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Abstract
We investigate the nearly Gorenstein property among d-dimensional cyclic quo-
tient singularities k�x1, . . . , xd�G , where k is an algebraically closed field and
G ⊆ GL(d, k) is a finite small cyclic group whose order is invertible in k. We prove
a necessary and sufficient condition to be nearly Gorenstein that also allows us to find
several new classes of such rings.
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Introduction

Gorenstein rings are among the most important objects in commutative algebra and
appear in several contexts. On the other hand, despite their celebrated ubiquity (Bass
1963;Huneke 1999), the class ofGorenstein rings is not so large, compared for instance
with that of Cohen–Macaulay rings. In many significant cases one encounters Cohen–
Macaulay rings which are not Gorenstein rings. For this reason, many researchers
started looking for generalizations of the notion of Gorenstein aiming to find a class of
Cohen–Macaulay rings which is still able to capture some of the interesting properties
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of Gorenstein rings. In recent years, two of these new classes of rings have drawn
particular attention: almost Gorenstein and nearly Gorenstein rings. Almost Goren-
stein rings were first defined by Barucci and Fröberg (1997) for one-dimensional
analytically unramified rings and later generalized by Goto and Matsuoka (2013);
Goto et al. (2015). This notion has already been largely investigated and many prop-
erties are known, see for example Endo et al. (2020), Goto et al. (2016), Herzog et al.
(2019), Taniguchi (2018) and the references therein. On the other hand, nearly Goren-
stein rings, which are the object of interest of this paper, have been introduced even
more recently by Herzog et al. (2019) in 2019, although their defining property was
already examined by Ding (1993), Huneke and Vraciu (2006), and Striuli and Vraciu
(2011). Moreover, nearly Gorenstein rings have been studied in several contexts, such
as zero-dimensional schemes (Kreuzer et al. 2019), affine semigroup rings Herzog
et al. (2019), and affine monomial curves Moscariello (2020). See also Endo et al.
(2020), Dao et al. (2020), Kobayashi (2020), Kumashiro (2020), Rahimi (2020) for
other related results.

To explain the definition and the motivation of nearly Gorenstein rings we start
with a Cohen–Macaulay local ring (R,m) which admits a canonical module ωR . The
trace of the canonical module, denoted by tr(ωR), is defined as the sum of the ideals
ϕ(ωR), where the sum is taken over all the R-module homomorphisms ϕ : ωR → R.
The importance of tr(ωR) comes from the fact that it describes the non-Gorenstein
locus of R, since the localization Rp at a prime ideal p is not Gorenstein if and only
if tr(ωR) ⊆ p. In particular, it follows that R is Gorenstein if and only if tr(ωR) = R.
For this reason, one defines R to be nearly Gorenstein when m ⊆ tr(ωR). It is now
clear that a nearly Gorenstein ring is Gorenstein on the punctured spectrum, but the
converse does not occur in general. Moreover, it also holds that a one-dimensional
almost Gorenstein ring is nearly Gorenstein, even though this is no longer true in
the higher dimensional case, where the relation between these two notions remains
unclear.

In this paper,we look at the nearlyGorenstein property for quotient singularities. Let
R = k�x1, . . . , xd� be a d-dimensional formal power series ring over an algebraically
closed field k and let G be a finite subgroup of GL(d, k) acting linearly on R. The
corresponding invariant ring RG is the completion at the origin of the coordinate ring
of the quotient variety A

d
k
/G, so we will refer to it as a quotient singularity. The

study of these objects and their properties lies at the intersection of several branches
of mathematics and has been largely explored both from a geometric and an algebraic
point of view. In the modular case, i.e., when the characteristic of k divides the order
of the group G, even the Cohen–Macaulay property is not fully understood (see e.g.
(Campbell andWehlau 2011, Example 8.0.9) or Kemper 1999), so wewill rather focus
on the non-modular situation, that is when char k � |G|. Under this assumption it is
well known that the invariant ring RG is a complete local normal domain and it is
Cohen–Macaulay thanks to Hochster–Eagon’s Theorem (Hochster and Eagon 1971).
Moreover, thanks to an old result of Prill (1967) it is not restrictive to assume further
that the acting group is small, i.e., it does not contain pseudo-reflections. In this case,
by a result of Watanabe (1974a, b) the Gorenstein property of these rings is also well
understood. Namely, RG is Gorenstein if and only if the group G is contained in
SL(d, k). Therefore, it arises as a natural problem to look for a characterization of
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the nearly Gorenstein property for these rings. In fact, we investigate precisely this
question for an important class of quotient singularities: cyclic quotient singularities,
i.e., when the group G is cyclic.

For this class, we are able to find a numerical criterion which gives a necessary and
sufficient condition for the ring RG to be nearly Gorenstein. Using this criterion, we
identify several families of nearly Gorenstein rings.We recall that ifG is a cyclic small
subgroup of GL(d, k) of order n with char k � n, we can assume that it is generated
by a diagonal matrix φ = diag(λt1, . . . , λtd ), where λ is a primitive n-th root of
unity in k and t1, . . . , td are positive integers such that gcd(ti1, . . . , tid−1 , n) = 1 for
every (d − 1)-tuple with distinct integers i1, . . . , id−1 ∈ {1, . . . , d}. We denote the
corresponding invariant ring RG by 1

n (t1, . . . , td).

Theorem A (see Proposition 2.4 and Corollaries 2.5, 2.6, 2.9) Let n, d ≥ 2 and
t1, . . . , td ≥ 1 be integers and assume that at least one of the following holds:

• d = 2;
• n ≤ 3;
• t1 ≡ · · · ≡ td ≡ 1 mod n;
• t1 ≡ · · · ≡ td−1 ≡ 1 mod n and td ≡ −d + 2 mod n.

Then, the cyclic quotient singularity 1
n (t1, . . . , td) is nearly Gorenstein.

In the case t1 ≡ · · · ≡ td ≡ 1 mod n the corresponding invariant ring is a
Veronese subalgebra of R. We also notice that, when R is a Gorenstein positively
graded k-algebra with positive dimension, Veronese subalgebras of R are known to be
nearly Gorenstein by (Herzog et al. 2019), Corollary 4.7. Moreover, Theorem A says
that if the dimension is two or if the order of the group is at most 3, then cyclic quotient
singularities are always nearly Gorenstein. However, as soon as these assumptions are
dropped we may find examples of cyclic quotient singularities that are not nearly
Gorenstein. For instance, the invariant ring 1

4 (1, 2, 3) is not nearly Gorenstein (see
Example 2.8). More generally, the numerical criterion we proved can be implemented
to find all nearly Gorenstein cyclic quotient singularities for some values of n and d.
For example, see Table 1 for an exhaustive list of non-isomorphic nearly Gorenstein
cyclic quotient singularities with small values of n and d.

In order to measure the distance of a quotient singularity RG to be Gorenstein
or nearly Gorenstein, one can consider its residue which is the length res(RG) =
�RG (RG/ tr(ωRG )). We have that res(RG) = 0 if and only if RG is Gorenstein, and
res(RG) = 1 precisely when RG is nearly Gorenstein, but not Gorenstein. Thus, from
Theorem A follows that every two-dimensional cyclic quotient singularity RG has
res(RG) ≤ 1. However, already in dimension 3 we are able to produce cyclic quotient
singularities of arbitrarily large residue.

Theorem B (see Theorem 2.10) Let n and m be two coprime positive integers with
n ≥ 3 and m < � n

2 	. Then the cyclic quotient singularity 1
n (1,m, n − 1) has residue

m.

In Sect. 3 we consider the field of complex numbers C and we turn our atten-
tion to the two-dimensional case, where the finite small group G ⊆ GL(2, C) is
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not necessarily cyclic. The nearly Gorenstein property of the corresponding invariant
rings was studied by Ding, who gave a complete classification of nearly Gorenstein
two-dimensional quotient singularities (see Ding 1993, Proposition 3.5). However,
somehow a case was left out of Ding’s classification: it is the invariant ring of the octa-
hedral group O11 obtained by adding to the binary octahedral subgroup of SL(2, C)

a cyclic generator of the form diag(λ, λ), where λ ∈ C is a primitive root of unity of
order 22. We prove that this ring is nearly Gorenstein in Proposition 3.1.

The structure of the paper is the following. First, in Sect. 1 we review some basic
definitions and notations on nearlyGorenstein rings and quotient singularities. Then, in
Sect. 2 we focus on nearly Gorenstein cyclic quotient singularities. In Theorem 2.3 we
prove a numerical criterion that characterizes them and we use this to provide several
classes of nearly Gorenstein rings as stated in Theorem A. Finally, in Sect. 3 we study
the nearly Gorenstein octahedral singularitymentioned abovewhich completes Ding’s
classification.

1 Preliminaries

In this section we recall some basic definitions and standard facts on nearly Gorenstein
rings and quotient singularities.

1.1 Nearly Gorenstein rings

Let (R,m) be a Cohen–Macaulay local ring which admits a canonical module ωR .
The trace of the canonical module, denoted by tr(ωR), is the sum of the ideals ϕ(ωR)

for any R-module homomorphism ϕ : ωR → R. In other words, we have

tr(ωR) =
∑

ϕ∈HomR(ωR ,R)

ϕ(ωR).

The trace of ωR describes the non-Gorenstein locus of R. In fact, given a prime ideal
p ⊆ R, then Rp is not Gorenstein if and only if tr(ωR) ⊆ p (cf. Herzog et al. 2019,
Lemma 2.1). In particular, since tr(ωR) is an ideal, one has that R is Gorenstein if and
only if tr(ωR) = R.

Definition 1.1 (Herzog et al. 2019). R is called nearly Gorenstein if m ⊆ tr(ωR).

It is immediately clear from the definition that Gorenstein rings are nearly Gorenstein
and that R is nearly Gorenstein but not Gorenstein if and only if tr(ωR) = m. In order
to give a measure to the distance of a ring to be Gorenstein or nearly Gorenstein, one
defines the residue of R as

res(R) = �R(R/ tr(ωR)) ∈ N ∪ {∞}.

The ring R is Gorenstein if and only if res(R) = 0 and it is nearly Gorenstein if and
only if res(R) ≤ 1.
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If there exists a canonical module ωR that is also an ideal of R we say that ωR is a
canonical ideal of R. In this case there is a useful formula to find its trace. We denote
the total ring of fractions of R by Q(R).

Lemma 1.2 (Herzog et al. 2019, Lemma 1.1) Let (R,m) be a local domain with a
canonical ideal ωR. Then, the trace ideal of the canonical module of R is equal to
tr(ωR) = ωR(R :Q(R) ωR).

In particular, if ωR is a canonical ideal, then it is included in tr(ωR) because 1 ∈
(R :Q(R) ωR).

1.2 Quotient singularities

Let k be an algebraically closed field and let G be a finite subgroup of GL(d, k)

such that the order |G| of G is coprime with the characteristic of k. We consider a
power series ring R = k�x1, . . . , xd� over k. The group G acts linearly on R with the
action on the variables x1, . . . , xd given by matrix multiplication. We denote by RG

the ring of invariants under this action and we will call it also (non-modular) quotient
singularity.

We recall that an element σ ∈ G is called pseudo-reflection if the fixed subspace
{v ∈ k

d : σv = v} has dimension d −1. We will always assume that the acting group
G is small, i.e., that it does not contain pseudo-reflections. This is not restrictive in
our setting. In fact, by a theorem of Prill (1967) if G is not small we can replace R by
another power series ring S and find a small finite linear group H such that RG ∼= SH .
This is essentially a consequence of the Chevalley–Shephard–Todd Theorem which
implies that the ring of invariants of a finite group generated by pseudo-reflections
acting on a power series ring is again a regular local ring.

Under the previous assumptions, the quotient singularity RG is a Cohen-Macaulay
complete local normal domain of dimension d. Watanabe (1974a, b) proved that RG

is Gorenstein if and only if G ⊆ SL(d, k). In this case RG is called special quotient
singularity. If G is a cyclic group, then RG is called cyclic quotient singularity. The
Kleinian singularities are the two-dimensional complex special quotient singularities
C�x1, x2�G .

In order to study the nearly Gorenstein property of quotient singularities, it is
important to understand their canonical module. To this purpose, we introduce the
following definition.

Definition 1.3 Let R = k�x1, . . . , xd� be a power series ring and let G be a finite
small subgroup of GL(d, k) such that char k � |G|. We say that an element f ∈ R is
a G-canonical element of R if σ( f ) = det σ · f for all σ ∈ G.

The previous definition is motivated by the following result due to Singh (1970)
and Watanabe (Watanabe 1974b, Theorem 1’) (see also (Richard 1978) or (Bruns and
Herzog 1998, Theorem 6.4.9) for an alternative proof).

Theorem 1.4 (Singh–Watanabe) Let R and G be as above and let f ∈ R be a G-
canonical element, then f R ∩ RG is a canonical ideal of RG.
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2 Cyclic quotient singularities

In this section we focus on the nearly Gorenstein property for cyclic quotient singular-
ities. We consider a formal power series ring R = k�x1, . . . , xd� over an algebraically
closed field k and a finite small cyclic group G ⊆ GL(d, k) such that |G| = n is not
zero in k.

Since G is a finite cyclic group, we can assume that it is generated by a diagonal
matrix φ of the form

φ = diag(λt1, . . . , λtd ) =

⎛

⎜⎜⎜⎝

λt1 0 . . . 0
0 λt2 . . . 0
...

...
. . .

...

0 0 . . . λtd

⎞

⎟⎟⎟⎠

where λ is a primitive n-th root of unit in k and t1, . . . , td ≥ 0 are integers. If td ≡ 0
mod n, one can set S = k�x1, . . . , xd−1� and H ⊆ GL(d − 1, k) the group generated
by diag(λt1, . . . , λtd−1), then RG is nearly Gorenstein if and only if SH is Gorenstein,
by (Herzog et al. 2019, Proposition 4.5). For this reason, we will assume without loss
of generality that t1, . . . , td �≡ 0 mod n. In this case, the lack of pseudo-reflections
in G is equivalent to the condition gcd(ti1 , . . . , tid−1 , n) = 1 for every (d − 1)-tuple
with distinct integers i1, . . . , id−1 ∈ {1, . . . , d}. With these conventions, we denote
the cyclic quotient singularity RG by 1

n (t1, . . . , td). We point out that this notation is
not unique. For instance 1

3 (1, 1, 2) = 1
3 (2, 2, 1) are equal because they are invariant

rings with respect to the same group. Since the action of G on R is diagonal, the k-
algebra 1

n (t1, . . . , td) can be generated by monomials, more precisely one can choose
a (non-minimal) system of generators as follows

RG = k�xα1
1 . . . xαd

d | α1 + · · · + αd ≤ n and α1t1 + · · · + αd td ≡ 0 mod n�.

Proposition 2.1 Let R and G be as above. A G-canonical element of R is given by
f = x1x2 . . . xd . Moreover, we have

tr(ωRG ) = ( f R)G(R :Q(R) f R)G .

Proof SinceG is generated byφ = diag(λt1, . . . , λtd ), to prove that f is aG-canonical
element it is enough to observe that φ( f ) = λt1 . . . λtd f = det(φ) f .

We now prove that tr(ωRG ) = ( f R)G(R :Q(R) f R)G . First, notice that by
Lemma 1.2 and Theorem 1.4 we have tr(ωRG ) = ( f R∩RG)(RG :Q(RG ) ( f R∩RG)).
So, since f R ∩ RG = ( f R)G , it is enough to prove that

RG :Q(RG ) ( f R ∩ RG) = (R :Q(R) f R)G .

The inclusion (R :Q(R) f R)G ⊆ (RG :Q(RG ) ( f R ∩ RG)) is clear. Conversely, con-
sider an element a/b ∈ (RG :Q(RG ) ( f R ∩ RG)) with gcd(a, b) = 1. By hypothesis
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gcd(t1, . . . , td−1, n) = 1 and so there exist a1, . . . , ad−1 positive integers such that
a1t1 + · · · + ad−1td−1 ≡ 1 mod n. Therefore, there exists a positive r such that

(a1t1 + · · · + ad−1td−1)r + t1 + · · · + td−1 + td ≡ 0 mod n.

This implies that h = (xa11 xa22 . . . xad−1
d−1 )r f ∈ RG , because φ(h) = (

∏d−1
i=1 λrai ti

∏d
i=1 λti )h = h. It follows that ah/b ∈ RG , then b is a monomial and x2d does not

divide b. Since we can repeat the same reasoning with respect to every variable, we
get that b is squarefree and, therefore, b divides f . This means that a f /b ∈ R and,
then, a/b ∈ (R :Q(R) f R)G as required. ��
Lemma 2.2 Let h = xa11 . . . xadd be a monomial of RG and let f = x1x2 . . . xd . Then,
h ∈ tr(ωRG ) if and only if one of the following two conditions holds:

1. ai > 0 for all i = 0, . . . , d;
2. h = xa1σ(1) · · · xa j

σ( j) with j < d, where σ is a permutation of {1, . . . , d} and there
exist integers b1, . . . , b j such that 0 < bk ≤ ak + 1 for every k ∈ {1, . . . , j} and∑ j

k=1 bktσ(k) ≡ −∑d
k= j+1 tσ(k) mod n.

Proof If ai > 0 for every i , we observe that h ∈ f R ⊆ tr(ω(RG)) because 1 ∈
(R :Q(R) f R)G . Therefore, without loss of generality we suppose that h = xa11 . . . x

a j
j

for some j < d. We recall that by Proposition 2.1 tr(ωRG ) = ( f R)G(R :Q(R) f R)G .
Moreover, we observe that ( f R)G and (R :Q(R) f R)G are generated by monomials
and quotient of monomials respectively because f is a monomial and G is cyclic.
Therefore, since h is a monomial, we have that h ∈ tr(ωRG ) if and only if there is an
equality

h = (xb11 . . . xbdd )
xc11 . . . xcdd
xe11 . . . xedd

(1)

with xb11 . . . xbdd ∈ ( f R)G and xc11 . . . xcdd /xe11 . . . xedd ∈ (R :Q(R) f R)G , where we
assume that the fraction is irreducible. Since f = x1 . . . xd , it follows that bi ≥ 1 and
ei ≤ 1 for every i = 1, . . . , d. Moreover, for every k = j + 1, . . . , d we have ak = 0
which implies bk = ek = 1 and ck = 0. We also note that ai = bi + ci − ei for every

i and, therefore, 1 ≤ bi ≤ ai + 1. Since h ∈ RG , if xb11 . . . x
b j
j x j+1 . . . xd is invariant

under the action of G, also xc11 . . . x
c j
j /xe11 . . . x

e j
j x j+1 . . . xd is invariant. Recall that

RG = k�xα1
1 . . . xαd

d | α1 + · · · + αd ≤ n and α1t1 + · · · + αd td ≡ 0 mod n�. Then,
it is possible to write h as in (1) if and only if there exist integers b1, . . . , b j such that

1 ≤ bi ≤ ai + 1 and
∑ j

i=1 bi ti + ∑d
k= j+1 tk ≡ 0 mod n. ��

Observing that RG is nearly Gorenstein if and only if the conditions of Lemma 2.2
hold for every generator of the maximal ideal of RG we get the following criterion.

Theorem 2.3 The ring RG is nearly Gorenstein if and only if for every 0 < i < d,
every permutation σ of {1, . . . , d} and every i-tuple (a1, . . . , ai ) of positive integers
such that a1+· · ·+ai ≤ n and a1tσ(1) +· · ·+ai tσ(i) ≡ 0 mod n, there exist integers
b1, . . . , bi such that

∑i
j=1 b j tσ( j) ≡ −∑d

k=i+1 tσ(k) mod n and 0 < b j ≤ a j + 1
for every j ∈ {1, . . . , i}.
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We want to use the previous theorem to find examples of nearly Gorenstein cyclic
quotient singularities. First, we recall that by Watanabe’s Theorem a 1

n (t1, . . . , td)-
singularity is Gorenstein if and only if the acting group G is contained in SL(d, k)

which is in turn equivalent to the condition t1 + · · · + td ≡ 0 mod n. For instance,
for each dimension d the singularity 1

n (1, . . . , 1, td) with td ≡ −d + 1 mod n is
Gorenstein. In a similar fashion, we can obtain examples of nearly Gorenstein cyclic
quotient singularities in every dimension.

Proposition 2.4 Let d ≥ 3 and n ≥ 3 be integers such that gcd(−d + 2, n) = 1.
Choose an integer td ≥ 1 such that td ≡ −d+2 mod n. Then, the quotient singularity
1
n (1, . . . , 1, td) is nearly Gorenstein, but not Gorenstein.

Proof As usual let R = k�x1, . . . , xd� and consider the group G generated by
diag(λ, . . . , λ, λtd ) for a primitive n-th root of unity λ ∈ k, so that RG =
1
n (1, . . . , 1, td). It is clear that RG is not Gorenstein, since 1+· · ·+1−d+2 = 1 �≡ 0
mod n. We prove that RG is nearly Gorenstein by using Theorem 2.3. Consider
0 < i < d, a permutation σ of {1, . . . , d} and a i-tuple (a1, . . . , ai ) of positive
integers such that a1 + · · · + ai ≤ n and a1tσ(1) + · · · + ai tσ(i) ≡ 0 mod n. If
tσ(1) = · · · = tσ(i) = 1, then we have a1 + · · · + ai = n. Therefore, the sum

∑
j≤i b j

for 0 < b j ≤ a j + 1 runs over all possible residues modulo n, thus there exist b j ’s
such that

∑i
j=1 b j tσ( j) ≡ −∑d

k=i+1 tσ(k) mod n is satisfied.
Suppose now that tσ(1) = · · · = tσ(i−1) = 1 and tσ(i) = td ≡ −d + 2 mod n.

We distinguish two possibilities. If i = 1, then we have (−d + 2)a1 ≡ 0 mod n and,
since−d+2 is coprime with n, we obtain a1 ≡ 0 mod n, which forces a1 = n being
a1 ≤ n. Therefore, 0 < b1 ≤ a1 + 1 ranges over all possible residues modulo n and
we conclude as before. Suppose now that i > 1. We choose bi = ai +1, bi−1 = ai−1,
and b j = a j + 1 for all j = 1, . . . , i − 2. Then, we obtain

b1 + · · · + bi−1 + bi td ≡ a1 + · · · + ai−1 + (−d + 2)ai + (i − 2) · 1 + (−d + 2)

≡ −(d − i) mod n.

Hence, RG is nearly Gorenstein. ��
The case d = 2 was left out from the previous proposition, but in fact two-

dimensional cyclic quotient singularities are always nearly Gorenstein.

Corollary 2.5 If R = k�x1, x2� and G is cyclic, then RG is nearly Gorenstein.

Proof Let a1 ≤ n be such that a1tσ(1) ≡ 0 mod n. Since there are no pseudo-
reflections in G, we have gcd(tσ(1), n) = 1 and, then, n divides a1. In particular,
a1 = n. Therefore, there is a solution of the equation b1tσ(1) ≡ −tσ(2) mod n such
that 0 < b1 ≤ n = a1 and Theorem 2.3 implies that RG is nearly Gorenstein. ��

Now, we focus on groups with small order. We recall that for n = 2 and d even the
ring RG is Gorenstein since G ⊆ SL(d, k). More generally, we prove that for n ≤ 3
it is always nearly Gorenstein.

Corollary 2.6 Let G be a cyclic group of order at most 3, then RG is nearly Gorenstein.
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Proof Weprove only the case of order 3, since the casewhen |G| = 2 can be done in the
same way. So, assuming |G| = 3, we will prove that RG is nearly Gorenstein by using
Theorem 2.3. Let (a1, . . . , ai ) be positive integers such that a1tσ(1) +· · ·+ai tσ(i) ≡ 0
mod 3 for a permutation σ of {1, . . . , d}. We need to find positive integers b j ≤ a j +1
such that

∑i
j=1 b j tσ( j) ≡ −∑d

k=i+1 tσ(k) mod 3. If −∑d
k=i+1 tσ(k) ≡ 0 mod 3, it

is enough to set b j = a j for every j = 1, . . . , i . If −∑d
k=i+1 tσ(k) ≡ 1 mod 3 and

there exists 1 ≤ p ≤ i such that tσ(p) ≡ 1 mod 3, then we can set bp = ap + 1
and b j = a j for 1 ≤ j ≤ i , j �= p. Assume now that tσ( j) ≡ 2 mod 3 for every
j = 1, . . . , i . If i = 1, then a1 has to be equal to 3 and we can put b1 = 2, otherwise
it is enough to set b1 = a1 + 1, b2 = a2 + 1 and b j = a j for 3 ≤ j ≤ i . The case
−∑d

k=i+1 tσ(k) ≡ 2 mod 3 is analogous to the previous one. ��

As soon as the dimension of R is bigger than 2 and the order of G is greater than
3, it is possible to find cyclic quotient singularities RG that are not nearly Goren-
stein. In order to exhibit some examples we state a necessary condition which follows
immediately from Theorem 2.3.

Remark 2.7 Let 1
n (t1, . . . , td) be nearly Gorenstein. If gcd(tσ(1), . . . , tσ(i), n) = m >

1 for some i > 0 and some permutation σ of {1, . . . , d}, then tσ(i+1) +· · ·+ tσ(d) ≡ 0
mod m. Indeed, if we choose a1 = n, Theorem2.3 implies that there exists b1 such that
b1tσ(1) ≡ −∑d

k=2 tσ(k) mod n. Therefore, it is enough to consider this congruence
modulo m.

Example 2.8 (1) Let gcd(n, t1) = m > 2, with gcd(m + 1, n) = 1 and let t1 = t2 =
· · · = td−2 and td−1 = td = m + 1. Therefore, gcd(t1, . . . , td−2, n) = m > 1, but
td−1 + td ≡ 2 �≡ 0 mod m. Hence, RG is not nearly Gorenstein by the previous
remark. For instance, 1

8 (4, 5, 5) = 1
8 (1, 1, 4) is not nearly Gorenstein.

(2) Let t1 = 1, t2 = n − 1, t3 = n − 2. We have t1 + t2 ≡ 0 mod n, but there are
no 0 < b1, b2 ≤ 2 such that b1 − b2 ≡ 2 mod n. Hence, Theorem 2.3 implies that
1
n (t1, t2, t3) is not nearly Gorenstein. In particular 1

4 (1, 2, 3) is not nearly Gorenstein.
We also notice that in this case, if n > 3 is odd, we have gcd(tσ(1), . . . , tσ(i), n) = 1
for every i and, therefore, the converse of Remark 2.7 does not hold.

Another interesting class of nearly Gorenstein quotient singularities is given by
Veronese subalgebras, which are obtained when t1 = t2 = · · · = td = 1. See (Herzog
et al. 2019, Corollary 4.8) for a proof in the positively graded case.

Corollary 2.9 The Veronese subalgebras of R are nearly Gorenstein.

Proof Let 0 < i < d and let a1, . . . , ai be positive integers such that a1+· · ·+ai = n.
Let kn < d ≤ (k + 1)n for some non-negative integer k.

Assume first that d − i − kn ≥ 0. Then, we have 0 ≤ d − i − kn ≤ n − i that
implies i ≤ n − (d − i − kn) ≤ n = ∑i

j=1 a j . Therefore, there exist b1, . . . , bi such

that 1 ≤ b j ≤ a j and
∑i

j=1 b j tσ( j) ≡ n − (d − i − kn) ≡ −∑d
k=i+1 tσ(k) mod n.
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Table 1 Cyclic quotient singularities for d = 3 and 4 ≤ n ≤ 7, and for d = 4 and 4 ≤ n ≤ 6. G means
Gorenstein and NG means nearly Gorenstein

Ring Is nearly
Gorenstein

Ring Is nearly
Gorenstein

Ring Is nearly
Gorenstein

1
4 (1, 1, 1) NG 1

4 (1, 1, 2) G 1
4 (1, 1, 3) NG

1
4 (1, 2, 3) Not NG 1

5 (1, 1, 1) NG 1
5 (1, 1, 2) NG

1
5 (1, 1, 3) G 1

5 (1, 1, 4) NG 1
5 (1, 2, 3) Not NG

1
6 (1, 1, 1) NG 1

6 (1, 1, 2) NG 1
6 (1, 1, 3) Not NG

1
6 (1, 1, 4) G 1

6 (1, 1, 5) NG 1
6 (1, 2, 3) G

1
6 (1, 2, 5) Not NG 1

6 (1, 3, 4) Not NG 1
6 (1, 3, 5) Not NG

1
7 (1, 1, 1) NG 1

7 (1, 1, 2) NG 1
7 (1, 1, 3) Not NG

1
7 (1, 1, 4) NG 1

7 (1, 1, 5) G 1
7 (1, 1, 6) NG

1
7 (1, 2, 3) Not NG 1

7 (1, 2, 4) G 1
7 (1, 2, 5) Not NG

1
7 (1, 2, 6) Not NG 1

4 (1, 1, 1, 1) G 1
4 (1, 1, 1, 2) Not NG

1
4 (1, 1, 1, 3) Not NG 1

4 (1, 1, 2, 2) NG 1
4 (1, 1, 2, 3) Not NG

1
4 (1, 1, 3, 3) G 1

4 (1, 2, 2, 3) G 1
5 (1, 1, 1, 1) NG

1
5 (1, 1, 1, 2) G 1

5 (1, 1, 1, 3) NG 1
5 (1, 1, 1, 4) Not NG

1
5 (1, 1, 2, 2) NG 1

5 (1, 1, 2, 3) NG 1
5 (1, 1, 2, 4) Not NG

1
5 (1, 1, 3, 4) NG 1

5 (1, 1, 4, 4) G 1
5 (1, 2, 3, 4) G

1
6 (1, 1, 1, 1) NG 1

6 (1, 1, 1, 2) Not NG 1
6 (1, 1, 1, 3) G

1
6 (1, 1, 1, 4) Not NG 1

6 (1, 1, 1, 5) Not NG 1
6 (1, 1, 2, 2) G

1
6 (1, 1, 2, 3) Not NG 1

6 (1, 1, 2, 4) NG 1
6 (1, 1, 2, 5) Not NG

1
6 (1, 1, 3, 3) Not NG 1

6 (1, 1, 3, 4) Not NG 1
6 (1, 1, 3, 5) Not NG

1
6 (1, 1, 4, 4) NG 1

6 (1, 1, 4, 5) Not NG 1
6 (1, 1, 5, 5) G

1
6 (1, 2, 2, 3) Not NG 1

6 (1, 2, 2, 5) Not NG 1
6 (1, 2, 3, 3) Not NG

1
6 (1, 2, 3, 4) Not NG 1

6 (1, 2, 3, 5) Not NG 1
6 (1, 2, 4, 5) G

1
6 (1, 3, 3, 4) Not NG 1

6 (1, 3, 3, 5) G 1
6 (1, 3, 4, 4) G

Assume now that d − i − kn < 0. It follows that 0 < kn − d + i < i and then

kn−d+i∑

j=1

(a j + 1)tσ j +
i∑

l=kn−d+i+1

al tσl ≡ n + kn − d + i

≡ −(d − i) ≡ −
d∑

k=i+1

tσ(k) mod n.

Hence, the claim follows by Theorem 2.3. ��
In Table 1 we present an exhaustive list of non-isomorphic cyclic quotient singu-

larities for d = 3 and 4 ≤ n ≤ 7, and for d = 4 and 4 ≤ n ≤ 6. Moreover, by
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using the numerical criterion of Theorem 2.3, we report if they are Gorenstein, nearly
Gorenstein or not.

We conclude this section by recalling that the residue of a local ring is a measure
of how far is a ring from being nearly Gorenstein. In the next theorem we show that
we have cyclic quotient singularities of arbitrarily large residue already in dimension
3.

Theorem 2.10 Let R = k�x, y, z� and let n and m be two coprime positive integers
with n ≥ 3 and m < � n

2 	. Consider the group G generated by diag(λ, λm, λn−1),
where λ is a primitive n-th root of unit in k. Then, res(RG) = m. In particular, RG is
nearly Gorenstein if and only if m = 1.

Proof In order to compute res(RG) = �RG (RG/ tr(ωRG )) we count how many mono-
mials of the maximal idealm of RG are not in tr(ωRG ). We fix f = xyz and we recall
that tr(ωRG ) = ( f R)G (R :Q(R) f R)G by Proposition 2.1. Let g = xa ybzc ∈ m.
If a, b, c > 0, then we can write g = f xa−1yb−1zc−1 ∈ ( f R)G ⊆ tr(ωRG ). If
b = c = 0, then g = xa ∈ m implies that n divides a. Then, the condition
of Lemma 2.2 is satisfied for g, since b1 gives all possible residues modulo n for
0 < b1 ≤ a+1. Therefore, xa ∈ tr(ωRG ). Similarly, one obtains that yb, zc ∈ tr(ωRG )

because gcd(m, n) = gcd(n − 1, n) = 1. It remains to check the monomials
of the form xa yb, xazc, ybzc ∈ m with a, b, c > 0. We use again the criterion
of Lemma 2.2. If ybzc ∈ m, then mb + (n − 1)c ≡ 0 mod n. It follows that
mb + (n − 1)(c + 1) ≡ n − 1 ≡ −1 = −t1 mod n, therefore ybzc ∈ tr(ωRG ).
If xa yb ∈ m, then a +mb ≡ 0 mod n implies (a + 1) +mb ≡ 1 ≡ −(n − 1) = −t3
mod n, thus xa yb ∈ tr(ωRG ). Finally, consider a monomial xazc ∈ m. If a ≥ n
or c ≥ n, then xa yb ∈ tr(ωRG ) because xn and yn are in tr(ωRG ), therefore we
may assume a, c < n. Since xazc ∈ m, we have a + (n − 1)c ≡ 0 mod n, thus
a ≡ c mod n which implies a = c. By Lemma 2.2, xazc ∈ tr(ωRG ) if and only
if there exist 0 < b1, b3 ≤ a + 1 such that b1 − b3 ≡ −m mod n. We notice that
b1 − b3 ∈ {a, a − 1, . . . ,−a + 1,−a} and, so, there are exactly m − 1 monomials
in m of the form xaza that do not satisfy this criterion: xaza with 1 ≤ a ≤ m − 1.
Hence, dimRG/m(RG/ tr(ωRG )) = dimRG/m(m/ tr(ωRG )) + 1 = m. ��

3 An addendum to Ding’s classification in dimension two

Let C be the field of complex numbers and set R = C�u, v�. In his paper (Ding
1993), Ding classified nearly Gorenstein quotient singularities RG , where G is a finite
small subgroup of GL(2, C). His result relies on the well-known classification of such
subgroups which goes back to Klein (1884) (see also Beauville 2010; Brieskorn 1968;
Riemenschneider 1977). However, a nearly Gorenstein quotient singularity was left
out of his classification. We are going to describe it.

We consider the octahedral group O11 generated by matrices

φ =
(

λ 0
0 λ

)
, ψ =

(
ζ 0
0 ζ−1

)
, τ =

(
0 i
i 0

)
, η = 1√

2

(
ζ ζ 3

ζ ζ 7

)
,
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where λ and ζ are primitive roots of unity in C of orders 22 and 8 respectively. In
other words, O11 is the extension of the binary octahedral subgroup of SL(2, C) of
order 48 generated by ψ, τ, η with the cyclic group of order 22 generated by φ.

Proposition 3.1 The quotient singularity RO11 is nearly Gorenstein.

Proof We consider the polynomials

g1 = (u5v − uv5)2,

g2 = uv(u4 − v4)(u12 − 33u8v4 − 33u4v8 + v12),

g3 = u8 + 14u4v4 + v8,

which are generating invariants for the Gorenstein singularity E7 (see e.g. Leuschke
and Wiegand 2012, Sect. 6.16) and in particular invariants for the action of ψ , τ , and
η. By Riemenschneider (1977, Satz 6), a minimal set of generators for the maximal
ideal of RO11 is given by

z1 = g113 , z2 = g1g
4
3, z3 = g41g2, z4 = g2g

6
3, z5 = g31g3, z6 = g21g2g

3
3 .

Now, we consider the polynomial f = g33. It is invariant for the action of the matrices
ψ, τ, η ∈ SL(2, C), and φ( f ) = λ24 f = det(φ) f . Therefore, f is a O11-canonical
element and, thus, ωRO11 = ( f R)O11 is a canonical ideal of RO11 by Theorem 1.4.

We have that z1, z2, z4 and z6 are multiples of f , then they are in tr(ωRO11 ). More-
over, the fact

z3
z6

= z5
z2

= g21
g33

∈ (RO11 :Q(RO11 ) ( f R ∩ RO11))

implies that z3 = z6
z3
z6

, z5 = z2
z5
z2

∈ tr(ωRO11 ) as well. Hence, RO11 is nearly
Gorenstein. ��

We also point out that Ding erroneously included cyclic quotient singularities
1
n (1, n − 1) in his list of nearly Gorenstein not Gorenstein quotient singularities.
Indeed, it is well known that 1

n (1, n − 1) is Gorenstein.
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