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Abstract: Studies carried out on gust buffeting and aerodynamic admittance show that mode shape represents a sort of watershed. If the
mode does not change sign along the structure axis, the problem admits a robust conceptual interpretation based on energy cascade and a
simple closed-form solution. If, instead, the mode changes sign, the solution calls for numerical tools, and its physical interpretation definitely
is unclear. The companion paper investigated this issue within the novel framework of the enhanced equivalent spectrum technique and
derived a closed-form solution of the aerodynamic admittance that can be applied to any mode using quasi-steady theory. This solution
is precise and simple for modes with a few changes of sign, but it becomes laborious with increasing mode shape complexity; in addition,
it provides a partial conceptual interpretation. Both these limitations were overcome in this paper, in which the application of proper orthogo-
nal decomposition led to a full conceptual interpretation of aerodynamic admittance and to a simple and general closed-form solution.
Analyses were limited here to single modes; multiple arbitrary modes are left for future research, as is the generalization of these concepts
to arbitrary influence functions.DOI: 10.1061/(ASCE)EM.1943-7889.0001873. This work is made available under the terms of the Creative
Commons Attribution 4.0 International license, https://creativecommons.org/licenses/by/4.0/.
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Introduction

Studies of gust buffeting (Solari 2019) have pointed out the focal
role of the mode shape with reference to aerodynamic admittance
and, in particular, to the circumstance according to which the mode
changes or does not change sign along the structural axis. In this
framework, Davenport (1977) and Hansen and Krenk (1999) clas-
sified mode shapes into three families, called by Solari and Martín
(2020) Type A, B, and C modes.

Type A modes do not change sign; accordingly, aerodynamic
admittance is one at the zero frequency and decreases as frequency
increases. Type B modes mainly are skew-symmetric; the aerody-
namic admittance is null at the zero frequency, grows as this quantity
increases, reaches a relative maximum, and then decreases. Type C
modes have intermediate shapes and lead to intermediate trends.

The analyses reported subsequently focused on slender struc-
tures, were based on quasi-steady theory, and neglected as usual the
imaginary part of the turbulence cross-spectrum.

Based on these hypotheses, for modes that do not change sign
(Type A modes), an energy cascade provides a robust physical in-
terpretation according to which the maximum loading corresponds
to large eddies with a low frequency content, and aerodynamic ad-
mittance decreases as the frequency of eddies and/or the length of

the structure increase. For this situation, Piccardo and Solari (1998)
provided a general closed-form expression (CFS).

In the case of modes that change sign (Types B and C), energy
cascade alone cannot interpret the relative maximum of aerody-
namic admittance due to its prerogative of representing turbulence
at a single point, missing any information about the phase shift of
eddies at distinct points. As a consequence, the expression of aero-
dynamic admittance calls for numeric solutions.

Solari and Martín (2020) studied this issue in the framework
of the enhanced equivalent spectrum technique, a method that
extends to any mode shape the generalized equivalent spectrum
technique (Piccardo and Solari 1998), which is limited to funda-
mental regular modes that do not change sign. Using this method,
the link between aerodynamic admittance and mode shape is evalu-
ated by dividing the structural domain into subdomains in which
piecewise modes are regular and do not change sign. This allows
solving the problem through the application of classical methods to
each subdomain. This solution provides a partial conceptual inter-
pretation; in addition, it is precise and simple for modes with a few
changes of sign. However, it becomes laborious to apply with in-
creasing mode shape complexity.

Both these limitations were overcome in this paper through the
joint application of proper orthogonal decomposition (POD) (Solari
et al. 2007; Carassale et al. 2007) and double modal transformation
(DMT) (Carassale et al. 2001). This approach leads to a full physi-
cal interpretation and a simple and general CFS of aerodynamic
admittance.

After this brief introduction, this paper summarizes the funda-
mentals of the enhanced equivalent spectrum technique (Solari and
Martín 2020) and the bases of POD in terms of its application to
aerodynamic admittance. Then it studies the role of structural
modes with regard to the shape of aerodynamic admittance, refines
the interpretation of this quantity by making recourse to effective
turbulence (Tubino and Solari 2007), and introduces a simple and
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general CFS of the aerodynamic admittance of structures with ar-
bitrary modes. Two applications studied by Solari and Martín
(2020) are examined to highlight the potential of the new solution.
Finally, the main results are summarized and the prospects of this
research are discussed.

Fundamentals

This section provides the fundamentals of the gust buffeting and
aerodynamic admittance of structures with arbitrary modes. First,
it summarizes the enhanced equivalent spectrum technique. Then, it
reviews the bases of POD and derives a novel expression of aero-
dynamic admittance.

Enhanced Equivalent Spectrum Technique

Consider a structure whose length l is much greater than the refer-
ence size b of its cross section. Referring to Fig. 1 of Solari and
Martín (2020), x, y, z is a Cartesian system with origin at o; z co-
incides with the structural axis, x is aligned with the mean wind
direction, and o lies at the height H above ground. Furthermore,
X, Y, Z is a Cartesian system with origin at O; the X, Y-plane
is coplanar with the ground; the Y, Z-plane is coplanar with the
y, z-plane; X is parallel to x; Z is directed upwards and passes
through o; and z is rotated φ with respect to Z.

The wind loading fαðz; tÞ ¼ f̄αðzÞ þ f 0
αðz; tÞ is a stationary

Gaussian field, where α ¼ x, y, θ; t is time; fx, fy, and fθ are along-
wind and crosswind force and torsional moment around z per unit
length; and f̄α and f 0

α are the mean value and the fluctuation of fα.
The structure has linear elastic behavior with viscous damping

and three uncoupled components of motion: the alongwind and
crosswind displacement, x and y; and the torsional rotation θ
around axis z. Each α ¼ x; y; θ motion component is a stationary
Gaussian process defined as αðr; tÞ ¼ ᾱðrÞ þ α 0ðr; tÞ, where
0 ≤ r ≤ l, and ᾱ and α 0 are mean value and fluctuation of α. Solari
and Martín (2020) provided the expressions of the parameters
needed to determine the dynamic response for any mode k.

The power spectral density (PSD) of the kth modal loading in
the α direction is given by

SfαkðnÞ ¼ l2
Z

1

0

Z
1

0

Sfαðζ; ζ 0; nÞψαkðζÞψαkðζ 0Þdζdζ 0 ð1Þ

where n = frequency; ζ ¼ z=l and ζ 0 ¼ z 0=l = nondimensional
coordinates; ψαk = kth mode in α direction; and Sfαk = cross-PSD
(CPSD) of f 0

α, expressed as

Sfαðζ; ζ 0; nÞ ¼
X
ε

f̄αεðζÞf̄αεðζ 0ÞS�εεðζ; ζ 0; nÞ ð2Þ

f̄αεðζÞ ¼
1

2
ρū2ðζÞbλαcαε½IεðζÞ þ δεu� ð3Þ

S�εεðζ; ζ 0; nÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S�εðζ; nÞS�εðζ 0; nÞ

p
Cohεεðζ; ζ 0; nÞ ð4Þ

where Σε = sum of three fluctuating loading terms with indices
ε ¼ u; v, and w, related to the turbulence components u 0; v 0, and
w 0; ρ = density of air; ū = mean wind speed; λx ¼ λy ¼ 1; λθ ¼ b;
δεu = Kronecker’s delta; and cαε = α, εth element of 3×3 aerody-
namic matrix

½c� ¼

2
64
cd ðc 0

d − clÞ cosϕ ðc 0
d − clÞ sinϕ

cl ðcd þ c 0
lÞ cosϕ ðcd þ c 0

lÞ sinϕ
cm c 0

m cosϕ c 0
m sinϕ

3
75 ð5Þ

where cd; cl; and cm = drag, lift, and torsional moment coefficients;
c 0
d; c

0
l, and c 0

m = prime angular derivatives; Iu ¼ σu=ū; Iv ¼ σv=ū,
and Iw ¼ σw=ū = turbulence intensities, where σu; σv, and σw =
standard deviations of u 0; v 0, and w 0; S�ε ; S�εε, and Coh�εε = PSD,
CPSD, and coherence function of ε� ¼ u�; v�;w�, where u� ¼
u 0=σu; v� ¼ v 0=σv, and w� ¼ w 0=σw are reduced turbulence com-
ponents. Adopting the model of Solari and Piccardo (2001)

S�εðζ; nÞ ¼
dεLεðζÞ=ūðζÞ

½1þ 1.5ndεLεðζÞ=ūðζÞ�5=3
ð6Þ

Cohεεðζ; ζ 0; nÞ ¼ exp

�
− 2ncεjζ − ζ 0j
ūðζÞ þ ūðζ 0Þ

�
ð7Þ

where du ¼ 6.868; dv ¼ dw ¼ 9.434; Lε = integral length scale;
and cε = exponential decay coefficient. Eq. (6) may be replaced by
any other expression. The use of Eq. (7) is functional to the sub-
sequent developments.

The enhanced equivalent spectrum technique consists of replac-
ing the actual turbulent field with an equivalent monovariate pro-
cess, assuming Cohεε ¼ 1 and replacing S�ε with

S�ε;eqðnÞ ¼ S�εðζ̄αk; nÞχαkεðnÞ ð8Þ

where S�ε;eq = PSD of reduced equivalent turbulent fluctuation;
ζ̄αk = reference value of ζαk; and χαkε = frequency filter that plays
the role of aerodynamic admittance

χαkεðnÞ ¼
1

F2
αk

Z
1

0

Z
1

0

expf−καkεðnÞjζ − ζ 0jgψαkðζÞψαkðζ 0Þdζdζ 0

ð9Þ

where Fαk = generalized participation coefficient; and καkε =
reduced frequency

Fαk ¼
Z

1

0

jψαkðζÞjdζ ð10Þ

καkεðnÞ ¼
ncεl

ūðζ̄αkÞ
ð11Þ

Accordingly, Eq. (1) may be rewritten as

SfαkðnÞ ¼ l2F2
αk

X
ε

f̄2αεðζ̄αkÞS�εðζ̄αk; nÞχαkεðnÞ ð12Þ

Solari and Martín (2020) proved that

χαkεð0Þ ¼
1

F2
αk

�Z
1

0

ψαkðζÞdζ
�
2

ð13Þ

whereas for n tending to infinity, the tail of Eq. (9) is given by

χαkεðnÞ ¼
1

k�αkκαkεðnÞ
; k�αk ¼

1

2

F2
αkR

1
0 ψ2

αkðζÞdζ
ð14Þ

Fig. 2 of Solari and Martín (2020) shows the rigorous solutions
of Eqs. (9) and (10) provided by MATLAB version 2019a software
for 17 noteworthy modes ψαk classified into three families, referred
to as Types A, B, and C. It also provides χ0 ¼ χαkεð0Þ, the κm ¼
καkε value for which χαkε is maximum; the relative maximum χmax
of χαkε; and the k� ¼ k�αk value defined by Eq. (14).

© ASCE 04020143-2 J. Eng. Mech.
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Proper Orthogonal Decomposition

Solari and Martín (2020) highlighted some noteworthy trends that,
to authors’ knowledge, never have been interpreted in an exhaustive
way. They concern the growth of aerodynamic admittance χαkε with
the reduced frequency κ ¼ καkε, the achievement of the relative
maximum χmax for κ ¼ κm, and its decrease as κ tends to infinity.
In particular, κm increases with the increase of the number N of
subdomains in which the piecewise mode ψαk has a constant sign.
As N increases, χmax decreases; for Type C modes, χ0 also de-
creases as N increases.

This behavior is explained only partially by energy cascades
(Solari and Martín 2020) due to the limitation of describing the
turbulence at a single point, and therefore lacking any information
about the phase shift of its component eddies at different points.
POD (Di Paola 1998; Tamura et al. 1999; Solari and Carassale
2000; Chen and Kareem 2005; Solari et al. 2007; Carassale et al.
2007) and DMT (Solari and Carassale 2000; Carassale et al. 2001;
Tubino and Solari 2007) provide concepts and rules that contribute
greatly to clarify the preceding trends.

Investigating the phase shift of eddies at different points high-
lights a potential problem, namely the use of a turbulence model
[Eqs. (6) and (7)] neglecting the imaginary part of the CPSD, and
therefore quad-coherence. According to ESDU (1991), this quantity
is negligible for horizontal structures, but not for vertical structures.
In this second case, however, ESDU states that quad-coherence can
be neglected when the atmosphere is isotropic, i.e., in the inertial
subrange and in the high-frequency range. Thus, quad-coherence is
relevant only in the low-frequency range. Herein its importance may
become relevant when the separation between two points is large,
namely when one of them is high above ground level. In this case,
however, turbulence is approaching isotropy and the role of quad-
coherence again is questionable. In other words, the importance of
quad-coherence is restricted to a limited range within which uncer-
tainties are huge, as confirmed by field experiments (Mann 1994).
For all these reasons, the authors highlight the importance of re-
search in this field but herein follow the almost totality of research-
ers who used a real turbulence CPSD to investigate gust buffeting.

Let γjεðnÞ and θjεðζ; nÞðj ¼ 1; 2; · · · Þ be the eigenvalues and
eigenfunctions of the CPSD of the reduced turbulence component
ε� [Eq. (4)]. They are the nontrivial solutions of the Fredholm in-
tegral equation of the second type (Carassale and Solari 2002)

θjεðζ; nÞ ¼
1

γjεðnÞ
Z

1

0

S�εεðζ; ζ 0; nÞθjεðζ 0; nÞdζ 0 ð15Þ

Because S�εε is bounded, real [Eqs. (4) and (7)], and nonnegative
definite, its eigenvalues are real and nonnegative; in addition, its
eigenfunctions are real and can be made orthonormal asZ

1

0

θiεðζ; nÞθjεðζ; nÞdζ ¼ δij ð16Þ
Z

1

0

Z
1

0

S�εεðζ; ζ 0; nÞθiεðζ; nÞθjεðζ 0; nÞdζdζ 0 ¼ γjεðnÞδij ð17Þ

The completeness of the set of the eigenfunctions enables the
spectral decomposition

S�εεðζ; ζ 0; nÞ ¼
X
j

θjεðζ; nÞθjεðζ 0; nÞγjεðnÞ ð18Þ

In the case of infinite eigenvalues, the sum in Eq. (18) has in-
finite terms; however, sorting the eigenvalues in decreasing order, it
can be truncated, retaining a finite number of significant terms.

Assuming that turbulence PSD may be evaluated for ζ ¼ ζ̄ ¼
ζ̄αk and substituting Eqs. (7) and (11) into Eq. (15), the eigenvalue
problem assumes the form

θjεðζ; nÞ ¼
1

~γjεðnÞ
Z

1

0

expf−καkεðnÞjζ − ζ 0jgθjεðζ 0; nÞdζ 0 ð19Þ

where

~γjεðnÞ ¼
γjεðnÞ
S�εðζ̄; nÞ

ð20Þ

is the reduced eigenvalue; it depends on n through κ ¼ καkεðnÞ
(Carassale and Solari 2002).

Fig. 1 shows the analytical (solid lines) and numerical (dashed
lines) solutions of the reduced eigenvalues and eigenfunctions
(Carassale and Solari 2002). Fig. 1(a) highlights the similarity be-
tween the reduced eigenvalues and the aerodynamic admittances
related to Type A and B modes. The largest detachment caused by
the analytical solution concerns the first wind mode (Carassale
and Solari 2002) for κ < 0.1 (shaded area). The eigenfunctions
[Fig. 1(b)] represent waves or elementary shapes, also called wind
modes (Di Paola 1998), which are perfectly coherent along the
structural axis and perfectly incoherent with each other (Li and
Kareem 1995). The change of sign of the wind modes along ζ cor-
responds to counter-phase turbulence coherent structures that en-
ergy cascade alone is not able to grasp.

The preceding formulation lends itself to noteworthy concep-
tual, physical, and engineering interpretations by expanding the tur-
bulence component ε� into a series of eigenfunctions, the wind
modes, weighted by independent time-histories the PSDs of which
are the wind eigenvalues. In other words, eigenfunctions define
elementary shapes of the wind loading, whereas eigenvalues specify
their power content. Substituting this series expansion into struc-
tural modal analysis originates DMT (Solari and Carassale 2000;
Carassale et al. 2001), in which a parameter of great expressiveness
arises, the cross-modal participation coefficient is

AαkjεðnÞ ¼
Z

1

0

ψαkðζÞf̄αεðζÞθjεðζ; nÞdζ

ðj ¼ 1; 2; · · · ; k ¼ 1; 2; · · · Þ ð21Þ

where Aαkjε = influence of jth wind mode (associated with ε
turbulence component) on kth structural mode in α direction.
Using modal truncation, only a subset of wind modes excites a sub-
set of structural modes. In addition, due to the reciprocal shape of
wind and structural modes, several cross-modal participation coef-
ficients often are negligible; in this case, the jth wind mode is said to
be quasi-orthogonal to the kth structural mode with respect to f̄αε.
Thus, only a limited subset of wind modes usually excites a limited
subset of structure modes. Furthermore, in some cases, the similar
shape of wind and structural modes makes the cross-modal partici-
pation coefficients with equal indexes much greater than others; in
this case, each wind mode mostly excites the sole corresponding
structural mode.

Now, substitute Eqs. (4), (7), (11), and (20) into Eq. (18). Delete
the term S�ε that appears in both the left-hand and right-hand mem-
bers. It follows that

Cohεεðζ; ζ 0; nÞ ¼ expf−καkεðnÞjζ − ζ 0jg
¼

X
j

θjεðζ; nÞθjεðζ 0; nÞ ~γjεðnÞ ð22Þ

Finally, substitute Eqs. (11) and (22) into Eq. (9). It follows that
aerodynamic admittance can be expanded into the following series
of the reduced wind eigenvalues:

© ASCE 04020143-3 J. Eng. Mech.
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χαkεðnÞ ¼
1

F2
αk

X
j

�Z
1

0

θjεðζ; nÞψαkðζÞdζ
�
2

~γjεðnÞ ð23Þ

In particular, unlike Eq. (9), which involves the solution of a
double integral, Eq. (23) provides a novel expression of aerody-
namic admittance by a single integral. Moreover, it establishes the
link among aerodynamic admittance, structural mode, and reduced
wind eigenvalues and eigenfunctions. Theweight of individual wind
eigenvalues depends on the reciprocal shape of structural and wind
modes, similarly to double modal transformation, in which Eq. (21)
includes the term f̄αε missing in Eq. (23). Similarly, Eq. (23) can
be simplified when most wind modes are orthogonal or quasi-
orthogonal to the kth structural mode; in this case, Eq. (23) reduces
itself to a linear combination of a few wind eigenvalues. Further-
more, in some particular cases only one mode, usually the mode
with index j ¼ k, contributes to reconstruct aerodynamic admit-
tance; in this case, χαkε tends to reproduce the shape of the pertinent
wind eigenvalue.

Interpretations and Solutions

This section applies the expressions obtained previously with the
aim of interpreting the shape of aerodynamic admittance with refer-
ence to structural modes, refines this interpretation by making re-
course to effective turbulence, and proposes a simple and general
CFS of the aerodynamic admittance of structures with arbitrary
modes.

POD- and DMT-Based Interpretation of
Aerodynamic Admittance

This section examines aerodynamic admittance for some note-
worthy structural modes and interprets its physical meaning based
on cross-modal participation coefficients [Eq. (21)] and the expan-
sion through a series of wind modes [Eq. (23)]. It also provides
some preliminary expressions of the parameters needed to construct
a CFS.

Sinusoidal Structural Modes
Sinusoidal structural modes exhibit similar trends to wind
modes [Fig. 1(b)]. Accordingly, they have orthogonality or quasi-
orthogonality properties that make the physical interpretation of
aerodynamic admittance maximally expressive. Consider the struc-
tural modes

ψαkðζÞ ¼ gðζÞ ¼ sinðiπζÞ ði ¼ 1; 2; · · · Þ ð24Þ

where i ¼ 1 denotes a symmetric Type A mode [Mode 2 in
Fig. 2 of Solari and Martín (2020)]; i ¼ 2 (Mode 6), i ¼ 4
(Mode 10), i ¼ 6 (Mode 11), and i ¼ 8 (Mode 12) denote skew-
symmetric Type B modes; and i ¼ 3 (Mode 15), i ¼ 5 (Mode 16),
and i ¼ 7 (Mode 17) denote symmetric intermediate Type C modes.

Fig. 2 shows the cross-modal participation coefficients
[Eq. (21)] for f̄αε ¼ 1. Due to the similarity between modes with
the same index, they are large for j ¼ i, and small for j ≠ i. This
means that structure and wind modes with different indexes are
quasi-orthogonal to each other, and the kth structure mode is ex-
cited mainly by the sole j ¼ ith wind mode. This is almost rigorous
for even i values over the whole frequency range and in any case for
large values of the reduced frequency κ. In contrast, in the low-
frequency range, structure modes with odd indices i also are excited
partially by wind modes with indices j ≠ i.

To better clarify this issue, Fig. 3 shows the aerodynamic admit-
tance χαkε [Eq. (9)] related to the three structural modes with in-
dices i ¼ 1; 2; 3. Solid lines correspond to χαkε reconstructed by
the series expansion of the wind modes [Eq. (23)] given in closed
form. Dashed lines refer to the rigorous expression of χαkε
[Eq. (9)].

Fig. 3(a) shows χαkε for the structure mode with i ¼ 1. The sole
wind mode with j ¼ i ¼ 1 is enough to reconstruct χαkε on the
whole frequency range. Its shape thus corresponds to the first re-
duced wind eigenvalue [Fig. 1(a)]. It is one for κ ¼ 0 and decreases
as κ increases; thus, its power is maximum at the zero frequency
and its harmonic content is concentrated in the low-frequency
range. This gives rise to a unit aerodynamic admittance for κ ¼ 0
that decreases as κ increases.

(a) (b)
10-2 10-1 100 101 102 103
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

j=1

j=3

j=4

j=5

j=2

jεγ

j=
1

j =
2

j=
3

j=
4

j=
5

κ=1 κ=5 κ=10 κ=20 κ=50

Fig. 1. (a) Reduced eigenvalues [Eq. (20)]; and (b) eigenfunctions [Eq. (19)].
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Fig. 3(b) shows χαkε for the structural mode with i ¼ 2. The
wind modes with odd indices j are orthogonal to it and do not pro-
vide any contribution; the wind mode with index j ¼ 4 and the
upper even modes provide limited contributions. Thus, the solewind
mode with j ¼ i ¼ 2 is enough to reconstruct χαkε on the whole
frequency range, and its shape corresponds to the second reduced
wind eigenvalue [Fig. 1(a)]. It is null for κ ¼ 0; increases as κ in-
creases; reaches its maximum at κ ¼ κm, which corresponds to the
maximum power of the wind mode; and then decreases.

Results not shown here prove that this principle can be gener-
alized to all structural modes with even i values. In this case, the
sole wind mode j ¼ i is enough to reconstruct χαkε, and its shape
corresponds almost perfectly to the j ¼ ith reduced wind eigen-
value. Hence κ ¼ κm increases as i increases whereas χmax de-
creases [Fig. 1(a)].

Fig. 3(c) shows χαkε for the structural mode with i ¼ 3. It re-
quires taking into account both the wind mode with index j ¼ 1,
which is related to the low-frequency range, and the wind mode
with index j ¼ 3, which is related to the reduced frequency domain
centered around κ ¼ κm. The shape of χαkε thus corresponds to a
combination of the first and third reduced wind eigenvalues, as
shown partially by Fig. 2. This explains the trend of aerodynamic
admittance: it takes a value between 0 and 1 for κ ¼ 0; increases as
κ increases; reaches its maximum at κ ¼ κm; which corresponds
to the maximum power of the wind mode with index j ¼ 3;
and then decreases. Furthermore, wind modes with even indices j

are orthogonal to the structural mode and do not provide any con-
tribution; the wind mode with index j ¼ 5 and upper odd modes
provide limited contributions.

Results not shown here prove that this principle can be gener-
alized to all structural modes with odd i values greater than 1. In
this case, the reconstruction of χαkε takes into account both the
wind modes with indexes j ¼ 1 and j ¼ i. The shape of χαkε thus
corresponds to a combination of the first and j ¼ ith reduced wind
eigenvalues. Hence κ ¼ κm increases as i increases, whereas both
χ0 and χmax decrease [Fig. 1(a)].

Structural Mode 14
Consider the Type C intermediate Mode 14 [Fig. 2 of Solari and
Martín (2020)]

ψαkðζÞ ¼ −5.5ζ2 þ 8ζ3 − 1.5ζ4 ð25Þ

The comparison of its shape with that of wind modes in Fig. 1(b)
exhibits great diversity because the portions of the structural mode
with constant sign have different shapes and lengths. Therefore, no
quasi-orthogonality property occurs, and this makes the physical
interpretation of aerodynamic admittance more complex than in the
case of structural sinusoidal modes.

Fig. 4 shows the cross-modal participation coefficients [Eq. (21)]
for f̄αε ¼ 1. They tend to decrease as j increases, but none is clearly
negligible. In addition, all cross-modal participation coefficients
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Fig. 2. Cross-modal participation coefficients for structure mode in Eq. (24) (i; j ¼ 1; 2; : : : ; 8) for (a) κ ¼ 1; (b) κ ¼ 5; (c) κ ¼ 15; and (d) κ ¼ 50.
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Fig. 3. Aerodynamic admittance for structure mode in Eq. (24), series expansion of wind modes (solid line), and exact solution (dashed line):
(a) i ¼ 1; (b) i ¼ 2; and (c) i ¼ 3.
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have similar values when the reduced frequency varies. This makes
it difficult to exclude a priori the contribution of any wind mode.

Fig. 5 shows the aerodynamic admittance χαkε. Solid lines de-
note its reconstruction by the series expansion of wind modes ex-
pressed in closed form. The dashed line denote the rigorous formula
of χαkε. The wind mode with j ¼ 1 is enough to reconstruct χαkε

in the low-frequency range. On the other hand, in the frequency
domain centered around κm, at least three or four wind modes
are necessary to reconstruct χαkε. In any case, in this unfavorable
situation, a limited number of wind modes also is enough to recon-
struct χαkε.

Interpretations and Preliminary Expressions
Consider the structural mode defined by Eq. (24). Solid circles in
Fig. 6 indicate the reduced frequency κ ¼ κm for which aerody-
namic admittance attains its maximum value as a function of the
subintervals N ¼ i in which structural and wind modes have con-
stant sign for j ¼ i. Crosses indicate the reduced frequencies for
which reduced wind eigenvalues ~γjε attain their maximum value
[Fig. 1(a)]. Because χαkε and ~γjε are flattened functions around
their relative maxima, the agreement exhibited by Fig. 6 is excel-
lent, as is the correspondence with the empirical formula proposed
by Davenport (1977)

 j
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Fig. 4. Cross-modal participation coefficients for structure mode in Eq. (25) (j ¼ 1; 2; : : : ; 8) for (a) κ ¼ 1; (b) κ ¼ 5; (c) κ ¼ 15; and (d) κ ¼ 50.

Fig. 5. Aerodynamic admittance for structure mode in Eq. (25): series expansion of wind modes (solid lines) and exact solution (dashed line).
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κm ¼ 3N − 2ðN ≥ 2Þ ð26Þ

This supports the interpretation according to which gust buffet-
ing and aerodynamic admittance are strengthened with reference
to the wind mode with the same wavelength of the structural mode.
In terms of eigenvalues, this corresponds to the maximum power
content of the turbulence coherent structures the reduced frequency
of which is identified with the diameter of the eddies responsible of
the maximum loading; in the framework of energy cascade, this
diameter is proportional to ū=n ¼ cεl=κm [Eq. (11)]. In terms of
eigenfunctions, they cause the maximum loading and response
when eddies are in phase on structural portions in which structural
modes have the same sign, and counterphase on structural portions
in which structural modes have opposite sign.

Eq. (26), obtained for sinusoidal structural modes, offers a rea-
sonable approximation for the κm values of nonsinusoidal modes.
According to Fig. 2 of Solari and Martín (2020), the κm values for
Modes 6–9, 13, and 14, united by N ¼ 2, are similar to each
other.

For sinusoidal structural modes, solid circles in Fig. 7 indicate
the maxima χmax of aerodynamic admittance [Eq. (9)], and crosses
indicate the maxima of the reduced wind eigenvalues [Fig. 1(a)].
The latter underestimate the former because they correspond to one
single term of the sum in Eq. (23). The solid line corresponds to the
empirical formula

χmax ¼
1

2.5N − 1
ðN ≥ 2Þ ð27Þ

according to which χmax decreases asN increases. Hollow circles in
Fig. 7 indicate χ0 for odd k values, and the dashed line derives from
substituting Eq. (24) into Eq. (13); this provides

χ0 ¼
1

N2
ðN ≥ 1Þ ð28Þ

In contrast to Eq. (26), Fig. 7 indicates that the spread of χmax
for nonsinusoidal structural modes is quite large. This is confirmed
by Fig. 2 of Solari and Martín (2020), in which χmax for
Modes 6–9, 13, and 14, united by N ¼ 2, varies from 0.191 to
0.333.

To clarify this aspect, solid circles in Fig. 8 show χmax (for
Modes 6–9, 13, and 14) as a function of Fαk [Eq. (10)]; the solid
line corresponds to the preliminary empirical formula

χmax ¼
1

3.5Fαk þ 1.75
ðN ¼ 2Þ ð29Þ

according to which χαkε decreases as Fαk increases. Mode 14 has
anomalous properties.

Finally, the different trends of Eqs. (27) and (28) due to the fact,
previously noted, that the aerodynamic admittance of the Type C
intermediate modes involves the contribution of two wind modes,
the first mode with a low-frequency content and the j ¼ ith mode
with a high-frequency content. The χ0 values for Modes 13 and 14
(N ¼ 2) in Fig. 2 of Solari and Martín (2020) confirm that χαkε
decreases as Fαk increases.

 N
1 2 3 4 5 6 7 8

5

10

15

20

25

m

Fig. 6. Reduced frequency at which aerodynamic admittance (solid
circles) and reduced wind eigenvalue (crosses) attain their relative
maximum. The solid line refers to Eq. (26).

 N
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Fig. 7. Relative maxima of aerodynamic admittance (solid circles) and
reduced wind eigenvalues (crosses). Solid line refers to Eq. (27), and
hollow circles and dashed line refer to χ0.

Fig. 8. Relative maxima of the aerodynamic admittance (solid circles)
for nonsinusoidal modes with N ¼ 2. The solid line refers to Eq. (29).
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Effective Turbulence

With the rigorous expression of χαkε [Eq. (9)] known, the evalu-
ation of aerodynamic admittance through a series of wind modes
[Eq. (23)] makes it possible to recognize which wind modes are
necessary to reconstruct this function and thus to supply its physical
interpretation. From this point of view, analyses carried out in pre-
vious sections are exhaustive. Effective turbulence (Tubino and
Solari 2007) contributes to clarifying this issue further.

Effective turbulence is defined as the turbulence reconstructed
taking into account the wind modes capable of effectively reproduc-
ing a given quantity, in this case aerodynamic admittance. Invoking
Eqs. (18), (20), and (22), effective turbulence is characterized here
by the PSD and coherence function

S�εEðζ; nÞ ¼ S�εðζ̄; nÞ
X
j¼E

θ2jεðζ; nÞ ~γjεðnÞ ð30Þ

CohεεEðζ; ζ 0; nÞ ¼
X
j¼E

θjεðζ; nÞθjεðζ 0; nÞ ~γjεðnÞ ð31Þ

where j ¼ E denotes a sum over the sole effective wind modes,
namely those modes necessary to reconstruct aerodynamic admit-
tance with reasonable approximation.

Sinusoidal Structural Modes
Fig. 9 shows S�εE=S

�
ε for the structural modes defined by Eq. (24)

with i ¼ 1; 2; 3 (solid lines). For i ¼ 1, j ¼ 1; for i ¼ 2, j ¼ 2; for
i ¼ 3, j ¼ 1 and 3. The dashed lines indicate the sum over j ex-
tended to all wind modes. Fig. 9(a) refers to ζ ¼ 0.25, and Fig. 9(b)
refers to ζ ¼ 0.5. The harmonic content of effective turbulence for
i ¼ 2 is null for ζ ¼ 0.5, i.e., the position in which the second wind
mode is null. Furthermore, S�εE=S

�
ε is localized around the harmonic

content of the effective reduced eigenvalues, and it always is smaller
than one; this confirms that the power content of effective turbulence
is reduced drastically compared with that of real turbulence.

Fig. 10 shows CohεεE [Eq. (31)] for the structural modes defined
by Eq. (24) with i ¼ 1; 2; 3 (solid lines), evaluated as for Fig. 9.
Dashed lines indicate the sum over j extended to all wind modes.
Figs. 10(a and b) refer to ζ ¼ 0.25 and ζ 0 ¼ 0.5, and ζ ¼ 0.25 and

Fig. 9. S�εE=S
�
ε for the structural mode in Eq. (24) with i ¼ 1; 2; 3 (solid lines) and its reference unit value (dashed line): (a) ζ ¼ 0.25; and

(b) ζ ¼ 0.5.
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ζ 0 ¼ 0.75, respectively. For structural modes with i ¼ 1; 3, CohεεE
always is greater than Cohεε because it involves a limited number
of coherent wind modes. The situation is different for i ¼ 2: with
fixed ζ ¼ 0.25, CohεεE ¼ 0 for ζ 0 ¼ 0.50, i.e., the position where
the second wind mode is null; instead, CohεεE < 0 for ζ 0 ¼ 0.75
because the wind loading is counterphase for ζ < 0.5 and
ζ > 0.5, where the eigenfunction of the second wind mode changes
its sign.

Structural Mode 14
Adopting the same representation of Figs. 9 and 10, Figs. 11 and 12
show the diagrams of S�εE=S

�
ε and CohεεE for the structural mode

defined by Eq. (25). As proved previously, the effective turbulence
takes into account at least the first four wind modes.

Solid lines in Fig. 11 show S�εE=S
�
ε for different ζ values; the

diagrams almost perfectly overlap. The dashed line indicates the
sum over j extended to all wind modes. The effective turbulence
PSD mostly is eroded in the high frequency range.

Solid lines in Figs. 12(a and b) show CohεεE for ζ ¼ 0.25 and
ζ 0 ¼ 0.5, and ζ ¼ 0.25 and ζ 0 ¼ 0.75. Dashed lines indicate the

sum over j extended to all wind modes. In this situation, effective
coherence is close to the real coherence. However, reconstructing
CohεεE for ζ ¼ 0.25 and ζ 0 ¼ 0.75 by four wind modes leads to
slightly negative values in the high-frequency range. This short-
coming may be overcome by making recourse to more wind modes.

PSD Inequality Chain
The PSDs of real, effective and equivalent turbulence are linked by
the chain of inequalities

S�ε;eqðnÞ ≤ S�εEðζ̄; nÞ ≤ S�εðζ̄; nÞ ð32Þ

Here, S�εE < S�ε or S�εE ¼ S�ε depends on whether the sum in
Eq. (30) is extended to a subset or a full set of wind modes; S�ε;eq ≤
S�ε derives from Eq. (8) because χαkε ≤ 1 [Eq. (9)]; S�ε;eq ≤ S�εE is
more subtle: whereas the effective turbulence field that reconstructs
the actual wind loading is partially coherent [Eqs. (30) and (31)],
the equivalent turbulence field, identified by S�ε;eq, is identically co-
herent, so it includes the effect of coherence function (less than or
equal to 1).

Fig. 10. CohεεE for the structural mode in Eq. (24) with i ¼ 1; 2; 3 (solid lines) and its reference value Cohεε (dashed lines): (a) ζ ¼
0.25 and ζ 0 ¼ 0.5; and (b) ζ ¼ 0.25 and ζ 0 ¼ 0.75.
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Fig. 12. CohεεE for the structural mode in Eq. (25) (solid line) and its reference value Cohεε (dashed lines): (a) ζ ¼ 0.25 and ζ 0 ¼ 0.5; and
(b) ζ ¼ 0.25 and ζ 0 ¼ 0.75.

Fig. 11. S�εE=S
�
ε for the structural mode in Eq. (25) (solid line) and its reference unit value (dashed line): ζ ¼ 0.25 and 0.50.
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In reality, the ideal situation outlined by Eq. (32) may be vio-
lated in specific frequency ranges if wind modes or aerodynamic
admittance are expressed by approximate solutions, or if the sum in
Eq. (30) retains an insufficient number of wind modes.

Closed-Form Solution

Focusing on Type A regular modes, Piccardo and Solari (1998)
provided a simple and precise CFS of χαkε. For Type B and C
modes, Solari and Martín (2020) developed a CFS that consists
of dividing the structural domain into subdomains in which piece-
wise structural modes are regular and do not change sign. This
made it possible to derive a solution based on the application of
classical methods to each subdomain. This solution is precise
and simple for modes with a few changes of sign, but becomes
laborious with increasing mode complexity.

Accordingly, a new CFS was developed here, which is easier
and more straightforward, and consists of expressing aerodynamic
admittance by an empirical formula that (1) reproduces its shape
qualitatively; (2) satisfies Eq. (13) for n ¼ 0; (3) has a relative
maximum χmax for κ ¼ κm; and (4) matches the trend of Eq. (14)
for n tending to infinity. A preliminary expression that fulfils
Points 1, 2, and 4 rigorously and Point 3 approximately is given
by (Fig. 13)

χαkεðnÞ ¼
�
aþ κ

κm

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
	
1 − κ2

κ2m



2 þ 4c2 κ2

κ2m

r ð33Þ

a ¼ χ0κmk�

b ¼ κmk�

c ¼ 1þ χ0κmk�

2χmax
ð34Þ

where χ0 is given by Eq. (13); κm is given by Eq. (26); χmax is
given by Eq. (27) or Eq. (29); and k� ¼ k�αk is given by Eq. (14).
Table 1 compares the rigorous and approximate values of these
parameters. A better agreement probably is possible through more-
refined analyses.

Fig. 14 compares the rigorous expressions of χαkε given by
Eq. (9) for Modes 6, 10, 14, and 15 (solid lines) with Eq. (33) ap-
plied to both the rigorous (dashed lines) and approximate (dashed-
dotted lines) χ0;κm;χmax, and k� values. This figure and other
diagrams not reported here show that this method always produces
excellent approximations for Type B modes, whereas it is less ac-
curate for Type C modes. The estimation of the approximate param-
eters of Eq. (33) is coarse, especially for Mode 14, which once
again is the most complex to interpret and analyze.

In conclusion, deriving analytical expressions of the aerody-
namic admittance for arbitrary modes, independently of the method
applied and the precision attained, is a secondary result with respect
to the physical interpretation of this issue. At present, numerical
analysis generally is better than using simplified formulas. How-
ever, such formulas explain the explicit dependence of aerody-
namic admittance on its parameters.

Applications

To determine the efficacy of the aforementioned methods, the two
structural test cases previously analyzed by Solari and Martín
(2020) were studied: (1) a pedestrian footbridge (Type B, Mode 6);
and (2) a steel chimney constrained to a nearby building (Type C,
Mode 14). The 10-min mean wind speed had a logarithmic
profile, and the turbulent field was modeled by Eqs. (4), (6),
and (7). Their dynamic response was evaluated as described by

χ

maxχ

0
χ

mκ κ

Fig. 13. Qualitative diagram of χ ¼ χαkεðnÞ as a function of κ ¼ καkε.

Table 1. Rigorous and approximate values of model parameters in Eq. (33)

Mode type Mode No. χ0 [Eq. (13)] k� [Eq. (14)]

Rigorous parameters
Fig. 2 (Solari and
Martín 2020)

Approximate
parameters Eqs. (26)
and (27) or Eq. (29)

κm χmax κm χmax

B 6 0 0.405 4.22 0.240 4.00 0.250
7 0 0.375 3.40 0.273 4.00 0.286
8 0 0.405 3.48 0.263 4.00 0.251
9 0 0.500 3.80 0.191 4.00 0.190

10 0 0.405 10.43 0.107 10.00 0.111
11 0 0.405 16.76 0.069 16.00 0.071
12 0 0.405 23.06 0.051 22.00 0.053

C 13 0.179 0.321 2.79 0.333 4.00 0.336
14 0.194 0.344 2.60 0.274 4.00 0.356
15 0.111 0.405 7.24 0.148 7.00 0.154
16 0.040 0.405 13.60 0.084 13.00 0.087
17 0.020 0.405 19.91 0.059 19.00 0.061
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Solari and Martín (2020), determining aerodynamic admittance by
the rigorous Eq. (9) and the closed-form Eq. (33) based on using the
approximate values of model parameters (Table 1).

Structure 1—Pedestrian Footbridge

The crosswind fluctuating load in the vertical direction ywas due to
the longitudinal and vertical turbulence components, u 0 and w 0.
Fig. 15 shows the aerodynamic admittances and the PSD of the
modal force. Solid lines indicate the rigorous solution, and dashed
lines indicate the CFS, where k� ¼ 0.405 [Eq. (14)], Fαk ¼ 2=π
[Eq. (10)], κm ¼ 4.00 [Eq. (26)], χ0 ¼ 0 [Eq. (13)], and χmax ¼
0.25 [Eq. (27)]. Aerodynamic admittances were null at the zero
frequency, and their relative maximum was well below unity. The
modal force was due mainly to longitudinal turbulence.

Table 2 lists the main parameters of the vertical displacement
for z ¼ l=4 due to the first vertical Mode 6, evaluated by the

rigorous and approximate solutions. Similar to the method derived
by Solari and Martín (2020), the CFS gave almost exact results. The
background response was small, and the resonant response pre-
vailed regardless of structural flexibility.

Structure 2—Steel Chimney

The alongwind fluctuating load was due to the longitudinal turbu-
lence. Fig. 16 shows the aerodynamic admittance and the PSD
of the modal force. Solid lines indicate the rigorous solution, and
dashed lines indicate the CFS, where k� ¼ 0.344 [Eq. (14)], Fαk ¼
0.3026 [Eq. (10)], κm ¼ 4.00 [Eq. (26)], χ0 ¼ 0.194 [Eq. (13)],
and χmax ¼ 0.356 [Eq. (29)]. The aerodynamic admittance re-
mained well below unity, eroding quite uniformly the harmonic
content of the modal force. The CFS was quite coarse due to the
coarse estimation of χmax (Table 1).
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Fig. 14. Rigorous diagrams of χαkε [Eq. (9), solid lines] and Eq. (33) evaluated for the rigorous (dashed lines) and approximate (dash-dotted lines)
χ0;κm;χmax, and k� values (Table 1): (a) Modes 6; (b) Mode 10; (c) Mode 14; and (d) Mode 15 in Solari and Martín (2020).
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Table 3 lists the main parameters of the alongwind displacement
for z ¼ l due to the first longitudinal Mode 14, evaluated by the
rigorous and approximate solutions. The errors due to the latter
were greater than those provided by the CFS in Solari and Martín
(2020) due to the coarse estimation of χmax (Table 1) and the lim-
ited quality of Eqs. (27) and (29) for Type C modes. These aspects
involve ample room for improvement.

Conclusions and Prospects

This paper and its companion addressed the role of the modal shape
on the aerodynamic admittance of structures. Analyses were re-
stricted to slender structures and single modes, applied quasi-
steady theory, and neglected the imaginary part of the turbulence
cross-spectrum.

Solari and Martín (2020) studied the properties of aerodynamic
admittance and derived this quantity in closed form for any mode.
This solution is precise and simple for modes with a few changes
of sign, but becomes laborious with increasing mode shape com-
plexity; in addition, invoking the sole principles of energy cascade,
it provides a limited advance of the physical interpretation of the
relationship linking aerodynamic admittance with modal shape,
which inspired this research. The present paper overcame these lim-
its through the application of proper orthogonal decomposition.

Addressing the problem in this novel framework, POD was ap-
plied with the aim of expanding the turbulence field into a series of
eigenfunctions, the wind modes, which are perfectly coherent along
the structural axis and perfectly incoherent with each other. They
are weighted by independent time histories the spectral content of
which is defined by wind eigenvalues. The change of sign of wind
modes corresponds to counterphase turbulence coherent structures
that energy cascade alone cannot interpret.

Introducing this series expansion into the modal force gives rise
to a pillar of double modal transformation, cross-modal participa-
tion coefficients, which quantify the influence of each wind mode
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Fig. 15. Pedestrian footbridge: (a) aerodynamic admittances; and
(b) PSD of the modal force.

Table 2. Displacement parameters of Structure 1 for z ¼ l=4

Parameter Displacement parameter Rigorous Approximate Error (%)

ȳ (m) Mean value −0.4823 × 10−4 −0.4823 × 10−4 —
σBy1 (m) Standard deviation of background part 0.2484 × 10−4 0.2513 × 10−4 +1
σRy1 (m) Standard deviation of resonant part 0.1071 × 10−3 0.1073 × 10−3 —
σy (m) Standard deviation 0.1099 × 10−3 0.1102 × 10−3 —
νy (Hz) Expected frequency 1.196 1.195 —
gy Peak coefficient 3.785 3.785 —
ȳmax (m) Maximum value 0.4642 × 10−3 0.4653 × 10−3 —
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Fig. 16. Steel chimney: (a) aerodynamic admittance; and (b) PSD of
the modal force.
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on the structure mode for which aerodynamic admittance is evalu-
ated. The expansion of aerodynamic admittance into a series of
wind modes further clarifies its different behavior with regard to
Type A, B, and C modes.

Type A modes with constant sign mainly are excited by the first
wind mode whose reduced eigenvalue decreases when the reduced
frequency increases. This gives rise to the classical decrease of
aerodynamic admittance that energy cascade thoroughly interprets.

Type B skew-symmetric modes are excited mainly by wind
modes with the same wavelength. Thus, aerodynamic admittance
mostly reproduces the shape of its reduced eigenvalue which is null
at the zero frequency, increases to a relative maximum, and then
tends to zero.

Type C intermediate modes are excited mainly by two wind
modes: the first mode and the mode with the same wavelength. The
former gives rise to a nonnull value of aerodynamic admittance at
the zero frequency, and the second is responsible of the relative
maximum that occurs for the maximum power of this wind mode.

Joining Type B and C modes under the common label of modes
that change sign, these remarks support the interpretation that gust
buffeting and aerodynamic admittance are strengthened in relation
to wind modes or waves corresponding to coherent structures as-
sociated with eddies the diameter of which corresponds to the maxi-
mum power of the reduced wind eigenvalue.

The recourse to effective turbulence, namely the turbulence
field reconstructed by taking into account the wind modes capable
of reproducing aerodynamic admittance, further clarifies this
issue. Its harmonic content admits an upper bound related to the
harmonic content of the actual turbulence and a lower bound re-
lated to the harmonic content of the equivalent turbulence defined
by the enhanced equivalent spectrum technique (Solari and Martín
2020).

Finally, this paper proposes a simple and preliminary closed-
form expression of the aerodynamic admittance of structures with
arbitrary modes which matches the ensemble of the preceding con-
cepts and principles, stressing the role of the parameters on which
this function depends.

The prospects of this research seem to be wide, and mostly are
oriented along two main directions.

The first direction continues the present analyses. The authors
are aware that wind-sensitive structures with complex modes are
candidates for numerical analysis. Equally, the authors believe
that the analytical study of the aerodynamic admittance related
to a single mode is a first step toward physical and engineering
interpretations currently missing or incomplete, as well as more-
extensive and complex evaluations that take into account the inter-
action of different modes in the resonant field and the role of ar-
bitrary influence functions in the background domain; the second
argument especially can benefit greatly from the results of the
present study.

The second direction does not consider the following hypoth-
eses used as the basis of the present study: the quasi-steady theory

and neglecting the imaginary part of the turbulence cross-spectrum.
The first topic calls for extensive wind tunnel tests and CFD sim-
ulations, which to a small extent already are available, based on
fixing the structural properties, and therefore partially losing gen-
erality. The second calls for systematic field measurements cur-
rently missing in the literature.
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