addresses RQ1, examining interactions to identify strengths and weaknesses in the topic.
We analyse Jakub’s on-screen data to understand his grasp of the word problem in detail.

Question: 3/5 of the students in Grade 8 and 2/3 of the students in Grade 7 are girls. Both classes have
the same number of girls. Grade 8 has 4 more boys than Grade 7. How many students are there in
Grade 8?

For clarity, sequential screenshots (Transformations) of significant interactions are provided (Table
2b) with analytic notes for each moment. Table 2a outlines interpretations and reflections for these
interactions. The documentation includes: 1) Appropriate Concept: Yes 2) Partitioning Accuracy:
Yes 3) Alignment of Parts: No 4) Correct Labelling: No 5) Application of Operations: No.

The applied codes effectively pinpoint locations in the video, facilitating analysis. A thorough
screencast examination reveals precise areas where Jakub struggled, with analytical notes explaining
underlying reasons. Despite using the appropriate model, Jakub's solution was incorrect. The on-
screen data not only clarifies specific points of struggle but also underscores his potential to engage
with a concept he correctly selected but has not yet mastered in its application. Tailored remediation
strategies can address Jakub’s conceptual gaps, guiding future instructional strategies.

Interpretation II

We use screenshots from Tereza’s and Jakub’s screen output (Figure 5 and Figure 6) to address the
research objective that side-by-side screen effectively support peer feedback in a technology-
enhanced classroom. The screenshots were selected using similarity metrics, aligning with the notion
that selecting suitable similarity metrics is crucial for effective data analysis (Schmidt et al., 2013).
This adds validity to their utilization in the study. Exchanges between teachers and students primarily
reflected prompts and interactions related to the word problem. No individual attribution was
recorded regarding which participant commented or posed each question during the study.

Table 2a: Reflections and interpretations of significant interactions

(a) The visual appears to be an effort to understand whether the number of girls aligns with the specified conditions outlined in the given
word problem.

(b) The transformation shows that the appropriate bar model concept has been applied, i.e. the comparison model. This grasp of selecting
the suitable application of the concept may potentially be attributed to the peer collaboration or peer learning experienced during the
preceding group activity.

(c) The consistent use of the 'x' notation across all units led to confusion, resulted in him reaching an impasse.

(d) This visual representation highlights a discrepancy in logic, where the number of units drawn is unequal despite being depicted in the
same size.

In addressing how side-by-side screens are utilised for peer feedback, we integrate Mayer’s (2002)
method of employing transfer tests to assess learner understanding. Questions and comments are
famed and analysed from the perspective of cognitive transfer. Furthermore, we utilise similarity
metrics to improve the effectiveness of data analysis (Schmidt et al., 2013) and to foreground
inconsistencies between bar model constructions. When students identify these inconsistencies, peer
feedback is engaged. Details of the analysis are provided in Table 3a and Table 3b.
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Table 2b: Sequential screenshots of Jakub’s data

4

Transformations

(a) 7

- Screen outpat for Task 2 Qusston 3

Hieniter: Meswo HZS MS 08032028

Thé Rousehatds'
o Bering i $330, o sch s e on eating in December

Beflction ed interpretations

rete———y

Nofuther actions werecbnerved.

Comnections 10 odher memes or data: Moo HIS M7_06013024

et Steps: Plan fllon-ap discussion fcussing on:
Landiions for compasisom kel

1)t pars e given
}qutions sk for e sl ()
Thcse wese 2900

‘There were 1529 s and he e were chibdren
20 chidrcn were bays, Horw sy g mere there?

Figure 4: Jakub’s data and analytic memo

This illustrates on-screen video data uploaded for analysis

using qualitative research tool. The qualitative tool utilised

enables thorough capturing of significant interactions and

facilitates the creation of corresponding analytic memos

Bar Modelling
oo

« Length = ans »

Show Grid
Bar Modeliing sor: [ - @

(1, Y hasear Y hoseoco X s crco |
o © ©

- Height » =
- Filed »

-}
own
a

—

S T

girls boyz

S —————tyy
¥
grade 7 {_ 1.5x ]
—— —

boyz

girls Black ¢ By A

Figure 5: Tereza’s screenshot Figure 6: Jakub’s screenshot

Note. From MathsBot.com (Hall, 2013)

Table 3a: Analysis of students’ contributions

Student’s contributions:

Cognitive Transfer

Image Comparison

That (pointing to Jakub’s model) is not correct.

By identifying errors or inconsistencies in
peer's work, the student demonstrates
understanding of the subject matter and
capacity to critically analyse problem-
solving approaches.

Further discussion about why he/ she thought it was
incorrect triggers a number of debates among the
students. Some were not agreeable there were any errors,
others asserted that there were errors which prompted the
comments that follow.

5x is not equal to 3x

This observation indicated the student's
ability to apply his/ her understanding of
mathematical concepts, specifically the
relationship between quantities
represented by variables (5x and 3x)

This comment shifted some students’ attention to
Tereza’s model, with one pointing out the shaded regions
indicated equal values. Someone brought up this might
mean Tereza’s model was wrong, since 5x was not equal
to 3x. Several others disagreed.

One bar should be longer and one bar should be
shorter

This statement reflected the student's
observation of a discrepancy in the lengths
of bars depicted in a diagram, showcasing
his/ her ability to apply mathematical
concepts to evaluate visual information
presented in the diagram.

There were some initial confusion which model or bar
was being referred to. This led to a deliberation that
concluded that one class has 4 more boys than the other..
A number of students started turning to their devices to
rework their constructions, others were seen cross-
referencing each other’s model
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Table 3b: Analysis of teacher’s contributions

Teacher’s contributions:

There are the same number of girls in both | Highlighting key words to restate the | Several students started to point out the same number of
classes (restating the important information). problem prompting students to re-address | girls were represented by two perfectly aligned shaded
the problem in a structured way. It brought | parts on Tereza’s models.

focus to the problem-solving transfer,
promoting meaningful learning.

How do we show that 3/5 of the students in | This is a critical juncture in the learning | Some students noticed that Tereza’s model fitted the
Grade 8 and 2/3 of the students in Grade 7 have | process. The students’ attention was | description. A number of them cross-referenced their own
the same value? Show this on your bar model. drawn to a seemingly different but | models with Teresa’s model and were making changes.

equivalent values. This is an opportunity
for meaningful learning as they grapple
with complex ideas and develop strategies

Everyone, draw (the bars) on your screen. How | This was an opportunity to be seized upon | There were significantly more discussions, some revising
do you make the rectangles equal? as the bar model approach lends itself to | their constructions, shading, re-labelling to emphasise this
effectively convey abstract concepts | aspect of the information discussed

through its visual representation.

They were then asked to write down the algebraic equation. Eventually, they arrived at the equation:
S5x-4=45x

They then solved for x by transposition and arrived at the answer: x = 8; Answer 40
Discussion and initial findings

Drijvers et al. (2016) resonate with our study's findings, indicating a shift in mathematics pedagogical
practices from teacher-led demonstrations to student-led modelling and discussions facilitated by
technology integration. The analysis outcome satisfies the research goals of using technology to help
teachers effectively analyse students' conceptual gaps. Screencasts enabled the teacher to monitor
students' math activity unobtrusively, facilitating authentic feedback to offer tailored support more
effectively. The gradual capture of Jakub's screen output showcased his potential capacity in applying
a concept, an aspect that would not be evident if viewed solely as a finished product, e.g., on pen and
paper or static display. Further, the analysis suggests that side-by-side screen shows promise in
supporting peer feedback. The images featuring similarity metrics sparked discussions among the
students, fostering cognitive transfer as they exchange perspectives while examining the images they
are comparing.

Conclusion

While the arguments presented strongly advocate for utilising digital means for assessing
mathematics, in practice, implementing the features discussed remains challenging. In our research,
we recognised a constraint regarding the efficiency of using screencasts for assessment, particularly
in larger classroom settings. While our study involves a modest sample size of 9 students, the
scalability of screencasts becomes challenging when applied to classrooms with more students.
Managing, reviewing, and evaluating a large volume of screencasts poses logistical and practical
hurdles for educators. This limitation highlights the need to explore alternative assessment strategies
or technological solutions to ensure effective assessment practices in larger classroom environments.
Another significant constraint is the lack of robust tools to cater for authentic mathematical practices
such as sketching and scribbling within the app. Certainly, resorting to paper and pen can circumvent
these constraints. However, this approach proves impractical when the objective is assessment
through technology, as only a portion of the student's work would be visible within the assessment
system. As a result, students may struggle to demonstrate their full problem-solving abilities, leading
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to a misalignment between their mathematical competence and the assessment's practice domain
(Drijvers et al., 2016).
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Conception of two informative tutoring feedback strategies for
mathematical tasks with STACK
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The increasing prevalence of computer-based teaching and learning opportunities in recent years
has led to the emergence of novel approaches for providing informative tutoring feedback (ITF). For
mathematical tasks, the tool STACK represents a promising avenue for exploration. STACK enables
the automated evaluation of open mathematical tasks and the provision of immediate feedback for
learners. This paper will therefore investigate the potential of STACK in designing ITF-strategies for
mathematical tasks. In light of this question, two distinct strategies are presented, which differ in the
case of incorrect answers with unclear causes. While in one strategy learners are then provided with
solution-specific hints for processing the task, in the other strategy they enter a task loop in which
they must work out these hints on their own. Finally, the strategies are compared in terms of their
characteristics and possible effects on students’ learning processes.

Keywords: Computer assisted learning, education, informative tutoring feedback, mathematics.
Introduction

Feedback plays a pivotal role in mathematics education, exerting a profound influence on enhanced
academic performance, with a considerable impact on student learning (Hattie, 2010). When
designing feedback, it is essential to determine whether it is incorporated into a formative or
summative assessment. Summative assessments are provided at the end of the learning process and
serve to evaluate the learning outcomes. In contrast, formative assessments are provided during the
learning process with the intention of having a positive impact on it (Pals et al., 2023). This paper
focuses on formative assessments as the objective is to design feedback that supports learning
processes.

In recent years, computer-based teaching and learning tools have offered new ways of providing
informative tutoring feedback (e.g. Erickson et al., 2020). This refers to feedback for digital learning
environments that provide learners with solution- and error-specific hints rather than concrete
solutions, enabling them to correct their incorrect answers independently. In the field of mathematics
teaching, the STACK tool represents a promising approach for this. STACK enables the automatic
assessment of open mathematical tasks and provides learners with immediate feedback (Knaut et al.,
2022).

This theoretical paper aims to investigate the use of STACK for the realization of effective ITF-
strategies for mathematical tasks. The theoretical background highlights the central role of STACK
in automatizing the assessment process for mathematical tasks. With its integrated computer algebra
system (CAS), STACK enables the evaluation of students’ answers to various mathematical tasks.
Furthermore, this section describes the relevant characteristics of ITF-strategies. Subsequently, the
research question of how STACK could be used to design ITF-strategies for mathematical tasks is
addressed. To answer this research question, two different implementations of ITF-strategies are
presented and explained. The effectiveness of both strategies is discussed on a theoretical basis,
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highlighting their potential impact on students' learning processes. The paper concludes with a
summary and an outlook on further related issues.

Theoretical background
STACK

Computer-based tools can be utilized to automatically evaluate tasks with even free input fields and
to provide learners with feedback concerning their achievement. For mathematical tasks, this can be
accomplished with STACK (System for Teaching and Assessment using a Computer algebra Kernel).
Due to the implemented CAS, the digital evaluation of tasks with any number of correct solutions is
possible (Alarfaj & Sangwin, 2022). Furthermore, emerging numerical values can be randomized. As
a result, learners are offered numerous opportunities to practise by creating a single task. Meanwhile,
STACK is available as a free plugin for Moodle, allowing the creation and use of STACK tasks in
this learning platform.

For the digital evaluation and provision of feedback, a so-called
response tree must be constructed in advance for each task (see
Figure 1). Within the response tree, the learners' answers are
checked for various mathematical characteristics in several nodes
(Knaut et al., 2022). Through the underlying CAS, it is possible, for
example, to check whether an entered function has certain zeros or
extreme points. After a positive or negative result of the check, the
path can be stopped or connected to another node for further
analysis. In Figure 1, the paths are visualized by green and red lines.
On each path, feedback can be stored and points for performance
can be added or subtracted. Overall, the construction of a response

tree enables the evaluation of various answers and the provision of _.
Figure 3: Example of a response tree

feedback for learners (Sangwin, 2023).

for a task
Informative tutoring feedback strategies

Narciss (2008) has classified various forms of feedback in terms of their content. A distinction is
made between simple and elaborated forms. While simple forms of feedback only include information
about the correctness of a task, elaborated forms include more extensive information. Examples of
simple feedback are knowledge of performance (KP), which indicates the number or proportion of
tasks solved correctly, and knowledge of result (KR), which contains a specification of which tasks
were solved correctly. An example of an elaborated form is feedback that discusses specific errors
and offers explanations for their occurrence, which is assigned to the category knowledge about errors
(KM). If solution-specific hints are included in the feedback, it is referred to as knowledge on how to
proceed (KH). Solution-specific hints contain information about strategies and necessary
intermediate steps to solve the task without presenting a complete solution.

In the case of digital learning tools such as the STACK system previously presented, a feedback
strategy can be employed to define which feedback forms are combined and presented to learners.
Accordingly, a feedback strategy is a defined plan that determines the structure and presentation of
feedback. One approach is to develop ITF-strategies, which combine simple KR-feedback with
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elaborated forms such as KH- and KM-feedback (Narciss, 2012). Instead of providing learners with
correct answers, the focus is on enabling them to use the feedback to correct their responses. As a
result, learners should be allowed to retry tasks immediately after receiving feedback. The
opportunity for immediate implementation increases the relevance of the feedback for the learners
and leads to a more intensive engagement with it (Tarning et al., 2020). This is intended to facilitate
the students’ learning processes.

Research question

In light of the potential for ITF-strategies to support learning processes, it is necessary to consider
how these strategies could be implemented in practice with current technologies. While there have
been a few studies on the implementation of ITF-strategies in digital learning environments for
specific mathematical areas, such as written subtraction (Narciss & Huth, 2004), further research is
needed on how ITF-strategies could be implemented in general for mathematical tasks. This research
is essential for the wider use of these strategies in mathematics classes and for the investigation of
them in experimental studies. The STACK system could provide a possible approach to this need.
This paper will therefore investigate the research question of how STACK could be used to design
ITF-strategies for mathematical tasks. To answer the research question, two possible approaches
using STACK are developed, which both respect the presented characteristics of ITF-strategies. The
two strategies are described in detail in the subsequent chapter.

Conception of ITF-strategies with STACK

Firstly, we consider the two cases in which either a correct solution or an erroneous solution is entered
where the cause of the error is recognizable. The design of the two strategies is identical for these two
cases. In both strategies, students receive KR-feedback in the event of a correct input. The correct
solution can be verified in STACK in two different ways due to the underlying CAS. The answer can
be compared with a saved sample solution for algebraic equivalence or tested for relevant properties.
These options ensure that every correct answer is recognized, even if it is entered in a different form
(e.g. fraction instead of a decimal number) or if there are any number of correct answers. For certain
incorrect answers, both strategies offer KM feedback. This necessitates the implementation of
appropriate checks in advance within the response trees. Due to the CAS, it is sufficient to test the
submitted answer for relevant mathematical characteristics and hence no explicit incorrect solutions
need to be stored within the response trees. For example, it is possible to ascertain whether an inserted
function has the requisite degree or whether the correct variable has been used. This approach enables
the identification of numerous incorrect responses, all attributable to a common set of error sources,
within individual nodes. In this way, differentiated KM-feedback can be formulated for several
typical errors.

The described common components of both strategies are illustrated in Figure 2 in the form of a
diagram for an exemplary integral task. As previously stated, KR-feedback is displayed if the input
is correct. In the event of an incorrect answer, several different error-specific hints have been stored
where the cause of the error can be deduced reliably enough to provide KM-feedback. For the sake
of clarity, not all five KM-feedback cases are listed in full in Figure 2, but only two of them. In the
first case shown (see top left in Figure 2), feedback is given if a solution has been entered that arises
when the product of two integrals has been calculated instead of the integral of the product. This
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scenario utilizes an example to explain why this method is typically not allowed. The second case,
depicted in the top right of Figure 2, concerns a scenario where the correct approach of partial
integration has been selected, but the terms in the formula have been added instead of subtracted. The
formula is shown, with the minus sign highlighted in red.

Exemplary KM-Feedback Exemplary KM-Feedback
Your answer is not correct. You have probably calculated the Your answer is not correct. You have probably used the
product of two integrals to calculate the integral. This does not correct formula but added instead of subtracting in the
give the correct result. Just consider the example: formula (marked in red).

zt J} f'(2) - glz) dz = [f(z) - g(x)]’ — [ f(z) - ¢'(x) dz

%w3=fa:-:cdx7éfa:d:v-fmdm=%rz-%acz:

i

] Task: Calculate the following
Explanation integral: KR-Feedback
—Jp Right Answer 2
Wrong Answer with [ 2z - e®dx e t):;.l}j( :2::3;? I\:red s
recognizable cause =1l y:

KM-Feedback ‘ ‘ KM-Feedback ‘ ‘ KM-Feedback

Figure 2: Common feedback components of both strategies in an integral task

Now the challenging question arises of how to deal with certain incorrect entries for which no specific
error causes have been created in the response tree. This is a likely scenario, as task creators cannot
consider every possible cause of error in advance. In addition, particularly in the case of more
complex tasks, a combination of several error causes can result in incorrect answers that cannot be
recognized based on the final solution. Nevertheless, it is of the utmost importance to ensure that
students receive constructive feedback even in the event of such erroneous entries, in order to enable
them to identify their mistakes and rectify their solutions. The two feedback strategies deal with this
situation differently.

As part of the first feedback strategy, students receive KH-feedback in the event of an incorrect
answer that was not saved in the response tree. The feedback contains solution-specific instructions
for processing the task. However, the correct solution is not anticipated, as the students are asked to
use the information presented to perform the last step independently. In this way, learners still have
the opportunity to correct their answers. We describe this strategy as summarizing feedback.

This case is illustrated in Figure 3 for the integral task. In the event that an incorrect response cannot
be attributed to an underlying error, we present the formula for partial integration in the KH-feedback.
Furthermore, the choice of functions for the two factors and the resulting expression are presented. It
is now the learner's task to calculate this new integral expression.

However, the second feedback strategy handles this case differently. In the event of an incorrect

answer, for which the cause of the error is not stored in the response tree, the second feedback strategy
does not provide any error-specific feedback. Instead, students can enter a task loop in which they
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Explanation KH-Feedback

Wrong Answer without Your answer is not correct. To calculate the integral, you need the formula for
partial integration. This is:

ff'(w) -9(x) dz = [f(x) - g()] —ff(w)~g’(w) dz

recognizable cause

Task: Calculate the following

integral: In order to obtain a more simple expression, you should select f'(z) = e
3 and g(z) = 2z. This will give you the following expression:

f 2z - e"dx 2 2
= / e’ - 2z dm:[e”-Zm]gl—f e’ 2 dx
71 =

1

Use this new expression to solve the task again.

Figure 3: KH-component of the summarizing feedback in an integral task

work their way through the entire task in a series of sub-steps. In these task loops, the solution-specific
hints from the summarizing feedback are now reformulated as questions which now should be
answered by the students. They also receive error-specific feedback while working through the sub-
steps. This feedback is usually more extensive than the feedback received when working through the
initial complex task. The reason for this lies in the fact that more precise insights into the causes of
errors can be drawn from the answers to the sub-steps. We refer to this strategy as guiding feedback.

In Figure 4, the case in which an incorrect response was entered that cannot be traced back to the
cause of its error is now visualized for the guiding feedback. Concerning this situation, a button is
displayed in the feedback that leads to the task loop (see Figure 4). The first sub-step relates to the
necessary method for calculating the integral. In a drop-down menu, the correct solution (partial
integration) among some distractors can be selected. If the answer is incorrect, KM-feedback is given
for each answer option, explaining why the selected option is not appropriate or not permitted. If the
answer to the first sub-step is correct, KR-feedback appears, which leads to the next sub-step. While
the second sub-step still has a closed answer format, the third, fourth and fifth sub-steps employ an
open input field format. For these three open input fields, a total of ten error-specific hints are
provided if required. These error-specific hints are not explicitly shown in Figure 4 for reasons of
clarity. In the fifth sub-step, learners are asked to specify a suitable antiderivative. Once this last sub-
step has also been successfully completed, students return to the initial task. Subsequently, learners
may re-engage with the task using the sub-solutions they have worked out. Their sub-solutions are
displayed so that they can easily access them. The task loop described can be repeated if necessary.
The creation of these task loops is not a regularly offered feature of STACK. This option was
developed at the Ruhr University Bochum by incorporating an additional JavaScript program (Altieri
et al., 2020).

It can be argued that both strategies have the potential to support students' learning processes. Both
strategies contain at least one important elaborated component in addition to the evaluative one
(Kulhavy & Stock, 1989). Moreover, both strategies encourage learners to become active and correct
their answers independently. In both cases, this could lead to a more intensive engagement with the
feedback and thus have a positive effect on the learning process (Térning et al., 2020).
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Figure 4: Task loop of the guiding feedback in an integral task

One favor of summarizing feedback lies in the fact that solution-specific cues target correct solution
strategies. Therefore it could have a more motivating effect (Fong et al., 2019). In addition, similar
to the use of correct solutions (Renkl, 2014), the presentation of solution-specific hints can be
assumed valuable. Solution-specific hints draw students' attention to the correct solution procedure,
making it easier for them to focus on acquiring new knowledge (GroBe & Renkl, 2007). Furthermore,
its design could contribute to a clearer overview when working on the task and therefore lead to a
better understanding.

Nevertheless, it can be argued that the guiding feedback has a more profound effect on the learning
process, as the students are required to comprehend and apply the content of the feedback within the
task loops to a greater extent. The individual sub-steps that are displayed in the summarizing feedback
must be worked out independently in the tasks with guiding feedback. This could have a direct
influence on the self-efficacy of the students, as it provides more opportunities for mastery
experiences (Bandura, 1997; Ramdass & Zimmerman, 2008). Another advantage that results directly
from the task loops is that errors can be traced back more precisely to their causes when working
through the sub-steps. In this manner, the feedback can be employed to ascertain the learning status
and assist students in closing learning gaps (Hattie & Timperley, 2007).

Conclusion and outlook

The presented tool STACK is appropriate for the creation of tasks with formative feedback due to its
numerous technical possibilities. The response tree in STACK can be used to provide learners with
elaborated feedback on their answers. For this purpose, task creators must consider in advance, based
on literature or empirical observations, which mistakes learners might make. They can then create
response trees with appropriate checks and corresponding KM-feedback. However, the causes of
errors can only be anticipated in advance to a certain extent. To also handle incorrect answers that
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cannot be traced back to specific errors by defined response trees, two feedback strategies were
presented in this paper. In the summarizing feedback, solution-specific hints are presented. Despite
this, in the guiding feedback, only error-specific hints are given, while intermediate solutions must
be worked out in sub-steps.

The question of whether one of these feedback strategies offers greater support for students' learning
processes requires empirical investigation. On the basis of theoretical considerations, reasons could
be identified for both feedback strategies explaining their potential support for learning processes.
Comparative studies are necessary to explore this further. Certainly, the effectiveness of the feedback
strategies also depends on other factors to be investigated, such as the topic or the difficulty of the
task and the individual prerequisites of the learners. A final decision between the two strategies may
not be required by task creators, as strengths of the two feedback strategies may differ in cognitive,
motivational and metacognitive areas.

References

Alarfaj, M., & Sangwin, C. (2022). Updating STACK Potential Response Trees Based on Separated
Concerns. International Journal of Emerging Technologies in Learning (iJET), 17(23), 94-102.
https://doi.org/10.3991/ijet.v17i23.35929

Altieri, M., Horst, J., Kallweit, M., Landenfeld, K., & Persike, M. (2020). Multi-step procedures in
STACK tasks with adaptive flow control. https://doi.org/10.5281/zenodo.3944786

Bandura, A. (1997). Self efficacy: The exercise of control. W. H. Freeman.

Erickson, J. A., Botelho, A. F., McAteer, S., Varatharaj, A., & Heffernan, N. T. (2020). The
automated grading of student open responses in mathematics. Proceedings of the Tenth

International ~ Conference  on  Learning  Analytics &  Knowledge,  615-624.
https://doi.org/10.1145/3375462.3375523

Fong, C. J., Patall, E. A., Vasquez, A. C., & Stautberg, S. (2019). A Meta-Analysis of Negative
Feedback on Intrinsic Motivation. Educational Psychology Review, 31(1), 121-162.
https://doi.org/10.1007/s10648-018-9446-6

Grofle, C. S., & Renkl, A. (2007). Finding and fixing errors in worked examples: Can this foster
learning outcomes? Learning and Instruction, 17(6), 612-634.
https://doi.org/10.1016/].learninstruc.2007.09.008

Hattie, J. (2010). Visible learning: A synthesis of over 800 meta-analyses relating to achievement
(Reprinted). Routledge.

Hattie, J., & Timperley, H. (2007). The Power of Feedback. Review of Educational Research, 77(1),
81-112. https://doi.org/10.3102/003465430298487

Knaut, J., Altieri, M., Bach, S., Strobl, 1., & Dechant, K. (2022). A Theory-Based Approach of
Feedback in STACK-Based Moodle Quizzes Taking into Account Self-Regulation and Different

Proficiency of Learners. International Journal of Emerging Technologies in Learning (iJET),
17(23), 38-55. https://doi.org/10.3991/ijet.v17i123.36425

Proceedings of the 14" ERME Topic Conference FAME, 5-7 June 204, Utrecht, The Netherlands — ISBN 978-90-393-7788-8 260


https://doi.org/10.3991/ijet.v17i23.35929
https://doi.org/10.5281/zenodo.3944786
https://doi.org/10.1145/3375462.3375523
https://doi.org/10.1007/s10648-018-9446-6
https://doi.org/10.1016/j.learninstruc.2007.09.008
https://doi.org/10.3102/003465430298487
https://doi.org/10.3991/ijet.v17i23.36425

Kulhavy, R. W., & Stock, W. A. (1989). Feedback in written instruction: The place of response
certitude. Educational Psychology Review, 1(4), 279-308. https://doi.org/10.1007/BF01320096

Narciss, S. (2008). Feedback strategies for interactive learning tasks. In van Merrienboer, J. M.
Spector, M. D. Merrill, & M. P. Driscoll (Eds.), Handbook of research on educational
communications and technology (3rd ed., pp. 125-144). Lawrence Erlbaum.

Narciss, S. (2012). Feedback Strategies. In N. M. Seel (Ed.), Encyclopedia of the Sciences of Learning
(pp. 1289-1293). Springer US. https://doi.org/10.1007/978-1-4419-1428-6_283

Narciss, S., & Huth, K. (2004). How to design informative tutoring feedback for multi-media
learning. In H. M. Niegemann, D. Leutner, & R. Briinken (Eds.), Instructional Design for
Multimedia learning (pp. 181-195). Waxmann.

Pals, F. F. B, Tolboom, J. L. J., & Suhre, C. J. M. (2023). Development of a formative assessment
instrument to determine students’ need for corrective actions in physics: Identifying students’
functional level of wunderstanding. Thinking Skills and Creativity, 50, 101387.
https://doi.org/10.1016/].tsc.2023.101387

Ramdass, D., & Zimmerman, B. J. (2008). Effects of Self-Correction Strategy Training on Middle
School Students’ Self-Efficacy, Self-Evaluation, and Mathematics Division Learning. Journal of
Advanced Academics, 20(1), 18—41. https://doi.org/10.4219/jaa-2008-869

Renkl, A. (2014). The Worked Examples Principle in Multimedia Learning. In R. E. Mayer (Ed.),
The Cambridge Handbook of Multimedia Learning (2nd ed., pp. 391-412). Cambridge University
Press. https://doi.org/10.1017/CBO9781139547369.020

Sangwin, C. (2023). Running an Online Mathematics Examination with STACK. International
Journal  of Emerging  Technologies in  Learning  (iJET), 18(03), 192-200.
https://doi.org/10.3991/ijet.v18103.35789

Téarning, B., Lee, Y. J., Andersson, R., Mansson, K., Gulz, A., & Haake, M. (2020). Assessing the
black box of feedback neglect in a digital educational game for elementary school. Journal of the
Learning Sciences, 29(4-5), 511-549. https://doi.org/10.1080/10508406.2020.1770092

Proceedings of the 14" ERME Topic Conference FAME, 5-7 June 204, Utrecht, The Netherlands — ISBN 978-90-393-7788-8 261


https://doi.org/10.1007/BF01320096
https://doi.org/10.1007/978-1-4419-1428-6_283
https://doi.org/10.1016/j.tsc.2023.101387
https://doi.org/10.4219/jaa-2008-869
https://doi.org/10.1017/CBO9781139547369.020
https://doi.org/10.3991/ijet.v18i03.35789
https://doi.org/10.1080/10508406.2020.1770092

Students’ instrumentalizations of hints and automated feedback in
their task solution process when learning mathematics with a digital
curriculum resource
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Automated feedback is a characteristic feature of digital curriculum resources. Recently, there has
been a growing interest in students’ perspectives on feedback. Feedback is increasingly regarded as
a dialogic process in which learners make sense of information from varied sources and use it to
enhance the quality of their work or their learning strategies. This study aims to further contribute to
the body of research on the learners’ perspectives on feedback, by investigating for what purpose
students make use of hints and automated feedback when learning mathematics with a digital
curriculum resource. Students’ use of hints and automated feedback is analyzed through the lens of
instrumental genesis. Results from a qualitative study with eight 8th-grade students show which type
of hint or feedback is used at what phase for what purpose in the process of solving tasks from a
widely available online curriculum resource.

Keywords: Automated feedback, hints, user study, students, digital curriculum resources.
Introduction

Automated feedback is a characteristic feature of digital curriculum resources (Choppin et al., 2014;
Rezat, 2020). It aims to support students individually in their learning processes. The important role
of feedback in learning is widely acknowledged (Hattie & Timperley, 2007). For a long time,
feedback was regarded as a unidirectional process in which learners are viewed as receivers of
information from an external source that they use to enhance their learning. Consequently, most
research on feedback focuses on variables of the feedback message, such as the contents or the timing
of when it is provided. Only in the past years, there has been a growing interest in students’
perspectives on feedback (Esterhazy & Damsa, 2019; Molloy & Boud, 2014; Olsson, 2018).
Feedback is increasingly regarded as a dialogic process in which learners make sense of information
from varied sources and use it to enhance the quality of their work or their learning strategies (Carless,
2015). Consequently, the meaning of feedback is not only determined by the feedback message, but
by both, the agent and the user (Esterhazy & Damsa, 2019). Accordingly, there is a growing interest
in better understanding how students seek, interpret, and use information related to their learning and
how programs are designed to foster this (Molloy & Boud, 2014).

Elsewhere, I have shown how feedback can afford or constrain students’ conceptual development
(Rezat, 2021) and that the interpretation of signs related to feedback on the artifact level imposes
additional challenges on students (Rezat et al., 2021). This study aims to further contribute to the
body of research on the learners’ perspective on feedback, by investigating the research question: For
what purpose do students make use of hints and automated feedback when learning mathematics with
a digital curriculum resource? The focus here is on the purpose of using the supportive information
provided by the digital curriculum resource.
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Theoretical framework

The instrumental approach (Rabardel, 2002) theorizes cognitive aspects of human interactions with
digital artifacts and has proven useful in understanding students’ learning of mathematics with
Computer-Algebra and Dynamic Geometry Systems. In this paper, hints and feedback are considered
artifacts developed to support students individually in their learning of mathematics. To develop a
detailed account of how hints and feedback function in the learning process, students’ use of these
artifacts is analyzed through the lens of the instrumental approach.

Instrumental approach

According to Rabardel (2002) an artifact is transformed into an instrument in use. An instrument is a
psychological entity that consists of an artifact component and a scheme component. In using the
artifact, the subject attributes functions to the artifact and develops or adjusts utilization schemes that
are shaped by both, the artifact and the subject. Attributing functions and the development of
utilization schemes are two opposite but intertwined processes, which Rabardel refers to as
“instrumentalization” and “instrumentation”. In this paper, the focus is on the different functions that
students attribute to hints and feedback in their learning process while solving tasks in an online
learning platform and thus on their instrumentalization. Rabardel (2002, p. 106) defines
instrumentalization as a “process in which the subject enriches the artifact’s properties”. Although
this process is grounded in the artifact’s intrinsic characteristics and properties, it is mainly linked to
the subject’s goals and conditions for action in a situation.

Hints and feedback

Feedback is widely defined as “information provided by an agent (e.g., teacher, peer, book, parent,
self, experience) regarding aspects of one’s performance or understanding” (Hattie & Timperley,
2007, p. 81). Therefore, it only relates to information provided to students after they have solved a
task and entered a solution into the system. However, many digital curriculum resources also offer
information that learners can access on their way to their first solution before they have entered it into
the system. This information is widely referred to as hints, cues, prompts, or tips. Referring to
conceptualizations of feedback as a dialogic process in which learners make sense of information
from varied sources and use it to enhance the quality of their work or their learning strategies (Carless,
2015) it makes sense to include this information in the analysis. Therefore, this paper analyzes
students’ use of supportive information provided by a widely used online curriculum resource that is
offered in addition to the task itself before or after students have entered a solution to a task into the
system. Consequently, clear conceptualizations of both, hints and feedback are necessary.

Whether a given task is a routine task or a problem does not only depend on task features but also
students’ knowledge and abilities. If students do not know how to find the solution to a given routine
task immediately, the task becomes a problem for students. Zech (2002) suggests a taxonomy of five
levels of hints that might support students in their problem-solving process: 1) motivational hints that
motivate learners to continue the problem-solving process, 2) feedback that informs learners about
the correctness of the selected solution strategy or achieved intermediate steps towards the solution,
3) general strategic hints that suggest a general problem-solving strategy to learners, 4) content
specific strategic hints that provide learners with information about the solution strategy for the
problem at hand, 5) content related hints provide learners with particular content that is relevant for
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solving the problem. A comparison between these types of hints and the different types of feedback
in the next paragraph will show unmistakable overlaps in their content. Additionally, the digital
curriculum resource used in this study sometimes offers the same information before and after
entering the solution. Therefore, depending on when the information is presented it would be either
considered a hint or elaborated feedback. Consequently, I use the same terminology to distinguish
the different types of hints and feedback.

To differentiate different types of feedback offered by digital curriculum resources, the study
presented in this paper refers to the classification of feedback according to Shute (2008). Shute
distinguishes different types of feedback according to their complexity. The following types are
relevant:

1. Knowledge of results feedback (KR) informs the learner about the correctness of an answer.

2. Knowledge of correct response (KCR) feedback informs the learner about the correct
response.

3. Repeat-until-correct (RUC) feedback informs the learner about an incorrect response and
offers the possibility of a new try to answer the task.

4. Location of mistakes (LOM) feedback informs the learner about the location of an error in the
solution without giving the correct response.

5. Elaborated feedback (EF) offers further information regarding the solution of the task or the
solution of the learner.

For the last type (EF), the literature distinguishes many different subtypes. For the study presented in
this paper, the following types of EF are relevant that Shute (2008, p. 160) subsumes under “topic
contingent” and “hints/clues/prompts”:

= knowledge about concepts (kac),
= knowledge or strategic information on how to proceed (kohp),
= aworked example or demonstration (we)

Types of hints and feedback in the used digital curriculum resource

As apparent from the theoretical framework, hints and feedback are characterized differently and use
different terminology. However, the contents of the messages seem to be equivalent in many cases.
Additionally, bettermarks shows the same message sometimes as a hint and sometimes as feedback.
To develop a clear terminology to denote the information provided by hints or feedback messages,
the types of hints according to Zech (2002), types of feedback according to Shute (2008), and the
features of the used digital curriculum resource (DCR) that contain these types of hints and feedback
are juxtaposed in Table 1. This juxtaposition reveals the overlaps in terms of the content of the
feedback message. However, the scope of some of the types is different. On the one hand, the
differentiation between general and content-specific strategic hints is not mirrored in different types
of feedback, on the other hand, both, elaborated feedback presenting knowledge on how to proceed,
or a worked example can be considered content-specific strategic hints. Comparing the types of hints
and feedback with the related features in the curriculum resource shows that a single feature may
present a variety of different types of hints or feedback. Especially the feature “Tip” may provide
knowledge about concepts, knowledge on how to proceed, or a worked example.
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Table 1: Juxtaposition of hints, types of feedback, and related features in the used DCR

Type of hint Type of feedback Appearance in the DCR

1) motivational hints - -

2) hints that provide learners with KR-feedback KR-feedback after a solution was
feedback about the correctness of the entered

selected solution strategy or
achieved intermediate steps toward

the solution

3) general strategic hints EF (kohp) -
4) content specific strategic hints EF (kohp) Feature called “Tip”
Sometimes shown automatically
after entering a wrong solution
EF (we) Feature called “Lookup”
Feature “Example” sometimes
appearing after a wrong solution
5) content related hints EF (kac) Feature called “Tip”
Linked technical terms in the task
Methodology

This study aims to analyze students' use of hints and feedback from digital curriculum resources in
an ecologically valid setting. Therefore, the widely used resource bettermarks
(www.bettermarks.com) was used. Bettermarks offers a wide range of different types of hints and

feedback while solving a task. It is licensed in several federal states in Germany by the federal
ministries of education and thus offered for free to schools. In this study, eight students in eighth
grade were working on a unit on percentages. The unit comprised a set of 17 tasks and problems that
students worked through at the end of the unit on percentages as a preparation for a test. The tasks
were carefully selected to comprise different kinds of problems covering all the content that was
relevant for the test and offering to students possibly all the different kinds of hints and feedback
available in bettermarks (at that time). The eight students worked on the set of tasks at home in their
familiar setting in a video conference with the interviewer on a shared screen. The students were used
to working with bettermarks at home. Thus, the situation of using bettermarks was kept as natural as
possible. The only difference was the presence of the interviewer in the video conference.

The recordings of the video conferences provide the data for this study. The videos were analyzed
using the qualitative data analysis software MAXQDA. In the first step, each video was coded for the
different types of hints and feedback used by the students. In the second step, each episode in which
the students used a hint or received feedback was analyzed in terms of the purpose that the students
associated with its use. This was done based on the constant comparative method (Corbin & Strauss,
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Procedure

The pair of students worked together on the modeling activity within the mathematics class. They
solved the tasks in the order in which they appeared in the activity. After completing the first task,
the students did not refer to the post-submission report (despite the teacher’s request to do so), but
they did refer to it after completing the rest of the tasks.

Data collection and analysis

The data collected in the study consisted of (a) students’ submissions from the STEP platform, (b)
video recordings of the pair’s computer screen while working on a modeling activity, and (c) field
notes of the researcher taken during the pair observations.

To answer the first research question, the first author attended and observed the whole class, focusing
on the pair of students while using the post-submission report. The recordings and notes taken during
the observations were then transcribed. We analyzed all the statements and actions that the students
performed during the interaction with the post-submission report, while focusing on which parts of
the report they referred to. The first author defined and coded the data by mapping each statement
and action within the MC and linking it to MMC. She then generated categories for students’
statements and actions (detailed below). To answer the second research question, the first author
examined the interactions she found while answering the first question and associated them with the
modeling process. She formulated the answer to the second question by describing the routes within
the MC.

The research was by the Faculty of Education at the University of Haifa and the Israeli Ministry of
Education's IRBs.

Findings

Next, we present the submitted examples, the post-submission report of the second task (see Figures
3 and 4), and students’ interactions with the post-submission report.

Figure 3: The three examples Ray and Lour submitted

After submitting three examples in the second task (represented in figure 3), Ray and Lour referred
to the post-submission report. The post-submission report presented to the students (Figure 4)
consisted of two lists that were prepared as part of the task design: (1) Task requirements: a list of
critical characteristics that provide information on whether the example is an example of Yael’s ride,
as described in the task. Each characteristic is marked as V or X according to its existence in the
example. (2) Example characteristics: A list of non-critical characteristics that can give students a

Proceedings of the 14" ERME Topic Conference FAME, 5-7 June 204, Utrecht, The Netherlands — ISBN 978-90-393-7788-8 281



sense of the breadth of their personal example space. This list includes the characteristics that the task
designers would like to deepen the students' interaction with; therefore, the full list appears beneath
each example. After analyzing the submitted examples, STEP highlights the characteristics that exist
in each example in yellow. Among these characteristics are the various mathematical attributes of the
different graphs and their implications on the real-life situation described in the task.

As shown in the report, the submitted examples met the task requirements of overall time and overall
distance. In addition, the following eight characteristics were assessed in each example: Yael started
the ride from home, Yael finished riding at home, Yael changed direction at least once, Yael stopped
at least once, Yael rode at different speeds, Yael passed through home, Yael started the ride at 8 am,
and Yael started the ride before 8§ am. According to the automated analysis, three characteristics out
of them existed in the three examples: Yael started the ride from home, Yael rode at different speeds,
and Yael started the ride at 8 am.

Task requirements Task requirements Task requirements 1%
Overall time meets the task requirements v | Overall time meets the task requirements v Overall time meets the task requirements
Overall distance meets the task reauirements v | Qverall distance meets the task reauirements « Overall distance meets the task reauirements v
Example characteristics Example characteristics Example characteristics

Yael slarted the ride from home Yael started the ride from home Yael started the ride from home

Yael finished riding at home Yael finished riding at home Yael finished riding at home

Yael changed direction at least once Yael changed direction at least once Yael changed direction at least once

Yael stopped at least once Yael stopped at least once Yael stopped at least once

Yael rode at different speeds Yael rode at different speeds Yael rode at different speeds

Yael passed through home Yael passed through home Yael passed through home

Yael started the ride at 8 am Yael started the ride at 8 am Yael started the ride at 8 am

Yael started the ride before 8 am Yael started the ride before 8 am Yael started the ride before 8§ am

Figure 4: the post-submission report Ray and Lour received

Below are some of Ray and Lour's reactions to the post-submission report.

1 Lour: Yael started the ride from home, Yael stopped at least once, Yael rode at different
speeds, Yael started the ride at 8 am. [Pointing at the characteristics
highlighted in yellow in the list]

2 Ray: Yael finished riding at home. However, they did not tell us. [Pointing at the second
characteristic on the list: “Yael finished riding at home,” which appeared
beneath all examples].

3 Ray: Yael changed direction at least once. [Pointing at the third characteristic in the list:
“Yael changed direction at least once,” which appeared beneath all
examples].

4 Lour: Yael stopped at least once. [Pointing at the fourth characteristic in the list: “Yael

stopped at least once,” which appears beneath the left example].

Lour: Here she stopped. [Pointing at the graph of the left example]

6 Lour: Yael passed through home. Why was this not highlighted? [Pointing at the sixth
characteristic in the list: “Yael passed through home,” which appears
beneath the three examples].

Ray: because we did not make her pass.

Ray: all answers are the same. We did a stop only in the left example. [Pointing at the fourth
characteristic in the list: “Yael stopped at least once,” which appears
beneath the left example].

V)]

[o BN

Proceedings of the 14" ERME Topic Conference FAME, 5-7 June 204, Utrecht, The Netherlands — ISBN 978-90-393-7788-8 282



9 Ray: If she drove for 5 hours then this will be incorrect? [ Asking the teacher while pointing
at the first task requirement “overall time meet the task requirement”]
10 Teacher: right. You will get X beside the first task requirement

The following categories describe the students’ use of the post-submission report:

Deepening interaction with the example characteristics

The validation process in mathematical modeling involves a series of critical steps aimed at ensuring
that the obtained mathematical results accurately reflect real-world situations (Ferri, 2018). In lines
1,4,5 and 8, the students used the verbal description within the report to validate the characteristics
of their submitted examples, even though their answers were correct. The interaction with the report
enabled them to go through a control process in which the designed characteristics helped them reflect
on their answers within the given situation and think about the differences between the graphs
submitted. This is not what we would expect in the case of a "correct" answer and indicates the
deepening of the interaction with the transition between a realistic situation and a mathematical
situation.

The need of external validation

Lines 9-10 describe the interactions between Ray, the report, and the teacher. By asking the teacher
about the effect of alternative input data on what is presented in the post-submission report, a “what
if” situation, Ray ensures that she understood the first critical characteristic (overall time), and its
mathematical representation. This interaction indicates that in some cases, external validation, in this
case the teacher’s mediation, is needed in order to understand the results of the report, which is also
attributed to the control step within the validation process.

Focusing on the task requirements

In line 2, Ray compared the results of the automated analysis with task requirements. She emphasized
that the given situation did not require finishing the ride at home; therefore, they did not submit such
an example of a graph. Thus, she validated the mathematical results in a given real situation. This
might indicate that students prefer to focus on task requirements more than on other mathematical
characteristics.

Unattended characteristics

Ray and Lour did not attend to the non-critical characteristic “Yael started the ride before 8 am” that
appears at the end of the list. This might have happened because it was a negation of the characteristic
before it, “Yael started the ride at 8 am”.

Next, we describe how students’ use of the post-submission report affects their MMC by describing
the new nonlinear modeling route within the MC.

New non-linear modeling route

While associating the analyzed interactions (mentioned above) within the modeling process, we
noticed that the interaction with the report, as part of the feedback process, enabled the students to
perform a new route within the MC. The students, being at the “real results” phase, arrived to the
“real situation” phase by proceeding within the MC in the following order: interpreting the real results
presented as verbal descriptions in the post-submission report, validating the mathematical
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interpretations of the real situation with their submitted examples while using the mathematical model
(the graphs), gaining insights to the real situation. For example, in lines 4-5, Lour noticed that the left
example represents a situation in which Yael stopped at least once, although the trip description did
not require that. Here, she performed a modeling route that included ensuring that the mathematical
results obtained accurately reflected the real-world situation by emphasizing what appeared in the
mathematical model (by pointing at the graph). Another example is shown in lines 6-7, by pointing
at and reading the characteristic “Yael passed through home” Lour attended the real results presented
as verbal descriptions. Indeed, this conversation validates the mathematical interpretations of a real
situation with the submitted examples while using the mathematical model. In this situation, unlike
Lour, Ray recognized that the mentioned characteristic did not exist in their examples, which shows
that she made a connection between the mathematical model and the given verbal description. In both
examples, the fact that the students made a connection with the given situation can be interpreted as
a return to the real situation.

Discussion and conclusions

The aim of the present study was to examine how an automated post-submission report can serve as
a bridging tool between the literacy phenomenon and the given mathematical model. To this end, we
explored students’ use of post-submission reports while working on a modeling activity and its effect
on their modeling process. Contrary to traditional mathematical problem solving, in which students
often conclude their process with the acquisition of mathematical results, the validation process in
mathematical modeling goes beyond (Ferri, 2018). The competencies required for effective validation
involve critical checking and reflection on the solutions found. Technological tools can assist in this
process not only by providing interactive simulations but also by enhancing the feedback process in
other ways. Our findings illustrate this idea and answer the second research question: the verbal
descriptions in the post-submission report helped Ray and Lour validate their answers by reviewing
various parts of their solution within the given situation and the given mathematical model (graphs)
by critically checking the submitted examples and reflecting on them. By interacting with the post-
submission report, a non-linear modeling route was identified: from the real result (Phase 6) to the
mathematical model (Phase 4) to the real situation (Phase 1). This new route enables students to
interpret and validate mathematical results obtained in the extra-mathematical world. These findings
support the idea that artifacts such as personal reports, which are designed as tools by others, may
become instruments for learning (Yerushalmy et al., 2023) and contribute to the hypothesis that the
post-submission report serves as a bridging tool between the literacy phenomenon and the given
mathematical model.

Usually, reports are the last step in the feedback process and do not prompt further meaningful
interaction with the task, especially if the answer is correct. In this study, the findings, which answer
the first research question, show that the post-submission report is an integrative part of the ongoing
feedback process, which enables students to make sense of information relating to the task and
regarding aspects of their understanding (Hattie & Timperley, 2007). Indeed, looking at the whole
interaction of the students with the task as a holistic feedback process that includes using the
simulation and interpreting the results of the post-submission report contributes to the validation
process that occurs while engaging with the report. For this purpose, a post-submission report is a
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pivotal part of the task. It should be noted that the findings for this study are preliminary, concerning
one pair of students, but we will expand the sample to more pairs.
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Combining self-assessment and automatic-assessment —
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This paper introduces a digital learning environment featuring a novel assessment module that
merges self-assessment and automatic-assessment. This integration is particularly notable given the
limited research on combining these two assessment forms. The module aims to leverage the reflective
nature of self-assessment with the efficiency and objectivity of automatic-assessment, potentially
enhancing learning outcomes. The paper also outlines the initial phase of a mixed-methods study
designed to evaluate this combined assessment module. This study will provide a comprehensive
analysis of the module's effectiveness compared to other assessment methods. Through this research,
we aim to offer valuable insights into the benefits and limitations of integrating self-assessment and
automatic-assessment in educational settings.

Keywords: Automatic-assessment, self-assessment, technology, linear functions.
Theoretical background

Previous studies have shown that digital formative assessment can support student learning, for
example through automatic-assessment and feedback on students' solutions (Harel et al., 2022; Olsher
& Thurm, 2021). Furthermore, self-assessment is considered important for the development of
students' metacognitive skills and the promotion of personal responsibility for their own learning
process (Andrade, 2019). However, there is a gap in research that addresses the combination of
automatic-assessment and self-assessment to support mathematical learning processes (Olsher &
Thurm, 2021).

Self-assessment can be conceptualized as a process in which students reflect on the quality of their
work, evaluate how well it aligns with established goals or criteria and make modifications
accordingly (Andrade et al., 2019). Self-assessment can promote students' metacognitive and self-
regulatory processes by encouraging them to evaluate, reflect on and revise their work (Panadero et
al., 2017). However, it is important to emphasize that self-assessment carries the risk of students
drawing incorrect conclusions about their learning process.

Technology offers various ways to support formative assessment and formative self-assessment, for
example with interactive tasks and adaptive real-time feedback (Harel et al., 2022; Olsher & Thurm,
2021, Olsher et al., 2016). As Harel et al. (2022) showed, students working on digital “example-
eliciting tasks” (tasks in which students construct examples that illustrate/support their answers to a
given problem) can be supported by automatic “attribute isolation elaborated feedback™ (AIEF) by
providing information on whether specific predefined mathematical characteristics are present in their
constructed examples. In this context, Olsher and Thurm (2021) suggested that learner engagement
can be further enhanced if they self-assess their work in terms of the predefined characteristics before
receiving the AIEF.
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Designing an EET addressing the positional relationships of two linear functions

Based on the concept of Olsher and Thurm (2021), we developed a digital learning setting using a
GeoGebra applet. The learning setting aims to explore the relationship between the parameters, the
number of intersection points, and the positional relationships of two linear functions.

The task requires students to construct three examples with different positional relationships between
two linear functions (see Figure 1, left, for one example). To do this, students can move points on the
graphs, use sliders or change the parameters on an algebraic level. In the task, students should also
formulate a conjecture about how the parameters, the positional relationships and the number of
intersection points of the two linear functions relate to each other (Figure 1, box on the right). An
example of a students” conjecture could be: “Both graphs always intersect if one function has a
positive and one has a negative slope”.

Generate three different examples with different positional relationships of the two linear functions

points relate to each other?

How do the parameters, the positional relationships and the number of intersection
M v
SRR Y ho)

\/ Points
_ Edit fields

Sliders

Figure 1: Task and GeoGebra applet

After the students have solved the task (Figure 1), they first evaluate each of their constructed
examples and decide which of twelve predefined characteristics are present in their constructed
examples (Figure 2, left). If they are unsure whether a characteristic is present, they can indicate this
by selecting the question mark. Since the students are supposed to explore the relationship between
the parameters, the number of intersection points and the positional relationships, the characteristics
were constructed in such a way that each characteristic relates to one of the aspects (parameters,
number of intersection points, positional relationships). In addition, we defined a characteristic which
is not possible to generate with any example to inspire further reasoning processes. After submitting
their work, students receive a report consisting of three parts:

a) an overview of their self-assessment (can no longer be changed),

b) an overview of the automatic-assessment (i.e., overview of which characteristics are present in
their examples)

¢) a combined overview showing conflicts between the self-assessment and the automatic-assessment
(Figure 2, right).

Subsequently students work on the task again to improve their task solution.
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Characteristics of your own example Characteristics of your own example 46
Both graphs have a positive slope ®©®@  Both graphs have a positive slope i
Both graphs have a negative slope P Both graphs have a negative slope - ==
J s have exactly the same slope P Both graphs have exactly the same slope - .

Both graphs have the same y-intercept +=Q@ Both graphs have the same y-intercept ——
Both graphs have a different y-intercept CISIG Both graphs have a different y-intercept ]
sraphs have exactly one intersection point with each other ®® @  Both graphs have exactly one intersection point with each other =+ <+
graphs have no intersection point with e POQR Both graphs have no intersection point with each other - ==

Both graphs have an infinite number of intersection points with each other PSS Both graphs have an infinite number of intersection points with each other ~ == ==

1ave exactly two intersection points with each othe +=F

Both graphs are parallel ®S®@  Both graphs are parallel -
oth graphs intersect in exactly one point with each othe POQ Both graphs intersect in exactly one point with each other L
Both graphs are identical POE Both graphs are identical -

Figure 2: Left: Self-assessment with predefined characteristics; right: the combined overview with highlighted conflicts
Study design

The cluster-randomized mixed-methods study is conducted with approximately 300 ninth grade
students divided into three different intervention groups. Within the 45-minute intervention each
group engages in the following activities twice:

A) Combination of self- and automatic-assessment: This group works on the task, then performs a
self-assessment with the characteristics (Figure 1, left) and then receives the combined overview
highlighting the conflicts between self-assessment and automatic-assessment (Figure 2, right)

B) Only automatic-assessment:. This group works on the task, does not carry out a self-assessment,
but receives a report with the automatic-assessment (i.e. which characteristics are present in the
examples)

C) Only self-assessment: This group completes the task and then only carries out the self-assessment
with the characteristics, without receiving an automatic-assessment.

To ensure that all intervention groups have the same knowledge at the beginning of the intervention,
all three groups receive the same 45-minute introductory phase in which technical terms (e.g.
intersection) are learned and repeated. In the introductory phase, no explicit connections are made
between the parameters of the linear functions, the number of intersection points and the positional
relationships, as these are to be explored in the context of the developed task. At the end of the
introductory phase, all students complete a short test to check their knowledge.

Research goal and methods
This study will investigate the extent to which the different interventions affect

i) the metacognitive activities,

ii) the written conjectures,

iii) the variety of generated examples and

iv) the understanding of the relationship between parameters, the number of intersection

points and positional relationships of two linear functions.

To reconstruct the metacognitive activities, 4-6 students in each intervention group are filmed, and
the recordings are analyzed qualitatively. The written conjectures and the variety of generated
examples are reconstructed from the work of the students in the digital learning setting and
quantitatively evaluated following the data collection. The understanding of the relationship between
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parameters, the number of intersection points and positional relationships is determined by a post-
test.

Outlook

It is not expected that one of the three interventions will show the best results for all outcome
measures 1) - 1v). By emphasizing the conflicts (between self-assessment and automatic-assessment,
see Figure 2, right), intervention A) could help students to use these conflicts for their own learning
process. However, the high cognitive load of the combination of self-assessment and automatic-
assessment could also be disadvantageous. For example, it may be that the students concentrate more
on the reduction of their conflicts and neglect the revision of their hypotheses. In summary, we expect
detailed insights into the mathematical learning processes in different assessment conditions, which
can help in the design of digital learning settings that integrate automatic-assessment and self-
assessment.
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Facilitating teachers’ in-the-moment feedback practices
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This theoretical paper draws attention to the need for further research on the resources that can
facilitate mathematics teachers’ in-the-moment formative assessment practices, with a focus on the
feedback aspect. The paper elaborates on the argument that to effectively integrate formative
assessment into their daily teaching practices, teachers need resources that clearly communicate its
essence. Thus, I will present an overview of the effects of different types of feedback from literature
complemented with a critique of a teacher guide.

Keywords: feedback, formative assessment, curriculum resources.

Introduction

While the key role of formative assessment practices in effective learning has been recognised and
acknowledged by policymakers and researchers, it remains a challenge to transfer the essence of
formative assessment to teachers’ actual in-the-moment practices. This challenge might result from
teachers’ beliefs regarding the essence of formative assessment as well as a lack of sufficient tools
and knowledge (Amado & Morselli, 2023; Antoniou & James, 2014). In that sense, it is important to
provide teachers with classroom resources that facilitate a shift in their beliefs as well as provide tools
and knowledge.

The five strategies and one big idea of formative assessment proposed by Wiliam and Thompson
(2007) can be a useful framework to guide teachers. Namely, they draw attention to the key function
of formative assessment as teachers’ making evidence-informed decisions and highlight the key
strategies as: (1) Clarifying, sharing, and understanding learning intentions and success criteria; (2)
Eliciting evidence of learning; (3) Providing feedback that moves learning forward; (4) Activating
learners as instructional resources for another; (5) Activating learners as owners of their learning.

In this paper, the third strategy is the key focus. After presenting an overview of the various types of
feedback and their potential influence on students’ learning under various conditions, in order to
complement the theoretical discussions, I will critique a teacher guide that provides explicit
recommendations for feedback. This paper contributes new insights into the potential role of daily
curriculum resources in challenging teachers’ ineffective feedback practices.

Varying impact of different types of feedback on learning in different situations

The term feedback was originally used to refer to the information that is provided to the learner to
reduce the gap between the actual learning and intended learning (Ramaprasad, 1983). More recent
conceptualisations considered feedback as a process in which students are expected to be engaged
with the information to improve their work (e.g., Hattie & Timperley, 2007).

Intriguingly, the research evidence points to unfavourable potential consequences of teachers’
feedback on students’ learning (Kluger & DeNisi, 1996). Among the studies Kluger and DeNisi
reviewed in their comprehensive review, more than one-third of the feedback interventions harmed
students’ learning mainly due to the attention on student self instead of the task-related feedback.
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More recent reviews provided further insights into the conditions that result in positive or negative
effects of feedback (Hattie & Timperley, 2007; Shute, 2008; Van der Kleij et al., 2015).

These three reviews provided insights into the impact of different types of feedback on learning.
Hattie and Timperley suggested four levels of feedback: whether the task was accomplished (task-
level); how to accomplish task or how to improve the intended product (process-level); highlighting
students’ skills as learner (self-regulation level) and personal comments on students’ personality (self-
level). Similar to Kluger and DeNisi’s findings, Hattie and Timperley’s review has taken attention to
the harmful effect of feedback that focuses on the self. Further, feedback types can be categorised
according to the extent to which the teacher provides information about students’ response: telling
whether the answer is correct or incorrect; providing the correct answer; and providing additional
instructions with elaborated feedback (Shute, 2008). Another common categorisation of feedback
types is on timing: feedback can be either provided immediately or it can be delayed (Hattie &
Timperley, 2007; Kluger & DeNisi, 1996; Shute, 2008).

Such variety within the feedback practices can suggest a challenge for teachers to decide which type
can be helpful in which situation in the classroom. Existing research provides insights into the impact
of various feedback types according to students’ prior learning or the level of skill the task requires.
More explicitly, while immediate feedback can be useful for enabling students’ engagement with
difficult tasks in the early steps and consolidating procedural or conceptual knowledge, delaying
feedback can prevent students’ potential distraction when they are working on easy tasks and can be
beneficial for long-term learning of high-level skills (Fyfe & Rittle-Johnson, 2016; Shute, 2008).

It should be noted that most of the studies that provide insights into the effect of feedback were
conducted in an artificial experimental design environment beyond reflecting on teachers’ real
classroom feedback practices. Antoniou and James (2014) explored primary school teachers’ existing
tendencies related to formative assessment practices. The findings of their study suggest that teachers
tend to provide immediate corrective feedback and judgment rather than providing feedback that can
enhance students’ learning. Additionally, they found short-term rewards and the use of grades as
common feedback strategies, which may undermine students’ intrinsic motivation and hinder their
long-term development.

To conclude, the existing literature provides insights into the various impacts of different types of
feedback on students’ learning. Also, there is evidence that teachers may tend to not pay attention to
these different types of feedback but they may provide rewards that can be an example of the feedback
for self and immediate corrective feedback, which may not ultimately support long-term and high-
level learning. One way of facilitating teachers’ change can be the development of teachers’ daily
resources in which effective feedback practices are integrated.

A critique of a teacher guide that involves explicit suggestions for feedback

In the previous section, I provided an overview of the types of feedback and their potential impact on
learning as well as highlighting teachers’ need for daily use resources that can facilitate their feedback
practices. In this section, employing the insights gained from this literature, and drawing on the
analytical strategies developed earlier (Tutuncu et al., 2023), I will critique a teacher guide for its
integrating of specific guidance for teachers’ practices. This teacher guide is from a set of materials
on the Mathematics Assessment Project (MAP). This teacher guide was chosen as it provides rich
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insights and tools for teachers for formative assessment practices in general and also involves specific
guidance for feedback practices. However, despite its strong focus on providing guidance and tools
for teachers, the provision of guidance and tools for feedback is limited to only two aspects. In the
following paragraphs, these examples are elaborated.

First, in the teacher guide, teachers were provided with guidance for process-level and immediate
feedback when students struggled to start working on an open answer and open-method task, which
could enable students to understand what was required in the task. Teachers were provided with
detailed guidance in terms of the way of providing this process-level and immediate feedback.
Importantly, they were advised to use questioning rather than directly telling them what to do, such
as the following example questions.

What useful information are you given? Underline this. What do you need to find out? How can
you use the information you know to do this? (MAP, Drawing to Scale: A garden, page T-4)

This immediate feedback that was provided in the initial steps of students’ work could facilitate
students’ engagement with the rest of the task as Shute (2008) suggested. In the literature, one
limitation of immediate feedback is suggested as hindering high-level learning. The suggested
immediate feedback in this teacher guide could mitigate this risk. That is to say, using prompts that
assist students to realise what procedures they should apply and connect this understanding with their
existing knowledge might support students’ strategic competence and adaptive reasoning beyond
procedural fluency and conceptual understanding (Kilpatrick et al., 2001).

Second, teachers were recommended against providing evaluative feedback. The rationale for this
advice was explained with students’ potential distraction by comparing their scores with their peers’
scores rather than focusing on how to improve their learning. As an alternative to scoring, teachers
were encouraged to use questioning to enable students to reflect on their work. As an example, when
teachers observed that students have difficulty in making calculations with decimals, they were
advised to use the following questions as feedback.

How do you convert 1m in real life to a measurement on the plan? What about 3m? Now apply
the same method to figure out what the length 3.25 m is on the plan. (MAP, Drawing to Scale: A
garden, page T-4)

These questions can be more beneficial than traditional immediate-corrective or immediate-
elaborated feedback. That is to say, rather than correcting students or re-teaching the topic, students
are encouraged to reflect on their work by using numbers with which the calculations can be relatively
straightforward.

Conclusion

This paper draws attention to the need for teachers’ daily resources that have the potential to facilitate
teachers’ effective in-the-moment feedback practices. The existing literature offers insights into the
impacts of different types of feedback on students’ learning. Although studies exclusively examining
teachers’ daily feedback practices without any form of intervention are constrained in their scope and
potential insights, there is evidence that teachers tend to provide immediate feedback which is
corrective or judgmental rather than constructive forms of feedback. In this paper, I present an
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example teacher guide that has the potential to facilitate mathematics teachers’ more effective
feedback practices, drawing attention to the limited existing resources that can have this potential.
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Model Backtracking (MBT) is a novel technique for automated detailed diagnoses based on final
answers. In this small-scale pilot study, we answer research questions about nine 15-to-17-year-old
senior general secondary students’ experiences with MBT diagnoses. The students practiced linear
extrapolation in a learning environment that provides error-specific feedback and selects appropriate
subtasks using MBT. Data included screen captures of students navigating the environment and
interviews on students’ experiences with the environment. Results showed approaches ranging from
correcting an error after receiving feedback to trial-and-error behavior while repeatedly consulting
the worked-out solution. Furthermore, students preferred error-specific feedback over worked-out
solutions. They found that worked-out solutions provide an insightful overview; yet, errors are not
pinpointed, and worked-out solutions reduced motivation for further practice.
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Introduction

The use of automated formative assessment in mathematics education is rapidly increasing. Various
software tools are available to give students feedback on mathematical calculations and underlying
strategies. Many of these tools either provide feedback that is non-specific to the student error or
require all calculation steps as input. Inputting every step of a calculation can be cumbersome for a
learner (Drijvers, 2019). Moreover, software should allow a student to authentically do mathematics,
without unintended effects caused by the environment’s interface (Kieran and Drijvers, 2006). To
provide error-specific feedback, the interface for calculations that consist of several nonequivalent
steps (e.g., linear extrapolation) often contains an input box for each step. However, in this way, a
calculation is pre-structured in the interface and a student's reasoning might be unintentionally
scaffolded by this structure. This unintended effect can be avoided by using final answer diagnoses
through Model Backtracking.

Model Backtracking (MBT) (van der Hoek, 2020; van der Hoek et al., 2023) is a technique that uses
the strategy language (Heeren et al., 2010) to provide a detailed diagnosis of an entire student
calculation based on a final answer. MBT itself is comprised of several techniques that serve two
purposes. The first purpose is to mitigate the combinatorial explosion associated with calculating all
possible final answers, given a set of possible student errors. The second purpose is to increase the
accuracy of final answer diagnoses by selecting specific tasks. In MBT, the starting parameters for a
task are selected such that the number of different ways to reach a final answer is minimized.

MBT allows for providing error-specific feedback based on a final answer. This might help students
in postponing viewing worked-out solutions to tasks they should learn from by solving them. Students
tend to alleviate their feelings of uncertainty (Shute, 2008) by viewing worked examples. However,
viewing these work examples might prevent students from developing problem-solving skills
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(Goodman and Wood, 2004). This paper reports on a small-scale qualitative pilot study on how senior
general secondary 15 to 17-year-old students experience working with error-specific feedback in our
online environment. To investigate these experiences, we formulated two research questions:

1. How did the students use the error-specific feedback and the worked-out solutions provided
by the environment?

2. How did the students describe experiences their with error-specific feedback as opposed to
worked-out solutions?

In the next section, we identify a theoretical framework suitable for answering these questions.
Theoretical framework

Online learning environments offer functions that are grounded in the following pedagogical
approaches: learning from feedback, learning from worked examples, and learning from tasks. Here,
we explore these approaches further. We start by listing various feedback types relevant to our
research. Shute (2008) presents several feedback types, such as verification, try-again, and elaborated
feedback. Below we further elaborate on these types. Verification feedback provides learners with
knowledge about the correctness of a response, which is often referred to as knowledge of results
(KR). Try-again feedback (TA) allows learners to provide a new response after some other type of
feedback is provided. As for elaborated feedback, Shute distinguishes several variants, two of which
are of interest here: Topic-contingent feedback and feedback on bugs. The former is feedback about
the topic that is being studied, which could be a worked example (WE) of a task; the latter is error-
specific feedback (ES), which is based on a diagnosis of the learner’s response.

Feedback can benefit learners in two ways: it can resolve uncertainty and it can alleviate cognitive
load. We discuss uncertainty and cognitive load in more detail since these are important aspects of
providing feedback. Uncertainty is an unpleasant state that may distract learners from task
performance; hence, they wish to avoid or resolve it (Bordia et al., 2004). Therefore, providing
feedback can increase performance by alleviating this uncertainty. Cognitive load is introduced when
task execution floods learners’ working memory. Cognitive load can be decreased by using worked
examples. For instance, Sweller et al. (1998) showed that worked examples reduced the cognitive
load for low-ability students in problem-solving tasks.

Learning from problem-solving activities as opposed to learning from worked examples has been
studied in the late eighties and nineties (Chi et al., 1989, Renkl 1997). These studies generally favored
learning from worked examples; because the cognitive load that problem-solving activities introduce
can cloud the actual learning process. However, Chi et al. also reported that positive learning
outcomes using worked examples strongly depend on a student’s ability to self-explain the steps in
the worked example. Furthermore, Goodman and Wood (2004) found that very specific feedback can
be detrimental to long-term performance, as it may prevent learners from developing problem-solving
skills.

In conclusion: when learners perform a task, they can experience an adverse state of cognitive load
and uncertainty. As such, they wish to alleviate this state by seeking feedback. Therefore, feedback
is a useful tool to help the learning process. Nonetheless, caution is warranted for its use; because
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worked examples only benefit students who possess self-explaining skills, and feedback that is too
specific can hinder self-development.

Methods

The methods section consists of two parts. We first elaborate on the design of our online environment.
After that, we proceed to explain the methods used to conduct the experiment involving the students.

Environment design

The environment consists of a website together with an MBT script that calculates feedback or
suggests a subtask based on a student’s input. The environment offers a main task and three subtasks.
All tasks have random starting values based on 50 pre-calculated integer task parameters that ensure
high diagnosis accuracy. This allows a student to retry a task with different starting values after KR,

ES, or WE feedback.

Main task format:

Given the table with values for x4, x5, y1, ¥, and x,,
x | x

X2 Xy

y ‘ V1 V2 W

Q: Use linear extrapolation to compute y,,.
Subtask A: Simpler numbers.
Given the table with values for x4, y;, v, and x,,

x+1 Xy

y ‘ V1 Y2 ‘}’v

Q: Use linear extrapolation to compute y,,, first determine the change in y when x increases
with 1.

Subtask B: Known slope.

Given the table with values for x;, y; and x,, and known slope a
x | x| xp
Y| Y1 | W

Q: Suppose the slope is a, use linear extrapolation to compute y,,.

Subtask C: Calculate slope.

Given the table with values for x4, x,, y; and y,

X | x| x

Y2

y ‘ Y1
Q: Calculate the slope.
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