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Abstract

Beam lattice materials are characterized by a periodic microstructure realizing a geometrically regular pat-

tern of elementary cells. The dispersion properties governing the free dynamic propagation of elastic waves

can be studied by formulating parametric discrete models of the cellular microstructure and applying the

Floquet-Bloch theory. Within this framework, governing the wave propagation by means of spectral de-

sign techniques and/or energy dissipation mechanisms is a major issue of theoretical and applied interest.

Specifically, the wave propagation can be inhibited by purposely designing the microstructural parameters

to open stop bands in the material spectrum at target center frequencies. Based on these motivations, a gen-

eral dynamic formulation is presented for determining the dispersion properties of mechanical metamateri-

als, modeled as locally resonant beam lattices with generic coordination number. The mechanism of local

resonance is realized by tuning periodic auxiliary oscillators, viscoelastically coupled with the beam lattice

microstructure. As peculiar aspect, the viscoelastic coupling is derived by a mechanical formulation based

on the Boltzmann superposition integral, whose kernel is approximated by a Prony series. Consequently,

the free propagation of damped waves is governed by a linear homogeneous system of integro-differential

equations of motion. Therefore, differential equations of motion with frequency-dependent viscoelastic

coefficients are obtained by applying the in-space Z-transform and in-time bilateral Laplace transform.

The complex-valued branches characterizing the dispersion spectrum are determined and parametrically

analyzed for the beam lattice characterized by quadrilateral periodic cell. The spectral branches may ex-

ceed the model dimension, due to the occurrence of pure-damping spectral components. Particularly, the

spectra corresponding to Laurent series approximations of the viscoelastic coefficients are investigated

and the solution admissibility and convergence for increasing order series is analyzed. The standard dy-

namic equations with linear viscous damping are recovered at the first-order approximation. Low-order

approximations are found to underestimate the real and imaginary parts of the spectrum, as well as the

low-frequency stop bandwidth. Finally, the forced response to a harmonic mono-frequent external point

excitation is investigated. The metamaterial responses to non-resonant, resonant and quasi-resonant exter-

nal forces are compared and discussed from a qualitative and quantitative viewpoint.
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1. Introduction

Microstructured material and metamaterial science is a challenging frontier of theoretical and applied re-

search that is currently attracting growing interest by the scientific community of solid and structural me-

chanicians [1–5]. Specifically, the conceptualization and development of novel materials, characterized by

smart or unconventional functionalities, are continuously propelled by the recent extraordinary develop-

ments in the technological fields of super-computing, micro-engineering and high-precision manufactur-

ing [6–8]. As valuable result of this successful research trend, a new generation of architected composites

is deeply transforming and rapidly remodeling the traditional paradigms of rational design in a variety

of technical multidisciplinary applications across all the classical and advanced branches of mechanics,

including – among the others – extreme mechanics, nanomechanics, mechatronics, acoustics, thermome-

chanics, biomechanics [9–12].

Within this stimulating framework, composite materials and mechanical (or acoustic) metamaterials

with periodic cellular microstructure are being purposely designed to achieve superior effective properties,

outperforming the elasto-dynamic characteristics of the ingredient materials building each microstructured

cell [13–15]. Significant achievements have been obtained in tailoring unusual properties or exotic per-

formances, including for instance super lightness-to-strength ratios, strong auxeticity, synclastic bending

curvatures, giant hysteresis, morphing and multi-stability, negative indexes of dynamic refraction, non-

reciprocal vibration propagation, broadband sound absorption, controllable wave guiding, obstacle cloak-

ing, low-frequency noise filtering, energy focusing or harvesting [16–25].

Focusing on the dynamic response of periodic cellular media, a major issue of mechanical interest

consists in governing the wave propagation by means of spectral design techniques and/or energy dissi-

pation mechanisms. To this purpose, the wave propagation around certain target center-frequencies can

be inhibited by finely designing the microstructural parameters in order to open band gaps in the material

dispersion spectrum. Basically, the design problem can be stated either as an inverse problem or as an

optimization problem. According to the former approach, the linear eigenproblem governing the free wave

propagation can be stated, solved and – in principle – inverted to analytically assess the microstructural

parameters satisfying desired spectral requirements, like the existence, position and amplitude of a given

harmonic component or certain pass or stop bands in the frequency spectrum [26–28]. Of course, solving

the inverse problem may be not straightforward and – in the general case – some forms of mathematical

approximations (e.g. asymptotic perturbation-based solutions) must be accepted to preserve the analyti-

cal assessment of the design variables [29, 30]. According to the latter approach, a suited objective or

multi-objective function can be formulated, so that its maximization or minimization allows the numeri-

cal identification of the optimal solution in the multidimensional space of the design parameters [31–33].

Generally, a proper mathematical surrogation of the objective function may help in reducing the computa-

tional costs and accelerating the algorithmic convergence [34]. Independently of the particular approach,

the existence, uniqueness and admissibility of the design solution must be discussed. In the spectral de-

sign of cellular periodic materials for low-frequency wave filtering, the extent and dimensionality of the

optimal solution domain can be significantly enlarged by designing mechanical metamaterials, realized by

introducing auxiliary massive oscillators, mechanically coupled to the cell microstructure. Indeed, if the

oscillators are properly tuned (local resonators), their dynamic interaction with the microstructure ends up

opening a band gap in the dispersion spectrum [35, 36]. It can be demonstrated that the achievable band

gap is nearly centered at the oscillator frequency, with a bandwidth almost directly proportional to its mass

[30, 37–39]. Accordingly, different parametric forms of spectral design tend to realize the desirable opti-

mum of maximizing the band gap amplitude centered at the lowest center frequency by introducing heavy

oscillators, weakly coupled with the microstructure [37, 40]. It may be worth remarking that the pecu-

liar mechanism of local resonance can be virtuously exploited to achieve other desirable effects, including

modal localization, transmission amplification, image lensing, wave trapping and edging [41–44].

Starting from this scientific background, formulating microstructural models of locally-resonant me-

chanical metamaterials is an active research field, whose development is motivated by some open inves-

tigation issues. First, a general improvement in the elastodynamic description of the linear and nonlinear

dissipation mechanisms occurring in infinite periodic phononic systems has been recognized as the theo-

retical key point for the future advances in the energetically consistent modelization and spectral design
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of mechanical metamaterials [14]. Second, a completely new class of mechanical meta-behaviours has

been postulated to be developable in the next few years, by exploiting the virtuous contrast and synergy

among constituent ingredient materials featured by strongly dissimilar elastic, plastic and viscous prop-

erties [15]. Based on these motivations, the paper presents a beam lattice formulation for describing the

wave dynamics of an mechanical metamaterial, originated by a periodic non dissipative microstructure

viscoelastically coupled with local resonators. As original aspect, the viscoelastic coupling is consistently

derived by a physical-mathematical construct based on the Boltzmann superposition integral, whose kernel

is approximated by a Prony series [45]. Consequently, the non-conservative wave propagation is governed

by a linear homogeneous system of integro-differential equations of motion. This integral description of

the viscoelastic metamaterial dissipation enriches the classic formulations of viscous damping, sometimes

following the rheological Rayleigh or Maxwell models [46, 47], which can be recovered for particular

parameter values and low-order approximations of the governing equations in the transformedZ-Laplace

space. According to the so-called inverse method [14], the associated non-polynomial eigenproblem is

solved in the space of complex frequencies and real wavevectors. Therefore, the complex frequencies

can be expressed in terms of real-valued damped frequencies and damping ratio [48–50]. This solution

approach differs from the so-called direct method [14], in which the governing eigenproblem is solved

in the space of real frequencies and complex wavevectors [51–56]. Specifically, the latter approach has

been successfully employed in studying lossy phononic crystals [53] and periodic heterogeneous materials

[54] containing viscoelastic phases. Moreover, the viscoelastic effects on the wave dispersion properties

have been theoretically and experimentally investigated in mechanical metamaterials, by introducing the

material losses through stress-strain relations in terms of hereditary or Duhamel integrals [55–57].

In order to characterize the free and forced propagation of damped waves in the mechanical metamate-

rials, a Lagrangian linear model of the periodic beam lattice microstructure, visco-elastically coupled with

local resonators, is formulated (Section 2). Therefore, the dynamic problem concerning the wave propa-

gation of damped waves is stated according to the Floquet-Bloch theory (Section 3). First, the complex

dispersion spectrum characterizing the free dynamics is determined for the beam lattice with quadrilateral

elementary cell, and the admissibility and convergence of increasing order approximations of the coupling

relaxation functions is discussed, with reference to the exact dispersion curves (Section 4). Second, the

forced response to a harmonic mono-frequent external point source is investigated in the frequency and

time domain for the fundamental cases of non-resonant, resonant and quasi-resonant external force (Sec-

tion 5). Finally, concluding remarks are pointed out.

2. Equations of motion

The periodic microstructure of mechanical metamaterials with viscoelastic resonators can be based on dif-

ferent cellular topologies characterized by the coordination number n. The centrosymmetric periodic cell

of the planar triangular (n = 6) and quadrilateral (n = 4) metamaterials is geometrically featured by the

characteristic size a (Figure 1a). The out-of-plane depth d can be assumed unitary without loss of gener-

ality. From the physical viewpoint, the cell microstructure is characterized by a central massive stiff ring

with mean radius R. Each ring is connected with the rings of the adjacent cells by n identical flexible and

light ligaments with length L= a−2R and constant width w. According to a beam lattice formulation, the

stiff rings are described as rigid bodies with mass M1 and rotational inertia J1, while the flexible ligaments

are modeled as linear unshearable massless beams with elastic modulus E. The ring-ligament connections

are assumed to realize perfectly rigid joints. The in-plane motion of the generic rigid ring is described by

the displacement vector u and the rotation φ, referred to the configuration node located at the ring centroid.

In order to realize the distinctive mechanism of local resonance, each ring hosts a heavy stiff disk with

radius r, co-centered with the housing ring and embedded in a soft annular matrix of viscoelastic material.

The stiff disk is mechanically modeled as a circular rigid body that plays the role of tuned oscillator (local

resonator) with mass M2 and rotational inertia J2. The viscoelastic ring-resonator coupling is synthetically

described by the time-dependent relaxation functions kd(t) for the relative displacement and ka(t) for the

relative rotation. The in-plane motion of the generic resonator is described by the displacement vector v

and the rotation θ, referred to the configuration node located at the disk centroid (Figure 1b). Consequently,
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Figure 1: Beam lattice metamaterials with viscoelastic resonator: (a) cellular topologies and periodic cell, (b) coordination directions,

(c) mechanical model.

the reference positions of the centroidal nodes of the ring and the disk are geometrically coincident to each

other (two-node lattice point) in the natural configuration. The generic periodic cell is assumed externally

excited by in-plane dynamic actions reducible to a time-dependent nodal force f and moment g, applied at

the centroidal node of the ring. The resonator is supposed unloaded.

According to the mechanical assumptions, the integro-differential equations of motion governing the

forced dynamics of the beam lattice metamaterial characterized by a generic coordination number n (with

n= 4 and n= 6 for the quadrilateral and triangular lattices, respectively) read

M1üJ +
∫ t

−∞
kd(t−τ) d

dτ

(

uJ −vJ
)

dτ+
∑

P+
[j]

r+J[j]
+

∑

P−
[j]

r−J[j]
= fJ , (1)

J1φ̈J +
∫ t

−∞
ka(t−τ) d

dτ

(

φJ −θJ
)

dτ+
∑

P+
[j]

c+J[j]
+

∑

P−
[j]

c−J[j]
= gJ ,

M2v̈J +
∫ t

−∞
kd(t−τ) d

dτ

(

vJ −uJ
)

dτ= 0,

J2θ̈J +
∫ t

−∞
ka(t−τ) d

dτ

(

θJ −φJ
)

dτ= 0,

whereJ = (i1, ..., in/2) is the set of coordination directions of the lattice, which identifies a particular lattice

node when all the i-indices are specified. The inter-cellular internal forces exerted on theJ-th node are

r+J[j]
=K+[j]

(

uJ[j]
−uJ+

[j]

)

+k+[j]
(

φJ[j]
+φJ+

[j]

)

, (2)

r−J[j]
=K−[j]

(

uJ[j]
−uJ−

[j]

)

+k−[j]
(

φJ[j]
+φJ−

[j]

)

,

c+J[j]
=k+[j] ·

(

uJ[j]
−uJ+

[j]

)

+Ka

(

φJ[j]
+φJ+

[j]

)

+Kℓ
(

φJ[j]
−φJ+

[j]

)

,

c−J[j]
=k−[j] ·

(

uJ[j]
−uJ−

[j]

)

+Ka

(

φJ[j]
+φJ−

[j]

)

+Kℓ
(

φJ[j]
−φJ−

[j]

)

,

where the auxiliary set J[j] = (i1, ..., ij , ..., in/2) allows to select the i-th lattice node along the coordination

direction ij specified by the j-subscript, whileJ±
[j]
= (i1, ..., ij±1, ..., in/2) allows to select the (i±1)-th lattice

nodes by incrementing or decrementing the index ij along the coordination direction specified by the j-

subscript. The sets P+
[j]

or P−
[j]

collect the j-values identifying the positive ( j = 1, ..., n/2) and negative

( j=−1, ...,−n/2) directions, respectively.
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In synthesis, the linear system of ordinary-differential coupled equations (1) governs the forced damped

oscillations at theJ-th node of the beam lattice. The extensional-bending coupling between adjacent rings

is specified by the beam stiffness coefficients K±
[j]

, k±
[j]

, Ka, Kℓ. The local nature of the ring-resonator cou-

pling is expressed by theJ±
[j]

-independence of the equations governing the resonator dynamics. Consider-

ing that no inherent structural damping is introduced, the dynamic equations governing the non-dissipative

beam lattice metamaterial are recovered if the relaxation functions are assumed time-independent [53].

Denoting by ωr and Lr a pair of known dimensional quantities, suited to serve as reference frequency

and length of the metamaterial, respectively, a convenient nondimensional form (valid for all the subscripts)

of the independent and dependent variables can be introduced

t̃=ωrt, τ̃=ωrτ, ũ=
u

Lr

, ṽ=
v

Lr

, f̃ =
f

ω2
r M1Lr

, g̃=
g

ω2
r M1L2

r

, (3)

and a minimal sufficient set of nondimensional mechanical parameter can be defined

̺2
=

M2

M1

, χ2
1 =

J1

M1L2
r

=
R2

L2
r

, χ2
2 =

J2

M2L2
r

=
r2

2L2
r

, η2
=

Ea

ω2
r M1

, (4)

κd =
kd

Ea
, κa =

ka

EaL2
r

, α=
a

Lr

, δ=
d

a
, µ=

w

L
,

where the parameter ̺2 describes the ring-to-resonator mass ratio, while the parameters χ2
1

and χ2
2

ac-

count for the rotational-to-translational inertia of the ring and the resonator, respectively. Moreover, the

parameters η2 and µ express the material elasticity and (inverse of) slenderness of the flexible ligaments.

Introducing all the nondimensional quantities, the integro-differential equations of motion governing

the forced dynamics of the beam lattice metamaterial read

¨̃uJ +
∫ t̃

−∞
η2κd(t̃− τ̃) d

dτ̃

(

ũJ − ṽJ
)

dτ̃+
∑

P+
[j]

r̃+J[j]
+

∑

P−
[j]

r̃−J[j]
= f̃J , (5)

χ2
1φ̈J +

∫ t̃

−∞
η2κa(t̃− τ̃) d

dτ̃

(

φJ −θJ
)

dτ̃+
∑

P+
[j]

c̃+J[j]
+

∑

P−
[j]

c̃−J[j]
= g̃J ,

̺2 ¨̃vJ +
∫ t̃

−∞
η2κd(t̃− τ̃) d

dτ̃

(

ṽJ − ũJ
)

dτ̃= 0,

̺2χ2
2θ̈J +

∫ t̃

−∞
η2κa(t̃− τ̃) d

dτ̃

(

θJ −φJ
)

dτ̃= 0,

where dot here indicates derivative with respect to the nondimensional time t̃. The nondimensional inter-

cellular internal forces exerted on theJ-th node are

r̃+J[j]
= K̃+[j]

(

ũJ[j]
− ũJ+

[j]

)

+ k̃+[j]
(

φJ[j]
+φJ+

[j]

)

, (6)

r̃−J[j]
= K̃−[j]

(

ũJ[j]
− ũJ−

[j]

)

+ k̃−[j]
(

φJ[j]
+φJ−

[j]

)

,

c̃+J[j]
= k̃+[j] ·

(

ũJ[j]
− ũJ+

[j]

)

+ K̃a

(

φJ[j]
+φJ+

[j]

)

+ K̃ℓ
(

φJ[j]
−φJ+

[j]

)

,

c̃−J[j]
= k̃−[j] ·

(

ũJ[j]
− ũJ−

[j]

)

+ K̃a

(

φJ[j]
+φJ−

[j]

)

+ K̃ℓ
(

φJ[j]
−φJ−

[j]

)

,

where the nondimensional stiffness coefficients are

K̃±[j] = η
2δµ

[(

d±[j]⊗d±[j]
)

+µ2
(

t±[j]⊗ t±[j]
)]

, k̃±[j] =
1
2
αη2δµ3t±[j], (7)

K̃a =
1

4
α2η2δµ3, K̃ℓ =

1

12
(α−2χ1)2η2δµ3,

where the unit vector d±
[j]

indicates the positively or negatively oriented longitudinal local axis of the lig-

ament aligned with the ij coordination direction, and the unit vector t±
[j]

is normal to d±
[j]

, according to a

counter-clockwise axes system (Figure 1c).
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The relaxation functions are considered causal and can be formulated by using the Prony series. This

formulation corresponds to adopt a Generalized Maxwell constitutive model, which recovers the Standard

Linear Solid constitutive model if only one term of the Prony series is considered [45, 58, 59]. Considering

only the first term (with infinite relaxation time) and second term (with finite relaxation time t̃r = ηωrtr) of

the series, the nondimensional form of the relaxation functions reads

κd(t̃)= κde

[

1+βd exp

(

−ηt̃
t̃r

)]

, κa(t̃)= κae

[

1+βa exp

(

−ηt̃
t̃r

)]

. (8)

From the physical viewpoint, the parameters κde and κae represent the nondimensional stiffnesses at t̃→∞
and the viscosity ratios βd and βa define the corresponding values κde (1+βd) and κae (1+βa) for t̃= 0. The

relaxation functions are featured by higher exponential decay rates for increasing relaxation times.

3. In-plane Bloch waves

The propagation of elastic Bloch waves can be studied by recalling first the bilateral Laplace transform

L[q̃(t̃)] = q̂(s̃) =
∫ ∞
−∞ q̃(t̃) exp(−s̃t̃) dt̃, where q̃(t̃) : R → R is a generic time-dependent nondimensional

function, s̃= s/ωr is the nondimensional form of the Laplace variable s ∈C and q̂(s̃) : C→C is a complex-

valued nondimensional function [60]. Therefore, employing the mathematical properties of the bilateral

Laplace transform applied to a convolution product, the equations of motion (5) are transformed as

s̃2ûJ + s̃η2κ̂d(s̃)
(

ûJ − v̂J
)

+
∑

P+
[j]

r̂+J[j]
+

∑

P−
[j]

r̂−J[j]
= f̂J , (9)

χ2
1 s̃2φ̂J + s̃η2κ̂a(s̃)

(

φ̂J − θ̂J
)

+
∑

P+
[j]

ĉ+J[j]
+

∑

P−
[j]

ĉ−J[j]
= ĝJ ,

̺2 s̃2v̂J + s̃η2κ̂d(s̃)
(

v̂J − ûJ
)

= 0,

̺2 s̃2χ2
2θ̂J + s̃η2κ̂a(s̃)

(

θ̂J − φ̂J
)

= 0,

where the bilateral Laplace transforms of the relaxation functions are

κ̂d(s̃)= κde

η+ s̃ (1+βd) t̃r

s̃(η+ s̃ t̃r)
, κ̂a(s̃)= κae

η+ s̃ (1+βa) t̃r

s̃(η+ s̃ t̃r)
(10)

and the bilateral Laplace transforms of inter-cellular internal forces exerted on theJ-th node are

r̂+J[j]
= K̃+[j]

(

ûJ[j]
− ûJ+

[j]

)

+ k̃+[j]
(

φ̂J[j]
+ φ̂J+

[j]

)

, (11)

r̂−J[j]
= K̃−[j]

(

ûJ[j]
− ûJ−

[j]

)

+ k̃−[j]
(

φ̂J[j]
+ φ̂J−

[j]

)

,

ĉ+J[j]
= k̃+[j] ·

(

ûJ[j]
− ûJ+

[j]

)

+ K̃a

(

φ̂J[j]
+ φ̂J+

[j]

)

+ K̃ℓ
(

φ̂J[j]
− φ̂J+

[j]

)

,

ĉ−J[j]
= k̃−[j] ·

(

ûJ[j]
− ûJ−

[j]

)

+ K̃a

(

φ̂J[j]
+ φ̂J−

[j]

)

+ K̃ℓ
(

φ̂J[j]
− φ̂J−

[j]

)

.

The transformed algebraic equations (9) govern the forced dynamics of the beam lattice metamaterial in

the frequency domain, where s̃ plays the role of complex valued frequency. Then, the spatial periodicity

can be treated by introducing the bilateralZ-transform applied to the generic function qJ : Zn/2→C

Z[qJ]=Z[q(i1,...,in/2 )]=

∞
∑

−∞
...

∞
∑

−∞
q(i1,...,in/2 )z

−i1
1
... z
−in/2

n/2
= q̌(z1...zn/2)= q̌(z), (12)

where z= (z1... zn/2)⊤ ∈Cn/2 and q̌(z) : Cn/2→C. Recalling the mathematical propertyZ[q(i1±m1 ,...,in/2±mn/2 )]=

z
±m1

1
... z
±mn/2

n/2
Z[q(i1,...,in/2 )] the equations of motion (9) are transformed as

s̃2ů(z, s̃)+ s̃η2κ̂d(s̃)
(

ů(z, s̃)− v̊(z, s̃)
)

+
∑n/2

j=1
r̊+J[j]
+

∑−1

j=−n/2
r̊−J[j]
= f̊(z, s̃), (13)

χ2
1 s̃2φ̊(z, s̃)+ s̃η2κ̂a(s̃)

(

φ̊(z, s̃)− θ̊(z, s̃)
)

+
∑n/2

j=1
c̊+J[j]
+

∑−1

j=−n/2
c̊−J[j]
= g̊(z, s̃),

̺2 s̃2v̊(z, s̃)+ s̃η2κ̂d(s̃)
(

v̊(z, s̃)− ů(z, s̃)
)

= 0,

̺2 s̃2χ2
2θ̊(z, s̃)+ s̃η2κ̂a(s̃)

(

θ̊(z, s̃)− φ̊(z, s̃)
)

= 0,
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where q̊(z, s̃)=Z[q̂J(s̃)]=Z[L[qJ (t̃)]
]

indicates the in-space bilateralZ-transform of the in-time bilateral

Laplace transform of the generic function qJ (t̃). The in-space bilateral Z-transform of the inter-cellular

internal forces exerted on the J-th node are

r̊+J[j]
= (1−z j)K̃

+
[j]ů(z, s̃)+ (1+z j)k̃

+
[j]φ̊(z, s̃), (14)

r̊−J[j]
= (1−z−1

j )K̃−[j]ů(z, s̃)+ (1+z−1
j )k̃−[j]φ̊(z, s̃),

c̊+J[j]
= (1−z j)k̃

+
[j] · ů(z, s̃)+ (1−z j)K̃aφ̊(z, s̃)+ (1−z j)K̃ℓφ̊(z, s̃),

c̊−J[j]
= (1−z−1

j )k̃−[j] · ů(z, s̃)+ (1−z−1
j )K̃aφ̊(z, s̃)+ (1−z−1

j )K̃ℓφ̊(z, s̃).

Collecting the doubly-transformed displacements in the six-by-one vector Ů(z, s̃)=
(

ů(z, s̃) φ̊(z, s̃) v̊(z, s̃)

θ̊(z, s̃)
)⊤

and the doubly-transformed forces in the six-by-one vector F̊(z, s̃)=
(

f̊(z, s̃) g̊(z, s̃) 0 0
)⊤

, the linear

algebraic equations (13) can conveniently be expressed in the matrix form

C(z, s̃)Ů(z, s̃)= F̊(z, s̃), (15)

where the six-by-six matrix C(z, s̃) is the dynamic stiffness matrix and can be expressed in the form

C(z, s̃)=





































A(z, s̃)+ s̃2I a−(z) −s̃η2κ̂d(s̃)I 0

a+(z) B(z, s̃)+ s̃2χ2
1 0 −s̃η2κ̂a(s̃)

−s̃η2κ̂d(s̃)I 0 s̃η2κ̂d(s̃)I+ s̃2̺2I 0

0 −s̃η2κ̂a(s̃) 0 s̃η2κ̂a(s̃)+ s̃2̺2χ2
2





































, (16)

with the auxiliary quantities

A(z, s̃)= s̃η2κ̂d(s̃)I+
∑n/2

j=1

[

(1−z j)K̃
+
[j]

]

+
∑−1

j=−n/2

[

(1−z−1
j )K̃−[j]

]

, (17)

a−(z)=
∑n/2

j=1

[

(1+z j)k̃
+
[j]

]

+
∑−1

j=−n/2

[

(1+z−1
j )k̃−[j]

]

,

a+(z)=
∑n/2

j=1

[

(1−z j)k̃
+
[j]

]

+
∑−1

j=−n/2

[

(1−z−1
j )k̃−[j]

]

,

B(z, s̃)= s̃η2κ̂a(s̃)+
∑n/2

j=1

[

(1+z j)K̃a+ (1−z j)K̃ℓ
]

+
∑−1

j=−n/2

[

(1+z−1
j )K̃a+ (1−z−1

j )K̃ℓ
]

and I indicating identity matrices. Therefore, mapping the complex variables z j (for j = 1, ..., n/2) in the

unitary circle as z j = exp[ı(n[j] ·b)], the equation (15) can be expressed in the form

C(b, s̃)Ů(b, s̃)= F̊(b, s̃), (18)

where n[j] indicates the unit vector along the j-th coordination direction, while b= (β1 β2)⊤ plays the role

of nondimensional real-valued wavevector.

4. Free wave propagation

For the free wave propagation, the complex-valued dispersion relations s̃(b) can be determined by stating

the rational eigenvalue problem associated to the homogeneous equation of motion

C(b, s̃)Ů(b, s̃)= 0, (19)

obtained by zeroing the generalized external forces F̊(b, s̃). The eigenvalue problem consists in searching

for non-trivial Ů-solutions by requiring that the C(b, s̃)-matrix is singular for certain values (eigenvalues)

of the s̃-unknown. As preliminary remark, it must be highlighted that the characteristic function F(b, s̃)=

det C(b, s̃) is a rational function of the unknown s̃. Therefore, the singularity conditions F(b, s̃) = 0 may

return a number of eigenvalues s̃(b) higher than the model dimension.
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Two strategies can be explored to attack the rational eigenvalue problem. The first is to seek for the

exact solutions s̃(b) by algebraic manipulations of the homogeneous equation (19), according to a sort of

de-rationalization procedure [61]. The second is to seek for the solutions s̃(b) of the approximate eigen-

value problem obtained by expanding the rational relaxation functions κ̂d(s̃) and κ̂a(s̃) in Laurent series

of the s̃-variable and truncating the series at a suited order. Due to the approximation inherent to the se-

ries truncation, the second strategy requires a complementary discussion about the solution convergence.

Specifically, the number of eigenvalues depends on the order of the series expansion, but the boundary

of the convergence region can be employed to exclude outlier eigenvalues. Independently of the solving

strategy, the solutions of the derationalized eigenvalue problem (Subsection 4.1) or the approximate eigen-

value problem (Subsection 4.2) return the complex-valued dispersion spectrum in the nondimensional first

Brillouin zone B, spanned by the wavevector b.

4.1. De-rationalized eigenvalue problem

According to the first strategy, the rational eigenvalue problem can be attacked by conveniently re-formulating

the equation (19) in the simpler form

(

s̃2M+
η2t̃r

η+ s̃t̃r

(s̃G1+G0)+H(b)

)

Ů(b, s̃)= 0, (20)

where the matrices are

M=





































I 0 0 0

0 χ2
1 0 0

0 0 ̺2I 0

0 0 0 ̺2χ2
2





































, G1 =





































κde(1+βd)I 0 −κde(1+βd)I 0

0 κae(1+βa) 0 −κae(1+βa)

−κde(1+βd)I 0 κde(1+βd)I 0

0 −κae(1+βa) 0 κae(1+βa)





































, (21)

G0 =
η

t̃r





































κdeI 0 −κdeI 0

0 κae 0 −κae

−κdeI 0 κdeI 0

0 −κae 0 κae





































, H(b)=





































A0(b) a−(b) 0 0

a+(b) B0(b) 0 0

0 0 0 0

0 0 0 0





































,

and the auxiliary terms are

A0(b)=
∑n/2

j=1

[

E∓[j](b)K̃+[j]

]

+
∑−1

j=−n/2

[

E=[j](b)K̃−[j]
]

, (22)

B0(b)=
∑n/2

j=1

[

E#
[j](b)K̃a+E∓[j](b)K̃ℓ

]

+
∑−1

j=−n/2

[

E±[j](b)K̃a+E=[j](b)K̃ℓ
]

,

where the auxiliary parameters E#
[j]

(b)= 1+exp[ı(n[j]·b)], E±
[j]

(b)= 1+exp[−ı(n[j]·b)], E∓
[j]

(b)= 1−exp[ı(n[j]·
b)], E=

[j]
(b)= 1−exp[−ı(n[j] ·b)] and the solving procedure is reported in AppendixA. It is worth remarking

that the number of complex-valued eigenvalues is ne = 15 (after exclusion of the non-admissible multiple

solution s̃=−η/t̃r), that is, larger than the number of degrees-of-freedom of the periodic cell.

4.2. Approximate eigenvalue problem

According to the second strategy, the rational eigenvalue problem can be attacked by approximating the

Laplace transforms of the relaxation functions κ̂d(s̃) and κ̂a(s̃) with their respective Laurent series around

the polar singularity in s̃= 0 and truncating at the h-th order

κ̂d(s̃)≃ κde

s̃













1−
∑ h

j=1
(−1) j βd

(

s̃t̃r

η

) j 










, κ̂a(s̃)≃ κae

s̃













1−
∑h

j=1
(−1) j βa

(

s̃t̃r

η

) j 










, (23)

whose radius of convergence is inversely proportional to the relaxation time according to the ratio η/t̃r

(see for instance [60]). From the physical viewpoint, it is worth noting that the simple case of purely

elastic ring-resonator coupling can be recovered (with stiffnesses κde, κae) if the sum is neglected, while the
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particular case of Kelvin-Voigt visco-elastic coupling can be recovered (with viscosity coefficients ηκdeβd t̃r,

ηκaeβd t̃r) by truncating at the lowest order of the series (h= 1). For higher orders of the series (h > 1), the

eigenproblem can be solved by conveniently re-formulating the equation (19) in the simpler form

(

∑h

j=0
C j(b)s̃ j

)

Ů(b, s̃)=

(

s̃2M+
∑h

j=0
N j (s̃G1+G0) s̃ j +H(b)

)

Ů(b, s̃)= 0, (24)

with the matrix coefficient in the sum

N j = (−1) j t̃
j+1
r

η j−1
I, (25)

whose solving procedure is reported in AppendixB. It can be worth remarking that the number of complex-

valued eigenvalues (before discriminating about the their mathematical admissibility) can be verified to be

ne = 6×2+3(h−1), that is, possibly larger than the number of degrees-of-freedom of the periodic cell.

4.3. Quadrilateral beam lattice

In order to specify the formulation for a particular microstructural topology of interest, the mechanical

metamaterial based on the quadrilateral beam lattice is considered. To this purpose, it is sufficient to

particularize the matrix H(b) by defining the submatrices

A0(b)=















2δµη2
(

1+µ2−C1(b)
)

0

0 2δµη2
(

1+µ2−C2(b)
)















, (26)

a−(b)=
[

−ıδαη2µ3 sinβ2 ıδαη2µ3 sinβ1

]⊤
,

a+(b)=
[

ıδαη2µ3 sin β2 −ıδαη2µ3 sinβ1

]

,

B0(b)= 1
3
δη2µ3

(

4(α2−αχ1+χ
2
1)+ (α2+2χ1α−2χ2

1)C3(b)
)

,

where the auxiliary parameters are C1(b) = cos β1+µ
2 cos β2, C2(b) = cos β2 +µ

2 cos β1, C3(b) = cos β1+

cos β2, where the wavevector b spans the first Brillouin zone B= [−π, π]× [−π, π].
The complex-valued spectra defined by the dispersion functions s̃n(ξ) are considered, where the normal-

ized complex frequency s̃n = s̃/η is introduced and the curvilinear abscissa ξ ∈ [0, π(2+
√

2)] is employed

to span the closed boundary ∂B of the triangular subdomain B1 ⊂ B, limited by the vertices Ξ1, Ξ2, Ξ3

(pointed by the nondimensional wavevectors b1 = (0 0)⊤, b1 = (0 π)⊤, b3 = (π π)⊤ respectively). The

real and imaginary parts of the complex frequency s̃n(ξ), which can be referred to as wave damping and

wave frequency in the following, are related to the propagation in space and the attenuation in time of the

mono-harmonic wave traveling through the metamaterial. Negative real parts of the complex frequency

correspond to in-time exponentially decaying amplitudes of the propagating wave.

A prototypical metamaterial characterized by technically feasible values of the mechanical parameters

̺2 = 25/6, χ2
1 = 1/25, χ2

2 = 1/200, α= 1, δ= 1, µ= 1/10 is considered as reference case. The limit condition

of undamped resonators (metamaterialMe) and the reference condition of damped resonators with nominal

visco-elastic parameters t̃r = 1/5, κde = 7/20, κae = 4/625 and βd = βa = 10 (metamaterialMd) are analyzed.

The spectra related to the metamaterialsMe andMd are reported in Figure 2. Specifically, the spectrum

of the damped metamaterial is obtained through the de-rationalization procedure presented in Subsection

4.1. The eigenvalue problem of the undamped metamaterial Me presents six pairs of conjugate purely

imaginary solutions. The corresponding spectrum is composed by six dispersion curves, or branches,

in the imaginary plane (orange dots in Figure 2a), one for each dispersion function s̃n(ξ) with positive

imaginary part. The spectral branches with null imaginary part at the limit of long wavelengths (ξ= 0) are

referred to as acoustic branches, the others as optical branches. From the physical viewpoint, these spectral

branches correspond to waves propagating without attenuation. A full large-amplitude stop band (or band

gap) separates the three low-frequency (two acoustic and one optical) dispersion curves from the three

high-frequency (optical) dispersion curves (Figure 2b). It can be verified that the low-frequency curves are
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Figure 2: Comparison between the dispersion spectra of the undamped metamaterialMe (orange dots) and the damped metamaterial

Md (black dots): (a) complex-valued spectra: (b) imaginary parts of the spectra, (c),(d),(e) real parts of the spectra.

associated to waveforms systematically localized in the ring displacements (ring polarization), with quasi-

static contribution of the generalized resonator displacements. Differently, the high-frequency curves are

associated to waveforms mainly localized in the resonator displacements (resonator polarization).

The eigenvalue problem of the damped metamaterialMd presents six pairs of complex conjugate solu-

tions plus three purely real and negative solutions. Therefore, the spectrum has both a real and an imaginary

part (black dots in Figure 2a). Focusing first on the complex conjugate solutions with positive imaginary

parts, the three curves in the low frequency range can be conventionally referred to as spectral branches of

weak-attenuation, since they are dominated by the imaginary part of the complex frequency, with minimal

participation of its real part (low real values in Figure 2c). It can be verified that the slight dynamic interac-

tion between the ring and the resonator, caused by the ring polarization, reduces the attenuation offered by

the viscoelastic coupling. Consequently, no appreciable differences can be recognized in the low-frequency

spectra of the damped and undamped metamaterials. The remaining three curves in the high frequency

range can be conventionally referred to as spectral branches of strong-attenuation, since they are signif-

icantly contributed by the real part of the complex frequency (non-negligible real values in Figure 2d).

It can be verified that the strong ring-resonator interaction caused by the resonator polarization increases

the attenuation offered by the viscoelastic coupling. As important remark, the strong frequency reduction

caused by the viscoelastic coupling in the damped metamaterial causes a marked decrement in the stop

bandwidth, intended as the gap between the imaginary parts of the low-frequency and the high-frequency

dispersion curves (Figure 2b). Focusing on the three real negative solutions, the corresponding curves

lie in the high-damping range of the real plane (high real values in Figure 2e) and can be conventionally

referred to as spectral branches of pure-attenuation or pure damping. As minor remarks, some branches

associated to multiple real-valued eigenvalues must be discarded, because they violate the conditions of

non singularity (see AppendixB). From the physical viewpoint, pure-attenuation branches correspond to

waves non-propagating in space but highly damped in time. As complementary remarks, synthesized from

a wide parametric analysis (here not reported for the sake of synthesis), slight changes in the mechanical

properties of the viscoelastic coupling do not modify the spectral characteristics of the damped metamate-

rialMd from the qualitative viewpoint, if the condition of undercritical damping remains satisfied. From

the quantitative viewpoint, increments in the relaxation time t̃r systematically tends to increase the wave

damping of both the weak-attenuation and the strong-attenuation branches of the spectrum. Nonetheless,

increasing relaxation times causes also the frequencies of strong-attenuation branches to reduce faster than

those of the weak attenuation branches, possibly leading – for sufficiently high relaxation times – to the
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Figure 3: Dispersion spectrum of the damped metamaterialMd (black dots) compared with its h-order approximations (circles): (a)

relaxation functions, (b) imaginary parts of the spectrum, (c) real parts of the spectrum.

so-called branch overtaking phenomenon [48]. Similar spectral effects can be observed under reduction of

the viscosity ratios βd and βa. As final remark, the pure-attenuation branches turn out to be highly sensitive

to the mechanical properties of the viscoelastic coupling, with significantly higher damping associated to

decrements in the relaxation time.

The complex-valued spectrum obtained through the de-rationalization procedure can also be compared

with the complex-valued spectrum obtainable with the approximation procedure presented in Subsection

4.2. Specifically, the comparison can be performed with the complex-valued spectra associated to increas-

ing maximum h-orders of the truncated Laurent series (23) approximating the relaxation functions κ̂d(s̃n)

and κ̂a(s̃n). First, the accuracy achievable in the approximation of the real part of the function κ̂d(s̃n) ver-

sus the real part of the variable s̃n is illustrated in Figure 3a. In particular, the comparison with the exact

function allows to appreciate the convergence of the series within the limits of its region of convergence R
(gray region), centered at the polar singularity s̃n = 0 and bounded by the radius 1/t̃r. Low-order approx-

imations (h = 1, 2) can be recognized to provide a good accuracy only in the closeness of the singularity

(short-range accuracy). High-order approximations (h = 8, 20) are necessary to ensure a good accuracy

also in the closeness of the R-boundary (long-range accuracy). Second, the real and imaginary parts of the

complex-valued spectra associated to increasing orders of approximations are directly compared (Figures

3b,c). It is worth recalling that the number of eigenvalues ne depends on the approximation order and can

be lower (h = 1), equal (h = 2) or higher (h > 2) than the actual number of eigenvalues. Focusing first on

the complex conjugate solutions, it can be immediately recognized that the real and imaginary parts of the

weak-attenuation branches of the damped metamaterial spectrum are accurately described by low-order

approximations (h = 1, 2). This result is fully consistent with the short-range accuracy of the low-order

approximations in the convergence analysis concerning the relaxation functions. Lower accuracy can be

noted in the approximation of the strong-attenuation branches, although a rapid monotonic convergence

can be appreciated. As important remark, low order approximations determine a certain underestimation

of the stop bandwidth (Figures 3b). The pure-attenuation branches are absent in the lowest order approxi-

mation (h = 1) and systematically overestimated by other low-order approximations (h = 2, 3, ...). Indeed,

the pure-attenuation branches lie in the external part of the convergence region R, so that high orders of

approximations are required to achieve a sufficient accuracy in their approximation, consistently with the

long-range accuracy (Figure 3a). Specifically, high order of approximations (h= 8, 20) return a large num-
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Figure 4: Dispersion spectrum of the damped metamaterialMd (black dots) compared with its h-order approximations (circles): (a)

complex frequencies at the limit of long wavelengths, (b) window on the complex frequencies of the pure-attenuation branches, (c)

window on the complex frequencies of the weak-attenuation and strong-attenuation branches.

ber of eigenvalues (ne > 15), many of which must be discarded because they either have a real positive

part or anyway lie outside the convergence region. To exemplify, all the discardable eigenvalues lie outside

the circular R-region in Figure 4a, illustrating a section of the metamaterial spectrum at the limit of long

wavelengths (ξ = 0). The other eigenvalues either almost perfectly sit on the weak and strong-attenuation

branches (Figure 4b), or converge to the pure attenuation branches (Figure 4c).

5. Forced wave propagation

Considering generic external forces F̊(z, s̃) acting on the mechanical metamaterial, the forced response

Ů(z, s̃) can be obtained from equation (15) by inverting the dynamic stiffness matrix

Ů(z, s̃)=C−1(z, s̃)F̊(z, s̃)=D(z, s̃)F̊(z, s̃), (27)

where the six-by-six matrix D(z, s̃) is the dynamic compliance (or flexibility) matrix. Therefore, mapping

the complex components z j (for j= 1, ..., n/2) of the vector z in the unitary circle as z j = exp[ı(n[j] ·b)], the

equation (27) can also be expressed in the form

Ů(b, s̃)=C−1(b, s̃)F̊(b, s̃)=D(b, s̃)F̊(b, s̃), (28)

which can alternately obtained by directly inverting equation (18). Then, the forced response at the J-th

lattice node can be obtained by applying the inverse bilateralZ-transform to equation (27), yielding

Z−1[Ů(z, s̃)]=
1

(2πı)n/2

∮

Γn/2

...

∮

Γ1

Ů(z1, ..., zn/2 , s̃) z
(i1−1)

1
... z

(in/2−1)

n/2
dz1...dzn/2 = Û(i1,...,in/2 )(s̃)= ÛJ (s̃), (29)

where Γ1, ..., Γn/2 are closed paths in the region of convergence of Ů(z, s̃). Specifically, Γj is a counter-

clockwise closed path encircling the origin of the complex plane z j with fixed zℓ (for ℓ , j). The same

result could be achieved by applying the inverse discrete Fourier transform to equation (28), yielding

F −1
d [Ů(b, s̃)]=

1

(2π)n/2

∫

B
Ů(b, s̃) eı(i1−1)(n[1]·b) ...eı(i1−1)(n[n/2] ·b)db= Û(i1,...,in/2 )(s̃)= ÛJ (s̃), (30)
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Figure 5: Compliance matrix of the damped metamaterialMd for fixed wavevector b∗: (a) magnitude of the coefficients D11 in the

space of complex frequencies,(b) magnitude of the coefficients D22 in the space of complex frequencies, (b),(c),(d) singularity points

of the coefficient D11 (blue dots) and D22 (red dots) in the space of complex frequencies.

which entails integrating over the first Brillouin zone B. Finally, in order to come back in the time domain,

the application of the inverse bilateral Laplace transform allows to obtain

L−1[ÛJ (s̃)]=
1

(2πı)n/2

∫ r+ı∞

r−ı∞
ÛJ (s̃) es̃t̃ds̃= ŨJ

(

t̃
)

, r ∈R, (31)

where ŨJ
(

t̃
)

collects the nondimensional time-dependent displacements. The integral in equation (31)

can be evaluated as ŨJ
(

t̃
)

=
∑

Res[ŨJ
(

t̃
)

exp(s̃t̃)], where Res stands for the residual of the terms between

square brackets and the sum is extended to all the poles of ŨJ
(

t̃
)

(see also [60]). It may be worth remarking

that the order of the inverse integral transforms can be exchanged by virtue of the Fubini theorem.

5.1. Compliance matrix

In order to determine and discuss the forced response of the viscoelastic metamaterial, the dynamic com-

pliance matrix D(b, s̃) can be analyzed first. To this purpose, the significant complex-valued components

D11(b, s̃) and D22(b, s̃) are analyzed in the complex variable s̃-domain for a fixed nondimensional wavevec-

tor b. Selecting the particular wavevector b∗ = (1/3π 0)⊤, the magnitudes of the components D11(b, s̃) and
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Figure 6: Forced response of the damped metamaterialMd for fixed wavevector b∗ in non-resonance conditions: (a) magnitude of

the response |Ů| in the space of complex frequencies, (b) singularity points of the response |Ů| in the space of complex frequencies.

D22(b, s̃) are illustrated in Figures 5a and 5b for the particular metamaterial Md. The magnitude |D11|
is characterized by rapidly but continuously growing values in the closeness of five well-distinct poles at

infinity (Figures 5a). Similarly, the magnitude |D22| is characterized by rapidly but continuously growing

values in the closeness of five poles at infinity, two of them practically unresolvable due to their proxim-

ity (Figures 5b). It is worth noting that the magnitudes of the two compliance matrix components do not

possess common poles. In order to deepen the discussion, the continuous loci of the null real and null

imaginary parts of the |D11|-denominator (blue-scale curves) and |D22|-denominator (red-scale curves) are

reported in Figure 5c,d,e. The singularity points corresponding to the poles at infinity of the functions

|D11| and |D22| can be detected as intersections of the blue-scale curves (blue dots) and intersections of the

red-scale curves (red dots), respectively. For the sake of mathematical consistency, it is worth remarking

that some intersections must be discarded from the set of singularities due to the coincidence between

the identified zeros of the denominators and the zeros of the respective numerators (gray dots). As ex-

pected, the singularities occur either at pairs of complex-valued conjugate points (Figure 5c,d) or at single

real-valued points (Figure 5e). The high resolution of Figure 5d allows also to distinguish the complex

conjugate singularity points associated to the unresolved poles at infinity of Figure 5b. It can be verified

that the discarded singularities (gray dots) actually identify poles at infinity of other matrix components, so

that the entire set of singularity points (blue, red and gray dots) definitely mark all the poles of compliance

matrix. Consequently, the singularity points also correspond to the complex-valued spectral components

of the metamaterial for the fixed wavevector, including the components belonging to the weak-attenuation

branches (Figure 5d) and pure-attenuation branches (Figure 5e).

5.2. Harmonic point force

By virtue of the dynamic problem linearity and without loss of generality, it may be convenient to analyze

the forced response to a single punctual excitation F̃J applied to the J-th lattice node, taken as reference

for the sake of simplicity (namely J = O). Specifically, the generic mono-harmonic component F̃O
(

t̃
)

=

F̃(0,...,0)

(

t̃
)

= η3P̃H
(

t̃
)

exp(S̃ t̃) of a time-periodic force is considered, with constant amplitude η3P̃, complex

nondimensional excitation frequency S̃ and H(t̃) indicating the unit step function. In particular, the analyses

in the following are limited to non-decaying (ℜ(S̃ ) = 0) or exponentially decaying (ℜ(S̃ ) < 0) forces F̃O.

Under these assumptions, the bilateral Laplace transform can be applied and, by virtue of relation (12), the
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Figure 7: Forced response of the damped metamaterialMd for fixed wavevector b∗ in resonance conditions: (a) magnitude of the

response |Ů| in the space of complex frequencies, (b) singularity points of the response |Ů| in the space of complex frequencies.

forcing term is independent of z (and then of b), yielding

F̊(s̃)= F̂(s̃)=
η3P̃

s̃− S̃
, (32)

where s̃= S̃ can be easily recognized as a singularity point in the complex variable s̃-domain, correspond-

ing to a pole at infinity of the transformed external force. Null values are assigned to all the components of

the amplitude P̃, except the first component P̃1 that is assumed unitary. From the algorithmic viewpoint,

the forced response Ů(b, s̃) is initially obtained by employing equation (28). Subsequently, the actual pos-

sibility to exchange the orders of inverse transforms is exploited to determine the time-dependent response

L−1[Ů(b, s̃)]= Ǔ(b, t̃) first. Finally, the displacement ŨO(t̃) is determined for selected b-values, in order to

isolate significant contributions in the B-domain to the time-dependent response.

The forced response of the prototypical damped metamaterialMd is analyzed under two different key

conditions of external excitation. The first is given by a non-decaying harmonic force with purely imagi-

nary excitation frequency S̃ s (exemplified by assigning the particular value S̃ /η= 4/10ı), while the second

is given by an exponentially decaying harmonic force with complex excitation frequency S̃ r (exemplified

by assigning the particular value S̃ /η= s̃∗/η≃−12067/22701+6122/10073ı). The first excitation realizes

a non-resonance condition, since the excitation frequency S̃ s falls within the band gap separating the three

low-frequency dispersion curves from the three high-frequency dispersion curves of the metamaterial spec-

trum. The second excitation realizes instead a resonance condition, since the excitation frequency S̃ r is

almost perfectly identical to the complex frequency s̃∗ belonging to the metamaterial spectrum at the par-

ticular wavevector b∗. Considering first the non-resonance condition, the magnitude of the complex-valued

response Ů∗ = Ů(b∗, s̃) varying in the complex variable s̃-domain is illustrated in Figure 6a. As expected,

the magnitude |Ů∗| = η3|D11/(s̃− S̃ s)| is characterized by rapidly but continuously growing values in the

closeness of the same well-distinct poles at infinity already observed in the compliance component mag-

nitude |D11| (Figures 6a). As major qualitative difference, an additional pole at infinity grows up around

the S̃ s-value of the non-resonant excitation frequency. All the singularity points associated to the poles

at infinity are distinguishable in the complex variable s̃-domain though the intersection of the blue-scale

curves (Figure 6b), corresponding to the zeros of the |Ů∗|-denominator. In particular, black dots indicate

the singularity points of the compliance component magnitude |D11|, while the blue dot indicates the addi-

tional singularity point of the external force. Finally, the intersections of the red-scaled curves correspond
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Figure 8: Forced response of the damped metamaterialMd versus the wavevector for fixed non-resonant forcing frequency: (a),(b)

selected complex variables s̃s,s̃q ,s̃r in the imaginary and real parts of the dispersion spectrum, (c) magnitude of the forced response

Ů(ξ, s̃) versus the curvilinear abscissa ξ.

to the zeros of the |Ů∗|-denominator when a complex-conjugate forcing frequency is employed. Accord-

ingly, the red dot indicates the additional singularity point that complex conjugates the singularity point

marked by the blue dot. Moving to consider the resonance condition, the magnitude |Ů∗|= η3|D11/(s̃− S̃ r)|
of the complex-valued response is illustrated in Figure 7a. Again, the magnitude |Ů∗| is characterized by

the same well-distinct poles at infinity already observed in the compliance component magnitude |D11|. As

major qualitative difference, one of the pole at infinity dominates over the others. Looking at the singularity

points in the complex variable s̃-domain (Figure 7b), it can be recognized that the dominant pole actually

corresponds to a singularity point with double multiplicity, since the singularity point of the external force

(blue dot) coalesces with one of the singularity points (black dots) of the compliance component.

In order to complete the discussion of the forced response Ů(b, s̃), the complementary case of fixed

complex variable s̃ and varying wavevector b has to be considered for fixed forcing frequency S̃ s. Three

different values of the complex variable s̃ are selected, as illustrated in Figure 8a,b. The first is a purely

imaginary value s̃s (exemplified by assigning the particular value s̃/η= 1/10ı), falling within the band gap

separating the three low-frequency dispersion curves from the three high-frequency dispersion curves of

the metamaterial spectrum (dashed blue lines). The second is a complex value s̃q (exemplified by assigning

the particular value s̃/η = −58/100+6/10ı) falling within the pass band of the high-frequency dispersion

curves (dashed green lines). The third is a complex value s̃r (exemplified by assigning the particular

value s̃∗/η) falling within the pass band, but also intersecting the high-frequency dispersion curves (dashed

red lines). The intersections occur for different wavevectors, corresponding to particular values of the

curvilinear abscissa ξ spanning the closed boundary ∂B (specifically ξ1 = 1/3π, ξ2 ≃ 31052/23419π and

ξ3 ≃ 147811/50184π). For each s̃-case, the magnitude of the forced response Ů(ξ, s̃) is illustrated in

Figure 8c. The magnitude associated to the purely imaginary value s̃s does not possess peaks neither

poles at infinity (solid blue curve), as generally expected for all the complex s̃-values falling far away

from the dispersion branches of the metamaterial spectrum. On the contrary, the magnitude associated

to the complex value s̃r presents two poles at infinity corresponding to the intersection abscissae ξ1 and

ξ3, as expected for all the complex s̃-values resonating with the dispersion branches at a certain ξ-value.

The absence of a third pole at infinity corresponding to the intersection abscissae ξ2 can be attributed

to the orthogonality between the particular force vector P̃ and the polarization vector at s̃(ξ2) = s̃r for
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Figure 9: Time history of the complex-valued contribution at ξ = 1/3π to the forced response of the metamaterialMd for decaying

and non-decaying external excitation: (a), real part (b) imaginary part.

the intersected dispersion branch. Finally, the magnitude associated to the complex value s̃q presents two

sharp peaks in the proximity of the intersection abscissae ξ1 and ξ3, as expected for all the complex s̃-values

quasi-resonating with the dispersion branches.

Significant contributions to the time-dependent response displacement ŨO(t̃) are determined for a se-

lected pair of b-values in the B-domain (corresponding to ξ = 1/3π and ξ = π). The time-histories of the

real and imaginary parts of the function ŨO(t̃) are reported in Figures 9 and 10. For each b-value, two dif-

ferent time-histories are compared, corresponding to a non-decaying harmonic external force (with purely

imaginary frequency S̃ /η= 4/10ı) and a slightly-decaying harmonically external force (with complex fre-

quency S̃ /η = −1/1000+4/10ı), respectively. The comparison shows that – after a certain transient – the

stationary damped response to the non-decaying external force (blue time histories) oscillates with con-

stant amplitude at the frequency of the external force, as expected. On the contrary, the damped response

to the decaying external force (yellow time histories) oscillates with exponentially decreasing amplitudes.

After the initial transient, the real and imaginary parts of the complex valued response to the non-decaying

harmonic external force show no significant differences in the amplitudes, while their respective phases

are in quadrature. Comparing the responses at different b-values, they present similar contributions in the

stationary amplitude, although the response at lower wavelengths (ξ= π) exhibit a shorter transient.
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Figure 10: Time history of the complex-valued contribution at ξ =π to the forced response of the metamaterialMd for decaying and

non-decaying external excitation: (a), real part (b) imaginary part.
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Conclusions

A general mechanical formulation has been presented for describing the linear wave dynamics of beam

lattice materials, characterized by a periodic cellular microstructure composed by a geometrically repetitive

pattern of rigid massive rings interconnected by flexible massless ligaments. The non-dissipative micro-

structure of the beam lattice has been enriched by introducing auxiliary damped oscillators, housed by

the periodic rings and purposely tuned to realize a mechanical (or acoustic) metamaterial by exploiting the

dynamic effect of local resonance. Each auxiliary oscillator, or resonator, has been viscoelastically coupled

with the hosting ring. As peculiar aspect, the viscoelastic ring-resonator coupling has been derived by a

proper mathematical formulation based on the Boltzmann superposition integral, whose kernel has been

expressed by a Prony series. Accordingly, the free damped dynamics of the periodic cell is governed by

a linear homogeneous system of integro-differential equations of motion. Therefore, imposing the quasi-

periodicity conditions according to the Floquet-Bloch theory and applying the in-spaceZ-transform and in-

time bilateral Laplace transform, a linear coupled system of ordinary differential equations with frequency-

dependent coefficients has been ascertained to govern the free damped wave propagation. Consequently,

the associated nonlinear, non-polynomial eigenproblem has been stated. Two different solving strategies,

based on either the eigenproblem de-rationalization or the eigenproblem approximation in power series

of the Laplace variable, have been adopted to determine the complex-valued dispersion spectrum of the

viscoelastic metamaterial.

Focusing on the metamaterial characterized by a quadrilateral periodic cell, the acoustic and opti-

cal branches of the complex-valued dispersion spectrum along the triangular boundary of the first Bril-

louin zone, spanned by real-valued wavenumbers, have been analyzed. Particularly, the complex spectra

corresponding to different Laurent series approximations of the frequency-dependent rational coefficients

governing the eigenproblem have been investigated, and the convergence has been successfully verified.

The mathematical admissibility of certain eigensolutions has been discussed with reference to the bound-

aries limiting the convergence region of the Laurent series. The classic eigenproblem and the complex

spectrum associated to the standard dynamic equations with linear viscous damping (Kelvin-Voigt visco-

elastic coupling) have been recovered at the first-order approximation. Due to the non-polynomial nature

of the eigenproblem coefficients, the exact eigensolution is characterized by a number of complex spec-

tral branches that may exceed the model dimension. Exceeding spectral branches characterize also the

convergent eigensolution for high-order approximations of the eigenproblem coefficients. From a qual-

itative viewpoint, the exceeding branches have been found to characterize the purely real-valued part of

the complex spectrum, corresponding to standing waves that do not propagate in space but are damped in

time. Focusing on the propagating waves, the exact and approximate eigensolutions shows that low-order

approximations may determine non-negligible spectral effects in the high-frequency, strongly-attenuated,

resonator-polarized branches of the spectrum. From a quantitative viewpoint, these spectral effects may

also cause slight under-estimation of the stop bandwidth separating the low-frequency, weakly-attenuated

branches from the high-frequency, strongly-attenuated branches.

Finally, the forced dynamics of the viscoelastic metamaterial under the effects of harmonically decay-

ing and non-decaying excitations, given by an external mono-frequent point force acting on the microstruc-

ture, has been investigated. The metamaterial response has been determined and parametrically analyzed in

terms of dynamic compliance matrices and displacement components, both in the frequency and the time

domains. In particular, the existence of poles at infinity dominating the response functions, corresponding

to singularity points in the Laplace domain, has been discussed and interpreted on the light of the meta-

material spectrum. Non-resonant, quasi-resonant and resonant conditions have been recognized, under the

assumption of non-orthogonality between the force vector and the polarization eigenvector.
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AppendixA. Eigenproblem de-rationalization

The rational eigenvalue problem (20) can be de-rationalized in an equivalent quadratic form. Indeed, the

eigenvalue problem can be first written in the convenient form

(

s̃2M+ S(s̃) (s̃G1+G0)+H
)

Ů(s̃)= 0, (A.1)

where the auxiliary matrices

S(s̃)=
η2 t̃r

η+ s̃t̃r

I, S−1(s̃)=
1

ηt̃r

I+
s̃

η2
I=R0+ s̃ R1, (A.2)

where the auxiliary matrices R0 and R1 have been introduced. Therefore the eigenvalue problem (A.1) can

be expressed as

(

s̃2M+H
)

Ů(s̃)+Q̊(s̃)= 0, (A.3)

where, under the condition s̃,−η/t̃r (corresponding to vanishing S−1(s̃)), the auxiliary unknown

Q̊(s̃)=S(s̃) (s̃G1+G0) Ů(s̃)= (R0+ s̃ R1)−1 (s̃G1+G0) Ů(s̃). (A.4)

Finally, the equation (A.3) and the relation (A.4) can be joined to state the equivalent eigenvalue problem
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, (A.5)

which can be reformulated as L(s̃)V̊(s̃) = 0, where V̊(s̃) = (Ů(s̃) Q̊(s̃))⊤ and the quadratic matrix L(s̃) can

be written as

L(s̃)= s̃2
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, (A.6)

where the matrix coefficients of the s̃-unknown are singular by construction. Therefore, the quadratic

eigenvalue problem L(s̃)V̊(s̃)= 0 can be linearized according to AppendixB, if necessary.

AppendixB. Eigenproblem linearization

The eigenvalue problem (23) can be expressed in an equivalent linear form L(s̃)V̊(s̃) = 0, where V̊(s̃) =

(s̃h−1Ů(s̃) · · · s̃Ů(s̃) Ů(s̃))⊤ and the matrix L(s̃) can be written as

L(s̃)= s̃
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Consequently, the eigenvalues solving the eigenvalue problem (23) coincide with the s̃-values that make

the auxiliary higher-dimensional matrix L(s̃) singular. The corresponding eigenvectors Ů(s̃) coincide with

a subvector of the vector V̊(s̃).
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