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Ahbstract

A multifield asymptotic homogenization technique for periodic thermo-diffusive elastic materials is
provided in the present study, Field equations for the first-order equivalent medinom are derived and
overall constitutive tensors are obtained in elosed form. These lasts depend upon the micro constitutive
properties of the differemt phases composing the composite material and wpon periodic perturbation
functions, which allow taking into account the effects of microstructural heterogeneities. Perturbation
functions are determined as solutions of recursive non homogeneous cell problems emanated from the
substitution of asymptotic expansions of the micro fields in powers of the microstructural characteristic
size into local balance equations. Average ficld cquations of infinite order are also provided, whose formal
solution can be obitained throngh asymptotic expansions of the macroficlds. With the aim of investigating
dispersion properties of waves propagating inside the medivnm, proper integral transforms are applicd to
governing field equations of the homogenized medinm, A quadratic generalized eigenvalue problem
is thus obtained, whose salution characterizes the complex valued frequency spectrum of the first-order
eeuivalent material. The validity of the proposed technigque has been confirmed by the very good matching
obtained between dispersion curves of the homogenized medium and the lowest fregquency ones relative
to the heterogeneous material, These lasts are computed from the resolution of a quadratic generalized
ecigenvalue problem over the periodic cell subjected to Floguet-Bloch boundary conditions. An illustrative
benchmark is conducted referving to a Solid Oxide Fuel Cell (SOFC)-like material, whose microstructure
can be modeled through the spatial tessellation of the domain with a periodic coll subjected to thermo-
diffusive phenomena.

1 Introduction

The increasing need of energy diversification and employment of alternative and renewable energy sources
motivates the growth in the use of el cells as power generating systems.  Substitution of conventional
fuel combustion with an electrochemical reaction in order to generate electricity make fuel cells clean and
sustainable energy devices, nowadays exploited for a wide range of applications, from powering satellites to
generating power for vehicles and buildings. Fuel cells consist of two porous heat resistant electrodes, the
negative one (anode) and the positive one (cathode), undergoing electrochemieal reaction in order to produee
an electric current. They are sandwiched around a porous electrolyte, which is the ion conductor. Fuel cells
differ according to the eleetrolvte employed, which influences the type of cecurring electrochemical reaction,
of the catalyst, and of the fuel, thus achieving distinet levels of efficiency (Brandon and Brett, 2006), In
this context, Solid Oxide Fuel Cells (SOFCs) are characterized by having a doped, solid, ceramic material
to form the electrolyte and they excel for their high clectrical efficiency and low operating costs (Zhn and
Deevi, 2003; Bove and Ubertini, 2008), The cathode of SOFCs is supplied both with oxygen, acting as the
oxidant, and electrons coming from the external electrical cireuit. Oxygen jons intercalate into the electrolyte
as a consequence of the reduction process taking place at the cathode side. Throngh the solid electrolyvte,
negative oxyeen ions are therefore conducted from the eathode to the anode, where they combine with the
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hydrogen fuel, thus generating both water and electrons as products of the cxidation reaction. Electrical
current is hence generated by electrons travelling along the external cireuit and then reentering into the
cathode material. In addition, every single cell is characterized by fow channels for air and fuel and by a
metallic or ceramic interconnect separator, which allows connecting cells in series with the aim to produce
sufficient voltage for the practical use,

Macroscopic engineering response of such multiphase materials is strongly influenced by the mechanics
and physics cecurring at the microscale, whose characteristic size is very small compared to the structural one,
For this reason a numerical analysis of microstructured devices like a SOFCs stack could reveal extremely
challenging in terms of computational and temporal resources (Hajimolana et al., 2011; Dev et al., 2014).
When scales separation holds, homogenization techniques result to bhe remarkably useful in order to provide
an accurate and concise deseription of the medium which properly take into account the behavior and
the mechanical response of the microstructure. The application of homogenization methods and multiscale
modelings allows avoiding the demanding numerical computation of the whole heterogeneous medium leading
to the identification of effective macroscopic properties for the equivalent continuum. In order to study the
overall properties of composite materials, nunerous homogenization approaches have been provided over the
last decades, which can be divided in asymptotic techniques (Sanchez-Paleneia, 1974; Bensoussan et al., 1978;
Bakhvalov and Panasenko, 1984; Gambin and Kriner, 1989; Allaire, 1992; Bacigalupo, 2014; Yang et al.,
2016; Fantoni et al., 2017, 2018; Ameen et al., 2018; Fish et al.. 2019), variational-asymptotic technigues
(Smyshivaey and Cherednichenko, 2000; Peerlings and Fleck, 2004; Bacigalupo and Gambarotta, 2014), and
mumerons identification approaches ineluding the analytical [Bigoni and Drugan, 2007; Milton and Willis,
2007; Bacea et al., 2013a.b.e; Nassar et al., 2015; Bacigalupo et al., 2018) and computational methods (Forest
and Sab, 1998; Ostoja-Starzewski of al., 1999; Foyel and Chaboche, 2000; Kounznetsova et al., 2002; Forest,
2002; Fevel, 20083: Kouznetsova et al., 2004; Lew et al., 2004; Kaczmarceyk et al., 2008; Yuan et al., 2008;
Scarpa et al., 2000: Bacigalupo and Gambarotta, 2010; Forest and Trinh, 20011; De Bellis and Addessi. 2011;
Addessi et al,, 2013; Zah and Miehe, 2013; Salvadori et al., 2014; Trovalusei et al., 2015). The present
study is devated to provide an asymptotic homogenization technigue for periodie thermo-diffusive materials
considering as periodic cell the typical SOFC building block. Thermo-diffusive processes characterizing the
service life of a SOFC-like device have an intrinsic multifield nature, where involved fields are the mechanical
displacement, the temperature, and the chemical potential. An accurate prediction of the overall response
of SOFCs is of erucial importance in order to guarantee the satisfaction of design requirements and the
relinbility of the entire system. Battery devices like SOFCs. in fact, are subjected to severe stresses due
to high operating temperatures (600° — 1000°) (Pitakthapanaphong and Busso, 2005) and intense particle
diffusion, which conld compromise their efficiency in terms of power generation and energy conversion,
ultimately impacting on their failure behavior (Atkinson and Sun, 2007; Kuebler et al., 2010; Delette et al.,
2013). Previous nnmerical models of SOFCs foensed on electrochemical aspects can be found in (Kakae
et al., 2007; Colpan et al,, 2008), while mechanical properties of each phase forming the composite battery
device are presented in (Hasanov et al., 2011). Latterly, numerous research papers investigated the multiscale
modeling of SOFC-like devices. They focus on computational homogenization (Kim et al., 2009; Muramatsu
et al., 2015; Molla et al., 2016), or asymptotic homogenization methods. In the latter case, Bacigalupo et al,
(2016) presented a first-order asymptotic homogenization technique for thermo-diffusive materials in the
quasi-static case, thus neglecting the time derivative of microfields in the Aux expressions. This ultimately
impact on the coupling mmong microfields, A non local dynamic asymptotic homogenization procedure is
provided in {Bacigalupo et al., 2014), where the influence of temperature upon local and pon local overall
constitutive tensors has been studied distingnishing between room and high operating conditions. Dispersion
relations for acoustic waves are derived in terms of the overall elastic and inertial constants, considering the
mechanical displacement as the only micro field governing the problem. More recently, an investigation of
the complex frequency band structure of periodic SOFCs has been presented in (Bacigalupo et al . 2019)
focusing on the micromechanical perspective.

In this scenario, the present work has the goal to give a rigorous quantitative multiscale representation of
thermo-diffusive microstructured periodic media by means of an asymptotic homogenization technigue that
leads to an accurate description of mechanical, thermal, and diffusive properties of SOFC-like devices and
their conpling. In the followings, down-scaling relations are provided. They relate the microfields, specifically
the displacement, the relative temperature and the chemical potential to the macroscopic fields and their
gradients by means of perturbation funetions. These lasts are regular, periodic functions derived through the
resolution of recursive, non homogeneous differential problems, known as cell problems, obtained inserting an



asymptotic expansion of the microfields in powers of the microstructural length scale into the local halance
equations and reordering at the different orders of the micro characteristic size. Following the rigorous
approach deseribed in (Smyshlyaev and Cherednichenko, 2000; Bacigalupo, 2014}, average field equations
of infinite order are obtained from the substitution of downp-sealing relations into micro governing feld
equations. Truncating these lasts at the zeroth order allows characterizing field equations for the frst-order
thermo-diffusive homogenized medinm, Coefficients of obtained field equations are related to the overall
constitutive tensors, whose expression is provided in closed form in terms of perturbation functions and
microscopic constitutive properties, A perturbative technique to formally solve the average field equations
of infinite order is also provided, based upon the asymptotic expansions of the macrofields in powers of the
miero length scale. Increasing the order of approximation allows achieving a better estimation of the solution
of the heterogeneous problem. Average field equations of infinite order, in fact, are asymptotically equivalent
to the heterogeneous material governing ones.

With the aim of investigating the dispersive free waves propagation within the periodic microstructured
material, hilateral Laplace transform in time and Fourier transform in space are applied to field equations of
the homogenized medium, thus obtaining a quadratic generalized eljgenvalue problem, whose solution char-
acterizes the complex frequency spectrum of the first-order equivalent medinm. The validity of the proposed
approach is assessed by comparing the obtained complex frequency spectra with the ones relative to the het-
erogeneons thermo-diffusive material. In order to investigate the complex frequency band structure of the
heterogeneous material, a generalization of the Floguet-Bloch theory is emploved, which allows determining
dispersion properties of waves propagating within the periodie heterogeneous medium by solving a general-
ized quadratic eigenvalue problem over the periodic cell endowed with Floguet-Bloch boundary conditions,
The qualitative behavior of obtained complex dispersion curves in the first Brillouin zone is analyzed in
the low-frequency regime, characterized in general by a high spectral density. In particular, the presence of
crossing and veering phenomena is observed, as well as the appearance of partial band gaps in the directions
of propagation taken into account. Finally, an asymptotic approximation of the complex spectrum for the
first-order equivalent medium is performed via perturbative technique. This allows achieving a parametric
approximation of the complex frequency in powers of the wave vector in terms of the overall constitutive
parameters and obtained explicit dispersion curves demonstrate to match very well with the ones relative to
the homogenized medium. The work is organized as follows: Section 2 deseribes the governing microscopic
field equations and recursive differential problems obtained through asymptotic expansion of the microfields
in powers of the microstructural length scale. Cell problems and relative perturbation functions at the differ-
ent orders of the micro characteristic size are detailed in Section 3. Section 4 is devoted to the determination
of down-sealing and up-sealing relations, while in Seetion 5 field equations of the frst-order equivalent con-
tinuum are presented and overall constitutive tensors are provided in closed form. The determination of
complex frequency spectrum for the first-order homogenized medinm is described in Section 6, together with
its asymptotic approximation via perturbative method in Section G.1. In order to evaluate the capabilities
of the proposed method a representative example is performed in Section 7, where the complex frequency
spectrum and its asymptotic approximation are provided for the equivalent continunm in relation to a typical
SOFC and obtained results are eompared with the ones of the relative heterogeneous periodic cell. Final
remarks are then proposed in Section 8.

2 Periodic heterogeneous thermo-diffusive material: field equa-
tions and multi-scale description

Under the assumption of small strains, the heterogeneous microstructured composite material depicted in
figure 1 is described as a linear thermo-diffusive Canchy medium {Nowacki, 1974a,b,e). In a two-dimensional
perspective, as represented in figure 1, vector x = &y ey + ag ey defines the position of each material point
in the orthogonal reference system {0, ey, e2}. Micro fields characterizing the first-order continnum are
the displacement field u(x. 1) = w(x, f)e;. relative temperature field #{x.t) = T(x,t) — Ty with T(x,f)
the absolute temperature and T o reference stress free temperature, and chemical potential Geld i, £).
Being = the characteristic size of the microstructure, two periodicity vectors vy = die; = ey and va =
idyes = dze; identify the periodic cell 4 = [0.2] x [0,d2] (figure 1-(b)). Rescaling cell A by the length
£, the periodic microstructure is obtained by spanning the nondimensional unit cell @ = [0,1] x [0,4],
as depicted in figure 1-(c). The separation botween the macro and the micro scales is mathematically
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Figure 1: (a) Clusler £ of heterogencous SOFC having structural characteristic size L: (b)) periodic cell A
with microstructural characteristic size = and periodicity vectors vy and va; (e) unit cell Q.

deseribed by two distinet variables, namely the macroscopic (or slow) one x € A and the microscopic (or
fast) one £ = x/c € Q (Bakhvalov and Panasenko, 1984; Smyshlyvaev and Cherednichenko, 2000; Peerlings
and Fleck, 2004; Bacigalupo, 2014}, Micro-stress tensor er(x,t) = a; (x.t)e; @ e;, micro heat Hux vector
qix.t) = q; (x.1)e;, and mass flux vector jix.t) = j;(x,t)e; are determined by the coupled constitutive
relations (Nowacki, 1974a.b.c)

a(x,t) = €™e(x,t) — &!™ P (x, 1) = B p(x, t), (1a)
qlx,t) = —K'"™"V(x, 1), (1b)
j(x,t) = —=D'"=1¥n(x, ), (1)

where symbol g(x.t) = symVu(x,?) denotes the micro small strains tensor and superscript m refers to
the microscale. In equations (la)-(1c) €™ = {"‘rT:H (€= f} e @ e; @ e, @ e is the fourth order micro

elasticity tensor having major and minor symmetries, al™ = ol (£ = %) e, @ e, is the symmetric second
order micro thermal dilatation tensor, ") = 3" (£ = X} e; @ e; is the symmetric second order micro
diffusive expansion tensor, K™ = Al (& = %) e;@e; is the symmetric second order micro heat conduction

tensor, and D) = D (€ = %) e; @ e, is the syimmetric second order micro mass diffusion tensor, Miero

constitutive tensors are all @-periodic and dependent upon the fast variable £, Local balance ecquations hold

Veo(x, 1)+ bix. &) = p"™ia(x. 1), (2a)
Vog(xt) = rixt) = —a™é(x. 1) — ™ hix.t) - p'“ﬂ'{x, t), (2h)
V- jix,t) = s(x, 1) = —B™E(x. 1) — ¢ 0(x, 1) — g™ (x. 1), (2¢)

where souree terms depend exclusively upon the slow variable and time and are represented by body forees
b(x, 1), heat sources r(x, f), and mass sources s(x,t). Source terms are here assumed to be C-periodie and
to have vanishing mean values on £, where, indicating with L the structural characteristic size, the portion
£ =[0,L] = [0,4L] can be considered as truly representative of the whole medium. In this regard, size
L has to be much greater than the microstructural one (L % =2) so that the scales separation condition
is met, In equations (2a)-(2c) inertial terms are Q-periodic and represented by the mass density pl™*) =
pPE = 5} material constant pl™=) = pM(g = Z) related to the specific heat at constant strain and to



thermo-diffusive effects, and material constant g™ = ¢™ (€ = %) related to diffusive effect. Finally, term

Pl = (g = 2) is a Q-periodic coupling constant measuring the thermo-diffusive effect. Substitution
of constitutive equations {la)-(1c) into local balance relations (2a)-(2¢) leads to

v. (E“’ G) "C’u{x.ti) -V (a” ( )ox.t) ) - v (" (-) nx,1) ) + bixt) = p" (;) (%, £), (36)

v (k™ (5) Vh(x.1)) - a” (?) Vii(x.t) — " (:) (%, 1) + r(x.1) = p™ (5) dix.1). (3h)
v-(pm ( ) nix.)) - g™ (’-:) Va(x. f) — o™ [5) 6(x,1) + s(x,t) = " G) ii(x.1). (3c)

For an ideally honded interface ¥, the following continuity conditions hold

(llues =0 ||(Couges —aizo—sgn)m]|| _=o. ()
LL iy xEX

(0] = 0. .rf;;;_"ﬂ.nﬂ =p; (4b)

![”]]IHE}: ZU l_j' a " {II]

where [[f]] = [1(E) = f1(X) denotes the discontinnity of the values of a lunetion [ at the interface X hetween
two different phases i and j of periodic cell A and n = ny e; represents the outward normal to the interface X,
Taking into account the Q-periodicity of micro constitutive tensors and inertial terms, interface conditions
(4a)-(4e), and the L-periodicity of source terms, it results that the microscopic felds spatially depend on
hoth the slow and the fast variables x and £ and are expressed as

u=u(xe=21), 0=0(xe=21), n=n(x&=2). (5)
Rapidly oscillating Q-periodie coefficients of PDEs (3a)-(3¢) make their analytical and for numerical resolu-
tion particularly labor intensive. In this sense, homogenization techniques can reveal very useful in replacing
the microstructured contimum with an equivalent howogeneous one. In what follows, field equations of a
first-order thermo-diffusive equivalent contimuum will be characterized and the closed form of overall consti-
tutive tensors will be obtained. By means of a dynamic multi-field asymptotic homogenization technigue,
the global behavior of the composite material will be coneisely and accurately deseribed, thus overcoming the
computational burden of resolution of equations (3a)-(3c) and facilitating their analytical resolution on sim-
ple domains, Macroscopic fields of the equivalent homogenized medium, are denoted as Ux, 1) = Ui(x. t)e;
for the displacement, &(x. 1) for the relative temperature and T(x. t) for chemical potential. They only
depend in space upon the macroscopic slow variable x and they result to be L-periodic if source terms are
L-periodie.

2.1 Asymptotic expansion of field equations at the microscale for the thermo-

diffusive medium

In accordance with the procedure described in (Bensoussan et al., 1978; Bakhvalov and Panasenko, 1984),
an asymptotic expansion of the microfields u(x, x/=. ), . x/=. ¢) and y{x. x/=.t) is performed in powers =

o
X A0 ru: (1)

X x.—.r)=2 £ (x.—.f) (x—f) (
m( . iy, E u,'

|r||;\q

)+l (x50 +0(), (6a)

X )5 200 (o X Y =00 (5 % ety i % 2290 [y X 23
ﬁ'(x,:_,i') !EI_'; o0 (x. 5,t) =9 (x.f,a‘)+:ﬁ' (x,f.r)+ § (x.;_,f)+0|[ ) (6h)
i (x, ;:) = if'ﬂ‘l” (x%r) = gl (x, —_’_ir) + eytt! (x, -’_Er) 4 2yl ® (x_.-?.t) + O(=Y). ()
- =0 - - - -

In equations (6}, £ represents the characteristic size of the periodic cell A, 1t is, therefore, a dimensional
parameter having a specific physical meaning that maintains throughout the present work, contrarily to what

=



usually emploved in perturbative techmiques where it would represent a dimensionless ordering parameter.

Taking into account the property
ar 1
)

D XN f8f 18f
Dz’ (xe=21)= (t}‘mJ *e agj)

asymptotic expansions (Ga)-(6e) are substituted into the local field equations (3a)-(3c). From equation (3a)

one has

E==

Al i
¥ &k () ¥t (o) - gl 0} — [gm {0}
( 7 o)| + o2 (coni) - (o) - (830®),
v
oul o i " i '
" k 2 v k WY = famapy _ m g0
+ {[ UM( B, + g .+ = Cli T + g ("u# )J_ oz, (uuﬁ' )+
|
i
2k (1) 2 g o)
(%), - ()}
= I} HHLE] (3} a 1) a"}‘.‘“ (2) m gl 2 i m gl 1)
+& {[ ikt (__EJ:J + g + ﬂ_.r_j 1T e +ug || - (:},j i J),j s f‘r_}-f_j (“u i ) +
)

. il Pl §ult ;
- [gm g2 _ g ALY ! i =2 " =;
(.1.,. 1 )4 o, (.i.J N ) Pt =P +0(%) +bi(x.t) =0 (7)

in

£=3
Analogously, field equation (3h) leads to

HHI]

aEtm i O

=2 - (o) i - (1) = :

{; (K5 03) +¢ l{[hL (E*EJ )] + 5 (K 05) - el }+
o ¥

- agt) il aglol 2yl 51!',-” '
T |:'h'T ( dr; + HFJE])] i [K.‘r}l (— +ﬁ|f;-'):| - ﬂ:“; [ i Eipia > 1) i r,-'.-""_”_. +

4 ie; ihr; i it ot it
o OOy 8 [rom (OB o) o [P 03]y
+:{[f\u ( oy + 8 ) : +ﬂ_-1'i K (EJ‘:JE_,. +8; ) — oy o0t + T TER] s +
T HH':“] rr Db“ b v |
- p TR £p FD{: }} + rix.t) =10, (8)

£=3

and equation (Je) results
-2 (pm 1] |pm ' o D (0 _3...5’"}?
ot i MM #u'®  oul ap'0
Ui L i — Am i 1.3 — iy
* |:D'-' ( ihr +a ) i v ke b3 g T % Mt * i Y

i E.]”[EI () d i 1:}”{ ) {2) - l".]l'r H.E’ ) Hﬂl;:jj] o Hﬂi 1
+& { [D:_il ( ﬂ-".r + ”.-_il 7 + ﬂ'.r', Dl_f E.TJ + ”,j = "ip_-, ﬂ;cjﬂt = o v i +

't gtV }
- P e = E"™ e 4= D2 +s(x, ) =10, ]
" 5 (%) - (x.1) (9)

Denoting with £y the interface between two distinct phases in the unit cell @, asvmptotic expansions (Ga)-
(6c) allow rephrasing interface conditions (da)-(de) over the unit cell @ in terms of the fast variable £



{Bakbwalov and Panasenko, 1984). In particular, equations {4a) become

6, [ =

I TTi au’(!” m Tl 1
£ [[C‘J“ "1'?""]” £EE, H{ ik ( i?.:'r * ”E-I"] — a5 0 — g7 b n, T
£€X,
Dut )
+E H B +u L, — gy i — 83 o't by + O =0, {10)
£EX,
equations (4b) are written as
pl +¢ |8 + 0 0,
[z, +2 [[#]] s, + 03 =
(0}
% [I:-r”" ﬂ“"] ”. [[ Km ﬂﬁ #I ”) ]] +
£ ‘-:—-1 EEE,
)

+€ HH"' (ﬂfr H”]) H +Ofe?) =0, (11)

s gexs
and interface conditions (4e) involving chemical potential turn into
I (1) B I
[l lees, +¢ [, + 012 =0
1 m (0 p o'y
[[D (e ]]]esz, [[ 4 ( dhr N e gex, &

(1)

+e HD:’; ( ,;’ + ﬁj’) ” %) =0. (12)
vL EEL!

In Appendix A, the explicit expression of microscopic recursive differential problems cmanating from equa-
tions (7)-(9) is written at the different orders of = till €”, thus characterizing cell problems detailed in Section
3.

3 Cell problems and perturbation functions

Cell problems are non homogeneous recursive differential problems obtained inserting into differential prob-
lems (7)-(9) the solutions obtained at the different orders of = detailed in Appendix A. Cell problems are
therefore expressed in terms of perturbation funetions which depend on geometrical and physico-mechanical
features of the microstructure and reflect the effects of waterial dishomogeneities on microfields, Solutions of
cell problems result to be regular, Q-periodic functions hecause cell problems are elliptic differential prablems
in divergence form whose terms have vanishing mean values over @ (Bakhvalov and Panasenko, 1984). In
order to gnarantee the unigueness of cell problems solution, the following normalization condition

1
q[~}}~@j;{*:ld£rﬂ (13)

is required to be fulfilled by all perturbation functions. In what follows, cell problems are described in detail
for the mechanical, thermal and mass diffusion problems up to order £, Higher order cell problems are
obtained following the procedure described below, but their expression is not reported in the present note
for brevity.

Mechanical cell problems

From equation (65), in view of the form of solution (68) one obtains the following three cell problems



at the order ==, The frst one and its relative interface conditions are expressed in tenus of perturbation

funetion NL:‘ and read

(1) =
( kel Vﬁ_w! .f) 7 C::";'". I]-

(¥,
[[C31a (N + 1asin) s lecs, =0 (14)

where symbol &g, denotes the Kronecker delta function. The second eell problem and its interface conditions

= (),

are expressed in terms of ﬁ"f_” and have the form

(CBut)), e, =0,

iff
(%] e, =
“(Cﬁ"“'ﬂ:‘: _n;;) ﬂ’” |egs. = (15)

Finally, the third cell problem is in terms of .“:"i”

relative interface conditions

and it is expressed in the following way, together with

(c:wﬂu“') — 8" =0,

LV IV |
[5, =
[[(c;;;,N“ & ;s“' n ]] |€EEI 0. (16)

When pcrturlmtmn functions ,\'”} ,1\'{”. and N,'' are determined as solutions of relative cell problems
at the order ==, from equation {?‘?] and in eonsideration of the form of the solution (80) one obtains the
following four u{'" problems at the order =%, The first one is written in a symmetrized form with respect
to indices gy and g2 and, together with its interface conditions, is here formulated in terms of second order

riz) Bk
perturbation function Nioo - and reads

ffl - l " rt l J LU t I ] " T

( AL J) 2 [(Ci;i "'km ks Vi ) iy Cinpas + Ciaap

+ O i Nipw i + € i N O pas + O i Vi 5+ Cpr + O i N
iqaki " kpy.F i-‘hh kpggi| = 2 i1 Pz ik kpay g G2 ik kpga.d

[N |, =

T ri2) 1
[[ ,J,,‘{mwzﬁ 2(5 (ND 4 By N,ipfu)} J]]

The second cell problem deriving from (77) and its interface condition involve perturbation function ﬁ’fﬁ:
and are expressed as

(2) {1} (1) m o il e (1)
( IJH‘NM: ) [(Cr;#ruﬁ"r ) * Iu:hv (“ijﬂ"r'i:] I._ﬂw:] _< Fr::hﬁ'rk.a ulTn>‘

(3]s, =0
[[{ e (N2 +8uN) = ¢ "*M,E:*}n,-]]Lm:u. (18)

t'-h is

= (17)
EEE)

The form of the third cell problem from (77) and its interface conditions in terms of "n-’

m a2l i {H m arid) i) m | _ m aril) I
( I.I#J'Ni--n J) + [( FJkrnﬁ'r + 'l'-.':#JNk-J (IE W W) r;”"] _<c"nf-‘ij.J ﬁ_‘")



[,
[[{ UH ( a +5¢,:;“:FL“) —,ﬁ}'}’l-lf'ﬂ" “:]] |£EE: = (. (199

The last mechanical cell problem at thr: order £ and its interface conditions have the following expression
in terms of perturbation function N} kp

( :_Ijlk!*wi{;i.?]) = Pmﬁup = . {ﬁm} 51':"

[[‘*‘”’]]leeht b

[[ . N3 nj]”m. =0. (20)

Thermal cell problems

From equation (69) and taking into account solution (72), one derives the following cell problem at the
order ="' which, together with relative interface conditions, provides perturbation function '-I“”

(Kima) +Kimi=0.
[[ I"EEP]]I EeL, =
([ (agl) + s )"']”cc—m 0. (21)

Onee first-order perturbation function M.-E:J is known, four cell problems are derived at the order £ from
equmiun (81), bearing in mind solution (84). The first one provides second order perturbation function

J'tfr;m and it is here written in a symmetrized form with respect to indices gy and g2, together with relative
interface conditions

e {2} l =11 I T m i1 :|
(k7 Mwmj)l+—[(fmmrELP) + KD+ KoMy

2 'fl'
- 1 =T =1 m
(K MY KD, + f,;j,ugﬁ,.]_ (K, + KM+ Ky, + K MY,

12} —
[[ -.'w:]]lggx, =0
1
“Hm { ‘rrff:m J § (Jjw*“-;:i + by ‘”éz”)} "'”
Perturbation function ﬂff,{.ﬁ;” is provided by the following cell problem and relative interface conditions
(111 {2 1} rrl. '{1} n i |:|:| (1]
(K ”P‘-I': J) o ( i Nipar.g T “:wn) T (“ Nivari + "Pf.r|> i
[CERT
EEX,

], =0 2

The third cell problem and its interface conditions have the following expressions in terms of perturbation
function A1

(22)

[1-3H1

(HiTMLNJ)_r_ - (ﬂ::;.l";r.t” + _n"‘) == { ¥ "I.'“ +p"‘> ;

(|



~mrt g 2.1
[[h;}'i‘lf_j "’HL_E}:. = 0. (24)
Finally, the fourth cell problem and its interface conditions at the order =" read
(KpMGD) - (anN +¥m) == (B ALY +om),
[s=2]]|, . =0
g€T,

[[Egargond]| ., =0 (25)

in terms of A1),
Muss diffusion cell problems

Analogously to what done for the thermal problem, at the order ==Y, from equation (73) and taking into
account solution (76), one obtains the following cell problem and its interface conditions in terms of pertur-

bation function Wy,

(Dpwil)) +Dp =

1ot Ty i
e -
25 0% )], =0 w

At the order 2%, the following four cell problems arise, once first-order perturbation function W q:., is computed

as solutioon of (26). The first cell problem provides second order perturbation function “'.},,.m and it is
expressed in the following way, svmmetrized with respect to indices gy and g, together with its interface
conditions

Fu2:d L R Gl

PWins) + : 5 | (PmWD) + D, + DWW+
nl of

2 2
[ Viras ]lﬁEﬂt =
[D"' {ﬁ;ﬁ:” ; (810 Wi +.sjq,n-';;+)} m]]
The second cell problem and its interface conditions have the following form in terms of Wi
(D'"nj’m‘j) ~ (BNG. s + B = <1 Niows + B}
[ s, =
[[onwatn]]|.,. =0 (28)
Second order perturbation funetion W2 is provided by the resolution of the following cell problem with
relative interface conditions
(Dgw§V) - (BN +am) = (B3R +4m).

[[wm“]]lgem =0

[ [ﬂ:?; Hr.ﬂf.l F”I] ]

(0
(n:‘:;,u-“!) + D+ DLW ] (D:;: +Dm Wil DD w‘”}
[ = 0. (27)

£EX,

=0 (29)

£
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Finally, the last cell problem at the order =¥ is expressed in the following way, together with interface
conditions, in terms of perturbation function Wiz

(WD) - (NG +em) == (85 RS +vm),

[#, -o

[[ﬂ:;!l-i-‘jf-“n.]] Lez. =0, (30)

4 Down-scaling and up-scaling relations

When perturbation functions are known from the resolution of relative cell problems at the different orders of
= as detailed in Section 3, from equations (Ga)-(6¢) microscopic fields uix, x/=,¢), #(x, x/=. ) and nix, x/= 1)
are expressed as asymptotic expansions in powers of micro characteristic size = in terms of such Q-periodic
perturbation functions and in terms of macrofields Ux. ¢). &{x. 1) and T(x, ¢} and their gradients. Consid-
ering the form of solutions (68),(72), (76) at the order =1 and (80O), (84), (88) at the order =" the following
down-sealing relations are obtained for the three microficlds

s (x, % t) = [Uk{x, t) +¢ (%‘1:.,’" iﬁj%{x—'tl + NVg)e(x,t) + NV (&)T(x, rj) +

L

82U, (x. t 90(x. 97 (x.1 DU (.t
68 (N2 (O o + 2075+ i T w2 TR ot |
(31a)
0(x 0 [em te M*”{E}ﬂe"“” +e (o 1262200 e[;“” + g eZltad,
!
+.-u“-”{£1M+ﬂ”” UTM) is"}] (31b)
i £=5
AT (1) e AT ) :,2( @ oy P T(x.1) @1) ¢y P Up(x, ”
r;(x.;_.F)—[T{x..'}+.-_ﬂ )5, + 'l'r’,n.;,f-iia“ﬂrqﬁﬁm, 5 0
+u“-“m—m Ly it 2 J)Hﬂ- (31c)

In equations (31) microstructural heterogeneities are taken into account by the Q-periodic perturbation fune-
tions, which depend exclusively upon the fast variable £, while the £-periodic macrofields depend solely upon
the slow variable x in space. Up-scaling relations are the ones that provide macroscopic fields Ufx, t), 9(x, )
and T(x.t) in terms of the corresponding microscopic quantities, In particular, macro fields are expressed
as mean values of micro fields over the unit cell @

Ui(x,1) = (m, (xf : .:,r))c,_
B(x 1) = {ﬁ (x.
T(x,t)= (r; (x.

| i | e

<
+{;.1)>c. (32)

where variable { £ Q@ is a translation variable such that =¢ £ A describes the translation of the body
with respect to C-periodic source terms, thus removing rapid Huctuations of coeficients {Smyshlyvaev and

Cherednichenko, 2000; Bacigalupo, 2014}, Invariance property

wE+ae=j [oe+0ac=7 [ o€+ (33)

is proved to hold for all functions with Q-periodicity,
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5 Overall constitutive tensors and field equations of the first-order
homogenized thermo-diffusive medium

Average field equations of infinite order are determined from the substitution of down-scaling relations (31)

into local balance equations (3a)-(3c) and ordering at the different orders of 2. They are expressed in the
following form

t*] & Uy _(2) OO s ~E2] ar (2 3}821 =
Mipgiaa 3 oy 3:,” Mg oy f; "y -7 7 T Ofe) + bi(x, 1) = (34a)
ire : i, e aT
m,&ffhm 0 :i”ﬁ mid) — 5 —mldl)_— 5 1 0E) +rix 1) =0, (34b)
vt oy U fJ‘T e .
7 ) AT . ) Wil SRSOTY 1 0 L (L SR 1 X § o =t -
Wi, B Do, i) G o i ™y + Ofe) + s(x, t) =0. {34e)

Coeflicients of macro fields gradients in expressions (34) are defined as mean values over @ of linear com-
binations of perturbation functions and microscopic constitutive tensors components. They are the known
terms of the corresponding cell problems and, at the order ¥, they read

*es = 3 {Comres + ClttsN i3+ Clten + CitiilViphaa) (350)
A2 = (o, ~ g ALY, (35b)
e = (Bl — Cines Vi3 (35¢)
23 = (™), (35d)
(2 _ 1 i I T LLY i (1) A
miZ, =3 (K + Koy MU+ Ko, + Koy MG, (350)
i) = (af, +ol NG 0. (356)
m®Y = (" +ajre, il ) (35)
1) = ( " am ML, (35h)
”-‘,E,?.::,, & <D::rl2 + Dy “d“ + Ding, + Dy 1.::;) (35i)
2 = {;5;;; +Bm N rn) (35))
0D = (g™ + By Nl ) (35K)
WD = (9™ + Bt Wit ) (351

In order to derive governing field equations for the first-order homogenized continunm, one operates a
truncation of average field equations of infinite order (34) at the zeroth order. Obtained zeroth order macro
differential problems, then, need to be expressed in terms of components Cig, gy Qg+ Bigy » Kgyggs Dy of
overall constitutive tensors, in terms of overall thermo-diffusive coupling constant ¢» and overall inertial terms
g and g Relations between components of the relative overall constitutive tensors € K, and D and the
ones of tensors n'?, m'®!, and w'® are detailed in (Fantoni et al., 2017) and read

@ _1 : T 2 _ .
Mipqiga = 9 (Crarigs + Copia) - Myge = Kaiqa "'r':“:'ln = Dy, q,- (36)
. - — a2 2
Svmmetries and positive definition of tensors n'? = Hf-,..]n.,, e Ge,De, ®ey m? = m::?.-geq. & eq,, and

wi?) = u{.ﬂ,e@, & e, are accurately provided in the above mentioned references, where is proved that such

tensors can be expressed as
(2) 1/ en (1) Arl1)
“ipq.q-; = E ( 'r:!.i-f (\rl “fepn . + "iir'ﬁ_;w) (*‘" fepagyd + ﬁ;ﬂkéh_al) +

12



+ TJ'H (‘a"'.rii]qj, +4 .Hn) (*"""r}ql:n.r # dﬂi-'d'-ﬁ;:) }
m@y = Kae = (K5 (MO +8i0) (ML +6ia) )
e = Dums = (D (W) +8i) (W02 +610.) ) (37)

A comparison between the first of equations (36) and the first of (37) leads to the expression of components
of overall elastic tensor €, namely

. _ (1) 1) .
ci'ﬁ'tf'{! S ( 'I'",::R'E (\rnqu_,l + rj”'rs.““) [ kepyy [ +'J'-'kr5"||l))' ['IS:I
In Appendix B equalities ay,, = iy = AR by = = fiyey = i) = and ¢ = M2 = @21 are proved

in detail. Equalities between scalars n'®2! = p, m© 21 = = p, and w'*Y = g, involving overall inertial terms,
trivially follow. Field equations for the equivalent first-order [Cauchy) thermo-diffusive medinm are therefore
expressed in the form

: 92U, (x,t) ae(x. 1) ar(x.t)  OWi(x,t)
S = - B — — : =0, 2
Cigipaa Oy, Oryy gy g, Bin Dirg, ? oz + bi(x,t) =0 (39a)
. dPex.h U (x,t) IT(x, t) 29(x, 1)
gy — T — L - _f =1). :
Rt e O T oz 0tV ot P o Trest)=0 (30b)
T (x, t) 32U (x, 1) aB(x.t)  OT(x.t1)
R AR - P — 4l \ — =0, 39
an'l,ﬂ a;‘;‘" H-an gy u:riﬂ t'” L ﬂf f ﬂ,f' + ﬂ{x ': {j f ;!‘.‘k"]

The procedure detailed in the present Section to derive field equations for the first-order equivalent contin-
unm cannot, in general, be used to achieve governing field equations for higher order continua. Truncating
equations (34) at orders greater than £V, in fact, has demonstrated o lead to equations that are charac-
terized by pathological constitutive tensors from the energetic point of view {Bakhvalov and Panasenko,
19584; Smyshlvacy and Cherednichenko, 2000; Bacigalupo, 2014). Field equations of higher-order medium
can be obtained by different strategies, involving for example energetic methods or variational approaches
(Smyshlyaey and Cherednichenko, 2000: Tran et al., 2012; Bacigalupo and Gambarotta, 2012; Del Toro
et al, 2019). In Appendix C, a perturbative technique is described, which allow to increase the order of
approximation, thus obtaining a hetter estimation for the solution of the heterogeneous problem. To for-
mally solve the average field equations of infinite order (34), which are asymptotically equivalent to the
heterogeneous material governing ones, an asymptotic expansion of the macrofields in powers of = can be
performed. Substituting such expansions in equations (34) and reordering at the different orders of £, leads
to & series of consistent macroscopic recursive differentinl problems depending npon overall first-order tensors
and characterized by auxiliary volune forces which in turn depend upon overall higher-order constitutive
properties of the material and upon solutions of differential problems at previous orders.

6 Complex frequency spectrum of the equivalent thermo-diffusive
medium

A two-sided Laplace transform of a real valued time dependent function f: R — R is defined in the following
way (Paley and Wiener, 1934)

00

L)) = flw) = f Fit) et dt (40)

-0
with the Laplace argument w € C and the Laplace transform a complex valued function f : C — C. Taking
into account the following derivation rule

£ () = wite) (1)

and performing Laplace transform of field equations [39), one obtains the following generalized Christoffel

equations for the first-order equivalent medinm

o 9?0, (x,w) e ﬂé{x.w}_:ﬂ!_ T (x.w)
by Py 'E}J‘r“arqg n .,}rq] g a_rq]

— p2 (% w) + bi(x.w) = 0, (42a)
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.'Fé{x-u} . Eiff,.[x,w]l

-r T — T Lf ) —- '{;} 4 5 1 b =

Ko 'ﬂ‘!'fi'l ﬂ'rq; Ty ﬂ"rﬂ': vw T(x,w) = pw O(x,w) + F(x,w) =0 (42b)
ETxwd o ObewY L w o oo :

Do —ﬂ‘rmﬁ.nq, b —ﬂf," Y B(x;w) — qu T(x,w) + 8(x,w) =0, (42c)

Fourier transform of a real valued, space varying function f has the following definition (Paley and Wiener,
1934)

= do pdon .
FUe) =it = [ [ st (43)
= -] =
where Fourier argument k € B? and { is the imaginary unit such that i* = —1. Fourier transform of equations

(42}, bearing in mind derivation rule
ﬂ“f{x} — ke AT F
f( o ) = (ik))" ) (44)

leads to the following equations
~ kg kaa Cianpaa Up (Ko ) = trigy ikigy Ok w) — Bigy kg, T(k.w) — pu?Us (k) + bilkow) =0,  (45a)
= g by K gy 0 O(K. ) — vy gy Wl (e, ) — v T (K, @) — puB (e, w) + F(k, w) = 0, (45h)

— kg, ke Dy gy Yo ) — By kg, wlp (k) — YO ke, w) — quoT(k, w) + 5(k, w) = 0. (45¢)
With the aim of studying the propagation of free waves inside the equivalent thermo-diffusive material, source
terms are put equal to zero (b= 0, ¥ = 0, 5 = 0) in equations (45). Waves propagating inside the medinm
will be damped in time, because of the structure of governing field equations (39). Governing equations in
the transformed space and frequency domain {45) can be written in absolute notation as

(E:L:k k) + ;u?l) Ulk.w) + iak©(k, ) + iBkT(k,w) = 0, (46a)
(k : (k®K) + p) O(k, ) + iwlok). Uk, w) + twT(k,w) =0, (461)
(D: (k@ k) + qu) Tk, w) + iw(Bk). Uk, o) + vwO(k,w) = 0, (46¢c)
and in matrix notation as
E(k @ k) + pw?l ieck iAk U 0
iwlak)” K:(k®k)+pw i e |=]|0]. (47)
iw(Bk)” Y D:(kek)+qw % 0

where € = (‘_.',-‘,W“ e Be,Re, @ ey and éfi"h'?:r = Cigpye 80dd 1 is the identity operator. Equation (47)
represents a quadratic generalized elgenvalue problem that can be written in a concise form as

{szz +Hiw+Hp)Z =0, (48]
where w corresponds to the generalized eigenvalue and Z = (U © Y)7 is the generalized eigenvector. Gen-
eralized eigenvalue w is the complex angular frequency of the damped wave and its real and imaginary parts
deseribe the damping and the propagation modes of dispersive Bloch waves propagating inside the medinm.
respectively. Vector Z, which collect the macrofields in the transformed space and frequency domain, is the
polarization vector of the damped wave, while k = & ey + k2 e © B represents the wave vector, with &y and
ka the wave numbers and B = [—m/dy. 7 /dy| % |—n /da. 7 /ds] the first Brillouin zone associated to periodic cell
A Complex frequencies w related to problem (48) are computed as the roots of the characteristic equation

det(H) = 0, (49)

with matrix H = Ha w? + Hj w + Hy, thus defining the complex frequency spectrum of the periodie thermo-
diffusive homogenized medinm. Complex algebraic operators Ha, Hy and Hy are such that Hz is constant
with respect to k, while H; and Hy quadratically and linearly depend upon k. Consequently, complex angular
frequency w depends upon k., thus defining the complex dispersion curves characterizing the equivalent
medinm.
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6.1 Asymptotic approximation of the complex spectrum

After representing the wave vector components in a polar coordinate system as ky = reos(o) and ky =
rain(g), with r = |[k|llo = k3 +k.'_}, the radial coordinate and & the angular coordinate, for a given
value of ¢, characteristic equation (49) can be written in the form Flw(r),r) = 0. Sinee the characteristie
function Flw(r), ) substantially depends upon the ¢ variable, in order to find an explicit solution of the
characteristic equation F{w(r),r) = 0, an asympiotic expansion of function w(r) is performed in powers of
r, which essentially acts as a single perturbation parameter. Asymptotic expansion reads

w(r) = wl® + Z wiMe? =l M e g B 02 | palilem (50)

nehe

Assuming sufficient regularity for dispersion function w(r), expansion (50) locally approximates the exact
eigenvalue w in the vicinity of the reference point r = 0. Once multiplied by factorial n!, coefficient w!™! of
{50) represents the unknown r-derivative of order n of the exact, but implicit equation Flw(r),r) = 0. In
this regard, approximation (50) of dispersion funetion w{r) is tangent to the exact dispersion curve in r = (),
while, for increasing values of parameter », the accuracy of approximation (50) is expected to diminish,
Established the series (50), characteristic function Flw(r). ) can be regarded as a composite single variable
Function G{r) and its Taylor expmusiun reads

("Ifu

21
ay=c+ 3 &0 " =Gl ”r'+%r e (51)

neN"

in powers of radial coordinate r. Beginning with the generating selution at the order ", which defines the
six known eigenvalues w!¥ = 0 as solutions of GI"(0) = 0, equating to zero each coefficient Gl at the
order ", the approximate characteristic equation G'r} = 0 results asvmptotically satisfied. The procedure
gives rise to a chain of n-ordered equations called perturbafion equations, each one characterized by a single
unknown, namely one of the higher order sensitivities witl, Higher order coefficients G!*! of (51) represent
the r-derivative of order n of function (r) evaluated at r = 0, thus requiring the recursive implementation
of the chain rule in order to obtain the differentiation of a composite funetion. Lowest order characteristic
polynomials G and G have the form

AF{w,r)  dF(w,r)

L. @il

re: G T + o

. - o O F (w2, :,'l a8 Fw, r} P F(w,r) d"'F{u..'.!']

2. 2 _ = 9,02 (AT T el ik B il ] 5
G l* [i 5 H {JJ" l'jf'l‘! ] ["'J'zl]

where the partial derivatives of function F are evaluated at w = w!” and r = 0. The generalization of the
chain rule to higher order derivatives can be found in Bacigalupo and Lepidi (2016). formula (23), where it
is expressed in a recursive form of the generic ngy, sensitivity. The solution scheme needed to accomplish a
fourth order approximation

wilr) = m'.!ul + w&'] r4wle? ¥ e g Gl op® (53)

for all the six eigenvalues (i = 1....,6) is described in table 1 and it is valid for any angular coordinate ¢.
As evident from table 1, when sensitivity wl"l has a multiplicity m > 1, the successive m — 1 perturbation
equations result to be indeterminate and sensitivity w ["+I] is computed as the solution of the next myy, per-
turbation problem. Perturbative technigue dL'ﬁCrle(l in the present Section allows obtaining a parametric
approximation of the complex eigenspectrum of polynomial operator Hiw(r), v} of equation (49) at » =10,
from which the explicit dependence of complex dispersion functions wir) upon the overall constitutive pa-
rameters of the homogenized medinm is obtained in a compact form. Such explicit expression of sensitivities

.u:E"l, with n=10,....4 and i = 1,...,6 is reported in Appendices D and E for angular coordinate ¢ = (),

7 Benchmark test: dispersion properties of SOFC-like devices

One considers o multi-phase material, generated by the spatial repetition SOFC-like cell, whose periodic cell
A is represented in figure 1-(b) and has dimensions d; = 100pm and d3 = 440pem. All phases are assumed



Table 1: Solution scheme to compule sensitivilies '....r:l"l, with n = 1.4 and i = 1,....6 from perturbation
equation GI"l = 0 at the order . Symbol “* has the meaning of “indeterminate”, while symbol “.." means

“higher order unknouwns”,
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T ol o [
I 2 K 4
wil |l | wf! | el
o [2 e I
W Wy Wy | W

to be linear isotropic and a plane problem characterized by conditions oey = 0. q-eg3 =10, and j-e; =0 is
considered, where eg is a unit vector perpendicular to e; and ez to form a right handed base. Under these
conditions the non vanishing components of micro constitutive tensors are

E vE E

n m

Clin = Ciaga = 1—p2' “un= 33 Vi T N +w)
Kh=Kia=K, D)=Dp=D,

1 — 2w S =2
iy = Gy = T Bi=8L=48
-

l1—w (54)
where F is the Young modulus, » is the Poisson ratio, K is the thermal conductivity constant, D is the
mass diffusivity constant, o is the thermal dilatation constant, and 5 is the diffusive expansion constant.
Ceramic electrolvte (phase 1) is considered made by vitria-stabilized zirconia (YSZ) having £ = 155G Pa,
=03 K =0.086W/(mK?), D= 0614134 kg s/m*. o = 4.22375. 10° N /(m*K), 8 = 4.22375- 10% kg /m?®
and inertial terms p™ = 5000 kg /m®, p™ = 84128 N/(m*K?) and ¢™ = 84128 kg* /(m™ .J). Thermo-diffusive
coupling constant ¢ is assumed to be equal to 280,427 kg/(m* K). Electrodes (phase 2) are considered made
by nickel oxide (NiO) with E = 506G Pa, v = 0.25, K = 01570 W /(mK?), D = 1.26072 kg s/m®, o = 1090 -
PN/ (2R, 7 = 1000 107 kg/m®, @ = 6810 kg/m?, p™ = 008N/ (m2K?), ¢ = 140080 kg /(e )
and 1™ = 1400.8 kg/(m* K. Finally, steel is supposed to constitute the conductive interconnections (phase
4) with E = 2.01-10° GPa, v = 0.3, K = 0.05 W/(mK?), D = 6.8495.10"% kg s/m®, a = 84TT- 108 N/ (m?* K),
8 = 877 - 10 kg/m®, p™ = 8000 kg/m®, p™ = 13699 N/(m*K?), ¢" = 1369.9 kg /(m®.J) and vanishing
constant 1" . All constitutive properties of phase 3 representing the flow channels, are assumed to be equal

to 1/10 of the corresponding constitutive properties of electrodes. Perturbation functions f‘-’f.;h i .-"':*,‘__' Y J";I:-’E.’ k.

M,E.L”. and I-I-'.,E,':' have been obtained by numerically zolving cell problems (14), (15), (16), (21}, and (26) at
the order =='. Numerical resolution has been obtained by means of a finite element procedure over the unit
cell @, as detailed in Appendix G. Once perturbation functions are known, the overall constitutive tensors
{35) are computed for the first-order thermo-diffusive homogenized medinm and, exploiting the formalism
described in Appendix F. they result

13927 0.3003 1]

¢ = | 0.3003 10595 0 o N k- [ Side M ] 102 I'I:__,‘,._
0 0 2-06775 " S s
1.8454 i 1.8454
= [ d-ﬁ“z : :‘;2_’ ] 10~ _.-*-”3“_ a=| 1482 | 10°— B= 14822 [10° I‘—q',
; o V2 - 0.0007 e V2 - 0.0007 m
ke N ke v Ry
p = G6662.1 ﬁ, p= 11428 W, g = 114280 HI'I‘:’.J“ = 4.1523 - 107 F!E. [55]
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Figure 2: (a) draft of the SOFC-like periodic cefl A having dimensions oy and ds; (b)) Waves propagation
along direetion ey in the heterogencous and in the equivalent first-order medim.

Generalized quadratic eigenvalue problem (48) has been solved in order to investigate the complex frequency
spectrum of the periodic thermo-diffusive material varving the wave propagation direction k. Defining the
unit vector of propagation m = k/||k||z, two unit vectors of propagation are taken into account in the
present example, namely m; = ey parallel to the SOFC layvering, and ms = ey perpendicular to the fivst
one.  Dimensionless wave vector k* = k] e + kles is conveniently introduced. where dimensionless wave
mumbers & = ky dy and &3 = kz da belong to the dimensionless first Brillovin zone B* = [—w, 7] % |—7. 7.
MATLAB® has been used as a tool to solve the quadratic eigenvalue problem. It has been enhanced with
the Advanpix Multiprecision Computing Toolbox which enables computing using an arbitrary precision.
Matrices Hy, Hy and Hy of problem (48), in fact, result to be neither symmetric nor Hermitian and their
entries are characterized by having absolute values differing by several orders of magnitudes. In this case
the use of higher precision with respect to the standard double one. together with sparse representation of
matrices, revealed to be erucial to get to the right final result.

Figures 3 and 4 represent the complex spectrum obtained along directions my and ma, respectively.
In particular, defining a reference frequeney we.p = 1Lread/s the dimensionless real part @) = we fweey
and the dimensionless positive imaginary part W = wi/weey of the complex angular Fequency, related to
the attenuation and propagation mode, respectively, are represented in the two perpendicular directions as
functions of the correspondent dimensionless wave number, Assuming e = 0, 2 = 0 and ¢ = 0 in equations
(47), Blue eurves of figures 3 and 4 are the dispersion curves of the homogenized first-order thermo-diffusive
medivm, eomputed as solutions of the guadratic generalized eigenvalue problem (48). This last gives rise to
two pure damping modes, represented by the two parabolas in the plane @} = 0, and four pure propagation
curves, complex conjugate in twos, plotted in the plane w! = 0. They are all acoustic branches departing from
the origin of the reference system. Red curves in figures 3 and 4 describe the first low-frequency branches
of the complex Floguet-Bloch spectrum relative to the heterogencous thermo-diffusive SOFC-like material
where all the four phases are characterized by vanishing coupling tensors o™ and 8™ and vanishing coupling
constant ™. Thanks to the periodicity of the medium, dispersion curves for the heterogeneous material have
been obtained by solving the generalized quadratie eigenvalue problem (153) over the periodie eell 4, where
this last is subjected to Floguet-Bloch, or quasi-periodicity. boundary conditions {(Floguet, 1883; Bloch, 1929;
Brillouin, 1953; Mead, 1973; Langley, 1993). The procedure adopted to obtain the complex frequency band
structure for the heterogeneous material is outlined in detail in Appendix G. Figures 3 and 4 show dense
spectra for the heterogeneous material, characterized by both acoustic and optical branches. Furthermore,
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numerons crossing and veering phenomena, this last meaning the repulsion between two branches, can be
ohserved from red curves behavior. In order to increase the readability of the graphs, for the heterogeneous
material solution, acoustic branches are plotted with ticker marks, while optical branches are drawn using
thin marks. Figures 3-(b) and 4-(b) are a zoom of the correspondent three dimensional spectra 3-(a) and -
(a) considering 0 < &7 < #/3 (i = 1. 2). Plane w! = 0is represented in figure 3-(¢) along direction my and in
figure 4-{¢) along my.  Analogously, planes w? = 0 are plotted in Agures 3-(d) and 4-(d), where red thin eurves
in figure 3-(d) show the presence of a partial band gap in the plane o] — &7 for 11.3-107 < w7 < 11.6-107. As

o (@) (b)

Figure 3: Compler frequency spectrum of the helerogeneous SOFC-like material (red curves) and of the first-
order equivalent medivm (blue curves) along direction my for vanishing coupling eocfficients. (o) w! and
wi s ks () zoomed view of the 3D spectrum eonsidering 0 < k] < #/3; (e)damping modes in the plane
wh — k3 (d) propagation modes in the plane w! — k).

one can notice from a comparison between blue curves and thicker red ones, a very good agrecment hetween
acoustic branches of the spectrum of the heterogencous material and the ones of homogenized medinm, is
achieved for 0 < &k < =/3 (i = 1.2). A decrease of the acouracy is generally expected between these set
of curves for &7 > w/3 ns a fust-order approximation is adopted to describe the equivalent thermo-diffusive
medivm behavior and obtained results confirm this fact. Furthermore, the obtained approximation of the
complex frequency spectrum results to be more aceurate along the my direction than along my and superior
performances attained in the divection perpendicular to the material lavering are confivmed by previous
results achieved in the literature {Bacigalupo and Gambarotta, 2014},

Fignre 5 represents dispersion curves obtained in the plane w! = 0 along directions my (figure 5-
(a)) and my (figure 5-(h}] when thermo-diffusive eoupling constant ¢ is introduced such that ™ =
2804.27 kg /(m? K} for phase 1, ¢ = 14008 kg,/(m® I) for phases 2 and ™ = 1400.8 kg /(m® K) for phase
3. Figure 5 confirms the capabilities of the proposed first-order asymptotic procedure to approximate dis-
pertion properties of thermo-diffusive materials in the low frequency regime. A comparison between figure 5
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Figure 4:  Compler frequency spectrum of the heterogencous SOFC-like material (red curves) and of the
first-order equivalent medium (blue curves) along divection ma for vanishing coupling coefficients. fa) w?
and wi vs k37 (b) zoomed view of the 30 specirum considering O < k3 < 7/3; {c)domping modes in the plane
wh — k3 (d) propagation modes in the plane w} — k5. *
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Figure 5: Real part of complex frequency for the heterogeneons SOFC-like materiad (red curves) and for the
first-order equivalent medium (blue curves) in the ease of non vanishing thermo-diffusive coupling coefficient
i, (a) Propagation along direction my; (b) propagation along dircclion mg.
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and the two relative spectra obtained in the case of vanishing ™ (figures 3-(¢) and 4-(c}) brings to the light
the qualitative differences spotted in the two cases, In particular, in the case of non vanishing ¢™, veering
phenomena are accentuated and, at the same k7. the absolute values of w! inereases for each branch of the
spectrum.

When all overall coupling tensors o and @ and overall coupling constant v are taken into account
with their value as expressed in equation (55), dispersion curves for the homogenized first-order medinm
have the hehavior llustrated in figure G-(a) along my and in figure 6-(¢) along ma (blue curves). When
coupling coefficients are taken into consideration, resolution of quadratic generalized eigenvalue problem
(48) provides two pure damping branches and four (complex conjugate in twos) mixed mode branches having
bhoth components w! and w! different from zero. Red dots in figure 6 represent dispersion properties of the
equivalent medinm obtained by means of the asymptotic approximation procedure deseribed in Section 6.1,
which allows to achieve a compact and explicit parametric approximation of the eigenvalues in terms of the
constitutive coefficients of the homogenized continmum, In particular, a fourth order approximation of type
(53) is achieved along both my and mg by solving recursive perturbation problems G"/(r = 0) = 0 at the
order £ (i = 1,2} in accordance with the solution scheme deseribed in table 1. Figures 6-(b) and 6-(d)
represent, respectively, the complex spectrum obtained along the two perpendicular directions my and my
when components of the coupling tensors e and 8 and the value of ¢ are multiplied by 10°. When the
absolute values of coupling tensors inereases. mixed mode branches bend toward the plane w! = (0 increasing
their damping component, and pure attenuation modes bend toward the axis w) = (. yet remaining in the
plane w? = 0. As one can notice, the perfect agreement obtained between the eigenvalues of problem (48) and
their asvmptotic approximation (see figures 6-(a) and 6-(¢)) deteriorates as the coupling increases as shown in
figures 6-(b) and 6-(d), preserving nevertheless the aceuracy of the approximation for 0 < k7 < 7/3 (i = 1. 2),
as expected.

8 Conclusions

The present work is devoted to the formulation of an asymptotic homogenization technique for periodic
microstructured materials characterized by thermo-diffusive phenomena, The aim of the proposed technigue
is twofold: it allows determining the overall constitutive properties of the first-order equivalent medinm and
to investigate its complex frequency spectrum by providing its dispersion curves. Down-scaling relations are
determined, which relate the three microfields, namely displacement, relative temperature and chemical po-
tential to the corresponding macrostructural ones and to their gradients by means of perturbation functions,
These lasts are regular, @-periodic functions, which take into account the effects of microstructural hetero-
geneities, They are solutions of recursive, non homogeneons differential problems, known as cell problems,
obtained inserting asymptotic expansions of the microfields in powers of the microstructural characteristic
sizge £ into micro governing field equations and reordering at the different orders of . Substitution of down-
scaling relations into local balance equations provides the average field cquations of infinite order, which
result to be asymptotically equivalent to the heterogeneous material governing ones, Their formal solution
can he obtained by inserting an asymptotic expansion of the macrofields in powers of £ and reordering at the
different orders of . The attained zeroth order differential problems yvield to governing field equations for
the equivalent first-order (Cauchy) thermo-diffusive medium, whose overall constitutive tensors are provided
in closed form. Inereasing the order of approximation lead to a better estimation of the solution of the
heterogeneous problem.

By means of proper integral transforms of global balance equations a guadratic generalized eigenvalue
problem derives, whose solution provides the complex frequency spectrum of the first-order homogeneous
material in the first Brillouin zone. In order to assess the eapabilities of the presented dynamic asvmptotic
homogenization technique, a generalization of the Floguet-Bloch theory has been implemented in order to
investigate dispersion properties of the heterogeneons thermo-diffusive medium, Thanks to the periodicity
of the microstructured material, a quadratic generalized eigenvalue problem is solved over the periodie cell
subjected to Floguet-Bloch boundary conditions. The eigenvalues provide the imaginary and real components
of the angular frequency, related respectively to the propagation and attenuation modes of the wave that
propagates inside the medium, as functions of the wave vector,  Complex frequency spectra obtained for the
heterogeneous material, made by both acoustic and optical branches, result characterized by a high spectral
density in the investigated low-frequency regime, Crossing and veering phenomena, as well as the presence
of partial band gaps in the directions of propagation taken into account, are also detected. The very
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Figure 6: Compler frequency spectrum of the first-order equivalent medium (bWue curves) and its fourth-
order perturbative approximation (red dots) es describied in equation (53). Each subfigure is enhanced with a
perspective wiew of the plane w! = 0 showing the complete mnge of values forw?. Propagation along direction
my and ax, 3 and 1+ with components as expressed in (55) (a) and inereased by a factor 107 (b). Propagation
along direction ma and o, 3 and v with components as expressed in (33) (¢} and increased by a factor 107

{d).

good matehing obtained between dispersion curves of the first-order homogenized contimnum and the lowest
frequency ones relative to the heterogencons medium, confirms the aceuraey of the proposed homogenization
technigue in predicting the behavior of the acoustic branches of the complex spectram of the material under
consideration, at least in the range of wave number values admissible for a first-order approximation.

Furthermore, an asvinptotic approximation of the complex spectrium is here presented based upon the
resolution of recursive perturbation problems at the different orders of r, here intended as the Enclidean norm
of the wave vector. Perturbation problems derive from a Taylor series expansion of the implicit characteristic
equation of the equivalent medinm in the transformed space and frequency domain and their solutions pro-
vide the sensitivities of the eigenvalues at the different orders of r. Parametric approximation of the complex
angular frequency allows obtaining a compact analytical solution of the characteristic equation. in which the
dependence upon the overall constitutive coefficients is made explicit. A fourth order asymptotic approxi-
mation of the spectrum demonstrates to be in good agreement with dispersion curves of the homogenized
material, also in the ease of increased coupling coefficients of field equations,

In the context of renewable energy devises, numerical experiments have been conducted referring to
a Solid Oxide Fuel Cell (SOFC)-like material, whose typical building block can be modeled as a periodic
thermo-diffusive elastic multi-lavered material. SOFC are typically subjected to high operating temperatures
and to intensive ions fows, which ean increase their valnerability to damage and undermine their efficiency.
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A correct prediction of their behavior is therefore of fundamental iimportance in order to design high perfor-
mances hatteries, In the future, proposed multifield asymptotic homogenization technigue could he applied
in order to investigate the bebavior of layvered and/for fiber reinforced materials having imperfect interfaces
Zhow et al. (2012); Sevostianov et al. (2012); Monetto [2019): Massabd and Monetto (2020). When seale sep-
aration holds, homogenization technigues reveal to be particularly useful to obtain an aceurate, but concise at
the same time, description of the material, both in static and dynamie regime. In this regard, proposed mul-
tifield asymptotic homogenization is an efficient and rigorous tool for the investigation of thermo-diffusive
materials having periodic microstructure. When non local phenomena connected to the microstrinctural
length seale and for size effects come into play, first-order homogenization methods result to be inadequate
in approximating the behavior of the periodic material. In these cases more accurate approximations could
he obtained by considering higher-order eell problems,  Alternatively, homogenized higher-order materials
can be properly modeled by means of non local higher-order homogenization approaches, which allow to con-
sider a characteristic length scale linked to microstructural effects, but the emplovment of such technigues
is out of the scope of the present study.
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Appendix A. Microscopic recursive differential problems

In the followings, recursive differential problems originating from equations (7)-(9) are written explicitly at
the different orders of length = till the order 2", leading to the definition of cell problems in Seetion 3.

Recursive differentiol problems at the order =—2

From equation (7), at the order =2 one has the following differential problem
(Coanil) = £x,t) (56)
o
with interface conditions
M lees, =0 [[Ctniiinl]] s, =
ti =1, [ thy 71 =0, a7
H k] eex, ikt Med 5 |||y (57}
It results that _,I"I-‘m = 0 in equation (56) because of solvability condition of problem (56} in the class of

Q-periodic functions and interface conditions (57) (Bakhvalov and Panasenko, 1984), and the solution ur”

spatially depends only upon the slow variable x. being equal to the macroscopic field
ul ! (x, & t) = Uk(x,t). (58)
At the order =72, [rom equation (8) one has

(h’;'aff])ll_ = ¢ (x.1). (59)

with relative interface conditions from (11) that hold

(o || IR C Lot || I ©)

For the same reasons explicited above, the solution #'% is equal to the wacroscopic temperature feld, namely

' (x.E.t) = B(x.t). (61)
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Analogously, from equation (9) differential problem obtained at the order == has the form
(D) =h ), (62)

with relative interface conditions from equation (12) that read

n' . =0, oyt o =0, (63)
131 £EL)

Onee again, solution of (62) corresponds to the macroscopic chemical potential and it is expressed as

nV(x.£.t) = T(x,1). (64)

Recursive differential problems at the order 2=

Taking into account solutions (58), (61), and (64) of problems at the order ==2, at the order =~ from
equation (7) one has the following differential problem

LLiJ Ll ﬂ[‘;"‘ " i ]
((‘.‘,JHHL'I,’) % ( B ) — o} 8- A0 =V (x,t), (65)
: 3

with interface conditions expressed as

(1) o m HU& [”) m am } ] ] iy
=10, T — 4w —ana-a"T i ={L Gl
H”" H |EEEL H{ e ( TR S | P =
Solvability condition of problem (65) imposes that
aLs
576, = (Chuy) ﬂ—; —{af};)0— (B3, T, (67)

where {(+)}) = ]'EH'Q{-}JE and Q| = & denotes the area of the unit cell. Applving divergence theorem
and given the Q-periodicity of components C7,. aff, and 577, one obtains that ff”{x.l‘} in equation (67)
vanishes,  Solutions (58), (61), and (64), make the micro displacement solution at the order =~' of the form

nix.t)

ul” (x.6.1) = N1 (€) 2 + NV (e)e(x.t) + NV (€)Y (x.1), (68)

‘i
where N,E:,.]“. N, and ,"';Ffr” are the first-order perturbation functions for the mechanical problem, These
are @-periodic functions and reflect the effects of the underlyving microstructure heing spatially dependent
only upon £. At the order ==, from equation (8) one obtains

(.'f,-’_’,’ﬂﬂ')_' + (H?"‘ﬁ) = g'M(x;1), (69)

i
ihir r

and relative interface conditions from (11) read

[, =0 {[x5 (5 +05) ]

Solvability of differential problem (69), taking into account the Q-periodicity of components K7 leads to

70)

= {J,
EEL

g (x.t) = (K} =0. (T1)
Therefore, solution of (69) has the form
e
0 (x,€.t) = MjI”fE]E, (72)
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with perturbation function ;’-L},”. Analogously to what done for thermal problem, from equation (9) diffusion
problem at the order =~ has the form

(Drrrrliijl})li (D:j; :}” ) = -ﬂ{”{x-.t}f (73)

and its interface conditions read

[P Mes, =0 [[25 (5 +) ]|, m
Solvahility conditian for problem (73) imposes that
W (x,t) = (Df},) =0, (75)
and the solution A (x, t) has the form
106 0) = WO o, (76)

ihry,
with first-order perturbation function 'Hr’.}.l}.
Recursive differential problems at the order £°

Bearing in mind the two sets of solutions (58), (61), (64) and (68), (72), (76) of differential problems at
the order =2 and =™, respectively, equation (7) at the order 2 vields

2
w4 (2 (1) s A | U
(Cou+uid) + [(E‘E‘“Nkm) B +C'-’#h*'"m..;] i

il ] e m ﬂE!
[(CLHJ\{L”)-J T "':'”-.T \"EIJ = (ﬂ.‘jj"ﬂ'”) 4 = 0 +

By
[Tl i :
13 |:( :-_;kiﬁ'lr[”)_ + f':ﬂ: \':_-IJI (ﬁ:}"“'}“})- |l.irr|:| :‘}T pm wz — Lu:'{x..,}‘ [TT]

with interface conditions

[[47]}]s, =0

I r(1] E‘J UH '“]da ”FJT
[[{ .JH( a.-r"“ﬂ'kpruar ;_],-, + N iy + N, ary i

| e =
r.r,_:rfr;.;:'-f,,: T — 355 g W, o IT Dr ]] (78)
EEE:
Solvability condition for problem (77) leads to the following condition for _.F,m
{2) - =1 " (1) T[l ] ,1 e {1) T aT " ﬂz{’[l
.ri {x" r] — <(-H;:| lrfkjhrkpql _]-> aqu d!] +< 1”.,_7 \I — oy } Er'_.l'r + < |.fi._rNj._-J "j D.f {P } wz +
(79)

and the solution has the form

Ny . k
P93 ﬂ:fd'l- 1“.1.1- 1 q; T
. (2) (2 aei2) (2.2 , : ; ; :
where Nyoo o Ny N kg + A0 N are the second order perturbation functions relative to the mechanical

problem. From equation (8), thermal problem at the order =¥ reads

e moarll) CFU"
o Y i
] O ma-"; ( i Nipgy i = nl'lrh) ﬂ;l"."m T

(K-mﬂ'[ib)J + [(ﬁ.ir,}lﬂ!*}}b)‘ +R'"‘ +h‘ﬂ',|..”1]

L¥ s § it
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( uN”} +_:J"") %—? = (n:-‘_j'-";';!',;: + 4.-"'") o . g#(x. 1), (81)

i
and relative interface conditions have the following form

[N, =0 [ (o #2035 )

I‘“

= (82)
£EX,

Solvability condition for (81) entails that

> fis] < ,,,“,] +am > U,

) — (K™ I {1}
g =0 = { as KMo ey O ipard T O g
(s a7
<nlj:,~;r[lﬁ + .“m> E’ - <I"I‘:T;J"|ir‘!";i + -¢]"'> H‘- {33]
and solution reads
Pe(x, -‘] x, 1) x, t ar x.!']
H[‘E.‘l{x1e_” - ‘1I¢?$:{£} 5 I”;;j]”{ﬁl {UT ”Ifl “{ﬁ} { :I .III[J H{ﬁ} { [8”
M 2 QI

with second order perturbation functions My, Ma'', M21) and M(3!). Diffusion problem at the order

£” results from equation (9) and reads

oY a*U
(2} mggeil gl (1) I "
(Dj_’,*nd, ) [(u n,},l)" + DI+ DI ,] 5 77 _( BEND) -+ 1,:,“) mmiﬂ +

2 Gl P -
— (B +0) S - (BN +4m) 5 = 0P (x.0), (85)

with relative interface conditions from (12) in the form

[+«)]]]. . =o. “D (v + i L )H 0. (36)
EEE, ey, diy £€T,
Solvability condition for differential problem (85) imposes
v,
(2} i 71 (1) It (1] rE
ATRRS Y= <D'"J +D5Wes iy, dir; <ﬁ 1 Nipar s+ Bpay D g, Ot -
ar = e
3. .lc-[li my ~_ _[gm 1‘,-!;!.| fyiil s =z
() - (8 47) g

with a solution of the form

EJ'T{K t] + “_ !E.H{E}

Lt . gy m"(x £) | ey e 090X, 1)
Dirg, Oy, Py + W —=r + i [£)——-

_.___ . (88)
q,ur ot

(%, € t) = Wk (€) ———

where I-l'qi.,zr:,, ﬂ',l.ﬁ;! LW and WY are the relative second order perturbation functions.

Appendix B. Proof of equivalence among thermo-diffusive homo-
geneous tensors

In the present Section the following equivalences between the components of overall constitutive tensors that
appear in the average field equations of infinite order (34) are demonstrated in detail

"[11 = '.'l'i‘z 1) ![2] =1mw pi2-H

P pon 1 Dpgy =1Bigy i) = B3, (89)

{2.1) = (2 - (2)
pn Ep@ey, 0\ =i e, Qe

e, @ e, to the corresponding ones of overall constitutive tensors a and 3 and to relate

o $ - wld - -
This allows relating components of tensors n'?) = nﬁ..,‘, e, Be,, m'*! =m

wizt) = gZ
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constants 11'*Y and @'* to the overall coupling constant .
Proof of al? = midl

Components of tensors 2’ and m®! come from the known terms of cell problems (18) and (23), re-
spectively, and have the following expressions

2 rn v (1)
}}"?1 ={ O, —E” ikid "'r ) i (90a)
2, n _ arlll
by {a:;',l +apy, N, > (90h)
The weak form of the first mechanical cell problem (14) at the order £—!
Trl [ | 77
(CrmunEl, ‘). + O =0, (91)
can be written in the ollowing way, considering as test [unction the perturbation function ,"';',[.‘”

<|:( il'l‘_!khﬂﬁrk{:r" I) r;:;rr" ] Er;;”) =L [92]

Divergence theorem and Q@-periodicity of micro constitutive tensgors and perturbation functions, allow writing
equation (92) as

m ™ wri 1l
([CrmuNi), .+ | B2) =0, (93)
Adding vanishing term (93} to expression (90a), one obtains

ﬂ{ﬂ - < A

@ ot tNE + CluaN G, ;00 + Clipg, NEDY = (o, + Cla SING Y. (94)

L2 A
Aunalogously, from the second mechanical cell problem (15) at the order =71

LU ‘tl rr
(Comavi? ,ma; =0, (95)

the following weak form can be written in terms of test function ."h'fp,:l

<[(c-;;k,m“f) - :';J] N,[FL">=[]. (96)

Expression (96) can be transformed into
(|t - aff] N2, 5 =0). (o7)

thanks to divergence theorem and Q-periodicity of micro tensors and perturbation functions. Adding (97)
to (90h) vields

(2d) — {1} " (1) nril} WM {1} = T {1} artl)
m!"rl <ﬂ'!"l'l Ffdz il"'rl:-'qll 2 "(‘-‘IiJiM‘E"IlIr wal i.I"ITIJ'WH.-.I'> . (“Ml I'J'“‘rIIIIr N*M: J> (98)

from which identity 7 um,_ = n'J';,.,,M ' follows.

Proof of 1l = w21

Components :I'i:;:., and u , are related to the known terms of cell problems (19) and (29), namely

Y .
”L!:: s <ﬁm

P

~ s i) (99)
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“'ﬁ-.” . (Hm ij "'rt[’.::. > ; {g’ﬂh]

Given the first mechanical cell problem (14) at the order £~

( m aril) )Ij+£"m =10, (100]

“pikt® ki iy

its weak form has expression

({( "’J'”'W:-}m ) CJT.;Tmu] ‘FLI'IE‘”> =0, (101)

with test function ‘::r;”_ Equation (101) can be written as

ri (1) M
([f'mi-iﬁk-m 4+ Cpjiay

| %) =0, (102)

for divergence theorem and Q-periodicity of micro constitutive tensors components and weight functions,
By adding vanishing term (102) to equation (99a) one obtains

@ ¥ i) (1 oLl bt {1} rr (1) (1)
A = (Bpa, — a5t + N ;N0 + Clpg WY = (B, + Coa N, 8 (103)

By iy . ipyy ¥ iy

From cell problem (16) at the order =~

(CEHJ.;"TJE‘.?) ~Bia =0 (104)
the following weak form can be derived
(1) 1 £
<[(c';;“Nj_¢1) = e;;_,] mfpjl> 0, (105)
considering N.tw: as a test function. Analogously to what done before, equation (105) can be written in the
form ; :
([ e ,ﬂ’"] \’,‘,,,jw> 0. (106)
The sum of (106} and (99h) leads 1o
=21} m o oarkl) i (1} 4¢l1) iy arll) i (1) 4¢01)
“';"h )= <'HWJ L3 Il-';"ir-il'.l Nrm: 2 C::i f‘vkr ‘ﬁ"lmx 3 1" 'Vlwn _'I') (3;:!1 C:T‘FHN Jﬂ""rr-'w:u) (107)

from which equivalence '.r!}._.f“ = II‘}%.” follows.

Prmf Of i) — (2.1}

Constants '*!) and Y come from the known terms of cell problems (25)and (30), namely

i@t = < L S \’,E:L,} (108a)
) = (Y 4 g, NI Y. (108h)

Second mechanical cell problem (15) at the order == reads
(G o =0, (109)

and its weak form, considering ;";’.-'” as test function, is

<[( uku"'ﬂ'“}]_J - ﬂ:j_J] ﬂ-’j”) = 0. (110)
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Onee again, equation (110) can be written as

([C'E'm’”'m ...],ﬂ:]} 0. (111)

exploiting divergence theorem and Q-periodicity of perturbation functions and micro constitutive tensors.
Adding term (111) to {108a), one obtains

ml21) <E'-'m 'r;:-y \';Il ]rj: f—:;r I*""J‘.]:] N,F:,;] s “E; P,'..‘i?} = <¢r1‘ C:_rrlﬂ ."I.,[ N lil) (112)

The weak form of cell problem (16) at the order ==, expressed as

(" q{jl,ld '1:[”) ; - I.I:;rJ - ". |:_| 13]

([( ;:,.r,f,ﬁr,il’;J'_ “i:’:}_,] v“‘) 0, (114)

with test function N'''. Equation (114) turns into

has the form

[ ([N - 31] AWY =0, (115)

for divergenee theorem and @-periodicity of terms iwvolved. The sum of vanishing term (115) and (108h)
leads to ) ) e
B2 _ {U.,. + B N, = BN + Co NN = (v + c-;;'k,;v,'j,’wfl}’>. (116)

qudz” " qudta

Comparing (112) and (116), the equivalence between constants tm'®! and @'Y trivially derives.

Appendix C. Macroscopic higher-order recursive differential prob-
lems

As detailed in Section 5, in order to obtain a better approximation of the solution of the heterogencous
problem, average field equations of infinite order (34) can be formally solved by performing an asymptotic
expansions of the macro fields Ufx, #), ©8(x, ) and T(x.t) in powers of characteristic length =, namely

Ui(x.t) = U (x,1), (117a)
=0
oo

a(x,1) =Y 8 (x,1), (117b)
j=tl
+o0

T(x,t) =Y TV (x,1), (117c)

J=A

Substituting asymptotic expansions (117) of macrofields into the average feld equations of infinite order
{34) and reordering at the different orders of 2, leads to obtain an infinite set of macro hierarchical recursive
differential problems in terms of sensitivities Uy ) 9l and TU), In particular, equation (34a) becomes

a2 U 5 o*usY e 82Uy Len® &u” ooy

Ralis ﬂﬁ'ql'ﬂ-ﬂu ) ﬂ.r.hf-'rq, ) -i?.r.,ui'-'ﬂ-'q:. - ﬂT'.I': “‘Eh'im - ﬂrﬂl"'ﬂm‘f!
U ul” puyt |, e

E? ki A [4) r _ Fi i i

Gt ) Y Meneau \ Br b, T Bng e T By )
_(2) Haio geth el (3 B Er=10 el

—it & + 2 +..] —ef; +€

0\ Dy, T Org Dy 093 \ By Oy | - O Oy

a2



+62 a?e,f'.i] " o E:} (4} 336“!] - aﬂe{lb " EE 339[2] N4
Oz, 024, .43 Qg0  Org,...0ny, x4, .00,
2) a0 arin 3-1-:2: . (3) g2 et
1’m(.1} T+E a +¢* 7 +. ) Em (ﬁ.. 7] €5 B
T T T T Oy T ¥y

4

4+

, 8T - FTO BT ., e
g, D g, e \ Oy .02y~ Oy, Drgy 24y gy

i-z 2} (f‘}zU:ﬂJ EFU.I‘” a ﬂ U[zr + ) tﬁ,lj] ({‘}{'ﬂ“} LPU“

— 1
™ o2 S Tam tF op e e T

ﬂd-Lr (2 &|U!{U] HILH 1) i U_{T}
tet o —tm b | = fuisy it tet ot ) b bi(x, 1) =0
.rmﬂ!' iy, e, iy, ﬂ‘.rq, a2 g, ey,
(118)
From equation (34b) one obtains
" Po) gl ;- -Te) Sralo P
Mt (.9: By | Oz Otg | = DEgOry | ) HEMG (e;r: Bag | Dy .02
'q 3 '] LE M LE L' B 7 T T2
el ” a'ev) glelh . a'el®
E —B.'J'r“__.ﬂija -+ ) + E ﬂ!‘q, -4 (a‘!_‘q! -..ﬂ.r.h +E &Iqt,_.ﬂ;f;" E ﬂ-r.," ,__&J‘q.‘ + “.) =+
2 L]
FH[2 1] EEUS:” 4+ £ &QLT'II} 4 2 ﬂEUIi' j =2 = f;n_‘_" }] .IFI “' + £ ESU‘”
P\ Grg Ot D, Ot Bxg 0t #0103 \ Py B0 | Dy DOt
trr(2) (0] dpril) dprl2)
2 T el s P P s do ) +
iy, e O (7T ey, . E".rqan’if gy .0 g O
—m{%:1) (&Hw' +& 2er e ;v + —emi!) e +E e +
& & 0 & W Nar, 0t Or, 0t
SRR Faln el . Fel
G Ot ) e i (D.': BrgBt | Oag OBt | Drg DrgBt ) i
T W kel “qy L F m T2
) (m"m: Lo e ) e (:'FTI“J P
TRET TR T drg 0t dr, ot
, 272 an . PTO Pry BT
oot ) & (ﬂ.rr“ﬂ;rrwﬂt e GOt T B Br Ot T ) b=,
(119)

Finally, equation (34c) reads

@) S i) , 82 g i

N (f}rmﬂarﬂ . Org dry,  Orgdry, e ) (J}rm . ﬂ;r.‘., Ty,
o (2) {0} i1} i u]

! +. ) +2mld ( A L VP . w G ) +

D gDy 04 \ D Drgy | Oy Bigy T Digyo gy

it lfl"EUIELH - JEUJ"H 4 £2 '5'2”152!I + e asiany &19'!{”] E '5'3”:5”
e thiy, O : g, Ot g, M T pmi g, e, N iy, O, i

au +) 2 ZA) ( v oY i oMY )+

+eml¥

w Wi-a

+&2

+

C g deg Ot

@ | Or Org Ot | Org OOl - Digy..0rgdt |

— ) (ﬂT“” < i ar't L g2 art? 4 ) — el ({‘T‘T“'} o a*rth "
i (i ] I oy, Ot Oy,
PP Lok ) Swlld) ( -l NI i D Ll ) .
: &:mﬁrr W\ drg, Org, 8t dr, g, 0t O, drg,dt
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- [2.1) (3@[01 b & sett ph | ae'? + ) — @D (ﬂz‘e’“” el
M i it :

—w + £ % + £ +
oo Ndrg 0t drg, Ot

ge 2o | — &5l ool + £ For) e g +on )+t slx ) =0
i, N\ dr,, Ox g, dy, dag Ot ey, Oz, O
(120)
From equations (118)-(120), at the order £, the macro differential problems read
g U e a1 A
ﬂ};“]; 3 —l nﬁ} - H:} - ”(2.2}__;_‘ + b =0, {121a)
Y9 Oy, Oz Likry, iy, i
2 PO a0 50,00@ 979
mi® — = gl P I Ny r=g, (121b)
TSt b i P e, & it
g OATLO) 2y ORUSY a8 800
w2l —— Gl P LGN G g, (121¢)
NN By, Oy, PIL Gy, OF i it

Equations (118), (119), and (120), at generic order =™ with m € & and m > 1, can be expressed in a
compact form as

s O™ nOm L aremy L 820™
5 2 _ a3 _q@ZIT e g o, (122a)
PO B D Dy By, oz
§ greim) ) a2 U' mj HEiml apimh
() _ al21) il — g l21) —ei2.1) Es ) i, 124
M oigs Oy, D1y, Ly Dty 57 m 7 in N 1 ( 1)

2ol ) 2rpim) (1) {#m)
@ ST _seny@Y% | L eydLT | 629

o [eve) ={l. "
i e e + & 0 (122¢)

G Drg PP O, Ot
where f;E'"] ) and &' are known L-periodic source terms reflecting the non loeality oceurring in the aver-
age field equations of infinite order. These sonree terms depend upon sensitivities of the maerofields L"E“ el
and T coming from macro hierarchical differential problems of order lower than =™, and upon higher or-
der constitutive tensors (nt™), /7, A7, n72 gnt) minl mind giled) gl Hindl gplnd) @il arising
from terms at order r > m in the average field equations of infinite order (34). The following normalization
conditions

L {wri ) = L [m] e Lf {mj o §
:‘FLE[-;UP (x.f)ex =10, 312 ‘/CG (x, t)dx =1, IE ;T (x,0)dx =0, (123)

are demanded to be satisfied by macro fields U0 (x ¢}, 80" (x ) and T (%, 1) in the ease of L-periodic
souree terms, for each m € Z, in order to guarantee the unigqueness of solution of problems (121) and {122).
If source termns are not L£-periodic, normalization conditions (123) need to be substituted by appropriate
houndary conditions to compute the macro fields. C-periodicity, in fact, is not a mandatory requirement
for source terms. These lasts are only required to show a variability much greater than the characteristic
microstructural length £ in order to preserve the separation of scales. Higher order governing equations (122)
are charncterized by constitutive tensors that satisfy the properties of symmetry and positive definiteness
required for energetic consistency as demonstrated in detail in Appendix B and in (Fantoni et al., 2017).

Appendix D. Fourth order approximation of dispersion functions
for the equivalent thermo-diffusive medium

Considering an angular coordinate ¢ = 0, sensitivities wE"'. withn = 1,..,4andi=1,...,6 of table 1 have the
elosed form detailed below in terms of the overall constitutive tensors components relative to the homogenized

thermo-diffusive medinm. Such sensitivities are the solutions of the chain of n-ordered perturbation equations
generated by the perturbative approximation deseribed in Section 6.1 of the characteristic equation (49).
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Being &y = reos(¢) = r and ks = rsin(¢) = 0, perturbation parameter is represented by the wave number
ky and the fourth order approximated dispersion function w(f;) has the form

wik) = Wl 4 ol gy 4 0l j:f + s .ﬁ? + el ;'11 X UH‘?} (124)

As expected, generating solutions at the order &) are all vanishing, namely ugﬂlb =0 for i = 1,...,6, meaning
that dispersion curves are all acoustic branches departing from the origin.  From perturbation problem
f.'lﬂ?{r = 0) = 0 one derives the following sensitivities

I o | *'v'PE-tzm
whl = L2t
P
=] ivplpa—v?) (Cunpg—Cun v +of, g+ 200 8u v+ 37 p)

plpg—1*®)

(125)

I
where w,[,” and u:é“ are not explicitly written being the complex conjugate of sensitivities .-4:‘-[,’] and .-u},!],

respectively. Consistently, sensitivities u.rF] have the form

o2 = —pCri D — qCun Kn — Duafy — Ku i) +n1
1 2£’|11|pqr—2ﬂ'|n|!."-'2+2r::'f| q+¢lu|,_ﬁ='nt:"+'2_5‘flp'
2 =pCun D —qCun Kn = Dnoiy— Ky 8f) —n
- Eﬂnupq—2(:'|:|1|1."'2+2r't?] l;+-'|f!|:|.-ff||';-"+2;"r|‘] p"

Ll.’:lfl =0,
(2 _ 1 (=Duof, — Ku ff) * - 2¢ 8y (Dup+ Kug) an — D 8}y p° - Kn o, ¢° (126)
* g (g —¢2) ((Cin g+ 87) p—Crun 2 + 281 an v + of, q) '

Gk i Rl
Sensitivities u."! " are expressed as

u.:ia] = UJE;] = -..:E,“] =10,

) 3 a2 3 i 32
.uE_] = {n'.'l agn + oy By oag + ufi A7 gz + o Ay as + By agy + f.tft dag + oy Fyy ey + 87 anz) /51,

(127)
and sensitivities u.lIHt result
Wil = (D) bio+ D} Kubsy + D K3 boa + Duy Ky bus + Ky bog + DYy baot
4+ D7y Ky by + Dy K7y byg + K5 bog) (92,
i4 z " R - . - v
Wl = (DY e+ DY Ki sy + D3 K2, cag + Dy K11 eya + K}y cos + DY, cag+
+ D:t!l Kyyeg + Dy ﬂ_;ﬁ 1z + K?; !f.'m:l FETR
u.l:fl = 0O,
k-'li,'” = {t‘l?. gy + H'Ii‘] By dey + ".]’l ﬁ?. iy + r}?] r'jfl day + vy Jﬁ. iy + ﬂ‘j‘ii] s + l"l':] dan+
+ l‘l?1 .'"3“ EI:;] + I'!S':I Il"j?] l'fzz + €y IE]JE fh:t + j‘.ﬁ'. I!'In,; + f!?l d"_:ﬂ + 0y 3” If” =+ S?I EIIE} fﬁ.‘. {I?S]

Coefficients ry, 8, 045, bij, i, and dy; of formulas (126), (127), and (128) are made explicit in Appendix E.

Appendix E. Coefficients involved in the perturbative approxima-
tion of dispersion functions

Coefficient vy of equation (126) reads

3 . . » , n
o= ((Cnl‘*-l-ﬂfu} Df, =2 Ku ((Cong = 81 of, + 4¢ Cian Buan + (87, p+

B ]



=5 g 22 1/2
+ Cun (.IH?—E‘;"?'” Cun] Dy + K7, {Cilul‘1+ﬁi'1} ) . (120}

Coeflicients related to sensitivity wl;al of equation (127} have the form

a0
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b3

b22

Fing
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bya

b

ra

+

I

i

Sensitivity w

= p (4D}, pvlq-3D}, ¢ +2D) Ky v g + K3y ¢Y).

= Adpy (208, p*q— D} pi* — Dyy Kuipa® +3D0 Kn v g+ Kfy 4)

1 (pg® Kiy + (=3/2p° Dy Kuy 4+ 1)2K5,¢7%) ¢* + p Dy (D 7 + 2K 47) g4

+ 1/2D,¢? {D“p“! + 5K, u'rg]] i

4 {{‘wa -y r;} fli."i!1 = pky {pr;*iiu"z:} My + ;!}3 Dfl} i,

(-3 Kf o' + (2D Ku p* +4 K7, pg) v* +p' DY) p,

1 (pq- 1,r"2} I[Df, pr + 20 Kn v g+ KZ q:t:l PC11,

= 8 (pg—v*) (D597 + Kiy (pa+v*) Du+ K 07) ¢ pCin.

= A(pg=v*) (D}, p*+ 2Dy Kypy® + KE 47 q) pCon,

= Bip(pg-—- {."!2]3"’2 ((Chunp+ai) g+ 85 p=Cunt® + 28 01 E,,]n,.f:* : (130)
|

I

in equation {128) has coefficients

1 (Cunp+ody)’ (an v+ 5 p) Canp.

—4 (2q8naly =g Chnady, + (=2p &Y + Cun (Bpg+4¢*) 811) of+
(988 p+ Cun (pg+30%) wCan + By (87 p+ Con (pa—54°)) pCiin)
(Crnp+ ﬂh] (et + i p) Craz o

—4 (ofy ¢ = 2af, 0¥ + ((=4pa - 2¢7) 5], + aCun (pa+5v°)) afy+

80n (—1/48% p+ Cun (pa+ 1/20°)) van + 8ip (BLp+ Cun (pg + 5¢7)))
(Crn v — anbn )l Craz p.

—4 (2ay By p— Cran 81 p v+ (o (Bpg+4¢°) Cin — 20, q) A1+

(Crin (pg+3v%) —9af, q) Con v 80 + (Cin (pg—5¢7) +afq) ¢Chnon)
Ciz12 [Cul: 1]'+.-’j?]} p oy g + ),

4 (Ciin f£+.5$1}3 (ar1 g+ B11 ) Crasz p.

—dry (Canp+ ﬂfﬂz (g ¥+ B11 p)* Crana p,

A (o v+ B p) (2CH0an pg+ Cin e ¥7 +3C 00 B pv + 207, g+

ay S v —an 5 p) r2 (Con ¢ — an B) Craia

—4 (3C oy g+ 2CH1 Bnpg+Can Bn v® —afy Bug+ oy 85, v+ 25, p)
(Cyn ¥ —oq An) vy Lo g + A y) Ciasz s

—4 {C'n|111'+iff1:12 r (@11 + B ¥) Cimap,

8Cima ((Comp+afy) g+ 8 p = Cun v + 28 ayy t-"-','l4 ra,

(['5'|11|P+n$1]2 D11° — 2Ky, ((Conng - 8h) of) +4¢Cryn B an+

g ) 1/2
(A5 p+ Cun (pa—2¢*)) Cun) Dy + K7, [Clu1f1+ﬁ?]]2) . (131)

[4]

Coefficients of sensitivity w;' in equation (128) have the following expression

L=}

31

3 .
—4 (Clnp+eody)” (an ¢+ Bup) Crazp,
4 (29 Bn 0}, —quCny af) + (-2p A, + Cun (3pg +44¢7) 81) of |+
(=988 p+ Cun (pa+3402) ©Crnan + Bu (B p+ Cun (pg —=5¢%)) pCrn)
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I:f"1|1|[1+r:—"|i1:l (e o+ B p) Crma s
o = 4 (ab @ - 20809 B + ((~4pa-29%) B +4Cun (pa+599) alh
88u (=1/481 p+Cun (pg +1/2¢%)) van + 8 p (B p+ Cun (pa+5¢7%)))
(Cuia ¥ = a1y Bn)? Cranzp,
el = 4 (=Cun :fh pir+ 2ay .'i'l'l p+ {ﬂ“ (3pg+4 i:}'“} g = 2”?1 q.] ,-;'12|+
— (Cun (pg+3¢*) =907, q) Cun ¢ 8 + (Cun (pg—507) + af, q) gCrnan)
Cinz (Coang+851) p (o g+ B ),
oo = =4 (Cung+ ﬁ?;}:! (a1 g + A ) Craizp,
~ary (Ciunp+ady)” (an ¥ + B p)’ Cranzp,

Cip =
en = =4 (anv+Bup) (2Cunanpg+Counon v +3Cun Bupy + 2af, g+
+ afy Bu v = an By p) r2 (Crn ¥ —an fu) Craizp,
g = —4 {3(:-'1“1 ap g+ 2C00 Supg+ Chan fn we — ﬂfl By + oy {:fft t 4+ 2 {:1‘-'1', p}
(Con ¥ —anfn) rz (ou g+ fuy) Cima p,
gy = —d {Cuu q+ -'3?5}2 ri (o g+ A ';"}2 [}
s3 = BCua2 ((Caunp+ ”i} g+ 85 p— Con v + 28 oy, '-"':!4 T, (132)

while coefficients of sensitivity wL] in equation (128) read

dgy = pD} 2,

dyy = 2pD% ¢ (Dyp—Knq).

dia = p (D} 9+ (-2pq—v7) Kn Du + K3, ¢°) D,
dzy = p (D} p*+(-2pq—4?) Ky Du + K} ¢°) Ku.

dis. = =2pK{y (Dup—Kuq) v,

dos = pI¢P,

d = 2pD{v*Cun (Dup+ Kua),

dsy = 4pCun Du v (D} p* - K ),

doa = 2p(Dyp+ Kag) {D'ﬂ P —2Kn (prg+ l,-:;'!} Dy + Kfl qz) i,

dig = —ApChunKn [:,El:l"1 j'.!2 - 11'12. 92} i,

doy = 2pK{ v Con (Dup+ King),

do = p(EP* D5+ (2py?e+¢*) Ku D}, +3¢* D KL 02 + ¢* Ky Chins
dy = 2pCHy (Dup+ Kug) (DF 9+ 2 D0 K o® + K5 ) v,

doy = p(p' DYy +3p° D}, K v® + (2pv® g+ o) K§, D+ ¢ K}y 0°) Cyyy,
83 = 2 ((Chnp+at,) q+;‘i?.p—f'uuu=2+2;‘f”¢.111{."1:|4. (133)

Appendix F. Tensorial fashion for constitutive equations of thermo-
diffusive material

In o 2-D setting, linear constitutive relations (1a)-( Le) for thermo-diffusive materials ean rigorously be written
in & tensorial fashion as done in Mehrabadi and Cowin (1990). They read

) B Ol Cliaa V2 Clliz 1a
T2 = Cian Chys  V2CHh, W22 +
V2aia V2CTin V2Cla  2CHh "“':;:2 (g2 +upy)
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Appendix G. Frequency band structure of heterogeneous periodic
thermo-diffusive material: finite element formulation

Constitutive relations (1a)-(1¢) for thermo-diffusive materials in indicial form read

aij = Cliyy gy — ag; 0 — 81 0,
9 = _"’r‘-r'r;l #.31
Ji==Dijn;. (135)

Denoting with b the body force vector, with r the heat source term, and with s the mass source term, stress
tensor o, heat Hux vector q. and mass flux vector j satisfy local balance equations (2a)-{2¢), here written in
the form

(CTt ltkl;;l_J - (o} H]IJ - (853 ”}__, + by = p™ ik,

(K7 85) , —aff dig— ™ i+ =p"d,

{D:;’ I'l-j].. = 35 iy 5 = "+ s =qgma. [ 136)
Dirichlet and Neumann part of the boundary @02 of domain €2, denoted respectively as {92, 30, 011, } and

{00, 80, &Y}, are such that 98 = 0, U, = O3y UK, = 90, UAEY and 8}, NON, = M N, =
a0, M 98 = 0. Micro fields satisfy boundary conditions

U = i e {32, 0=40 or g
Ty = L, omifly gy =4 ondidy

{ =1 ol (137)

Jini=j ondfy

where f;.§ and j are the prescribed values of tractions, heat flux, and mass flux, respectively, and n is the
outward normal to the boundary of the domain 0. Taking into account boundary conditions (137), weak
form of local balance equations (136) reads

f {f.-:}',,, ug — a8 — 87 i) Puyy gV = f
4]

Fi o, dS — f by, dV +
0y 0

f P B, dV =0 Y, 8.0, =0  on i,
0

(138)
f (K 0,5) pa, dV + f qpadsS +f (aff @5+ ™) — r) wpdV +
4] [iTe 0
fp"' BopdV =0 Ypgst.op=0 on 8y,
L8]
(139)
f {D:: u__,} e, 2V + f j-,-;',r ds +f (;ﬂ,’_’i‘ iy + g — 3) P dV +
4] a0y 11
f g g dV =0 Yo, a0, =0 on 852,, (140]
¥
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with ., @e and @y, test functions. Micro fields u(x ), 8=, t), and »(x. 1) are approximated by a linear
combination of shape functions N(x) and nodal unknowns u(t), @(t). and n(t), as usual in a finite element
diseretization. and read

My Ny Ny,
wi(x,t) = Nj()uy, (1), 0(x,t) =" N;(x)f(t), nlx.t) =" N;(x)nt), (141)
§=1 F=1 S

and the very same discretization is performed for test functions, with nodal unknowns dult), d8(t), and

anl(t)

N N M
a6 t) =Y Nj(x)du, (1), walxt) =Y Ny(x)80,(t), pylx.0) =D Ny(x)dn(t). (142)
i=l1 i=l1 i=1

In equations (141) and (142}, N, represents the finite dimension of the space ¥, for which {N,]j = 1,2..... N}
is a basis. In a two dimensional setting, denoting with Ny, Ng, and N,, matrices collecting shape functions
of the single finite element e with Ny, oq the number of element nodes, one has

N Ni 0 Na 0 ... Nyned 1]
L 1] Jﬂll"] 1 .Iﬂ'nrg s 0 ﬂ'al"‘."-'umi '

No=N,=[M N .. Niuaa], (143)
and denoting with Dy,. Dy, and D,; differential matrices

i Oy 0 :
D, = 0  8/0ra |, Dy=D, = [ g}f:gf' ] (144)
8)0xs 8)0x, 3
one defines B, = DN, By = DgNy, and B, = D,N,. Weak form (140) can therefore be written in
matrix notation over each element domain £, as

su’ | BIC"B,dVu-du” f Bl a™ Ny dV 0 — ﬁqu B! " N,dVn+
1, . [+

~du’ N"tds — édu’ f NI bdV 4+ du” f NI p"N,dVii=0 véu,

Jair,, f1; e
(145)
a6’ f B] K" BydV 8 4 687 f NI o By dV i+ 867 f NI ™ N, dV 7+
18 e Qe
a6" N §ds — é8" f NI vrdV + 687 f NI p™NgdV8=0 v80,
Ml il. 11,
(146)
on" f BID"B,dVn+dn" f NI " By dV u +dn" f NT o™ NpdV 8 +
11, 1, 1,
dn’ N?;j:f.‘:}' - Jﬂjr/ N;]:.-s dV + JﬂTf NI g"N,dVp =0 ¥dn, (147)
e, . 1.

where symbols C™, K™, D™, ™, and p™, denote the matrix form of the corresponding constitutive tensors
ot K™, D™, e, and 3. Elemental stitfness matrices are defined in the following way

K, = f BT C" B, dV,
i
K =— | Bl a™NydV,
e

Bay== ] B " N, dV.
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KS, = f B} K™ BgdV,
i
T ym r
K:, f B! D" B, dV. (148)
Analogously, damping matrices relative to each element read

Ct, = f NI P NadV,
ity

- T m
c:, = fn NT¢™N, dV,

']

= [ NJa™B,dV,

Bu
f NIy N, dV,
j NTB"BydV,
.,u-f NI ¢ Ny dV, (149)
and the elemental mass matrix has the form

M., f NI p™ N, dV. (150)

The clemental external force vectors have the following expressions

ﬂ1=f Nﬂbfnf+f N', £dS,
11 {]

i = f NI rdV — f NI qds,
e,

fNT.wﬂf " N! jds. (151)

Equations (146)-(147, therefore. can be written in the following form, after assembling elemental contribu-
tions (148)-(151) into the relative global ones
Kuuwu+ Ky @+ an 1= fu — Muuil,
Koo 8 + Caua + Cyy 1) = £y — Cagh,
Ky 1+ Ciu1+Cyp @ = £, — Cou.
(152)
After performing bilateral Laplace transform (40} on system (152), taking into account derivation rule (41),
one obtains the following system expressed in terms of veetor 2 = (1 0 5)7 containing the microfields in the
Laplace domain
[Kuu + '*‘-"I}-Muu }l.l + Kuﬂé + Kuq ﬁ' = i‘1.11
(Ko +wCa) 8+ WCpy 1+ an,r = ﬁ] "
(Ko + wChn ) A +@Chpu 1t + wCra 6 = f,,. (153)
Exploiting the periodicity of the medinm, generalized Christoffel equations (153) can be studied in the
periodic cell A, By virtue of Bloch's theorem, Floguet-Bloch boundary conditions have to be applied

to elementary cell A in order to obtain its dispersion relations. Following the procedure described in
(Langley, 1993; Phani et al.. 2006), degrees of freedom contained in vector 2 can be reorganized as 2 =
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(Z¢ &y Zb &4 Zok Ze Bip Bee )7, where subscripts £, v, b ¢, and ¢ denote, respectively, the left, right, bottom,
top. and internal nodes of a generie cell and double subseripts indicate corner nodes. Floguet-Bloch boundary
conditions are written as

7, = efrdig, f. = —eihrdif,

3, = eitada 3, £, = _eihata

Eeh = etk Filse i',.;, = —pthadi [‘-'",. (154)
By = et gy, fo = —ethadz gy,

irt — rltk;r.f;|+i.'g-r.!;ﬁ i“}. i‘rl —_ _Fllk|1f|+k;rf-;} ?ﬂ,..

where i is the imaginary unit s.t. 2 = —1 and k = kje; + kses € B is the wave vector with wave numbers
by and ko, and B = [—w/dy, w/dy| x [—7/dy, 7w/ dy] is the first Brillonin zone of eell A having orthogonal
periodicity vectors vy = dye) and vs = dees. Boundary conditions (154) allow to define the following
transformation

z =Tq. (155)
with matrix T defined as
[ 1 0 0 0\
Ii‘.-“’k”f' 0 0 0
0 | 0 0
0 Iethadh 0 0 .
Fim 0 0 1 0 (156)
0 0 etk 0
0 0 Ieft2ds
\ 0 0 Iethditkads) g |

and vector q of reduced independent degrees of freedom expressed in the form
z
Z),
Zii
Z;

q= (157)

Substitution of equation (155) into governing equations of motion (153) and premultiplication by the Her-
mitian transpose of T, named T, in order to enforce equilibrium. lead to

(2THMT +wTHCT + THKT) q = THE, (158)

where M, C, and K represent, respectively, the global mass. damping, and stiffness matrices. In the
case of free wave motion (f = 0) it results THf = 0, and equation (158) defines a quadratic generalized
eigenvalue problem whose solution, for each value of wave vector k € R?, gives the complex frequency w as the
generalized eigenvalue and q as the generalized eigenvector. Real and imaginary parts of the complex angular
frequency w = wy +iw;, characterize the damping and the propagation mode, respectively, of dispersive Bloch
waves propagating inside the heterogeneous material, Finally, quadratic eigenvalue problem (158) can he
tranformed into an equivalent linear one in the following way

THMT 0 THCT THKT wa\ [0
(7™ 1) (5 ) ()= (0) ()

which admits a non trivial solution (we )7 only if the linear operator multiplying the generalized eigenvector
is not invertible.

41



