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Abstract

The Standard Model of particle physics encodes our current knowledge of fundamental particles
and their interactions. Although it successfully describes a wide range of experimental observations,
it fails to address several open questions, such as the matter–antimatter asymmetry, the origin of
neutrino masses, and the nature of dark matter. Moreover, it presents a conceptual issue in the
naturalness problem, which implies an extreme fine-tuning of parameters to justify theoretically the
measured value of the Higgs boson mass. The prevailing view within the particle physics community
is that the Standard Model should be extended by new, heavy degrees of freedom that lie beyond
the current experimental reach and that could provide answers to these open questions.

The current lack of direct observations of new particles implies that the best approach to explore
physics at high energy scales is through an indirect search. The Standard Model Effective Field
Theory (SMEFT) offers a model agnostic framework for such searches, and has therefore attracted
interest within the High Energy Physics community. In part I of this thesis, we employ the SMEFT
framework to investigate possible New Physics scenarios through the study of the Drell-Yan process
in the context of the LHC. We analyze a wide range of operators, including both leading and
suppressed contributions, using different observables and binning strategies.

In part II, we discuss the impact of Machine Learning techniques on particle physics simulations,
explaining why these approaches will become necessary to respect the precision requirements posed
by experimental improvements, particularly with the advent of the High-Luminosity LHC. Our work
focuses on the validation of data provided by Machine Learning-based generative models, with the
goal of developing robust statistical procedures to assess their reliability and to compare different
models.
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Introduction

The Standard Model (SM) of particle physics is the theory describing our knowledge of the fun-
damental particles and their interactions. Its predictions have been rigorously tested over decades
of experiments, with several remarkable confirmations, such as the discovery of the Higgs boson.
Nonetheless, some evidences suggest that it can not be the definitive theory of nature. For instance,
it does not incorporate gravity, predicts massless neutrinos, fails to account for the matter-antimatter
asymmetry observed in the universe, and offers no explanation for dark matter or dark energy. Also,
the theory itself exhibits some phenomenological and conceptual limitations, such as the naturalness
problem, which is closely related to the huge separation between the scales of the different forces.
Indeed, the QCD scale lies around ΛQCD ∼ 200MeV, the EW scale is set by the Fermi constant,
and is around 100 GeV, while the scale of gravity, as set by the Newton constant (or, equivalently,
the Planck mass), is around mP ∼ 1019 GeV. This huge separation of scales implies an extreme
fine-tuning of parameters, necessary to cancel high energy corrections to the Higgs boson mass. For
these reasons, the prevailing view among particle physicists is that the SM represents a low-energy
manifestation of a more fundamental ultraviolet-complete theory.

A significant part of the high-energy physics community is therefore dedicated to the search for
physics Beyond the Standard Model (BSM), often called New Physics (NP). Given the experimental
limitations in reaching higher and higher energies, relying solely on direct searches is not sustainable
and indirect searches have become the most promising way to investigate NP. Furthermore, adopting
an agnostic perspective, without committing to a specific model, can be a valuable strategy to
avoid overlooking potential scenarios. In this context, the Standard Model Effective Field Theory
(SMEFT) provides a powerful framework for conducting model independent, indirect searches, and
is widely used by theorists for this purpose. In the SMEFT framework, the NP contributions
manifest as small deviations from SM predictions, making precision a critical requirement. Hence,
this approach becomes even more promising in light of the increased statistical power that will be
available during the High-Luminosity (HL) phase of the Large Hadron Collider (LHC).

This thesis is divided into two parts, each addressing a different topic.
In the first part, we analyze the di-lepton production at the LHC, referred to as Drell-Yan

(DY) process, within the context of the SMEFT. Chapter 1 begins with an introduction to the SM,
highlighting the open questions it fails to address, and a brief overview of the Effective Field Theory
(EFT) approach. We then introduce the SMEFT, explaining its relevance for model-independent
searches for NP at the LHC. Finally, we describe the DY process in the SMEFT context, which
serves as the starting point for the subsequent analyses. In Chapter 2 we use this process to study
the effects the most relevant dimension-6 operators, which interfere with the SM and whose effects
grow with the energy. We also compare different binning schemes, in order to identify the most
promising analysis strategy. In Chapter 3, we exploit again the DY process, this time focusing
on a specific angular observable that allows to study some dimension-6 operators that would be
otherwise suppressed. These operators do not interfere with the SM; the first class is more relevant
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around the Z peak, while the second exhibit energy-growing effects and become more significant in
the high-energy tails of kinematic distributions.

In the second part of the thesis, we investigate methods for determining whether two independent
datasets are drawn from the same probability density function. This is a crucial task in modern
high-energy physics (HEP), due to the growing use of machine learning (ML) based generators as a
potential alternative to traditional Monte Carlo simulators. These generators provide synthetic data
more efficiently, making them particularly appealing in light of the increased precision required with
the advent of the HL-LHC, which in turn demands a substantially larger amount of simulated data.
Their validation is therefore an important step for the HEP community. In Chapter 4, we discuss the
motivations for which the particle physics community is moving towards ML-based simulators and
illustrate how they can improve current simulation techniques. We also emphasize the necessity of
validating these models and introduce the statistical tool of two-sample testing, which is employed
throughout the subsequent Chapters. In Chapter 5, we propose a set of metrics based on 1D
distances that can be used to perform two-sample tests for the validation of generative models.
We introduce a general framework that includes different configurations and enables a systematic
comparison of the performance of the various metrics across multiple scenarios. Finally, in Chapter 6,
we consider a classifier trained to learn the likelihood ratio as a test-statistic. Considering the same
framework introduced in Chapter 5, we are able to assess its performance more clearly and determine,
across different cases, whether its use is advantageous.
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Part I

The Drell-Yan process in the Standard
Model Effective Field Theory



Chapter 1

The Standard Model Effective Field
Theory at the Large Hadron Collider

In this Chapter, we introduce the Standard Model Effective Field Theory (SMEFT) as a tool to
search for possible signals of New Physics (NP) at the Large Hadron Collider (LHC), the largest
particle collider available to date, used to perform high energy physics experiments at CERN. The
conceptual framework highlighted here will serve as the foundation for the entire first part of this
thesis.

The Chapter is organized as follows. In Section 1.1 we introduce the basic concepts of Effective
Field Theory (EFT). Our purpose is not to provide a formal or exhaustive treatment, but rather
to convey the key concepts. More formal and in depth discussions about the topic can be found in
the literature [5–12]. In Section 1.2 we discuss the distinction between masses and scales, an aspect
that is not immediately apparent when adopting the usual natural units. This is crucial in order
to understand the range of validity of an EFT. In Section 1.3 we provide a brief recap of the main
features of the Standard Model (SM) and point out its limitations. These limitations motivate the
search for physics Beyond the Standard Model (BSM). In Section 1.4, we describe how the EFT
framework can be employed to extend the SM in a systematic way, and how this approach can be
exploited in the context of the LHC to identify potential NP effects. Finally, in Section 1.5, we
introduce the Drell-Yan (DY) process, one of the most studied channels in particle physics, and
discuss how it can be analysed within the SMEFT framework. This process will constitute the
central topic of Chapters 2 and 3.

1.1 Effective Field Theory basics

The intuitive idea behind Effective Field Theory (EFT) is conceptually simple: up to energy scales
where no new degrees of freedom are present, it is possible to perform accurate calculations and
obtain reliable predictions even without the complete knowledge of the underlying fundamental
theory. This principle is something that we experience in everyday life, where most engineering
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applications rely solely on classical physics, without taking quantum mechanics, special relativity
or even general relativity into account. In the following, we will illustrate how this idea can be
implemented in a mathematically consistent way within the framework of an interacting quantum
field theory.

The correlation functions of a quantum field theory generally depend on complicated functions
of the kinematic variables of the incoming and outgoing particles. These functions exhibit non-
analytic behaviors, such as cuts and poles, associated with kinematic configurations that allow
the production of physical intermediate states. In particular, such non-analyticities arise from the
singularities of propagators, which typically take the form ∝ 1/(p2 − m2), and become divergent
when the intermediate particle can go on-shell.

However, when the kinematics are far from this region, i.e. when the energy is much lower
than the mass of the intermediate particle, the contribution of such a propagator to the correlation
function becomes simple and can be well approximated by a Taylor expansion.

A typical example is the β decay of a muon, where the energies involved in the process are far
below the mass of the W boson. Therefore, the propagator can be expanded as:

1

p2 −m2
W

≃ − 1

m2
W

− p2

m4
W

+ . . . , (1.1)

and retaining only the terms relevant at those energies:

1

p2 −m2
W

≃ − 1

m2
W

+O
(
p2

m2
W

)
, (1.2)

is a good approximation.
An Effective Field Theory (EFT), is a quantum field theory in itself, describing physics in an

energy regime where certain degrees of freedom can be neglected. In the previous example, for
instance, the W boson does not need to be treated as a dynamical field at the typical energies of
the β decay. Rather than approximating at the level of amplitudes, one can construct a lagrangian
that directly reproduces those low-energy amplitudes. The EFT lagrangian includes only the light
degrees of freedom and is organized as a Taylor expansion in a small parameter (typically, the ratio
of the characteristic energy of the process to a higher ultraviolet (UV) scale Λ). This expansion
defines what is known as power counting, which provides a systematic way to rank the terms in the
lagrangian according to their relevance at low energies. To get an idea of why, it is useful to look
at the action. Denoting by ϕL the light degrees of freedom, relevant at scales below Λ and with ϕH
the heavy states, negligible at those scales, one can write:∫

DϕLDϕHeiS(ϕL,ϕH) =

∫
DϕLeiSΛ(ϕL) , (1.3)

with
eiSΛ(ϕL) =

∫
DϕHeiS(ϕL,ϕH) . (1.4)
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The effective action SΛ(ϕL) can be expanded in terms of local operators Oi:

SΛ(ϕL) =

∫
dDx

∑
i

giOi , (1.5)

where the operators in the sum are all those allowed by the symmetries of the problem. In natural
unit, we denote by di the mass dimensions (or canonical dimensions) of the operator Oi: [Oi] = di.
Consequently, the dimension of the coupling is: [gi] = D − di.

Let us consider, for simplicity, a scalar theory, where [ϕ] = D/2− 1. If an operator is made up
by M scalar fields and N derivatives, then:

di =M(D/2− 1) +N . (1.6)

We define the dimensionless coupling λi = Λdi−Dgi. Each term in eq. (1.5) then scales with energy
as: ∫

dDx
∑
i

giOi ∼ λi

(
E

Λ

)di−D
. (1.7)

Therefore, at low energies, terms with di > D are increasingly suppressed. From the perspective of
relevance at low energies, that is in the infrared (IR), operators can be categorized as follows:

di > D irrelevant
di = D marginal
di < D relevant

Table 1.1: EFT operators classification based on their dimensions and how they behave at low
energy.

Before explaining why this framework is useful in the context of high-energy particle physics, it
is helpful to clarify what exactly is meant by a scale in this context.

1.2 Dimensional Analysis, masses and scales

The purpose of the following subsections is to clarify the distinction between what is referred to
as a mass and what is referred to as a scale, two physical quantities that can not be immediately
distinguished by just looking at their units of measurements in the conventional natural units
framework. To highlight their difference explicitly, we will temporarily introduce an alternative
system of units.
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1.2.1 Dimensional Analysis in QFT

In quantum field theory, it is common to adopt natural units. In this system, the speed of light c
and the reduced Planck constant ℏ (Planck constant divided by 2π) are set to unity:

c = ℏ = 1 . (1.8)

With this choice, all physical quantities can be expressed in terms of a single unit. Typically, by
convention, energy is taken as the fundamental unit.

Assessing the dimension of the building blocks of the lagrangian is an important task, and it
is even more relevant in the framework of EFT. In the following, we will restrict our discussion to
the case of a four-dimensional spacetime, which will be the main setting for this thesis, but the
reasoning we are adopting can be extended to an arbitrary number of dimensions.

Starting from the Plank relation:
E = hν , (1.9)

we deduce that, in natural units, where h = 1, since [ν] = [T−1], time has the dimension of the
inverse of an energy: [T ] = E−1. By convention, this is often denoted simply as [T ] = −1. Then,
considering the relation:

E2 = p2 +m2 , (1.10)

we obtain that [L] = −1. This directly implies that derivatives has dimension of energy: [∂µ] = 1.
We now turn to the action which, in natural units, must be dimensionless, given that it appears

as an exponent when computing path integrals. Action can be written as:

S =

∫
Ld4x , (1.11)

where, as usual, L is the lagrangian density. From the previous consideration it follows that [L] = 4.
Each term in the lagrangian must therefore have mass dimension 4. Starting from this observation,
we can deduce the dimensions of the building blocks, such as scalar fields, fermion fields, and gauge
fields.

Looking at the kinetic terms for bosons:

Lkin,ϕ =
1

2
∂µϕ∂

µϕ , (1.12)

we deduce that [ϕ] = 1.
Similarly for fermions:

Lkin,ψ = ψi/∂ψ , (1.13)

we obtain [ψ] = 3/2.
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Finally, from the field strengths definitions we can obtain the dimensions of gauge boson field:

[FµνF
µν ] = 4 =⇒ [Fµν ] = 2 =⇒ [Aµ] = 1 (1.14)

In the context of EFT, all operators compatible with the symmetries of the theory are included
in the lagrangian, regardless of their dimensions. From the previous discussion, this implies that
operators must be accompanied by dimensionful constants, so that their contributions have overall
mass dimension 4 in the lagrangian. As a simple example, we write down the lagrangian for a scalar
boson, symmetric under the transformation ϕ↔ −ϕ:

L =
1

2
∂µϕ∂

µϕ+
1

2
m2ϕ2 +

λ

4!
ϕ4 +

∞∑
n=1

(
cn
ϕ(4+2n)

Λ2n
+ dn

(∂ϕ)2ϕ2n

Λ2n
+ ...

)
. (1.15)

From what we said, the term ϕ6 requires a coupling constant with mass dimensions −2, the term
ϕ8 requires a coupling constant with mass dimensions −4, and so forth. By contrast, the term ϕ4

has a dimensionless coupling constant, while the term ϕ2 requires a coupling constant with mass
dimensions 2.

Looking at table 1.1 and recalling that we are considering a spacetime dimension of 4, we can
classify field operators as follows: operators with dimensions greater than 4 are termed irrelevant,
those with dimension exactly 4 are marginal, and those with dimensions less than 4 are relevant.
These adjectives refers to the behaviour of the corresponding operators at low energy.

In 4 space-time dimensions, the Weinberg theorem implies that including in the lagrangian
operators with dimension greater than 4 leads to a non-renormalizable theory, which means that
the divergences arising in radiative (loop) corrections cannot be reabsorbed in a finite number of
parameters. This, however, does not represent an issue in the framework of EFT, where the theory
is only meant to be valid below a certain energy scale and is expected to break down at higher
energies. Within the validity of the EFT, and given a finite experimental precision, the power
counting ensures that only a finite number of EFT operators lead to observable effects. Moreover,
it can be shown that renormalization does not spoil this behavior [6, 13].

1.2.2 The mass–scale distinction

We now repeat the reasoning of the previous Section, but with a slight change in the choice of units.
As before, we set the speed of light to unity, c = 1, but this time we do not set ℏ to one [14]. This
new analysis will make explicit the distinction between a scale and a mass - a difference that is not
apparent in natural units, where both share the same dimension, 1.

The starting point is, as before, the uncertainty principle, that this time reads as:

∆E∆t ≥ ℏ
2
, ∆p∆x ≥ ℏ

2
. (1.16)

Again, lengths and times share the same dimensions but they are no longer expressed as the inverse
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of an energy. Moreover, with this choice of units, the mass term in the lagrangian carries a factor
of ℏ. It is therefore convenient to express masses as inverse of lengths: m̃ = m/ℏ, so that there are
no explicit factor of ℏ in the classical lagrangian in position space.

Dimensional analysis now gives:

[ℏ] = EL , [L] = EL−3 , [ϕ] = [Aµ] = E
1
2L− 1

2 , [ψ] = E
1
2L−1 ,

[∂µ] = L−1 , [g] = [y] = E− 1
2L− 1

2 , [λ] = E−1L−1 , (1.17)

where g, y and λ are the gauge coupling, the Yukawa coupling, and the scalar quartic coupling,
respectively. According to perturbative theory, [g2] = [y2] = [λ], and it can be demonstrated that
performing loops calculations, each of them carry a factor of ℏ. In particular these factors are
dimensionless in L and E units and look like ℏg2/(4π)2, ℏy2/(4π)2 and ℏλ/(4π)2.

With this new choice of units also couplings, and not only masses, have dimensions. We can
then introduce another units system which is based on mass and coupling:

M̃ ≡ L−1 , C ≡ E− 1
2L− 1

2 . (1.18)

Let us now consider the generic operator in D dimensions:

1

ΛD−4
∂n∂ΦnBψnF , (1.19)

where n∂ is the number of derivatives, nB is the number of boson fields (Φ = ϕ, Aµ), and nF is the
number of fermion fields, with the constraint that n∂ + nB + 3

2nF = D. The dimensionful quantity
Λ defines the strength of the interaction and we will call it a scale. The dimensions of Λ are:

[Λ] =
M̃

C
nB+nF−2

D−4

. (1.20)

Noting that the exponent of C in eq. (1.20) is strictly positive, it is straightforward to understand
that the dimension of a scale and the one of a mass are different. Namely, these two quantities are
incommensurable, and in particular a scale is the ratio between a mass and a coupling.

This difference underlines also that the two quantities are associated to different physical mean-
ings: a mass, Em = m̃ℏ is linked to the energy at which a new degree of freedom appears. A scale,

EΛ = Λℏ
2D−nB−nF−6

2(D−4) is instead associated to the energy at which a theory becomes strongly coupled
if no new degrees of freedom appear.

1.3 The Standard Model and its limitations

In the following, we briefly recap the basics of the Standard Model (SM) and outline its limitations.
These motivate why it can be expanded within the the Effective Field Theory framework, leading to
the so-called Standard Model Effective Field Theory (SMEFT). A vast literature of textbooks [15–
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20] and review articles [21–23] discusses the SM in detail, therefore the reader is referred to them
for a complete and formal treatment.

1.3.1 The Standard Model

The Standard Model (SM) is the quantum field theory that describes the known fundamental
particles and their interactions. The strong and electroweak forces are taken into account within
this theory, while gravity is, at this day, not included. The particle content can be summarized as
follows:

• Matter is made up of fermions, organized in families. Fermions within the same family share
the same quantum numbers but have different masses and usually are reported from the
lightest to the heaviest:

– 3 families of up-type quarks, which are sensitive to strong, electromagnetic and weak
interactions: u, c, t.

– 3 families of down-type quarks, which are sensitive to strong, electromagnetic and weak
interactions: d, s, b.

– 3 families of leptons with no electric charge, the neutrinos, which are sensitive to just
the weak interactions: νe, νµ, ντ .

– 3 families of electrically charged leptons, which are sensitive to the electromagnetic and
weak force: e, µ, τ .

• The force mediators are vector bosons, called also gauge bosons, and are responsible for the
interactions among particles:

– the photon γ mediates the electromagnetic interaction, which involves the electrically
charged particles.

– the W± and the Z bosons are responsible for the weak interactions. They are respectively
involved in charged and neutral processes. Weak interactions are possible for all fermions
and also involve the gauge bosons themselves.

– the gluon g is the vector boson associated to the strong force. Strong interactions happen
only between particles which carry a quantum number called "colour" (the quarks and
the gluon itself).

• The Higgs boson is a scalar particle, necessary for the electroweak symmetry breaking, which
is the process that explains how particles get masses

In Figure 1.1 a schematic representation of the SM particle content is provided. Formally, the
particle content and interactions are encoded in the SM lagrangian, as will be detailed in the
following.
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three generations of matter
(fermions)

I II III

interactions / forces
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mass
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spin u

up

≃ 2.2MeV
+2/3
1/2 c
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+2/3
1/2 t
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down
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−1
1/2
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0
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0
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Figure 1.1: The Standard Model particle content. In the figure the particles which constitute
matter and those responsible for mediating interactions are highlighted. The mass, electric charge
and spin of the particles are also reported.



10

The SM lagrangian exhibits a space-time Poincaré symmetry and a local SU(3)C × SU(2)L ×
U(1)Y gauge invariance. The suffixes have the following meaning: C refers to colour, which is
the quantum number associated to the strong interaction, while L and Y refer to the left-handed
chirality component and to the hypercharge, respectively, which are the relevant attributes within
electroweak interactions. The complete lagrangian can be written schematically as:

LSM = LYang-Mills + Lferm + Lϕ + LYukawa + Lghost . (1.21)

We now provide a brief explanation of each part:

LYang-Mills = −1

4
BµνB

µν − 1

2
tr(WµνW

µν)− 1

2
tr(GµνGµν) (1.22)

is the Yang-Mills lagrangian, which contains the kinetic terms and the mutual interactions of the
vector bosons. The Bµν and Wµν field strengths are associated with the electroweak interaction,
while the Gµν with the strong one.

Lferm = Q̄aαL iγµDab,αβ
µ QbβL + ŪaR iγ

µDab
µ U

b
R + D̄a

R iγ
µDab

µ D
b
R

+ L̄αL iγ
µDαβ

µ LβL + ĒR iγ
µDµER (1.23)

is the fermion lagrangian, which contains the kinetic terms of the fermions and the interactions
between the fermions and the gauge bosons. The capital letters are used as a compact notation to
indicate each generation of fermion, so that, for example:

L̄αL iγ
µDαβ

µ LβL =
[
ℓαe,L ℓαµ,L ℓατ,L

] /D
αβ

0 0

0 /D
αβ

0

0 0 /D
αβ


ℓ

β
e,L

ℓβµ,L
ℓβτ,L

 .
The indices L and R refers to the chirality. The left-handed fermions are organized in SU(2)

doublets, for instance:

ℓe,L =

[
νe,L

eL

]
, (1.24)

while the right-handed ones are SU(2) singlets. The latin indices a, b run over the SU(3) colour
charge, while the greek indices α, β are the indices of the SU(2) representation. γµDµ or, equiva-
lently, /D denotes the covariant derivative. Dµ is defined as:

Dab,αβ
µ = ∂µ δ

b
a δ

β
α − igsG

A
µ (T

A) ba δ
β
α − igW I

µ δ
b
a

(
τ I

2

)β

α

− ig′Y Bµ δ ba δ
β
α , (1.25)

where GAµ , Wµ and Bµ represent the bosons acting as force mediators. For completeness, we report
in Table 1.2 the quantum numbers associated to the five fermion fields qL, ℓL, uR, dR, eR of the
first generation (the ones of the other two generations are the same).
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Field SU(3)C × SU(2)L × U(1)Y Y Q

qL (3,2, 1/6) 1/6

{
uL : 2/3

dL : −1/3

uR (3,1, 2/3) 2/3 2/3
dR (3,1, −1/3) −1/3 −1/3

ℓL (1,2, −1/2) −1/2

{
νL : 0

eL : −1

eR (1,1, −1) −1 −1

Table 1.2: Quantum number of the fermion fields in the Standard Model (one generation).

Lϕ = |Dµϕ|2 + µ2ϕ†ϕ− λ(ϕ†ϕ)2 (1.26)

is the Higgs lagrangian, which contains the kinetic term for the Higgs boson, its coupling with the
gauge bosons and its self-coupling. After the electroweak symmetry breaking this term gives masses
to the W± and Z bosons and to the Higgs boson itself.

LYukawa = (YU )(QL)ϕ̃(UR) + (YD)(DL)ϕ(DR) + (YE)(LL)ϕ̃(ER) , (1.27)

is the Yukawa lagrangian. YU , YD and YE are 3 × 3 matrices containing the Yukawa couplings,
which, after the electroweak symmetry breaking, determine the fermion masses. ϕ̃ is defined as:
ϕ̃ = iσ2ϕ. Finally,

Lghost = ∂µc
a∂µca + gfabc(∂µca)Abµc

c , (1.28)

is the ghost lagrangian, needed to maintain the consistency of the path integral formulation and nec-
essary to preserve unitarity and gauge invariance in non-abelian gauge theories. Abµ refers generically
to the gauge bosons of non-abelian gauge theories.

Starting from this Lagrangian, one can compute predictions for experimentally measurable quan-
tities, known as observables, which allow testing the validity of the theory by comparison with data.
Among the most relevant observables are cross-sections, considered either as total cross-sections
or as differential distributions with respect to specific kinematic variables, such as, for example,
the invariant mass, the transverse momentum, scattering angles, . . . . Throughout decades of ex-
periments, the SM has been extensively and rigorously tested, yielding remarkable successes, most
notably the theoretical prediction of the existence of the Higgs boson in 1964 [24, 25], almost 50
years before its experimental discovery in 2012 by the ATLAS [26] and CMS [27] experiments at
the LHC. Nonetheless, it is now clear that the SM cannot be considered the ultimate theory of Na-
ture, as numerous experimental observations remain unexplained. Over the years, several theories
extending the SM have been proposed to address these open issues. This line of research, which
aims to expand the SM in order to explain such observations, is generally referred to as Beyond
Standard Model (BSM) physics.
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1.3.2 The Standard Model limitations

In this subsection we will briefly list some experimental evidence that are not accounted for by the
SM, along with some of its conceptual and phenomenological limitations. Our purpose is neither to
examine each case in detail nor to provide an exhaustive list, but rather to support the statement
made in the previous Section that “the SM cannot be considered the ultimate theory of Nature”.

• Naturalness problem [28, 29]: this issue is strictly related with the gigantic separation of
scales between the fundamental interactions described by the SM (strong and electro-weak)
and gravity.1 The existence of a large UV scale such as mP poses a serious theoretical problem
for the Higgs sector of the SM. Indeed, the Higgs mass, or, equivalently, its vacuum expectation
value (VEV), which is the only dimensionful parameter in the SM, is expected to receive
quantum corrections proportional to any UV scale in the theory. Naive dimensional analysis
would then suggest the Higgs mass to be as large as the scale of gravity, or any other existing
UV scale. However, the observed value mH ∼ 125 GeV, is extremely smaller than the scale of
gravity, suggesting that, in absence of any particular mechanism, this would require gigantic
cancellations in the quantum corrections to such parameter. This large cancellation is usually
called fine-tuning. Given that the typical level of fine-tuning observed in all other physical
systems, from atomic phenomena, to the sun to moon size ratio that allows for total solar
eclipse, never exceeds the % level, a fine-tuning at the level of m2

H/m
2
P ∼ 10−34 is considered

theoretically unacceptable, or, at least, it is believed to require an explanation. The main idea
of Beyond the SM (BSM) theories addressing the Naturalness problem is to try to screen the
quantum corrections to the Higgs boson mass from large UV scales through new physics at a
scale ΛNP not far above the EW scale. In this way, the large fine-tuning mentioned above, is
replaced by something of the order m2

H/Λ
2
UV. It is not hard to see that if ΛNP is in the TeV

region, then the fine-tuning is in the percent region, which would represent an “acceptable”
numerical accident.
Examples of such BSM theories are Supersymmetry, where the aforementioned screening of
the Higgs mass from large quantum corrections is realized through an enhanced symmetry in
the UV, or Composite Higgs, where the Higgs boson is a composite particle, similar to the
pion in QCD, arising in the infrared (IR), and simply does not exist as a fundamental particle
in the UV.

• Neutrino masses [30]: it is verified through experimental measurements that neutrinos have
a non-zero mass, which is not accounted for by the SM. The absolute value of these masses
is unknown (only an upper bound of around 0.1 eV exists [31]), and only mass differences
among different neutrino species have been measured until now. There are ways to add
neutrino masses to the SM, both for Dirac and Majorana neutrinos, and this constitutes one
interesting branch of investigation of BSM physics.

1The QCD scale is about ΛQCD ∼ 200MeV, the EW scale is set by the Fermi constant, and is around 100 GeV,
while the scale of gravity, as set by the Newton constant (or, equivalently, the Planck mass), is around mP ∼ 1019

GeV.
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• Gravitational interactions [32]: a renormalizable theory of quantum gravity has not been
proposed yet and the SM cannot account for gravitational phenomena. The known theory of
quantum gravity is only an effective field theory and no description is known which provides
a full unification of all four known forces. The hope is that string theory could provide such
candidate theory, but its link to phenomenology and to the SM is still under investigation.

• Matter Anti-Matter asymmetry [33]: astronomical observations highlight that there is
far more matter than anti-matter in the observable Universe. This is something that the SM
cannot explain because the theory does not distinguish between matter and anti-matter and
it is perfectly symmetric under their interchange.

• Strong CP problem [34]: when we introduced the SM, we only mentioned continuous sym-
metries. Nonetheless, there are other three discrete symmetries C (charge conjugation), P
(parity) and T (time-reversal), which are all broken in the SM.2 In particular, weak inter-
actions break both P and CP (or T ) by an order-one amount, parametrized by a phase in
the Cabibbo–Kobayashi–Maskawa (CKM) matrix.. Also strong interactions could in principle
break CP . However, from the current measured upper bound to the neutron electric dipole
moment (dn < 0.0± 1.1× 10−26e · cm), it turns out that this breaking, if it is there, is unex-
pectedly small. To explain such a small parameter, theorists have considered axion models,
where such parameter is promoted to a dynamical field. Axion physics is another interesting
and active branch of BSM research.

• Dark matter [35]: astrophysics observations have made clear that an important part of
Universe (∼ 26%) is made up by a kind of matter which is different from the ordinary one
and does not emit electromagnetic radiation. The existence of this so called dark matter is
necessary, for instance, to explain the rotation speed of stars around the center of the galaxy.
The SM particle content does not include any particle that could act as such dark matter
candidate.

All these unanswered questions are signals that the SM does not provide a complete description of
Nature. A possible solution is to think that the theory could be consistently extended to account
for phenomena it cannot explain in its present formulation. Such extensions include new particles
and phenomena that are generically referred to as New Physics (NP).

Signals of NP have been searched for in experiments for decades. Currently, our best chance to
observe them is at colliders. In particular, the Large Hadron Collider (LHC) reaches the highest
energies ever achieved in a laboratory. This is promising for NP searches, since particles not yet
observed might exist at energies beyond our current reach.

2Notice that the CPT theorem implies that the combination of all these three symmetries is always an exact
symmetry.
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1.4 The SMEFT as a tool for NP search

In this last part of the Introduction, we describe how the EFT framework can be used to extend the
Standard Model (SM), giving rise to the so-called Standard Model Effective Field Theory (SMEFT),
and employed as a tool for searching New Physics (NP). Moreover, we highlight why this framework
is promising in the context of the Large Hadron Collider (LHC). Finally, we introduce the channel
that will be the focus of the first part of this thesis: the Drell-Yan process.

1.4.1 SMEFT

The search for NP can be pursued through direct or indirect searches. As the terms suggest, direct
searches aim to directly observe in experiments new particles that could account for unexplained
phenomena. The most famous example is the discovery of the Higgs boson in 2012 at the LHC [26,
27], which confirmed the prediction of the Standard Model in explaining how particles get mass
after electroweak symmetry breaking. The strength of direct searches is their conclusive power
when successful, but their drawback is evident: if no new particle is observed, nothing can be said
about the existence of NP. Indirect searches, on the other hand, aims to detected signal of NP by
looking for small deviations from the SM expectations in measurable quantities. Given the current
experimental status, with no new discoveries since the Higgs boson, indirect searches appear, at
present, to be the most promising approach to look for NP.

Another distinction is typically made between model-dependent and model-independent searches.
The former focus on specific models, where new, well-defined particles with specified properties (such
as mass, spin, charge, couplings, . . . ), are introduced to address unexplained phenomena. Some ex-
amples of these models are: supersymmetry [36], which can solve the hierarchy problem and provide
candidates for dark matter, axion physics [37], to solve the strong CP problem and again giving a
candidate for dark matter, seesaw models [38] for neutrino masses, introducing right-handed neu-
trino to give mass to neutrinos and explain why they are so small, . . . . The latter, instead, aim
to capture the broadest possible underlying NP that could account for a given deviation from SM
predictions, without committing to any specific NP model. The most general approach to carry out
an indirect, model-independent analysis is to combine the concepts of EFT with the SM framework,
giving rise to what is known as the SMEFT [39, 40]. In the SMEFT framework, the SM is con-
sidered as the low energy manifestation of some more fundamental and still unknown UV theory.
Schematically, this is represented in Figure 1.2. Following the concepts outlined in the previous
Sections, the SM lagrangian can be extended by adding all the operators, made up by SM fields,
which respect the symmetries of the theory (namely Poincaré invariance and invariance under the
gauge group SU(3)C × SU(2)L × U(1)Y ), regardless of their mass dimensions. These operators
have mass dimensions equal or higher than 5 and must be accompanied by the appropriate inverse
power of an energy scale, conventionally denoted by Λ, which represents the scale at which the
EFT description is expected to break down. Operators with odd mass dimension, typically violate
baryon and/or lepton number (e.g. the Weinberg operator for neutrino masses, which is the only
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Figure 1.2: A schematic representation of the SMEFT. The SM appears as the low energy mani-
festation of a UV theory, and NP is present at energy higher than the LHC reach.

dimension 5 operator). For this reason, given that B and L violation are very tightly constrained
experimentally, many SMEFT analyses do not include them. Considering only even mass dimen-
sion operators, power counting implies that the leading contributions beyond the SM come from
dimension-6 operators, suppressed by 1/Λ2, followed by those of dimension 8, suppressed by 1/Λ4,
and so on. Therefore, at the energies currently accessible in experiments, the dimension-6 sector
is expected to dominate, except for specific observables in which the dimension-6 contributions are
accidentally suppressed, typically due to selection rules.

In Reference [41] a standard basis for dimension-6 operators, called the Warsaw basis, has been
defined and is typically used as a reference to classify different kind of operators. We report in Ta-
bles 1.3 and 1.4 the classes of operators and their definitions as listed in Ref. [41]. In total, there are
59 dimension-6 independent operators which do not violate the baryon number conservation in the
flavor-universal case. When the complete three-generation flavor structure is included, allowing for
generic flavor couplings, this number rises to 2499. When considering higher dimensions operators,
this number rises drastically. For example, dimension-8 operators are more than ten thousand.

The procedure to conduct a SMEFT analysis is well established. The first step is to select a
process that is sensitive to potential NP. This can occur when a SM measurement is so precise that
even small NP contributions could be detected. Then, the relevant SMEFT operators contributing
to the chosen process are added to the SM lagrangian. This is done considering both the hierarchy
among operators (with dimension-6 operators typically being more important than dimension-8 ones,
and so on) and by the characteristics of the measurement itself. For instance, cancellations may
enhance operators that are usually suppressed, or in certain regions of phase space such operators
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X3 φ6 and φ4D2 ψ2φ3

QG fABCGAνµ GBρν GCµρ Qφ (φ†φ)3 Qeφ (φ†φ)(l̄perφ)

Q
G̃

fABCG̃Aνµ GBρν GCµρ Qφ□ (φ†φ)□(φ†φ) Quφ (φ†φ)(q̄purφ̃)

QW εIJKW Iν
µ W Jρ

ν WKµ
ρ QφD (φ†Dµφ)⋆(φ†Dµφ) Qdφ (φ†φ)(q̄pdrφ)

Q
W̃

εIJKW̃ Iν
µ W Jρ

ν WKµ
ρ

X2φ2 ψ2Xφ ψ2φ2D

QφG φ†φGAµνG
Aµν QeW (l̄pσ

µνer)τ
IφW I

µν Q
(1)
φl (φ†i

↔
Dµ φ)(l̄pγ

µlr)

Q
φG̃

φ†φ G̃AµνG
Aµν QeB (l̄pσ

µνer)φBµν Q
(3)
φl (φ†i

↔
D
I

µ φ)(l̄pτ
Iγµlr)

QφW φ†φW I
µνW

Iµν QuG (q̄pσ
µνTAur)φ̃G

A
µν Qφe (φ†i

↔
Dµ φ)(ēpγ

µer)

Q
φW̃

φ†φW̃ I
µνW

Iµν QuW (q̄pσ
µνur)τ

I φ̃W I
µν Q

(1)
φq (φ†i

↔
Dµ φ)(q̄pγ

µqr)

QφB φ†φBµνBµν QuB (q̄pσ
µνur)φ̃Bµν Q

(3)
φq (φ†i

↔
D
I

µ φ)(q̄pτ
Iγµqr)

Q
φB̃

φ†φ B̃µνBµν QdG (q̄pσ
µνTAdr)φG

A
µν Qφu (φ†i

↔
Dµ φ)(ūpγ

µur)

QφWB φ†τ IφW I
µνB

µν QdW (q̄pσ
µνdr)τ

IφW I
µν Qφd (φ†i

↔
Dµ φ)(d̄pγ

µdr)

Q
φW̃B

φ†τ IφW̃ I
µνB

µν QdB (q̄pσ
µνdr)φBµν Qφq i(φ†↔Dµ φ)(ūpγ

µdr)

Table 1.3: Dimension-six operators other than the four-fermion ones.

can become particularly important. Once the operators are specified, the SMEFT predictions for the
observable of interest are calculated and compared with experimental data (when available under
the same assumptions) or with pseudo-data generated under the SM-only hypothesis. Typically,
these comparisons expoit statistical tools such as χ2 minimization and likelihood ratio test, to derive
Confidence Intervals on the Wilson coefficients of the included SMEFT operators. These regions
for the Wilson coefficients can then be mapped onto possible new physics scenarios, constraining
both the masses and the coupling of specific UV models. This final step is usually referred to as
the “bottom-up approach”.

In the following we explore in more details how SMEFT analyses are carried out at the LHC.

1.4.2 The SMEFT in the LHC high-pT precision program

As discussed previously, the LHC is the experiment which reaches the highest energies ever observed,
and therefore represents our best chance to discover NP. A natural question that arises is whether
it is possible to apply a SMEFT analysis in the LHC context and the answer is not straightforward.

The main point is that the LHC is a hadron collider, where protons collide with each other to
produce new particles. To appreciate the implications of this feature, it is useful to compare it
with a lepton collider. In the past, the Large Electron–Positron (LEP) collider was the experiment
exploited to study particle physics through electron–positron collisions. Each type of collider comes
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(LL)(LL) (RR)(RR) (LL)(RR)

Qll (l̄pγµlr)(l̄sγ
µlt) Qee (ēpγµer)(ēsγ

µet) Qle (l̄pγµlr)(ēsγ
µet)

Q
(1)
qq (q̄pγµqr)(q̄sγ

µqt) Quu (ūpγµur)(ūsγ
µut) Qlu (l̄pγµlr)(ūsγ

µut)

Q
(3)
qq (q̄pγµτ

Iqr)(q̄sγ
µτ Iqt) Qdd (d̄pγµdr)(d̄sγ

µdt) Qld (l̄pγµlr)(d̄sγ
µdt)

Q
(1)
lq (l̄pγµlr)(q̄sγ

µqt) Qeu (ēpγµer)(ūsγ
µut) Qqe (q̄pγµqr)(ēsγ

µet)

Q
(3)
lq (l̄pγµτ

I lr)(q̄sγ
µτ Iqt) Qed (ēpγµer)(d̄sγ

µdt) Q
(1)
qu (q̄pγµqr)(ūsγ

µut)

Q
(1)
ud (ūpγµur)(d̄sγ

µdt) Q
(8)
qu (q̄pγµT

Aqr)(ūsγ
µTAut)

Q
(8)
ud (ūpγµT

Aur)(d̄sγ
µTAdt) Q

(1)
qd (q̄pγµqr)(d̄sγ

µdt)

Q
(8)
qd (q̄pγµT

Aqr)(d̄sγ
µTAdt)

(LR)(RL) and (LR)(LR) B-violating

Qledq (l̄jper)(d̄sq
j
t ) Qduq εαβγεjk [(d

α
p )
TCuβr ][(q

j
s)TClkt ]

Q
(1)
quqd (q̄jpur)εjk(q̄

k
sdt) Qqqu εαβγεjk [(q

αj
p )TCqβkr ][(uγs )TCet]

Q
(8)
quqd (q̄jpTAur)εjk(q̄

k
sT

Adt) Qqqq εαβγεjnεkm [(qαjp )TCqβkr ][(qγms )TClnt ]

Q
(1)
lequ (l̄jper)εjk(q̄

k
sut) Qduu εαβγ [(dαp )

TCuβr ][(u
γ
s )TCet]

Q
(3)
lequ (l̄jpσµνer)εjk(q̄

k
sσ

µνut)

Table 1.4: Four-fermion operators.

with its own advantages and disadvantages. The main strength of a hadron collider like the LHC
is its ability to reach much higher energies. On the other hand, a lepton collider such as LEP
enables far more precise measurements, given the cleaner nature of lepton collisions compared to
hadron ones. Below we provide a schematic comparison between LEP and the LHC, highlighting
the aspects just discussed:

on Z pole off Z pole

LEP LHC LEP LHC

Energy 100GeV 1TeV 100GeV 1TeV

Accuracy ∼‰ ∼ 10% ∼ 1% ∼ 10%

In the previous Section, we highlighted how, in the SMEFT context, the contributions from
higher dimensional operators, which represent NP, manifest as small deviations from SM expecta-
tions. For this reason, high precision is essential to distinguish genuine NP signals from fluctuations
due to uncertainties. At first sight, this makes LEP appear as a more suitable environment for a
SMEFT analysis, thanks to its superior precision. Nonetheless, this consideration does not hold for
any class of SMEFT operators. For example, dimension-6 operators can contribute to the 2 in 2
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amplitude with different scalings, namely:

v2

Λ2
,

v
√
s

Λ2
,

s

Λ2
, (1.29)

where v denotes the vacuum expectation value (VEV) and
√
s the center of mass (c.o.m.) energy of

the process. The contributions proportional to v arise from operators containing Higgs fields which,
after electroweak symmetry breaking, are replaced by the VEV. In contrast, the energy-growing
contributions proportional to s originate from operators containing derivatives, which translate into
factors of the external momenta in the scattering amplitude.

In general, SMEFT operators can contribute through appropriate combinations of v2 and s.
If we target operators whose contributions grows with energy, such as the dimension-6 ones that
contribute with s/Λ2 to the amplitude, their effect becomes significantly enhanced at the LHC
compared to LEP, thanks to the higher energy reached by the hadron collider. Approximately, the
enhancement factor is given by:

E2
LHC

E2
LEP

∼ 100, (1.30)

which is large enough to compensate for the reduced precision at the LHC.
To summarize, SMEFT operators can be broadly divided into two categories: those whose

contributions to observables depend only on the Higgs VEV, and those whose contributions scales
with the energy of the process. A lepton collider, such as LEP, is ideal to probe the former class,
thanks to the intrinsic high precision it achieves. On the other hand, a hadron collider, such as the
LHC, is optimal to study the latter class, whose effects are strongly enhanced by the higher energy
reached. This observation motivated the development of a dedicated branch of study, referred to as
the “LHC high-pT precision program” [42, 43].

1.5 A benchmark channel: the Drell-Yan process

Insights into New Physics (NP) can be pursued through different channels, motivated by different
reasons. Within the LHC high-pT precision program, some remarkable examples are: di-jets [44–47],
di-bosons [48–55], di-quarks [45], and di-tops [56–59], and even four-tops [60]. Among these, the
production of a lepton and an anti-lepton in the final state, referred to as Drell-Yan (DY) process,
stands out for its simplicity. The final state can be either electrically neutral or charged, namely:

Neutral DY: pp −→ ℓ+ℓ− +X, (1.31)

Positively charged DY: pp −→ ℓ+νℓ −+X, (1.32)

Negatively charged DY: pp −→ ℓ−νℓ −+X, (1.33)

where ℓ denotes a generic lepton (ℓ = e, µ, τ), νℓ the corresponding neutrino and X the additional
particles produced by the process which are not the targeted leptons.

The DY process, both in its neutral and charged channels, is arguably the easiest channel to
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1.φ4D2 2.ψ2φ3

Qφ□ (φ†φ)□(φ†φ) Qeφ (φ†φ)(ℓ̄perφ)
QφD (φ†Dµφ)∗(φ†Dµφ) Quφ (φ†φ)(q̄purφ̃)

Qdφ (φ†φ)(q̄pdrφ)

3.ψ2Xφ 4.ψ2φ2D

QeW (ℓ̄pσ
µνer)τ

IφW I
µν Q

(1)
φl (φ†i

↔
Dµ φ)(ℓ̄pγ

µℓr)

QeB (ℓ̄pσ
µνer)φBµν Q

(3)
φl (φ†i

↔
D
I

µ φ)(ℓ̄pτ
Iγµℓr)

QuW (q̄pσ
µνur) τ

I φ̃W I
µν Qφe (φ†i

↔
Dµ φ)(ēpγ

µer)

QuB (q̄pσ
µνur) φ̃ Bµν Q

(1)
φq (φ†i

↔
Dµ φ)(q̄pγ

µqr)

QdW (q̄pσ
µνdr) τ

IφW I
µν Q

(3)
φq (φ†i

↔
D
I

µ φ)(q̄pτ
Iγµqr)

QdB (q̄pσ
µνdr)φBµν Qφu (φ†i

↔
Dµ φ)(ūpγ

µur)

Qφd (φ†i
↔
Dµ φ)(d̄pγ

µdr)
Qφud i(φ̃†Dµφ)(ūpγ

µdr)

5. (L̄L)(L̄L) 6. (R̄R)(R̄R)

Q
(1)
lq (ℓ̄pγµℓr)(q̄sγ

µqt) Qeu (ēpγµer)(ūsγ
µut)

Q
(3)
lq (ℓ̄pγµτ

Iℓr)(q̄sγ
µτ Iqt) Qed (ēpγµer)(d̄sγ

µdt)

7. (L̄L)(R̄R) 8. (L̄R)(R̄L) and (L̄R)(L̄R)

Qlu (ℓ̄pγµℓr)(ūsγ
µut) Qledq (ℓ̄jper)(d̄sq

j
t )

Qld (ℓ̄pγµℓr)(d̄sγ
µdt) Q

(1)
lequ (ℓ̄jper)ϵjk(q̄

k
sut)

Qqe (q̄pγµqr)(ēsγ
µet) Q

(3)
lequ (ℓ̄jpσµνer)ϵjk(q̄

k
sσ

µνut)

Table 1.5: Dimension-6 operators contributing to the Drell-Yan process in the Warsaw basis. The
notation is the same as in Ref. [41]. The operators are grouped according to their field content and
the first column indicates the operator’s name.

study at the LHC, from both a theoretical and experimental point of view. On the theoretical
side, the simple structure of the interaction has allowed calculations at high perturbative orders,
while, experimentally, charged leptons are easy to detect, they are not strongly affected by QCD
backgrounds, and the cross-section is large enough to collect significant statistics. As a result, the
DY process has been widely explored at the LHC. Measurements are available in different binning
schemes, both single and multi differential, and at various center of mass (c.o.m.) energies, ranking
among the most precise performed.

For all the reasons listed above, the DY process represent an important channel to search for
NP using the SMEFT tools introduced in the previous Sections. During the first part of this thesis,
we will focus on the leading contributions from the SMEFT, namely the dimension-6 operators,
relevant to the DY.

To provide a complete overview, we report in Table 1.5 all the dimension-6 operators contributing
to this process, written in the Warsaw basis notation. Below, we detail their behaviour focusing
on two main features. The first is whether they contribute at the linear or at the quadratic level
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(i.e. whether they interfere with the SM amplitude or not), the second is their behavior with respect
to the energy of the process, i.e. whether they lead to amplitudes that grow with energy or not.

• 1.φ4D2

The operators in this class modify the Higgs and gauge boson propagators on-shell, generating
corrections to their kinetic terms suppressed by v2/Λ2. The Drell-Yan amplitude involving
these operators are proportional to v2/Λ2, leading to an interference with the SM amplitude
proportional to v2/Λ2, and to a contribution to the amplitude squared proportional to v4/Λ4.
These contributions do not grow with energy, and are therefore better constrained in very
precise experiments at the threshold for on-shell production of SM bosons (such as LEP or
future lepton colliders).

• 2.ψ2φ3

These operators are v2/Λ2 corrections to the Yukawa couplings of the SM. Obviously, their
flavor structure may determine stronger or weaker bounds from flavor physics. However,
their contribution to the DY amplitude is generally suppressed by the fermion mass and the
additional factor v2/Λ2. For the light fermions, which give the largest contribution to the DY
process, the contribution of such operators is therefore negligible.

• 3.ψ2Xφ

This class of operators contain dipole interactions between fermions and gauge bosons. Some
combinations of these operators, such as those leading to electron dipole moments, are very
strongly constrained by low-energy experiments. However, other combinations can be effec-
tively constrained from DY measurements. Indeed, the contribution of these chirality-breaking
operators to the DY amplitude is proportional to v

√
s/Λ2. Due to the chirality structure of

the fermionic tensor, the DY amplitude generated by these operators does not interfere with
the SM amplitude. Therefore, their contribution to the amplitude squared scales as v2s/Λ4,
growing linearly with s.

• 4.ψ2φ2D

These operators have the form of product of a fermion and a Higgs current. They lead to
a v2/Λ2 corrections to the interactions of fermions with gauge bosons and the Higgs. Their
contribution to the DY amplitude does interfere with the SM ones, but does not grow with
energy, generating terms proportional to v2/Λ2 and v4/Λ4 in the amplitude squared. As for
the operators of class 1, these contributions are better constrained in precise experiments at
the threshold for on-shell production of SM bosons.

• 5. (L̄L)(L̄L), 6. (R̄R)(R̄R), 7. (L̄L)(R̄R) The seven operators in these classes correspond to
the product of two fermion currents. They are the only operators that lead to contributions
to the DY amplitude that are proportional to s/Λ2, and, at the same time, interfere with the
SM amplitudes. Therefore, they generate contributions to the squared amplitude proportional
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to s/Λ2 and s2/Λ4. These operators have been extensively studied in the context of the DY
process at the LHC [1, 43, 61, 62].

• 8. (L̄R)(R̄L) and (L̄R)(L̄R)

The last class of operators contains chirality-breaking interactions of two scalar or two ten-
sor fermion bilinears. We will refer to them as “scalar” and “tensor” four-fermion opera-
tors, respectively. Their contribution to the DY amplitude has the same energy behavior of
the current-current four-fermion operators.3 However, due to the chirality structure of the
fermionic tensors, they do not interfere with the SM amplitude, leading to contributions to
the squared amplitude that are proportional to s2/Λ4.

The first part of this thesis is devoted to the study of the Drell-Yan process within SMEFT
framework, with the aim of understanding its implications for LHC phenomenology. In particular,
in Chapter 2, we focus on the operators that can be effectively probed at the LHC (i.e. those whose
effects grow with energy) and provide the larger contribution (i.e. those who interfere with the SM).
Only one class satisfies both criteria: the 4-fermions operators described in classes 5-7. In Chapter 3,
we turn to an observable in which the contribution of these operators vanishes, allowing us to study
the remaining ones whose effects grow with energy, namely those in point 3 and 8.

3The growth with energy of the four-fermion interactions is entirely determined by the spinor polarization of the
external fermions, which carry a power of

√
E, and not by the Lorentz structure of the operator, so that scalar,

vector, and tensor four-fermion operators all lead to amplitudes that grow with the square of the energy s.



Chapter 2

Current–Current SMEFT operators
contributions to the Drell–Yan cross
section

In this Chapter, we study the Drell-Yan (DY) process within the Standard Model Effective Field
Theory (SMEFT) framework, considering the dimension-6 two-quarks-two-leptons four-fermion op-
erators as written in the Warsaw basis [41], listed in Table 2.1. The notation we adopt is slightly
different: we denote by l the left-handed lepton doublet and by q the left-handed quark doublet.
When turning to right-handed particles, we indicate with e the generic lepton and with u and d the
generic up-family quark and down-family quark, respectively. Chirality is explicitly specified as L
and R for for left- and right-handed states. As specified in the previous Chapter, those operators
are the only class providing growing-with-energy effects and interfering with the Standard Model
(SM) in the DY process [62].

Dimension-6 current-current operators
O

(3)
lq = (lLσIγ

µlL)(qLσIγµqL)

O
(1)
lq = (lLγ

µlL)(qLγµqL)

Oqe = (qLγ
µqL)(eRγµeR)

Olu = (lLγ
µlL)(uRγµuR)

Old = (lLγ
µlL)(dRγµdR)

Oeu = (eRγ
µeR)(uRγµuR)

Oed = (eRγ
µeR)(dRγµdR)

Table 2.1: The seven dimension-6 contact operators contributing to Drell-Yan processes written
in the notation of ref. [41].

In our analysis we consider both the neutral DY, with a di-lepton final state, and the charged
DY, with a lepton and a neutrino final state, resulting experimentally in a single lepton plus missing
energy final state. Our aim is to generalize previous constraints on the Wilson coefficients of SMEFT



23

operators looking at the cross section, including at the same time all the relevant operators [62]
and all the relevant uncertainties [61]. Moreover, we investigate the impact of different binning
specifications and single vs multi-differential measurements to assess the best strategy of presenting
measurements to maximize the sensitivity to SMEFT operators. We exploit both a multi-differential
cross-section, triple differential for the neutral channel, and double differential for the charged one,
and the single differential cross-section, in the di-lepton invariant mass mℓℓ (neutral channel) and
lepton transverse momentum pT (charged channel).

At the time of this reaserch, no new experimental measurements of differential DY at high energy
have been appeared since the analysis of Ref. [62]. Therefore, we rely, in our analysis, on simulated
data, allowing us to explore the impact of different binning strategies. We compare the sensitivity of
analyses based on the fully-differential cross-section, on the single differential cross-section obtained
by integrating the fully-differential one over the angular variables, and the “enhanced” single differ-
ential cross-section obtained with a finer binning in the dimensionful kinematic variables, that are
the invariant mass of the two leptons mℓℓ, in the neutral DY, and the lepton transverse momentum,
pT in the charged DY.

We find that, for parameters that are particularly sensitive to the shape of the distribution in
the dimensionful kinematic variables, the single differential cross-section in which the full statistics
is used to optimize the binning compatibly with the statistical uncertainty, can be as sensitive as the
fully differential one. This suggests that, in forthcoming experimental analyses, it would be optimal
to have available both fully-differential and single differential (with optimized binning) cross-section
information.

The Chapter is organized as follows. in Section 2.1, we describe how we obtained the simulated
values for the cross section and the parametrization used to perform the analysis. In Section 2.2 we
list all the relevant sources of uncertainty and detail how each was treated to obtain the bounds.
In Section 2.3 we provide the technical details about the statistical procedure adopted to extract
the bounds. In Section 2.4 we report the results obtained in the various configurations. Finally, in
Section 2.5 we summarize the conclusions of the analysis.

2.1 Cross-sections parametrization

The SM+EFT cross-section is obtained using the reweighting strategy outlined in Ref. [61]. This is
based on the fact that in DY the new physics contributions factorize not only with respect to the
tree-level cross-section, but also with respect to QCD radiative corrections. Such factorization holds
separately for each chirality channel, and allows one to generate events for the full SM+EFT process,
for any value of the Wilson coefficients, and at NLO QCD accuracy, by just reweighting events for
the SM process at NLO QCD accuracy. The reweighting coefficients depend on the chirality of the
quarks and leptons and on kinematic quantities such as the partonic center-of-mass energy squared
s. The parton shower at NLO QCD accuracy is not modified by the EFT operators, therefore there
is no need to account for their contribution. The SM cross-section and the parton shower at NLO
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QCD accuracy have been obtained using respectively Powheg [63, 64] and pythia 8 [65]. To obtain
results whose precision matches the experimental measurements, also the NNLO QCD corrections
have to be taken into account for the Standard Model contributions (using FEWZ [66]). These
contributions are completely negligible for the new physics. Finally, the reweighting coefficients can
be modified in order to include also the EW next-to-Leading-Log (NLL) corrections, which become
important in the high energy regime we are interested in [61].

We write the cross section in each bin, for both the neutral and the charged channel, exploiting
the so-called Cholesky decomposition. This mathematical tool is useful because it guarantees the
positivity of the cross section for any value of the Wilson coefficient and it applies here since
the cross section can be expressed as a quadratic polynomial in the Wilson coefficients. This
method leads to weights parameterizing the SM contribution, the interference between SM and
EFT operators, and the quadratic EFT contributions. In particular, we obtain a total of 36 weights
for the neutral channel (1 for the SM, 7 for the interference, and 28 for quadratic terms) and 3

weights (1 SM, 1 interference, and 1 quadratic) for the charged one (see Appendix 2.A for details).
All relevant uncertainties have been taken into account following the prescription of Ref. [61] and
are parametrized as fluctuations of these weights, which we refer to as Cholesky coefficients.

2.2 Uncertainties

Uncertainties represent a crucial aspect of this analysis, as they must be accounted for to ensure a fair
comparison with precise experimental data and to obtain reliable constraints. They are included in
our framework using nuisance parameters as in Ref. [61].1 We assume that the nuisance parameters
deriving from theoretical uncertainties modify the Cholesky coefficients (in each bin), while the ones
linked to the experimental uncertainties have a direct impact on the number of expected events in
each bin. We discuss the implementation of both classes of uncertainties in the following.

We indicate with ci,I the i-th Cholesky coefficient in the I-th bin, calculated using the Standard
Model Central values of αS, Parton Density Functions (PDFs), and factorization and renormalization
scale (µF and µR)2. The SM Central Values input are specified below. On the other hand, we
denote with ci,I the corresponding Cholesky coefficient as function of the nuisance parameters. For
simplicity, we do not explicitly distinguish between the neutral and charged channels; however, it
should be understood that all quantities differ between channels.

• Theory uncertainties

– Monte Carlo statistic
The uncertainty deriving from Monte Carlo statistics is negligible if the simulations
provide accurate enough predictions for the SM terms, well below 1%. This is guaranteed
by the fact that the new physics contributions are accounted for using reweighting, so

1Details on our treatment of nuisance parameters are given in Appendix 2.B.
2Notice that, from the cross-section definition in eq. (2.9) and (2.12), this convention implies that c0 = 1 for every

bin



25

that their accuracy aligns with that of the SM terms. Within this analysis, we simulated
a number of events high enough to ensure that in each bin this requirement is satisfied.

– Strong coupling constant
The uncertainty associated to the value of αS is accounted for through a single nuisance
parameter θαS , which is the same across all channels and bins. The effect of θαS is
estimated using Powheg SM DY [63] Monte Carlo samples reweighted for upper (αu

S =

0.1195), lower (αl
S = 0.1165), and central value (αS = 0.1180) of αS at the scale of the

Z mass. Since this uncertainty is not the leading one in the SM, we can ignore its effect
on the new physics Cholesky coefficients and only retain the SM part, parameterized by
the coefficient c0:

c0,I(θ
αS) = c0,Ie

k
αS
I θαS = ek

αS
I θαS ,

kαS
I =max

(
| cu0,I − c0,I |, | cl0,I − c0,I |

)
.

(2.1)

with cl0,I = c0,I(α
l
S) and cu0,I = c0,I(α

u
S).

– Missing higher orders (QCD and EW)
The uncertainty deriving from the truncation of the perturbative QCD series are ac-
counted for by the introduction of a nuisance parameter θTU

I for each bin. We consider
different values of the factorization and renormalization scales, µF and µR, respectively:
their central values are set to µR = µF =

√
ŝ and we let them vary independently by

multiplicative factors 2±1, 2±
1
2 , and 1, with the latter value corresponding to the central

value. This gives a grid with 25 values.

Again, the missing higher order uncertainty is not leading in the SM. In particular, while
the contribution deriving from the truncation of the NLO EW perturbative series could
be completely neglected, the one linked to the truncation of the QCD NNLO perturbative
series is relevant only for the c0 SM coefficient. Such contribution is parameterized as:

c0,I(θ
TU
I ) = c0,Ie

kθ
TU

I θTU
I = ek

θTU
I θTU

I ,

kθ
TU

I =max

(
| cmax

0,I − c0,I |
10

,
| cmin

0,I − c0,I |
10

)
,

(2.2)

where cmax
0,I and cmin

0,I are the maximum and minimum value of c0,I within the 25 different
replicas specified above. The factor 1/10 is due to the fact that the missing higher orders
uncertainty on the Cholesky coefficients is obtained from a NLO QCD simulation, while
it is known that the NNLO contribution is a factor ∼ 10 smaller (see Refs. [61, 66]).

– Parton Distribution Functions
PDF uncertainty is the most important theoretical uncertainty in the SM DY process
[67–69]. Therefore, we account for it in the Cholesky coefficients of both the SM and
the new physics contributions. The PDF uncertainties are parametrized by a vector
of nuisance parameter θPDF

i , corresponding to the eigenvalues of the PDFs within the
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Hessian representation, for each bin. As before, we use Powheg to get the weights
of the different Hessian components in the SM calculation. In our case it is enough to
consider the 30 components in the PDF set PDF4LHC15_nlo_30_pdfas (code 90400
in the LHAPDF database [70]). The advantage of the Hessian set is that it automatically
provides a definition of the relevant nuisance parameters that can be used across different
processes, simplifying the combination of different channels. The parametrization of the
Cholesky coefficients as function of the PDFs nuisance parameters is:

ck,I(θ
PDF
i ) = ck,I exp

 30∑
i=1

c
(i)
k,I − ck,I

ck,I
θPDF
i

 ,
for k = 0, 1, ..., 35 (Neutral channel),

for k = 0, 1, 2 (Charged channels).

(2.3)

• Experimental uncertainties
Uncertainties associated to the experimental setup could only be accounted for within an
analysis or with available information from the experiments. Despite our code gives us full
flexibility in accounting for experimental systematic uncertainties with full correlation infor-
mation, possibly different in the electron and muon channels, in this work we considered a
relatively simple pattern of uncertainties, consistent with past analyses. We assume a 2%

uncorrelated uncertainty, parametrized by a single nuisance parameters θL, across all bins and
channels, from the determination of the integrated luminosity. For all the other experimen-
tal systematic uncertainties, we consider 2% and 5% uncertainties in each bin, uncorrelated
among bins, for the neutral and charged channels, respectively. These are parametrized by a
set of nuisance parameters θexp

I for each bin and each channel.

We assume that the experimental uncertainties do not affect directly the Cholesky coeffi-
cients, and only modify the number of expected events in each bin, referred to as µI , from its
theoretical prediction µth

I as follows:

µI = µth
I exp

(∑
J

[√
Σexp

]J
I
θexp
J + 0.02θL

)
. (2.4)

Here Σexp is the covariance matrix of the experimental systematic uncertainties in the space
of bins, that we take proportional to the identity matrix, and µth

I = L · σth
I , where L is the

integrated luminosity, and σth
I is the cross-section in each bin including all sources of theoret-

ical uncertainties specified before.
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2.3 The likelihood

The constraints on the Wilson coefficients are obtained using the profiled likelihood ratio test. In
general, the test-statistic, referred to as tψ, for this tested is defined as:

tψ=−2
(
supθ logL (ψ,θ)−sup(ψ,θ) logL (ψ,θ)

)
. (2.5)

Here L is the likelihood as function of the parameters, ψ is the vector of parameters of interest,
that in our case are the seven Wilson coefficients corresponding to the EFT operators in Table 2.1,
and θ is the vector of nuisance parameters.

The Wilks’ theorem ensures that tψ follows asymptotically a χ2 distribution with a number of
degrees of freedom equal to the number of parameters of interest [71]. Assuming we are in the
asymptotic regime, we can construct confidence level boundaries on the Wilson coefficients.

In our analysis, bin by bin, the likelihood is a Poisson distribution of the number of observed
events nI with mean µI , multiplied by the likelihood that constrains each nuisance parameter (with
auxiliary data). This, can be parametrized as a standard Normal distribution, since the relevant
scales have already been taken into account in defining the dependence of the Cholesky coefficients
on the nuisance parameters. The combined likelihood is then simply written as:

Lcomb(G,θ) = Ln(G,θn)× Lc,+(G,θc)× Lc,−(G,θc)× Laux(θ) , (2.6)

where G is a vector containing the Wilson coefficients, that are our parameter of interest, θ is
a vector containing all the nuisance parameters while θn/c is a vector containing the nuisance
parameters only relevant for the neutral/charged channel. The explicit definition of each term is
given in Appendix 2.C.

2.4 Projections and results

In this Section, we present the results obtained in our analysis.
We report the 95% confidence level (CL) projected bounds, at the LHC at 13 TeV, on each of

the Wilson coefficients of the operators in Table 2.1. We assume that the SM central value for the
number of observed events in each bin is given by nI = L·σI , where L is the luminosity and σI is the
cross-section in each bin calculated assuming the central values for αS, PDFs, and factorization and
renormalization scale, and setting to zero all the experimental uncertainties and the EFT effects.

We consider the benchmark luminosity values of 100, 300, and 3000 fb−1 as in Ref. [61]. These
correspond, respectively, to the luminosity available at the time of the analysis, at the end of the
LHC run, and at the end of the High-Luminosity LHC (HL-LHC) run.

As outlined in the previous Sections, we consider different binning schemes, looking both at
multi- and single-differential distributions. The binning specification for the multi-differential anal-
ysis is analogous to the one of Ref. [62]. In particular, given the dilepton invariant mass mℓℓ, the
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scattering angle c∗ = cos θ∗, and the absolute value of the ratio between the dilepton rapidity and
its maximum value |y/ymax|, the binning scheme for the neutral channel is given by

mℓℓ : {300, 360, 450, 600, 800, 1100,
1500, 2000, 2600, 13000}GeV ,

c∗ : {−1,−0.6,−0.2, 0.2, 0.6, 1} ,∣∣∣∣ y

ymax

∣∣∣∣ : {0, 1/3, 2/3, 1} .

(2.7)

Analogously, for the charged channel, given the lepton transverse momentum pT and the absolute
value of the ratio between the lepton pseudo-rapidity and its maximum value |η/ηmax|, the binning
is given by 

pT : {150, 180, 275, 300, 400, 550,
750, 1000, 1300, 7500}GeV ,∣∣∣∣ η

ηmax

∣∣∣∣ : {0, 1/3, 2/3, 1} .
(2.8)

Turning to the single differential analysis, we considered two different scenarios. In the first one,
the single differential cross-sections are obtained integrating the fully differential ones over angular
and rapidity variables (neutral channel) and over pseudo-rapidity variable (charged channel) keeping
the aforementioned binning for the dimensionful kinematic variables. In the second one, the large
number of expected events is exploited to consider a finer binning in the mℓℓ/pT (neutral/charged)
variables. Such binning is determined by requiring, in each bin, the minimum number of events
that keeps the statistical uncertainty of our Monte Carlo simulations negligible (below 0.2%). This
procedure results in 113 bins in mℓℓ for the neutral channel and 26 bins in pT for the charged one
(the full binning specification is reported in Appendix 2.D).

The constraints we obtained in the multi-differential analysis and in the single differential one
after the integration over the rapidity and the angular variables are compatible with the results
reported in Ref. [62]. Our bounds are slightly more conservative because we also included the
uncertainties deriving from the value of the strong coupling constant αS, and the truncation of
the perturbative series. Furthermore, we considered a 2% experimental uncertainty in the neutral
channel and a 5% in the charged one, while in Ref. [62] a 2% uncertainty was considered for both
channels. The single differential analysis with a finer binning was not considered in previous works.

Table 2.2 reports the 1-dimensional 95% CL projected bounds on the Wilson coefficients in the
three scenarios discussed above: considering a fully-differential cross-section, a single differential
cross-section obtained integrating the fully-differential one over angular and rapidity variables, and a
single differential cross-section with a finer binning. The three aforementioned integrated luminosity
values are considered. The numerical values in the table are obtained considering only one Wilson
coefficient at a time, with all the others set to zero, building the test-statistic tψ as function of a
single parameter, and assuming it is asymptotically distributed as a χ2 with one degree of freedom.
The same results are also shown in Figure 2.1, which highlights the differences between the three
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95% CL
[10−9GeV−2]

L = 100 fb−1 L = 300 fb−1 L = 3000 fb−1

Fully-Dif Single integrated Single fine bins Fully-Dif Single integrated Single fine bins Fully-Dif Single integrated Single fine bins
G

(3)
lq [−2.04, 2.10] [−2.23, 2.31] [−2.07, 2.14] [−1.43, 1.47] [−1.65, 1.71] [−1.50, 1.56] [−0.73, 0.75] [−1.02, 1.08] [−0.91, 0.96]

G
(1)
lq [−8.50, 14.7] [−9.48, 20.2] [−8.85, 18.0] [−5.75, 9.01] [−6.72, 15.5] [−6.07, 12.1] [−2.66, 3.36] [−3.68, 9.22] [−3.04, 4.54]

Gqe [−8.72, 15.2] [−11.1, 18.0] [−10.4, 16.8] [−5.98, 10.8] [−8.10, 13.9] [−7.38, 12.5] [−2.88, 5.26] [−4.68, 9.10] [−3.95, 7.19]
Glu [−8.21, 13.5] [−11.3, 21.1] [−10.5, 18.5] [−5.40, 8.02] [−8.03, 16.0] [−7.22, 12.7] [−2.41, 3.03] [−4.43, 10.0] [−3.65, 5.93]
Gld [−27.1, 18.1] [−30.5, 21.6] [−29.3, 20.5] [−20.3, 12.8] [−23.6, 16.1] [−22.3, 14.9] [−11.7, 6.70] [−15.2, 9.72] [−13.6, 8.41]
Geu [−6.29, 7.37] [−6.91, 8.54] [−6.27, 7.42] [−4.16, 4.64] [−4.77, 5.57] [−4.16, 4.68] [−1.88, 1.99] [−2.52, 2.75] [−2.00, 2.11]
Ged [−27.7, 15.5] [−29.9, 16.7] [−27.1, 15.4] [−20.5, 10.9] [−23.2, 12.2] [−19.8, 10.9] [−11.4, 5.56] [−15.4, 7.09] [−11.1, 5.84]

Table 2.2: One dimensional single parameter 95% confidence intervals for the seven EFT Wil-
son coefficients in units of 10−9 GeV−2, for integrated luminosity values of 100 fb−1, 300 fb−1 and
3000 fb−1. The results are obtained considering a fully-differential cross-section, a single differential
cross-section obtained from the fully-differential one integrating over angular and rapidity variables
and a single differential cross-section with a fine binning.

Figure 2.1: Comparison between the one dimensional single parameter (switch on one coefficient
at a time and set the other six to 0) 95% confidence intervals for the seven EFT Wilson coefficients.
These results are obtained considering a multi-differential cross-section (green), a single differential
cross-section obtained from the multi-differential one integrating over angular and rapidity variables
(red) and a single differential cross-section with a fine binning (blue). Collider energy is set to 13
TeV and integrated luminosity of 100 fb−1, 300 fb−1 and 3000 fb−1 are considered.

binning strategies.
From the figures and the table we can draw some important conclusions.

• As expected, the fully-differential analysis always provides the tightest constraints on the
Wilson coefficients.

• The single-differential analysis with fine bins often reaches the same level of sensitivity as
the fully-differential one. This is particularly true for the Wilson coefficients G(3)

lq , Geu, and
Ged, which are therefore much less sensitive to angular distributions. The sensitivity is still
weaker than the fully-differential analysis for the other Wilson coefficients, but the difference is,
especially in the negative end of the bound, generally less than 10%, which can be considered
within the precision of our determination, based on asymptotic formulae for the likelihood-
ratio test-statistic distribution.
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95% CL
[10−9GeV−2]

L = 100 fb−1 L = 300 fb−1 L = 3000 fb−1

Fully-Dif Single integrated Single fine bins Fully-Dif Single integrated Single fine bins Fully-Dif Single integrated Single fine bins
G

(3)
lq [−2.17, 2.17] [−2.35, 2.39] [−2.16, 2.18] [−1.53, 1.54] [−1.73, 1.77] [−1.57, 1.59] [−0.82, 0.82] [−1.05, 1.10] [−0.93, 0.98]

G
(1)
lq [−14.1, 17.2] [−15.7, 20.8] [−14.9, 19.5] [−10.5, 12.5] [−12.1, 16.3] [−11.2, 14.8] [−6.11, 6.78] [−7.77, 11.2] [−6.52, 9.22]

Gqe [−12.3, 15.6] [−16.9, 18.3] [−16.1, 17.1] [−9.01, 11.5] [−13.2, 14.2] [−12.2, 12.8] [−5.12, 6.50] [−8.77, 9.36] [−7.42, 7.52]
Glu [−10.9, 17.4] [−18.3, 22.1] [−17.4, 20.5] [−7.56, 12.4] [−14.1, 17.0] [−13.0, 15.2] [−3.84, 6.55] [−9.11, 11.2] [−7.59, 8.81]
Gld [−27.9, 24.6] [−32.7, 32.0] [−30.9, 30.8] [−20.9, 18.4] [−25.7, 25.5] [−23.6, 24.1] [−12.2, 10.7] [−17.4, 17.8] [−14.6, 15.8]
Geu [−10.4, 17.3] [−11.8, 19.2] [−11.3, 17.6] [−7.47, 12.9] [−8.85, 14.9] [−8.30, 13.1] [−4.05, 7.75] [−5.45, 9.88] [−4.74, 7.65]
Ged [−28.7, 25.7] [−30.2, 28.7] [−28.1, 27.7] [−21.7, 19.5] [−23.5, 22.9] [−21.1, 21.7] [−13.1, 11.5] [−15.6, 16.0] [−12.5, 14.3]

Table 2.3: One dimensional profiled (constraining one by one each coefficient while treating the
other six as nuisance parameters) 95% confidence intervals for the seven EFT Wilson coefficients
in units of 10−9 GeV−2, for integrated luminosity values of 100 fb−1, 300 fb−1 and 3000 fb−1. The
results are obtained considering a fully-differential cross-section, a single differential cross-section
obtained from the fully-differential one integrating over angular and rapidity variables and a single
differential cross-section with a fine binning.

• The single differential analysis obtained by integrating the fully-differential cross-section over
the angular and rapidity variables is generally less sensitive than the fully-differential one.
This is particularly true for the operators G(1)

lq , Gqe, Glu, and Gld, whose upper bounds reach
differences from the fully-differential analysis of more than a factor of two. This implies
that the bound on these parameters is particularly sensitive to the angular and rapidity
distributions.

Similar results, this time obtained marginalizing the likelihood over the other Wilson coefficients,
instead of setting them to zero, are reported in Table 2.3 and shown in Figure 2.2. The conclusions
are unchanged.

Finally, for completeness, we analyse also the 2-dimensional 95% confidence level intervals for
the twenty-one possible pairs of Wilson coefficients. We do it considering only the multi-differential
distribution, which has proven to be generally more powerful and we adopt the same specifications
described above. Additionally, we compare these results with those obtained when Taylor expanding
the likelihood to the second order in both the Wilson coefficients and the nuisance parameters.
Figure 2.3 and 2.4 show the comparison between the two approaches for two representative operator
pairs, G(3)

lq with Gqe and G(1)
lq with Geu.

In this thesis, we present for simplicity just these two examples for the 2-dimensional bounds,
although all possible operators pairs have been analysed. The results obtained are, as before, com-
parable with those of Ref. [62], even if we included more sources of uncertainty. It is straightforward
to observe that the linear approximation, while capturing the dominant NP contribution, fails to
account for correlations among different operators (see Fig 2.4) and is therefore not reliable. The
same conclusions hold even when switching to the operators basis proposed again in [62], where the
impact of angular dependencies are less relevant. In figure 2.5 and 2.6 we report, as before, two
significant examples to make this manifest.
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Figure 2.2: Comparison between the one dimensional profiled 95% confidence intervals for the
seven EFT Wilson coefficients. These results are obtained considering a multi-differential cross-
section (green), a single differential cross-section obtained from the multi-differential one integrating
over angular and rapidity variables (red) and a single differential cross-section with a fine binning
(blue). Collider energy is set to 13 TeV and integrated luminosity of 100 fb−1, 300 fb−1 and 3000 fb−1

are considered.

Figure 2.3: 95% confidence level interval for the G(3)
lq , Gqe pair of Wilson coefficient setting the

others to zero. Collider energy is set to 13 TeV and integrated luminosity of 100 fb−1, 300 fb−1 and
3000 fb−1 are considered. Left: the bound is obtained using the exact formulas described within
the Chapter. Right: the bound is obtained Taylor expanding the likelihood at the second order in
both the Wilson coefficients and nuisance parameters.

2.5 Conclusions

In this Chapter, we reported the work where we generalized previous analysis on the determination
of the bounds on the Wilson coefficients of the EFT operators entering in the DY processes at the
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Figure 2.4: 95% confidence level interval for the G(1)
lq , Geu pair of Wilson coefficient setting the

others to zero. Collider energy is set to 13 TeV and integrated luminosity of 100 fb−1, 300 fb−1 and
3000 fb−1 are considered. Left: the bound is obtained using the exact formulas described within
the Chapter. Right: the bound is obtained Taylor expanding the likelihood at the second order in
both the Wilson coefficients and nuisance parameters.

Figure 2.5: 95% confidence level interval for the G̃(3)
lq , G+

E (defined in ??) pair of Wilson coefficient
setting the others to zero. Collider energy is set to 13 TeV and integrated luminosity of 100 fb−1,
300 fb−1 and 3000 fb−1 are considered. Left: the bound is obtained using the exact formulas de-
scribed within the Chapter. Right: the bound is obtained Taylor expanding the likelihood at the
second order in both the Wilson coefficients and nuisance parameters.
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Figure 2.6: 95% confidence level interval for the G+
E , G−

E (defined in ??) pair of Wilson coefficient
setting the others to zero. Collider energy is set to 13 TeV and integrated luminosity of 100 fb−1,
300 fb−1 and 3000 fb−1 are considered. Left: the bound is obtained using the exact formulas de-
scribed within the Chapter. Right: the bound is obtained Taylor expanding the likelihood at the
second order in both the Wilson coefficients and nuisance parameters.

LHC. In particular, we considered the operators providing the leading contributions to the cross-
section (i.e. the dimension-6 ones) and whose effects are enhanced at the LHC (i.e. grow with
energy). Referring to the Warsaw basis [41], these operators are the 4-fermions that share the same
chirality structure as the SM.

We have put together the “all-operators" approach of Ref. [62] with the “all-uncertainties" ap-
proach of Ref. [61]. We found consistent results with the previous works in the multi-differential and
integrated single differential analysis [62] and we added a single differential “fine binning" analysis.

We found that, in general, a multi-differential approach provides tighter constraints. However,
also the single-differential analysis with an optimized binning yielded meaningful results, providing,
for a subset of the bounds, similar performances. In this particular case we tried to constrain seven
operators looking at a single process, therefore is not surprising that a multi-differential analysis,
containing more information, results in better results . Nonetheless, if an analysis targets some
operators that are particularly sensitive to a single kinematic variable, while simultaneously consid-
ering different processes, our results suggest that a finely optimized binning in that variable could
even outperform the multi-differential approach. For these reasons, we emphasize the importance,
in future experimental analysis, of presenting results in multiple complementary ways, providing
the community with the maximum amount of information extracted from the analysis.





Appendix

2.A Cross-section parametrization

The cross-section as a function of the Wilson coefficients is a non-negative quadratic polynomial in
G

(3)
lq , G(1)

lq , Gqe, Glu, Gld, Geu, Ged. The cross-section in each bin I can therefore be parametrized
using the Cholesky decomposition. In the neutral channel, this can be written as:

σth,n
I = σSM,n

I c20,I

∥∥∥∥∥∥
8∑
j=1

CIjGj

∥∥∥∥∥∥
2

, (2.9)

with the Cholesky matrix

CIj =



1 c1,I c2,I c3,I c4,I c5,I c6,I c7,I

0 c8,I c15,I c16,I c17,I c18,I c19,I c20,I

0 0 c9,I c21,I c22,I c23,I c24,I c25,I

0 0 0 c10,I c26,I c27,I c28,I c29,I

0 0 0 0 c11,I c30,I c31,I c32,I

0 0 0 0 0 c12,I c33,I c34,I

0 0 0 0 0 0 c13,I c35,I

0 0 0 0 0 0 0 c14,I


(2.10)

and the vector of Wilson coefficients Gj with j = 1, ..., 8

G =
(
1, G

(1)
lq , G

(3)
lq , Gqe, Glu, Gld, Geu, Ged

)
, (2.11)

where the 1 accounts for the SM contribution, and the Cholesky coefficients ck,I are functions of the
nuisance parameters θαS , θPDF

i , and θTU
I , as described in the main text. The same parametrization

holds for the charged channel, where it is more simply written as

σth,c
I = σSM,c

I c20,I

∥∥∥∥∥
(
1 c1,I

0 c2,I

)(
1

G
(3)
lq

)∥∥∥∥∥
2

. (2.12)
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2.B Nuisance parameters

Uncertainties in the theoretical predictions are parametrized by nuisance parameters with the fol-
lowing procedure. The theoretical predictions are expressed as functions of the Cholesky coefficients,
which are, in turn, functions of the theory input parameters. Schematically, we could write:

ck,I ≡ ck,I(fi(x, q
2), αS , µR, µF , . . .) , (2.13)

where the index k runs over the Cholesky coefficients, the index I runs over the bins, and where
fi(q

2, x) are the PDFs (for parton i, with Bjorken scaling x, and squared momentum transfer q2),
αS is the strong coupling constant, µR and µF are the renormalization and factorization scales,
respectively, and the ellipsis stands for any other relevant input parameter. We assume that these
parameters are not exactly known, but their estimators are determined, with an uncertainty, by
auxiliary measurements, and have a central value x and a standard deviation σx. We can therefore
write, for each parameter, a relation of the form:

x̂ ∼ x+ σxθ
x , (2.14)

where x̂ represents the estimator of the parameter x, which is a random variable, expressed as a
function of θx, a standard normal random variable parametrizing uncertainty in the determination
of x̂. We can then write the Cholesky coefficients as functions of the nuisance parameter as:

ck,I ≃ ck,I(x+ σxθ
x) ≃ ck,I(x) + σxθ

x

≡ ck,I + σxθ
x = ck,I

(
1 +

σx
ck,I

θx
)

≃ ck,I exp

(
σx
ck,I

θx
)
,

(2.15)

where ck,I represents a central value for the Cholesky coefficient, which we assume to correspond
to the central SM prediction, and θx is a standard normal random variable. Notice that, even if
we dropped the hat over ck,I , this last expression has to be interpreted as the estimator of the
Cholesky coefficient and, as such, as a random variable. The scope of the last step in eq. (2.15), in
which we express the parenthesis as an exponential, is to guarantee that the sign of the Cholesky
coefficient is preserved, and is needed to guarantee a positive cross-section for any value of the
random variable θx. Obviously, assuming that uncertainties are small compared to the central
values, which is certainly the case in our analysis, the exponential parametrization gives results
comparable to the linear one. Effectively, the determination of the σx parameter is performed by
running the Monte Carlo simulations with varying values of the input parameters and computing
the distribution of the (estimators of the) Cholesky coefficients. The way in which σx is determined
for different parameters is described in the main text. The procedure can also be simply generalized
to correlated uncertainties, such as the PDF uncertainty, by considering the covariance matrix for
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the nuisance parameters.

2.C Likelihood

Each factor of the combined likelihood in equation eq. (2.6) is defined in the following.
The neutral/charged channel likelihoods are:

Ln(G,θn) =

Nn∏
In=1

Poisson [nIn | µIn(G,θn)] ,

Lc,±(G,θc) =

Nc∏
Ic=1

Poisson
[
n±Ic | µ

±
Ic
(G,θc)

]
,

(2.16)

where G is the vector defined in eq. (2.11), and

θn =
(
θαS , θPDF

i , θTU
In , θexp

In
, θL) ,

θc =
(
θαS , θPDF

i , θTU
Ic
, θexp
Ic
, θL) . (2.17)

The auxiliary likelihood of the nuisance parameters is:

Laux(θ) = fαS(θ
αS)fL(θ

L)

(
30∏
i=1

fPDF(θ
PDF
i )

)

×
Nn∏
In=1

fTU(θ
TU
In )fexp(θ

exp
In

)

×
Nc∏
Ic=1

fTU(θ
TU
Ic )fexp(θ

exp
Ic

) .

(2.18)

Where the function f(θ) represents the Likelihood of the nuisance parameter θ as determined by
auxiliary measurements, scaled, as explained in the previous appendix, to zero mean µθ = 0 and
unit standard deviation σθ = 1:

f(θ) =
1√
2π
e−

θ2

2 . (2.19)

2.D Fine Binning

The “fine binning” have been obtained imposing to have a negligible MC statistical error in each bin
(below 1%). We achieved this imposing to have ∼ 2 · 105 MC events for each bin in our simulation,
that corresponds to a statistical error of ∼ 0.22%. The resulting binning, for the neutral and charged
channels, is:

• Neutral channel:
mℓℓ : {300, 305, 309, 315, 320, 326, 332, 337, 342, 348, 355, 362, 368, 375, 381, 389, 397, 405,
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413, 420, 427, 435, 444, 453, 462, 470, 478, 487, 497, 507, 518, 527, 536, 546, 556, 567, 580,
592, 602, 614, 626, 639, 653, 669, 684, 696, 709, 723, 739, 756, 774, 792, 805, 819, 834, 850,
868, 888, 908, 924, 941, 959, 979, 1001, 1026, 1053, 1077, 1095, 1115, 1137, 1161, 1188, 1218,
1251, 1275, 1297, 1322, 1349, 1379, 1413, 1451, 1494, 1521, 1548, 1577, 1610, 1647, 1689, 1737,
1792, 1823, 1854, 1888, 1926, 1969, 2018, 2076, 2142, 2184, 2220, 2259, 2305, 2357, 2417, 2489,
2575, 2680, 2910, 3105, 3365, 3752, 4126, 4802, 13000} GeV.

• Charged channel:
pT : {150, 163, 177, 191, 207, 225, 244, 264, 288, 313, 342, 373, 407, 445, 488, 537, 591, 652,
723, 802, 896, 1003, 1130, 1292, 1493, 1770, 6500} GeV.





Chapter 3

Isolating chirality-breaking SMEFT
operators with Drell-Yan angular
analysis

In this Chapter, we investigate another way to probe New Physics (NP) using the Drell–Yan (DY)
process. We focus on the so-called Lam–Tung relation [72], whose violation can be exploited to
search for NP effects that would otherwise be suppressed. In particular, looking at the classification
outlined in Sec 1.5, these effects are those deriving from operators in classes 3 and 8. These operators
lead to contributions to the DY amplitude that grow with energy, but do not interfere with the SM
amplitude, generating contributions to the squared amplitude that are proportional to v2s/Λ4 (for
class 3) and s2/Λ4 (for class 8), respectively. Considering only the first two generations, which are
those relevant for our work, we rewrite them, as:

Lψ2Xφ=
1

Λ2

∑
p=e,µ

[
(ℓpσ

µνep)
(
cepBBµν + cepW τ

IW I
µν

)
φ+ (qpσ

µνdp)
(
cdpBBµν + cdpW τ

IW I
µν

)
φ

+(qpσ
µνup)

(
cupBBµν + cupW τ

IW I
µν

)
φ̃+ h.c.

]
,

Lψ4 =
1

Λ2

∑
p = e, µ

r = u, d, s, c

[
cℓpepdq (ℓ̄

j
pep)(d̄rq

j
r) + c

(1)
ℓpepqu

(ℓ̄jpep)ϵjk(q̄
k
rur)

+c
(3)
ℓpepqu

(ℓ̄jpσµνep)ϵjk(q̄
k
rσ

µνur) + h.c.
]
,

(3.1)
where we have introduced the dimensionless Wilson coefficients ci and we have made explicit our
assumption of a diagonal flavor structure in the lepton sector and of flavor universality in the quark
sector (the Wilson coefficients of the four-fermion operators do not depend on the quark flavor index
r). The UV origin of these operators can be diverse and a detailed discussion of explicit models is
beyond the phenomenological scope of this Chapter. However, we present in Appendix 3.F a brief
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overview of possible UV completions that can generate some of these operators, possibly with a
sizable coefficient.

The main idea that we exploit in this Chapter is on the one hand to profit of the energy
growth of the chirality-breaking operators discussed above, and on the other hand to isolate their
contribution from the SM and the SMEFT operators that interfere with the SM by considering
observables where the contribution of the latter is suppressed. To do so, we focus on the angular
distribution of the lepton pair in the DY process, which is sensitive to the chirality structure of the
operators, and on the violation of the Lam-Tung relation [72, 73], which guarantees a suppression
of the SM contribution, and of the NP contribution with the same chirality structure of the SM, to
the relevant observables. On top of considering observables that are suppressed for the SM due to
the Lam-Tung relation, we also exploit the growing-with-energy behavior of the chirality-breaking
operators to enhance their contribution with respect to the SM.

The Chapter is organized as follows. In Section 3.1 we describe the angular decomposition of
the Drell-Yan differential cross-section, the related angular coefficients, and the Lam-Tung relation,
which is a key ingredient in our analysis. In Section 3.2 we review the experimental status of the
measurements of the angular coefficients in DY, while in Section 3.3 we present our precise estimates
of the cross-section and of the angular observables in the SM, both in the transverse momentum and
invariant mass distributions of the lepton pair, for the LHC and HL-LHC. In Section 3.4 we discuss
the Lam-Tung relation and compute the contribution of the chirality-breaking SMEFT operators to
the relevant observables. In Section 3.5 we present our analysis of the LHC and HL-LHC sensitivity
on the relevant SMEFT operators, based on a likelihood fit to the aforementioned observables. In
Section 3.6 we summarize the results, while in Section 3.7 we draw our conclusions. The Chapter is
complemented by a number of appendices reporting our choices on the definition of the observables
and some analytic results relevant for our analysis.

3.1 Angular coefficients and the A0 − A2 observable

The fully-differential inclusive cross-section of the neutral DY process pp → ℓ+ℓ−, where ℓ is a
lepton1, can be expressed in terms of the invariant mass mℓℓ, the transverse momentum pℓℓT , the
rapidity yℓℓ of the lepton pair, and the polar and azimuthal angles θ and ϕ of the negative charged

1Throughout this Chapter, we use ℓ to denote either an electron or a muon. Although electrons and muons differ
from an experimental point of view, they have been treated equivalently in our theoretical discussion.



42

lepton in the Collins-Soper (CS) frame [74] (see Appendix 3.A for details), as

dσ

dm2
ℓℓdp

ℓℓ
T dyℓℓd cos θdϕ

=
3

16π

dσ

dm2
ℓℓdp

ℓℓ
T dyℓℓ{

(1 + cos2 θ) +
1

2
A0(1− 3 cos2 θ) +A1 sin 2θ cosϕ

+
1

2
A2 sin

2 θ cos 2ϕ+A3 sin θ cosϕ+A4 cos θ

+A5 sin
2 θ sin 2ϕ+A6 sin 2θ sinϕ+A7 sin θ sinϕ

}
.

(3.2)

The coefficients Al are dimensionless and can be extracted from experimental data by making a fit
to the angular distribution of the lepton pair. This expression is completely general and also holds
in the presence of QCD and electroweak corrections.

A crucial observable for this process is A0 − A2, which, according to the so-called Lam-Tung
relation [73], is expected to vanish in the Standard Model (SM) up to corrections of order O(αS). As
a result, the SM contribution to this observable is suppressed by QCD effects at order O(α2

S), making
it an excellent probe for potential new physics (NP) effects. Moreover, as noted in Ref. [75], the
only dimension-six operators that can violate the Lam-Tung relation are the chirality-breaking ones,
specifically those belonging to classes 3 and 8 discussed in the previous Section. For these reasons,
A0 − A2 stands out as a distinctive observable where the contribution of such operators can be
effectively isolated. This makes it a particularly suitable candidate for constraining them, especially
when compared to the differential cross-section, where their effect is subleading relative to operators
that do interfere with the SM. Accordingly, we propose a systematic study of the sensitivity of the
LHC and HL-LHC to chirality-breaking SMEFT operators via the A0 −A2 observable.

The Al coefficients are defined through expectation values of suitable combinations of spherical
harmonics in the θ and ϕ angles, normalized to the cross-section integrated over such angles.2 In
particular, for each bin of mℓℓ, pT,ℓℓ, and yℓℓ, one can define

Sl = ⟨Pl(cos θ, ϕ)⟩ =

∫
dσ(cos θ, ϕ,mℓℓ, p

ℓℓ
T , yℓℓ)d cos θ dϕPl(cos θ, ϕ)∫

dσ(cos θ, ϕ,mℓℓ, p
ℓℓ
T , yℓℓ)d cos θ dϕ

. (3.3)

It can be verified that the Pl(cos θ, ϕ) choice that projects the amplitude onto the Al coefficients is
2see the latest discussion in Refs. [76–80].
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given by

S0 = ⟨P0(cos θ, ϕ)⟩ = ⟨1
2

(
1− 3 cos2 θ

)
⟩ = 3

20

(
A0 −

2

3

)
,

S1 = ⟨P1(cos θ, ϕ)⟩ = ⟨sin 2θ cosϕ⟩ = 1

5
A1,

S2 = ⟨P2(cos θ, ϕ)⟩ = ⟨sin2 θ cos 2ϕ⟩ = 1

10
A2,

S3 = ⟨P3(cos θ, ϕ)⟩ = ⟨sin θ cosϕ⟩ = 1

4
A3,

S4 = ⟨P4(cos θ, ϕ)⟩ = ⟨cos θ⟩ = 1

4
A4,

S5 = ⟨P5(cos θ, ϕ)⟩ = ⟨sin2 θ sin 2ϕ⟩ = 1

5
A5,

S6 = ⟨P6(cos θ, ϕ)⟩ = ⟨sin 2θ sinϕ⟩ = 1

5
A6,

S7 = ⟨P7(cos θ, ϕ)⟩ = ⟨sin θ sinϕ⟩ = 1

4
A7,

(3.4)

so that the Al coefficients can be extracted from the Sl ones as

A0 =
20

3
S0 +

2

3
, A1 = 5S1,

A2 = 10S2, A3 = 4S3,

A4 = 4S4, A5 = 5S5,

A6 = 5S6, A7 = 4S7.

(3.5)

The exact relation between the Pl(cos θ, ϕ) functions and the ordinary spherical harmonics is given
in Appendix 3.B. The SM contribution to the Al observables can be explitly written as a function
of

SSM
l =

∫
dσSM(cos θ, ϕ,mℓℓ, p

ℓℓ
T , yℓℓ)d cos θ dϕPl(cos θ, ϕ)∫

dσSM(cos θ, ϕ,mℓℓ, p
ℓℓ
T , yℓℓ)d cos θ dϕ

. (3.6)

As already mentioned, in this Chapter we do not make use of the lepton system rapidity yℓℓ distri-
bution, and we only consider the dependence of the A0 − A2 observables either on the transverse
momentum pℓℓT or on the invariant mass mℓℓ distribution of the lepton pair.

When any of the dipole, scalar, or tensor four-fermion operators, corresponding to the Wilson
coefficient cNP is switched on, we can rewrite the differential cross-section, integrated over yℓℓ, as

dσ(cos θ, ϕ,mℓℓ, p
ℓℓ
T ) = dσSM(cos θ, ϕ,mℓℓ, p

ℓℓ
T ) +

(cNP

Λ2

)2
dσ̃NP(cos θ, ϕ,mℓℓ, p

ℓℓ
T ) , (3.7)

where dσ̃NP is, up to the NP coefficient
(
cNP/Λ

2
)2, the differential cross-section generated by the

NP operator, which does not interfere with the SM. Substituting Eq. (3.7) into Eq. (3.3), we obtain
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the Sl observable in the presence of NP contributions:

Sl =

∫
dσSM(cos θ, ϕ,mℓℓ, p

ℓℓ
T )d cos θ dϕPl(cos θ, ϕ)

dσSM(mℓℓ, p
ℓℓ
T ) +

(cNP

Λ2

)2
dσ̃NP(mℓℓ, p

ℓℓ
T )

+
(cNP

Λ2

)2 ∫ dσ̃NP(cos θ, ϕ,mℓℓ, p
ℓℓ
T )d cos θ dϕPl(cos θ, ϕ)

dσSM(mℓℓ, p
ℓℓ
T ) +

(cNP

Λ2

)2
dσ̃NP(mℓℓ, p

ℓℓ
T )

,

(3.8)

where we made explicit the integration of the denominator over cos θ and ϕ by omitting the cor-
responding variables in the argument of the differential cross-sections. The Al observables in the
presence of NP contributions can then be obtained from Eq. (3.8) by using Eq. (3.5).

In the limit (cNP/Λ
2) → 0, this expression reduces to the SM one in Eq. (3.6). Moreover, we

know that, in this limit, A0−A2 is non-zero only starting from O(α2
S), due to the Lam-Tung relation.

This means that, to correctly account for the SM contribution to the A0−A2 observable, we need to
evaluate the SM differential cross-section at order O(α2

S). Equation (3.8) also shows that generally,
even though the SM and the SMEFT contributions do not interfere, their contributions to the Sl
observables, and therefore also to the Al and A0−A2 combinations, can not be simply disentangled,
since the denominator contains both the SM and the NP contributions. In other words, the behavior
with respect to the Wilson coefficients cNP of the Al observables can be approximated as quadratic
only in the limit where the NP contribution to the differential cross-section is subdominant with
respect to the SM one. This may not be the case in the regions of the phase space where the
SMEFT contribution is enhanced, for example at large invariant mass or transverse momentum of
the lepton pair, which turn out to be the most sensitive regions to constrain the chirality-breaking
operators. Therefore, in our analysis we present results obtained both with the exact relation of
Eq. (3.8), which would of course be subject to corrections from operators of dimension higher than
six that we do not consider, and with its quadratic approximation in cNP/Λ

2, which corresponds to
a fixed order truncation in the SMEFT expansion. This allows one to assess the possible impact of
higher-order terms in the SMEFT expansion on the bounds that we derive.

In order to compute the pℓℓT and mℓℓ dependence of the Al observables we proceeded as follows.
We estimated the SM differential cross-section for the process pp → ℓ+ℓ− at O(α2

S) by generating
events with the MiNNLOPS [81, 82] Monte Carlo generator, implemented in the POWHEG framework
[64, 83, 84]. We have checked that the inclusion of showering effects, available in the MiNNLOPS
framework through a matching with PYTHIA8 [65, 85, 86] showering, does not affect the results of our
analysis, and we therefore proceeded computing parton level events with a lepton–anti-lepton pair
and up to two jets in the final state. Notice that, since we consider the differential pℓℓT distribution
for a finite pℓℓT ≥ 10 GeV cut, we could have in principle computed the NLO QCD correction to the
process pp → ℓ+ℓ− + j. However, we decided to use the MiNNLOPS framework which allowed us to
directly generate weighted events in Les Houches (lhe) format [87] and to properly check the effect
of the parton showering.
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The generated SM events were used to define the differential SM cross-sections dσSM/dpℓℓT within
a window 80 GeV < mℓℓ < 100 GeV and dσSM/dm2

ℓℓ in the region pℓℓT > 10 GeV, by binning the
events in the relevant kinematic variable.

In order for the differential cross-section to be defined at finite pℓℓT , the SMEFT contribution
was computed analytically by considering the process pp→ ℓ+ℓ− + j at the leading order in QCD.
The partonic cross-sections for all sub-processes have been calculated using the FeynCalc [88] and
FeynArts [89] packages in Mathematica [90], after truncating the squared amplitude at O(1/Λ4),
which is equivalent to considering a single NP insertion. The hadronic cross-section was then
derived by convoluting these results with the PDFs. For this purpose, we employed the ManeParse

package [91] for Mathematica, which provides all the necessary tools for PDF integration. We
adopted the PDF set NNPDF31_nnlo_as_0118 (ID 303600 in the LHAPDF [70] set), neglecting
contributions from the b and t quarks. Details about the analytical expression of the integral can
be found in appendix 3.C. This procedure allowed us to compute the differential cross-sections
dσ̃NP/dpℓℓT and dσ̃NP/dm2

ℓℓ in the same kinematic region as the SM ones, and to use them in
Eq. (3.8) to compute the Sl and Al observables in the presence of NP contributions. The evaluation
of Eq. (3.8) also required the calculation of the projections of the cross-section onto the corresponding
angular polynomials Pl(cos θ, ϕ). This was done by Monte Carlo integration for the SM, using the
generated events, and by numerical integration of the analytic expression for the NP contributions.

3.1.1 Monte Carlo simulation and uncertainty estimation

The angular observables defined in the previous Section can be predicted theoretically by Monte
Carlo estimation of the integrals. Given a sample of weighted events i in bin I with weights wi, the
cross-section in that bin is given by

σI =
∑
i∈I

wi . (3.9)

The angular observables in bin I are then defined from the projections of the cross-section in that bin
on the corresponding polynomial functions Pl(cos θ, ϕ), which appear in the numerator of Eq. (3.3).
We can compute this by multiplying the MC weights wi by the value of the relevant polynomial
functions P il (cos θ, ϕ), given in Eq. (3.5), computed for the i-th event kinematic, and by defining a
new set of angular weights

w
(l)
i = wiP

i
l (cos θ, ϕ) . (3.10)

Then, the differential cross-section projected over the polynomial functions Pl(cos θ, ϕ), that we
simply denote by σ(l)I , is given by

σ
(l)
I =

∑
i∈I

w
(l)
i . (3.11)

This projection can be used to estimate the value of the Sl,I observables of Eq. (3.4) in each bin I

Sl,I =
σ
(l)
I

σI
(3.12)
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and, in turn, to compute the Al,I observables through Eq. (3.5).
Extracting a meaningful bound on the new physics contribution from the differential angular

observables Al, and in particular from the A0 − A2 combination, requires a careful estimate of the
expected experimentally measured values and uncertainties of the observables, especially for what
concerns the SM contribution. Given the very large statistics available at the LHC for the DY
process, at relatively low pℓℓT and for di-lepton invariant masses mℓℓ not far above the Z boson
mass, the uncertainty is dominated by experimental systematics. Since no recent analysis of the
multi-differential DY cross-section is available, and based on the existing experimental results, we
decided to make the simplifying assumption of a flat, uncorrelated, 3% uncertainty on the differential
cross-section in all bins.

Concerning the statistical uncertainty, which becomes dominant in corner regions of the phase
space, such as very large pℓℓT and/or mℓℓ much above the Z boson mass, we generated enough
statistics to cover the expected experimental statistics at the LHC with L = 300 fb−1,3 which is
the target integrated luminosity of the LHC and extrapolated with a factor of square root of ten to
the HL-LHC with L = 3 ab−1. The central values were kept unchanged in this extrapolation.

In order to estimate the central values and the statistical uncertainties in each bin of the two
distributions, we have proceeded as follows. We denoted with nMC

I the available number of MC-
generated events in each bin I and with

σMC
I =

∑
i∈I

wi (3.13)

the MC-estimated cross-section in that bin. We then fixed an initial value for the number of events
corresponding to the experimental observation with a given integrated luminosity L

nexp
I = σMC

I × L . (3.14)

To estimate the expected value and the standard deviation of the differential cross-section and of
the angular observables in each bin (of the relevant kinematic distribution), we simulated pseudo-
experiments, each corresponding to the statistics expected at the LHC with L = 300 fb−1.4 Pseudo
experiments were drawn from the available MC sample with replacement.5 In order to fix the correct
value of the cross-section, for each pseudo-experiment we rescaled the value of the corresponding
weights. In order to also introduce a fluctuation in the normalization, and not only in the shape,
we also considered fluctuations in the normalization, computed from the original MC sample. Ob-

3This required the generation of about a billion events for the pℓℓT distribution, which is at the edge of what we
could afford with our computing resources. The number of events generated for the mℓℓ distribution was substantially
lower, thanks to the ability of the MiNNLOPS generator to cut on the di-lepton invariant mass.

4The result for L = 3 ab−1 has been obtained assuming that the variance scales with the ratio of the number of
events and therefore scaling the error with a square root of ten.

5When the available MC sample is smaller or roughly equal in size than the expected statistics, such as in low
pℓℓT bins, our procedure may underestimate the standard deviation. On the other hand these are the bins where the
expected statistical uncertainty is much smaller than the expected systematic uncertainty, so that the effect of such
underestimation becomes negligible.
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viously, fluctuations on the normalization only affect the cross-section estimate and not the angular
coefficients, which are built from ratios. The detailed procedure is outlined in the following:

• For each pseudo-experiment p and bin I, we consider a Poisson fluctuation of the number of
MC events

n
MC,(p)
I = Poisson(µ = nMC

I ) , (3.15)

and draw, with replacement, nMC,(p)
I events from the available MC events. We use this sample

to estimate a fluctuation of the cross-section in that bin, that we denote by σMC,(p)
I , and that

we use as fluctuating normalization of the cross-section in that bin.

• For each pseudo-experiment p and bin I, we consider a Poisson fluctuation of the number of
experimental events

n
exp,(p)
I = Poisson(µ = nexp

I ) , (3.16)

and draw, with replacement, nexp,(p)
I from the available MC events.

• For each pseudo-experiment p and bin I, we use the corresponding nexp,(p)
I events to define a

new set of normalized weights

w
exp,(p)
i = κ

(p)
I w

(p)
i ∀i ∈ I , (3.17)

with normalization

κ
(p)
I =

σ
MC,(p)
I∑
i∈I w

(p)
i

. (3.18)

Notice that this definition does automatically set the corresponding cross-section to its correct
fluctuating normalization:

σ
exp,(p)
I ≡

∑
i∈I

w
exp,(p)
i = κ

(p)
I

∑
i∈I

w
(p)
i = σ

MC,(p)
I . (3.19)

• For each pseudo-experiment p and bin I, we use the corresponding nexp,(p)
I events to define a

new set of normalized angular weights, analog to those in Eq. (3.10),

w
exp,(l),(p)
i = κ

(p)
I w

(p)
i P

i,(p)
l (cos θ, ϕ) ∀i ∈ I . (3.20)

• For each pseudo-experiment p and bin I, we use the new set of normalized angular weights to
estimate the cross-section angular projections as

σ
exp,(l),(p)
I =

∑
i∈I

w
exp,(l),(p)
i = κ

(p)
I

∑
i∈I

w
(p)
i P

i,(p)
l (cos θ, ϕ) . (3.21)

• For each pseudo-experiment p and bin I, we use Eqs. (3.19) and (3.20) to compute the Sl’s
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obsevables as

S
exp,(p)
l,I =

σ
exp,(l),(p)
I

σ
exp,(p)
I

=

∑
i∈I w

(p)
i P

i,(p)
l (cos θ, ϕ)∑

i∈I w
(p)
i

, (3.22)

which is, as expected, independent on the cross-section normalization κ(p)I .

• We estimate the central values and (one dimensional) covariance matrix of the differential
cross-section as

µσI = Meanp∈P
(
σ

MC,(p)
I

)
, (ΣσI ,σI )

stat = Varp∈P
(
σ

MC,(p)
I

)
, (3.23)

where we denoted with Meanp∈P and Varp∈P the mean and variance computed over a set of
100 pseudo-experiments.

• We estimate the central values and covariance matrix of the Sl’s observables as

µSl,I
= Meanp∈P

(
S

exp,(p)
l,I

)
, (ΣSl,I ,Sm,I

)stat = Covp∈P
(
S

exp,(p)
l,I , S

exp,(p)
m,I

)
, (3.24)

where we denoted with Meanp∈P and Covp∈P the mean and covariance matrix computed over
a set of 100 pseudo-experiments.

• Analogously, we estimate the central values and covariance matrix of the Al observables
through Eq. (3.5).

Once the central values µO and covariance matrix (ΣO,O′)stat of the observables O are computed,
we combine the uncertainties with the corresponding quantities parametrizing the systematic un-
certainty (ΣO,O′)syst and get the final estimate of the observables as

µO ±
√
ΣO,O with ΣO,O′ = Σstat

O,O′ +Σsyst
O,O′ . (3.25)

3.2 Experimental status

The measurements relevant for the present Chapter fall in the realm of precision measurements for
new physics searches.6 Such precision measurements usually take a long term experimental effort
and this is why not many such measurements are already available from LHC Run 2 and Run 3.
Here we briefly summarize the most relevant existing measurements in the Drell-Yan channel, and
use the information we can gather from them to motivate our assumptions on the uncertainties
discussed in the previous Section. Table 3.1 lists the measurements of differential cross-sections and
angular coefficients in di-lepton final states performed over the past decade.

As it can immediately be seen from the table, only a single measurement of the angular coef-
ficients from each experiment ATLAS, CMS, and LHCb is available. The first two measurements

6We omitted LHCb measurements of the inclusive cross-section since they generally have less statistics. Obviously,
in the case in which the forward region becomes more relevant the LHCb measurements become important.
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Collab. Year Energy Luminosity Observable Ref.

ATLAS 2024 5.02, 13 TeV 255, 338 pb−1 dσℓℓ/dpT,ll [92]ò
ATLAS 2024 8 TeV 20.2 fb−1 dσℓℓ/dpT,lldyℓℓ [93]ò
CMS 2023 13 TeV 36.3 fb−1 dσℓℓ/dpT,lldm

2
ℓℓ, dσℓℓ/dϕ

∗
ηdm

2
ℓℓ [94]ò

LHCb 2022 13 TeV 5.1 fb−1 A0, . . . , A7 as functions of pT,ll [95]ò
ATLAS 2020 13 TeV 36.1 fb−1 dσℓℓ/dpT,ll, dσℓℓ/dϕ∗η [96]ò
CMS 2019 13 TeV 35.9 fb−1 dσℓℓ/dpT,ll, dσℓℓ/d|yℓℓ|, dσℓℓ/dϕ∗η [97]ò
CMS 2019 13 TeV 2.8(µ)/2.3(e) fb−1 dσℓℓ/dm

2
ℓℓ [98]ò

CMS 2018 8 TeV 19.7 fb−1 dσℓℓ/dϕ
∗
η, dσℓℓ/dϕ∗ηd|yℓℓ| [99]ò

ATLAS 2017 8 TeV 20.2 fb−1 dσℓℓ/dm
2
ℓℓd|yℓℓ|d cos θ∗ [100]ò

CMS 2017 8 TeV 18.4 fb−1 dσℓℓ/dpT,ll [101]ò
ATLAS 2016 8 TeV 20.3 fb−1 dσℓℓ/dm

2
ℓℓd|yℓℓ|, dσℓℓ/dm2

ℓℓd|∆ηℓℓ| [102]ò
ATLAS 2016 8 TeV 20.3 fb−1 A0, . . . , A7 as functions of pT,ll [103]ò
ATLAS 2016 8 TeV 20.3 fb−1 dσℓℓ/dpT,ll, dσℓℓ/dϕ∗η [104]ò
CMS 2015 8 TeV 19.7 fb−1 A0, . . . , A7 as functions of pT,ll [105]ò
CMS 2015 8 TeV 19.7 fb−1 dσℓℓ/dpT,ll, dσℓℓ/d|yℓℓ| [106]ò

Table 3.1: Summary of the possibly relevant experimental measurements of Drell-Yan observable
over the last ten years. For ease of reading, hovering over the info icon shows the bibliography item.

are at 8 TeV and an integrated luminosity of around 20 fb−1, while the LHCb measurement in the
forward region is the only measurement of the angular coefficient to date at an energy of 13 TeV,
with an integrated luminosity of 5.1 fb−1. No updated measurements of the angular coefficients have
yet been performed at 13 TeV, where the LHC has collected a much larger integrated luminosity.
The measurements of the differential cross-section are more abundant, with different differential
distributions measured at different energies and integrated luminosities. However, even the most
recent measurements at 13 TeV are performed with a limited integrated luminosity of approximately
36 fb−1, which is only a small fraction of the total integrated luminosity collected at 13 TeV during
Run 2 (around 160 fb−1).

Both the CMS [105] and ATLAS [103] measurements of the angular coefficients at 8 TeV are
performed in the Z-boson mass peak region, and, to take into account the effect of the finite
acceptance on the leptons, which affects the angular distributions in Eq. (3.2), are performed through
matching with Monte Carlo templates of the different angular observables in the θ-ϕ plane. Entering
in the details of the experimental measuremets is beyond the scope of this study, and we refer
the reader to the original experimental papers for more details. Here, we are only interested in
understanding the expectation about the measurement uncertainties, which we need to consider for
a realistic projection of the sensitivity to new physics in the angular coefficients.

From Tables 11 to 14 of Ref. [103], we can see that the statistical and systematic uncertainties
on the pℓℓT distribution of the A0, A2, and A0 − A2 observables are comparable over the whole
spectrum, but in the last few bins, where, obviously, the statistical uncertainty dominates. Even
though most of the systematic uncertainties, such as Monte Carlo statistics, have large margins for
improvement, it is reasonable to expect that, with the full LHC and HL-LHC integrated luminosity,
the systematic uncertainties will be dominant in the whole spectrum, but the last few bins, where
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the statistical uncertainty will still be dominant. We have already discussed in the previous Section
how we model the statistical uncertainty through pseudo-experiments simulation. Concerning the
systematic uncertainty, assuming a projected uncertainty directly on the Al coefficients from the
aforementioned angular analyses is not possible, since we can not guess how this will improve in the
future. However, we can take the expected systematic uncertainties on the differential cross-section
measurements from recent 13 TeV analyses as a guideline. We consider in particular the ATLAS
analysis of Ref. [96] as reference analysis of the pℓℓT spectrum and the CMS analysis of Ref. [98] as
reference analysis of the mℓℓ spectrum. We adopt the same binning for the two distributions and use
the experience of those analyses to motivate our assumption on the systematic uncertainties on the
differential cross-sections. Starting from such uncertainties, and assuming the same uncertainties for
the cross-sections projections on the different angular polynomials, we propagate the uncertainty
to the Al coefficients. The result is consistent with a systematic uncertainty that dominates in
the low pℓℓT and mℓℓ region (above the Z boson mass) and becomes subleading in the tails of the
distributions.

In the next Section, we show projections for the expected measurements of the pℓℓT and mℓℓ

distributions, as well as the angular coefficients.

3.3 Standard Model predictions

In this Section, we present SM predictions for the pℓℓT and mℓℓ distributions of the cross-section and
angular observables in the Drell-Yan process. Such predictions will be combined with predictions
of the effect of new physics and used to derive projected limits on the chirality-breaking operator
of Eq. (3.1) in the next Section.

3.3.1 Transverse momentum distribution

The left panel of Figure 3.1 shows the SM prediction for the di-lepton pℓℓT spectrum in the DY process
at the LHC at 13 TeV, assuming a flat, uncorrelated systematic uncertainty of 3%, corresponding,
for instance, to a 2% systematic from the integrated luminosity measurement and about 2% addi-
tional systematic uncertainty, including missing higher orders (scale variation), PDFs, Monte Carlo,
and experimental uncertainties. These numbers for the systematic uncertainties are consistent with
those reported in the aforementioned ATLAS analysis of Ref. [96], at least for the low and inter-
mediate pℓℓT region. The high pℓℓT region has much larger systematic uncertainties, which are clearly
statistically dominated. We do not have a clear prescription to project this uncertainty to the future
measurements, and therefore we assume the flat 3% uncertainty also for the high pℓℓT region. Statis-
tical and systematic uncertainties are added in quadrature, and the statistical uncertainty is derived
through pseudo-experiments as explained in the previous Section. Uncertainties are too small to
be visible in the plot, so the result is visually the same for both 300 fb−1 and 3 ab−1 of integrated
luminosity. The exact numerical values (both central values and uncertainties) corresponding to
300 fb−1 and 3 ab−1 of integrated luminosity are given in Table 3.7 of Appendix 3.E.
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Figure 3.1: Standard Model prediction for the pℓℓT (left panel) and mℓℓ (right panel) spectra in
the DY process at the LHC at 13 TeV with 300 fb−1. Uncertainties are too small to be visible, so
the result is visually the same for both 300 fb−1 and 3 ab−1 of integrated luminosity. The exact
numerical values (both central values and uncertainties) corresponding to 300 fb−1 and 3 ab−1 of
integrated luminosity are given in Tables 3.7 and 3.11 of Appendix 3.E.

Figure 3.2 shows the SM prediction for the angular coefficients A0, A2, and A0−A2 as functions
of pℓℓT in the DY process at the LHC at 13 TeV with two assumptions for the statistical uncertainty:
the larger error bars represent the combined statistical and systematic uncertainty with 300 fb−1 of
integrated luminosity, while the smaller error bars represent the combined statistical and system-
atic uncertainty with 3 ab−1 of integrated luminosity. In both cases, we assume a flat, uncorrelated
systematic uncertainty of 3% on the measurement of the cross-section and of its angular projections
(denoted as σ(l)I in Section 3.1) and propagate it to the angular coefficients as explained in the pre-
vious Section. As before, statistical and systematic uncertainties are added in quadrature, and the
statistical uncertainty is derived through pseudo-experiments as explained in the previous Section.

Notice that the systematic uncertainty on the A0 observable is much smaller than that on the A2

observable, so that, even including correlation among them, the combined systematic uncertainty
on A0−A2 is not largely affected, and remains dominated by the uncertainty on A2. For this reason
we only show the result under the assumption of no correlation among the systematic uncertainties
of the different angular coefficients.

All the numbers of the cross-sections and angular coefficients predictions shown in Figures 3.1
(left) and 3.2 are summarized in Tables 3.7, 3.8, 3.9, and 3.10 of Appendix 3.E.

3.3.2 Invariant mass distribution

The right panel of Figure 3.1 shows the SM prediction for the di-lepton mℓℓ spectrum in the DY
process at the LHC at 13 TeV, assuming, as in the case of the pℓℓT distribution, a flat, uncorrelated
systematic uncertainty of 3% (see above). These numbers for the systematic uncertainties are con-
sistent with those reported in the aforementioned CMS analysis of Ref. [98], at least for systematic
uncertainties that are not statistically dominated. In the high mℓℓ region, we do not have a clear
procedure to project the systematic uncertainty to the future measurements, and therefore we as-
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Figure 3.2: Standard Model prediction for the pℓℓT dependence of the angular observables A0 (upper
left), A2 (upper right), and A0 −A2 (lower left) in the DY process at the LHC at 13 TeV with 300
fb−1 and 3 ab−1 both inclusive in rapidity. The lower right panel gives a combined view of the
result. The numerical values of the observables appearing in the plots are given in Tables 3.8, 3.9,
and 3.10 of Appendix 3.E.

sume the flat 3% uncertainty also in that region. As before, statistical and systematic uncertainties
are added in quadrature, the statistical uncertainty is derived through pseudo-experiments as ex-
plained in the previous Section, and uncertainties are too small to be visible in the plot, so the result
is visually the same for both 300 fb−1 and 3 ab−1 of integrated luminosity. The exact numerical
values (both central values and uncertainties) corresponding to 300 fb−1 and 3 ab−1 of integrated
luminosity are given in Table 3.11 of Appendix 3.E.

Figure 3.3 shows the SM prediction for the angular coefficients A0, A2, and A0−A2 as functions of
mℓℓ in the DY process at the LHC at 13 TeV with two assumptions for the statistical uncertainty: the
larger error bars represent the combined statistical and systematic uncertainty with 300 fb−1, while
the smaller error bars represent the combined statistical and systematic uncertainty with 3 ab−1.
In both cases, we assume a flat, uncorrelated systematic uncertainty of 3% on the measurement of
the cross-section and of its angular projections (denotes as σ(l)I in Section 3.1) and propagate it to
the angular coefficients as explained in the previous Section. As before, statistical and systematic
uncertainties are added in quadrature, and the statistical uncertainty is derived through pseudo-
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Figure 3.3: Standard Model prediction for the mℓℓ dependence of the angular observables A0

(upper left), A2 (upper right), and A0 − A2 (lower left) in the DY process at the LHC at 13 TeV
with 300 fb−1 and 3 ab−1 both inclusive in rapidity. The lower right panel gives a combined view of
the result. The numerical values of the observables appearing in the plots are given in Tables 3.12,
3.13, and 3.14 of Appendix 3.E.

experiments as explained in the previous Section.
Notice that, also in this case, the systematic uncertainty on the A0 observable is much smaller

than that on the A2 observable, so that, even including correlation among them, the combined
systematic uncertainty on A0−A2 is not largely affected, and remains dominated by the uncertainty
on A2. For this reason we only show the result under the assumption of no correlation among the
systematic uncertainties of the different angular coefficients.

All the numbers of the cross-sections and angular coefficients projections shown in Figures 3.1
(right) and 3.3 are summarized in Tables 3.11, 3.12, 3.13, and 3.14 of Appendix 3.E.

3.4 SMEFT predictions

In this Section we analyze the effects of the dimension-6 operators introduced in Section ?? on
the A0 − A2 observable. In particular, we argue that the dipoles and scalar/tensor four-fermion
operators are the only dimension-6 operators that can break the Lam-Tung relation at order O(α0

S),
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that is when QCD corrections are ignored. This remains true also at order O(αS), motivating our
focus on just these two classes of operators. From now on, we omit the flavor index in the Wilson
coefficients, and it is understood that all predictions and constraints hold separately, and identically,
for electron and muons.

3.4.1 Lam-Tung relation breaking at O(α0
S)

At the zero-th order in αS, and under the assumption of negligible intrinsic transverse momentum
of the partons and of negligible effects from the possible QED radiation, the transverse momentum
of the lepton pair vanishes. As a consequence, in the di-lepton rest frame the parton beams are
collinear, and, in turn, the ẑ axis of the CS frame (see Appendix 3.A for its definition) lies in the
direction of the beams and can be identified with the beam axis, denoted by z. Therefore, the
process features azimuthal symmetry, the CS frame can be identified with the center of mass frame
(the ϕ angle is arbitrary), and the angular distribution of the leptons in such frame only depends
on the angle θ, that is the angle between the negatively charged lepton and the z axis.

The fully differential cross-section of pp → ℓ+ℓ− + X in the CS frame in the SM is given
by Eq. (3.2). This five-differential cross-section reduces, at the zero-th order in αS, to the triple
differential cross-section for the process pp → ℓ+ℓ−. Integrating over the arbitrary angle ϕ we can
write ∫ 2π

0
dϕ lim

αS→0

(
dσ

dm2
ℓℓdp

ℓℓ
T dyℓℓd cos θdϕ

)
=

(
dσ

dm2
ℓℓdyℓℓd cos θ

)
LO
. (3.26)

Since, at O(α0
S), Eq. (3.2) only depends on θ and not on ϕ, that means that it should hold for

arbitrary values of ϕ, then all the terms proportional to functions of ϕ must vanish, implying that
only the coefficients A0 and A4 can be non-zero in this limit. Therefore, we can formally write the
limit in Eq. (3.26) as7∫ 2π

0
dϕ lim

αS→0

(
dσ

dm2
ℓℓdp

ℓℓ
T dyℓℓd cos θdϕ

)
=

3

8

(
dσ

dm2
ℓℓdyℓℓ

)
LO

[
(1 + cos2 θ)

+
1

2
A0(1− 3 cos2 θ) +A4 cos θ

]
.

(3.27)

It is important to notice that Eq. (3.27) does not imply that A0 and A4 are both non-vanishing in
the leading order limit.

Table 3.2 summarizes the angular dependence of the squared amplitude at leading order in αS

arising from the SM and the different dimension-6 operators that we consider. In particular, we
immediately see that the contributions proportional to a linear combination of (1 − cos θ)2 and
(1+cos θ)2 can only arise from Eq. (3.27) if A0 = 0. This is the Lam-Tung relation at order O(α0

S):

lim
αS→0

(A0 −A2) = A0 = A2 = 0. (3.28)

7The additional factor 1/(2π) appearing in Eq. (3.2) has been absorbed by the integral over ϕ.
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SM O(3) O(1,2,4) O(5,6,7) O(8)

SM (1± cos θ)2

O(3) 0 1− cos2 θ

O(1,2,4) (1± cos θ)2 0 (1± cos θ)2

O(5,6,7) (1± cos θ)2 0 0 (1± cos θ)2

O(8) 0 0 0 0 1

Table 3.2: Dependence on the cos θ angular variable of the squared amplitude of the process
pp → ℓ+ℓ− (at leading order in αS) arising from the interference of the SM and the SMEFT
operators considered in our analysis. The notation (1± cos θ)2 is used to indicate that the angular
dependence is a linear combination of both (1 + cos θ)2 and (1 − cos θ)2 terms. The operators are
labeled as in Section ??: O(1,2) are the operators ϕ4D2 and ψ2ϕ3, O(3) are the dipole operator
ψ2Xφ, O(4) are the operators ψ2φ2D, O(5,6,7) are the current-current four-fermion operators, and
O(8) are the scalar/tensor four-fermion operators. . The table is symmetric and we only filled the
lower part. The two shaded entries highlight the cases where the Lam-Tung relation is violated.

Table 3.2 also shows that the only operators that can break this relation at order O(α0
S) are the

dipole operators O(3) and the chirality-breaking scalar/tensor four-fermion operators O(8) with
angular dependences respectively proportional to 1− cos2 θ and to a constant term.

3.4.2 Lam-Tung relation breaking at O(αS)

At O(αS) the SM does not violate the Lam-Tung relation as a consequence of the fact that gluons
couple to the vector quark current, as explained in details in Ref. [107]. This implies that four-
fermion operators involving the vector quark current (namely O(5,6,7), following the notation in
Table 3.2) can not violate the Lam-Tung relation. As already mentioned in Section ??, the effect
of the operators O(1,2,4) does not grow with energy and can safely be neglected.8 Thus, even at
order O(αS), the only operators expected to give an observable Lam-Tung breaking effect are the
dipole and the scalar/tensor four-fermion operators. The O(αS) contributions of these operators to
the A0 − A2 observable is compared to the first non-vanishing SM contribution (corresponding to
O(α2

S)) in Figure 3.4. The SM curves are the same as those shown in Figures 3.2 and 3.3, while the
SMEFT contributions are computed at order O(αS), for Wilson coefficients fixed to the 3000 fb−1

(positive) exclusion bound reported in Tables 3.3 and 3.4 (see Section 3.5 for details on how these
bounds are derived).

3.5 Analysis and projected limits

In this Section, we detail the procedure used to extract the projected constraints on the Wilson
coefficient appearing in Eq. (3.1), and we specify the hypotheses underlying our analysis.

We considered, at the LHC, a center-of-mass energy of 13 TeV and two benchmark integrated
luminosities: 300 fb−1, corresponding approximately to the dataset expected by the end of Run 3,

8One could expect that contributions to the Drell–Yan process from the s-channel Higgs boson exchance could
break Lam-Tung already at O(α0

S). However, even if they did, these contributions are too small to be observed.
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Figure 3.4: Comparison between the contribution of the different SMEFT operators to the trans-
verse momentum (first row) and invariant mass distribution (second row) of the A0−A2 observable.
The left column shows scalar/tensor four-fermion operators, the right one shows the dipole oper-
ators. For each distribution, the Wilson coefficients are fixed equal to the largest positive value
consistent with the bounds from the corresponding kinematic distribution at 3000 fb−1 (Table 3.3
for pℓℓT and Table 3.4 for mℓℓ).

and 3000 fb−1, representative of the High-Luminosity LHC (HL-LHC) scenario. Since measurements
of A0 − A2 at 13 TeV are not yet available, we rely on simulations to obtain pseudo-data, as
specified in Section 3.1. These simulations are performed under the SM-only hypothesis for the
process pp→ ℓ+ℓ− +X at next-to-next-to-leading order (NNLO) in QCD, i.e., at O(α2

S), using the
MiNNLOPS framework. The resulting predictions are treated as pseudo-data for the purpose of our
projections, with uncertainties estimated as explained in Section 3.1.1. Predictions for the A0 −A2

observable in the SMEFT framework have been calculated analytically as explained in Section 3.1
and are expressed as functions of c2NP/Λ

4, where c2NP generically denotes the square of a Wilson
coefficient of those appearing in Eq. (3.1).
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The A0 −A2 observable in the presence of NP contributions can be expressed as:

(A0 −A2)
SMEFT = 4− 10

[∫ dσSM(cos θ, ϕ,mℓℓ, p
ℓℓ
T ) d cos θ dϕ (cos

2 θ + sin2 θ cos 2ϕ)

dσSM(mℓℓ, p
ℓℓ
T ) +

(cNP

Λ2

)2
dσ̃NP(mℓℓ, p

ℓℓ
T )

+
(cNP

Λ2

)2 ∫ dσ̃NP(cos θ, ϕ,mℓℓ, p
ℓℓ
T ) d cos θ dϕ (cos

2 θ + sin2 θ cos 2ϕ)

dσSM(mℓℓ, p
ℓℓ
T ) +

(cNP

Λ2

)2
dσ̃NP(mℓℓ, p

ℓℓ
T )

]
.

(3.29)
Due to the NP contribution appearing in the denominator, the dependence of (A0 − A2)

SMEFT

on the Wilson coefficient is non-linear, as anticipated above, and also affects the normalization of
the distribution. This is expected to potentially break the Gaussian assumption that would allow
a straightforward χ2 analysis. For this reason, we decided to extract the bounds using the log-
likelihood-ratio (LLR) test-statistic, which represents a more robust procedure for non-linear χ2

(non-Gaussian likelihood). The LLR is defined as:

tc = −2 ln
LH0

LH1(c)
, (3.30)

where, generically, H0 represents the null hypothesis and H1 the alternative hypothesis, that de-
pends on some parameters c. In our specific case, H0 is the SM-only hypothesis, H1 the SMEFT
hypothesis, and the c parameters are the relevant Wilson coefficients. For the two hypotheses, we
assumed:

• bin-by-bin, the likelihood for the SM hypothesis is considered to be a gaussian distribution,
centered around the A0−A2 central value provided by the simulations, with a width fixed by
the estimated uncertainty. The total likelihood is then:

LH0 =

nbins∏
i=1

N
(
(A0 −A2)

SM
i ; σi

)
. (3.31)

• analogously, the likelihood for the SMEFT hypothesis is constructed as the product of gaus-
sian distributions that, bin-by-bin, are centered around the (A0 − A2)

SMEFT central value,
calculated as explained above, with the same variance as in the SM-only hypothesis:9

LH1(cNP) =

nbins∏
i=1

N
(
(A0 −A2)

SMEFT
i (cNP) ; σi

)
, (3.32)

where we have made explicit the (A0 −A2)
SMEFT dependence on the Wilson coefficients.

Each Wilson coefficient is constrained individually by setting all others to zero.10 The analysis
9Here we assume that the uncertainty is not significantly affected by the presence of NP contributions. This is a

reasonable assumption, which can possibly be relaxed, if needed, by assuming σi = σi(cNP) in Eq. (3.32).
10Obviously, since we have an implementation of the full likelihood in Eq. (3.32), we could also perform a simulta-
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is performed using two kinematic distributions: the transverse momentum of the lepton pair pℓℓT for
above pℓℓT > 10 GeV and 80GeV < mℓℓ < 100GeV, and the di-lepton invariant mass mℓℓ for above
mℓℓ > 100 GeV and pℓℓT > 10 GeV. The binning schemes adopted for both cases are provided in
Tables 3.7-3.14 of Appendix 3.E, and are inspired by the existing measurements of Refs. [96, 98].

To constrain each Wilson coefficient, we estimated the distribution of the test-statistic tcNP

under the SM hypothesis H0, for a fixed, reasonable, initial value of cNP, by computing its value
on 104 pseudo-experiments drawn from LH0 . More explicitly, we used the available Monte Carlo
to draw, with replacement, pseudo-data and used them to compute tcNP 104 times. This yields a
distribution of values of tcNP . From this distribution we can identify a threshold, denoted by tcNP ,
defining the 95% confidence level (CL) threshold for rejecting the null hypothesis H0 when testing
against the alternative hypothesis H1 corresponding to the fixed value cNP.

Next, we compute the average value of tcNP over 103 samples drawn from LH1 . This corresponds
to generating pseudo-experiments corresponding to the H1 hypothesis with fixed cNP, computing
tcNP for each of these pseudo-experiments, and taking the average.11 The corresponding average
value is denoted by t∗cNP

.
Finally, both the threshold value tcNP and the average value t∗cNP

are iteratively computed ad-
justing the value of cNP (using a bisection method) until they are equal, within a fixed threshold

δcNP = 2

∣∣∣∣ t∗cNP
− tcNP

t∗cNP
+ tcNP

∣∣∣∣ , with δcNP < 5%. (3.33)

This is equivalent to solving the optimization problem:

c̃NP = argmin
cNP

|δcNP − 5%| . (3.34)

where c̃NP represents the Wilson coefficient value corresponding to the 95% CL bound.
This procedure is carried out to obtain both the upper and the lower bounds. Since NP contri-

butions manifest themselves as c2NP/Λ
4 and uncertainties are symmetric, the resulting constraints

are expected to be symmetric around zero. Nevertheless, we extract both sides independently.12

Results are presented and discussed in the next Section.

3.6 Results and discussion

In Tables 3.3 and 3.4 we report the 95% CL individual bounds for all the Wilson coefficients in
Eq. (3.1), equally valid for both electrons and muons, fixing the NP scale to Λ = 4 TeV. For the

neous fit of some, or all coefficients, or a combination with other analyses.
11Comparing the average test-statistic under the alternative hypothesis with the distribution of the test-statistic

under the null hypothesis is one possible procedure to compute a bound. Another option would be to compute the
full distribution under the alternative hypothesis and compare the two distributions in terms of a “confusion matrix",
or to require a given power of the test at fixed CL. These are arbitrary choices of hypothesis testing.

12In some cases the bounds on certain Wilson coefficients are not exactly symmetric. These small deviations arise
from small numerical instabilities in the procedure used to estimate the LLR distribution and give an idea of the
uncertainty in our numerical optimization procedure.
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95%CL, Λ = 4 TeV
pℓℓT distribution

L = 300 fb−1 L = 3000 fb−1

A0 −A2 cross-section A0 −A2 cross-section
c
(3)
ℓequ [−19.1, 19.1] [−15.6, 15.8] [−12.9, 13] [−14.1, 14.1]

c
(1)
ℓequ [−352, 344] [−363, 359] [−346, 344] [−359, 359]

cℓedq [−388, 375] [−400, 400] [−375, 375] [−400, 400]
ceW [−9.61, 9.61] [−18, 17.6] [−9.38, 9.38] [−17.2, 17.2]
ceB [−17.5, 17.5] [−32.8, 32] [−17.5, 17.5] [−32, 32]
cuW [−13.1, 13.4] [−3.2, 3.28] [−11.4, 11.6] [−2.85, 2.86]
cuB [−23.8, 23.8] [−5.63, 5.78] [−20.9, 20.6] [−5.16, 5.16]
cdW [−14.4, 14.4] [−4.45, 4.42] [−13.1, 13.1] [−3.98, 3.98]
cdB [−25.8, 25.8] [−7.97, 7.97] [−23.4, 23.8] [−7.03, 7.03]

Table 3.3: 95% CL individual bounds for the Wilson coefficients in Eq. (3.1) for integrated lumi-
nosity values of 300 fb−1 and 3000 fb−1. For each luminosity value, in the left column are reported
the bounds obtained looking at the A0 − A2 observable and in the right column are reported the
bounds obtained looking at the cross-section in the pℓℓT distribution, fixing the NP scale Λ as Λ = 4
TeV.

95%CL, Λ = 4 TeV
mℓℓ distribution

L = 300 fb−1 L = 3000 fb−1

A0 −A2 cross-section A0 −A2 cross-section
c
(3)
ℓequ [−0.297, 0.289] [−0.0641, 0.0645] [−0.141, 0.141] [−0.0645, 0.0625]

c
(1)
ℓequ [−1.64, 1.62] [−0.152, 0.15] [−0.703, 0.703] [−0.149, 0.148]

cℓedq [−2.11, 2.19] [−0.205, 0.202] [−0.898, 0.938] [−0.199, 0.199]
ceW [−5.63, 5.63] [−2.34, 2.34] [−3.31, 3.28] [−2.34, 2.29]
ceB [−9.38, 9.06] [−3.63, 3.59] [−5.31, 5.42] [−3.59, 3.63]
cuW [−7.24, 7.27] [−2.87, 2.86] [−4.22, 4.34] [−2.93, 2.81]
cuB [−6.09, 6.09] [−2.34, 2.37] [−3.57, 3.52] [−2.34, 2.34]
cdW [−8.67, 8.91] [−3.81, 3.84] [−5.33, 5.33] [−3.87, 3.87]
cdB [−7.59, 7.31] [−3.13, 3.16] [−4.5, 4.5] [−3.17, 3.13]

Table 3.4: 95% CL individual bounds for the Wilson coefficients in Eq. (3.1) for integrated lumi-
nosity values of 300 fb−1 and 3000 fb−1. For each luminosity value, in the left column are reported
the bounds obtained looking at the A0 − A2 observable and in the right column are reported the
bounds obtained looking at the cross-section in the mℓℓ distribution, fixing the New Physics scale
Λ as Λ = 4 TeV.

mℓℓ analysis, the last bin, corresponding to 3 − 10 TeV, was not included because the estimated
uncertainty was too large, and the region was partly outside of EFT validity range. For each
luminosity value, we also report, for comparison, the bounds obtained from the differential cross-
sections. The procedure to extract the latter bounds is the same as the one described above, except
that the A0 − A2 observable is replaced by the corresponding differential cross-section. Results in
Tables 3.3 and 3.4 are obtained considering two benchmark values for the integrated luminosity,
corresponding to 300 fb−1 and 3000 fb−1. We have fixed the NP scale to Λ = 4 TeV, and we focused
on the A0 −A2 observable and on the pℓℓT and mℓℓ differential cross-sections.

For a more immediate visual comparison, the same bounds, except for the four-fermion operators
in the pℓℓT distribution, are shown graphically in Figures 3.5 and 3.6. We have not included the
constraints on the Wilson coefficient of the four-fermion operators in Figure 3.5, since the pℓℓT
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Figure 3.5: Comparison between the 95% CL boundaries obtained looking at the A0−A2 observ-
able (blue) and the cross-section (orange) in the pℓℓT distribution. Left: 300 fb−1. Right: 3000 fb−1

Figure 3.6: Comparison between the 95% CL boundaries obtained looking at the A0−A2 observ-
able (blue) and the cross-section (orange) in the mℓℓ distribution. Left: 300 fb−1. Right: 3000 fb−1

distribution does not provide reasonably stringent bounds on them.13

Comparing the bounds shows that, in general, the constraints are tighter when looking at
the cross-section rather than A0 − A2 observable (see Appendix 3.D for an intuitive explanation).

13This is due to the fact that the pℓℓT analysis is done in a small window around the Z mass peak (80 GeV < mℓℓ <
100 GeV), where the four-fermion operators do not profit of the Breit-Wigner enhancement of contributions involving
the Z boson propagator.
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However, our analysis neglects the leading operators contributing to the cross-section, namely the
curret-current operators that interfere with the SM. In an analysis including all operators, those
in Eq. (3.1) would be sub-leading and thus extremely hard to constrain. The A0 − A2 observable,
on the other-hand, offers a complementary channel where the contribution of the current-current
operators is highly suppressed, thanks to the interference with the SM and the Lam-Tung relation,
and the dipole and scalar and tensor four-fermions operators provide the leading contributions. In
the spirit of global fits and of breaking degeneracies between different (classes of) operators, the
A0 −A2 observable becomes a very valuable tool, which gives independent and direct access to the
chirality-breaking operators.14

From Tables 3.3 and 3.4, we can also see that the bounds projected for 300 fb−1 and for 3000 fb−1

are often comparable. This effect is more pronounced in the pℓℓT analysis and for the differential
cross-section observable. This behavior comes from the fact that the bound on those coefficients
is dominated by the systematic uncertainty, which we assume not to improve with luminosity. As
we discussed before, systematic uncertainty dominate the low-pT and low-mℓℓ regions, so that only
operators with a shape significantly different from the SM in the high-pT or high-mℓℓ regions will see
a reasonable improvement in their bounds when increasing the integrated luminosity. The different
shapes shown in Figure 3.4 confirm this interpretation and show that the different growth in energy
of the dipole and four-fermion operators leads not only to different sensitivities in the two kinematic
distributions, but also to a different pattern of improvement of the bounds with the integrated
luminosity.

As mentioned above, the mℓℓ distribution, yields tighter bounds than the pℓℓT distribution, indi-
cating that higher energies enhance the sensitivity to both classes of operators. This can be seen
very neatly in Figure 3.6, which makes apparent how the four-fermion operators are more tightly
constrained than the dipole ones.

Finally, in Tables 3.5 and 3.6, we report the bounds obtained using the Taylor expansion of the
A0 − A2 observable truncated at order c2NP/Λ

4. Such bounds do not differ significantly from those
obtained using the full expression in Table 3.3 and 3.4. This is the expected behavior in the region of
validity of the EFT expansion, where higher-order terms are sub-leading corrections. In particular,
the expansion parameter involves the ratio dσSMEFT/dσSM × (cNP/Λ

2)2, which remains sufficiently
small for small enough Wilson coefficients and in most of the allowed phase space. The largest
discrepancies between the two approaches appear in the regions of the phase space where the NP
contributions are more significant, such as the tails of pℓℓT and mℓℓ distributions. In those regions,
for relatively large values of the Wilson coefficients, the expansion parameter may become largish,
making the expansion less reliable, and one could expect higher-order terms to become relevant.
This is the reason why we believe that showing both sets of bounds is useful, as it gives an idea of
the robustness of the results.

14As it was pointed out in Refs. [75, 108], the interference between dimension-eight operators and the SM is expected
to violate the Lam-Tung relation at O(αS). These contributes are expected to be subdominant with respect to those
of the dipole operators when probed close to the Z mass peak, and comparable with respect to the scalar/tensor
operators in the high mℓℓ region.
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95% CL, Λ = 4 TeV
pℓℓT distribution L = 300 fb−1 L = 3000 fb−1

c
(3)
ℓequ [−18.8, 18.8] [−12.9, 12.8]

c
(1)
ℓequ [−359, 348] [−344, 344]

cℓedq [−388, 375] [−375, 375]
ceW [−9.38, 9.38] [−9.38, 9.3]
ceB [−17.5, 17.5] [−17.2, 16.9]
cuW [−12.6, 12.5] [−10.4, 10.3]
cuB [−23.1, 23.1] [−18.9, 19.2]
cdW [−14.1, 14.1] [−12.5, 12.5]
cdB [−25, 25.4] [−22.7, 22.7]

Table 3.5: 95% CL individual bounds for the Wilson coefficients in eq. (3.1) for integrated lumi-
nosity values of 300 fb−1 and 3000 fb−1. These are obtained looking at the A0 − A2 observable in
the pT distribution expanded at order c2NP/Λ

4, fixing the New Physics scale Λ as Λ = 4 TeV.

95% CL, Λ = 4 TeV
mℓℓ distribution L = 300 fb−1 L = 3000 fb−1

c
(3)
ℓequ [−0.227, 0.234] [−0.133, 0.129]

c
(1)
ℓequ [−1, 0.988] [−0.563, 0.568]

cℓedq [−1.31, 1.31] [−0.738, 0.75]
ceW [−5.47, 5.31] [−3.32, 3.28]
ceB [−8.75, 8.75] [−5.31, 5.31]
cuW [−7.03, 7.03] [−4.16, 4.24]
cuB [−6.04, 5.86] [−3.52, 3.52]
cdW [−8.44, 8.44] [−5.27, 5.27]
cdB [−7.03, 7.23] [−4.45, 4.45]

Table 3.6: 95% CL individual bounds for the Wilson coefficients in Eq. (3.1) for integrated lumi-
nosity values of 300 fb−1 and 3000 fb−1. These are obtained looking at the A0 − A2 observable in
the mℓℓ distribution expanded at order c2NP/Λ

4, fixing the New Physics scale Λ as Λ = 4 TeV.

3.7 Conclusions

In this work, we analyzed the contributions of chirality-breaking dimension-six operators, specifically
dipole and four-fermion operators, to the Drell–Yan (DY) process.

Our focus was on the angular observable A0 −A2, which vanishes in the Standard Model (SM)
up to O(α2

S) and does not receive contributions from dimension-six operators that interfere with the
SM amplitude. In Ref. [75], bounds on dipole operators were derived at a center-of-mass energy of
8 TeV using the ATLAS analysis of Ref. [103]. Here, we extended that study by providing projected
bounds at 13 TeV, considering both dipole and four-fermion operators, and using both the pℓℓT and
mℓℓ distributions.

We performed SM Monte Carlo simulations at O(α2
S) with the MiNNLOPS tool, and included the

NP contributions analytically to estimate their effect on the pℓℓT and mℓℓ distributions of the DY
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cross-section, the angular coefficients Aℓ, and the A0−A2 observable. A pseudo-analysis was carried
out for 300 fb−1 of integrated luminosity, corresponding the final LHC dataset, and for 3000 fb−1 of
integrated luminosity, corresponding to the HL-LHC. We included estimates of both theoretical and
experimental systematic uncertainties, based on current measurements and projections for future
improvements.

We compared the 95% CL bounds on Wilson coefficients extracted from A0 − A2 with those
obtained from the differential cross-section. The latter are found to be generally more stringent,
which is not surprising given the much larger statistics and smaller experimental uncertainties
available for cross-section measurements. However, the key point of this work is that the angular
observable A0 − A2 offers a clean and independent probe of chirality-breaking operators, free from
contamination by dimension-six operators that interfere with the SM. This is not the case for
the cross-section, where SM contributions are never suppressed and the leading SMEFT effects
arise from interference with current–current four-fermion operators. As such, A0 − A2 becomes
particularly valuable in global SMEFT fits, where multiple operators are constrained simultaneously
and degeneracies in parameter space must be resolved.

We stress that our study was conducted in a simplified theoretical setup and does not attempt
to replicate a full experimental analysis. In particular, we assumed direct access to the angular
coefficients and to the A0 − A2 observable, whereas real analyses typically extract these quantities
via template fits. While we strived to provide realistic estimates of theoretical and experimental
systematics, a dedicated experimental study will ultimately be required to fully assess the potential
of A0 −A2 for probing chirality-breaking SMEFT operators at the LHC.





Appendix

3.A The Collins-Soper frame

Let the 4-vectors of the two incident beams in the laboratory frame be:

b+ = (Eb+ , b⃗+), (3.35)

b− = (Eb− , b⃗−). (3.36)

We call b′+ and b′− the respective 4-vectors boosted in the di-lepton rest frame. The z axis of the
CS frame is defined as the bisector of the unit vectors b̂′+ and −b̂′−, pointing such that its scalar
product with the di-lepton 3-momentum, in the laboratory frame, is positive.
Another axis, called q, is defined as the one laying in the plane defined by b̂′+ and b̂′−, orthogonal
to the z axis and pointing in the direction opposite to b̂′+ + b̂′−.
The angle θ is defined with respect to the z axis, while the angle ϕ is defined with respect to the q
axis.
This orientation of the CS frame axes can provide, for certain events, angles that are shifted by π
with respect to those defined in the original paper [74]. This can be taken into account by slightly
modifying the original definitions, introducing a factor pℓℓz / | pℓℓz | that accounts for axis orientation.
Therefore, one has:

cos θ =
pz,ℓℓ

| pz,ℓℓ |
2(pz,ℓ+Eℓ− − pz,ℓ−Eℓ+)

mℓℓ

√
m2
ℓℓ + pℓℓT

(3.37)

tanϕ =
pz,ℓℓ

| pz,ℓℓ |

√
m2
ℓℓ + p2T,ℓℓ

mℓℓ

∆pℓℓT · R̂T
∆pℓℓT · p̂T,ℓℓ

(3.38)

where p̂T,ℓℓ is a unit vector in the direction of pℓℓT and R̂T is the normalized cross product between
b̂+ and pz,ℓℓ.
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Figure 3.7: A graphic representation of the Collins-Soper frame.

3.B Angular observables from spherical-harmonics

In the following, we report the combination of spherical harmonics that provides the factor multi-
plying each Al in Eq. (3.2).

1 + cos2 θ =
4
√
π

15

(
10Y 0

0 +
√
5Y 0

2

)
,

1

2
(1− 3 cos2 θ) = −2

√
π

5
Y 0
2 ,

sin 2θ cosϕ = 2

√
2π

15
(Y −1

2 − Y 1
2 ) ,

1

2
(sin2 θ cos 2ϕ) =

√
2π

15
(Y −2

2 + Y 2
2 ) ,

sin θ cosϕ =

√
2π

3
(Y −1

1 − Y 1
1 ) ,

cos θ = 2

√
π

3
Y 0
1 ,

sin2 θ sin 2ϕ = −2i

√
2π

15
(Y −2

2 − Y 2
2 ) ,

sin 2θ sinϕ = −2i

√
2π

15
(Y −1

2 + Y 1
2 ) ,

sin θ sinϕ = −i
√

2π

3
(Y −1

1 + Y 1
1 ) .

One can verify that, apart from the first two, each of these combinations of spherical harmonics
is orthogonal to the others.
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3.C Differential cross-section and PDF integration

In this appendix we derive the expression for the fully differential unpolarized cross-section for the
process pp → ℓ+ℓ−X at O (αS). This is achieved by splitting it in two subsequent processes: the
first is pp → ZX, which on the partonic level gives qq̄ → Zg or qg → Zq; the second consists in
the Z boson decaying into the lepton pair Z → ℓ+ℓ−. Neglecting the quark masses the kinematic
constraint s+ t+ u = m2

ℓℓ must hold, where mℓℓ denotes the invariant mass of the lepton pair and
s, t and u the partonic Mandelstam variables defined for the first subprocess.
In the CS frame the Z boson momentum reads pZ =

(
EZ , p

ℓℓ
T , 0, pl

)
. All the kinematic quantities

are expressed in terms of:

• the invariant mass of the lepton pair mℓℓ;

• the transverse momentum of the lepton pair pℓℓT ;

• the energy of each hadron in the laboratory frame Ep;

• the rapidity y = log
(
EZ+pl
EZ−pl

)
of the Z boson;

• the fraction of hadronic momentum carried by the incoming partons xa.

In terms of these quantities, the energy EZ and longitudinal momentum pl become

EZ =
√
m2
ℓℓ + (pℓℓT )

2 cosh y, pl =
√
m2
ℓℓ + (pℓℓT )

2 sinh y, (3.39)

and the Mandelstam variables can be rewritten as

s = 4xaxbE
2
p , t = m2

ℓℓ − 2xaEp

√
m2
ℓℓ + (pℓℓT )

2e−y, u = m2
ℓℓ − 2xbEp

√
m2
ℓℓ + (pℓℓT )

2ey. (3.40)

The general expression for the hadronic cross-section σpp→Xℓ+ℓ− is

σpp→Xℓ+ℓ− =
∑
ab

∫
d3pX

(2π)32EX

d3pℓ+

(2π)32Eℓ+

d3pℓ−

(2π)32Eℓ−

1

2s
fa/p(xa)fb/p(xb)dxadxb

× ⟨|Mab|2⟩(2π)4δ(4)(pa + pb − pX − pℓ+ − pℓ−),

(3.41)

with Mab the amplitudes for the partonic processes; the meaning of the other symbols is understood.
Momentum conservation gives

dσpp→Xℓ+ℓ− =
∑
ab

∫
d4pZdϕ

(2)
ℓℓ

d3pX
(2π)32EX

1

2s
fa/p(xa)fb/p(xb)dxadxb

× ⟨|Mab|2⟩(2π)4δ(4)(pa + pb − pX − pZ),

(3.42)

where

dϕ
(2)
ℓℓ ≡ (2π)4 δ(4) (pZ − pℓ+ − pℓ−)

d3pℓ+

(2π)32Eℓ+

d3pℓ−

(2π)32Eℓ−
(3.43)
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is the lepton pair phase space.
The integral on xb is now performed using the identity d3pX

2EX
= d4pXδ(p

2
X): we can substitute in the

Dirac δ-function p2X = s+ t+ u−m2
ℓℓ and then use Eq. (3.40) to obtain

δ(p2X) =
1

2E2
p |2xa − xT ey|

δ

xb − xaxT e
−y − m2

ℓℓ
2E2

p

2xa − xT ey

 , (3.44)

with xT ≡
√
m2
ℓℓ + (pℓℓT )

2/Ep. Moreover, being xb < 1, the above expression gives a lower limit on
xa that reads

xa > xmin
a ≡

xT e
y − m2

ℓℓ
2E2

p

2− xT e−y
. (3.45)

The integration over the the lepton pair momenta gives

σpp→ℓ+ℓ− =
1

(2π)6
1

64E4
p

∫ [∑
ab

∫ 1

xmin
a

fa/p(xa)fb/p(xb)dxa
⟨|Mab|2⟩

(2xa − xT ey)xax∗b

]
dcθdϕd

4pZ , (3.46)

where the star in x∗b keeps track of the constraint on xb given by Eq. (3.44).
The 4-momentum of the outgoing Z boson can be parametrized as

pZ =

(√
m2
ℓℓ + (pℓℓT )

2 cosh y, pℓℓT cosα, pℓℓT sinα,
√
m2
ℓℓ + (pℓℓT )

2 sinh y

)
, (3.47)

which gives

d4pZ =
1

2
pℓℓT dαdm

2
ℓℓdp

ℓℓ
T dy. (3.48)

Plugging this into Eq. (3.46) and integrating over α we find

dσpp→Xℓ+ℓ−

dm2
ℓℓdp

ℓℓ
T dcθdϕ

=
1

(2π)5
πpℓℓT
128E4

p

∫ ymax

ymin

[∑
ab

∫ 1

xmin
a

fa/p(xa)fb/p(x
∗
b)dxa

⟨|Mab|2⟩
(2xa − xT ey)xax∗b

]
dy,

(3.49)
where the upper and lower bounds

ymax ≡ log

1
2

4E2
p +m2

ℓℓ

2E2
pxT

+

√√√√(4E2
p +m2

ℓℓ

2E2
pxT

)2

− 4


 ,

ymin ≡ log
(xT

2

) (3.50)

follow from the fact that xmin
a is positive and lesser than 1.

The analytic results obtained using formula (3.49) were found to be in excellent agreement with
those obtained with Madgraph5 [109].
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3.D Cross-section vs A0 − A2 bounds

In this appendix, we provide an intuitive explanation for why the bounds obtained from the cross-
section are tighter than those obtained with the A0 −A2 observable. In particular we focus on the
ratios:

r1 =

∣∣∣∣σSMEFT − σSM

δσSM

∣∣∣∣ , (3.51)

r2 =

∣∣∣∣∣(A0 −A2)
SMEFT − (A0 −A2)

SM

δ(A0−A2)SM

∣∣∣∣∣ , (3.52)

R =
r1
r2
, (3.53)

where δσSM and δ(A0−A2)SM indicate the uncertainty on the cross-section and the A0−A2 observable,
respectively. Clearly, at fixed cNP, a larger value of the ratio indicates that the corresponding
observable is more sensitive to the considered operator. Figure 3.8 shows the r1 (upper left), r2
(upper right) and R (lower panel) ratios for the pℓℓT distribution with fixed luminosity of 300 fb−1.
Each Wilson coefficient cNP is set to 10 and Λ is fixed at 4 TeV.

It is immediate to notice that r1 is significantly larger that r2, as R ranges from a few units up
to more than 1000. This behavior indicates that the cross-section is more sensitive to NP insertion,
due to its smaller uncertainties. Furthermore, the R plot shows a peak in the central bins, where
A0−A2 increases and the statistical uncertainty is small thanks to the high statistics. This pattern
does not occur for the ceW and ceB Wilson coefficients, which are, in fact, better constrained through
the A0−A2 observable. An analogous behavior is observed for the 3000 fb−1 integrated luminosity.
Similar conclusions hold when considering the mℓℓ distribution, where r1 remains consistently larger
than r2.

3.E Numerical tables

In this appendix we report the numerical values of the observables appearing in Figures 3.1, 3.2,
3.3 with explicit separation of statistical and systematic uncertainties.
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Figure 3.8: Plots of the ratios defined in equation (3.51) assuming L = 300 fb−1 in the pℓℓT
distribution. Upper left: r1, upper right: r2, lower panel: R. The different behavior of ceW and
ceB, that are better constrained by the A0 −A2 observable, is evident.
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pℓℓT [GeV] NMC σ [pb] δσ300
stat [pb] δσ3000

stat [pb] δσ3%
syst [pb]

10.− 12. 55355060 118.99 0.0462851 0.0146366 3.5697
12.− 14. 44432363 100.94 0.0350784 0.0110928 3.02821
14.− 16. 36325175 86.4391 0.0271705 0.00859205 2.59317
16.− 18. 30149734 74.566 0.0268787 0.00849979 2.23698
18.− 20. 25356520 64.7717 0.0211872 0.00669997 1.94315
20.− 22.5 26414219 69.6736 0.0345891 0.010938 2.09021
22.5− 25. 21848818 59.3793 0.0205171 0.00648808 1.78138
25.− 27.5 18289822 51.0283 0.0207527 0.00656258 1.53085
27.5− 30. 15450562 44.1082 0.0153048 0.00483982 1.32325
30.− 33. 15561084 45.4264 0.0155019 0.00490215 1.36279
33.− 36. 12982145 38.7237 0.0154616 0.00488938 1.16171
36.− 39. 10916808 33.2943 0.104793 0.0331385 0.998829
39.− 42. 9253016 28.593 0.0125402 0.00396556 0.857789
42.− 45. 7892013 24.7582 0.0112726 0.00356472 0.742747
45.− 48. 6768494 21.5125 0.0102497 0.00324124 0.645376
48.− 51. 5840548 18.7992 0.0102651 0.00324612 0.563975
51.− 54. 5053525 16.4331 0.009844 0.00311295 0.492994
54.− 57. 4394576 14.4348 0.0106579 0.00337034 0.433044
57.− 61. 5002474 16.5707 0.018601 0.00588215 0.497122
61.− 65. 4199710 14.0805 0.00805207 0.00254629 0.422415
65.− 70. 4330950 14.6711 0.0076631 0.00242328 0.440134
70.− 75. 3520638 12.0448 0.00867464 0.00274316 0.361345
75.− 80. 2883906 9.93928 0.00625729 0.00197873 0.298178
80.− 85. 2374827 8.24452 0.00648999 0.00205232 0.247335
85.− 95. 3608604 12.6469 0.021292 0.00673313 0.379406
95.− 105. 2524395 8.91138 0.00627343 0.00198383 0.267341
105.− 125. 3122264 11.1183 0.00677558 0.00214263 0.33355
125.− 150. 1999251 7.18747 0.00551796 0.00174493 0.215624
150.− 175. 1017474 3.68138 0.00427167 0.00135082 0.110441
175.− 200. 555846 2.01631 0.0030348 0.000959689 0.0604894
200.− 250. 518627 1.877 0.00313351 0.000990902 0.05631
250.− 300. 203615 0.735178 0.0018908 0.000597924 0.0220553
300.− 350. 89323 0.32241 0.00118899 0.000375991 0.00967229
350.− 400. 43580 0.156648 0.000841524 0.000266113 0.00469943
400.− 470. 28142 0.101251 0.000669394 0.000211681 0.00303754
470.− 550. 13814 0.0492041 0.000388475 0.000122847 0.00147612
550.− 650. 6735 0.0239324 0.000303223 0.0000958875 0.000717971
650.− 900. 4229 0.0148124 0.000228624 0.0000722974 0.000444371
900.− 2500. 791 0.00265501 0.0000894172 0.0000282762 0.0000796503

Table 3.7: Expected results of measurements of the transverse momentum spectrum at the LHC
at 13 TeV with 300 fb−1 and 3 ab−1. The columns show the bin range, the number of Monte
Carlo events, the expected cross-section, the statistical uncertainty with 300 fb−1 and 3 ab−1, and
a systematic uncertainty of 3%.
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pℓℓT [GeV] A0 (δA0)
300
stat (δA0)

3000
stat (δA0)

3%
syst

10.− 12. 0.0454443 0.00114832 0.000363131 0.0186367
12.− 14. 0.0599507 0.00135674 0.000429039 0.0182015
14.− 16. 0.0762949 0.0014533 0.000459572 0.0177112
16.− 18. 0.0929306 0.00134978 0.000426839 0.0172121
18.− 20. 0.112002 0.0013841 0.000437691 0.01664
20.− 22.5 0.133622 0.001311 0.000414575 0.0159913
22.5− 25. 0.158508 0.0011865 0.000375205 0.0152448
25.− 27.5 0.186841 0.00158303 0.000500597 0.0143948
27.5− 30. 0.213909 0.00122356 0.000386924 0.0135827
30.− 33. 0.24182 0.00124103 0.000392448 0.0127454
33.− 36. 0.274575 0.0013978 0.000442023 0.0117627
36.− 39. 0.30449 0.00357953 0.00113195 0.0108653
39.− 42. 0.338655 0.00157738 0.00049881 0.00984036
42.− 45. 0.369891 0.00131081 0.000414515 0.00890328
45.− 48. 0.400941 0.00182146 0.000575997 0.00797177
48.− 51. 0.429686 0.00183945 0.000581685 0.00710942
51.− 54. 0.455141 0.00167453 0.000529532 0.00634577
54.− 57. 0.479131 0.00175029 0.00055349 0.00562608
57.− 61. 0.510621 0.00232018 0.000733707 0.00468139
61.− 65. 0.542085 0.00204103 0.000645431 0.00373744
65.− 70. 0.571995 0.00163757 0.000517846 0.00284015
70.− 75. 0.601204 0.00168406 0.000532546 0.00196388
75.− 80. 0.633106 0.00186528 0.000589854 0.00100681
80.− 85. 0.66316 0.00247316 0.000782083 0.0001052
85.− 95. 0.686713 0.0060731 0.00192048 0.000601351
95.− 105. 0.732296 0.00206278 0.000652307 0.00196888
105.− 125. 0.779334 0.00163382 0.000516661 0.00338001
125.− 150. 0.832182 0.0024437 0.000772765 0.00496547
150.− 175. 0.867126 0.00282857 0.000894471 0.00601376
175.− 200. 0.899789 0.0041151 0.00130131 0.00699372
200.− 250. 0.916585 0.00481605 0.00152297 0.00749755
250.− 300. 0.949971 0.00721618 0.00228196 0.00849908
300.− 350. 0.947089 0.0109943 0.00347669 0.00841257
350.− 400. 0.977413 0.0146018 0.0046175 0.0093229
400.− 470. 0.965547 0.0181728 0.00574673 0.00896602
470.− 550. 0.989361 0.0254853 0.00805915 0.00968054
550.− 650. 0.9903 0.0337669 0.010678 0.00970749
650.− 900. 0.978093 0.0496695 0.0157069 0.00934364
900.− 2500. 0.990086 0.111957 0.0354038 0.00968581

Table 3.8: Expected results of measurements of the A0 observable at the LHC at 13 TeV with
300 fb−1 and 3 ab−1. The columns show the bin range, the expected value of A0, the statistical
uncertainty with 300 fb−1 and 3 ab−1, and a systematic uncertainty of 3%.
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pℓℓT [GeV] A2 (δA2)
300
stat (δA2)

3000
stat (δA2)

3%
syst

10.− 12. 0.0236693 0.00121024 0.000382711 0.000710079
12.− 14. 0.0252714 0.00147315 0.000465851 0.000758143
14.− 16. 0.0305507 0.00105898 0.00033488 0.00091652
16.− 18. 0.0313687 0.00101226 0.000320105 0.00094106
18.− 20. 0.0379034 0.000984646 0.000311372 0.0011371
20.− 22.5 0.0410952 0.00108569 0.000343324 0.00123286
22.5− 25. 0.045506 0.000973089 0.000307718 0.00136518
25.− 27.5 0.0499428 0.000975623 0.000308519 0.00149828
27.5− 30. 0.0537455 0.00112234 0.000354915 0.00161236
30.− 33. 0.0579562 0.00105402 0.000333309 0.00173869
33.− 36. 0.0626439 0.00116594 0.000368703 0.00187932
36.− 39. 0.0598799 0.00623964 0.00197315 0.00179644
39.− 42. 0.0652713 0.00123154 0.000389449 0.00195814
42.− 45. 0.0695346 0.00134794 0.000426257 0.00208604
45.− 48. 0.070112 0.00140319 0.000443728 0.00210336
48.− 51. 0.0707345 0.00135741 0.000429251 0.00212204
51.− 54. 0.0727296 0.00144449 0.000456788 0.00218189
54.− 57. 0.0774697 0.00252136 0.000797325 0.00232409
57.− 61. 0.0773344 0.00353121 0.00111667 0.00232003
61.− 65. 0.076637 0.00150062 0.000474538 0.00229911
65.− 70. 0.0759462 0.00163643 0.000517484 0.00227839
70.− 75. 0.0734238 0.00154593 0.000488867 0.00220272
75.− 80. 0.0749548 0.0019587 0.000619396 0.00224864
80.− 85. 0.0728264 0.00160893 0.000508789 0.0021848
85.− 95. 0.0776449 0.00432023 0.00136618 0.00232935
95.− 105. 0.0722412 0.00178587 0.000564742 0.00216723
105.− 125. 0.0682163 0.00171466 0.000542224 0.00204649
125.− 150. 0.0606084 0.00219335 0.000693597 0.00181825
150.− 175. 0.0549135 0.00265379 0.000839202 0.00164741
175.− 200. 0.0500717 0.00341425 0.00107968 0.00150216
200.− 250. 0.0438294 0.00375023 0.00118593 0.0013149
250.− 300. 0.0255768 0.00730141 0.00230891 0.000767309
300.− 350. 0.0257082 0.00878564 0.00277826 0.000771414
350.− 400. 0.046506 0.0139431 0.00440919 0.00139526
400.− 470. 0.0257966 0.0160086 0.00506237 0.000774092
470.− 550. 0.0126944 0.0248429 0.007856 0.000380961
550.− 650. 0.00365842 0.0297732 0.00941513 0.000110922
650.− 900. 0.0541991 0.0472457 0.0149404 0.00162197
900.− 2500. 0.0367986 0.0994578 0.0314513 0.00110695

Table 3.9: Expected results of measurements of the A2 observable at the LHC at 13 TeV with
300 fb−1 and 3 ab−1. The columns show the bin range, the expected value of A2, the statistical
uncertainty with 300 fb−1 and 3 ab−1, and a systematic uncertainty of 3%.
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pℓℓT [GeV] A0 −A2 δ(A0 −A2)
300
stat δ(A0 −A2)

3000
stat δ(A0 −A2)

3%
syst

10.− 12. 0.0283314 0.00219976 0.000695624 0.0186437
12.− 14. 0.0330746 0.002538 0.000802587 0.0182193
14.− 16. 0.0419759 0.00274345 0.000867555 0.0177411
16.− 18. 0.0415125 0.00280323 0.000886458 0.0172811
18.− 20. 0.0490277 0.00218055 0.000689551 0.0167469
20.− 22.5 0.0577262 0.00381117 0.0012052 0.0161526
22.5− 25. 0.062618 0.00218661 0.000691467 0.0155138
25.− 27.5 0.0653363 0.00239468 0.000757264 0.0148491
27.5− 30. 0.066978 0.00249069 0.000787625 0.0142801
30.− 33. 0.0764202 0.00216215 0.000683731 0.0136772
33.− 36. 0.0761219 0.00246108 0.000778261 0.0131836
36.− 39. 0.0853067 0.00485269 0.00153455 0.0127001
39.− 42. 0.0835377 0.00245159 0.000775261 0.0124663
42.− 45. 0.0908412 0.00268472 0.000848984 0.0122209
45.− 48. 0.0870325 0.00300801 0.000951216 0.0123383
48.− 51. 0.0925727 0.00348033 0.00110058 0.0123622
51.− 54. 0.089258 0.00357317 0.00112994 0.0126788
54.− 57. 0.0829 0.00435847 0.00137827 0.0131511
57.− 61. 0.094012 0.00298472 0.000943851 0.0133462
61.− 65. 0.0920686 0.00319159 0.00100927 0.0140083
65.− 70. 0.0915626 0.0031811 0.00100595 0.0146901
70.− 75. 0.0909227 0.0030153 0.000953521 0.0154339
75.− 80. 0.08731 0.00344346 0.00108892 0.0164048
80.− 85. 0.0913945 0.00421305 0.00133228 0.0171533
85.− 95. 0.0884333 0.00569044 0.00179947 0.0179584
95.− 105. 0.0861138 0.00424156 0.0013413 0.0194852
105.− 125. 0.0833509 0.00371347 0.0011743 0.0211513
125.− 150. 0.0839705 0.00447094 0.00141384 0.022989
150.− 175. 0.0834069 0.00632102 0.00199888 0.0242685
175.− 200. 0.0896245 0.00785136 0.00248282 0.0252912
200.− 250. 0.0792491 0.00902837 0.00285502 0.0262151
250.− 300. 0.0690518 0.0147523 0.0046651 0.0277607
300.− 350. 0.0671591 0.0205242 0.00649034 0.0277056
350.− 400. 0.07426 0.0326327 0.0103194 0.0286537
400.− 470. 0.0752987 0.0362228 0.0114547 0.0281729
470.− 550. 0.0679409 0.0490551 0.0155126 0.0292874
550.− 650. 0.0166015 0.0724604 0.022914 0.0307811
650.− 900. 0.142826 0.0871392 0.0275558 0.0267453
900.− 2500. −0.109047 0.201254 0.063642 0.0343444

Table 3.10: Expected results of measurements of the A0 − A2 observable at the LHC at 13 TeV
with 300 fb−1 and 3 ab−1. The columns show the bin range, the expected value of A2, the statistical
uncertainty with 300 fb−1 and 3 ab−1, and a systematic uncertainty of 3%.
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mℓℓ [GeV] NMC σ [pb] δσ300
stat [pb] δσ3000

stat [pb] δσ3%
syst [pb]

100− 105 8204433 18.1485 0.0118372 0.00374325 0.544455
105− 110 8349055 8.82233 0.00550703 0.00174147 0.26467
110− 115 7067831 5.25065 0.00322271 0.00101911 0.15752
115− 120 7159110 3.50436 0.00213849 0.000676251 0.105131
120− 126 5813465 2.94182 0.0020837 0.000658923 0.0882547
126− 133 5797184 2.37394 0.00193485 0.000611855 0.0712182
133− 141 3755474 1.95064 0.00176662 0.000558653 0.0585193
141− 150 3813026 1.56363 0.00158484 0.00050117 0.046909
150− 160 3096496 1.24575 0.00119425 0.000377655 0.0373726
160− 171 3143515 0.992093 0.00101408 0.000320682 0.0297628
171− 185 1601319 0.882853 0.00124199 0.000392753 0.0264856
185− 200 1631284 0.669961 0.000768605 0.000243054 0.0200988
200− 220 1662754 0.607422 0.000784724 0.000248151 0.0182227
220− 243 1701384 0.454496 0.000570742 0.000180485 0.0136349
243− 273 867442 0.368791 0.000635313 0.000200904 0.0110637
273− 320 890247 0.3257 0.000636502 0.000201279 0.00977101
320− 380 917527 0.201384 0.000397336 0.000125649 0.00604152
380− 440 709781 0.100279 0.000218025 0.0000689457 0.00300837
440− 510 361260 0.0603857 0.000172991 0.0000547046 0.00181157
510− 600 370583 0.0400292 0.000123339 0.0000390033 0.00120088
600− 700 380320 0.0211948 0.0000512655 0.0000162116 0.000635844
700− 830 155170 0.0127793 0.0000579316 0.0000183196 0.000383379
830− 1000 158533 0.00713393 0.0000317332 0.0000100349 0.000214018
1000− 1500 162895 0.00501588 0.0000223981 7.1 · 10−6 0.000150477
1500− 3000 166879 0.000848871 5.0 · 10−6 1.6 · 10−6 0.0000254661
3000− 10000 2710 9.5 · 10−6 1.1 · 10−6 3.4 · 10−7 2.9 · 10−7

Table 3.11: Expected results of measurements of the di-lepton invariant mass spectrum at the
LHC at 13 TeV with 300 fb−1 and 3 ab−1. The columns show the bin range, the number of Monte
Carlo events, the expected cross-section, the statistical uncertainty with 300 fb−1 and 3 ab−1, and
a systematic uncertainty of 3%.
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mℓℓ [GeV] A0 (δA0)
300
stat (δA0)

3000
stat (δA0)

3%
syst

100− 105 0.206069 0.00220099 0.000696013 0.0138179
105− 110 0.198655 0.00390891 0.0012361 0.0140404
110− 115 0.192236 0.0043067 0.0013619 0.0142329
115− 120 0.18408 0.00459632 0.00145349 0.0144776
120− 126 0.178093 0.00527618 0.00166847 0.0146572
126− 133 0.16969 0.00676013 0.00213774 0.0149093
133− 141 0.163594 0.00667648 0.00211129 0.0150922
141− 150 0.157821 0.00815895 0.00258008 0.0152653
150− 160 0.150422 0.0090537 0.00286303 0.0154873
160− 171 0.145611 0.0109549 0.00346424 0.0156316
171− 185 0.137872 0.00920768 0.00291172 0.0158639
185− 200 0.126617 0.0122699 0.00388007 0.0162015
200− 220 0.124962 0.0136978 0.00433163 0.0162512
220− 243 0.106773 0.0130855 0.00413799 0.0167968
243− 273 0.0990207 0.0193292 0.00611242 0.0170294
273− 320 0.097449 0.0197648 0.00625017 0.0170767
320− 380 0.0809004 0.0236554 0.00748048 0.017573
380− 440 0.0768314 0.0331067 0.0104693 0.0176951
440− 510 0.0528575 0.0400658 0.0126699 0.0184143
510− 600 0.0517298 0.0535121 0.016922 0.018448
600− 700 0.0508636 0.0685334 0.0216721 0.0184748
700− 830 0.0460793 0.0885335 0.0279967 0.0186168
830− 1000 0.0420531 0.117322 0.0371003 0.0187368
1000− 1500 0.0289552 0.141289 0.0446794 0.0191276
1500− 3000 0.0236164 0.41192 0.130261 0.0192946
3000− 10000 −0.673888 6.51047 2.05879 0.0415498

Table 3.12: Expected results of measurements of the A0 observable at the LHC at 13 TeV with
300 fb−1 and 3 ab−1. The columns show the bin range, the expected value of A0, the statistical
uncertainty with 300 fb−1 and 3 ab−1, and a systematic uncertainty of 3%.
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mℓℓ [GeV] A2 (δA2)
300
stat (δA2)

3000
stat (δA2)

3%
syst

100− 105 0.0422219 0.00227595 0.000719719 0.00126666
105− 110 0.0434971 0.00376089 0.0011893 0.00130493
110− 115 0.0417116 0.00381904 0.00120769 0.00125134
115− 120 0.038442 0.00474009 0.00149895 0.00115326
120− 126 0.0355266 0.00459244 0.00145226 0.0010658
126− 133 0.0373691 0.00624652 0.00197532 0.00112104
133− 141 0.0345992 0.00571451 0.00180709 0.00103799
141− 150 0.0364752 0.0083864 0.00265201 0.00109429
150− 160 0.0364136 0.00710229 0.00224594 0.00109239
160− 171 0.0291341 0.00948309 0.00299882 0.000874032
171− 185 0.0356255 0.0085101 0.00269113 0.0010688
185− 200 0.019759 0.0103417 0.00327033 0.000592756
200− 220 0.0294363 0.0106759 0.00337601 0.000883093
220− 243 0.0237177 0.0105273 0.00332902 0.000711509
243− 273 0.0167273 0.0144559 0.00457135 0.000501912
273− 320 0.0221835 0.0139955 0.00442577 0.000665533
320− 380 0.0170735 0.0210878 0.00666854 0.000512299
380− 440 0.0149437 0.0288257 0.00911549 0.00044819
440− 510 0.00187905 0.0365037 0.0115435 0.0000557831
510− 600 −0.00137813 0.0457439 0.0144655 0.0000413211
600− 700 −0.00159732 0.0612091 0.019356 0.0000482714
700− 830 −0.00557428 0.0672415 0.0212636 0.000167436
830− 1000 0.0137169 0.10256 0.0324322 0.000410183
1000− 1500 0.0317234 0.122617 0.038775 0.000951331
1500− 3000 −0.00716862 0.396067 0.125248 0.000207753
3000− 10000 2.86876 20.4434 6.46477 0.0919646

Table 3.13: Expected results of measurements of the A2 observable at the LHC at 13 TeV with
300 fb−1 and 3 ab−1. The columns show the bin range, the expected value of A2, the statistical
uncertainty with 300 fb−1 and 3 ab−1, and a systematic uncertainty of 3%.
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mℓℓ [GeV] A0 −A2 δ(A0 −A2)
300
stat δ(A0 −A2)

3000
stat δ(A0 −A2)

3%
syst

100− 105 0.0489227 0.00379057 0.00119868 0.0146
105− 110 0.0479573 0.00693351 0.00219257 0.0147503
110− 115 0.0527973 0.00846707 0.00267752 0.0148349
115− 120 0.0466155 0.00778599 0.00246215 0.0150535
120− 126 0.0443988 0.0108978 0.0034462 0.0151961
126− 133 0.0483033 0.0123165 0.00389482 0.0153476
133− 141 0.0355806 0.0115509 0.00365273 0.0155731
141− 150 0.0366276 0.0141871 0.00448637 0.0156924
150− 160 0.0365152 0.0167127 0.00528503 0.0158598
160− 171 0.0364686 0.0246929 0.00780859 0.0159708
171− 185 0.0487894 0.0189455 0.00599109 0.0160874
185− 200 0.0310485 0.0205385 0.00649484 0.0164532
200− 220 0.0324652 0.0236061 0.00746492 0.0164864
220− 243 0.0265552 0.0210694 0.00666273 0.0169683
243− 273 0.0127414 0.0364795 0.0115358 0.0172249
273− 320 0.039359 0.0307471 0.00972308 0.0171653
320− 380 0.0332408 0.0434818 0.0137501 0.0176311
380− 440 0.0179427 0.0558835 0.0176719 0.017783
440− 510 −0.0132197 0.080222 0.0253684 0.0185206
510− 600 0.0147696 0.1048 0.0331407 0.0184813
600− 700 0.0223771 0.134543 0.0425464 0.0184946
700− 830 −0.0145346 0.174328 0.0551275 0.0187056
830− 1000 0.0364093 0.226636 0.0716687 0.0187375
1000− 1500 −0.0000212533 0.269824 0.0853259 0.0191475
1500− 3000 0.0905146 0.904677 0.286084 0.0193981
3000− 10000 3.38865 37.2917 11.7927 0.146803

Table 3.14: Expected results of measurements of the A0 − A2 observable at the LHC at 13 TeV
with 300 fb−1 and 3 ab−1. The columns show the bin range, the expected value of A0 − A2, the
statistical uncertainty with 300 fb−1 and 3 ab−1, and a systematic uncertainty of 3%.
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3.F UV models sensitive to our analysis

One of the goals of the SMEFT program is that of indirectly exploring the landscape of possible UV
completions of the SM. Generally, this is done by constraining, through precision measurements,
the Wilson coefficients of classes of SMEFT operators, and then match them to a specific BSM
model, or, even better, to a class of BMS models. Indeed, it is essential to keep in mind that
the SMEFT approach, being fully model-independent, gives little information on the UV, unless
it is supplemented by additional hypotheses. For instance, constraints on electroweak precision
observables give very different information on the UV if one assumes strongly interacting dynamics
at the TeV scale, or weakly coupled extensions of the SM. In other words, the SMEFT gains all its
power only when supplemented by reasonable hypotheses at least on the BSM framework that can
give rise to the observables at hand.

An interesting question that one could ask on the present paper is which information on the UV
one could gather from studying the operators that we consider. First of all, the fact that dipole and
scalar/tensor four-fermion operators break chiral symmetry, rules out the possibility of leveraging
our analysis to constrain minimal flavor violating (MFV) UV models. Indeed, if MFV is assumed,
then selection rules imply that the Wilson coefficients of chirality-breaking operators are suppressed
by (powers of) Yukawa couplings, making our bounds too weak to draw any relevant conclusion.
Parity is the other selection rule that makes all constraints on parity-odd operators, both four-
fermion and dipole operators, the latter corresponding to Electric Dipole Moments (EDMs) from
high energy measurements essentially irrelevant. This is the reason why we considered only parity
conserving operators. Concerning parity conserving dipole operators, corresponding to Magnetic
Dipole Moments (MDMs), the impact of UV physics is quite well understood, since they often
arise from one loop diagrams that contribute to the U(1)Y , SU(2)L and SU(3)c vertex correction,
to which there is usually a limited set of contributing Feynman diagrams. The general structure
of these operators is therefore relatively easy to understand. For instance, Ref. [110] studies the
one-loop contributions to dipole moments in several UV theories, such as two-Higgs-doublet models,
the minimal supersymmetric extension of the SM (MSSM), and scenarios with extra U(1) gauge
symmetries, and performs the matching with the SMEFT operators that we consider: the general
result is that, within the framework of the aforementioned BSM theories, suitable parameter choices
can lead to sizable Wilson coefficients for the CP-even dipole operators. These parameter choices
are often fine-tuned, which is expected for sizable chirality breaking contributions, but are still
possible. In this respect, our bounds can be used to constrain such parameter choices, and to limit
the possible fine-tuning available in some of these BSM scenarios.

Let us now briefly discuss four-fermion operators. As discussed, for instance, in Refs. [111, 112],
they can be generated at tree level in BSM models which include leptoquark states. In particular the
operators Q(1)

ℓequ and Q(3)
ℓequ can be generated by integrating out at tree level scalar leptoquarks, while

Qℓedq can be generated by integrating out at tree-level vector leptoquarks. Notice that, because
of their chiral structure, the operators Qℓedq and Q

(1)
ℓequ introduce terms in the pion decay width
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Γ (π → ℓνℓ) that are proportional to the pion mass [113]. In particular, one finds that the ratio
between the SM and the NP contribution scales as

Γ(π+ → ℓ+νℓ)
SM

Γ(π+ → ℓ+νℓ)NP ∝ m2
π

mℓ(md +mu)
. (3.54)

This contribution is reasonable for the muon channel, but it is hugely enhanced for the electron
channel. As a consequence, one can check that for Λ of O(1 TeV), the present experimental mea-
surement of the ratio [114]

R ≡ Γ (π+ → e+νe)

Γ (π+ → µ+νµ)
= (1.230± 0.004)× 10−4, (3.55)

implies, for the electron channel, cledq+ c
(1)
lequ ∼ O(10−4).15 For this reason, as already mentioned in

the main text, our bounds on the Qℓedq and Q(1)
ℓequ operators are only relevant for the second family.

15This was also pointed out in Refs. [115, 116].
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A robust methodology for comparing
test statistics in the validation of

Generative Models



Chapter 4

From Traditional Simulations to
Machine Learning Generators: The Need
for Robust Validation

In this Chapter, we discuss the role of simulations in high energy physics (HEP) and why the com-
munity is starting to adopt machine-learning models to help the traditional Monte Carlo generators
in providing simulated data. The advent of the High-Luminosity (HL) phase of the Large Hadron
Collider (LHC) will result in higher experimental precision, which in turn demands more precise
simulations. However, reaching such precision just with traditional generators can become com-
putationally prohibitive. Machine learning generators offer a promising support to them, as they
can produce large samples of simulated data much faster. Nonetheless, their reliability cannot be
assumed a priori, therefore a validation procedure is necessary. Throughout this second part of the
thesis we introduce a robust methodology, along with some new tools, that are designed for the
validation of generative models in this context.

In Section 4.1, we explain why traditional Monte Carlo generators may become a computational
bottleneck when trying to produce synthetic data matching the experimental accuracy, in particular
in view of the requirements of the HL-LHC era. In Section 4.2 we provide a brief introduction to
ML-based generators, going into some more details for few representative architectures. As usual,
we do not aim to provide an in depth analysis, as extensive literature on the subject is already
available [117–128]. In Section 4.3 and 4.4 we review how machine learning techniques can be
employed in the event generation and detector simulation pipelines, respectively. In Section 4.4
we motivate the need for a rigorous validation procedure for ML-generated synthetic data and we
argue that two-sample testing provides a natural framework for this task. Finally, in Section 4.6,
we introduce two-sample testing from a technical perspective and describe how this statistical tool
is used in Chapters 5 and 6.
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4.1 Traditional generators and their limitations

As discussed in the first part of this thesis, the Standard Model (SM) is the theory describing our
current understanding of particle physics. To test and validate it, its predictions has to be compared
with experimental measurements. In the high energy physics (HEP) context, colliders, such as the
LHC, are the primary sources of data. A crucial link between theory and experiment is provided
by simulations. Traditional Monte Carlo generators, such as MadGraph [109, 129], Powheg [64, 84],
PYTHIA8 [65], Sherpa [130] and others [129, 131, 132], are able to produce parton level events
directly from the SM Lagrangian while also modeling subsequent phenomena such as electroweak
and QCD parton showering. Other tools, such as GEANT4 [133], are able to simulate the detector
response, enabling a complete comparison between theoretical predictions and experimental mea-
surements. We provide a schematic description of the LHC simulation chain [134] that is pictorially
represented in Figure 4.1.

• Theory: A lagrangian describing the underlying theory. It is often the Standard Model (SM),
but it can also represent one of its extensions.

• Scattering: The partonic hard process that follows directly from the lagrangian of the theory,
representing the most fundamental level of the interaction.

• Decays: Unstable particles produced in the scattering process decay into lighter ones accord-
ing to the theory.

• Perturbative higher order corrections: Perturbative QCD and EW corrections are in-
cluded to account for higher-order effects.

• Shower: The decay products undergo parton showering, emitting further quarks and gluons.

• Fragmentation: The partons in the shower “hadronize”, forming stable hadrons such as
baryons and mesons.

• Detector: The resulting particles interact with the detector, depositing energy and leaving
traces of their passage.

• Events: The detector signals are reconstructed into physical observables to be compared with
experimental data.

Although simulations play a crucial role and provide reliable results, they come with a high
computational cost. In the specific case of the LHC, the amount of experimental data is expected to
increase significantly in the near future, particularly with the transition to the High-Luminosity (HL)
phase. Figure 4.2 shows the projected evolution of the peak and integrated luminosity of the LHC
over the years, up to the end of its operation, around 2040. As evident from the figure, the integrated
luminosity will grow to around a factor ten higher compared to current levels. Consequently, the
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Figure 4.1: Illustration of the LHC simulation chain. Both the forward and backward direction
are necessary to compare theory with data.

Figure 4.2: Peak and integrated luminosity in the different phases of the LHC, year by year

statistical uncertainties will approximately be reduced by a factor ∼ 3:

δstat,now

δstat,HL-LHC
∼

1√
Nnow
1√

NHL-LHC

∼
√

LHL-LHC

Lnow
∼ 3 . (4.1)

Along with the increase in statistics, systematic uncertainties are also expected to improve, thanks
both to higher data samples and to advancements in detector technologies and theoretical un-
derstanding. As a result, experimental uncertainties at and below the percent level will become
standard [134]. Theoretical predictions, including those obtained from simulations, must achieve
a corresponding level of precision in order to be compared with data. This requirement poses a
serious challenge for the community, given that reaching such precisions in simulations implies ex-
ploiting a huge number of computational resources [135]. Figure 4.3 shows the projected Central
Processing Units (CPU) requirements for the ATLAS (left) and CMS (right) experiments over the
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Figure 4.3: Projected CPU requirements for ATLAS [136] (left) and CMS [137] (right).

years until around the end of the LHC operations. Two hypotheses are considered, accounting for
a conservative and a optimistic scenario, along with fixed annual increases of 10% and 20%. It is
evident that relying solely on traditional simulation tools will become unfeasible in terms of both
computational time and resource requirements. These projections, along with recent technology
developments, pushed the HEP community to explore alternative approaches that can assist Monte
Carlo generators in simulating events.

Machine Learning (ML), in particular, has gained significant importance in recent years, finding
applications in a wide range of tasks such as classification, regression, and anomaly detection. In the
context described above, generative models have attracted particular attention. In fact, their ability
to produce synthetic data more efficiently than the high-fidelity Monte Carlo generators mentioned
above, could represent a major development in HEP, providing a powerful tool to accelerate sim-
ulations. In particular, two aspects of the simulation chain can be sped up: the event generation
and the detector simulation. These two topics will be discussed in the following Sections.

4.2 Machine Learning generative models in a nutshell

In this Section, we provide a brief introduction to some basic Machine Learning (ML) concepts. Our
aim is just to provide some context for ML generators, which have become the focus of many HEP
studies as a faster and less resource-intensive alternative to traditional Monte Carlo generators. We
also briefly describe some of the most common ML–based generative models. Our goal is not to
provide an exhaustive overview, since extensive literature exists for more in depth discussions both
about ML in general [138–140] and generative models in particular [117, 118], but rather to offer
an intuitive understanding of how these models works. We will focus on the Generative Adversarial
Networks (GANs) [119, 120], Variational Autoencoders (VAE) [121, 122] and Normalizing Flows
(NFs) [123, 124], while acknowledging that other possible generators have being explored and used
in the HEP context [125–128].

ML can be regarded as an extension of traditional statistical data inference, as a set of methods
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able to detect patterns and structures within the data. What distinguishes ML from conventional
fitting techniques is the use of highly flexible, non-linear models (for instance neural networks) that
can recognize intricate correlations within data without assuming a fixed functional form. Broadly
speaking, ML tasks can be divided into two categories: supervised and unsupervised learning.

In supervised learning, each input data point is accompanied by a label. Formally, the dataset
can be indicated with D = {(xi, yi)}Ni=1, where D denotes the dataset, the index i runs over the N
points within the sample, xi is the i-th input point within the dataset, typically referred to as feature,
(it can be a scalar, a vector, or something more complex like an image) and yi is the corresponding
label. The label yi can either be a categorical variable (e.g., cat, dog, male, female, · · · ) or a real
valued scalar. In the former case, the corresponding learning task is known as classification, while
in the latter, it is called regression. For supervised learning, an objective is to find:

ŷ = f̂(x) = arg
C

max
c=1

p(y = c|x,D) , (4.2)

where c is an index running over the C possible classes in the problem and p(y = c|x,D) denotes
the probability distribution over possible labels, given the input vector x and training set D. This
corresponds to the Bayes-optimal classifier, which minimizes the expected misclassification error by
choosing the most probable label given the data.

In unsupervised learning, instead, no labels are provided and the purpose is to find interesting
patterns or structures within the data. In this case the dataset can be indicated as D = {xi}Ni=1.
One possible task consists of estimating the probability density function (PDF) that had generated
the data. Using a parametric model, the best parameters are obtained by maximizing the likelihood:

θ̂ = argmax
θ

∏
i

p(xi|θ) . (4.3)

This procedure is called density estimation. More generally, unsupervised learning also includes
other tasks, like clustering and dimensionality reduction, that aim at uncovering the latent structure
of the data without using labels.

Generative models represent a specific class of unsupervised ML applications of great interest in
HEP [141]. In practice, generative models aim to learn a model distribution pθ(x) that approximates
the true (and typically unknown) data distribution p∗(x). Once pθ(x) is available, it is possible to
sample from it at will, allowing the generation of an arbitrary number of synthetic data points that
are “similar” to the original ones. This capability is particularly promising in the context discussed
in the previous Section, where traditional Monte Carlo generators can represent a computational
bottleneck in the production of large simulated datasets. Different architectures implement this idea
through distinct mechanisms: adversarial learning in GANs, latent variable modelling in VAEs, and
exact likelihood optimization in NFs. In the following, we provide a brief description of how GANs,
VAEs and NFs works.

GANs:
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Generative Adversarial Networks [119, 120] are among the earliest deep generative models and
became famous thanks to their ability to reproduce photorealistic images. They consist of two
neural networks, a generator and a discriminator, that are trained in opposition to each other. The
generator G maps latent vectors, z ∼ p(z), into synthetic data that resemble the real ones. The
discriminator D is trained to distinguish between true data, x ∼ p(x), and the generator output
G(z). The two networks are updated alternately, improving at each step, until the generator is able
to fool the discriminator which can no longer distinguish between G(z) and the real data. Formally,
the GAN objective can be written as the following minimax optimization problem:

min
G

max
D

Ex∼p(x)[lnD(x)] + Ez∼p(z)[ln(1−D(G(z)))] . (4.4)

GANs generally provide high quality synthetic data, but their training is unstable and computa-
tionally demanding, due to the adversarial nature of the optimization process.

VAEs:
An autoencoder is a network that learns to reconstruct data input data x by compressing them

through an encoder and decompressing them through a decoder. In order to be able to generate
new data, a Variational Autoencoder [121, 122] is used. Instead of just being compressed, the input
x is mapped into a distribution. In particular, a generative model model pθ(x|z) is considered,
with a prior pθ(z) and posterior pθ(z|x). Learning the posterior is impractical due to the integral
pθ(x) =

∫
pθ(x|z)pθ(z). To overcome this, the true posterior is approximated by a parameterized

function qϕ(z|x). This structure resembles an autoencoder where qϕ(z|x) takes a similar role as the
encoder one, and in fact is called probabilistic encoder, while pθ(x|z), takes the role of the decoder,
and is known as probabilistic decoder. The model is trained by maximizing the Evidence Lower
Bound (ELBO):

L(θ, ϕ;x) = Ez∼qϕ(z|x)[log pθ(x|z)]−DKL(qϕ(z|x)||pθ(z)) , (4.5)

where DKL is the Kullback-Leibler divergence. VAEs provide a stable and interpretable generative
framework, but the regularization imposed on the latent space can limit their expressive power.

NFs:
They idea behind Normalizing Flows [123, 124] is to use a sequence of bijective transformations

to map a simple distribution pZ(z), such as a gaussian, into the probability density function of the
real data x. Consider an invertible, smooth function: f : Rd → Rd, where d is the dimensionality
of the data and apply this transformation to a random variable z ∼ pZ(z). The distribution of the
transformed variable y = f(z) is then defined by the chain rule:

pY (y) = pZ(z)

∣∣∣∣det
∂f−1

∂y

∣∣∣∣ = pZ(z)

∣∣∣∣det
∂f

∂y

∣∣∣∣−1

. (4.6)
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Applying a sequence of such invertible transformations, that depend on parameters θ, defines a
chain called a normalizing flow. Denoting by xk ∼ pXk

(xk), with k = 1, . . . ,K the variable after
the k-th transformation, and defining x0 ≡ z, we can write:

xK = fK,θ ◦ . . . f2,θ ◦ f1,θ(x0) , (4.7)

and the corresponding log-probability as:

ln pXk,θ(xK) = ln pX0(x0)−
K∑
k=1

ln

∣∣∣∣det
∂fk,θ
∂xk−1

∣∣∣∣ . (4.8)

The loss is simply the maximum likelihood on the real data x:

L = max
θ

N∑
i=1

ln pXk,θ(x) , (4.9)

and the optimal parameters are:

θ∗ = argmax
θ

N∑
i=1

ln pXk,θ(x) . (4.10)

Normalizing Flows offer an exact and tractable likelihood, enabling both sampling and density
estimation. However, the requirement of invertibility and Jacobian computation make them com-
putationally expensive and less flexible than other neutral networks.

4.3 The role of Machine Learning in event generation

As discussed previously, matching the precision requirements imposed by future experimental im-
provements demands more accurate simulations. In this Section, we focus specifically on how ML
can assist in event generation, without including the detector effects.

Current Monte Carlo simulations rely on perturbative methods to model the hard process and
QCD parton showers, while phenomenological models are used to describe the hadronization tran-
sition. Possible improvements can involve, for instance, the evaluation of higher orders tree-level
and loop amplitudes. Machine Learning techniques can enhance all stages of the simulation chain,
improving computational efficiency while maintaining or even increasing accuracy. In the following,
we provide a brief overview of how ML can contribute to some steps in the event generation [134].

• Phase space sampling: To compute cross Sections, scattering amplitudes must be integrated
over the phase space. Traditionally, this is achieved through importance sampling algorithms,
such as VEGAS, that try to sample more points where the integrand, namely the matrix
element, is large. Machine Learning methods can enhance this procedure in two ways. First,
they can can be embedded within the traditional sampling framework, improving the mapping
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from random numbers to phase space points. For example, a Normalizing Flow can provide
a distribution that approximates the matrix element, allowing for more efficient sampling.
The other possibility consists in training ML generative models directly on the events, both
weighted and unweighted, that are provided by traditional generators, learning the event
distribution directly from data. GANs or VAEs, for instance, can be used in this context,
effectively acting as fast surrogate event generators.

• Scattering amplitudes: Computing scattering amplitudes is the first step that follows di-
rectly from theory, and provides the matrix elements that encode the dynamics of the under-
lying physics model. Traditionally, amplitudes are computed in perturbation theory through
Feynman diagrams. Including higher order corrections rapidly increases both the number
and the complexity of diagrams, making the computation of next-to-leading order (NLO)
and next-to-next-to-leading order (NNLO) amplitudes highly demanding. Machine Learning
techniques can help in this context, approximating matrix elements or accelerating ampli-
tudes evaluation. Neural networks can be trained to learn the structure of complex scattering
amplitudes, providing fast surrogate models that reproduce the dependence on the kinematic
variables. Moreover, ML can also help optimizing diagram evaluation, symbolic simplification,
and amplitude reduction.

• Loop integrals: Loop integrals typically present poles, due to ultraviolet or infrared diver-
gences as well as other features, such as thresholds. Traditional tools handles these singu-
larities, in particular when they lie on the real axis in Feynman parameter space, through a
deformation of the integration contour into the complex plane. The choice of the contour is
not unique, and the precision of the results is highly dependent on this choice. ML techniques
can help in selecting an optimal contour, in order to enhance the accuracy of the computation.
This can be particularly impactful when the integrand has a complicated form or in specific
phase space region where the integral is hard to evaluate. Tools like normalizing flow can be
employed to identify a more efficient parametrization of the integration domain, leading to
better contour choices and more reliable results.

• Parton shower: Partons produced in the hard process undergo a cascade of successive
splittings, emitting other partons until they reach the hadronization scale ΛQCD and form
stable particles. Traditional generators use a semi-classical approach to simulate this cascade,
in which emissions are modelled through probabilistic QCD splitting functions. However, this
approach is theoretically justified just when the daughter particles are emitted at small angles
with respect to the mother. It is used, nonetheless, because computing the full distribution
from first principles is computationally intractable. ML can help simulating the parton shower
in different ways. They can be trained to learn correlations between the hard process and the
final detector-level signatures, or they can be embedded within traditional shower algorithms
to provide physically motivated corrections and refinements to the semi-classical description.
Typically, the final state shows permutation invariance, that can be learned by architectures
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such as Graph Neural Networks (GNN). Furthermore, ML can be used in low energy QCD
experiments to extract improved, data-driven versions of the splitting kernels that govern the
shower dynamics.

• PDFs: Parton distribution functions (PDFs) can be interpreted as probability densities to
find a parton carrying a fraction x of the proton momentum. They are of fundamental impor-
tance since their convolution with partonic cross-sections provides the hadronic cross-section.
In practice, PDFs are extracted from experimental data, as calculating them from first prin-
ciples is unfeasible. Machine Learning techniques can assist in PDFs determination, as this
task can be regarded as a pattern recognition problem, where the pattern is a probability
distribution. Since both theoretical and experimental uncertainties affect the input data, the
ML procedure yields an ensemble of possible PDFs as output, each consistent with the data
within its uncertainties. The original idea was therefore to construct an ensemble of ML
models, whose collective output represents the probability distribution of the possible PDFs.
This idea led to the NNPDF[142] collaboration, which developed and optimized this method-
ology to produce reliable descriptions of proton structure. The main challenge today remains
achieving optimal information extraction while avoiding overfitting, as well as extending PDF
determinations into kinematic regions where few or no data exist. These regions are in fact
particularly relevant for NP searches.

• Fragmentation functions: Fragmentation Functions (FFs), usually denoted withDh
i (z,Q

2),
encode the probability for the parton i, produced in the hard scattering, to hadronize into a
final state hadron h carrying a fraction z of the parton momentum at the energy scale Q2.
As for the PDFs, these functions cannot be calculated from first principles, but rather they
have to be fitted from data, particularly from electron-positron collisions, semi-inclusive deep
inelastic scattering and proton-proton collisions. Traditionally, a functional form for the FF
is introduced at an initial scale Q0, with its parameters fitted to experimental data. This pro-
cedure introduces a bias that can distort the final result. Feed forward neural networks (NNs)
can be employed in this context to provide a universal, unbiased interpolator for zDh

i (z,Q
2),

since no functional form is imposed and the network parameters are learned directly from data.
As in the PDF case, different NNs can be trained on replicas of the same dataset fluctuated
within its uncertainties, providing a probability distribution for the resulting FF.

Enhancing the performance in simulating different steps of the chain, as the ones discussed above,
is a promising direction for employing ML in HEP simulations.

Another possibility that is being explored by the community, is to bypass the step-by-step
approach. In this case, ML models are trained directly on complete final state events, with the aim
of learning the underlying mapping between theoretical inputs and the corresponding final state
observables. Such ML generators are designed to directly provide final events, without simulating
each step of the chain separately. For this reason, they are referred to as end-to-end generators [134,
143, 144]. Typically, they are implemented using architectures such as GANs, VAEs and NFs, each
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offering specific advantages and disadvantages, as we briefly described in the previous Section. These
approaches enable much faster data generation and reduce computational requirements. Future
developments may focus on including physics constraints (such as Lorentz invariance and momentum
conservation) within the training process, as well as training these models on real data rather than
on simulated samples.

4.4 Detector simulation

In this Section we briefly describe how the detector response, and specifically the calorimeter sim-
ulation, are currently handled in HEP and how ML can assist in providing more efficient results.

As shown in Figure 4.1, simulating the detector response is the last step of the full simulation
chain. It is a fundamental stage, that enables the connection between theoretical particle-level
predictions and the quantities that are actually measured in experiments. The final state particles
provided by event generators act as primary particles entering the detector, interacting with its
subparts. The interaction with the calorimeter material, in particular, leads them to undergo
electromagnetic and hadronic showers, which determine both the amount of deposited energy and
its spatial distribution. This step is among the most computationally demanding of the entire
simulation chain, since each shower involves a large number of secondary interactions that must be
simulated in detail, resulting in significant CPU usage. Traditionally, these interactions are modeled
using GEANT4 [133], a framework that provides highly accurate description of particle–matter
interactions but at a considerable computational cost. To overcome this bottleneck, several faster
alternatives, usually referred to as fast simulations [145–148], have been developed over the years.
These approaches rely on parametrized response of the calorimeter with respect to specific types of
incoming particles, effectively avoiding the complex simulation of the particle shower that is carried
on by GEANT4. Although such models provide a significant speedup in the calorimeter simulation,
they typically lack the level of accuracy that is crucial, for the reasons we specified in 4.1, for the
future challenges the community has to face.

Machine Learning, on the other hand, offers a valuable alternative, capable of combining the
high accuracy of GEANT4 with the speed of fast-simulation techniques. Generative models, in
particular, play a crucial role in this context: once trained on a sufficiently large set of examples
of the detector response for a given type of incoming particle, they learn the underlying distribu-
tion of calorimeter showers and provide new, statistically consistent showers. This approach has
already been studied in literature [149–151] using different architectures, such as GANs [119, 120],
VAEs [121, 122], NFs [123, 124] and diffusion models [125, 126] and have shown promising perfor-
mance. These results suggest that ML-based approaches may evolve into a viable and sustainable
alternative for calorimeter simulation in the HL-LHC era, complementing full simulation in the most
computationally demanding phases.
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4.5 Model validation through two-sample testing

In the previous chapters, we explained why ML-based approaches can be game changers in modern
particle physics, providing a significant speed-up in simulations when used to assist traditional
Monte Carlo generators. We also highlighted the necessity for precise synthetic data, to match the
growing experimental measurement accuracy, in particular in light of the HL-LHC era.

Although slow, traditional Monte Carlo generators can be sampled at will to provide arbitrarily
high fidelity data, while no a priori guarantee exists that machine-learning generated data respects
the accuracy standard necessary in this context. In factx, their statistical power is limited by the
statistical uncertainty in the training data. For this reason, another important research direction
has emerged, referred to as the validation of generative models. This field aims to ensure that the
synthetic data produced by machine-learning based models meets the precision standards required
for a given physics application. However, many existing methods lack a rigorous statistical foun-
dation, making it difficult to provide robust and reliable evaluations, particularly in high-stakes
scientific applications. In this second part of this thesis, we aim to provide a robust statistical
approach in order to reliably test and validate synthetic data produced by ML-based generators
against high-fidelity ones.

A natural statistical framework to evaluate generative models is two-sample hypothesis testing,
which aims to determine whether two independent samples are drawn from the same distribution.
These tests fall into two categories: parametric and non-parametric tests. Parametric tests, such
as the (log-)likelihood ratio (LLR) test [152], identified by the Neyman-Pearson lemma as the most
powerful for simple hypotheses, rely on specific assumptions about the underlying data distributions,
like normality, and are highly effective when these assumptions hold. In contrast, non-parametric
tests make no such assumptions, providing greater robustness at the cost of a potentially lower power.
Although numerous non-parametric tests exist for both one- and multi-dimensional data, most are
not computationally efficient in high-dimensional settings, where the curse of dimensionality poses
a significant challenge.

Machine learning (ML) techniques, particularly classifiers that approximate the LLR or a related
function, have proved promising in designing two-sample tests for evaluating generative models in
HEP [153–158]. In particular, the model presented in Ref [153] and further developed and detailed
in Ref.s [154, 156, 157] allows for a statistically robust evaluation as a goodness-of-fit and has been
recently proposed for evaluating of generative models [159].

However, assessing the performance of these classifiers remains challenging. Many generative
models developed for HEP have not yet achieved high accuracy beyond the first few moments
(e.g. mean and covariance), leading to tests that may be overly sensitive to minor, less significant
differences. As a result, interpreting strong rejections of models in these tests can be difficult. This
highlights the need for a set of robust, simple, and interpretable two-sample tests that can serve as
benchmarks for evaluating more advanced ML-based approaches.

For this reason, we focus at first on non-parametric tests based on univariate integral prob-
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ability measures (IPMs). Our approach builds on two well-established methods for comparing
one-dimensional, in short 1D, distributions, both based on the empirical Cumulative Distribu-
tion Function (eCDF): the Kolmogorov-Smirnov (KS) test [160, 161] and the Wasserstein (W)
distance [162, 163]. Thanks to their simplicity, these metrics are particularly well suited for this
purpose, as they are straightforward to interpret and computationally efficient. Once we exploited
these simple metrics, we will focus on a kernel-based classifier, the New Physics Learning Machine
(NPLM) [154, 156], in order to compare its performance with the ones of the simple 1D-based
metrics.

4.6 Two-sample hypothesis testing

In this Section we provide a brief explanation of what is generally meant with two-sample testing
and how we will use this technique in the framework of Chapter ?? and ??.

Given two random variables X and Y , defined on a space S ⊆ Rd, let us consider two samples
X = {xi}, where i = 1, . . . , n, and Y = {yj}, where j = 1, . . . ,m. Using capital Latin letters
I, J = 1, . . . , d to denote the components of d-dimensional vectors, we can indicate with xiI the
scalar value of the i-th element of sample X along the I-th dimension. We also assume that the
two samples are independent and identically distributed according to the distributions p and q,
respectively.

Two-sample testing aims at determining whether the null hypothesis at the population level,

H0 : p = q, (4.11)

can be rejected based on finite data. The alternative hypothesis is the negation of the null:

H1 : p ̸= q. (4.12)

The test proceeds by selecting a test statistic, t : (S)n× (S)m → R, and calculating its value on the
observed data:

tobs = t(X ,Y). (4.13)

To define a binary test, the observed value of the test statistic is compared to a threshold, tα, where

α = P (t ≥ tα|H0) =

∫ ∞

tα

f(t|H0)dt, (4.14)

with f(t|H0) being the distribution of the test statistic under the null hypothesis H0, represents
a preselected probability of a type-I error, i.e. the rate of false positives. The null hypothesis is
not rejected if tobs < tα. Alternatively, one can report the p-value, defined as the probability of
obtaining a test statistic as extreme as tobs under H0:

pobs = P (t ≥ tobs|H0). (4.15)
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This quantity can also be mapped to a Z-score using the quantile function of a standard Gaussian
distribution:

Zobs = Φ−1(1− pobs). (4.16)

Given α, the Neyman-Pearson construction provides a method to compare the performance of
different tests. This consists in introducing a type-II error, or the rate of false negatives

β = P (t < tα|H1) =

∫ tα

−∞
f(t|H1)dt, (4.17)

where f(t|H1) is the distribution of the test statistic under the alternative hypothesis. Then the
power of the test is defined as

power = P (t ≥ tα|H1) = 1− β. (4.18)

The best test is usually chosen as the one with the highest power for a given α, i.e., the one with
the smallest rate of false negatives at fixed rate of false positives.

In this framework, it is not generally possible to guarantee, especially in finite-sample (non-
asymptotic) settings, that the absence of detected discrepancies implies perfect agreement between
two distributions. While certain tests may achieve consistency in the asymptotic limit—meaning
they can detect any discrepancy with sufficient sample size—this property does not extend to
practical scenarios with finite data.

To compute the quantities in eqs. (4.14) to (4.18), the distributions of the test statistic under
both the null and alternative hypotheses, f(t|H0) and f(t|H1), must be known or estimated. In
some cases, analytical approximations for finite sample sizes or asymptotic behavior can be used, as
shown in Refs.[160, 161, 164] for the KS test, and in Refs.[71, 165] for likelihood ratio-based tests.
In general, however, non-parametric testing often relies on empirical estimates.

We identify two common scenarios:

• The first case occurs when only two finite samples, X and Y , representing two populations,
are available. This scenario is common in the statistical literature on two-sample testing. To
estimate f(t|H0) and f(t|H1), resampling methods, also known as randomization tests, such
as permutation and bootstrap tests, are often used [166–168].

• In the second case, one or both distributions, while not known analytically, can still be sam-
pled from. In other words, we have access to a generator for at least one of the distribu-
tions. This scenario commonly arises when evaluating the fidelity of a generator against a
reference dataset, or when testing the compatibility of a dataset with a theoretical model
represented by a Monte Carlo generator. Another common scenario involves comparing two
data-generating methods, such as a highly accurate but computationally expensive Monte
Carlo method against a faster but less accurate neural network-based model.

In practical applications, a generator might be available but limited by resource constraints,
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preventing the generation of sufficient data to estimate the distribution of the test statistic accu-
rately. In such cases, a hybrid approach can be used: generating as much data as possible and then
applying resampling methods to estimate the distribution of the test statistic.

In the standard two-sample testing framework, as summarized in this Section, the two distribu-
tions in eqs. (4.11) and (4.12) are treated symmetrically, with no preference for p or q. However,
this methodology can also be adapted for goodness-of-fit testing by designating one distribution
as the reference one. This approach is useful when one distribution is considered the true or best
approximation and the other is tested against it. For instance, in the example above, the fast but
less accurate generative model would represent the alternative, while the slower but more accurate
physics-based Monte Carlo generator the reference. Similarly, a dataset, treated as the alternative
distribution, can be tested against a generator based on a well-verified theoretical model, taken as
reference.

In this context, the hypotheses can be rephrased slightly. Under the null hypothesis H0, both
samples X and Y are drawn from the reference distribution p. Under the alternative hypothesis H1,
sample X is drawn from the reference p, while sample Y is drawn from an alternative distribution,
q ̸= p. The test statistic is then computed as in eq. (4.13), but the distribution f(t|H0) is estimated
by testing the reference distribution against itself. This is done through repeated evaluations of
the test statistic on pairs (X (i),X (j)) of samples drawn from p. If p can be sampled, these samples
are independent; otherwise, when only a single instance of data from the reference is available,
resampling methods are used. Moreover, in this case the null hypothesis in eq. (4.11) becomes
asymmetric between p and q, as we are specifically testing whether p, the distribution of the random
variable x, also applies to y. The choice of which distribution to treat as the reference is part of the
test design and can depend on specific biases or computational considerations.

In the following Chapters, we proceed by selecting a “true model" as the reference hypothesis.
This reference could be either a generator or a finite dataset. We then introduce a precise method-
ology to compare the reference with alternative hypotheses, generated by systematically deforming
the reference to simulate potential imperfections in a generative model. In our toy examples, where
the PDF is known, we directly sample from both the reference and the alternative distributions.
For more realistic data, such as those from the HEP literature, we rely on resampling methods. .



Chapter 5

Evaluating Two-Sample Tests for
Validating Generators in Precision
Sciences

In the previous Chapter, we explained why the High Energy Physics (HEP) community is focusing its
attention on Machine Learning (ML) based generators to produce synthetic data. The significant
speed-up offered by these approaches when combined with tradition Monte Carlo generators, is
crucial in light of the advent of the High Luminosity Large Hadron Collider (HL-LHC) program,
which will result in a huge volume of data. Within this context, we highlighted the need of a robust
statistical validation framework to assess the reliability of ML-generated samples and to ensure their
consistency with the underlying physical processes. A standard statistical tool for this purpose is
the so-called two-sample test.

In this Chapter, we propose a robust methodology for evaluating two-sample tests, focusing on
non-parametric tests based on univariate integral probability measures (IPMs). Our approach builds
on two well-established methods for comparing one-dimensional, in short 1D, distributions, both
based on the empirical Cumulative Distribution Function (eCDF): the Kolmogorov-Smirnov (KS)
test [160, 161] and the Wasserstein (W) distance [162, 163]. We extend these to higher dimensions
using three key test statistics: the sliced-Wasserstein (SW) distance, the mean of the KS statistics
computed on each 1D marginal distribution, and a sliced version of the KS statistic. These tests
are computationally efficient, as they can be evaluated in parallel, allowing for a fast and reliable
estimate of their distribution under the null hypothesis.

For comparison with existing methods, we include in our analysis the unbiased Fréchet Gaussian
Distance (FGD)[169, 170] and the unbiased quadratic Maximum Mean Discrepancy (MMD)[171,
172], computed using a quartic polynomial kernel. Additionally, when the underlying densities are
known, we use the LLR test as a baseline to assess the effectiveness of the other tests.

We evaluate the proposed tests on a diverse set of scenarios. First, we use toy distributions
with known probability density functions (PDFs), specifically correlated Gaussians and mixtures of
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Gaussians in 5, 20, and 100 dimensions. These controlled benchmarks allow us to fully characterize
the problem and compare the performance of the proposed non-parametric tests against the exact
log-likelihood ratio test. Next, we apply our methodology to a particle physics dataset of gluon jets
from the JetNet dataset [173], which includes both jet- and particle-level features. This real-world
dataset enables us to test the robustness and versatility of our approach in a practical case where
the underlying PDF is unknown and the data is finite.

For each dataset, we fix a reference distribution and we then introduce well-defined deforma-
tions, parameterized by a single constant, ϵ, to generate alternative hypotheses. We estimate the
distribution of each test statistic under the null hypothesis by sampling, or resampling in the case
of finite data, only from the reference distribution. Finally, we assess the sensitivity of the each
test by testing the alternative hypothesis versus the reference one, and determining the minimum
value of ϵ that leads to the rejection of the null hypothesis at a given Confidence Level (CL).1. See
Figure 5.1 for a schematic representation. All results are accompanied by uncertainty estimates.

In this study, we examine a carefully selected basis of transformations that induce qualitatively
different deformations in both the shape and correlation structure of the reference distributions.
Since the magnitude of these deformations is not predetermined, this approach allows us to assess
the strengths and weaknesses of each test in a fair manner. This approach ensures a transparent
and controlled analysis while minimizing the introduction of model-dependent biases.

The Chapter is organized as follows. In Section 5.1, we describe the various test statistics
considered in this study. Section 5.2 details our methodology for evaluating two-sample tests, while
Section 5.3 describes the distributions, datasets, and deformations used in the analysis. In Section
5.4, we present the numerical results along with sample figures and tables, and in Section 5.5, we
offer concluding remarks and discuss future directions. Appendix 5.A and 5.B provide additional
material, including a full list of figures and tables.

Code, figures, and tables are available on GitHub [174–176] and full results are available on
Zenodo [177, 178].

5.1 Test statistics

In this Section, we introduce the different test statistics considered in this work. With the exception
of the FGD, all the test statistics are derived from or based on IPMs. An IPM can generally be
expressed as:

dF (p, q) = sup
f∈F

(Ex∼p[f(x)]− Ey∼q[f(y)]) , (5.1)

where F is a class of real-valued measurable functions, f : S → R.
One of the primary goals of this work is to compare the performance of these tests. To achieve

this, we introduce several benchmark scenarios in Section 5.3, where the data-generating densities
are fully known. In Section 5.1.5, we also introduce an exact LLR test, which is the most powerful

1This can be phrased as computing the upper value of ϵ excluded at a given CL.
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Test statistic Section
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tLLR = −2 log
LH0
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5.1.5

Table 5.1: Summary of the test statistics used in this work.

test for simple hypotheses, according to the Neyman-Pearson lemma [152]. This serves as a baseline
for the absolute performance against which other tests can be compared. A summary of all the test
statistics introduced in the following is given in Table 5.1.

5.1.1 Sliced Wasserstein distance

The SW distance [179, 180] is a computationally efficient variant of the W distance, derived from
optimal transport theory [162, 181]. It involves averaging 1D projections of the W distance over
all directions on the unit d-dimensional sphere, and it is a natural choice for two-sample testing in
high-dimensional settings.

In this work, we focus on the 1-Wasserstein distance, commonly referred to as the earth mover’s
distance. In one dimension, it is defined as:

Wn,m =

∫
R
|Fn(u)−Gm(u)|du, (5.2)

where Fn and Gm are the eCDFs. This distance measures the minimal cost of transforming one
distribution into another and depends linearly on the Euclidean distance between data points. It
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can also be interpreted as an IPM, where the function class F is the space of 1-Lipschitz functions
[163]. In the case of two 1D samples with an equal number of data points m = n, the quantity in
eq. (5.2) can be simply computed as

Wn =
1

n

n∑
i=1

| xi − x′i | , (5.3)

where underlined variables represent elements in the set obtained by permuting the original sample
with a permutation P that sorts the points:

{x} = P({x} | x1 ≤ . . . ≤ xn) . (5.4)

The SW test statistic takes the following form:

tSW =
1

K

∑
θ∈ΩK

W θ
n =

1

K

∑
θ∈ΩK

(
1

n

n∑
i=1

| xθi − x′θi |

)
. (5.5)

where ΩK is a set of K directions selected uniformly at random on the unit sphere Ω = {θ ∈
Rd \ ||θ|| = 1}, and {xθi }ni=1 = {θTxi}ni=1 are the sorted data points projected on the direction
θ. It is important to note that, in the asymptotic limit m,n → ∞ with m/n → c ̸= 0,∞, the
distribution of the test statistic in eq. (5.5) under the null hypothesis will depend on the underlying
data distribution. This means that the asymptotic behavior of the test statistic is not distribution-
free [182].

5.1.2 Kolmogorov-Smirnov inspired test statistics

The KS test is a widely used non-parametric method for both goodness-of-fit and two-sample testing
[160, 161]. It measures the largest absolute difference between the two eCDFs of the samples. The
KS test can be viewed as an IPM, where the function class F consists of indicator functions ⊮(−∞,t]

for all t ∈ R.
The KS test statistic is defined as

tKS =

√
nm

n+m
sup
u

| Fn(u)−Gm(u) | . (5.6)

where Fn(u) and Gm(u) are the eCDFs of the two samples. The prefactor ensures that, under the
null hypothesis (i.e., the two samples are drawn from the same distribution) and as m,n → ∞
with m/n → c ̸= 0,∞, the test statistic follows the Kolmogorov distribution. The Kolmogorov
distribution has the following CDF:

FK(x) = 1− 2

∞∑
k=1

(−1)k−1e−2k2x2 , (5.7)
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and PDF

fK(x) =
d

dx
FK(x) = 8x

∞∑
k=1

(−1)k−1k2e−2k2x2 . (5.8)

While the KS test is widely used for 1D data, its application in higher dimensions is limited
due to the curse of dimensionality [183, 184]. To address this, we consider two efficient multivariate
extensions: the mean KS test and the sliced KS test.

Mean KS The mean KS test extends the KS test to higher dimensions by averaging the KS statis-
tics computed along each dimension of the data. This test was originally introduced in Ref. [185],
using the median, and subsequently applied in Ref. [186]. Its variation based on the mean was later
introduced in Ref. [187]. The test statistic is defined by the average

tKS =
1

d

d∑
I=1

tIKS =
1

d

d∑
I=1

√
nm

n+m
sup
u

|F In(u)−GIm(u)|, (5.9)

where F In(u) and GIm(u) are the eCDFs of the 1D marginals along the I-th dimension. This approach
makes the KS test computationally feasible in multivariate settings. Since the mean KS test is
uniquely defined by the 1D marginals, it is not expected to be directly sensitive to correlations
between dimensions. To improve the sensitivity to such correlations, we introduce the sliced KS
test.

Sliced KS Similar to the SW distance introduced in eq. (5.5), the sliced KS (SKS) test extends
the KS test to higher dimensions by projecting the original d-dimensional data onto 1D subspaces.
These projections are taken along K random directions sampled from the unit sphere. For each
direction θ, the KS test statistic is computed as:

tθKS =

√
nm

n+m
sup
u

| F θn(u)−Gθm(u) | . (5.10)

where F θn(u) and Gθm(u) are the eCDFs of the projected samples along direction θ. The SKS test
statistic is then defined as the average of the KS statistics across the K random directions:

tSKS =
1

K

∑
θ∈ΩK

tθKS . (5.11)

This approach leverages 1D KS tests over multiple projections, making it computationally feasible
for higher-dimensional data and potentially sensitive to correlations between dimensions. To the
best of our knowledge, the SKS test has not been previously introduced in the literature.
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5.1.3 Maximum Mean Discrepancy

MMD is a statistical measure of the distance between two probability distributions, introduced
in Ref.s [171, 172]. It is an example of an IPM, where the function class F is the unit ball in a
reproducing kernel Hilbert space (RKHS).

An unbiased empirical estimate of MMD, following Ref. [172], is given by

tMMD =
1

n(n− 1)

n∑
i=1

n∑
j ̸=i

k(xi, xj) +
1

m(m− 1)

m∑
i=1

m∑
j ̸=i

k(yi, yj)

− 2

nm

n∑
i=1

m∑
j=1

k(xi, yj) ,

(5.12)

where k(x, x′) is the kernel function defining the RKHS.
In Ref. [188], a fourth-order polynomial kernel was used:

k(x, x′) =
(
1

d
xTx′ + 1

)4

. (5.13)

This kernel is not characteristic, meaning that k(x, x′) is not a true metric on the space of probability
measures. Specifically, for this kernel, the condition p = q is sufficient for tMMD(p, q) = 0, but it is
not necessary. For example, this kernel cannot distinguish between distributions that differ beyond
their fourth moment (see also example 3 in Ref. [189]). Because the polynomial kernel is not
characteristic, this instance of MMD is a pseudo-metric. In contrast, characteristic kernels, such as
Gaussian and Laplacian kernels, are capable of fully distinguishing between different distributions.
However, these kernels require tuning hyperparameters, like the kernel bandwidth, based on the
data. Following Ref. [188], we will use the fourth-order polynomial kernel described in eq. (5.13),
as it has the advantage of not requiring hyperparameter tuning. A comparison of its performance
relative to characteristic kernels could be the subject of future work. Finally, computing the MMD
between two datasets of size n has a computational cost of O(n2) because it requires storing the full
kernel matrix K, where each element is given by Kij = k(xi, xj). This makes MMD computationally
expensive, especially in large-scale scenarios or when the test needs to be evaluated multiple times.

5.1.4 Fréchet Gaussian Distance

The FGD is a pseudo-metric, specifically the Fréchet distance or 2-Wasserstein distance, between
two multivariate Gaussian distributions. These distributions are characterized by means µ1, µ2 ∈ Rd

and covariance matrices Σ1,Σ2 ∈ Rd×d. The FGD between two samples of sizes n and m is given
by:

FGDn,m =

d∑
I=1

(µI1,n − µI2,m)
2 + tr

(
Σ1,n +Σ2,m − 2

√
Σ1,nΣ2,m

)
, (5.14)

where µI1,n and µI2,m represent the I-th components of the sample means µ1,n and µ2,m, respectively.
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As noted in Ref.[188], the FGD is biased when computed on finite samples [169]. To mitigate
this bias, an unbiased asymptotic extrapolation can be introduced, as proposed in Ref.[170]. This
asymptotic value, denoted as

tFGD := FGD∞ = lim
n,m→∞

FGDm,n , (5.15)

is estimated by fitting a linear model to FGD values computed at different finite sample sizes. For
simplicity, in the following we refer to FGD∞ simply as FGD.

5.1.5 Likelihood-ratio

Detecting deviations from a reference model can be framed as a goodness-of-fit test between two
competing statistical models. For simple hypotheses, the Neyman–Pearson lemma shows that the
most powerful test in this scenario is the likelihood-ratio test [152]. In this work, we introduce
the likelihood-ratio test using a slightly non-standard approach, following the two-sample testing
framework outlined in Section ??.

The likelihood function for the datasets X and Y under the null hypothesis (where both samples
follow the reference distribution p) is written as

LH0 =
∏
x∈X

p(x)
∏
y∈Y

p(y). (5.16)

Under the alternative hypothesis (where the sample Y follows a different distribution q), the likeli-
hood is:

LH1 =
∏
x∈X

p(x)
∏
y∈Y

q(y). (5.17)

The ratio of the likelihoods under the null and alternative hypotheses is then given by

Λ =
LH0

LH1

=
∏
y∈Y

p(y)

q(y)
, (5.18)

The test statistic for the LLR test is then defined as:

tLLR = −2 log Λ. (5.19)

Notice that, from eq. (5.18), the value of the test statistic on the observed data does not depend
on sample X , since p was selected as the reference distribution. As discussed in Section ??, this
effectively transforms the problem into a goodness-of-fit test between the reference distribution p

and the sample Y in a two-sample testing framework. To estimate the distribution of the test
statistic under the null hypothesis, we evaluate eq. (5.19) on several reference-distributed samples
{X (i)}.
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5.2 Methodology

This work builds on recent contributions, such as Ref. [188], by providing an informative and fair
comparison between evaluation metrics. Specifically, we establish a well-defined and reproducible
methodology aimed at comparing test statistics close to a meaningful decision boundary.

We begin by using the true PDF of the data, denoted as p, as the reference distribution, which
defines the null hypothesis. We then introduce various deformations of p to generate alternative
hypotheses with distinct characteristics. These deformations, described in Section 5.3.3, are con-
trolled by a unique scalar parameter ϵ. The PDF of each deformed distribution is referred to as
qϵ.

Following the procedure outlined in Section ??, to estimate the test statistic t under the null
hypothesis, denoted by t0, we use a Monte Carlo approach based on repeated sampling. Multiple
random pairs of samples are drawn from p, and t0 is computed for each pair. This generates an
empirical distribution with eCDF F (t0) and ePDF f(t0), which can be used to establish a threshold
tα0 , corresponding to a preselected false positive rate.

We define two confidence levels corresponding to 1 − α = 0.95, 0.99. For each null distribution
f(t0), we identify a threshold tα0 such that:

α =

∫ ∞

tα0

dF (t0) =

∫ ∞

tα0

f(t0)dt0. (5.20)

In the Monte Carlo approach, this integral is empirically estimated by repeated sampling:

α = 1− F (tα0 ) =
Number of simulated t0 values ≥ tα0

Total number of simulations
. (5.21)

In this setup and for all tests considered here, with the exception of the LLR, the distribution
of the test statistic under the null hypothesis depends only on the reference distribution p, and
not on the alternative qϵ. Therefore, the null distribution needs to be estimated only once for each
reference p and sample size.

Once the threshold values tα0 are determined, two-sample tests are conducted between samples
generated by the true model p and samples from the deformed models qϵ. The basic idea is to
perform the tests for different values of ϵ until the test statistic under the alternative hypothesis,
t(ϵ), reaches the threshold tα0 , i.e. t(ϵ) = tα0 . The value of ϵ for which the null hypothesis is rejected
at the CL α is denoted by ϵα. This is found by solving the following optimization problem:

ϵα = argmin
ϵ

|t(ϵ)− tα0 |, (5.22)

using a simple bisection method over a specified range of ϵ. This iterative method repeatedly halves
the range until a sufficiently accurate value of ϵα is found.

In practice, to ensure a robust statistical interpretation, each test under the alternative hypothe-
sis is repeated 100 times. For each test, we calculate the average test statistic, µt(ϵ), and its standard
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deviation, σt(ϵ). We then evaluate µt(ϵ), µt(ϵ) − σt(ϵ), and µt(ϵ) + σt(ϵ). For each of these quantities,
if it is above the threshold, the middle of the ϵ range is shifted left; if it is below, it is shifted right.
The range is halved at each step, and the procedure is repeated until both the range of ϵ and the
range of the absolute difference between tα0 and µt(ϵ), µt(ϵ) − σt(ϵ), and µt(ϵ) + σt(ϵ) fall within a
predefined tolerance. For convergence, we fixed a tolerance of 10−2. In cases where the test statistic
is particularly noisy (affecting convexity of the optimization problem), we increase the tolerance to
5× 10−2, which does not affect the overall results. The value of ϵ for which µt(ϵ) converges to tα0 is
identified with ϵα. The values of ϵ for which µt(ϵ) − σt(ϵ) and µt(ϵ) + σt(ϵ) converge to tα0 are used to
establish the one standard deviation uncertainty bounds on ϵα, denoted as ϵα−low and ϵα−up.

The LLR test requires a different approach since it is a parametric test that explicitly depends
on both the reference distribution p and the alternative distribution qϵ. As a result, also the test
statistic under the null hypothesis, denoted by t0(ϵ), now varies with ϵ, and so does its ePDF
f(t0(ϵ)). This means that for each value of ϵ, we must compute the null distribution and re-evaluate
the threshold for the chosen significance level α. The same procedure used for the non-parametric
tests is followed here, but with the additional step of generating the null distribution for each value
of ϵ. The optimization problem for the LLR then becomes

ϵα = argmin
ϵ

|t(ϵ)− tα0 (ϵ)|, (5.23)

where t(ϵ) is the test statistic under the alternative hypothesis and tα0 (ϵ) is the threshold value for
the same significance level α and value of ϵ. This optimization is more computationally expensive
than for non-parametric tests since the null distribution must be computed for each value of ϵ.
Nevertheless, it is carried out using the same bisection method. In cases where the LLR test is
highly sensitive to the value of ϵ, such as in high-dimensional scenarios or when the sample size is
large, we apply a slightly larger tolerance than 10−2 on the function value during optimization.

It is important to note that the LLR test can only be applied when the PDFs of both the true
and alternative distributions are known. While this holds true for our reference distributions, when
it is known analytically, it is not always the case for deformed distributions. Specifically, for random
deformations like Σi̸=j , N , and U , the analytical forms of the PDFs qϵ cannot be obtained. This
situation mimics what often occurs in real-world applications, where samples can be drawn from a
distribution even though the exact PDF is unknown.2 For these cases, we only perform and compare
the non-parametric tests.

Our methodology can be directly applied to scenarios where the full details of the problem are
known (see Section 5.3.1). However, when working with the finite set of simulated gluon jets from
the JetNet dataset [173], we must make some adjustments. In this case, we do not have access to
the underlying PDFs that generate the data, even for the reference model. Nevertheless, we can
still apply the same deformations to the numerical samples from the dataset, as we do with the
toy models. We therefore use a bootstrap-based resampling method, where multiple instances are

2A typical example is exactly the one in which the output of the true PDF is “smeared" by some probability
distribution determined, for instance, by a detector response.
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samples with replacement from the full dataset, to estimate the PDF of the test statistic f(t0). This
allows us to test the alternative hypothesis as described earlier. Obviously, since we do not know
the analytical form of the PDFs for the physics datasets, we cannot perform the LLR test in these
cases.

We applied this methodology across different dimensionalities (number of features) and sample
sizes for each model (see Section 5.3). Each metric was tested under various conditions, allowing for
a fair comparison of the performance of each test statistic in relation to the specific deformations
and the complexity of the problem.

5.3 Datasets and analysis setup

This Section describes the distributions, datasets, and deformations used in our analysis, along with
details about the dimensionalities and sample sizes considered.

5.3.1 Toy models

We define the PDFs of the reference distributions analytically, using multivariate Gaussian distribu-
tions and mixtures of multivariate Gaussian distributions. Having direct access to these PDFs offers
two key advantages: first, it allows us to apply the LLR test for most of the considered deformations,
providing optimal benchmarks according to the Neyman-Pearson lemma; second, it enables us to
generate as many samples as needed with minimal computational effort. This ensures that we can
always build the distribution of the test statistic under the null hypothesis, f(t0), with the statistics
required by the hypothesis we want to test. As a result, the tail regions corresponding to α = 0.05

and α = 0.01 are well populated, supporting a robust and fair comparison when evaluating the
alternative hypothesis.

Mixture of Gaussians (MoG): We consider mixtures of q multivariate Gaussians (q compo-
nents) in d dimensions, referred to as MoG models, each with diagonal covariance matrices. This
allows us to study cases in which the PDF has more than one local maxima manifesting themselves
as multiple peaks in the marginals. The reference model is constructed as follows: for a given q

and d, we randomly generate means from a uniform distribution in the range [−5, 5] and standard
deviations in the range [0, 1]. The Gaussian components are then mixed according to a categorical
distribution with randomly assigned probabilities Pi, where i = 1, . . . , q. Each component has a
different probability, and all dimensions of a given multivariate Gaussian share the same probability.
For our analysis, we consider three MoG models: q = 3 components in d = 5 dimensions, q = 5

components in d = 20 dimensions, and q = 10 components in d = 100 dimensions. It is important
to note that, although the covariance matrix for each Gaussian component is diagonal, the overall
mixture model exhibits off-diagonal elements of order one in the correlation matrix.
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Correlated Gaussians (CG): We also consider correlated d-dimensional multivariate Gaussian
distributions, referred to as CG models, defined by their mean vector and covariance matrix. For
a given dimensionality d, the reference model is constructed by randomly generating means from
a uniform distribution in the range [−5, 5]. Full covariance matrix is taken from the correlation
matrix of the MoG model with the same dimensionality, with order-one off-diagonal elements. In
our analysis, we consider d = 5, 20, 100.

For both the MoG and CG models, we compute f(t0) for each metric by drawing 104 pairs
of samples and performing two-sample tests between them, with varying sample sizes n = m =

(1, 2, 5, 10)× 104. The alternative hypothesis is tested using the procedure outlined in Section 5.2,
with 100 pairs of samples drawn from the reference and deformed distributions for each PDF, sample
size, and deformation.

5.3.2 JetNet Dataset

To explore a scenario where we lack access to the underlying PDFs, and to check our results on a
dataset relevant for HEP, we also consider, in our experiments, a dataset of simulated gluon jets
within the JetNet dataset. We consider two sets of data: one labeled as particle_features, which
includes features of individual particles within each jet, and another labeled as jet_features, which
contains the overall features of the jets.

Out of a dataset containing a total of njet = 177252 gluon jets, we use, in our analysis, the
following dataset structures:

• Particle features dataset: this consists of tensors with shapes [njet, npart, 3], where npart is
the maximum number of particles per jet. The last dimension corresponds to three physical
features: the transverse momentum pT , the pseudorapidity η, and the azimuthal angle ϕ with
respect to the jet direction;

• Jet features dataset: this consists of tensors with shapes [njet, 3], where the last dimension
contains the transverse momentum pT , the pseudorapidity η, and the jet mass mj .

These are the the typical kinematic variables describing jets and sub-jet partons in hadronic
collisions. In this study, for the particle features dataset, we focus on the case with npart = 30, and
we discuss why we do not extend the analysis beyond this limit.

Since we do not know the PDFs generating the JetNet datasets, we cannot generate unlimited
samples to build f(t0). To address this, we use a bootstrap method for resampling on the available
data: we shuffle the dataset and split it in half, extracting sub-samples of size n from each half and
performing two-sample tests between them.

This procedure is repeated until each metric is evaluated 103 times, ensuring that there are
enough points available in the α < 0.01 region, which allows for a reasonable estimate of the 99%

CL threshold. To test the alternative hypothesis, we apply the same method, where one half of
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the dataset is deformed, and the other half is kept as the reference. This procedure is repeated 102

times for each metric, sample size, and deformation.
All deformations are performed by first standardizing the dataset, which involves subtracting

the mean and dividing by the standard deviation. After applying the deformation, we multiply by
the original standard deviation and add back the original mean to ensure consistency in scale.

As in the toy examples, to thoroughly understand the behavior of the test statistics in different
complexity scenarios, we selected sample sizes of n = m = (1, 2, 5)×104. Additionally, while testing
the particle features dataset, we performed tests both on data with the original scale, where pT
and mj can be quite large when measured in GeV, and on scaled data, with zero mean and unit
variance. This approach allows us to test the robustness of the metrics to changes in the data scale
and helps us determine the best approach for each metric.

5.3.3 Deformations

The deformed models are obtained by applying parametric transformations to the reference models.
Specifically, given a random variable X distributed according to the reference PDF p, the deforma-
tion acts as a parametric function of ϵ, transforming X into a new random variable Y = g(X; ϵ),
where Y is distributed according to the deformed PDF qϵ.

When the transformation function g is bijective, we can express qϵ analytically in terms of p
through the change of variables formula:

qϵ(Y ) = p(g−1(Y ; ϵ))|detJg−1 | = p(g−1(Y ; ϵ))|detJg|−1, (5.24)

where Jg = ∂g/∂X is the Jacobian matrix of the transformation g. In these cases, the likelihood
qϵ(Y ) can be computed, and so can the LLR test statistic.

However, when g is not bijective or not invertible (e.g. random transformations, such as a smear-
ing), the PDF qϵ cannot be expressed analytically, and the LLR cannot be computed. Nonetheless,
we can still generate samples from qϵ by drawing samples from p and applying the transformation
g(X; ϵ) to obtain the deformed samples.

When working with real datasets like JetNet, where only samples drawn from the reference
distribution are available, the deformed points are obtained by applying the transformation g directly
to the sample points. In such cases, neither p nor qϵ are known analytically, and the LLR test cannot
be performed.

Below, we describe each deformation as a function of the transformation g and its action on the
design matrix xiI of a sample. We also highlight when the function is invertible, and when it is not.

1. µ-deformation
A random vector δµI , with each entry drawn from a uniform distribution in the interval [−ϵ, ϵ],
is added to each point from the reference model, modifying its mean from µI to µI+δµI . The
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transformation g is bijective and can be written as:

yiI = g(xiI ; δµI(ϵ)) = xiI + δµI(ϵ) ,

xiI = g−1(yiI ; δµI(ϵ)) = yiI − δµI(ϵ) ,

δµI(ϵ) ∼ U[−ϵ,ϵ] ,

(5.25)

with ϵ ≥ 0.

2. ΣII-deformation
A random vector δσI , with each entry drawn from a uniform distribution in the interval
[1, 1+ ϵ], is used to scale the standard deviations of the model from σI to σI · δσI , leaving the
correlation matrix unchanged. The mean is kept fixed by subtracting the model mean before
scaling and adding the mean back after scaling. In formulae:

yiI = g(xiI ; δσI) = µI + δσI(xiI − µI) ,

xiI = g−1(yiI , δσI) = µI + δσ−1
I (yiI − µI) ,

δσI ∼ U[1,1+ϵ] ,

(5.26)

with ϵ ≥ 0. The transformation is bijective, so that the LLR can be computed.

3. ΣI ̸=J -deformation
A fraction ϵ of each component of the reference model is shuffled independently relative to the
others. In formulae:

yiI = g
(
xjI ;P

I
ij(ϵ)

)
=
∑
j

P Iij(ϵ)xjI , (5.27)

with ϵ ≥ 0. P Iij is a tensor describing I permutation matrices in the (i, j) space (the sum in
the formula above does not run on the index I). The P Iij permutation matrix has all entries
equal to zero but one entry equal to one for each row and column. A fraction 1 − ϵ of the
ones are on the diagonal, while a fraction ϵ are off the diagonal. The positions of the ones are
random, and different for each I.

Shuffling points independently for each feature has the effect of modifying the covariance
matrix without changing the marginal distributions. As ϵ increases, the correlations between
features decreases, leading to a diagonal covariance matrix when ϵ = 1. For ϵ > 1, this
deformation is followed by the ΣII deformation, which scales the standard deviations further.
The inverse transformation and the PDF of the deformed distribution are not known, so that
the LLR cannot be computed for this deformation.

4. pow+-deformation
Each component of each point is modified by raising its absolute value to the power (1 + ϵ),
while keeping the sign fixed. This deformation alters the model beyond just its mean and
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covariance matrix. The transformation is bijective, and can be written as

yiI = g(xiI ; ϵ) = sign(xiI)|xiI |1+ϵ ,

xiI = g−1(yiI ; ϵ) = sign(yiI)|yiI |1/(1+ϵ) ,
(5.28)

with ϵ ≥ 0.

5. pow−-deformation
Similar to the previous deformation, but with the power (1− ϵ). In formulae:

yiI = g(xiI ; ϵ) = sign(xiI)|xiI |1−ϵ ,

xiI = g−1(yiI ; ϵ) = sign(yiI)|yiI |1/(1−ϵ) ,
(5.29)

with ϵ ≥ 0.

6. N -deformation
Each component of each point is modified by adding a random value δiI , drawn from a normal
distribution N0,ϵ with zero mean and standard deviation ϵ. The transformation can be written
as:

yiI = xiI + δiI(ϵ) ,

δiI(ϵ) ∼ N0,ϵ ,
(5.30)

with ϵ ≥ 0. The transformation is not invertible, and the PDF of the deformed distribution
is not known, so that the LLR cannot be evaluated.

7. U-deformation
Each component of each point is modified by adding a random value δiI , drawn from a uniform
distribution in the [−ϵ, ϵ] interval. In formulae:

yiI = xiI + δiI(ϵ) ,

δiI(ϵ) ∼ U[−ϵ,ϵ] ,
(5.31)

with ϵ ≥ 0. Like the N deformation, the transformation is not invertible, and the PDF of qϵ
is not known.

5.4 Results

In this Section we present the results for all the models discussed above. All results have been
obtained with an implementation of the metrics in TensorFlow2 available in the GitHub repos-
itory [174]. All figures and tables documenting the results are available in the GitHub repositories
[175, 176] and listed and linked in Appendices 5.A and 6.C.
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Figure 5.1: Schematic view of the methodology.

For all the considered distributions, the figures include corner plots showing the 1D and 2D
marginal probability distributions for the reference and deformed distributions, color plots that give
a pictorial representation of the correlation matrices for the reference and deformed distributions,
and the distributions of the test statistics under the null hypothesis for all metrics but the LLR and
for all sample sizes. The available tables report the results in terms of the values of ϵ for which the
null hypothesis is rejected (in short, the upper bounds on ϵ) at the 95% and 99% Confidence Level
(CL) for each metric, sample size, and deformation.

5.4.1 Toy models

Let us start discussing results for the two classes of toy distributions that we consider in this work,
namely the MoG and CG models. Since the full list of results for the different dimensionalities
d = 5, 20, 100, and sample sizes n = m = (1, 2, 5, 10) · 104 is reported in the Appendices, we show
here only a small subset of figures and tables, which helps understanding the methodology and the
overall picture of the results that we discuss below.

Figures 5.2 and 5.3 show corner plots for the MoG and CG models with d = 5 and Σii-
deformation with ϵ = 0.5. The plots show the 1D and 2D marginal probability distributions for the
reference and deformed distributions. In the figure we clearly see the effect of the Σii-deformation,
which changes the vector of standard deviations, while leaving the vector of means and the correla-
tion matrix unchanged. The plots show, in the 2D marginal distributions, contours for the highest
density intervals corresponding to a probability of 68.27%, 95.45%, and 99.73%.3 Similar plots
are available for all the other deformations and dimensionalities considered, and are referenced in
Appendix 5.A.

Figure 5.4 shows a color plot for the correlation matrix for the MoG model with d = 20 and q = 5

3These probabilities correspond to one, two, and three standard deviations for a univariate Gaussian distribution.
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Figure 5.2: Corner plot showing the 1D and 2D marginal probability distributions for the reference
and deformed distributions for the MoG model with d = 5 and q = 3, and Σii-deformation with
ϵ = 0.5. The plots are made with 106 points per sample.

(left panel), and the corresponding Σi̸=j deformation with ϵ = 0.5 (right plot). The figure makes
very intuitive the effect of the Σi̸=j deformation: it decreases the correlation between the features
until the covariance matrix becomes diagonal (for ϵ > 1 the covariance matrix is kept diagonal and
the standard deviation is modified according to the Σii-deformation). Similar plots are available for
all the other deformations and dimensionalities considered and are refereced in Appendix 5.A.

Figure 5.5 shows the empirical PDF and CDF of the various test statistics under the null hypoth-
esis for the MoG model with d = 20 and q = 5, and n = m = 5 · 104 samples. The histograms are
built with 104 iterations for each test statistic. In blue, red, and green, we highlight the thresholds
corresponding to 68%, 95%, and 99% CLs, respectively. The five panels represent the SW (upper
left), KS (upper right), SKS (middle left), FGD (middle right), and MMD (lower) metrics, respec-
tively. The plots corresponding to KS-inspired tests, namely KS and SKS, include a line showing,
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Figure 5.3: Corner plot showing the 1D and 2D marginal probability distributions for the reference
and deformed distributions for the CG model with d = 5. The plots are made with 106 points per
sample.

for comparison, the (parameter free) Kolmogorov distribution expected as asymptotic distribution
for the univariate (original) KS test. Similar plots are available for all the other dimensionalities
and sample sizes considered and are referenced in Appendix 5.A.

Finally, results for each model are summarized in tables and referenced for all dimensionalities
and sample sizes considered in Appendix 6.C. As an instance, Table 5.2 shows the upper bound on
ϵ at the 95% and 99% CL for the MoG model with d = 20, q = 5, and n = m = 5 · 104 samples,
while Table 5.3 shows the same for the CG model with d = 20 and n = m = 5 · 104 samples. The
tables report the results for all the metrics and all the deformations considered.

Inspecting results for MoG and CG in different dimensions and with different sample sizes, we
can draw a few general conclusions:

• for the µ deformation, and for all dimensions and sample sizes, all metrics perform similarly,
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Figure 5.4: Color plot showing the correlation matrix for the reference (left) and deformed (right)
distributions for the MoG model with d = 20 and q = 5, and Σi̸=j-deformation with ϵ = 0.5. The
figure is identical in the case of the CG model, since the same correlation matrix is used for both
models. The plots are made with 106 points per sample.

within uncertainties, for the CG models, with a slightly better performance of KS for low
dimensionalities, and of MMD for large dimensionalities; concerning the MoG models, the
situation changes, with KS always performing better than the other metrics by around one
order of magnitude; the LLR is always the most sensitive for the µ-deformation, with at least
one order of magnitude better performance than the best of the other metrics;

• for the Σii deformation, all metrics perform similarly, within uncertainties, for the CG models,
with a slightly better performance of FGD and SW; concerning the MoG models, the situation
changes, with KS always performing better than the other metrics by around one order of
magnitude; the LLR outperforms the other metrics by at least one, and often two, orders of
magnitude;

• for the Σi̸=j deformation, FGD is the clear winner, with sensitivities better than other metrics
by up to one order of magnitude across all dimensions and sample sizes, and both for the CG
and the MoG models; notice that the KS is not sensitive, by construction, to this deformation;

• for the pow+ and pow− deformations, KS is again the most sensitive for the MoG models,
often by one order of magnitude, while MMD is the leader for the CG models, even thought
the sensitivity is often only about one or two standard deviations better than that of other
metrics; indeed, for the CG models, all metrics perform similarly, within uncertainties, for the
pow+ and pow− deformations; the LLR is again around one order of magnitude more sensitive
than the best metric;
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MoG model with d = 20, q = 5, and n = m = 5 · 104

µ-deformation Σii-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.04957+0.018
−0.02 0.06694+0.017

−0.017 3023 0.01679+0.005
−0.0063 0.02315+0.0045

−0.005 3197
tKS 0.00482+0.0013

−0.0018 0.00667+0.0011
−0.0013 2966 0.00175+0.00052

−0.00068 0.00248+0.00042
−0.00052 3185

tSKS 0.03647+0.011
−0.014 0.04821+0.011

−0.012 2899 0.01329+0.003
−0.0043 0.01759+0.0025

−0.003 3022
tFGD 0.05778+0.026

−0.027 0.0787+0.023
−0.021 4047 0.01945+0.0063

−0.0081 0.02651+0.0053
−0.0056 4507

tMMD 0.04425+0.019
−0.018 0.06215+0.017

−0.015 10204 0.00923+0.0058
−0.0051 0.01305+0.0053

−0.0044 11217
tLLR 0.00021+0.00013

−0.00014 0.0003+0.00013
−0.00014 5911 0.00007+0.00005

−0.00004 0.0001+0.00005
−0.00004 6304

Σi̸=j-deformation pow+-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.02162+0.0056
−0.008 0.02935+0.0045

−0.0055 3410 0.00581+0.0017
−0.0022 0.00798+0.0015

−0.0017 3157
tKS 1.00146+0.00074

−0.00031 1.00238+0.00055
−0.00031 3967 0.0004+0.00015

−0.00017 0.00059+0.00013
−0.00014 3363

tSKS 0.02306+0.0071
−0.0088 0.03079+0.0062

−0.0072 3553 0.0043+0.0009
−0.0013 0.00565+0.00074

−0.0009 3193
tFGD 0.00551+0.0015

−0.002 0.00748+0.0013
−0.0013 6327 0.00702+0.0021

−0.0028 0.00965+0.0016
−0.0019 4870

tMMD 0.01723+0.008
−0.0072 0.02431+0.0069

−0.0064 11450 0.00332+0.0018
−0.0017 0.00467+0.0017

−0.0014 11801
tLLR - - - 0.00002+0.00001

−0.00001 0.00002+0.00001
−0.00001 6877

pow−-deformation N -deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.00604+0.0017
−0.0023 0.00825+0.0016

−0.0018 3051 0.19318+0.025
−0.039 0.22704+0.019

−0.026 2403
tKS 0.00042+0.00015

−0.00018 0.00061+0.00013
−0.00015 3372 0.00751+0.002

−0.0024 0.00993+0.0018
−0.002 2934

tSKS 0.00441+0.00092
−0.0014 0.00574+0.00077

−0.00094 3324 0.15874+0.023
−0.034 0.18473+0.019

−0.023 2726
tFGD 0.00722+0.0021

−0.0027 0.00987+0.0016
−0.0019 4892 0.18095+0.023

−0.038 0.21269+0.016
−0.02 3756

tMMD 0.00353+0.0016
−0.0015 0.00494+0.0014

−0.0012 11418 0.43531+0.066
−0.11 0.51609+0.045

−0.054 8642
tLLR 0.00002+0.00001

−0.00001 0.00002+0.00001
−0.00001 6991 - - -

U-deformation Timing
Statistic ϵ95%CL ϵ99%CL t (s) tnull (s)

tSW 0.33394+0.044
−0.068 0.39248+0.033

−0.044 2354 338
tKS 0.01211+0.003

−0.0035 0.01575+0.0027
−0.003 2835 155

tSKS 0.27395+0.041
−0.059 0.3188+0.033

−0.04 2601 509
tFGD 0.31409+0.04

−0.07 0.36919+0.027
−0.036 3643 2795

tMMD 0.75353+0.12
−0.18 0.89336+0.078

−0.098 7700 13860
tLLR - - - -

Table 5.2: Upper bound on ϵ at the 95% and 99% CL for all the considered metrics and deforma-
tions in the MoG model with d = 20, q = 5, and n = m = 5 · 104 samples. tnull(s) is the total time
in seconds to compute the values of the test statistic under the null hypothesis. t(s) is the total
time in seconds needed for the optimization in ϵ.

• finally, for the random deformations N and U , KS is the most sensitive for the MoG models,
with a gap of around one order of magnitude or even more, while FGD is the most sensitive
for the CG models, up to about a factor of two compared to the other metrics.

The overall picture singles out the KS as generally the most sensitive metric for the MoG models,
and the FGD as the most sensitive for the CG models. The great sensitivity of the KS for the MoG
models is likely due to the fact that the KS-test is very sensitive for multi-modal distributions
since a slight relative difference between the modes reflects very strongly on the difference in the
cumulative distribution functions. The FGD, on the other hand, is likely the most sensitive for the
CG models because it is designed as a distance between multivariate Gaussians, with sensitivity to
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CG model with d = 20 and n = m = 5 · 104

µ-deformation Σii-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.04948+0.022
−0.021 0.06621+0.021

−0.02 571 0.02059+0.0066
−0.0078 0.02732+0.0061

−0.0065 617
tKS 0.04811+0.022

−0.021 0.06605+0.021
−0.02 407 0.02898+0.011

−0.012 0.04029+0.0097
−0.01 434

tSKS 0.04841+0.021
−0.021 0.06372+0.02

−0.02 655 0.02623+0.0087
−0.01 0.03417+0.0082

−0.0086 694
tFGD 0.05029+0.026

−0.022 0.06539+0.024
−0.02 1886 0.01695+0.007

−0.007 0.02215+0.0065
−0.0059 1994

tMMD 0.0596+0.028
−0.02 0.08041+0.026

−0.02 7733 0.02325+0.011
−0.0079 0.03109+0.01

−0.0079 8173
tLLR 0.00556+0.0031

−0.003 0.00795+0.003
−0.003 2441 0.00153+0.001

−0.00098 0.0022+0.00098
−0.00099 3081

Σi̸=j-deformation pow+-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.02783+0.0077
−0.0099 0.03884+0.0064

−0.0076 1073 0.0046+0.0017
−0.0019 0.00614+0.0016

−0.0017 642
tKS 1.02831+0.015

−0.015 1.04211+0.0046
−0.012 1401 0.00602+0.002

−0.0024 0.00806+0.0019
−0.0019 459

tSKS 0.03839+0.011
−0.014 0.05106+0.01

−0.012 1172 0.00505+0.0017
−0.002 0.00646+0.0016

−0.0017 747
tFGD 0.00483+0.0012

−0.0014 0.00631+0.0011
−0.0011 3433 0.00419+0.0019

−0.0018 0.0054+0.0017
−0.0015 2765

tMMD 0.03094+0.017
−0.013 0.04245+0.016

−0.013 8963 0.00358+0.0018
−0.0012 0.00483+0.0016

−0.0013 8839
tLLR - - - 0.00042+0.00025

−0.00026 0.00061+0.00025
−0.00025 2919

pow−-deformation N -deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.00455+5
−0.0017 0.00609+5

−0.0015 587 0.28641+0.047
−0.065 0.33654+0.037

−0.046 535
tKS 0.00575+0.002

−0.0022 0.00773+0.0018
−0.0019 461 0.32182+0.055

−0.08 0.3832+0.045
−0.054 393

tSKS 0.00487+0.0017
−0.0019 0.00632+0.0016

−0.0017 750 0.28237+0.046
−0.066 0.32811+0.038

−0.048 612
tFGD 0.00411+0.0017

−0.0015 0.0054+0.0015
−0.0014 2758 0.16992+0.02

−0.03 0.1944+0.014
−0.018 2132

tMMD 0.00346+0.0019
−0.0014 0.00477+0.0018

−0.0014 8990 0.73852+0.086
−0.091 0.85602+0.075

−0.062 5790
tLLR 0.00042+0.00025

−0.00026 0.0006+0.00025
−0.00025 2930 - - -

U-deformation Timing
Statistic ϵ95%CL ϵ99%CL t (s) tnull (s)

tSW 0.49513+0.079
−0.11 0.5818+0.063

−0.078 512 313
tKS 0.55562+0.096

−0.14 0.65585+0.083
−0.089 378 127

tSKS 0.48849+0.085
−0.11 0.56476+0.072

−0.079 582 480
tFGD 0.2926+0.036

−0.05 0.33697+0.025
−0.034 2042 3821

tMMD 1.28521+0.15
−0.17 1.49004+0.11

−0.12 6502 13843
tLLR - - - -

Table 5.3: Upper bound on ϵ at the 95% and 99% CL for all the considered metrics and defor-
mations in the CG model with d = 20 and n = m = 5 · 104 samples. tnull(s) is the total time in
seconds to compute the values of the test statistic under the null hypothesis. t(s) is the total time
in seconds needed for the optimization in ϵ.

differences in both the mean and the covariance matrix.
Even though KS and FGD sometimes outperform other metrics, in most cases the results are

comparable within uncertainties, which suggests, depending on the case, the use of the metric that is
most efficient to compute, especially in optimization and model selection phases where many models
need to be confronted with a reference or among each others. The computational efficiency can be
read from the time needed to estimate the test statistic distribution under the null hypothesis, while
the time reported for each deformation is the time needed for the optimization in ϵ, that means
to estimate the upper bound on ϵ and its uncertainty. From the results for the null hypotheses
we see that, in the case of the toy models, for which the data generating PDF is known and can
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be efficiently sampled, the KS and SW metrics are generally the fastest for the computation of
the distribution under the null hypothesis, respectively in low and high dimensionality, followed
closely by the SKS. In contrast, the FGD and MMD are typically much slower. In particular, FGD
slows down considerably with increasing dimensionality (large d), while MMD suffers more from
increasing the sample size (large n,m).

The toy MoG and CG models are designed to highlight the differences that we discussed above.
To better understand the performance of the metrics in a real-world scenario, where the data
generating PDFs are not known, we now move to the JetNet dataset, with features corresponding
to kinematic distributions of jets or particles within jets.

5.4.2 JetNet Dataset

We now present the results for the JetNet dataset, focusing on the particle and jet features datasets
introduced in Section 5.3.2. As in the case of the toy models, we show only a small subset of figures
and tables, which helps understanding the methodology and the overall picture of the results. In
order to also check the dependence of the metrics performance on the scale of data, in this case we
repeated the tests with original data and with data scaled to have zero mean and unit variance.

Before discussing the results, let us mention that, in the particle level dataset, we consider
npart = 30 particles per jet and we do not go above this number, even though the dataset contains
up to 150 particles per jet. This is because as the number of particles increases, so does the number
of soft particles, with a pT distribution more and more similar to a δ-function peaked at zero
momentum (likely also due to padding when the constituents generated by the Monte Carlo is less
than 150). As some of the features become so narrow, then some metrics become more and more
sensitive to smaller and smaller deformations that modify the features. This makes our numerical
procedure ineffective. Indeed, if the reference distribution is a δ-function, than even a metric like
KS is theoretically infinitely sensitive to any deformation. We find that stopping at npart = 30 is
a good compromise between a large number of features (three for each particle gives a total of 90
features) and robustness with respect to the aforementioned issue.

In Figure 6.9 we show the effect of the various deformations on the 1D marginal distributions in
the jet kinematic variables for the jet level dataset. The plots show the distributions for the reference
dataset and for the dataset deformed with all the deformations considered and with ϵ = 0.5. The
figures give an idea of how the kinematic distributions are affected by the different deformations.

To give an idea of how the correlations are also affected, we show in Figures 5.7 and 5.8 cor-
ner plots for the 1D and 2D marginal distributions corresponding to the µ and Σii deformations,
respectively, with ϵ = 0.5 for the jet level dataset.

Even though figures are too large to be shown here, and are references in Appendix 5.A, the
behavior of the kinematic variables and of the deformations in the case of the particle level dataset
is very similar to what we have seen for the jet level dataset.

As for the toy models, the results for the JetNet dataset are summarized in tables and referenced
in Appendix 6.C. We show here only a small subset of the result tables. Starting from the jet level
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Jet features with n = m = 5 · 104

µ-deformation Σii-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.03049+0.019
−0.013 0.04713+0.015

−0.015 1108 0.04623+0.017
−0.025 0.06323+0.019

−0.015 1141
tKS 0.01585+0.0043

−0.0063 0.01927+0.0043
−0.0056 17004 0.02085+0.0064

−0.008 0.02567+0.006
−0.0075 21589

tSKS 0.02815+0.013
−0.014 0.03444+0.012

−0.014 35328 0.04838+0.018
−0.019 0.06304+0.016

−0.02 27128
tFGD 0.03986+0.025

−0.013 0.06157+0.019
−0.017 11779 0.04333+0.028

−0.023 0.05934+0.027
−0.022 18470

tMMD 0.04941+0.034
−0.021 0.0712+0.03

−0.022 78077 0.07669+0.072
−0.035 0.11237+0.068

−0.035 71427

Σi̸=j-deformation pow+-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ

pow+

99%CL t (s)

tSW 0.30801+0.08
−0.11 0.45956+0.071

−0.063 1033 0.02535+0.0077
−0.011 0.03745+0.0066

−0.0084 1028
tKS 1.01892+0.0084

−0.01 1.02245+0.011
−0.0035 19934 0.0232+0.0074

−0.011 0.02698+0.01
−0.0092 35049

tSKS 0.2959+0.12
−0.12 0.40074+0.11

−0.054 32727 0.02709+0.014
−0.012 0.03452+0.017

−0.012 28409
tFGD 0.22063+0.053

−0.082 0.29862+0.045
−0.052 13459 0.02454+0.015

−0.014 0.0321+0.017
−0.012 11640

tMMD 0.80374+0.26
−0.28 1.05932+0.078

−0.1 31136 0.02933+0.019
−0.015 0.03749+0.021

−0.016 54684

pow−-deformation N -deformation
Statistic ϵ95%CL ϵ

pow−
99%CL t (s) ϵ95%CL ϵN99%CL t (s)

tSW 0.02553+0.0078
−0.0088 0.03665+0.0074

−0.0068 1080 0.12904+0.029
−0.034 0.16235+0.02

−0.025 981
tKS 0.02125+0.01

−0.0092 0.02649+0.0074
−0.009 15925 0.10579+0.014

−0.019 0.11672+0.012
−0.016 28786

tSKS 0.02682+0.012
−0.012 0.03607+0.01

−0.012 47622 0.11163+0.022
−0.023 0.12765+0.017

−0.023 38615
tFGD 0.02511+0.017

−0.012 0.03353+0.016
−0.01 18451 0.16887+0.046

−0.052 0.19783+0.043
−0.036 13634

tMMD 0.03+0.02
−0.014 0.04112+0.021

−0.012 39156 0.25305+0.085
−0.11 0.29551+0.081

−0.073 52861

U-deformation Timing
Statistic ϵ95%CL ϵU99%CL t (s) tnull (s)

tSW 0.22631+0.05
−0.064 0.27734+0.044

−0.039 916 129
tKS 0.18246+0.022

−0.032 0.19931+0.018
−0.027 32276 1907

tSKS 0.18837+0.033
−0.048 0.21334+0.027

−0.029 38491 4382
tFGD 0.27796+0.1

−0.074 0.34469+0.068
−0.062 19098 1794

tMMD 0.49303+0.16
−0.18 0.57279+0.12

−0.11 55838 3504

Table 5.4: Upper bound on ϵ at the 95% and 99% CL for all the considered metrics and deforma-
tions in the jet level dataset with n = m = 5 · 104 samples using original features. tnull(s) is the
total time in seconds to compute the values of the test statistic under the null hypothesis. t(s) is
the total time in seconds needed for the optimization in ϵ.

dataset, Table 5.4 shows the upper bound on ϵ at the 95% and 99% CL for the jet level dataset
with n = m = 5 · 104 samples.

From the table we see that, except for the Σi̸=j-deformation, to which KS is not sensitive by
construction, KS is the most sensitive to all other deformations. As expected from the toy results,
for the Σi̸=j deformation FGD is the most sensitive test. Despite KS being generally the most
sensitive metric, one can see that, within uncertainties, results from all metrics are comparable and
the gap among them is not particularly significant.

In contrast with the results in Table 5.4, we show in Table 5.5 the results obtained performing
the tests on data scaled to zero mean and unit variance. As expected, the results for KS remain
unchanged, since the KS test is “scale invariant", while the results for the other metrics are affected.
Moreover, while FGD continues to be the most sensitive metric for the Σi̸=j deformation, now with
a large gap (one order of magnitude better than the best of the other metrics), the other metrics
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Scaled Jet features with n = m = 5 · 104

µ-deformation Σii-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.01623+0.0045
−0.0069 0.02098+0.0049

−0.0059 12410 0.02089+0.0073
−0.008 0.02834+0.0077

−0.0079 1054
tKS 0.01585+0.0043

−0.0063 0.01927+0.0043
−0.0056 17174 0.02085+0.0064

−0.008 0.02567+0.006
−0.0075 38871

tSKS 0.0113+0.0044
−0.005 0.0141+0.0037

−0.0045 32620 0.02254+0.0074
−0.0099 0.02773+0.0073

−0.0089 28803
tFGD 0.02106+0.0062

−0.0079 0.02659+0.0058
−0.0069 11583 0.02133+0.0078

−0.0097 0.02741+0.0071
−0.008 14254

tMMD 0.06739+0.013
−0.021 0.08802+0.013

−0.011 46972 0.0318+0.015
−0.0083 0.04328+0.014

−0.012 28709

Σi̸=j-deformation pow+-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ

pow+

99%CL t (s)

tSW 0.0503+0.016
−0.019 0.07052+0.015

−0.014 1008 0.02465+0.011
−0.0081 0.03314+0.0099

−0.0095 1025
tKS 1.02009+0.0072

−0.001 1.02812+0.003
−0.008 16410 0.0232+0.0074

−0.011 0.02698+0.01
−0.0092 35198

tSKS 0.06201+0.02
−0.029 0.07573+0.02

−0.024 35383 0.0402+0.015
−0.015 0.04921+0.015

−0.015 47807
tFGD 0.00627+0.0016

−0.0018 0.00809+0.0015
−0.0018 14008 0.02237+0.013

−0.011 0.0281+0.011
−0.0084 24967

tMMD 0.0794+0.039
−0.031 0.112+0.031

−0.026 29620 0.01898+0.012
−0.0094 0.02472+0.012

−0.0076 66075

pow−-deformation N -deformation
Statistic ϵ95%CL ϵ

pow−
99%CL t (s) ϵ95%CL ϵN99%CL t (s)

tSW 0.02527+0.011
−0.011 0.03513+0.0084

−0.01 993 0.11836+0.027
−0.028 0.14062+0.018

−0.026 910
tKS 0.02125+0.01

−0.0092 0.02649+0.0074
−0.009 16472 0.10579+0.014

−0.019 0.11672+0.012
−0.016 31727

tSKS 0.03986+0.013
−0.017 0.04873+0.013

−0.013 27407 0.08577+0.024
−0.028 0.10148+0.021

−0.026 25899
tFGD 0.02163+0.015

−0.0097 0.02954+0.014
−0.0087 12892 0.07833+0.0094

−0.019 0.08847+0.0084
−0.0069 13246

tMMD 0.02133+0.013
−0.0086 0.02924+0.011

−0.0081 68458 0.26032+0.037
−0.057 0.29897+0.028

−0.036 42149

U-deformation Timing
Statistic ϵ95%CL ϵU99%CL t (s) tnull (s)

tSW 0.20487+0.042
−0.048 0.2434+0.032

−0.035 877 123
tKS 0.18018+0.024

−0.035 0.19884+0.018
−0.027 25630 1913

tSKS 0.14529+0.04
−0.056 0.1719+0.035

−0.048 42277 4383
tFGD 0.13545+0.014

−0.032 0.15299+0.015
−0.012 12782 1787

tMMD 0.45177+0.066
−0.091 0.52083+0.05

−0.047 56078 3504

Table 5.5: Upper bound on ϵ at the 95% and 99% CL for all the considered metrics and deforma-
tions in the jet level dataset with n = m = 5 · 104 samples using features scaled to zero mean and
unit variance. tnull(s) is the total time in seconds to compute the values of the test statistic under
the null hypothesis. t(s) is the total time in seconds needed for the optimization in ϵ.

become now more sensitive and compete with KS for the other deformations. Nevertheless, results
for the other deformations are comparable for the different metrics within uncertainties.

We can now proceed to discuss the results for the particle level dataset. Table 5.6 shows the
upper bound on ϵ at the 95% and 99% CL for the particle level dataset with n = m = 5 · 104

samples. Zeros in the table represent values smaller than 10−5 obtained from the optimization
within a specified tolerance.

From the table we start to observe the effect discussed at the beginning of the Section, where
KS becomes much more sensitive than the other tests (for all deformations except Σi̸=j). This
increased sensitivity is due to the presence of several features with a narrow distribution, for which
KS is particularly sensitive. Moreover, despite a few exceptions, all other metrics generally perform
equally well within uncertainties.
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Particle features with n = m = 5 · 104

µ-deformation Σii-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.02633+0.0098
−0.013 0.03714+0.0084

−0.0097 849 0.02913+0.012
−0.0079 0.04108+0.0093

−0.011 824
tKS 0.0+0.0045

−0.0 0.00771+0.0022
−0.0068 49525 0.0+0.013

−0.0 0.01904+0.0086
−0.011 55017

tSKS 0.01592+0.0046
−0.0061 0.02334+0.0058

−0.0059 17572 0.02735+0.0049
−0.01 0.03362+0.0081

−0.0071 24987
tFGD 0.04749+0.012

−0.024 0.06462+0.013
−0.013 30820 0.04004+0.017

−0.012 0.0556+0.018
−0.016 25551

tMMD 0.1396+0.1
−0.065 0.21274+0.071

−0.065 18527 0.06988+0.048
−0.031 0.0986+0.037

−0.036 33217

Σi̸=j-deformation pow+-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ

pow+

99%CL t (s)

tSW 0.04883+0.012
−0.015 0.06979+0.0097

−0.016 1966 0.02745+0.011
−0.0075 0.03872+0.0088

−0.011 806
tKS 0.99933+0.0085

−0.014 1.01732+0.006
−0.0079 11225 0.0+0.0066

−0.0 0.01141+0.0073
−0.011 46010

tSKS 0.04267+0.018
−0.012 0.06018+0.014

−0.013 29568 0.03594+0.021
−0.016 0.05069+0.011

−0.014 24821
tFGD 0.02641+0.0058

−0.012 0.03966+0.006
−0.0079 28408 0.02459+0.013

−0.012 0.03501+0.013
−0.012 25798

tMMD 0.25965+0.068
−0.086 0.35327+0.073

−0.056 16061 0.02054+0.014
−0.0071 0.02657+0.013

−0.0091 26195

pow−-deformation N -deformation
Statistic ϵ95%CL ϵ

pow−
99%CL t (s) ϵ95%CL ϵN99%CL t (s)

tSW 0.02745+0.011
−0.014 0.03872+0.0088

−0.01 809 0.10733+0.022
−0.026 0.13357+0.016

−0.016 691
tKS 0.0+0.0095

−0.0 0.01323+0.0069
−0.0085 45685 0.0656+0.016

−0.053 0.08707+0.013
−0.016 7484

tSKS 0.03777+0.015
−0.017 0.04837+0.014

−0.015 15966 0.08456+0.013
−0.013 0.09935+0.0089

−0.01 18276
tFGD 0.02241+0.019

−0.01 0.0353+0.019
−0.011 26549 0.14608+0.034

−0.038 0.1758+0.023
−0.021 23330

tMMD 0.02077+0.017
−0.01 0.02939+0.016

−0.0089 20263 0.33827+0.088
−0.089 0.37964+0.091

−0.073 19908

U-deformation Timing
Statistic ϵ95%CL ϵU99%CL t (s) tnull (s)

tSW 0.1889+0.038
−0.046 0.2351+0.028

−0.04 625 150
tKS 0.10693+0.022

−0.086 0.14193+0.021
−0.019 13565 2126

tSKS 0.14453+0.02
−0.028 0.17795+0.0057

−0.023 17723 4818
tFGD 0.25168+0.053

−0.065 0.30289+0.04
−0.036 23243 7351

tMMD 0.58039+0.17
−0.15 0.6876+0.14

−0.14 25557 3880

Table 5.6: Upper bound on ϵ at the 95% and 99% CL for all the considered metrics and deforma-
tions in the particle level dataset with n = m = 5 · 104 samples using original features. tnull(s) is
the total time in seconds to compute the values of the test statistic under the null hypothesis. t(s)
is the total time in seconds needed for the optimization in ϵ.

Finally, Table 5.7 shows the results obtained using features from the particle level dataset scaled
to zero mean and unit variance. As in the case of the jet level dataset, the results for KS remain
unchanged, while the results for the other metrics are affected by the scaling of the data. The FGD
metric becomes very sensitive to the Σi̸=j deformation, outperforming the other metrics by more
than one order of magnitude. Despite all other tests showing an increased sensitivity, they still
struggle to compete with KS, except in the case of the random deformations, where FGD is the
most sensitive. Even in these cases, the gap is not particularly significant, and, at least compared
to KS, lies within uncertainties.

In summary, also for the JetNet dataset, the KS test and the FGD test are the most sensitive
for most of the deformations and for most values of the sample size. With the exception of some
special cases, the SW test gives similar results, within uncertainties, with a testing time that is up
to fifty times smaller than that of the other tests, and always below one hour, even for sample sizes
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Scaled Particle features with n = m = 5 · 104

µ-deformation Σii-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.01334+0.0038
−0.0046 0.01815+0.0037

−0.0029 1116 0.0166+0.0059
−0.0063 0.02125+0.006

−0.0034 1079
tKS 0.0+0.0045

−0.0 0.00771+0.0022
−0.0049 58835 0.0+0.013

−0.0 0.01904+0.0086
−0.011 62555

tSKS 0.01275+0.0034
−0.0043 0.01734+0.0036

−0.0028 18356 0.02131+0.007
−0.0073 0.02899+0.006

−0.0047 26542
tFGD 0.01627+0.003

−0.006 0.02025+0.0024
−0.0047 39057 0.01469+0.0034

−0.0057 0.01805+0.0043
−0.0051 27175

tMMD 0.01613+0.0049
−0.0058 0.02141+0.0032

−0.0035 22841 0.01606+0.0074
−0.0066 0.02089+0.0055

−0.0061 33730

Σi̸=j-deformation pow+-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ

pow+

99%CL t (s)

tSW 0.03128+0.0068
−0.011 0.04152+0.0061

−0.0067 1424 0.01894+0.0055
−0.0072 0.02425+0.0068

−0.0039 1006
tKS 0.99134+0.016

−0.0078 1.01532+0.008
−0.004 11987 0.0+0.0066

−0.0 0.01141+0.0073
−0.011 49091

tSKS 0.03809+0.011
−0.013 0.0515+0.011

−0.0083 27313 0.03552+0.0055
−0.013 0.04366+0.01

−0.0066 15487
tFGD 0.0026+0.00076

−0.00089 0.00345+0.00052
−0.00076 33338 0.01534+0.0052

−0.0062 0.01886+0.0045
−0.0055 24241

tMMD 0.01919+0.011
−0.0079 0.02614+0.0089

−0.0065 20604 0.01896+0.0074
−0.008 0.02428+0.0068

−0.0071 27198

pow−-deformation N -deformation
Statistic ϵ95%CL ϵ

pow−
99%CL t (s) ϵ95%CL ϵN99%CL t (s)

tSW 0.01909+0.0073
−0.0077 0.02693+0.0061

−0.0068 1006 0.10868+0.02
−0.017 0.1277+0.011

−0.022 886
tKS 0.0+0.0095

−0.0 0.01323+0.0069
−0.0085 45323 0.0656+0.016

−0.049 0.08707+0.013
−0.019 22186

tSKS 0.0356+0.0093
−0.013 0.04726+0.007

−0.011 22261 0.10733+0.022
−0.017 0.13357+0.016

−0.026 24344
tFGD 0.01543+0.007

−0.0065 0.01852+0.0068
−0.0042 24968 0.04853+0.0071

−0.0075 0.05702+0.0051
−0.006 24273

tMMD 0.01859+0.0085
−0.0081 0.02501+0.0083

−0.0064 27960 0.26953+0.035
−0.052 0.30333+0.029

−0.011 19782

U-deformation Timing
Statistic ϵ95%CL ϵU99%CL t (s) tnull (s)

tSW 0.19116+0.035
−0.03 0.22462+0.02

−0.039 774 133
tKS 0.10693+0.022

−0.086 0.14193+0.021
−0.019 10646 1972

tSKS 0.19116+0.035
−0.03 0.22462+0.02

−0.039 16154 4379
tFGD 0.08969+0.006

−0.016 0.10215+0.0042
−0.016 21825 6689

tMMD 0.48398+0.032
−0.088 0.5512+0.022

−0.058 14676 3605

Table 5.7: Upper bound on ϵ at the 95% and 99% CL for all the considered metrics and deforma-
tions in the particle level dataset with n = m = 5 · 104 samples features scaled to zero mean and
unit variance. tnull(s) is the total time in seconds to compute the values of the test statistic under
the null hypothesis. t(s) is the total time in seconds needed for the optimization in ϵ.

of 5 · 104.
Notice that, while the KS metric is extremely fast to evaluate in the case of the toy models,

for most of the configurations in terms of dimensions and number of samples, it becomes much less
efficient for the JetNet dataset. This is due to the fact that even though KS is highly paralleliz-
able, we could obtain a very efficient implementation only when the data generating distribution is
available, while we had more troubles getting the most out of parallel computation with resampling
techniques. This is not the same for the SW test, which remains extremely efficient also in the case
of resampling.
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5.5 Conclusions and Outlook

In this work, we have developed and thoroughly tested a comprehensive framework for comparing
non-parametric two-sample tests in the context of the evaluation of high-dimensional generative
models. This type of statistical tests are designed to detect deformation in the shape or correlation
structure of a distribution from samples of finite size. Our analysis has focused on several key met-
rics, including the sliced Wasserstein distance, the mean of 1D Kolmogorov-Smirnov tests, a sliced
variation of the Kolmogorov-Smirnov test, the unbiased quadratic Maximum Mean Discrepancy,
and the unbiased Fréchet Gaussian Distance. Where possible, we have also benchmarked these
non-parametric methods against the parametric log-likelihood-ratio test.

Our results demonstrate that non-parametric tests based on 1D marginal distributions or 1D
projections can achieve sensitivity comparable to more complex multivariate metrics. This is par-
ticularly significant in high-dimensional settings where multivariate tests often struggle due to the
curse of dimensionality, in contrast with the need for computational efficiency. Tests such as the
sliced Wasserstein distance and the Kolmogorov-Smirnov-inspired tests show strong performance
while maintaining lower computational costs, making them well suited for tasks involving large
sample sizes and high-dimensional data, especially in the phase of model selection and optimization
of generative models.

As expected, the log-likelihood-ratio test consistently outperforms non-parametric methods when
the underlying probability densities of both the reference and deformed distributions are known.
However, in practical applications where exact probability densities are not available, such as for
the JetNet dataset we considered, non-parametric approaches are indispensable.

Our methodology has proven to be flexible, scalable, and capable of accommodating various
deformations across a wide range of dimensions and sample sizes. The combination of toy models
and real-world datasets used in this study provides a valuable benchmark, reflecting the theoretical
and practical challenges faced in generative model validation.

Furthermore, with few exceptions, each metric exhibits similar sensitivity to the value of ϵ across
different datasets for the same deformation. This consistency demonstrates that our procedure
provides a robust evaluation of the tests themselves, rather than merely assessing the specific models
and deformations considered.

Looking ahead, there are several promising directions for future research and applications of this
methodology:

1. Extension to classifier-based metrics: Various classifier-based two-sample tests have been pro-
posed in the literature, demonstrating significant potential for HEP applications. However, a
thorough study of their relative and absolute performance remains absent. The methodology
presented here offers a straightforward approach for their evaluation and validation.

2. State-of-the-art generative models: Our study shows that evaluation metrics based on one-
dimensional tests can be both competitive and efficient, making them well-suited for model
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selection. The next step would be to apply these metrics to advanced generative models, in-
cluding Generative Adversarial Networks, Variational Autoencoders, and Normalizing Flows,
particularly in scientific applications where precision and reliability are essential.

3. Uncertainty quantification: Although our methodology provides a well-defined procedure
for assigning uncertainty to test results, future work could explore more comprehensive ap-
proaches. For instance, in the case of generative models where deformations are not parame-
terized by a single parameter ϵ, the full distribution of the test statistic under the alternative
hypothesis could be estimated, enabling a more detailed assessment of the test power. This
could also allow for the computation of the complete confusion matrix, providing deeper in-
sights into the statistical properties of the tests.

4. Enhancement of computational efficiency: While our current implementation of the proposed
metrics in TensorFlow2 is computationally efficient, there remains room for further opti-
mization. Improvements in computational efficiency would make these methods more accessi-
ble and scalable for even larger datasets, facilitating their application in real-world problems.

In conclusion, we believe that the methodology developed in this work represents a step forward
in the key challenge of evaluating generative models, particularly in scientific applications where
precision and reliability are key requirements.
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Figure 5.5: Each pair of plots represents the empirical PDF (left) and CDF (right) of the test
statistic under the null hypothesis for the MoG model with d = 20 and q = 5, and n = m = 5 · 104
samples. The histograms are built with 104 evaluations of the test statistics. From top to bottom,
the five panels represent the SW, KS, SKS, FGD, and MMD tests. See the main text for the full
description.
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Figure 5.6: Original jet kinematic distributions compared with the µ, Σii, and Σi̸=j (left), and
pow+, pow−, N , and U (right) deformations with ϵ = 0.5. The plots are made with 106 points per
sample.
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Figure 5.7: Corner plots of the original jet kinematic distributions compared with the µ deforma-
tion with ϵ = 0.5. The plots are made with 106 points per sample.
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Figure 5.8: Corner plots of the original jet kinematic distributions compared with the Σii defor-
mations with ϵ = 0.5. The plots are made with 106 points per sample.



Appendix

5.A List of Figures

5.A.1 List of Figures for the CG models

List of Figures for CG results in 5D

The following Figures show the 1D and 2D marginal probability distributions for two samples X1,
drawn from the reference distribution of the CG model with d = 5, and X2, corresponding to the
specified deformation. The plots are made with 106 points per sample.

• CG_5D_corner_def_1: µ-deformation with ϵ = 0.5.

• CG_5D_corner_def_2: Σii-deformation with ϵ = 0.5.

• CG_5D_corner_def_3: Σi̸=j-deformation with ϵ = 0.5.

• CG_5D_corner_def_4: pow+-deformation with ϵ = 0.1.

• CG_5D_corner_def_5: pow−-deformation with ϵ = 0.1.

• CG_5D_corner_def_6: N -deformation with ϵ = 0.5.

• CG_5D_corner_def_7: U -deformation with ϵ = 0.5.

The following Figures report a color plot representation of the correlation matrices for two samples
X1, drawn from the reference distribution of the CG model with d = 5, and X2, corresponding to
the specified deformation. The plots are made with 106 points per sample.

• CG_5D_corr_matrix_def_1: µ-deformation with ϵ = 0.5.

• CG_5D_corr_matrix_def_2: Σii-deformation with ϵ = 0.5.

• CG_5D_corr_matrix_def_3: Σi̸=j-deformation with ϵ = 0.5.

• CG_5D_corr_matrix_def_4: pow+-deformation with ϵ = 0.1.

• CG_5D_corr_matrix_def_5: pow−-deformation with ϵ = 0.1.

https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corner_plot_def_1.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corner_plot_def_2.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corner_plot_def_3.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corner_plot_def_4.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corner_plot_def_5.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corner_plot_def_6.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corner_plot_def_7.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corre_matrix_plot_def_1.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corre_matrix_plot_def_2.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corre_matrix_plot_def_3.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corre_matrix_plot_def_4.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corre_matrix_plot_def_5.pdf
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• CG_5D_corr_matrix_def_6: N -deformation with ϵ = 0.5.

• CG_5D_corr_matrix_def_7: U-deformation with ϵ = 0.5.

The following Figures show the empirical PDF of the specified test statistic under the null hypothesis
(both samples come from the same reference distribution) for the CG model with d = 5 and
n = m = (1, 2, 5, 10) · 104. The test statistics distributions are obtained with 104 iterations.

• CG_5D_10K_null_SW
CG_5D_20K_null_SW
CG_5D_50K_null_SW
CG_5D_100K_null_SW

• CG_5D_10K_null_KS

CG_5D_20K_null_KS

CG_5D_50K_null_KS

CG_5D_100K_null_KS

• CG_5D_10K_null_SKS
CG_5D_20K_null_SKS
CG_5D_50K_null_SKS
CG_5D_100K_null_SKS

• CG_5D_10K_null_FGD
CG_5D_20K_null_FGD

CG_5D_50K_null_FGD
CG_5D_100K_null_FGD

• CG_5D_10K_null_MMD
CG_5D_20K_null_MMD
CG_5D_50K_null_MMD
CG_5D_100K_null_MMD

List of Figures for CG results in 20D

The following Figures show the 1D and 2D marginal probability distributions for two samples X1,
drawn from the reference distribution of the CG model with d = 20, and X2, corresponding to the
specified deformation. The plots are made with 106 points per sample.

• CG_20D_corner_def_1: µ-deformation with ϵ = 0.5.

• CG_20D_corner_def_2: Σii-deformation with ϵ = 0.5.

• CG_20D_corner_def_3: Σi̸=j-deformation with ϵ = 0.5.

• CG_20D_corner_def_4: pow+-deformation with ϵ = 0.1.

• CG_20D_corner_def_5: pow−-deformation with ϵ = 0.1.

• CG_20D_corner_def_6: N -deformation with ϵ = 0.5.

• CG_20D_corner_def_7: U -deformation with ϵ = 0.5.

The following Figures report a color plot representation of the correlation matrices for two samples
X1, drawn from the reference distribution of the CG model with d = 20, and X2, corresponding to
the specified deformation. The plots are made with 106 points per sample.

• CG_20D_corr_matrix_def_1: µ-deformation with ϵ = 0.5.

• CG_20D_corr_matrix_def_2: Σii-deformation with ϵ = 0.5.

• CG_20D_corr_matrix_def_3: Σi̸=j-deformation with ϵ = 0.5.

https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corre_matrix_plot_def_6.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/corre_matrix_plot_def_7.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_10K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_20K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_50K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_100K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_10K/null_hypothesis/KS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_20K/null_hypothesis/KS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_50K/null_hypothesis/KS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_100K/null_hypothesis/KS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_10K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_20K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_50K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_100K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_10K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_20K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_50K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_100K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_10K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_20K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_50K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_unimodal/5D_100K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corner_plot_def_1.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corner_plot_def_2.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corner_plot_def_3.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corner_plot_def_4.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corner_plot_def_5.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corner_plot_def_6.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corner_plot_def_7.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corre_matrix_plot_def_1.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corre_matrix_plot_def_2.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corre_matrix_plot_def_3.pdf
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• CG_20D_corr_matrix_def_4: pow+-deformation with ϵ = 0.1.

• CG_20D_corr_matrix_def_5: pow−-deformation with ϵ = 0.1.

• CG_20D_corr_matrix_def_6: N -deformation with ϵ = 0.5.

• CG_20D_corr_matrix_def_7: U-deformation with ϵ = 0.5.

The following Figures show the empirical PDF of the specified test statistic under the null hypothesis
(both samples come from the same reference distribution) for the CG model with d = 20, and
n = m = (1, 2, 5, 10) · 104. The test statistics distributions are obtained with 104 iterations.

• CG_20D_10K_null_SW
CG_20D_20K_null_SW
CG_20D_50K_null_SW
CG_20D_100K_null_SW

• CG_20D_10K_null_KS

CG_20D_20K_null_KS

CG_20D_50K_null_KS

CG_20D_100K_null_KS

• CG_20D_10K_null_SKS
CG_20D_20K_null_SKS
CG_20D_50K_null_SKS
CG_20D_100K_null_SKS

• CG_20D_10K_null_FGD
CG_20D_20K_null_FGD
CG_20D_50K_null_FGD
CG_20D_100K_null_FGD

• CG_20D_10K_null_MMD
CG_20D_20K_null_MMD
CG_20D_50K_null_MMD
CG_20D_100K_null_MMD

List of Figures for CG results in 100D

The following Figures show the 1D and 2D marginal probability distributions for two samples X1,
drawn from the reference distribution of the CG model with d = 100, and X2, corresponding to the
specified deformation. The plots are made with 106 points per sample.

• CG_100D_corner_def_1: µ-deformation with ϵ = 0.5.

• CG_100D_corner_def_2: Σii-deformation with ϵ = 0.5.

• CG_100D_corner_def_3: Σi̸=j-deformation with ϵ = 0.5.

• CG_100D_corner_def_4: pow+-deformation with ϵ = 0.1.

• CG_100D_corner_def_5: pow−-deformation with ϵ = 0.1.

• CG_100D_corner_def_6: N -deformation with ϵ = 0.5.

• CG_100D_corner_def_7: U -deformation with ϵ = 0.5.

The following Figures report a color plot representation of the correlation matrices for two samples
X1, drawn from the reference distribution of the CG model with d = 100, and X2, corresponding
to the specified deformation. The plots are made with 106 points per sample.

• CG_100D_corr_matrix_def_1: µ-deformation with ϵ = 0.5.

https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corre_matrix_plot_def_4.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corre_matrix_plot_def_5.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corre_matrix_plot_def_6.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/corre_matrix_plot_def_7.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_10K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_20K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_50K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_100K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_10K/null_hypothesis/KS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_20K/null_hypothesis/KS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_50K/null_hypothesis/KS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_100K/null_hypothesis/KS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_10K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_20K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_50K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_100K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_10K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_20K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_50K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_100K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_10K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_20K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_50K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_unimodal/20D_100K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corner_plot_def_1.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corner_plot_def_2.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corner_plot_def_3.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corner_plot_def_4.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corner_plot_def_5.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corner_plot_def_6.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corner_plot_def_7.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corre_matrix_plot_def_1.pdf
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• CG_100D_corr_matrix_def_2: Σii-deformation with ϵ = 0.5.

• CG_100D_corr_matrix_def_3: Σi̸=j-deformation with ϵ = 0.5.

• CG_100D_corr_matrix_def_4: pow+-deformation with ϵ = 0.1.

• CG_100D_corr_matrix_def_5: pow−-deformation with ϵ = 0.1.

• CG_100D_corr_matrix_def_6: N -deformation with ϵ = 0.5.

• CG_100D_corr_matrix_def_7: U-deformation with ϵ = 0.5.

The following Figures show the empirical PDF of the specified test statistic under the null hypothesis
(both samples come from the same reference distribution) for the CG model with d = 100, and
n = m = (1, 2, 5, 10) · 104. The test statistics distributions are obtained with 104 iterations.

• CG_100D_10K_null_SW
CG_100D_20K_null_SW
CG_100D_50K_null_SW
CG_100D_100K_null_SW

• CG_100D_10K_null_KS

CG_100D_20K_null_KS

CG_100D_50K_null_KS

CG_100D_100K_null_KS

• CG_100D_10K_null_SKS
CG_100D_20K_null_SKS
CG_100D_50K_null_SKS
CG_100D_100K_null_SKS

• CG_100D_10K_null_FGD
CG_100D_20K_null_FGD
CG_100D_50K_null_FGD
CG_100D_100K_null_FGD

• CG_100D_10K_null_MMD
CG_100D_20K_null_MMD
CG_100D_50K_null_MMD
CG_100D_100K_null_MMD

5.A.2 List of Figures for the MoG models

List of Figures for MoG results in 5D

The following Figures show the 1D and 2D marginal probability distributions for two samples
X1, drawn from the reference distribution of the MoG model with d = 5 and q = 3, and X2,
corresponding to the specified deformation. The plots are made with 106 points per sample.

• MoG_5D_corner_def_1: µ-deformation with ϵ = 0.5.

• MoG_5D_corner_def_2: Σii-deformation with ϵ = 0.5.

• MoG_5D_corner_def_3: Σi̸=j-deformation with ϵ = 0.5.

• MoG_5D_corner_def_4: pow+-deformation with ϵ = 0.1.

• MoG_5D_corner_def_5: pow−-deformation with ϵ = 0.1.

• MoG_5D_corner_def_6: N -deformation with ϵ = 0.5.

• MoG_5D_corner_def_7: U -deformation with ϵ = 0.5.

https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corre_matrix_plot_def_2.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corre_matrix_plot_def_3.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corre_matrix_plot_def_4.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corre_matrix_plot_def_5.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corre_matrix_plot_def_6.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/corre_matrix_plot_def_7.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_10K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_20K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_50K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_100K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_10K/null_hypothesis/KS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_20K/null_hypothesis/KS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_50K/null_hypothesis/KS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_100K/null_hypothesis/KS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_10K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_20K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_50K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_100K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_10K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_20K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_50K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_100K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_10K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_20K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_50K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/100D_unimodal/100D_100K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_mixture/corner_plot_def_1.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_mixture/corner_plot_def_2.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_mixture/corner_plot_def_3.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_mixture/corner_plot_def_4.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_mixture/corner_plot_def_5.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_mixture/corner_plot_def_6.png
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_mixture/corner_plot_def_7.png
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The following Figures report a color plot representation of the correlation matrices for two samples
X1, drawn from the reference distribution of the MoG model with d = 5 and q = 3, and X2,
corresponding to the specified deformation. The plots are made with 106 points per sample.

• MoG_5D_corr_matrix_def_1: µ-deformation with ϵ = 0.5.

• MoG_5D_corr_matrix_def_2: Σii-deformation with ϵ = 0.5.

• MoG_5D_corr_matrix_def_3: Σi̸=j-deformation with ϵ = 0.5.

• MoG_5D_corr_matrix_def_4: pow+-deformation with ϵ = 0.1.

• MoG_5D_corr_matrix_def_5: pow−-deformation with ϵ = 0.1.

• MoG_5D_corr_matrix_def_6: N -deformation with ϵ = 0.5.

• MoG_5D_corr_matrix_def_7: U-deformation with ϵ = 0.5.

The following Figures show the empirical PDF of the specified test statistic under the null hypothesis
(both samples come from the same reference distribution) for the MoG model with d = 5, q = 3,
and n = m = (1, 2, 5, 10) · 104. The test statistics distributions are obtained with 104 iterations.

• MoG_5D_10K_null_SW
MoG_5D_20K_null_SW
MoG_5D_50K_null_SW
MoG_5D_100K_null_SW

• MoG_5D_10K_null_KS

MoG_5D_20K_null_KS

MoG_5D_50K_null_KS

MoG_5D_100K_null_KS

• MoG_5D_10K_null_SKS
MoG_5D_20K_null_SKS
MoG_5D_50K_null_SKS
MoG_5D_100K_null_SKS

• MoG_5D_10K_null_FGD
MoG_5D_20K_null_FGD
MoG_5D_50K_null_FGD
MoG_5D_100K_null_FGD

• MoG_5D_10K_null_MMD
MoG_5D_20K_null_MMD
MoG_5D_50K_null_MMD
MoG_5D_100K_null_MMD

List of Figures for MoG results in 20D

The following Figures show the 1D and 2D marginal probability distributions for two samples
X1, drawn from the reference distribution of the MoG model with d = 20 and q = 5, and X2,
corresponding to the specified deformation. The plots are made with 106 points per sample.

• MoG_20D_corner_def_1: µ-deformation with ϵ = 0.5.

• MoG_20D_corner_def_2: Σii-deformation with ϵ = 0.5.

• MoG_20D_corner_def_3: Σi̸=j-deformation with ϵ = 0.5.

• MoG_20D_corner_def_4: pow+-deformation with ϵ = 0.1.

• MoG_20D_corner_def_5: pow−-deformation with ϵ = 0.1.

https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_mixture/corre_matrix_plot_def_1.pdf
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https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_mixture/5D_10K/null_hypothesis/KS.pdf
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https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_mixture/5D_10K/null_hypothesis/SKS.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_mixture/5D_20K/null_hypothesis/SKS.pdf
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https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_mixture/5D_50K/null_hypothesis/FGD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/5D_mixture/5D_100K/null_hypothesis/FGD.pdf
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• MoG_20D_corner_def_6: N -deformation with ϵ = 0.5.

• MoG_20D_corner_def_7: U -deformation with ϵ = 0.5.

The following Figures report a color plot representation of the correlation matrices for two samples
X1, drawn from the reference distribution of the MoG model with d = 20 and q = 5, and X2,
corresponding to the specified deformation. The plots are made with 106 points per sample.

• MoG_20D_corr_matrix_def_1: µ-deformation with ϵ = 0.5.

• MoG_20D_corr_matrix_def_2: Σii-deformation with ϵ = 0.5.

• MoG_20D_corr_matrix_def_3: Σi̸=j-deformation with ϵ = 0.5.

• MoG_20D_corr_matrix_def_4: pow+-deformation with ϵ = 0.1.

• MoG_20D_corr_matrix_def_5: pow−-deformation with ϵ = 0.1.

• MoG_20D_corr_matrix_def_6: N -deformation with ϵ = 0.5.

• MoG_20D_corr_matrix_def_7: U-deformation with ϵ = 0.5.

The following Figures show the empirical PDF of the specified test statistic under the null hypothesis
(both samples come from the same reference distribution) for the MoG model with d = 20, q = 5,
and n = m = (1, 2, 5, 10) · 104. The test statistics distributions are obtained with 104 iterations.

• MoG_20D_10K_null_SW
MoG_20D_20K_null_SW
MoG_20D_50K_null_SW
MoG_20D_100K_null_SW

• MoG_20D_10K_null_KS

MoG_20D_20K_null_KS

MoG_20D_50K_null_KS

MoG_20D_100K_null_KS

• MoG_20D_10K_null_SKS
MoG_20D_20K_null_SKS
MoG_20D_50K_null_SKS
MoG_20D_100K_null_SKS

• MoG_20D_10K_null_FGD
MoG_20D_20K_null_FGD
MoG_20D_50K_null_FGD
MoG_20D_100K_null_FGD

• MoG_20D_10K_null_MMD
MoG_20D_20K_null_MMD
MoG_20D_50K_null_MMD
MoG_20D_100K_null_MMD

List of Figures for MoG results in 100D

The following Figures show the 1D and 2D marginal probability distributions for two samples X1,
drawn from the reference distribution of the MoG model with d = 100 and q = 10, and X2,
corresponding to the specified deformation. The plots are made with 106 points per sample.

• MoG_100D_corner_def_1: µ-deformation with ϵ = 0.5.

• MoG_100D_corner_def_2: Σii-deformation with ϵ = 0.5.

• MoG_100D_corner_def_3: Σi̸=j-deformation with ϵ = 0.5.
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https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_mixture/corre_matrix_plot_def_5.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_mixture/corre_matrix_plot_def_6.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_mixture/corre_matrix_plot_def_7.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_mixture/20D_10K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_mixture/20D_20K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_mixture/20D_50K/null_hypothesis/SWD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_mixture/20D_100K/null_hypothesis/SWD.pdf
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https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_mixture/20D_10K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_mixture/20D_20K/null_hypothesis/MMD.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/tree/main/results/20D_mixture/20D_50K/null_hypothesis/MMD.pdf
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• MoG_100D_corner_def_4: pow+-deformation with ϵ = 0.1.

• MoG_100D_corner_def_5: pow−-deformation with ϵ = 0.1.

• MoG_100D_corner_def_6: N -deformation with ϵ = 0.5.

• MoG_100D_corner_def_7: U -deformation with ϵ = 0.5.

The following Figures report a color plot representation of the correlation matrices for two samples
X1, drawn from the reference distribution of the MoG model with d = 100 and q = 10, and X2,
corresponding to the specified deformation. The plots are made with 106 points per sample.

• MoG_100D_corr_matrix_def_1: µ-deformation with ϵ = 0.5.

• MoG_100D_corr_matrix_def_2: Σii-deformation with ϵ = 0.5.

• MoG_100D_corr_matrix_def_3: Σi̸=j-deformation with ϵ = 0.5.

• MoG_100D_corr_matrix_def_4: pow+-deformation with ϵ = 0.1.

• MoG_100D_corr_matrix_def_5: pow−-deformation with ϵ = 0.1.

• MoG_100D_corr_matrix_def_6: N -deformation with ϵ = 0.5.

• MoG_100D_corr_matrix_def_7: U-deformation with ϵ = 0.5.

The following Figures show the empirical PDF of the specified test statistic under the null hypothesis
(both samples come from the same reference distribution) for the MoG model with d = 100, q = 10,
and n = m = (1, 2, 5, 10) · 104. The test statistics distributions are obtained with 104 iterations.

• MoG_100D_10K_null_SW
MoG_100D_20K_null_SW
MoG_100D_50K_null_SW
MoG_100D_100K_null_SW

• MoG_100D_10K_null_KS

MoG_100D_20K_null_KS

MoG_100D_50K_null_KS

MoG_100D_100K_null_KS

• MoG_100D_10K_null_SKS
MoG_100D_20K_null_SKS
MoG_100D_50K_null_SKS
MoG_100D_100K_null_SKS

• MoG_100D_10K_null_FGD
MoG_100D_20K_null_FGD
MoG_100D_50K_null_FGD
MoG_100D_100K_null_FGD

• MoG_100D_10K_null_MMD
MoG_100D_20K_null_MMD
MoG_100D_50K_null_MMD
MoG_100D_100K_null_MMD

5.A.3 List of Figures for the JetNet at jet level

The following Figures show the 1D and 2D marginal probability distributions for two samples X1,
extracted from the JetNet reference distribution for jet level features in the gluon dataset, and X2,
corresponding to the specified deformation. The plots are made with 106 points per sample.

• jet_corner_def_1: µ-deformation with ϵ = 0.5.
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• jet_corner_def_2: Σii-deformation with ϵ = 0.2.

• jet_corner_def_3: Σi̸=j-deformation with ϵ = 0.2.

• jet_corner_def_4: pow+-deformation with ϵ = 0.1.

• jet_corner_def_5: pow−-deformation with ϵ = 0.1.

• jet_corner_def_6: N -deformation with ϵ = 0.2.

• jet_corner_def_7: U -deformation with ϵ = 0.2.

The following Figures report a color plot representation of the correlation matrices for two samples
X1, extracted from the JetNet reference distribution for jet level features in the gluon dataset, and
X2, corresponding to the specified deformation. The plots are made with 106 points per sample.

• jet_corr_matrix_def_1: µ-deformation with ϵ = 0.5.

• jet_corr_matrix_def_2: Σii-deformation with ϵ = 0.2.

• jet_corr_matrix_def_3: Σi̸=j-deformation with ϵ = 0.2.

• jet_corr_matrix_def_4: pow+-deformation with ϵ = 0.1.

• jet_corr_matrix_def_5: pow−-deformation with ϵ = 0.1.

• jet_corr_matrix_def_6: N -deformation with ϵ = 0.2.

• jet_corr_matrix_def_7: U-deformation with ϵ = 0.2.

The following Figures report a summary of the marginal distributions for two samples X1, ex-
tracted from the JetNet reference distribution for jet level features in the gluon dataset, and X2,
corresponding to the specified deformation. The plots are made with 106 points per sample.

• jet_deformation_summary_1

• jet_deformation_summary_2

The following Figures show the empirical PDF of the specified test statistic under the null hypothesis
(both samples come from the same reference distribution) for the JetNet distribution for jet level
features in the gluon dataset, considering n = m = (1, 2, 5) · 104. The test statistics distributions
are obtained with 103 iterations.

• jet_10K_null_FGD
jet_20K_null_FGD
jet_50K_null_FGD

• jet_10K_null_KS
jet_20K_null_KS
jet_50K_null_KS

• jet_10K_null_MMD
jet_20K_null_MMD
jet_50K_null_MMD
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• jet_10K_null_SKS
jet_20K_null_SKS
jet_50K_null_SKS

• jet_10K_null_SWD
jet_20K_null_SWD
jet_50K_null_SWD

5.A.4 List of Figures for the JetNet at particle level

The following Figures report a color plot representation of the correlation matrices for two samples
X1, extracted from the JetNet reference distribution for particle level features including the first 30
particles (ordered in pT ) in the gluon dataset, and X2, corresponding to the specified deformation.
The plots are made with 106 points per sample.

• part_30_corr_matrix_def_1: µ-deformation with ϵ = 0.5.

• part_30_corr_matrix_def_2: Σii-deformation with ϵ = 0.2.

• part_30_corr_matrix_def_3: Σi̸=j-deformation with ϵ = 0.2.

• part_30_corr_matrix_def_4: pow+-deformation with ϵ = 0.1.

• part_30_corr_matrix_def_5: pow−-deformation with ϵ = 0.1.

• part_30_corr_matrix_def_6: N -deformation with ϵ = 0.2.

• part_30_corr_matrix_def_7: U-deformation with ϵ = 0.2.

The following Figures report a summary of the marginal distributions for two samples X1, extracted
from the JetNet reference distribution for particle level features including the first 30 particles
(ordered in pT ) in the gluon dataset, and X2, corresponding to the specified deformation. The plots
are made with 106 points per sample.

• part_30_deformation_summary_1

• part_30_deformation_summary_2

The following Figures show the empirical PDF of the specified test statistic under the null hypothesis
(both samples come from the same reference distribution) for the JetNet distribution for particle
level features with 30 particles in the gluon dataset, considering n = m = (1, 2, 5) · 104. The test
statistics distributions are obtained with 103 iterations.

• part_30_10K_null_FGD
part_30_20K_null_FGD
part_30_50K_null_FGD

• part_30_10K_null_KS
part_30_20K_null_KS
part_30_50K_null_KS

• part_30_10K_null_MMD
part_30_20K_null_MMD
part_30_50K_null_MMD

• part_30_10K_null_SKS
part_30_20K_null_SKS
part_30_50K_null_SKS

• part_30_10K_null_SWD
part_30_20K_null_SWD
part_30_50K_null_SWD
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https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/20K/null_hypotheses/MMD.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/50K/null_hypotheses/MMD.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/10K/null_hypotheses/SKS.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/20K/null_hypotheses/SKS.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/50K/null_hypotheses/SKS.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/10K/null_hypotheses/SWD.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/20K/null_hypotheses/SWD.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/50K/null_hypotheses/SWD.pdf
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5.B List of Tables

5.B.1 List of Tables for the CG models

The following Tables summarize the results for the CG model with d = 5, 20, and 100, for different
n = m number of samples. The tables show, for the different deformations considered in the CG
models, the values of ϵ for which the null hypothesis is rejected at the 95% and 99% confidence
levels, and the time in seconds needed to compute them with percent-level error given the null
hypothesis distributions. The null hypothesis distribution was evaluated with niter = 104 iterations,
while the value of the test statistics under the alternative hypothesis was estimated from the mean of
niter = 100 iterations. The last column shows the computing time of the test statistics distributions
under the null hypothesis, which is independent of ϵ for all the test statistics but tLLR.

• CG_5D_10K
CG_5D_20K
CG_5D_50K
CG_5D_100K

• CG_20D_10K
CG_20D_20K
CG_20D_50K
CG_20D_100K

• CG_100D_10K
CG_100D_20K
CG_100D_50K
CG_100D_100K

5.B.2 List of Tables for the MoG models

The following Tables summarize the results for the MoG model with d = 5, q = 3, d = 20, q = 5,
and d = 100, q = 10, for different n = m number of samples. The tables show, for the different
deformations considered in the MoG models, the values of ϵ for which the null hypothesis is rejected
at the 95% and 99% confidence levels, and the time in seconds needed to compute them with percent-
level error given the null hypothesis distributions. The null hypothesis distribution was evaluated
with niter = 104 iterations, while the value of the test statistics under the alternative hypothesis
was estimated from the mean of niter = 100 iterations. The last column shows the computing time
of the test statistics distributions under the null hypothesis, which is independent of ϵ for all the
test statistics but tLLR.

• MoG_5D_10K
MoG_5D_20K
MoG_5D_50K
MoG_5D_100K

• MoG_20D_10K
MoG_20D_20K
MoG_20D_50K
MoG_20D_100K

• MoG_100D_10K
MoG_100D_20K
MoG_100D_50K
MoG_100D_100K

5.B.3 List of Tables for the JetNet at jet level

The following Tables summarize the results for the JetNet gluon dataset at the jet level for different
n = m number of samples. The tables show, for the different deformations of the JetNet reference
distribution for jet level features in the gluon dataset, the values of ϵ for which the null hypothesis
is rejected at the 95% and 99% confidence levels, and the time in seconds needed to compute them
with percent-level error given the null hypothesis distributions. The null hypothesis distribution

https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/5D_10K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/5D_20K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/5D_50K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_unimodal/5D_100K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/20D_10K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/20D_20K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/20D_50K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_unimodal/20D_100K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/100D_10K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/100D_20K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/100D_50K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_unimodal/100D_100K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_mixture/5D_10K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_mixture/5D_20K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_mixture/5D_50K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/5D_mixture/5D_100K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_mixture/20D_10K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_mixture/20D_20K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_mixture/20D_50K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/20D_mixture/20D_100K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_mixture/100D_10K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_mixture/100D_20K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_mixture/100D_50K/results_table.pdf
https://github.com/TwoSampleTests/GenerativeModelsMetrics/blob/main/results/100D_mixture/100D_100K/results_table.pdf
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was evaluated with niter = 103 iterations, while the value of the test statistics under the alternative
hypothesis was estimated from the mean of niter = 100 iterations. The last column shows the
computing time of the test statistics distributions under the null hypothesis, which is independent
of ϵ for all the test statistics but tLLR. To better understand the effect of scaling features (to zero
mean and unit standard deviation) on the performance of the tests, we also show the results for the
same deformations but with the test performed on scaled features. The latter results are denoted
with a suffix ‘scaled’.

• jet_10K
jet_20K
jet_50K

• jet_10K_scaled
jet_20K_scaled
jet_50K_scaled

5.B.4 List of Tables for the JetNet at particle level

The following Tables summarize the results for the JetNet gluon dataset at the particle level,
including the first 30 particles (ordered in pT ), for different n = m number of samples. The tables
show, for the different deformations of the JetNet reference distribution for particle level features
in the gluon dataset, the values of ϵ for which the null hypothesis is rejected at the 95% and 99%

confidence levels, and the time in seconds needed to compute them with percent-level error given
the null hypothesis distributions. The null hypothesis distribution was evaluated with niter = 103

iterations, while the value of the test statistics under the alternative hypothesis was estimated from
the mean of niter = 100 iterations. The last column shows the computing time of the test statistics
distributions under the null hypothesis, which is independent of ϵ for all the test statistics but tLLR.
To better understand the effect of scaling features (to zero mean and unit standard deviation) on
the performance of the tests, we also show the results for the same deformations but with the test
performed on scaled features. The latter results are denoted with a suffix ‘scaled’.

• part_30_10K
part_30_20K
part_30_50K

• part_30_10K_scaled
part_30_20K_scaled
part_30_50K_scaled

https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/jet_features/tests/10K/results_table.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/jet_features/tests/20K/results_table.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/jet_features/tests/50K/results_table.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/jet_features/tests/10K_preprocessed/results_table.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/jet_features/tests/20K_preprocessed/results_table.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/jet_features/tests/50K_preprocessed/results_table.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/10K/results_table.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/20K/results_table.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/50K/results_table.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/10K_preprocessed/results_table.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/20K_preprocessed/results_table.pdf
https://github.com/TwoSampleTests/JetNetMetrics/blob/main/results/particle_features_30/tests/50K_preprocessed/results_table.pdf




Chapter 6

Comparing Generative Models with the
New Physics Learning Machine

In the previous Chapter, we analysed the performances of various test-statistics based on 1D-
distances in discriminating samples drawn from a reference distribution from samples drawn from
a deformed distribution. In this Chapter, we aim to deploy the same framework to assess the
performance of the New Physics Learning Machine (NPLM), a classifier-based methodology designed
to perform a data-driven likelihood-ratio (LR) test, primarily for HEP data. A potential drawback
of learning-based methods is the introduction of a training step that inevitably impacts the efficiency
of the test in terms of computational time. It then becomes relevant to assess the tradeoff between
sensitivity and efficiency and determine whether non-learning methodologies retain an advantage,
especially when generative models have typically not yet reached a high degree of fidelity by the
standards of precision sciences. Moreover, machine learning methods generally require a model
selection phase that could further affect their overall efficiency.

For these reasons, we aim to test the NPLM performances against the 1D-based metrics, the
unbiased Fréchet Gaussian Distance and the unbiased quadratic Maximum Mean Discrepancy stud-
ied in the previous Chapter. While NPLM has been primarily tested on relatively low-dimensional
problems (around ten features), as is common in many HEP applications, we also evaluate its per-
formance in more challenging regimes with dimensionalities up to d = 100. We adopt here balanced
samples from the reference and generative distributions to enable a clean and controlled comparison
across evaluation methods.

This Chapter is organized as follows. In Section 6.1, we briefly review the framework and
methodology introduced in Chapter 5, which are adopted here without modification. In Section 6.2
we provide a technical description of the NPLM, focusing on its construction and on how it approx-
imates the LR. Section 6.3 is structured in several subsections. Firstly, we recall what dataset is
used to perform the analysis; next, we motivate the choice of models considered in this study; we
then outline the construction of the null hypothesis and summarize the results; finally, we detail the
computational resources employed. In Section 6.4 we draw our conclusions.
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Code and full results are available on GitHub in [190–192].

6.1 Comparing generators through two-sample tests

In this Section, we briefly summarize the methodology for comparing generators via two-sample
testing, following the framework introduced in [3].

Let Gp denote a reference generator producing samples from a known probability density function
(pdf) p. To test whether another generator G′

q produces samples consistent with Gp, we compare
two datasets X = {xi}ni=1 and Y = {yj}mj=1, produced by the two generators, using a two-sample
test. The null hypothesis H0 states that both datasets are generated by the reference generator Gp.

A test statistic t for a two-sample test is defined as a scalar-valued function that maps two
samples of sizes n and m in d dimensions into a real number:

t : Rn×d × Rm×d → R. (6.1)

Its distribution under H0 is estimated empirically by computing t over multiple pairs of samples
independently generated by Gp. This results in a set of values of t0 from which we construct the
empirical pdf f(t0) and cumulative distribution function (cdf) F (t0). These define the significance
threshold tα0 corresponding to a fixed significance 1− α:

α =

∫ ∞

tα0

dF (t0) =

∫ ∞

tα0

f(t0)dt0, (6.2)

which we estimate empirically as:

1− α = F (tα0 ) ≈ 1− # of tests with t0 ≥ tα0
total # of tests

=
# of tests with t0 < tα0

total # of tests
.

(6.3)

In this work, we consider α = 0.05 and 0.01.
To assess the sensitivity of a test statistic to deviations from p, we define alternative generators

G′
qϵ , obtained by deforming the pdf p through a scalar parameter ϵ, namely

qϵ
ϵ→0−−→ p.

These ϵ-deformations are designed to systematically test the sensitivity of each test statistic, and
are listed in 6.A. The corresponding alternative hypothesis H1 states that X ∼ pn and Y ∼ qmϵ are
generated by different generators (ϵ ̸= 0).

The critical deformation ϵα is defined as the smallest ϵ ≥ 0 that can be “detected" (leading to
rejection of the null-hypothesis) by a given test with a significance level 1−α. This corresponds to
the smallest ϵ-deformation for which the test statistic exceeds the threshold tα0 and can be formulated
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as the following optimization problem:

ϵα = argmin
ϵ

|t(ϵ)− tα0 |. (6.4)

We solve this numerically using a simple bisection method. At each step, the test is repeated 100
times to estimate the mean µt(ϵ) and standard deviation σt(ϵ) of the test statistic. The interval for
ϵ is iteratively refined by comparing µt(ϵ) ± σt(ϵ) to tα0 , until convergence is reached within a fixed
tolerance of 10−2. The central value defines ϵα, with bounds ϵα-low and ϵα-up determined by where
the uncertainty bands meet the threshold. In formulae, this is expressed as:

ϵα = argmin
ϵ

|µt(ϵ) − tα0 |,

ϵα-low = argmin
ϵ

|(µt(ϵ) + σt(ϵ))− tα0 |,

ϵα-up = argmin
ϵ

|(µt(ϵ) − σt(ϵ))− tα0 |.

(6.5)

This framework applies to non-parametric test statistics, which do not require explicit knowledge
of p or qϵ. However, we also include the log-likelihood ratio (LLR) test, which requires both pdfs
to be known. Its test statistic is defined as:

t(ϵ) = −2
∑
y∈Y

log
p(y)

qϵ(y)
. (6.6)

This, by construction, only depends on the samples Y which are generated by Gp in the case of the
null hypothesis H0, and by G′

qϵ in the case of the alternative hypothesis H1. Moreover, since this
test statistic depends explicitly on qϵ, the null distribution f(t0) becomes ϵ-dependent. Accordingly,
the optimization problem becomes:

ϵα = argmin
ϵ

|t(ϵ)− tα0 (ϵ)|, (6.7)

where tα0 (ϵ) must be computed for each value of ϵ. When applicable, the LLR provides the most
powerful test according to the Neyman–Pearson lemma ([193]).

Finally, in many practical applications the generators G may not provide a closed analytical
form for the pdf. In such cases, only a finite number of samples is available, and the LLR test is
not applicable. The distribution f(t0) must then be estimated empirically by using a bootstrap
approach (namely, sampling with replacement) to mimic the behavior of Gp and G′

qϵ .

6.2 The NPLM method

NPLM is a machine learning-based, signal-agnostic hypothesis testing approach designed on the
basis of the maximum likelihood-ratio test as formulated by [193]. Originally developed for the
discovery of new physics in high-energy collider experiments such as the LHC ([153]), we consider
it here as a general-purpose testing methodology for comparing data generators.



144

At its core, the NPLM method leverages the ability of classifiers to estimate the ratio of data-
generating pdfs (see e.g. [194]). Adopting the notation from the previous Section, a classifier is
trained to approximate the following function1

fŵ(z) ≈ log
q(z)

p(z)
, (6.8)

where ŵ are the model parameters obtained at the end of training. The model is then evaluated
in-sample on the full dataset using the metric

tNPLM(X ,Y) = −2

[
m

n

∑
z∈X

(
efŵ(z) − 1

)
−
∑
z∈Y

fŵ(z)

]
, (6.9)

which represents a Monte Carlo-based formulation of the extended likelihood ratio (see [153, 156,
195] and 6.B). The NPLM method operates as a two-sample test, taking X and Y as inputs and
returning a scalar value in accordance with Eq. (6.1). It then integrates naturally within the
framework introduced in [3] to assess its performance against other approaches. Due to its training
efficiency, we employ the implementation presented in [156], in which the learning model is based
on kernel methods and the classifier spans a parameterized function space F = {fw}, defined as a
weighted sum of Gaussian kernels:

fw(z) =
n+m∑
i=1

wikσ(z, zi), kσ(z, z
′) = exp

(
−∥z − z′∥2

2σ2

)
, (6.10)

where the kernel width σ is treated as a hyperparameter. The loss function is the weighted binary
cross-entropy loss:

ℓ(c, fw(z)) = (1− c)
m

n
log
(
1 + efw(z)

)
+ c log

(
1 + e−fw(z)

)
, (6.11)

where Z = {zi}n+mi=1 = {x1, . . . , xn, y1, . . . , ym} and class labels are defined as c = 0 for z ∈ X and
c = 1 for z ∈ Y. The model is trained to minimize the empirical risk:

L(fw) =
1

n+m

n+m∑
i=1

ℓ(ci, fw(zi)) + λR(fw), (6.12)

where R(fw) is the analogue of L2 regularization in the context of kernel methods ([196]).
Despite its effectiveness, this approach can have high computational costs when the sample size

is large. To mitigate this issue, the authors of [156] rely on Falkon ([197]), a modern solver for
1Because the original NPLM framework was developed for LHC analyses, these densities are typically normalized

to different expected event counts. This distinction is not relevant for our discussion.
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large-scale kernel methods. Falkon replaces Eq. (6.10) with:

fw(z) =
M∑
i=1

wikσ(z, z̃i), (6.13)

where {z̃1, . . . , z̃M}, known as Nyström centers, are sampled uniformly at random from the full
dataset. The parameter M is a tunable hyperparameter.

6.2.1 Hyperparameter Tuning

The first step in the NPLM methodology is hyperparameter tuning. The kernel-based implemen-
tation of NPLM involves three primary hyperparameters: the kernel width σ, the regularization
parameter λ, and the number of centers M . These are tuned exclusively using reference data, en-
suring an unbiased estimate of the test statistic’s distribution under the null hypothesis. Once this
distribution is estimated, it can be used to evaluate samples generated by any model trained on
data from the same reference distribution.2Following [156], the selection criteria are:

• The Gaussian kernel width σ is set to the 90th percentile of the pairwise distances among
reference-distributed data points. Heuristics of this type are commonly used in kernel methods
([172]).

• The regularization parameter λ is chosen to be as small as possible, subject to computational
constraints and while ensuring stable training dynamics ([198]).

• The number of Nyström centers M should be at least of order
√
n+m ([198]). Larger values

of M improve performance but increase computational costs, both in terms of training time
and memory. For small M , the test statistic increases with M until it reaches a plateau. We
therefore require that the average value of the test statistic — computed over a small number
of tests on reference data (i.e., under H0) — be approximately stable as a function of M .

We will show the results of this pipeline on our data in the next Section.

6.3 Numerical analysis

In this Section, we present the results of the analysis based on [3], and summarized in Section 6.1,
when applied to the NPLM method. We start by summarizing the properties of the datasets
we consider (see [3] for a in-depth description) and we then detail the hyperparameter tuning of
the NPLM method. This is an important point of deviation with respect to standard testing
methodologies.

2This procedure assumes a certain availability of reference data. If data is scarce, it is possible to rely on boot-
strapping methods.
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Mixture of Gaussians

n
d 5 20 100

10K (3.88, 10000, 10−8) (5.98, 13500, 10−7) (10.31, 16000, 10−5)
20K (3.88, 7000, 10−8) (5.98, 12500, 10−7) (10.31, 16000, 10−5)
50K (3.88, 7000, 10−8) (5.98, 12500, 10−7) (10.31, 16000, 10−5)
100K (3.88, 5000, 10−8) (5.98, 11000, 10−6) (10.31, 11000, 10−5)

Table 6.1: Values of the hyperparameters (σ,M, λ) for the MoG distributions for the different
dimensionalities d and sample sizes n.

6.3.1 Data

Mixtures of Gaussians (MoG) We consider mixtures of q multivariate Gaussians (q compo-
nents) in d dimensions, each with diagonal covariance matrices. This framework enables the
study of probability density functions with multiple local maxima, which manifest as multiple
peaks in the marginal distributions. For our analysis, we examine three MoG configurations:
q = 3 components in d = 5 dimensions, q = 5 components in d = 20 dimensions, and q = 10

components in d = 100 dimensions.

Correlated Gaussians These are correlated d-dimensional unimodal Gaussian distributions. In
our analysis, we consider d = 5, 20, 100.

JetNet To explore a scenario relevant for HEP, we also consider a dataset of simulated gluon jets
from the JetNet dataset. We examine two complementary data representations: a particle-
level dataset (90 dimensions) that includes features of individual particles within each jet, and
a jet-level dataset (3 dimensions) that captures only high-level jet characteristics.

6.3.2 Hyperparameter tuning

The choice of hyperparameters determines the complexity of the learning model. In this work, we
perform model selection aiming for a reasonable trade-off between model complexity and computa-
tional efficiency, and we do not target the most complex model that can be computed given available
hardware resources.

We start by considering the kernel bandwidth σ. As discussed in the NPLM literature, the
distribution of pairwise Euclidean distances between reference-distributed points is considered as a
method to estimate the most relevant scales in the problem, and it was observed that selecting σ
as the 90th percentile of this distribution allows one to obtain a statistical test that has reasonably
homogeneous sensitivity over a wide range of potential anomalies. However, this distribution can
in general be multimodal, signaling that the reference distribution is characterized by more than
one scale. We then select this particular hyperparameter relying on a straightforward modification
of the methodology outlined in the previous Section. If the distribution of pairwise distances has
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Figure 6.1: Example of a multimodal distribution of the pairwise distance from the MoG model
in 20 dimensions.

multiple peaks, as in the case of data from the MoG models, we focus on the first peak (the one
at the smallest value of pairwise distance). In particular, we take a value lying on the right tail of
the peak. This choice preserves the rationale of the standard single-mode approach while avoiding
excessive smoothing that could hide localized, sharp features by selecting an overly large bandwidth.
We do not fine-tune this hyperparameter further, as its exact value is not expected to meaningfully
affect the sensitivity of the test. This approach is illustrated in Figure 6.1 for the MoG in 20
dimensions. 3

To explore the space of M and λ values, we compute the average NPLM test statistic over
20 randomly selected pairs of samples drawn from the reference distribution. We first estimate
the impact of λ on the training time. The parameter tuning for this analysis has been performed
selecting M = 1000, 2000, 3000, 5000 for n = 10K, 20K, 50K, 100K. We report in Figure 6.2 an
example of the computing time as a function of λ for the Mixture of Gaussians (MoG) model with
d = 20 and n = 50K, an intermediate representative case. The plot shows an exponential behavior,
with a significant increase starting at λ = 10−9. Based on this trend, reasonable values for λ lie
between 10−6 and 10−8. Once an appropriate range for λ is chosen, we vary M . In Figure 6.3 we
show, on the same data, the dependence of the computing time and the average test statistic on
M using λ = (10−6, 10−7, 10−8). As expected, computation time increases with M and decreases
with λ. Moreover, the average test statistic stabilizes with a large enough M . However, the plateau

3See also [199] for a more refined, but with higher computational costs, approach to this problem that can also be
applied to other statistical tests characterized by tunable hyperparameters.
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Figure 6.2: Mean compute time over 20 tests as a function of λ for the MoG model with d = 20
and n = 50K.

Correlated Gaussians

n
d 5 20 100

10K (9.8, 10000, 10−8) (21.8, 13500, 10−7) (52.6, 16000, 10−5)
20K (9.8, 7000, 10−8) (21.8, 12500, 10−7) (52.6, 16000, 10−5)
50K (9.8, 7000, 10−8) (21.8, 12000, 10−7) (52.6, 16000, 10−5)
100K (9.8, 5000, 10−8) (21.8, 11000, 10−6) (52.6, 14000, 10−5)

Table 6.2: Values of the hyperparameters (σ,M, λ) for the CG distributions for the different
dimensionalities d and sample sizes n.
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Figure 6.3: Compute time and mean test statistic as functions of M at varying λ for the MoG
model with d = 20 and n = 50K.
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Figure 6.4: Compute time and mean test statistic as functions of M at varying λ for the JetNet
dataset. Top row: jet-level features. Bottom row: particle-level features.

n Jet features Particle features

10K (4.2, 10000, 10−8) (18.2, 20000, 10−7)
20K (4.2, 7000, 10−8) (18.2, 20000, 10−7)
50K (4.2, 7000, 10−8) (18.2, 20000, 10−7)

Table 6.3: Values of the hyperparameters (σ,M, λ) for the jet-level and particle-level datasets from
the JetNet dataset, for the different sample sizes n.

is reached at higher values as λ decreases. In this specific case, we select (M,λ) = (12000, 10−7),
a choice that balances computational efficiency and stability. Note how, by choosing λ = 10−6,
the plateau is reached earlier in M but the resulting learning model would be more regularized,
hence less expressive. This procedure has been applied for all the datasets, namely all the other
MoG distributions with different dimensionalities and samples sizes, the CG distributions and the
particle-level and jet-level datasets from the JetNet dataset. Ultimately, we find that in most cases
the hyperparameters selected for the MoG data were suitable for the CG data, at fixed d and n,
as shown in Tables 6.1 and 6.2. The number of Nyström centers decreases with n to maintain
a reasonable average computation time. To ensure to be in the plateau of the test statistic as a
function of M , it is at times needed to increase λ, given our computational constraints. In table 6.3
we report the hyper-parameters selected for the jet-level and particle-level datasets from the JetNet
dataset. For completeness we report in Figure 6.4 the plots which validates the chosen values for
the JetNet datasets for the case with n = 20K. The whole set of plots for each distribution and
dataset can be found in [192]. Overall, we find that model selection is not computationally cheap as



150

5800 6000 6200 6400 6600
tNPLM

10 5

10 4

10 3

f(t
NP

LM
)

Null distribution
68% CL (x > 6220.87)
95% CL (x > 6381.83)
99% CL (x > 6467.75)

5800 6000 6200 6400 6600
tNPLM

Null distribution
68% CL (x > 6220.87)
95% CL (x > 6381.83)
99% CL (x > 6467.75)

10 4

10 3

10 2

10 1

100

F(tNPLM )

125 150 175 200 225 250 275
tNPLM

10 3

10 2

f(t
NP

LM
)

Null distribution
68% CL (x > 197.10)
95% CL (x > 232.34)
99% CL (x > 260.11)

125 150 175 200 225 250 275
tNPLM

Null distribution
68% CL (x > 197.10)
95% CL (x > 232.34)
99% CL (x > 260.11)

10 2

10 1

100

F(tNPLM )

Figure 6.5: Estimated pdf and cdf of the NPLM test statistic under the null hypothesis for the
MoG model with d = 20 and n = 50K (10k points) and the JetNet (jet features) dataset with
n = 20K (1k points).

Data tSW tKS tSKS tFGD tMMD tNPLM

CG (d = 20, n = 20k) 0.028 0.011 0.040 0.12 0.23 4.4
MoG (d = 20, n = 50k) 0.034 0.016 0.051 0.28 1.4 6.2
JetNet (jet featues, n = 20k) 0.27 0.32 0.87 0.50 0.95 4.5
JetNet (particle featues, n = 20k) 0.27 0.35 0.86 1.3 0.86 18.2

Table 6.4: Mean evaluation time in seconds for a single test (null hypothesis).

it requires multiple evaluations of the test. This needs to be taken into account when deciding which
testing method is most suitable for the specific use case. However, datasets characterized by specific
dimensionalities and sizes yield models with similar hyperparameters. This suggests that the search
for optimal hyperparameters can leverage prior studies, hence mitigating its computational impact.

6.3.3 Null hypothesis

Once model selection is performed, we construct the distribution of the test statistic under the null
hypothesis H0, denoted by f(t0), by evaluating the test on pairs of samples randomly drawn from
the reference distribution. Specifically, we perform 10,000 tests for the Mixture of Gaussians and
Correlated Gaussians distributions, and 1,000 for the jet and particle-level features from the JetNet
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dataset. Once f(t0) is estimated, we compute the values of the test statistic corresponding to 5%
and 1% of false positive rates. Figure 6.5 shows, as an example, both the pdf f(t0) and the cdf
F (t0) for the MoG model with dimensionality d = 20 and sample size n = 50K. The figure also
highlights the 32%, 5%, and 1% thresholds.

6.3.4 Results

The performance of the NPLM test is compared against the metrics considered in [3], namely the
sliced Wasserstein distance (SW), the Kolmogorov-Smirnov test averaged over marginals (KS), the
sliced Kolmogorov-Smirnov test (SKS), the Fréchet Gaussian Distance (FGD), and the Maximum
Mean Discrepancy (MMD). Figure 6.6 shows the behavior of the test statistics as functions of the
deformations on selected cases for all the datasets. The corresponding numerical values and the
complete set of results can be found in 6.C and in [190, 191] respectively. When available, the exact
likelihood ratio test statistic is also reported as a reference, being the most powerful test according
to the Neyman-Pearson lemma. We report in Table 6.4 the average time per evaluation for the null
hypothesis.

Overall, NPLM is quite robust, with no specific failure cases. It typically ranks as the best
or second-best performing metric, within uncertainties. It should be noted that, in this setup,
no test is guaranteed to be the most powerful against all alternative hypotheses, and it is always
possible for certain tests to outperform others in specific scenarios. In general, it is observed that
the performance of the NPLM test is higher at low to intermediate dimensionalities (d ≤ 20) and
improves with increasing sample size. This behaviour is expected, as the performance of kernel
methods tends to degrade in high-dimensional settings due to the curse of dimensionality and
their limited ability, in their simplest forms, to perform feature learning and extract relevant high-
level features for distinguishing between two samples (see however [200] for recent advances using
pretrained deep networks). The advantages of NPLM are also evident when discrepancies involve
the correlation structure, this is natural as NPLM is a natively multivariate ML-based approach.
This is in contrast to the KS test, which is fast and performs well in most cases, but is totally
insensitive to the Σi̸=j deformation, as discussed in [3]. All other metrics exhibit similar levels of
performance, with FGD being slightly more consistent. However, both MMD and FGD are more
computationally expensive to evaluate.

The relatively high computational cost of NPLM makes it better suited to applications that do
not require ultra-fast evaluations, such as offline data analyses, where increased model complexity
can be traded for longer training times. Nevertheless, model selection within the NPLM framework
can be leveraged to prioritize computational efficiency, as demonstrated in Ref. [201]. Figure 6.7
illustrates the performance of NPLM on the JetNet dataset using a strongly regularized model
designed for fast training. Specifically, we consider (M = 2000, λ = 10−4) for jet-level features
and (M = 5000, λ = 10−5) for particle-level features, resulting in training and evaluation times
of 0.2 seconds and 0.7 seconds, respectively, to be compared with Table 6.4. Despite the reduced
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Figure 6.6: Upper bounds and associated uncertainties on ϵ at 95% and 99% confidence levels,
computed for different metrics and deformations.

First row: MoG (d = 20, n = 50k). Second row: CG (d = 20, n = 20k). Third row: JetNet (jet
features, n = 20k. Fourth row: JetNet (particle features, n = 20k).

computational cost, the performance remains comparable to, or better than, that of alternative
methods. Finally, we note that hyperparameter tuning can influence not only the overall sensitivity
of the test but also its sensitivity to specific alternatives, as also illustrated in Figure 6.8.4 In 6.D
we report a small study on the performance of the NPLM test in terms of the parameter ϵ as a

4See Ref. [199] for a detailed discussion of this effect and possible mitigation strategies.
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function of the evaluation time for the JetNet data with n = m = 2 · 104.

6.3.5 Computational resources

All methods considered in this work are publicly available and have been developed to run on both
CPUs and GPUs, with implementations hosted on GitHub ([174]). The NPLM method is built
on Falkon [197], a modern solver for large-scale kernel methods. All numerical experiments were
performed on NVIDIA A100 GPUs within the Leonardo supercomputer (Cineca).5
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Figure 6.7: Upper bounds and associated uncertainties on ϵ at 95% and 99% confidence levels,
computed for different metrics and deformations. Upper row: JetNet (jet features, n = 20k);
the NPLM method is trained with the following hyperparameters to prioritize fast training and
evaluation: M = 2000, λ = 10−4. Bottom row: JetNet (particle features, n = 20k); NPLM
hyperparameters: M = 5000, λ = 10−5.

6.4 Conclusions

In this work, we tested the NPLM method as a general-purpose two-sample test against several
alternatives from the literature, following the framework introduced in [3]. We find that NPLM is
overall the most robust approach. The method consistently ranks as either the best- or second-best-
performing metric across all tested scenarios, and our study does not identify specific failure cases.
This is particularly relevant, as we expect this advantage to become more pronounced in real-world
applications, where potential discrepancies may manifest in multiple simultaneous ways. We find

5https://leonardo-supercomputer.cineca.eu/

https://leonardo-supercomputer.cineca.eu/
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Figure 6.8: Two NPLM models with different hyperparameters on the same data (MoG, d =
5, n = 20K). Lower is better.

that NPLM is often the most effective solution for identifying discrepancies in the correlation struc-
ture, where it significantly outperforms methods based on marginal comparisons. Its performance
on the JetNet dataset (jet features) further demonstrates its effectiveness on real-world data, achiev-
ing sensitivity improvements of up to two orders of magnitude over competing methods. However,
in higher-dimensional problems, the differences with other approaches are less pronounced, likely
due to the specific kernel-based implementation and the impact of the curse of dimensionality (see,
however, [200] for recent advances using pretrained networks).

This performance, however, comes at the expense of higher computational costs. This cost can
be separated into two components: the cost of performing model selection and the cost of executing
the test itself. The first involves running a non-negligible number of studies on reference data and
is necessary to allow the user to select the optimal working point in the hyperparameter space.
This search should be guided by the specific use case. For example, if the goal is to conduct a
final comparison of several pre-trained generative models, for which fast validation is not critical,
then a model that prioritizes performance over efficiency is preferable (see for example the case of
the Challenge for Fast Calorimeter Simulation [135]). However, hyperparameter tuning makes it
possible to select a different working point that trades some performance for improved efficiency.
As noted in our study, the hyperparameters selected for datasets with similar dimensionalities and
sample sizes tend to be close. This suggests that prior studies can be leveraged to reduce the cost
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of this step. Conversely, if fast evaluation is essential, such as during exploration of the architecture
and hyperparameters of the generative model itself, then other approaches such as the KS test, the
SW test, or the FGD are more appropriate options. Similar considerations apply to the evaluation
time of the test, for which NPLM can be between one and three orders of magnitude slower than
the fastest approach, depending on the dataset. It is important to note that hyperparameter tuning
needs to be performed only once, using the reference data. This step is completely independent of the
training of the generative model. Once the optimal hyperparameters have been determined, and the
distribution of the test under the null hypothesis has been estimated, only a single evaluation of the
test is required for each new generative model. Although the NPLM method is computationally more
demanding than alternative approaches, in practical scenarios this trade-off may remain acceptable.
In fact, executing a single model evaluation typically requires only a few seconds, representing an
efficiency level comparable to that of relatively simple classifiers.

Another important aspect that we only briefly mentioned in this study is the impact of hyperpa-
rameter tuning of ML-powered tests on their sensitivity to specific sources of discrepancy between
two generators. While some ML models allow one to approximately infer how model selection affects
sensitivity, modern black-box approaches based on neural networks pose significant challenges in
this regard (see [199] for a recent contribution on this topic).





Appendix

6.A Deformations

Various deformations of the reference model are considered, each parametrized by ϵ. The deforma-
tions are listed below, using design matrix notation, with xiI and yiI denoting the I-th component
of the i-th point drawn by the reference and deformed model, respectively:

1. µ-deformation −→ a shift in the mean:

yiI = xiI + δµ I , δµ I ∼ U[−ϵ,ϵ]

2. ΣII-deformation −→ a standard deviation increasing:

yiI = µI + cΣ I(xiI − µI) , cΣ I ∼ U[1,1+ϵ]

3. ΣI ̸=J -deformation −→ a shrinking of the off-diagonal terms of the correlation matrix:

yiI =
∑
j

P
(I)
ij xjI , P

(I)
ij = P

(I)
ij (ϵ) , P permutation matrix

4. pow+-deformation −→ a smearing of each point through a power bigger than one:

yiI = sign(xiI)|xiI |1+ϵ , ϵ ≥ 0

5. pow−-deformation −→ a smearing of each point through a power smaller than one:

yiI = sign(xiI)|xiI |1−ϵ , ϵ ≥ 0

6. N -deformation −→ a smearing of each point through a random shift obtained sampling
from a normal distribution:

yiI = xiI + δiI , δiI ∼ N0,ϵ

7. U-deformation −→ a smearing of each point through a random shift obtained sampling from
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Figure 6.9: Original jet kinematic distributions compared with the µ, Σii, and Σi̸=j (top two
rows), and pow+, pow−, N , and U (bottom two rows) deformations with ϵ = 0.5. The plots are
made with 106 points per sample.

a uniform distribution:
yiI = xiI + δiI , δiI ∼ U[−ϵ,ϵ]

Each of these deformations is used to define an alternative hypothesis H1, which is tested against
H0. See Figure 6.9 for an example of the effect of the deformations on the distribution of the particle
features in the JetNet dataset .

6.B The NPLM test statistic

In this section we review the derivation of the NPLM test statistic starting from the extended
likelihood formalism [195]. Given a model characterized by a pdf p and an expected number of
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events np, we can write the likelihood function of a set of observations Y = {yi}mi=1 as

Lp(Y) =
nmp e

−np

m!

∏
y∈Y

p(y), (6.14)

where the number of observations m is modeled as a Poisson random variable with mean np. Given
a second model with pdf q and expected number of events nq, the log-likelihood ratio test statistic
takes the following form

t(Y) = −2 log
Lp(Y)

Lq(Y)
= −2 log

enq−np
∏
y∈Y

nq q(y)

np p(y)

 (6.15)

= −2

nq − np +
∑
y∈Y

log
nq q(y)

np p(y)

 .
By defining f(y) = log q̃(y)

p̃(y) , where p̃ = (nq q) and p̃ = (np p) are the pdfs normalized to the respective
number of events, one obtains

t(Y) = −2

nq − np −
∑
y∈Y

f(y)

 . (6.16)

If the density p is not known in closed analytical form but it can be sampled via a generator, we
can introduce a reference sample X = {xi}ni=1 drawn from p(x). Using the definition of f , this can
be used to estimate nq as a Monte Carlo sum

nq =

∫
q̃(x) dx =

∫
p̃(x) ef(x) dx

= np

∫
p(x) ef(x) dx ≈ np

n

∑
x∈X

ef(x).
(6.17)

Assuming that np is known, the test statistic becomes

t(X ,Y) = −2

np
n

∑
x∈X

(
ef(x) − 1

)
−
∑
y∈Y

f(y)

 . (6.18)

If the number of expected events is not a relevant variable, we take np = m, namely the actual
number of data points in the set of observations.
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6.C Tables
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CG model with d = 20 and n = m = 2 · 104

µ-deformation Σii-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.07086+0.034
−0.031 0.09763+0.033

−0.03 496 0.03243+0.0098
−0.01 0.04336+0.0093

−0.0091 525

tKS 0.06957+0.034
−0.032 0.09504+0.032

−0.032 366 0.04632+0.015
−0.015 0.06199+0.014

−0.014 387

tSKS 0.0699+0.033
−0.031 0.09548+0.032

−0.03 579 0.04131+0.013
−0.014 0.05484+0.012

−0.012 620

tFGD 0.07185+0.041
−0.032 0.09756+0.038

−0.03 1094 0.0269+0.01
−0.0088 0.03574+0.0091

−0.0081 1179

tMMD 0.08449+0.064
−0.049 0.11846+0.06

−0.045 1574 0.03081+0.026
−0.018 0.04364+0.024

−0.017 1679

tNPLM 0.05351+0.017
−0.022 0.06383+0.016

−0.018 23774 0.01378+0.0048
−0.0065 0.01685+0.0043

−0.0051 26822

tLLR 0.01053+0.0046
−0.0046 0.01415+0.0045

−0.0047 1306 0.00253+0.0013
−0.0014 0.00353+0.0013

−0.0014 1504

Σi̸=j-deformation pow+-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.04358+0.011
−0.013 0.06168+0.0092

−0.01 1024 0.00681+0.0027
−0.0027 0.00928+0.0025

−0.0025 566

tKS 1.04753+0.011
−0.016 1.06042+0.017

−0.011 1376 0.00901+0.0033
−0.0034 0.01206+0.003

−0.0032 422

tSKS 0.05959+0.016
−0.02 0.08015+0.015

−0.016 1128 0.00745+0.0027
−0.0029 0.0099+0.0025

−0.0026 632

tFGD 0.00749+0.0018
−0.0019 0.01011+0.0016

−0.0017 2468 0.00623+0.003
−0.0025 0.00837+0.0027

−0.0023 1085

tMMD 0.05154+0.032
−0.023 0.07052+0.032

−0.022 2534 0.00488+0.0042
−0.0029 0.00687+0.0039

−0.0027 1853

tNPLM 0.00271+0.0012
−0.0015 0.00347+0.0012

−0.0013 36589 0.00391+0.0015
−0.0019 0.00478+0.0013

−0.0016 33561

tLLR - - - 0.00069+0.0004
−0.0004 0.00098+0.00039

−0.0004 1628

pow−-deformation N -deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.00748+5
−0.0026 0.01003+5

−0.0024 513 0.36054+0.048
−0.063 0.42418+0.041

−0.045 472

tKS 0.00946+0.003
−0.0031 0.01227+0.0029

−0.0028 418 0.40421+0.061
−0.079 0.47653+0.053

−0.058 353

tSKS 0.00803+0.0027
−0.0029 0.01046+0.0025

−0.0026 635 0.35347+0.055
−0.07 0.41869+0.042

−0.056 519

tFGD 0.0067+0.0027
−0.0023 0.00886+0.0025

−0.0021 1090 0.21348+0.022
−0.03 0.24723+0.014

−0.019 850

tMMD 0.00568+0.0037
−0.0025 0.00784+0.0036

−0.0025 1925 0.87964+0.19
−0.23 1.04846+0.14

−0.15 1413

tNPLM 0.00528+0.0015
−0.0018 0.00617+0.0013

−0.0015 26885 0.09544+0.016
−0.026 0.10546+0.014

−0.018 21954

tLLR 0.00061+0.0004
−0.0004 0.0009+0.00039

−0.0004 1652 - - -

U-deformation Timing
Statistic ϵ95%CL ϵ99%CL t (s) tnull (s)

tSW 0.62405+0.086
−0.1 0.73669+0.072

−0.076 458 276

tKS 0.69433+0.11
−0.13 0.8144+0.099

−0.1 337 108

tSKS 0.61401+0.092
−0.12 0.72149+0.078

−0.092 505 398

tFGD 0.37006+0.038
−0.053 0.42858+0.025

−0.033 812 1150

tMMD 1.53597+0.32
−0.42 1.81389+0.26

−0.27 1386 2284

tNPLM 0.16518+0.028
−0.046 0.18251+0.024

−0.031 21414 44027
tLLR - - - -

Table 6.5: Upper bounds and associated uncertainties on ϵ at 95% and 99% confidence levels,
computed for different metrics and deformations. The table also reports the computation times
required to estimate these values and to construct the f(t0) distribution. For each deformation, the
best performing metric is indicated in bold.
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MoG model with d = 20, q = 5, and n = m = 5 · 104

µ-deformation Σii-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.04957+0.018
−0.02 0.06694+0.017

−0.017 3023 0.01679+0.005
−0.0063 0.02315+0.0045

−0.005 3197

tKS 0.00482+0.0013
−0.0018 0.00667+0.0011

−0.0013 2966 0.00175+0.00052
−0.00068 0.00248+0.00042

−0.00052 3185

tSKS 0.03647+0.011
−0.014 0.04821+0.011

−0.012 2899 0.01329+0.003
−0.0043 0.01759+0.0025

−0.003 3022

tFGD 0.05778+0.026
−0.027 0.0787+0.023

−0.021 4047 0.01945+0.0063
−0.0081 0.02651+0.0053

−0.0056 4507

tMMD 0.04425+0.019
−0.018 0.06215+0.017

−0.015 10204 0.00923+0.0058
−0.0051 0.01305+0.0053

−0.0044 11217

tNPLM 0.0025+0.0006
−0.00077 0.00294+0.00051

−0.00064 41843 0.00083+0.00023
−0.00028 0.00099+0.0002

−0.00024 46776

tLLR 0.00021+0.00013
−0.00014 0.0003+0.00013

−0.00014 5911 0.00007+0.00005
−0.00004 0.0001+0.00005

−0.00004 6304

Σi̸=j-deformation pow+-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.02162+0.0056
−0.008 0.02935+0.0045

−0.0055 3410 0.00581+0.0017
−0.0022 0.00798+0.0015

−0.0017 3157

tKS 1.00146+0.00074
−0.00031 1.00238+0.00055

−0.00031 3967 0.0004+0.00015
−0.00017 0.00059+0.00013

−0.00014 3363

tSKS 0.02306+0.0071
−0.0088 0.03079+0.0062

−0.0072 3553 0.0043+0.0009
−0.0013 0.00565+0.00074

−0.0009 3193

tFGD 0.00551+0.0015
−0.002 0.00748+0.0013

−0.0013 6327 0.00702+0.0021
−0.0028 0.00965+0.0016

−0.0019 4870

tMMD 0.01723+0.008
−0.0072 0.02431+0.0069

−0.0064 11450 0.00332+0.0018
−0.0017 0.00467+0.0017

−0.0014 11801

tNPLM 0.0015+0.0007
−0.0007 0.00199+0.0006

−0.00069 112295 0.00019+0.00005
−0.00006 0.00022+0.00005

−0.00005 52507

tLLR - - - 0.00002+0.00001
−0.00001 0.00002+0.00001

−0.00001 6877

pow−-deformation N -deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.00604+0.0017
−0.0023 0.00825+0.0016

−0.0018 3051 0.19318+0.025
−0.039 0.22704+0.019

−0.026 2403

tKS 0.00042+0.00015
−0.00018 0.00061+0.00013

−0.00015 3372 0.00751+0.002
−0.0024 0.00993+0.0018

−0.002 2934

tSKS 0.00441+0.00092
−0.0014 0.00574+0.00077

−0.00094 3324 0.15874+0.023
−0.034 0.18473+0.019

−0.023 2726

tFGD 0.00722+0.0021
−0.0027 0.00987+0.0016

−0.0019 4892 0.18095+0.023
−0.038 0.21269+0.016

−0.02 3756

tMMD 0.00353+0.0016
−0.0015 0.00494+0.0014

−0.0012 11418 0.43531+0.066
−0.11 0.51609+0.045

−0.054 8642

tNPLM 0.0002+0.00004
−0.00006 0.00023+0.00004

−0.00005 48084 0.03697+0.0054
−0.0081 0.04073+0.0045

−0.0056 36180

tLLR 0.00002+0.00001
−0.00001 0.00002+0.00001

−0.00001 6991 - - -

U-deformation Timing
Statistic ϵ95%CL ϵ99%CL t (s) tnull (s)

tSW 0.33394+0.044
−0.068 0.39248+0.033

−0.044 2354 338

tKS 0.01211+0.003
−0.0035 0.01575+0.0027

−0.003 2835 155

tSKS 0.27395+0.041
−0.059 0.3188+0.033

−0.04 2601 509

tFGD 0.31409+0.04
−0.07 0.36919+0.027

−0.036 3643 2795

tMMD 0.75353+0.12
−0.18 0.89336+0.078

−0.098 7700 13860

tNPLM 0.06387+0.0096
−0.014 0.07083+0.0074

−0.01 34879 61789
tLLR - - - -

Table 6.6: Upper bounds and associated uncertainties on ϵ at 95% and 99% confidence levels,
computed for different metrics and deformations. The table also reports the computation times
required to estimate these values and to construct the f(t0) distribution. For each deformation, the
best performing metric is indicated in bold.
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JetNet - Jet features with n = m = 2 · 104

µ-deformation Σii-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.02498+0.0068
−0.0089 0.0347+0.0078

−0.007 1856 0.03464+0.011
−0.014 0.0454+0.011

−0.012 1983

tKS 0.02347+0.0081
−0.0084 0.0326+0.0073

−0.0065 2379 0.03199+0.012
−0.013 0.04302+0.012

−0.012 3749

tSKS 0.01854+0.0052
−0.0078 0.02407+0.0044

−0.0075 5681 0.03791+0.012
−0.016 0.04866+0.012

−0.014 6885

tFGD 0.0322+0.009
−0.013 0.03958+0.01

−0.0066 4014 0.03122+0.013
−0.012 0.04039+0.012

−0.0098 3399

tMMD 0.10604+0.024
−0.037 0.13954+0.019

−0.025 6850 0.05372+0.025
−0.021 0.06748+0.024

−0.021 12626

tNPLM 5e− 05+1e−05
−2e−05 6e− 05+1e−05

−1e−05 34148 0.00029+8e−05
−0.00011 0.00036+7e−05

−7e−05 32391

Σi̸=j-deformation pow+-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.08331+0.027
−0.03 0.11519+0.026

−0.022 1581 0.04046+0.015
−0.016 0.05256+0.016

−0.016 1560

tKS 1.03549+0.0094
−0.015 1.04064+0.015

−0.0051 1173 0.03495+0.014
−0.014 0.04617+0.015

−0.014 6217

tSKS 0.09468+0.035
−0.035 0.12683+0.033

−0.024 5589 0.06771+0.02
−0.029 0.08308+0.02

−0.022 9295

tFGD 0.00933+0.0032
−0.0032 0.01233+0.0031

−0.0022 6144 0.03586+0.017
−0.016 0.04367+0.017

−0.013 3613

tMMD 0.1341+0.062
−0.058 0.17463+0.05

−0.046 79177 0.03099+4.9
−0.014 0.0413+4.9

−0.015 13970

tNPLM 0.00159+0.001
−0.00089 0.00239+0.00081

−0.00092 37314 0.00257+0.00089
−0.00095 0.00329+0.00074

−0.00069 35528

pow−-deformation N -deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.0434+4.9
−0.018 0.05684+4.9

−0.016 1381 0.15561+0.026
−0.031 0.17515+0.026

−0.025 1501

tKS 0.03324+0.013
−0.014 0.04369+0.015

−0.013 7555 0.13682+0.018
−0.027 0.15251+0.017

−0.01 7585

tSKS 0.06451+0.022
−0.028 0.08132+0.021

−0.021 10657 0.12378+0.028
−0.056 0.1448+0.028

−0.039 11391

tFGD 0.03489+0.02
−0.015 0.04502+0.02

−0.012 4270 0.0948+0.015
−0.02 0.11199+0.0096

−0.013 4014

tMMD 0.03264+0.024
−0.016 0.048+0.02

−0.016 15086 0.32021+0.058
−0.066 0.37016+0.041

−0.041 11399

tNPLM 0.00276+0.00083
−0.0011 0.00344+0.00071

−0.00072 28707 0.01222+0.0024
−0.0051 0.01421+0.0021

−0.0018 26004

U-deformation Timing
Statistic ϵ95%CL ϵ99%CL t (s) tnull (s)

tSW 0.2705+0.047
−0.059 0.30356+0.045

−0.029 1396 271

tKS 0.23391+0.024
−0.049 0.25939+0.027

−0.024 8297 324

tSKS 0.20877+0.051
−0.082 0.24937+0.042

−0.046 10459 870

tFGD 0.17213+0.014
−0.026 0.19235+0.016

−0.015 2864 497

tMMD 0.55884+0.088
−0.11 0.6454+0.072

−0.07 10439 949

tNPLM 0.02112+0.0039
−0.0086 0.02524+0.003

−0.0037 24756 4468

Table 6.7: Upper bounds and associated uncertainties on ϵ at 95% and 99% confidence levels,
computed for different metrics and deformations. The table also reports the computation times
required to estimate these values and to construct the f(t0) distribution. For each deformation, the
best performing metric is indicated in bold.
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JetNet - Particle features with n = m = 2 · 104

µ-deformation Σii-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.02051+0.0059
−0.0073 0.02921+0.0058

−0.003 1482 0.02531+0.0089
−0.01 0.03339+0.01

−0.0057 1030

tKS 0.00993+0.0052
−0.0078 0.01668+0.0052

−0.0032 1875 0.02465+0.016
−0.019 0.03767+0.017

−0.0092 2464

tSKS 0.01919+0.0052
−0.0065 0.02798+0.0013

−0.0067 3630 0.03319+0.0078
−0.013 0.04406+0.0065

−0.014 4096

tFGD 0.02609+0.0054
−0.011 0.03056+0.0057

−0.0049 4986 0.02305+0.0077
−0.0093 0.02833+0.0068

−0.0078 6023

tMMD 0.028+0.0042
−0.011 0.03484+0.0041

−0.0056 3875 0.02671+0.011
−0.011 0.03206+0.012

−0.0088 4796

tNPLM 0.00271+0.00075
−0.001 0.00311+0.00067

−0.00089 111013 0.00566+0.0017
−0.0022 0.00665+0.0017

−0.0021 112034

Σi̸=j-deformation pow+-deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.05216+0.0084
−0.021 0.06924+0.01

−0.012 2288 0.03068+0.01
−0.014 0.03771+0.009

−0.0064 968

tKS 1.03785+0.009
−0.024 1.04608+0.0082

−0.016 2734 0.01587+0.0085
−0.013 0.02425+0.011

−0.0046 3768

tSKS 0.06232+0.014
−0.028 0.0766+0.018

−0.0079 7333 0.04819+0.016
−0.017 0.06357+0.02

−0.01 5176

tFGD 0.00395+0.0012
−0.0014 0.00521+0.0016

−0.0012 10771 0.0243+0.0079
−0.0098 0.02987+0.0072

−0.0082 4923

tMMD 0.03602+0.013
−0.015 0.04256+0.014

−0.012 41440 0.03037+0.011
−0.012 0.03734+0.0089

−0.011 5925

tNPLM 0.00567+0.0029
−0.0029 0.0073+0.0028

−0.0029 110945 0.01552+0.0085
−0.0093 0.01998+0.0077

−0.0073 114774

pow−-deformation N -deformation
Statistic ϵ95%CL ϵ99%CL t (s) ϵ95%CL ϵ99%CL t (s)

tSW 0.03574+0.0092
−0.016 0.04394+0.011

−0.011 973 0.13338+0.031
−0.023 0.15296+0.033

−0.0054 787

tKS 0.01675+0.0096
−0.013 0.0256+0.011

−0.0076 4374 0.09466+0.019
−0.023 0.10855+0.023

−0.021 3825

tSKS 0.05724+0.011
−0.025 0.07036+0.017

−0.0072 5169 0.13338+0.031
−0.023 0.15296+0.033

−0.016 4479

tFGD 0.02527+0.0089
−0.011 0.03169+0.0083

−0.0076 4913 0.06571+0.0056
−0.012 0.07484+0.003

−0.011 4537

tMMD 0.03366+0.01
−0.015 0.04192+0.011

−0.01 6008 0.35498+0.028
−0.049 0.40428+0.016

−0.043 4996

tNPLM 0.10796+0.0097
−0.01 0.11313+0.0076

−0.01 79016 0.0539+0.0093
−0.016 0.06008+0.0066

−0.012 87358

U-deformation Timing
Statistic ϵ95%CL ϵ99%CL t (s) tnull (s)

tSW 0.22562+0.048
−0.041 0.2808+0.033

−0.036 765 269

tKS 0.1547+0.025
−0.043 0.19254+0.023

−0.046 4034 353

tSKS 0.22562+0.048
−0.041 0.2808+0.033

−0.054 4777 857

tFGD 0.11465+0.0084
−0.027 0.11995+0.016

−0.004 4174 1336

tMMD 0.61572+0.041
−0.1 0.70123+0.029

−0.081 2536 862

tNPLM 0.09551+0.014
−0.029 0.10364+0.014

−0.019 84708 18270

Table 6.8: Upper bounds and associated uncertainties on ϵ at 95% and 99% confidence levels,
computed for different metrics and deformations. The table also reports the computation times
required to estimate these values and to construct the f(t0) distribution. For each deformation, the
best performing metric is indicated in bold.
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6.D NPLM: performance against evaluation time

We report here the performance of the NPLM method as quantified by the parameter ϵ. The eval-
uation time is computed as the average runtime under the null hypothesis. In general, performance
tends to plateau as the model complexity increases. This behaviour is less evident for particle-level
features, which reside in a higher-dimensional space, where kernel-based methods, such as the one
underlying this implementation of the NPLM test, are known to be less effective, as discussed in the
main text. Moreover, sensitivity does not necessarily increase monotonically with model complexity,
as certain deformations can be more efficiently detected by smoother models, as discussed in the
main text.
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Figure 6.10: NPLM performance on the JetNet dataset (n = m = 2 · 104) as a function of
evaluation time.





Chapter 7

Conclusions and outlook

In part I of this thesis, we exploited the Standard Model Effective Field Theory (SMEFT) frame-
work to perform an indirect and model independent study of possible New Physics (NP) scenarios
in the context of the Drell-Yan (DY) process. Our analysis was focused on providing realistic LHC
predictions, taking into account the typical energy and luminosity benchmarks of the collider, as
well as the experimental uncertainties expected in current and future measurements. We consid-
ered different classes of dimension-six operators, each characterized by their energy scaling and by
whether or not they interfere with the Standard Model (SM) contributions.

In Chapter 2, we focused on the seven four-fermion current–current operators involving two
quarks and two leptons with the same chirality structure as the SM. These operators provide the
leading contributions to the cross section, since they interfere with the SM amplitudes and grow with
the energy, making them especially relevant in the high-energy tails of kinematic distributions. We
derived the 95% confidence level (CL) bounds on the corresponding Wilson coefficients, performing
both one-dimensional and two-dimensional analyses. We also considered different binning strategies,
focusing in particular on comparing the reach of multi-differential analyses with that of finely binned
single-differential distributions.

In Chapter 3, we considered the sub-leading classes of chirality breaking dimension-6 operators,
whose effects are suppressed in the inclusive DY cross section. In this case, we focused both on the
cross section and on a specific angular observable, the so-called A0−A2, where the SM contribution
is suppressed up to O(α2

s ). This observable provides sensitivity to chirality-breaking operators
belonging to two distinct classes: the dipole operators, whose contributions do not grow with the
energy and do not interfere with the SM, which are better constrained through the pT distribution
around the Z-boson peak and the four-fermion operators with a chirality structure different from
that of the SM, which grow with the energy but also do not interfere with the SM, which are better
constrained through the mℓℓ distribution.

These two studies highlight the importance of selecting an appropriate analysis strategy when
constraining a given NP operator. In particular, in Chapter 2 we observed that a finely binned
single differential analysis can provide constraints comparable to those obtained from a multi-
differential analysis. In our specific case the latter proved to be overall more sensitive, but a
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single channel was used to constrain several operators simultaneously. Our results indicate that,
for operators that are particularly sensitive to a specific observable, a fine binned analysis can
already provide stringent bounds. This observation is particularly relevant when multiple channels
are combined to constrain a set of operators and it motivates the inclusion of fine-binned single-
differential measurements alongside multi-differential ones in experimental analyses. Finally, in
Chapter 3, we identified an observable where the SM contribution is naturally suppressed, offering a
clean and independent probe of chirality-breaking operators, free from contamination by dimension-
six operators that interfere with the SM. Finding such observables can become particularly valuable
in global SMEFT fits, where multiple operators are constrained simultaneously and degeneracies in
parameter space must be resolved.

In part II of this thesis, we introduced a robust and general framework to evaluate the perfor-
mance of different test statistics in two-sample testing. Our aim was to provide a fair and systematic
comparison between various metrics, taking into account a wide range of data dimensionalities and
sample sizes. Developing a clear and reliable validation framework is crucial for the modern High
Energy Physics (HEP) community, since Machine Learning (ML) based generators are becoming
increasingly important as tools to assist traditional Monte Carlo generators in improving the effi-
ciency of synthetic data production. Ensuring the reliability of such data will become even more
important in view of the advent of the High-Luminosity (HL) phase of the LHC, which will pose
even more stringent precision requirements.

In Chapter 5, we quantified the ability of different metrics to discriminate between reference
distributions and deformed ones. We introduced three test statistics based on one-dimensional
distances: the mean Kolmogorov-Smirnov distance, the sliced Kolmogorov-Smirnov distance and the
sliced Wasserstein distance and compared their performances with that of more complex metrics used
in literature. Being multi-dimensional generalization of one-dimensional distances, the proposed
metrics exhibit a low computational cost even in high-dimensional settings, in contrast to the
more sophisticated ones, which are limited by the curse of dimensionality. Moreover, these metrics
provide interpretable results, making them suitable as an initial validation step before turning to
more complex architectures such as ML-based classifiers. We found that the performances of our
proposed metrics were was comparable to the other, while being generally more efficient. Also,
the reach for any considered deformation was stable across the different metrics, showing that our
framework is a robust evaluation of the tests themselves, rather than merely assessing the specific
models and deformations considered.

In Chapter 6, we extended the same framework to include a test-statistics provided by the kernel-
based classifier known as New Physics Learning Machine (NPLM). Comparing its performance to
those of the interpretable and low computing cost metrics introduced before, we could identify the
regimes in which the adoption of such a more advanced tool is advantageous. Our results show
that NPLM is generally more sensitive across all considered deformations, albeit at a significantly
higher computational cost. This leads to the conclusion that ML-based classifiers are best suited
for scenarios in which maximum sensitivity is required, while simpler metrics remain preferable
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in situations where computational efficiency is a priority. In particular, one-dimensional distance
based metrics can be used as a first validation step, either to quickly reject inadequate models or
during the tuning of generative-model hyperparameters, before turning to more computationally
demanding classifiers.

These two studies provide a benchmark for evaluating the performance of test statistics in two-
sample testing. We showed that there is not a universally best performing metric, as the choice
depends on the specific goals and constraints of the analysis. When there are no time limitations and
high sensitivity is required, NPLM is the most powerful option, while for faster but less demanding
applications, one-dimensional distance–based tests offer an efficient and reliable alternative.

A natural extension of this framework would be the evaluation of the null hypothesis for widely
used benchmark datasets in the HEP community, providing a common reference for assessing and
comparing the performance of different generative models trained on such references.
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