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ABSTRACT 

The non-relativistic motion of media induces very weak effects on electromagnetic fields. To compute them in an efficient 
and reliable way a new approach, based on Born approximations, was recently proposed. Several unknown properties of the 
approximations are deduced in this work. It is shown that they are features of the analyzed approximations and do not depend on 
specific problems. In particular, they hold true for one-dimensional, two-dimensional, or three-dimensional problems involving 
moving media, regardless of any non-uniform translational or rotational motion of matter. The deduced properties are related to 
the reliability of the approximations and to the possibility to exploit them to find the results of interest in efficient ways. In the 
final part of the paper, the deduced properties are independently verified by deriving closed-form solutions for simple classes of 
problems involving media in motion. These findings also demonstrate the practical relevance of the results. 
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 Introduction 

lectromagnetic boundary value problems involving media in
otion are very important in astrophysics, space science and
ngineering because they appear in a wide range of practical
nd theoretical contexts. For instance, they are essential for
nderstanding how electromagnetic waves interact with moving
aterials, such as plasmas [ 1, 2 ], fluids [ 3, 4 ], bulk solids [ 5 ], solids

 6–8 ], or machine components [ 9 ] (chapter 17). 

n the presence of moving media also electromagnetic inverse
cattering problems are of interest [ 10–12 ]. They aim at the
econstruction of velocity fields and possibly other properties
f materials. 

or both direct and inverse problems, reliably computing the
ffects of motion on electromagnetic fields is crucial [ 12–15 ]. In
 16 ], we introduced a new approach, based on Born’s classical
pproximation for solving electromagnetic scattering problems,
hich provides very reliable estimates of the indicated effects,
his is an open access article under the terms of the Creative Commons Attribution Licen
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when these are particularly weak and therefore difficult to
evaluate [ 16 ]. 

In this paper, we firstly deduce general and previously unknown
properties of the Born approximations of the effects of motion
on the electromagnetic field. These properties improve both
our understanding and the accurate modeling of such effects.
In particular, it is shown that for small values of the largest
normalized speed, the Born approximation of order 𝑖 determines
effects of motion whose norms are controlled by the 𝑖-th power
of largest normalized speed itself. As a consequence, the Born
approximation of order 𝑗 , for 𝑗 > 𝑖 , cannot provide any improve-
ment on the first 𝑖 dominant terms of the estimate of the effects of
motion. Some of the above results were actually introduced in [ 16 ]
for specific problems formulated in two-dimensional domains
involving cylinders in uniform, axial motion, illuminated by
time-harmonic uniform plane waves propagating in the plane
orthogonal to the cylinders’ axes. However, in this manuscript
we not only prove the results introduced in our previous paper,
but we also show that all these properties are intrinsic features of
se, which permits use, distribution and reproduction in any medium, provided the 
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he Born approximations of the effects of motion. This means that
hey apply to all electromagnetic boundary value problems with
ime-invariant motion, regardless of the problem properties (such
s radiation-scattering or guided wave problems), the type of
ources or illuminating fields, the dimensionality of the domain
one-, two-, or three-dimensional), or the nature of the motion,
hether uniform or non-uniform, translational or rotational. 

ubsequently, a condition is introduced regarding the effects
f motion on the electromagnetic field. While it places some
imitations on the effects allowed by the formulations of the
roblems of interest, it does not significantly reduce the possible
pplications of our analysis. It is then shown that for problems
atisfying the above condition the 𝑖-th order Born approximation
f the effects of motion provides exact results, for small values of
he largest normalized speed, for the first 𝑖 dominant terms, those
ontrolled by the first 𝑖 powers of the largest normalized speed
tself. When this condition is satisfied, the Born approximations
ot only exhibit the properties described above, but also display
he correct behavior, thereby ensuring their reliability for small
ormalized speeds. Moreover, it is shown that Born approxi-
ations are generally not reliable for estimating the effects of
otion on electromagnetic fields when the aforementioned weak
ondition is not satisfied. 

s a byproduct, for problems that satisfy the weak condition,
ne can determine in advance the appropriate order of the Born
pproximation needed for a given goal: if the effects of motion of
rder 𝑖 are of interest then just the approximation of 𝑖-th order
hould be computed. The computation should not be stopped to
he 𝑗-th order, for 𝑗 < 𝑖, and it should not be extended to the 𝑘-
h order, for 𝑘 > 𝑖. As a matter of fact, in the former case, the
esults would not have the required quality, whereas in the latter
he same quality could be obtained with less effort. 

s an additional outcome, we provide a formal theoretical deriva-
ion for a property previously observed numerically within the
pecific framework of [ 16 ], but not yet formally conceptualized
s an intrinsic property of Born approximations. We show that
his property is not limited to those specific configurations, but
epresents a general feature applicable to most classes of problems
f interest. In particular, for velocity distributions belonging
o vector spaces of dimension one, the effects of motion on
lectromagnetic fields need to be computed only a few times.
eliable approximations for distributions proportional to those
reviously considered can then be obtained by simply multiplying
he solutions by scaling factors. This result can be used to
ave CPU time by skipping numerous challenging simulations.
t holds true if the considered problem satisfies the condition
iscussed above. 

he final parts of the paper are devoted to the analysis of
roblems allowing an independent verification of the deduced
roperties. Due to the well known difficulties encountered by
ost methods in calculating reliable approximations of the effects
f motion [ 16 ], the verification could not rely on numerical
ethods and we had to focus on problems which could be solved
nalytically [ 17, 18 ]. In particular, we considered one-dimensional
nd two-dimensional problems in order to verify our results in a
imple, meaningful, and independent manner. The verification
nd the obtained analytical and numerical results confirm that
of 16
the conditions and properties analyzed and deduced in this work
have practical relevance. 

The paper is organized as follows. Section 2 defines the problems
of interest in detail. The most significant and largely unknown
properties of the Born approximations of the effects of motion on
electromagnetic fields are deduced in Sections 3 and 4 . Section 5
establishes the reliability of Born approximations for problems
satisfying a simple and weak condition. Section 6 introduces a
strategy to reduce the computational burden, showing how multi-
ple Born approximations can be obtained by simply multiplying a
single calculated solution by scaling factors. The validation of our
theory is discussed in Section 7 through simple yet meaningful
problems. Finally, Section 8 presents several numerical results
that confirm our deductions, highlighting the unique properties
of this new methodology and the most effective ways to exploit
them in practice. 

2 Definition of the Problem of Interest 

In this paper, we are interested in electromagnetic problems
that involve moving media under time-harmonic excitation.
Translational or rotational movements may be considered in the
problem of interest: the only restriction is that the velocity field,
which describes the movement of all materials and is denoted
by 𝐯, is time-invariant. This assumption, together with the time
invariance of the constitutive parameters and the sinusoidal time
dependence of the sources, allow us to work in the frequency
domain [ 9, 19 ]. The factor 𝑒𝑗𝜔𝑡 is ubiquitous and is suppressed. 

These problems were studied in several papers of the authors. The
main references for this section are [ 13 ], for cylinders moving in
the axial direction, and [ 14 ], for rotating axisymmetric objects. 

Our problems will be formulated in open, bounded, and con-
nected domains Ω ∈ ℝ𝑛 , 𝑛 = 1 , 2 , 3 , having Lipschitz continuous,
stationary boundaries denoted by Γ. To take into account the
possible presence of different materials, we assume that Ω can be
decomposed into 𝑚 subdomains, denoted Ω𝑖 , 𝑖 ∈ 𝑀 = {1 , . . . , 𝑚} .
𝑀0 is the set of indices identifying subdomains occupied by media
at rest; 𝑀𝛽 is the same but for moving media. The interior of
the union of the closures of Ω𝑖 , for 𝑖 ∈ 𝑀𝛽 , will be denoted by
Ω𝛽 = (∪𝑖∈𝑀𝛽

Ω𝑖 )
◦. 

In any subdomain Ω𝑖 , 𝑖 ∈ 𝑀0 , we will always consider media
which are linear, isotropic, time-invariant, characterized by regu-
lar complex-valued fields 𝜀𝑟 ( 𝐫) and 𝜇𝑟 ( 𝐫) . In any Ω𝑖 , 𝑖 ∈ 𝑀𝛽 , the
features are the same apart from the fact that the constitutive
parameters 𝜀𝑟 ( 𝐫) and 𝜇𝑟 ( 𝐫) are real-valued fields. This limitation is
present in all our studies on electromagnetic problems involving
moving media from the very beginning. The reasons for this
constraint can be found, for example, in [ 20 ]. We will not try to
overcome it in the present paper. 

In any Ω𝑖 , 𝑖 ∈ 𝑀𝛽 , the velocity field 𝐯 ( 𝐫) = |𝐯 |𝐯̂ = 𝑣𝐯̂ is regular
and almost everywhere different from zero. Moreover, since
empty space can always be considered at rest [ 20 ], in the same
subdomains the constitutive parameters of the media at rest are
assumed to be different from those of vacuum. Finally, we assume
IET Science, Measurement & Technology, 2026
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hat these regular fields are restrictions to Ω𝑖 of fields defined in
arger open sets containing Ω𝑖 . 

t is very well known [ 21, 22 ] that a linear and isotropic medium
s perceived as a bianisotropic material when it is moving. Its
onstitutive relations can be written in the following form [ 9, 21 ]:

𝐃 = 𝜀0 𝜀𝑟 𝐄 + 𝜀0 𝜀𝑟 𝛼𝑣
2 [ ( ̂𝐯 × 𝐄) × 𝐯̂ ] + 𝛼𝑣( ̂𝐯 ×𝐇) , (1)

𝐁 = 𝜇0 𝜇𝑟 𝐇 + 𝜇0 𝜇𝑟 𝛼𝑣
2 [ ( ̂𝐯 ×𝐇) × 𝐯̂ ] − 𝛼𝑣( ̂𝐯 × 𝐄) , (2)

here 

𝛼 =
𝜇𝑟 𝜀𝑟 − 1 

𝑐2 0 − 𝜇𝑟 𝜀𝑟 𝑣2 
= 𝑛2 − 1 

𝑐2 0 (1 − 𝑛2 𝛽2 ) 
, (3)

eing 𝛽 = 𝑣 

𝑐0 
, a real-valued field in any Ω𝑖 , 𝑖 ∈ 𝑀𝛽 . 𝑐0 is the speed

f light in vacuum and 𝛽 is a positive quantity since 𝑣 is the
agnitude of the velocity field. For the bounds given by the
pecial theory of relativity we can assume that in Ω𝑖 , for 𝑖 ∈ 𝑀𝛽 ,
e have 𝛽 < 1 and 𝛽 <

1 

𝑛 
. Since we will be particularly interested

n small values of speed, without loss of generality we assume that
e can find 𝐶𝛽𝑀 

: 

0 ≤ 𝛽 ≤ 𝐶𝛽𝑀 

< 𝑚 𝑖𝑛

( 

1 ,
1 

𝑛 

) 

(4)

n Ω𝑖 , for any 𝑖 ∈ 𝑀𝛽 . Then 𝐯 is not only piecewise regular, but
t is also essentially bounded [ 23 ]. Moreover, 𝛼 is a well defined
ield in Ω𝑖 , for any 𝑖 ∈ 𝑀𝛽 , and |𝛼| is there bounded, since 𝑛 is
ounded for physical reasons. 

or our next developments, we recast the above constitutive
elations in terms of the usual constitutive parameters of bian-
sotropic media [ 24 ]: 

𝐃 = 𝜀𝑣 𝐄 + 𝜉𝐇 , (5)

𝐁 = 𝜁𝐄 + 𝜇𝑣 𝐇 . (6)

e introduced the superscript 𝑣 to avoid misunderstandings
bout constitutive parameters: 𝜀 = 𝜀0 𝜀𝑟 and 𝜇 = 𝜇0 𝜇𝑟 are scalar
ields and refer to those of media at rest; 𝜀𝑣 , 𝜉, 𝜁 and 𝜇𝑣 are
ensor fields defining the electromagnetic properties of moving
edia. In the following, according to [ 16 ], we will often consider

0 and 𝜇0 , which are the tensor fields obtained by multiplying the
onstitutive parameters of media at rest and the identity tensor 𝐼:
0 = 𝜀0 𝜀𝑟 𝐼 and 𝜇0 = 𝜇0 𝜇𝑟 𝐼. 

rom Equations ( 1 ), ( 2 ), ( 5 ) and ( 6 ) one easily deduces 

𝜀𝑣 𝐄 = 𝜀0 𝜀𝑟 𝐄 + 𝜀0 𝜀𝑟 𝛼𝑣
2 [ ( ̂𝐯 × 𝐄) × 𝐯̂ ] , (7)

𝜉𝐇 = 𝛼𝑣( ̂𝐯 ×𝐇) , (8)

𝜁𝐄 = − 𝛼𝑣( ̂𝐯 × 𝐄) , (9)

𝜇𝑣 𝐇 = 𝜇0 𝜇𝑟 𝐇 + 𝜇0 𝜇𝑟 𝛼𝑣
2 [ ( ̂𝐯 ×𝐇) × 𝐯̂ ] . (10)
ET Science, Measurement & Technology, 2026

iv
To derive the mathematical formulations of the problems of
interest we first introduce the following additional notations. Let
( 𝐿2 (Ω))𝑛 be the usual Hilbert space of square-integrable vector
fields on Ω with values in ℂ𝑛 , 𝑛 = 2 , 3 , [ 23 ] and with scalar
product given by ( 𝐮 , 𝐰 )0 , Ω = ∫

Ω
𝐰∗ ⋅ 𝐮 𝑑Ω, where 𝐰∗ denotes the

conjugate transpose of the column vector 𝐰. ‖‖0 , Ω will denote
the corresponding norm. The space where we will seek the fields
𝐄 and 𝐇 is 𝑈, a subspace ( 𝐿2 (Ω))3 . It is defined, together with
its scalar product, ( , )𝑈 , and norm, ‖‖𝑈 , in [ 13 ], for cylinders
moving in the axial direction, and [ 14 ], for rotating axisymmetric
objects. We will not distinguish between the two cases because
our results will apply to both of them. However, in case we need
to provide details, we will always do that by referring to the case
of three-dimensional domains. For example, from [ 14 ] we deduce
𝑈 = { 𝐰 ∈ ( 𝐿2 (Ω))3 |∇ ×𝐰 ∈ ( 𝐿2 (Ω))3 and 𝐰 × 𝐧 ∈ 𝐿2 

𝑡 (Γ)} ,
where 𝐿2 

𝑡 (Γ) = { 𝐰 ∈ ( 𝐿2 (Γ))3 |𝐰 ⋅ 𝐧 = 0 almost everywhere on Γ} .
Accordingly, ( 𝐮 , 𝐰)𝑈 = ( 𝐮 , 𝐰)0 , Ω + (∇ × 𝐮 , ∇ ×𝐰)0 , Ω + ( 𝐮 ×
𝐧 , 𝐰 × 𝐧 )0 , Ω and ‖𝐰 ‖𝑈 = ( ( 𝐰 , 𝐰 )𝑈 ) 

1∕2 . The corresponding
details for other cases can be usually obtained with some trivial
changes. They can be easily deduced by comparing the details in
[ 13 ] and [ 14 ]. 

One can then formulate the following time-harmonic electromag-
netic boundary value problems in the presence of moving media
[ 14 ] (Problem 1; see also Problem 1 of [ 13 ] or problem (1) of [ 16 ]): 

Problem 1. Under the indicated hypotheses on the domain, its
subdomains, their boundaries and on the media involved, given
𝜔 > 0 , 𝐉𝑒 , 𝐉𝑚 

∈ ( 𝐿2 (Ω))3 , and 𝐟𝑅 ∈ 𝐿2 
𝑡 (Γ) , find 𝐄 , 𝐇 ∈ 𝑈, satisfying

⎧ ⎪ ⎨ ⎪ ⎩ 

∇ ×𝐇 − 𝑗𝜔𝜀𝑣 𝐄 − 𝑗𝜔𝜉𝐇 = 𝐉𝑒 in Ω, 

∇ × 𝐄 + 𝑗𝜔𝜁𝐄 + 𝑗𝜔𝜇𝑣 𝐇 = − 𝐉𝑚 

in Ω, 

( 𝐇 × 𝐧) − 𝑌 ( 𝐧 × ( 𝐄 × 𝐧 )) = 𝐟𝑅 on Γ, 
(11)

where 𝐉𝑒 and 𝐉𝑚 

are the electric and magnetic current densities, 𝑌
denotes the admittance operator [ 9 ] (p. 598), and 𝐟𝑅 is the source
term of inhomogeneous admittance boundary conditions. 

For the solutions of the same problems in the presence of media
at rest we will use the symbol ( 𝐄0 , 𝐇0 ) [ 16 ]. In this case, the
formulation is the same provided that 𝐄 is replaced by 𝐄0 , 𝐇 by
𝐇0 , 𝜀𝑣 by 𝜀0 , 𝜇𝑣 by 𝜇0 , and 𝜉 and 𝜁 by 0. 

The effects of motion on the electromagnetic field is then given
by ( 𝐄 − 𝐄0 ) , ( 𝐇 − 𝐇0 ) . Such effects are known to be small, for
non-relativistic velocities [ 16 ]. This is the reason why it is difficult
to compute them. However, in [ 16 ] we proposed a new approach
to get reliable approximations of these effects, for non-relativistic
velocities. The focus of this manuscript is to deduce several
additional, significant properties of these approximations. 

From Problem 1 and the corresponding formulation for 𝐄0 and 𝐇0 

we easily deduce that ( 𝐄 − 𝐄0 ) and ( 𝐇 − 𝐇0 ) can be calculated by
solving the following problem (problem (5) of [ 16 ]): 

Problem 2. Under the indicated hypotheses on the domain, its
subdomains, their boundaries and on the media involved, given
𝜔 > 0 , 𝐉𝑒 ,𝑒 𝑞 ∈ ( 𝐿2 (Ω))3 and 𝐉𝑚,𝑒𝑞 ∈ ( 𝐿2 (Ω))3 , find ( 𝐄 − 𝐄0 ) , ( 𝐇 −
3 of 16
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0 ) ∈ 𝑈, satisfying 

⎧ ⎪ ⎨ ⎪ ⎩ 

∇ × ( 𝐇 − 𝐇0 ) − 𝑗𝜔𝜀0 ( 𝐄 − 𝐄0 ) = 𝐉𝑒 ,𝑒 𝑞 in Ω, 

∇ × ( 𝐄 − 𝐄0 ) + 𝑗𝜔𝜇0 ( 𝐇 − 𝐇0 ) = − 𝐉𝑚,𝑒𝑞 in Ω, 

( 𝐇 − 𝐇0 ) × 𝐧 − 𝑌 ( 𝐧 × ( 𝐄 − 𝐄0 ) × 𝐧) = 0 on Γ, 
(12)

here the equivalent electric and magnetic current densities are
iven by: 

𝐉𝑒 ,𝑒 𝑞 = 𝑗𝜔( 𝜀𝑣 − 𝜀0 ) 𝐄 + 𝑗𝜔𝜉𝐇 , (13)

𝐉𝑚,𝑒𝑞 = 𝑗𝜔( 𝜇𝑣 − 𝜇0 ) 𝐇 + 𝑗𝜔𝜁𝐄 . (14)

hey are equal to zero outside Ω𝛽 since, by definition, ( 𝜀𝑣 − 𝜀0 ) ,
, ( 𝜇𝑣 − 𝜇0 ) and 𝜁 are trivial tensor fields outside the subdomain
ccupied by moving media. Moreover, the considered hypotheses
n the constitutive parameters and on the velocity field guarantee
hat all entries of ( 𝜀𝑣 − 𝜀0 ) , 𝜉, ( 𝜇𝑣 − 𝜇0 ) and 𝜁 are bounded. Then,
quations ( 13 ) and ( 14 ) transform square-integrable vector fields,
 and 𝐇 , into square-integrable equivalent sources, 𝐉𝑒 ,𝑒 𝑞 and 𝐉𝑚,𝑒𝑞 .

roblem 2 concerns electromagnetic radiation from prescribed
ources in media at rest. It is known to be well posed [ 23 ] under
ery weak assumptions on the domain Ω and its subdomains Ω𝑖 ,
n their boundaries Γ and 𝜕Ω𝑖 , on the constitutive parameters 𝜀0
nd 𝜇0 and on the admittance operator 𝑌. This means that it has
 unique solution and that we can find 𝐶𝑒𝑗𝑒 , 𝐶𝑒𝑗𝑚 

, 𝐶ℎ𝑗𝑒 , 𝐶ℎ𝑗𝑚 

∈ ℝ ,
ndependent of 𝐉𝑒 ,𝑒 𝑞 and 𝐉𝑚,𝑒𝑞 , such that 

‖( 𝐄 − 𝐄0 ) ‖𝑈 ≤ 𝐶𝑒𝑗𝑒 ‖𝐉𝑒 ,𝑒 𝑞 ‖0 , Ω + 𝐶𝑒𝑗𝑚 

‖𝐉𝑚,𝑒𝑞 ‖0 , Ω, (15)

nd 

‖( 𝐇 − 𝐇0 ) ‖𝑈 ≤ 𝐶ℎ𝑗𝑒 ‖𝐉𝑒 ,𝑒 𝑞 ‖0 , Ω + 𝐶ℎ𝑗𝑚 

‖𝐉𝑚,𝑒𝑞 ‖0 , Ω. (16)

ince we are interested in the effects of motion on the electromag-
etic field, we can consider different velocity fields for a given
roblem. For this reason, we will refer to problems with fixed
omain, subdomains, boundaries, 𝜔, 𝜀0 , 𝜇0 , 𝑌, but with velocity
ields that may vary from one case to another, as a specific class of
roblems of interest. Within the class of problems defined above,
e further consider a subclass in which the velocity fields belong
o a subspace 𝑉 and satisfy additional properties beyond those
ntroduced just below Equation ( 4 ). 

y taking account that the effects of motion in Problem 2 are
idden in 𝐉𝑒 ,𝑒 𝑞 and 𝐉𝑚,𝑒𝑞 , the real numbers 𝐶𝑒𝑗𝑒 , 𝐶𝑒𝑗𝑚 

, 𝐶ℎ𝑗𝑒 

nd 𝐶ℎ𝑗𝑚 

are completely independent of the velocity field 𝐯.
herefore, they are constant for any specific class of problems of
nterest and can change only if one considers different classes of
roblems. 

he new methodology introduced in [ 16 ] to obtain reliable
pproximations of the effects of motion on the electromagnetic
ield defines good approximations of the equivalent current
ensities. Due to the linearity and the well posedness of
roblem 2 , the solutions obtained by using good approxima-
ions of the sources provide good estimates of the effects of
nterest. 
of 16
3 Definition of Sequences of Approximate 
Equivalent Sources and of Born Approximations 

In [ 16 ] we proposed to apply the classical Born approximation [ 25 ]
(p. 328) to determine the effects of non-relativistic motion on the
electromagnetic field. 

In particular, for any incident field the first-order Born approx-
imation of (( 𝐄 − 𝐄0 ) , ( 𝐇 − 𝐇0 )) , denoted by (( 𝐄 − 𝐄0 )𝑏 𝑎 1 , ( 𝐇 −
𝐇0 )𝑏 𝑎 1 ) , is obtained by solving Problem 2 when the equivalent
sources are approximated by (see Equations 8 and 9 of [ 16 ]): 

𝐉𝑒 ,𝑒 𝑞,𝑎 1 = 𝑗𝜔( 𝜀𝑣 − 𝜀0 ) 𝐄0 + 𝑗𝜔𝜉𝐇0 , (17)

𝐉𝑚,𝑒 𝑞,𝑎 1 = 𝑗𝜔( 𝜇𝑣 − 𝜇0 ) 𝐇0 + 𝑗𝜔𝜁𝐄0 . (18)

The basic idea of the new approach, as mentioned above, is to
exploit the weakness of the effects of motion on the electromag-
netic field, for velocity fields of practical interest. Since such
effects, that is ( 𝐄 − 𝐄0 ) and ( 𝐇 − 𝐇0 ) , are small under the indi-
cated condition, we can use 𝐄0 and 𝐇0 as good approximations of
𝐄 and𝐇 . As a byproduct, by comparing Equations ( 13 ), ( 14 ), ( 17 )
and ( 18 ), 𝐉𝑒 ,𝑒 𝑞,𝑎 1 is a good approximation of 𝐉𝑒 ,𝑒 𝑞 and 𝐉𝑚,𝑒 𝑞,𝑎 1 is a
good approximation of 𝐉𝑚,𝑒𝑞 . 

According to [ 16 ], we can extend our definitions to introduce
higher-order Born approximations. To this end let us define in an
explicit way the zero-order approximations of 𝐄 and 𝐇 as follows:

𝐄𝑎0 = 𝐄0 , (19)

𝐇𝑎0 = 𝐇0 . (20)

Since (( 𝐄 − 𝐄0 )𝑏 𝑎 1 , ( 𝐇 − 𝐇0 )𝑏 𝑎 1 ) , approximates (( 𝐄 − 𝐄0 ) , ( 𝐇 −
𝐇0 )) , better approximations of 𝐄 = 𝐄0 + ( 𝐄 − 𝐄0 ) and 𝐇 = 𝐇0 +
( 𝐇 − 𝐇0 ) are given by: 

𝐄𝑎1 = ( 𝐄 − 𝐄0 )𝑏 𝑎 1 + 𝐄𝑎0 , (21)

𝐇𝑎1 = ( 𝐇 − 𝐇0 )𝑏 𝑎 1 + 𝐇𝑎0 . (22)

From these better approximation of the fields 𝐄 and 𝐇 , we can
deduce better approximations of the equivalents sources, 𝐉𝑒 ,𝑒 𝑞,𝑎 2 
and 𝐉𝑚,𝑒 𝑞,𝑎 2 , by using Equations ( 17 ) and ( 18 ) with ( 𝐄0 , 𝐇0 ) , that
is, ( 𝐄𝑎0 , 𝐇𝑎0 ) , replaced by ( 𝐄𝑎1 , 𝐇𝑎1 ) . 

By solving Problem 2 with equivalent sources given by 𝐉𝑒 ,𝑒 𝑞,𝑎 2
and 𝐉𝑚,𝑒 𝑞,𝑎 2 we get the second-order Born approximation of (( 𝐄 −
𝐄0 ) , ( 𝐇 − 𝐇0 )) , which is denoted by (( 𝐄 − 𝐄0 )𝑏 𝑎 2 , ( 𝐇 − 𝐇0 )𝑏 𝑎 2 ) . 

We have now defined the first two elements of the sequences{
( 𝐉𝑒 ,𝑒 𝑞,𝑎 𝑖 , 𝐉𝑚,𝑒 𝑞,𝑎 𝑖 )

}
𝑖= 1 , 2 ,. . . 

, 
{
(( 𝐄 − 𝐄0 )𝑏 𝑎 𝑖 , ( 𝐇 − 𝐇0 )𝑏 𝑎 𝑖 )

}
𝑖= 1 , 2 ,. . . 

, and{
( 𝐄𝑎𝑖 , 𝐇𝑎𝑖 )

}
𝑖= 0 , 1 ,. . . 

. All other elements of the sequences can be
obtained by generalizing the previous definitions as follows: 

𝐉𝑒 ,𝑒 𝑞,𝑎 𝑖 = 𝑗𝜔( 𝜀𝑣 − 𝜀0 ) 𝐄𝑎𝑚 

+ 𝑗𝜔𝜉𝐇𝑎𝑚 

, (23)

𝐉𝑚,𝑒 𝑞,𝑎 𝑖 = 𝑗𝜔( 𝜇𝑣 − 𝜇0 ) 𝐇𝑎𝑚 

+ 𝑗𝜔𝜁𝐄𝑎𝑚 

, (24)
IET Science, Measurement & Technology, 2026
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𝐄𝑎𝑖 = ( 𝐄 − 𝐄0 )𝑏 𝑎 𝑖 + 𝐄𝑎0 , (25)

𝐇𝑎𝑖 = ( 𝐇 − 𝐇0 )𝑏 𝑎 𝑖 + 𝐇𝑎0 , (26)

or 𝑖 ≥ 1 , 𝑚 = 𝑖 − 1 , where the 𝑖-th order Born approximation of
he effects of motion, that is (( 𝐄 − 𝐄0 )𝑏 𝑎 𝑖 , ( 𝐇 − 𝐇0 )𝑏 𝑎 𝑖 ) , is found
y solving Problem 2 with equivalent sources given by 𝐉𝑒 ,𝑒 𝑞,𝑎 𝑖 and
𝑚,𝑒 𝑞,𝑎 𝑖 . 

 Basic Properties of Born Approximations 

n this section, we prove several properties of the Born approx-
mations. These properties clearly demonstrate how the quality
f the approximations depends on integer powers of the largest
ormalized speed. 

ith this aim, let us firstly analyze the terms involving the tensors
 𝜀𝑣 − 𝜀0 ) and ( 𝜇𝑣 − 𝜇0 ) . For any 𝑖 ∈ 𝑀𝛽 , from Equations ( 7 ) and
 10 ), we get: 

( 𝜀𝑣 − 𝜀0 ) 𝐀 = 𝜀0 𝜀𝑟 𝐀 + 𝜀0 𝜀𝑟 𝛼𝑣
2 [ ( ̂𝐯 ×𝐀) × 𝐯̂ ] 

− 𝜀0 𝜀𝑟 𝐀 = 𝜀0 𝜀𝑟 𝛼𝑣
2 [ ( ̂𝐯 ×𝐀) × 𝐯̂ ] , (27)

( 𝜇𝑣 − 𝜇0 ) 𝐀 = 𝜇0 𝜇𝑟 𝐀 + 𝜇0 𝜇𝑟 𝛼𝑣
2 [ ( ̂𝐯 ×𝐀) × 𝐯̂ ] 

− 𝜇0 𝜇𝑟 𝐀 = 𝜇0 𝜇𝑟 𝛼𝑣
2 [ ( ̂𝐯 ×𝐀) × 𝐯̂ ] . (28)

n particular, for any 𝐫 ∈ Ω𝑖 , 𝑖 ∈ 𝑀𝛽 , we have |( ̂𝐯 ×𝐀) × 𝐯̂ | ≤ |𝐀|,
ince 𝐯̂ is a unit vector. Then, [ ( ̂𝐯 ×𝐀) × 𝐯̂ ] ∈ ( 𝐿2 (Ω𝑖 ))

3 for any
 ∈ ( 𝐿2 (Ω𝑖 ))

3 and ‖ ( ̂𝐯 ×𝐀) × 𝐯̂ ‖0 , Ω𝑖 
≤ ‖𝐀 ‖0 , Ω𝑖 

. 

ut for any 𝑖 ∈ 𝑀𝛽 the scalar fields 𝜀𝑟 and 𝜇𝑟 are restrictions to

𝑖 of regular fields defined in open sets larger than Ω𝑖 . Then, for
he extreme-value theorem [ 26 ] (p. 150) we can find 𝑚𝑒𝑖 and 𝑚𝑚𝑖 ,
uch that |𝜀𝑟 | ≤ 𝑚𝑒𝑖 and |𝜇𝑟 | ≤ 𝑚𝑚𝑖 , 𝑖 ∈ 𝑀𝛽 . As a consequence, 𝑛
s bounded for any 𝑖 ∈ 𝑀𝛽 and this implies that |𝛼| is bounded,
oo, in the same subdomains, under the condition reported in
quation ( 4 ). Let 𝛿 = 𝛼𝑐2 0 . |𝛿| is bounded exactly as |𝛼| and 𝛼𝑣2 =
𝛽2 . Let 𝑚𝑑𝑖 : |𝛿| ≤ 𝑚𝑑𝑖 . Finally, let 𝑆𝛽𝑖 ≤ 𝐶𝛽𝑀 

< 1 be an upper
ound for |𝛽| = 𝛽, for any 𝑖 ∈ 𝑀𝛽 . 

ith these hypotheses we then deduce, for any 𝑖 ∈ 𝑀𝛽 : 

( 𝜀𝑣 − 𝜀0 ) 𝐀 ‖2 
0 , Ω𝑖 

= ∫
Ω𝑖 

|||( 𝜀𝑣 − 𝜀0 ) 𝐀
|||2 𝑑𝑉 = ∫

Ω𝑖 

|||𝜀0 𝜀𝑟 𝛼𝑣2 [ ( ̂𝐯 ×𝐀) × 𝐯̂ ] 
|||2 𝑑𝑉 

= 𝜀2 0 ∫
Ω𝑖 

𝜀2 𝑟 𝛼
2 𝑣4 

|||( ̂𝐯 ×𝐀) × 𝐯̂ 
|||2 𝑑 𝑉 ≤ 𝜀2 0 𝑚

2 
𝑒𝑖 
𝑚2 

𝑑𝑖 
𝑆4 
𝛽𝑖 ∫

Ω𝑖 

|( ̂𝐯 ×𝐀) × 𝐯̂ |2 𝑑 𝑉
= 𝜀2 0 𝑚

2 
𝑒𝑖 
𝑚2 

𝑑𝑖 
𝑆4 
𝛽𝑖 
‖( ̂𝐯 ×𝐀) × 𝐯̂ ‖2 

0 , Ω𝑖 
≤ 𝜀2 0 𝑚

2 
𝑒𝑖 
𝑚2 

𝑑𝑖 
𝑆4 
𝛽𝑖 
‖𝐀 ‖2 

0 , Ω𝑖 
(29)

o that ‖( 𝜀𝑣 − 𝜀0 ) 𝐀 ‖0 , Ω𝑖 
≤ 𝜀0 𝑚𝑒𝑖 𝑚𝑑𝑖 𝑆

2 
𝛽𝑖 
‖𝐀 ‖0 , Ω𝑖 

. In an analogous
ay we get ‖( 𝜇𝑣 − 𝜇0 ) 𝐀 ‖0 , Ω𝑖 

≤ 𝜇0 𝑚𝑚𝑖 𝑚𝑑𝑖 𝑆
2 
𝛽𝑖 
‖𝐀 ‖0 , Ω𝑖 

. 

et 𝑚𝑒 , 𝑚𝑚 

, 𝑚𝑑 , 𝑆𝛽 the largest of the corresponding values for all
 ∈ 𝑀𝛽 . We obtain that the previous inequalities hold for all 𝑖 ∈
𝛽 , if 𝑚𝑒𝑖 , 𝑚𝑑𝑖 , 𝑆𝛽𝑖 and 𝑚𝑚𝑖 are replaced, respectively, by 𝑚𝑒 , 𝑚𝑑 ,

𝛽 and𝑚𝑚 

. Then we get: 
ET Science, Measurement & Technology, 2026
‖( 𝜀𝑣 − 𝜀0 ) 𝐀 ‖0 , Ω𝛽
≤ 𝜀0 𝑚𝑒 𝑚𝑑 𝑆

2 
𝛽
‖𝐀 ‖0 , Ω𝛽

, (30)

‖( 𝜇𝑣 − 𝜇0 ) 𝐀 ‖0 , Ω𝛽
≤ 𝜇0 𝑚𝑚 

𝑚𝑑 𝑆
2 
𝛽
‖𝐀 ‖0 , Ω𝛽

. (31)

By the same token, from Equations ( 8 ) and ( 9 ) we deduce: 

‖𝜉𝐀 ‖0 , Ω𝛽
= ‖𝜁𝐀 ‖0 , Ω𝛽

= ‖𝛼𝑣( ̂𝐯 ×𝐀) ‖0 , Ω𝛽

= ‖ 1 

𝑐0 
𝛿𝛽( ̂𝐯 ×𝐀) ‖0 , Ω𝛽

≤ 1 

𝑐0 
𝑚𝑑 𝑆𝛽‖𝐀 ‖0 , Ω𝛽

. (32)

With these inequalities we examine again the equations defining
equivalent electric and magnetic current densities in our method-
ology. We consider, in particular, Equations ( 13 ) and ( 14 ), which
define the exact equivalent sources, but the same considerations
apply to Equations ( 23 ) and ( 24 ), for the approximate ones. We
deduce: 

‖𝐉𝑒 ,𝑒 𝑞 ‖0 , Ω = ‖𝐉𝑒 ,𝑒 𝑞 ‖0 , Ω𝛽
= ‖𝑗𝜔( 𝜀𝑣 − 𝜀0 ) 𝐄 + 𝑗𝜔𝜉𝐇 ‖0 , Ω𝛽

≤ 𝜔‖( 𝜀𝑣 − 𝜀0 ) 𝐄 ‖0 , Ω𝛽
+ 𝜔‖𝜉𝐇 ‖0 , Ω𝛽

≤ 𝜔𝜀0 𝑚𝑒 𝑚𝑑 𝑆
2 
𝛽
‖𝐄 ‖0 , Ω𝛽

+ 𝜔 

𝑐0 
𝑚𝑑 𝑆𝛽‖𝐇 ‖0 , Ω𝛽

. (33)

In an analogous way we get: 

‖𝐉𝑚,𝑒𝑞 ‖0 , Ω = ‖𝐉𝑚,𝑒𝑞 ‖0 , Ω𝛽
= ‖𝑗𝜔( 𝜇𝑣 − 𝜇0 ) 𝐇 + 𝑗𝜔𝜁𝐄 ‖0 , Ω𝛽

≤ 𝜔‖( 𝜇𝑣 − 𝜇0 ) 𝐇 ‖0 , Ω𝛽
+ 𝜔‖𝜁𝐄 ‖0 , Ω𝛽

≤ 𝜔𝜇0 𝑚𝑚 

𝑚𝑑 𝑆
2 
𝛽
‖𝐇 ‖0 , Ω𝛽

+ 𝜔 

𝑐0 
𝑚𝑑 𝑆𝛽‖𝐄 ‖0 , Ω𝛽

, (34)

‖𝐉𝑒 ,𝑒 𝑞,𝑎 1 ‖0 , Ω = ‖𝐉𝑒 ,𝑒 𝑞,𝑎 1 ‖0 , Ω𝛽
≤ 𝜔𝜀0 𝑚𝑒 𝑚𝑑 𝑆

2 
𝛽
‖𝐄0 ‖0 , Ω𝛽

+ 𝜔 

𝑐0 
𝑚𝑑 𝑆𝛽‖𝐇0 ‖0 , Ω𝛽

, (35)

‖𝐉𝑚,𝑒 𝑞,𝑎 1 ‖0 , Ω = ‖𝐉𝑚,𝑒 𝑞,𝑎 1 ‖0 , Ω𝛽
≤ 𝜔𝜇0 𝑚𝑚 

𝑚𝑑 𝑆
2 
𝛽
‖𝐇0 ‖0 , Ω𝛽

+ 𝜔 

𝑐0 
𝑚𝑑 𝑆𝛽‖𝐄0 ‖0 , Ω𝛽

. (36)

By the continuous dependence of the solutions of Problem 2 on
the sources (see Equations 15 and 16 ) and the very definition of
the first-order Born approximation we get 

‖( 𝐄 − 𝐄0 )𝑏 𝑎 1 ‖𝑈 ≤ 𝐶𝑒𝑗𝑒 ‖𝐉𝑒 ,𝑒 𝑞,𝑎 1 ‖0 , Ω + 𝐶𝑒𝑗𝑚 

‖𝐉𝑚,𝑒 𝑞,𝑎 1 ‖0 , Ω. (37)

Then, by using inequalities ( 35 ) and ( 36 ) 

‖( 𝐄 − 𝐄0 )𝑏 𝑎 1 ‖𝑈 
≤ 𝐶𝑒𝑗𝑒 

( 

𝜔𝜀0 𝑚𝑒 𝑚𝑑 𝑆
2 
𝛽
‖𝐄0 ‖0 , Ω𝛽

+ 𝜔 

𝑐0 
𝑚𝑑 𝑆𝛽‖𝐇0 ‖0 , Ω𝛽

) 

+ 𝐶𝑒𝑗𝑚 

( 

𝜔𝜇0 𝑚𝑚 

𝑚𝑑 𝑆
2 
𝛽
‖𝐇0 ‖0 , Ω𝛽

+ 𝜔 

𝑐0 
𝑚𝑑 𝑆𝛽‖𝐄0 ‖0 , Ω𝛽

) 

= 𝜔 

𝑐0 
𝑚𝑑 𝑆𝛽

(
𝐶𝑒𝑗𝑒 ‖𝐇0 ‖0 , Ω𝛽

+ 𝐶𝑒𝑗𝑚 

‖𝐄0 ‖0 , Ω𝛽

)
+ 𝜔𝑚𝑑 𝑆

2 
𝛽

(
𝐶𝑒𝑗𝑒 𝜀0 𝑚𝑒 ‖𝐄0 ‖0 , Ω𝛽

+ 𝐶𝑒𝑗𝑚 

𝜇0 𝑚𝑚 

‖𝐇0 ‖0 , Ω𝛽

)
. (38)
5 of 16
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imilarly 

‖( 𝐇 − 𝐇0 )𝑏 𝑎 1 ‖𝑈 
≤ 𝜔 

𝑐0 
𝑚𝑑 𝑆𝛽

(
𝐶ℎ𝑗𝑒 ‖𝐇0 ‖0 , Ω𝛽

+ 𝐶ℎ𝑗𝑚 

‖𝐄0 ‖0 , Ω𝛽

)
(39)

+ 𝜔𝑚𝑑 𝑆
2 
𝛽

(
𝐶ℎ𝑗𝑒 𝜀0 𝑚𝑒 ‖𝐄0 ‖0 , Ω𝛽

+ 𝐶ℎ𝑗𝑚 

𝜇0 𝑚𝑚 

‖𝐇0 ‖0 , Ω𝛽

)
. 

nder the condition in Equation ( 4 ), which is valid for all
ractical velocity fields, the norms ‖𝐉𝑒 ,𝑒 𝑞,𝑎 1 ‖0 , Ω, ‖𝐉𝑚,𝑒 𝑞,𝑎 1 ‖0 , Ω,
( 𝐄 − 𝐄0 )𝑏 𝑎 1 ‖𝑈 and ‖( 𝐇 − 𝐇0 )𝑏 𝑎 1 ‖𝑈 are bounded by expressions
epending on 𝐯 solely via 𝑆𝛽 . These expressions are always
omposed of two addends, proportional to 𝑆𝛽 and 𝑆2 

𝛽
, respectively.

o far, the focus has been on the properties of the first-order Born
pproximation. To deduce analogous features of higher-order
pproximations, we consider, for 𝑖 ≥ 1 : 

𝐉𝑒 ,𝑒 𝑞,𝑎 ( 𝑖+ 1) − 𝐉𝑒 ,𝑒 𝑞,𝑎 𝑖 

= 𝑗𝜔( 𝜀𝑣 − 𝜀0 ) 𝐄𝑎𝑖 + 𝑗𝜔𝜉𝐇𝑎𝑖 − 𝑗𝜔( 𝜀𝑣 − 𝜀0 ) 𝐄𝑎( 𝑖− 1) + 𝑗𝜔𝜉𝐇𝑎( 𝑖− 1) 

= 𝑗𝜔( 𝜀𝑣 − 𝜀0 )( 𝐄𝑎𝑖 − 𝐄𝑎( 𝑖− 1) ) + 𝑗𝜔𝜉( 𝐇𝑎𝑖 − 𝐇𝑎( 𝑖− 1) ) , (40)

𝐉𝑚,𝑒 𝑞,𝑎 ( 𝑖+ 1) − 𝐉𝑚,𝑒 𝑞,𝑎 𝑖 = 𝑗𝜔( 𝜇𝑣 − 𝜇0 )( 𝐇𝑎𝑖 − 𝐇𝑎( 𝑖− 1) ) 

+ 𝑗𝜔𝜁( 𝐄𝑎𝑖 − 𝐄𝑎( 𝑖− 1) ) . (41)

n the above equations, one needs 𝐄𝑎𝑖 − 𝐄𝑎( 𝑖− 1) and 𝐇𝑎𝑖 − 𝐇𝑎( 𝑖− 1)
or 𝑖 ≥ 1 . They are provided by Equations ( 21 ) and ( 22 ) when 𝑖 = 1 .
rom Equations ( 25 ) and ( 26 ) we obtain, for 𝑖 > 1 : 

𝐄𝑎𝑖 − 𝐄𝑎( 𝑖− 1) = ( 𝐄 − 𝐄0 )𝑏 𝑎 𝑖 + 𝐄𝑎0 − ( 𝐄 − 𝐄0 )𝑏 𝑎 ( 𝑖− 1) − 𝐄𝑎0 

= ( 𝐄 − 𝐄0 )𝑏 𝑎 𝑖 − ( 𝐄 − 𝐄0 )𝑏 𝑎 ( 𝑖− 1) , (42)

𝐇𝑎𝑖 − 𝐇𝑎( 𝑖− 1) = ( 𝐇 − 𝐇0 )𝑏 𝑎 𝑖 − ( 𝐇 − 𝐇0 )𝑏 𝑎 ( 𝑖− 1) . (43)

ince 𝐄𝑎𝑖 − 𝐄𝑎( 𝑖− 1) = ( 𝐄 − 𝐄0 )𝑏 𝑎 1 and 𝐇𝑎𝑖 − 𝐇𝑎( 𝑖− 1) =
 𝐇 − 𝐇0 )𝑏 𝑎 1 , using Equations ( 38 ) and ( 39 ) we deduce that
heir ‖‖𝑈 norms are bounded above by the sum of terms having
𝛽 and 𝑆2 

𝛽
as common factors. 

f we use these bounds in Equations ( 40 ) and ( 41 ) for 𝑖 = 1 , and
xploit the properties of ( 𝜀𝑣 − 𝜀0 ) , 𝜉, ( 𝜇𝑣 − 𝜇0 ) and 𝜁, as we did
bove, we obtain that the ‖‖0 , Ω norms of 𝐉𝑒 ,𝑒 𝑞,𝑎 2 − 𝐉𝑒 ,𝑒 𝑞,𝑎 1 and
𝑚,𝑒 𝑞,𝑎 2 − 𝐉𝑚,𝑒 𝑞,𝑎 1 are bounded from above by the sum of terms
roportional to 𝑆2 

𝛽
, 𝑆3 

𝛽
and 𝑆4 

𝛽
, respectively. Once again, by the

inearity and the well posedness of Problem 2 , we deduce that the
ame type of bounds apply to the ‖‖𝑈 norms of ( 𝐄 − 𝐄0 )𝑏 𝑎 2 − ( 𝐄 −
0 )𝑏 𝑎 1 , ( 𝐇 − 𝐇0 )𝑏 𝑎 2 − ( 𝐇 − 𝐇0 )𝑏 𝑎 1 , 𝐄𝑎2 − 𝐄𝑎1 and 𝐇𝑎2 − 𝐇𝑎1 . 

y the same token, for any 𝑖 ≥ 2 , the ‖‖0 , Ω norms of
𝑒 ,𝑒 𝑞,𝑎 ( 𝑖+ 1) − 𝐉𝑒 ,𝑒 𝑞,𝑎 𝑖 and 𝐉𝑚,𝑒 𝑞,𝑎 ( 𝑖+ 1) − 𝐉𝑚,𝑒 𝑞,𝑎 𝑖 and the ‖‖𝑈 norms
f ( 𝐄 − 𝐄0 )𝑏 𝑎 ( 𝑖+ 1) − ( 𝐄 − 𝐄0 )𝑏 𝑎 𝑖 , ( 𝐇 − 𝐇0 )𝑏 𝑎 ( 𝑖+ 1) − ( 𝐇 − 𝐇0 )𝑏 𝑎 𝑖 ,
𝑎( 𝑖+ 1) − 𝐄𝑎𝑖 and 𝐇𝑎( 𝑖+ 1) − 𝐇𝑎𝑖 are bounded above by sums of
erms having 𝑆𝑖+ 1 

𝛽
, 𝑆𝑖+ 2 

𝛽
, . . . , 𝑆2( 𝑖+ 1) 

𝛽
as common factors. Combining

his observation with the previous case ( 𝑖 = 1 ), we conclude that
he same type of bounds holds for any 𝑖 ≥ 1 . 

ince we can always write, for 𝑖 ≥ 2 : 
of 16
( 𝐄 − 𝐄0 )𝑏 𝑎 𝑖 = ( 𝐄 − 𝐄0 )𝑏 𝑎 1 +
𝑖− 1 ∑
𝑛= 1 

(( 𝐄 − 𝐄0 )𝑏 𝑎 ( 𝑛+ 1) − ( 𝐄 − 𝐄0 )𝑏 𝑎 𝑛 ) , 

(44)

( 𝐇 − 𝐇0 )𝑏 𝑎 𝑖 = ( 𝐇 − 𝐇0 )𝑏 𝑎 1 +
𝑖− 1 ∑
𝑛= 1 

(( 𝐇 − 𝐇0 )𝑏 𝑎 ( 𝑛+ 1) − ( 𝐇 − 𝐇0 )𝑏 𝑎 𝑛 ) ,

(45)

we can think of the 𝑖-th order Born approximation of the
effects of motion as a superposition of effects: to the first-order
approximation we add 𝑖 − 1 successive updates. The first addend
presents terms whose ‖‖𝑈 norms are proportional to 𝑆𝛽 and 𝑆2 

𝛽
,

whereas the ‖‖𝑈 norms of 𝑛-th update, for 1 ≤ 𝑛 ≤ 𝑖 − 1 , contain
terms proportional to 𝑆𝑛+ 1 

𝛽
, 𝑆𝑛+ 2 

𝛽
, . . . , 𝑆2( 𝑛+ 1) 

𝛽
. 

The technical analysis presented in this section provides the
formal justification for one of the broad claims advanced in
the Introduction. Without this framework, extrapolating the
specialized findings of [16] to radiation or guided wave scenar-
ios, complex source configurations, arbitrary dimensions, and
multiple objects with uniform or non-uniform, translational
or rotational motions would remain speculative. What could
previously only be conjectured has now been rigorously proven
to be an intrinsic feature of Born approximations. 

5 Reliability of Born Approximations 

This section discusses the conditions under which Born approxi-
mations are reliable. 

As observed in Section 4 , the ‖‖0 , Ω norm of the first-order
approximate equivalent sources and, consequently, the ‖‖𝑈 norm
of the first-order Born approximations of the effects of motion on
the electromagnetic field are bounded above by the sum of two
terms, one controlled by 𝑆𝛽 and the other by 𝑆2 

𝛽
. This is due to the

properties of the tensor fields 𝜀𝑣 − 𝜀0 , 𝜇𝑣 − 𝜇0 , 𝜉 and 𝜁 and to the
independence of 𝐄0 and 𝐇0 from 𝐯. 

The same conclusion cannot be obtained in the same way for the
corresponding norms of the exact equivalent sources, ‖𝐉𝑒 ,𝑒 𝑞 ‖0 , Ω
and ‖𝐉𝑚,𝑒𝑞 ‖0 , Ω, and, then, for the 𝑈 norm of the effects of motion,‖𝐄 − 𝐄0 ‖𝑈 and ‖𝐇 − 𝐇0 ‖𝑈 , because the fields 𝐄 and 𝐇 which
appear in inequalities ( 33 ) and ( 34 ) depend on 𝐯. 

However, if for a specific subclass of problems of interest,
referring to a subspace of velocity fields 𝑉, and a given incident
field we know that 

we can find 𝐶𝐸 > 0 , 𝐶𝐻 > 0 , 𝐶𝑏 ∈ (0 , 1) ∶ 

‖𝐄 ‖0 , Ω𝛽
≤ 𝐶𝐸 , ‖𝐇 ‖0 , Ω𝛽

≤ 𝐶𝐻 , ∀𝐯 ∈ 𝑉 ∶ 𝑆𝛽 ≤ 𝐶𝑏 , (46)

we obtain for 𝐉𝑒 ,𝑒 𝑞 , 𝐉𝑚,𝑒𝑞 , 𝐄 − 𝐄0 and 𝐇 − 𝐇0 the same control we
have deduced in Section 4 for 𝐉𝑒 ,𝑒 𝑞,𝑎 1 , 𝐉𝑚,𝑒 𝑞,𝑎 1 , ( 𝐄 − 𝐄0 )𝑏 𝑎 1 and ( 𝐇 −
𝐇0 )𝑏 𝑎 1 , at least for all 𝐯 fields in 𝑉 such that 𝑆𝛽 ≤ 𝐶𝑏 . In particular,
analogously to Equations ( 38 ) and ( 39 ), 
IET Science, Measurement & Technology, 2026
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we can find 𝐶𝐸1 
> 0 , 𝐶𝐸2 

> 0 , 𝐶𝐻1 
> 0 , 𝐶𝐻2 

> 0 , 𝐶𝑏 ∈ (0 , 1) ∶ 

‖𝐄 − 𝐄0 ‖𝑈 ≤ 𝐶𝐸1 
𝑆𝛽 + 𝐶𝐸2 

𝑆2 
𝛽
, (47)

‖𝐇 − 𝐇0 ‖𝑈 ≤ 𝐶𝐻1 
𝑆𝛽 + 𝐶𝐻2 

𝑆2 
𝛽
, ∀𝐯 ∈ 𝑉 ∶ 𝑆𝛽 ≤ 𝐶𝑏 . 

he last two inequalities provide a type of continuous dependence
f the effects of motion on the velocity field since 𝑆𝛽 is a norm for
ssentially bounded velocity fields. 

e have deduced that condition ( 46 ) implies condition ( 47 ). 

n the contrary, for any 𝐀 ∈ 𝑈 we have ‖𝐀 ‖0 , Ω𝛽
≤ ‖𝐀 ‖0 , Ω ≤

𝐀 ‖𝑈 . Then, for 𝐀 = 𝐄 or 𝐀 = 𝐇 , 

‖𝐀 ‖0 , Ω𝛽
= ‖𝐀 − 𝐀0 + 𝐀0 ‖0 , Ω𝛽

≤ ‖𝐀 − 𝐀0 ‖0 , Ω𝛽

+ ‖𝐀0 ‖0 , Ω𝛽
≤ ‖𝐀 − 𝐀0 ‖𝑈 + ‖𝐀0 ‖0 , Ω𝛽

. (48)

herefore condition ( 47 ) implies the validity of condition ( 46 )
ince 𝐄0 and 𝐇0 are by definition independent of 𝐯. 

e can then conclude that ( 46 ) is necessary and sufficient for
ondition ( 47 ). Condition ( 46 ) is expected to hold true for any
ubclass of problems of practical interest, for any reasonable
ubspace 𝑉, and for any incident field, since to violate it there
hould be a sequence of 𝐯𝑖 ∈ 𝑉 whose 𝑆𝛽𝑖 goes to zero for 𝑖 → ∞
uch that ‖𝐄 ‖0 , Ω𝛽

or ‖𝐇 ‖0 , Ω𝛽
diverge for 𝑖 → ∞. 

t is important to note that, despite condition ( 46 ) is not overly
hallenging, no one has proved it for any 𝑉 and any incident field,
o the best of authors’ knowledge. For example, in [ 13 ] and [ 14 ] it
as shown that for any problem of interest, without significant
imitations in terms of constitutive parameters, velocity and
ncident fields, one can find 𝐄 , 𝐇 , 𝐄0 and 𝐇0 , with ‖‖𝑈 norms of
he indicated fields controlled by the ( 𝐿2 (Ω))3 and 𝐿2 

𝑡 (Γ) norms
f the sources 𝐉𝑒 , 𝐉𝑚 

and 𝐟𝑅 , where 𝐟𝑅 is the known term of
dmittance boundary conditions (see the third equation of 12 ).
owever, the constants involved in the control of the ‖‖𝑈 norm
f 𝐄 and 𝐇 depend in general on the specific 𝐯 field and no result
uarantees that such constants do not diverge as 𝑆𝛽 goes to zero. 

et us suppose that we know in advance that condition ( 46 ) holds
rue for a specific subclass of problems of interest, with 𝐯 ∈ 𝑉,
nd a specific incident field. From the previous deductions we
now that condition ( 47 ) is satisfied as well. But by their very
efinitions (see Equations 13 and 14, 19, 20, 23 and 24), we get,
or 𝑖 ≥ 1 and 𝑚 = 𝑖 − 1 

𝐉𝑒 ,𝑒 𝑞 − 𝐉𝑒 ,𝑒 𝑞,𝑎 𝑖 = 𝑗𝜔
(
𝜀𝑣 − 𝜀0 

)
( 𝐄 − 𝐄𝑎𝑚 

) + 𝑗𝜔𝜉 ( 𝐇 − 𝐇𝑎𝑚 

) , (49)

nd 

𝐉𝑚,𝑒𝑞 − 𝐉𝑚,𝑒 𝑞,𝑎 𝑖 = 𝑗𝜔
(
𝜇𝑣 − 𝜇0 

)
( 𝐇 − 𝐇𝑎𝑚 

) + 𝑗𝜔𝜁 ( 𝐄 − 𝐄𝑎𝑚 

) . (50)

oreover, by the usual properties of Problem 2 , for 𝑖 ≥ 1 

( 𝐄 − 𝐄0 ) − ( 𝐄 − 𝐄0 )𝑏 𝑎 𝑖 = 𝐄 − (( 𝐄 − 𝐄0 )𝑏 𝑎 𝑖 + 𝐄0 )) = 𝐄 − 𝐄𝑎𝑖 (51)

nd 

( 𝐇 − 𝐇0 ) − ( 𝐇 − 𝐇0 )𝑏 𝑎 𝑖 = 𝐇 − (( 𝐇 − 𝐇0 )𝑏 𝑎 𝑖 + 𝐇0 )) = 𝐇 − 𝐇𝑎𝑖 . 

(52)
ET Science, Measurement & Technology, 2026
Then, using condition ( 47 ) and applying the inequalities used
repeatedly above, we deduce that ‖𝐉𝑒 ,𝑒 𝑞 − 𝐉𝑒 ,𝑒 𝑞,𝑎 1 ‖0 , Ω, ‖𝐉𝑚,𝑒𝑞 −
𝐉𝑚,𝑒 𝑞,𝑎 1 ‖0 , Ω, ‖( 𝐄 − 𝐄0 ) − ( 𝐄 − 𝐄0 )𝑏 𝑎 1 ‖𝑈 and ‖( 𝐇 − 𝐇0 ) − ( 𝐇 −
𝐇0 )𝑏 𝑎 1 ‖𝑈 are controlled at least by 𝑆2 

𝛽
, for all 𝐯 ∈ 𝑉: 𝑆𝛽 ≤ 𝐶𝑏 . 

It is now trivial to proceed iteratively for higher-order Born
approximations. We can then conclude that if it is known that
condition ( 46 ) holds true for a specific subclass of problems of
interest and for a given incident field, then the ‖‖𝑈 norms of ( 𝐄 −
𝐄0 ) − ( 𝐄 − 𝐄0 )𝑏 𝑎 𝑖 and ( 𝐇 − 𝐇0 ) − ( 𝐇 − 𝐇0 )𝑏 𝑎 𝑖 are controlled by
𝑆𝑖+ 1 
𝛽
. Consequently, under the indicated conditions, the 𝑖-th order

Born approximation of the effects of motion provides exact results
for the first 𝑖 dominant terms, those controlled by 𝑆1 

𝛽
, 𝑆2 

𝛽
, . . . , 𝑆𝑖 

𝛽
.

Moreover, this implies that to approximate the effect of motion
up to the order of 𝑆𝑖 

𝛽
, for small values of 𝑆𝛽 and under condition

(46), it is necessary and sufficient to find Born approximations up
to the order 𝑖. 

On the other hand, from Equations ( 44 ) and ( 45 ) and the com-
ments below them, we deduce the following negative result for
our approach: no Born approximations can provide satisfactory
results if the effects of motion on the electromagnetic field have‖‖𝑈 norms which are not controlled by 𝑆𝛽 . Fortunately, according
to our previous analysis, for this to happen it is necessary that,
for the specific subclass of problems of interest and the specific
incident field, condition ( 46 ) does not hold true. 

6 Born Approximations Deduced by 
Multiplication With Scaling Factors 

In many cases, Born approximations can be deduced directly
from previously obtained results, without the need for additional
simulations. To this end, we consider a class of problems of
interest with a given incident field. Consider, moreover, a specific
velocity field 𝐯 having all properties reported in Section 2 . In
particular, we can find 𝐶𝛽𝑀 

such that 𝑛|𝐯 |
𝑐0 

≤ 𝐶𝛽𝑀 

< 1 in Ω𝑖 , for any

𝑖 ∈ 𝑀𝛽 . Let 𝑉 be the vector space of velocity fields of dimension
one generated by 𝐯 , that is 𝑉 = { 𝐯 ∶ 𝐯 = 𝑎𝐯 , 𝑎 ∈ ℝ } . For this
subspace of velocity fields some of our developments of Section 4
can be written more explicitly in terms of the parameter 𝑎. 

To achieve this result, we consider again the expressions of the
first-order approximate equivalent sources, given by Equations
( 17 ) and ( 18 ). Taking account that 𝑣 = |𝑎||𝐯 | and that 𝐯 = 𝑣𝐯̂ =
𝑎𝐯 = 𝑎|𝐯 |𝐯̂ , for any 𝐯 ∈ 𝑉 , by using Equations ( 8 ) and ( 27 ) we
get: 

𝐉𝑒 ,𝑒 𝑞,𝑎 1 = 𝑗 𝜔𝜉𝐇0 + 𝑗 𝜔( 𝜀𝑣 − 𝜀0 ) 𝐄0 

= 𝑗𝜔𝛼𝑣( ̂𝐯 ×𝐇0 ) + 𝑗𝜔𝜀0 𝜀𝑟 𝛼𝑣
2 [ ( ̂𝐯 × 𝐄0 ) × 𝐯̂ ] (53)

= 𝑗𝜔𝛼𝑎|𝐯 |(𝐯̂ ×𝐇0 ) + 𝑗𝜔𝜀0 𝜀𝑟 𝛼𝑎
2 |𝐯 |2 [(𝐯̂ × 𝐄0 

)
× 𝐯̂ 

]
. 

In this section, results for 𝐉𝑒 ,𝑒 𝑞,𝑎 1 , ( 𝐄 − 𝐄0 )𝑏 𝑎 1 , 𝐉𝑒 ,𝑒 𝑞,𝑎 2 − 𝐉𝑒 ,𝑒 𝑞,𝑎 1
and ( 𝐄 − 𝐄0 )𝑏 𝑎 2 − ( 𝐄 − 𝐄0 )𝑏 𝑎 1 are derived. Analogous results hold
for 𝐉𝑚,𝑒 𝑞,𝑎 1 , ( 𝐇 − 𝐇0 )𝑏 𝑎 1 , 𝐉𝑚,𝑒 𝑞,𝑎 2 − 𝐉𝑚,𝑒 𝑞,𝑎 1 and ( 𝐇 − 𝐇0 )𝑏 𝑎 2 − ( 𝐇 −
𝐇0 )𝑏 𝑎 1 , respectively, and are omitted for brevity. 

In the above equation, all quantities on the right-hand side are
independent of 𝑎, apart from the terms 𝑎, 𝑎2 and 𝛼. The latter is
7 of 16
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efined by Equation ( 3 ). We have: 

𝛼 = 𝑛2 − 1 

𝑐2 0 − 𝑛2 𝑣2 
= 𝑛2 − 1 

𝑐2 0 

1 

1 − 𝑎2 (
𝑛|𝐯 |
𝑐0 

)2 
. (54)

is an even and analytic function of 𝑎, for 𝑎 ∶ |𝑎| < 1 

𝐶𝛽𝑀 

, in Ω𝑖 , for

ny 𝑖 ∈ 𝑀𝛽 . Its second-order McLaurin polynomial with Peano
orm of the remainder can be easily calculated and is given by: 

𝛼 = 𝑛2 − 1 

𝑐2 0 
+ 𝑛2 ( 𝑛2 − 1) |𝐯 |2 

𝑐4 0 
𝑎2 + ℎ2 ( 𝑎 ; 𝐫) 𝑎

2 , (55)

here lim 𝑎→0 ℎ2 ( 𝑎; 𝐫) = 0 , ∀𝐫 ∈ Ω𝑖 , 𝑖 ∈ 𝑀𝛽 . 

f we replace the right-hand side of Equation ( 55 ) in Equation ( 53 )
e obtain: 

𝑒 ,𝑒 𝑞,𝑎 1 = 𝑗𝜔|𝐯 |(𝐯̂ ×𝐇0 )

( 

𝑛2 − 1 

𝑐2 0 

) 

𝑎 

+ 𝑗𝜔𝜀0 𝜀𝑟 |𝐯 |2 [(𝐯̂ × 𝐄0 

)
× 𝐯̂ 

]( 

𝑛2 − 1 

𝑐2 0 

) 

𝑎2 

+ 𝑗𝜔|𝐯 |(𝐯̂ ×𝐇0 )

( 

𝑛2 ( 𝑛2 − 1) |𝐯 |2 
𝑐4 0 

+ ℎ2 ( 𝑎; 𝐫)

) 

𝑎3 (56)

+ 𝑗𝜔𝜀0 𝜀𝑟 |𝐯 |2 [(𝐯̂ × 𝐄0 

)
× 𝐯̂ 

]( 

𝑛2 ( 𝑛2 − 1) |𝐯 |2 
𝑐4 0 

+ ℎ2 ( 𝑎; 𝐫)

) 

𝑎4 .

ue to the linearity of Problem 2 , for the incident field and the
ubclass of problems considered in this section, we can think of
he first order Born approximation as the superposition of four
erms: 

( 𝐄 − 𝐄0 )𝑏 𝑎 1 =
4 ∑

𝑗= 1 
( 𝐄 − 𝐄0 )𝑏 𝑎 1 ,𝑗 𝑎

𝑗 , (57)

here ( 𝐄 − 𝐄0 )𝑏 𝑎 1 , 1 is completely independent of 𝑎 and is deter-
ined by the first addends in the right-hand side of Equation ( 56 )
nd in the corresponding equation for 𝐉𝑚,𝑒 𝑞,𝑎 1 , both divided by
. The same considerations applies to ( 𝐄 − 𝐄0 )𝑏 𝑎 1 , 2 provided that
he second addends divided by 𝑎2 are considered. ( 𝐄 − 𝐄0 )𝑏 𝑎 1 ,𝑗 ,
or 𝑗 = 3 , 4 , are deduced in an analogous way but have a weak
ependence on 𝑎 due to the presence of the ℎ2 ( 𝑎; 𝐫) in the
orresponding source terms. 

hen, for a given quality of approximation required, we can find
1 <

1 

𝐶𝛽𝑀 

such that for all 𝑎 ∶ 0 < |𝑎| < 𝐶1 we have: 

‖( 𝐄 − 𝐄0 )𝑏 𝑎 1 ,𝑗 𝑎
𝑗− 1 ‖𝑈 = ‖( 𝐄 − 𝐄0 )𝑏 𝑎 1 ,𝑗 ‖𝑈 |𝑎|𝑗− 1 

<< ‖( 𝐄 − 𝐄0 )𝑏 𝑎 1 , 1 ‖𝑈 , 𝑗 = 2 , 3 , 4 . (58)

onsequently, within the required quality of approximation, we
btain: 

( 𝐄 − 𝐄0 )𝑏 𝑎 1 ≃ ( 𝐄 − 𝐄0 )𝑏 𝑎 1 , 1 𝑎, (59)

or all 𝑎 ∶ 0 < |𝑎| < 𝐶1 . 

his means that we can compute first-order Born approximations
f the effects of motion on the electromagnetic field for all values
f 𝑎 in the indicated range by simply computing it for a particular
of 16
value of 𝑎. In particular, denote it by 𝑎1 , 0 < |𝑎1 | < 𝐶1 . Then for
any 𝑎2 ∶ |𝑎2 | < 𝐶1 , the first-order Born approximation is obtained
from the former one, achieved for 𝑎 = 𝑎1 , by multiplying it by
𝑎2 

𝑎1 
. Moreover, if condition ( 46 ) holds true for the incident field

and for the subclass of problems considered in this section, our
previous results provide clear physical implications: the effects
of motion on the electromagnetic field can be approximated for
an infinite set of values of 𝑎 by computing a single first-order
Born approximation. 

Let us now suppose we are interested in some components
of the effects of motion on the electromagnetic field, in some
subdomain Ω𝑠 ⊂ Ω. This could be the case, for example, in inverse
problems or if we want to measure the effects of motion with some
directional antenna. 

It may occur that (( 𝐄 − 𝐄0 )𝑏 𝑎 1 , 1 , ( 𝐇 − 𝐇0 )𝑏 𝑎 1 , 1 ) vanishes for cer-
tain components or within the subdomain of interest. This can
happen in various models as well as in corresponding realistic
scenarios. One example arises in the presence of axially moving
cylinders when evaluating the effects of motion on the dominant
components of the incident field [ 16 ]. Another example occurs
when slabs move with translational velocity parallel to their
interfaces. In these cases, the situation becomes even more
critical, because no first-order effects occur outside the moving
slab for any electromagnetic field component [ 18 ]. 

Although not strictly necessary, we assume the presence of a
second-order effect and show how our previous considerations
can be extended to such cases. This assumption is motivated by
the fact that we are not aware of any situations in which both
first- and second-order effects are absent while a third-order effect
is present. 

For this extension we cannot rely anymore on the first-order
Born approximation because it is not reliable for second order
effects. However, if condition ( 46 ) is satisfied, we can rely on the
second-order Born approximation. To find it as an update of the
first-order one, we consider Equations ( 40 ), ( 21 ) and ( 22 ): 

𝐉𝑒 ,𝑒 𝑞,𝑎 2 − 𝐉𝑒 ,𝑒 𝑞,𝑎 1 = 𝑗𝜔𝜉( 𝐇 − 𝐇0 )𝑏 𝑎 1 + 𝑗𝜔( 𝜀𝑣 − 𝜀0 )( 𝐄 − 𝐄0 )𝑏 𝑎 1 , 

(60)
This equation has the same form of ( 53 ). The difference is that
𝐄0 and 𝐇0 have been replaced, respectively, by ( 𝐄 − 𝐄0 )𝑏 𝑎 1 and
( 𝐇 − 𝐇0 )𝑏 𝑎 1 . 

Taking account of our previous procedure and of Equation ( 59 ) we
deduce that we can find 𝐶2 <

1 

𝐶𝛽𝑀 

such that for all 𝑎 ∶ 0 < |𝑎| <
𝐶2 : 

𝐉𝑒 ,𝑒 𝑞,𝑎 2 − 𝐉𝑒 ,𝑒 𝑞,𝑎 1 ≃ 𝑗𝜔|𝐯 |(𝐯̂ × ( 𝐇 − 𝐇0 )𝑏 𝑎 1 , 1 )

( 

𝑛2 − 1 

𝑐2 0 

) 

𝑎2 , (61)

where all terms with a factor 𝑎𝑗 , 𝑗 ≥ 3 , have been neglected. 

Finally, by solving Problem 2 with these sources we obtain: 

( 𝐄 − 𝐄0 )𝑏 𝑎 2 − ( 𝐄 − 𝐄0 )𝑏 𝑎 1 ∝ 𝑎2 , (62)

within the required quality of approximation, for all 𝑎 ∶ 0 < |𝑎| <
𝐶2 . 
IET Science, Measurement & Technology, 2026
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FIGURE 1 Behavior of the magnitude of the 𝑥 components of 𝐇 − 

𝐇0 and ( 𝐇 − 𝐇0 )𝑏 𝑎 𝑗 , 𝑗 = 1 , 2 , in the middle of the slab, for several values 
of 𝛽. 
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his means that for the incident field and the subclass of problems
onsidered in this section, we can find the components of the
ffects of motion in the subdomain Ω𝑠 ⊂ Ω of interest, where no
irst-order effects of 𝑎 are present, by simply computing them
nce, for example, for 𝑎 = 𝑎1 ∶ 0 < |𝑎1 | < 𝐶2 . For any 𝑎2 ∶ |𝑎2 | <
2 we can find the same quantities by multiplying them by 𝑎

2 
2 

𝑎2 
1 

. 

t is worth noting that our conclusions regarding the behavior
f motion-induced effects for small values of 𝑎 are consistent
ith the numerical evidence reported in our previous works [ 16,
7 ]. For instance, the results obtained using the second-order
orn approximation, shown in figures 2 and 3 of [ 16 ], clearly
xhibit a scaling proportional to 𝑎

2 
2 

𝑎2 
1 

= 10− 6 as 𝛽 varies from 10− 5

o 10− 8 . However, in those earlier studies, this scaling behavior
as observed only numerically, for specific problems. Those
esults were obtained for the axial component of the effects of
otion on the electric field, for cylinders undergoing uniform
xial motion and illuminated by a TM-polarized, time-harmonic,
niform plane wave propagating in the plane orthogonal to
he cylinders’ axes. No consideration was given to formulating
uch features as intrinsic properties of Born approximations. The
resent work fills this gap by establishing these properties in their
ull generality, demonstrating that they are not problem-specific
ut apply broadly to all scenarios of interest under the stated
eak hypotheses. 

inally, to implement the proposed shortcuts in practice, which
an save a substantial number of simulations and significant CPU
ime, or alternatively many measurements, a small number of
reliminary computational or instrumental assessments may be
equired. These estimates provide information on the order of
agnitude of the dominant effect of 𝑎 and on the negligibility
f higher-order effects for the components and subdomains
f interest. 

ith this, some important properties of the Born approximation
f the effects of motion on the electromagnetic field have been
educed. In the next section we will verify, through a completely
eparate method, based on the analytical calculation of ( 𝐄0 , 𝐇0 )

nd ( 𝐄 , 𝐇 ) , that the results predicted by our theory hold true for
imple one-dimensional problems. 

 Verification of Condition ( 46 ) for Simple 
roblems 

n this section we consider simple one-dimensional problems in
hich a homogeneous slab of thickness 𝑑, occupying the region
( 𝑥, 𝑦, 𝑧) ∈ ℝ3 ∶ 𝑥 ∈ (0 , 𝑑)} , is illuminated by an electromagnetic,
niform, monochromatic, plane wave propagating as a progres-
ive wave along the 𝑥 axis. The slab can be at rest or in motion,
ith uniform velocity 𝐯 = 𝑣𝑧 ̂𝐳 , 𝑣𝑧 ∈ ℝ . 𝛽 = 𝑣𝑧 

𝑐0 
and 𝑆𝛽 = |𝛽|. 

n these subclasses of problems we have just three media: medium
 is in the half space 𝑥 < 0 while medium 3 occupies the half space
 > 𝑑. These media are assumed to be linear, isotropic, time-
nvariant and characterized by effective constitutive parameters
𝑖 , 𝜇𝑖 ∈ ℂ , 𝑖 = 1 , 3 . The slab is made of medium 2, a lossless
aterial having 𝜀2 , 𝜇2 ∈ ℝ when it is at rest. 
ET Science, Measurement & Technology, 2026
The simple geometry for these classes of problems is shown in
figure 1 of [ 18 ]. These problems were analyzed in some details
in that paper. In particular, it is well known that the general
expressions of the cartesian components of 𝐄0 and 𝐇0 , when the
slab is at rest, are given by: 

𝐸0 𝑥 = 0 = 𝐻0 𝑥 , ∀𝑥 ∈ ℝ , (63)

𝐸0 𝑦 = 𝐴0 𝑝𝑖𝑦 𝑒
− 𝑗𝑘𝑖0 𝑥 + 𝐴0 𝑟𝑖𝑦 𝑒

𝑗𝑘𝑖0 𝑥 , in medium 𝑖, 𝑖 = 1 , 2 , 3 , (64)

𝐻0 𝑧 = 𝑌𝑖0 𝐴0 𝑝𝑖𝑦 𝑒
− 𝑗𝑘𝑖0 𝑥 − 𝑌𝑖0 𝐴0 𝑟𝑖𝑦 𝑒

𝑗𝑘𝑖0 𝑥 , in medium 𝑖, 𝑖 = 1 , 2 , 3 , 

(65)

𝐸0 𝑧 = 𝐴0 𝑝𝑖𝑧 𝑒
− 𝑗𝑘𝑖0 𝑥 + 𝐴0 𝑟𝑖𝑧 𝑒

𝑗𝑘𝑖0 𝑥 , in medium 𝑖, 𝑖 = 1 , 2 , 3 , (66)

𝐻0 𝑦 = − 𝑌𝑖0 𝐴0 𝑝𝑖𝑧 𝑒
− 𝑗𝑘𝑖0 𝑥 + 𝑌𝑖0 𝐴0 𝑟𝑖𝑧 𝑒

𝑗𝑘𝑖0 𝑥 , in medium 𝑖, 𝑖 = 1 , 2 , 3 , 

(67)

where 𝑘𝑖0 = 𝜔
√
𝜇𝑖 𝜀𝑖 =

𝜔 

𝑐0 
𝑛𝑖 and 𝑌𝑖0 =

√ 

𝜀𝑖 

𝜇𝑖 
= 𝑘𝑖0 

𝜔𝜇𝑖 
= 𝜔𝜀𝑖 

𝑘𝑖0 
. More-

over, the complex coefficients 𝐴0 𝑝1 𝑦 and 𝐴0 𝑝1 𝑧 are defined by the
incident field and 𝐴0 𝑟3 𝑦 = 0 = 𝐴0 𝑟3 𝑧 , since there is no regressive
wave in medium 3. Finally, the unknown complex coefficients
𝐴0 𝑟1 𝑦 , 𝐴0 𝑟1 𝑧 𝐴0 𝑝2 𝑦 , 𝐴0 𝑝2 𝑧 , 𝐴0 𝑟2 𝑦 , 𝐴0 𝑟2 𝑧 , 𝐴0 𝑝3 𝑦 and 𝐴0 𝑝3 𝑧 can be found
by enforcing the continuity of the 𝑦 and 𝑧 components of 𝐄0 

and 𝐇0 at the interfaces at 𝑥 = 0 and 𝑥 = 𝑑. The resulting linear
systems of four equations for the two linear polarizations of the
incident field are reported in equation ( 9 ) of [ 18 ]. 

Analogously, when the slab is moving in the 𝑧 direction one finds
[ 18 ] the following expressions for the cartesian components of 𝐄
and 𝐇 : 

𝐸𝑦 = 𝐴𝑝𝑖𝑦 𝑒
− 𝑗𝑘𝑖 𝑥 + 𝐴𝑟𝑖𝑦 𝑒

𝑗𝑘𝑖 𝑥 , in medium 𝑖, 𝑖 = 1 , 2 , 3 , (68)

𝐻𝑧 = 𝑌𝑖𝑦 𝐴𝑝𝑖𝑦 𝑒
− 𝑗𝑘𝑖 𝑥 − 𝑌𝑖𝑦 𝐴𝑟𝑖𝑦 𝑒

𝑗𝑘𝑖 𝑥 , in medium 𝑖, 𝑖 = 1 , 2 , 3 , (69)

𝐸𝑧 = 𝐴𝑝𝑖𝑧 𝑒
− 𝑗𝑘𝑖 𝑥 + 𝐴𝑟𝑖𝑧 𝑒

𝑗𝑘𝑖 𝑥 , in medium 𝑖, 𝑖 = 1 , 2 , 3 , (70)
9 of 16
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𝐻𝑦 = − 𝑌𝑖𝑧 𝐴𝑝𝑖𝑧 𝑒
− 𝑗𝑘𝑖 𝑥 + 𝑌𝑖𝑧 𝐴𝑟𝑖𝑧 𝑒

𝑗𝑘𝑖 𝑥 , in medium 𝑖, 𝑖 = 1 , 2 , 3 , (71)

𝐸𝑥 = 0 = 𝐻𝑥 , in media 1 and 3 , (72)

𝐸𝑥 =
𝛼𝑣𝑧 

𝜀2 (1 + 𝛼𝑣2 
𝑧 ) 
𝐻𝑦 , in medium 2 , (73)

𝐻𝑥 = −
𝛼𝑣𝑧 

𝜇2 (1 + 𝛼𝑣2 
𝑧 ) 
𝐸𝑦 , in medium 2 , (74)

here 𝑘𝑖 = 𝑘𝑖0 , 𝑌𝑖𝑦 = 𝑌𝑖0 = 𝑌𝑖𝑧 , for 𝑖 = 1 , 3 , and [ 18 ] 

𝑘2 =
𝜔 

𝑐0 

√ 

𝑛2 
2 − 𝛽2 

1 − 𝛽2 
, 𝑌2 𝑦 =

𝑘2 

𝜔𝜇2 

> 0 , 𝑌2 𝑧 =
𝜔𝜀2 
𝑘2 

> 0 . (75)

or the same reasons as when the slab is at rest, the complex
oefficients 𝐴𝑝1 𝑦 and 𝐴𝑝1 𝑧 are defined by the incident field and
𝑟3 𝑦 = 0 = 𝐴𝑟3 𝑧 , due to the lack of the regressive wave in medium
. The unknown complex coefficients 𝐴𝑟1 𝑦 , 𝐴𝑟1 𝑧 , 𝐴𝑝2 𝑦 , 𝐴𝑝2 𝑧 , 𝐴𝑟2 𝑦 ,
𝑟2 𝑧 , 𝐴𝑝3 𝑦 and 𝐴𝑝3 𝑧 can be found, as in the previous case, by
nforcing the continuity of the 𝑦 and 𝑧 components of 𝐄 and 𝐇
t the interfaces at 𝑥 = 0 and 𝑥 = 𝑑. This is done in [ 18 ] (see, in
articular, equation 24 of that paper). 

quation ( 45 ) of [ 18 ] implies that the differences 𝐴𝑝𝑖𝛼 − 𝐴0 𝑝𝑖𝛼 and
𝑟𝑗𝛼 − 𝐴0 𝑟𝑗𝛼, 𝑖 = 2 , 3 , 𝑗 = 1 , 2 , 𝛼 = 𝑦, 𝑧, are controlled by a factor
2 . 

oveover, in medium 2, for all 𝑥 ∈ (0 , 𝑑) , by Equations ( 68 ), ( 70 ),
 64 ) and ( 66 ), we deduce 

𝐸𝛼 − 𝐸0 𝛼 = 𝐴𝑝2 𝛼𝑒
− 𝑗𝑘2 𝑥 + 𝐴𝑟2 𝛼𝑒

𝑗𝑘2 𝑥 − 𝐴0 𝑝2 𝛼𝑒
− 𝑗𝑘20 𝑥 − 𝐴0 𝑟2 𝛼𝑒

𝑗𝑘20 𝑥 

= ( 𝐴𝑝2 𝛼𝑒
− 𝑗𝑘2 𝑥 − 𝐴0 𝑝2 𝛼𝑒

− 𝑗𝑘20 𝑥 ) + ( 𝐴𝑟2 𝛼𝑒
𝑗𝑘2 𝑥 − 𝐴0 𝑟2 𝛼𝑒

𝑗𝑘20 𝑥 ) , 𝛼 = 𝑦, 𝑧

(76)

nalogously, by Equations ( 71 ), ( 69 ), ( 67 ) and ( 65 ) in medium 2
e get 

𝐻𝛾 − 𝐻0 𝛾

= ± 𝑌2 𝛼𝐴𝑝2 𝛼𝑒
− 𝑗𝑘2 𝑥 ∓ 𝑌2 𝛼𝐴𝑟2 𝛼𝑒

𝑗𝑘2 𝑥 ∓ 𝑌20 𝐴0 𝑝2 𝛼𝑒
− 𝑗𝑘20 𝑥 ± 𝑌20 𝐴0 𝑟2 𝛼𝑒

𝑗𝑘20 𝑥 

± ( 𝑌2 𝛼𝐴𝑝2 𝛼𝑒
− 𝑗𝑘2 𝑥 − 𝑌20 𝐴0 𝑝2 𝛼𝑒

− 𝑗𝑘20 𝑥 ) ∓ ( 𝑌2 𝛼𝐴𝑟2 𝛼𝑒
𝑗𝑘2 𝑥 − 𝑌20 𝐴0 𝑟2 𝛼𝑒

𝑗𝑘20 𝑥 )

(77)

n the above expression, 𝛼 = 𝑦, 𝑧; 𝛾 = 𝑧 when 𝛼 = 𝑦 and 𝛾 = 𝑦

hen 𝛼 = 𝑧; finally, the upper (respectively, lower) signs must be
sed when 𝛼 = 𝑦 (respectively, 𝛼 = 𝑧), according to [ 18 ]. 

n the right-hand sides of Equation ( 76 ) we have differences
f coefficients multiplied by exponentials. But we have already
bserved that the differences of coefficients are proportional to
2 , like the difference 𝑌2 𝛼 − 𝑌20 in Equation ( 37 ) of [ 18 ]. There
s, then, a perfect parallelism between the terms on the right-
and sides of Equation ( 76 ) and that computed by equation ( 39 )
f [ 18 ], if 𝑑 is replaced by 𝑥 and 𝑥 ∈ (0 , 𝑑) . The presence of the
dmittances in Equation ( 77 ) does not change the conclusion
ecause the difference 𝑌2 𝛼 − 𝑌20 is proportional to 𝛽2 . 
0 of 16
From the indicated parallelism, taking account of the result
provided by equation ( 39 ) of [ 18 ], we deduce that we can find a
positive constant 𝐶 such that 

|𝐸𝛼 − 𝐸0 𝛼| < 𝐶𝛽2 , |𝐻𝛼 − 𝐻0 𝛼| < 𝐶𝛽2 , 𝛼 = 𝑦, 𝑧, (78)

for all 𝑥 ∈ (0 , 𝑑) , for small values of 𝛽. 

Since 𝐸0 𝛼 and 𝐻0 𝛼, 𝛼 = 𝑦, 𝑧, are independent of 𝛽, we conclude
that for any fixed subclass of one-dimensional problems 𝐸𝛼 and
𝐻𝛼 , 𝛼 = 𝑦, 𝑧, are bounded inside the slab for small values of 𝛽.
Moreover, for the same subclass of problems, we have 𝜀2 > 0

and 𝜇2 > 0 . Finally, 1 + 𝛼𝑣2 
𝑧 =

1 − 𝛽2 

1 − 𝑛2 
2 
𝛽2 

and, under the condition

reported in Equation ( 4 ), it is ≥ 𝐶 > 0 . Then, taking account of the
boundedness of 𝛼 under the same condition, by using Equations
( 73 ) and ( 74 ) we get that 𝐸𝑥 and 𝐻𝑥 are bounded, too, inside
the slab. Therefore, we have proved that, for any subclass of
simple problems of interest and for any incident field of the type
considered, condition ( 46 ) holds true. We then expect to be able
to verify all properties of the Born approximations of the effects of
motion on the electromagnetic field, for all possible subclasses of
one-dimensional problems of the type considered, with uniform
velocity fields and orthogonal incidence of the illuminating plane
wave. Finally, the above deductions highlight that condition (51)
is not overly abstract, as there are practical applications where it
holds. This also suggests that it is reasonable to try to prove its
validity for other problems. 

8 Numerical Results 

The most relevant numerical investigations for our findings are
those designed to challenge the deduced properties. To minimize
the risk of failing to detect discrepancies between theoretical pre-
dictions and numerical results, we focus on problems admitting
analytical solutions. For these reasons, in this section we will
first consider a specific subclass of the one-dimensional problems
introduced in Section 7 . It is defined by the following data: 𝑑 = 1

m, 𝜀𝑟1 = 1 , 𝜇𝑟1 = 1 , 𝜀𝑟2 = 2 , 𝜇𝑟2 = 1 , 𝜀𝑟3 = 1 . 5 − 𝑗4 10− 2 , 𝜇𝑟3 = 1 .
As for the incident field, we consider 𝑓 = 1 GHz and a linear
polarization along the 𝑦 axis. In particular, using the symbols
introduced in Section 7 , the coefficients defining the incident
field are 𝐴0 𝑝𝑖𝑦 = 1 = 𝐴𝑝𝑖𝑦 and 𝐴0 𝑝𝑖𝑧 = 0 = 𝐴𝑝𝑖𝑧 . Finally, all the
considered 𝛽 values will belong to the range [10− 9 , 4 . 3 10− 1 ] .
The corresponding range of speed values is [0 . 3 , 12 . 9 106 ] m/s.
Most engineering applications deal with speed values smaller
than 1000 m/s ( 𝛽 ≃ 3 . 3 10− 6 ). However, in our simulations
we will consider a significantly extended range in order to
assess the performance of the Born approximations under more
challenging conditions. 

For the considered polarization, the 𝑥 and 𝑧 components of 𝐄 ,
𝐄𝑎𝑖 , 𝑖 ≥ 0 , ( 𝐄 − 𝐄0 )𝑏 𝑎 𝑗 , 𝑗 ≥ 1 , and the 𝑦 components of 𝐇 , 𝐇𝑎𝑖 , 𝑖 ≥
0 , ( 𝐇 − 𝐇0 )𝑏 𝑎 𝑗 , 𝑗 ≥ 1 are trivial in all media. Moreover, also all
𝑥 components of 𝐇 , 𝐇𝑎𝑖 , 𝑖 ≥ 0 , ( 𝐇 − 𝐇0 )𝑏 𝑎 𝑗 , 𝑗 ≥ 1 are trivial in
media 1 and 3. 

For the indicated reasons, the results of interest will be provided
in terms of the remaining components, where they are different
from zero. 
IET Science, Measurement & Technology, 2026
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FIGURE 2 Magnitude of the error made by Born approximations to 
estimate the effects of motion on the 𝑥 component of the magnetic field, 
in the middle of the slab, for several values of 𝛽. 
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FIGURE 3 Behavior of the magnitude of the 𝑦 components of 𝐄 − 

𝐄0 and ( 𝐄 − 𝐄0 )𝑏 𝑎 𝑗 , 𝑗 = 1 , 2 , in the middle of the slab, for several values 
of 𝛽. 
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reati
et us firstly consider the 𝑥 components of 𝐇 − 𝐇0 and ( 𝐇 −
0 )𝑏 𝑎 𝑗 , 𝑗 = 1 , 2 , in the middle of the slab, for different values of 𝛽.
he effects of motion on the magnitude of this component of the
ifference field and on its first and second-order Born approxima-
ions are shown in Figure 1 . According to our results of Section 7 ,
bout the validity of condition ( 46 ) for the subclasses of problems
t hand, and of Sections 4 and 5 , such effects are expected to
e at most of the first order. Moreover, a first order effect is for
ure present. This is because, by Equation ( 78 ), neglecting second
rder terms, we get 𝐸𝑦 ≃ 𝐸𝑎0 𝑦 ≠ 0 , and by Equations ( 74 ), ( 63 ) and
 3 ) we obtain 𝐻𝑥 = 𝐻𝑥 − 𝐻𝑎0 𝑥 = − 𝛼𝑣𝑧 

𝜇2 (1 + 𝛼𝑣2 𝑧 ) 
𝐸𝑦 ≃ − 𝛼𝑣𝑧 

𝜇2 (1 + 𝛼𝑣2 𝑧 ) 
𝐸𝑎0 𝑦 ≃

𝑛2 
2 
− 1 

𝜇2 𝑐0 
𝛽𝐸𝑎0 𝑦 . The figure shows that this is the case for a huge

ange of 𝛽 values. The plot of the function 5 10− 3 𝛽 is shown as
 reference for first order effects. The first and second-order Born
pproximations are very good and are almost indistinguishable,
nce again as predicted by the results reported in Section 5 for
irst-order effects. 

igure 2 shows the behaviors of the errors of the Born approx-
mations of orders one and two in estimating the effects of
otion on the component under consideration. The second-order
pproximation is slightly better than the one obtained with the
irst-order one, but by negligible amounts. 

ore significant is the fact that the error is third-order in 𝛽, as
t can be easily deduced by a comparison with the plot of the
unction 0 . 02 𝛽3 . This confirms, on the one hand, the results of
ection 5 which shows that ( 𝐇 − 𝐇0 ) − ( 𝐇 − 𝐇0 )𝑏 𝑎 2 is controlled
y 𝑆3 

𝛽
and, on the other hand, it does not contradict the fact that

 𝐇 − 𝐇0 ) − ( 𝐇 − 𝐇0 )𝑏 𝑎 1 is controlled at least by a factor 𝑆2 
𝛽
. 

inally, in the same figure we note the anomalies for very
mall values of 𝛽. In particular, the problem for 𝛽 < 3 10− 8 is
ue to the unreliability of calculating the difference of fields
ith double-precision operations: the presence of the additional
actor 𝛽2 makes the result about 1015 smaller than the two
uantities involved. 

he magnitudes of the effects of motion on the x-component of
he magnetic field shown in the previous figures are evaluated at
ET Science, Measurement & Technology, 2026
the center of the slab, for 𝑥 = 𝑑∕2 , but completely similar results
are obtained for any 𝑥 ∈ (0 , 𝑑) . We have verified this although we
do not show any other data here. 

We now focus on the effects of motion on the 𝑦 component of the
electric field. 

From Equation ( 78 ) we deduce that |( 𝐄 − 𝐄0 )𝑦 | is of the second
order. Moreover, our results of Sections 5 and 7 guarantee that
second or higher-order Born approximations are able to reliably
approximate these small effects of motion. At the same time,
the same quality of the approximation is not ensured by the
first-order Born approximation. Figure 3 shows that all these
predictions are correct. As a matter of fact, the approximations of
the effects of motion provided by the first-order and the second-
order Born approximations are not anymore the same in this case:
in particular, the second-order is reliable while the first-order
is not. 

Figure 3 shows also that the standard estimate of the effects
of motion, given by 𝐄 − 𝐄0 , becomes unreliable for 𝛽 < 3 10− 8 ,
dispite the extreme reliability of the calculations of the analytical
solutions, 𝐄 and 𝐄0 . As explained above, this is due to the
unreliability of double-precision arithmetic for computing effects
as small as 𝛽2 . Instead, the Born approximations of the effects
of motion do not suffer of the same drawback because such
small effects are computed as the primary unknown fields of the
formulations [ 16 ]. 

It is interesting to observe that the same problem was not present
on the plot of 𝐻𝑥 − 𝐻0 𝑥 reported in Figure 1 , which present just a
first order effect. Instead, it was present in all plots of the errors
made by Born approximations in Figure 2 , which are third order
but obtained by difference of quantities which are of the first
order; the difference of orders, which determines the unreliability
of double-precision arithmetics, is then equal to two. 

The difference of reliability between first-order and second-order
Born approximations is shown more clearly in Figure 4 , where
the plots of the errors made by Born approximations to estimate
11 of 16
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FIGURE 4 Magnitude of the error made by Born approximations to 
estimate the effects of motion on the 𝑦 component of the electric field, in 
the middle of the slab, for several values of 𝛽. 
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FIGURE 5 Behavior of the magnitude of the 𝑥 component of 𝐇 − 

𝐇0 inside the slab, for three 𝛽 values spanning more than five decades: 
𝛽1 =

𝛽2 

729 
, 𝛽2 = 2 . 187 10− 6 and 𝛽3 = 𝛽2 ⋅ 729 . The magnitude of the same 

component of ( 𝐇 − 𝐇0 )𝑏 𝑎 1 for 𝛽 = 𝛽2 is reported as well. Born approxi- 
mations are not computed for other values of 𝛽: the approximations for 
𝛽 = 𝛽1 and 𝛽 = 𝛽3 are deduced by multiplying or dividing the computed 
approximation by 729. 

FIGURE 6 Behavior of the phase of the 𝑥 components of 𝐇 − 𝐇0 

inside the slab, for three 𝛽 values spanning more than five decades: 
𝛽1 =

𝛽2 

729 
, 𝛽2 = 2 . 187 10− 6 and 𝛽3 = 𝛽2 ⋅ 729 . The phase of the same 

component of ( 𝐇 − 𝐇0 )𝑏 𝑎 1 for 𝛽 = 𝛽2 provides excellent results and the 
same conclusion holds for any approximation deduced by multiplying or 
dividing the solution by a real and positive number. 
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he effects of motion on the 𝑦 component of the electric field,
n the middle of the slab, for several values of 𝛽, are presented.
n particular, by comparing the plots of Figures 3 and 4 one can
bserve that the error made by the first-order Born approximation
or any value of 𝛽 is as large as the quantity it has to approximate.
he error of the second-order Born approximation is instead
uch smaller, being of the same order as 𝛽4 . The irregular results
round 10− 15 are due to errors of double precision arithmetic
nd are not related to the quality of Born approximations, as
xplained above. 

o conclude this first part of the analysis of the numerical results,
t is worth noting that for the problems considered, the effects of
otion on the electromagnetic field outside the slab are always
f the second order [ 18 ]. Since it is not possible to know a priori,
or more general problems, the order of the effects of motion
n the components of the electromagnetic field of interest, in
ractice it seems appropriate to proceed in any case with the
alculation of the second-order approximation. It is, in fact, the
est approximation for calculating second-order effects, as it was
hown in Section 5 . 

he second part of this section is devoted to the numeri-
al analysis of the quality of the approximations obtained by
caling factors. 

or the simple subclass of one-dimensional problems we have
onsidered, there is no need to follow the cautious advice given
n the second last paragraph of Section 6 . As a matter of fact,
e know in advance from our previous work that the effects of
otion on the 𝑥 component of the magnetic field are of the first
rder and that they are not trivial just inside the slab. On the
ontrary, the effects on the 𝑦 component of the electric field and
n the 𝑧 component of the magnetic field are of the second order
nd are present in the whole space. 

or the indicated reasons, in Figures 5 and 6 we show, respec-
ively, the behavior of the magnitude and of the phase of ( 𝐇 −
0 )𝑥 in the slab, for the following values of 𝛽: 𝛽1 =

𝛽2 

729 
= 3 10− 9 ,
2 of 16
𝛽2 = 2 . 187 10− 6 and 𝛽3 = 𝛽2 ⋅ 729 = 1 . 594323 10− 3 . In the same
figures we report the corresponding first-order Born approxima-
tion, ( 𝐇 − 𝐇0 )𝑏 𝑎 1 ,𝑥 , which was computed just for 𝛽 = 𝛽2 . The
effects of motion on the 𝑥 component of the magnetic field for
𝛽 = 𝛽1 and 𝛽 = 𝛽3 were instead directly deduced, without any
additional simulation, by multiplying or dividing the computed
approximation by 729. The quality of the obtained approximations
for all values of 𝛽 is impressive. In particular, Figure 5 shows
that the magnitudes of the approximations obtained by a single
simulation overlap those of ( 𝐇 − 𝐇0 )𝑥 for the corresponding
𝛽 value. As for the phases, in Figure 6 they are all perfectly
coincident. The plots of the phase of the approximations obtained
IET Science, Measurement & Technology, 2026
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FIGURE 7 Behavior of the magnitude of the 𝑧 components of 𝐄 − 

𝐄0 along the 𝑥 axis, for three 𝛽 values spanning more than five decades: 
𝛽1 =

𝛽2 

500 
, 𝛽2 = 4 10− 6 and 𝛽3 = 𝛽2 ⋅ 500 . The magnitude of the same 

component of ( 𝐄 − 𝐄0 )𝑏 𝑎 1 for 𝛽 = 𝛽2 is unreliable. The second-order Born 
approximation is instead very good. It is computed just for 𝛽 = 𝛽2 . The 
approximations for 𝛽 = 𝛽1 and 𝛽 = 𝛽3 are instead deduced by multiplying 
or dividing the computed approximation by 5002 . 
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y multiplying or dividing by 729 are not reported because any
ultiplication or division by a real and positive number does not
ffect the phase. 

s it was explained above, for first order effects, like those
hown if Figures 5 and 6 , there is no need to compute Born
pproximations of the second-order. However, they are expected
o be crucial, even for the properties under analysis, for second
rder effects. The previous numerical evaluations were carried
ut by considering a subclass of one-dimensional problems. Since
he obtained results are general, in this final verification we
ill consider homogeneous cylinders with circular cross-section,
ndergoing axial motion, illuminated by a plane wave with TM
olarization propagating in vacuum in a direction orthogonal to
he cylinder axis. To be specific, the cylinder will have a radius
qual to 𝜆0 √

2 
, its axis coincident with the 𝑧-axis, 𝜀𝑟2 = 2 , 𝜇𝑟2 = 1 ,

nd the incident wave will propagate along the 𝑦-axis with a
requency of 1 GHz. 

or this type of problem, motion-induced effects of second order
ppear on the 𝑧-component of the electric field [ 16 ]. ( 𝐄 − 𝐄0 )𝑧 can
e calculated analytically, as in the previous 1D cases. Conversely,
he Born approximations require the use of numerical methods.
he results in Figure 7 were obtained using the finite element
ethod, with a numerical investigation domain having a radius
qual to 14 times that of the cylinder, discretized using meshes
omposed of triangular elements generated from 196 equally
paced circumferences [ 16 ]. 

n this case we used 𝛽1 =
𝛽2 

500 
= 8 10− 9 , 𝛽2 = 4 10− 6 and 𝛽3 = 𝛽2 ⋅

00 = 2 10− 3 . 

o remove any doubt, in Figure 7 we show also the behavior
f the first-order Born approximation computed for 𝛽 = 𝛽2 . As
xpected, it is affected by significant errors, of the order of
ET Science, Measurement & Technology, 2026
100%, and there is no interest in using a scaling factor on
this bad approximation. Instead, the results are particularly
satisfactory for second-order Born approximations: if one deduces
approximations for 𝛽 = 𝛽3 by multiplying by 5002 the unique
approximation calculated for 𝛽 = 𝛽2 , one gets very precise results
in terms of magnitude. Figures 7 shows a complete overlapping
between the approximations obtained in this way and ( 𝐄 − 𝐄0 )𝑧 .
For 𝛽 = 𝛽1 the same considerations apply. Actually, according
to our theory, we can be more confident on these results than
on those obtained for 𝛽 = 𝛽3 . The problem in this case is due
to the lack of reliability of the traditional approach, for such
small value of 𝛽. In particular, for a velocity of the order of 2.4
meters per second the traditional method to estimate the effects
of motion gives erroneous results, with relative errors as high as
2500%! 

Phase data are omitted because they are similar to those shown
in Figure 6 . 

In conclusion, Figures 5, 6 and 7 show that the considered
property holds true and that it can be very useful to reduce the
number of simulations. This is of particular interest for complex
problems, such as the one considered in the final numerical
test, where Born approximations can only be computed using
numerical simulators [ 16 ]. 

As a corollary, we observe that for a set of small values of
velocity, which are in any case of interest in practical and
industrial applications, we can compute reliable results not only
by computing Born approximations for all values of interest, but
also by multiplying by scaling factors the results obtained by Born
approximations for a single or a few values. 

9 Conclusions 

In this paper several unknown properties of the Born approxi-
mations of the effects of motion on the electromagnetic field are
deduced. These properties are shown to be intrinsic features of the
approximations themselves: they do not depend on specific prob-
lems and remain valid for one-dimensional, two-dimensional, or
three-dimensional problems involving moving media, regardless
of the type of time-independent velocity of matter. In particular,
it is shown under which condition Born approximations of the
effects of motion provide exact results, for small values of the
largest normalized speed, for the first dominant terms controlled
by the first powers of the largest normalized speed. The right
order of the Born approximation for a specific goal is then
identified. Moreover, a result is proved that can be used to
save CPU time by skipping numerous challenging simulations:
Born approximations can be computed a few times and then
it is possible to deduce from them reliable approximations for
velocity fields proportional to those considered in the previous
computations. Finally, the deduced theoretical properties are
proved to have practical relevance by showing that they hold
for simple problems involving media in uniform motion that
are homogeneous and isotropic in their rest frames. The same
result has not been proven for more general situations involving
three-dimensional non-uniform velocity fields with anisotropic
media. 
13 of 16
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 generic vector field 

𝑝𝑖𝛾 , 𝐴𝑟𝑖𝛾 constants for the expansion of 𝐸𝛾 in medium 𝑖, 𝛾 =
𝑦, 𝑧

0 𝑝𝑖𝛾 , 𝐴0 𝑟𝑖𝛾 constants for the expansion of 𝐸0 𝛾 in medium 𝑖, 𝛾 =
𝑦, 𝑧

 magnetic flux density 

𝛽𝑀 

, 𝐶𝑒𝑗𝑒 , 𝐶𝑒𝑗𝑚 

, 
ℎ𝑗𝑒 , 𝐶ℎ𝑗𝑚 

, 𝐶𝐸 , 
𝐻 , 𝐶𝑏 , 𝐶𝐸1 , 𝐶𝐸2 , 
𝐻1 
, 𝐶𝐻2 

, 𝐶1 , 𝐶2 

real non-negative constants 

 electric displacement 

 electric field 

0 electric field when all media are at rest 

 𝐄 − 𝐄0 , 𝐇 − 𝐇0 ) effects of motion on the electromagnetic field 

( 𝐄 − 𝐄0 )𝑏 𝑎 𝑖 , 

 𝐇 − 𝐇0 )𝑏 𝑎 𝑖 ) 
Born approximation of order 𝑖 of the effects of
motion on the electromagnetic field; 𝑖 ≥ 1 

 𝐄𝑎𝑖 , 𝐇𝑎𝑖 ) approximation of order 𝑖 of ( 𝐄 , 𝐇 ) ; 𝑖 ≥ 0 ; for 𝑖 = 0

( 𝐄𝑎0 , 𝐇𝑎0 ) = ( 𝐄0 , 𝐇0 ) 

 𝐄 − 𝐄0 )𝑏 𝑎 1 ,𝑗 𝑗-th term in the four-term expansion of ( 𝐄 − 𝐄0 )𝑏 𝑎 1 

 𝐄 − 𝐄0 )𝑏 𝑎 𝑖,𝛾 component 𝛾, 𝛾 = 𝑥, 𝑦, 𝑧, of ( 𝐄 − 𝐄0 )𝑏 𝑎 𝑖 , 𝑖 ≥ 1 

 magnetic field 

0 magnetic field when all media are at rest 

 𝐇 − 𝐇0 )𝑏 𝑎 1 ,𝑗 𝑗-th term in the four-term expansion of ( 𝐇 − 𝐇0 )𝑏 𝑎 1

 𝐇 − 𝐇0 )𝑏 𝑎 𝑖,𝛾 component 𝛾, 𝛾 = 𝑥, 𝑦, 𝑧, of ( 𝐇 − 𝐇0 )𝑏 𝑎 𝑖 , 𝑖 ≥ 1 

identity tensor field 

𝑒 electric current density 

𝑚 

magnetic current density 

𝑒 ,𝑒 𝑞 equivalent electric current density 

𝑚,𝑒𝑞 equivalent magnetic current density 

𝑒 ,𝑒 𝑞,𝑎 𝑖 approximate equivalent electric current density giv-
ing the 𝑖-th order Born approximation; 𝑖 ≥ 1 

𝑚,𝑒 𝑞,𝑎 𝑖 approximate equivalent magnetic current density
giving the 𝑖-th order Born approximation; 𝑖 ≥ 1 

set of indices identifying subdomains 

0 subset of indices identifying subdomains occupied
by media at rest 

𝛽 subset of indices identifying subdomains occupied
by moving media 

𝛽𝑖 ≤ 𝐶𝛽𝑀 

< 1 an upper bound for |𝛽| = 𝛽, 𝑖 ∈ 𝑀𝛽

subspace of velocity fields 
4 of 16

le C
𝑉 vector space of velocity fields of dimension one
generated by 𝐯 

𝑌 admittance operator involved in admittance bound-
ary conditions 

𝑌𝑖0 admittance of medium 𝑖 at rest 

𝑌𝑖𝑦 , 𝑌𝑖𝑧 admittances of medium 𝑖

𝑎 real number such that 𝑎𝐯 ∈ 𝑉 

𝑎1 , 𝑎2 particular values of 𝑎

𝑐0 speed of light in vacuum 

𝑑 thickness of a slab 

𝐟𝑅 source term of inhomogeneous admittance bound-
ary conditions 

ℎ2 ( 𝑎; 𝐫) Peano form of the remainder of a second-order
McLaurin polynomial 

𝑘𝑖0 wavenumber of medium 𝑖 at rest 

𝑘𝑖 wavenumber of medium 𝑖

𝑚𝑒𝑖 (respectively, 
𝑚𝑚𝑖 , 𝑚𝑑𝑖 ) 

largest magnitude of |𝜀𝑟 | (respectively, |𝜇𝑟 |,|𝛿|), for 𝐫 ∈ Ω𝑖 , 𝑖 ∈ 𝑀𝛽

𝑚𝑒 (respectively, 
𝑚𝑚 

, 𝑚𝑑 , 𝑆𝛽) 
largest value of 𝑚𝑒𝑖 (respectively, 𝑚𝑚𝑖 , 𝑚𝑑𝑖 ,
𝑆𝛽𝑖 ), 𝑖 ∈ 𝑀𝛽

𝑛 refractive index 

𝐧 outward unit normal vector 

𝐫 a point in the domain 

𝑡 time coordinate 

𝐯 velocity field 

𝑣 magnitude of 𝐯

𝐯̂ versor of the velocity field 

𝐯 a specific velocity field 

𝐯̂ versor of the velocity field 𝐯 

𝑤𝛾 with 𝛾 = 𝑥, 

𝑦, 𝑧; 𝛾
component of the field 𝐰

𝑥, 𝑦, 𝑧 Cartesian coordinates 

Γ boundary of Ω

Ω open, bounded, and connected domain of the prob-
lem 

Ω𝑖 subdomains of Ω, 𝑖 ∈ 𝑀; Ω𝑠 another subdomain of
Ω

Ω𝛽 the interior of the union of the closures of Ω𝑖 , for
𝑖 ∈ 𝑀𝛽

Ω closure of Ω

𝜕Ω𝑖 boundary of Ω𝑖 

𝛼 field used to simplify some equations 

𝛽 = 𝑣 

𝑐
normalized velocity 
0 
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= 𝛼𝑐2 0 field used to simplify some equations 

𝑟 ( 𝜇𝑟 ) relative permittivity (permeability) 

0 ( 𝜇0 ) vacuum permittivity (permeability) 

 = 𝜀0 𝜀𝑟 
 𝜇 = 𝜇0 𝜇𝑟 ) 

scalar permittivity (permeability) of media at rest 

𝑣 ( 𝜇𝑣 ) tensor permittivity (permeability) of moving media 

0 = 𝜀0 𝜀𝑟 𝐼

 𝜇0 = 𝜇0 𝜇𝑟 𝐼) 
tensor permittivity (permeability) of media at rest 

, 𝜁 tensor constitutive parameters of
bianisotropic media 

angular frequency 

 𝐿2 (Ω))𝑛 Hilbert space of square-integrable vector fields on Ω

 𝐮 , 𝐰)0 , Ω = 

Ω
𝐰∗ ⋅ 𝐮 𝑑Ω

scalar product of fields in ( 𝐿2 (Ω))𝑛 

∗ conjugate transpose of the column vector 𝐰

𝐰‖0 , Ω = 

( 𝐰 , 𝐰 )0 , Ω
)1∕2 norm of a vector field in ( 𝐿2 (Ω))𝑛 

 = { 𝐰 ∈

 𝐿2 (Ω))3 |
 ×𝐰 ∈

 𝐿2 (Ω))3 and 𝐰 ×
 ∈ 𝐿2 𝑡 (Γ)} 

when Ω ∈ ℝ3 ; the vector space where we seek the
solutions of interest 

2 
𝑡 (Γ) = { 𝐰 ∈

 𝐿2 (Γ))3 |𝐰 ⋅ 𝐧 = 

almost 
verywhere on Γ} 

when Ω ∈ ℝ3 ; the vector space of the tangential
traces of 𝐰 ∈ 𝑈

 𝐮 , 𝐰)𝑈 = 

 𝐮 , 𝐰)0 , Ω + (∇ ×
 , ∇ ×𝐰)0 , Ω + 

 𝐮 × 𝐧 , 𝐰 ×
 )0 , Ω when 

Ω ∈ ℝ3 ; the scalar product of fields in 𝑈

𝐰‖𝑈 = 

 

( 𝐰 , 𝐰 )𝑈 ) 
1∕2 

norm of a vector field in 𝑈
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