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CrossMark
Abstract

We consider the inverse problem of recovering the particle size distribution of
atmospheric aerosol from backscattering and extiction coefficients at three
wavelengths, as attainable using ground lidar measurements. We set up a
Bayesian model composed of a collection of fixed-dimensional models, and
devise a sequential Monte Carlo algorithm to sample its posterior distribution,
allowing for automated model selection. As the target distribution is a complex,
often multimodal distribution, we first assess the degree of reliability of the
sampling procedure. We then go on to characterize the ill-posedness in terms
of multimodality of the posterior distribution, in order to verify the presence of
multiple alternative scenarios that are compatible with the measured data. We
finally assess the accuracy of the reconstruction for practical use. Our results
show that the proposed approach can successfully retrieve the particle size
distribution from lidar data even under complex circumstances, and reliably
characterize the uncertainty that inevitably arises due to the nature of the data.
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1. Introduction

In atmospheric applications, lidar systems are widely used to obtain information on geomet-
rical, optical and microphysical properties of the aerosols along the atmospheric profile from
few hundred meters to a distance of several kilometers [1-12]. To retrieve aerosol microphys-
ical properties from lidar measurements, two inverse problems must be solved sequentially:
in the first one, the measured power is used to estimate the optical extinction and backscatter-
ing parameters [13-20]; in the second one, the estimated optical parameters (at three different
wavelengths) are used to obtain an estimate of the particle size distribution [21-30]; the latter
can then be used to provide estimates of critical quantities, such as concentrations of particu-
late matter (PM) at 1 ym (PM1), 2.5 pm (PM2.5) and 10 pm (PM10). The second problem is
particularly challenging due to the limited number of input variables and the fact that the micro-
physical parameters are derived from the optical ones through integral equations that cannot be
solved analytically, the numerical solution of which leads to an ill-conditioned problem [31].
Existing approaches can be classified in two broad categories: regularization methods (e.g.
[21-23]), where the particle size distribution is discretized on a large set of points and regular-
ity of the solution is imposed using a penalty term in the regularization functional; parametric
methods (e.g. [28, 30]), where the particle size distribution is modeled as the superposition of
one or more components having pre-defined shape and being described by a small number of
parameters. Regularization methods provide a flexible framework for the retrieval of aerosol
properties, however, they typically lack quantification of uncertainty of the estimated particle
size distribution; parametric methods, on the other hand, allow for such uncertainty quantifica-
tion but have been so far limited by two main factors: (i) the need for manual subjective choice
of the number of components and (ii) the presence of local minima that result in potential
instability of the solution.

Building on previous work [30], we present Montecarlo Approximation For Automated
Lidar Data Analysis (MAFALDA) a Monte Carlo algorithm that approximates the posterior
distribution for a Bayesian parametric model in which the particle size distribution is repres-
ented as the superposition of log-normal components. Compared to previous work [30] the
Bayesian model has been generalized to account for an a priori unknown number of compon-
ents, as well as for a priori unknown complex refractive indices, i.e.: the number of components
and their complex refractive indices are treated as additional random variables in the Bayesian
model and are estimated from the data, allowing for a completely automated model selection.
To effectively approximate the posterior distribution of this complex model we also introduce
a new Monte Carlo strategy belonging to the family of Sequential Monte Carlo samplers [32]
and inspired by similar solutions applied to other inverse problems [33, 34].

The paper is organized as follows: in section 2 we describe the inverse problem to be solved;
in section 3 we describe MAFALDA; in section 4 we validate MAFALDA using numerical
simulations and in the subsequent section 5 we apply it to two real data sets; finally, we discuss
the results in section 6.

2. Retrieval of particle properties from lidar data

Lidar instruments transmit a short laser pulse toward a target and collect the backscattered light
at specific wavelengths \ and as a function of the distance z to the target. This measurement
can be expressed [35] in terms of the extinction coefficient a(\,z) and the backscattering
coefficient 5(A,z),
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P(\z)= %exp (—Z/OZa(/\,x)dx) (1)

where P is the power of backscattered light and C is a constant that depends on the instrument
characteristics. From measurements of P one can estimate the optical properties « (), z) and
B(\,z) at different wavelength and altitudes using well known inversion procedures [13-17,
19, 20]. Once this estimate is available, it is possible to provide a characterization of the micro-
physical properties of the aerosol based on these indirect measurements. Typically, 3 is meas-
ured at three wavelengths (A = 355,532,1064 nm) while « is measured at two wavelengths
(A = 355,532 nm), giving the so-called 35 + 2« standard configuration.

Assuming a spherical homogeneous particle approximation, and omitting the dependence
on 7 (as the problem can be addressed independently at different altitudes) we can extract
information about the particle size distribution n(r) from the extinction and backscattering
coefficients,

a(N) = /rb ke (r,A,m)n(r)dr 2

a

b
500 = [ kalrAmyn(r)ar 0
where r, and r, represent the lower and upper bounds of the particle sizes, m = a + jb denotes
the complex refractive index (CRI) of the target atmosphere, and k, /3(r, \,m) represent the
integral kernels, that are well described by Mie scattering theory [31].

In this work we address the challenge of reconstructing the particle size distribution n(r)
based on a set of indirect measurements of « and 3 coefficients for different values of \. If we
consider a discretization of the variable r in R points, we can rewrite the problem in a more
compact matrix form

y= Kmn +e (4)

where:

o y=[a(Ar),a(X2),B(A1),8(\2), B(A3)] represents the indirect observation;

e n=[n(ry),...,n(rg)] is the discretization of the particle size distribution;

e K,, is a 5 x R matrix representing the discretization of the integral kernels and depends on
the value of the CRI;

e c= [61 eees 65} is the noise affecting the data.

Solving the linear inverse problem defined in equation (4) for a reasonable discretization of
the variable r—tipically hundreds of points—means recovering a large number of unknowns
from a relatively limited dataset. Our approach to mitigate the complexity of the problem is to
assume that the particle size distribution can be approximated by a theoretical distribution that
can be completely described by a small set of parameters [28, 30]. A common choice [18] is to
use lognormal components or superpositions of a limited number N, of such components. In
particular, we assume that the particle size distribution can be expressed as the superposition of
at most three lognormal components (i.e. N. € {1,2,3}), in such a way that there can be at most
one component representing small (or fine) particles (0.1 pm < p < 0.2 pm), one component
representing medium-size particles ( 0.85 ym < p < 2.12 pm) and one component represent-
ing large (coarse) particles (2.6 pm < p < 5.5 pm); this distinction of fine, medium and coarse
particles is inspired by the classical work of Whitby [36]; the actual ranges were determined in
a recent statistical analysis [30]. We can therefore say that our model is a variable-dimension
model, i.e. a collection of fixed-dimensional models. In fact, we have a collection of seven

3
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different fixed-dimensional models originated by all possible combinations of the three com-
ponents: fine, medium and coarse (we exclude the possibility that none of these components
are present). We denote by M = {M,..., M5} this collection of models, where each model
M represents a different combination of components, represented with a binary notation as
follows: 100 is the combination that contains only the first (fine) component, 0/0 the com-
bination that contains only the second (medium) component, etc up to /71 representing the
combination with all three components. Models are ordered according to the following cri-
terion: first those with fewer components, and, with the same number of components, first
those with smaller particles, from M; for 100 up to M5 for 111. If we denote by J; the
nonempty index set corresponding to model M, such that that the indices represent the active
components, from J; = {1} up to J7 = {1,2,3}, we can express the particle size distribution

as follows
h; (Inr —1Inp)*
n(r):ziexp (2 . 5)
ic7 V2rrino; 2(Ino;)
With this expedient, the number of unknowns to be estimated is drastically reduced, but we
have to sacrifice the linearity of the inverse problem that can no longer be solved with standard
Tikhonov regularization. In fact, if we substitute equation (5) into equations (2) and (3), we
can rewrite equation (4) as follows

y=3_ hkKy, (pi,01) +€ (6)
i€Jx
where K,,,.(+,-) is a non-linear function of the mean and standard deviation of each lognormal
component; we notice that each log-normal component has its own CRI, as different compon-
ents might represent different particle populations with differing physical properties.

Earlier work [30] considered both the refractive indices and the number (and type) of log-
normal components to be known a priori, and tackled the problem with a Bayesian approach,
using a Markov chain Monte Carlo (MCMC) method to estimate the distribution parameters.
In this study we make one step forward by devising an updated Bayesian model and a soph-
isticated Sequential Monte Carlo algorithm such that the complex refractive indices and the
model need not to be fixed a priori, and can be estimated from the data.

3. MAFALDA: a sequential Monte Carlo algorithm

The Bayesian framework provides a valuable tool for integrating the a priori information, rep-
resenting our knowledge before data acquisition, with the information hidden in the collected
data. The a priori information is encoded within the prior distribution, while the information
contained in the data is represented by the likelihood function.

We have already explained in section 2 that, due to the requirement of estimating the num-
ber of lognormal components from the data, our mathematical model is a variable-dimension
model represented by the collection M = { M, ..., M7}.Let © = U]_, ({k}, ©) be the gen-
eral state space as each model M has a n;-dimensional vector of unknown parameters x; € Oy,
where n; can take different values for different values of k = 1,...,7. Therefore, the unknown
can be expressed as x = (k,x;) reminding ourselves from equation (6) that each component
possesses 5 unknown parameters: p;, 0;, h;, a; and b;, where a; and b; are respectively the real
and imaginary part of the CRI m; and the index i represents the component. Now we can define
the prior p(x) conditionally on the model M

p(x) =p (| M) p (My). (N
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We assume that individual parameters are independent of each other and therefore their joint
density is the product of marginal densities. We further assume that no additional information
is available and adopt a uniform prior distribution for each parameter within an appropriate
interval, for continuous variables, and within a given set of values, for discrete variables. In
particular, appropriate intervals for the aerosol particle size were selected based on physical
considerations. In summary we define the conditional prior as

p (el M) = TTU (Ut (o) U (hi) U (ar)U (7) ®)
i€k

where U(+) denotes both the continuous and discrete uniform distribution.

As for the prior p(M}), let us assume that we do not have any a priori information about the
properties of the PM we aim to reconstruct and consider the models as equiprobable. Therefore,
we adopt as well a discrete uniform distribution on all available models in M.

Concerning the likelihood, we make the common assumption that the data is affected by
additive Gaussian noise. This assumption leads us to formulate the likelihood as follows:

pOl) =N (y; > hiKa g, (i o) ,as> 9)

i€ Ji

where N (y; i1,0) denotes the Gaussian distribution for the variable y € R, with mean y and
standard deviation o.
Finally we can compute the posterior distribution according to Bayes theorem

p(x[y) cp(ylx)p(x). (10)

Since the posterior distribution encapsulates all the information about the value of the unknown
parameters given the data, it represents the solution to our inverse problem as well as the
greatest strength of the Bayesian approach, that always provides a quantification of uncertainty
along with the estimate.

The posterior distribution defined in equation (10) is a nontrivial function on a relatively
high-dimensional space: characterizing such distributions requires a tool that is able to deal
with narrow peaks and local modes. In these cases Monte Carlo methods come to use, provid-
ing a sample set that can be used to compute conditional expectations, variances and other
estimators. A particular class of Monte Carlo methods, named SMC samplers, are particu-
larly good at approximating intricate distributions thanks to their sequential nature [32]. In
fact, instead of directly sampling the distribution of interest, a sequence of bridge distributions
is constructed in a way that it smoothly transitions from a simple distribution to the target
posterior distribution. A common choice with the Gaussian likelihood is:

pu(xy) x<p(x)p(ylx)”" n=1,...,N (1)

where the likelihood is raised to a mitigating exponent that is not fixed a priori but is incremen-
ted adaptively on every iteration, i.e. 0 =, < ... <y = 1. On the practical side, each dens-
ity pa(x]y) is represented by a particle approximation {x’,, W’ }/_,, where x!, are the particles
(samples) and W', their corresponding (normalized) weights. At stage n the algorithm propag-
ates the particles {x/ _,, W/ _,}/_, so that they come to represent the intermediate target density

Pn(x|y). Formally, the algorithm proceeds following these steps:

(i) Draw the initial particles from p;(x|y) = p(x) and set Wi =1 Vi =1,... L

-7
(ii) Forn=2,...,N:
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(a) Reweight the particles from stage n — 1 by defining the incremental weights

; n (Vs
wi = PnMn1) O ,»1) (12)
Pn—1 (y“xnfl)
and the normalized weights
i w, Wy
W, = s (13)
Dimi W Wiy

(b) Resample (optional) the set of particles and denote the new set by {x, 1}/

n 7Ji=1
(c) Propagate the particles {x!_,, Wi} _ —or {# 1}/_, if the resampling step is
performed—via one step of a reversible-jump Metropolis-Hastings (RIMH) algorithm
with stationary distribution p, (x|y)

Reweighting (a) is a classic importance sampling step in which particle weights are updated
to reflect stage n distribution p, (x|y).

Resampling (b) is optional; it works by probabilistically discarding particles with low
weights and duplicating those with high weights, yielding a new set of equally weighted
particles. This noise-injection step reduces weight degeneracy and improves the accuracy of
subsequent approximations. The choice of whether or not to resample is generally determined
by a rule on the value of the effective sample size

; -1
ESS, = (Z (W;)2> . (14)
i=1
We observe that ESS,, = I if all the particles have equal weights, ESS, = 1 if all the weight is
concentrated on a single particle. In order to balance the trade-off between adding noise and
equalizing weights, we execute the resampling step when the value of ESS,, falls below /2.
Finally, propagation (c) is responsible of changing the particle values, but, compared to a
classic Metropolis-Hastings step, a possible domain change is performed. As with the standard
Metropolis-Hastings, a Markov chain transition from a state x = (k, x;) is realized by proposing
a new state x’ = (k’,x;,) from a proposal distribution Q(x,x"). We recall that the standard
formulation of the MH algorithm is based on the characteristic of the Markov chain to be
time-reversible: moves from state x to x” are made as often as moves from x’ to x with respect
to the target density. This is required to ensure that the stationary distribution is the desired
target distribution. This condition is enforced by setting the acceptance probability as

a(x,x") = min Pa(X'[y) Q (", x)
(2,x") {1, P (X]) O (. } (15)

where, for simplicity, we use the same symbol p, (-|y) for the target density at stage n whatever
the dimension of the argument. On a practical level, it translates into the sequence of two
Metropolis-Hastings moves: one within model and one between models. For the within-model
move we adopted a sequence of Metropolis—Hastings within Gibbs moves, each one with a
Gaussian proposal, which has the pleasant property Q,, (xx,x;) = Q. (x{, xx). For the between-
models move, instead, we define a set of transition probabilities Q,(k,k’) between different
state spaces such that from a state space one can only move to few others that we call neighbors;
and by neighbors we mean models that share at least one component, so we can move by
adding a new component or removing one. In this case, the new proposed particle is constructed
according to the following criterion: the common parameters are kept unchanged while the new
ones (if any) are sampled from the prior distribution.

6
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4. Validation with synthetic data

In this section we perform a numerical validation of the proposed method with three main
objectives. The first one is to assess whether the Monte Carlo approximation is sufficiently
stable across different runs with different set of initial particles. The second objective is to
investigate how often the estimated posterior distribution contains multiple modes: by charac-
terizing the presence of multi-modality we assess the existence of multiple alternative scen-
arios that are compatible with the data. The third objective is to provide an evaluation of the
average reconstruction error on the particle size distribution.

The validation is carried out using synthetically generated data, in order to have an available
ground truth. We generated two synthetic datasets with two distinct goals: the first serves us
to test the stability of the algorithm, while the second helps us investigate the ambiguity of the
problem and the quality of our estimates. The two datasets are constructed with the following
procedure:

(i) Dataset A: for each possible model in M we randomly generated ten different ground
truth configurations, for a total of 70 distinct configurations. For each configuration we
generate noise-free synthetic data through the forward model, and then add Gaussian noise
with standard deviation equal to 5% of the signal (referred to hereafter as 5% noise for
simplicity), and then again with 10% of the signal (10% noise). The inverse algorithm is
then run 10 times on each dataset, giving a total of 2100 runs.

(ii) Dataset B: for each possible model in M we randomly generated 100 different ground
truth configurations, for a total of 700 distinct configurations. For each configuration we
generate noise-free synthetic data through the forward model, and then add 5% and 10%
noise, but this time each test is carried out only once, giving again a total of 2100 distinct
runs.

Tests are carried out adopting I = 10 000 particles and using uninformative priors on both
the models and the marginals of the parameters, as described in the previous section. The
likelihood standard deviation was set equal to the noise standard deviation when the latter is
non-zero; for noise-free data we set the likelihood standard deviation to 0.5% of the signal.
The CRI m is discretized adopting 15 values for the real part g, linearly distributed from a
minimum of 1.25 and a maximum of 1.81, and 15 values for the imaginary part b, distributed
on a log-scale from a minimum of 0.0005 and a maximum of 0.146, giving 225 possible values
for m. This approximation was convenient for computational reasons; indeed, keeping this
variable continuous would require a tremendous computational effort since the matrix K,
varies significantly with m, and it is a very large, full matrix. If we allowed the algorithm to
continuously explore the domain of the CRI, at each step we would have to recompute the
matrix and it would be computationally unfeasible. So the algorithm can only jump between
discrete values for a and b, and for every possible combination of these two values the matrix
K, has already been calculated and stored.

With these settings, approximating one posterior distribution with MAFALDA takes about
2 min on a MacBook Pro with M2 processor and 16 GB of RAM.

4.1. Stability of the algorithm

As the inverse problem we are tackling is ill-posed, the posterior distribution is a complex
distribution in a relatively high dimensional space; Monte Carlo sampling of such distributions
can be difficult, as samples may get stuck in local maxima, so that different runs may provide

7
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Figure 1. Stability of model inference using the one vs all test: from left to right the
results with noise-free data (in blue), 5% noise (in yellow) and 10% noise (in red).

different results. As a first test we then check the stability of the algorithm, i.e. its capability of
always providing the same posterior distribution as output. In order to simplify the comparison,
we break the problem into several parts and choose metrics that can allow us to evaluate the
distance between samples:

e Stability of model inference: we test whether the marginal posterior probabilities of model
M remain stable across different runs on the same data;

e Stability of parameter inference, we check whether the marginal posteriors of all the para-
meters u, o, h and m, conditional on the best model, i.e. the MAP point of M, are also stable
across different runs.

We recall that the tests in this section were performed on Dataset A.

4.1.1. Stability of model inference. ~ To measure the distance between samples we adopt the
Kolmogorv—Smirnov statistic, a number between 0 and 1 which represents the maximum dis-
tance along the y-axis between the two cumulative distributions [37]; we will refer to it as
KS statistic or KS distance. When used to compare two populations of discrete values (i.e. the
labels representing the models) the value of the KS statistic corresponds to the number of labels
that have to be changed from one or the other population to make them match each other. We
performed two types of test:

e one vs one, comparing marginal distributions across all possible pairs of runs on the same
data (10 runs, 45 comparisons)

e one vs all, comparing marginal distributions of each run with the average across 10 runs
(10 comparisons)

In figure 1 we plot the empirical distribution of the Kolmogorov—Smirnov distances

dys = ds (p (M), p (le)) , (16)

forallruns/=1,...,100 (10 repetitions of 10 different tests) and true model casesk = 1,...,7,
where M"* denotes the model random variable from the run / under the real model case k,
and MF¥ is the corresponding model random variable averaged over all runs. No significant
differences are observed between this one vs all comparison and the analogous one vs one
case (apart from a larger scale of distances), so the latter plot is omitted for brevity.

We observe that increasing the noise in the data decreases the variability between different
runs. Since for all models and all levels of noise average values of KS statistic are less than
1-2% we can consider the algorithm to be very stable in the model choice.

8
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Figure 2. Stability of parameter inference using the one vs all test: from left to right the
results with noise-free data (in blue), 5% noise (in yellow) and 10% noise (in red).

4.1.2. Stability of parameter inference.  In figure 2 we plot the empirical distribution of the
maximum Kolmogorov—Smirnov distances over parameters, defined as follows. Let M\l*k be
the maximum a posteriori (MAP) model in run [ for real-model case k. If MU is the same
for all / at fixed k, we keep all runs; otherwise we retain only those runs with MUk equal to
the most frequent MAP (in the worst case two runs are discarded). Let & such that M = Mz
and denote x; = {6, };z], then for each pair (, k) and each j = 1,...,n; we compute similarly
to the model inference case

; —k
& = dys (p (6] v Mg) 2 (5 19 Mg) ). a7
Then we define
DM = max d3. (18)
J=1.n

The figure shows the distribution of D** across all retained runs and real-model cases.

As already observed in the previous subsection, higher levels of noise lead to reduced vari-
ability across the estimated marginal distributions. While this behavior may appear counterin-
tuitive, it is actually very reasonable: when no or little noise is affecting the data, the posterior
distribution has narrow peaks, and little changes in the parameter values lead to large changes
in the KS statistics; when noise is larger, the posterior distribution has wider peaks and differ-
ences get smaller.

We notice that the KS statistics on the marginal distributions of individual parameters tend
to have larger values than those obtained on the marginal distributions of models. By inspect-
ing and comparing these marginal distributions in different runs, we observed that this larger
KS distance is typically due to the distribution being multi-modal and the different approxima-
tions assigning different weights to the different modes. We also observed that when marginal
distributions on individual parameters obtained by different runs do not coincide, the high
probability regions (and the peaks) are typically the same but their overall probability varies.
In other words, the algorithm provides multiple potential solutions with different probabilit-
ies; the potential solutions are the same each time, but their relative probabilities change in
different runs.

4.2. Ambiguity of the data

Here we try to assess how complex the problem is, that is, how often the posterior distribution
contains more than one mode. As we did previously to investigate the stability of the algorithm,
here we also need to break the problem into two parts and separately analyze

9
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Figure 3. Weight associated with the MAP, as the model on which most of the weight is
concentrated, representing ambiguity in the model choice: from left to right the results
with noise-free data (in blue), 5% noise (in yellow) and 10% noise (in red).

o Multimodality in model inference, we check how often the algorithm assigns non-zero pos-
terior probability to more than one model;

e Multimodality in parameter inference, we check whether multiple peaks are present in the
posterior marginal distributions of the parameters p, o, h, and m.

We recall that the tests in this section were performed on Dataset B.

4.2.1. Multimodality in model inference.  In order to provide a compact visualization of mul-
timodality in model inference, in figure 3 we report the boxplot of the marginal probability
associated to the MAP model: unimodality corresponds to the case where the probability of
the MAP is one; values lower than one correspond to multimodality in model inference. We
observe that multimodality in model inference increases with noise, as the likelihood becomes
more tolerant to small perturbations of the data. However, such increase is not uniform across
models: for instance, model /00 and model 001 have similar boxplots in absence of noise but
behave differently when noise increases. This non-uniform behavior arises because the fine,
medium, and coarse components contribute measurements of markedly different magnitudes.
Specifically for the extinction coefficient, the coarse component yields values of smaller mag-
nitude, the medium component yields values of intermediate magnitude, and the fine com-
ponent yields values of larger magnitude. Consequently, true configurations containing only
the coarse component cannot be confused with those containing medium or fine components,
since the latter produce measurements that are orders of magnitude larger. Conversely, data
generated by configurations with only the fine component may be mistaken for data from con-
figurations containing both fine and coarse components, because adding the coarse component
perturbs the measurements only slightly relative to the dominant fine-component signal.

As a consequence, configurations belonging to different models may produce very similar
likelihoods. To confirm this fact, in figure 4 we take the results of a single run with a multimodal
posterior, and plot the likelihoods of all particles grouped by models: the plot shows that the
likelihoods of particles with different number of components are perfectly comparable.

4.2.2. Multimodality in parameter inference.  To address this type of multimodality we need
to check for multiple peaks in the marginal distribution of each parameter, and for this pur-
pose we adopted Silverman’s statistical test of unimodality vs. multimodality [38]. In figure 5
we show how often the posterior distribution is multimodal (for at least one parameter): con-
trary to what we saw before for multimodality in model inference, multimodality in parameter
inference is observed much more in absence of noise. This is likely due to the fact that even
relatively low levels of noise tend to make the posterior much flatter, reducing multimodality.

10
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Figure 4. Log-likelihood of the particles belonging to different models at the end of an
ambiguous run on a noise-free data from a ground truth with all three components: from
left to right the model 171 (=~70% of the total weight), the model 770 (~20%) and the
model 101 (=10%).
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Figure 5. Number of runs in which Silverman’s test detects more than one peak in the
marginal posterior of at least one of the parameters: from left to right the results with
noise-free data (in blue), 5% noise (in yellow) and 10% noise (in red).

Figure 6 shows an example of multimodality in a case where the data is not affected by noise
and the ground truth is composed of only one fine component.

The algorithm concentrates all the probability on the correct model (there is no multimod-
ality in model inference) but finds several distinct solutions for p and 4, each associated to a
distinct value of the real part of the CRI: in particular, the left-most peaks in the distribution
of 1 and & correspond to the right-most peak in the distribution of a, and viceversa.

We also notice that the multimodality we observe in the posterior distribution of p and &
might be due to the use of discretized values for the CRI m, and would probably disappear if
we used a continuous variable instead.

4.3. Quality of the estimate

The aim of this section is to investigate the performance of the algorithm in reconstructing a
known ground truth starting from exact and noisy data. As before we break the problem into
two parts:

e Model selection: we check how many times the MAP model coincides with the actual model,
e Distribution reconstruction: we give a measure of how far from the ground truth is our recon-
struction of the particle size distribution.

We recall that the tests in this section were performed on Dataset B.

1
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Figure 6. Example of multimodality in the marginal posteriors at the end of a run
on a noise-free data from a ground truth composed of only one fine component, and
comparison with noisy cases where multimodality is no longer observed in the second
(5% noise) and third (10% noise) rows: from left to right the parameters u, & and a
respectively.

4.3.1. Model selection.  Regarding the first part of our problem, we can assess the quality
of our estimates looking at the confusion matrices in figure 7. We observe that in the absence
of noise the algorithm perfectly identifies models with only one component but the accuracy
worsens as the noise increases, except for model 001. This uneven behavior is due to the fact
that, as already explained in the previous Subsection, the data produced by the coarse com-
ponent are considerably smaller than the data produced by the fine and medium components;
therefore, when the true component is fine or medium, a coarse component is added because
it helps to explain noise; on the other hand, when the true component is coarse, the order of
magnitude of noise (which is added as a percentage of the true signal) is not compatible with
the presence of a fine or medium component, as these would create a much stronger signal.
We also notice that the confusion matrices we observe are less symmetric than one would
expect. In principle, if the model M; has high posterior probability when the true model is
M,;, we expect also M; to have high posterior probability when the true model is M;. In our
results such symmetry is not always observed: for instance, in the noise-free data we have 24
cases where model 011 is estimated as 070, but only 1 case in which the opposite is observed.
This asymmetry is partly due to random effects in the data generation, and possibly partly due

12
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Figure 7. Confusion matrices representing how many times the model with the most
weight at the end of a run (maximum a posteriori) coincides with the ground truth model:
from left to right the results with noise-free data (in blue), 5% noise (in yellow) and 10%
noise (in red).
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Figure 8. Reconstruction error computed as the integral of the difference between
reconstructed and real distributions divided by the integral of the real one: from left
to right the results with noise-free data (in blue), 5% noise (in yellow) and 10% noise
(in red).

to a tendency of the algorithm to favor simpler models, despite the flat prior on models, in
accordance to the celebrated Occam’s razor naturally embodied by a Bayesian approach.
Finally, let us comment that the confusion matrices only concern the MAP estimate; in addi-
tion to this, we went on to check how often the true model has non-zero posterior probability
(even though is not the selected model) and confirmed that this happened in all of our tests.

4.3.2. Distribution reconstruction. Now we address the second part of our problem and
proceed to evaluate the quality of the reconstruction conditional on the selected model, i.e. the
MAP point of M. To quantify the reconstruction error we use the relative error, defined as
follows:

_ J () =n(r)dr
E= [n(r)dr

where 7(r) is the median particle size distribution. Figure 8 shows that the reconstruction
error increases with noise. The increase is more pronounced for ground truths with only one
component: in this case the error is close to zero for noise-free data and can occasionally get
as high as 100% with noisy data. For more complex configurations the reconstruction error is
non-negligible even with noise-free data, and grows a little further with noise.

In order to exemplify these results, in figure 9 we report the reconstructions obtained on
three different configurations, for three levels of noise. In this figure the solid line represents the

19)
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Figure 9. Representation of the true particle size distribution (black dotted line) with
the reconstruction proposed by the algorithm (solid colored line) and an evaluation of
its uncertainty (light-colored band). The ground truth contains one component in the first
row, two components in the second row and three components in the third row. From left

to right the results with noise-free data (in blue), 5% noise (in yellow) and 10% noise
(in red).

median particle size distribution, the light-colored band represents the 95% credible interval,
and the dotted black line the ground truth.

We observe that the reconstruction of a ground truth with a single fine component is very
accurate when the data is noise-free; as noise increases the uncertainty band increases and
the estimate deviates slightly from the true distribution, to the point that with 10% noise the
algorithm adds a second (medium) component to account for the noise. In this latter case
the estimate of the fine component remains accurate and with small uncertainty while the
component that is added has a lot of variability, testifying its low impact on the data. We also
notice that the 95% credible interval in this case does not contain the true distribution; this
seems unpleasant, as it might suggest that the algorithm assigns zero or negligible probability
to the exact solution. In fact, in this case the figure reports the credible interval for the MAP
model, that is /70; with a lower probability (~21%), however, the algorithm also retrieves a
100 model: in figure 10 we show the credible interval for this case, that actually contains the
true distribution.

When the ground truth has more than one component the uncertainty band is already fairly
wide in the noise-free case; this is mostly due to the fact that we have either 10 (2 compon-

ents) or 15 (3 components) unknowns and only 5 data points, leading to considerable non-
uniqueness.
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Figure 10. Median and credibility interval conditional on model /00 (with posterior
probability ~ 21%) from the same posterior distribution shown in the top right corner
of figure 9: in this case the true distribution falls within the credibility interval.

5. Application to experimental data

In this section we report the results of tests conducted with our algorithm on the two following
sets of experimental lidar measured at the Naples (Italy) remote sensing national facility of the
ACTRIS research infrastructure. Measurements refer to two events of particular aerosol load
in the atmosphere:

(1) 4 September 2017: intense fires in British Columbia (Canada) released an exceptionally
high concentration of biomass burning aerosols into the atmosphere during August 2017,
and these aerosols were transported by winds throughout Europe in the following weeks
[39];

(ii) 25 February 2021: a major Saharan dust outbreak and a simultaneous eruption of Mount
Etna injected in the atmosphere a high concentration of dust and volcanic aerosol that were
exceptionally transported towards the north [40].

In both cases the extinction and backscattering coefficients at different wavelengths (in the
classical 3342« configuration discussed in section 2) together with their corresponding uncer-
tainties were first retrieved from lidar observations using recognized lidar retrieval procedures
[13—15]. Then MAFALDA was applied to produce estimates of the particle size distribution
using:

e 100000 particles in order to guarantee stability;

e a uniform prior on the models;

e the estimated uncertainties in the optical coefficients as the noise standard deviation in the
likelihood.

As a benchmark for comparison we use the reconstructions derived from the AERONET [41]
Sun-sky-lunar photometer data, referred to as ‘AERONET’ from here on. The photometer
gathers day-time and night-time radiance measurements at eight different wavelengths. By
applying a set of standard algorithms [42, 43] a wide range of aerosol optical and microphysical
properties—including particle size distribution—can be retrieved.

Before proceeding, it is best to make a couple of considerations:

e reconstructions from the Sun photometer data are only available during the day hours,
whereas the lidar data were collected at night. As a result, small differences between our
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Figure 11. Test results on 2017 (first row) and 2021 (second row) data: on the left the
estimated particle size distribution proposed by MAFALDA (solid green line) with an
evaluation of its uncertainty (light-colored band), on the right the reconstructions pro-
posed by AERONET at different times of the day.

distribution and AERONET’s are likely to be observed, as they represent data from different
times of day.

e The Sun-photometer, using solar radiation as an external light source, retrieves informa-
tion on atmospheric composition across the entire investigated vertical column. The vertical
distributions of aerosol concentration are derived from MERRA-2 [44] global assimilation
model simulations, which incorporate CALIOP [45] aerosol vertical profile measurements.
The lidar system used in this study has an atmospheric probing range of up to 30 km. During
the observations, the aerosol under investigation did not extend beyond this altitude, nor were
any extreme events reported that could lead to a high-density aerosol presence in the upper
troposphere and stratosphere, potentially affecting the photometer’s measurements

Figure 11 shows the comparison between the estimated particle size distribution provided by
MAFALDA (left) and that proposed by AERONET (right). We recall that in the left plots the
solid line represents the median particle size distribution while the light-colored band repres-
ents the 95% credible interval.

In particular, the first row shows that the reconstructions provided by MAFALDA and
AERONET for the 2017 data are in strong agreement in correspondence with the peaks of
the particle size distributions: the left peak is estimated to be lower than the right peak in both
cases. The two estimates differ a little in between the two peaks: here the MAFALDA estimate
is slightly lower than that provided by AERONET.
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In the second row we report the results obtained on the 2021 data. At a first glance the
estimate provided by MAFALDA seems quite different from that provided by AERONET.
However, at a more careful look one can observe that the distribution estimated by MAFALDA
contains two components, the second one being considerably smaller than the first one (notice
the logarithmic scale on the vertical axis), but peaking roughly at the same value of r (about
2 pm). The main difference is then the height of this second component, which appears to be
much larger in the Sun photometer data than in the lidar data. Further investigation would be
needed to shed light on this difference, which may also be a consequence of the mentioned
difference in recording times; however, we believe also in this case there is reasonably good
agreement between the two approaches.

6. Discussion

Retrieving the particle size distribution from lidar data requires to solve a difficult inverse
problem with little data and much uncertainty. In this article we presented a Bayesian model
and a Monte Carlo algorithm, MAFALDA, that advances the state-of-the-art in the resolution
of this problem.

The mathematical model is built on a flexible parametric framework, representing the
particle size distribution as a superposition of up to three log-normal components. Unlike
recent approaches in the field [30], our method allows for automated model selection, thus
eliminating the need to predefine the number of components or fix the complex refractive
indices in advance—drastically reducing external assumptions and subjective choices. This
added flexibility enriches the posterior distribution, making it more intricate, often multimodal,
and inherently challenging to approximate. To tackle this complexity, we introduced a cutting-
edge Monte Carlo algorithm, belonging to the family of Sequential Monte Carlo methods: by
employing multiple Markov Chains running in parallel and targeting increasingly complex
distributions, these methods allow to identify and maintain multimodality in the sample set
and avoid getting stuck in local maxima.

To validate the proposed approach we performed numerical tests on both synthetic and real
data of various complexities containing one, two and even three distinct particle size distribu-
tion components and with various levels of noise. The measurement configuration was always
the standard 35+2c.

Numerical simulations on synthetic data confirmed that the posterior distribution is often
multimodal, in some cases even containing substantially separated modes. Pleasantly enough
the presented algorithm MAFALDA was capable of maintaining and representing these mul-
tiple modes reliably: running the algorithm multiple times on the same data provided very
similar approximations to the posterior distribution, as testified by the small values of the KS
distance. This implies that the algorithm does not appear to get stuck in local maxima, but has
instead good mixing properties. Importantly, even when used to compute point-estimates of the
particle size distribution MAFALDA performed well, providing overall relative errors often
much smaller than 30%, which are considered to be more than reasonable for this problem
[46].

Application of MAFALDA on two sets of experimental data also showed very good agree-
ment with the accepted state of the art, represented in this case by reconstructions obtained
from a different instrument. This confirms that MAFALDA can be reliably used on the field.

In conclusion, we believe that the proposed approach has shown to have the potential to
provide reliable estimates of the particle size distribution and its uncertainty even under com-
plicated conditions.
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There are of course several ways to further improve our results. A few of them would be:

(1) overcoming Gibbs sampling and letting the algorithm propose moves for particles that
simultaneously change all the parameters of a log-normal component in a correlated way.
Indeed, it can be seen that there is a strong correlation: increasing values of a correspond
to decreasing values of p and h.

(i1) Exploit the conditionally linear-Gaussian structure of the data with respect to the 4 para-
meters, leading to a so-called Rao-Blackwellization; this can improve the performances of
the algorithm [47, 48];

(iii) devise a dynamical model to combine data at different heights, in such a way to provide
altitude-resolved estimates of the particle size distribution that embody continuity.

These further improvements will be the subject of future studies.
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