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Stubborn and Dead-Zone Redesign
for Nonlinear Observers and Filters

Daniele Astolfi, Angelo Alessandri, and Luca Zaccarian

Abstract— We propose a redesign paradigm for stable estima-
tors by introducing a saturation or a dead-zone nonlinearity with
adaptive thresholds on the output injection term. Such nonlin-
earities allow improving the sensitivity to measurement noise in
different scenarios (impulsive disturbances or persistent noise
such as sensor bias), while preserving the asymptotic conver-
gence properties of the original observer. These redesigns apply
to a broad class of state estimators, including linear observers,
observers for input-affine systems, observers for Lipschitz sys-
tems, observers based on the circle criterion, high-gain observers,
standard and extended Kalman filters. Simulation results confirm
the effectiveness of both the stubborn and dead-zone redesigns.

Index Terms—Nonlinear observers,
input-to-state stability

saturation, dead-zone,

[. INTRODUCTION

State observers are the basic instrument to detect abnormal oper-
ating conditions such as faults or malfunctions and feed controllers
when not all the state variables are accessible. While state estima-
tion for linear systems is a well studied topic, beginning with the
seminal papers by Kalman [31] and Luenberger [36], many different
approaches for nonlinear systems are still under development. See,
among others, [4], [11], [14], [15], [19], [28], [33], [39]. However,
most of these approaches focus on the convergence properties of
the estimation error in nominal conditions, that is, when the plant’s
model is known perfectly and when no measurement noise is affecting
the outputs. Indeed, at present, few tools are available to analyze
the effect of the measurement noise on the estimation error in a
nonlinear context. Most of the existing works follow a “worst-case
approach” such as Hso gains, Lyapunov bounds or input-to-state
stability gains. An attempt to address high-frequency measurement
noise was recently investigated for high-gain observers [12].

Depending on the characteristics of the measurement noise, dif-
ferent approaches may be pursued to improve the observer perfor-
mances. For instance, in the case of output measurements affected
by outliers, that is, perturbations of impulsive nature affecting the
measurement for a very short time, the majority of the existing
methods focus on a discrete-time representation and mainly deal with
identification problems, see, e.g., [2], [25], [44] and the references
therein. When considering high-frequency measurement noise, a
number of high-gain approaches have been developed, see, e.g., [1],
[10], [11], [13], [18], [20], [42], [43]. These techniques, however,
strongly exploit the particular structure of the observer at hand and
can be difficult to extend to other approaches. To the best of the
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authors’ knowledge, a general methodology to improve the sensitivity
to measurement noise applicable to a broad class of estimators is still
missing.

The objective of this work is that of proposing a systematic
procedure to redesign a given observer or filter in order to improve
its performances in noisy scenarios. We suppose that the estimator
has already been designed and it satisfies some mild, possibly local,
input-to-state stability (ISS) properties [39], [40]. For instance, any
of the techniques proposed in [3], [4], [7], [8], [10], [11], [13]-
[15], [17]-[19], [27]-129], [33], [34], [36], [37], [39], [43] enjoy
these properties. Then, we propose two different methodologies to
redesign the output injection term, both of them preserving ISS.
The first one, called stubborn redesign, was first introduced in the
context of linear systems [5], [6], and high-gain observers [9], and
aftewards used in Kalman filters [26], neural networks [35] and
synchronization [21], [22]. It consists in adding an adaptive saturation
to the output injection error in the observer dynamics so as to reduce
the sensitivity to measurement outliers. The second one, called dead-
zone redesign, generalizes the works [23], [24] for Luenberger and
high-gain observers, where a “dead-zonated” output injection with
a dynamically-adapted dead band enables mitigating the effect of
bounded and persistent measurement noise. The two designs can
be also combined. The novelty of these approaches is that the
saturation/dead-zone levels are not fixed but they are dynamically
adjusted to obtain desirable properties. For instance, the stubborn re-
design well addresses the presence of sporadic measurement outliers.
The saturation threshold regulates the trimming action on the output
injection term by shrinking it to zero, thereby making the observer
increasingly “stubborn” about its current estimate [6], [9]. In this way,
possible outliers do not directly reach the error dynamics because they
are mitigated by the limiting effect of the saturation. On the other
hand, persistent estimation errors gradually cause an increase of the
saturation threshold and become increasingly important in the error
dynamics, so as to guarantee ISS for the estimation error dynamics.
The same analysis is accomplished for the dead-zone redesign, i.e.,
by considering estimators with a dead-zonated output injection, well
suited to improving the rejection of persistent bounded measurement
noise [24].

As compared to [5], [6], [9], [23], [24], this work extends our
previous results by taking into account a more general class of
nonlinear plants (which can also be multi-output) and a broader range
of nonlinear estimators including, among others, the extended Kalman
filter (EKF). Furthermore, the dynamics of the saturation/dead-zone
level scales linearly with the output error, instead of quadratically as
in [5], [6], [23], [24]. We also adopt a new setup by using separate
thresholds for the different output channels, which provides improved
responses.

The paper is organized as follows. In Section II, we describe the
system and estimator models we deal with. The main results under
general sufficient conditions for the stubborn and dead-zone redesigns
are presented in Sections III and IV, respectively. Estimators based on
combining the two redesign paradigms are given in Section V. Section



VI illustrates our redesigns for a number of well-known observer
classes, i.e., linear Luenberger observers, observers for Lipschitz
nonlinear systems [37], [45], obsevers for input-affine systems [17],
[27], [29], EKFs [19], [34], [38], and low-power high-gain observers
[11], and is completed by a brief discussion on its application to
other nonlinear state-estimators (such as those in [4], [8], [14], [16],
[18], [28], [33], [40]). Finally, the results of the proposed redesigns
are applied in a simulation case study with the EKF in Section VII.
Conclusions are drawn in Section VIII.

Notation. We define R>( := [0,00). Given z € R™ and y € R™,

(z,y) denotes |z' yT
Euclidean norm, |z|; := Y, |;] is its Taxicab (or Manhattan) norm,
and |z|., = (|z1],...,|znl]), satisfying

|zl < |z|1 < Vnlz|2
2] ew — [Wlew!| < Vlz =y

|A| denotes the standard induced matrix norm of the real matrix
A, I denotes the identity matrix, and diag(ai,...,an) is a diag-
onal matrix having diagonal entries ai,...,an. If A is symmet-
ric, A 4 and A4 denote its maximum and minimum eigenvalues,
respectively; in addition, A < 0 (A > 0) means that A is
negative (positive) definite and A < 0 (A > 0) means that A is
negative (positive) semidefinite. We denote with vec(A) € R"™
the vectorization of a matrix A € R™ ™, namely vec(A) :=
(an, ey A1my 21y e, A2y - e ATy - v -y anm), where Qjj is the
i,jentry of A.If A= AT then vec(A) € R™"+1)/2 Jists symmet-
ric elements only once. Given § > 0, we define By := {z € R" :
|z| < 60}. For a time-varying signal = : R>g — R”, let ||z]|co :=
SUP;e[0,00) |Z(t)[- Given z € R, 0 € Rxq, define sato(z) :=
max{—o, min{o, z}}. Given x € R", ¢ := (01,...,0n) € RY,,
define sato(z) = (sate,(z1),...,sate, (7n)) and dze(z) =
x — sats(x). We refer to [41] for standard definitions of class
K,Koo and KL functions. For a locally Lipschitz function V(t),
we define the (upper) Dini derivative of V at t as DVYV(t) :=
limsup,,_, o+ (V(t 4+ h) = V(t))/h.

. Given z € R", |z| := |z|2 is its

Vo eR" D
Vz,y € R™ )

II. SYSTEM AND OBSERVER DESCRIPTION
A. Problem Statement

In this work we consider nonlinear systems of the form
y=h(z)+wv, 3)

where x € R™ is the state, v € R? is a known input, y € R™
is the measured output, w € R™ is some external disturbance, and
v € R™ represents the sensor measurement noise. For system (3)
we suppose to know an observer providing an asymptotic estimate
Z of state x. A fairly general expression including, among others,
Luenberger observers, Kalman filters, observers for input-affine sys-
tems, observers for Lipschitz systems, observer based on the circle
criterion, high-gain observers, and low-power high-gain observers,
(4], [8], [11], [14], [14], [17]-[19], [27]-[29], [33], [34], [37], [38],
[40], [45] (see the details in Section VI), corresponds to

& =1(2) “)

where z € Z C R, with g integer such that ¢ > n, is the state
of the observer, and £ € R" is the estimate of xz. The functions
p REXRY 5 R k:REXR™ - R, and ¢ : R — R” are
locally Lipschitz and G is a matrix of dimension g X p. Function x
denotes the output injection term and is such that x(z,0) = 0 for
all z € R?, which ensures that the origin is an equilibrium point
for the error dynamics in the absence of disturbances. Without loss
of generality, we could consider functions x that also depend on the

&= f(z,u) +w,

2 =p(z,u) + Gr(z,y — h(2)),

input w. This is not explicitly written in the following as it would
unnecessarily complicate the notation. Matrix G, satisfying |G| < 1
without loss of generality, is a selection matrix encompassing the
fact that the output injection term ~ might affect only part of the z
dynamics (as for the observers of Sections VI-C and VI-D).

We further suppose that observer (4) has already been designed
in order to satisfy certain input-to-state stability (ISS) properties.
Our objective is then to redesign (4) to improve its performances
in the presence of certain types of sensor measurement noise v. Two
redesign approaches are proposed in this paper. The first one, based
on the preliminary ideas of [6], [9], uses a saturation nonlinearity
and turns out to be effective when the noise v is of impulsive nature,
i.e., whenever outliers degrade the measurement y. The second one,
originally presented in [23], [24], is based on a dead-zone nonlinearity
and mitigates the effect of bounded persistent sensor noises such as
a sensor bias. With a unifying point of view, we will show that
an ISS property of observer (4) allows applying any of the two
approaches. Furthermore, for each redesign strategy, ISS also holds
for the redesigned observer, thus allowing for a mixed (combined)
redesign. A more detailed performance analysis will be given in
Sections III-B and IV-B for the case when both (3) and (4) are linear,
to further certify the usefulness of the two proposed techniques.

B. Main Assumptions

To characterize the properties of observer (4) in terms of domain of
attraction (local, semi-global or global) and ISS w.r.t. disturbances,
we first suppose that the state = of system (3) and signals u, v, w
evolve in some given sets, which may be compact or unbounded
according to the selected class of systems and observers. Specific
classes of observers are addressed in detail in Section VI.

Assumption 1 There exist Xo C X CR", U C RP, and a compact
set W C R™ such that the trajectories of (3), with initial conditions
in Xy, input u(t) € U, and disturbances w(t) € W for all t > 0,
remain in X for all t > 0.

Our redesign approach is based on conditioning the output injection
term in (4) by way of suitable nonlinearities comprising saturations
and deadzones. These redesign methods essentially perturb the output
injection term ~ in (4) in ways that are well represented by the
following version of observer (4) with perturbed injection

2= ¢(z,u) + Gu(z,y — h(2)) + Gd, & =1(z) 5)

where d € R’ is a generic disturbance affecting the observer
dynamics in directions matching the input channel of x (that is,
through the same matrix G). Due to the generality of our context,
where z may be more than a mere copy of the plant dynamics, we
emphasize that w in (3) and d in (5) may act differently on the
estimation error dynamics. As an example, this is true in the case
study of Section VI-E.

In the rest of this paper we will ask observer (4) to be ISS w.r.t. the
disturbances w, v affecting the plant (3) and w.r.t. the disturbance d
acting on the observer (5). The desired ISS characterization is given
in terms of an ISS-Lyapunov function, and we will say that observer
(4) is an ISS observer if Property 1 below is satisfied. It turns out
that, for most classes of observers, ISS w.r.t. d is obtained for free
once ISS w.rt. w and v is guaranteed (although the ISS-gains may
be different). For further details, see Section VI.

Property 1 Observer (4) is an ISS observer for system (3) on Z C
R if there exist a locally Lipschitz function V : X x Z — R>q
satisfying V(z,z) > 0 for all (z,z) € X, Z, functions a, & € Koo,



a right inverse w_R of function 1 (namely a function satisfying
x = (B (2)), for all x € X), compact sets V € R™, D C R”,
and constants R, ¢, Cy, Cw, cq > 0 such that the following inequalities
hold

|Gl <1, |k(z,y1) — (2, 92)| < Rlyr — y2| (6)

forall z € Z and y1,y2 € R™,

alz = $(2)]) < V(w,2) < allp~ () - 2]) @)
forall (z,z) € X x Z,

DTV < —eV(x, 2) + colv] + cwlw| + cqld| ®)

for all (x,2) € X X Z, u € U and all (v,w,d) € V x W x D,
along the dynamics of system (3) interconnected with the perturbed-
injection observer (5).

Condition (6) of Property 1 states that function x(z, -) is globally
Lipschitz uniformly in z € Z. Conditions (7) and (8) state that (5) is
an asymptotic observer for system (3) and that the estimation error
|z — Z| is input-to-state stable! w.rt. the measurement noise v and
disturbances w, d, namely there exists 5 € KL, ¥ € Ko such that
all solutions t — (z(t),z(t)) belonging to X x Z for all t > 0
satisfy

@) — x(t)] < B (2(0)) — 2(0)],¢)
+ 9([[vllso + lwllos + lldlloc)-

Motivated by [39], the above stated ISS property is coordinate-
dependent when X and U/ are unbounded (as in Section VI-B for
example). It is thus emphasized that guaranteeing Property 1 may
require selecting a clever set of coordinates. Next, we suppose that
the ISS-Lyapunov function V' of Property 1 satisfies an output-growth
condition.

Property 2 There exist constants £y, 1,0y, lw,lq > O such that
the following holds for system (3), observer (5), and function V of
Property 1 with & = 1(z),

Ih(z) — h(2)| < LoV (=, 2) (%a)

IDF (h(x) = h(&))| < &1V (@, 2) + Lo|v| + bw|w| + Lald]  (Ob)

forall (x,z) € X x Z, u € U and all (v,w,d) €V x W x D.

Condition (9) requires that V', which is an ISS-Lyapunov function
for the estimation error |z — Z|, has the same growth as the output
error function |h(z) — h(&)|. In the forthcoming Section VI, we
show that a number of existing observers enjoy Properties 1, 2
and discuss how to select functions V, g,&,a/)_R and constants
R,y C, Cuy Cwy Cqy Loy €1, bv, bw, £ for such observers.

Ill. DYNAMIC SATURATION REDESIGN
A. Main Result on Stubborn Redesign

The first problem we deal with is the dynamic saturation, or
“stubborn”? [6], redesign of observer (4) given by

¢(z,u) + Gr(z,satq (y — h(2))) ,
= —Ao+O|y—h()
¥(z) ,

(10)

cwW ?

2 Q- e
I

IThe reader is referred to [30], [41] and references therein for more details
about the notion of ISS and the existence of ISS-Lyapunov functions.

2With respect to [6], we use here separate saturation thresholds for the
different output channels in order to improve responses since, when an outlier
affects one channel, only the corresponding saturation level is influenced.

where (z,0) € R? x RY, is the state of the stubborn redesigned ob-
server and A := diag(\1,...,Am) > 0, © := diag(f1,...,0m) >
0 are design parameters. It can be noted that observer (10) is obtained
by saturating the output error y—h(Z) in (4) with a variable saturation
level o. This level is dynamically driven by the same output error
y—h(Z). The motivation for such a construction is that of filtering, at
the steady state, sporadic perturbations that may affect the measured
output y. Since in nominal conditions both the output error y — h(Z)
and the saturation level o converge asymptotically to zero, when
an outlier occurs, the saturation limits its effect on the observer
state z, which is therefore less perturbed. A detailed analysis of this
phenomenon in the linear context is given below in Section III-B.

The next theorem shows that observer (10) preserves the ISS
of the original observer (4), according to the definitions given in
Properties 1, 2.

Theorem 1 Consider system (3) satisfying Assumption 1. Suppose
observer (4) is an ISS observer enjoying Properties 1 and 2. Let
Ai > 0,40 =1,...,m be fixed. Then, there exist 9 > 0, i =
1,...,m, such that, for any 6; > 05, i = 1,...,m, observer (10)
is an ISS observer for system (3) enjoying Properties 1 and 2.

Proof: In order to establish the result, we need to show the
existence of an ISS-Lyapunov function for the perturbed-injection
version of observer (10), which can be written in the compact form

Ze = elze;u) + Gekie(ze,y — (%)) + Gede ,
. (11)
r = we(25) )
with augmented state ze := (z,0) € R? x RY, disturbance

de = (d,ds) € RPT™ and functions e (ze, u) := (p(z,u), —Ac),
Ve(ze) = ¥(2), Ge := [§ 7],

. k(z,sato (y — h(i))))
Ke(ze,y — h(Z)) := . .
o= @)= (M
First, we see that functions Ge, ke verify (6). In particular, to prove
the second bound, recall that, by using the properties of x, (2) and
the global Lipschitz property of satys, we have

|ke(ze,y1) — Ke(ze, y2)|
< Jk(z,sate (y1)) — K(z,5ate (y2))] + 1O([Y1 ]y — [¥2]cw)]

< Relyr — yo2 a2

where Re := K + 1/m|©|, with & given in Property 1. In order to
define an ISS-Lyapunov function Ve for (11) according to Property 2,
we first rewrite the ze-dynamics in (11) as

2 = p(z,u)+Gr(z,y) + G0 +d) 13)
6 = —Ao+0Oly|., +O7+do
where we have defined the following compact notation
v = h(l‘) - h(¢(z)): yi=7+v, :Y = H/‘cw - |7|cw7
q:= H(z7sat0(’7)) - K(Z,")/),
q:= K,(Z,Satg(ﬁ/)) *H(Z»Sata(’Y))y d:=q+4q. (14)

Using (1), the sector properties and global Lipschitz properties of the
saturation and absolute value functions, the properties of , and the
quantities in (14), it follows that

lg| < Rlsato(y) — ] < &l

o . (15)
lg] < R|v, il < Jvil < vl
According to the statement of the theorem, let A\;, ¢ = 1,...,m be
fixed and select 6,7 > 0 as
P S C— 16
i it ol + ity 19



with ¢, cg given in Property 1 and ¢, /1, ¢4 given in Property 2. Then,

fix any 0; > 0 fori=1,...,m,and let {; >0,i=1,...,m, be
chosen such that
m
Z Ci(0ilo + 41 + LaRly) < % . a7
=1

Note that condition (17) may always be satisfied by choosing (;
small enough. Bounds (16) and (17) will be then used below in the
Lyapunov analysis. We define the ISS-Lyapunov function for (11) as

Ve(z,z,0) :=

m

xz+§j(<m (G +m) max{ly| = 03,0}), (18)

where V' comes from the ISS properties of (4) and satisfies Prop-
erties 1, 2, and the parameters (; > 0,7 = 1,...,m,and n > 0
have been defined above. Note that, in view of the dynamics of o;
in (10), we have o(t) € RY, for all ¢ > 0 for any o(0) € RT,,.
As a consequence, we can use indifferently o; = |o;|. Due to the

properties of V, V¢ in (18) can be lower bounded as follows
Ve(z,z,0) > V(z,z) > allz —¢¥(z)]). (19)

This shows that the lower bound in (7) is satisfied with ae(s) = a(s)

for any s € R>q. To prove the upper bound of (7), define e ( )=
(v~ F(x),0), which satisfies
e () — ze| = \/WJ z) — 22 + |o]2. (20)

Then, by using (1) and the output-growth condition on V' from
Property 1, we can upper bound V¢ as follows

Ve(x z,0)
V(z,2) + 32 (C+ (o + 1)

)
V(z,2) + (C+n)vm(ol + bV (z, 2))
( +n)vmlo| + (14 (C +n)vmbo)a(ly~ " (x) _ZD)’(Zl)

where ¢ := max;{¢;}. Now, for any s1 € R™, 55 € R™, a,b > 0,
and & € Koo, there always exists & € Koo such that
ar(vV2y/[s1]? + [s2]?)

als1| +ba(|sz]) < ai(ls1| +|s2]) <

< @ (v2|(s1, s2))).

Therefore, by combining the last inequality with (20), (21), we
conclude that there exists ae € Koo such that

Ba) - ze).

By combining (19) and (22), we verify that (7) is satisfied and
therefore the function V. defined in (18) is a candidate ISS-Lyapunov
function.

Before computing the Dini derivative of V. along the solutions to
(13), we first verify that Ve satisfies the output growth condition of
Property 2, since such bounds will be used to show (8). First note that
the output function h(&) of observer (13) is the same as that of (4)
since the redesign involves only the output injection term. Therefore,
according to (14) and by using inequality (9a) and (19), we obtain,
for system (3) and observer (10),

Iyl = Ih(z) -

Then, using the definition of ¢ in (14) together with the bounds in
(15) and (23), we have

Ve(z,2,0) < qe(|vpe (22)

h(z)| <V (z,2) < loVe(z, z,0). (23)

0] < lgl +1g] < Rly| + &lv| < &bV (z, 2) + Rlv].  (24)

We may then bound |DT~|, with v defined in (14), along the
solutions to (13). In particular, using (9b), (19), and (24), we obtain

DYy < 0 V(x,2) + Lolv] + bw|w| + £4]6 + d
< (81 + LaloR)Ve(x, 2z, 0)
+(lv + LgR)v| 4 bw|w]| + Ly|de],

(25)

where the last step follows from |d| < |de|. In view of (23) and
(25), we conclude that the Lyapunov function V. satisfies the output
growth condition in Property 2.

Now, we need to show that inequality (8) holds for Ve, namely we
need to analyze its Dini derivative along the solutions of (13). To this
end, let us denote with Z C {1,...,m} the subset of indexes % for
which o; > |v;|, and with 7 = {1, ..., m} \ T the set of indexes j
for which o; < |v;|. The derivative of Ve, computed from (8) and
(13), and the first inequality in (25), satisfies

DYV < —cV(x,2)+ cgld + d| + colv] + cwlw]|

+ZC¢( = Aioi + O3lvil + 03l7i| + |d‘7i|)
i€z

+y ﬁ(/\jaj = Ol + 0517951 + Idoj\)
ied

+> (G +77)<€1V(a:,z) + Lo[v] + Lw|w]| +€d|6+d|)7
ied

(26)
where we used the second bound in (9) and relation D+|%\ <
[DF;] < |DV|. By using the property of & in (14), (15) and
the properties of x, Z and J, from (24) it follows that

6] < gl + 4]
’%Ziez |’Yz| + ’%Ejej |’Yj| + |‘ﬂ
R jer vl + &l
Using the previous bound and (15), together with (9) and (24),
inequality (26) implies

INIA

D+V5 eV
—(e= 3" Gito = D (¢ +m) (1 + Laito) )V (w, 2)
i€T Jj€T
To
= Cidioi = Y (779j|7j| —NAjoj — Cd’?é|’7j|)
i€l €T
(et car+ Y Gt
1€EL
+ 3G+ )+ LaR) + 65 ) o]
JjET
(w32 G+ mtw) ]
JjeET
(a2 (G mea)ld + Y Gilde, |+ Y nld, |
JjET €T €T

27

Note that, in light of the selection of (;, 7 = 1,...,p and n according

to (16) and (17), the following inequality holds
ev=c— Y Gbilo— Y (¢ +n)(l1 + Laklo) > 0
ie€T JET
for any possible (finite) combination of sets Z, J. Moreover, since

0; > 67 and by the choice of 6] in (16), we also get n(0; — A;) >
cqk. This provides, for some €5 > 0,

me < =D GXhioi+ Y —nb;|v;| + n\joj + caklyjl

i€l Jj€ET
m
< —&o E 0; — €o E 0j = —€o E oL = —¢olol1,
i€l j€T k=1



where we have used both o; < |v;| and —|v;| < —o; forall j € 7,
and the fact that o; > 0 for all ¢ = 1,...,m. As a consequence,
combining the above bounds with (27), there exists § > 0 such that

DV, < —eyV(x, 2) — exlalr + 8lv| + &|w| + d|de],

for all (z,z,0) € X x Z x RY;. Moreover, using the last inequality
with (1) and (19), we obtain, for some g9 > 0,

DtVe < —eo Velx,z,0) +8(Jv| + |w]| + |d]) (28)

for all (z,2,0) € X x Z x RZ,,. With this, it follows that observer
(10) is ISS and function V, is an ISS-Lypaunov function satisfying
Property 1. |

B. Performance Analysis of the Saturation Redesign

The effect of the dynamic saturation in (10) is that of mitigating
the effect of impulsive disturbances (outliers) of v on the estimation
error £ — x, thus improving the transient behavior, at the cost of
slowing down the convergence rate, yet still preserving the asymptotic
estimation. Although a complete noise analysis is hard to carry out in
the nonlinear framework (see, among others, the discussions in [12]),
some results can be proven if (3), (4) are linear and y € R as in
[6], where no performance characterization was given. In particular,
consider the linear system

& = Az + Bu, y=Cr+v (29)

where x € R" is the state, y € R is the measured output, v is the
measurement noise, and (A, C') is an observable pair. The observer
for (29) is selected as

i = A&+ Bu+ L(y — C#) (30)

where £ € R" is the estimate and L is such that A — LC is Hurwitz.
We denote the estimation error provided by observer (30) as Zg :=
& — x, thus obtaining

Zg=(A—LC)Zo + Lv. (31)

By following the design proposed in Theorem 1, we consider also
the stubborn redesigned observer

T =

A& + Bu + Lsaty (y — C%),

Ao +0ly — Cl, 32)

o =
with o € R>q, A,0 > 0. Similarly, we denote the estimation error
of observer (32) as Zsat := & — x. In these coordinates, we obtain
the following error dynamics

AZsat + Lsate (v — CZgat)
—Ao + 0lv — CZsat] -

Tsat =
é’ =

(33)

To comparatively characterize the effect of impulsive disturbances
v on the two observers (30) and (32), we model v as a piecewise
constant perturbation of the form

v:df(t):{ é

0<t<T,

t>T. 34

where &7 (t) converges to the Dirac delta function as 7 — 0.
The following result establishes extreme improvements of the error
response Tgat OvVer Tg as T — ot by focusing on |Zgat(7)| and
|Zo(7)]. This is relevant because for ¢ > 7 we have d-(¢t) = 0 and
both observers evolve with v = 0.

Proposition 1 Consider (29) with A € R™ ™ nonsingular and
denote by Tg and Tgsat the solutions, respectively, to (31) and (33)

with Z0(0) = Zsat(0) = 0, o(0) = 0, and v given by (34). As T
tends to 0T, the following holds
Fuat (D] _ |y 1+ 0(7)
|Zo ()] 1—o(7)
where o(T) denotes small terms in 7", v > 1. Furthermore, for each
T >0, |Zsat(t)| converges to zero as T — ot.

(35)

Proof: First compute

Zo(r) = | e(AfLC)(Tfs)L(ST(s)dS
= (AT _na-rey Lt

As a first approximation, for 7 — 07, we use the Taylor expansion
to compute (A=) = 1 4 (A= LC)7 +o(7?), where, with some
abuse of notation, we denote with o(7) higher-order infinitesimal
terms in 7 and these terms may be a scalar or a matrix. Therefore,
we obtain

|Zo(7)| = L[LI(T +o(r%) > |LI(1=o(r)).  (36)
Similarly, we compute Zgat (7). We have
Faelr) = [ AT L), @)
with o(s), s € [0, 7], given by
o(s) = /0 se**<5*r>0|5f(r) — CZgat(r)|dr. (38)

By integrating (38) from o (0) = 0 and using (34), we obtain

os) < §U-e)(140) < Os+o() (5 +0)

< <
< 60+ o(r)(1+7c) < 014 7c+o(1)),

which holds for all s € [0, 7], where we have approximated e "

by 1— A7 +o0(72) for small 7 and where ¢ = SUPge(o,7] [CTsat (s)]-
By using (37), we further get

/07' EA(T_S)L|O'(S)|dS
< ‘(eAT - I) AT DO+ e+ O(T))’

< .(AT o(r2)AT L1 + e + o(T))‘
<7O|L[(1 + o(7)).

‘53sat(7')| <

(39)

for 7 — 0. In light of (36) and (39), we conclude that inequality
(35) holds. Finally, when 7 — 0™, namely when &, tends to a Dirac
impulse, by using (39), it follows that |Zsat(7)| — 0 and in particular
Zsat(t) — 0 for all ¢ > 0. |

While Proposition 1 illustrates the advantages of (33) versus (31) in
terms of dynamic response, we prove below that the static response,
as measured by the disturbance-to-error DC gain, is not worse in (33)
when 6 > A\ (which always holds under (16)).

Proposition 2 Assume that A — LC' is Hurwitz. For any 0 > X, the
disturbance-to-error DC gains of observers (30) and (32) associated
to a constant v coincide.

Proof: The equilibrium Zg of (31) for any constant v(¢) = v for
all t > 0 is given by Z§ = —(A — LC) ™! Lu. Concerning dynamics
(33), the equilibrium o° of the o-dynamics is given by ¢° = %|6 —
CZat |, where Zg,¢ denotes the equilibrium of the Zsat-dynamics. For
6 > X, it follows that o > |0 — CZg,|, therefore sats (0 — CZgy;) =
U — CZg,.. As a consequence, in the Zg,t dynamics we obtain again
i%y = —(A — LC) " Lo, namely #2,, = 5. [
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Fig. 1: Effect of the dynamic saturation redesign in the presence of
outliers: |Zo(t)| (in dotted blue) of error dynamics (31), |Zsat (t)|
of error dynamics (33) with A = 6 = 10 (in dashed green) and
with A = 6 = 1 (in red).

As a simple illustration of Propositions 1 and 2, we have analyzed
the case in which system (29) is selected as A = [ % §]. B = [9],
C = [1 0] and observer (30) has gain L = [1]. In order to show the
effect of the saturation redesign, we consider two different choices
of the parameters: A = 6 = 1 and A = 6 = 10. The initial
conditions are selected as z(0) = (0,1) and Z(0) = (1, —1) for all
the observers. An impulse of the form (34) with 7 = 0.1 is applied
at time ¢ = 20. A constant disturbance of unitary amplitude is then
applied at time ¢ = 40. Fig. 1 shows the evolution of the norm
|Zo(¢)| of the error dynamics (31) and the norms |Zsat(t)| of the
error dynamics (33) for the two different choices of the parameters.
When ¢ € [0,20] we can see that the presence of the saturation
slightly deteriorates the transient response when A is selected small
(red curve). Then, between ¢ € [20,40] we can observe the effect
of the outlier. The maximum value is reached at ¢t = 20 + 7, where
we obtained |Zo(7)| = 1.343, |Zsat(7)| = 0.516 for § = 10 and
|Zsat (7)) = 0.068 for & = 1. These values confirm bound (35)
since |Zsat(7)|/|Zo(7)] = 0.384 < 67 = 1 for & = 10 and
|Zsat (7)]/|Zo(7)] = 0.051 < 67 = 0.1 for § = 1. Finally, in
t € [40,60] a constant disturbance of unitary amplitude is applied,
namely v(t) = 1 for all ¢ > 40. The three observers asymptotically
converge to the same value, confirming that their DC gain is the
same, as stated in Proposition 2.

We finally remark that, although the bounds and the simulations
of this section refer to the case of linear systems and observers,
similar results can be numerically appreciated with nonlinear sys-
tems/estimators, as shown in [9].

C. User Guidelines for Saturation Parameter Tuning

Theorem 1 provides a sufficient result for a suitable choice of
parameters A, © in (10). Such a result is in general conservative
as it imposes a large lower-bound for the value of ©, see (16).
The simulation in Fig. 1 shows the influence of the two parameters
highlighting that a small A potentially deteriorates the transient
responses, while a small © improves the rejection of impulsive
disturbances. As a consequence, from a practical point of view, the
tuning of A, © based on the simulation outcomes is much more
effective for the achieved performances.

We conclude that, to optimize the tuning of the parameters, one
should select values of A of the same order of magnitude as the decay
rate of the estimation error of the original observer, in order not to
deteriorate too much the transient response, and, at the same time,
choose O to minimize the ratio A/© so as to improve the sensitivity
to measurement noise.

IV. DYNAMIC DEAD-ZONE REDESIGN

A. Main Result on Dead-Zone Redesign

In line with [24], we discuss here the use of a dynamic dead-zone
redesign of observer (4) given by

(2, u) + Gr(z,dzo (y — h(2))) ,
—Ao+ Oy — h(z)|
1/)(2) )

where (z,0) € R? xR, is the state of the dead-zone redesigned ob-
server and A := diag(\1,...,Am) > 0, © := diag(01,...,0m) >
0 are design parameters. Paralleling the stubborn redesign in (10),
observer (40) is obtained by “dead-zonating” the output error y—h(Z)
in (4) with a variable dead-zone level o. The level o is driven by
the same output error |y — h(%)|.,,. From the peculiar shape of
the dead-zone function, the motivation for this redesign is that of
“trimming” the effect of persistent bounded sensor noises. A more
precise analysis of the effect of the dead-zone in the linear context
is given below in Section IV-B.

Note that, despite the presence of the dead-zone, the use of a
variable threshold allows retaining the asymptotic convergence to zero
of the estimation error in nominal conditions. This is formally stated
in the next theorem, where we show that, similar to the stubborn
redesign of the previous section, also the dead-zone redesigned
observer (40) preserves the ISS of the original observer (4), according
to the definitions given in Properties 1, 2.

(40)

cw ?

2 Q- we.
I

Theorem 2 Consider system (3) satisfying Assumption 1. Suppose
observer (4) is an ISS observer enjoying Properties 1 and 2. Let
0; > 0,1 =1,...,m be fixed. Then, there exist X\ > 0, i =
1,...,m, such that, for any A\; > X}, i = 1,...,m, observer (40)
is an ISS observer for system (3) enjoying Properties 1 and 2.

Proof:  First, let us rewrite the perturbed-injection ver-
sion of observer (40) as in (11) and use the subscript e for
e, Ge, Ve, ke, de, Ve as in Section III. Function ke is now given

by
. [K(z,dze(y — h(Z)))
He(zey Y- h(CL')) T ( @|y - Z;L(jﬂcw )

whereas ze, de, pe, Ge, and 1. are defined after (11). First, we see
that functions Ge, ke verify (6). In particular, to prove the right
bound, recall that, by using (2) and the properties of x and of the
dead-zone function, we have

|K’€(Ze7y1) _’ie(ze’y2)|
< |6(2,dzo(y1)) — K(2,dzo (y2))] + 1O(|Y1 |y — 1¥2]ew)]
< Rely1 — y2| 41)

where Ke = K + /m|©|, with & given in Property 1. In order to
define an ISS-Lyapunov function Ve for (11) satisfying Property 2,
note that dynamics (40) can be rewritten by expressing (11) as in
(13) with the new definitions
v:=h Y= Wew = Nlew> ¥=7+7,
q:= K(ZvdZU(’Y)) - ’{(277)7
q:=r (M) = Kz, dz0 (7)), d:=q+q.

(42)

The quantities in (42) satisfy the following inequalities from the
sector and global Lipschitz properties of the saturation, the absolute
value, and k:

lgl < &ldzo(7) =4 < Rlo,

~ (43)
1%i] < Jvs] < o

gl < Rlvl,



According to the statement of the theorem, let 6;, ¢ = 1,...,m be
fixed, and first select some (; > 0 satisfying
m
0y Gb; < c (44)
i=1

with ¢ given in Property 1 and ¢y given in Property 2. Then, select
Af > 0 such that

)\:Cz > cg4k, Vi=1,...,m. (45)

We define the ISS-Lyapunov function for (40) as

m
Ve(z,2,0) :=V(z,2) + > _Cioy < V(z,2)+loh  (46)
i=1
where ¢; > 0, i = 1,...,m, have been defined above and ¢ :=
max{(;}. Note that, in light of the property of the dynamics of o in
(40), we have o(t) € RT,, for all ¢ > 0 for any o(0) € RT,. Thus,
we can write indifferently o; = |o;|. As in the proof of Theorem 1,
we define g () := (v F(x),0). Therefore, we obtain

ao(lz = ¥(2)]) < Ve(z, 2,0) < Gel|e F(x) — ze)

where a,(s) = a(s) for any s € R, with o given by Property 1,
and ae € Ko satisfying

a(s1) + vmmax{G;}s2 < ae(V2|(s1,2)]) -

This shows that (7) holds and therefore function V. defined in (46)
is a candidate ISS-Lyapunov function. Furthermore, it satisfies the
output growth condition of Property 2. To see this, note that (23)
applies also to this case. Concerning its Dini derivative, we may use
the bounds in (43) to prove (24) and (25), thus showing the conditions
of Property 2. We now focus on proving (8). In order to compute the
Dini derivative of V. along the solutions to (13), (40), we use (9a)
and (43) as follows

6] < lgl+ 14l < Elsate(y)| +&|v] < Rlo|+ &|v],
vl < vl < LoV, z2).

Then, we obtain
D "Ve=DtV4+ 3", (DT o;
< —cV(z, 2) + cq|d + d| + cu|v] + cw|w|
m

+ 3 G(=Xioi + 0yl + 0517 + |do, )
i=1
< —cV(z,2) + cqRloy

m

+ Y G(=Xioi + 0iloV (z, 2) + Oifv] + |do, )

(47)

(48)

i=1
Feqld) + (co + ca)lol + culwl
< —e(V(z,z) + |o|1) + d|v| + 0|w| + d|de]

for some ¢, 8 > 0, and for all (z,2,0) € X x Z x R, where (43),
(44), and (45) are used to derive the last inequality. From (48) and the
right bound in (46), it follows that observer (40) is an ISS observer
and function V¢ is an ISS-Lyapunov function satisfying Properties 1
and 2. |

B. Performance Analysis of the Dead-Zone Redesign

As in Section III-B, we analyze here the effect of a constant
perturbation v(t) = ¥ for all ¢ > 0 on the redesigned observer (40)
for the single-output linear case. In particular, we consider once again
the single-output linear system (29) where (A, C) is an observable
pair, interconnected to the linear observer (30), where L is such that
A— LC is Hurwitz. Denoting the esimation error as g := & —x, we
obtain the linear error dynamics (31), repeated here for convenience:

Zg = (A — LC)io + L. (49)

By following the design proposed in Theorem 2, we consider then
the dead-zone redesigned observer

Az + Bu+ Ldzs(y — C%)
—Xo +0ly — Cil

z
o

(50)

with 0 € R>g, A > 0, 0 > 0. Similarly, we denote the estimation
error of observer (50) as T4, := & — x. In these coordinates, we
obtain the error dynamics

Tdz =
é’ =

AZq, + Lng(v - Cfdz)

Ao+ Olv — Cigy| . GD

By following the analysis in Section III-B, we compare the static
responses, as measured by the disturbance-to-error DC gain, of the
error dynamics (49) and (51). For this, we focus on the class of
triplets A, C, L such that A is nonsingular and the gain CA7'L < 1.
This condition is not overly restrictive and is enjoyed by all triplets
A, C, L such that both A and A — LC' are Hurwitz, as illustrated by
the next lemma.

Lemma 1 All the triplets (A,C,L) such that det(A —
LC)det(A) > 0, satisfy CA™L < 1, in particular  this
condition holds if A and A — LC are both Hurwitz.

Proof: The condition det(A — LC)det(A) > 0 implies
det(A) # 0, hence A is invertible. By applying the matrix determi-
nant lemma® we compute det(A4 — LC) = det(A(I — A~'LC)) =
det(A)(1—CA™LL). As a consequence, if det(A — LC) det(A) >
0, then 1 — CA™'L > 0, which concludes the proof. [ |

We may now state our main DC-gain result by establishing a
desirable strict decrease of the DC gain of (50) as 6 is increased
from O (in this case the dead-zone is inactive and the DC gains are
the same) to its maximum value.

Proposition 3 Suppose that A — LC' is Hurwitz. If A is invertible
and CA™'L < 1, then there exists a class K function k such that,
for any X > 0 > 0, the disturbance-to-error DC gains ko, kq, of
dynamics (49), respectively (51), satisfy

kdy = (0
=1-k(~ ).

ko ( A

Proof: The equilibrium Zg of error dynamics (49) for a constant

v(t) = o for all ¢ > 0 is given by
iy = —(A—LC) 'Lu.

(52)

(53)

To compute the equilibrium (£g,,c°) of error dynamics (51) for
the same v = v constant, we first get ° = §|6 — Czyg,|. For any
6 < X, we have 0° < |5—CZg,], and hence, by the properties of the
dead-zone function and the error dynamics (51) at the equilibrium,
it follows that AZq, + L(0 — CZg,)e = 0 with ¢ := 1 — /.
Rearranging, we get &5, = —e(A — LCe) 1 Lo with € € [0, 1].
Now, by using the Woodbury matrix identity4 we obtain

75, = —e(A—LCe) Lo

=— (A—1 + A'LCA™Y) Lew

&
1—-eCA-LL

—E&v 1 -1 —1 -1 -1
=— (AT L—-cA " LCA™ 'L A " LCA L
1— aCéflL( 1 € ¢ : te ¢ )
ey ey AU ORI

3For A invertible and u, v column vectors, the matrix determinant lemma
states that det(A 4+ uv T ) = det(A) det(1 + v T A~ w).

4Also known as matrix inversion lemma, the Woodbury matrix identity
states that for A invertible and w,v column vectors, the following holds:

(A+uwT)"1=A-1— mA_l’UXUTA_l.
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Fig. 2: Effect of the dynamic dead-zone redesign in the presence of
outliers: |Zo(t)| (in dotted blue) of error dynamics (49), |Zq,(t)|
of error dynamics (51) with A = 4,60 = 1 (in dashed green) and
with A = 2,6 = 1 (in red).

where a(e) := /(1 — ae), with a := CA 'L < 1 from the
statement of the proposition. From the previous equation and (53)
it follows that |§| = a(1)|A™'Lo| and |23,| = a(e)|A™' L3,
which provides

kdz _ |j~?iz‘ — @ —1_ k(é),
ko l@gl (1)
where we denote 0 := 6 /A. It is then immediate to determine the
function % in (52) as k(0) = 1—a(1—0)/a(1) = 6/(14a(6—1)). To
show that k € K whenever a < 1 and 6 € [0, 1], note that k(0) = 0
and the sign of its derivative, i.e., k(9) = (1—a)/(1+a(6—1))% > 0.
|

We finally remark that, although the bounds derived in this section
refer to the case of linear systems and observers, similar results can be
observed in numerical simulations with nonlinear systems/observers,
as shown in [23], [24].

As in Section III-B, simple simulation results are provided to
illustrate Proposition 3. We select the matrices in (29), as A =
[91[1)}, B = [3]. C = [10], and the output injection gain
L = H] for observer (30). In order to show the effect of the
saturation redesign we consider two different parameters choices,
namely A = 4,0 = 1 and A = 2,0 = 1. The initial conditions
are selected as z(0) = (0,1) and £(0) = (1,—1) for all the
observers. Fig. 2, for ¢ € [0,20], shows that the convergence of the
estimation error in the absence of noise is guaranteed for all of the
considered observers. The simulations illustrate that the dead-zone
may deteriorate the transient response of the estimation error when
the ratio 0/\ is too large. Then, a constant unitary measurement
noise is applied at time ¢ = 20. The asymptotic value of the observer
dynamics (49) is 0.707, while those of the dead-zonated observers
are 0.606 and 0.471 for A = 4 and A\ = 2, respectively. This result
confirms the bounds of Proposition 3, as the DC gain is reduced
by augmenting the ratio /. Finally, from time ¢ = 40, we apply
a high-frequency measurement noise of unitary magnitude modeled
as v(t) = sin(50t). From the simulations we compute the bounds
limsup,_, o |Zo(t)] < 0.028, limsup;_, ., |Zq,(t)] < 0.022 for
A = 4, and limsup;_, o |Zq,(t)] < 0.016 for A = 2, showing an
improvement of the steady-state performances also in the presence of
high-frequency measurement noise, as originally pointed out in [23],
[24].

C. User Guidelines for Dead-Zone Parameter Tuning

As in Section III, the bounds derived in the proof of Theorem 2 for
the design of parameters A, © may result to be very conservative, and
their tuning based on experimental simulations can be more effective,
as also illustrated in the previous example.

For the tuning of the parameters, one should first select values of
A of the same order of magnitude as the decay rate of the estimation

error of the original observer in order not the deteriorate too much
the transient response. Once A is fixed, it is suggested to increase as
much as possible the ratio © /A to reduce the DC gain, and therefore
improve the sensitivity to measurement noise.

V. MIXED REDESIGN

An appealing feature of the parallel developments of Sections III
and IV is that the corresponding redesigns preserve Properties 1
and 2. Due to this fact, it is immediate to apply a mixed stubborn
dead-zone redesign by nesting the two approaches as follows®

z = ¢(zu)+ Gr(z,satog (dzop (y — h(2))))
6s = —Agos+0g |y - h(i”cw ) (54)
op = —Apop+Oply—h(@)|.,

:i‘ - w(z) )

where (z,05,0p) € R? x RT, x RY, is the redesigned ob-
server state and Ag := diag(Agi,...,Asm) > 0, Og =
diag(0s1,...,0sm) > 0, Ap := diag(Ap1,-.-,ADm) > O,
Op = diag(0p1,...,0pm) > 0, are design parameters. The mixed
redesign allows achieving both the desirable features of the saturation
and dead-zone redesigns, discussed in the previous sections, while
preserving the ISS-properties of the original observer (4), as stated
by the following theorem, whose proof is omitted because it is an
immediate consequence of Theorems 1 and 2.

Theorem 3 Consider system (3) and suppose Assumption 1 holds.
Suppose observer (4) is an ISS observer enjoying Properties 1 and
2. Then, there exist choices of Ag,Ap,Og,Op such that observer
(54) is an ISS observer for system (3) enjoying Properties 1 and 2.

VI. REDESIGN OF RELEVANT CLASSES OF ESTIMATORS

In this section we show that a number of observer architectures
satisfy Properties 1, 2, namely it is possible to apply the stubborn and
dead-zone redesigns of Sections III-V to these classes of estimators.

A. Linear Luenberger Observers

Consider a linear system of the form

= Ar + Bu + w, y=Cr+v (55)

with z € R", uw € RP, y € R™, and a detectable pair (A4, C). Under
Assumption 1, consider the Luenberger observer [36]:

& = Ai+ Bu+ L(y—C%) (56)

where & € R is the state and L € R™*"™ is a matrix to be selected.
With respect to (4), we have z = &, o = p = n, k(Z,y — h(Z)) =
L(y — Cz), G = I, Y(&) = &. Following Section II and owing to
the specific selection of x, the perturbed-injection version of observer
(56) corresponds to

&= A%+ Bu+ L(y — C%) + d. (57

We have the following result.

Proposition 4 Let Assumption 1 hold with Xo = X =R", U € R?,
and W being any arbitrarily large compact subset of R". Let L
be chosen such that A — LC' is Hurwitz. Then, Properties 1-2 are
satisfied by system (55) and observer (56) with the choices in Table I,
Z =R" for any arbitrarily large compact sets D C RP,V C R™.

Proof: First of all, inequality (6) is automatically satisfied since
k is linear in y — h(&) and L is constant. Then, consider the function

SEvidently, we can also select k(z,dzgg (satep (Y —

h(2))) in (54).



V(z,2) = /(x — &) T P(x — 1) v R(z) =1
P(A-LO)+(A-LC)"P=-21 afls|) = \/Apls|
k=|L| c=1/xp a(ls)) = vV Apls|

ca =Ap/\/Ap

t = |C(A—-LO)|/\/Ap
Ly = |C| Ly =|C|

t=1[Cl/\/Ap
£, =|CL|

TABLE |: System and design parameters for the linear system (55) and
the Luenberger observer (56).

V' defined in Table I with P € R™™ ™ and P > 0. Since Apl <
P < Apl, we have
VAple — 2| < V(z,z) <

From (58), we get the property of o and & satistying (7), as in Table I.
Define e := x — Z. By differentiating along (55) and (57), we obtain

(59)

Aplz — 2. (58)

e = (A-LC)e+w— Lv—d.
Therefore, by differentiating V' along (59), and proceeding as in [32,
p. 203], the Dini derivative of V' is such that
> 1
Vel Pe Ve Pe
< =V + cwlw| + cofv] + cqld],

DTV < -

eTP(w — Lv — d)
(60)

where c, cw, cg, cv are selected as in Table I. Note that, by linearity,
the sets V), D can be selected arbitrarily large. This shows that (8) in
Property 1 holds. To show (9), we have from (58), |C(x — &)| <
ICllz — 2| < LoV (z, ), with £y defined in Table I, which proves
(9a) in Property 2. Finally, from (58) and (59) we obtain

|IDTC(x— %) = |DTCe|

|C(A— LC)e+ Cw— CLv + Cd]

0V (z, &) + Lo|v] + Lw|w| + £4]d],
with £1, £y, £y, £4 defined in Table 1. This shows that (9b) holds and
concludes the proof. |

In view of Proposition 4, we can apply the stubborn redesign (10)
or the dead-zone redesign (40) to filter (56) as follows

& = AZ+ Bu+ L®,(y— C%)
—Ao+ 0|y - C|,
where &, = sats or ®» = dzs, according to the desired design,
and for some diagonal A, © > 0.

IN

(61)

o =

Remark 1 The redesign (61) can be seen as an alternative to the
designs proposed in [6], [24] having a few desirable enhancements.
First, in [6] a single saturation threshold is used for all the input
channels, whereas here we adopt different values o; of the saturation
levels. This anticipates improved transients in multi-output systems,
especially when outliers affect only some of the outputs at hand.
Secondly, the dynamics of the saturation threshold o used in [6],
[24] is quadratic in the output error, whereas we use here a linear
injection depending on the norm of the output error. a

B. Observers for Lipschitz Systems
Consider a system of the form
= Az + ¢(z,u) + w,

y=Cz+v (62)

where the pair (C, A) is detectable and ¢(-, ) is a globally Lipschitz
function uniformly in w, i.e.,

|p(z,u) — (2, u)| < kglz — &, Vz,&e€ X, uecl, (63)

for some scalar kg4 > 0. We suppose that Assumption 1 holds and
we consider an observer of the form

Az + ¢(z,u) + L(y — C%),

where £ € R" is the state and L € R™*™ is a matrix to be selected.
With respect to (4), we have z = &, p = o = n, k(Z,y — h(z)) =
Ly — C%), G =1, ¢(&) = % for any £ € R™. As in Section VI-
A, we can derive the perturbed-injection version of observer (64),
which is omitted, here and in the following, for space reasons. In
the next proposition we follow the design proposed in [37], [45] and
establish the applicability of the saturation and dead-zone redesigns
to this class of systems.

T =

(64)

Proposition 5 Let Assumption 1 hold for some sets Xy C X C R",
U € R? for which (63) holds, and for any arbitrarily large compact
set W C R™. Suppose that there exist P = pT >0,v>0 >0,
and Y € R™ "™ satisfying the LMI

ATP+PA-YC-CTYT + (ki +2)T P\ _ 0
< P —vl ) -
(65)
and select L := P~YY. Then, Properties 1-2 are satisfied for system
(62) and observer (64) with the choices in Table Il and Z = R"™ for
any arbitrarily large compact sets D C R?,V Cc R™.

Proof: As in the proof of Proposition 4, the function V' defined
in Table II satisfies (58). Let us consider the Dini derivative of
V2(z,#) as in Section VI-A, i.e.,

Dt (eTPe) —e' ((A —LC) P+ P(A- LC)) e
+2¢" P (¢(x,u) — 6(,u))
and use Young’s inequality and bound (63) to get
2¢ P (¢(z,u) — $(#,u)
< %eTPPe + v|op(z,u) — o(z, u)|2 < %eTPPe + ukie—r]e.
Applying a Schur complement to inequality (65), we obtain
(A-LC) P+ P(A—LC) + %PP +vk3l < —2¢l,

for some € > 0. Using (63) and following the proof of Proposition 4,
we get

2
+ ele L7
DTV < — 6TP6+ eTPee P(wavfd),

showing (8) with ¢, cy,cw,cq defined in Table II. The rest of
the proof follows the same arguments as those of the proof of
Proposition 4. |

In view of Proposition 5, we can apply the stubborn redesign (10)
or the dead-zone redesign (40) to filter (64) as follows

T = A+ ¢(&,u)+ LPs(y — C2)
—-Aoc+ 0Oy —Czl,,

for some diagonal A,© > 0 and ¢, = sats or P5 = dzg.

(66)

o =

Remark 2 For nonlinear systems of the form
t=Az+Tg(Hz) + t(y,u) + w, y=Czx+ v,

the following observer, based on the circle-criterion, is proposed in
(8]
&= Ai+ Ly — Ci) + Tg(Hi 4+ K(y — C%)) + t(y, u).

This observer can be expressed as in (3) as follows

T =A2+Tg(HZ) + v(y,u) + k(Z,y — h(Z))



V(z,2) = /(z — :c)TP(x - x) v R(x) =2
a(ls]) = /Aplsl  a(ls]) = VApls] E=IL]
CZ&‘/)\P wacd—)\p/\/ Cv:‘LP\P/\/AP
by = \C|/\/ b =|C (A LCO)//Ap

TABLE Il: System and design parameters for the Lipschitz nonlinear
system (62) and the nonlinear observer (64).

with k(Z,y — h(2)) := L(y — C%) + T[g(HZ + K(y — C%)) —
g(Hz)]. In [8], it is shown that the gains L, K can be selected to
ensure the ISS of the estimation error. Therefore, as in Proposition 5,
Properties 1-2 follow from using the square root of the quadratic
Lyapunov function presented in [8]. a

C. Observers for Input-affine Systems

Consider a system of the form

= A(u)z + B(u) + w, y=Cx+v (67)

where u — A(u) € R"™"™ and u — B(u) € R™ are continuous.
We suppose that Assumption 1 holds. For this class of systems, an
observer was originally proposed in [29]. We consider the design
approach presented in [17] for estimators of the form

i=A)é+Bu)+Pc(y-Ci), (68a)

where & € R" is the state, u is a known input function, and ¢
P(t) = P(t)" € R™ ™ is the solution of

P=—2uP— A(u)"P— PA(u) +2C'C, (68b)

with P(0) > 0 and p > 0. With respect to (4), we have p = n and

2= (&vec(P)),  r(zy—h(@) =P 0T (y-Ca),
o=n+nn+1)/2 Pz =& G=[10]"

First, we recall the following in [17, Lemma 2.1, p. 177].

Lemma 2 Suppose that the input t — wu(t) is regularly persistent
(see [17, Definition 2.1]). Then there exists * > 0 such that, for any
W > p*, the solution t — P(t) to (68b) satisfies pI < P(t) < pl
for all t > 0 and for some p,p € R such that 0 <7B < p.

Based on the results in [17], we establish below the applicability
of the proposed redesigns to observer (68).

Proposition 6 If input t — wu(t) is regularly persistent (see [17,
Definition 2.1]), then Properties 1-2 are satisfied for system (67) and
observer (68) with the choices in Table III.

Proof: First of all, note that, in view of the property of wiR
Table I1I, we have |z — 2| < |(x,0)— (&, vec(P)))| = |~ F(x)—2|.
Therefore, by using the previous inequality and Lemma 2, it follows
that \/plz — 2| < V(z,2) < VB v E(z) — 2|, by which we
obtain bound (58) with a, & given in Table III. Now, let us write
the perturbed-injection dynamics of the estimation error according to
(5), which, using Table III, is

é=(Aw) - P 1CTCle+w—-P'CTv—d
Let us now consider the Dini derivative of V2 (z, ). It reads

Dt (eTPe) = —2ue' Pe+ 2eTP(w —d) + 2¢"CTw

V(z,2)=+@=—2) Pe—2) ¥ F) = (,0)
alls) = ypls  als) = valsl & =ICl/p

cC=p Cw:Cd:ﬁ/\/Zj CvZ‘CV\/E
to=1Cl/vA e =Icl(lAI+ICP/p) /yp

Ly = \C|2/E Ly = |C Ly =1|C|

TABLE lll: System and design parameters for the input-affine system
(67) and observer (68).

and, by means of LiaT/\/eTPe’ < 1/,/p holding for all e € R™\{0}
and P satisfying Lemma 2, we obtain

1
Vel Pe
from which we obtain (8) with cy, ¢4, ¢y defined in Table III. The
rest of the proof follows the same arguments as those of the proof
of Proposition 4. |

In view of Proposition 6, we can apply the stubborn (10) or dead-
zone (40) redesigns to filter (68) as follows

DYV =—puv+ eT(P(w—d)—i—CTU)

& = AW)i+ B) + P lCTd,(y— C2)
P = —2uP—A)"P—PA)+2CTC (69
6 = —Ao+0Oly—-Cil,,
for some diagonal A,© > 0 and &, = sats or &5 = dz,.
D. Extended Kalman Filters
Consider a system of the form
&= f(z,u) +w, y=h(z)+v (70)

where z € R" is the state, u € R? is a known input, and y € R™
is the measured output. Suppose that Assumption 1 holds for some
given compact sets X C R™, I/ C RP and for some (small enough)
compact set YW C R™. Also suppose that functions f,h are cl.
Given some € > 0, assume that there exist ky,, kg, kpy > 0 such
that the following inequalities hold

|h(z) — h(2)] < kplz — 2| (7T1a)
|[f(z,u) — f(Z,u)] < kflz — 2| (71b)
(32 - 82(@)) fa,w)| < bagla =3 (7o)

for all x € X, all & € R™ such that |z — 2| < e, and all u € U.
We consider the EKF with prescribed degree of stability proposed
in [38], ie.,

&= f(#u) + K(2)(y — h()) (72a)
K(2)=PC(z) R, (72b)
with ¢ — P(t) solution to the Riccati differential equation
P = (A(&,u) 4+ pI)P + P( (2,u) " + pl)
—prC()"R7c@)P +Q, (72¢)
oh
A, u) == gi (@w), C@):=5 @), (2

w>0R= RT >0, and Q= QT > 0. Note that we recover the
form of a standard EKF (see, e.g., [19], [34]) by selecting 1 = 0 in
(72c). With respect to the compact notation (4), we have p = n,

w2,y — h(2)) = K(2)(y — h(2)),

z = (&, vec(P)), =
$(z) =8 G=[10]".

e=n+n(n+1)/2



W C Bs V C Bs D C B.
V(z,2) = W(z,2) ¢ ()= (,0)

a(ls|) = Isl/vP a(lsh =Isl/yp  R=pelR7!
c=p+Agp/(4P?)  cw=ca=+D/p cv=FrVD/p
bo = kn/\/P & = (kny + cky + cRkp)/ /P
by = CR by =¢C bg=c

TABLE IV: System and design parameters for system (70) and the EKF
(72).

and ¢ defined according to dynamics (72a), (72c). Likewise in [38],
we define the functions (obtained via expansions of f, h into power
series)

¢(m,i‘7u) = f(x,u) _f(jvu)_A(i‘vu)(x_i)a
x(z, &) = h(z)—h(E)—-CE)(z—2).

Following [38], the next assumption is stated.

Assumption 2 (Assumptions 1-3 in [38]) There
kg, ky, ¢, p,p > 0 such that
1) |¢(z,2,u)| < k¢|xf:%\2f0r all v € RP and for all z,% € R™
such that |z — &| < ey,
2) |x(x,&)| < kylz — 2|2 for all x,% € R™ such that |z — &| <
Exs
3) |C(z(t))] < € and |C(2(t))| < € for any solution to (70),
(72);
4) the solution t — P(t) to (72c) satisfies pI < P(t) < pl for
any solution to (70), (72).

exist Ep Exo

Under the previous conditions, the following result ensuring the
(local) stability of the estimation error can be proved.

Proposition 7 (Main Theorem in [38]) There exist g, 59 > 0 and
> p > 0 such that solutions to system (70) and estimator (72),
with w = 0, satisfy

|lz(t) — &(t)| < Bo exp(—fit)|z(0) — £(0)]

for any initial condition x,% € R" satisfying |x—2| < 9. Moreover,
this can be established with the Lyapunov function

W(z,z) = (x—2) P (z—2).

(73)

(74)

Based on the above setup, mostly inspired by [38], we have the
following result.

Proposition 8 Under Assumption 2, there exists €1, > 0 such that
Properties 1-2 are satisfied for system (70) and estimator (72) with
the choices in Table IV and for any initial condition x,% € R"
satisfying |x — 2| < 1 and disturbances v € R™, w € R" such that
lv] <6 and |w| < 0.

Proof: First of all, consider system (70) and observer (72) when
w = 0, v = 0, and d = 0, and suppose that the inequalities
in Assumption 2 are verified, namely |z — &| < min{eg, ey}
By following the computations in [38], we have that the Lyapunov
function W defined in (74), satisfies W< — 20+ % W. As a
consequence, when considering the time derivative of V' defined in
Table IV, we easily obtain

: A
V§7<,u+;?2£)V:—cV
4p

with ¢ defined in Table IV. Since ¢t — P(¢) is uniformly bounded
by item 4) of Assumption 2, (75) proves local exponential stability

(75)

of the estimation error to zero. Recall that local exponential stability
implies local ISS, see [32]. As a consequence, in order to show (8),
we first recall the following inequalities

Tl dl S V(s2) £ Ble-al, Yade R,
(z—a) P ~ (76)
’A T
V-2 P @-3)

where t — P(t) satisfies item 4) of Assumption 2. From inequalities
(75) and (76), we can derive (8) with cy,cq,co selected as in
Table IV. Finlly, since (75) holds only for |x — &| < gg, for any
€1 € (0,0, then there exists 6 € [0, 00) such that (8) holds for all
|z — 2| < e, |w| <4, |d| <6 and |v| <6, thus proving Property 1.

Now, by combining (71) and (76), inequality (9a) is verified with
£p in Table IV. Finally, to verify (9b), compute

|DF (h(x) - h(2))| <

SO ) o) + K@) +0— (@) +
<|(fo@ - Gr@) 1@
SRS () — )
+ | GrOR @) h(o) - @)
+‘%(x)w +‘%(§:)d + %(ﬁn)K(a})v’

< (kny + cky + cRkp)|x — & + elw| + &|d| + ¢&|v),

which holds for all x € X and all & € R™ such that |z — | < &1
and for all uw € U. The proof is completed by selecting ¢1, lw, L,
£4 as in Table IV. [ ]

Based on the results above, the stubborn redesign (10) or the dead-
zone redesign (40) of the EKF correspond to

f(&,u) + K(2) o (y — h(Z))
Ao +0© |y - h(i)lcw

T =

7

o
for some diagonal A,© > 0 together with the corresponding
selections (72b) and (72c¢), and &, = saty or P, = dzs.

Remark 3 Similar conditions can be derived for a linear systems and
a Kalman observer by combining the results of this section and those
of linear observers. Indeed, this section generalizes [26], where the
authors, inspired by [6], propose a stubborn redesign for the Kalman
filter. a

E. Observers for Systems in Canonical Observability Form

Consider the class of single-output nonlinear systems

T = Anz + Bno(z,u) + w, y=Chx+wv (78)

where (An, Bn,Ch) is a triplet in prime form® of dimension n and
¢ is a locally Lipschitz function. Also suppose that Assumption 1
holds, with X', W, U being some given compact sets. For system (3),
a typical approach is that of high-gain observers [33]. For this class of
estimators, the use of dynamic saturations and dead-zones has been
already studied in [9], [24]. Therefore, in this section, we focus on

A triplet of matrices (A, B, C) is said to be in prime form when A is
a shift matrix (all 1’s on the upper diagonal and all 0’s elsewhere), BT =
(0---0 I)and C = (1 0---0).



the low-power high-gain observer introduced in [11], for which the
analysis is more involved. In particular, consider

21 = Az z1 + N 22 + Da(g) K1 (y — Caz1),
4= Aoz + N ziy1 + Da(g) Ki(Bg zi—1 — Caz;),

i=2,...,n—2 (79)

Zn_1 = A22p_1 + B2 ¢s(2,u)
+ Da(g) Kn—1 (B3 zn—2 — Cazn_1),

where 2z = (21,...,2n—1) € R?™~2 is the state, & = 'z € R” is
the estimate, with T' := blkdiag (Ca, ..., Cg,1Ip) € R"*(27=2),
(A2, Ba, C2) is a triplet in prime form of dimension 2, N := BQBQT,
K; = (ki1 kiz)—r, i =1,...,n — 1, are matrices to be chosen,
Ds(g) := diag(g, %), where g is the so-called high-gain parameter
(to be chosen large enough) and ¢s is a globally bounded function
designed by saturating ¢ in such a way that ¢s(z,u) = ¢(z,u) for
all (z,u) € X x U. Note that, with respect to (4), we have p = n,
0=2n-2 k(z,y—h(2)) = K1(y—Coz1), G=[10-- 0], and
1(z) = I'z. Finally, in order to state the main result of this section,
let the matrices M; € R?**2?% = 1,... n—1 be recursively defined
as My = Ay — K103,

M Ba(i—1)Bg.

M; = , M= M,_1, (80)
' < KiBy,; 1) Az —KiCh "
for i« = 2,...,n — 1, where B; is in prime form, ¥y, :=
blkdiag(W}, ..., W01, ¥f .= ¢* " Da(g) ", and

T = (b1, b2, bo, .., by, by b1, bp) € RENT2X7
where b; is a row vector of dimension n with a 1 at the i-th entry
and all the other elements being zero. Note that Y is a right-inverse
of I', namely I'Y = I.

Proposition 9 Let K;, t = 1,...,n — 1 be such that matrix M in
(80) is Hurwitz.! There exists g > 1 such that, for any g > g%,
Properties 1-2 are satisfied for system (78) and observer (79) with
the choices in Table V.

Proof: By following [11], consider the change of coordinates
e := Wy(z — YTz), by which observer (79) with the perturbed-
injection dynamics, as in (5), reads

é=gMe+ Ban_204(e,z,u) + Vg Tw+gGr(z)v—YyGd (81)

where Ay (e, z,u) = g_(”_l)(%(f‘\llg_le—l—m,u) —¢(x,u)). From
the Lipschitz properties of ¢ and the boundedness of ¢s, X', and
U, there exists Ly > 0 such that [Ag(e,z,u)] < Lgle| for all
e € R2”72, r € X, u € U, and g > 1. In these coordinates,
the function V' defined in Table V, reads V(e) = Ve Pe, with P
defined in Table V. By property of e, and using g > 1, it follows
that V' satisfies

VA -
=z = Ta| < V/Aplel < V(e) < y/Aple] <

= Aplz — Yzl

(82)
Moreover, by using the properties of I and Y, we also have |£—z| =
Tz —T'YTz| < |z — Yz|, and therefore

g "V Apli —al < Vie).

(83)

"This is always possible in view of Lemma 1 in [11].

V(z,z) = /(Tz —2)TU, PV, (Tz — 2) YR (z) = Yz
PM4+MTP=-2I c=g/\p — LyAp/+/Ap
a(ls)) = V2Apg= " Vs|  cw =27p/\/Ap k= |Ki|

a(|sl) = vpls|
YN

by = Q‘Kll

co =|K1|Ap/\/Ap ca=Ap/\/Ap

01 = g"|Mn_1|/\/2Ap
by =2 y

TABLE V: System and design parameters for the nonlinear system (78)
and the low-power high-gain observer (79).

The last inequality and bounds (82) prove (7) with a, &, wiR defined
as in Table V. The Dini derivative of V' is such that

e P

2
gle
D+V < - \/JJ? + m (Bgn,QAd,(e,l’,u)

+U,Tw + gGr(z)v — \Ilng)

showing (8) with ¢, cw, cv, cq defined in Table V. Then, using (83),
it follows that |C'(z — )| < |z —&| < {oV(e) corresponding
the first inequality in (9), with £y selected as in Table V. Finally, the
second inequality in (9) is satisfied by using (81) as follows

|DYC(z — 2)| = |DTCTT, el
= |CTW, ' gM,,_1e+ CT U, Bop_2Ay(e,z, u)
+OTTw + gCTV, ' Gr(2)v — CTGd
<t1V(e) +€U|1)| + €w|w\ +€d|d|

and by selecting ¢y, fy,%w,¢q as in Table V. This proves that
Property 2 is satisfied and completes the proof. |

In view of Proposition 9, we can apply the stubborn redesign (10)
or the dead-zone redesign (40) by modifying (79) as follows

Z21 = Agz + Nz + Da(g9) K1®o(y — Coz1),
4 = Agzi+ Nzipy + Da(g) Ki(By zi—1 — Caz),
t=2,...,n—2
Zn—1 = Azzp_1+ B2¢s(,u)
+D2(g) Kn—1 (B3 zp—2 — Cozn—1),
6 = =Xo+0ly—Caz]

for some A\, 6 > 0 and ®, = saty or Py = dzs.

Remark 4 The results of this section can be extended to the high-
gain observer variants in [10], [43]. For such variants, the definition
of the right inverse w_R in Property 1 can be directly inherited from
the Lyapunov function establishing the convergence of the observe
derived in [10], [43]. Similarly, its square root can be used to establish
Properties 1, 2. a

Remark 5 For systems @ = f(z,u), y = h(z), which are dif-
feomorphic to (78) via a change of coordinates z = ®(z,u), it is
possible to design an observer in the original coordinates

&= f(&,u) + <g—i(i’7 u))_1 L(y — h()) ,

for some choice of L, see, e.g., [14], [16] and references therein.
Based on the ISS properties of the observer, similar arguments to
those of Proposition 9 can be used to show that such observers satisfy
Properties 1-2. Note however that, in this context, the invariance of
a prescribed compact set Z may be required to prove condition (6).
In this case, the redesign proposed in [14] may be a viable approach
to constrain the observer state in a desired compact set. 4
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Fig. 3: EKF vs DSEKF and SDEKF in a simulation run with 79 = 0.01, 7oyt = 100 and a turn at half of the simulation time.

VIl. SIMULATION RESULTS

In this section, we report on the simulation results obtained by
applying the stubborn and dead-zone redesigns to a case study with
the EKF according to Section VI-D. More specifically, we compare
the standard EKF to the corresponding stubborn and dead-zone
redesigns, which will be denoted by SEKF and DEKEF, respectively.

Consider a fourth-order system describing the motion of a mass
point with two Euclidean distance measurements and one angular
distance measurement w.r.t. the points p’ = (10,0), p” = (0, 10),
and p””’ = (100, 100), respectively:

:i’l :$2,$2:O,$3:$4,i4:0
/ / // /!
y1 = |(z1 — p1,23 = p2)l2, Y2 = [(z1 —p1, 23 —p2)l2,
/11 /11

y3 = atan2 (v3 — p2 , 21 — p1 )
where atan2 (-, -) denotes the four-quadrant inverse tangent function.
For all the EKF-based estimators considered here, the corresponding
Riccati differential equations have been solved by using a simple
Euler approximation with sampling time equal to 0.01. Specifically,
we have chosen 1 = 0.1 and the initial P, @), and R all equal to
identity matrices I of appropriate dimensions. Moreover, we have
selected A = 10/, © = I, and o(0) (1,1,1) for the DEKF
and A = 0.17, © = 10I, ¢(0) = (1,1,1) for the SEKF. The
initial state of all the filters have been fixed equal to (0,1,0,1).
Different simulation setups depending on the parameters 79 and

rout have been analyzed: the random initialization of the plant
state follows a Gaussian distribution with covariance ¢/ around
(0,1,0,1), while the system and measurement disturbances are taken
as zero-mean Gaussian noises with covariance matrices all equal to
rol. Measurement outliers may affect the distance measurements
(i.e., y1 and y2) after a random time generated according to a uniform
distribution between 0 and 1/3 of the simulation time. Each outlier
is obtained by amplifying the random noise of one measurement by
a factor equal to rout. Thus, a small rg refers to simulation runs
with low levels of noises, whereas royt = 1 means that outliers
do not occur in the simulations. Instead, large outliers affect the
measurements with a high rout > 1. The root mean square errors
(RMSEs) are reported in Tables VI and VII. The combinations of
dead-zone and saturation dynamics in the stubborn dead-zone EKF
(SDEKF with the saturation of the dead-zonated output error) and
dead-zone stubborn EKF (DSEKF with dead-zone trimming to the
saturated output error) perform quite well as compared to the EKF,
as shown in Fig. 3 with the plot of a simulation run. Fig. 3 allows
illustrating pictorially the excellent performances that can be achieved
with the stubborn and dead-zone redesigns of Kalman filters in
accordance with [5], [6], [9], where the interested reader is referred
to for simulation results obtained with the redesign of Luenberger
and high-gain observers.



70, Tout x x2 x3 x4
EKF 0.001 , 1 0.83589 | 0.15872 | 0.86909 | 0.15784
DEKF | 0.001, 1 0.66282 | 0.11169 | 0.69023 | 0.11082
EKF 0.01,1 1.2919 0.26095 1.3281 0.27735
DEKF 0.01,1 1.0887 0.22504 1.1240 0.24110
EKF 01,1 3.2327 0.40013 3.2396 0.40974
DEKF 01,1 2.8427 0.35844 2.8466 0.36285
EKF 1,1 8.7003 0.63317 8.4298 0.61264
DEKF 1,1 7.5973 0.58075 7.3755 0.56188
EKF 10,1 24.5259 1.20421 23.2213 1.33571
DEKF 10,1 18.1457 1.12691 17.5172 1.28463
TABLE VI: RMSE medians over 1000 simulation runs for EKF and
DEKEF.
70, Tout T 2 z3 T4
EKF 0.1,1 3.2327 0.40013 3.2396 0.40974
SEKF 0.1,1 3.2327 0.40013 3.2396 0.40974
EKF 0.1,10 3.6342 0.42489 3.6262 0.43263
SEKF 0.1,10 3.6342 0.42489 3.6262 0.43263
EKF 0.1, 100 4.2929 0.47033 4.2659 0.47325
SEKF 0.1, 100 4.0146 0.44724 3.9947 0.44972
EKF 0.1, 1000 6.2936 0.77165 6.2272 0.72439
SEKF 0.1, 1000 4.0969 0.45805 4.0748 0.45723
EKF 0.1, 10000 16.9276 | 4.12612 16.0941 3.84125
SEKF | 0.1, 10000 4.5945 0.53379 4.5782 0.52979
TABLE VII: RMSE medians over 1000 simulation runs for EKF and

SEKF.

VIII. CONCLUSION

In this paper, two redesign approaches based on adaptive saturated
and dead-zonated output error injections are investigated for a wide
range of estimators with different architectures for both linear and
nonlinear continuous-time systems, providing sufficient conditions
that ensure preservation of a desirable ISS property from disturbances
to the estimation error. The generality of the proposed redesigns is
illustrated by their successful application to a large number of popular
state estimators. Two new tools have been also introduced for the
analysis of the effect of measurement noise of impulsive nature and
constant bias. The theoretical findings are confirmed by simulation
results, showing the advantages provided by our redesigns. This work
opens a number of interesting future developments: the extension
of the proposed approach to observers and filters for discrete-time
nonlinear systems, following the preliminary directions of [6]; the
development of the tools introduced in Sections III-B, IV-B to
analyze the effect of measurement noise in a pure nonlinear setting
by providing tighter bounds w.r.t. the classical Hoo, L2 ones; the use
of redesigned observers in output feedback stabilization problems; a
thinner analysis of the case studies addressed in Section VI in order
to obtain less restrictive ISS-gains as compared to the ones given
in Tables I-V and hence more precise parameter design bounds
for the dynamics governing the saturation or the dead-zone functions.
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